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ABSTRACT

Use of a double-Regge-pole;exchange model . to deséribs'_pefipheral
three-bod& final.state procésses especialijfaf1néar—threshold values of
the -invariant mass of a pair of.final_state particlés_is deséribed and
discussed. Stresséd is the féct that the model provides,an undérstanding
of the entire reaction, yiélding.distributions in.ail kinematicai vari-
ables. As‘an‘éXample, results are presented from a detailed comparison
of the predicted m&del distributions with data from pp _9pn'Af+"at
28.5 GeV/c. One simple diagram involving only Pomeranchuk‘éﬁdvpion
¥ ‘exchénges is employedl Goéd dgreement is obtained with the,experimental

'diﬁtributions in invariant—masses,.momentum—transfers, aﬁd-varioﬁs

“angles; in pérticular, the enhancement near 1460 MeV in the’(n'Af+) .



mass-speétrum is well fit. Recent applications of the model to the Al
region in xN.— npN are re?iewed. Also explored ié the'potential for

extracting information on the pion trajeqtdry from three-particle-final--

state reaction data.

J
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I. INTRODUCTION

Extension of the Regge-pole-exchange-model from the quasi-two-

body domain to peripheral inelastic processes involving several particles

in the final state has beeﬁ studied by several groups in recent years,
and phenomenological fits to proéesses with three pafticles in the final
state have been achieved.g’u-9 Some of these fits have been carried

out within the strict limits of applicability of the Regge-pole model,

namely, using only events in that region of the Dalitz plot where the

‘final-state two-particle invariant masses are relatively large. Whereas

this limitation_can evidently bé justified by invoking the origins of
Regge theory, it has the unavoidable drawback, at presently accessible
energies and current bubble-chamber experiment statistics levels, of |
leaving one with very feW‘eveﬁts to sstudy. |

' ' 10

.On the other hand, recent work with finite-energy sum-rules”  1in

two-body scattering demonstrates that fhe parameterization appropriate

to high energy scatterihg does provide an -adequate semi-local EVerage

description of low energy phenomena. Thus one is motivated to invoke

~ the same type of result in the multiparticle domain and to suggest that

a double-Regge-pole-exéhange—model may also, in restricted circumstances,
be analytically continuéd beloﬁ'its designed region of evident validity
and provide useful results when one or .both two-pafticle invariant
misses become small.t | |

Some results of sﬁch an exﬁénsién:havé-already beenvdéécribed

by the author and successful fits to data from several reactions

. published.5_7 In this paper, additional characteristic features of the
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double-Regge approach are noted and comﬁared with results from non-
Reggeized Deck-type-models.12 An important aspect of the double-Regge
model approach which deserves emphasis is that it provides an under- o
standing of the entire.three-body final state reactioh; it yields distri-=
butions in all'reievant kinematical variables, not méreiy fits to the
Dalitz plot or to one Chew-Low plot.

In Section II, the doﬁble-Reggespole-exéhange.hypothesis for
general thrée-particlé-final—étate reactions»in the form givén by Bali,
Chew, and Pignottil is reviewed and, in Section III, thebrationale for
extending its application to near-threshold valueé.in one of thé final
state two particle‘invériant masseé is made expligit. These sections
are intended to be fairiy general and éhould provide a basis for use of
the model in the analysis of an‘arbitrary three-parficle reaction.

A particular example bf the ﬁse of é doublé-Regge model at
high-energy is focuséd upon in Section iV. The reaction PP —>pn_Af+
at 28.5 GeV/c is discussed in some detail»and-disfributions calculated
from the doublé-Regge model are.compared with the seﬁeral experimental
di-stfibutions.l5 A choice is made of an appropriate unique double-
exchangé diagram on thé basis of.certain kinematic selections and then
the matrix element is parameterized in terms‘of two conétrainedvpara-

meters: - a scale constant, s. , -and the slope of the pion trajectory,

Orn

assumed linear. By adjusting the two parameters, a good fit to the

o

~data is obtaired; the pion trajectory slope determined in this fashion v,

is o = l.E(C}eV)-2 and the scale constant s =vO.7'(GeV)2, both

Orn

quite acceptable values and in agreement with theAparaméters determined
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'in an earlier modified double-Regge model fit to data on the same

6
reaction at 6.6 GeV/c.
The invariant.mass;allowed to approach threshold in this cal-
culation is that of the (ﬁ-Af+) system. What emerges is an aCcepfable

fit to the near-threshold 1460 MeV enhancement in this mass spectrum

-without the necessity oflinvoking a resohnance interpretatioh of the

phenoménon.
In Sections IV. F and V, the more general features of ﬁhe double~

Regge model aistributiohs and particular phenoﬁenologicalLconsequences
of the model are emphaéized and contrasted With fesults of»thé:non—
Reggeized'Deckétype models. | B

o The final Section (VI) is devotedbto.a discussion and inter-
pretation of the results. Included are refereﬁces'to recent wbrk in
which the éodel'was applied to the p?oceSses TP —;n'pop and coherent
ﬂ+d —>ﬂ+pod> and agreement achieved with the experimentally observed
(jp) méss enhancement.in the Al 'région.8’9

_For all reactions studied, a linear pion trajectory with an

average slope Qf approximately 1.0 (GeV/é)-g seems to yield best

agreement with ‘the data; the sense in which the pion trajectory slope

is determined from this analysis is discussed in Seétions IV. B and F.
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ITI. DOUBLE-REGGE-MODEL

In this section the,double-Regge-pole exchange model hypothesisl-u

is briefly reviewed for the general-mass, three-body-final-state

process:
m1+m2—->pl»+p2+p . (1)

Commonly, the assumption of the Regge approach is that the
model is strictly applicable only in that central.region of the Dalitz-
plot where the invariant méés of each final state pair of particles is

' Whether one uses the Toller variable routel or a procedure

"large."
.involvihg a double Sommerfeld-Watson trénsformation, this resfriction
obtéins directly because only when the invariant mass is large doés the
asymptotic expansion yieldingvan (si)ai type dependence on the sub-
energy variable .si"result naturally. The hypothesis asserts that
reaction (i) is dpminated by a sum ofAdiagfams of the form given in
Fig. 1. i |

Genérally'stated, in the sum there is a diagram for each
possible ordering at the three vertices of the final set of particles
relative to the initial paif and,'given an ordering, for each.unique
pair of trajectories whose quantum numbers allow coupling to the
extefnal particles. Although this statement means that the analysis
for a givén process will require many diagrams,vlimiting consideration
to a restricted kinematic region reduces the number of important
diagrams. - This prbcedure will be discussed below, after the genefal

situation is pursued here.
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For the sake of clarity, in this section all the external
particles in the diagram of Fig. 1 will be considered spinless; an
helicity-amplitude approach for the general spin case may bé'found in
Ref. 4. PFor the specific diagram given in Fig. 1, with the mass and
' . s a4 . . o .. 1,2,14,15
trajectory labeling indicated, the invariant amplitude is. R
[0

A(s,81585588) = FLED [(sy ) /0] F FS (8, 85,0)

v - o, |
X [(sp ) /s50] © Folty) - (@)

In this expression, each of the functions Fi(ti) contain as
factors (a)'thevpropagator'fupcﬁion'for trajectory ai(ti), '(b)vthe
- signature factor for’trajectory ai, :(C) neceSsary kinematic faétors
~ associated with ﬁhe coupling of vmi' and By to trajedtorylbdi, and
(d) the reduced residue function associated with the (g5 1y, "ai)
coupling, Insofar as they can Be deﬁermined from Regge fits to quasi-

two body processes, these four factors are, in principle, all known

quantities. ,
' : o Oli : :
In Eq. (2), the factors [(si°~-)/sio] provide the character-
istically Regge form of the amplitude; the siOv dre scale»Constahts

i0

is the numerator of the cosh gi variable of Baii, Chew, and Pignotti,l

 and, judging frbmvtwo-body fits, s,. =~ l,(GeV)g.' The quantity (si-f-)

the denominator of which is absorbed into F(ti) and'.F(tl, to, w) as
a kinematic singularity. Explicitly, for the general mass configuration

of Fig. 1,
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-1(“12 } m12 } tl)(“g -t - t)

(3) ”
An analogous expression for (32---) is obtained by interchange of the
subseripts 1 and 2 1in Eq. (3). The remaining factor in Eq.'(e), the

function F(tl, t2, w) describes the coupling of the two Reggeons 4

and 0y at the central vertex to the emitted particle of mass p. The

variable w, a nafural rotation angle in the Toller analysis approach,

may be def.ined.asl’2 ..

= =y, . -
(o) % qp) - (X ) -
cos w = . , v (&)
5y » @1 [P, x @l S
P X Gyl 1Pp X 9,

whergvthe threefvgétors 'az and ‘51’ are evaluated in the.Lorentz frame

in which E’: 0, i.e. the rest frame of the pérticle emefging from the
central»vertéx. As:this‘eqﬁation indiCatés, w 1s the angle'betWeen

the normals to the (51,?&1) and (5;, a;) producfion planes,.as

viewed from thevframe'of.reference in which @ = O. |

 The reacfion amplitude A on the left-hand-side of Eq. (2) has -

- been expressed as a function of the complete set of indepéndent variables

(s, 515 855 by, t2). From the purely kinematic point of‘view5 w is

not a variable independent Qf that set; as pointed out most explicitly | : | -
by . Bali, Chew, and Pignqtti,l w 1is complementary tovthe total energy
variable 's. Nevertheless, the range of w, atvfixedr's; is n§t
limited: it extends from O to n; bMoreover, it'ié meahingful;.even

at fixed s, to express the right-hand-side of Eq. (2) in terms of w
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because the two-Reggeon;one-particle vertex functién may, in generél,
have a dynamical dependence on that variable. -To be sure, in order to
perform an explicit calculation at fixed s, the asserted dynamical
dependence on w must be transformed into a dependence on the chosen
set of independent variables. By the éame token, Because the kinematic

relationship between "w and any one of the set (s; sl,’sg, t,,t

l) 2)

inﬁolves all membefs of the set, there is no reason to expect the -
distribution in the variable w to be isotropic, eveh if the function
F(tl, o, w) should be ehtireiy-free of explicit w dependence .

The general multi-Regge analysis does not presentiy speéify the
dependence ofbthis'central—veftex function on w and on the yti;x
barring detailed model calculations,»this.dependence muét be sought—out
pheﬁomenologiéally., This sit@ation is similar to. that in the‘twb-bo¢y 
Regge appfoach in which one_determines the ¢ vdependenée of the reduced
reéidﬁe functiéns phenbménologically}

For a specific peripheral three particle final.étate reaction,
givgn the set of‘relevant'doublyfperipheral diagrams [and their ampii-
tudes in the form of Eq..(l)], one bresumably haskin the double;Regge

model a complete description of the physical process. Specifically, one

should be able to produce an-adequate fit for the distributions in_all

possible momentum-tranSfer-, final-state_two-particle invariantémass—,
and angular variables. It should be noted that this. approach is consid-
erably more ambitious than, for example,.the Deck typel?-models which

have for the most part been limited to s description of the Chew-Low

"~ plot in one momentum transfer and one invariant mass combination for
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a given reaction. Tﬁe.précess §9)9) -epn_Af+ is examined later-iﬁ this
paper as an example of the complete fit stressed abové.

The remarks of the préyious paragraph are subjécf,'of course, to
the_qualification-that the Regge model is usually considered applicéble
only ﬁhen the various two-particle final-state invariant mass wvalues
are large. The next section is devoted to a discussion of the’reasoning

7

behind extending the Regge model to cover the entire Dalitz plot.
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ITT. EXTENSION TO SMALL SUBENERGIES

Moti&ation,fo apply the doﬁble-Régge-pole exchange model below
its region of orthoddx validity'stems'ffom various’ sources. Empificélly,
it is interesting to contemplatejfor a typical pr0cess the fraction of
daté femaining after impoéition of the orthodox restriction that all
final-state two-particle invariant masses be "large".‘_Téké, for
example, the reaction pp —apﬁnf at incident proton lab momenﬁum
28.5”GeV/c.13 Barely h%‘of.fhe'éventS“ére.left’after elimination. of
those for which either Mass (nxt) < 2.0 GeV or Mass (pr*) < 2.0 GeV.
At current high-energy‘bubbleéchambervexperiment statistics levéls,
therefqré, fewer than 50 events would be available for:Reggé model
analysié.l6] WheféaS“COHSiétency$of the model with the déta"of”this
limited sampié is evidently esseﬁtial;:it is also yaluable to attempt
to broaden the scope of inéﬁiry..' |

An analytical understanding of the fact that approximately 96%

of the data from pp - pnx’ at 28.5 GeV/c is concentrated in. that

segment of the Dalitz plot where either Mass (nx*) < 2.0 GeV or
Mass (prt) < 2.0 GeV 1is easily given in terms of a doubly-peripheral.
picture. This issue has been explored quantitatively by various

researchers, often in the context of the Deck-effect.;e--An explicit

. statement in terms of Fig. l is.this: Although, on purely phaSe—épace

grounds, each s; may range from (p + ui)g to [(s)® - uj]g,
J f i, the graph in Fig. 1 implies that both ti are heavily weighted
towards their maximum (kinematic) limiting values (e.g. by ‘weighted

near 0O 1if pi > mi) which, in turn, substantially kinematically
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distorts the phase-spaée spectrum ip the ;- Indeed the restriction of
either ti to values near its absolute kinematic limit has the effect
of enhancing small values of both si._ Consequently there is an incomj
patibility befween the assertionbof double-peripherality oh the 6ne hand
and the orthodox réquireménf_of a multi-Regge model which would.have the
masses of all pairs of final s}ate particles large. o |
Relaxation of the reétfiction to large sS4 finds support in the
many recent successful appiicainns of finite-energy-sum-rules, in two-
body feactions, in which thé low-energy direct-channel resonance. approxi-
mation has provided a gbod description of warious cfoss;channei Regge
V trajectoriesulo The import_of this developmenf for three-pafticle
reactions has been emphasizéd by Chew and Pignotti.ll What emerges is v
the suggestion that in u;ing the double—Regge model one should expecﬁ
to achieve a reaSOnaBlyvgodd semi-iocal-éverage deséfiption of the data
over the complete spectrum of S5 values. Certainty sharp resonance-
like detail cannot reéult, bﬁt gross features of the ch and other
distributions should be well reproduced. Particularly intereéting,
therefoié, from the point of view of phenomenological appliéation of
the model, are investigations of those particular three-body reéctibns
: which either display eésentially no resonant effects in any sUbénergyl7
variable, or display fairly structureless, broad enhancements at iow |
invariant mass values of oné pair of final stéte particles.,'Sevéral
examples of this latter type will be discussed later in this paper.
Finally, the multi~Regge tﬁeory approach fto several-particlé4

productidnl would be facilitated by a convincing demonstration in the
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three-particle aréna that the use of a déuble-Regge appreoach at small

subenergies is iﬁ acceptable‘agreement with experiment, especially in

the sense of generating a suitable average over the resonance-region.

The‘demonstraﬁioh would help to justify a multi-Regge déscription of |

multiplé production which ignores resonanées and cdpcentrates réfher on

computing with diagrams héving only stable particies in the final state..
| In order to restrict the number of diagrams treated; the appréach

taken here was to relax the orthodox Regge~-theory limitgtion in the

case of one subenergy vériable'only.' An exémple of a calculation of

this type is given in the next section.
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IV. APPLICATION TO pp — pr A "

. A double-Regge'model analysie for the reaction pp —apn_éf+
is described in this section in e manner general enough to allow similar
application, for example, to Ppp — npPp, =P —>nnp; TP — PP, Kb - 7KA,
Kp —;ﬁK*ﬁ, and analogous coherent processes. Predictions.of:the Regge
model are compared here with: experlmental dlstrlbutlons obtalned by a
13

Brookhaven group studying proton-proton interactions at 28. 5 GeV/c

A. Choice of Diagrams

The essential simplifying conclusion reached in this’section,is
that by limiting the study to events for which Mass (pn~) > 2.0 GeV,
one may adequately represent tﬁe data with a unique-dotole?exchange
_ diagram, given in Fig.‘B(a), employing Pomeranchuk andvpion‘exchanges
only. ‘Other possible diagrams are judged to provide contributions of
secondary importance. |

| Sinoe the incident perticles in pp - pr~Att are identical,
there are a priori only three generic fyﬁes of double;Regge—pole-model
diagrems which can be written\for this process,>differing.aceording to
whieh fiﬁal—state particle is coupled at the central two—Reggeoneone-
pafticle-vertex. The quantﬁm number structure of'two of these types,
with either n or A emerging from.the centralﬂvertex, is such that a

Pomeranchukr(P) can be accommodated as one of the pair of exchanged

Reggeons. The third type of dlagram, with a proton emltted at the mlddle'

vertex, cannot admit P exchange.
' lSeparate consideration of diagrams with and Without.;P’

' exchange'isvjuStified by various argﬁments. “One line of argument is
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based on the fact that for a diagram containing P exchange thé-total
cross section, o, is appfbximately s indepéndent whereas ‘c falls
with s 1if P exchange isinot present. Anothervline of reasoning
relates to the fashions-in,whiéh various exchanges populate‘the allowed
ranges of .the vérious subenergies. Becausé of the characteristic
(si/so)O[i subenergy dependénce in the amplitude, the contribution of
the Pomeraﬁchuk tfajectory ’(aP ~ l)“ will dominate when thé aséociated
subenergy is large. In fact, the P will most effectively overcome
the prefefénce, discussed earlier, of double-peripheral diégrams for
small Subenérgies. _On fhe other‘hahd,'the lower lying a given trajec-
tory,‘thercloser to thrésholdvin fhe aséoéiated sﬁbenergy will its
contribution be felt.

In regard to the Spécific process under study here, the restric-
tion to events with Mass (pr=) > 2.0 GeV should be sufficient to.
Jjustify the disregard in fir;t-approximatibn-of'all diagrams other than
thoée confaining P exchange. .The two diagrams of interest remﬁining
are drawn in Fig. 2, where the meson (M) and baryon (B) exchanges
must- now be speéified.

| Quanfum number requisites at the central_veitex of Fig. 2(3)
demand‘that M have G parity (-1) and isospin 1; the obvious
candidates are g aﬁd Al. The standard nearest §ingularity‘afgumeﬁt
suggests that the . contribution is dominant over that of :Al at
small values of the momentum transfer to the Af+. In additioﬁ; a

comparison of the on-mass-shell p felastié and gxp - Ap cross-
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sections shows that the strength ofvthe' P coupling is a factor of

10 greater than the n-A-P coupling; becaﬁsevsuch coupiiné constants

enter at the middle vertex cf the two diagrams, x exchange would

appear to be substanﬁiaily favored. For Fié. 2(b), the argument is

similar with the conclusioﬁ being that the baryon B. is tﬁe 4++ itself.
The diagrams of Fig. 2 contribute to oyeriapping regiohs cf

phase space, and a meaningfﬁl separation of thelr contributicns‘requires

' li@itaﬁions on tA and tﬂ.“_Kinematically, although the maximum value

)2

of tﬂ‘ is given by (m_ - m )"~ +0.6 (GeV)g, a distance-from-the-

D
baryon-pole discussion caq'be used to argue that the magnitude of the
contribution of Fig. 2(b) should be suppressed in relation to that of

Fig. 2(a); interference questions are more delicate. The easily derived ‘

relationship
t +t, = t_-s +m - o+m +m s V » (5)

indicateé, hoﬁever; that interference is important only‘in.regions of
phase space distant from both pcles, for example, where tA < io;5 (GeV)g.
Finally, to facilitate'comparison with the limited quantify ofv
data;'oﬁly'the“pion-Pomeranchuk diagram given in Fig. 3(a) was:retained‘
in fhe detailed,computations.' Because of the approximations discussed'
thus far, certain qualifications as tc the expected results are evident.‘
One should not ,expect tQ compute with fhis one diagram;the entire
observed cross section. Moreover, inladjusting free paiametere associ-
ated with Fig. 3(a) in an attempt to fit data, one will perforce be
generating some type of average over the background associated with

neglected diagrams.
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- B. Mafrix Elementl
The invariant amplitude for the diagram in Fig. 3(a) will be
written as a function of the set of'five Lorentz-invariant Quantities
defined in terms of the four momenta p; and g, as s = (pl + p2)2,
e 2 ‘
=(a; =) s_,=(a+4q,)", and

2

She (q + ql)e. The differential cross section for the process is

v = (o) )™ (Tl aoy o ®

in which FI equals the proton mass times the 1nc1dent proton lab
momentum, and d¢3 is . the dlfferentlal element of phase space

- The complex1t1es of spln analys1s were set aside’ by the adoptlon
of the,doublefRegge-pole’hypothes;s for the absolute square of the |
invariant amplitude, M, summed over finalvspins and averaged over
initial epine.l’2 This‘effective neglect of spin dependence haS'the
practical'consequencevof;reducing the numbem of parametersvinvolved'

in describing the momentum transfer (tp and tA) structure of the

amplitude. In- the paragraphs below, a description is given'of the

~ fashion in which this-spin-averaged momentum transfer dependence was

specified "The explicit dependence of the amplltude on the subenergy

" variables (and ‘thus on the tragectorles) is not affected by the averaglng,_

however, s1nce.each helicity amplltudeu'contalns a common factor

a

(sﬁﬁ.f.)aP(SHA;.J) T which can be extracted to provide the overall
dependence on the subenergies.

The discussion of the parameterization of §:IM, is based

upon the functions F, of EKq. (2). Because the model yields no
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prescription for the w dependence of FB(tA’ tp, W), sych explicit
~variation was ilnitially assumed absent here.'vThis assumption seems
justifie@ by the resulting fits, especially by the fit to the distribu-
tion in w itself, shown in Fig. 6(b). | o

In the atfempﬁ to-feduce the number of free parameters, informa-
tion obtainable from quasi;two-body reaction_studies was -incorporated -

into the specification of the t, and tp dependences of ( z:lMlg).
Because fitsl8 to two-body data conclude that the Pomeranchuk has little
slope, if any, the P was chosen here to be a fixed singularity,

p - 1.0. Thus there is no P propagator to be discussed. For

definiteness, the scale constant Sop

was set equal to 1.0 (GeV)E,
~and then the remaining tp dependence of the amplitude [ih the product
Fl(tp) FB(tp,'tA) of Eq. (2)] was parameterized as'an'expénential

function detérmined from high-energy xp elastic scattering data, as

~ follows: In the limit tAk—amﬂgg tb is simply the invariant momentum

transfer variable for gnp elastic scattering and the function
CF (% ,vt ) becomes an external residue; thus, in that limit, the
TA3Yp JAN : ) _ S _ s

product - Fl(tp) FB(tp’ t is proportional to t dependence the

amplitude for the elastic gnp process. Under the assumptions (1)

that for small t,, the .t_ dependence of the product Fl(tp) FB(tp; t

i\ P
differs little from the on-shell case and (2) that the Pomeranchuk is

N

responsible for the xp eiastic diffraction peak,19 it is appropriate

“to set {Fl(tp) Fj(tp’ fA)'z ~ FB'(tA) exp(8tp) where FB'(tA) is an

unknéwn slowly varying function.
The discussion of the previous paragraphs may be summarized in

‘the following expression for the amplitudego corresponding'to the
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diagram of Fig. 3(a):

20

TP = e (60 o )/sg ] Ms o)

P

em(8t) . (1)
.Details of the x coupling to pA as well as the 5  propaga-

tor and the residual middle vertex tA

F5 (#A), are incorporated into  Gn(tA), and N

dependence, previously denoted’

0 is the overall normali-

-zation constant. -

1, - |
(sp) = sppm - m 3t Ty )
x M2 -t -t) (8)
o P AN
b om2.Lm® e owy (
(Sﬂp"ﬁ),r= 5. ‘tA m, | 2(mﬂ t tA) R (9)

The.characteristics of the pion tréjéctory are, at present,
én issue of intense.investigation in two éafticié scéf@ering ahd; as
such, 1t is hardly poséible fo'presént a well-established expression fof
Gﬁ(tA).“in this stﬁdy the most natural aséumﬁtions consistent with

Regge theory phenomenology were made. A linear pidn'trajectory was

.adopted,

o = (tA -n ) o, | . (10)

with the constant slope, a;,; left as an adjustable parameter; Gn(ta).

was assumed to be given entirely by the product of the ReggeiZed

- propagator and signature factor with no other veftex structure:
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(x OtJ'T)2

. Gﬁ(tA) =_v2(l - CcoSs n'an)

(11)

It will be noted that for t, ~;m%2, Gn(tA) approaches the
. L | ' . . : 2 _2
elementary OPE expression: Gﬁ(tA) —a(tA m ) “.

Thé expression for Gﬁ(tA) in Eq. (11) is not appropriate for

large values of |t i.e.. ltA[ > 1.0 (GeV/c)g] because, as it

| o
stands, it develops»poles in the physical_regiqn at o = -2, =4, ete.
These unphysical poles couid'be eliminatedvby'feéfofing td'thevright-
hand-side of Eq. (11) thé factor r(1 + a)]_g sometiméS'used in
Regge-pole phenomenological fits.gl waévéf; because'pion'EXCﬁange is
dominant oniy for small tA; a cutoff in the intégrationvover the tA
variable (and in the aata) is dppropriatevhere for physical reasons,
and the difficulty is thﬁs avoided.

Two adjustabié parametérs which may be varied to,achie&e é fit

to the shapes of the several experimental distributions are embodied

in Egs. (7) and (iO). They aré both associated with the pion.éxchange
aspect of the-diggram_and are the slope, Q% ,.of the pion trajectory
function and tﬁé scale constant bsoﬂ. |
| In one-Regge—pdle-exchange fits to quasi two.body reaction data
over a range of s values, it is poésible to isolatevthe trajectory_
function a(t) from the remaining t dependence of thé amplitude by

fitting the differential-cross-section, at fixed t for various s,

to an expression of the form
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2a(t)-2 o
F - fm(:—o) o . (12.2)

Technicélly, a similar'program could be ﬁndeftaken_in fhié three-body
reaction to separate the a;z and soﬁ dependences of the»a@plitudé;
its'résults are incﬁncluéivé.because of the limited quantity of data,
hoﬁé&er. The procedure reqﬁirgs performing thé integrafions over the
(s +++) and tp variables invK, (6) and (7) to obtain a doubly-

np _
differential cross section in_the SnA and tA variables:

 d2U - _ ‘2aﬂ
A ) G (t,) [(s_r**)/sq 1 T Kls, ty (s ,0o)]

(12.p)

The function K in Eq. (12.b) will be a known quahtity; ‘If one then

substitutes empiricai'data, at a fixed .tA,'for the left-hand side of

VRN Y e =12
Eq..(lQ.b), the (sﬂA...) depgndence of thg ratio K ~ 4 c/th d(sﬁA---)
will provide a value for aﬁ(tA)’ at that tA’ which is indépendent of

soﬂi and, moreover,-bf the parameterization of Gﬁ(tA).' As remarked,

the limited statistics precluded using this procedure exceﬁt as a

consistency check. ,
- - | . ~20,

In view of the fact that one may express (soﬁ)_ T as

_ PN oy e R . 2
exp| 2(tA_ m ) ar log}soﬂ], it is ev1dent.that changing s,  will

-

serve to modify an inhefent‘ex@onential damping in the Variable tA

Varying o' will directly affect the shapes of distributions in both

snﬁ'_and t,. It is to be expected therefore, that for a limited
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statistics sample of data, various pairs of the quantities a% and

] will generate successful fits. As will be stressed later, however,

Ox
the data do require that a%‘z 1.0 (GeV/c)-e; an elemeﬂtary pion-exchange
calculation fails in a well-defined manner, which supports the argument
givien here thatlfhe'amplitude representing the déta musf contain a
factdr like ;(SHA)a“ with .3 < O.‘ fhese issgés are discusséd furthef‘,

in subsection .IV.F.

~C. DNormalization

The normalization factor N, of Eq. (7) was determined by
factoring the diagram of Fig. 3%(a) about the pion exchange line and
considering the limit tA —amﬁg. The contribution to NO of the pix

vertex, in that limit, may be evaluated in terms of the width, I', and:

mass \mA of the Af+"as the factor22

2

2 - 52# r mA}{[mA + mp)e - mﬁ,]{(?a -m )2__mﬂ

The remainder of the diagram represents off-mass-shell xp
elastic diffraction scattering as may be recognized if Eq..(?) is

rewritten as
: , ' 20 -
Thi? - g2 (s 2 n'(ZlM' . w
7NN Son | P ’

_ where M&p is the amplitude‘for off-shell np ~elastic diffraction
19

scattering. 1In the diffraction peak approximation,

w

RN <ZIM;pI?>' exp(8t) . (15)

t_=0
b
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Moreover by using the optical theorem and assuming a purely imaginary

amplitude at tp =0, as is the case for P ekchange, one may derive

the expression?5
- ' 2, 2.
1 o~ - B - -
ZHN%pl ~ﬁ[spﬂ (m.p + mﬂ) ][Spn (mp mﬂ) ]
X o, Zew(dt) ,  (16)
tot,np o2
where Gtot,np is the #p total cross sect;on. After combining

Eqs. (14) and (16), and comparing the result with Eq. (7) (at large Sox
and small tp and tA)’ one obtainsgu

2 2

Ny, = ‘2 g vOtOt,ﬂp :(17)

'_ A factor of ’2. was,insefted into Eq. (17) because antisymmetri¥
zation éffthe reaction amplitude is required since the iﬁcident'particles
are identical.‘ This‘effect is pfoperly obtained by édding to Fig. 3(a)

a diagram in w@ich the incident particle moménta are interghanged. Due
to the peripheral nature.of the procesé, hoﬁever, interferenée betﬁeen
the two diagréms is eﬁtirely negligible,

D. Data

A few'rémarks concerning the expefimentéi distfibutions are in
order before actuai fits are described. When the mass spectrum of the -
final (pr') combination in data from the four—pfdngvreaction |
199) }éppn+n; is plotted, a étrong At signal is e&ideﬁt. ‘However, if
one selects just those events from fhe broad enhandemenﬁ
M(§n+n-) < 1600 MeV, and then diéplays the (pn+) mass-spectrum, it

is less clear that a prominent Aﬁ+ component is present, partially
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due to limited stétistics and partially dﬁe.to the fact that the three- _
body mass selection already kinematically cohstréins the twoéparticle;
mass to overlap the _Aff band. This ambiguity is disfurbing because
there are at least two theoretical exchange mechanismé, alternative to
pr-A*t+, which may also ‘serve to generate a bfoad low-mass (prtr=)
enhancement. One iﬁvolveé the assumptionlthat the process is actﬁally

PP —» pp0 where O is an s wavebtwo-pion'resonance.25 Anothér is based
on the fact that the.&ield of a triple-exchange proceSS'suCh as
diagrammed in Fig. 3(b) will bé,largely in £he regioﬁ of small .(pnfn')
mass values. Iﬁ an atte@pt to overcome both of thése bbjections, the
assertion made here is:that if a rélatively narrow A*t mass definition
is used [Mass(pnt) = 1238 =+ 60], one will be left with data in which -
the true Af+. to background signal is_high. Note that the cufvdiscuSSed
earlier, Mass(pn;) > 2.0 GeV,_will'remove double isobar;éVenté of the
N*Oaf+ variety.-

The data on the finai state bn'éf% :thué:derived from

| pﬁ eappn+ﬂ" is produced highly’peripherally with small momentum tran%—

fers.to the att

and-ﬁo the p. The experimentérs have noted; howevér,
that there,is a biased loss from the>present sampie ofbthose events |
. ha&ing ]tél' very small and associated:with thek,(éf+n-) being in the
forward hemisphere.13 This loss is serious primérily forv Itp[ < 0.0k
(GeV/c)e, and consequently, rather than limiting the study to the
smaller statistics unbiased _(Af+n_)- backwards sample, ali e?ents

were retained.
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E. Fit to Data

~ Attention was focused ptincipally on the limited high-

stafistics region defined by [spJT > L.o, S A 5.0, |t4| s 0.5,

|tp|:s 0.5, all uni'ts'(GeV)2 }, where effects from diagrams other
than the dominant one are expected to be negligible. Various pairs of

the parameters a; and s,

Ox in Eq. (7) provide acceptable fits in

the sense’of.génerating sgts of‘singly differential distributions whose
shapés agree witﬁ those of éorrespdhding experimentél distribﬁtions.

A maximum likelihood £it to the data, in the four-dimensiohal space

of the two subenérgy and two moméntum transfer variaﬁles, produced

the values o - 0.8 + O.QI(GeV)-g'.and s >=10:50 + 0.05 (Gev)2

>

On

~ however, the limited number of events involved and the biases discussed

earlier reduce confidence in this'determination.26A.As.jUdged:by eye, a

somewhat better fit to the shapes of the sevefal distributions results

)_2 and S, = 0.7 (GeV)g. Presented

in Figs. 4 through 7 are singly differential distributions computed

using the latter pair of values. Naturally the same selections were

made‘in the . computation as taken in the data; these are deséribed5in
the captions. vGood fits'resulted also to the doublyedifferential

, and, as well, to that in the variable

t]T =>(q - pé)g, which should be sensitive to fhe negleéted baryon-
ekchange-diagram's'contribution. The'valﬁes determined for the pair

of quantities ‘a% and sOTI are well in line with the typicai slopes

and scale parameters of Regge theory and, moreover are in close
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agreement with values obtained for the same parameters in a fit to
data at the much lower momentum of 6.6 GeV/ec.

Because the constant term, N in Eq. (7) cancels out in the

0’
~definition of the likelihood function, the maximum likelihood fit is
to the shape of the distribution of events in the (5. Sper T tp)
space only and not to, the absolutg normalization. Similarly, the fité
carried out by eye were to>shapes only. Thus thé degree of agreement‘
bétween quel and datavinvtefms.of absolute normalization is a meaéure
- of tﬁe extent to which the diégram of Fig. 3(a) indeed ddminates ﬁhe
reaction; The actual.Regge-modei_curves shown in Figs; 4 through 7
were obtained after multiplying Eq. (7) by the factor 0.95, while the

other pair of values [a; = 0.8 (GeV)-2 and s. = 0.5 (GeV)?] yield

_ On
a Ccross secﬁion which is 96% of the experimental value.27 Consequently,
the absolute normalization aspect of the modél is rémarkably good,

as it was also at 6.6 GeV/c.6

F. Discussion of the Fit

It is'evidently not possible tovprove in a rigofous sense
‘that this daté (orbany data in the physical region{ tA"< 6) démands
" the existence of the pole ;ingularity postglated here in .Gn(tA);
"Eq. (11), at the ﬁnphysicai point t, = mﬂz.: Hdwever, the. good

agreement in. absolute normalization ahd the reasonableness of the

‘values: determined for a% and s demonstrate stfong congistency

Ox

of the pion-exchangé aspect of the model with the experimental situation.
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On the other hand, it is important to inquire into the.role played

~ by Reggeization in this prbblem.

The finite, positive value for the slope, a&, of the trajectory
' : 20

of the exchange pion, operating through the factor (SHAQ T 4n

Eq. (7), is indeed essential in order to generate a distribution in the

- (w-a**)  invariant mass whose peak position and full-width at half

maximum are in agreement with the data, and in order tovproducevﬁhe
typé of aSymﬁétry observed in the distribution in the Tréiman—Yang
angle, Fig. 6(a). These two features of the Reggéizéd abproach may be
recognized mOst_direétly by contrasting.the,form and'rééultslof this
model with thqse of an elementary one;pién-éxchangé-diffraéfion-.

2

scattering (OPE-DS) or Deck modell which the Reggeized model essentially

‘becomes in the limit a% — 0.

‘In the OPE-DS model, one replaces Eq. (7) byl2)28

2 . o2 2. o
E:‘M1OPE = No(tA - mﬁn)v [gbﬁ —v(mp + mﬁ).][spﬂ - (@p - mﬁ) X

X emlBt, 4 (b, -] . (18)

In Eq. (18), N, has the same value given previously in Eq. (17),
and the option of a form factor exp[x(tA_- mﬂg)] has been explicitly _

introduced (without it the experimental distribution in 't -cannotvbe

JA

fit). At small values-of [tA], the essential difference between

and Eq. (7) is the presence in Eq. (7) of the factor .
200 ' 4

1.
(sﬂA ) .
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At the energy beihg.con;idered here, Eq. (18)'will_y1eld the
samercurve for the distfibution in tA as thét given by the Regge
ﬁodel, shown in Fig. 4(a), if in Eq; (18), = l.C (GeV)fa. With A
therefore fixed at 1.0 (GeV)_g, Eq. (18) was used to compute the
éxpeqted OPE-DS distributioh in the n‘éﬁ+ invariant mass. The
results of the:fwo models ére compared in Table I;' Whereas the Régge
model is able to:adequat§ly fit the»digtribution;rih both 'tA and

Sﬁg? the OPE-DS model (ejeh wifh form-factor) can:?éproduqe only onez
of thé two. »

Phase-space threshold effects, of course, compei the distribu-

tion in SnA;'to vanish at threshold and, as discussed elsewhere, the

bpeaking of the cross section at near-threshold values of SnA; is

largely a kinematic reflection of the suppression of large:values of

tA ‘and tp “in the doubly-peripheral diagram. However, Reggeization

enhances the low-mass peéking by directly providing an s dependent

EIAN

factor in the matrix element whose effect is to further suppress large

values of s . Analytically, this narrowing of the low-mass enhance-

A o
1

ment can be. understood by observing that the (anQ term in

Eq. (7) is roughly approximate to (sﬂlg—o'i ‘because
aﬂ._ (tA - mﬂ>)-aﬂ and the peak in the tA dlstrlbqt;on occurs at
t, ~ -0.12 (GeV/c)® [see Fig. h(a)].

In the last row of Table I and in Fig. 6(a), the predictions
of the two models for the distribution in the Treiman-Yang angle )
are contrasted. The OPE-DS model produces a perfectly flat distribu-

tion in‘the variable @ _whereas'the Regge model yields an asymmetry
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about 90° and a peaking toward O° similar to that observed in the data.
In this work, the computed asymmetry about 90° ig’defined by

dd’ ° dd Py )

— (0°) - d¢\(180 )

- . ‘:_ | B!
99 (0°) + L9 (180°) ‘ o)

o dp

The physical reaSon.for-the large asymmetry developed by the

, . 2a (t,)
Regge model rests simply, again, in the factor '(sﬂA) T ; this

coupling of the adjacent momentum transfer, tA’ and subenergy, S a2

variables may be reexpressed in terms of momentum variables and implies
a correlation -of the'momenta of the particles in the final state. Stated

pn’.tA’ tp, sﬁA) and (s, S NI ®) are

P
two complementary sets of indepéndent variables in termsvof which the -

otherwise, the sets (s, s

anmplitude may’be expressed. They are related through an expression of

. the form

s = A(tAf t p"spﬁ)' , . (20)

A » Spn) + cos ? B(tA’ t

which shows that a dependence in the amplitude on SnA leads in general

to a nonisotopic ¢ distribution. Absence of s or P 'dependencé

FITAY
in ( z:!MIE) automatically leads to a pérfectly flat distribution in

the © wvariable.

The asymmetry'about 90° in the o distribution; quite sensitive

to the value of a;, increases as @' increases. Moreover, for fixed
: i : . ,

a%, it is also an increasing function of the variable lt because

N

]anl‘ increases with |¢A]; for example, if instead'of restricting the
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t,  integration to values ]tA|.< 0.8 (GeV/c)E, as in Fig. 6(a) and
Table I, one chooses the cut ]t | < 0.3 (GeV/c) , the predicted asymme-
try is reduced to 28%. On the other hand, a fixed constant power
behavior in the variable N would lead to an asymmetry which is
independent of t,. The data_at both 6.6 GeV/c6f29 and 28.5 GeV/c give
definite evidénce for an increase in the asymmetryvas one takes progres-

sively larger cuts in lt and are thus highly suggestive of a

Al
mechanism whereby the spin of the exchanged obgect is a function of
A | __

The validity of the conclusionsvpresented'in the above para-
graphs does not rely npon the very simple fofm_chosen for the tA
~dependence of ( ZZIMIE), namely, the function G (t ) in Eg. (11).
Other more complicated expressions (?or example, G (t ) multiplied by
r(x +a)]” )‘were tried With the result that although soJr is forced
to change, acceptable fits to the s and @ distributions definitely

RZA
require that a% ~ 1.0 (GeV/c)_g. The criticism may be leveled, of
.coursez;that'one is misapplying the pion excnange concept when using it
as far out in tA as ]tA] = 0.5 (GeV/c)g. However, evenIWhen'one
restricts the analysis to ltA]<< 0.2 (GeV/c)2 = 10 mﬂe,'the experimental
anisctropy in the o distfibution is evident and reéuires ‘a' ~ 1.0 :
" for its interpretation within the context of this model' It would be
valuable to pursue this matter of the pion tragectory parameters by

analyzing high statistics data on the several reactions listed at the

beginning of Section IV.
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In the-remainder of this sectioh,‘additional comments are made

regarding the distributiohs presented in Figé. L through 7. The discrep~‘

ancy between the Regge fit and the data for values of mtpl < 0.0k

(GeV/c)e, shown in Fig. 4(b) is attributable to the bias, discussed

earlier, which results in a loss of events at small 1tp| when the
(Af+n_) system is in the forward hemisphere. Indeed,.the'dashed histo-
gram in the region |tp] < 0.04 (GeV/c)2 corresponds to twice the
numbef.of events present in the backwards (Af+nf) sémple;'this bias 1is
not serious in the rem@indér»of the |tp| distribﬁtion.' Because'events
with ]tp’.< 0.0k (‘GéVAC)2 occur preferentially with sm&li’valueé of
sﬂA, tﬁié bias explain$,>ih part, the apparent normgliZation discrepancy

in the distribution in the s variable, Fig. 5(a). The effects of

S17AY
the bias on the other distributions is negligible. The distribution in

the s variable, Fig. 6(b) shows that the (spﬂ -)2 factor in

Pr
Eq. (7), characteristic of Pomeranchuk exchange or diffractioﬁ scattering,
is é gOOd-represeﬁtation of the overall séﬂv dependence for values
So > b0 (GeV)e, as aséérted earlier. The agreement at the lower end
of the scale can be improved by the addition of a diagraﬁ with P!
exchange, for example; moreover a mild Slope18 (a% :.OTB)_for the»b
Pomerénchﬁk résults in better agreement of the shape of the Calculatéd
distribufion with the data at the upper_end of_the spectrum. The
agfeement‘eVidént in Fig. 6(v) suggesté that,thebchoicé made here to
ignore explicit w dependence in the twofReggeon—one-pafticleIvertex

is quite consistent with the experimental situation.
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The severe cuts |tp| < 0.3 (GeV/c)2 and Mass(nd) < 1.6 GeV
in Fig. 7 were chosen in order to focus on the region of the low mass
(rp) enhancement. The additional cut, Sor > 4.0 (GeV)g, necessary in
order to eliminate doublé-isobér events, removes eventslin the region

cos 8, > 0.5. The data show evidence for a depletion.of events for

A
c_os‘"eA < -0.5; these eventslare statistically associated with values:
]tAl }'0.5 (GeV/c)E. The discrepancy between the caléulgﬁed curve and
the data for cos QA < =0.5 is perhaps indicative of interference
' between the principal diagram, Fig. B(é), and others -(such as the N
exchange possibility discus;ed earlier) in the region ltAl > 0.5 (GeV/c)e.
Both the'calculated curve and the data become peaked towards éos QA = +1
for larger values of Mass(xd). |
G. Canlusions

The overall fit fo the data supports the doublé-Regge—pdie
exchange approach to three particle produétion and, in particular, calls
for the exchange»of a Reggeizedlpion whose'average slope in the momentum
transfer ranée 0>1%t>-0.5 (GeV/é)2 is approximately 1.0 (GeV)_g.
_Diagiams other thaﬁ the-déhinant one shown in Fig. 3(a) pro&ide néglig-
iBle contributions to the process pp —»pﬁféf+, at least in the limited
domain defined at the beginning of Section IV.E. The low-mass (xa™)
enhancément and related distributions are adequateiy fit without requir-
ing any explicit (pn+n_) resonance production: The negleét of spin
effects in the spin-average approach taken here, éxpecially asvregards
the Af+, would not appear to alter these Qonclﬁsions in view_of the

fact that the coupling of the pion to the 3/2 helicity states of the

A is known from quasiFtwp body final state data to be a small effect.Bo
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V. FEATURES OF THE MODEL

The discussion in Section IV.F fegafding the- sﬂA and @ :
distributions underscored some general aspects of the Regge model matrix
eleméﬁt and fits. In this sectidn, a feW'édditional features>will be
stressed.

A. Slopes in the Momentum Transfer Variable

A particularly interesting consequence of the doubly-peripheral
approach becomes evident when one examines the distribution in the
variable 1t for various choices of the invariant mass, MﬂA; of the

-+t . . . . } .
(r &) combination. In a missing-mass type of counter experiment,

 these are essentially the two relevant variables when one triggers on a

pal

fast proton; they are also, of course, the usual variables in a Chew-
Low plot. The calculated doubly-differential ‘distribution dgo/dtdeTIA
is in fact well approximated in the region [tp[ < 0.3 (GeV/c)2 by the

expression

= =~ exp(a + bt_) : - (21)
dt_ dM P ’
P oA : .

where the parameters a and b, although independént of tp, depend

Str§ngly on MﬂA. In Table II,.values of b, for #ariOus Mﬂé, are
preéented. Also given in the table aré the calculated values of

b vs. Mass (nn+): for the‘reéently published study of pp —apnﬁf at
28.5 GeV/c.7 | | |

. It will be noted that for values of .MﬂA or M near their

‘respective’thresholds, the calculated (output) value of b is twice the
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elastic-scattering value of 8.0 (GeV/c)_2 used-as'input'ih'Eq:Z(7).
This substantial increase may be described as kinematical "feed-through'
from the right to the left in the diagram of-Fig._5(a); any,deﬁendence

on the variable 'tA in Fig. 3(a) reflects itself kinematically as a
dependence on the variable tp' It is the steeply falling (tA‘_ mﬂg)-2

character of the t, variation in either Eq. (7) or Eq. (18) whichv

" tends to force the tp dependence to be sharper than the input
exp(8tp) variation. The dependence in the matrix element on'the sub-
‘energy variables, however, subsequently modulates this effect and

contributes to the variation of b with M;A'

Such rapid variation of the slopes (on logarithmic plots) of
momentum transfer distributions with the mass of produced states is a

(- .

general feature of the double-periphéral approach to three particle

" production. - Effects of this type have been observed expérimentally'

31

notably in the missing-mass type of counter.éxperiments and also by

32,33

several bubble-chamber'groups. Walker,'in particular has described

such a variation és an important aspect of,the diffraction dissociation
‘mechanism.BB;Bu It is evident that one must be caﬁtious in interpreting
- such systematic Qariation of the momentum-transfer dependence with
invarian# mass; the above aﬁalysis.shows that the effect_is not

obviously correlated with resonant behavior.

B. Energy Dependence

Subject to the proviso that the spjt integration_is'éarried
out over its full range, the Regge-model matrix element, Eq.(7), yields

a distribution in the (n-Af+) invariant mass whose peak position and
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full width,at half maximum are esséhtiallyind@pendeﬂtof incident energy
from 6.0 GeV/c to 100 GeV/é. The total cross section is likewise approxi-
mately energy independent.. Similar,statements apply to the calculation
of 7pp -apnn+ reported earlier.7.

C. Cuts in spjr

Thé restriction in ﬁhé previous section (IV) to the study of
only thosé eveﬁts for_whicir.l‘.spﬂ > b0 (GeV)2 is by no means fundamen-
tal.v However, if one desires to represent data at smaller values of the
spﬂ .variable, then diagrams'in addition to thgﬁ:given in Fig. 5(5)
must be included in the computations; these would includév(butiare not
limited.to) diagrams of the same topology as that given in Fig. 3(a)
but with P repléced by‘.P* or p, for example. Evidently this.argu-v
ment does not imply the abéence of gv P contribution below Spﬁ = 4.0
(GeV)Q;‘rather it suggests, supported by Fig. 4(b), that otherveffects
are more prominenf there. .By the saﬁe token,.if one chooses té repre-
sentfthe’data by ﬁsing ohly,the.diagram shown in Fig. 3(a), whether in
the Regge fdrm or in the non-Reggeized OPE%DSlE-deel, then either a |

cut in the Spn vafiable is in order or some other subtraction should

~ be made to eliminate the non-Pomeranchﬁk effects: This last point is

often ignored'by researchers who use'a non-Reggeized version of Fig. B(a)
for the purpose of calculating "background" contributions to prdcesées'
*% ' ‘

such as xp - Ap or Kp K p.

D. Direct-Channel Diagrams

By way of,emphasiZing that the model discussed in fhis'papér is

one which seeks to interpret peripheral three-particlé-finaieétate
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procesées_entirely in terms of cross-channel exéhange contributions, it
should be noted that it is inappropriate to consider including.a_diagram
of the direct channel Variety, representing ﬁole-tefm.pfopagators in

one of the subenergy variables (for examples, see Fig. 1(A) of the Ross-
Yam analysisl2 or Fig. 6(b) of the Resnick paperlg): .For the’
ppvfapnia++ .process studied’in this papér, a direcﬁ-chénnel diagrém,

of. the type.to which reference is being médé_heré; isnoﬁétfgpresenting

pp diffraction séattering'with'one of thevfinal;state tofmeasS-shell)
“protons subsequently dissociatihg into a (Af+nf) pair. To.includé such
a diagram along with that of Fig.-B(a)kwould likely resﬁlt in the same’
-tyﬁe‘of double-éounting tha£ is iﬁvolved in two-body progesses if one
adds direct-chaﬁnél resondnce terms to a sé—called.backgroﬁnd fdrmed of:
. Regge~pole eXéhange qon£ributions. . This last remark'ié qual;tatively
evidenf if onefregardérthe n~AtT . final state in.Fig;_B(a) as‘resﬁlfing ‘

from the "quasi-two body" Pomeranchuk and proton -(p2) “interaction.
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" VI. DISCUSSION ..

In several receht'analyses, é dbublé;Regge-pble—exchangé-model
~approach of the fype described here has provided good agreement with»all
exberimental distributiops even at hear-threéhold values of.the invari-
ént mass of a final:pair bf ﬁarticleé in a three-body finalFstate'
procesé; 'in addition to the pfoton-pfot6n interéction studies already
mentiohéd, in which data in thé-regipn of the 1400 MeV nucleon-isobar
type enhancement has been fit, data from the-reactiéns P - pp at
13.0 and 20.0 G_éV/-c9 and coherént D - xpD at 8.0 GeV/c8 are also in
égreemént with calculations.based on a Reggeized pion—Pomefanchuk
doublé-peripheral diagram. These last two reactions give evidénce.for
a bréad Al (Mass ~ 1100 MeV) enhancemént in the gxp mass épectrum
which the model adeQuately describes. Mbreover; a partial wave analysis
of fhe Reggé—model ampiitude predicts that 859 of'the calculated Al
enhancement is'a JP = l+ (np).sysﬁem, in good agreement with the
fraction determined experimentally in thé 8.0 GeV/c study.8

It is inappropria#e,vhowever, to conclude: from the results of

these studies that either the A, or the N¥(1400) effects observed

1
in the above reacﬁions:arebnot resonances‘in the usﬁal sense. For,

whereas there has been nbvconclusive déménstratién as yet tﬁat_a cross-
chénnel Reggefpole exchénge description, bn the one hand, and a diréct_
.channel resonance intefprefation aré perfectly dual,ll aifernétive modes
of ﬁnderstanding, a growing body of“informationgpoints in thatidireétion;

In quasi-two body scattering, the finite-enérgy—suﬁ-fulelo approach has
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demonstrated that the appropriate sum over Regée—pole-exghange contribu-
tions in the cross_channel provides an adequate semi;iogal gVerage‘
desgription of the iméginarx part of the_Scattering amplitude, expréssed
in terﬁs of direct channel resoﬁance céntributionsf Moreover, partial
wave_analyses performed on the'(aéymptotiCally valid) Regge form of the"
amplitude and accepted évén ih fhe intermediate-energy.resonance domain
have_demonstratedvthat reéonance-like Argandidiagram éircles are present
in the Regge amplitqde.35 |
Based on the fact that no poles in the direct channel énefgy-

variable are present in the'aSymptotic.Regge amplitude, objections héve
been‘raised to the interpretation of thesé circles as manifestations of
. resonances. Schmid countered these'objeCtions using an_analogical fef-
érenﬁe'to the'Stirling approximation of the’Gamma'function;is however,
avprecise judgment on thevdﬁality issue awaits the development ofva uni@ﬁe
representationbbf tﬁe scattering amplitﬁde, valid at all energieé, and
haviﬁg Regge asymptotic behavior. 'Soﬁe.progress in this regard is evi-
dent.in a recent'proposal by Veneziano.56

' The relevance of this discussion té fhree particle-final-state
problems is.evidént upon observing that insofarvaé thevfinal state
n'éf+;ffor example, is.concérned, it.can-be fegardéd'as 5éing tge end
product in Fig.IB(a) of a qﬁasi-two‘bbdy-proton-Pomeranchuk interaction,
. with pion exchange_being the'dqminant érosS-éhannel éxchahge mechaﬁism.
Thgs,_in'effect,vReggeization has introduced a third, but possibly uni-
fying, interﬁretétion to.the vet unsettled resonance'jepsﬁs kinematic

enhancement question surrounding the experimental status of the Al’
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N*(1L00), and Kix = Q bﬁﬁp37_effeCts. This cOntfoversy has the prac-
: tical consequence of ﬁaking itvdifficult to qﬁote unambiguously values
for "resonance" cross-sections in these mass régions.

_The theoretical status of the calculations described»hére is
someWhat pfimitive. qut'fundamental, of course, is the matter of the
use, at nonasymptotic #alues,of SnA’ of tﬁe unmodified Regge-form éf |
“the amplitude giﬁen in Eq, (7>.V>Present Justification relies on |
. duality-type argumentsll and on the not inconsidefable agfeement with
: data on‘different reactions ovef a wide energy range. :Eﬁrther progress
in‘this‘regard awaits the develdpment; for_ékample, of a Veneziano56
type of representation'for five-body processes Wﬁichywould have Reggev
asymétotic behavior inffhe two subehergy variables bﬁt provide a better

near-threshold dependence on these variables.
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Table I
Comparison of Regge and OPE model predictions with data:for thé
location (M5), of‘the peak and full width at half-maximum T 'éf-the
distribution'in the invariant mass of the (=a*t) system,‘fof two
~values of the cutoff in the integration over thé variab;e FA; The
last line contrasts the.predictions for the distribution in the

Treiman-Yang angle. The OPE model contains a form-factor, as described

in the text, with A = 1.0 (GeV/c)-g.

' Double-Regge
OPE-DS (A =1) |,/ _ ) - Exp.
(o% = 1‘2’.Son = 0.7) |
My [t,] <05 1500 Mev 1480 MeV 1480 Mev
USHIENE 1.0 1580 Mev 1520 MeV 1500 MeV
P;’|tA[ <0.5 | k420 Mev 280 MeV 200 MeV
P;'|tA1 < 1.0 | . 540 Mev 380 MeV _ 320 MeV |
Treiman-Yang; Flat - 419 Asym. See Fig. 6(a)
_]tA| < 0.8
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- Table II
Mass dependence of the’differentiél crqss'éection for 199 —apn-Af+
and 7pp -9pn+n at 28;5 GeV/c ‘obfained ffom doubly—peripheral pion-

Pomeranchuk mode;' b isvdéfihed in Eq. (21) of the text.

-k ' +
PP —»Pr A . PP -DPrn

Mass (nd) (GeV) | b_(Gev/c)'e_ Mass (mm) (GeV) b (Gev/c)'2
1.10 I wo 1.0 |- 180
1.50 P o115 | 1.20 1é.5
1.60 1 10.0 R Il 130 | 95
1.80 . ..8.0 150 7.0
2.00 1 5.2 1l 1.80 ' | h.5




-ko- " UCRL-18L72

ACKNOWLEDGMENTS .

It is’avpleaéure to thank Pfofés;br'Géoffrey.F.'Chew and
Dr.zRobert‘fanvini for §evéral valuable.diécussions and for critical
comments én this manuscript. A major'portion of fhis study was'ﬁnder-
taken while I was,; guest of the Bubble Chémber Group at Brookhaven
National Léﬁoratory during the summer of 1968; I am grateful to
- Dr. Rélph Shutt and other members of the Group for their hoépitglity
and ptovocétivé discussions; The assistance>of‘Dr; Pah&ini and
Mr..Edwin Ellis‘in uﬁderstanding the experimental.distributiéns was
inﬁaluable. I am indebted to Dartmouth College for é lééve of absence

and Faculty Fellowship support.



¥

+4

9.

“10.

Ch1- - UCRL-18472

FOOTNOTES AND REFERENCES

This work was supported in part by the U.S. Atomic Energy,Commission;
On leave from Dartmouth College, Hanover, NeW‘Hampshire.
Present address.

N. F. Bali, G. F. Chew, and A. Pignotti, Phys. Rev. Letters 19,

61k (1967) and Phys. Rev. 163, 1572 (1967). An extensive list of

" references to earlief work may be found in G. F. Chew and A. Pignotti,

UCRL-18275,vJune, 1968, to be published ih Phys. Rev.

H. M. Chan, K. Kajantie) and G. Ranft, Nuovo Cimenté 49, 157 (1967);
H..M. Chan et al;, Nuovo Ciménto 5L, 696 (1967). For a partial
re&iew of the double-Regge-pole modél approéch, includiﬁg.references

to phenomenological fits, see articles by‘Chan-Hong-Mb and S. Ratti

in Topical Conference on High-Energy Collisions of Hadrons, CERN,

January, 1968.

. F. Zachariasen and G. Zweig, Phys. Rev. 160, 1322 and 1326 (1967).

R. G. Roberts and G. M. Fraser, Phys. Rev. 159, 1297 (1967).

. E. L. Berger, Phys. Rev. £§§;>l525 (1968).

E. L. Berger et al., Phys. Rev. Letters 20, 96k (1968).

E. L. Berger, Phys. Rev. Letters 21, 701 (1968).

. A. M. Cnops et al., preprint, Brookhaven National Laboratory 12677,

July, 1968 and Ian O. Skillicorn,‘private communication,
M. L. Ioffredo et al., Phys. Rev. Letters 21, 1212 (1968)-

"R. Dolen, D. Horn, and C. Schmid, Phys. Rev. 166, 1768 (1968);

K. Tgi and S. Matsuda, Phys. Rev. Letters ;§,‘625 (1967).



11.

-12.

13.

1k,

15.

16.

17.

18.

L. Stodolsky, Phys. Rev. Letters 18, 973 (1967); M. Ross and

‘body-final-state production models at fixed s.

-ho- UCRL-18472

‘G. F. Chew and A. Pignotti, Phys. Rev. Letters 20, 1078 (1968);

G. F. Chew, Comments on Nuclear and Particle Physics 2, 7h (1968).

Y. Yam, ibid 19, 546 (1967); U. Maor, Ann. Phys. (N.Y.) 5;,-&56
(1967).-_L.'ResniCk,'Physu Rev. 150, 1292 (1966). References to
previoﬁs work may be found in-these papers. |

The data were derived from a Brookhaven National Laboraﬁory Bubble -
Chamber group study of pp interactions as reported.in

P. L. Connolly et.al., Brookhaven Natioﬁal Laborafory 11980;

W..E. Ellis et al., Brookhaven Nationai Laboratory i2673, sﬁbmitted

to the 14th International Conference on High Energy Physics,

Vienna, 1968; and W. E. Ellis et ai., Phys. Rev. Letters 21, 697-

(1968). |
' o

2 - =
-q--qQ=m,

The metric 'use here is specified by q - q = qo

where q 1s a four-vector.

At fixed s, the invariant amplitude for reaction (1) is a furction

of four independent variables which are taken>here tb be the set

-of_Lorentz—invariant quantities defined in Fig. 1: two subenergy

variables, s and sé, and two momentum transfer variabies, ty

1

and te;

About 500 events appear necessary for an adequate study of three-

An example of this type has been studied by G. Alexander et al.,
UCRL-18321, July, 1968; submitted to Phys. Rev.

W. Rarita et al., Phys. Rev. 165, 1615 (1968).



19.

20.

21.

22.

23,

tion ié made here to near threshold values of SﬂA’ it is not

-h3- | UCRL-18L472

At high-energy, the slope-on a logarithmic¢ plot of the 7p elastic

.dc/dtp is approximately the value 8.0 (GeV/c)_2 used here; see

K. J. Foley et al., Phys.‘Rev. Letters 11, 425 (1963); D. Harting
et al., Nuovo Cimento 38, 60 (1965); and Ref. 18.

%

: (04 .
) i )
In employlng (sJTA | ) and (SPn : )

, the form giveh by the
numerator of the cosh gi variables of the Toller analysis (Ref. 1)
is retained. See Egs. (8) and (9). BEspecially since the continua-

. ) : (0
clear that this choice is preferable to simply using (SnA) T
Actually, most researchers studying quasi two bbdy ihteractipns

concern themselves only with small values of t. and extract

factors such as (o + 1)(a + 2) from the [I'(1 + a)]—l. For

examples, see Ref. 18, and F. Arbab and C. B. Chiu, Phys. Rev. 147,

1047 (1966).

This may “be derived by writing the invariant:amplitude for the
prd  coupling, in Fig. 3(a), as

M= 0,(6) [ - g, u(ey)

where uv(qe) is a 16 component Lorentz-vector Dirac spinor and

then evaluating G in'terms of the width of the A. See, for

example, J. D. Jackson and H. Pilkuhn, Nuovo Cimento 33, 906 (196k).

Consult, for example, G. Kallen, Elementary Particle Physiés

(Addison-Wesley, Inc., Reading, Massachusetts, 1964), p..18.



2k,

25.
26.

27.

28.
29.

30.
3].

T30,
33.

2l
35

If' o]

section in mb, an additional conversion factor of 2.5 mb

bk . UCRL-18L472

TOT in Eq. (16),is expressed in mb, and all other units

are in GeV, in order for Egqs. (6) and (7) to yield a-cross—

b (Gev)®

must be supplied on the right-hand side of Eq. (16).

The mass of the - ¢ 1woﬁld’haVe to be 450 MeV or less, howeVer._

I am indebted to W. Edwin Ellis for assistance with the maximum

‘likelihood fit.

In obtaining the normalization, the values I’ = 120 MeV and

00T, p = 28 mb were used in Eq. (12) and (16). See also

Footnote 24. ' The data c¢orrespond to a cross section of 0.87'pb/eﬁent.

Additional dependence on , associated with the spin étructure

EA |
++ : 2 ' ' .
of the A ', was evaluated at tA =m and absorbed into NO.

The definition of © wused in Ref. 6 differs slightly from that

in this work; they are related by ¢(6.6) =‘@(28.5) + .

G.vFox; private communigatién. o

E. W. Andersén et al., Phys. Rev. Letters 16, 855 (1966);

G. Belletini et al., Physics Lettersvlg, 167 (1965); J. M Blair
et al., Phys. Rev. Letters 17, 789 (1966); K. J..Fqley et al.,

ibid. 19, 397 (1967).

'J. Bartsch et al., Physics Letters_Q.B, 336 (1968).

. D. Walker et al., Phys. Rev. Letters 20, 133 (1968);

W
A. F. Garfinkel et al., Wisconsin preprint, August, 1968.

M. L. Good and W. D. Walker, Phys. Rev. 120, 1857 (1960)..

C. Schmid, Phys. Rev. Letters 20, 689 (1968); P. D. B. Collins,

R. C. Johnson, and E. Squires, Physics Letters 27B, 25 (1968);

/



-l - | o UCRL-18472

C. B. Chiu and A. Kotanski, CERN préprints Ref. Th. 907 and 939,
(1968); V. Alessandrini.et al., CERN preprint Th. 922 (1968). |
. 36. G. Veneziano, Nuovo Cimento 57A, 189 (1968). .

37. G. Goldhaber -et al.,.Phys. Rev. Letbers 19, 972 (1967) and

references therein.



Fig. 1.
Fig. 2.
Fig. 3.
Fig. k.

46— | .~ UCRL-18h472

FIGURE CAPTIONS

General double-Regge-pole-exchange diagram for the process

omy o+ mg‘;apl Tt s ‘The 1] and 9 are. four-momenta

: N2
and the‘ m, and p, are masses. S§; (q-l + g) s

i

o N2 2 _ 2
52 .=_(q2 + q)‘. ) te = (qe‘_ P2) ’ tl = ‘(ql - pl) E I
s = (pl + p2)2. The oy denote Regge trajectories..

Diagramschntaining Pomeranchuk (P) exchange which contribute

to pp —apﬁ'bﬁ+; M denotes a meson-type and B a baryon-

type trajectbry.
(a) Dominant double-Regge-pole exchange diagram for the

reaction pp ;;pnéf+; aP denotes the Pomeranchuk and o%

‘thé pion-trajectory. The pi and q; are four~momenta.

: - T S \2 C 2

SPT[ =. (ql + q) 9 ST[A = (q2 + Q) ’ tA : (qe ,- pg) b
2 2

ty = (4 - p)7, s = (p) + 1)

(b) Triple-exchange four-particle final state diagram

representing background contribution.

(a) Distribution in the invariant four-momentum transfer-

squared to the A" for the reaction pp - pr~Att at
28.5 GevV/c. In;fhe plot, there.are L4hs events for which
Sp- > 4.0 (GeV)®. The solid curve is the Regge model fit
with Q= 1.2 (Gev)'2 and sy = 0.7 (GeV)g.
(b) Distribution in the invariant four-momentum-transfer

squared to the final p for the process pp.—apn'éff, for

events in the region Spn- > L.0 (GeV)2 and
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[t < 0.8 (Gev/c)®. 1In the first bin, the dashed line
cqrresponds-to,twice>the_numer”of those events associated
with backwards -A**x- production only.

(a) Distributibh in the invariant-mass-squared of the _
(At+n) system'cdntaining events for which s > 4.0 (GeV)2

Px”

and '1tA| < 1.0 (GeV/c)g.

(b) Distribution in the invariant-mass-squared of the (prn~)
for events with [t | < 0.8 (Gev/c)®. The histogram is not
plottedkbelow sbﬂ = 3.0 (GeV)2 which is outside the fangev
of validity-of thevprésent calculation.

(a) Disfribution in the Treiman—Yéng aﬁgle for pn;Af+
defined in the Hpg‘ rest frame as |

P = cos'l‘[(ﬁ;ﬁ;\al) " (P, x qé)]

'where the Py and qi in this expression are three-vectors

specified by reference to Fig. 3 (a).
(b)'vDistribution in the Toller angle,

W = cos_l [(ﬁ//;\h ) - (ﬁ//;sa?)]

| 1% % o * dp/dy |
measured in the rest frame of the n”. The Regge model fits
the distribution without requiring explicit w _dependenée
in the matrix element. Both (a) and (b) contéin 349 events-
for which spnz>]u,o (Gev)2 and ]tAJ < 0.8 (Gev/c)E.
Distribution in the cosiné of the att production angle.

With reference to Fig. 3 (a), the angle is defined by

- S T
'gos-OA_= dp * PQ/IQQI|P2! where the three-vectors . qg an@ .
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5; are measured in the frame of reference in Which the

(n—ntt) systeﬁ is at rest. The Selections-imﬁosed here ﬁere
|tp|\< 0.3 (Gév/c)e, Mass (ra) < 1.6 GeV and s 3 u.'o' (Gev)Z.
The splid.iiﬁé‘is the Regge model prediction; the.dashéd curve

‘is the model prediction with the selection on &ﬁﬂ removed.
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