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" ABSTRACT
An ekpression of the classical S-matrix for Coulomb excitation
is derived ahd ditectly evaluatee without.re§orting to stationary
phase integration methods The results obtained are in quantitative
agreement with other quantum mechanlcal and semi- c1a551cal predlctlons.
: ThlS and the 51mp11c1ty of the method suggest the fea51b111ty of

"extendlng it to cases where other methods are not easily applied.

*This work was supported by the u. S Energy Research and Development
Administration.. .
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The electromagnetic interaction that appéars in the collision
of a deformed target nucleus with a nuclear projectile e*cites
rotational states of the targét. Unfil recgntiy only light projectile
ions were available and partial wave, coupled channel, quantum mechanical
calculations of this Coulomb excitation process were feasible.

With the advent.of heavier projectiles exact quantum mechanical
calculatioﬁs have become impractical. However, thé shorter ‘de Broglie
wavelength of-héavy ions bringé the pfoblem closef to the realm of
Classical Mechanics, and in recent years the UnifOrm Semi-classical

Approximation (USCA), developed mainly by W. Miller,;—s)

4,5)

was applied

to.this prObleﬁ with results that compare very Well with the
predictions of the semi-classical method of Winther and de Boer.6)
Millef derives an integral_expression fof the classical S-matrix
which he reférs to as the initial value representation of fﬁe S—matrix,z)
The USCA method consists in evaluating this integral expression by‘the

stationary phase approximation.

In this initial value representation, the Coulomb excitation

of a two-dimensional rotor by a backscattered projectile has an S-matrix

given by:
: 1
" 38,8, 7" _ _
812+0 I d8, __55:—— exp 1{¢2(81)4'82(81)[12(31)‘ 12]}
- ’ | | (1)
where the final spins_I2 are 12 =0, 2, 4, ... (in units of h). Hére

B, is the initial orientation angle between the rotor axis and the beam

akis, and é;(31) is the final angle shift which_is defined as

_ | mR,(B) hI,(8)
56D = 5,6) - BE) —y

(2)
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_ Wwhere all variablés were defined above. .

whefe 62(81) is the orientation angle, 12(81) is the angular momentum

of the rotor'(in units of h),‘Ré(Bl) is the projectile—target distance,

- and Pé(81) is the relative momentum of the projectile in the center-

of-mass system, all evaluated at a point élong the trajectory such
that the interaction has already taken place (the spin I has ‘taken a

constant value). The reducéd mass of the system and the moment-of-

’>inertia of the rotor are indicated by m and fespectively.

'Finaiiy, ¢2(Bl)'in Eq. (i) is the classical'phése in units of h
evaluatéd'ulong the trajectory that has an initial oricntation Bl and

a final one Bé.

. t(8,) |
6,(8,) = —,11—[ [R(E) B(t) + B(1) h E(0)] at  (3)
t(B,) -

Thevreason for taking the angle shift E; and not the angle

. va‘riable‘B2 in the.expreSSion for the S-matrix is that Eq. (1) must be

independent of the point in the asymptotic region where we terminate

. the trajectory.; This»requirement'is'satiéfied by an expression such
_as Eq. (2). Wong and Marcus7) giVe a more general relationship which

- can also be used in this case.

. A real deformed nucleus must be considered as a three-dimensional =
rotor. The final spin takes the values I2 = 0.5, 2.5, 4.5, .... since .

to the quantum{mechaniqdl spin I there corresponds a classical spin Afb
4) 4,9) e o

o

I+ the different orientations

- From geometrical con§ideratibns
B, must be weighted by the factor (8 sin 81)2 with 0 <8 <.
From_Eq},(l) and preceding considerations'we obtain the fqllowing

expression for the Coulomb excitation S-matrix of a deformed nucleus by



a backscattered projectile

m 2

1 " . : 355(61) & ' -
51«0 —\/_f a8, |sing, ——— exp(i{cbz(si)e82(813_[12(61)512]»

o ()

wherefall'magnitudes retain their previous definition and Iz'= 0.5,
2.5, 4.5, ....
- This integral is’notvdifficuit to integrate even for massive

238

targots and ﬁrojcctiles. In the case oF.40Ar oﬁ U at 170 MeV

laboratory energy shown in Fig. 1, it was sufficient to take a partition

of the interval [0, into 100 points to evaluate the excitation
- probabilities defined by

()

Py = IS, ol

(1) I+0

with good accuracy. We compared our results with the Winther-de Boer6)

‘predictions since no quantum mechanical codes are feasible in this case.
The energy levels were taken from the rotational model with constant

moment of inertia but it would be very simple to allow for yariable

moment of inertia by taking the appropriate expression for the classical

Hamiltonian used to calculate the trajectories. Equation (4) isvusefu1
even at eﬁefgies near the Coulomb barrier where the onset of the
 nuc1ear pétential'makes the Winther-de Boer method no longer valid.
The nuclear potential can be easily included in the classical equations
" of motion used to obtain the variables in the integrand of Eq. (4).

| The fact that thé stationary phase appfoximétion is not used
makes epression (4) more accurate where that approkimation breaks
down. Figure 2 and Table I show such a case; in this example the

exponent in.Eq. (4) does not change very rapidly and the stationary
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phase a??foximation is fiot so good.. The direct evaluation of the
claséical S-matrix gives much bettér agreement with the exact quantum-
mechaﬁicai results thah the USCA fof this case.

There aré also Qases.whefe more than one'intérnal dégreelof
freedom mﬁét be considered,»§u;h as in rotational-vibrational excitation.
For these éases_the uniform approximation to the classical S-matrix is
mdre complicatedll) and the multi-dimensional searchvfor_the étationaryv

10)

points may be as difficult from a numerical point of view as the

direct evaluation of the classical S-matrix.

AcknoWledgments:-VWe“thank'DrJ Herbert Massmann for stimulating
4discussions,-and Drs. Robert Anholt, Jean Paul Boisson and Prof.
Hiroyasu Ejiri for useful comments onlqur manuscript. R. Donangelo
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TABLE I. Comparison of the ratios of the normalized excitation
probabilities predicted by the Integral Expression (4)
and by the USCA method to the Quantum-Mechanical coupled
channel results of the AROSA code8) in the case depicted

in Fig. 2.
SPIN ) ' INTEGRAL/Q. M. ‘ USCA/Q.M.
0. S . 1.06 \ 0.97

2 L 0.90 - . 11.06
4 ‘ 0.99 0.90
s 113 0.6l

8 | 1.15 ©0.29




Fig. 1.

Fig. 2.

AqUadrupole moment of 1
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" FIGURE CAPTIONS

Calculation of Coulomb excitation probabilities to excite

members of the rotational ground band in 238U for back-

scattering of 40Ar at Elab = 170 MeV. The quadrupole
38

moment ofv2 U is taken to be 11.12 eb?. The results given

by the Winther-de Boer code are indicated by dark circles.

joined by full lines. -The classical S-matrix values are

~indicated by open‘circles joined by dashed lines. The

238.

énergy levels of- U are taken from the rotational model.

Calculation of Coulomb excitation probabilities to excite

the rotational band in 1523m for backscatterihg of 8Be at.

= 30 MeV. The Quantum-Méchaniéal calculations were -
: 8)

Flab ,
performed using the coupled channel code AROSA.
52

The

Sm is taken to be 5.85 eb?.

~ Quantum Mechanical results are shown as dark circles joined

by full lines, USCA results by open squares joined by
dotted lines and integral expression (4) values are

indicated by open circles joined by dashed lines. The

52

energy levels of 1 Sm are taken from the rotational

model for all calculations.

-
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