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ABSTRACT 

Measuring the thermal performance of valls ia-situ poses tvo separate probleaa: 1) hov to meas­
ure tiae-varying surface teaperaturea and heat fluxes on both sides of the test vall and 2) hov 
to reduce this data set into a ainiaal nuaber of paraaeters that effectively characterize the 
vall. In this paper we present a methodology for interpreting field aeasureaenta of vall per­
formance and describe an inatruaent developed for carrying out such aeaaureaents. The method is 
a simplified dynaaic model that uses a nall nwaber of simplified theraal paraaeters (STP) - a 
steady-state conductance, a tiae constant and a fev surface storaae terma to describe the 
teraal performance of a vall. We deaonstrate the ability of this •odel to simulate actual vall 
perforaance by comparing model predictions with results generated froa conventional response­
factor methods. The instruaent developed for field meaaureaents ia the !Dvelope Thermal Teat 
Unit (ETTU), which consists of tvo four-foot by aiz-foot blankets placed on either side of the 
teat vall that are used to both aeaaure and control the surface heat fluxes and surface tempera­
tures of the vall. During a typical test, which lasts about 12 hours, one blanket imposes a 
specified flux through one surface of the teat vall while the resulting heat flux on the other 
surface and the surface temperatures on both aides are measured. The model presented here can 
be used for both laboratory and field meaaureaents and aay be applied to any coaponent of the 
building envelope. 

Keywords: thermal perforaance, dynaaic performance, field meaaureaent, modeling • 
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IlmlODUCTIOR 

The Deteraiaat ioa of the Dyn•ic Perforaance of Walls 

M. B. Sberaaa, Staff Scientist, 
R. e. SoDderegger, Staff Scientist, and 

3. W. Ad .. a, Staff Scientist 
Eaersy Perforaance of Buildings Group 

t.vreace Berkeley Laboratory 
Berkeley. 

The tberaal perforaaDCe of building valls, ia situ, is largely UllltuOWD. Oatil aov, 110at vall 
perfomance •uur .. ats have been done ia laboratories, typically by uing large bot-bmtea. 

In-situ perfor~UDC:e is considerably 110re difficult to •uure • for the ezperimeater uually baa 
little control ewer t•perature, solar radiation, or vi1llll conditions. The task of accurately 
.. auring surface tape«ture• ad heat fluaes -..er •istri:ficant lengths of tme ia aot euy. 
Furtheraore, once •uur ... ats b•e been obtained analysis of the data is aot a triYial •atter. 
As illustrated by a rniev of •uur ... at techniques end vall perfol'll&llCe .odell ca.piled by 
Carroll,! 110st eziatin& .odela CODtaia too -.my par.._tera to be suitable for direct analysis. 

A ai.plified IIOdel of dyn .. ic tberaal perfcmuace that allows the characteristics of a vall 
to be quantified on the buis of measured surface teaperatures ad beat fluzes baa beeo 
dneloped. The .odel uses a set of simplified tberaal par•eters (STPs) to cb~~racterize the 
tberaal perfol'11&11Ce of walla fra. all ~~rbitrary t•perature history. Ia addition, the STPs can 
be used to arriYe at a physical interpretation of the behavior of a vall. This aodel is appli­
cable to any set of data. Ia tbia report, boveYer, ita applicatoa to the analysis of data col­
lected by the !1mtlope Tberaal Teat Unit (ETrU), ia deiiOaatrated. Accordiqly, laboratory .... -
ur ... ats uaing ETrtJ are iacluded u part of the validation procedure. 

BASIC BEAT-TIARSF!ll MODEL 

Ally IIOdel that purports to describe the trauport of heat throuah valls ~at begin vitb the 
buic priaciples of beat conduction throagb solids. Accordiqly, the derivation of a vall .odel 
will be begun vitb the fuad ... atal equatioaa of tberaal conduction; the results will be special­
ized uotil the aodel bu been endowed with sufficient richness to describe actual valls. 
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Beat cODCluctioa aero .. aay ba.oaeaeoua alab of buildiq .. terial caa be reaarded u one­
diaeuioaal if corner effects aad tbenaal bridae• cauaed by atuda; cavities, aad other iDbomo­
paeitiea are aealected. This c~ uauaptioa, altbouab aot alvaya reliable, will be adopted 
for tbia purpose. 

The one-diaeuioaal beat conduction equation, 

~(x,t) • d ~T(x,t) 
at ~z (1) 

where: T(x,t) ia tbe teaperature diatributioa ia the alab (°C) 

d .ia the th~l diffuaivity (a Z/a) 
X is ·the .position ia the vall (a) and 
t ia the tiM (a) 

aevenY heat traaafer at aay point of the vall at aay tiM. 

Many auaerical .. aaocla aiet for aolviq tbia equatioa for actual, 11111 tilayered valle; these 
iaclude a variety of respoue-factor aetbocla2,3 aad •thode baaed on frequeDCy traaaforme, some­
times referred to as adaittance aedaoda. 4-6 Moat au.erical aetboda were developed for calculat­
iq heat flGVS .-J/or t-peraturea at oae or both aurfacea of valle Vboae ccapoaitiou are 
lmOVD. Tbe field aeuureaent of the thenaal perforamce of a vall poses the opposite problea: 
teaperaturea aad beat fluzea are aeuured, but tbenaal properties are ualulowa. 

la principle, oae could ai.llply take any exiatiq m.erical aodel aad fit its par .. ten to 
the aeaaured data. The value• of the par ... tera yieldiq the beat fit vauld thea be the experi­
aeatally deteraiaed tberaal properties of the vall. trafortUDately, this approach usually fails 
becau8e of the acesaive 'DU8ber of par .. tera (or dearees of freedca) in aoat DUIIIerical 
aetboda.7 la edditioa, par ... ter values deteraiaed by experiment fit the data but are, of tbem­
aelves, UDpbyaical (e.a •• have the VI'01ll aip, etc.). Rotable exceptiou are luaped-par ... ter 
aoclele with UDCleteraiaed values for the reaiators aad capacitors of vbicb they are composed. 
Generally apeakina, the order of these .adele ia deteraiaed by the number of capacitors. For a 
lillited raaae of boundary conditioaa, first order .adele are often sufficient to aodel beat 
flow. ia walla aad entire buildiaa• to aatiafactory accuracy.& 

The aoclel preaeated here ia particularly aaitable for the aaalyeia of •uured beat flux and 
teaperature data. Like 1..-ped-par•eter aoclela, it uaea digital filters ( aee definitions 
below), but it ia DOt reatricted to tbe clue of filters that represent actual resistance­
capacitor netvorlta. Tbe folloviq parqrapba a_.riu the results derived ia the appendix for 
both b~aeoua aad iaba.oaeaeoua (i.e., the aeaeral cue ) walla. 

Baeoseaeoua Walla 

As alunnl ia the appendix, Eq 1 caa be aolved for a h0!!08eneoua vall (i.a., siqle layer), vboae 
thermal properties are independent of teaperature, in the follovina·iategral fora: 

(2.1) 

..... 2 .... 



where: Jl ~ -.-Tl, T2 
pl. p2 

u 

are heat flaxes (W/_:1) at surfaces 1 aDd 2* of the bo.oaeaeous vall 
are teaperatw:ea (E) at -u surfaces 1 and 2 
are the aoraalized teaperature filters (~) 
is the coadactaace of the slab(W/a2-tt) 

(2.2) 

ia a auaaatioa lbait larae eaOUJb to coataia all the frequeaciea of iatereat 

The "'ho.oaeaeoua" heat fluzea an defiDed u: 

i<t> • .:[(O.t) • - lilll u L Q'rCz,t) 
~ 

i<t) • - .:[CL,t) • lia D L Q'r(z,t) 
r+L 

~ere: L ia the tbickDeaa of the alab (a). 

The teaperatw:e filters are defiaed as: 

where: 't is the tt.e coaataat of tbe •aterial (a) (aee appeadiz). 

(3.1) 

(3.2) 

(4) 

The teriU !'(1,2 ) are called filters. because they filter the put history of the teapera-
a 

turea ia auch a llallller aa to elwaate "bat" frequeacy cC181poaeata aDd leave '"slow'" frequeacy 
CC181poaeuta Ulldlaaaed. (Filter a haviq tbia property are called "low-pus filters.") The aepara­
tioa betveea "fut" .... "alow" ia detemiaed for each filter by the frequeacy CC181poaeat with 
ti.e coaataat 't/a2 • Rote that tbe fi.rat tem iu Eq 3 above ia the steady-state beat fluz, 
(~). The aecoad tem repreaeata a correctioa to the ateady-atate beat fluz caused by thermal 
atoraae (it disappears for ... aleaa walla u the ti.e coaatamt approaches zero). 

IabaSioseaeoua Walla 

llec:aun real walla caa rarely be treated u bC18101eaeoua, 810re CC181plez models are aecessary to 
describe tbe81. The cluaic.al approach ia to break up the vall iato hcaogeaeoua layers aad to 
apply the bC1810paeoua aolutioa to each layer. beiq careful to -tcb bouadary coaditioaa at each 
interface. Dafortuoately. tbia cammt be doae ia cloud fom for arbitrary layers (or for 
multi-dmeaaioaal walla, llateriala _with ti.e-depeadeat properties. aad aoaliaear cOIIlpoaeata). 
Therefore, am .-pirical aeaeraliaatioa of the bCISioaeaeoua aolutioa•a proposed; apecifically, the 
coafficieata ia froat of each filtar are allCNed to be fr.ee par_.tera (u opposed to beiag 

* The aw:face heat fluzes b-.e beea defined aa positive vbea they .flow 
iato the vall. 
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fized aa ia tbe ba.ogeaeou cue). !bia ia equivaleDt to .rdiq to the b~geaeous solution 
tema that are proporti.oaal to tbe filters: 

are d:i.euioaleaa surface atorqe paraetera, 
ia the •order• of the .adel 
are the ae~~eraliaed fluzea. 

(5.1) 

(5.2) 

the per ... tera ~ aad ba b .. e beea called surface atoraae par ... tera, because they describe 
tbe effective a.ouDt of tbemal atorqe that takes place oa each surface of the vall relative to 
a h-aeaoua vall. Siaca- tbe aolutiou ! are the hc.oaaaeou aolutiou, the aeaeral solution 
11U8t baYe all of the surface atorqe factors equal to uto; that ia, for a bc.ogeaeoua vall, 

(6) 

aad the aeaeral aolutioa beco.ea tbe aolutioa for a "-ae~~eou vall. 

1li aa actual teat vall, the further tbe teat vall ia fr• beiq ho.oaeaeou 1 110re the the 

val .... for &a• ba vn 1 differ fr• uro. AD ~le ia a two-layer vall -=--posed of light, very 
reaiative aaterial aad aother .. aaive, but very coaductive, .. terial. u will be aeea ia a 
later eectioa, theae ... i-..,irical coaataata c .. be treaafo~ iato the 110re f .. iliar reapoase 
factors by applyiq a aet of alaebraic relatiou. 

'!Ilia cc.pletea our "t of Biaplifiecl fter8al Par ... tera. The~ are two basic parameters (U 

&1111 1' ) &1111 two additioaal oaea for every additioaal order (i.e •• Sa• ba), ukiq a total of 
2+2-a. STPa. 

Discrete Ti.e latervala 

the eqa.uiou ao far 4erived are strictly valid ODly for t_,.raturea aad beat fluzes tbat are 
cODtisluaua fuDctiou of t:i.e. la aay practical applicadOD, b.,.....r, data will be obtaiaed at 
discrete ti.a iacervala. Let ua DOW traaafom tbeae equatiou iato discrete t:i.e-atep equa­
tiou: 

are the -uured discrete heat fhmea at t-tt~ (W/•2) 

are the bc.op ..... uacrate flaua (W/-.2) 

are the discrete filtera(K) and 
ia the ti- iacr-ac betveea -u~aca (a) 
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Tbe discrete ba.oaeaeoaa fluzea are as follows: 

(8.1) 

(8.2) 

la order to eYaluate tbeae diaital filters. oae ~•t aake aa.e aaau.ptioa about the behavior 
of the teaperature duriq the tiae iatervala aeparatiq .. aaaiemeats. A ~~ast reuoaable aaaump­
tin ia that the teaperature b liuar betweea .. aaured poiata; thea. the filters become. 

(9) 

where: -~2 

'·.· e[ _At 2lj 
1t l- ~ 
ra • 

Diaital filters of thia type are coaveatinally called iafiaite i.pulae reapoaae filters aad can 
be repraaeated by a recursive ralatin that allova the curraat filter value to be calculated 
fraa the curraat te.perature &ad tba previoua value of the filter: 

(10) 

lalatioa to Reaponse Pactora 

llaay buildiq ai.ulatin IIDdela calculate the dya-ic perfol'II&DCe of valls vith eo-called 
reapnae factors. &aapnae factora are a aeries of weiahtiq factors that .. ltiply past tem­
perature• to obtaia prenat beat fluzea: 

(11.1) 

(11.2) 

a-bar that both heat fluzea are poaitive vbea heat flova iato the vall. lD practice. the 
au.aatioa atopa loac before j•co. Typically. 20 to 30 terms are sufficient. aad several elegant 
.. tbeaatical shortcuts are available to further reduce the required number of terma. 9 .Reaponae 
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factora for large value• of j h.ve coaataat ca.aon ratioa: 

for j»l (12) 

where: Rc is the Ca.BDD ratio (0 < Rc < 1) 

To fiad espreaaioas for the response factors as functions of the coefficients of the model, 
one aay atart by rewriting the disital filters: 

• 1 - ~n T(1,2) 
~2 It 

(13) 

By inserting theae e"rfe11iooa into lqs 7, ia.ertiDa the order of •~ti- .,.er j aDd o, aDd 

collectiaa te~ in Tk~j2 >, oae find the desired relations separately for j-G aDd for j>O 

Da 
1 - ~D Da 

xj•o • !j-o + 2U~ an ~2 x.> • !j>o - 21J I an 
o•l l 0 o•1 

Y. • Y. Yj>o • .!j>o J-o -J•O a. 1 • ~D a. 
zj-o - Aj-o + 20 i 1t0 ~2 zj>o • Aj>o -2U~ b 

o•l o•l n 

where: X. 1 Y., z. are the respoase factor• for the "ba.ogeaeoua" vall aDd 
-J -J -J 

][. -J>O • !.j>o • 

Rote that the ~ ratio ia related to the t• coutaut: 

a • _, 
c e 

2 
(1 - ~D) j-1 

& 2 Pn r 
2 

(1 - ~n) j-1 

,..2 Po 

(14) 

By using Bqs 14 vith •uared STPs, o- cau calculate response t.ctors deterained by •aa­
ar-Dt, as opposed to response factors deterained by prediction, aDd use th- in conventional 
building si.ulatioo .adels. Even though a givep aet of STPa is sufficient to calculate a coa­
aiateot aet of reapoaae factors, a given aat of reaponse factors .. , not be cODYerted easily 



iato STPs, ezcept for the D-Yalue ad the tille coastaat: 

SAMPLE APPLICATION 

CD CD CD 
u • i x .• i y .• i z. 

j-o J j-o J j-o J 

'i'·-~ ladl.J c 

(15) 

(16.1) 

To s~iae ad d.-outrate the .adel preseDted abOYe, it will be applied to a vall whose ther­
.. 1 properties are luaova ezactly. l'ra. these properties the. flux for sa.. suitable temperature 
history will be calculated. (This ia aa illuatratioa oaly; if the ca.poaitioa of the vall to be 
tested vu bawD, ita respoue factora could be ~ uai.Da coaveatioaal .. thods.) !he 
hypothetical vall coaaiata of (fra. outside to iaaide) au outdoor air film, 4 ia. (102 am) face 
brick, 3/4 iD. (19 -> air apace, 2 ia. (51 -> iaaulatioD [JL-4 per iDcb, 5,7 lb/ft3 deuityl. 
3/8 iD. (10 -> IJPaua board, 112 iD. (13 -> plaster, aacl au iaaicle air fila. 

A temperature history bas beeD 1eaerated. couistiDI of a vbite-aoiae apectrma added to a011e 
lov frequencies, as sbova ia the· top half of Pig. 1. Usias the reapoaae-factor .. tbod, the heat 
fluxea at both siclea of the vall ~ beea calculated u a fuactioD of tille. !Ilia "ayatbetic" 
data set for a vall ia paraateecl to beh.,e aactly u b-t-cODcluctiOD theory predicts (as 
opposed to a actual vall, ia which air leakage, coavectioD ia c.,itiea, t..,.rature depeDdeace, 
and lateral be~ flow .. y sipificaatly alter performaDce). Applyias the IIIOclel to this sya­
tbetic data set • oae obtaiaa the par-tera sbova below-: 

U(W/..-2-EJ 't(br) a1 bl a2 b2 

0.61 4.11 8.44 -o.48 -2.3 1.45 

The U-.alue can be ca.pared to the calculated value of D•.60 aacl the ti.e coutaat to -t-4.22 as 
calculated fra. the ~D ratio of the wau·•s reapoue factora. 

Siace tbia ia a hypothetical vall, oae caa ca.pare the respoaae factors used ia geaerating 
the data to the respoase factors derived fraa the .aclel. The table below gives a represeatative 
s.apliQI of the respoue factors; the left-bad set is calculated uaias cODVeatioaal aethods 
baaed OD layer-by-layer tbenal properties; the right-b&Dd set ia derived fraa the STPs 
atracted fra. heat fluxes aacl c.aperaturea of the bypodletical vall. 

TABLE 1 
s .. ple Reapoaae Factors for Hypothetical Wall 

Delay Calculated(W/a2-KJ Predicted[W/m2-KJ 
(bra.) X y z X y z 

1 -.122 .0007 -.096 -.102 -.0001 -.082 

2 -.081 .0032 -.043 -.077 .0022 -.027 
3 -.063 .0042 -.020 -.064 .0041 -.012 

5 -.039 .0036 -.004 -.041 .0039 -.003 
10 -.011 .0012 -.ooo -.012 .0013 -.001 

Delaya() is the carreat poiDt. 
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. At .first dght 1 the degree of CDn'e8poadeace betweea the tvo Hta appears .odeat; howe.er, 
wbea ca.pariq seta of raapoue facto~•. bear in •incl that tvo tezw-by-tem apauiou of seta 
of reapoDae factors caa look quite differeat ,et produce very ai.ilar fluxes for a aiven tem­
perature biatory - becaaae of tbe nclaaclaacy iabereat in the larle a-ber of tenas i11Volved. 

'l'he vide raaae of .eflecti•eiy aiailu napoue factors caa be uaderatoocl by cODSiderina the 
-'"tr of free par ... tera iabereat in a respoDae-factor approach. It ia DOt aacCIIIIOa to keep 
100 aeta of reaponae factors far a vall, aiviaa a total of 300 free par ... ters; by comparison, 
the STP approach alvaya uea fewer tbaa 10 free par .. ters. 'l'bua, there is quite a bit of 
iDterdepe1111leacy in the re~fctor qproacb; that ia, for allJ arbitrary dezree of accuracy, 
there are aaay allowable coabinatioaa of reapoDae factors that will describe the s ... vall. 

Poaaibly the 110at illportat fact reaultiaa f~ this illustration ia the ltiad of tracldq 
diapl.,.cl ia ria. 1. Dariaa DiD• boura ia the early part of the teat, t...,arature cliffereacea 
aild b..c fluaea •n ralatiftly laqe ad slowly vUJ'iDI• At tbe oataet a1ld duiaa the aecond 
half of tbe teat, 
the opposite ia true: fluctuatiou of c.peraturea and beu fluaea cla.inate, wbile their ~ 

· 5!!. ue cc.fKaci,.ly .. au. In other wria • the pe&'-tan of tbia IIDclel caa be aaecl to 
preclict tbe tbemal perfo~e of walla ..,.r a vide frequncy baacl. 'l'hia characteristic is 
iaport•t if the .- IIDclel is to be uecl to calculaca the effect a of oatdoor t .. perature 1 aolar 
raliatioa, aDd i1lllloor funaace pulMao 

So fu 1 a IIDclel wboH par ... tera (becwea four aild ei1bt 1 clepe1111liDI oa tbe wall) are cletemined 
fr.aa ...._eel histories of aurface t.aperaturea aacl beat fluua baa beea preaeDtecl. lD priaci­
ple, the par ... tera are obtained by fittiq IIDclal lq 7 to the actDal data. For aa~~ple, an ini­
tial aua•• of the vall par-tan could be ued to ca.pute beat fiuua fraa the .. uured tem­
peratnre data. :the error of this paaa coalcl be quantified by lUIS deviation between ca.puted 
aild •uarecl beat flaua. !be beat-fittiDa valuea of the vall per ... ten would thea be fouacl by 
prop:eaaively varyiq the initial paaMa aatil the .. ueat JlMB d.,iatioa of beat flux vas 
foaacl. 

Uafortuaately, thia procedure caa only yield physically .. aniqful values if· tbe meaaured 
tiae aeries points are .. taally iaclepe1111leDt (i.e •• if a eeaaur-Dt of beat flux and teeperature 
at oae tiae ia i1111lepe1111leat of tbe .- •aaur-Dt at previoaa tiaea). Since this iaclepeadeace 
cloea Dot aiat in tbia qplicatioa, the IIDclel par ... tera auat be fitted ia the frequeacy dcaain 
rather tbaa ia tba tiae ._.in. l'reqaeacy caapoaeata of tiae histories of beat flux aild tem­
perature are liMarly iadape1111leat acl ftry quietly calculated uiq raat Fourier Transform 
•tbocla. Since theM fittiq •tbocla are aa.vbat peripheral to tbe IIDclel itself, their 
claacriptioa baa beea releaatecl to the appeadiz. 

'l'be ability of • IIDclel to reproduce •aaurad . data is· only ODe facet of ita uaefulaeaa - tbe 
other ia tbe ability to effect a pbyaical iaterpretatioa of ita par ... tera. 'l'be .oat important 
par-ter of aay vall ia ita ateadratata U value, aacl, aot •urpriiiaaly, the 110at iaportaat STP 
for c-.a aM ia 0. 'l'be aat 110at iaportaat par-ter of a vall ia the tiae constant. The 
tiae cODataat • 1:', ia a •uure of how loaa it takes for a beat pulse on oae aide of the vall to 
be felt 011 tbe other aide of tbe vall; it ia related· to tbe D-value aacl the thermal .... of the 
entire vall. 
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The time coutaat of a wall nrYea aa a yardstick wbeu oae speaks of quickly or slowly vary­
iaa teaperaturea: quickly varyiq teaperaturea ca.plete oae "cycle iu leas tbau ODe-fifth of a 
tiae cODataat. vbile al011ly varyiaa c..,.ruurea take ...eral tille cODatauta to ca.plete one 
cycle. lor slowly varyiq teaperatarea the tbensal properties of the wall can be adequately 
apprOKimated by a ateady-atate aaalyaia. 

Tbe reaaiuiq STPa are the aarface storage factors; these factors can be uaed to qualita­
tively eatillate the variatioa of tbe vall surface fr.aa perfect ba.ogeaeity. Tbat ia. if the 
storage factor for one aide of a wall ia ~b larger thau aero 1 that aurface baa .are aaaa than 
doea the wall aa a whole; coaveraely1 a aegative storage factor ...... that there ia aore resis­
tance Cleaa .... ) oa that aurface. 

Thia effect ia. ~u iu tbe b.ypotbetic:al vall uaed to illuatrate the aodel. On tbe out­
aide face of that wall (aide 1 iu Pig. 1) ia a four iu. (102 .. ) layer of face brick; aiuce this 
layer ca.priaea the bulk of the tber.al ..... we expect the first surface storage factors to be 
poa~i•e 01l aide oae ad uesative Oil aide 2. thia ia1 iu fact 1 the· cue: a1-a.44 and b1-.48. 

DVELOPB TIIBllMAL TEST UliiT 

To •uure tiM biatoriea of t .. perature aud beat fluz of actual buildiq walla 1 a portable 
apparatua baa beea developed 1 the eavelope tbeZ'II&l teat unit (ETTO). Tbe deaigu of thia device 
bu been described iu a earlier article .1° ETTD differs frca a standard guarded bot-boa iu two 
rupecta: (1) u ia portable aud tbua can be uaed for ou-aite teatiug of actual buildiq walla; 
(2) it .. aaurea the vall teaperature respouae to lmOWD heat flOIIS 1 as opposed to •uuriaa beat 
fl0118 iu reapouae to giveu teaperaturea. the physical arraugeMut of ETTU ia abovu acbeaati­
cally iu Pig. 2. Two identical "b!akets" are placed iu cloae tberaal coutact with the vall to 
be tested. Bach blauket coaaiata of a pair of 1.2 • by 1.8 • (4 ft.J: 6 ft.) electric beaters 
NJtanted by a low tberaal. aua iuaulatiua layer. the beater iu c:outact with the vall ia called 
the "prillary." the ~tber ia the "ncoudary." labedded iu each beater layer ia an array of t-­
perature seuaora. the blaaketa ~r the vall nctioa under teat .and are slightly flaible, ao 
that they c:au be lUIIe to coufora to aiuor irregularities iu the vall aurfacea. Although -
recopi&e the pi:Oblea of very uneveu outer aurfacea Ce.a., abiualea). the current veraioa of 
ETTU doea aot atte•pt to addreaa thea; future -.eraiou of !TTU will couider these probleaa. 

!TTU c:au be operated iu two aodea: iu the first llilode 1 the heat fluz tbrouah oae surface of 
the teat wall can be specified accuruely aud a ateedy-atate teaperature difference can be 
creued acrose the teat vall. Iu tbia aode 1 the two blauketa of ETTD play active aud puaive 
roles iu the "active" blanket. beat fluz ia pr.,.ided to the prillary beater accordiq to a uaer­
aelected1 tiM-depeudeut fUIICtiou that c.,.era the required freq•ac:y apectrua. At the •-e 
tiM1 the aecoudary beater ia used aa a pard 1 with a coatrol atrategy that aiuiaizea the tem­
peruure cliffereuc:e (and tbua the heat loaa) ac:roaa the active blanket. the electrical power 
cliaaipated by each heater ia c:outrolled by adjuatiug the curreut floviDI through the beater. 

Tbe puaive blaket 01l the opposite aide of the vall ia uaed aa a large-area beat-fluz aeu­
aor: ita heaters are DOt eaeraized1 but the cliffe:r:euc:e between prilury aud aecODdary teapera­
turu 1 iu cODjunctioa with the blanket_ tbensal propertiea, ia uaed to aeaaure the beat flow of 
the wall ou the paaaive aide. 

Iu tbe ncoud aode of operuioa, the aecoudary beater• are unuaed aud both pr~ry heaters 
are iadepeadeutly driven. Iu thia a,-tric aode. there ia little or DO atelldy-atate teapera­
ture cliffereuc:e betwen the two vall aurfacea aud, therefore • little iufonaat ion about the 
ate.ty-aute couduc:tance; but 1 unlike the previoua aode. a great deal of information ia avail­
able about the traaieut theraal pr.opertiea. 
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A aicroproceaaor-bued data acquiaitioa system is ued to drive ITTU. It drives tbe surface 
heaters, recorda all priaary aad aecoadary t-peraturea, aod perfozaa tbe. necea.sary em-line 
beat-flua ca.putatioaa.ll To eli.iaate the effects of lateral beat fraaafer, analysis is res­
tricted to the central region of the blanket; in effect, the outer regioa of the blanket is used 
as a suard. Pig. 3 ahowa the temperature aeuor array oa each layer, vitb the central region 
delineated. 

MODEL VALIDATIOR 

In order to validate the -ll .adel presented earlier, one aboald be able to (1) adequately 
predict the fluaea fr01a •uured t_,eraturea aad (2) derive physically correct thermal vall 
par ... tera. P~her.ore, tbe aeuured t-peraturea aad flazee .uat have enough different fre­
quencies to ioaure that tbe process of fitting the data and finding the thermal par .. tera will 
be valid for any temperature history. Por thia reuoa, the beat driving strategies should con­
tain all frequency c01apooenta typically encountered (i.e., a "vbite-noiae" apectru~~~). 

To teat ETTU aad to validate the .odel, a section of a vall vae 'built in the ntbora' 
laboratory. The vall (fr• aide one towards aide two) vas aade of (3/4 in. (19 -» plywood, (2 
in. (Sl -» bip-deoaity rigid board iulllatioa, and (1/2 iil. (13 -» gypaua board. The driv­
iq beat fluaea aaed. by ITTU for tbia -ll coaaiated of three aectioaa of twelve hours duation 
each. The first and third sections wre .,-.eric vbite noise, and the aiddle section -• white 
noise with a· DC offset. Aa can be aeen fr• the charging behavior of the •uured temperatures 
and fluaea (Pig. 4), the first several boars of data are daainated by the initial coaditiona; 
becnae tbia vazw-up -ef~ect ia undesirable in this frequency-baed fitting procedure, the first 
ten hours of ~a in the aoalyaia, wre eli.inated redaciq the data to 26 boars. A third-order 
aodel (eight vall par-.tera) vas used to process the data. The resulting STPa are shown below: 

O(W/a2-Kl 'tlbr) al bl a2 b2 a3 b3 

0.64 1.69 2.06 0.26 -2.99 -7.49 7.58 -22.67 

The D-value abovD ia to be c011pared vitb the o_,alae of 0.60 calculated fr011 thermal properties 
data Hated in the ASBRAE Handbook-.!!!!. .!! fundamentals volume. The c•pariaon between the 
aeuured and predicted beat flusea ia abovn in Figs. S and-6. Rotice, again, the c•paratively 
good trac:kiq ability both for the relatively steady period in the left half and for the highly 
variable periods at the begiooiq and ead. 

One-aided Model 

The aodel develo,.ent aad validatioa bu concentrated on so-called "c-aided" valls-that is, 
vall a for vbich the beat flwt ia aeuured oa both a idea. In aauy ezperiaenta aad for aany 
applications. heat fla data ia ueither recorded nor required for both aides of the vall. (Ror­
aally, the "outside" fla ia the one aiaaing.) 

If tbe •uur_.nt ia single-aided, oaly the storage factors for the aeuured aide can be 
cleteraioecl. The two aoat i.portaa.t par ... tera (0 and i-) • however, will still be determined by 
the • .;.. procedure - albeit vitb leea accuracy than for a two-aided vall. Accordingly, there 

will be n0 +2 STPa in a one-aided analysis. 
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All u ez.aple, · coaaider the data aet ahOVD in fia. 7. 'Dle .. aaur ... nts wre •ade by a 
ce.ent uaociation'a ia Skokie, IL. 1 uaiq their dya•ic hot-ba&.l2 The valle couiated of 13-
aterior atucco. hollow-core concrete block. 19 - furring atripa. ud 13 - foil-backed m•ua 
board. The Siaplified Tbel'llal Par-ten for thia block vall are: 

1.50 2.72 I 6.54 -25.09 

U[W/ml-EJ 't(br) 

The D-ralue detezwiaed by the 110del ia to be ca.pared with the D-Yalae of 1.2 W/•2-« reported by 
the laboratory. 

All abCWD in Fig. 7 1 the correapoadeace betwen predicted and -uured beat fluzea ia quite 
good uaiq a aecoad-order fit <~~wa-2). The diacrepucy betwea the u-alue calculated froa the 
data using the· IIOdel ad the other uy be due to the fact that the .. uured flaea uaed ia the 
110del calculation c ... froa a fl~ter attached directly to the aurface of the teat vall; the 
lab data uae a O.erall bot-ba& beat balaiu:e to calculate beat flow through the vall. 

SUMMAllY 

Tbia analytic technique; ia coajUDctioa with !Tr01 ca be uaed to neluate the dynamic thermal 
cberacteriatica of vall• iD-aitu. Clearly. the applicability of the 80del ia oot reatricted to 
field .. uuremeata. oor ia the elate acquiaitioa aye tea restricted to ET'l'U. Data .. uured using 
beet-flcnaeter arrays or hot-bozea (both portable ad laboratory-baaed) cu be readily ualyaecl 
to derive the STPa of a vall 1 or evea of a roof or a floor section. 

In the future, !TrU will be uaed oa a repreaeatative ••ple of valle to ca.pile a catalog of 
STPa that cu be coapared to their theoretically calculated couaterparta. In addition, field 
.... uraeaca will be coatiaued ia order to abed aoae light oa the effect of differeat kiDde of 
iuulatioa retrofits and the age of the vall oa ita thermal perfozwuce, since either -y cause 
.. uured ad theoretical perfoNeDCe to differ .. rkedly.-·· Such .. aaur ... ata should shed ac.e 
light oa the effectiveaeaa of differeat kinde of iuulatioa retrofits and on the effect of age 
oa valle. 
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APPIRDU 

!beonti.cal Derivatiou 

BOMOGEREOUS VALLS 

In cleriviq the equation• uaecl for nalysiq the thermal perfor~Unce of valls, the cliffuaion 
equation will be preaentecl that cleacribea the ther~Hl trmu~port of eDergy through -terial - in 
this cue a ha.aaeneoua alab (i.e., a vall alab lUcie up of a siqle layer of a particular 
.. terial): 

vbere: T is the taperature aa a fUilctioa of tiae ancl poaitiOD [°C) 
z,t are the apatial aad ta.poral caorclinatea, reapectively 
d. ia the thenal cliffuaivity [a2/s) 

(AI) 

In aeneral, cliffuaivity can be a fUilctioa of te•perature, poaition, ancl time; for this 
applicatioa it ia usa~~ecl to be coaatat. Futther.ore, only a rec:taqular alab vith one­
cl:imeuional heat flov will be coasiclerecl. Carslav ancl Juaer 13 shov the aolution of this boun­
dary value problel in ter.a of the te..,erature: 

T(z,t>-T (z) + 
0 

CD - t 2 t t' 2 [ ] 
i 2n e :f'l ain(ntrx) J" .-r T1Ct•)-(-l)n ~Ct') cit' 

n•l 1f L o 

vbere: L ia tba thickDesa of the alab [m) 
Tl, orlare tba temperaturu at the tvo aurfacea [It) 

't iathe fuad ... ntal tiae coaatat [s) 
T

0
(z) is calculated fra. i.Ditial CODditiou balov [It) 

2 
't • ..L. d.r 

t' 2 
CD - ?D L 

T
0

(z) · • ~ i • aiDCn~z) J" T(z' ,0) ..uacn';;') clz' 
~ n•l o 

(A2) 

(A3.1) 

(A3.2) 

The initial condition of the t .. perature can be remo.ecl by inclucliq the past history of the 
aurface .t .. peraturea (i.e., eztencl the integral to minua infinity). Ttlirs allows a minor sim­
plification of the eEpreaaioa abOYe: 
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(A4) 

This ezpressioa allows the te.perature to be calculated at aay positioo and at any time from 
the past history of the surface teaperatures. The aoal, however, is to calculate the beat flux, 
which is related to the aredieat of the te.perature, at the two surfaces: 

where: J is the beat fluz [watts/m2J 

J(z,t) • - U L dT(z,t) 
dz 

U is the cooductaace [vatta/a2-KJ 

(AS) 

Because tbe evaluation of tbe ar•lieat cootaiaa a infinite sua, cme caaaot take the derivative 
before s.-iq. Tbua, oae caaot, ia e4*Plete geaerality, aiaplify the problem uy further; oae 
ca, however, introduce a reuooable, siaplifyiq ua.-ption. that vill allow the derivation to 
be coot iaued. 

The infinite aua iadicated iD tbe above equatiou ia a sua over tiae coutaats, ('i-/o) that 
begin at the ftmcl-eatal tiae coaatat -t (i.e. , a•l), ad approach zero as the .-at ioo iDdez 
(a) geU larger. To be perfectly paeral all of these tille CODStata -•t be iaclucled in the 
aalyaia, but - aa in aay real aperilleat - there vill be aoae aiaiaua tille cODStmt below 
which all tiae coaataats are ao loqer iaportat;* this aiaillua tiae coaatmt iapliea a finite 
aaiaua liait to the .-atiou, a

0
: 

wbere: D0 ia the ~~aiaua liait of the a.-atiou 
't'

0 
ia the aiaiaua tiae coaataat [a) 

(A6) 

While it ia true that for aafficieatly large a, each integral becaaes aegligible, those terma 
caaot be ipored given that there are aD infinite auaber of th... However, because the em­
perature vill DOt have cbaged appreciably UDtil the ezpoaeDtial hu becoae negligible, ooe caa 
treat the teaperature aa beiDa coaatmt for those teras: 

(A7 .1) 

0 0 

for a>> a
0 (A7.2) 

The infinite .a. em be brokeR up into two parts at a0 ; leaviq the first a0 teras unch&Dged aDd 

* The preaeace of a aaiaua freq•acy co.poaeat Cas is always the case 
for discrete data) iapliea a aiaiaua time CODStmt in the analysis. 
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aubatitutiag tbe ~elatioa aboye for all other term.: 

T(z,t) (AS) 

The aecODcl aua can be aiaplifiecl by uaiag tbe folloviq two tri&OilOiaetric aeries: 

(A9.1) 

(A9.Z) 

Therefore, 

(AlO.l) 

(Al0.2) 

these two icleatities call be uaecl to eliaiaate all a-.tioa te~ abne the cutoff: 

(All) 

Siace tbia fom of the eqaatioa does aot coataia aay iafiaite s.a, oae Call cliffereat:iate 
this ezpreaaioa aDd evaluate the derivatives at the two liaita without hniq to ezplicitly 
evaluate the auaa. 

.J1(t) • .J(O,t) •- lia 0 L Q'r(z,t) 
:a:-+0 

_r.(tl-• - ..J(L.t) •- lia..V L Q'.rb:,J:) 
~L 

where: .Jl, .JZ are tbe fluzea into aurfacea 1 aacl 2 
Tl, t2 are the t-peraturu oa surfaces 1 aad 2 

(Al2.1) 

(Al2.2) 

Rote that ia the clefiaitioa of tbeae tvo teraa tbe surface fluzes have beea defiaed as positive 
if they flow iato tbe vall. Thus, tbe tvo surface fluxes aay be ezpreaaed ia teraa of tbe his­
tory of the aarface c .. peratures aacl the thermal pau•eters: 
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(Al3.1) 

D~ 

~Ct> • u <~<t> - T1Ct> > + 20 i r!<t> 
D•l 

(Al3.2) 

where: rl, r 2 are the aor.aliaed te.perature filter• [K) 

(Al4) 

Tbe Pa are called filtera becauae they are equiYaleDt to low-paaa filter fuactioDa of ti.e coD­
stat T/D2 for the paat hi a tory of the t-perature. Rote that the firat tel'll iD each of the two 
equatioDa above ia the at .. dy-atate heat fluz, (tJ'III!lT). Tbe aecoad tem repreaeaU· correctioDs 
to the ateady-atate beat fluz ariaiua froa themal atoraae .... for aaaaleaa walla, it disappears. 

Siace ao upper lmita -re put oa the value of u
0 

ia the precediaa diacu .. iou, oae cau allow 
D0 to becoae arbitrarily 'larae ao u to iacreue the preciaioD of this approxmatioD; iD the 
lmit of D

0 
-+ CD, the ezpreaaiou becoae aualy.tically esact. B.,_.er, for .oat walla D

0
<S is 

uaually aufficieat for approzmat::.aa theraal per.fotaau:e uader actual coaditioDa. 

PUQDERCY UPUSEHTATIOR 

All of the fomulu derived abOYe deacribe the tberaal fluz iD terms of the cbauae over tille 
of the aurface te.peraturea. Por 101111 purpoaea (such u predictiaa fluzea frca temperature his­
eoriu) thia ia the ideal reprueutatioa, but for other purpoaea (such u calculatizaa theraaal 
per-tera froa a ut of fluzea aud t•peraturea), aa aualyaia iD the frequeacy doaaiD is better 
auited, wbicb caa be doae by Pourier-traaafomiua Eq 13 relatiaa t•perature to fluz: 

where: w 
.1(w) 
P(w) 
T(w) 

Do 
~(w) • u (~(w) - T1Cv) ) + 20 i r!<•> - C-1)8 r!<•> 

D•l 

ia the aqular frequeDCy [rad/al 
ia the .-plitude of the fluz at that frequeacy 
ia the .-plitude of the filter at that frequeacy 
ia the -.plitude of the.teaperature at that frequeacy 

Tbe frequeacy coapoaeata are related to their t-poral counterpart a .u follows: 

.1(1,2)(w) • J eiwtJC1,2)(t) dt 
-CD 
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r~1,2)(w) • J eivt,~l,2)(t) dt 
-CD 

(Al6.2) 

T(1, 2)Cw) • j eiwtT(1, 2)Ct) dt (Al6.3) 
-CD 

where: i • # 

Tbe equation for the filters can he simplified by usiag the defioiag relation for the filters: 

(Al7) 

The aecODd tent caa be rec:opU.d u tbe Fourier traafom of the temperature and the firat tem 
ca be reduced by ai.ple ild:earatioa. 

(Al8) 

Tbu, in the frequeDCy d..aia, these filters are •:iaply proporticmal to the temperatures, 
areatly fac:ilitatiaa the dete~D&tioa of T. 

In .aDy frequeDCy aalysis of a ayatea there a aet of trnsfer f111lctions relate each of the 
inputS CT1 aad T2) to e.cb of the outputs (.Jl and J2) ad ~letely apecify the syateaa: 

where: Bl ia the traafer fuactioa for aide 1 
B2 ia·the traafer fuDctioa for aide 2 
JIG ia tbe traafer fuDctioa .croaa the •11 

Tbeae tramafer fuDctioaa c .. be foaad fraa the Foarier iDYersioa: 

letting n0-.CD aDd perfomiag the infinite sa. in closed form: 
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IRBOMOGEREOUS WALLS 

ao. u i -1wt 

siDhd -1wt ) 

82 • 8 1 • 0 ~ -1wt 

tahd -1wt ) 

(A21.1) 

(A21.2) 

Tbua far 1 tbe calculatiou lu!Ye been for oae-dimeuioaal b0110geaeous valls; however. bec&1Ue few 
real valls ca be described u hcaogeoous 1 the .odel aust be corrected accordiqly. Tbis has 
been dooe by applyiq correction tU'IU to tbe lowest order filters of tbe hc.ogeaeous .odel. 
Tbere is ao a priori reuoa for this geaeraliaation to be uact 1 aad yet it worka sufficiently 
well to an it u a appro&i8ate clucdptioa of r-1 valls: 

wbere: Jl. J 2 

Jl J2 -.-.... 
an predicted illbcaose-ous flazes (W/."l) at surfaces 1 ad 2 
are h0110p!DOU8 (uocorrected) flmtes (W/a2) at surfaces 1 ad 2 
is the aa.ber of conectioa factors 

(A22.1) 

(A22.2) 

Tbe ha.,.eaoas fluzas, J1 , ~ 1 are defiaed by !q •. A15. Bote that heoceforth the notation X 
iDdicates that a quaotity is fro. the ballogeaeoua solution, rather tba the geaeral solutioa. 

wbere: ,!(v) an the h0110geaoua trasfer fuDctiou 
B(v) are the corrected trasfer fuactiou 

(A23.1) 

(A23.2) 

(A23.3) 

Again, the h0110geaeoua trasfer fuactiou, ,!0 , a1• ,!2 , are defined by !q. A21. The correction 
teras ca be interpreted as surface storage factors that indicate the relative amount of storage 
that occurs oa the surfaces of the wall COIDpared to the interior. 
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The au.ber of intu.ogeaeous tenaa can be esti.atecl frae the ti- cODBtant aDd sOIH ltnovledge 
of che highest frequency of interest (i.e., the highest frequency one ia intereated in duplicat­
iq .ccurately or, equivalently, the highest frequency expected in the data): 

(A24) 

where: vmax ia tbe 1Uilt- frequency of interest 

COMBIRIRG LAYERS 

'fr81lafer functiona of a -ny-layered -u can be calculated frae tbe tr81lafer functio'lla of ita 
individual layers by conceptually uaiq tbe fluz out of one layer as tbe fluz into the next 
U,.r. Matbe.atically, tbia cbainiq proceaa ia a .. triz aultiplication of tbe appropriate c~ 
bin.Kiona of the traufer functiou. Dae general relatiou for calculatiq the caebinecl 
transfer function frae two individual tr&'ll8fer functi01l8 is givea below. 

where: I 
I" .... 

I" ~·· 
I •. 0 0 

o 1· +a·· 2 1 

are the caebiMd tr ... fer functiou 
are the firat layer traaafer functi01l8 
are the MCO'Ild. layer traaafer functi01l8 

(A25.2) 

(A25.3) 

Jlote that 1"1 and 1•• 2 represent the ezpoaed aurf.ces, while I' 2 and 1""1 represent the surfaces 
internal to the coabiaed well. 

Tbi• caebinatorial rule can be used ia two ways. It can be used to calculate the exact 
tr&Dafer function wbea the true ther.al properties of all the coaponeat layers are knavn, and it 
can be uaed to calculate the appraaiaate tbe~l p&-operties when two c0111posite valls are being 
caebiaecl. 
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