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Abstract

This paper brizfly explains the Gale-Shapley algorithm for assigning

diverce-proof marriages,

.

It is demoanstrated that in generel,

can gain by misrvepresenting their preferences.

if an

7
assignmant mechanism leads to divorce-proof marriages, some participants




David Cale and Lloyd Shap”ay (1962)) devis sed a courtship algy

ing a "‘'lvorce-proof" assignment of marrlages.

Their idea is thi

.
there is a population of n boys znd n girls who are to be paired

of_the boys has a preference ranking ov

girls:has a Dreference ranking of the boys as potential mates. I

people may have dlfferent ranklngs of the opposite sex. An assig

. My '
partners is dlvcrce—proof" if no two people of opp031te sex woul

have.each other rather than their 4931°ned partners. Stated anot

an as51gnment is dlvorce—proof if when a ‘man covets his neighbor’

she does not covet him in regurn.z
The Cale-Sbapley algorlthm vorka llke this.

2 note addressed it to his favorlte girl and signs 1t. - The notes

are dellvered to the addressees.

If each girl receives a note, tl

process is flnlshed and the glrls are

o
EY%

paired with their respectiv

L

=¥ e

Uaually some glr]o won't get notes and some glrlc w111 get more t]
CIf a glrl receives more than one note, she examines her list of su

thn one she likes best on the list she says maybe " To the OthEI

says "no". Rejected suitors are informed of their misfortune.
rejected suitor then addresses a message to his second-choice girl
'some girls have still not received proposals, then there will be c

with more than one suitor.

as yet declined compares these'pending offers and decides which bg

best of the 1lot.

To him she says "maybe". The others are told !

?jecfed suitors then propose to their first choice among the girls
not as yet rejected them. The process continues until every girl
ceived a proposal. Each girl is then assigned to the one boy who

" to her and whom she hasn't rejected. It is not hard to show that

$.

Each boy ﬁrites

A girl who has more than one offer whi

brithm for arrang-

Suppose that

off. Each

er the set of girls and each of the
different. -

gnment of

d prefer to
her way,

s wife,

e
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rust terminate after a finite number of steps and that the outcoms is
"divof?é—proof". '

Oé»coufse, a dual process céuld be employed, where the girls propose
to the boys. In general the equilibrium assigument when the girls propose
is different from that when the boys propoge. To see this, consider the

following example. There are two boys and two girls. Their prefefenceé '

are listed in Table 1;'

Table 1

Person 'Favofite Partner Second Favorite

Alan ] :Alice' _ Betsy

Bil1 - | - Betsy . ' Alice

Klice Bl . | 7 Alan . L

Betsy © Alan ' . Bill T
}

If the boys'prapose, Alan proposes to Allce and Bill'proposes to Betsy. Since
bothtgirls have'prg§6§ai%;‘£hé process ends. Algﬁ and Alice ére paired as afe
' Bill and Betsy. If the gitls'probose, Alice proposes to Billvand Betsy pro-
poses to Alan. Since botﬁ boys héﬁé propbsals, the process is fig?shed. .

. Alice marries Bill and Bets§>marries Alan. Either Qutcome is divofce—proof.
When fhe boys propose, both boyé get éheir first choiées. ﬁhen the girls .
propoée, both girls get theif first choices. In this example, girlé—propose
is better_for both girls and boys;probose is better'for.both boy§. Thera are
configurations of preferenqeé suéﬁ that boys;propose is better for some
girls.than girls—proﬁoée.,lHowever, there is a sense in which the prbposing

| sex is, invgeneral,'faﬁdged. " Gale and Shapley define a divorce—proof assignment
to be "boy-optimal" if there is no other divorce-proof assigoment that is

| better for some boys-gnd worse for no boys. "Girl-optimal” is defined dually.

They then prove the following theorem. The boys-propese assignment is always
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boy-opt imal and the girls-propose assignment is always girl-optimal.

Any reader of Econometrica, (Gibbard {1973)), Satterthwaitve (1975)), or

fellower of the soap opéras will notice that so far we have neglected the
rich possibilities for duplicity in courtship. A nafural question, in the
languﬁge of Gibbard, is whether courtship a la Gale and Shapley is cheatproof.
 The answer is "no" as we illustrate with the folloving simplevexample. There

are 3boys and 3 girls. Their preferences afeidescribed.in Table 2. -

- Table 2

Person Favorite Par;ner Second Favorite Third Favorite
Alan 4 Alice ‘ Betsy Clara
Bill Betsy o . Alice Clara

Charlie | Alice = » Clara A . . Betsy
Alice 5 5 5 R Alan - Charlie
.Betsy . Alan . ; Bill ' Charlie
*Clara " Alan” ' Charlie = +* : Bill

Suppose that the<boyé.proposé and the éirls answver truth?uily. On the
firét round, Alice will receive proposals from Alan and Chérlie and Betsy
will receive a propdsal fFom;Bill. Alice will reject Charlie who then pro-
poses to Clara. At this staée all gifls have proposals so that Alice marriés
Alan, Betsy mérries Bill éndAClara marries Charlie.

Suppose that before the proposals were sent, the girls learned about

each other's preferences and about the boys' preferences. Could it be that

Alice, who winds up with her second choice if she plays truthfully, can

usefully employ a bit of feminine guile. Suppose that Alice thinks that
everyone else will play truéhfully. If when Alan aﬁd Charlie propose to

Vher, she pretends to like Charlie better than Alaun, then the-rejecﬁed Alan

" will propose to Betsy on the second round. Betsy will then turn down Bill
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whom Alice réally wants. On the next round, Bill, who is now una;tached,
will choose Alice, who is his second choice. Alice then accepts Bill and
rejacts Charlie,>to whon she had previously said "ﬁaybg". Ch%rlie proposes
to his second cﬁoice, Clara. At this point all girls have proposals and
the assignments are Alice marries Bill, Betsy marries»Alan; and Clara marries
Charlie. For her dupligity, Alice-has_béen rewafdéd with Bill, fer first
choice, instead of hervsecond choice. o |

Both Alice and Betsy are gainers because Alice lied and Clara is unaffectéd.7
Alan-and Bill are made wérse offi In fact, the outcome with the boyé pro-
posin;“andmAlice,lying is the same as_the trutﬁ£ul,girls~propose oﬁtéoﬁe.
0f coursé, iﬁ order to be able to safely adcomplish.this maneuver Aliée-had
to know that someone, in fhié'case, Betsy,’wohld give up-Bill if Alan became

~available and she would also have to know that Bill pfeferred her to Clara.

Othexrwise she would be st

=Y ¢ [

uck with Charlie. Betsy, 1iké'Aiice is a net gainer
from the transaction so Betsy would have willingly ;efe;ied he; préferénééé
to Alice. On the other hand, Bill is the worse off for Alice's ploy and
Alice needs to know that'Bill likes her better than Clara in order to be‘sure
that she qu't.ﬁe ieft‘holding Charlie.é

This giample shows that the Gale-Shapley couftshiﬁ algorithm, although )
divcrce-proéf is not cheatproof. Might there be some other assignment
mechanism‘that ié both divorce-proof and éheatproof?_'It'turns ou&'that thére'
is not. To establish the semse in which this claim is true, we need some
definitioné.- The strucéurevused here is essentially the same as that of
Gibbard t1973). More formal definitions are found in tﬂe appendix of this
paper.

An assigﬁment mechanism asks each of n boys and n girls to expréss a

| preference ranking over members of the opposite sex. Since true preferences
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are regarded as privately held 1nformat10n, the mechanlsm must operate
with eanequd prefcrences which need not be the same as true preferences.

.

For any specification of the expressed preferences of each person, an

assignment mechanism must determine a matriage.parfner-of the opposite sex
for everyone. An assignment mechanism is cheatproof if, nb matter what the
preferences of indivianls'are, no one cén get a‘bettervpartuer from the

mechanism by lying about hig.preferences than by téiling the tfuth. OQur

result is the following.

‘Theorem — If the number of persons of each sex is at least 3, then there are

no cheatproof assignment mechanisms that guarantee divorce-proof assigaments

The proof of this theorem takes the form of a counterexample based on
the preference prorlles expressed 1n Table 2. > We proceed by a serles of
steps.

X . N RS
g . e R e ERL

”
FE

Step 1 There are only two dlvorce—proof a331gnnents for the preference pro-—

file in lable 2. These are:

(1) Alan-Alice, Bill~Betsy, Charlie-Clara
(2) Alan-Betsy, Bill—Alice, Charlie~Clara.

Proof: 'Any divorce-proof meéﬁanism must assign Charlie to Clara. If Alan were -
assigned to Clara, tﬁen'Alan énd Betsy éould prefer each other to phei?
assigﬁed partners, sincelAlan'is Betsyfs first choice and Cléra is Alan's
laét choice. - If Bill ﬁére_éssigned to Clara, then Bill and Alice would

prefer each other to their assigned partners, by similar reasoning.

‘Step 2: If the preference prpfilé is as in Table 3, then the only divorce-—

" proof assignment is Alan—Betsy; Alice-Bill, Charlie-Clara.
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Table 3

Forson Favorite Partner Second Favorite}] Third Favorite
Alan Alice Betsy Clara
Bill Betsy Aldice Clara

Charlie Alice Clara Betsy

. Alice Bill Charlie Alan
Betsy Alan Bill Charlie
Clara Alan Charlie Bill

Proof: The same argument uséd in Step 1 will imply that a di&orcé—pfoof out-
come must pair Charlié and Clara. Suppose Alice is paired with Alan. Then
Alice preferS'éharlielto her‘spouse and Charlie prefers Alice to hié spouse.
Therefore Alice ﬁust be paireaAwith Bill.and Betsy and Alan are left fér

each other. ihis assignment'is divorce-proof since Alice aﬁd Betsy have
their first choices aﬁd if'Claré is to bé made Setter off, she must have

Alan who ranks her last.

B3 . P08 e o
A . ) : L e .

A cheatproof and divorce-proof assigament mechanism could not assign

Alan to Alice when preferences are as in Table 2.

Proof: Alice could improve on this assignment by pretending to have the
ordering-Bill, Charlie, Alan. - Tf she did then according to Step 2, any cheal-

proof, divorce proof mechaﬁism would give her Bill whom she prefers to Alan.

Step 4: A éheatproof and divorce-proof mechanism}gould not assign Bill to

Alice when preferences are in Table 2.

“Proof: The proof of Step 4 is exactly parallel to the proof of Step 3. Just.
as any cheatproof divorce-proof assignment mechanism would reward Alice with
Bill if she pretended to like Charlie better than Allen, so wilj.any'sucﬁ

mechanism reward Bill with Betsy if he pretends to like Clara better than

Alice. Since Bill prefers Betsy to Alice, no cheatproof, divorce-proof assign-
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ment mechanism can assign Bill to Alice.

Step 5: TFrom Step 1 we see that aay cheatproof, divorceproof assigament
machanism must assign Alice to Alan or Bill. From Steps 3 and 4 we see that

such a mechanism can not assign Alice to either Alan or Bill. Therefore there

can be no such mechanism.

. It is evidently too much to ask that an assignment mechanism be both
cheatproof and divorce-proof. This suggests that there is abundant room for
further exploration by dramatists and choice theorists of the complexities

-

involved in even the simplest entanglements of affections.

s
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Appendix

Let there be n males and n females. Members of each sex are indexed
from 1 to n. Let be the set of all permutations of the integers 1 to n.
Let ?i g 6 and ?; € 6 represeqL respectively boy i's preferences and girl
i's preferences over members of the opposite sex. Thus, for example, if j
appears befpre k in the‘permutation Pi’ then boy i likes girl j better
than he 1ikes girl k. If this is the case we will write j P, k. Slmllarly
we will write jP#k if giri i.likes boy j better than boy k. ILet S e 0 and
Sn € 0 denote respectively the preferences signalled by boy i and glrl i.
The set of all p0851b1e marriages cen be ”dentlfled with the set © by a
simple conveetion.' Let M e © denote the assignment of marriages in whlch
if girl k appears in the jth place of M, then girl k marries boy j; 'Since
individuals are a%eumed to be concerned only about who thelr own partnere will
be, the preference relafloﬂs P and P* induce preferences on marriages
ass vnment\ in an obvlouc we& let M(l) be the glrl "that asqlgnment M
as signs to boy 1,and M&(1) the boy that assignment M a951gns to glrl i.
Where M and M are two different a531gnments define MP, H to mean M{i)P, M(l)

and deFlne M?*M to mean M*(1)P, HA(L)
An a031gnm°nt m?Cha“laﬂ is a functlon A(+) from 62 to 8 which is
interpreted as follows:- | |

| A(Sl,...,Sn,Si

,.,.,Sﬁ) =M
‘means that if the signals sent are Sl,...,Sn,Sg,...,Si, then the marriage

assignment will be M. An assignment mechanism, A, is cheatproof if for all i

and for all (Pl""’Pn’Pi""’Pﬁ) g 0 n, there is no S; € 9 such that

A(P,,...,S, .. P P veoy  PE)P A(P % P .P p: and 1f there
,.1’ ? l, i n) i ( e i,‘.‘.’ n’ i‘".., t.:) '
% B :(P],... P P] cne,SF, L. -
. E) > -,P )P. A(Pl,.'.’P Pl,,,.’

.pi,...,P:),

A marriag i i i
age assignment M is divorce-proof if there is no boy 1

and girl j such that jP_M(i) and iP%M*(§)
Y : oM




Footnotes

™

This is an article of great elegance and charm. We strongly recommend it,
even if finding it means a trip to the wathematics library.

Game theorists will recognize a divorce-proof assignment as being the core
"of the game without transferable utility in which the only coalitions that can
accomplish anything interesting are twosomes of opposite sexes,

Perhaps this is what teen-agers discuss on the telephone.

More ‘generally if a girl gains by lying, it must be that the boy she winds up
with is worse off than he would be if everyone told the truth. ' This follows from
. the fact that the Gale-Shapley assignment is divorce-proof when people play
- truthfully. But in order to be sure that she can get this boy by lying, she
typically must be sure that she isn't his last choice. 1If he understands her
- game, it is in his interest to pretend he doesn't like her at all. '

This result can not be obtained as a direct corollary of Gibbard's theorem
because Gibbard requires that the domain of preferences include all possible
orderings of the alternatives. 1In our example, preferences on marriage
assignment patterns are restricted by the requirement that individuals are
concerned only about whom they, themselves, marry. )

Ty
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