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1. INTRODUCTION

During the past few years considerable attention has been devoted to
analysis of solid rocket grain configurations. One of the methods commonly
employed is the finite element analysis of an idealized grain-case con-
figuration, The procedure usually consists of dividing the region of
interest into polygonal "elements' in the continuum (grain) and straight
line "elements’ in the shell (motor case). Then appropriate displacement
approximations are utilized in each element and a Ritz solution is obtained
for the entire configuration. To date most analyses utilize displacement
fields in the continuum which keep the boundaries of the elements straight
during deformation. Then, by matching the nodes of intersection between
elements, a continuous displacement field is maintained. It is known that
convergence of the method occurs with decrease in element size when dis-
placements maintain compatibility between elements.

In the analysis of the shell, most of the reported literature is based
on a displacement formulation, wherein the transverse and plane displacements
are expanded in polynomials [1], [2]. Popov uses exact displacements for
conoids which are loaded at their ends only [3]. When utilized as a motor
case for a grain which is analyzed by a finite element method, all of these
displacement formulations are incompatible with grain displacement fields,
In the present work, a development is obtained which has a compatible

displacement field with the continuum elements commonly employed. This

development also uses straight segments as the basic element and, consequently,

neglects the effects of initial curvature along the generator defining the

elements. The errors involved in using straight segments should not be



serious provided the element length to initial radius of curvature ratio

is small.

With the present development, it should now be possible to investigate

the effects of grain-case incompatibility. Furthermore, with this develop-
ment it is not necessary to deduce 'special’ continuum elements at the

interface as would be necessary with previous developments; hence it is

easily adapted to existing computer analysis routines for motor grains.



2.

SHELLS OF REVOLUTION

The equations which govern the behavior of a shell of revolution sub-

Jjected to axisymmetric deformations are

equilibrium equations [4]

expressed by:

(1) the three

1 .9 r
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T is the solution to the uncoupled Fourier's heat conduction equation; and

(3) the constitutive equations wherein the stress resultants are related

to the strain-displacement-temperature
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and Cij are the elastic-moduli for the orthotropic material.

Equations (2.1) to (2.3) constitute the governing equations for the
analysis of shells of revolution subjected to axisymmetric deformations.
In order to construct a finite element solution which satisfies all the
continuity requirements at element interfaces and uses only displacements
as primary dependent variables, it is necessary to expand the inplane dis-
placement u with at least two degrees of freedom and the transverse
displacement w with at least four degrees of freedom within each element.
Grafton-Strome [1] use a polynomial representation for u and w. If this
shell element is used in connection with an elastic filler which is
expressed by conventional finite elements with linear displacement
expansions, incompatibilities exist between the shell and filler deformation
fields. 1In order to retain the linear displacement expansion for the

continuum element the requirement of compatibility regquires linear expansion



of both shell displacement components. Consequently, to allow a linear
displacement expansion it is necessary to retain a third primary dependent
variable. In the development to follow the meridian moment is retained
as the third dependent variable.

The governing equations, in a form suitable for an analysis based on

the above arguments are recast in the form:
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Equations (2.5) and (2.6) are the first two of Equation (2.1) recast in
terms of the selected primary dependent variables; while Equation (2.7)
is the constitutive equation for Mll' The interrelationships of the

quantities, which occur on the boundary of the shell, in terms of the

selected primary dependent variables are

_ Qv _u
g = 3 R (2.9
Q. = S (rM..) -cos Dlz M - D +c<D e._+D_ ¢ >] (2.10)
17 3 11 o " 22%X22 12511722522 :
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and
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where § is the change in slope of the shell along a meridian.



3. CYLINDRICAL SHELL (PLANE STRAIN)

The governing equations for a cylindrical shell in a state of plane

strain along the generator are given by the three equilibrium equations
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where

c = %, a = shell radius,. (3.4)

In the same manner as for shells of revolution the equations are recast

in the form
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The auxiliary boundary variables in terms of the dependent variables

are expressed by
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where @ is the change in the slope of the shell along s.



4, VARIATIONAL THEOREM FOR SHELL ANALYSIS

In order to develop a finite element shell analysis based upon the
above formulation, it is expedient to express the shell problem by an
equivalent variational equation. The shell problems defined by sections (2)
and (3) with their auxiliary relations are expressed by the variational

equation

8V = 0 (4.1)

where V is the functional whose variational yields as Euler equations;
equations (5) through (7), and as natural boundary conditions equations (9)
through (11) of the previous two sections. The functional V 1is determined

*
to have the form

1 /- 2 - 2 - 2 1 2
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The surface integral is to be evaluated over the entire shell B and

the line integral over the boundaries where N__, Q, or g are specified.

11

*A Galerkin approach is used to deduce the variational theorem. The divergence
theorem is then used to obtain the quadratic form given by Equation (4.2).



10

@ Q @ and ea denote specified values of meridian inplane

N
The symbols 110 Y

stress resultant, transverse shear, and slope, respectively. The strain-
displacement measures and shell quantities are interpreted according to
the shell type considered (i.e., shell of revolution or cylinder in plane

strain).
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5. FINITE ELEMENT SOLUTIONS FOR SHELLS OF REVOLUTION

The variational problem defined by Egs. (4.1) and (4.2) along with
Egs. (2.2), (2.8) and (2.9) defines the behavior of shells of revolution.
If the shell is used as a motor case in which a grain is contained and the
grain analysis is carried out by a finite element analysis with polygonal
elements, then the shell must also be composed of straight meridianal segments
(i.e., conical frustrums); thus, in the development to follow R -4 « and P
remains constant within each element. Accordingly, the variational problem

may be rewritten as

1
= = S8,B, .S, - - S ]
v J I (2 TR SiQi> dv J 1Fyde (5.1)
B C
where
S = (u,w’M U.,S;W;S,M (S ; E, .Vi; .]:_ .ﬁl.l_’ _]."__ ﬂ)
i 11 11 r’' r r 3 r2 s
(5.2)
= ; O,......
Q; = (a;5 a5 0; 0)
a a a
Fl—(Nll,Ql,e,o ...... ;0)

and Bij is a symmetric array whose non zero components are

B = - D
3,3 /Dy
B3,9 = Sinqp
B = - D
3,10 (1 - Dyo/Dyy) cos g
B =1§

4,4 11



B4’7 = A12 cos g

B4,8 = A12 sin ¢

'35’6 = 1.0

B7’7 = A22 cosz ©
B7,8 = A22 sin @ cos o
Bz = Do cos” ?
B8,8 = 522 sin2 )
88,11 = sin ¢ cos g D22
BQ,lO = sin ¢ cos ¢ D12
510,10 = Dyo cos” g

12

The finite element solution is achieved by subdividing the shell into

subregions (elements) and approximating the primary dependent variable
behavior in each element.

Consider
1 3 1
= = g -
Vm f (2 iBiij SiQi> dv

then

(5.4)

(5.5)
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In element m take

= (0
u 011+2S

w=013+a'4s (5.6)

M= + &, s

and let
8, = Gijk @ xj (5.7)
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S
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Since all quantities are constants except Xj’ the volume integrals may be

evaluated leading to

T L m ) () () (mY | (o) =
V"Nzl <2 R T S A A (5.11)
m=1
where
m+ 1
g (™ I X, X. dv
1] i
S
" (5.12)
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t = Gijk Xj By

The di are expressed in terms of nodal displacements and moments through

(m) (m) . )
[o4 = = =
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where
- i w M _...... [
0 = (ug,wy My ,ug W, My, Uy ¥y My
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S
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-5
(m) m
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(m) -1
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»J m1l m
(m) 1
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all other L

(m)
j are zero.

i

The functional takes the final form

1 —
V = CY ¢1 Kij ¢J - ¢i Ni - ¢i Ti (5.15)
where
N-1
K - z p W o (mw
iJd ni np BJ
m=1
N-1 (5.16)
Ny L™
i ni n
m=1
and
To=1 (9%
i ni n

The application of the direct method of the calculus of variations (Ritz
Method) leads to the set of 3N equations to be solved for ¢i, the nodal

values of the primary dependent variables; accordingly

o _o i=1,...,3N (5.17)
9,
i
which yields upon noting that Ki = Kji’
_ i=1,...,3N
K .¢. -N -T =20
‘iJ 0 J i i (5.18)
j=1,...,3N

The force resultants are computed from Eq. (2.3) where displacements are
obtained in terms of Equations (5.6), (5.13), (5.14) and the solution to

(5.18).
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6, FINITE ELEMENT SOLUTION FOR CYLINDRICAL SHELL

The steps carried out in the previous section are repeated herein for
the cylindrical shell in a state of plane strain. Accordingly, the functional

of the variational problem is given by

V = I j ( -8.Q,)dv - I S, F, dC
1 iJ 3 ivi iTi

C

where

wn
I

~

o]

i;qn;O; ......... 0)

F. = (N 1,Q1,el, .....

and Bij is the symmetric array whose non-zero components are

B16 = C
Bog = c2A11

‘g Bos = ¢*

| Bog = ©Ayy
By = = /Dy,
B34 = C
Bag = 843
B = -1

56
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The finite element solution is given by Egs. (5.4) to (5.8) where

X, = (1, s)
J
and the non-zero G, | are
ijk
61117%1227%%117%222763117%227C412705147C%16 = 1-°

The remainder of the finite element description is given in Egs. (5.10) to

(5.18). The force resultants are computed from Eq. (3.3).
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7. NUMERICAL EXAMPLE

In order to illustrate the results obtained by the development given
herein, a cylindrical shell as shown in Fig. 2 and subjected to a constant
edge shear is considered. This shell has been considered previously in [1]
and [2] and hence a comparison can be made between the two different develop-
ments.

The same mesh characteristics as used in [2] are considered herein.
These are shown in Fig. 2. For the present development the results for the
transverse displacement and meridian moment are shown in Figs. 3 and 4. For
comparison with [2], the transverse tip displacement and maximum meridian
moment are tabulated vs. the mesh spacing over the first one inch of
meridian distance from the loaded end. These results are shown in Table 1.
As one might expect from the basis developed herein, the meridian moment is
improved with a corresponding sacrifice in displacement accuracy. If,
however, the true behavior is accurately protrayed everywhere along the
structure, then both developments appear to give comparable results. Whether
this means that incompatabilities between shell and elasticity elements are
not important cannot be answered from the results of this example. The
constraints imposed by a nearly incompressible elastic matrix may be

extremely critical to the shell analysis.



19

8, CONCLUSION AND CLOSING REMARKS

A finite element shell analysis technique suitable for solid propellant
rocket motor case analysis has been developed herein for shells of revolution
subjected to axisymmetric loadings and cylinders in plane strain. The
principal advantage of the present development over previous efforts is that
it has a compatible displacement field with conventionally used elasticity
finite elements, Thus, the effect of geometric incompatibilities is
eliminated with the present development. Numerical efforts conducted to
date for shell behavior show the present development to give comparable
results with previous efforts provided a suitable mesh is selected. To
date the effects of the shell-continua incompatibility in the previous
works have not been assessed; however, the fact that no incompatability
exists with the new development allows investigation of more salient topics
in solid rocket integrity with the understanding that compatibility

requirements are fulfilled between the motor case and the grain.
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TABLE I

Mesh Tip Displacement Maximum Moment

Case (inches) G/S SHERM GS/10 SHERM
4 0.5 2.62 1.57 .02 1.39

3 0.2 2.81 2.54 4,88 5.30

2 0.1 2.86 2.79 5,29 5.35

1 0.05 2.87 2.85 5.56 5.59
Exact 2.874 2.874 5.606 5,606
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APPENDIX A

Computer Program Listing




|
i
1
-
i

$IBFTC HASE =~ DECK.LIST4REF
THIS DEVELOPEMENT IS BASED ON A
FINITE ELEMENT SHELL ANALYSIS

DEPENDENT VARIABLES ARE U, Wy M
WHERE EXPANSIONS ARE

U=A0¢+AlaS
H=A2+A3eS
H=h4+A%eS

S IS HMERIDIAN COORDINATE
U IS MERIDIAN DISPLACEMENT
W IS TRANSVERSE DISPLACEMENT
M IS HERIDIAN MOMENT
COMMON/COML/XK(480:,21)4F(480) ;MBAND, NK
COMMON/COM2/NP(3,160),R(160),2(160),T{160),8CIL60),FI(3,160),
1 TEL160),FF{6) P, NUMEL
COMMON/COM3/E(6512) TITLE(LZ)

OO OOOO0

10 READI(S:,1000) TITLE ;NUMNP NUMEL sNUMMAT
HRITE(6,2000) TITLE,NUMNPD ;NUMEL , NUMMAT
READIS5,1001) (Me(ElIsM)y I=l,y5) M=l ,NUMMAT)
DO 50 M=1,NUMMATY
E{oHMI=E(5,M)
E(S,M)=E(4,M)
50 El4 ., MI=E(2,M)eE{3,M)/ELL M)
HRITE{(6,2001)
HRITE(6,2002) (Mel(E(IoMIoI=ls6) oMml, NUMMAT)
WRITE(6,2003)
CRecansssusueRelnesutRoReaneaEss
C READ MODAL INFPURMATION #
CeaaeancsnonaeseboRRNonEaoReense
READ(S5,1002) (MeBC(HM)R(M)oZ(MIoTIM)qTE(MI(FI(I M) oI=le3),
1 M=1,MUMNP)
WRITE(6,2004) (MoBCIMIoRIMIZ(M) oTIHI TE(M)o(FI(I M) ol=l,3),
1 H=1,NUMNP]

(e eua0enenEianonaninglansans

¢ INIVIALIZE MATRICES ®
CoonuessroissaaasbsnauauoanEess
MEK=3aNUMNP
DO 60 1I=leNK
FlIli=0.0

DO 60 JJ=1,21
60 XK(II5441=0.0
MBAND=0 |
cQﬁliQ’l&ﬁiQﬁﬂﬁ&&iﬂlﬁﬂ&ﬁﬁii&ﬁ*ﬁ*ﬂ&&ﬂﬁﬁ“iﬁ*ﬂ*ﬂ'!.ﬂ*ﬂﬂﬁﬂ*
C  READ ELEMENT CARDS AND FORM STIFENESS MATRIX @
c&ﬂﬂﬂiiﬂﬂﬂQ!iQ*i'ﬁ%ﬂ’ﬁ*ﬁQQQQBQQ.**ﬂﬁ.Q‘!**ﬂ**‘ilﬁ.ﬁl’ﬁ“
WRITE(6,2005] |
70 READ(S591003) NELoIoJsMAT,P
MRITE(6,2008) NEL Lo JoMAT 4P
NP(1,NEL)=]
NP(2,NEL }=J
NP3, NEL J=MAT
N1=NEL
CALL SHERM(NEL ¢1¢JoMAT)



MR=1ABS{3a{[-J1}+3
IF(MBANTU LT . MK} HMBAND=MK
IF (ML LT.HMUMEL) GO TO 790
Ceeaman ADD CONCENTRATED FORCES TO LOAD VECTOR
Crasasenaeentitossien s savetRiunaeeneae®Rs
Coavnvae MODIFY FOR BOUNDARY CONDITIONS
o Y L T o o N Y Y I T LT 7T ronppir
DO 100 N=1, NUMNP
Mi=3an
IF{BCIN) .LT0.0) GO TO 130
NN=BC({N)+1.0
GO 70 (10%,110,11%,120,125) » NN
Caases FREE SUPPORT/SPECIFIED MOMENT
110 14=3
U=sFI{IQ.N)
CALL MODIFY {(NoIQ-U)
FINI=-2)=FINL-2)+F I {1 N}
FINL-L)=F{N1-L1)+FI{2,N}
GO TO 100
Lrannse ROLLER SUPPORT
115 DO 200 10=2, 3
U=FI{IQ,N}
CALL MODIFY (NoIQe:U}
200 CONMTINUE
FINI-2)=F{N1=-2)+eFI (1N}
GO TO L00
Cansas PIN SUPPORT
120 DO 205 1d=1, 3
U=FI{IQ,N)
CALL HMOUIFY (NeIQ.U}
20% COMTINUE
GO TO 1060
Cooans CLAMPED SUPPORT
12% DO 210 Ig=1, 2
U=eFE{Ig.N)
CALL MODIPY (NoIQyU}
210 COMTINUE
FEMLI=FINLI+FIi3,M1]
G0 10 100
130 BYAL=BLCI{N)
FVAL=FI{2:N}
CALL MODIFYINgFVAL ,BVAL}
GO 70 100
1085 FiNL-2)}=FiMI-23+FI{1,N)
FINI=-13=sFiNLI-1)+F 12N}
FeMLI=FINLI*FI{3 N}
100 CONTINUE
CALL BANSOL{NK,MBAND!}
CooReosResicRaeesnaaossaebssRosnenee
¢ PRINT QUTPUT 0OF ANSHERS ®
(6608 cusasacrnsclecsasennanecaenenee
WRITE(&,2006) TITLE
HRITE(6,2007) (NoRINDoZIN) oF(3oN-2) yF(3aN-L1)sF(3aN} N=l NUNNE)
HRITE(6,2009)
CALL STRESS
60 10 19
1000 FORMAY (12867315
1001 FORMAT 115.%E£10.0)



1002 FORMAT (I54F5.0,4F10.0,3E10.0}
1003 FORMATI(4I5,F10.0)
2000 FORMATI1MLI, 1248/
L 25HONUMBER OF NODES—=w-—ww= ~= (54
2 25HONUMBER OF ELEMENTS—wwww = [5/
3 25HONUMBER DIFF. MATERIALS-= [5//7).
2001 FORMAT {(20HOMATERIAL PROPERTIES//LIOH MATERIAL ,20X,
1 BHMERIDIAN, 28X 15HCIRCUMFERENTIAL//
2 23X, THHODULUS ¢ TX 5 13HPOISSON RATIO, 13X, THMODULUS,, TX,
3 13HPOISSON RATIO13X,THALPHALL, 13X, THALPHAZ2//)
2002 FORMAT (110,6E20.5)
2003 FORMAT (SHINCDE 6K +4HB.Cas® X, BHR~COORD 94X 8HI-COORD . ¢3X,
I GHTHICKNESS s 1XL1HTEMPERATURE 3X 1THR FORCE OR DISPL.¢3X,
Z 17HZ FORCE OR DISPL.o3X,17HM FORCE OR DISPL.//)
2004 FORMAT (I5,0P1F10.2,0P4F12.4,1P3E20.5)

2005 FORMAT (10H1 ELEMENTo4Xy6HI-NODE ,4X6HI~NODE2X8HMATERTAL 92X,

18HPRESSURE//)

2006 FORMAT (1H1,1246//5H NODE 99X 1HR ;9N IHZ 96X 16HR-DISPLACEMENT 6X 5

1 14HZ-DISPLACEMENT » 5X, 15HMERIDIAN MOMENT//)
2007 FORHAT{I5,2F10.2,3E20.51
2008 FORMaAT(IT7,3110,F10.0}
2009 FORMAT({ILHIELEMENT f/d COORDINATES 30X33HS T R E 5 §

LULTANT S/L9X9HR Z10X13HLONG. RESULT.7XL3HMCIRC. RESULT.

L7X13HSHEAR RESULT.8X12HLONG. MOMENTEXL2HCIRC. MOMENT////7)
END



$IBFTC SHEL - DECK,LIST.REF

(s eRe
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&3

1

90

91
92

100

110

SUBROUTINE SHERM(NN.IJ.HAT)
COMMUON/COML/XK(480:,21) o F {4800 s MBAND ¢ NK

COMMDN/COM2Z/NPI{3,1600,R1160),2(160),T(L60),BCI{LE0)F1(3,160),

1 TETLGOL,FFi6) P NUNEL :
COBMONZCOMIZE(G6,12) TITLE¢(LZ)
DIMENSION S{6,6), LM{2)

REAL L
A=Z{L}=720.0)

B=R{J1=-RE1D
L=80RTtAea2eBead)
TEh=0.5=2{T{LI+T4J) )
THERM=0.5«(TE(L)eTELJI) )
LOWM=] .~El 2, MATeE {4, MAT)
ALL=E( L MATIaTA/CONRN

AL2=E{4,MATI2ALL
AZ2=E{3,MAT e TA/COMNM
O1l=A411leThes2/12.

Di2=4129Thwa2/l2.
D22=A22eTAea2f12.
0228=022-D12+82/011

INIEVIALIZATION

DO 1 1i=1.6
DO 3 Ji=1,6
{11 40120.0

EVALUATION OF INTEGRALS

All=L2{REJI+RETDI/ 20 G

niz=i

ng?@&,gg@

Xi7={R{[}+2.2R(J} ) el /6.0
Kid={RE{I)+3.8R{J)}IL/12.0

iF (B.EQ-0.0) 60 TO 100
IF(RTUI1.EQeloURR{JI-EQ-0.160 TO 90
Kila=1«ALOGIR{II/RIT )/

G0 TO 92

IFIRII}.EQ.0. 60 TO 93

Ai4=1 s AL0GI.00000113/8

GO 70 82

Kis=Lepl0611000000.)/B

RIS= R 12-R{0YeXia}/B

Rig={Ril=2. %R€§%%X§2%Ré§3%%2%%3%»[@%@2
G070 110

Kib=HE2/R01}

RES=xI3/R(L}

Ale=1/03.8R000)

CONTINUE

ELEMENT STIFFNESS MATRIX

TEMP=X142(B/L }»e2«0228

Sili=A11sX{1~2.2A12=Ba()X]2~ xza3@%22&@*92*sxx@«zeaxz§+xgés
SiZ=-AlleXll-ALl2eBa(2.2R[3-X12)¢A22=B0e2e({X]5~X16}
Si3=-AL2sAe(X[2-X13)+A222¢A00e (X142 . aX[5+K]8)



Llhe~A12eAeXi30822082Be{(XI%%16)

515a0.

$14=0.

S22=AlleXll+2.0A)2aBeX[34+A220B0n2al]b

52321228 {Ri2-%13 144222080 {X]5~-%16)

524=412088K13¢A22nheBeX ]

28

$26=0,

53%=A220heeu(Al4-2. X189+ 0164 TEMP

$34=R22980022{X]5-X16)~-TEHUP

538ad il-{Hi2~%i30aBa{l.~012/01L)

S3h=-~R Kl 3eBe{l.~D12/011}

S4bafPlepealel] 6+ TEMP

545=-539

54bu-5%6

588 Y[ 1l-2. 801 ToX I8 el el /011

5%=-{ NI 7-KiB)alel/D1L

566u-XiBelal /011
¢
Caenve ADD TEMPERATURE AND PRESSURE EFFECTS TO LOAD VECTOR
¢

FFRIL)=THERMe (=Xl 1/ L2 AL L=E {8, MAT I+A L2066, MAT ) IeR/2,6(ALZ2E (S5, MAT)

14422961 6, HAT D)

FEI2I=THERMeA/ 2.2 (A128E({ 5, MAT ) ¢AZZ22E(6,MAT) 1+Pela(RI])/2.¢B/6.)

FFIg)=THERMa (XI1/L={ALLsE(S,MAT)+AL2eB( 6, MAT) I 4B/2.0{AL2eE(S5:MAT )+

1 4222E06.MAT) 1))

EP{S)=sTHERM2A/2.@{AL22E (5, MATI®+A222E (G HAT) }o+Pela(R{T1}/2.4B/3.)

TRANSFORM ELEMENT STIFFNESS TO GLOBAL COORDINATE SYSTEM

&Y ¢y

B=h L,
B=R71
41,0 1=8112Rea2e2 ., 251 3280B+5330hes
S81L,2)3-511248845130Beel~5]3eho02+4533cAsB
Sils3I=53%04
Elle%inS 1228002451 40heB2452%0AaBri%4nh0a?
218 e-5122A0B514020%02~5239A222+5342heB
§§§%ﬁ§%%§$®§
5{2.,21=811948u2-2.28513eheB+533cBou?
5{2:31=5358
S{2:412=5122428-514%Ane2+452320022+5340400
£1(2:5%1=81288282-8142A28~5239428+53428682
LE2:6)=5%8608
5{3,3)1=585
G134 )=54%04
5E{3,51=54%98
513,61=5%6
Sihok jui27eReal+E24ehnfed 254400002
a5 1z=-5272h0B+524080e2~5240A022454408 28
Sl4,61=5440h
5{5,51=8220l803-2,95240028¢5040B002
Si8:,6)=54600
Li6,61=2564
DO 3 1i=1.%
IPil=fi+]
DU 3 Ji=iPl.d

3 §%£$@§53%§€EE@$JE
o0 85 1i=1



DO 8 Jd=le6
5 S{11,0001=5(1 s} L ua2
Creeae TRANSFORM LDAD TO GLOBAL COORDS)
Ti=FF{1)
T2=FF (4}
FFIL)=FFl Ll aB+FF 2 )=a
FR{IZ2=FF{219B8-Theh
FRIG)=FFI4)2B+FP I8 eA
FRISI=FF{5IaB~T224
(:%@%%@%@@@%@%@%@%%%%@%%ﬁ@&@%%@@@%@@%%%%%@ﬁ@ﬁ&ﬁ@ﬁ&@*
¢ ADD ELEMEMT STIFFNESS TO TOTAL STIFFNESS @
(;@%%@@«%%}%@%@%ﬁ%%%%%@%%%%%@@%@@@@ﬂ@&@@&@&@@@ﬁﬁﬁ@&ﬁ@
LHMili=3el-3
LM{2)=3e)~3
00 10 IN=le2
D0 10 KHE=1,3
Ti=LMEIN)2KN
=3 e [N=-34+KN
FOIl =P llidoFF{uK)
DO L0 JN=l1e2
00 10 Lh=1,3
Ja LR IN LN~ e
PlL=3e ¥-34+LN
IFLJS10:10,9
9 KEIIIodd)=RKI{I o JJd oS KK LL)
10 CONTINUE
RETUAN
END
$IBFETC MOD] BECKLIST REF
{avees MODIFICATION FOR BOUNDARY CONDITIONS
SUBRDUTINE HMODIFY (NeleX)
COMMON/JCONLS Al480,21), B(480), MM, NN
Miz=deW+l~3
DO 250 M=2, MM
KaM]-¥e]
IF {H.LE-Q) GO TO 235
BIKI=BIK}~AIK M) aY
Al Mi=0.0
235 HahlsM-1
IF (HN.LT.K} 60 TO 280
BIK)=8{K)-AINE M) aX
AiMI ¥ i=0.0
250 CONTINYE
AfNT1li=1.0
BiMii=Y
RETURN
EMD
$IBFTC NODE DECK,LIST oREF
SUBRUUTINE NODIFY{MaHeY)
COMMON/CUMIZAT480,20),B(4B0) MM, NN
DE=C05(Y)
DY¥=SIMI{Y)
Ni=z=3el~3
DU 250 H=sdo MW
Ko i~He2
IFEv.LE-0) 60 TO 235
Bii=8(k)~Yo{a{l ,Me+l)aDA-AIK B} aDY}
Al{EHI=AlK Bl elX+A K, Mo beDY



238

250

Al Meli=0.0

K=NlsMel

IFINN.LT.K) GO TO 250
BIKI=B(KI+Xo(A(NI+ L, Mel) eDY=-A(NI+2,MbaDX)
ﬁ%%ﬁ%&g%@Q%ﬁﬁﬁﬁﬁﬁiwﬁ%%%ﬁﬁx*ﬁéﬁl%g@ﬁﬁﬁﬁv
AlNI*2¢M)=0.0

CONTINUE

ANTI+Llell=AINI2Le L)DXNeDX+A(NI®2,1)eDVeDY4+2,.02DX20DV2A (NI21s2)
AtNI®#2510=1.0

BiWi«2 )=}

RETURN

END



$IBFTC BANS ~  DECK,LISTHREF

(20000492 R0QRRRCRRRESIRRRRLRRDODBRRLOOREYORORURRNLORORRRRRRRLGE AT ARV S

SUBROUTINE BANSOL (NNoMM)

-
w:j @ﬁ@%%%%%%@ﬁ@@%%%@@%@%@@@%%@@@@@@@@@%Q@%&%@%@@@Q@@ﬁ@@ﬁ*ﬁBQQQ@GQ@*@Qﬂﬁﬁﬁﬁﬁ

COMMONZCOML/ A(480-,21) F (4BO) o MM, NN

250
260
280
300
350

400

500

100

CALL TIME({Z NNND

DO 280 N=1,NN

0O 260 L=2,HM
C=AINsL)/A(NGLY
[=Ne+l-1

IF (NN.LT.1) GO TO 260
J=0

DO 250 K=k oMM

J=Jel

AT s db=AlL,Ji~CuA(N,K}
F{I)=F(Ll}~CaF(N}

AiNsL b=C
FiHI=F(NI/AINoL)
BACKSUBSTITUTION

N=N}

M=h- ]

IF (N.LE.O} GO TO 500
DO 400 Ks=2,M#

L=Ne+K~1

IF (NN.LT.L) 60 TO 400
FiN)=FINI-A(NK)aF (L}
COMTINUE

GO 740 300

CAaLy TINAEB(Z MMM}
b= MM M- NNN

PRINT 100, MMM

RETURN '

FORMAT (16MOTIME IN BANSOL=,110,13H MILLISECONDS/)

END

$IBFTC STRS DECH LISV REF

SUBRDUTINE STRESS

COMMON/COML/ARI480,21 0 o F (
COMMON/COME/NP (301601 ,R{160)oZ0160),TEL601+BCIL60),FI1{3:,160),
1 TELLEO) ,FFIG1 P NUHEL

COMBOM/CONBIELG.,12) ¢
REAL L

DO 100 M=1,NUMEL
T=MPI{L,M)
JaNPI(ZoH)
MAT=NP{3,M)
UiesF{3a1~21}
Hi=Fl{3al-1}
YdsFi3a)~21
HimF{3aj~1}
A=ZlEl=21.0)
B=R{J)-BRIIY
L=50RT{Ave2eBaa2)
Tha=0 .58 T0E+T714})

COMM=1.~E{2,HATIeE{4,MAT]

All=E{l ,MAT iaTA/CONM
Al2=El{4,MAT Jeall
£22=E{3,MATI=TA/CONN

HBANDNK

TITLE(L2)



A-10

Dil=AlleTher2/12.
Di2=AlZeTAeel/f12,
022=4222Thee2 2.
DZ22B=022-~-D12222/011
Kil=Ulel-A1128/Lee2eAl2/R 1 ieUJdeAlleB flas2eAllsA/LeaZa({l]l~HJ)
Xld==UlealleB/lea2+lje{AlleB/Lo020A12/R{(JII+ALI0A/Lee2a(Wi-HJ)
X2[=Ule{-AL228/L»22+A22/R{1}}+UJeAl22B/Lea2+Al208/Lee2a(Hl~HJ)
Keda=-Ulehl2eb/lee24Ule {81208/ L0244 22/R 14} +412eb/ea2a{ll-H])
¥21=D0122F(3])/011-0228eBelhe(Ul-Ul)+Bel{ll-HWI})/{R{1l}alaeul)
¥Y2J=012eF{3=24)/0L1-D22Re8e{Aa(UJ~-Ul}+Be{W-WED)/(R(JbaLand)
0i=8eF{3el)e(l.-D12/011}/(R{1)el}-D22BeRea2a{Ae{Ul-Ul)eBe(HJi-WI))/
1Rl )eadeleed)e{F{32))=F(321))/L
0I=BoF(36f)s{l.~D12/0113/(R{J)el]-D228«Bve2alAs{UJl-ULl)+Be{WJ~-HI)}/
LliR{J)ue2elneg )+ {(F{3ed)-F{3el}}/L

100 PRINT Li0sNel RITIoZ{T)oK8LlTe%21s01F {30 ) oV2ledeRIJIZ0II XL IeH2S
16QJFi3adt,¥2d

LL0 FORMATILHOIS  I9 ., OP2F8. 3 LPSEZ20.T/AI15,0P2F 8.3, LPSE20.74/7}
RETURN
END



APPENDIX B - COMPUTER USER'S MANUAL

A computer code for the class of problems considered in Sections 2 and
5 (shells of revolution subjected to axisymmetric loadings) is included in
this appendix. The computer code is written in Fortran IV and may be
utilized with the IBM 7094 or equivalent computer. The computations are
conducted in-core and no auxiliary storage is required. The code has a
capacity for 160 nodes on the shell.

The following serves as input information for the finite element
description of the shell. After dividing the shell into an appropriate
mesh, the nodes are numbered in sequence along the meridian (or at least
so that the difference bhetween numbers of adjacent . nodes differs by 6 or
less, which allows for analysis of toroidal shells). The following data

cards are then punched as input information:

1) Title Card (12A6)
This is printed as output to define the problem considered.
2) Control Card (315)
Col. Information Format

1-5 Number of Nodes (not I
to exceed 160)

6-10 Number of Elements I
(not to exceed 160)

11-15 Number Different I
Materials (less than 13)



3)

4)

Material Cards (I5, 5F10.0)

One for each different material

Col. Information
1-5 Material Number less
than 13

6-15 Modulus along Meridian

16-25 Poisson ratio along Hoop
26-35 Modulus along Hoop
36-45 Thermal Expansion - Meridian
46~55 Thermal Expansion - Hoop

The second poisson ratio is computed internally in the program.

Nodal Cards (15, F5.0, 7F10.0)

One card per node

Col. Information

1-5 Node Number

6-10 Boundary Code

11~-20 R ordinate
21-30 Z ordinate
31-40 Thickness
41-50 Temperature

51-60 R-Force or Displacement
61-70 Z-Force or Displacement
71-80 Moment or Rotation

The information in Cols. 51-80 is interpreted according to the number

punched in Col. 10.

Format

F

F

Format

F

F



No. in Col., 10 Col. 51
0 R-Force
1 R-Force
2 R~Force
3 R-Displ
4 R-Displ

If the number in Cols. 6-10 is negative then the support is taken as
a roller support with the axes makeup an angle with the R-axis, Col.
51-60 is the force along the incline Col. 61-70 the normal displacement

-60 Col. 61-70
Z~-Force
Z-Force
Z-Displ
Z-Displ

Z-Displ

to the incline Col. 71-80 the specified moment.

5) Element Cards (41, F10.0)

One per element

Col.

The following is printed as

1. Input Information

Information

Element Number

I-Node

J~Node

Material Number

Pressure Load on Shell

output of the program:

2, Shell Displacements and Meridian Moment

3. The Shell Force Resultants

Col. 71-80

Rotation

Moment

Moment

Moment

Rotation

Format
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