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ABSTRACT. The relationship between expected errors in
the reconstruction of a transverse section from projec-

tions at multiple angles and the statistical errors of

the projections is derived: o = OI‘V (1.6D)/(nd3), where

Y
o is the rms error of‘the reconstruction, 0. is the rms

I
error of the projections, n is the number of prbjection
data points, D is the linear dimension of fhe reéonsﬁruc—
tion region and d is the linear dimension of the recon-
structgd cells into which the reconstruction region is
subdividéd (resolution length). The results are.applic-

able to x-ray or nuclear particle transmission as well

as radioisotope emigssion studies.

-1ii-



£ K H g s 4 ] s % - # e
QO ua4d4902665

1. Introduction

Techniques for reconstruction of the 3-dimensional distributioﬁ
of deneity in an object from projections at multiple angles have
received extensive investigation and review, particularly for x-ray
transmission (Gordon and Herman 1973) and photon emission from
radioisotepes (Budinger and Gﬁllberg 1974). However, the important
problem of noise prppagation and the analysis 6f.the expected uncer-
tainty in a reconstruction has only recently coﬁe uﬁder investigation
(Chesler 1975, Barrett et. al. 1975). The present work provides a
quantitative basis for estimating errors in a transverse section
reconstructed from multiple projections. The results are applicable
to x-ray or nuclear barticle traﬁsmission as well as nuclear @edicine
image reconstruction. |

The cirduler area to be reconetructed has'diameter D, and is
subdivided into small squére cells of dimensions d x d. The area
to be reconstructed consists of (m/4) (D/d)2 cells, each of which is
assumed to contain uniform density. The data censist of‘a collection
of line integrals of the density o&er n copianar pathsithrough the
transverse section. The paths traverse the reconstruction region at
regularly spaced intervals and at regularly spaced angles. The
geometry of the reconstruction regioﬁ and an example of the paths for
line integrals at one angle, 6, are shown in fig. 1. For the model
-chosen-(uniferm density in each ceil) the relationship between the

1line integral Ii and the density, pj,'iﬁ the jth_cell is,.

A

where £, is the line length of the 1™ path through the j cell, as

L= L2y, Pj ' (1)

shown in the inset of fig. 1. (Qij is zero if the ith path does not
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intersect the jth cell.)

2. Reconstructioh'and Error Analysis

The backprojection (simple superposition image) Bk, for the kth

cell -i8 defined to be the line integral times the Iine 1ength through

that ¢ell summed over the n paths,

t 4 oM - p s
1 3 4 .34

B, = I,% o (2)

171k

alo

The choice of the normalization factor D/(nd3) is explained below.
By substitution of eqn (1) into eqn (2), the backprojection can

be written in terms of the density as,

Bk = D3 i zik zij pj » (3)
nd

Defining the matrix M by the exﬁréssion,
My = D i ety o (4)
and substituiing into eqn (3), gives,
=1 s v (5
B ] Mey 5 - )

so that the backprojection vector 1is jdst the density vector multi-

plied by the matrix M. A diagonal element of M is given by,

iR Bt S ©
‘nd -

but the fraction of line lengths which are non-zero is about d/D
(only about nd/D of the line integrals intersect the jth'cell) and o

when non-zero.li is about equal to d (the 1iﬁear dimension of a

h|
cell) so that

Myt o2y -
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Thus the nofmalization factor D/(nd3) makes the matrix M roughly
independent of the numbet of line intégrals and the geogetrf'of the
reconstruction region.

The backprojection is just a matrix multiplication wifh the
density vector, and if the problem is well posed, the denéity vector
" can be obtéined after a matrix inversion. Since the matrix M may
be very lérgé, inVeréibn is usually impractical. This problem is put
asidé for the moment‘and'returned to below; |

In'6rder”to.investigafe'the uncertainty in the reconstructioﬁ,
thé AAnsity véétof is expressed in terms of the inverse of the

matrix M as,

p, =L M B =IM_ D II, X
iy jk "k K jk —3 4 1 ik
nd
1 (8)
= D LI, ZIM, &
— T "1 ik ik
v'nd3 i k :

Since the rms errors of different line integrals are uncorrelated,
the rms error of p, is the sum of the rms errors of the contributions

from each I, added in quadurature,

1
2 /N2 . o2 -1 2
o (o) = <__1_3_§> : o1y (E v zik)
' nd -
o 9)
2 -1
=.<_D__) Zo»(I_)X Mjkj Ly zim
3] 1
nd

where O(pj) and O(Ii) are the rms errors of pj andvIi respectively.

If the rms errors of all Ii aré'equal to 0.,

2 _ [ Do; -1 -1 ! .
<pj) - ——3 Z MJk Mam ? 2ik 2im : (10)
nd km



and substitution from eqn (4) gives,

2 o
2 Do -1 -1 2 -]
o] L) = 1 I M, M = 0. D M, 11
(pJ) T3 km ik jm Mkm I —3 3] .( )
nd , nd '

It is well known that the operation of backpréjection is
simply a convolution &ith the function 1/r (ﬁudinger and Gullberg
1974). Theréfore the diagonal elements of the matrix M are equal,
and the off-diagonal elements deérease proportional to the reciprqcal
of the distangevbetweeh cellsf That is, Mj is proportional té the
reciprocal of the distancé between the‘kth énd.jtp‘cells. Since the

matrix is in practice very large, an attempt has been made to find an

approxim'ation’tovM.-1 which is also‘a,convolﬁtion but which is limited
| ' h

in extent. Mjk has been set equal to zero when the jt and kth cells
are greater than a specifie'd distance apart, and the remaining Mgi
which best satisfy the relationship,__ v
| S AR
= . 2
DMy M "0 B

in the 1egst squafes sense have been found, where ij is the Kroneker
delta. FoF all ranges of non-zerong?.#ried, the diégonal élement
(central element=of'ihe-convblution)'has réﬁéined sfgble and is
equal to 1.6. |

A second approach to finding'the convolution M-1 Qas also tried.
In this apprbach the 2—dimeﬁsional qurier'conV61utioﬁ theorem was .

used. In our case the theorem states,

FZ(B) = FZ(M*p) = FZ(M) Fz(p) o (13)

where Fz'indicates 2-dimensional Fourier trahsformation and * indicates

convolution. Solving for Fz(p),

F, (B) -1 -1,
F,(p) = "2 = F (M "#%B) = F_(M )F (B) (14)
S x 2 :
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and the desired convolution is,

vt = le 1 - (15)
AR, o

-1 - »
where F2 is the inverse Fourier transformation. With this approach

the central element of the convolution M—l was also found to be equal
to 1.6.

Setting M;? equal to 1.6. in eqn (11) gives,

oz(p ) = 1.6D ci (16)
¥ 3
nd
or,
o, = 1.6g o, | _ (17)

where Op is the rms error of all reconstructed cell densities, since
there is no j—dependence on the right-hand side of eqn.(l6).

This derivation assumeé that the uncerﬁéinty of all measured
line_integrals are equal. This is not a serious drawback;'siqce a
practical estimate can be made using eqn (17) when this assumption is
not t;ue.

Althéugh the logic of the derivation foliows é.particular‘re-
construction technique (convolution of the backprojéction) the result
is more general. The result is also applicable tp the conventional
convdlution technique, as it has been shown that the two linear
operators are equivalent (Budinger and Gullberg 1975).

Finaily,-it must bevstressed that eqn (17) gives errors of the
reconstruptidn due only to statistical errors of the line integrals.
Systematic errors due to the particular recoﬁstruction technique used

are not treated here.



3. X-Ray Transmission
For an x-ray transmission device it is assumed that a water bath
surroundé the recoﬁstruction region and that the object to be recon-
struéted has approximately the same linear attenuation coefficient as"
that of water. This situation is depicted in fig; 2, and it can be
seen. that the total path length for the transmiésions of x-rays along
any of the n baths'is apprdximately eqﬁal'to a disténce L of water.
,Ih‘this case the functioﬁ”p'to'be reconstructed is the linear
attenuation‘cbefficient, uéually denoted'ﬁy U be X-rays are in—"
jected‘aloﬁg the-ithrpath. and N » the number emefging from the
opposiﬁé side of the water bath is counted. The expected value for
N, is given by ' - -5 &

1 .
N, =N'e =N e (18)

I, = log (iq-‘i) o (19)

There are several contributions to the rms error of Ii stemming from

so that,

the uncertainties of both No and Ni' For the purpbses of this ex-
ample the uncertainty of No is neglected, as it is usually small.
It is also assumed the uncertainty of Ni is purely statistical

{ G(Ni) = v Ni ] so that the rms error of Ii is,"

o(Ly) = it o) =) o (20)
B B R SA

Since the n paths all traverse about an effective distance L

fpoL, where po is

of water, each Ni is approximately equal to No e
the linear attenuation coefficient of water. Therefore the i-sub-
scripts may be dropped and,

(21)
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Substituting eqn (21) into eqn (17) gives,

/ C(22)

and the relative error is given by,

o= 1 (23)
D Po

A simplified version of eqn (23) emerges if the thickness of

the water bath is equal to the diameter of the reconstruction region
and the number of line integrals is equal to the square of the number

of cells aéposs the region, i.e.,

L=D : (24a)

n=fpy? (24b)
7) |

For this special case, substitution of eqns (24) into eqn (23) gives,

'/ (25)

Using eqn (21) and the assumption that I = poL = poD, eqn (25) can

Dloo

be further simplified to,

9% =% _/[1.6D (26)
Po I d o

which gives the relative error of the reconstruction of the relative

error of the line integrals. For example assume that D = L = 27 cm.,

d = .15 cm (b/d = 180), n = (180)2, po = .19 (:m—l and Ni =N = 105.

Then,

- 1 =——t 0t @1

pon/"ﬁ (.19) (27)/105

L
I



and

% = (6x10™% /(T.6) (180) = 1072 (28)

o

4. Gamma-Ray Emission
For the case of gamma emission, the assumption of equal line

integral errors is not valid, however eqn (17) may be used to obtain -

a practical estimate of the reconstructiqn errors by making an approxi-

mation to OI. Here the function p to be reconstructed has the dimen-

sions of counts per unit area.

If the total number of counts detected is O, the average number

used to evaluate each Ii is Q/n. (n = total number of line integrals)

Since a line integral is proportional to the number of counts used to

evaluate it, its relative rms error is equal to,

o ; '
L= _1 = f=n (29)

so that, é
op =1 (30)

[n
Q

Assuming that p is approximately uniform over the reconstruction

region, :
|
P _Q _ _4Q | |
— = o (31) |
- D7 /4 ™ : -
Since the average distance across a disk of diameter D is mD/4, the .

average line integral is equal to,

1= mp= mD 4Q = (32
S s
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so that,

-
glo

]‘“= /10 : - (33)
D

Substituting eqn (33) into eqn (17) gives,
, / (34)

and using eqn (31) the relative rms error is given by,

% = n_nf (35)
P 4Q '

Defining q as the number of counts per cell
q=pd® = 40d° (36)

ﬂDz

9% = 1 4f1.6D° 4d2 - (37)
p 4 a3

For example assume that D = 27 cm, d = .15 cm and q= 10

&)

so that,

counts per cell. Eqn (37) gives

% = [a.em(@2n = 0.15 (38)
P @aohH sy

57 Conclusion

Given the size aﬁd number of cells in a region to be reconstructed
and the number of events in the projection data, an estimate of tﬁe
uncertainty éf the reconstructed transverse secﬁion can be made in

accordance with eqn (17),

Vi S
nd :




After separating terms of eqn (17) and squaring,

var(p) = 02 = 1.6(1 ) (D) (02 ) | (39)
- P ) \T)\
. d n

Thus the variance in the reconstructed function is related to the
smallness in cell size and number of cells along a line integral.
The noise in a reconstructed element relative to noise in the
, L . 3 3 '
projections is proportional to D7/(nd”) as ascertained by com-
paring the relative errors under the realistic conditions of eqns (27)
and (28). Since the number of cells in the reconstruction region is

given by v = (ﬂ/4)(D/d)2, the noise amplification is proportional

noise amp.- o l/ ' ' (40)

For practical estimates of relative rms errors of the recon-

to,

5
=N}

struction &ue to statistical uncertainty of thé prbjections; the
reader is referred to eqns (23) and (37) for transmission and emission
respectively.
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Figure 1.

Figure 2.

Figure Captions

Geometry of the reconstruction region and an example

of line integral paths at one angle, 6.
Physical set-up for x-ray transmission where a water

bath is used to equalize total path length for line

-integrals.
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