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1 Introduction

The coming decade promises impressive progress in muon physics, with a host of new
experiments that will be coming online or are already taking data. The muon g−2 experiment
has reached an unprecedented level of precision on the muon magnetic dipole moment [1] and it
will soon be complemented by a suite of new probes of charged lepton flavor violation (CLFV).
Experiments such as Mu2e [2], COMET [3] and DeeMe [4] focus on µ → e conversions, while
MEG II [5] and Mu3e [6, 7] will be hunting for exotic muon decay channels as the hallmarks
of beyond Standard Model (SM) physics. While this program has originally been envisioned
as a probe of heavy new physics at mass scales as high as 104–105 TeV, see e.g. [8–12], it also
provides a unique opportunity to test light new particles with extremely feeble couplings
to the SM, see e.g. [13–18].

In this work we zoom in on searches for light, weakly coupled particles at Mu3e that
decay promptly to an e+e− pair [13, 19]. The Mu3e experiment [6, 7] at the Paul Scherrer
Institute (PSI) in Switzerland will study around 2.5× 1015 muon decays during phase-I of
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Figure 1. Example diagram of a light new particle X produced in muon decays. Depending on the
model, emissions from the muon and/or the neutrinos are also considered.

.

operations and 5.5× 1016 muon decays during phase-II with the primary goal of increasing
the sensitivity to the CLFV decay µ+ → e+e+e−. We focus our attention on the lepton flavor
conserving decay µ+ → e+ν̄µνeX, where the new particle X can be radiated from any charged
SM particle before decaying back to a dilepton pair (X → e+e−). This results in three tracks
plus missing energy, as exemplified in figure 1. This channel was already considered in [13, 19]
with the main motivation of extending the reach on the parameter space of the minimal dark
photon in the mass range between approximately 10–100MeV. In this paper we expand on
these previous analyses in two ways: i) We broaden the physics case for Mu3e by considering
different new physics models that can be probed in µ+ → e+ν̄µνeX. ii) We further study the
impact of angular correlations in distinguishing signal from background, and show that a
few simple variables can already deliver an O(1) improvement to the sensitivity without the
need for modifications to the detector or data taking strategy. In the event of a discovery,
angular correlations, including those obtained when accounting for muon polarization, can
also be used to pin down the properties of the new particle.

The main SM background originates from radiative muon decay (µ+ → e+ν̄µνeγ∗) where
the off-shell SM photon splits into an electron-positron pair (γ∗ → e+e−). This process was
computed at leading order in refs. [20, 21] and more recently at next-to-leading order in
refs. [22–24] and constitutes an irreducible background for all the signals considered here,
besides also being the main background for the flagship CLFV Mu3e search: µ+ → e+e+e−.
For the CLFV decay, the absence of missing energy allows one to impose very effective
kinematic cuts, e.g. by demanding that the three tracks reconstruct the invariant mass of the
muon. Such a cut is much too strong for the models we consider here, and differentiating
µ+ → e+ν̄µνeX from the background therefore requires a different strategy. In particular,
a search for a resonance in the invariant mass distributions of the e+e− pairs is already
highly effective [13, 19], but nevertheless a large irreducible SM background remains. In
this work we show that the sensitivity of a vanilla ‘bump hunt’ analysis can be enhanced
by an O(1) factor, by considering additional correlations in the angles and energies of the
final-state charged leptons.

We apply our analysis to light new physics scenarios where the new particle X is either
spin-0 or spin-1. For the purpose of our analysis, we can parametrize the interactions of
X with muons and electrons as

L0 ⊃ X [µ̄(gµ
S + gµ

P γ5)µ + ē(ge
S + ge

P γ5)e] ,

L1 ⊃ Xα [µ̄γα(gµ
V + gµ

Aγ5)µ + ēγα(ge
V + ge

Aγ5)e] , (1.1)
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where for the scalar model, the couplings gℓ
S(gℓ

P ) parametrize the strength to parity even (odd)
operator. Similarly, the gℓ

V (gℓ
A) parametrize the strength of a spin-1 Xα to the vector (axial)

current. We neglected extra possible interactions of X with neutrinos, whose phenomenological
relevance for Mu3e will be discussed in appendix A. We further assumed that interactions of
the scalar X with photons are suppressed relative to its interaction with the charged leptons.
After obtaining results and physical insights with the general setup in eqs. (1.1), we map
those results onto motivated models, and compare with existing bounds.

The remainder of this paper is organized as follows: in section 2 we briefly describe our
simulation setup and analysis strategy. We then discuss in section 3 the physical origin of
the kinematical variables which allow us to improve the discrimination between signal and
background. In section 4 we will discuss explicit models that fit in the generic parametrization
of eqs. (1.1) and compare our forecasted reach at Mu3e with current constraints. We
complement the discussion in the appendices: additional results and models are presented in
appendix A, followed by a discussion on the effects of the muon polarization in appendix B. In
appendix C we give further details on our simulation framework and validate our approximate
detector modeling with public experimental results. In appendix D we give explicit formulas
for the differential widths of every model discussed in the paper.

2 Analysis strategy

In the relevant regime of couplings for Mu3e, the decay width of the new resonance is much
smaller than the detector resolution. The main observable is therefore a narrow resonance in
the invariant mass distributions of the e+e−-pairs, while the dominant SM background is a
smooth falling distribution from the internal conversion process µ+ → ν̄µe+νe(γ∗ → e+e−).
In this section we describe our variables and general strategy to enhance the sensitivity of a
plain resonance search; all details on our event generation and our modeling of the detector
response are deferred to appendix C.

Since the final state contains two positrons, there is a combinatoric ambiguity in identifying
the e+e− pair originating from the new resonance. We label the two possible invariant mass
combinations of these pairs with mee,1 and mee,2. There are two main approaches to mitigating
the combinatoric background. The first is to treat both combinations as individual events,
effectively doubling the number of events in the mee distribution. Once smearing and detector
effects are included this can lead to a small number of spurious signal events where, depending
on the value of mX , the invariant mass of the electron with the second positron may also
be close to mX . This is shown in figure 2, where the thin dashed lines show signal and
background distributions utilizing this method.

The second approach, which we will adopt in what follows, involves choosing the e+e−

pair for which the invariant mass is closest to an arbitrarily chosen hypothesized signal mass
mX . In other words, we define the variable

m̂X ≡

mee,1 for |mee,1 − mX | < |mee,2 − mX | ,

mee,2 for |mee,1 − mX | > |mee,2 − mX | .
(2.1)

This choice automatically maximizes the signal efficiency, but artificially skews the background
distribution by creating a feature centered around mee = mX . This feature (solid black
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Figure 2. Illustrative example of the signal (orange lines) and background (black lines) distributions
in the invariant mass plane of the electron-positron pair mee after smearing and detector acceptance
are applied, see appendix C for details. In the notation of eq. (1.1), we show the signal for the case
of a vector spin-1 resonance with gµ

V = ge
V = eϵ (dark photon model) with mass mX = 20MeV and

coupling ε2 = 2× 10−7 is multiplied by a factor 104. Both the background and signal are shown for
two cases: (i) the naive approach where one considers both the invariant mass combinations of the
electron-positron pair (thin dashed line labeled mee,1 + mee,2) and (ii) our approach through the use
of the observable m̂X , see eq. (2.1), which picks the combination closest to the mass hypothesis of the
new resonance (thick solid line labeled m̂X).

line in figure 2) is however extremely broad compared to both the resonance width and the
mass resolution of the detector. We therefore do not expect it to be a significant source of
systematic uncertainties in a data-driven background estimation.

We define pX as the four-vector of the e+e− pair with invariant mass m̂X and label the
positron assigned to the hypothesized resonance [through eq. (2.1)] with e+

X . The remaining,
‘solitary’ positron is denoted by e+

s . This means that whether a positron is assigned as ‘e+
X ’ or

‘e+
s ’ depends on the hypothesized value for mX . With this convention in mind, we label the

four-momentum of ‘solitary’ positron pe+
s

and the four-momentum of the positron assigned to
the resonance with pe+

X
. The electron four-momentum is denoted by pe− . We further define

the track energies normalized to the muon mass mµ through

xe− ≡ 2Ee−

mµ
, xe+

X
≡

2Ee+
X

mµ
, and xe+

s
≡

2Ee+
s

mµ
, (2.2)

which take values between 0 and 1.
In the next section, we will describe how angular correlations between these three

tracks can help discriminating the signal from the background. Concretely, the variables
we will need are

cos θe+
s e+

X
≡ p⃗e+

s
· p⃗e+

X
/(|p⃗e+

s
||p⃗e+

X
|) , (2.3)

cos θe−e+
s
≡ p⃗e+

s
· p⃗e−/(|p⃗e+

s
||p⃗e− |) , (2.4)

where the vector arrows label three-momenta. There is additional angular information if
the polarization of the muon beam is taken into account; however, it turns out that these

– 4 –



J
H
E
P
0
7
(
2
0
2
4
)
1
9
4

additional angles yield less distinguishing power. They are however more sensitive to the
differences between the models presented in the previous section, and are therefore well
suited to distinguish models from one another in the event of a positive discovery. We defer
this discussion to appendix B.

A rigorous experimental analysis would presumably construct a global likelihood for the
full kinematics of both signal and background. Here we opt for a simplified approach, which is
computationally faster and has the advantage that the effect of the angular correlations can be
isolated easily. Concretely, we first place a cut on the m̂X distribution in a symmetric window
around our hypothesis for mX . The optimal size of this window is determined by maximizing
S/

√
B, with S and B the number of signal and background events for a given window size.

We subsequently bin the events in this window in two distinguishing variables from the set of
{cos θe−e+

s
, cos θe−e+

X
, xe+

s
}. We must limit ourselves to binning in two dimensions because of

size limitations of our background Monte Carlo sample, while in section 3 we discuss why
these variables are the most effective in separating the signal from the background.

To estimate the additional sensitivity provided by any chosen pair of distinguishing
variables we construct a binned Poisson likelihood over both variables

L(Si, Bi, ni) =
∏

i

(Si + Bi)ni

ni!
e−(Si+Bi) . (2.5)

Here Si (Bi) are the bin-wise signal (background) expectation values, ni are the number of
observed events in the i-th bin. The ni are drawn from the background-only distribution
(Si = 0). As our test statistic, we then define the log-likelihood ratio using eq. (2.5)

λ ≡ −2 log
[ L(Si, Bi, ni)
L(Si = 0, Bi, ni)

]
≈
∑

i

S2
i /Bi . (2.6)

In the high statistics limit, the Poisson likelihood in eq. (2.5) asymptotes to a Gaussian
and the likelihood ratio can be approximated by the second equality in eq. (2.6), where
we took ni ≈ Bi. To extract the 95% expected exclusion limit (one-sided), we solve for
λ = 2.71. We performed this procedure both with the Poisson and Gaussian likelihoods,
and established that the latter is always an excellent approximation. Additional details and
validation figures can be found in appendix C.

3 Angular correlations

Because of the difference in matrix elements, we expect that the full angular distribution
may provide additional signal versus background discrimination. Making use of all this
information is however non-trivial, as the statistics of any realistic Monte Carlo sample will
tend to be smaller than the number of actual background events Mu3e will record. This
means that it is difficult to build a reliable, high-dimensional likelihood function without
a data-driven background estimation.

We address this difficulty in two ways: firstly, we implement a custom set of cuts in
Madgraph, which allows us to generate a separate, high-statistics background sample tailored
to each signal model point. This method is described and validated in appendix C. Secondly,
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Figure 3. Feynman diagrams for the SM background in eq. (3.2). The left two diagrams identify the
electron-positron pair with invariant mass closest to m̂X as those that came from the virtual photon.
The right two diagrams identify the other combination. It is these second two diagrams which are
exclusive to the background leading to an altered distribution in cos θe−e+

s
compared to the signal.

we analyze the amplitudes of both signal and background to identify a small set of the most
promising variables with which to perform a likelihood analysis. In this section we will
describe the physics behind these variables.

3.1 Model-independent variable

Before we discuss any dynamics related to a specific model, it is valuable to consider first
the general features of both signal and background amplitudes. Note that for the sake of
clarity we will set the electron mass to zero in what follows, though me was set to its physical
value for all our numerical results. The general form of the amplitude for the signal process,
irrespective of the specific model considered, will be

Msig = Sµ

(pµ − pX)2 − m2
µ

+ Se

(pX + pe+
s
)2 . (3.1)

Here the first and second terms correspond to the case where X is radiated off the final state
e+

s and initial state µ+, respectively, while Se/µ are the numerators of the amplitude which
are model dependent but do not have additional poles.

This must be compared to the background which also has a propagator from the virtual
photon. Concretely, there are four diagrams, shown in figure 3, which correspond to an
amplitude of the form

Mbkg = 1
(pµ − pX)2 − m2

µ

 Bµ

pe− · pe+
X

+
B′

µ

pe− · pe+
s

+ 1
(pX + pe+

s
)2

 Be

pe− · pe+
X

+ B′
e

pe− · pe+
s

 .

(3.2)

The Bµ, B′
µ, Be and B′

e terms correspond respectively to the diagrams 3(a), 3(c), 3(b) and 3(d)
in figure 3. If we investigate the pole structure in eq. (3.2) we find

pe− · pe+
X
= m2

X/2 , (3.3)

pe− · pe+
s
= Ee−Ee+

s
(1− cos θe−e+

s
) , (3.4)

which implies that the terms which scale as (pe− · pe+
s
)−1 will dominate the amplitude when

e− and e+
s become collinear. This feature is most pronounced for large mX where the other

terms are suppressed by virtue of eq. (3.3).
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Figure 4. Normalized distributions for the background (black lines) and signal for a scalar coupled
predominantly to muons gµ

S ≫ ge
S ̸= 0 (blue lines) and for a scalar coupled to electrons ge

S ̸= 0)
(orange lines) for the kinematic variables included in our analysis. For the background distributions
we require m̂X to be within a window of ±2.5MeV around the respective value quoted in the legend.
All distributions are normalized to one.

The pole at cos θe−e+
s
= 1 is due to the off-shell SM photon in figures 3(c) and 3(d)

which is absent for all signal models. As a result cos θe−e+
s

is a powerful model-independent
variable to help separate signal and background. This is shown in figure 4(a), which shows a
clear peak for the background (black lines) across all values of m̂X . For illustration we also
show a particular signal model (blue lines corresponding to a scalar coupled predominantly
to muons gµ

S ≫ ge
S ̸= 0) which is anti-correlated with the background in part due to the

absence of the same pole.

3.2 Model-dependent variables

To discuss the angular variables that are model-dependent we consider a CP-even scalar
coupled predominantly to either muons or electrons (through gµ

S or ge
S in eq. (1.1)). However,

the observations discussed here depend only on whether the muon or the electron coupling
dominates and will therefore also apply to the case of the CP-odd scalar.

The squared amplitudes for a scalar coupled dominantly to electrons or muons are
respectively

1
2
∑
spins

|Me|2 = 16G2
F (ge

S)2 |Me,1|2|Me,2|2

(pX + pe+
s
)4 , (3.5)

1
2
∑
spins

|Mµ|2 = 16G2
F (g

µ
S)

2 |Mµ,1|2|Mµ,2|2[
(pµ − pX)2 − m2

µ

]2 , (3.6)

with

|Me,1|2 = 2Eνemµ ,

|Me,2|2 = 4(pX · pe+
s
)(pX · pνµ)− 2m2

X(pe+
s
· pνµ) ,

|Mµ,1|2 = 4mµ(EX − 2mµ)(pX · pνe) + 8mµEνe

(
m2

µ − 1
4m2

X

)
,

|Mµ,2|2 = 2pe+
s
· pν̄µ . (3.7)
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In eq. (3.5) and eq. (3.6) we recognize the pole structure we anticipated in eq. (3.1). Concretely,
we can expand the denominators as

(pX + pe+
s
)2 = 2EXEe+

s
(1− βX cos θe+

s X) + m2
X , (3.8)

(pµ − pX)2 − m2
µ = m2

X − 2mµEX , (3.9)

where βX is the velocity of X. Inserting eq. (3.8) into eq. (3.5) shows that at low mX , the
amplitude for the scalar coupled to electrons prefers Ee+

s
to be as small as possible. The same

pattern can be found in the background amplitude, looking at the second line in eq. (3.2).
This behavior is not present if the scalar X couples predominantly to muons, as can be seen
by plugging eq. (3.9) in eq. (3.6). We therefore expect Ee+

s
to be larger in the muon coupled

case. This is shown in figure 4(b), where we used the dimensionless energy variable xe+
s

defined in the previous section. In the low mX regime we therefore expect xe+
s

to be a useful
variable for models which predominantly couple to muons.

With the variable above we have not yet fully exhausted all the angular information
in the event. Using the angle cos θe+

s e+
X

additional discrimination between background and
signal can be achieved. The cos θe+

s e+
X

distributions for signal and background are shown in
figure 4(c), for different choices of mX . For the background, we see that both positrons shift
from being colinear for low mX , to back-to-back configurations at higher masses. The former
is easily understood in terms of the soft-colinear emission preferred by eq. (3.2). For high
mX , the pieces scaling as (mX)−2 are suppressed but the remaining terms still prefer the e−

and e+
s to be colinear. Momentum conservation then forces e+

X to be back-to-back with e+
s

and e−, as both neutrinos are very soft in this regime. A priori, one would therefore expect
from figure 4(c) that cos θe+

s e+
X

is the most powerful either at low or at high mX . This is not
the case however, as in both those limits this angle is strongly correlated with cos θe−e+

s
and

it therefore adds little to the significance. It however does contribute at intermediate mX .

3.3 Summary

To assess the enhancement in reach achievable by incorporating our new kinematic variables,
we supplement the bump hunt strategy with a 2D likelihood in two pairs of variables:
(cos θe−e+

s
, cos θe+

Xe+
s

) and (cos θe−e+
s

, xe+
s

). Subsequently, we normalize this outcome against
the sensitivity obtained using a conventional bump-hunt method, resulting in the relative
improvement in reach, as depicted in figure 5. Here colors refer to the various signal models
while the dashed versus solid lines refer to the pair of kinematical variables chosen.

We observe an approximate twofold or better increase in reach across all models and
mass selections, except in the case of the dark photon model at low mX . In this low mass
range, the dark photon signal closely resembles an off-shell SM photon exchange, leading to
diminished sensitivity. Conversely, when increasing the signal resonance’s mass, distinctions
in angular correlations between the signal and background become more pronounced. In
such scenarios, the variable cos θe−e+

s
predominantly contributes to sensitivity. Additionally,

for (pseudo)scalar couplings to electrons, we find that the inclusion of cos θe+
s e+

X
yields the

most favorable results, whereas incorporating xe+
s

proves advantageous for (pseudo)scalar
couplings to muons, as anticipated in the preceding section.
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Figure 5. Improvement of the reach shown as a ratio of the rates (couplings squared) from including
the two combinations of kinematic observables. The dark photon model (yellow lines) used here
as a benchmark refers to gµ

V = ge
V = eϵ. The scalar (blue lines) or pseudoscalar (light-blue lines)

coupled predominantly to muons refers to gµ
S,P ≫ ge

S,P ̸= 0. While lastly the scalar (orange lines) or
pseudoscalar (green lines) coupled only to electrons refers to ge

S,P ̸= 0, all of the above in the notation
of eq. (1.1).

4 Results

In this section we describe a few benchmark models whose unconstrained parameter space
can be explored through the decay µ+ → e+ν̄µνe(X → e+e−). We discuss the dark photon in
section 4.1, light scalars and axion-like particles in section 4.2. We comment on other models
in appendix A where the Mu3e reach is likely not competitive with existing experiments.

4.1 Dark photon

Dark photons are present whenever the standard model is embedded into a theory which
contains an extra U(1) gauge symmetry [25–31]. They feature in a variety of phenomenological
models, such as those where it acts as a mediator particle to a dark sector [32] as well as
attempts to explain the anomalous magnetic moment of the muon [33].

At low energies, the interaction between the dark photon and the SM comes through
the kinetic mixing with the SM photon

L ⊃ −1
4FµνF µν − 1

4F ′
µνF ′µν − ε

2FµνF ′µν , (4.1)

where the mixing parameter ε can be naturally taken to be arbitrarily small. Upon diagonal-
ization of these kinetic terms the dark photon interaction with SM fermions (f) are generated
and the relevant Lagrangian for this paper is the following:

L = −
∑

f

εqf f̄γµfA′
µ + m2

A′A′
µA′µ , (4.2)

with qf the electric charge of f . In the notation of eq. (1.1) the dark photon has gµ
V = ge

V = eε

and gµ
A = ge

A = 0 and its mass mA′ can be considered as independent from its coupling
to the SM.
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Figure 6. Projections for the 95% upper limit on ε2 (orange lines) for the dark photon model at
Mu3e phase I (2.5× 1015µ+) and phase II (5.5× 1016µ+). The solid and dashed curves indicate our
projected sensitivity with and without the inclusion of angular variables described in section 3. Gray
shaded areas are the existing exclusion limits from FASER [36], NA64 [34], the electron magnetic
dipole moment [37], NA48 [38] and BABAR [39]. Thin dashed gray lines indicate the expected
sensitivity of Belle II with the full luminosity of 50 ab−1 [40], the MAGIX [41] proposal at MESA and
the DarkQuest proposal at Fermilab [42]. The existing exclusions in this figure were generated with
the DarkCast package [43].

If the dark photon is lighter than the other potential states in the dark sector, it will
decay back to SM particles through the interaction in eq. (4.2). For 2me < mA′ < mµ,
its proper decay length is given by

cτA′ ≈ 0.5mm
(
10−4

ϵ

)2 (10MeV
mA′

)
. (4.3)

As we will see, this means that the dark photon decay always occurs promptly compared
the vertex resolution (∼ 3mm) for the range of mA′ and ϵ which is accessible to Mu3e but
not constrained by other experiments such as NA64 [34].

Our results for the dark photon model are shown in figure 6, with and without the
inclusion of the angular variables from the previous section. Without including the angular
correlations, our results are in excellent agreement with prior work [19, 35] for mA′ ≳ 30MeV.
For mA′ ≲ 30MeV we find slightly weaker sensitivity, which is due to our Monte Carlo
overestimating the background in this region (See figure 14 in appendix C). Such low masses
are however already disfavored by limits from NA64.

By including the angular information, we find the sensitivity to the rate, or equivalently
to ε2, can be improved by roughly a factor of two over the remaining mass range of interest.
The enhanced reach means that phase I of Mu3e will be well positioned to cover the gap at
low mass between NA64 and NA48. This gap will likely be tested before Mu3e phase I by
dedicated experiments such as PADME [44] and the special configuration of MEG II [45].
However, both these experimental configurations are expected to quickly lose sensitivity
when the dark photon mass is changed, therefore, leaving a lot of unexplored parameter
space to be probed by Mu3e already in phase I.

– 10 –



J
H
E
P
0
7
(
2
0
2
4
)
1
9
4

Phase II of Mu3e will carve out significantly more parameter space competing with
other complementary probes such as Belle II [40], the proposed MAGIX experiment at the
MESA accelerator in Mainz [41] and the DarkQuest proposal at Fermilab [42], as well as
eventually LHCb [46].

4.2 Light scalars and axion-like particles

Light scalars and pseudoscalars in the 1–100MeV mass range are ubiquitous in many extensions
of the SM, ranging from dark sector models [32, 47, 48], heavy QCD axion models [49–53]
to generic models containing pseudo-Nambu-Goldstone bosons associated to spontaneously
broken approximate global symmetries [54–59]. Independently of the UV origin of the light
scalar and its CP nature, we can ask if it is natural for it to be lighter than the muon mass
and at the same time interacting with muons and/or electrons with a coupling strength large
enough to be testable at Mu3e. Assuming that the couplings of the light scalar are generated
by some UV physics at a scale ΛUV, generically the expected one-loop correction to the light
scalar mass induced by these couplings can be estimated as

δmX ∼
gµ,e

S,A

4π
ΛUV . (4.4)

Requiring the above correction to be smaller or of the same order of the light scalar mass
(i.e. δmX ≲ mX) we get a rough prediction for the scale at which new particles are expected
to be present

ΛUV ≲ 625GeV
(
4× 10−4

gµ,e
S,A

)(
mX

20MeV

)
, (4.5)

which shows that seeing light scalars within the reach of Mu3e is compatible with not having
found heavy electroweak charged states at around or above electroweak scale.

For 2me < mX < mµ − me, the available visible decay channels are into di-lepton and
di-photon pairs. The former decay width is directly controlled by the couplings introduced
in eq. (1.1). For mX ≫ me the decay width of X is given by

ΓX→e+e− ≈ g2
e

8π
mX , (4.6)

where ge ≡
√
(ge

S)2 + (ge
A)2. The scalar decay width into diphotons is unavoidably loop-

generated anytime the scalar couples to muon, resulting in the ratio of partial widths

ΓX→γγ

ΓX→e+e−
≈ 2× 10−3

(
mX

10MeV

)2 (gµ/ge

103

)2
. (4.7)

This shows that the proper decay length of X is dominated by the di-electron channel, even
for a large hierarchy between gµ and ge. (This assumes that the diphoton width does not
get significant contributions from UV physics.) Under these circumstances we can estimate
the decay width of the scalar as

cτX ≈ 5mm
(
10−5

ge

)2 (10MeV
mX

)
. (4.8)
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Figure 7. Parameter space of a CP-even scalar (left) and a CP-odd scalar (right) with hierarchy
between the muon and electron couplings smaller than the SM mass hierarchy: ge

S,A/gµ
S,A > me/mµ.

Projections for the 95% upper limit on gµ
S and gµ

P are shown in blue and orange, respectively.
The thick lines correspond to phase I of Mu3e with 2.5× 1015µ+ and the thin lines to the phase II
with 5.5× 1016µ+. The solid and dashed lines show the reach with and without the use of angular
correlations. The gray shaded areas show constraints from Orsay [60] and the (g − 2)µ measurement.
In the scalar case the best-fit region for ∆adisp

µ defined in eq. (4.11) is shown as a green shaded region
while the limit from ∆alattice

µ defined in eq. (4.12) is indicated as a thin-dashed black line.

A “prompt” search at Mu3e requires the X decay to occur within 3mm of the corresponding
µ decay, which means that this strategy is limited to ge ≳ 10−5 before events begin to be
lost due to vertexing. Within this range of couplings it makes sense to ask where a prompt
search at Mu3e can have the largest impact. In general, the physics capabilities of Mu3e
are most unique when the electron couplings of X are substantially smaller than the muon
couplings. This is because stringent bounds from electron beam dumps [61, 62] probing the
same region of parameter space are relaxed.

In figure 7 we show a benchmark scenario where the electron couplings are suppressed
with respect to the muon, but not to the extent that they scale as the ratio of the electron mass
over the muon mass (ge

S,A/gµ
S,A > me/mµ). In this scenario the muon coupling dominates the

signal branching ratio while the electron coupling is sufficiently small to not be constrained
(see figure 8) but sufficiently large to produce prompt decays at Mu3e. One should keep
in mind that generating the scalar interactions in eq. (1.1) with arbitrary hierarchies needs
some amount of alignment in the ultraviolet theory, to avoid introducing dangerous sources
of flavor violation. However, allowing for such an alignment opens up a richer coupling
structure compared to the vector case.

Comparing the right and the left plot of figure 7 one can see that the reach for the
pseudo-scalar is substantially worse than for the scalar, to the extent that only phase II of
Mu3e will be able to probe unconstrained parameter space. This is due to an unfortunate
cancellation in the muon decay amplitude for CP-odd scalars emitted from the muon line. This
cancellation can be easily understood by looking at the process at the amplitude level: in the
mX ≪ mµ limit, we can factorize the light particle emission from the muon line from the rest
of the process by expanding in the virtuality of the off-shell muon. In this limit the CP-odd
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Scalar Pseudo-scalar Figure
(gµ,e

P = 0) (gµ,e
S = 0)

ge
S = 5× 10−5 ge

P = 5× 10−5 Figure 7
ge

S = me/mµgµ
S ge

P = me/mµgµ
P Figure 8

gµ
S = 0 gµ

P = 0 Figure 9

Table 1. List of benchmarks considered for the scalar and pseudoscalar model. Figure 8 and figure 9
can be found in appendix A.

scalar emission goes to zero with respect to the scalar one because ū(p − k)γ5u(p) ∼ O(k)
whereas ū(p − k)u(p) ∼ O(mµ).

Currently, the most relevant existing bounds come from the E141 beam dump [63] and
the anomalous magnetic dipole moment of the muon (g − 2)µ. The contribution to (g − 2)µ

at one-loop are given by (see for example refs. [64, 65])

aS
µ = gµ 2

S

8π2

∫ 1

0
dx

(1− x)2(1 + x)
(1− x)2 + x

m2
X

m2
µ

, (4.9)

aP
µ = −gµ 2

P

8π2

∫ 1

0
dx

x3

x2 + (1− x)m2
X

m2
µ

, (4.10)

for the cases where X is either a CP-even scalar or a CP-odd scalar. As these contributions
come with opposite signs we will treat them separately. To date, there is still a substantial
tension between the SM predictions and the measurement, as well as between different
theoretical predictions. To characterize this discrepancy we show for the CP even scalar case
two different results: i) the best-fit region (at ±3σ) in green assuming the dispersive methods
of extracting the hadronic vacuum polarization (HVP) contributions are correct [66], ii) the
2σ upper limit in black using the recent BMW result for HVP [67]. In formulas, we define

∆adisp
µ = aexp

µ − adisp
µ = 249(48)× 10−11 , (4.11)

∆alattice
µ = aexp

µ − alattice
µ = 105(62)× 10−11 , (4.12)

with adisp
µ = 116591810(43) × 10−11 [66], alattice

µ = 116592160(57) × 10−11 and the recent
FNAL update aexp

µ = 116592055(24)× 10−11 [1] where the theory and experimental errors are
added in quadrature. Due to the leading sign of the pseudoscalar case the contribution aP

µ

always increases the tension between experiment and dispersive predictions. Consequently,
we show two conservative limits: i) the 5σ limit in black where the maximal contribution
from the axion equal to the size of the BMW lattice uncertainty and ii) the future case in
gray where the experimental uncertainty determines the allowed size of the pseudoscalar
couplings again at 5σ.

Alternative scenarios for the scalar couplings are summarized in table 1 and discussed in
more detail in appendix A. In a nutshell, figure 8 shows that a prompt search at Mu3e is not
the best way to constrain the theoretically appealing scenarios where ge

S,A/gµ
S,A = me/mµ.

This is because the scalar X is already too long-lived in the regime that is still allowed by
existing bounds. We leave an investigation of a displaced search and a comparison with the
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reach of other experiments [15, 46, 68, 69] for future work. Figure 9 shows that when the
muon coupling is negligible with respect to the electron coupling, the Mu3e expected reach is
always surpassed by the present bounds on π+ → e+νX [70] with X → e+e−, which benefits
from the chirality suppression of the SM background π+ → e+νγ∗ with γ∗ → e+e−.

5 Conclusions and outlook

In summary, Mu3e has a well-established capability to detect or constrain light e+e− res-
onances, particularly dark photons. In this study, we systematically explored alternative
models that produce this signature and found that the most compelling cases are associated
with the dark photon and (pseudo)scalars primarily coupling to muons. We also investigated
the impact of kinematic variables, such as track angles and energy spectra, on enhancing
sensitivity in a standard bump-hunt search. The inclusion of two such variables demonstrated
an approximately twofold improvement in sensitivity to the µ+ → Xe+ν̄µνe branching ratio,
without requiring detector upgrades or changes in data collection strategies.

Our proposed analysis may extend to the study of exotic decays involving other Standard
Model particles, where a light particle is emitted from SM muons and decays into a dilepton
pair. An example of this is the K+ → µ+νX decays mentioned in ref. [71]. The potential
reach of NA62 and future kaon facilities for these final states warrants further investigation.

However, our study has two significant limitations. Firstly, generating a high-statistics
Monte Carlo background sample for a study that simultaneously bins in more than two
kinematic variables, in addition to the e+e− invariant mass, proved challenging. Nonetheless,
in practical experimental scenarios, this limitation can be addressed by extracting background
estimates from sidebands in the e+e− invariant mass spectrum. Machine learning techniques,
such as the CWoLa prescription [72], may offer effective solutions to this challenge, potentially
surpassing our current estimates.

Finally, our analysis focused solely on prompt decays of X. For scalar models, especially,
this limitation is significant (see appendix A). The primary sources of background in a
displaced analysis are expected to arise from photon conversions within the detector material
and tracks from unrelated Michel decays that cross randomly. The former can be mitigated
with a veto on regions in which there is detector material, while the latter is suppressed to
an extent by the timing capabilities of the detector. The primary limitation of such a search
is likely to be signal acceptance, a topic we defer to future work.
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Figure 8. Parameter space of a CP-even scalar (left) and a CP-odd scalar (right) with hierarchy
between the muon and electron couplings equal to the SM mass hierarchy: ge

S,A/gµ
S,A = me/mµ.

The gray shaded areas show constraints from beam dump experiments [61, 62] and the (g − 2)µ

measurement. In the scalar case the best-fit region for ∆adisp
µ defined in eq. (4.11) is shown in green

while the limit from ∆alattice
µ defined in eq. (4.12) is indicated as a dashed black line. Projections for

the 95% upper limit on gµ
S light-blue and gµ

A orange are weaker than current limits.

A Additional models

In this appendix, we provide additional information about potential models that could
have been of interest for µ+ → Xe+ν̄µνe but, as it turned out, were subjected to stronger
constraints from other experiments.

First we further explore the parameter space of CP-even and CP-odd scalars considering
the case ge

S,P /gµ
S,P = me/mµ in figure 8 and the one of pure electron coupling in figure 9.

In figure 8 the scalar particle tends to decay displaced leading to a reduction of the signal
strength for µ+ → Xe+ν̄µνe with a prompt X → e+e−. The future Mu3e sensitivity is
weaker than current beam dumps constraints from Orsay [61] and E137 [62]. The suppression
is exacerbated for CP-odd scalar because of their reduced rate compared to the CP-even
scalar as explained in section 4.2. In figure 9 the constraints from pion decays derived from
SINDRUM data [73] are always stronger than the Mu3e sensitivity because of the chirality
suppression of the corresponding SM background [70].

Second, we explore models of light vectors gauging U(1)Lµ−Le whose current can be

Jα
Lµ−Le

= (L†
µσ̄αLµ − µ̄†σ̄αµ̄)− (L†

eσ̄αLe − ē†σ̄αē) , (A.1)

or
J̃α

Lµ−Le
= (L†

µσ̄αLµ + µ̄†σ̄αµ̄)− (L†
eσ̄αLe + ē†σ̄αē) , (A.2)

the later of which we dub “twisted” U(1)Lµ−Le in what follows. These models provide an
example of a new resonance which also couples to neutrinos hence generalizing the simplified
lagrangian of eq. (1.1). Figure 10 shows how the expected reach at Mu3e is weaker than
the present constraints from neutrino scattering and oscillation experiments [74–76] and
NA64 [77]. Note that the neutrino scattering experiments are slightly weaker than the
oscillation constraints and are therefore omitted from the figure.
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eq. (A.2). Projections for the 95% upper limit at Mu3e shown in orange and green respectively are
weaker than current constraints from NA64 [77] and neutrino scattering and oscillation experiments [76,
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In general the neutrino constraints (see for example ref. [78] for a summary) together
with the existing constraints on the electron coupling itself tend to make the of neutrino
coupling small enough to be neglected in the signal rate for µ+ → Xe+ν̄µνe also for general
scalar mediator. This observation justifies a posteriori the parametrization of eq. (1.1).

B Impact of muon polarization

Accounting for the muon polarization is potentially useful when using a muon beam obtained
from pion decaying at rest, as is the case in the PSI beam line. The theoretical expectation
is that these “surface” muons are 100% polarized in the opposite direction of the momentum
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Figure 11. The distributions over the angles cos θe+
s λ and cos θXλ for m̂X = 10MeV with 105

simulated events for the five different signal models plus the SM background.

vector. In practice, the polarization of the stopped muons depends on depolarization effects
and should be determined experimentally. As a reference for this study we use the measured
averaged polarization at the MEG experiment [81] at PSI which is 86% in the opposite
direction of the momentum vector. The only detail which is new when accounting for
polarization is the inclusion of two additional angles; the angle between the momentum of e+

s

and the polarization vector λ, which we call cos θe+
s λ, and the angle between the momentum of

X and the polarization vector, which we call cos θXλ. The distributions with respect to these
two variables show mild differences depending on the signal model as can be seen in figure 11.

Although the dependence on the polarization is modest, it does allow one to improve the
constraints, as shown in figure 12. Moreover, we expect that the correlations between those
variables and the polarization dependent cos θe+

s λ and cos θXλ to be fairly mild. In a full,
data-driven experimental analysis we therefore recommend the inclusion of variables which
are sensitive to the muon polarization, in addition to the kinematical variables discussed
in section 3.

C Simulation framework and validation

The reconstructed final state consists of two positrons and an electron with four-momenta
pp1 , pp2 and pe, respectively. There are therefore two possible combinations comprising of an
electron-positron pair, whose invariant masses are denoted with mee1 and mee2 . In section 2
our search strategy comprised of first performing a bump hunt in the mee distribution before
examining the angular distributions of the positron and the reconstructed new physics state
X to further extract signal from background.
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Figure 13. The branching ratios for µ+ → Xe+ν̄µνe, X → e+e−, with and without pT > 10MeV
cut on all tracks, for the relevant coupling set to g = 10−5. Left: Spin 0 particles with a coupling
predominantly to either electrons and muons. For the electron coupling, the scalar and pseudo-scalar
cases have identical branching ratios, up to me/mµ suppressed corrections. For muon coupling, the
branching ratio to a pseudo-scalar is suppressed relative to the branching ratio to the scalar, as
explained in section 4. Right: Spin 1 particles, specifically the dark photon and both Lµ − Le models.
The different models are labeled the same as in figure 5 and 10.

C.1 Truth-level simulation

To simulate signal events, we used the FeynRules 2.3 [82] to generate a Universal FeynRules
Output [83] model file for the models defined in the previous section. We then generated
events using MadGraph5_aMC@NLO 3.4.1 [84], taking care to specify the polarization of the
muon. In addition we have also analytically computed the µ+ → e+ν̄µνeX decay rates for
the various signal models (see appendix D).

With these amplitudes and our own Monte-Carlo tool, we have validated the differential
decay distributions obtained with MadGraph. The branching ratios for the various models
are shown in figure 13, with and without pT cuts on the tracks.
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Figure 14. Invariant mass distribution mee ≡ mee,1 + mee,2 for the dominant Standard Model back-
ground, internal conversion µ+ → ν̄µe+νe(γ∗ → e+e−). (Left:) Validation of our phase-space slicing
method to generate sufficient statistics across the full kinematic range of the invariant mass. Colored
histograms are the individual samples centered around a mass hypothesis |mee,i − mX | ≤ 2.5MeV,
with i = 1, 2, while the black histogram is the sum over these samples. The gray histogram is from
a single, inclusive background sample. (Right:) The full background mee-distribution (solid-black)
including detector effects (see appendix C.2). We also show the background distributions from
refs. [35] (thin-orange) and [13] (thin-blue). For both panels we take the total number of muon
decays Nµ = 1015.

The dominant background is the internal conversion process µ+ → e+e−e+ν̄µνe [13, 35],
which we also simulate with MadGraph. (See ref. [21] for the relevant amplitude and
differential decay rates of this process.) In order to perform the search over the full range of
kinematically accessible masses mX , and study the subsequent kinematic variables in section 3,
a sufficiently large number of events must be generated. This is largely through the difficulty
in sampling the high-mass endpoint of the mee distribution as this corresponds to an extreme
configuration in five-body phase space where the neutrinos are very soft. It is therefore not
feasible to generate a single, statistically satisfactory background sample. Instead we generate
a separate background sample for each mass hypothesis of the dark sector particle (mX). We
do so by demanding that either |mee,1 − mX | ≤ 2.5MeV or |mee,2 − mX | ≤ 2.5MeV at the
generator level, and weight the sample with its corresponding fiducial width. This cut is not
available in the standard MadGraph cards and thus requires a modification to the MadGraph
code responsible for imposing kinematic cuts. Our implementation can be found on GitHub
�, while in the left-hand side panel of figure 14 we validate this approach. Here we show
in grey-dashed the mee distribution (including both possible e+e−-pairs) for a single run of
MadGraph generating 50000 events. At large invariant mass there is a clear degradation
in the statistics due to the extreme configuration of phase-space that is required. This is
overcome through the above phase-space slicing, shown as the colored histograms, producing
a smooth distribution even towards the kinematic endpoint at large mee. Lastly we note
that for all the background and signal samples we place a generator cut of pT ≥ 10MeV
on all the electrons/positrons.

Muons produced at the πE5 beam line at PSI are roughly 86% polarized as measured by
the MEG experiment [81]. Since the muons at Mu3e are expected to be similarly polarized, we
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Dark photon

Figure 15. Reconstruction efficiency of the signal events as a function of the dark photon mass. For
comparison we also show the efficiency curves of refs. [35] (thin-orange) and [13] (thin-light-blue).

Cuts Phase space only Internal conv. bkg. Dark photon (mA′ = 40 MeV)

Ref. [35] Ref. [6] This
work Ref. [35] This

work Ref. [35] This work

pT ≥ 12MeV − − 73% − 2.7% − 64%
(73%) (2.8%) (65%)

Geometric acceptance (short tracks) 43% 38% 62% − 1.9% − 47%
(85%) (67%) (73%)

Rescaling factor − − 38% − 1.1% − 29%
(61%) (61%) (61%)

Track reconstruction (short tracks) 39% 34% 32% 0.51% 0.68% 18% 19%
(89%) (90%) (83%) (0.51%) (59%) (18%) (68%)

Vertex quality and timing 26% ∼ 28%a 29% 0.46% 0.63% 17% 18%
(93%) (82%) (93%) (90%) (93%) (94%) (93%)

Final efficiency 36% 28% 29% 0.46% 0.63% 17% 18%
aExtracted assuming long-track efficiency for vertexing

Table 2. Cut-flow table for the various factors affecting the final detector efficiency. The percentages
given are the running total efficiency while the numbers in parentheses are the percentage of events
lost relative to the previous step. Note that here we choose to apply an additional rescaling factor to
match the geometric acceptance, which is tuned to the flat phase space events and validated against
both signal and background efficiencies. We use a hyphen (−) to denote steps that either are not
applicable (the pT cut or rescaling factor for refs. [6, 35]) or where information is absent. See text
for additional details and figure 15 for signal efficiency at alternative dark photon masses. Lastly,
due to the ad hoc rescaling factor applied here, statistical uncertainties are not quoted as we expect
systematic uncertainties to dominate.

randomly mirror 7% of the events in our samples along the polarization axis of the muon. We
also assume the muons decay uniformly at rest within the target material of the experiment.

C.2 Detector modeling

The Mu3e experiment consists of four layers of pixel trackers around a large conical target in
which the muons are stopped, along with timing layers to assist in background rejection. It
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has sizeable angular coverage for electron/positron tracks with transverse momenta larger
than approximately 10MeV, while the neutrinos escape as missing energy.

Mu3e separates the observed charged leptons into short tracks and long tracks. Roughly,
the difference is that short tracks pass through four layers of pixel trackers, be that traversing
the detector once, or for low pT tracks passing only through the two inner pixel layers before
being bent back where they traverse back through the same layers again. For long tracks
at least two more hits in the pixel layers are required. Effectively, these additional hits
allow for a more precise measurement of their momentum vector as compared to that of the
short tracks. The track reconstruction efficiencies for short track and long tracks have been
simulated by the Mu3e collaboration, and are parametrized as a function of the total track
momentum (p) and its angle with the beam axis (θ) (figures (19.1) and (19.4) in ref. [6]).
These parametrizations describe the probability that a track is reconstructed, if it passed
through at a tracking layer at least four times. It therefore does not include the geometric
acceptance, which is defined as the probability of passing through the pixel layers at least
four times. We must model this separately, as we describe below.

To model the geometric acceptance we first begin by placing a pT cut of 12MeV on
the electron/positron tracks, which rejects all charged leptons which would not make it
through the first two pixel layers given the uniform 1T magnetic field in the detector. The
remaining loss of tracks occurs as the length of the target in the beam-direction is similar to
that of the inner pixel tracker layers. Consequently if a muon is stopped at the start/end
of the target there is a sizeable probability that the lower pT tracks are sufficiently bent
to miss the start/end of the inner pixel layer. For muons that decay more centrally this
probability is effectively zero as all that matters is the gyro-radius of the track, which is
accounted for by the pT cut. To account for these effects we firstly use the aforementioned
track reconstruction map in p versus θ, however, rather than use the z-axis which gives the
probability of reconstructing a track, we use the non-zero region to build an approximate
acceptance map of the detector. The resulting efficiency, quoted in the second line in table 2,
is effectively the “best case” efficiency, for a muon decaying at the center of the detector.
This is therefore an overestimate as it does not yet account for the extended size of the
target. To address this remaining discrepancy we apply an additional efficiency factor to
match the result of the Mu3e collaboration. Fortunately Mu3e provides this factor for Monte
Carlo events uniformly distributed in phase space, see table (22.1) of ref. [6]. This ends up
being an additional factor of 61.1% in our reconstruction efficiency.1 Once we tuned our
efficiency with a uniform phase space distribution, we validate it on both our signal and
background events, see the additional rows of table 2 which show good agreement with those
stated in ref. [35]. After this step we can then apply the track reconstructions efficiencies
mentioned above, through the digitization of figures (19.1) and (19.4) from ref. [6]. The latter
of which governs the probability that a short track event can be ‘upgraded’ to a long track,
which plays an important role in smearing below. The final step involves a number of cuts
selecting for quality of the vertex and timing in a given event. We cannot simulate these
effects, but instead rely on statements in ref. [35] where its is claimed that timing is ∼ 98%
efficient, while vertex cuts are ∼ 95% efficient. A complete breakdown of these steps and

1See also table (4.1) of ref. [35] for a similar value.
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Figure 16. Signal invariant mass distributions for the dark photon signal model. To compare to
ref. [35] (dashed lines) we show the low and high mass combinations of electron-positron pairs for
mA′ = 20, 45, 70MeV (green, yellow, blue).

comparisons to both refs. [6, 35] is given in table 2, where a hyphen is used to indicate steps
where specific information is either not given by the experimental collaboration or is not
relevant for them as it included automatically in their full detector simulation. Here we see
that tuning our analysis pipeline on the flat phase-space events yields good agreement when
applied to both signal and background events. This is especially apparent in figure 15 which
shows the efficiency for the dark photon signal model over a range of dark photon masses.

Importantly, the electron-positron pair invariant mass (mee) resolution depends not only
on the momentum resolution but also on the angular resolution. In fact, it is this angular
resolution which dominates the invariant mass resolution. Unfortunately, the Mu3e Technical
Design Report (TDR) [6] does not give the angular resolution of the tracks, but the invariant
mass resolution for the positron-electron pair is reported in ref. [35] as a function of the
number of long tracks and the invariant mass value. We therefore use this result in our
analysis, but since we are interested in angular correlations, our analysis would benefit from
information about the angular resolution which we are unfortunately unable to incorporate.
To determine the smearing in the mee distribution we use figure (6.12) in ref. [35], drawing
from a Gaussian distribution with a width given by the reported RMS value which depends on
the number of reconstructed long tracks. Note that we have implemented both mee dependent
and independent smearing (6.12a) versus (6.12b) of ref. [35], however, there is no appreciable
difference between the two for the application at hand. To validate the smearing we show
the distributions for both signal (figure 16) and background (right-hand panel of figure 14).
For the background we see that there are sizeable differences at low-invariant masses. This
discrepancy is larger than the mismatch in the efficiencies given in table 2, and likely points
to additional effects not included in the rescaling factor to match the geometric acceptance.
However, given that we over-predict background events in this region, our limits will simply
be conservative at the bottom end of the mass range. For the signal smearing (figure 16) we
see good agreement around the resonance peaks between the solid (our results) and dashed
lines (ref. [35]) for the different combinations of the electron-positron pairs invariant mass.
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However, away from the peaks we see that our distributions are narrower compared to ref. [35].
This is because we assumed Gaussian smearing, when in reality a Crystal ball function with
fatter tails would better describe the smearing, but it is not possible to implement given the
information available. This also leads to the absence of a peak in the low-mee combination
for mA′ = 70MeV. Essentially a low-probability fluctuation is responsible for causing a signal
event to be sufficiently smeared to appear in the low-invariant mass mee distribution, which
given our Gaussian modeling never occurs for our signal samples of 105 events.

C.3 Additional analysis details

We are interested in performing a hypothesis test on each signal, parametrized by (mX , g),
with g representing the coupling governing the signal strength for the model of interest
(ε, gµ,e

S,P , gµ,e
V,A) where the two relevant hypotheses are:

• H0 = {Background only hypothesis: Standard Model only}

• H1 = {Signal hypothesis: Signal model described by parameters (mX , g) exists}

To test these hypotheses we define m̂X as the invariant mass of the electron-positron pair
closest to the hypothesis mass mX and take events in a window mX ±δ around this resonance.
The width of this window, δ, is chosen through maximization of the test statistic S/

√
B,

which for our samples resulted in δ = 1.5MeV. The events that satisfy this cut are then
binned in variables introduced in section 3.

As we are performing a binned likelihood analysis, the maximum number of angular
bins we can consider faces a Monte Carlo limitation arising from our ability to sample these
distributions across the entire domain of the angles while maintaining a satisfactory number
of event per bin. Practically speaking the number of bins is therefore limited by the size
of our Monte Carlo samples. This is primarily an issue for the background samples and is
the key motivation for the splicing in phase-space. To demonstrate that our samples are
sufficiently large, we show in figure 17 the improvement in reach from our angular analysis
as a function of the number of bins per angle for several signal models. To ensure that
bins with insufficient statistics are not driving the gain in sensitivity we discard bins from
the likelihood that contain less than 10 (5) background Monte Carlo events with non-zero
weights and at least one signal event; the corresponding increase in sensitivity is shown by
the thick solid (thick dashed) curves. On the opposite y-axis we also show with thin lines
the percentage of bins that are thrown away given this criteria. From the behavior we see
that the gain in sensitivity quickly increases with a modest number of bins per angle before
plateauing. Further improvement requires extremely fine binning with a relaxation of the
criteria for the number of events with non-zero weights per bin. We therefore conclude our
likelihood captures most of the relevant physics provided that we use ∼20 or more bins per
variable. For the results presented in the main body of the paper a filled circle indicates
our chosen binning (30 bins per angle), which we see is conservative compared to the finer
binning results with fewer events per bin. For the (pseudo)scalar case coupled to electrons
relaxing the event requirement per bin and increasing the number of bins from 30 to 60
results only in a 1.5% improvement in the reach.
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Figure 17. Improvement factor including angular information in the reach projection as a function
of the total number of bins in each angular direction for mX = 40MeV and the angular observables
cos θe+

s e+
X

and cos θe−e+
s

. The thick solid (dotted) lines indicate the improvement factor requiring at
least 10 (5) Monte Carlo events with non-zero weights per bin for the background given non-zero
signal events. The thin lines (with associated y-axis on the right-hand side) indicate the percentage of
bins rejected (and therefore not contributing to the likelihood) given this requirement. The colors
indicate the coupling structure of the signal model.

D Signal differential decay rate formulas

In this appendix we will give some analytic expressions for the differential decay rate of
µ+ → e+νeν̄µX. We first discuss the scenario where the muon polarization is ignored, and
later consider the effect of including polarization.

D.1 Unpolarized muon decay

The differential decay rate is:

dΓ =
〈
|M|2

〉
2mµ

(2π)4δ(4)(pµ −
∑

f

pf )
∏
f

d3pf

(2π)32Ef
(D.1)

where the index f iterates over final state particles and
〈
|M|2

〉
is the helicity averaged square

amplitude. To lighten the notation, we will also use the symbol of the particle to denote the
four momentum in this section. E.g. “pα

ν̄ ” will be abreviated as “ν̄α” etc. The neutrinos are
not observable, and so it is beneficial to integrate over their phase space. This process is
aided by the fact that the squared amplitude for this process can always be written as〈

|M|2
〉
= ναν̄βAαβ , (D.2)

where Aαβ does not depend on either ν or ν̄. We can then factorize the final state phase
space measure as

δ(4)(µ −
∑

f

f) = 1
2

∫
d4Zδ(4) (Z − ν − ν̄) δ(4) (µ − Z − e − X) . (D.3)
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Using the first delta function, we can integrate over the neutrinos using the identity∫ d3ν

2Eν

d3ν̄

2Eν̄
δ(4) (Z − ν − ν̄) ναν̄β = π

24
[
ηαβZ2 + 2ZαZβ

]
. (D.4)

The second delta function can be removed by integrating over d4Z which results in fixing
Z → Z̄ = µ − e − X. The result of this process is the following:

dΓ = π

24
[
ηαβZ̄2 + 2Z̄αZ̄β

] Aαβ

2mµ(2π)8
d3e

2Ee

d3X

2EX
. (D.5)

Then defining the Lorentz invariant dimensionless quantities

x ≡ 2(µ · e)/m2
µ , (D.6)

y ≡ 2(µ · X)/m2
µ , (D.7)

z ≡ 2(e · X)/m2
µ , (D.8)

r ≡ (mX/mµ)2 . (D.9)

This decay rate can therefore be written as

dBR(µ → νν̄eX) =
{

F (x, y, z)
(r + z)2 + G(x, y, z)

(r − y)2 + H(x, y, z)
(r + z)(r − y)

} dx dy dz

8π2r
, (D.10)

where we divided by the muon width Γµ = G2
F m5

µ/192π3 and used the result (valid when
polarization is not taken into account)

d3e

2Ee

d3X

2EX
= π2

4 m4
µ dx dy dz . (D.11)

Here the function F corresponds to the square of the diagram with an electron propaga-
tor, G corresponds to the diagram with a muon propagator, and H corresponds to the
interference term.

However, it is useful to now consider the rest frame of the muon where we can write
z = 1

2xy(1−vc), where v = |X|/EX =
√
1− 4r/y2 is the speed of particle X in the muon rest

frame and c = X · e/(|e||X|) is the cosine of the angle between the momentum of e and X in
the muon rest frame. This angle is physically intuitive and simplifies the limits of integration.
In particular, if we consider v = v(y) and z = z(x, y, c), then the branching ratio becomes

dBR(µ→ νν̄eX)= vxy

16π2r
dxdydc

{
F (x,y,z)
(r+z)2 +G(x,y,z)

(r−y)2 + H(x,y,z)
(r+z)(r−y)

}
, (D.12)

where the limits of integration are given by

c ∈ (−1, 1) , (D.13)

y ∈
(
2
√

r, 1 + r
)

, (D.14)

x ∈
(
0,

4− 4y + y2 (1− v2)
4− 2y + 2cyv

)
. (D.15)
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For the spin-1 model described by eq. (1.1) we get the following results:

F1 =(ge
V −ge

A)2
[
z2(z(2x+y−2)+x(−2x−2y+3))

+rz
(
−4x2+x(−8y+7z+6)−4y2+6y(z+1)−8z

)
+r2(z(4x+5y−6)+x(2x+2y−3))−r3x

]
, (D.16)

G1 = gµ
V

2
[
4y2(z(2x+y−2)+x(−2x−2y+3))

+r
(
−8(y+2)z(4x+3y−3)+4x(4x(y+2)+y(7y+6)−12)+16(y+2)z2

)
+r2

(
8x2−4x(4y+2z+15)+4(5y+14)z

)
−4r3x

]
+gµ

A
2
[
4y2(z(2x+y−2)+x(−2x−2y+3))

+r
(
4xy2+8(y−4)(x−z)(x+y−z−1)+8(y−4)(x−z)(x+2y−z−2)

)
+r2(4x(2x−4y+21)−4z(2x−5y+22))−4r3x

]
+gµ

V gµ
A

[
4y
(
−(y+2)z(2x+y)+xy(2x+2y−1)+4z2+2z

)
+r
(
8z(x(4y−2)+y(3y−2)+1)−4xy(4x+7y−4)−16(y−1)z2

)
+r2(4z(2x−5y+4)−4x(2x−4y+1))+4r3x

]
, (D.17)

H1 =(ge
V −ge

A)g
µ
V

[
2yz(z(2x+y−2)+x(−2x−2y+3))

+2r(z(−6x2−(x+6)y+x+y2+6)+z2(2x−y+2)
+x(2x+y)(2x+2y−3))+2r2(z(7x−y+4)+x(−10x−7y+7))+10r3x]

+(ge
V −ge

A)g
µ
A

[
−2(z((y+2)z(2x+y)+xy(−2x−2y+1)−4z2−2z))

−2r(z(−6x2−x(y−5)+y(y+2)−4)+z2(2x−y−8)

+x(2x+y)(2x+2y−1))+2r2(10x2+x(7y−7z−3)+(y+2)z)−10r3x
]
.

(D.18)

While for the spin-0 model described by eq. (1.1) we get the following results:

F0 =(ge
S−ge

P )2r
[(

z2(x+2y−2)−2yz(x+y)+3yz
)
+r2(2(y−1)z−x(−2x−2y+3))−r3x

]
,

(D.19)

G0 = gµ
S

2
r
[
2(8(−2x2+x(−2y+2z+3)+(y−2)z)+2(y−4)(−2z(x+y)+xy+2z2+z))

+4r(2x2−2xz+9x+2yz−10z)−4r2x
]

+gµ
P

2
r
[
4y(−2z(x+y)+xy+2z2+z)+4r(2x2−2xz−3x+2yz+2z)−4r2x

]
+gµ

Sgµ
P r
[
((y−4)(−2z(x+y)+xy+2z2+z)+y(−2z(x+y)+xy+2z2+z))

+2r(2x2−2xz+x+2yz−4z)−2r2x
]
, (D.20)

H0 =0 , (D.21)
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D.2 Polarized muon decay

To describe the decay of a polarized muon we define the covariant spin vector

S =
(
|µ|
mµ

,
Eµµ

mµ|µ|

)
, (D.22)

satisfying S2 = −1 and S · µ = 0 and the helicity operator

H = 1
2γ5 /S . (D.23)

In the rest frame of the muon, the covariant spin vector can be taken to be S → (0, ẑ)
where H = 1

2γ5γ3.
We define the squared amplitude coming from the decay of a muon with helicty h = ±1/2

as |Mh|2. One simple way of calculating this squared amplitude is by inserting a helicty
projection operator in from of the muon spinor

v(µ) →
(1
2 ± H

)
v(µ) . (D.24)

We say a muon has polarization Pµ ∈ (−1, 1) when the muon’s helicity has a expectation value
⟨H⟩ = 2Pµ. The polarization averaged amplitude with polarization Pµ will then be given by

⟨|M|⟩Pµ
≡ 1 + Pµ

2 |M+1/2|2 +
1− Pµ

2 |M−1/2|2 . (D.25)

It is this value which replaces
〈
|M|2

〉
in eq. (D.1).

Introducing the additional four vector S also introduces two additional angles. We
can define these as

ce = 2
mµx

(S · e) , (D.26)

cX = 2
mµvy

(S · X) , (D.27)

which are just the cosines of the angle of the e and X with the polarization vector in the
muon rest frame.

We would then like to write down the generalization of the expression eq. (D.12). This
requires two modifications; first the F , G, and H functions must be modified to include
polarization, second we must ensure not to integrate over the two additional angles related
to polarization.

First we discuss the generalization of F , G, and H. This is done simply by modifying
the functions to be

F (x, y, z) → F (Pµ)(x, y, z, ce, cX) = F (x, y, z)
+ PµceF [ce](x, y, z) + PµvcXF [cX ](x, y, z) , (D.28)

and similarly for G and H.

– 27 –



J
H
E
P
0
7
(
2
0
2
4
)
1
9
4

The measure, dΩe dΩX can only be reduced to three variables. We will therefore use
the angles defined by

ê = (se, 0, ce) , (D.29)
X̂ = (sX cosφ, sX sinφ, cX) , (D.30)

where si =
√
1− c2

i . In this coordinate system we have

d3e

2Ee

d3X

2EX
=

πm4
µvxy

32 dx dy dce dcX dφ , (D.31)

such that the differential branching ratio formula becomes

dBR(µ→ νν̄eX)={
F (Pµ)(x,y,z,ce, cX)

(r+z)2 +G(Pµ)(x,y,z,ce, cX)
(r−y)2 +H(Pµ)(x,y,z,ce, cX)

(r+z)(r−y)

}
vxy

64π3r
dxdydcedcX dφ.

(D.32)

With these variables we have

z(x, y, c(cX , ce, φ)) = 1
2xy(1− vc(cX , ce, φ)) , (D.33)

c(cX , ce, φ) = sesX cosφ + cecX , (D.34)

and the limits of integration will be the extension of the previous case, namely

φ ∈ (0, 2π) , y ∈
(
2
√

r, 1 + r
)

,

ce ∈ (−1, 1) , x ∈
(
0,

4− 4y + y2 (1− v2)
4− 2y + 2c(cX , ce, φ)yv

)
,

cX ∈ (−1, 1) , (D.35)

The additional components of F , G, and H for a spin-1 particle are

F
[ce]
1 = (ge

V −ge
A)

2
x
[
z2(1−2x−y+2z)+rz(−4x−4y+7z+2)+r2(2x+y+4z−1)−r3] , (D.36)

F
[cX ]
1 = (ge

V −ge
A)

2
y
[
z2(z−x)+2rz(−2x−2y+3z+1)+r2(x+5z)

]
, (D.37)

G
[ce]
1 =x(−r+2x+y−2z−1)

[
gµ

V
2 (

r(r+4)−y2)+gµ
A

2(r−y)2+2gµ
V gµ

Ar(y−r)
]

, (D.38)

G
[cX ]
1 = gµ

V
24y

[
(z−x)

(
5r2+r(−4x−6y+4z+2)+y2)] ,

+gµ
A

24y
[
z
(
5r2−2r(6x+3y+1)+4x(y+2)+y(y+4)−4

)
+

x
(
−7r2+2r(4x+5y−2)+y(−4x−3y+2)

)
+4(r−2)z2

]
+gµ

V gµ
A2y

[
−z
(
2y(−3r+x−1)+r(5r−10x+8)+y2)+x(3r−y)(2r−2x−2y+3)−4rz2] ,

(D.39)
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H
[ce]
1 =2(ge

V −ge
A)x×[

gµ
V

{
z
(
−7r2+6rx+r+y(2x+y−1)

)
+r
(
−5r2+5r(2x+y−1)−4x(x+y)+2x

)
−2z2(r+y)

}
+gµ

Ar
{
5r2+r(−10x−10y+7z+5)+4x2+2x(5y−3z−3)−7yz+5(y−1)y+2z2+3z

}]
,

(D.40)
H

[cX ]
1 =2(ge

V −ge
A)y×[

gµ
V

{
r2(2x+z)+r

(
−2x2+x(−2y+z+1)+z(−y+z+2)

)
+yz(x−z)

}
gµ

A

{
z
(
−r2+r(6x+y)−2x(x+y)+3x

)
+z2(−r+2x+y−2)+rx(3r−4x−3y+2)

}]
.

(D.41)

For a spin-0 particle we have

F
[ce]
0 = (ge

V − ge
A)2rx

(
z(z − y) + r(2x + y − 1)− r2

)
, (D.42)

F
[cX ]
0 = (ge

V − ge
A)2ry(r(x + 2z) + z(−x − 2y + 2z + 1)) , (D.43)

G
[ce]
0 = 2rx(1 + r − 2x − y + 2z)

[
2gµ

V
2(r − 2y + 4) + 2gµ

A
2
r + gµ

V gµ
A(r − y)

]
, (D.44)

G
[cX ]
0 = 2ry

[
gµ

V
2
{
2x(3r − 3y + 6z + 2)− 4z(r − y + z)− 8x2 − 2z

}
gµ

A
2
{
2r(x − 2z)− 2

(
−2z(x + y) + xy + 2z2 + z

)}
gµ

V gµ
A {(x − z)(2r − 2x − 2y + 2z + 3)}

]
, (D.45)

H
[ce]
0 = 0 , H

[cX ]
0 = 0 . (D.46)

Open Access. This article is distributed under the terms of the Creative Commons
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any medium, provided the original author(s) and source are credited.
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