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Triplet Correlation for a Plasma

TaoMas O’NEIL AND NoeMAN ROSTOKER
Department of Physics, University of California ai San Diego, La Jolla, California
(Received 18 January 1965)

The three-body and two-body electron-correlation functions are calculated for a plasma in thermal
equilibrium. The method involves convergent kinetic equations developed from the hierarchy by an
expansion in € = 1/4wrnLp® which is carried to second order. The free energy determined by this

method agrees with the previous result of Abé.

I. INTRODUCTION

ANY authors have treated the statistical me-
chanics of a plasma by using the Bogoliubov-
Born-Green-Kirkwood—Yvon chain of equations.'**
These authors terminated this chain by expanding
the s-body functions in terms of ¢ = 1/4mnL’, and
by neglecting terms of higher order than e. One would
expect the next term in the expansion to be of order
€ or € In e. A recent field theoretic calculation of
the mean free path by Misawa® indicates that the
second-order term may be even larger than the first-
order term. This rather surprising result motivated
us to begin an investigation of the next term in
plasma expansions.

In this paper, we consider only the thermal equilib-
rium plasma. The calculation of the mean free path
considered by Misawa will be discussed in a sub-
sequent paper. We calculate the second-order pair
correlation function and the second-order triple cor-
relation function. We then use the pair correlation
funection to calculate the free energy of the plasma.
The purpose of the calculation is to investigate the
nature of the next order in the plasma expansion
and, for as simple a case as possible, to see if there
are any divergence difficulties.

II. BASIC EQUATIONS

Consider a plasma of N electrons and N infinite
mass randomly distributed ions. Let the plasma be
contained in a volume V, and let the position and
velocity coordinates of the 7th electron be given by
X: = (x;, v;). For an ensemble of such plasmas, the
density in phase space D(X,, X,, . .. Xy, t) satisfies
the Liouville equation,

( 916(1)\; Rostoker and M. N. Rosenbluth, Phys. Fluids 3, 1
1 P

*E, A, Frieman and D. L, Book, Phys, Fluids 6, 1700
(1963).

3 8. Misawa, Phys. Rev, Letters 13, 337 (1964).

a z a
{6! * i=1 Vilax;

We consider only Coulomb forces of interaction
between the electrons and assume all external fields
are zero; hence,

L
Pt OX; |X; — x;‘] g

The s-body function is defined as
fs(-Xh e X” t.)

= v [ DX, ... Xy, ) dXos -

Ex) = B(x,) = 0.

dXx.

By taking moments of the Liouville equation, we gen-
erate the Bogoliubov-Born-Green—-Kirkwood-Y von
chain of equations,

3 < 9 € <, 9 1 3
{6 + 2w x; m /S ox; |x; — x av‘-}j'

=]
v S
ne o P 0f.ss
m ; f ny 0x; |X; — X,n| 9V

=0. (2)

We can rewrite this chain of equations by express-
ing f, in terms of the Mayer cluster expansion,

f. = 11X 0 + X (X, IPEX,, X, 8

+ g [rf(X:, DIPX;, X, DP(X 1, Xms D)
+ Z WX DT X X Xy ) 4 ooy (B)

where the second term is summed over pairs, the
third over pairs of pairs and the fourth over triplets.
P(X,, X;, 1) is called the pair correlation function
and T'(X,, X;, X;, 1) is called the triple correlation
function. The quadruple- and higher-order correla--
tion functions have not been explicitly shown, be-
cause they make negligibly small contributions in
all our caleulations and are dropped at the outset.
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Using this expansion, the equation for the one-body function becomes

] d ne 1
{a + Vg ™ Eg(xi) } (X, 1) = f o [ — i o, av (X:, X,) dX,,

where
Eule) = [ 55 gy X0 dXe.

The equation for the two-body function becomes

d i d d d
{a + 71"5;: + Vz';ﬂ - EM(x:)'_" - = Eu(xz)"gv:}P(Xn X, )
. av1 f &t xalP(X,, X,) dX, — f = 1& s PO X dX,
e [0 1 a7(1,2,3),. _ n T, 2,3)
T m 611 X, — x| av, X, f ox, |x, — x,{ v, ok

9. _) HX)I(Xs) + P(X,, X,)].

Dropping the quadruple correlation function, the equation for the three-body function becomes

9 9 9 9 _e B B A
{aa Voo TV T W~ m ErE) gy — 3 Bl

nea

e d
= mEu(!z)'E}T(l, 2,3) — gy fax, E= LIT(z 3, 4) dX,

_ggv:faxglxz-—xlT@‘il)dx‘"mav,fax”x T(412)dX}
ne [9 1 aP(1,2) ne (3 1 aP(1,2)
a w axl |x! = x4] ‘371 P(3’ 4) dX‘ % m f aXz EXs - Ll' a’V:l P(3, 4) dX‘

81 aP@3)
axz ]xz . x4l 3"3

1 9P@2,3) P

ne’
=l (1, 4) dX, —

P(1, 4) dX,

ne' [ 8 1  8P(1,3) ne [ 1  aP(1,3)
- f R - P@, 4) dX, ~ % J P, 4) dX,

—x| o, x| v
L
i (‘i"‘)’f“ 48+ P D5, él[ixlinl_" !x.ixai}
i [ e R T [1xsix:|+ 1x,ix,|]

1 a d 1
+ j(l)[ax [xg — xl!.E;; + dX; |xa = xl[ ava]P(z 3)

1 4, 3 1
+ f(z)[axa Txs — x| 0xs T 3z, |x, — X,| o, ]P(?’ R

+f(3)[ax ey S ]P(l 2)}-

X, — X3| OV, | OXg |Xs — Xg| OV,

“)

(5)

(6)
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III. THERMAL EQ&Q‘IBRIUM CORRELATION
FUNCTIONS

The Gibbs distribution dictates the following forms
for the thermal equilibrium correlation functions:

P(X,, X5) = [e)f@)e@s),
T(XI s Xs) = f(”l)f(z’a)f(va)'f‘("m, 13,y f'-.»s):

where

o) = (2 kT)‘ R (_E%i) » Tz = G X

Substituting these functions into Egs. (5) and (6)
and using the fact that ¢ and ¥ must be invariant
with respect to interchange of particle indices, we
obtain the following two equations:

S 1 [
3?‘13 4TLS

== x3)'i12
X — Xs|°

Tblied A s Fons Hoad] 0= ;”— H+e @

a“’ 1 M dx,
4:'4TLD a?',z
4 s ‘35(7'11) 3 ¢ ?'241
4"'Ln 3?‘,2 Tig
b
== [6(r2s) + ¢(ria) + I, 8)
where
2 kT - E_ - u
LD_'mezr b__kT. :ﬁl!_]xl_xﬁl.

To solve these equations, we use the standard
procedure of expanding in terms of the parameter
e = 1/4mLj = b/Lp. We will first find expansions
for ¢ and ¢ that satisfy Eqgs. (7) and (8) in the region
where particle separations are greater than r, = 1/n}
and that satisfy boundary conditions which demand
¢(r12) to approach zero when r,, approaches infinity
and ¥(ry2, ™3, 723) to approach zero when any one of
the particles approaches infinity. Then we will find
expansions for ¢ and ¢ that satisfy Eqs. (7) and (8)
in the region where particle separations are less than
7o and that match the long range solutions when
particle separations are equal to r,. To find the long
range solutions, we scale Eqs. (7) and (8) to r},Lp =
Tiay *lalp = 7y, and 1Ly = 713; and we neglect
terms of higher order than ¢'. Writing the resulting
equations in terms of the unscaled coordinates, gives

) L 10 o)y b g

ary, 4‘FLD 3?'12 T3 7'12

1111
i _ 1 X — Xa)-Ei2 (2
3r1a 41'rL§ ]xl = xsiz [¢I (7'23)
+ Yilria, 115, 723)] dX5 = %‘ﬁ;“("lz). (10)
3\”[ ¢! )(?'m) 6 (5;“(?'94)
arlz + 4"""A*]:'I) 37'12 14 dx‘
1 3 ¥r Tz, Toss 7'1-1)
+ 4TLD ory, T4 d
b o
= a [‘f-’; }('-"'13) + Qf';”(‘rzs)]. (ll)

where the subseript [ indicates our specialization to
the long range region. We note that the above equa-
tions contain integrals of ¢, and ¥, over all space and
that ¢, and ¥, are valid only in the long range region.
However, the error so incurred is less than ¢ and,
thus, is tolerable,

The solution of Eq. (9) is the well-known screened
potential

0 =~ ap (22
Using

D
[0 g, o —grr 2y g0 ],
one can easily verify that the solution of Eq. (11) is
= 61" ()" (ris) + &1 (b’ (r25)
i)t (ras) + 1 [ b ()6 (e 0.

In Appendix A, we Fourier analyze Eq. (10), and
we show that

Sl S SRR (7 S [gﬁ :.:LD]
nLD 8"11'73- [l + (kLD) l 21 23‘ rak kLD i

‘We also show that the inverse transformation is

2
{_LB e-—!rfLD

0 =522

(52) + gormo i (S2) 4 g

r/Lp . _"3?')
e Ei ( T

—mIn@B)—3—-4hn (3)]}

o AT
+ta ¢ H (LD) gy

+ e—-rf-f-l)[
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For the purpose of matching the short range solu-
tions, we note here that in the region around » = 7,
the dominant term of ¢{* is

&2 = e’e_mLDI:gr—g + O(In e)] -

To find the short range solutions, we scale Egs.
(7) and (8) to rlb = 1y, 7lsb = 715, and 7,0 = 745,
We may neglect terms of order ¢ In ¢, since our free
energy calculation will permit a larger error in the
short range correlation function than in the long
range correlation function and since the remaining
lower order terms will be sufficient to match the
dominant terms of the long range solutions obtained
above. Writing the resulting equations in terms of
unscaled coordinates, gives

.a‘f"J 1 _‘_?__ ¢11("m) dx, - _Z_)_
dria ' 4wLp oy, Trs =7 (1 + ¢, (12)
9

= ;,‘?;‘ [pn1(r1s) + éuilras) + Yl (13)

9714

where the subseript II indicates our specialization
to the short range region.
Using

W) dx, b 1
fﬂ% — —%LE[TTL’ i ﬁblr j(3"'12)] '

Eq. (12) becomes
e—fufln).

9_@+3_(_b_)¢ _ 9 (i
arye ary, \rie i drip \I'yg

Since
9 i) " 3 (_b_ ~-uun) (i)
arys (?'12 N or, rlze i Llﬂ) :

we can rewrite Eq. (14) as

6_?11. __.8_ (.E _"’SZLD) ey e d (r_g‘)_ —'u/LD)
ary2 + ari, 1"128 P = ary, :2e

The general solution of this equation is

(14)

én = —1 + A exp l:_jl .g_'"“b:l.
T2
By setting 4 equal to 1, we can make ¢;; match
¢ = " + ¢!¥ to all orders less than ¢ In e at
rig = 7o In fact,

—1 + exp I:—-IL e_'"”‘”:[

T2

¢Il =

is accurate to all orders less than & In e over the
whole range of r,,.

T. O'NEIL AND N. ROSTOKER

If we replace b/r}, by —a[(b/ry,) exp (—ri./Ly))/
dr,2 in Eq. (13), then this equation becomes

Qi = _52'; [_b_e—n’un]wn(ﬁs) + ¢rrlraa) + ¥,

ar . T12
The general solution of this equation is

~T1:/LD __b_ B—‘rnz’LD

Yir = A’ exp I:__ge

T2 T3

b_e—fn/LD:I L, de- exp I:_ie"rua’l-n]
Taz Tz

N YR, R N |

By setting A’ equal to 1, we can make ;r match
¥, to all orders less than ¢’ In eat 7, = 75 = 725 = 10,

We can use ¥;; to obtain an approximate expres-
sion for ¢ that is valid in the region where one particle
is far from two other particles which are close to-
gether (i.e., 1o == b, 113 = Lp and ryy =~ Ly). Making
the appropriate expansions, ¥;; becomes

Yo = l:'_l + exp (_';b_?e‘_ru“‘[))]

_[_ie_,.,m b ] ‘
T1s T23

where the subseript IIT indicates our specialization
to this mixed range region.

IV. FREE ENERGY
The internal energy of the plasma is given by

N262 o
' = 3 —
B = VKT + 3 fo Sat(s) .

We can divide the integral into the following two
parts:

j;m 4rrg(r) dr = j;"o Arred(r) dr + f: darrepy(r) dr

Note that we may neglect terms of order ¢ In € in ¢y,
but that we must know ¢, to order ¢’. In Appendix
B, we evaluate these integrals and show that

E = 3NET — INkT{e + €[y — 2 + % In (3¢)]}.
Using 9/0T(F/T) = —E/T? gives

eV (mkT\!
F = —NET In I:E,.— (51;}:2) :|

~ INET{2¢ + €[y — 13 + 1 In (39]].
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The first term is just the free energy of an ideal gas
and the second term is the contribution to the free
energy from the coulomb interaction of the electrons.

This result was obtained earlier by Abé,* who used
the thermal equilibrium Mayer cluster expansion.
Shure® has also derived this result up to order ¢ In ¢
by the methods discussed in this paper.

1113

V. CONCLUSION

We have calculated the long range pair correlation
and the long range triple correlation to order €. Also,
we have calculated the short range pair correlation,
short range triple correlation and mixed range triple
correlation to all orders less than ¢ In e. These re-
sults are tabulated below.

3

— %e—rfi,n Ei (__I__;;) _l" _}erffan Ei (E_D) + %ev2rfI_D

= n@ —3—1ih (3)]},

(T2 TEs rns):l b’
P [ ( LIJ + T1aT23

exp |:_(‘-"'13 + ?'23)}
Ly
[_(?‘14 + ¥ou ":u)]
IJD .

ba
—-n f dx, exp
T14¥247 54

— exp [__;’_b_ e"'n/f-l}] — exp [__;E e-—r,:fl.n] — exp [.._.;-}1 e—ru.’bl}] ;
12 13 23

_ b E_L_D{I_Je =4
B = san i3 T i
T mto g (2T T o (=3 i) L T
iy EI(L.) Pt B (LD) T [4}5D
o[ 2
= e [Nars
v T12l13 D L, + T1alea
¢ir = —1 + exp ’::r—b e—ru.n] ¢
o ___b_ =ris/LD __ _b' =ria/lp i ——na/f-l}:l
Y = exp[ ?'128 '-"138 T‘zsg +3
Y = [‘1 + exp (—£ e—"’un):”:———[l gTrtke
T2 T3

The next order in the plasma expansion is evi-
dently straight-forward and gives only a small cor-
rection to the first order. The result of Misawa and
the earlier discussion of Sandri® indicate that one
might expect a very large correction or a divergence.
It has been established that this is not the case in
any thermal equilibrium calculation.

ACKNOWLEDGMENT

This work was supported by the United States
Atomic Energy Commission.

APPENDIX A
(15

If we put ¢;" and ¢, into Eq. (10) and Fourier
analyze, we obtain
J

1 (kLyp)'
du p

= k" dk’
n' (1 4 (kL)1 2m)’k
1
f (1 + La(k® + & + 2kk’w)]

11+ (KLp)’]

o1 (k)

4 R. Abé, Progr. Theoret. Phys. (Kyoto) 21, 475 (1959)
¢ F. Shure, Phys. Rev. Letters 12, 353 (1964).
6 (3. Sandri, Ann. Phys. (N. Y.) 24, 332 (1963).

_ ie—mﬂn]_
T3

Carrying out the u integration and replacing k'L, by
z’, gives

T Gla)™ . 1 [~ _delg™
o ®) = LIT + GLo)T @n° f 1+ 27

.{1 L Ly 427 [1 + (kLp + x*)z]}.
4kLya 1+ (kLp — 2)*

Using the even symmetry of the integrand and divid-
ing the logarithm into two parts, gives

‘l-md‘l' 12
o i i}
zRef

= (kLp)*
"y 1+ x;z

n*Ly [1 + (kLp)’J'(2r)

2 [:r:’ + kL + z]}
z — kLp +i])"
where Re indicates that we must take the real part
of the integral. Since the branch cut is in the lower
half z’-plane, we may evaluate the integral by using
a contour that runs along the real axis and then closes

in the upper half plane with an infinite semieircle.
Picking up the pole at 2’ = ¢ and the contribution

¢ (k) =

{ L [1+ (bLo)* + 27
2 4k Loz’
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' = @ i fa A
from |z'| = «, gives f er[-—l % ik (% e—.-u.n):l i
oK) = B !kbnl ln [2$ + kLp :l 5
nLn 1+ (kLD)] 2"" kLyp Y 479"”"’.[ re'”’(l 22”") dr
[+] D

The inverse transform can easily be put into the
form

2) B F_z_L_g}_ md:csin(z?‘/Lp)gi
¢I (r) - € r 4"’ . ll +z3] 3-
2+ 2|
ln[ih'—z]

In the upper half z-plane, there is a double pole
at ¢ = 7 and a branch cut running from ¢ = 27 to
x = ¢ ». To evaluate the integral, we replace sin
(zr/Ly) by Im [ exp (izr/Lp)] and use a contour
that runs down the real axis and then closes in the
upper half plane with an infinite semicirele which is
indented to pass down around the branch cut. The
result is

o0 = 1& _I_;t_:[ {%_g ¢ 3ol R (_zj:)

D

4 germn g (32) 4 g

i)

- "”'“[ 7@ —4—-§n (3)]}-

nagi (52)

APPENDIX B

In Sec. IV, we pointed out that the internal energy
of the plasma is
N’
2V

E = NKT + f., " Gtbaldid

(r) dr.

The first integral is equal to

g;l_[ (41)2/8 /3 __ (41-)1{!64/3

f1e e () -]

The second integral may be written in the following
form:
- 2 @
f ) dr = 2 f () cos (kro) dk.
Te 0

Using the even symmetry of ¢(k) and replacing kLp
by z, we find

fw'(’)d_ﬂf &0 (L‘n)i(l':x)

{1 2t 1 1 [2@ 4 z]}
+8mL" +z2 L2 -zl
In the upper half z-plane the first term of the inte-
grand has a pole at = ¢, and the second term has a
double pole at # = 7 and a branch cut running from
x = 2t tox = 7 ». To evaluate the integral, we
replace cos (zr,/Lp) by Re (¢"**Lp) and use a con-
tour that runs down the real axis and then closes in
the upper half plane with an infinite semicircle which
is indented to pass down around the branch cut. The
result is

j: ' darnly) dr

{—E + (4')!!3(4/8 ot §(4r)=fs£us + i"l'izi

i
bn
— 3¢y + 2 + In (3) + In [@n)}]).
Thus, we find
E = 3NKT — INKT{e + [y — 2 + % In (39]}.





