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ABSTRACT OF THE DISSERTATION

Topics in kinetics of tokamak edge plasma and laser-plasma interactions

by

Alexey Knyazev

Doctor of Philosophy in Engineering Sciences (Engineering Physics)

University of California San Diego, 2023

Sergei [. Krasheninnikov, Chair

Kinetic models are often necessary to adequately describe plasma dynamics. Firstly,
important kinetic effects in plasmas can persist even in a fluid parameter regime, such as
the thermal force in the Braginskii model. Secondly, many plasmas of interest — such as
occur in laser-plasma interactions — are far from the thermal equilibrium assumed by fluid
models, and must be described using the Vlasov equation.

Direct kinetic simulations of plasmas are computationally expensive. Therefore,
reduced models and simplified problem setups are instrumental to the study of kinetic
plasma effects.

This dissertation is divided into three projects, each addressing kinetic plasma

Xiv



effects with a reduced model.

The first project investigates relativistic electron dynamics in the presence of
colliding laser pulses. The stochastic dynamics of an electron in counter-propagating
linearly polarized laser beams is analyzed using a recently developed 3/2-dimensional
Hamiltonian approach. It is shown that perpendicular canonical momentum suppresses
stochasticity, helping to explain the results from recently reported numerical studies of
stochastic dynamics in a similar setting. The stochasticity in a perpendicular polarization
setup is demonstrated. Lastly, the impact of radiation friction effects is considered, and
shown to be negligible in the classical radiation reaction limit.

The second project investigates electron dynamics during laser-target interaction.
The model is proposed to describe the laser-driven electron acceleration that occurs when
a high-intensity laser interacts with a nanoplate target. Formation of the quasi-static
electric and magnetic fields is described, and the residual between these static fields is
shown to be crucial for stochastic the electron acceleration beyond the ponderomotive
scaling.

The third project is dedicated to reduced modeling of Coulomb collisions in gyroki-
netic simulations. A linearized multi-species model collision operator is adapted for the
continuum gyrokinetic code COGENT. It is used to simulate highly collisional plasmas
to illustrate that the operator recovers both friction and thermal forces of the Braginskii
fluid model. The neoclassical transport of heavy impurities simulated with COGENT is

shown to agree with previously published theoretical results.
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Chapter 1

Introduction

1.1 Kinetic plasma description

Kinetics of the ideal, classical, fully ionized plasma can be described with a system
of Boltzmann equations for each plasma species. For s species with charge e, and mass

ms, the Boltzmann kinetic equation,

(1.1)

ofs  dx,0fs dPg Of dfs
O 0L (0

ot ' dt ox, = dt OP, \dt

describes particle dynamics in the presence of external forces and the self-consistent fields,
where f(xs, P, t)dx,dPg is the number of particles in the dx,dP phase space volume
element of the s species, x; (and P;) are canonical coordinates (and momenta).

For high-temperature plasmas, such as those produced by the laser with relativistic
intensity I > 1.37 x 10" (1um/)\)?> W/cm? — where A is the laser wavelength — collisions

can be ignored completely, resulting in the Vlasov equation,

of,  dxs0f, dP;Of,
ot dt 0x, dt 0P, =0 (1.2)

Relativistic intensity laser-plasma interaction is considered in Chapter 2 and 3 of this
thesis. Observe that the left-hand side of the Vlasov equation is the full-time derivative

of fs(xg, Pg) in a phase space, so D f,/Dt = 0 without collisions. This incompressibility



Figure 1.1. Despite that the phase space flow in Vlasov equation Eq. (1.2) is Hamiltonian
and therefore volume preserving, stochasticity can cause the “drop” of nearby initial
condition to spill over the large “effective” phase space volume. Image taken from [1].

in the phase-space is a consequence of particle dynamics being Hamiltonian. Notably,
despite the volume-preserving nature of the Hamiltonian flow, a “drop” of initial conditions
— depicted schematically in Figure 1.1 — may spill over the large “effective” phase space
volume due to stochasticity that will be discussed in the section below.

As will be shown in Chapters 2 and 3 of this thesis, stochastic “spilling” across the
phase space may be utilized to accelerate electrons in relativistic laser-plasma interactions.
In various relativistic laser setups, stochastic electron heating — triggered by additional
perturbation laser or static electromagnetic fields in the plasma — can produce electron
energies larger than the maximum energy of the electron quiver motion in the relativistic
laser field alone (the so-called ponderomotive scaling). Design and analysis of efficient
acceleration techniques — such as stochastic acceleration mentioned here — is an active
research area, both due to the rapid advancements in high-power laser technology [2] and
due to prospective applications for produced energetic electron bunches [3].

Analysis in Chapter 2 and 3 is primarily concerned with the Hamiltonian dynamics

of electrons, as is assumed by the Vlasov equation Eq. (1.2). However, certain processes of



interest are not easily handled within the Hamiltonian formalism. One such example is the
radiation friction experienced by the electron in a high-intensity laser field, considered in
Chapter 2. Another example is the impact of small scale electromagnetic fluctuations [4] —
called Coulomb collisions — on a single-particle distribution function f;.

Coulomb collisions are described by a collision operator on the right-hand-side of
the kinetic equation Eq. (1.1). The Landau form [5] of the collision operator is often
used, suitable for deriving collisional transport of energy, momentum, and particles in
Braginskii [6] fluid model. Notably, because the thermal conductivity of the plasma is
determined [7] by particles with superthermal energies, the high-collisionality limit analysis
of Braginskii-type models is only applicable to plasmas with A\¢/Lt < 1072, where A is
the Coulomb mean free path of thermal electrons and L+ is the characteristic gradient
scale length of the plasma temperature profile. Such a high collisionality requirement is not
satisfied for parallel transport in typical tokamak-relevant plasmas. As a result, tokamak
plasma simulation tools must either implement workarounds in the parallel transport
treatment, such as flux limited Braginskii model in the SOLPS-ITER |[8] code, or resort
to kinetic models. Kinetic simulations of collisional plasma are, however, numerically
expensive, and the high computational cost of the Landau operator makes it impractical
for many problems of interest. Instead, various reduced operators are used to capture
collision effects in the kinetic model. Such reduced operators are typically designed to
be simple and numerically efficient, but may decrease simulation fidelity. For example,
some reduced operators do not recover any thermal forces between the colliding species,
which is important for simulating impurity transport in the tokamak. Chapter 4 of this
thesis presents an implementation of the model linearized multi-species operator into a
gyrokinetic code. The implemented collision operator is based on the Landau operator,
with approximations that allow to circumvent numerically expensive steps by analytical
treatment. The resulting model operator recovers thermal and friction forces as they

appear in the Braginskii model.



1.2 Cyclic coordinates and integrals of motion

If the Hamiltonian of a system does not depend on a certain coordinate x., such

coordinate is called cyclic, and its conjugate momentum is an integral of motion,

dP. oOH

dt _8xc -

0. (1.3)

More generally, Nether’s theorem — stating the existence of a motion integral associated
with a symmetry of the Hamiltonian — can be reduced to a cyclic coordinate argument
above. For example, consider a setup from Chapter 3, where a particle of charge ¢ and
mass m interacts with a static electric field described by a scalar potential U(y), a static
magnetic field described by the vector potential Ag(y)e,, and an electromagnetic wave
described by the vector potential A(ct—kz)e,. The dynamics of such a particle is described

by the extended Hamiltonian,

P2 N (Py + 2A(ct — kz))? N (P, + 2Agp(y))?

m2c? m2c? m2c?

He:Pt—i-mcz\/l—i— +qU(y), (1.4)

where ¢ is the canonical coordinate with the corresponding momentum P, = —ymc?—qU (u).

Since H, does not depend on z, the canonical momentum P, is conserved

dP, OH,
dt ox 0 (1.5)

Furthermore, observe that ¢ and z coordinates appear in H, as combination ct — kz.
Accordingly, coordinate transformation ¢ =t + &e/w, 2’ = z + @& /k keeps H, unchanged.

Parameter & can be used instead of z as a canonical coordinate, and the corresponding



canonical momentum is conserved since @ does not enter H, explicitly,

= L (cme —qU(y) + clymo, + Lan(y)]) = (1.7)
d 9 Uy, 0H,
— =2 (e (1= %) +4[W(y) - Asw)]) = =52 = 0. (1.8)

Integrals of motion reduce the dimensionality of the system. The next section explains
how the dimensionality of the problem can have significant implications for the character

of dynamics.

1.3 Stochasticity in Hamiltonian systems

Dynamics of nonlinear systems can become stochastic. Stochasticity — also referred
to as “chaos” — is a special kind of instability that occurs in nonlinear dynamical systems.
Its distinguishing characteristic is that, despite the deterministic nature of equations of
motion, various characteristics of the system behave like random quantities. Stochasticity
is surprisingly common in nonlinear Hamiltonian systems. Chapters 2 and 3 of this thesis
demonstrate examples of stochastic electron dynamics in different laser plasma setups, and
investigate the role of chaos in the electron acceleration. The rest of this section introduces
the stochasticity criterion K 2 1, that will later be used in electron dynamics analysis.

It is important to emphasize that the stochastic trajectories in classical (i.e., not
quantum) systems are produced from deterministic Hamiltonian equations, without any
ad hoc random forces. Notably, stochastic dynamics of the underlying deterministic
system often serves as justification for including random forces — that are also often
called “stochastic” — to capture the phenomenology of the dynamics with a reduced model.
One such example is a Langevin equation [9] describing the Brownian motion [10] of a

suspended body due to interactions with a heat bath of other particles in a fluid. Another



example [11] is “stochastic” description of the wave propagation in random media. In this
thesis, the terms stochasticity and chaos will be both used to describe chaotic dynamics in
deterministic Hamiltonian systems [12, 13].

Stochasticity requires an instability of the system’s motion. One of the commonly
occurring instabilities that lead to stochastic dynamics is phase-stretching instability. It
can be illustrated by Fermi’s problem of a ball bouncing between two walls [14], proposed
to explain the acceleration mechanism [15] of charged particles interacting with magnetic
clouds in space. Let the two walls be a distance L apart, with the moving wall position
given by x = L + dsin(wt), d < L. The ball dynamics is trivial everywhere except during
collisions with the moving wall. Therefore, given time ¢, and ball velocity v, after the last
moving wall collision, one can calculate the time of the next collision ¢,,,; and the velocity
vny1 that results from it. Taking the ball to be much faster than the wall v > wd, the

motion can be described with a trajectory mapping,

Uny1 = Uy + 2wd sin iy, (1.9)
2Lw
Vnt1 & n + ~ (1.10)
Un+1
2L nt1 — Un
~ by + 2 (1—u> ~ (1.11)
Un Un
2L 4Lw?d
~ Py + Y C; siny, mod 2, (1.12)
n Un

where 1) = wt is the phase of the moving wall. Observe that even if velocity v does not
change much during collisions dv ~ wd < v, the phase 1) can change significantly. The

phase stretching instability can occur if

S 4Lw*d
‘& — 1‘ ~ |cos iy | = K| cos | > 1, (1.13)

0y, v2

n

and can cause the onset of stochasticity. Since K > 1 is necessary for instability, there



exists an upper bound on the energy of the ball, v? < 4Lw?d.

Note that stochastic dynamics is not possible in one-dimensional conservative
systems H(x, P). The stochastic motion in the ball problem considered above becomes
possible due to explicit time-dependence H (z, P,t), which increases the dimensionality of
the phase space. Indeed, as was illustrated in the section on cyclic coordinates above, time
can serve as a canonical coordinate in the extended Hamiltonian He(z, P, t, P,) = P+ H = 0.
Extended Hamiltonian shows that explicit time dependence of H(z, P,t) adds another
phase space dimension, dP,/dt = —0H./0t # 0. Because of the degeneracy H, = 0 of
the extended Hamiltonian treatment, time-dependent H(x, P,t) systems are often called
3/2-dimensional instead of 2-dimensional.

If the motion is described by a 2-dimensional Hamiltonian H occurs in the finite
volume of phase space, surfaces of constant H are nested tori in the action-angle variables.
Such tori divide the 2-dimensional space into two subspaces, restricting [13] stochasticity
to the finite volume of the phase space. For higher dimensions, this is not the case, and
stochasticity can explore the entire phase space via Arnold diffusion. This highlights the

uniqueness of stochastic dynamics in 2-dimensional systems.



Chapter 2

Stochastic electron motion in colliding
plane waves

Stochastic dynamics of electrons interacting with multiple electromagnetic waves
has been studied using Hamiltonian formalism [16, 17| and investigated via numerical
simulations [18, 19, 20, 21]. Recently, a novel approach [22| was proposed, where the
dynamics of the relativistic electron in two collinearly polarized counter-propagating plane
waves was described with a 3/2-dimensional Hamiltonian, allowing to apply the techniques
used in previous studies of stochastic dynamics in such systems [13, 12]. However, the
effects of perpendicular canonical momenta P | of the electron were not considered in the
previous analysis of stochasticity. Considering these effects enables better understanding
of the recent numerical results of stochastic heating in colliding laser pulses, such as the
dependence on the initial laser phases [20].

In this chapter, we expand on the previous stochastic motion analysis [22] to account
for perpendicular canonical momenta P, and allow for an arbitrary angle between linear
polarizations of the waves. We discuss the effect of P, on the stochastic heating, and
relate that effect to the impact of the initial laser phases. Finally, we consider stochastic

heating in the presence of radiation friction.



2.1 Stochastic motion

To provide context for the present discussion, it is instructive to revisit the well-
known problem of the interaction between a single electron in vacuum with the laser pulse
described by a vector potential a; = a; sin(n)ex, where n =t — z, a; = eE)/mcw is the
normalized amplitude of the vector potential, F is the maximum electric field of the laser,
A is the laser wavelength, ¢ is speed of light in vacuum, and m and —e are electron’s mass
and charge, respectively. In what follows, we use dimensionless units, normalized by the
introduced constants as follows: length is normalized by k = 27/, time by w, electron’s
velocity v and canonical momenta P by ¢ and mc, respectively, electric and magnetic

fields by e/mcw. The outlined problem has three well-known integrals of motion,

v — P, = H = const, Py = const, (2.1)

where Py, , are components of P = yv — A, « is the Lorentz factor of the electron, and A
is the vector potential of electric —0; A and magnetic V x A field. In the reference setup
A equals simply a;. From the integrals of motion in Eqs. (2.1) follow the expression for

the Lorentz factor of the electron,

(H+ %), (2.2)

N | —

’y:

where £, = 1+ (P + Ay)* + (Py + Ay)?. In the rest of the chapter, we will refer to the
maximum of Eq. (2.2) as ponderomotive scaling ~,.

Now, consider that a second laser was added to the setup, described by a; =
azsin(ko7) (e, + /1 — a2ey), where 7 = t + z, ky is the wavenumber of the second
laser, and « is the cosine of the angle between a; and as. Introduction of as breaks
the conservation of H, and it was shown that even ay < a; can enhance the maximum

Lorentz factor . Significant physical insight into this phenomenon was obtained by using



a 3/2-dimensional Hamiltonian description [22] of the electron dynamics in colliding laser
beams, where it was shown that the role of the perturbation laser a, is to onset stochasticity
in H, with the stochastic change in H then leading to increase in electron energy ~y,. The
previously performed analysis of stochasticity [22] was, however, limited to the case of
parallel pulse polarization with both lasers propagating along the general momenta of the
electron, P, = 0. In this section, we will generalize the analysis of stochastic heating to
the case of P, # 0. We show that both P, > a, and P, > a; suppress stochasticity. For
cases where stochasticity is still present, we show that P, > 0 and P 2 a; increases the
lower stochastic limit H,,;,, while keeping the higher stochastic limit H,.. intact. Based
on the Hyin/max limits, we explain how |P| and |Py| affect the limits of stochastic heating
relative to the ponderomotive scaling max(ys)/&,, where v, is the ponderomotive scaling
Eq. (2.2) for the initial value of the dephasing rate Hy. We verify our analysis with a
series of Poincaré maps obtained from numerical integration of Eqgs. (2.3-2.5) below.

We begin by describing the dynamics of the electron interacting with both laser

beams A = a; + a as a 3/2D Hamiltonian [22] system:

1
H=—|1+ (Pc+ aisin(n) + aa sin(kﬂ))2
X

(2.3)
+ (Py +V1 — a2ay Sil’l(k‘QT))Z =~—P,
dn . OH H
ek A vl (2.4)
dy . 1 . .
T =X= X {ay cos(n) [Px + ay sin(n) + ag sin(ky7)]}, (2.5)

where x = v + P,. Because the onset of stochasticity is typically attributed to the overlap
of high harmonic resonances, [13| it is instructive to begin analysis with the study of
the Fourier harmonics xo(€2) of the unperturbed (as = 0) xo(7) electron motion, and
analyze how the spectrum depends on Py ,. As Fig. (2.1) illustrates, the unperturbed

electron motion xo(7) is a nonlinear periodic oscillation with base frequency (2, and so the

10



Fourier spectrum consists of discrete harmonics X ,, where n is the harmonic’s number.
A typical xo(€2) spectrum has a tail of Fourier harmonics with power law amplitude decay
|Xo0n| o< 1/n?, followed by an exponential cut-off |Xq,| o< exp[—(n — n.)], where n, is the

cut-off harmonic number,
02 1 1 d?
n? = —¢ ~ — max (——X) (2.6)

The cut-off frequency €. &~ max(Yo/xo) corresponds to the most rugged parts of (7).
Unless Py ~ aj, max(Xo/xo) occurs at minima min(xo) = X, along the unperturbed

trajectory, so we can estimate cutoff frequency as

B 1 d*y
)
x dr om

Q2

= 2G1H4X

a1 €082 () — Sin () [P + a1 sin(n,,)] (2.7)

(1+ P}? + [Px + ay sin(n,,)]?)?

Y

where 7,, is the value of 7 corresponding to x,,. It follows from the Hamiltonian Eq. (2.3)
that sin(n,) = —a1/Px for |Py| < ay, and sin(n,,) = —P,/|Px| otherwise. We can use
Egs. (2.6, 2.7) to determine the number of unsuppressed Fourier harmonics n. by comparing

Q. with the frequency of unperturbed motion 2. To find €2, we solve for implicit 7y(7)

dependence
1 2 2 | 0
T + const = e (1+PX + P +E)770
2 (2.8)
— 2a1 Py cos(ng) — Zl sin(2770)) ,
and calculate the unperturbed frequency as
2 H?
0= T . (2.9)

"7l +2m) — () 1+ P2+ P2y al/2
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Combining Eq. (2.6) with results from Eqs. (2.7, 2.9) gives

- 2a,(1 + P? + Py2 +a2/2)%(|P| — ay)

n? = 2.10
T IR (R 210
for |Py| > a; case and
o 2(1+ P? + P} +ai/2)*(af — P?) 2.11)
: (15 P2y

in |P,| < a; case. Estimates Eq. (2.10, 2.11) agree with Fourier transforms y, shown in
Fig. (2.1), where the sharp corners in P, < a; case results in a long tail of harmonics,
while P, > a; case has virtually instant exponential cut-off of its spectra. It follows
from Egs. (2.10, 2.11) that both |Py| > a; and |P;| > a; result in low frequency cutoff
Q. ~ Q and therefore suppress stochasticity. However, for moderate values of |P| and P|,
there exists a long tail of unsuppressed Fourier harmonics in the spectrum of unperturbed
motion. From Chirikov’s stochasticity criterion, this long tail in the spectrum allows for
island overlap and results in a wider stochastic region [13].

Our next step is to determine how components of canonical momenta P, affect the
stochasticity boundaries Hyax/min. For the electron with initial Hamiltonian Hy, Eq. (2.2)
predicts that increased stochastic region will subsequently lead to further heating for cases
where stochastic limits Hyax > &, or Hyin < 1. To find the Hpay/min limits, we note that
the evolution of Hamiltonian

% = %Os(kﬂ) {aPX +V1—a2P+
(2.12)
+ aaq sin(n) + ag sin(k:ﬂ)l

is adiabatic outside of regions with minimal y. If the second laser as is a perturbation
ay < ay, from Eqgs.(2.3,2.12) follows that the value of H changes during “kicks” at

sin(n) = —ay /Py for Py < ay and sin(n) = — Py /| Py| otherwise, as illustrated in Fig. (2.2).
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Figure 2.1. Top panel: Unperturbed trajectories xo(7) for Py < ay (Px =0, P, =0,
a; = 3.0 for black solid curve), and for P, > a; (Px = 15, P, = 0, a; = 5.0 for green
dashed curve). Bottom panel: Corresponding magnitudes of normalized harmonics |xo,x|
for P, > ay (curve on the left), and for P, < a; (curve on the right). The blue solid line
shows the long tail of Fourier harmonics, and red dashed curves show the exponential
decay of harmonic amplitudes. Red stars show the exponential cut-off estimates (2.10)
and (2.11)
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T
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Figure 2.2. Hamiltonian H (solid blue curves) and sin(n) (dashed orange curves) for
a; = 10, ag = 0.1, ko = 1. The top panel shows case with P,/a; =~ 0.25, where “kicks”
occur at sin(n) = —ay/Px. The bottom panel shows a case with P,/a; = 1.8, where “kicks”
occur at sin(n) = —Py/|P| = —1

The change in H during one kick is

dH Y dH

X4 2.1
7 Har (2.13)

and the difference in phase of a; between two consecutive kicks is

2wky  2mks 9 ,  a
A, = = MRy o p2yop2y Y1y 2.14
v Qnia Hg-i—l( THT S 2) 214
if |P¢| > ay, and
(7 # 2arcsin(Py/ay)) ks a?
A, = i, L+ P +P+) (2.15)
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otherwise. The sequence of kicks described by (2.13-2.15) will lead to stochasticity if [13]

_ | dAy, dAH,
N dHn+1 dwn

21 (2.16)

From Eq. (2.16), we can obtain the limits of stochasticity Hyax/min, and the corresponding
maximum electron energy (2.2). Details of the calculation are outlined in equations (2.17-
2.20) below, followed by the resulting expressions for stochastic boundaries.

As discussed above, the motion outside the kicks regions can be approximated
as adiabatic, allowing to substitute the unperturbed trajectory Eq. (2.8) into Eq. (2.12)
for evaluating the integral in Eq. (2.13). For kicks in |P| < a; regime, the outlined

substitution yields

2

~  k a
kQT:¢+F22([1+PX2+Py2+51

—2P%sin(n) — 2Px\/ﬁcos(77)+ (2.17)
P2 a? 1
(7X — % Siﬂ(?’f})) + §PX\/@COS(27])),

Jn—

where

¢ = const — ﬁ(l + P+ P2+ a—%)arcsin(&) (2.18)

H? * Y2 a;
Note that in the stochastic regime where H exhibits random behavior, the qg also becomes
random. To simplify the notation below, we combine gzNS with all other constants independent

of n. We can now approximate the trajectory around the kick with a Taylor expansion

of Eq. (2.17) at sin(n,,) = — Py /a1, allowing for the following approximation for integrals
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n (2.13):

o ~ k
/ cos(koT)dn = / cos(¢ + —22(1 + P2)n+
Tkick (219)

1
3(@1 P2)n? + Pey/Ja3 — Pyt — 4a1—7P2) )dn.

The phase of cosine terms in integral Eq. (2.19) varies rapidly away from the n = 0 point,
and so for asymptotic analysis is suffices to keep the lowest nonlinear term (n® for P, < a;
and 7° for Py = ay).

Analysis done in Eq. (2.17-2.19) can be repeated for P, 2 a;, where kicks occur

~Y

at sin(n,,) = —Px/|Px|, and the resulting approximations for integrals in Eq. (2.13) is
different from Eq. (2.19):

/ cos(koT)d / cos(¢ (1 + P2+
Mk & (2.20)

+ (Pe— ) + 5 (B — ) —%(zml P’}

For even larger P, > a; values, the kicks approximation is no longer valid, and the motion
is non-stochastic in agreement with the analysis of trajectory spectra Eq. (2.10).

Note that in the Hamiltonian description, the phase trajectory explicitly depends
solely on P and the initial conditions 7(7y), x(70), and does not depend on initial phases
¢ and ¢ of the lasers. In the previous study of interaction between the multi-picosecond
laser and the overdense plasma target, [20] stochastic electron dynamics of the electron in
the presence of incident and reflected laser pulses was numerically simulated using non-
canonical variables yv, a; sin(¢1), agsin(¢2) to describe the electron dynamics, resulting
in appearance of laser phases ¢; and ¢, in final answer. The use of canonical variables x
and 7 (n corresponding to “phase slip" from [20]) enables to understand the physics of the
stochasticity onset, illustrating that stochasticity is impacted by canonical momenta P |

rather than the laser phases.
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Equipped with approximations Eq. (2.19)-(2.20), we can now evaluate integral
Eq. (2.13) in P < a1, Py = a; and P, > a; regimes, and assess the impact of P, and P,
on the stochastic boundaries Hyax/min. For moderate values of P < ay, “kicks” correspond

to sin(n,,) = —Px/ay, giving the stochasticity condition

5/3 2/3 4/3 2/3
sm(m‘“/ LN Gt BN S Sk )
(af = P)V3° " (af — P2)V? (af = PVS " (o} — P2)V?
ai a1+ P78
21/3(at — P2)V? (af — P2)'/?

2
@

) [+ 2arcsin(&)} 21,

2 2
})(1+PX+Py+2 o

(2.21)

where we introduced parameter 3 = (ky/ay H?)?/3. For P, Z ay, the stochasticity condition

18

(1+ (P —a1)?*+ P}?)a}/gﬁ
(P —ay)/3 ]

2

a
])(1+Pf+Py2+El) Z L

87r2ai‘/3a265/2

(P —ap)t/3 ((a<Px —ap) + mPy)Ai[

(1+ (Pc—a1)*+ Pf)(4a1)1/35
(P —ap)/3

(2.22)

21/3

Ail

To compare Eq. (2.21) and Eq. (2.22) with results obtained from numerically
integrating Egs. (2.3-2.5), we calculated the Poincaré maps of the electron’s dynamics in
lasers with various aq, as, ks, «, for various initial H and P, . Resulting Poincaré maps

(see Fig. (2.3) for example) allow to estimate the stochastic boundary fmax/min, since

Hmin/max =\ k2/alﬁi/jx/min' (223)

Figure (2.4) demonstrates the agreement between estimates from Eq. (2.21) and Eq. (2.22)

2/3  Despite preserved KAM surfaces

and numerical simulations with initial 5 = (0.1)
(such as the smooth curve on the top and island in the Fig. (2.3)) preventing the precise

measurement of the stochastic boundary in some simulations, results shown in Fig. (2.4)
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Figure 2.3. Poincaré cross-sections for electron with initial H(0) = 3, n(0) = 0, and
P, = Pje, from a setup with parameters: a; = 10, a; =1, ks = 9, o = 1. Red dots show
stochastic motion for P, = 2, black line at H = 3 shows regular motion for P, = 5

show good agreement of the numerical results with analysis.

From estimates in Eq. (2.21) and Eq. (2.22), and given the asymptotics of Airy
function (Ai(x) ~ 0.36 —0.262 for x — 0 and Ai(z) ~ 0.28z"/* exp(—22/2/3) for z — 00),
it follows that the stochastic region Sy — Bmin is maximized for P, = 0. Both By
and Sy, decrease with growth of | P, |; however, the (i, boundary is much less sensitive
to both P and P,. From Eq. (2.23) we then conclude that H,.x decreases with |P |,
while H,;, remains intact. At large |P |, it follows from Eq. (2.21) and Eq. (2.22) that
stochasticity becomes completely suppressed, in agreement with the spectral analysis
above.

Because H,,;, increases with Py2 , stochastic energy is suppressed if its maximum
max(7s) corresponds to Hy, < 1. However, if max(y,) corresponds to Hp.x > &,, the

efficiency of stochastic heating max(~;)/&, remains the same with increase of Py. Hyax > &,
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Figure 2.4. Stochastic boundary Eq. (2.21) and Eq. (2.22) for K = 5, plotted with
blue lines for laser amplitudes a; = 10, as = 1, in cases of parallel (o« = 1, top panels)
and perpendicular (o = 0, bottom panels) polarizations. Electrons have either P, = 0 or
P, = 0 on the left and right panels, respectively. Red dots show the stochastic boundary
from the series of Poincaré simulations with initial 5 = (0.1)%/3, 5(0) = 0, and with ky = 9
or 1089 (Using larger values of ky allows for a more precise measurement of § from the
Poincare maps in some simulations, since the stochastic region is remains in H > 1). Black
dots mark simulations with no stochasticity
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Figure 2.5. Poincaré cross-sections for « = 1, a; = 2, as = 0.1, ks = 50, P, =0
(left panels), and P, = 1.0e, (right panels). The corresponding ponderomotive energies
Y~ 24 (P, =0)and 2.6 (P, =1.0ey)

requires large, ko,

ky > (14 (P + A)% 4 (Py + A))?) a1 27 (2.24)

min’

as in the simulation shown in Fig. (2.5).

The analysis above demonstrated that large |P, | > a; suppresses stochastic heating.
For larger amplitudes of the main laser a;, the perpendicular canonical momentum will
no longer be conserved due to radiation friction effects. To see how radiation friction
(RF) effects affect the stochastic heating, we use the classical Landau & Lifshitz [23]

approximation for RF force,

f=pi{—7V(E+vxB)’— (v -EJ’|+
+ [0 +v-V)E+v X (8, +v-V)B]+ (2.25)

+[ExB+Bx (Bxv)+Ev-E))},
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where E = —d,a;, B=V x ay, py = 2kr./3, and r, = €*/mc* = 2.8 fm is the classical

radius of electron. Estimating v ~ a?, E ~ ay, it follows from Eq. (2.25) that RF force is

comparable to Lorentz force when praj ~ 1. For lasers with a wavelength of about 0.5 um,

the pral ~ 1 condition is satisfied for a; Z 40. Substituting a; = a4 sin(n) into Eq. (2.25)

gives

f = pi{aiH(1 — v,)sin(n)e, — vaiH? cos®(n)
+ a1 Huy sin(n)e,+
+ a2(1 —v,) cos’(n)e, },

that we combine with the equations of motion for the electron,

@®_ oy
dr

The P, components of (2.27) are

dP,  ppaiH? (1P + A cos2(n) sin(n)),

dr X ay
P, 2?2
CZTy = pfa; [P, + A ]cos (n),

where Ay, are components of A = a; + a,. Evolution of y is described by

dx _0H

~
dr  0On Ty (V £+ fo).

Using Eq. (2.26), expression Eq. (2.30) can be rewritten as

dX OH n H+x
dr 877 2x

21

pf (a% cos’(n)[1 — v2 — H*(v, + v*)] + 2a; Ho, sin(n)),

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)



where the velocity components can be expressed as

2(P., + Ay —H
vy = 2Bt Ay) o x = H (2.32)
’ X+ H X+ H

Finally, equation (2.4) does not change in the presence of RF, since

dnp _l1-v. _y—p. H__0H (2.33)
dr  14+v, ~v+p, X ox '

It follows from Eq. (2.28) and Eq. (2.29) that |P,| > a; converge to P, ~ a; and
P, ~ V1= a2ay. For electrons with initial P, = 0, the period of electron motion
T =27/ ~ af and, since x = v + P, ~ af, from Eq. (2.28) follows that Py (T) ~ pya3.
Since for lasers with micron wavelength p; ~ 1078, it follows that P, and P, will remain
zero for laser amplitudes ag < 103 consistent [24] with the classical approximation from
[23] given by Eq. (2.25). Since p;H? < Q for P, < ag values, dynamics described by
Egs. (2.28,2.29) are much slower than the characteristic period of electron motion (as

illustrated in Fig. (2.6)), and so analysis of stochastic heating performed for taking P,

constant remains valid.

2.2 Conclusion

In this chapter, we described stochastic heating of the electron with arbitrary
canonical momentum P in the presence of two counter-propagating linear plane waves with
an arbitrary angle between the polarization. We demonstrated that the onset of stochas-
ticity is possible for both parallel and perpendicular polarization setups. For ay, < a;
case, we derived the stochasticity threshold and showed how the stochastic region of H
decreases with the increase in perpendicular canonical momenta P,. We demonstrated
that for |P || < aq, the Fourier spectrum of unperturbed as = 0 electron motion has a

long tail of harmonics with power law amplitude decay |Xo..| o< 1/n?, allowing for resonant
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Figure 2.6. (Top panel) Decay of P, (7) and H caused by radiation friction for A = 1 um,
a; = 100, and initial P, = 100ey. (Bottom panel) Corresponding evolution on x(7)

overlap and onset of stochasticity in agreement with Chirikov criterion. [13] Meanwhile, in
|P .| > a; case, the exponential cut-off in Fourier spectrum |xo.,| o< exp(—n) prevents the
onset of stochasticity. Presented results reveal the physics behind the impact of P, on
the stochasticity boundary. Finally, we expanded the Hamiltonian analysis to include the
impact of radiation friction in the classical radiation reaction limit. We demonstrated that
within the applicability of classical approximation from [23], the impact of P, is much
slower than the period of electron motion, and the Hamiltonian analysis P, = const for
stochastic heating remains valid.
The presented results are useful for understanding electron dynamics in counter-propagating
laser pulses such as, for example, the incident-reflected laser pulses in laser-target interac-
tions [20, 21, 25].

The work presented in this chapter is a reprint of the material as it appears in

Stochastic electron motion in colliding plane waves in Physical Review E 103, 063213
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(2021), by A. R. Knyazev and S. I. Krasheninnikov. The dissertation author was the

primary investigator and author of this paper.
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Chapter 3

Laser-driven electron acceleration in
nanoplate arrays targets

Interaction of high-intensity lasers with solid targets can result in a high yield
of both x-ray and energetic electrons. To efficiently convert the energy of the incident
laser into the energy of the radiated x-ray and emitted electrons, it is necessary that the
target absorbs most of the incident laser energy. Multiple studies [26, 27| indicate that
flat targets typically absorb less than 10% of the laser pulse energy, while structured
targets can absorb over 90%. Laser interaction with different structured targets, such as
“nanorod” arrays [27], “velvet" targets [28], “smoked" targets [29] and “foamed" targets [30]
were studied experimentally and via computer simulations. However, the physics of the
electron acceleration during the laser-target interaction is not yet completely described. It
was shown [31] that the interaction of the micro-channel target with the laser creates the
quasi-static electric fields in the cavities of the target. The presence of static electric and
magnetic fields can lead to the stochastic acceleration of the electrons by the laser, as was
demonstrated [32, 33, 34| with the Hamiltonian formalism.

In this chapter, we model the interaction of a laser with a periodic nanoplate
array target. We show that quasi-static electric E(s and magnetic B fields can emerge
in this setup, and develop a semi-analytic model for the formation of such fields. We

use the 3/2-dimentional Hamiltonian [34] formalism to describe the motion of a single
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electron in the presence of the laser and prescribed E,s and magnetic By fields. From the
single electron model, we find the condition for the onset of stochastic electron heating.
We also determine when the maximum electron energy &.,.x from stochastic heating
exceeds ponderomotive energy scaling [35]. We verify our analytic results with a series of
2-dimensional Particle-In-Cell (2D PIC) simulations. The maximum electron energy in our
PIC simulations can be explained with the proposed stochastic acceleration mechanism.
The rest of the chapter is organized as follows. In Section 3.1 we describe the simu-
lation setup. Extraction of the electrons from the target by the laser pulse and formation
of the quasi-static electromagnetic fields are analyzed in Section 3.2. In Section 3.3 we
examine the acceleration of electrons in the laser and quasi-static fields. The results of

PIC simulations are presented in Section 3.4. Section 3.5 is the conclusion.

3.1 Setup Description

Laser-target interaction experiments typically involve complex, often irregular
structures. Direct simulation of such structures requires a 3D consideration [30, 36, 37|,
which poses significant computational challenges. Modeling complex structures can also
make it hard to pinpoint important physics mechanisms. In this work, we consider a
simplified 2D model of a nanoplate target as shown in Fig. 3.1. We model the target by
filling a region of the simulation domain with a cold plasma, as shown with black color in
Fig. 3.1. The nanoplates of the target are modeled as rectangular regions with a length of
sides d = 0.1\ along ey, and L = 20\ along e,, where A = 400 nm is the wavelength of the
incident laser pulse propagating along e,. The backplate of the target is modeled as a slab
of size Ly, = A along e,. The gaps between neighboring nanoplates are all equal to D, with
different values of D from 0.25)\ to 12\ considered in our series of PIC simulations. The
material of a target is modeled by a cold plasma, composed of immobile ions pre-ionized to

an arbitrarily chosen value Z = 5, and the electrons. The number density of the electrons
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Figure 3.1. Schematic view of the simulation setup. The black region corresponds to
where the target is located in the domain. The nanoplates are separated by vacuum
gaps of width D. Each nanoplate has the width d along y-axis and length L along z-axis.
Nanoplates are connected on the right side at z = L with the bulk of width A. The top
and bottom boundaries of the simulation domain are periodic, left and right boundaries
are open. The laser pulse arrives from the left boundary. The electric field of the laser at
time ¢ = 0 is shown by the red curve at z between —19\ and 0.

3 is critical plasma density,

is set to ne = 50N, where ne, = mw?/4me? = 6.97 x 10*! cm™
m is the electron mass, e is the electron charge, and w = 2w¢/A is the laser frequency.
The number density of ions is set to n; = n./Z ~ 6 x 10*> cm™3, which is similar to the
number density of ions in solid copper.

The laser consists of a 2\ long ramp-up, followed by a 15\ long main pulse and
a 2\ decay, as shown in Fig. 3.1. The main pulse is described by a vector potential a
of magnitude a = —agcos(§), where ay = eE/mcw is the normalized vector potential,
£ =w(t — z/c), cis the speed of light in vacuum. We considered two laser polarizations,
described by a = aey (x-polarized) and a = ae, (y-polarized). The value of ay ranged from
1.0 to 4.0, corresponding to laser intensities from 1.8 x 10 W/cm? to 1 x 10 W/cm?.
We choose the frame of reference so that the laser ramp-up reaches the nanoplates at z = 0

at the time t = 0, as shown in Fig. 3.1.

We conduct our particle-in-cell simulations with the fully relativistic 2D3V PIC
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code EPOCH |[38]. The simulation domain has the size of 2d 4+ 2D along the y-axis, and
31\ + L along the z-axis. Each cell has a size of 0.01\ along both y and z axes. Boundaries
normal to the y-axis are periodic for both particles and fields. Boundaries normal to the
z-axis are open for both particles and fields.

The rest of this chapter uses normalized units marked with a hat. Distances are
normalized by A/27. Velocities of electrons are normalized by the speed of light ¢. Number
densities are normalized by n¢. Time is normalized by 1/w. The momentum of electrons
is normalized by mec. The magnitudes of the electric and magnetic fields are normalized
by mcw/e. Potentials of electric and magnetic fields are normalized by mc?/e. Electric

currents are normalized by eng.c.

3.1.1 Role of the laser polarization

Polarization of the laser pulse significantly affects the laser-target interaction. In
the rest of this section, we will show that the y-polarized pulse can propagate into the
gap of any size ﬁ, while the x-polarized pulse is reflected if D <. Furthermore, as will
be discussed in Section 3.2, only the y-polarized pulse creates the quasi-static fields inside
the gap.

Because of the high conductivity of nanoplates, we can approximate them as ideal
conductor and explain the difference between x and y polarization of laser with a simple
model of a lossless multi-connected waveguide. Specifically, consider the waveguide formed
by two parallel, ideally conducting plates located at y = 0 and § = D. Such waveguide
has three types [39] of E,B o exp (z(f — 2)) modes: purely transverse (TEM) modes,
modes with longitudinal components of the electric field (TM modes), and modes with
longitudinal components of the magnetic field (TE modes). Due to E, = 0 boundary
conditions, TEM modes in such a waveguide can only be polarized along ey, and have
the same electric and magnetic fields as a plane wave. Furthermore, TEM modes can

propagate in a gap of any size 15, and have luminal phase velocity. The electric field
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of such TEM mode is normal to the waveguide boundary, and therefore it can extract
electrons from the boundary by the electric force.

Meanwhile, the only x-polarized modes in the aforementioned waveguide are TE
modes. Dispersion relation for TE modes suggests w > cm/D, therefore TE modes
can only propagate in a gap D > 7. As a crude model for the propagation of the
x-polarized pulse inside the gap, one can Fourier expand the plane wave at the gap
entrance |E| = |E(y,z = 0)ey| = E; = const into a sum of TE modes. The resulting

expansion of Fy gives Erg = oy Fy,;, where

2E, (1 — cos(ml))

7l

o = , By o< sin (Wl%), (3.1)

[ is an integer. The expression for the z-component of magnetic field Brg is Brg = oy B,
where B, is the z-component of magnetic field of the TE mode with electric field Ey ;e,.

Electrons subjected to Erge, and Brge, experience the ponderomotive force
pushing the electrons from the gap into the plasma, where there is no laser field and
therefore no efficient electron acceleration. Since this chapter focuses on laser-driven
electron acceleration, in the rest of the chapter we will primarily study the y-polarization

case.

3.2 Electron extraction and formation of quasi-static
electromagnetic field

As the y-polarized pulse propagates between the nanoplates, it extracts some of
the electrons from them. The extracted electrons can then either return to their parent
nanoplate or stream away from it, depending on the laser phase. The counter-propagating
bunches of streaming electrons with laser phase difference of 7, extracted from the opposite
boundaries of the gap between nanoplates, eventually pass through each other, mix up

and form an approximately homogeneous electron density 7 in the gap.
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To have some understanding of the extraction process, we consider the following
model. We consider the electron located at the boundary between the nanoplate and the
gap. We also assume that the field acting on this electron is the same as the field of a plane
wave, propagating along the surface of the nanoplate. Specifically, we consider a motion
of a single electron in the plane wave described by a vector potential —ag cos(§ + &)ey,
where & is the phase of the plane wave at the moment of electron extraction. The electron
is assumed to be initially immobile. The motion of an initially immobile electron in a

plane EM wave has three well-known integrals of motion:

ﬁx = 07 ﬁy + ap COS(& + 50) = Qo COS(50)7 ) ﬁz - 1) (32)

where 42 = 1 + p2. Without loss of generality, we set the y-coordinate of the nanoplate

surface from which the electron is extracted to gy = 0. From Egs. (3.2), it follows that

4
e = to( cos(éo) — cos(€ + ). (3.3)
Equation (3.3) shows that only specific values of the initial phase &, lead to the extraction
of the electron into the gap. Indeed, if the gap is in the § < 0 region, the electron is only

extracted if sin(&y) > 0. Likewise, for the gap in ¢ > 0 region, the electron is extracted if

sin(&p) < 0. From Egs. (3.2) we can derive the equations for the electron’s trajectory,

§ = ao (€ cos(&) + sin(&o) — sin(€ + &), (3.4)
3 — %= %3[5(1 + % cos(2&o)) + 1sin (2(¢ + &))

4 (3.5)
— sin(€) — sin(€ + 2&)],

where Zy is the z-coordinate of the electron before the extraction. From Eq. (3.4) we

conclude that depending on the phase &, the extracted electron may either return to its
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parent nanoplate or stream away from it. The electron bunches that stream along y-axis
have a phase difference of A¢ = 7 with the electron bunches that stream in the opposite
direction. From Egs. (3.4) and (3.5), we can estimate the maximum angle 6 between the

radius vector of the electron and the y = 0 boundary as

O dese) VR
glggo 2(6) — 2y ao(2 + cos(2&)) = apg tan(9). (36)

The estimate given by Eq. (3.6) neglects the effect of the Coulomb forces between the
extracted electrons and the parent nanoplate, and therefore is only accurate for extracted
electrons with small §. As extracted electrons move away from the parent nanoplate, the
value of streaming angle 6 becomes less than predicted by Eq. (3.6).

As bunches of the electrons propagate away from their parent nanoplates along the
y-axis, they eventually meet a counter-propagating bunch of electrons. From Eq. (3.6),
we conclude that the length L of the gap needs to be at least L > agD /v/2 for the first
extracted bunches of electrons to start mixing with the counter-propagating bunches.
When the mixing occurs, mixed electron bunches form the homogeneous electron density n
inside the gap. The charge density inside the gap creates the electric field E4s. The current
of the extracted electrons in the gap j = 70, creates the magnetic field B,s. Velocity 9,

can be estimated from Egs. (3.2) as

(3.7)

Since 0, < 1, the magnitude of the magnetic field By is weaker than the magnitude of the
electric field Es. In Section 3.3 we will show that the difference between E s and B is
important for the onset of stochastic electron acceleration.

Assuming that electron extraction stops when the electric field Ey from the electrons

in the gap compensates the electric field of the laser pulse at the boundary, the density of
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the electrons n after mixing can be estimated as

2&0
= —. 3.8
5 (3-8)

3

The analysis above assumes ions are immobile. Mobile ions will expand into the D gap
when subjected to E field, closing the gaps between nanoplates. For non-relativistic ion
motion, the time 7; to cross the gap Dist~ \/Qf)mi /Zag, where 1; is the ion mass in
units of electron mass. Therefore, our immobile ion analysis with the y-polarized pulse will
only be applicable during times shorter than 7;. For the copper target with parameters
from Section 3.1, 7; > 100 and the immobile ions assumption holds. In our PIC simulations
with y-polarized laser, the time it takes for the laser pulse to reach the back wall is less
than 7;, and hence the immobile ions assumption applies. For larger ag ~ 100, the motion
of ions can no longer be neglected for practical D~ 10 gap sizes.

Concluding this section, we note the differences of the quasi-static electric and
magnetic fields in the gap from the quasi-static fields in another laser-plasma interaction
setup, the evacuated ion channel [40]. As a matter of fact, the quasi-static electric and
magnetic fields in the gap can be called “electron" channel, where E,s x B is along the
direction of laser propagation. Whereas, in the ion channel, the Eqs x By is directed

against laser propagation.

3.3 Stochastic acceleration

In this section, we examine the electron acceleration in laser and quasi-static
fields. Based on the results from Section 3.2, fields E; and By between two neighbor

nanoplates can be described with scalar U(jj) and vector Ag(f) potentials as Eq = VU (3)
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and By, = —V x (Age,), where

~

U@>=%U(%—<

. kg (D*
nti) =2 (5 - -

)

), (3.9)
)2), (3.10)

<>

D
2
D
2

ky = n and kg = kpb,. The signs of U and Ag defined in (3.9) and (3.10) are chosen
to be positive, opposite to the conventional electrostatic and vector potential. In the
rest of the section, we will neglect the size of each nanoplate d= 0, so the structure of
Ey and B, fields in the target is described by a chain of U(jj) and Ag(9)e, potentials
defined in (3.9) and (3.10). The motion of a single electron in the presence of Eq and
qu fields and the laser wave with vector potential a = —ag cos(§)ey, is described by a

3/2-dimentional Hamiltonian [33| as

dP,  OH dy OH

dy 94 4y _ 9% 3.11

& 05 dE b, (3.11)
R 2

4 11+ [Py — ag cos(§) W 4 C o1

W) = U(5) + Ap(9), (3.13)

C =~+W(G) —p, = const. (3.14)

where Py = Py + ap cos(§) is the canonical momentum, and py = const is set as zero. The
Hamiltonian (3.12) is equal to the total electron energy H= v+ U. Without the laser
ag = 0, the energy is conserved H = const and the corresponding unperturbed electron
motion is periodic with some frequency (). To heat the electron efficiently, the laser pulse

has to resonate with the harmonics of unperturbed electron, motion [13] which is only
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possible for Q<1 For Q< 1, the resonances of laser with harmonics of electron motion
can occur, and overlap of such resonances enables stochastic acceleration.
Stochastic electron motion can be imagined as a series of “kicks" separated by

adiabatic motion. These kicks can lead to stochasticity [34] if

oT, -
. AH‘ 1, (3.15)
OH

Km‘

where T, = 27 / Q) and AH are, respectively, the time and change of electron Hamiltonian
between two consecutive kicks. In this section, we will use condition (3.15) to estimate the
maximum energy of the stochastic electron motion.

Since we are interested in energetic electrons, we consider

0> max(l, C, W = “U—WD?). (3.16)

max 8

Using Eq. (3.8), we estimate Wik ~ apD/2. Under assumption (3.16), the Hamilto-

nian (3.12) can be approximated as

(3.17)

Unperturbed trajectories described by (3.17) are shown in Fig. 3.2. These unperturbed
trajectories are bounded if C' < 1/2H + Wiak, where Wiak = (ky — k)D?/8, and
unbounded otherwise.

To examine the unperturbed motion frequency Q) of bounded and passing electrons,
we use action-angle variables (Z,9). Let se= ((2H)™! + Wiak — )/ Wiak characterize
the distance from the electron’s trajectory to the separatrix, in the range from —oo to
1. Indeed, =0 corresponds to the separatrix, s> 0 is bounded motion, =1 is the

equilibrium point at y = 0, Py = 0, and negative & corresponds to passing trajectories.
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Figure 3.2. Unperturbed trajectories of energetic electrons (3.17) for H =50, Wiak = 1,
and various values of C. Red lines that cross at D/2 show trajectory with C' = 1/2H +

Wélal = 1.01, separating bounded and unbounded trajectories. Dots show the stroboscopic
portrait of the motion.

For bounded motion, 27Z = f P, vdy, and for the passing electrons 277 = f;ﬂa Pyd?). The
frequency is calculated as Q = (dZ/dH)™!, and the resulting Q(zc) dependence is shown in
Fig. 3.3. As @ goes to zero, the frequency ) also goes to zero. Transformation to canonical
variables allows determining how O depends on Wn((;))(, ﬁ, and particle energy H. We will
get this dependencies in an easier way later in this section. We will now determine the
maximum stochastic energies for the cases when unperturbed electron motion is unbounded
C> Wéfa,)(, close to separatrix C' ~ Wr(n;)(, and bounded C' < Wyak.

For C' > Wél;))( case, Hamiltonian (3.17) can be approximated as

R 2
14 [P, —agcos(§)

1
2 C ’

(3.18)
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12 :

Figure 3.3. Frequency () = (dH /dZ) of unperturbed electron motion (3.17) for H = 50,

Wiak = 2, D = 87 and various & values. The bifurcation at &=0 corresponds to the
separatrix, where 2 = 0.
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which is equivalent to the Hamiltonian (3.12) for the ponderomotive acceleration case
Ag = U = 0. Hamiltonian (3.18) corresponds to a linear equation of motion, meaning that
no stochasticity is possible. Another way to see that the system with Hamiltonian (3.18) has
no stochasticity is to note that the spectra of the oscillations described by Hamiltonian (3.18)
consists of a single harmonic, and therefore a Chirikov’s resonance overlap criterion can not
be satisfied. Ponderomotive acceleration Eong = a2/C described by Hamiltonian (3.18)
is only efficient for the small dephasing rate v — p, < 1. But if the dephasing rate is
small, then from (3.14) we conclude that C' ~ W()(¥), which contradicts the C' >> Wik
condition. Therefore, in C' > Wr&;})( case no stochastic acceleration occurs, and the electron
acceleration is inefficient.

For C' ~ Wiat, Eq. (3.17) illustrates that the resonant points are |§j| ~ D/2. It is

convenient to rewrite Eq. (3.17) as

e 5 —~L W) ¢ (3.19)

awis) ( 15)2 p?
2H,

Therefore, for C' ~ Wél;)(, Eq. (3.19) describes two lines, one of which is

y = ~

D

> (3.20)

) \/8FIQC<A D>
p =YY"y .

From Egs. (3.11) and (3.20) we get the equation of unperturbed electron motion

C 1 D\?
— (-2 =¢—Euans 3.21
,/2H2D(y 2) §—¢ (3.21)

where &« is when the electron is at y = D /2. For C slightly less than Wé@i, the electron

trajectory is bounded, and it takes a quarter of the period Ty of the electron’s motion to
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go from = 0to g = 15/2 We can estimate T} as

: c .
fm ) Chus Lo (3.22)
2H, ,

and hence the frequency of motion is Oy ~ Dy/H, /C'. Stochastic heating requires
overlapping of high harmonics resonance and thus (), < 1. Therefore, the maximum
energy scaling we should expect is H, < CD? (Q2 ~ 1). If it exceeds the ponderomotive
scaling é'pond, we have

) .
ag ~ o DC
—<CD"&s(=—>1. 3.23
C — ¢ ap ” ( )

We can use Eqs. (3.11) and (3.20) to estimate change AH, of electron’s energy during 75
in presence of the laser as

OH, d¢

A = [ 525

dA (ﬁ2<2é§0nd

)4, (3.24)

Therefore, the maximum energy of stochastic motion is determined by

g ond 5/4
g3/2<p—A)> =1, (3.25)

max (Ho

oT:
K= |2

where we used estimates (3.22) and (3.24). From Eq. (3.25) we determine the scaling of
max(Hs) to be

max(Hy) o EponaC®’. (3.26)

For C' < Wik, from Eq. (3.12) we know that the electron motion is bound to

§ < D, so we can approximate Hamiltonian (3.17) as

, (3.27)
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where o = AW, /CD. Tt follows that the resonant points are |§j| ~ 1/c. For Hamiltonian

(3.27) we find the equation of unperturbed electron motion from (3.11) to be

[2C 2 32
ﬁ33_04(1_ | |) 5 fmaxa (328)

where &pax is when the electron is at max(|y|) = 1/a. It takes a quarter of the period for

the electron to go from § = 0 to § = 1/a, and we can use that to estimate the period s

from Eq. (3.28) to be

. g&r.c
Ty o Cm—d (3.29)
H3 Wmax

Based on Eq. (3.29), the resonance overlap condition ()3 < 1 for the stochastic heating
sets a limit on the energy of stochastic motion ffg < D23 / Wrgl;)(, which exceeds gpond
it ¢ > Wél;)(/ C. This condition can be easily satisfied since Wiak < C. We can use
Eqs. (3.11) and (3.27) to estimate the energy change AH; during one oscillation of the

electron in the presence of the laser,

A]flgz/g 3H3d§d “(wy/g (3.30)
s O€ Y Wiak /'

where we assumed that H; > Aﬁg > E:’pond. The scaling of maximum energy of stochastic

motion for C' <« Wél;i can be estimated from

5 7/6 4/3
K~ aT3 ~ (ﬂ) (i) =1 (3.31)
3 max(H3) ok
to be
max(Hs) o< Epond (Mi—(c_f)), (3.32)

where we used estimates (3.29) and (3.30).

We now determine what C' corresponds to the largest stochastic energy for given
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ao and D parameters. Using estimates (3.7) and (3.8), we express Wik as

. b
W) — MD2 _ CL()—. 3.33
max 8 2(2 + a?) ( )

Combining estimate (3.33) with energy limits (3.26) and (3.32) gives

R a0ﬁ7/5
maX(HQ) 0.6 (2+—a(2))1/5, (334)
2 (24 ad)HTCYT ao D7
max(Hs) o7 < Gt a) o (3.35)
0

Analysis above neglects the following aspects of the laser-target interaction. The
length L of the gaps was assumed infinite, meanwhile in practice the value of L may be
insufficient to both establish Eqs and qu and let the electrons reach maximum energy.
Analysis neglects the energy balance between the laser and the plasma, meanwhile in
reality the laser will decay and hence ay = ag(2). For the laser with vector potential
—ap(2) cos(§), C may no longer be a constant of motion, and associated change in ( affects
the energy scaling. Note that we also neglected the nanoplate size d. Since the laser
field is absent inside the nanoplate, nonzero d means that when an electron escapes into
the nanoplate at some &, it leaves the nanoplate at £, # &n. This & — &n jump
changes the value of ', and associated change in ( affects the energy scaling. Analysis
also neglected radiation and collision stopping power that occurs when the electron is
passing though the nanoplates. Such dissipative effects become important if they cause
electrons to lose a significant part 6y ~ 7 of their kinetic energy . Based on the stopping
power data for electrons in solid copper, reported by National Institute of Standards and
Technology (NIST) [41], the estimated electron energy loss is negligible §y < v for our
target’s parameters, for kinetic energies v < 103 | as shown in the Fig. 3.4.

In Section 3.4 we will show that despite the mentioned neglected aspects, the

analysis of stochastic electron motion can explain the generation of high-energy electrons
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Figure 3.4. The electron energy losses 6 due to radiation and collision stopping powers,
experienced by the electron with kinetic energy v from penetrating the nanoplate of
solid copper with the thickness of A\ = 0.2r. The data reported by NIST [41] is used,
demonstrating that §y < v for the target parameters considered in this chapter.

in our PIC simulations.

3.3.1 Numerical verification

Analysis from Section 3.3 is verified with the series of single-particle simulations.
In these simulations, we vary setup parameters ay, 15, W,Sl;)( and W,Slz))(, and the initial
conditions of the electron §(0), P,(0), C. Initial conditions are chosen so that the
assumption (3.16) is satisfied at the beginning of the simulation. We run simulations for
several (, changing ( between simulations by changing ay, 15, and C' parameters. We
examine the Poincaré cross-section of the electron trajectory, showing the electrons energies
when electron crosses W) (g) = 0 versus corresponding laser phase ¢ modulo , that
is, £ — [¢, 7], as in Fig. 3.5. Poincaré cross-sections allow distinguishing stochastic and
quasi-periodic electron motion because, for quasi-periodic motion, Poincaré cross-section
shows smooth curves of preserved KAM surfaces. Some Poincaré cross-sections still have

preserved KAM surfaces (smooth arms at larger energies in Fig. 3.5). For these cases, we
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Figure 3.5. Poincaré cross-section for the electron with C' = Wiak = 2, Wit = 5,
9(0) = 04D, P,(0) = 3.0, D = 500. Parameters are chosen so that ¢ = 1000, and
assumptions of analysis are satisfied. The motion is stochastic; however, a stability island
exists for energies above 600. The red line at H ~ 100 shows the initial energy of the
electron, and the blue line at H = 7 shows Wik + C.

consider the maximum of H below the stability islands. The scalings from single particle

simulations match with (3.26) and (3.32), as shown in Fig. 3.6.

3.4 Simulation results and discussion

Here we present our PIC simulation results and compare them to the analytical

models from previous sections.

3.4.1 x-polarized laser

To show how the x-polarized laser propagates into the target, we consider the setup
with normalized laser amplitude ay = 2.4 and gaps between nanoplates D = 4. From
the PIC simulation of that setup, we plot the components of electric and magnetic fields,

and compare them to our analytical model from Section 3.1.1. We choose ¢ = 227, when
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Figure 3.6. Scaling of maximum stochastic energy for cases C ~ Wiak (blue line
corresponding to max(Hs)) and C < Wiak (red line corresponding to max(Hs)), for
various values of ¢, C' and Wiak Dashed lines shows scalings (3.26) and (3.32) for reference.
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Figure 3.7. The x-component of the electric field E, inside the gap of size D= 4,
obtained from PIC simulation (top) with x-polarized laser and analytical model from
Subsection 3.1.1 (bottom).

roughly half of the laser pulse has passed the gap entrance at Z = 0. The x-component
of the electric field Ey is shown in Fig. 3.7, where the top subplot shows data from PIC
and the bottom subplot shows analytical prediction. Likewise, the z-component of the
magnetic field B, is shown in Fig. 3.8. Note that the model proposed in Section 3.1.1 does
not deal with electrodynamics of plasma and does not consider any specific relativistic
effects. Despite its primitivity, the model captures the structure of E, from the relativistic
PIC simulation.

In Section 3.1.1 we predicted that the x-polarized pulse will not extract as many
electrons as the y-polarized pulse will from the same target. In order to compare the
density of extracted electrons, we plot the density of electrons from our PIC simulation in
Fig. 3.9. In agreement with Section 3.1.1, PIC simulations show that an x-polarized pulse

heats electrons less efficiently than a y-polarized pulse, as demonstrated in Fig. 3.14.
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Figure 3.8. The z-component of the magnetic field B, inside the gap of size D= 4,
obtained from PIC simulation (top) with x-polarized laser and analytical model from
Subsection 3.1.1 (bottom).

3.4.2 y-polarization

In Section 3.2, we demonstrate that when the y-polarized pulse propagates between
nanoplates, it extracts some of the electrons. To illustrate the process of electron extraction,
we consider the setup with ap = 2.4 and D = 47. From the PIC simulation of this setup,
we plot the electron density between two nanoplates at time ¢ = 227, as shown in Fig. 3.10.
Note that electron extraction from the same target was also considered in Fig. 3.9 in
Section 3.4.1. Simulation data presented in Figs. 3.9 and 3.10 shows that the y-polarized
laser extracts more electrons than the x-polarized does from the same target, in agreement
with analysis from Section 3.1.1.

Our analysis presented in Section 3.2 suggests that extraction of electrons from the
nanoplates leads to creation of quasi-static electric Eqs and magnetic qu fields. We now
verify this prediction with our PIC simulation. To get the static components of E and B

fields in PIC simulation, we time-averaging these fields over one laser period 7. We use the
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Figure 3.9. Electron number density, overlaid with the components of electric E, and
magnetic B, fields for the case of polarized pulse.

y-component of the time-averaged electric field <E) = Eqs to calculate the scalar potential
UPIC defined as (E,) = dUP™®/dj, and the z-component of the time-averaged magnetic
field (B) = By to calculate the vector potential AFC defined as (B,) = dARC/dj. The
magnitude of (E) is largest near the nanoplates where |(Ey)| ~ ao, as predicted in
Section 3.2. Profiles of UF'C and AYC from PIC simulations with ay = 2.4 and different
gap sizes D are shown in Fig. 3.11. In agreement with the analysis in Section 3.2, electrons
extracted from targets with larger D travel further along the z-axis before mixing and
creating homogeneous electron density, and hence for targets with larger D parabolic UFT¢
and AP™ potentials are formed at larger 2. We note that Fig. 3.11 includes the cases
of D = 127, 167 and 24, where the length L = 407 was insufficient for the parabolic
potentials to form. In PIC simulations with ag = 2.4 and D < 8, the amplitudes of scalar

UPIC and vector ARIC potentials are approximated well by a parabolic curve. In agreement

with our analysis, parabolic potentials scale with the gap size AEIC, UPIC « D. The

46



-3.8 (min)

| i\ @
0 27 4m 67’ 871' 107 127r 147r 167r 187 207
z

Figure 3.10. Electron number density, overlaid with the components of electric Ey and
magnetic By fields for the case of polarized pulse.

estimate for static electric and magnetic fields neglects aspects such as the z-dependence
of a(z) laser potential due to absorption of laser energy by the target, however the derived
scalings for max(U) and max(Ag) match reasonably well with the analysis. Specifically, for
simulations with ao = 2.4, Egs. (3.8) and (3.9) predict scaling max(U) = agD/4 = 0.6D,
while the scaling in PIC simulations is max(U ) x 0.4D as shown in Fig. 3.11. The
max(U) = |0,/ Ag estimate agrees well with the series of simulations presented in Fig. 3.12,
where we varied ag while keeping D = 27 and tracked the subset of electrons to determine
the average velocity component (7,) in the gaps of the target. Results shown in Fig. 3.12
also confirm that (v,) increases with ag, even though the values of (0,) for larger ay
are smaller estimate (3.7), and therefore the ponderomotive (0,) estimate becomes less
adequate in the presence of larger U and Ag potentials. For the ag = 2.4, estimate (3.7)
gives (0,) = 0.74, which agrees with ¢7'C = .73 recorded in a PIC simulation with D = 27.

The main conclusion regarding quasi-static Eqs and qu fields is that their corresponding
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Figure 3.11. Profiles of the electrostatic potential UP'C (red solid lines) and vector
potential AE'Ce, (blue dotted lines). Each UP'C and ARCe, is shown from ¢ = 0 to §j = D,
where D is the gap size from the corresponding PIC simulation. All PIC simulations
shown on this figure had the same laser with ag = 2.4.

potentials U and Age, are indeed parabolic if the depth L is sufficient, and |U] = |0, Ag|
hence there is a residual Wél;)( always present.

Having confirmed the onset of quasi-static Eqs and qu fields and the residual
between them, we now consider the acceleration of electrons in our PIC simulations to
verify the analysis presented in Section 3.3. To demonstrate when the problem setup
considered in Section 3.3 becomes relevant to our PIC simulations, consider an example
from PIC simulation with ag = 2.4 and D= 87, shown in Fig. 3.13, where we plot the
subset of electrons between two nanoplates at time £ = 387. As Fig. 3.13 shows, the profiles
of UPI€ and AE'C remain constant with 2 after 22127, where the electrons have filled the
gap. Therefore, electrons with 22127, shown in Fig. 3.13, are relevant to the analysis
from Section 3.3. We note that in the setup considered in Section 3.3, C' of the electron is
conserved, meanwhile in PIC simulation, C' can change prior to formation of quasi-static

fields, and also in the quasi-static fields via mechanisms discussed at the end of Section 3.3.
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Figure 3.12. Maximum values of scalar max(UF'C) and vector max(APIC) agree with the
estimate max(ALE') = (v,) max(UP'C), where (v,) is the average v, velocity component of
the electrons in the gap.

Since the immobile electron has C' ~ 1, it is reasonable to assume that the majority of
electrons will have C' ~ 1 when the quasi-static fields are established. Furthermore, if the
residual between the quasi-static electric and magnetic field corresponds to Wik ~ 1, then
there will be electrons with C' ~ Wiak that can undergo efficient stochastic acceleration.
As the electrons undergo stochastic acceleration, the density in the gap (n) and the average
velocity (0,) remains unchanged, so the quasi-static electric and magnetic fields also stay
the same. Our next step is to show that the low-energy electrons with C' closest to Wikak
can accelerate the most efficiently, and that their maximum stochastic energy matches
the maximum energy in PIC simulations. We start by finding the maximum electron
energy 7*I¢ in PIC simulations from the energy distribution functions f(v), as shown
in Fig. 3.14. Then, we use UFC and AE'C from each simulation to study the electron
[PIC

heating in a single particle model. For given and flglc potentials, we calculate how

the unperturbed frequency Q(C) changes with C for the electron with 4FIC. The Q(C)

max*
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Figure 3.13. The top panel shows scalar potential UPC inside the gap from a PIC

simulation with ag = 2.4, D = 8m, at time ¢ = 487. The bottom panel shows the positions
of the electrons from the random subset (light gray dots) sampled in the same PIC
simulation at time ¢ = 487. Extracted electrons fill the region of the gap with 2 from 127
to 327, the same region has the UP'C and AEIC independent of Z. The green line marked
(a) shows the extraction angle estimate (3.6). On the bottom panel, red points (dark gray
if grayscale) at D = 0 and 87 show the initial position #(£ = 0) of the electrons that are
located between D = 0 and 47 at time ¢ = 487.
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Figure 3.14. Distribution of electron’s Lorentz factor v normalized by total number
of particles in the target (~ 10 taking the size along x as Az ~ X and size along y
as Ay ~ d+ D) for PIC simulations with ap = 2.4 and different D. The corresponding
values of D are 2 (green), 47 (black), 67 (red), 87 (blue). Data shown for the x-polarized
D = 8 verifies that x-polarized pulse heats electrons less efficiently, in agreement with
Section 3.1.1.

dependencies shown in Fig. 3.15 shows that C' < 1 electrons have { > 1 and therefore
unable to exchange energy with the laser efficiently. The frequency O drops to Q<lina
narrow region of C' = Wiat. This C ~ Wik also corresponds to the maximum stochastic
energy recorded in the single-particle simulation, as shown in Fig. 3.16. Our analysis shows
that the maximum stochastic energy max(lf[ ) surpasses the ponderomotive energy c‘f'pond
for electrons with ¢ > 1, and scales as max(H) o< £yonaC%5. The scaling from PIC results
shown in Fig. 3.17 is max(I:[) x (C:'pondCO.QS.

Apart from the maximum energy, hot electron bunches are also characterized by
assigning them a temperature or considering the heat flux of electrons [25]. To characterize

the mean energy of electrons, we determine the energy émean at which half of the electron’s

heat flux is captured. In the series of PIC simulations shown in Fig. 3.17, the scaling of
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Figure 3.15. The frequency of unperturbed electron motion Q) for scalar U and vector
ABeZ potentials measured in PIC simulations with ag = 2.4 and D = 27 (green), 47 (black),

7 (red), 87 (blue). Dotted lines show C' ~ Wik, where € drops to zero
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mean electron energy is max(Empean) X agC”®.

3.5 Conclusion

In this chapter, we investigated various aspects of laser interaction with a 2D
nanoplate array target. It showed that the target behaves much like a waveguide for
the laser propagation: for the x-polarized pulse, the plane wave laser pulse becomes a
superposition of TE-modes, whereas, for a y-polarized pulse, the laser propagates as TEM
mode. The analysis showed that for x-polarized laser, the ponderomotive force from the
EM fields would prevent the extraction of electrons from the target. As a result, electrons
remain in the target and do not interact with the laser field. The electron acceleration
is suppressed, which has been confirmed by the PIC simulations, which show that the
maximum electron energies for an x-polarized pulse are lower than those for a y-polarized

pulse. On the other hand, the y-polarized laser pulse, propagating between the nanoplates
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Figure 3.16. The maximum energy (dashed curves) and energy below stability arms
(solid curves) from single particle simulations with initial H ~ 1 and for scalar U and
vector Age, potentials from PIC simulations with ag = 2.4 and D = 2r(green), 47 (black),
67 (red), 8m (blue)
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while preserving the plane-wave structure, can pull electrons out from the nanoplates due
to the Lorentz force from its electric field. This extraction of electrons can be described
well by the motion of a single electron in a plane wave, where the laser pulse can extract
bunches of electrons from their parent nanoplates. Electron bunches streaming along
and against the y-axis are shifted in the z-axis direction by the laser phase A = 7. As
a result, when these counter-propagating bunches pass through each other, they form
homogeneous electron density n depending on the laser amplitude ay and gap depth D
and thus create a quasi-static electric field Eqs in the y-direction. Simultaneously, the
electrons in the gap move along the z-axis, and thus their current generates a quasi-static
magnetic field qu in the x-direction. Our estimates for the quasi-static EM fields suggest
that |Eqs| = |0,Bgs|, where @, is the averaged longitudinal speed of extracted electrons.
Therefore, the quasi-static magnetic field is relatively smaller than the electric field. In
contrast to the ion-channel case, we showed that this small difference in these quasi-static
fields is crucial for the electron acceleration beyond the ponderomotive scaling.

After the formation of these quasi-static fields, the new injected electrons in the gap
can be accelerated via the resonance between the frequency of electron oscillating in the
quasi-static fields and laser frequency. We show that the electron can be accelerated via the
stochastic motion, which we study within the 3/2D Hamiltonian framework. Our analysis
shows that the electron energy can largely exceed the ponderomotive energy scaling due to
the onset of stochastic motion, which depends on a universal parameter ( combining the
laser amplitude ag, gap size D and initial electron conditions. We found that the stochastic
motion requires ¢ > 1, which can be easily satisfied for our PIC simulations. The analysis
demonstrated that for larger gap depth lA), the stochastic motion results in larger electron
energy. However, if the laser amplitude increases, even though the maximum electron
energy is enhanced, its ratio to the ponderomotive scaling is decreased. Particularly, if the
laser amplitude is large enough that (<1, then the stochastic motion is not possible, and

the maximum electron energy will be the same order with ponderomotive scaling.
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We note that the process of electron acceleration in laser-particle interaction is more
complex than the simple model we considered, but our analysis explains how the energetic
electrons will be produced in laser-target interaction via the stochastic electron motion.
Presented analysis can help with interpreting the results of both future experiments and
simulations.

The work presented in this chapter is a reprint of the material as it appears in
Laser-driven electron acceleration in nanoplate array targets in Physical Review E 103,
013204 (2021), by A. R. Knyazev, Y. Zhang, and S. I. Krasheninnikov. The dissertation

author was the primary investigator and author of this paper.
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Chapter 4

Linearized multi-species collision opera-
tor for gyrokinetic simulations

4.1 Introduction

In recent years, various collision operator models have been implemented in numer-
ous gyrokinetic codes in order to simulate Coulomb collisions in tokamak plasmas (see
[42, 43, 44, 45, 46, 47, 48] and references therein). The correct expression for the Coulomb
operator is well known (e.g., Landau form [49]) but often avoided in kinetic modeling
because of the high computation cost. Accordingly, only some gyrokinetic codes [50, 51|
include the correct collision operator, typically referred to as the Fokker-Planck operator.
Instead, recent reports (44, 43, 45, 46, 47, 48| focus on implementing increasingly complex
reduced collision operators and extending these operators for the case of unlike species.
The implemented models differ in physical properties, such as, for example, the rate of
entropy production and the velocity dependence of the collision frequency. Accordingly,
proposed operators have different scope of use. Notably, some recent implementations of
unlike collisions (e.g., [47, 46]) produce no thermal force, which is important for impurity
transport in the tokamak edge [52, 53].

This chapter describes the implementation of a multi-species linearized collision
operator, in the continuum gyrokinetic code COGENT [54]|. The operator is based on the

Landau operator, and preserves the correct A\ ~ (v, — vy,)* dependence of the Coulomb
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mean free path on a relative velocity v, — vy, of colliding species a and b. This retained
velocity dependence enables to recover thermal force, as well as the friction force as
they appear in the Braginskii fluid model [6], in the COGENT simulations of highly
collisional plasmas. For the case of equal background temperatures of the colliding species,
the operator reduces to the operators developed by Sugama [42] and Kolesnikov [55] for
gyrokinetic simulations with fixed background Maxwellians. However, in contrast to the
Sugama model, the newly implemented operator directly retains collisional thermalization
of background Maxwellians with different temperatures. The resulting operator provides
a numerically efficient way to simulate collisions between unlike species. It is also worth
noting an alternative approach to include energy exchange between background centered
Maxwellians implemented in the gyrokinetic code GYSELA [44] code.

We benchmark this operator in COGENT kinetic simulations of a parallel plasma
transport in a slab geometry, against the Braginskii fluid model. We measure values
of transport coefficients from kinetic simulations results and find that they are close to
values obtained by Braginskii [6] for the Landau operator [49]. Finally, we consider a
toroidal annulus geometry and simulate radial impurity transport in the strongly collisional
Pfirsch-Schliiter regime, demonstrating good agreement with the results [56] of the local
neoclassical theory.

The chapter is organized as follows. Section 2 contains an overview of the COGENT
code and describes the newly implemented collision operator. In Section 3, we review
COGENT simulations of single component plasma in a slab geometry, and the heavy
impurity transport in toroidal geometry. Section 4 summarizes presented results and gives

a conclusion.
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4.2 Model description

This section describes the main aspects of the COGENT code and introduces the
newly implemented collision model. COGENT is a continuum Eulerian gyrokinetic code.
The electrostatic version of the COGENT code (used for simulations in this article) describes
coupled evolution of the gyrocenter distribution function and the electrostatic potential
for plasma in the external magnetic field. The code solves for a gyrocenter distribution
function f,(Ra,v||, tta; t) for kinetic species a, where R, is the guiding center coordinate,
v = v - B/B is the component of velocity v along the magnetic field B of magnitude B,
and p, is the adiabatic invariant of species a with mass m,. COGENT supports several
magnetic B field geometries: slab, Miller closed-flux model [57] for the core region, and a
single-null [58] X-point geometry for cross-separatrix simulations. The numerical algorithm
used in COGENT utilizes a high-order finite-volume conservative discretization. The
current electrostatic implementation of the code adopts a long wavelength limit kp; << 1,
where p; is the gyroradius of ion species and k is the wavenumber for electrostatic potential
variations. For simulations considered in this article, the gyrokinetic equation simulated

in COGENT can be written for species a as

aB‘*““*fHV-(R B} f)+i(1‘) B f.) =
ot Plladal T Gy Il (1)
= Bﬁa (C(fa) + C(fa> fb>> )
: 1 1
R, = Bl*l UHB; + e—ab X (eaV<I> + ,UaVB) , (4.2)
1
o = B B, (eaV® + 1,V B), (4.3)
B: =B+ gy xb (4.4)
a ea ) ‘

where b = B/B and Bﬁa = B, - b, ¢ is the long wavelength neoclassical electrostatic

potential, C(f,) is a like-species collision operator, and C( f,, fp) is the newly implemented
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unlike-species collision operator described in the rest of this section. Further implementation
details for the axisymmetric (4D) and non-axisymmetric (5D) versions of the COGENT
code are available elsewhere [59, 60].

The linearized multi-species collision operator presented in this section utilizes
the approach described by Kolesnikov in [55]. Specifically, the distribution functions of
colliding species f, and f;, are assumed to be close to Maxwellian distributions with zero

bulk velocities,

Ng v?
= 23 exp <_T) ;s=ab, (4.5)

Ts

where v = | /vﬁ + 2us B/mg is the velocity and vps = /27,/ms is the thermal speed of

species s with temperature T}, mass mg and density ng. Collision operator C'(fM+4§f., fM+

d fp) is then approximated with a sum of linear operators as

Clfas fo) = Cr(fa" ') + Cr(8fa f5') + Cr (1, 6 1) (4.6)

The first two terms in Eq. (4.6) describe collisions of species a with the Maxwellian
background fM of species b. For the background species with charge e, and mass m,, the

corresponding test particle operator C'r can be expressed in the Landau form [49] as

m L2/P
CT(f&?fll)v{) - = 87T
4.7
[ a( L) B 21 ) il
ava m, v Mea o>
1 !
Uap = E(u%af; — UgUg); Ug = Vg — Vg, (4.8)
dreqen\
L2/ = lnA( 2 b) , (4.9)
my,

where In A is the Coulomb logarithm. This test particle operator Ct can be expressed in
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COGENT coordinates as a divergence of the probability flux IT in the velocity space,

oITv O+
W)=V, = -
OT(f)fb) v 87}” + alua
_ 0, (rBOa - Of)
N aUH b mg avH ”'uaaua
ma afa U||afa
+ ma_{_mbl/svufa*F V||| (Maa,ua + 5 aUH + (4.10)

_|_

G SR CT ) S A
T D\ ”“aaua Hﬂaavu

2m., Ofa Ofa
_ 2, —— .
+ e + mes,uafa + V||Ha ( Maaua + UHa’l}H) }

Expression Eq. (4.10) contains standard notations [61] for deflection frequency vp, slow-

down rate v and parallel diffusion rate v, given by expressions

3

Uy [ §2 1 dQ Q
_ LR L 411
BTN (@*@d@ 205 (4.11)

Ura Th my \ €2
= U, 1+ —) —, 4.12
3 Vb'UTbTb( +ma> ¢3 (4.12)
3
VUTa Q

Y| = Vab (m) 3 (4.13)

where ( = v /vy, Vap is the collision frequency given by

4re2el In Any,
Vaph = 3

4.14
mgvTa ( )

and € is the Maxwell integral [62] that gives normalized value of integrating the Maxwellian

distribution over sphere with radius (2,

2 ¢ Q dQ 2 2
Q e —t = f _— — = —¢ .
N Vite tdt = erf(¢) e \/7_TC6

As can be seen from the expression Eq. (4.10), Cp(fa, fM) is a differential operator, which

makes it cheap to evaluate numerically.
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The field particle operator Cp(fM, 4§ f,,) describes collisions of Maxwellian component
M with perturbation 4 fi,. When written in the Landau form (as done for Cr in Eq. (4.7)),
the field particle operator involves a convolution integral over the velocity space, and
is, from the numerical viewpoint, as expensive to evaluate as the full Landau operator.
Accordingly, only some codes |63, 64] implement the field particle component of the
linearized collision operator in the Landau form. Instead, linear collision models typically
[42, 43, 44] postulate a reduced field particle operator that is more efficient to evaluate
numerically. In the collision operator model proposed by Kolesnikov [55], the field particle

operator is given by expressions

CF(f;VI, 5fb) - 5PabRava + 5Eaanb7 (415)
5Pab == —/dvmbv|C’T(5fb, f;v[), (416)
2
5By = — | dv—Cn(3fy. £, (4.17)
Cr(mav 1, i)
Ropvl| = : 4.18
P T dvimau Cr (may £, £3) (4.18)
2 rM M
Qup Cr(mav fo, ) (4.19)

- [ dv(m,v?/2)Cr(mav? fM, M)

Since previous reports [65, 55| contain typos in explicit form of the field operator Ck,

corrected expressions are given below. In the case of equal temperatures T, =T, =T,

o 3\/%]?4 mp 3/2 Q

o= r () @ 20
B VM my 32 N dQ)

Q=Y (1+08) e le-aa) (4.21)
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It can be easily demonstrated that Cg provides conservation of momentum,
d M
g dvmauy fa = [ dvmauy| Cr(f)",0f0))+
+ CT<6fa7 fk{\J) + CT( a]\i’ féVI)) = 5Pab - 5Pba_ (422)

—/dvmbUHC’T(féW,fiw) = —i/dvmbvllfb’

and energy (as can be shown analogously to Eq. (4.22)). From expressions Eqs. (4.15)-
(4.19), it follows that the field particle Cr operator conserves particles if the test particle
operator Ct does. Because of the divergence form Eq. (4.10) of the test particle operator
Cr(fa, fM), conservation of the particle number density n, during collisions can be enforced
by setting the probability flux to zero S - II = 0 through the boundaries of the velocity

domain S,

vt~ [ds-m=o (4.23)

where S is normal to surface S. Since the finite volume discretization scheme used in
COGENT exactly recovers the Gauss divergence theorem, the test particle Cr (and,
therefore, field particle Cg) operator conserves particles up to machine precision if the
probability flux of Ct is adjusted according to Eq. (4.23).

It is instructive to compare the collision operator given by Eq (4.6) to previously
published [44, 45, 48] linearized collision operator models. For the case of equal background
temperatures, the operator described by Eq. (4.6) is equivalent to the Sugama collision

operator [42]. Accordingly, in thermal equilibrium T, = T3, the test and field particle
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operators satisfy adjointness relations

0 fa 53
f{4 Cr(0ga, fi') = [ dv f‘(iA Cr(6far 1), (4.24)
. O
Ta f{/[ CF(f;\/Ia(Sfb) = fb CF(fb 75fa) (425)

for arbitrary dg,, and it was shown (see [42], [4] and references therein) that relations
Eq. (4.24) and Eq. (4.25) ensure that the operator Eq. (4.6) satisfies the H-theorem for case
of equal temperatures of colliding species. In the case of different background temperatures,
T, # T, the operator given by Eq. (4.6) is no longer equivalent to the Sugama [42] operator.
This is because the latter operator does not include collisions between the Maxwellian
backgrounds, and modifies the test particle term in order to ensure that the self-adjointness
relation in Eq. (4.24) holds for unequal temperatures. The Sugama model [45] does not
include collisional thermalization between the background distribution functions f;\fb. Such
an approach is suitable for simulations with fixed backgrounds, but additional care must be
taken to avoid energy transfer from the different-temperature Maxwellian backgrounds
into the 0 f,1, perturbations. Instead, the collision operator can directly retain the energy
exchange between background Maxwellians, represented by the Ct(fM, fM) term that
drives the system towards an equilibrium temperature 7' =T, = Ti,. We note that another
approach to a linearized collision operator is used in the GYSELA [66, 44| code, where a
term representing the energy exchange between Maxwellians describes the evolution of
the background temperatures, and the field particle operator is constructed based on the
expansion of a distribution function in spherical harmonics and Laguerre polynomials [44]
to recover the friction and thermal forces that will be discussed in Section 4.3 below.
Finally, we note that the long-wavelength approximation adopted in the model
collision operator [Eqgs. (4.6)-(4.19)| does not account for finite Larmor radius (FLR) effects
[45], which, for instance, are required to describe classical transport perpendicular to the

magnetic field.
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4.2.1 Stable timestep condition

Time integration in COGENT can be done via explicit fourth-order Runge-Kutta

(RK4) or semi-implicit additive Runge-Kutta (ARK) scheme. In this section, we analyze

the numerical stability condition for the explicit time stepping scheme, arising from the

diffusion in velocity space associated with the test particle operator. We illustrate that

the diffusion coefficient D, along p grows linearly with the velocity v of colliding species

a, and this can cause the maximum stable time step 6t of the explicit integration scheme

to be much less than the collision time 1/v,p,.

Because Maxwellian distribution f) is spherically symmetric in the velocity space,

the Rosenbluth ¢y, v, potentials associated with the test particle operator are easily

found to be

2 ny 1 dS)
— M = oo &
View=fil = ¢on = pr— ( + dCQ) ;

ds? 1
Vith=@p =ty = — g 1 [(c 15 (c? + 5) Q} .

Probability fluxes IT in Eq. (4.10) can be expressed in drag-diffusion form

v Afa Ofa
1 _Av\|fa+Dv|Wa +Dv\|vna_v||’
Ofa Ofa
" =A,fa+ Dm,H d0, + D““aua
with the diffusion coefficients given by [51]
R 1 2u.B
Dy = =L =3 = —(vp +VHUH)

811

bV (. 1dQ2 QO 0
=t (Sm © (cw ¢ 2_@)“082(5)5)’

65

(4.26)
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(4.29)

(4.30)



_La‘/b 2ma azwb

Dy = B ’“‘aauaavu = (M = vp)vjta = o)
3 .
UM . 30 d@
= Vab—p il (&) cos(€) (—2<2 Q i)
2m? 0, O
— b R T
DMH‘ L BQ /'La (2[,[/& alu/g + aILLa )
mav4 . . mgvg’rava
= S5 (vp sin®(2€) + 4y sin*(€)) = Vab— gy X (4.32)
aQ  Q Q
: 2 s Bs .. 92 S
X (sm (2¢) <§Q+Cd<2 2<)+4sm (5)(),

where cos(§) = v /v. Since Q — 1 and dQ2/d¢* — 0 for ¢ — oo, it follows from Eq. (4.32)
that diffusion D, grows unbounded with the velocity v of the species a. Recall that explicit
schemes typically have a numerical stability threshold dgpa, setting stable resolution criteria

D,,,0t/0pu2 < dppa. Therefore, stable timestep 6t is bounded by condition

: (4.33)

2B5/1Ja ? UTa,
v

Vab0t < 2drpa ( 5

alTa
where dp, is the velocity grid spacing along u,. Condition Eq. (4.33) becomes a severe
restriction since, on the one hand, the bulk of the Maxwellian function fM needs to be
well resolved in the velocity space dv/v, ~ 2Bou,/m,v3, ~ 107!, while, on the other
hand, superthermal particles (with velocities v/v, ~ 10 and above) make important
contributions to current and heat flux [7] and need to be retained. Note that, unlike D,,,,

other diffusion coefficients [given by Eqs. (4.30) and (4.31)| are bounded by conditions

3 3
Vab U, VabUryMa

<2 poooo abTTa T 4.34
2y/mom,” T 338 (4:34)

D”H”H

and the associated stable timestep conditions are independent of v. Furthermore, recall

that the condition in Eq. (4.33) is derived in the { = v/vT, — oo limit, yet, in practice, the
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value of ( is limited by the velocity domain bounds (|v)j|max and fmax) of the simulation.
Therefore, in general, expressions Eqgs. (4.30)-(4.32) must be used to determine the stable

timestep condition from the diffusion in velocity space.

4.2.2 Convergence studies

We verify that the operator is implemented correctly by doing a convergence
study. We verify that R, and Q.1 computed by COGENT from expressions Egs. (4.18)
and (4.19) agree with expressions Eqgs. (4.20) and (4.21). To confirm correct implementation
of energy and momentum terms given by Eqs. (4.16) and (4.17), we consider an analytically
given distribution functions f; (e.g., fi = (1 + 0.02v)/vr, + 0.050f/v3,) f" used in the
test shown in Fig. 4.1), and compare analytical (§P%,, 6E%,) values to COGENT (§P%,
5E§)) values from simulation with the same velocity domain boundaries |UH Imax and fimax,
but with different velocity grid cell sizes dv)| and dp. In what follows, we label dv) and
o velocity grid sizes as A. We repeat COGENT simulation with different resolutions,
simultaneously changing dv)| and 6y by a factor of two, and measure the residue as shown
in Fig. 4.1 to verify that |0EL, — 0E5 | o< (A/Ag)? and [0P!, — §P3| o< (A/Ag)?, where
Ay is the velocity grid cell size for the COGENT simulation with the velocity resolution
(v, ) of 1024 x 512, as illustrated in Fig. 4.1. This quadratic rate of convergence is
consistent with a second-order cell-centered finite-volume discretization presently utilized
for the newly implemented collision operator Eq. (4.6) in COGENT. We also verified that

COGENT satisfies both the particle conservation

/ W C(fa o) = 0. (4.35)

and the momentum balance

/dvmavC’(fa, fb) + /dvmvaC(fb, fa) =0, (436)
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26_
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Figure 4.1. (Top panel) Example results from the convergence studies, with f, =
(1 +0.02v) /vra + 0.05vﬁ/v%a) M demonstrating quadratic convergence. Grid cells A/Aq
correspond to (v, 4) resolutions 1024 x 512, 512 x 256, 256 x 128, and 128 x 64, where A
corresponds to 1024 x 512. Grid cell size A, corresponds to (v}, 1) resolution of 2048 x 1024.
All shown simulations have the same velocity domain boundaries iy, and |vH |max given
by 2B jtmax/Ta = 27 and |v}||max/v1a = 8. (Bottom panel) Example results of the energy
conservation error in simulations which include collisions between background collisions.
The resolution of the velocity domain corresponds to the data on the top panel.
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up to numerical precision, regardless of the velocity domain resolution. The particle
conservation Eq. (4.35) is obtained by setting the probability flux through the |v|||max and
[max boundaries to zero, as in Eq. (4.23).

The energy conservation

myv?
2

Mav?
2

dv

C(faafb) + dv

C(fo, fa) =0 (4.37)

is demonstrated in the bottom panel of Fig. (4.1) as a function of the velocity grid resolution.
Note that the error in energy conservation comes entirely from the terms describing the
background Maxwellian interactions, i.e., Cp(fM, fM) and Cr(fM, fM). When background
Maxwellians are in the thermal equilibrium, the corresponding collision term vanishes
Cr(fM, fM) = 0 and can be excluded from the operator, resulting in energy conservation
up to machine precision for all velocity resolutions.

Recall that the denominators of the R,, and Q. terms of the field operator in
Egs. (4.18) and (4.19) are designed to balance momentum and energy loss caused by the test
particle operator for species b , as illustrated in Eq. (4.22). To recover the corresponding
discretized energy and momentum conservation properties (Eqgs. (4.36, 4.37)) up to
numerical precision, we employ numerical evaluation and integration of the denominators
in expressions Eqs. (4.18) and (4.19), instead of evaluating them analytically as in Eq. (4.20)
and (4.21).

4.3 COGENT simulations in the highly collisional
regime

In this section, we use the model collision operator to simulate transport in case of
high mass ratio my > m, and for high enough collisionality to assume small deviations
from a Maxwellian distribution for colliding species a and b, justifying the use of a

linearized collision operator. Collisions in such regime produce thermal and friction
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forces, as was demonstrated by Braginskii [6] for electron-ion plasma. In what follows,
background Maxwellian distributions are fixed and have equal temperature T, =T}, = T,
so Cp(fM, M) = 0.

The friction force along the magnetic field, resulting from operator Eq. (4.6), can

be expressed as

/dvmav|C(fa, fo) = 0Py, — Pa, (4.38)

with 0 P, and § P, defined by Eq. (4.16).

Our first goal is to verify that, in linear approximation, the friction force Eq. (4.38)
from the model operator agrees with the result from Braginskii’s [6] original work. We
consider the bulk velocities of electrons u, and ions uy, (relative to the velocity of background
Maxwellians fM) to be much less than their thermal speeds vp,. We follow Braginskii’s
approach and compute the friction force on light species by approximating the distribution

function to first order as

fu e fM (1 + 2“”) . (4.39)

UTa

Since for the test particle collision operator the energy transfer rate between the light
species a and the heavy species b is a factor of m,/my, smaller than the momentum transfer

rate, we can calculate the §P,, as

5Pb _ /dvmavnbLa/b 0 UQ(SQB — VaUp (%fa _

7 0V, v3 ov
o (4.40)
nyma LAP V|| UaBUB ;p AVabMally
= dV—Tfa = —————F—Uj,.
27 v v, 3V

The § Py, obtained in Eq. (4.40) depends on the u,, yet it is clear from the physics of

the Coulomb collisions that the friction force must depend on the relative bulk velocity
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u, — uy,. Therefore, the contribution from 6 P,;, must also be considered. To calculate § Py,
we use the Landau form of the test particle operator given by Eq. (4.7) in the expression

Eq. (4.16), and expand the relative velocity tensor defined in Eq. (4.8) to first order as

v/26 5 — v o UIQ(S — '
~ «Q a”p af a”ps
Uaﬂ ~ T + U,yav’/y < v/g ) 5 (441)

with the ratio between the velocities of species b and a as the expansion parameter.

Combining Eqgs. (4.7), (4.16) and (4.41), we can evaluate 6 Py}, as

mpLP* 9 O fo(v) Of (V) f 00ap — Vv
5Pab:/dvmbv| T 81} v’ My, vy v’3 +

g [v?6 5 — U,V m2Lb/a V%005 — vV QM
+UV8U < ) } T 8]:Tma /dV(SbeH/dV/ v’3 dudvy,

3\/— a / mbnbubu

(4.42)

where

Up = i /dV(sbe. (443)
np

Combining expressions Eq. (4.40) and Eq. (4.42) above, we find that the linear approxima-

tion for friction force

/dvmav”C(fa, fv) = 0Py, — 6P, =

4V MMy

3V

(4.44)
(up — uy) = —/dvmbv|0(fb,fa).

matches the result of Braginskii. This is to be expected, since, in the infinite mass ratio
my,/m, — oo limit, the operator described by Eq. (4.6) is the same as the Landau operator.

Indeed, the test particle Cp (6 fa, fM) operator in this limit reduces to the Lorentz operator,
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while the field particle operator vanishes for infinitely heavy species b.

4.3.1 Modeling electric conductivity with COGENT

We now simulate the friction force in COGENT with the setup described in this
paragraph. For simplicity, we consider a slab geometry with two species (@ and b), which
are initialized with uniform Maxwellian distributions fM and fM, respectively. We set
masses of colliding species to m, = my, my, = 100m;, in the units of proton mass m;. The
charge of species a is set equal to the electron charge, e, = —|e|. The charge of the heavy
species e, = Zyle| is varied between simulations. The density n, of species a is set to

102 m =3, and the density ny, of species b is set by the quasi-neutrality condition,

€ally + epny, = 0. (4.45)

The temperature of both species is homogeneous and set to 20 eV. We consider a slab
geometry with a uniform fixed magnetic Be, and electric Fe, fields along the z-axis, and
periodic boundary conditions in the z-direction. For the outlined simulation setup, the

kinetic equation Eq. (4.1) solved in COGENT for the species a reduces to

8fa 68,E afa
ot my 8?J||

= C(fa) + O(fay fb) (446)

Collisions C(f,, fv) between species a and species b are modeled using the operator
described in Section 4.2. Note that, for a finite charge e}, of species b, the impact of
collisions C(f,) between light species a on their distribution function f, is compatible
to the impact of the collisions between species a and b, C(f,, f,) ~ C(fa). Therefore,
collisions between species a must be included into the simulation with finite charge state of
species b, Zy, ~ 1. Various like-species collision models are available [67] in the COGENT

code, including the full Fokker-Planck [51] collision operator Crp( fa), and a model collision
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operator Cy (f.) proposed by Abel [68] that is similar to the operator C(fa, fi,) described
in Section 4.2 (both Ca(f.) and C(fa, fv) are based on the linearized Landau collision
operator). As we mentioned earlier, the Fokker-Planck operator gives the highest fidelity,
but is expensive to evaluate numerically since it requires solving a pair of Poisson equations
[51] for the Rosenbluth potentials. Therefore, it is of interest to assess the impact of
replacing the Fokker-Planck operator Cgp(f,) with the Abel collision operator Cx(fa.),
which is much faster to evaluate. The use of a linearized collision model in the considered
simulations can be justified for the case where the magnitude of the electric field F is much
less than the Dreicer [69] field Fp. Because the role of electrons is assumed here by the
species a with a mass of a proton, the corresponding Dreicer [69] field is Ep ~ 1kV/m.
For F < Ep and homogeneous background profiles, the deviations from the Maxwellian
can be assumed to be small and the use of linearized collision operators is justified. In what
follows, we perform two sets of COGENT simulations, where the like-species collisions of
the light species a are described with either the Fokker-Planck, Crp, or the model Abel
operator, C's. In addition to verification purposes, this test elucidates validity limits of
the reduced Abel operator.

We simulate the described setup in COGENT over hundred collision times 1/v,y,

allowing the bulk velocities

1 mea
=— [ dvoidf, = —=—2u,, 4.47
uy, nb/ V|0 fp Zom " (4.47)
1
Uy = —/dVU||5fa, (448)
Na

to reach a steady state. Note that the right equality in Eq. (4.47) follows from the

quasi-neutrality condition Eq. (4.45) and momentum conservation Eq. (4.36). We then
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analyze the kinetic simulation results with the Braginskii [6] fluid model,

dus 0P,

slts =~ = Cs sE RSa 4.49
men o P en o + ( )
3 dT; Oug 0qs
_ns_+ —_

2 7 dt ® 0z 0z

+ Qs (4.50)

where P, = ngT; is the pressure, ()5 is the heat from friction given for species a as

Mav?

a — d
Q v

C(far fo), (4.51)

Ry = R, s+ Ry is the parallel force combined from friction R, s and thermal Ry forces

expressed for species a as

R, = / domau) C(fa, o) = Rua + Rra =

Aymm (4.52)
= —Cl%(ua —up) — Con, V| Ty,
and ¢ is the parallel heat flux expressed for a species as
ma
qa = /dVT(V - uaez)2(v|\ - ua)fa = Qua + dT,a =
(4.53)
3 aln
= Con,To(us — up) — C’gﬁ—nVHTa.
dmaVap

The transport coefficients C4, Cs, C3 depend on details of a collision model and can be
inferred from the results of COGENT simulation. It is important to emphasize that
the thermal force Ry, arises from the velocity dependence of the Coulomb collisions
A ~ (v, — vp)*, and the unlike-species collision operator must recover this dependence in
order to recover the thermal force in Eq. (4.52). For example, the thermal force Ry, in
Eq. (4.52) cannot be recovered from Bhatnagar-Gross-Krook (BGK) [70] collision operator

Cpak(f) = v(f — fM) with v independent of a particle velocity. Indeed, the force produced
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by BGK operator is

/ vCpak(f)dv =v ( / vfdv — / v fMdv) , (4.54)

which depends solely on the bulk velocities of distributions f and f™ and does not
depend on temperature gradients. Likewise, the thermal force Ry, is not recovered by the

Lenard-Bernstein-Dougherty (LBD) |71, 72| operator of the form

0
Crep(fa) = L% (v — VLBD)fa +D

LBD afa
of 8@5 ’

(4.55)

where L, VIBP and DBP are some functions independent of velocity, as in, for example,
recently reported GKeyll [46] or GENE-X [47] implementations. Indeed, the force from

the Cppp collision operator, described in Eq. (4.55), is

/ VCimn(f.)dv = — L / vfudv — VEBD) (4.56)

and in order for this expression to recover the thermal force Ry, from expression (4.52)
would require for the VFBP function to have a particular explicit V|| T dependence. Current
LBD implementations often [47, 46| disregard the thermal force entirely, despite this force
being important [53] for the impurity transport.

The multi-species collision operator given by Eq. (4.6) is based on the test particle
operator Ct which preserves the velocity dependence of Coulomb collisions, and therefore
can recover the thermal force. For simulations described in Sections 4.3.1 and 4.3.2, we
measure the parallel force R, and the heat flux q,, verify that they have the forms given
by Eq. (4.52) and Eq. (4.53), and compute the transport coefficients C 3 3.

For the simulation setup with a fixed electric field described above, a steady-state

solution corresponds to a balance between the parallel force R, and the electric force
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ean, B [see Eqs.(4.49) and (4.52)], giving

3 ol B
O = SVrlelE (4.57)
AV mans i, — up|

From simulation without a-a collisions, we obtain C} = 0.30 from Eq. (4.57). This value is
very close to the value CP = 0.29 reported by Braginskii for the case of an electron-ion
plasma with Z, — oo. Such agreement is expected since Z;, = ep/|e|] — oo allows to
neglect electron-electron collisions in the electron-ion problem, and electrons correspond
to the species a in the described simulation. For finite Z,, collisions between the light
species a must also be included in the corresponding COGENT simulation. We use
Eq. (4.57) to measure the transport coefficient in COGENT simulations with various
values of e}, and compare them to the corresponding results from the Braginskii’s problem
for an electron-ion plasma [6, 56|, as shown in the top and bottom left panel in Fig. 4.2.
We also perform several additional runs with different values of the electric field, F, to
verify that the measured force is proportional to u, — uy, in agreement with the expression
for the friction force R, , in Eq. (4.52). These runs are illustrated in the bottom right
panel in Fig. 4.2. When the Fokker-Planck operator Crp(f,) is used to model collisions
between the species a, the values of C; are within 3 — 6% of Braginskii’s results for all
Zy. Recall that the difference between the newly implemented operator Eq. (4.6) and
the linearized Landau operator vanishes in the limit of high mass ratios, justifying the
observed agreement with Braginskii’s results for the electron ion plasma since m, < m;.
Furthermore, in simulations where the Abel collision operators Ca(f,) is used instead
of the Fokker-Planck Cpp(f,) operator, the values of C; are within 20% of Braginskii’s
results. When using the model collision operator Ca (fa) for the like-species collisions, the
difference with the values reported by Braginskii is the largest for the smallest charge of
species b, Z, = 1, which is to be expected since, for higher charge state 7, the influence

of like-species collisions on the light species distribution function f, decreases relative to
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the influence of collisions between the light species a and the heavy species b.

4.3.2 Thermal force and heat flux coefficients measurement
with COGENT

The heat flux g, for species a is given by Eq. (4.53) in the Braginskii model presented

above. We use Eq. (4.53) to measure Cy in the simulation setup from Section 4.3.1 as

Cy=— B (4.58)

naT (uy — up)’

and present the results in Fig. 4.2. For the simulation corresponding to Z;, — oo (i.e.,
without self-collisions of species a), Eq. (4.58) gives Cy = 1.44, which is close to the heat
flux coefficient value of CP = 1.5 reported by Braginskii for the electron-ion problem. For
the simulations corresponding to finite Z},, the values of Cy are within 3-6% of Braginskii’s
results for the case where the Fokker-Planck operator Crp( fa) is used to simulate collisions
between the light species a, as shown in Fig 4.2. When the Fokker-Planck operator is
replaced by the Abel linearized collision operator Ca ( f,), the observed Cy values are within
20% of Braginskii’s results.

Our next goal is to consider a hydrodynamic equilibrium in the presence of the
temperature gradient along the magnetic field, to measure the thermal Ry, force in
Eq. (4.52) and the ¢r, component of the parallel thermal flux in Eq. (4.53). We do this in
the rest of this section.

We consider a slab geometry introduced in Sec. 4.3.1, although we turn off the
electric field. For the outlined simulation setup, the kinetic equation Eq. (4.1) solved by
COGENT for the species a can then be simplified to

of

Wt T yf) = O + Ol o), (1.59)

where z is the coordinate along the magnetic field. We set the initial temperature profile
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Figure 4.2. (Top panel): Values of transport coefficients C; (red circle and diamond
labels) and Cy (blue square and star labels) from COGENT simulation of the setup
described in Section 4.3.1, measured using Eq. (4.57) and Eq. (4.58) for various e,. The
red dashed line and blue dash-dot line show Braginskii’s values [6, 56] for electron-ion
transport coefficients C; and Cs, respectively. For simulations with Abel collision operator
Ca(fa) for collisions between species a, the transport coefficients C (diamonds) and Cy
(stars) are within 20% of the Braginskii’s values. When the Fokker-Planck operator is
used to model a-a collisions, agreement of C; (circles) and Cy (squares) with Braginskii’s
results is within 3 — 6%.

(Bottom left panel): Time series of the bulk velocity u, (solid line) and heat flux ¢, (dashed
line) for simulation with e, = 2|e|, illustrating the steady state. (Bottom right panel)
Scaling of steady state velocity (top line) and heat flux (bottom line) from COGENT
simulations with different E, demonstrating that steady state bulk velocity and heat
flux scale linearly with E, in agreement with theory. Velocity is normalized by vr,, heat
flux by naThvra, distance by [ = 1 m and electric field by T,/(|e|l). The simulation has
velocity domain boundaries |vj|max/vTa = 8, ftmaxB/Ts = 12, and velocity grid resolution
Moy = Ny = 128.
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Figure 4.3. (Top panel): Profiles of the thermal heat flux ¢r, and residue q, — qu, as
defined in Eq. (4.53).

(Bottom panel) profiles of the pressures from friction R, and thermal Rt forces at steady
state, demonstrating |u, —up| o< V)| T" in agreement with Eq. (4.52). Velocity is normalized
by vt,, heat flux by n,T,vr,, distance by [ =1 m, pressure by najomav%a/li The
simulated velocity grid is bounded by |v|||max/VTa = 8, ftmaxB/Ts = 12 and has resolution
Ny, = n, = 128. Domain resolution along the magnetic field is n, = 32.
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Figure 4.4. (Top panel): Values of the conductive heat flux coefficient C3 (green
labels) from COGENT simulation of the setup described in Section 4.3.2, measured using
Eq. (4.53) for various ey,. The green dashed line shows the heat flux coefficient C5 reported
by Braginskii [6, 56]. Simulations with Abel like-species collision operator Ca(f,) are
labeled with stars and agree within 20% of the Braginskii’s values. When the Fokker-Planck
Crp operator is used instead to model the like-species collisions, the agreement of Cj
values (squares) with Braginskii’s results is improved to within 3 — 6%.

(Bottom panel) Time series of relative velocity @ = |4, — | (solid lines), and heat flux
(dashed lines) G, from simulation with e, = 3|e|, illustrating the steady state. Velocity is
normalized by vr,, heat flux by 1, 0T,vrs.
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for both species as

Ts ~ ~min -
= 1.05 —0.05 (1 + exp (QWL - W)), (4.60)

Ts,() Zmax — “min

where T, o = 20 €V, 2Zmin = 0 m and 2z, = 2 m. The density profile for each species is
set to ngTs0/Ts so that the system is in hydrodynamic equilibrium Vps = 0. We take
Nao =5 x 102 m™2 and ny, is set by the quasi-neutrality condition given by Eq. (4.45).
The masses of species are set to m, = my, and my, = 100m,, as in the setup from the
previous section, e, = —|e|, and the value of ey, is varied between the simulations. COGENT
simulations demonstrate that the bulk velocities and heat fluxes reach their quasi-stationary
state values after about a dozen of collisional times. In this quasi-stationary state, the
thermal force, Ry ,, should be balanced by the friction force, R, ., according to Eqs. (4.49)
and (4.52). This property is confirmed in our simulations, as illustrated in Fig. 4.3 and
bottom panel of Fig. 4.4. From Eq. (4.52) and R, , + Rr. = 0, we can measure the C/Cy
ratio. For example, for Z;, = 3, in the simulation with the Abel collision operator C},
we recover the ratio Cy/Cy = 1.92. Recall that we previously measured C; = 0.46 and
C5 = 0.9 for the case of Z;, = 3 in the counterpart simulation which included external
electric field (see Sec. 4.3.1). For that case, we obtained the transport coefficients from the
steady-state values of the friction force (C) and the heat flux (Cy). It is instructive to note
that the ratio of those coefficients Cy/C} = 1.96 is within 2% from what we obtain here
from the force balance. This is a manifestation of the Onsager symmetry in the transport
coefficient. The Onsager principle follows from (¢, B) — (—t, —B) invariance of underlying
equations of motion and yields the transport coefficient for the convective heat flux [the
first term in the right-hand side of Eq. (4.53)] to be the negative of the transport coefficient
for the friction force [the second term in the right-hand-side of Eq. (4.52)|. This principle is
represented in the self-adjointness relations Eqs. (4.24) and (4.25) of the collision operator

(see [4] and references therein). Note that the Onsager property is related to the entropy
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production [4] rate. Therefore, model operators which do not recover Onsager symmetry
do not, in general, result in the correct rate of entropy production, which can be important
[73] for kinetic studies. The model operator in Eq. (4.6) does recover Onsager symmetry
for the case T, = Tj, considered here, and we verify that the C/C; ratio measured from
the two different setups described in Secs. 4.3.1 and 4.3.2 agree within 2% for all Z}, we
simulated. We can therefore use the value of Cy obtained from Eq. (4.58) to measure the
transport coefficient C3 in the Eq. (4.48) as illustrated in the top panel of Fig. 4.3. Without
the like-species collisions for species a, we obtain (5 = 12.4, which recovers Braginskii’s
value CP = 12.5 for the Z;, — oo case in the electron-ion problem. Similarly to previous
results, when we use the Fokker-Planck operator Cgp(f,) to simulate collisions between
the light species a, the values of the conductive heat flux coefficient C5 from COGENT
simulations are within 3 — 6% of Braginskii’s result for all Zy,, as illustrated in the top
panel of Fig. 4.4. In the corresponding simulations with the Abel collision operator Cx(fa),
we obtain C5 values within 20% of Braginskii’s result.

In summary, in this section we performed simulations using COGENT with the
model collision operator given by expression Eq. (4.6) to measure the parallel transport
coefficients (1 23 in a strongly collisional regime for a two-component plasma with a
large species mass ratio m,/my = 1/100. For the case where the Fokker-Planck operator
Crp(fa) is used to model the like-species collisions for the light species a, the results of
the COGENT simulations for all transport coefficients are found to be in good agreement
(within 3-6%) with Braginskii’s results for an electron-ion plasma. For the case where
the linearized Abel operator Ca(f,) is used to model a-a collisions, the departure from
Braginskii’s results increases to 20%. The maximum difference is observed for smaller
values of Z},, consistent with a pronounced role of the like-species collisions for Z;, ~ 1.
We also verified that the Onsager symmetry relationship is recovered in our simulations
for the case of equal T, = T}, as expected from the self-adjointness of the model unlike

collision operator.
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It is expected that the model unlike-species collision operator given by Eq. (4.6)
does not, in general, yield physically accurate transport coefficient outside the high mass
ratio limit addressed in this section, since the error from the ad-hoc field particle operator
is significant for m, ~ my,. This limitation can be addressed by utilizing the moment
method [74] to further improve a linearized collision model, as proposed by Sugama in

Ref. [43].

4.3.3 Modeling radial neoclassical transport in the presence of
heavy impurities with COGENT

In this section, we consider a plasma of electrons, ions, and heavy impurities in a

concentric circular tokamak geometry. The magnetic field geometry is given by

Br Ry

B ) = ——m——
s0(r0) Ry + 7 cos()’

(4.61)

where 7 is the minor radius coordinate, ¢ is the poloidal angle, By and B, are the
toroidal and poloidal components of the magnetic field. We take the major radius of the
tokamak to be Ry = 8.5 m. The minor radius coordinate ranges from r,;, = 0.8075 m to
Tmax = 0.8925 m, so the middle of the simulation domain is located at 79 = ("min+7max)/2 =
0.85 m and the tokamak aspect ratio is € = 1o/ Ry = 0.1 We consider plasma transport in

a Pfirsch-Schliiter regime, i.e., for collisionality

-3/2 R
L L LU (4.62)
UTb

where g ~ €Bt/B, ~ 1.14 is the characteristic safety factor, v, is the collision frequency
defined in Eq. (4.14), main plasma ions are denoted as species a with mass m, = m, and
charge e, = |e|, and impurities are denoted as species b with my, = 100m, and charge
e, = 2|e|. We simulate a strongly magnetized plasma by taking Br =289 T, B, = 2.53 T,

and assuming the background temperature T' = 500 eV for all species. Initial condition for
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fa and fi, correspond to a local Maxwellian distribution function with uniform temperature

and a density profiles given by

Ny = N g <1 — 0.05 tanh <2wﬂ - 7r>) , (4.63)

Tmax — "min

where n, 5 = 2.8 x 102 m™ and ny, o = 7 x 10! m™3. These plasma parameters correspond
to v* =~ 34 > 1. For the outlined parameters, plasma is strongly magnetized, with the
gyroradius much smaller than the mean free path p, < ..

The electron density is described by the linear Boltzmann response as

Ne = (Na + Zomy) <1 + ? — e?) , (4.64)

where the angular brackets represent the flux surface average

(f) = j{f%lz/]{%lz. (4.65)

In contrast to the slab geometry simulations presented in Secs. 4.3.1 and 4.3.2, here
we also evolve the electric field. This is done in COGENT by including the gyrokinetic

Poisson equation [67, 75| in the long-wavelength limit

4re? . .
ZmQQVL-(ng V. ®) = 4dme ne—an ) (4.66)

S S

where Qg = egB/mgc is the gyrofrequency, ng is the gyrocenter density given by

2m .
ng = _/B|stdv||dus, (4.67)

m

and V; = V—b(b-V). The radial boundary conditions for the Poisson equation Eq. (4.66)
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Figure 4.5. (Top panel): Maximum of (f‘a - Vr) along the radius plotted against time,
showing the steady state.

(Bottom panel) The radial profile of (I, - Vr) is positive and shown as a solid red curve,
and is in good agreement with Eq. (4.70) shown with a black curve. The blue curve shows
the radial profile of (I', - Vr), and the gray dashed curve verifies the ambipolarity condition
Eq. (4.72). Particle flux is normalized by n, gvt,, distance by I = 1 m. [v}||max/vra = 6,
tmax B/ Ty = 6, ny, = 96, n, = 48, ng = 32, n, = 32.
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<Z c nsms|v¢|2> 5 /0 dt(Vi - ZJS (4.68)

S

where 1) denotes the flux surface and js is the gyrocenter current density given by

2meg

/ R, f.Bjdv)dps. (4.69)
Mg

js:

We solve Eq. (4.66) with Neumann radial boundary conditions together with the
gyrokinetic equation Eq. (4.1) in the annular toroidal geometry. We run simulation for
about 100/v,), to allow for collisional GAM [76] relaxation and the establishment of steady
radial profiles for radial particle fluxes. We analyze simulation results by using the analogy
[56] between electron-ion and proton-heavy impurity transport problems. In the ion-heavy
impurity problem, the protons (species a) play the role of “electrons", while the impurities
(species b) play the role of “protons" in the Braginskii treatment. In the electron-ion
problem, the electron-electron collision operators scale as n, and electron-ion collision
operator scale as n;Z2. In the ion-impurity problem considered here, ion-ion collision
operators scale as n, and the ion-impurity collision operator scales as ny, Z2. This suggests
[56] that the ion-heavy impurity transport problem is analogous to the electron ion problem
of Braginskii for the case of the ion charge Z, given by a = npe?/(n.e?). In the high
aspect ratio e = r/R < 1 toroidal geometry, it was shown [56] that the radial magnetic
surface averaged particle (I', - Vr) flux can be expressed in terms of the parallel transport

coefficients C, Cy and Cj from Eqs. (4.52)-(4.53) as

2
<Fa ) V?") = _2q2Dana(<Cl + %)

Cs
4.7
X(&lnpa Ti 8lnpa) 50281nTa) (4.70)

or AN G

2 03 or
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where

T.
D,=—2 (4.71)

Tabﬂgma

In a quasi-stationary state, the flux surface averaged impurity flux (I', - V) is related to

the corresponding main ion flux (I, - Vr) by the ambipolarity condition,

ea(Ta - V1) + ep (D), - Vi) =0, (4.72)

because of the momentum conservation during the unlike-species collisions. The constraint
in Eq. (4.72) is also consistent with the quasi-neutrality requirement. Indeed, for a quasi-
stationary state where the polarization current can be neglected, the total flux surface
average neoclassical radial current has to be zero. Recalling that a Boltzmann electron
response given by Eq. (4.64) yields a zero electron flux-surface average current, we obtain
Eq. (4.72). Since for our simulations @ = 1, in the radial flux expression Eq. (4.70)
we use transport coefficients for Z;, = 1, obtained in Sections 4.3.1 and 4.3.2 from the
simulations with Abel collision operator C'y that was used to model like-species collisions in
the Miller geometry simulations discussed in this section. The resulting predicted surface
averaged particle flux profile (I', - Vr) agrees with results from the COGENT simulation,
as illustrated in Fig. (4.5). The ion and impurity radial particle fluxes are related by
ambipolarity Eq. (4.72) condition, as expected from the analysis above. These results
demonstrate the consistency of COGENT neoclassical simulations with theory [56] and

results from slab geometry simulations discussed in Sections 4.3.1 and 4.3.2.

4.4 Conclusion and discussion

In this chapter, we report on the implementation and testing of a model unlike-

particle linearized collision operator in the gyrokinetic continuum code COGENT. This
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operator is similar to the model operators for unlike-species collisions developed for
delta-f simulations in Refs. [55, 42| and it is based on the linearization of the Landau
operator. However, the newly implemented operator also retains collisional thermalization
of Maxwellian backgrounds for the case of different species temperatures. It conserves
particle number, momentum, and energy of colliding species, is self-adjoint for equal
background temperatures of colliding species, and preserves the velocity dependence of the
Coulomb mean free path. The latter property is critically important to recover the thermal
force from the unlike-species collisions. The model operator is tested in simulations of
parallel plasma transport in a uniform slab geometry by considering a large species mass
ratio (m,/my, = 100) and a strongly collisional regime. This problem is analogous to the
electron-ion transport problem analyzed by Braginskii, and we analyze our simulation
results by using the Braginskii model. For the case where like-particle collisions within
the light species are modeled with the Fokker-Planck operator, the parallel transport
coefficients obtained in the COGENT simulations are within 3 — 6% of the corresponding
Braginskii’s results. When we replace the Fokker-Planck operator with the previously
implemented Abel linearized operator for self-collisions, we obtain coefficients within 20%
of Braginskii’s results. In addition, we verify the Onsager symmetry of the transport
coefficients, which follows from the self-adjointness property of the collision model for
equal background temperatures. Finally, we simulate the Pfirsch-Schliiter problem of the
radial ion-heavy impurity transport in a toroidal geometry, and recover the theoretical
expression [56] for radial neoclassical fluxes in terms of parallel transport coefficients.
The ability of the implemented operator to recover the thermal force is important for
simulating experimentally relevant plasma, since this force is widely recognized [6, 52, 53|
to play one of the major roles in impurity transport in a tokamak edge. We, however, note
that an ion distribution function can substantially deviate from a Maxwellian background
in regions with a steep profile variations (e.g., under H-mode conditions). Because the

operator presented here is linearized, it is only applicable to problems where the bulk
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distribution functions of all colliding species are Maxwellian. However, when the bulks
are Maxwellian, the linear operator allows simulating plasma transport influenced by the
energetic components d f of the distribution functions, which are typically non-Maxwellian
in the tokamak edge region. For example, high-energy tails 0 f carry [7] significant part of
the parallel electron heat flux, which can be illustrated as follows. In the steady state of
highly collisional electron-proton plasma with species densities n, and bulk Maxwellian
distribution of electrons f, = fM+§f., 6 fo < fM, the non-Maxwellian component ¢ f, can

be estimated from

of¥t  dmneetInA
“or m2v3

o fe, (4.73)

where x is the direction of the electron temperature gradient 7, = T,(x) and the mean

velocity of the electron bulk fM is zero. The electron heat flux is then

Mev> m3v°® 31 muv? dT
v fe= [ dVv— 0 [ — MZZ 4.74
2 " J / V87mee4 A (2 T. 277 ) Je dx (4.74)

e = dv

Observe that a significant contribution to the electron heat flux comes from the super-
thermal tail of the electron distribution function, ~ [ v* fMdv. For this super-thermal tail
to be nearly Maxwellian requires the Coulomb mean free path A¢ of thermal electrons to be
much shorter than the electron gradient scale length A\g|dIn T, /dx| < 1072, This condition
is not met [77| in the tokamak edge plasmas, even in regions with a Maxwellian bulk. For
such regimes, kinetic simulations with the COGENT linearized collision operator Eq. (4.6)
can be used to model the non-Maxwellian components of the distribution functions and the
resulting parallel heat flux. Apart from contributing the majority of parallel heat fluxes
as shown above, high-energy tails of distribution functions also increase |77| the sheath
potential, enhancing ion acceleration towards the divertor, which results in additional

sputtering and hot spot [78] formation. For cold plasmas with temperatures below the
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inelastic excitation process thresholds, high-energy electron tails significantly alter the
excitation rate of high-Z impurities. In addition, kinetic simulation of the energetic tails of
distribution functions can help to interpret plasma diagnostics, addressing the discrepancies
in, for example, the difference 79| in temperature measured with a Langmuir probe versus
Thomson scattering.

However, as noted earlier, the assumptions employed to achieve the numerical
efficiency of the collision operator can compromise the fidelity of the simulation with
similar masses of colliding species. This limitation can be addressed with further model
enhancements [43| or by simulating collisions with a full Landau operator.

The work presented in this chapter is a reprint of the material as it appears in
Implementation and verification of a model linearized multi-species collision operator in the
COGENT code in Computer Physics Communications 291 (2023) 108829, by A. R. Knyazev,
M. Dorf, and S. I. Krasheninnikov. The dissertation author was the primary investigator

and author of this paper.
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Chapter 5

Summary

The main goal of this thesis is to compose and apply reduced models to analyze
kinetic effects in various plasma setups. This is accomplished through analytical work and
numerical modeling, including direct simulation of the kinetic equation.

The previous analysis of electron dynamics in the counter-propagating linearly
polarized laser plane waves is extended to the case of arbitrary canonical momenta of the
electron in the plane of colliding waves, for both parallel and perpendicular polarizations.
Using the 3/2-dimensional Hamiltonian formalism to describe the electron motion, the
onset of stochastic electron dynamics and the role of stochasticity in electron acceleration
is investigated. Using this one-particle model, it is demonstrated that large perpendicular
canonical momentum P, > a; suppresses the long harmonic tail in the unperturbed
electron motion (the motion of in the field of main laser a;). In agreement with the
Chirikov resonance cut-off criterion, suppression of harmonics decreases the stochasticity
region, resulting in suppressed stochastic heating. This physical picture agrees with the
obtained analytical estimates for the stochasticity boundaries, which in turn agree with
the direct simulations of Hamiltonian equations. The model is further extended to include
the effects of radiation friction (RF), and it is demonstrated that the Hamiltonian analysis
results remain valid within the applicability of classical RF approximation.

The interaction of a relativistic laser with a structured nanoplate target is considered
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using direct kinetic simulations and reduced analytical models. The semi-analytical model
for the onset of the quasi-static electromagnetic fields within the target is proposed
and verified against the kinetic simulation results. Stochastic electron acceleration in the
presence of laser and quasi-static electromagnetic laser fields is analyzed using a one-particle
model. Electron dynamics is described using the 3/2-dimensional Hamiltonian. Using this
Hamiltonian model, the residue between the amplitude of the quasi-static electric and
magnetic fields of the target is identified as the key parameter for the stochastic electron
acceleration beyond the ponderomotive scaling. Although the described model neglects
many effects of the laser-target interaction, it illustrates the mechanism of producing
energetic electrons via stochastic heating in laser-target interactions.

A linearized multi-species collision operator model is implemented in the gyrokinetic
code COGENT to study the impurity transport. Conservation of energy, momentum, and
density during the collision is demonstrated. The newly implemented model is tested
in the high collisionality and high mass ratio regime, and results are analyzed using the
Braginskii fluid model. The operator’s ability to recover thermal force is demonstrated,
which is important for impurity transport simulation. For the uniform slab geometry,
strongly collisional plasma with mass ratio of 100, the linearized multi-species collision
operator produces parallel transport coefficients in good agreement with Braginskii’s results
when the full Fokker-Planck operator is used to model like-species collisions. Furthermore,
transport coefficients remain within 20% of Braginskii values when Abel model operator
instead of the Fokker-Planck operator. The slab geometry results are verified to be in
agreement with the simulations of Pfirsch-Schliiter radial ion-heavy impurity transport
problem in toroidal geometry. Although the newly implemented model operator may not
produce accurate transport coefficients for plasmas with similar mass ratios, this limitation
can be addressed in future work. Meanwhile, the ability of the operator to retain thermal

force enables analysis of neoclassical impurity transport with the COGENT code.
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