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ABSTRACT OF THE DISSERTATION

Algorithms for optimal transport and their applications to PDEs

by

Wonjun Lee
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2022
Professor Stanley J. Osher, Chair

Optimal transport theory provides a distance between two probability distributions. It finds
the cheapest transport map that moves one measure to the other measure with respect to
some ground cost. With its deep theoretical properties, the optimal transport distance has
been used in diverse areas such as partial differential equations (PDEs), economics, image
processing, and machine learning. However, computing the optimal transport distances and
maps is difficult, which has been a significant challenge in applications. In this dissertation,
we present new numerical methods using optimal transport distance and their applications in
solving challenging convex and nonconvex optimization problems involving non-linear PDEs.

We demonstrate the suggested methods’ efficiency through numerous numerical results.
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CHAPTER 1

Introduction

1.1 Background

Optimal transport theory provides a distance between two probability measures p and v by
computing the cheapest way to transport p to v with respect to a cost function c¢. Consider a
domain Q C R? is an open bounded set in d-dimensional Euclidean space (the domain can be
more general but we will focus on a simple case). The problem can be written mathematically

by

ir%f {/ c(T(x),x)dp(x) : Typ = 1/} (1.1)
Q

where T': 2 — () is a measure preserving transport map and ¢ : 2 x 2 — R is a cost function

that measures the cost of transporting a mass from z € €2 to y € (). In the constraint set,

the pushforward measure 7% is defined through

(Typ)(B) = w(T~1(B))

for all measurable set B C (). The minimization problem solves for the optimal map T
that minimizes the cost to transport p to v. This problem is also known as the Monge
problem [Mon81]. When ¢ is a quadratic function (c(z,y) = |x — y|?), the distance is often
referred to as the 2-Wasserstein distance. With its deep theoretical properties, the optimal
transport has been studied extensively, both analytically and numerically. It has found use in
diverse areas such as partial differential equations (PDEs) [BB00, GM18, |CCY 19, JKT20a],
fluid dynamics [BB00, DWH15, GM18], economics [Gall6], image processing [ZYHO07, [WOS10,
WSB13], and machine learning |[PWO08| |ACB17b|, TPK17a]. Nonetheless, computing optimal

1



transport distances and maps numerically have been a major challenge. This thesis focuses
on fast and accurate algorithms for optimal transport and the implementations of these

algorithms to solve PDEs.

[Chapter 2| a collaboration with Prof. Rongjie Lai, Prof. Wuchen Li, and Prof. Stanley
Osher, is adapted from [LLL21a]. We proposed a new model for unnormalized optimal
transport. The classical optimal transport considers the distance between two densities
with the same mass. This model can compute the distance between two measures with
different masses, and, thus, generalizes the optimal transport distance. We also presented
new numerical methods for solving optimal transport distance using a primal-dual algorithm

and an accelerated gradient ascent algorithm.

a collaboration with Siting Liu, Prof. Hamidou Tembine, Prof. Wuchen Li, and
Prof. Stanley Osher, is adapted from [LLT21] with the algorithm section (Section [3.3) adapted
from |[LLL21b]. In response to the COVID-19 pandemic, we proposed a new mean-field
game model of spatial epidemiological dynamics. We added spatial dynamics to the classical
epidemiological models, such as SIR (Susceptible, Infectious, or Recovered) model. The new
model formulates the nonconvex optimization problem and we provided an efficient algorithm

to solve the problem.

Chapter 4] a collaboration with Prof. Matt Jacobs and Prof. Flavien Léger, is adapted
from |JLL21|. In this project, we presented a new method to efficiently compute Wasserstein
gradient flows. Our approach is based on a generalization of the back-and-forth method
(BFM) introduced in [JL20] to solve optimal transport problems. The proposed method is a
state-of-the-art algorithm to solve large-scale gradient flows simulations for a large class of

internal energies including singular and non-convex energies.

In what follows, we provide background information on alternative formulations of optimal

transport which will be used throughout the thesis.



1.2 Optimal transport

In this section, we briefly review two alternate formulations of the Monge problem ([1.1)):

the Kantorovich dual formulation |[Kan06] and the Benamou-Brenier formulation [BB0O].

[Chapter 2| and |[Chapter 3| use the Benamou-Brenier formulation to formulate new models in

unnormalized optimal transport and epidemiology. uses the dual formulation to
derive the dual problem of the minimizing movement scheme [JKO98| (often also called the

JKO scheme) and presents the efficient algorithm to compute it.

The Kantorovich formulation is a relaxed version of the Monge problem. Suppose p and
v are discrete probability measures such that =4, and v = %511 + %52 where 0, is a Dirac
measure with a mass at x. Then does not have a solution since maps cannot split the
mass. One can resolve this issue by considering a joint probability measure instead of a map.
Consider a set of joint probability measures I1(u,v) C P(Q2 x Q) such that the first marginal

is o and the second marginal is v. In other words, if v € II(, v) then
VB x Q) =uB), v(QxB)=v(B) (1.2)
for all measurable sets B C 2. The relaxed minimization problem takes the form of

inf{/gm c(z,y) dy(z,y) : v € Il(x, V)} (1.3)

B!
where dy(x,y) is the amount of mass transported from x to y, which allows the mass to be
transported to multiple locations from x. The set II(u, v) is called a set of transport plans

between p and v and the minimizer v is called the optimal transport plan.

The Kantorovich formulation (|1.3)) has a dual formulation which is important in |[Chapter 4
First, we convert the minimization problem ({1.3)) into a saddle point problem by introducing

Lagrangian multipliers ¢ and 1.

infsup/Q Qc(az:,y) d’y(x,y)—i—/gw(w) du(z) — (z) dy(z,y)

RECX T Qx0

- / o )+ [ o) ().

3



Note that the above equation satisfies the constraint set (1.2)) and is equivalent to (1.3)).
When 7 is not in the constraint set, by the sup over ¢ and v, the value can be +o00 by having
arbitrarily large values of ¢ and 1. By rearranging the terms, we have
—infsup [ (clo.9) + 0(0) = 0@) dr(o9) + [ v@)duta) = [ o vty
T e JaxQ

=sup [ w(a)dute) = [ oty M)ﬂ@@J@m+w>wmwmm

~

where the second equality interchanges sup and inf. The interchange is valid under the
assumption that the cost function ¢ is lower semi continuous [Sanl5|. The equation can be

rewritten as

—Sup{/w e /¢> ) dv(y) - ()—qb(y)gc(x,y)foralla:,yeQ}. (1.4)

This maximization problem is the dual formulation of the optimal transport and called the

Kantorovich dual formulation.

The other alternative formulation, the Benamou-Brenier formulation, is a dynamical
formulation of the optimal transport problem. Given probability densities p € P(€2) and
v € P(Q) and a cost function ¢(z,y) = |z — y[’ (p > 1), one can calculate the optimal

transport distance by solving the following minimization problem:

mf// (t,z)|v(t,x)|P dedt

subject to  Op(t,z) + V - (p(t, z)v(t,x)) = 0, (1.5)

p(0,) = p, p(L,-) =v.
The infimum is taken over continuous density function p : [0, 1] x © — R, and velocity fields
v :]0,1] x Q@ — R? with zero flux condition on 9. The formulation solves for a nonnegative
density p(t,z) that flows from p at ¢ = 0 to v at ¢ = 1 through the continuity equation

Op + V - (pv) = 0 while minimizing the cost of the flow defined as p|v[P. The formulation
computes the same optimal transport distance as the Monge problem (|1.1)). The optimal



velocity fields v(t, x) satisfies the following ODE:

Yo(t)" = v(t, yx(1))

y.(0) = .
The solution of the ODE defines the map through Ti(x) = y,(t) and the map satisfies
p(t,-) = (T3)#p(0,-) [Sanlb|. Thus, we have (77)xu = v and the map corresponds to the
optimal transport map 7" in the Monge problem ([1.1). By modifying the objective function

and constraints, the formulation can describe various optimal control problems and certain

cases of the mean-field games model. For example, in [Chapter 2|, we consider the following

1nf// (t,z)|v(t,x)|P de dt + — //|ftx|pdxdt

subject to  Op(t,z) + V - (p(t,z)v(t,x)) = f(t, ),

p(Oa ) = K P(l, ) =

formulation

The objective function and a constraint are modified by adding new terms involving a function
f :]0,1] x @ — R. This modified formulation computes the optimal transport distance
between two densities with different masses. also utilizes the Benamou-Brenier

formulation to propose the new epidemiological model.



CHAPTER 2

Generalized Unnormalized Optimal Transport

And Its Fast Algorithms

We introduce fast algorithms for generalized unnormalized optimal transport. To handle
densities with different total mass, we consider a dynamic model, which mixes the L”
optimal transport with LP distance. For p = 1, we derive the corresponding L' generalized
unnormalized Kantorovich formula. We further show that the problem becomes a simple L*
minimization which is solved efficiently by a primal-dual algorithm. For p = 2, we derive the
L? generalized unnormalized Kantorovich formula, a new unnormalized Monge problem and
the corresponding Monge-Ampere equation. Furthermore, we introduce a new unconstrained
optimization formulation of the problem. The associated gradient flow is essentially related
to an elliptic equation which can be solved efficiently. Here the proposed gradient descent
procedure together with the Nesterov acceleration involves the Hamilton-Jacobi equation
ariseing from the KKT conditions. Several numerical examples are presented to illustrate the

effectiveness of the proposed algorithms.

2.1 Introduction

Optimal transport describes transport plans and metrics between two densities with equal
total mass [Vil09]. It has wide applications in various fields such as physics |[LL19, LYO18],
mean field games [CLO18], image processing [PC18], economics [BT09|, inverse problem
[EY18, YES18|], Kalman filter [GHL19] as well as machine learning [ACB17a, [LLO18|. In



practice, it is also natural to consider transport and metrics between two densities with
different total mass. For example, in image processing, it is very common that we need to

compare and process images with unequal total intensities [RLY17].

Recently, there has been increasing interests in studying the optimal transport between two
densities with different total mass. Based on the linear programming formulation, generalized
versions for unnormalized optimal transport have been considered in [PR16, TPK17b]. In
this paper, our discussion is based on the fluid-dynamic formulation following [BB00|, which
has significantly fewer variables than the linear programming formulation. We consider
a source function to provide dynamical behaviors of a source term during transportation.
Adding a source term for handling densities with unequal total mass has been considered in
[CL18, |CGT19, CPS15, |CPS18, LMS18, MRS15, [PR14]. These methods consider density-
dependent source terms and lead to a dynamical mixture of Wasserstein-2 distance and
Fisher-Rao distance. The corresponding minimization of the source term is weighted with the
density. More recently, a spatially independent source function was considered in [GLO19] to
transport densities with unequal mass. This model results in creating or removing masses
in the space uniformly during transportation when moving one density to another. Here,
we further extend the model [GLO19| using a spatially dependent source function. As a
result, the transportation map between two densities with different masses has the flexibility
to create or remove masses locally. In all our models, the source term does not depend
on the current density. This property keeps the Hamilton-Jacobi equation arising in the
original (normalized) optimal transport problem. We further explore the Kantorovich duality
and derive the corresponding unnormalized Monge problems and Monge-Ampere equations.
Besides these model derivations, the other main contribution of this paper is to propose fast

algorithms for all related dynamical optimal transport problems with source terms.

More specifically, the proposed model is a minimal flux problem mixing both LP metric



and Wasserstein-p metric, following Benamou-Brenier formula [BB00]:

inff//”vtx”p (t,x)dxdt + — //|fta:|pdxdt
R
such that

Orp(t, ) + V- (u(t, 2)o(t, x)) = f(t,x),  p0,2) = po(x), p(l,x) = pu(x).
The minimization problem solves for the optimal map between two nonnegative densities
and i, given a source function f (see the details in definition from section [2.2)). The
optimal map shows how the masses are added or removed by the source function during the
transportation. In this paper, in particular, we focus on the cases p = 1 and p = 2, and
design corresponding fast algorithms. For the L' case, we propose a primal-dual algorithm
[CP11a]. The method updates variables at each iteration with explicit formulas, which only
involve low computational cost shrink operators, such as those used in [LRO1§|. For the
L? case, we formulate the minimal flux problem into a novel unconstrained minimization

problem as follows

mf{/ / Oupa(t, ) (=V - (u(t, 2)V) + add) " Oypa(t, ) ddt - (2.1)

M(va) = /Lo(x)aﬂ(lal') = ,u,1<£lj'>,£C € Q}7

where « is a given positive scalar, Id is the identity operator, and the infimum is taken
among all density paths u(t,z) with fixed terminal densities pg, p1. From the associated
Euler-Lagrange equation, we derive a Nesterov accelerated gradient descent method to solve
the unnormalized optimal transport problem. It turns out that our method only needs to
solve an elliptic equation involving the density at each iteration. Thus, fast solvers for elliptic
equations can be directly used. Interestingly, the Euler-Lagrange equation of this formulation
introduces the Hamilton-Jacobi equation, which characterizes the Lagrange multiplier (see
related studies in [Lil8]). We, in fact, construct the gradient descent method in the density

path space to solve this equation:

1
0.p(r,t,2) = D8(r, 1,2) + 5[ V(r,t, )



with
O(r,t,z) = (=V - (u(7, t,2)V) + ald)  ou(r, t, ).

Here 7 is an artificial time variable in optimization. The minimizer path p*(¢, ) is obtained

by solving p*(t,z) = lim,_, pu(7, t, x) numerically.

The outline of this paper is as follows. In section [2.2] we propose a formulation for the
generalized unnormalized optimal transport. We then derive the Kantorovich duality for both
cases. We also formulate the generalized unnormalized Monge problem and the corresponding
Monge-Ampere equation. In section , we propose a fast algorithm for L!-generalized
unnormalized optimal transport using a primal-dual based method. We also propose a new
method for L?-generalized unnormalized optimal transport based on the Nesterov accelerated
gradient descent method. In addition, we discuss detailed numerical discretization of the
two problems. In section we present several numerical experiments to demonstrate the

effectiveness of our algorithms. We conclude the paper in section [2.5]

2.2 Generalized unnormalized optimal transport

In this section, we study a formulation of generalized unnormalized optimal transport problem
as a natural extension of the exploration studied in [GLO19|. We specifically discuss the
L' and L? versions of the generalized unnormalized optimal transport and their associated
Kantorovich dualities. Furthermore, we derive a new generalized unnormalized Monge

problem and the corresponding Monge-Ampere equation.

Let Q C R? be a compact convex domain. Denote the space of unnormalized densities
M(Q) by
M(Q) = {pe L'Q): u(x) >0}

Given two densities pg, 1 € M(S2), we define the generalized unnormalized optimal

transport as follows:



Definition 2.2.1 (Generalized Unnormalized Optimal Transport). Define the LP generalized
unnormalized Wasserstein distance UW,, : M(2) x M(Q2) — R by

1 1 1
UW, (o, p1)? = inf/ /Hv(t,x)\|pu(t,x)dxdt~l——/ /lf(t,:v)]pd:vdt,
0 Ja aJo Ja

Uy f

such that the dynamical constraint, i.e. the unnormalized continuity equation, holds

atﬂ@’ l‘) +V- (N(t’ I)U(t,l’)) = f(ta J]), /L(O,:L‘) = NO(J:)7 M(la ZL’) = :ul(x)'

The infimum is taken over continuous unnormalized density functions p : [0,1] x 2 — R,
and Borel vector fields v : [0, 1] x Q — R? with zero flux condition on [0, 1] x 99, and Borel
spatially dependent source functions f : [0, 1] x 2 — R. A positive constant a € (0,00) is a

fixed parameter.

This is a generalized definition of unnormalized optimal transport from [GLO19]. Here,
we consider a spatially dependent source function f(¢,z). In this paper, we will focus on the

cases with p =1 and p = 2.

Remark 2.2.1. We note that [CGT19] has proposed the model for p = 2 without any discussion
about numerical methods. In this paper, we mainly study Kantorovich duality and design

fast algorithms.

Remark 2.2.2. In literature, [CPS15] studied the other dynamical formulations of unbalanced
optimal transport problems. In their approach, the optimal source term is expressed as a
product of a density function and a scalar field function. In our approach, the optimal source
term only depends on a scalar field function. This fact shows that our approach is different

from |[CPS15| in variational problems and dual (Kantorovich) problems.
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2.2.1 L' Generalized Unnormalized Wasserstein metric.

When p =1, the problem becomes
1 1 !
UWitpo,pr) = int S [ [ ot o)lutexdede = [ [ (s dee
vwf | Jo Ja aJo Ja
Dup(t, 2) + ¥ - (u(t, 2)o(t,2)) = f(t,7) (2.2)

p(0,2) = po(x), p(l,z) = ul(:v)}-

Here || - || can be any homogeneous of degree one norm, i.e. I, norm |lul|, = (Zle ]uz|q)% In

particular, we consider ¢ = 1,2 with
lullv = Jur| + -+ + |ugl for u € RY,

or

lulle = /|ur|2 4 - + Jug|? for u € RY
Proposition 2.2.1. The L' unnormalized Wasserstein metric is given by
lmummn:m{/wm@mm+1/wmwx:
me| g a Jo
pa () = po(z) +V-m(z) — c(r) = 0}- (2.3)
There exists ®(x), such that the minimizer (m,c) for the problem satisfies
Vo(z) € d|lm(z)|| and a®(z) € J|c(z)]
where O|lm(z)|| and O|c(z)| denote their sub-differentials.

Proof. Denote



Using Jensen’s inequality and integration by parts, we can reformulate ([2.2)).

//Hvtx“u(t x)dxdt + — //]ftx]d:vdt 9
> [ Im(o)lds + /ftmdt .

Define ¢(x fo f(t,x)dt. Integrating on the constraint of problem (2.2)) with the zero flux

dx.

condition of v yields,

/Q c(z)dz = /0 1 /Q F(t, x)dxdt = /Q p(2)dz — /Q o) dz.

Plug ¢(z) into the equation ([2.4]), we obtain a new formulation.

ﬁﬂ[ﬂmumn+§4mmmw:muwwmw+V«mw—dm=0}

Note that the minimization path can be attained in the inequality (2.4) by choos-
ing p(t,x) = tpe(z) + (1 — Hui(x), m(x) = wp(t,x)v(t,z) and f(t,z) = c(x). Then
{u(t,z),v(t,x), f(t,z)} is a feasible solution to (2.2)) and (2.3)) , hence the two minimization

problems have the same optimal value.

Consider the Lagrangian of this minimization problem.
1
clm,e®) = [ fn@)lde s [ etwldot [ @) () - pole) + V- mie) o)),
Q Q Q
(2.5)

where ®(x) is a Lagrange multiplier. From the Karush-Kuhn—Tucker (KKT) conditions, we

derive the following properties of the minimizer

0 € Ol = VO(x) € J||m(z)]
0€d.L= ad(x) € dc(x)]

do L =0= pi(x) — po(x) + V-m(x) — c(x) = 0.

12



Remark 2.2.3. In the case that L! unnormalized Wasserstein metric with a spatially inde-

pendent function f(t), ¢ is defined to be ¢ = fol f(t)dt, which is a constant. Integrating on a

spatial domain for continuity equation,

c:ﬁ(/gpo(x)dx—/ﬂ,ug(x)dx>.

As a result, the minimization problem becomes

Wi ) = it [ o)l +
m Q

| [ m@de =~ [ ol

(e) = (o) + ¥ ) = o ([ untote ~ [ poaras)

This is compatible with the result obtained in |[GLO19|. In this case, we note that m(z) does

not depend on a.

Proposition 2.2.2 (L' Generalized Unnormalized Kantorovich formulation). The Kan-

torovich formulation of L' unnormalized Wasserstein metric is the following:

UWi (10, 1) = sgp{ [ 2@ o) = et [V < 1.J0] < é} (2.6

Remark 2.2.4. The Kantorovich formulation of the generalized unnormalized Wasserstein-1
metric has also been stated in |[CGN17] for the || - ||2 norm.

Proof. From the Lagrangian ([2.5),

inf sup £(m, ¢, ®)

me g

> supinf L(m, ¢, P)

d mycc

—swpint{ [ (oo + > [ etallao+ [ @) - pule) + ¥ mle) - eo)ic
- sgpg{g{ [ im@lde+ 3 [ e@lds+ [ 2@ = pola) o)
- /Q Vo(r) - m(z)dz + /a _b(x)m(z) -n(x)ds(x)}
—sup{ [ @()n(o) ~ pule) +inf [ (o)l - V00) (oo + [ He(o)l - @le)eo)d

= sup{ [ #)pule) - pu(o)de (V0] < 10 < 2}

d

13



From the calculation, the optimizer ® satisfies the following:
Vo € d|m(z)||, ab € dlc(z)]
We show the duality gap is zero using the proposition
[ Im@lde+ = [ et + [ @@)n() = pola) + 7 - m(a) = cla)ds
= [ (@)l = Vo m(@)ds + [ ~jew)] — So)ea)da + | Dw)on () = po(a))da
= [ #@)pn(o) - n(a)ds

This concludes the proof. O

2.2.2 L? Generalized Unnormalized Wasserstein metric.

Let p = 2. From the definition , we now consider
1 1
UWo(jig, in)? = int { | [wteorueo e [ [ el aa:
vf L Jo Jao @ Jo Ja
Dot @) + V - (p(t,2)o(t,x)) = f(t,2),t € 0,1,z €Q,  (27)
(0, 2) = polie), (1, ) = ul(x)}.

Proposition 2.2.3. The L? generalized unnormalized Wasserstein metric is a well-defined

metric function in M(Q). In addition, the minimizer (v(t,x), u(t, x), f(t,x)) for satisfies
o(t,x) = VO(ta),  f(t.x) = ad(t,2),
and

Ouu(t,x) + V- (u(t,z)VO(t,x)) = ad(t, x)

1
O,®(t, ) + §]|V<I>(t,x)H2 <0.
In particular, if u(t,z) > 0, then
1
0, ®(t,z) + §]|V<I>(t, z)||? = 0.
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Proof. Denote m(t, z) = u(t, z)v(t, ). Then the problem becomes

1 ! t, x|
0 JQ

m,pu, f 2M(t,I)
Ouu(t,z) + V -m(t, x) = f(t,a:), (2.8)
w(0, ) = po(x), w(l,2) = pi(x),z € Q0 <t < 1}.

Denote ®(t, z) as a Lagrange multiplier. Consider the Lagrangian

Y m(t o)
L(m, p, f,P) = / de rxdt + — //]ftx\dxdt

/ / (t,x) Gtu (t,x) +V -m(t,z) — f(t,x))dxdt.

From KKT condition ;L = 0,0,£L > 0,0;L = 0,06L = 0, the minimizer satisfies the

following properties:

m(t,z) .
) = V(L z) (2.9)
Cmeolr

2t 2)? 0 ®(t,x) >0 (2.10)

f(t,x) = ad(t,x)

Ou(t,x) +V-m(t,z) — f(t,z) = 0.

Combining (2.9) and ( - yields: 9,®(¢t,z) + 3| V(¢ z)||* < 0. O

We next derive the corresponding Monge problem for unnormalized optimal transport
with a spatially dependent source function. We note that the following derivations are formal

in Eulerian coordinates of fluid dynamics. We are following the proof of Proposition 4 in

[GLO19).

Proposition 2.2.4 (Generalized Unnormalized Monge problem).

M?f(t7x)

+/Q/01 /Otf<s,sM(:c)+(1—s)x)HM(m)—xHQDet(SVM(:U)—l—(l—s)ﬂ)dsdtdyc

(2.11)

1
UW. 2= inf M(z) — z||? d 2dxd
(o, ) = in / 1M (z) — 2| pola)dz + a / / (.2 Pdedt

15



where M : Q@ — Q is an invertible mapping function and f : Q x [0,1] — R is a spatially

dependent source function. The unnormlized push forward relation holds
(1, M (x)) Det(V M (x))

= pl0.x) + /01 f<t7tM(w) +(1— t)]1> Det <tVM(:c) + (1 t)]I) dt. 212

Proof. We derive the Lagrange formulation of the unnormalized optimal transport with p = 2.

Consider a mapping function X;(x) with vector field v (¢, X;(z)) satisfying

d
ZXi(@) = o(t, X(@)),  Xo(x) = . (2.13)

Then

LAanmw@mmz//nwxmmm@&mWMVWWMﬁ
// ||—Xt V2t X, (2) Det (VX (2))dwdt.  (2.14)

Define J(t,z) := p(t, Xi(x))Det(VX,(z)). Differentiate J(t, z) with respect to ¢,

at,) = :;t{ (t, Xi(x ))Det(VXt(x))}
= (1, X,(2)) Det (VX)) + Vgt Xo(a)) - FXilr) Det(V X, (1)
- ult, X,(2))9, Det(V Xo(x)
— Ot Xo(2)) Det(V Xy (2)) + Ve u(t, X)) - %Xt(:c)Det(VXt(x))

+ pult, Xo(2))V - o(t, Xo(2)) Det (VX (2))

(&u +v-Vu+pVv- v) (t, Xi(z))Det(VXy(x))

_ ( 4V - ( )(t X,(2)) Det(V X, ()

= f(t, Xi(x)) Det(VX,(x)).

16



Denote

J(t,z) = J(0,x) +/0 %J(s,x)ds.

Since Xo(z) = z and VXy(z) =1, then J(0,2) = u(0,z). This yields

w(t, Xe(x))Det(VX(z)) = (0, x) +/0 f(s, Xs(x)) Det(VX,(z))ds.

Since the minimizer in Eulerian coordinates satisfies the Hamilton-Jacobi equation:
1 2
0D (t,) + 5 |VO(t, )| =0,

and %Xt(x) = V®(t, X;(z)), then we have 4 Xt( ) = 0. This implies

dt?

€ Xu(a) = v(t, Xele) = M(z) — 1z,

thus X¢(z) = (1 —t)z +tM(z) and Det(VXi(z)) = Det((1 —t)I 4+ tV M (x)). Substitute all
the above into (2.14)):

E= [ [ I

= [ [ e (500 + [ S 5t6.030s )
- / | 104(@) = alP (0, 2)dat
+/01/Q||M(x)—a:||2/Otf(s,Xs(x))Det(VXs(x))dsdxdt
= [ 1MG@) = 2P0, oyt

+/01 /Ot/QHM(x)—x||2f(s,sM(x)+(1—s)x)Det((l—s)]I+sVM(x))dmdsdt.

This concludes the derivation. O

We next find the relation between the spatially dependent source function f(¢,z) and
the mapping function M (x). For the simplicity of presentation, here we assume the periodic

boundary conditions on §2. We are following the proof of Proposition 5 in [GLO19].
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Proposition 2.2.5 (Generalized Unnormalized Monge-Ampere equation). The optimal
mapping function M (x) = VV(x) satisfies the following unnormalized Monge-Ampére equation
(1, VU(2)) Det(T2¥(x)) — (0, 2)

- a/l <\Il(x) - ”"Z'P + t”W’(? - xHZ)Det(tVZ\I/(x) +(1- t)]I)dt.

(2.15)

Proof. From the Hopf-Lax formula for the Hamilton-Jacobi equation,

Iy = 2]

O(1,y) = sup (0, x) + 5

Since M is the optimal mapping function, z = M ~!(y) is a maximizer of the supremum for

each y. Thus, the maximizer satisfies
Vo(0,z)+x— M(z) =0,
and we can rewrite the formula as

O(1, M(z)) = ®(0,2) + 1M () — =|*

We further denote ¥ (z) = ®(0, )+ ||x2||2’ then M(z) = VV¥(z). From X;(z) = (1—t)z+tM(z),

| Xe(z) — |
2t
t|M(x) — x|*
2
UV () — 2]
2 2

O(t, X,(z)) = B0, z) +

=®(0,2) +

~ ¥(a)
and
VXi(r) = (1 -t +tV>¥(x).
Substituting f(t,z) = a®(t,z) and M(x) = V¥(z) into (2.12)), we get
(1, V() Det(V2U(x)) — (0, 7)

_ /1 a(qf(x) = ”:;HQ + tHV\I](z) - xHQ)Det(tV?\If(x) + (1= 6)1)dt.

18



Now, we show the Kantorovich formulation of the problem ({2.7)).

Proposition 2.2.6 (L? Generalized Unnormalized Kantorovich formulation). The unnor-

malized Kantorovich formulation with f(t,z) satisfies

%UWQ(MO,M)Q :sgp{/g<cl>(1,x)u1(a:)—@(O,x)uo(x)>dx—%/OI/Q(I)(t,x)dedt},

where the supremum is taken among all ® : [0,1] x Q — R satisfying
1 2
0,d(t, z) + §HV<I>(t,w)H <0.

Proof. We introduce a Lagrange multiplier ®(¢, z) to reformulate the equation (£2.8)).

_UWQ(NO;,Ul
= 1nf sup{ ”IQILtt xx))||2 + %f(x, t)? + O(t,z) (Ou(t,x) + V -m(t,z) — f(t,x))dxdt}
0

2 1
> SUp nlllbff{ i HIQILtt xx))H + %f(:v, t)? + O(t,x) (Ou(t,z) + V- m(t,z) — f(t,x))dxdt}

2 1
= sup II:'llI}l,ff{ i ”IQILtt 512)” —VO(t,z) -m(t,x) + %f(x,t)2 + ®(t, x) - (Opu(t, x) — (¢, x))dxdt}

2

= sup nllrbff{/ / Hm _ Vot )| it z) - %HV(I)(t,:r)HQu(t,x) dar dt

+ /Q (1,2 (x) — B0, 2)po(w)da
# [ [ e 000, + 5007 — 000 (000 e |
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t
By the Proposition [2.2.3] the minimizer m satisfies m(?, 7) = V®(t,x). Thus,
wu(t,

:Sgp{/g(cp(m)m(x) —(I)(O,x)uo(x))dx
—I—iﬂf/ol/ﬂ—,u(t,m) (8t<b(t,x)+%||v¢(t,x)||2) da dt
+i1}f/01/9%f(t,x)2—(I)(t,x)f(t,x) dmdt}

—sup{ [ (#0200 - 200, )pofe) ) o
—I—ilgf/ol/g—u(t,x) (0td>(t,a:)+%||v<1>(t,x)||2) da dt

—|—i1;f/01/Q%(f(t,x)—aq)(t,x))gda:dt—%/ol/QCID(t,:c)dedt}.

Again from Proposition [2.2.3] the minimizer satisfies f(¢,2) = a® (¢, x). With the assumption

wu(t,x) >0 for all t € [0,1] and x € Q, the problem can be written with a constraint.

%UWQ(M,M)Q - Sup{/ﬂ(@(l,x)ul(:ﬁ) - @(O,x)uo(:p))dm - %/Ol/ﬂcb(t,x)dedt:

P

1
0 (t, ) + 3 |[V(t, ) < o}.
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We next show that the primal-dual gap is zero.

m(t,x)? 1 9
/ 2,ut1: %f(t,x) dx dt

1
:/ /—HVCI)HZ,u(t,I)dxdthg/ /q)(t,x)dedt
0 Jo?2 2Jo Ja

:/0 A(‘%"V‘I’(tax)|‘2u(t,x)+HV(I)(t,x)\|2u(t,x)+%q)(t’w)Q) dr dt
:/0 Aaté(t,x)u(t,x)+¢(t,m) (—v. (M(t,x)Vq)(t’az)))+%@(t’x)2 e dt
:/Qq)(lax),ul@)—@(O,x)uo(x)dx

—/Ol/ﬂcb(t,x) <8tpb(t,$)+v~ (u(t,:c)V(b(t,x))) dxdt+%/ol/ﬂc1>(t,x)2dxdt

:/QqD(l,x),ul(x)—Q)(O,x)uo(x)dw

—/OI/Q<I>(t,x)f(t,x) dxdt+%/ol/g<b(t,x)2dmdt.

Using f(t,z) = a®(t,x), we get

%UWQ(pO,pl)Q = / (1, x)u(l,z) — ®(0,2)u(0, x)dx — %/0 /Q<I>(t,x)2d:pdt.

Q
This concludes the proof. O

Remark 2.2.5. We note that our results and proofs follow directly from the those used
in [GLO19]. The major difference between [GLO19] and our paper is that in the case of
spatial independent source function, f(t) = |Q| fQ (t,z)dz, while in the case of spatial
dependent source function, f(¢,2) = a®(t,z). This difference remains in the corresponding

Monge problem and Kantorvich problem. In particular, we obtain a new spatial dependent

unnormalized Monge-Ampeére equation (2.15]).

2.3 Numerical methods

In this section, we propose a Nesterov accelerated gradient descent method to solve L?

unnormalized OT. In addition, we design a primal-dual hybrid gradient method to solve L!
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unnormalized OT.

2.3.1 [L? Generalized Unnormalized Wasserstein metric

In this section, we present a new numerical implementation for L? unnormalized Wasserstein
metric. We obtain a unconstrained version of the problem by plugging the PDE constraint
into the objective function. Then the accelerated Nesterov gradient descent method is applied
to solve the problem. We show that each iteration involves a simple elliptic equation where
fast solvers can be applied. This novel numerical method can also be used in normalized
optimal transport and unnormalized optimal transport with a spatially independent source

function f(t).

Using Proposition we can rewrite the equation (2.8)) as follows:

1 1
UWs(po, j11)* = inf{/ / \|V¢(t,m)\]§u(t,w)dwdt+a/ / |D(t, 2)|* do dt
el Jo Ja 0o Ja
Op(t,x) + V- (u(t,x)VO(t,x)) = ad(t, x),

M(O’x) = MO(ZL’),M(LZL’) = :ul(x)}'

Define an operator L, = —V - (1V). The constraint 9y — L, ® = a® leads to

® = (L, +ald) 'o,u. (2.16)
With ([2.16)), the minimization problem can be reformulated as
1 1
UWa(po, p11)? = inf / / pl|V (L, + ald) 0|3 dx dt + a/ / (L, + add) ' Ouu|? da dt :
® 0 JQ 0 JQ

1(0,2) = po(z), p(1,2) = ul(x)}'

(2.17)
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Using integration by parts,

1 1
/ /,u||V(LM+ald)_18t,u||2d$dt+oz/ /|(Lu+ald)_10t,u|2dxdt
0 Jo 0o Ja

1
- / / - (VMV(L# + ald)_latu> ((L# + ald)_latu) dx dt
0o Jo

1
+a/ /](L#—l-odd)_latufdxdt
0 Jo

= /01 /Q(LM(LM + afd)latu> <(Lu + afd)latu) dz dt

1
+a/ /](Lu—i-&[d)latu\dedt

/ / ( +ald)(L, + O‘Id)_latﬂ) ((Lu + Oé]d)_latu) dx dt

_ / / Dyt 2) (L + aTd) Oyt x) du dt.
0 Q

Thus, the unnormalized Wasserstein-2 distance forms

UWs(jt0, p11)* mf{/ /&tu (t,x)(L, + old) ' Ouu(t, z) dx dt :
(2.18)

1(0,2) = po(z), p(1,2) = ul(ﬁ)}-

Proposition 2.3.1. If u(t,x) > 0, then the Euler-Lagrange equation of problem

satisfies the Hamilton-Jacobi equation, i.e.
1
atq)(tvx)+§||v(p<tu$)|’2 :07 VS Qute [07 1]
where ®(t,x) = (L, + old) oyt x).

Remark 2.3.1. For unnormalized optimal transport with a spatially independent source

function f(t), the formula uses (L, + @ J,) 7! instead of (L, + ald)™*

1 -1
UWs(po, p11)? = inf / / Oyu(t, x) (Lu + o /> Opp(t, x) dx dt
# 0 Ja €2 Jo

p(0,2) = po (), p(l, ) = ul(ﬁf)}-
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The Euler-Lagrange equation satisfies the following:
1
0®(t2) + 51Vt 2)[* =0, wetelo]

where ®(t,2) = (L, + fo) Ot x)

Remark 2.3.2. If p(t,z) = 0, one can show that the Euler-Lagrange equation of problem

(2.18)) satisfies
1
0 ®(t,x) + §HVCI>(t,x)||2 <0.

Proof. Define
1
I(p) = / / Ouu(t, ) (L, + oId) " Oypu(t, x)ddt.
0 Jo
We now calculate the first variation of Z(u) with a perturbation n(¢,xz) € C*(€2 x [0, 1]).

Z(p+ hn) —Z(p)

0= jim h
1t
= ]lgr(l) 7 / / ((Gtu + hOn)(Lysnny + ald)_l(atu + hom) — Oyu(t, ) (L, + ald)_lﬁtu(t, :)3)) dxdt
0o Ja

1 -1 _ -1
. [ / / am((wn +ald)™' = (L, + old) ) -

+ 20m( Ly + odd) " Oyudxdt + O(h)
1
- / / —0(L,, + ald) ' L(L, + ald) 'Oy + 20m(L,, + ald) ™ Oypudzdt
0o Jo

1
:/ /—@an)—l—ZCI)amdxdt
0o Ja

1
:/ /—n(||V<I>||2+28t<I>)d:z:dt.
0 Q

This has to be true for all n € C*(Q2 x [0,1]). Thus, we get
1 2
0P + §HV‘PH =0, =zeQtel0,1].

This concludes the proof. O
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Using Proposition [2.3.1, we can formulate a Nesterov accelerated gradient descent

method |[Nes83| to solve the minimization problem ({2.18]).

Algorithm 1 Nesterov Gradient descent method for UW, with f(t, x)
While not converged

1
Mk+% — #k — TVI(Mk) = uk + g(@tcbk + §||V<I>k||2) where ®* = (Lﬂk + a]d)_l(?tuk
pFE (¢ 2) = max{pFta(t,2),0} for all (t,z) €[0,1] x Q

1

Here, 7 and 7" are step sizes of the algorithm.

=

1 1+ 4(\e=1)2
Ao, k= DEVIHARTDR
2
Remark 2.3.3. The Nesterov accelerated gradient descent method can be used for a spatially

independent source function f(t). We simply replace the operator L, + ald with L, + « fQ
from Algorithm [I}

Remark 2.3.4. Here we apply an iterative method, such as conjugate gradient, to solve

(L + ald)'oyu”.

Remark 2.3.5. We remark that variational problem ([2.18)) is convex w.r.t. u(¢,z). This fact
holds following the second variational formula derived in Lemma 2 of [Lil8]. In other words,
our gradient descent algorithm is applied to a convex optimization problem (2.18)). For the

completeness of this paper, we present the formal derivation here. Denote

1 1
J(pn) = 5/0 /Qatu(t,x)([/u + ald) ' Oyu(t, z) dx dt.

Consider a test function h € C*°([0,1] x ), such that h(0,z) = h(1,z) = 0. Given € € R,

we claim
2

d
@J(M + €h>’€:0 > 0.
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If the above statement is true, we know that the variational problem ({2.18]) is convex w.r.t

w(t, ). In fact, by routine computations, we observe that

d2
2e2 (et eh)|eo

_ / (106 — L)Ly + aTd) 0, (L + @B d) ™ [0k — L(B) (L, + aTd)~ D] ) e,
Q
which finishes the proof.

We next present the discretization of density path in both time and spatial domains,
where the spatial domain is given by 1D or 2D. Here we formulate the operator L, and

derive its inverse into matrix forms; see similar approaches in [Lil8].

2.3.1.1 1D Discretization

Consider the following one dimensional discretization:

IJ,: (IJ/O’... ,lJ/Nt) ER(Nt'i‘l)XNL

l’l’n:(ug’ ’ugvail)GRNz (n:O’ 7Nt)

preR  (i=0,-- ,Ny—1,n=0,---,N,)
2] 1

Az — At = —.
TN, —1 N,

Using the finite volume method, the weighted Laplacian operator _Z“n7a := Lyn + ald can be

represented as the following matrix:

/LSJFFL? _l‘g+#? O . 0
2Ax2 2Ax?
g tpt g tp? + by g _ HTHuy . 0
2Ax2 2Ax2 2Ax? 2A 22
T — Uy e N R
Lyra =0 %8 A T 2ae 0 +ald
vdots . vdots

2Ax2
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Further using the forward Euler method in time, formula (2.18)) can be discretized as
1
/ / Ouu(t, z) (L, + ald) ' Oyu(t, x)dzdt
0o Jo

Ni—1 “n+1 _ l,l/n 1“n+1 _ 'un
e 5 (B g

n=0
N¢—1

A
RN W (L 1) — ),
n=0

with p® and p™* are given. (-,-);2 is L? norm in R™ such that

N,—1
(a,b);> = Z a;b; for a,b € RM=.
=0
We are now ready to present the derivative of F (), and formulate the discrete Hamilton-

Jacobi equation as in Algorithm [T}

Proposition 2.3.2. Denote f,“nu = Lyn +ald. Let

Ag U= -
E(p) = %7 > <u”+1 — 1" L o (0™ = N”)>

L2
n=0
Suppose x € Q. The deriwative of E(p) with respect to u" (n=1,--- N, — 1) is

IE(p) Ax . - -
= —2L n o ("™ — ™) + 2L 0 O
Sur = A ( (b p") + 2L o (" — ")

=0

No—1
(et it =), )
where e; € RN+ is an index vector defined as

1 i index

0 else.
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Proof. Differentiating E(p) with respect to " for n =1,--+ | Ny — 1, we get

5E(I‘l’) _ J pay m-+1 m\ T —1 m+1 m
S —W<Atm’2(u W) Lt o (" — ™)

m=0

— AtAz (—2E;i,a(u”“ — ) 2L (" — )

OL
n+l __  n [ale n+l _ ' mn
+ (1 ©") o (1t u)>7
and
( n+l _ n)éil_ﬂ%,a( n+l n) _ _< n+l _ ,n E—l L i—l ( n+l n)>
K K 5[.112 K ) = [ r, prates H ut o 14 K 12
. 7—1 n+1 n 7—1 n+1 n
- <Lu",a(l“l’ — K )7 LeiLu",a(IJ’ - )>L2 :
This concludes the proof. O
Consider w = (ug,- -+ ,un,—1)" € R, then (u, Le,u), forms the R.H.S. of the discrete

Hamilton-Jacobi equation as follows

(

%(ui+17ui)2+%(w)2’ Z:L,Nx_z

Az Az
<’U,, L6iu>L2 = 9 % (u’i;ul)Q, =
s 2 .
s (M) =N - L

2.3.1.2 2D Discretization

Now, consider the two dimensional discretization. Assume 2 = [0, 1] x [0, 1] and t € [0, 1].

= (/1’07 . 7I“I’Nt> c R(Nt+1)><Nz><Ny

n n »—1Ny— X Ny, -
1 :(:uzj)ljio 1j:01 GRN N <n_07 7Nt)

preR (i=0,- \N,—1,j=0,--,N,—1,n=0,--, Ny

py; = po(idz, jAy), ,uéjv.t = (iAz, jAy), (i=0,--- ,Ny—1,7=0,---,N, — 1)

Ay = At = —.
N,-1 VTN -1 N,
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Similar to 1D case, using the finite volume method, formula (2.18) can be discretized as

1 1 1
/ / / Ouplts 2, y) (L, + ald) Dyt @, y)da dy dit
N¢—1

AmAy Z < nl_yn o +ald) N prtt — >L2

with u® and p™* are given and (-, )72 is defined as

N,—1Ny—1

(a,b)r2 = Z Z a;jbi; for a,b € RY=*Nv,

=0 35=0

The major difference between 1D discretization and 2D discretization arises from the weighted
Laplacian operator L . Consider w = (wi,j)f\fofljy;’gl € RN>*M_ Fori=0,---,N, — 1

and j =0,---, N, — 1, the operator can be described as follows:

(Lyn aw)ij
L piay + 1y Pivry T Mg Mig + i1 Mg+ i1
N Mgy + 1 Ha R Hig + 15—
_ Ay2< 7J+12 »J Wi 41 — 2( 7]+12 gy D 5 J l)wm 4 T 5 »J lwi7j_1>

+ aw; ;.
Here, we assume the Neumann boundary on the spatial domain §2. Thus,

W_1j =Woj, WN,j=WN,—15, J=0,--- ,Ny—1

Wi 1 = Wio, WiN, = WiN,-1, =0, Ny—1
n _ ., n n _.n .

Ly = Mo HN, = HN,—140  J =0, Ny —1

n _ n n _ n Y
Hi—1 = Koo Hi N, = Hi N,—15 i =0, , Ny, — 1.

Proposition 2.3.3. Denote Lyn o = Lyn +ald. Let

AzAy N2
E(p) Atyz<u”“ w” Lt o (p u")>L2
n=0



Suppose x € Q = [0,1] x [0,1]. The derivative of E(p) with respect to p™ (n=1,--- Ny —1)

18
SE(p) AzxAy = 3 -
_ 9L o ntl _ m 2L,,n—1 T
Sur A oW = ") 4 2L o (" — )
i ~ Nac_l’Ny_l
N <<Lurlz,a(ﬂn+l - /‘*n>7[’€z‘j[’;’17a(“n+l - “n)>L2 ) 0,j=0 )
1=U,7=

where e;; is an index vector such that ey =1 if k =1 and | = j and 0 otherwise.

Proof. The proof follows exactly the one in proposition [2.3.2] O
Consider a vector u = (uij)iv:””o_ljy:y(; ' e RN=*M that satisfies the Neumann boundary condition.

Similar to 1D case, <u, Lem.u> ;2 can be computed easily based on the operator and it forms the

R.H.S. of the discrete Hamilton-Jacobi equation. For¢ =10,--- ,N,—1land 7 =0,---, N, —1,

(, Lo, ) L (i — wij ’ n L (i —uio1 i
u, L. u = ———= ol re—
PTeR LY 9 Az 2 Az

2 2
+1 Uil = Wij |~ 1wy —ija
2 Ay 2 Ay

2.3.2 L' Generalized Unnormalized Wasserstein metric

Our discussion here mainly focuses on ||u||; = >, |u;|. The algorithm can be simply extended

to |lulla = />, u? using the corresponding shrinkage operator. With the Lagrangian (2.5)),

we consider a saddle point problem.

inf sup L(m, ¢, ®).

me §
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We can use PDHG |[CP11a] to solve the saddle point problem by minimizing £(m, ¢, ®) over

m and ¢ and maximizing over ®.
. € 1
= arguin 4§l + (8,9 ), + o — ') (219)
et € 1
okt = anguin (el -+ gl - (8%, + 5l — 13) 220)
1
PrHl = arg;nax<<<l>, V- (2ml€+1 — mk) — (20k+1 — Ck) +p1— M0>L2 - ZH(I) - (I)k||§>

(2.21)

where A and 7 are step sizes of the algorithm. Note that we add a small || - ||3 perturbation
in and to strictly convexify the problem. This adjustment can overcome the
possible non-uniqueness of the optimal transport problem. This trick is also related to so
called the elastic net regularization [PB14], whose proximal operator is essentially the same

as the proximal operator of L! norm shrink operator.

Algorithm 2 PDHG for UW; with f(¢, z)

m T = 1/(1 4 eX)shrink (mk +AVOF, A)
A
= 1/(1 + eX)shrink (ck + \O*, a)

(I)k+1 _ q)k + T(V . <2mk+1 . mk) o (2ck+1 o Ck) + 4 — ,LLO)

where the shrink operator is defined as following;:

(1 —t/lui)us,  for |luifly > ¢;
(shrink(u,t)); = i=1
07 for HulHl < t.

Remark 2.3.6. This algorithm can also be extended to || - ||2 by simply replacing the above
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shrink operator as

(I =t/llull2)u, for |lullz = t;
shrink(u,t) = ’ ’

0, for |lulls < t.

2.3.2.1 Discretization

Consider the following two dimensional discretization on a domain €2 = [0, 1] x [0, 1] based on

the finite volume method.

V:{(Z7.]) Z:Oa 7NI7.].:O7'” 7Ny}

A B .
Ex:{(z:lz§,j) ti=1,--- N, —1,7=0,--- ,N,)}
U .
Ey:{(%jié) i=0,---,Ny,j=1,--- N, — 1)}
P = ((I)ij)ijev € R(Nz+1)><(Ny+1), c— (Cij)ijEV € RWat1)x(Ny+1)
7”m_4”we&Ex€RNXUW+W my = (mye)ecr, € RO
(l+1 A.I (]+1/2
MLt L / / (z,y)dydz
* —-1/2)Ay
(i+1/2)A (J+1)Ay
MYl &~ / / my(z, y)dydz.
(i—1/2)Ax jAy

Here m satisfies the zero flux condition. Thus, max and my satisfy the following boundary

conditions on m:
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The discretization of Algorithm [2] can be written as the following:

i1 K Ao B
el = (ot 2@ 20

ey 1 k A
5 (e 3y B =)

kt3 ' k B
c; 2= shrink| c AT —
g 1+ €A ( A% a)
ma* ™ =2mazxFt: — ma

my"! :2myk+% — my*

1 1
k1 gk k41 k41 k41 k41 k41 1 0
Qi =07 + T<—$(mxi+; —mx )+ —y(myi’ﬁ% —my ) —ciy g — Mij)-

2] 1= % 7j 7‘1.7_%
2.4 Numerical experiments

In this section, we show the numerical results with various examples for L' and L? unnormal-
ized optimal transport with the spatially dependent source function. The computations were
conducted on 2019 MacBook Pro with 2.6 GHz 6-Core and 16GB RAM.

2.4.1 Nesterov Accelerated Gradient Descent for UW,

We present four numerical experiments with different po and py using Algorithm [I}

2.4.1.1 Experiment 1

Consider a one dimensional problem on 2 = [0, 1] with gy and gy in M(2) as
1
po = N(x; = 0.0001)

4
p = N(z: £,0.0001) - 1.4

o2

Jo N(z;p,0%)dx = 1. Note that [, pode =1 and [, pydz = 1.4. We use the Algorithm (1| to

Here we choose N(z, u,0?) = Cexp <—(g”2_—“)2) with an appropriate choice of C' satisfying
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compute the minimizer u(t, x) of UWs(pg, pt1). The parameters chosen for the experiment are

N, =40, Ny = 30,7 = 0.1, maximum iterations = 200, 000.

UW?2 f(x,t) UW?2 f(x,t) UW?2 f(x,t)
t=0.00 t=0.20 t=0.40
2004 — a=01 20.0{ — =01 2004 — a=01
a=10 — =10 a=10
17.54 =—— a=100 i 17.54 =—— a=100 | 17.54 =—— a=100 \
1504 A T He Tk A
01 I\ 1501 SR
1251 | 125 \ [ 1251 \
[ /\ [ N [
10.01 [ 10,01 [ [ 10.01 [ J
7.5 1 . 7.5 / \ ||
| [
5.0 | 5.0 1 |
L “~
2.5 2.5 4 T ‘ ‘
0.0 : ; ; ; 0.0 : . ; . | o= e ———————
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
UW?2 f(x,t) UW?2 f(x,t) UW2 f(x,t)
t=0.60 t=0.80 t=1.00
2004 — =01 200{ — =01 2004 — =01
a=10 a=10 a=10
17.5{ — a=100 ] 17.5{ — a=100 A 17.5{ — a=100
— Mo I — o I ol e
1509 /' 1509y [ N m
12.5 1 A ‘ 12.5 A [ 12.5 1 /\
/ R i R /|
10.0- [ [ 10.0- [ [ 10,0 [
| | | || |
7.5 5/ \ [ 7.5 /‘ \ [ 7.5 /‘ \
5.0 4 | \ | 5.0 )“ \ 5.0 )“ \\
| - ‘r |
2.5 1 [ 251 / \\ 251 / \
) —— L / \
0.0 , . , . 0.0 . . : . 0.0 : : : :
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10

Figure 2.1: Exzperiment 1. L? Unnormalized optimal transportation with a spatially dependent
source function f(¢,x). The figures show the transportation of the densities from ¢t = 0 (top
left) to ¢ = 1 (bottom right). Blue line shows o = 0.1, orange line shows o = 10, and green

line shows a = 100.

Figure shows the L? unnormalized optimal transport with a spatially dependent source
function f(t,x) with different  values. The parameter a determines the ratio between
transportation and linear interpolation for pg and ;. If o is small, the geodesic of generalized
unnormalized optimal transport is similar to the normalized (classical) optimal transport
geodesics. As the parameter « increases, the generalized unnormalized optimal transport

geodesic behaves closer to the Euclidean geodesics.
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5.0 -
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0.0 - - : ;
0.0 0.2 0.4 0.6 0.8
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— Mo
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10.0 4 A
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UW2 f(t)
t=0.40

20.0 4

17.5 1

15.0 4

12.5 1

10.0 A

a=1
a=100
a=1000
Ho

H1

20.0 4

17.5 A

15.0 4

12.5 4

10.0 4

7.5 A

5.0 A

2.5 | v
7 h

0.0 : : : : 0.0 : T . T
0.0 02 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 L0
UW?2 f(t) UW2 f(t)
t=0.80 t=1.00
200 — ¢=1 2004 — @=1
—— =100 — a=100
17.5 { —— a=1000 17.5 { — a=1000
s0{ 150] M
7 M1 - H1
12.5 i 12.5 1 /
10.0 A [ 10.0 A /
[
7.5 [ |
[
5.0 |
2.5 A \
\
0.0 . : : :
0.0 02 0.4 0.6 0.8 10

Figure 2.2: Ezperiment 1. L* Unnormalized optimal transportation with a spatially indepen-

dent source function f(¢). The figures show the transportation of the densities from ¢t = 0

(top left) to t = 1 (bottom right). Blue lines show a = 1, orange lines show a = 100, and

green lines show a = 1000.

Figure shows the transportation with a spatially independent source function f(t).

It is clear to see that the masses are created or removed locally for the transportation with

f(t, x), while they are created or removed globally for the transportation with f(¢).

For each 1-dimensional numerical experiment, the computation took about 5 seconds for

200, 000 iterations.
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t,
0.10 fit. x) flo)

1.00 1
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uw;
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[e]} lal

(a) |Q| vs. UWZ with f(t,z) (b) || vs. UWZ with f(t)

Figure 2.3: Ezperiment 2. The size of the domain || vs. L? unnormalized Wasserstein
metrics for f(t,z) and f(t). x-axis represents |Q| and y-axis represents UWs(uo, i11)%. Both
f(t,z) and f(t) use a = 100.

2.4.1.2 Experiment 2

In this experiment, we can see how the size of the domain affects the unnormalized Wasserstein
distances for both a spatially dependent source function f(¢,x) and a spatially independent
source function f(¢). Consider a one dimensional problem between two densities with different
total masses. Figure shows plots for the size of the domain [€2| vs. the unnormalized
Wasserstein distance UW;. As expected, for the spatially independent source function, the
distance increases as (2| increases since the source function affects the transportation globally.
Thus, more masses are created or removed as |Q2] increases. However, the unnormalized
Wasserstein distance with the spatially dependent source function does not depend on |Q2].
This actually provides an advantage of using the spatially dependent source function over
the spatially independent source function when we need a consistent Wasserstein distance for

any size of the domain.
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2.4.1.3 Experiment 3

Consider a two dimensional problem with the following input values:

o= N <<x,y>, G2 §—§>> N <<x,y>, Ch2 j—f))

=N <<x,y>, EEN §—§>>

where N ((2,1); (e, f1y), (02,02)) = C'exp (— (o) (yf“y)Q) and C'is a constant such that

202 202
Jo N((z,9); (e pty), (02, 07))dxdy = 1. Using the Algorithm (1} we calculate the minimizers
of UWs(1o, pt1) with a spatially dependent source function f(¢,z). The parameters are chosen
as

Ny = 35,N, = 35, Ny = 15,7 = 0.1, maximum iterations = 6, 000.

Figure [2.4] shows the transportation with o = 1 and a = 1000, respectively. The same
phenomena can be observed as in 1D case from Ezxperiment 1. In other words, the geodesic
with the spatially dependent source function with small « in Figure behaves closer to
the normalized (classical) optimal transport geodesic and the geodesic with large o behaves
closer to the Euclidean geodesic. The computation took 402.54 seconds for o = 1 and 77.82
seconds for @ = 1000. Note that when « is small, the condition number of the Laplacian
operator gets larger. This results in slower convergence rate of conjugate gradient method for

inverting the Laplacian operator.

2.4.1.4 Experiment 4

In this experiment, we are interested in calculating L? unnormalized Wasserstein distance
between two images. We show two sets of experiments with different initial and terminal
densities. First, consider images of two cats with different total masses defined on the domain

Q2 =10,1] x [0,1]. We use Algorithm [I{ with the following parameters:

N, =64, N, = 64, N; = 15, maximum iterations = 4, 000.
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o0

o le

Figure 2.4: Experiment 3. L? generalized unnormalized optimal transportation: 2D example
with a spatially dependent source function f(¢,x). The first row is with & = 1. The second

row is with o = 1000.

Figure 2.5 shows transportation between two cats images with a = 10 and o = 1000,
respectively. The computation took 353.85 seconds for a = 10 and 93.67 seconds for
a = 1000.

t=0.00 t=0.20 t=0.40 t=0.60 t=0.80 t=1.00

Figure 2.5: Ezperiment 4. L* generalized unnormalized optimal transportation between two
cats with a spatially dependent source function f(¢,z). The first row is with &« = 10. The

second row is with o = 1000.

Additionally, we consider images of a pair of scissors and Homer Simpson. We again
use Algorithm [1| with the same set of parameters as above. Figure [2.6] shows transportation
between two images with o = 10 and a = 1000, respectively. The computation took 353.00
seconds for a = 10 and 93.96 seconds for o = 1000.
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t=0.00 t=0.20 t=0.40 t=0.60 t=0.80

Figure 2.6: Experiment 4. L? generalized unnormalized optimal transportation between a
pair of scissors and Homer Simpson with a spatially dependent source function f(¢,x). The

first row is with o = 10. The second row is with « = 1000.

2.4.2 Primal dual algorithm for UW,

We conduct two numerical examples of L' unnormalized optimal transport using Algorithm

2l For UW; experiments, we use maximum iterations for the stopping condition.

2.4.2.1 Experiment 5

Assume 2 = [0, 1] x [0,1]. Consider the two dimensional problem with the following initial

densities:
11 1 1
=N I

=N (). G (0 19)) - 14

N is the same as the one used in Experiment 3. We chose the parameters as:
N, = N, =40,¢ = 0.001, A = 0.001, 7 = 0.1, maximum iterations = 30, 000.

In Figure2.7], the initial densities po and p; are shown on the top two plots and the minimizers
m’s are plotted for three different o values in the second row. As a comparison, the top right

picture in Figure shows the result from L' transportation with a spatially independent
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source function f(¢). This experiment shows the clear difference between L' unnormalized
optimal transport with f(¢,x) and with f(¢). While the minimizer m from the unnormalized
optimal transport with f(¢, z) is nonzero only on the area between two densities, the minimizer
from the unnormalized optimal transport with f(¢) is nonzero everywhere. This is because
the spatially dependent source function f(t,z) affects the minimizer locally but the spatially
independent source function f(¢) affects the minimizer globally. The computation took 2.02

seconds for a = 1, 2.74 seconds for o = 10, and 2.67 seconds for o = 100.
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Figure 2.7: Exzperiment 5. Top left: initial density . Top middle: the terminal density
1. Top right: the solution m of L' unnormalized optimal transportation with a spatially
independent source f(t) . The bottom images show the solution of L' unnormalized optimal
transportation with f(¢,x) using different o values. Bottom left: « = 0.1, bottom middle:

a = 10, bottom right: a = 100.



2.4.2.2 Experiment 6

In this experiment, we are interested in UW; distance between two images. Consider the same

2D example as in the Experiment 4. We use the Algorithm 2| with the following parameters:
N, = N, = 256,¢ = 0.001, A = 0.0001, 7 = 0.01, maximum iterations = 40, 000.

Figure plots the results of L' unnormalized optimal transport with a spatially dependent
source function f(t,z) with different o values 0.1, 5, and 10 in the second row. As a
comparison, the top right picture in Figure shows the result from L' transportation
with a spatially independent source function f(t). The result is similar to the Ezperiment 5.
The minimizer m from L! unnormalized optimal transport with f(¢) has nonzero values on
the surrounding area of the two densities, but the minimizers from unnormalized optimal
transport with f(¢,z) are zero on that surrounding area. The computation took 153.07

seconds for v = 1, 192.82 seconds for a = 10, and 186.27 seconds for a = 100.

2.4.2.3 Experiment 7

In this last experiment, we demonstrate the spatial convergence of Algorithm [2 Assume
2 =10,1] x [0,1]. Consider an initial density to be a circle of radius 0.05 at (0.2,0.2) with
a mass 1 and a terminal density to be a circle of radius 0.05 at (0.8,0.8) with a mass 1

(Figure . UW, distance between these two densities is 0.8 which equals L' distance. We

use the following parameters:
a =0.001,e =0.01, A\ = 0.001, 7 = 0.01, maximum iterations = 50, 000.

We repeat the experiment with 4 different space discretizations (N, = N, = 16, 32,64, 128).
The table summarizes the result of the experiment which shows the algorithm is accurate

to order 1 in space.
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Figure 2.8: FExperiment 6. Top left: initial density po. Top middle: the terminal density
1. Top right: the solution m of L' unnormalized optimal transportation with a spatially
independent source f(t). The bottom images show the solution of L' unnormalized optimal
transportation with f(¢,x) using different a values. Bottom left: o = 0.1, bottom middle:

a = 5, bottom right: o = 10.
2.5 Discussion

In this paper, we introduced a new class of L” generalized unnormalized optimal transport
distance with a spatially dependent source function. We presented new fast algorithms for L*
and L? generalized unnormalized optimal transport. For L! case, we derived the Kantorovich
duality and used a primal-dual algorithm which has explicit formulas with low computational
costs. For L? case, we derived the duality formula, the generalized unnormalized Monge

problem and corresponding Monge-Ampere equation. We applied a weighted Laplacian
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Table 2.1: The summary of the results of Experiment 7

N, N, Time (s) Error

16 16 0.62 5.4 x 1072

32 32 2.39 3.8 x 1072
64 64 9.87 1.4 x 1072
128 128  44.14 9.4 x 1073

[ 140 [ 140
120 120

- 100 - 100

- 80 - 80

- 60 - 60
40 40
20 20
0 0

Figure 2.9: Initial and terminal densities for Experiment 7.

operator L, to formulate the problem into an unconstrained optimization. The gradient
operator of this unconstrained optimization is precisely the Hamilton-Jacobi equation. We

apply the Nesterov accelerated gradient descent method to solve this minimization problem.

Our algorithm can be applied to general unnormalized /unbalanced optimal transport
problems. It is also suitable for considering general variational mean-field games. In future
works, we will derive new formulations for all related L? unbalanced or unnormalized mean-

field games and design fast numerical algorithms to solve them.
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CHAPTER 3

Controlling Propagation of Epidemics

via Mean-Field Controls

The coronavirus disease 2019 (COVID-19) pandemic is changing and impacting lives on
a global scale. In this paper, we introduce a mean-field control model in controlling the
propagation of epidemics on a spatial domain. The control variable, the spatial velocity, is first
introduced for the classical disease models, such as the SIR model. For this proposed model,
we provide fast numerical algorithms based on proximal primal-dual methods. Numerical
experiments demonstrate that the proposed model illustrates how to separate infected patients

in a spatial domain effectively.

3.1 Introduction

The outbreak of the COVID-19 epidemic has resulted in millions of confirmed cases and
hundreds of thousands of deaths globally. It has a huge impact on the global economy as
well as everyone’s daily life. There has been a lot of interest in modeling the dynamics and
propagation of the epidemic. One of the well-known and basic models in epidemiology is the
SIR model proposed by Kermack and McKendrick [KM27] in 1927. Here, S, I, R represent
the number of susceptible, infected, and recovered people respectively. They use an ODE
system to describe the transmission dynamics of infectious diseases among the population.
As the propagation of COVID-19 has a significant spatial characteristic actions such as travel

restrictions, physical distancing and self-quarantine are taken to slow down the spread of
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the epidemic. It is important to have a spatial-type SIR model to study the spread of the

infectious disease and movement of individuals [Ken65, [Kal84, [HI95].

Since the epidemic has affected society and individuals significantly, mean-field games and
mean-field controls (MFG, MFC) provide a perspective to study and understand the underlying
population dynamics. Mean-field games were introduced by Jovanovic and Rosenthal |[JR8S],
Huang, Malhamé, and Caines [HMCO06|, and Lasry and Lions |[LLO06a, [LLO6b|. They model a
huge population of agents playing dynamic games. There is growing research interest in this
direction. For a review of MFG theory, we refer to |[LL07, Gom14|. With wide application to
various fields [GNP15, BDM13|, LLL16|, AL19], computational methods are also designed to
solve related high dimensional MFG problems [BC15, AKS18, |[EHL18|, LFL20, ROL19, |LJL20].

In this paper, we combine the above ideas of the spatial SIR model and MFG. In other
words, we introduce a mean-field game (control) model for controlling the virus spreading
within a spatial domain. Here the goal is to minimize the number of infectious agents and
the amount of movement of the population. In short, we formalize the following constrained
optimization problem

. T a; C
inf E(pi(T,-)) + / / E EPJUJQ + §(PS + pr + pr)’dadt
o Ja

(pi,vi)ie{s,1,r} i€{S,I,R}

subject to
2

(
Oips +V - (psvs) + Bpspr — %SAPS =0

2
Apr +V - (prvr) — Bpspr +vpr — %Apf =0
772
Oipr +V - (prVR) — Yp1 — ?RAPR =0

(£5(0,+), p1(0, ), pr(0, -) are given.

Here p; represents the population density and v; describes the movement, with i € {S, I, R}
corresponding to the susceptible, infected and recovered compartmental state or class. We
consider the spatial SIR model with nonlocal spreading modeled by an integration kernel K

representing the physical distancing and spatial diffusion of population and set it as dynamic
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to our mean-field control problem. This is the constraint to the minimization problem. The
minimization objective include both the movement and the congestion of the population. The
kinetic energy terms describe the situation that, if the population (the susceptible, infected
or recovered) needs to be moved to alleviate the local medical shortage. The congestion term
models the fact that the government doesn’t want the population to get too concentrated
in one place. This might increase the risk of disease outbreaks and their faster and wider
spread. Due to the multiplicative nature of the interaction term between susceptible and
infectious agents Spgpr, the mean-field control problem can be a non-convex optimization
problem. By using Lagrange multipliers, we formalize the mean-field control problem as an
unconstrained optimization problem. Fast numerical algorithms are designed to solve the

non-convex optimization problem in 2D with the G — prox preconditioning method [JLL19).

In the literature, spatial SIR models in the form of a nonlinear integrodifferential [Aro77,
Die79, [Thi77] and reaction-diffusion system [Kal84, HI95| have been studied. Traveling
waves are studied to understand the propagation of various types of epidemics, such as Lyme
disease, measles, etc, and recently, COVID-19 [CGC02,|GBKO01, WW10, BRR20|. In [BRR20],
they introduce a SIRT model to study the effects of the presence of a road on the spatial
propagation of the epidemic. For surveys, see [Mur01, Rua07]. As for numerical modeling of
epidemic model concerning the spatial effect, finite-difference methods are used to discretize
the reaction-diffusion system and solve the spatial SIR model, and its various extensions
[CC10, |JC14] [FH16|. Epidemic models have been treated using optimal control theory, with
major control measures on medicare (vaccination) [SS78, LES18, |JKL20]. In [JKL20], a
feedback control problem of the SIR model is studied to help determine the vaccine policy
to minimize the number of infected people. In [LZM19], they introduce a nonlinear SIQS
epidemic model on complex networks and study the optimal quarantine control. Compared
to previous works, our model is the first to consider an optimal control problem for the SIR
model on a spatial domain, combining optimal transport and mean field controls. As SIR

model can be interpreted in terms of stochastic processes of agent-based models, it can be
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obtained as a motion of the law of a three-state Markov chain with the transition from S to
I and I to R [All17]. Here, we formulate velocity fields among S, I, R populations as control
variables. And our model applies a pair of PDEs, consisting Fokker-Planck equation and
Hamilton-Jacobi equation. These equations describe how different populations (susceptible,

infected or recovered) react to the propagation of pandemic on a spatial domain.

Our paper is organized as follows. In section (3.2, we introduce the mean field control model
for the propagation of epidemics. We introduce a primal-dual hybrid gradient algorithm for

this model in section In section [3.4] several numerical examples are demonstrated.

3.2 Model

In this section, we briefly review the classical epidemics models, e.g., SIR dynamics. We then
introduce a mean field control model for SIR dynamics on a spatial domain. We derive a

system to find the minimizer of the proposed model.

3.2.1 Review

We first review the classical SIR model.

(dS(t) _

0~ ss)1)

%ﬂ = BS(H)I(t) — AI(t)
\%}Eﬂ = I(t)

where S, I, R: [0,T] — [0, 1] represent the proportion of the susceptible population, infected
population, and recovered population, respectively, given time ¢ € [0, T]. Susceptible people
become infected with a rate of £, and infected people are recovered with a rate of 7. The
SIR model can be derived based on the mean-field assumptions. Thus it can be interpreted

as the mean field equations for a three-state Markov chain on S, I, R states.
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3.2.2 Spatial SIR variational problem

We consider the spatial dimension of the S, I, R functions. Let Q C R? be a bounded domain.

Consider the following functions
PSS, PI1, PR * [OyT] X Q— [0,00)

Here, pg, pr, and pgr represent susceptible, infected and recovered populations, respectively.
We assume p; for each i € {S, I, R} moves on a spatial domain {2 with velocities v;. We can

describe these movements by continuity equations.

4 2
dips +V - (psvs) + Bpspr — %SAPS =0

2
Opr +V - (pror) — Bpspr + vpr — %Am =0
772
dipr +V - (prRUR) — Yp1 — ERAPR =0

(3.1)

L £s(0,+), p1(0, ), pr(0, -) are given.

Here v; : [0,T] x Q — R4 (i € {S, I, R}) are vector fields that represent the velocity fields for
pi (1 € {S,I, R}) and nonnegative constants n; (i € {S,I, R}) are coefficients for viscosity
terms. We add these viscosity terms to regularize the systems of continuity equations, thus
stabilize our numerical method that will be discussed in later sections. In addition, we assume
zero flux conditions by the Neumann boundary conditions, that is no mass can flow in or out

of Q. These systems of continuity equations satisfy the following equality:

9]
5 / ps(t,x) + pr(t,x) + pr(t, v)dx = 0.
Q

This means that the total mass of the three populations will be conserved for all time.

Lastly, we introduce the proposed mean field control models. Consider the following

variational problem:

T
. Q; C
inf Ep/(T,-)) + / / E = pilvil® + 5 (ps + pr + pr)*dedt
(pisvi)ic(s,1,rR} 0 Jou 5T Ry 2 2 (3.2)

subject to (3.1)) with fixed initial densities.
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Here E is a convex functional and «; (i € {S, I, R}) and ¢ are nonnegative constants. The
formulation is mainly divided into two parts: a terminal cost and a running cost. The
functional F is a terminal cost which increases if there is greater mass of the infected
population at the terminal time. For example, we choose E(p(T,-)) = 5 [, p*(T, z)dx for the
experiments (Section . The rest of the terms besides the functional £ are running costs.
Kinetic energy terms $tp;|v;|* (i € {S, I, R}) represent the cost of moving the density p; with
velocities v; over time 0 <t < T. A high value of a; means that it is expensive to move
pi for corresponding i € {S,I, R}. In the numerical experiments (Section [3.4)), we assume
as = ar = 1 and ay = 10 to simulate the real life scenario where infected group is harder
to move than other groups. The last term in the running cost, 5(ps + pr + pr)?, penalizes
the congestion of the total population. A high value of ¢ means more penalization on the
congestion. The minimizers of the variational problem will provide the optimal movements
for each population while minimizing the terminal cost functional with respect to the infected

population p;.

We note that the function (p;, v;) = piv;|? is not convex. By introducing new variables

m; = p;v;, we convert the cost functional to be convex in term of (p;,m;). In other words,

Ipmvn P(pi, mi)iets,1,r}y (3.3a)
subject to
2
Ops +V -mg + Bpspr — %SAPS =0
0’
&p[ + V- my — BPSPI +'yp1 — ?IAPI =0
2 (3.3b)
atPR+V~mR—’ypI—n7RApR:0
\ps(O, ), p1(0,-), pr(0, ) are given
where

ag|mg|?
P(pi,ms)ie(s.1,ry = / / Z | (ps + pr + pr)*dxdt.

1€{S,1I,

20



From an optimization viewpoint, we note that the minimization problem is not a convex
problem since the coupling terms, Spspr, in constraints make the feasible set nonconvex. We
replace the nonconvex coupling term Spgp; with convolution. Note that Kendall [Ken65|
introduced this kernel for modeling pandemic dynamics and took the nonlocal exposure to

infectious agents into consideration. This term also helps regularize the minimization problem.

min P(pi,mi)ic(s,,ry (3.4a)

(pirvi)ie{s,1,R}

subject to

Oips(t, ) +V - ms(t, x) + 5ps(t,9€)/QK(I,y)m(t,y)dy - —Aps(t z) =0
2
atp[(ta J]) +V- mI(tv I) - ﬁp[(u ZL') /Q K(I7 y)pS(tu y)dy + /YPI(ta I) - U_QIApf(t7 ZL') =0

2
Ouprlt,x) + V -mi(t,x) = ypr(t,x) = "2 App(t.x) = 0

,03(0, ')7 pI(O? ')7 pR(()? ) given'

\

(3.4b)
Here, K(z,y) is a symmetric positive definite kernel. In this paper, we focus on a Gaussian

kernel

Rew) = ¢ETHW: (-F)

The variance o, of Gaussian kernel can be viewed as a parameter for modeling the spatial
spreading effect of the virus. Let’s consider the convolution term in the first continuity
equation, pg(t,x) [, K(x,y)pr(t,y)dy. Larger values of variance o4’s in K mean that a
susceptible agent located at position z can be affected by infectious agents farther away from

x. Note that by letting o, — 0, we get

wwémeww@%Mmmmn

Thus, when o, becomes close to 0, the susceptible agent is only affected by infectious agents

nearby. If we let o, — oo, then
stto) [ Kty = pste.o) [ prte. )i,
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which means the susceptible group is affected by the total number of the infected population.

Remark 3.2.1. The formulation is not limited to the SIR model we chose in this paper. It
can be used to solve any types of spatial epidemiological models. For example, if we use the
SEIR model where E stands for the exposed group, we just add one additional variable pg

and add one more continuity equation.

3.2.3 Properties

We next derive the mean field control system, i.e. the minimizer system associated with
spatial SIR variational problem ([3.4)). We introduce three dual variables ¢; (i € {S, I, R}) to
convert the minimization problem ((3.4)) into a saddle problem.

inf {P(piymi>i€{S,I,R} : subject to "

(Pisvi)ie(s,1,R}

—  inf sup  P(pi,m;)ic(s,1,r}

(Pisvi)ie(s,1,RY (¢i)icis.1.R)

T 2
- / / Ps (@,Os +V -mg+ BpsK * pr — %SApS> dzdt
0 Ja
T 2
- / / b1 (atpl +V -m; — BpsK * pr +ypr — ?IA,O[) dxdt
0 Jo

T 2
- / / ®r (atpR +V . -mp—ypr — n?RApR) dxdt.
0o Jao

Simplifying the above function, we define the Lagrangian functional

L((pi, mi, §i)icts.1.ry)

T 2
=P(pi, Mi)ie(s,1,ry — / /Q Z (o (@Pi +V.-m; — %Aﬂi) dxdt (3.5)
] .

1€{S,I,R}
T
+/ / Bps(or — ¢s)K * pr +vpir(¢r — ¢r)dadt.
0 Ja

Thus, we have the following saddle problem:

inf sup  L((pi, ms, Gi)iefs,1,R})- (3.6)

(piymi)icys,1,R} ($i)ic(s.1,R)
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The existence of the saddle point of this mini-max problem is based on the assumption
that the dual gap is zero. In other words, given a primal solution with respect to optimal
primal variables (p;,m;)icqs,1,ry and a dual solution with respect to optimal dual variables
(¢i)icqs.1,ry, the difference between these two solutions is zero. However, the dual gap may
not be zero for this problem because the nonconvex functional (pg, pr) — psK * p;y makes
the feasible set of the problem nonconvex. Throughout the paper, we assume the dual gap is

Zero.

The following propositions are the properties of the saddle point problem derived from

optimality conditions, known as Karush—-Kuhn—Tucker (KKT) conditions.

Proposition 3.2.1 (Mean-field control SIR system). By KKT conditions, the saddle point
(pi,mi, @;) of (3.6) satisfies the following equations.

(0%

( 2
Orps — 75|V¢s\2 + %SA% + c(ps + pr + pr) + B(ér — ¢s) K x pr =0

2
[0
Orpr — 7[|V<Z51|2 + %A@ + c(ps + pr + pr)

+ BK * (ps(¢1 — ¢s)) +v(dr — ¢1) = 0

2
a
Orpr — 7R|V¢R|2 + %QAQSR +clps+pr+pr)=0

1 2 (3.7)
dips — a—SV (psVs) + BpsK * pr — ESAPS =0

2

1
Owpr — a—V (prV¢r) — BpsK * pr +vpr — %Apz =0
I

1 2
Oipr — —V - (prVOR) — vp1 — n_RA,OR =0
R 2

¢I(T7 ) = 5E(101(T7 ))

The term 0F is the functional derivative. Given a smooth functional F' : H — R where H is

\

a separable Hilbert space and p € ‘H, we say a map ‘;—I; 1s the functional derivative of F with
respect to p if it satisfies

ing LD =IO [ papi(o)
N € Q op

for any arbitrary function h € H.
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The proof of Poposition [3.2.1| can be found in the appendix. We note that dynamical system
(3.7) models the optimal vector field strategies for S, I, R populations. It combines both
strategies from mean field controls and SIR models. For this reason, we call (3.7)) Mean-field

control SIR system.

3.3 Algorithm

In this section, we propose an algorithm to solve the proposed SIRV variational problem.
We use the primal-dual hybrid gradient (PDHG) algorithm |[CP11b, |CP16]. The PDHG can

solve the following convex optimization problem
min f(Au) + g(u)

where f and g are convex functions and A is a continuous linear operator. Since f is a convex
function, by the convex duality relation, we have f** = f where f* is the Legendre transform

such that
f*(p) = sup (u, p)r2 — f(uv)

u

where (-,-)72 is L? inner product. Thus, f can be represented as a Legendre transform of f*
ie.,

f(Au) = f**(Au) = sgp (Au,pyr2 — f*(p)-

The algorithm solves the problem by converting it into a saddle point problem by introducing

a dual variable p and using the convex duality relation
min max g(u) + (Au, p)zz — £ (p).
u p
The method solves for the saddle point (u., p.) by iterating

. 1
p*tY = argmax (Au™ p) 2 — f*(p) — %HP —pMl3,
P X (3-8)
uF D) = argmin g(u) + (u, AT(QP(kH) - p(k))>L2 + ZHU - u(k)H%?-

u
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The scheme converges if the step sizes 7 and o satisfy
Tol|[ATA||2 < 1, (3.9)

where || - ||z2 is an operator norm in L?. However, the SIR variational problem has a nonlinear
function A for the constraint. Thus, we use the extension of the algorithm from [CV17a]

which solves the nonlinear constrained optimization problem.

min max g(u) + (A(u), p) 2 — f*(p), (3.10)

where A is a nonlinear function. The scheme iterates the algorithm (3.8) with a linear

approximation of A at a base point @
A(u) = A(u) + [VA(a))(u — ).
Denote A, := VA(u). We have a linearized saddle point problem
min max g(u) + (A(@) + Aa(u — @), p)z2 ~ f*(p) (3.11)
and the scheme iterates
49 = axgmin g(a) + (u, AL p™) 12 + sl — w2
AL 9y, (1) _ 4 (R) (3.12)

_ . 1
p*H) = argmax (A(u®) + A,m (5D —u®) p) o — £ (p) — me —pM||72
p

The paper [CV17a] proves that the sequence {u®), p*)}% = of the algorithm converges to
some saddle point (u,, p,) that satisfies the following KKT conditions of (3.12)):

[V A(u)]" pe = —0g(u.)
Auy) = 0f* (ps).

(3.13)

However, the scheme converges if the step sizes satisfy

o TP VAWM |2, <1, k=1,2,---.
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Suppose we use an unbounded operator that depends on the grid size, for example, A = V.
Then the operator norm |[VA(u®)||2, increases as the grid sizes increase. Thus, the scheme
can result in a very slow convergence if we use a fine grid resolution. To circumvent the
problem, we use the General-proximal Primal-Dual Hybrid Gradient (G-prox PDHG) method
from |JLL19] which is another variation of the PDHG algorithm. This variant provides an
appropriate choice of norms for the algorithm, and the authors prove that choosing the proper
norms allows the algorithm to have larger step sizes than the vanilla PDHG algorithm. The

G-prox PDHG iterates

1 . 1
uw*2) = argmin g(u) + (u, A5<k)p(k))Lz + WHU — U(k)||%2

u

WD 9y () _ ) (3.14)
. 1
p* T = argmax (A(u®™) + A0 (D = u®) py o — f*(p) — WHP — ™30
p
where the norm || - || &) is defined as
HPH?LL(k) = ||A5<k>P|’%2-

By choosing the proper norms, the step sizes only need to satisfy

which are clearly independent of the grid size.

3.3.1 Local convergence of the algorithm

In this section, we show the iterations from the algorithm locally converges to the saddle
point. The local convergence theorem in this paper is mainly based on the Theorem 2.11
from |CV17a]. However, we add a preconditioning operator from the G-prox PDHG method.
We show that the method converges locally to the saddle point with the step sizes independent

of the nonlinear operator A.
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From the algorithm ([3.14), (u**+V, p(*+1)) satisfies the following first-order optimality

conditions

1
0€e 8g(u(k+1)) + Ag(k)p(k) + m(u(k+1) — u(k))

3.15)
1 (
0e A(u(k)) + 2Au(k)(u(k+1) - u(k)) - 0f* (p(k+1)) — mAu<k)AZ(k)(p(k+l) — p(k))
o
which can be rewritten as
with ¢ = (u,p). Here, the monotone operator H; is defined as
Og(u) + Aip
Hz(q) = ~ ~
Of*(p) — A(w) — Aa(u — 1)
and
M(k) — ﬁld _AZ(k)
—Auw g Aum AT,
where Id is an identity operator.
Recall that from (3.13)), the saddle point ¢, = (u., p«) has to satisfy
0 € Hy, (U, ps).
Throughout, we assume that
IVA(u,)| >0 (3.17)

and u — VA(u) is continuous.
Lemma 3.3.1. There exists constants 0 < ¢ < C and R > 0 such that
c<[[VA@)| <C,  (Jlu—ul <R)

where || - || is an operator norm.

Proof. This follows immediately from (3.17) and the fact that the derivative VA(u) is

continuous with respect to u. 0
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Lemma 3.3.2. Suppose ([3.17) holds and let T®o®) < 1. Then there ewist constants
0 < 0 < O such that
0%llql7 < (g, MPg) < ©%|ql7:

where

lgllZz = llullZz + [IplIZ.-

A proof of Lemma is provided in the appendix.

With the above Lemmas, we can use the Theorem 2.11 from |[CV17a] to show the local

convergence of the algorithm.

Theorem 3.3.3. Let (u,,p.) € L?> x H®) be a solution to (3.13) where 1plI5,0) = AL

2
L2
Let the step sizes T%) and o®) satisfy T®o®) < 1 for all k. Then there exists § > 0 such that

for any initial point (u®,p©) € L2 x HO) satisfying
[0 = w.lfF2 + [P = pull72 < 6%,
the iterates (u®, p®) from (3.14)) converges to the saddle point (u,p,).

Proof. By Lemma [3.3.1] Lemma |3.3.2], and strong convexity of the functional P, we can
use [CV17a, Theorem 2.11], which proves the theorem. O

Remark 3.3.1. [CV17a, Theorem 2.11] requires H,, to satisfy the condition called metric
regularity. In our formulation, the constraint A(u) = 0 makes H,, metrically regular by
[CV17b| Section 5.3]. We refer readers to [CV17a, CV17b, RW09] for further details about

metric regularity.
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3.3.2 Implementation of the algorithm

To implement the algorithm to the minimization problem ({3.4)), we set

u = ((,0,-, mi)ie{S,I,R})
p = (&i)ie(s.1.Rr}
g(u) = P(u)

0 ifA(u)=0
f(A(u)) =
oo otherwise
[ (p) =0
where A is a nonlinear operator defined as

2
A(u) = (As(u), Ar(u), Ag(u)) = (8ips + V - mg — %APS + BpsK * pr,
2

Opr +V -mp — %Apl — BprK * ps +ypr,

2

Owpr +V -mp — %APR)-

Define the Lagrangian functional as
/:(U,p) = P(“) - <A(u)7p>L2

where (-, )72 is an inner product defined as
1
a)r = Y / /pi(t,x) gi(t, ) da dt
i=S,1, R0 7O
for p = (ps, pr, pr) and q = (gs, q1, qr). Thus, using definitions of the inner product and the

operator A, (A(u),p)rz can be written as

1 9
(A(u),p)r2 —/ / bs (@Ps +V-mg— %Aps + BpsK * PI) dxdt
o Ja

1 2
+/ / or (&m +V-my — %Apz — BpiK * ps + vm) dx dt
0 Q

1 2
+/ / ®r (@PR +V-mp— %Apg> dx dt.
0o Ja
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Now we are ready to implement the algorithm (3.14]) to solve the SIR variataional problem.

Algorithm 3 G-proximal PDHG for mean-field control SIR system
IHPUt: p2(07 ) (l € {S, I, R}>
Output: p;,m;, ¢; (i € {S,I,R}) for z € Q, ¢t € [0, T]

While relative error > tolerance For i € {S, I, R}

ktl k k
¢£ +) argmax E(p(k),mg ), ) — %,JW - ¢£ )l‘z(k)

k . k k k ' k
pg ) _ argmin,, L(p, mg ),2@( o ¢§ )) +5-llp — Pz( )"%2

2T

ml(.kﬂ) = argmin,, ﬁ(p(k+1), m, 2¢Z(-k+1) - ¢§k)) + QLTZHm - mz('k)H%2

Here, with abuse of notations, L? norms are defined as

T
loill2> = / / Rt 2)d dt

B /OT/Q imi(t, z)Pde dt, (i=S,1,R)
and Hi(k) are defined as
l6ill%y 00 = IIVAuO) Gill7a, (=S, R)
sl = /0 ) /Q (Ds)? + | Vos|* + %4<A¢s>2 + 82K % pi 9s)? da dt
H¢I\|§{§k> = /OT /Q(at¢l)2 + |Vor]* + %(A@)Z + B (K = P(sk)@)z + % (¢r)? da dt

T 774
H¢RHZ}<§> = /0 /Q(at¢3)2 + |Vor|* + Z(A(bg)z d dt.

Moreover, the relative error is defined as

P my ) = Pp® mi®)

1 ? (2

IP(p*) m*))|

1

relative error =

By formulating these optimality conditions, we can find explicit formulas for each variable.
Proposition 3.3.4. The variables p§k+1), mgkﬂ), ¢§»k+1) (i € {S,I,R}) from the Algorz'thm
satisfy the following explicit formulas:
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2
TS 1
o+ — oot 6% + U_SA¢gk) _ R 43 (K £ (6P 1) o ¢ pf,’“)
1+ crg 2
(k)y2
Tsas(mg’)
0 —_ W 7
+ C(pl + PR))7 ) 2(1 + CTS) )
2 1
p(k+1) — root, 1 atqsg’f) + &Agzﬁ(j — _pl )18 ( VK * p(k) K x (Qbs ng))>
1+cmy 2

()
+7(0r — ¢1) + cps + pR)) 0, _M>

2(1 + c7;)
2 (k)\2
(k1) TR ® , MrA k) L w Trar(Mp")
= root ) TR AGR) 2 0, [ BERTR )
pr  =roo +<1+CTR( dp + 9 P TR'OR —I—C(Ps+P1)>a )

2(1 + c7p)

(k+1)

k+1 P k k .
m§+)——(k+1) <m§ )—TV@( )), (1€ {S,1,R})
TO; + p;
2
¢‘(S'k+1) _ ( ) + US(ASAS) (_atpgkﬂ) _v. m(SkJrl) . 50( )K « p(k+1 %Apngrl))
oY = o+ or(ArAT) ( 0 =V w4 UK g

2
k+1 n k+1
—7p§+)+gfﬁp§+)>

(k+

PR

2
= o 4 on(AnAf) ™ (<0 = VY D M)

where root, (a,b,c) is a positive root of a cubic polynomial 3 + ax* + bx + ¢ =0 and
4
AsAT = 0+ LA = (14 28m5)A + 5
4
ArAT = —0u + %N —(1+2(v+ B)ns) A+ (v + B)?
7
ApAL = -0, + IRN —A.
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We use FFTW library to compute (4;A7)~! (i € {S,I, R}) and convolution terms by
Fast Fourier Transform (FFT), which is O(nlogn) operations per iteration with n being the
number of points. Thus, the algorithm takes just O(nlogn) operations per iteration.

In this section, we implement optimization methods to solve the proposed SIR variational
problems. Specifically, we use G-Prox Primal-Dual Hybrid Gradient (G-Prox PDHG) method
[JLL19]. This is a variation of Chambolle-Pock primal-dual algorithm [CP11bl /CP16]|. G-Prox
PDHG proposes a way of choosing proper norms for the optimization based on the given
minimization problem whereas the Chambolle-Pock primal-dual algorithm just uses L? norms.

Choosing appropriate norms results in faster and more robust convergence of the algorithm.

3.3.3 Review of primal-dual algorithms

The PDHG method solves the minimization problem
min f(Az) + g()

by converting it into a saddle point problem

min Sup {L(z,y) = (Az,y) + g(x) — f*(y)} .

Here, f and g are convex functions, A is a continuous linear operator, and

f(y) =supzy) — f(z)

xT

is a Legendre transform of f. For each iteration, the algorithm finds the minimizer x,
by gradient descent method and the maximizer y, by gradient ascent method. Thus, the

minimizer and maximizer are calculated by iterating

(

et = argmin, L(x,y*) 4+ ||z — oF||?
1
Ytz = argmax, L(zF 1 y) + %Hy —y*|I?
1
kykﬂ =2yt —yF



where 7 and o are step sizes for the algorithm.

G-Prox PDHG is a modified version of PDHG that solves the minimization problem by
choosing the most appropriate norms for updating x and y. Choosing the appropriate norms

allows us to choose larger step sizes. Hence, we get a faster convergence rate. In details,

(

o = argmin, L(z,y*) + %Hx - SL’kH%{
1
Ytz = argmax, Lz y) + %Ily - kaé
1
yk—H — 2yk+2 _ yk

\

where H and G are two Hilbert spaces with the inner product
(Ul, Ug)g = (Aul, AUQ>’H

In particular, we use G-Prox PDHG to solve the minimization problem (3.4) by setting
H = L? and G = H?. Furthermore,

0 if Az =(0,0,vps)
x = (ps, pr; pr, s, mp,mg),  g(x) = P(pi, Mi)icgs,ry,  f(Az) =
oo otherwise.
7
Az = (Oips +V - mg — §APS + BpsK * pi,
e
Opr +V -my — 5Apf — Bp1K * ps + vpr,
e
Oipr +V -mp — §APR)-

Thus, we have the following inner products

T T
(w1, ug) 2 I/ /Ul(tax)UQ(tJ)dﬂ?dta (w1, u2)pre I/ /Aul(t,x)Aug(t,x)dxdt.
o Ja 0 Jo

Note that the operator A is nonlinear. In the implementation, we approximate the operator

with the following linear operator
2
Az =~ (Oyps +V - mg — %Aps + Bps,
0’
Opr +V -my — ?Apl + (v + B)pr,

2

Oipr +V -mp — %APR)-
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3.3.4 G-Prox PDHG on SIR variational problem

In this section, we implement G-Prox PDHG to solve the saddle problem (3.6). For i €
{57 I7 R}7

1

png) = argmin £(p, mgk), fk)) +—llp— PEMH%2

0 27'7;

1
mgkﬂ) = argmin E(p§k+1), m, ¢Z(-k)) + Eum - mgk)H%?
1 1

o0 ") = argmax Lo, m 9) — o — o3

® 20’,’

1

It = 2 — oM

where 7;, 0; (i € {5, I, R}) are step sizes for the algorithm and by G-Prox PDHG, L? norm

and H? norm are defined as

T T 4
lull2, = / /u2dxdt, lullZs :/ /(8tu)2 1Vl + T (Au)2dadt
0 Q 0 Q 4
for any w : [0,7] x Q — [0, 00).

By formulating these optimality conditions, we can find explicit formulas for each variable.

T, 2 1
P = t( (204 ol S 43 (K0 ) - o1 1)

1+ CTg
Tsas<mféf>>2>

“(’””R))’O’_ 2(1 + ers)

T, i 1
- (1 2 (00 4 a0 2l 5 (08 ) K (o)

CTr
T]a](mgk))2>

+v(or — 1) + c(ps + PR)),(L T+ em)

T 2 1 Trap(mi))?
pg+1)_r00t+<1 ® (at¢§§“)+”§A¢§§)— g>+0<ps+m)),o,_w

+ ¢cTR Ep 2(1 + c7R)
(k+1) P(‘Hl) (k) (k)
m = P () — 1), (e (S, 1R
TOoy; + Pi
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2
¢(Sk+1) (k) + O_S<ATAS) (—&:p%kﬂ) _v. mgk+1) _ 50( )K N p(k+1 %SAngH))

(k+ ) _ ¢1 +UI(ATAI> ( ap(k+1) v. m(k—i—l +ﬁ)0 (k+1) K*pk+1)

2
k+1 n k+1
—w§+)+5’Ap§“>

k+1
b 2 = 0% +on(ARAR) ™ (—atP%H) Vomp ™ o 4 ng Aﬁﬁfl))
where root , (a, b, c) is a positive root of a cubic polynomial z* + az? + bx + ¢ = 0 and
4
AEAS = —0y + %Az — (14 28ns)A + 52
4
ATAL= =0y + LA = (142 + D) A + (7 + )
AL Ap = -0 +ﬁA2—A
R41R — tt 4 .

We use FFTW library to compute (A7 A;)~! (i € {S, I, R}) and convolution terms by Fast
Fourier Transform (FFT), which is O(nlogn) operations per iteration with n being the

number of points. Thus, the algorithm takes just O(nlogn) operations per iteration.

In all, we summarize the algorithm as follows.

Algorithm 4 G-proximal PDHG for mean-field control SIR system
IHPUt: Pz(O, ) (l S {S, ]7 R}>
Output: p;,m;, ¢; (i € {S,I,R}) for z € Q, ¢t € [0, T]

While relative error > tolerance For i € {S,I, R}
@szmgmxamw w>>_%ﬂ¢—¢m@2
k (k k k
Pl = argmin, £(p, m W26 — M) + s llp— P\ )H%?

m{F = argmin,, £(p k+1), m, 20"V — o) 4 Hm m| HL2
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Here, the relative error is defined as

7 ) 7

[P my ) = Pp® mi®)
k k :
P(p", m{™)|

relative error =

3.4 Experiments

In this section, we present several sets of numerical experiments using the algorithm with
various parameters. We wrote C++ codes to run the numerical experiments. Let © = [0, 1]2
be a unit cube in R? and 7' = 1. The domain 2 is discretized with the regular rectangular
mesh

1 1 1

Az=—, Ay=-—, At=
g VTN, N, —1

= ((k+0.5)Az, (I +0.5)Ay), k=0,--- ,N,—1, [=0,---,N,—1
t, = nAt, n=0---,N—1
where N,, N, are the number of data points in space and N, is the number of data points in

time. For all the experiments, we use the same set of parameters,
N, =128, N, =128, N,=32

0=0.02, ¢=0.01, 7 =001 (ie{SI,R})
as=1 a;=10, ar=1

and choose the same terminal cost functional

B(pu(1,) = 5 [ Ail1,a)ds

By setting a higher value for a;, we penalize the infected population’s movement more than
other populations. Considering the immobility of the infected individuals, this is a reasonable

choice in terms of real-world applications.

We would like to minimize the terminal cost functional E(p;(T,-)). A solution needs to

reduce the number of the infected population. There are mainly two ways of reducing the
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number of infected. One way is to recover infected to recovered population. However, it may
not be feasible if the rate of recovery v is low. Another way to reduce the number of infected
is by separating the susceptible population from the infected population. The number of
infected doesn’t increase if there are no susceptible people near infected. However, the total
cost increases when densities move due to the kinetic energy term p;|v;|* (i € {S,I, R}) in
the running cost. A solution needs to find the optimal balance between the terminal cost and
the running cost. Experiment 1 shows the effectiveness of controlling populations’ movements.
We compute two solutions of the model: with and without control of movements. The
comparison between these solutions shows that the number of infected people can be reduced
effectively with the control at the terminal time. Experiment 2 shows that the algorithm finds
the proper solutions based on different recovery rates given nonsymmetric initial densities.
In Experiment 3, we consider a more complicated terminal energy functional E(p;(7T,-)), and

compute the solutions based on different infection rates.

3.4.1 Experiment 1

In this experiment, we compare the solutions of the SIR model with and without control. We

set initial densities for susceptible, infected and recovered populations as
ps(0, 2 = (z1,72)) = 0.6 exp <—10((:c1 —0.5)% + (29 — 0.5)2)>
pr(0,2 = (z1,72)) = 0.6 exp <—35((3:1 —0.6)* + (29 — 0.6)2)>
pr(0, 7 = (21,32)) =0

Susceptible population and infected population are Gaussian distributions centered at (0.5, 0.5)

and (0.6, 0.6), respectively. We set 8 = 0.7 and v = 0.1.

We show two different numerical results: one with control and one without control. The
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formulation without control has the following system of equations,

W = —ﬁps(t, l')pl(tvx>
w = Bps(t,z)pi(t, ) = ypi(t, )
0

-fE§?32-==7p1@,$)

By removing the velocity terms, we assume no movements of population. We solve these
equations by using Euler’s method. Thus, the solution can be computed by iterating

n=0,-,N, 2,

ps(tns1, Trt) = ps(tn, i) — AtBps(tn, T) pr(tn, Tr)
p1(tns1s Tr) = prtn, xw) + At (Bps(tn, i) pr(tn, Tr) — Yp1(tn, Tr1))

Pr(tns1, Tr) = pr(tn, Tr) + Atypr(te, i),

fork=0,--- N, —1,1=0,---, N, — 1. The results can be seen in Figureand Figure
Figure[3.1| shows snapshots of the initial and terminal densities. The first row shows the initial
densities of susceptible, infected and recovered (from left to right) based on the equations
above. The second row and the third row show the terminal densities without control and
with control, respectively. Figure [3.2] shows a quantitative comparison between these two
solutions. The graphs indicate the total sum of each group over time. More specifically, they

show [, pi(t,x)dx for i € {S,I, R} fromt =0 to ¢t =1.

In Figure [3.1] when we compare the susceptible groups from second and third rows, the
susceptible group with control moves more than the susceptible group without control. If
there is no control (the second row in Figure , the groups don’t move, and the susceptible
group is exposed to the infected group, leading to a high chance of susceptible being infected
over time. If the population is in control (the third row in Figure , we see a clear
separation between susceptible and infected at the terminal time. This separation decreases
the exposure of susceptible to infected effectively and, as a result, we see less number of the

infected and more number of susceptible at the terminal time from the solution with control.
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Figure 3.1: Snapshots of susceptible (column 1), infected (column 2) and recovered populations
(column 3). The first row shows the initial densities, the second row shows the solution

without control at the terminal time and the third row shows the solution with control at the

terminal time.
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Figure 3.2: The comparison between solutions with and without control. The graphs show

the total population of each group [, pi(t,z)dz for 0 <t <1 and i € {S,1, R}.

3.4.2 Experiment 2

In this experiment, we consider nonsymmetric initial densities.

ps(0,z) = 0.45 <exp(—15((m —0.3)* + (y — 0.3)%))
+ exp(—25((z — 0.5)> + (y — 0.75)?))
+exp(—30((z — 0.8)2 + (y — 0.35)2))>
p1(0,2) =10(0.04 — (z — 0.2)* — (y — 0.65)*) ,
+12(0.03 = (x — 0.5)* = (y = 0.2)) ,
+12(0.03 — (z — 0.8)* — (y — 0.55)%) ,
pr(0,2) = 0.
The susceptible population is the sum of three Gaussian distributions, and the infected
population is the sum of the positive part of quadratic polynomials. We conduct this
experiment to show that the algorithm works well for nonsymmetric initial densities. Moreover,
we choose = 0.34 (an infection rate) and v = 0.12 (a recovery rate) from [BFM20] based

on the data in California, U.S. from March to May 2020. Figure [3.3| shows the evolution of

densities using these parameters. We repeat the experiment with the same initial densities and
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B but with different v (Figure . In this experiment, we show the solution to the problem
based on v = 0.36. This experiment is under the scenario when the vaccine comes to the public.
In both figures, evolutions of densities p; (i € {S,I, R}) are shown at t = 0,0.21,0.47,0.74, 1.
The total population of each density is indicated as sum in the subtitle of each plot, and it is

calculated as [, pi(t, x)dx for 0 <t < T and i € {S,I, R}.

When v = 0.12 (a low recovery rate), the solution separates susceptible population away
from infected population. By separating susceptible from infected, the solution prevents
susceptible populations from becoming infected, thus reducing the terminal cost at ¢ = 1.
When v = 0.36 (a high recovery rate), recovering the infected is considered a better choice
than separating the susceptible population from the infected population. In Figure the
susceptible population barely moves over time. We also observe that less number of the
infected and more number of recovered. The total population of the infected at the terminal
time in Figure is 0.045, which is smaller than the total population of the infected in
Figure [3.3] This experiment tells us that, with a high recovery rate, the optimal way to
minimize the number of infected is by focusing on recovering them rather than moving the

susceptible population.

3.4.3 Experiment 3
In this experiment, we consider the initial densities

0.4 if x € By3(0.5,0.5) 0.4 if x € By2(0.5,0.5)
ps(O,[E) - ; pf(07x) = ) pR(07) =0
0 else 0 else

where Bg(z1,25) is a ball of radius R centered at (x,z3) with value. Furthermore, we

consider the following energy functional:

1

E(pi(T, ) = / LT ) + (T, )V (2)d
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t=0.00 t=0.23 t=0.48 t=0.74 t=1.00

sum = 0.183 sum = 0.183 sum = 0.182 sum = 0.182 sum = 0.181
sum = 0.059 sum = 0.058 sum = 0.057 sum = 0.056 sum = 0.056

sum = 0.000 sum = 0.002 sum = 0.003 sum = 0.005 sum = 0.007

Figure 3.3: Experiment 2. The evolution of populations from t = 0 to t = 1 with g = 0.34
and v = 0.12. The first row represents the susceptible population, the second row represents

the infected population, and the last row represents the recovered population.

where, for z = (z1, x2),

1 if |y —0.5] < 0.1 and |z — 0.5] < 0.1
Vi) =

0 otherwise.

Here V() is a step function that equals 1 on a square with a side length 0.2 at the center
of the domain and 0 elsewhere. This energy penalizes if there is a positive infected density
on the square. Thus, the solution has to move the infected density away from the square
region while minimizing the total infected population. In this set of experiments, we show
how the solution changes based on an infection rate 5. We consider the case with a high

infection rate § = 0.96,v = 0.12 (Figure and with 8 = 0.34,y = 0.12 (Figure same
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t=0.00 t=0.23 t=0.48 t=0.74 t=1.00

sum = 0.183 sum = 0.183 sum = 0.183 sum = 0.182 sum = 0.182
sum = 0.059 sum = 0.056 sum = 0.052 sum = 0.048 sum = 0.045
sum = 0.000 sum = 0.005 sum = 0.009 sum = 0.014 sum = 0.018

Figure 3.4: Experiment 2. The evolution of populations from t = 0 to t = 1 with g = 0.34
and v = 0.36. The first row represents the susceptible population, the second row represents

the infected population, and the last row represents the recovered population.

as Experiment 2.

When 5 = 0.96 (a high infection rate), the solution minimizes the total infected population
by separating the susceptible from the infected. Due to the usage of this energy functional,
the infected population has to move away from the square region at the center. Since there is
going to be no infected population in this square region at the terminal time, the optimal
place for the susceptible population is inside this square region. As a result, we can see the
concentrated susceptible population inside this square at the terminal time. When g = 0.32
(a low infection rate), the susceptible population does not move as much as in the case

when [ is large. There are more overlaps between susceptible and infected groups at the
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terminal time when (3 is small. However, when f is large, there is a complete separation
between these groups. Thus, based on [ and ~ values, our model’s solution can find the most
cost-effective way of moving susceptible and infected populations while minimizing the total

infected population.

t=0.00 t=0.23 t=0.48 t=0.74 t=1.00
sum = 0.113 sum = 0.108 sum = 0.105 sum = 0.104 sum = 0.102
sum = 0.050 sum = 0.053 sum = 0.055 sum = 0.054 sum = 0.055

sum = 0.000 sum = 0.001 sum = 0.003 sum = 0.004 sum = 0.006

Figure 3.5: Experiment 3. The evolution of populations from ¢t =0 to ¢t = 1 with g = 0.96
and v = 0.12. The first row represents the susceptible population, the second row represents

the infected population, and the last row represents the recovered population.

3.5 Discussion

In this paper, we introduce a mean-field control model for controlling the virus spreading of

a population in a spatial domain, which extends the current SIR model with spatial effect.
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t=0.00 t=0.23 t=0.48 t=0.74 t=1.00

sum = 0.113 sum = 0.111 sum = 0.110 sum = 0.109 sum = 0.108
sum = 0.050 sum = 0.050 sum = 0.050 sum = 0.049 sum = 0.049
sum = 0.000 sum = 0.001 sum = 0.003 sum = 0.004 sum = 0.006

Figure 3.6: Experiment 3. The evolution of populations from t = 0 to t = 1 with § = 0.34
and v = 0.12. The first row represents the susceptible population, the second row represents

the infected population, and the last row represents the recovered population.

Here, the state variable represents the population status, such as S, I, R, with a spatial
domain, while the control variable is the population’s velocity of motion. The terminal cost
forms government’s goal, which balances the total infection number and maintains suitable
physical movement of essential tasks and goods. Numerical algorithms are derived to solve the
proposed model. Several experiments demonstrate that our model can effectively demonstrate

how to separate the infected and susceptible population in a spatial domain.

Our model opens the door to many questions in modeling, inverse problems, and com-
putations, especially during this COVID-19 pandemic. On the modeling side, first, we are

interested in generalizing the geometry of the spatial domain. Second, our current model
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only focuses on the control of population movement. The control of the diffusion operator
among populations is also of great interest in future work. Third, the government can also
put restrictions on the interaction for a different class of populations, depending on their
infection status. Fourth, in real life, the spatial domain is often inhomogeneous, containing
airports, schools, subways, etc. We also need to formulate our mean-field control model on
a discrete spatial graph (network). Besides, our model focuses on the forward problem of
modeling the virus’s dynamics. In practice, real-time data is generated as a virus spreading
across different regions. To effectively model this dynamic, a suitable inverse mean-field
control problem needs to be constructed. On the computational side, our model involves
a non-convex optimization problem, which comes from the multiplicative term of the SIR
model itself. In future work, we expect to design a fast and reliable algorithm for these
advanced models. We will develop and apply Al numerical algorithms to compute models in

high dimensions.
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CHAPTER 4

The Back-And-Forth Method

For Wasserstein Gradient Flows

We present a method to efficiently compute Wasserstein gradient flows. Our approach is
based on a generalization of the back-and-forth method (BFM) introduced in [JL20] to solve
optimal transport problems. We evolve the gradient flow by solving the dual problem to the
JKO scheme. In general, the dual problem is much better behaved than the primal problem.
This allows us to efficiently run large scale gradient flows simulations for a large class of

internal energies including singular and non-convex energies.

4.1 Introduction

In this work, we are interested in simulating the evolution of parabolic equations of the form

Op—V - (pVe) =0,
¢ =46U(p).

(4.1)

Equation , often referred to as Darcy’s law or the generalized porous medium equation,
describes the evolution of a mass density p flowing along a pressure gradient V¢ generated by
an internal energy functional U. This class of equations models various physical phenomena
such as fluid flow, heat transfer, aggregation-diffusion, and crowd motion [Vaz07, Sanl5|.
In general, these equations are both stiff and non-linear making them challenging to solve

numerically. For example, in the important special case where U(p — f P (m > 1),
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equation (4.1) becomes a non-linear version of the heat equation
atp - A(pm) = 07

known as the porous medium equation (PME). When U is non-differentiable or non-convex,
simulation of these equations becomes even more difficult. Thus, in this paper, our goal is to
design a method that can efficiently and accurately simulate equation (4.1]) for a wide variety

of internal energies U.

Our approach to simulating Darcy’s law is based on the celebrated interpretation of
equation as a gradient flow with respect to the Wasserstein metric [JKO98, |Ott01]. This
interpretation can be used to create a discrete-in-time approximation scheme known as the
JKO scheme [JKO98|. The scheme constructs approximate solutions by iterating

Pt = argmin U(p) + %W;(p, p™). (4.2)

p

Here, 7 plays the role of the time step in the scheme and Ws(-,-) is the 2-Wasserstein metric
from the theory of optimal transportation [Sanl5| (see Section for a brief overview of
optimal transport and the 2-Wasserstein metric). Thanks to the variational structure of the
scheme, the iterates are unconditionally energy stable and one can choose the time step 7
independently from any spatial discretization. In addition, the JKO scheme retains many
desirable properties of the continuum equation, such as comparison and contraction type

principles |JKT20b, DMS16, | AKY14].

In light of the many favorable properties of the JKO scheme, there have been many works
devoted to the computation of minimizers for problem , see [BCW10, CM10, Pey15,
BCM16, BCL16, (CDP17, |CCW19, CWX20, [LMS20] to name just a few. Despite the amount
of work on this problem, it remains a challenge to efficiently solve the JKO scheme at a
high resolution. The main difficulty in solving problem lies in the handling of the
Wasserstein distance term. Indeed, there is not a simple formula that gives the variation of

the Wasserstein distance with respect to the density p. As such, essentially all methods for
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solving (|4.2)) are adaptations of algorithms for computing the Wasserstein distance between

two fixed densities.

In this paper, we solve problem by adapting the back-and-forth method (BFM)
introduced in |[JL20]. BFM is a state-of-the-art algorithm for computing optimal transport
maps between two fixed densities. Instead of directly solving Monge’s optimal transportation
problem, BFM finds optimal maps by solving the associated Kantorovich dual problem.
Building on this approach, rather than directly solving problem (4.2f), we instead compute
solutions to its dual problem. The dual problem is a concave maximization problem that
produces the pressure variable at the next time step ¢+ . The optimal density variable can

then easily be recovered from the pressure via the duality relation ¢! = §U(p+V).

There are several advantages to solving the dual problem rather than the original primal
problem. The pressure variable ¢ has better regularity than the density variable p. Indeed,
at worst, the pressure gradient must be square integrable. As a result, the pressure is better
suited to discrete approximation schemes. In addition, there is an explicit formula to compute
derivatives of the dual functional, hence one can apply gradient ascent to solve the dual
problem (the corresponding gradient descent scheme for the primal problem is much more
difficult). Finally, the dual approach is very convenient when U encodes hard constraints

(such as incompressibility of the density), as the dual problem will be unconstrained.

Leveraging the advantages of the dual problem to and the special gradient ascent
structure of BFM, we are able to rapidly and accurately solve the JKO scheme for a large
class of internal energies U. We show that the algorithm increases the value of the dual
problem at every step. In particular, this analysis holds even in cases where the Hessian of U
is singular and our analysis has no dependence on the size of the computational grid. As a
result, we are able to simulate equation (4.1]) on a much larger scale than previous methods,
and we are easily able to handle difficult cases like incompressible crowd motion models with

obstacles and aggregation-diffusion equations.
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4.1.1 Overall approach

The back-and-forth method for Wasserstein gradient flows is based on solving the dual
problem associated to the JKO scheme. The starting point for this analysis is Kantorovich’s
dual formulation of optimal transport. Given two measures p and v, the dual formulation of
the 2-Wasserstein distance is given by

Lo

— W5 (u,v) = sup 1/1 ) du(x d) ) dv(y (4.3)

2T (p)eC

where we maximize over the constraint

C:={(¢,9) € C(Q) x C(Q) : P(x) — p(y) < ;!flﬁ —yl*}.

Using the dual formulation of optimal transport, we can rewrite problem as
inf sup U(p /¢ dp /gb ) dp(y
P (p)ec
When U is convex, we can interchange the inf and sup to get an equivalent dual problem to
[2):
sup [ wla) dp @) = U7 (0), (4.4)

(pp)ec
where U* is the convex conjugate of U,

U () = sgp/gqﬁ(y) dp(y) — U(p).

Problem (4.4]) looks difficult due to the constraint encoded by C. Nevertheless, there is a
very convenient way to reformulate the problem. Because p™ is a nonnegative measure, it is
favorable to choose 1 to be pointwise as large as possible. If we fix ¢, it then follows that the

corresponding largest possible choice for v is given by

¢°(x) = inf $(y) + |z — yI?. (4.5)

yeN 2T
Conversely, U* is increasing with respect to ¢ (see Section [4.2.1)), therefore, we would like

to choose ¢ to be pointwise as small as possible. Thus, if we fix ¢, then the corresponding
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smallest choice for ¢ is given by

V() o= sup () — 5_fe P (1.6)

z€Q

Formulas and are known as the backward-c-transform and forward-c-transform
respectively. These transforms play an essential role in optimal transport and are integral to
our method. Crucially, we can use these transforms to eliminate the constraint C and either
one of the variables ¢ or 1. More explicitly, problem (4.4]) is equivalent to maximizing either

one of the following two unconstrained functionals:
10 i= | 6(a) dp @) = U"(0), (1.7

10)i= [ vla)dpf (@) - U (09) (48)
Q
Indeed, if ¢, is a maximizer of J and 1), is a maximizer of I, then we must have the relations

9L =i, YL = s,

and (¢., 1) is a maximizer of (4.4). The reformulations I and J genuinely simplify the task
of finding maximizers. On a regular discrete grid, the c-transform can be computed very

efficiently [Luc97, |JL20]. As a result, it is much more tractable to maximize / and .J, rather

than trying work with (4.4) directly.

We will find the maximizers ¢, and 1, by building upon the BFM algorithm introduced
in [JL20]. The original BFM gives a very efficient scheme for finding the maximizers in the
special case where U* is a linear functional. Rather than focusing on either I or J, BFM
simultaneously maximizes both functionals. The method proceeds by hopping back-and-forth
between gradient ascent updates on J in ¢-space and gradient ascent updates on [ in 1)-space
(hence the name). In between gradient steps, information in one space (¢-space or ¥-space) is
propagated back to the other by taking a forward/backward c-transform. As noted in [JL20],
the advantage of the back-and-forth approach is that certain features of the optimal solution

pair (¢.,1.) may be easier to build in one space compared to the other. As a result, the
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back-and-forth method converges far more rapidly than vanilla gradient ascent methods that

operate only on ¢-space or only on 1-space.

In order to generalize BFM to the Wasserstein gradient flow case, we need to be able to
guarantee the stability of gradient ascent steps on and when U* is nonlinear. In fact,
for many important cases, the Hessian of U* may have a singular component. To overcome
this difficulty, we perform the gradient ascent steps in an appropriately weighted Sobolev
space. The Sobolev control allows us to use Stokes” Theorem to convert boundary integrals
into integrals over the full space, thus taming the singularities of U* (see Section . As a
result of this continuous analysis, the discretized scheme will have a convergence rate that
is independent of the grid size. The back-and-forth method is summarized in Algorithm

where H is the aforementioned weighted Sobolev space.

Algorithm 5 The back-and-forth scheme for solving (4.4)

Given p™ and ¢y, iterate:

Pri1 = Ok + Vi (dr)
wk+§ = (¢k+%)c
V1 = gyt + VHIWH%)

Prr1 = (Vrg1)©

Once we have solved the dual problem, we can recover the solution to the original problem
(4.2). If U is convex, then the optimal dual variable ¢, is related to p™*" through the duality
relation p" ™) = §U*(¢,) (see Theorem in Section 4.2.2)). When U is not convex, the
connection between and the dual problem becomes more tenuous. Luckily, we can
circumvent this difficulty using a convexity splitting scheme [Eyr98]. Indeed, if we write
U = U; + Uy where U; is convex and Uy is concave, then we can replace the JKO scheme

(4.2) with the modified scheme

. n n n 1 n
p"Y = argmin Uy (p) + Us(p™) + (6Us(p™), p — p™) + §W22<Pa p™). (4.9)
p
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It is well-known that convexity splitting retains the energy stability of a fully implicit scheme.
Crucially, the energy term U;(p) + Uy (p™) + (6Uy(p™), p — p™) in is a convex function
of the variable p, and thus, we can apply the duality approach. All together, our method gives
an extremely rapid way to simulate the PDE even when U is non-convex or irregular.

The remainder of the paper is organized as follows. In Section [4.2] we review important
background information on optimal transport, convex analysis, and optimization. In Sec-
tion [£.3] we present the back-and-forth algorithm and explain how to guarantee stability and
choose step sizes. Lastly, in Section[4.4] we demonstrate the accuracy, speed, and versatility of
the algorithm through a wide suite of numerical experiments. In particular, our experiments

include many cases that are well-known to be numerically challenging.

4.2 Background

In this section, we will rigorously establish the connection between the primal and dual
formulations of the JKO scheme. Furthermore, we will review key concepts from optimal
transport and convex analysis that are needed to compute the gradients Vg J, Vg I and
establish stability of Algorithm [5] Note that throughout the paper we shall assume that

Q) C R? is a bounded open set.

4.2.1 The c-transform and optimal transport

Throughout this section the space of continuous functions over € will be denoted by C(€2).

Definition 4.2.1. Given ¢ € C(9) its backward c-transform is
6°(2) 1= inf 6(9) + 5-Jo — ol
S ;Ielﬂ 4 2T Ty

Given ¢ € C(Q) its forward c-transform is

e(y) = itelg@/)(x) — %Iw -yl
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Lemma 4.2.1 ([Sanld]). Given ¢,¢ € C(2), we have
o< B, W <
and
¢cEc — ¢c7 ¢Ecé — 'QZ)E.

Definition 4.2.2. Given ¢, ¢ € C(Q), we say that ¢ is c-convex if ¢°° = ¢ and we say that
¥ is c-concave if ¥ = ). Furthermore, if ¢¢ = 1) and ¢° = ¢, then we say the pair (¢, ) is

c-conjugate.
The following two propositions establish the fundamental relationship between optimal

transport and the c-transform.

Proposition 4.2.2 (|Gan94, Gan95b, GM96|). If ¢: Q@ — R is c-conver and ¢: Q@ — R is

c-concave, then the maps

) 1
Ty(x) := argmin ¢(y) + —|z — y|* (4.10)
ye 27
and
1
Su(y) = armax(z) — |z — o (4.11)
€N T

are well-defined and unique almost everywhere. Furthermore, if u € C(2), then for almost

every x,y €  we have the following perturbation formulas for the c-transform

(¢ + tu)*(x) — ¢°(z)

lim : — u(Ty()), (4.12)

Finally, if ¢ and v are c-conjugate, then

Su(y) =y +7Vo(y),
Ty(x) =2 — 7VY(2),
and Ty (Sy(y)) =y, Sy(Ty(x)) = x almost everywhere.
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Proposition 4.2.3 ([San15]). If u,v € L'(Q) are nonnegative densities with the same mass,

then

1
W) = swp [ o) ade = [ 6(0) )y,

HEC(Q)

1 _
Q—Wf(u, = sup /w das—/wc(y)v
T PeC(Q) Q

Now we can state the fundamental result that guarantees the existence and uniqueness of

the optimal transport maps.

Theorem 4.2.4 ([Bre91, |(Gan95a, GM96|). If u,v € L' (Q) are nonnegative densities with
the same mass, then there ezists a c-conjugate pair (¢.,¥y) such that

O € argmax/ ¢°(z) p(x)dr — / o(y) v(y)dy,

peC()

Yy € argmax/ U(x) p(x)dx — / Ve (y) v(y)dy,

PpeC (2

W2, ) /% m—/@ y)dy,

and Ty, , Sy, are the unique optimal transport maps sending pu to v and v to p respectively,

i.e. Ty, ypt =1 and Sy, 4V = [L.

4.2.2 Convex duality

Now that we have developed the basics of optimal transport, we are ready to return to the
JKO scheme. To iterate the JKO scheme, one must be able to solve generalized optimal
transport (GOT) problems of the form

p. = argminU(p) + —W2(p, ), (4.14)

pELI(Q) 27

where ;1 € L'(€) is a given nonnegative density. Our method solves the GOT problem by
appealing to its dual formulation. In the rest of this subsection, we shall derive the dual
problem and develop its basic properties. To obtain a well-behaved dual problem, we shall

need the following assumptions on the energy U.
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Assumption 1. The internal energy is given by a proper, convex, and lower semicontinuous
functional U: L'(2) — R U {+oc} such that U(p) = oo if p is negative on a set of positive

measure.

Assumption 2. There exists a function s: R — R U {+00} with superlinear growth such

that

Ulp) > /QS(p(y)) dy.

Remark 4.2.1. Assumption (1| encodes the fact that p must be a nonnegative density, while
Assumption [2| guarantees that for each B € R the sets {p € L}(Q) : U(p) < B} are weakly

compact.

Remark 4.2.2. Except for the convexity requirement, Assumptions 1 and 2 are very natural in

the context of Wasserstein gradient flows. Note that we will eventually consider non-convex

U in Section [4.3.3l
At the heart of duality is the notion of convex conjugation.

Definition 4.2.3. Given a functional U: L'(Q) — R its convex conjugate U*: L>=(Q2) — R
is defined by

U*(6) == sup / o(a)p(a) dx — U(p),

pELL(Q

Thanks to Assumption 1, U* possess an important monotonicity property.

Lemma 4.2.5. U* is monotonically increasing, i.e. if ¢g, p1: 2 — R are functions such that

do < ¢1 pointwise everywhere, then

U*(¢o) < U"(¢1).

Proof. By Assumption [l the internal energy is finite only over nonnegative densities, thus,

—SUP/cb 2)dz — U(p).

p>0
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If we take some p € L'(2), with p(x) > 0 a.e., then we have

/% o) — U /@ 2)dz — U(p).

Taking a supremum over p > 0 finishes the proof. ]

Now we are ready to reintroduce the twin dual functionals I and J.

Proposition 4.2.6. Fiz a nonnegative density u € L*(2). The functionals I, J given by
0)i= [ o) uta)ds ~ U (0)

v) = [ 0la) oyt = U° (09,
are proper, weakly upper semicontinuous, concave and Supgec(q) J(¢) = SuPyec(a) (V).

Furthermore, if ¢ is c-conver and 1 1s c-concave, then J and I have first variations
0J(¢) = Ty — 0U™(9),
0I()) = p — Sy 40U (4°),

where OU* is the first variation of U*.

Proof. Following the logic in the proof of Lemma [1.2.5, we may write

‘ ——supy/“¢c y)dy — U(p).

p>0

Next, let M(Q2 x ) denote the space of nonnegative measures on 2 x 2, and for any given

density p > 0 define

H(p)::{WEMQXQ / fly)dm(z,y) = /f (y)dy for all f € C(Q2 )}
QxQ

Using the definition of the c-transform, we can then write

/w dy—wzll‘lll())//ﬂxﬂ (V(z) — %|x—yl2) dr(z,y).
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Therefore, we have

p20 T€Il(p)

U@ = inf inf UG~ [ (0l0) = 5k = o) dnta)

Now it is clear that I can be written as the infimum over a family of linear functionals of .
Hence, I must be proper, concave and weakly upper semicontinuous. An essentially identical

argument applies to J.

Since U* is monotonically increasing, Lemma implies that for any ¢, ¢ € C(Q)

J(0) < 1(¢7), 1) < J(¥%).

Therefore, we must have

sup I() = sup J (o).
$eC(Q) $eC(Q2)

When ¢ and 1 are c-convex/concave respectively, the formulas for the first variations follow

directly from Proposition [4.2.2] O

Finally, we conclude this subsection by stating the essential result linking the primal
and dual generalized optimal transport problems. Crucially, this shows how to recover the

solution to (4.14) from the maximizers of I and J.

Theorem 4.2.7 ([JKT20b]). If u € L'(Q), U satisfies Assumptions 1, 2, and 6U(u) is not
a constant function, then there exists a unique density p, and a pair of c-conjugate functions

(¢, Vx) such that

1
p. = argminU(p) + —WZ(p, 1), ¢ € argmax.J(p), 1, € argmaxI(v)),
pELI() 27 HEC(9) peC(®)

1
Ulps) + 5= W3pes 1) = J(62) = (1),
P« € 5U*(¢*)7 O« € 5U(p*)7 Px = T(b* #H-

Remark 4.2.3. Note that if 0U () is constant, then p = argmin,c ;1) U(p) + 5=W3(p, ).

Thus, the excluded case is trivial.
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4.2.3 Concave gradient ascent

Now that we see how to link the JKO scheme to the dual functionals I and J, it remains
to develop a method to find the maximizers of I and J. To that end, in this subsection, we
review classical unconstrained gradient ascent. Let us first recall the notion of gradient. This

will require the structure of a real Hilbert space H with inner product (-, -)3 and norm ||-||3.

Definition 4.2.4. Given a point ¢ € H, we say that a bounded linear map 6F(p): H — R

is the first variation (Fréchet derivative) of F' at ¢ if

[F(p+h) = F(p) = 0F(p)(h)]|n
Il 3¢—+0 | 2|l

=0.

Definition 4.2.5. We say that a map VyF: H — H is the H-gradient of F' (or simply

gradient if there is no ambiguity about the space H) if
(Val'(p), by = 0F () (h)
for all (¢, h) € H x H.

The above identity highlights that gradients are intimately linked to the inner product of
the Hilbert space, in contrast to first variations. Indeed, note that one can define the notion
of a first variation over any normed vector space, while the notion of a gradient requires an

inner product.

Gradient ascent method

Given a concave functional J over H, consider the gradient ascent iterations

Grr1 = ¢+ V(). (4.15)

The gradient ascent scheme (4.15]) can equivalently be written in the variational form
1
Prr1 = argglax J(ox) + 6T (dn)(P — dx) — §H¢ - ¢ng{ (4.16)
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Note that equations (4.15)) and (4.16]) typically include a step size parameter that controls
how far one travels in the gradient direction. For reasons that will become clear shortly (see
equation (4.20) and the subsequent discussion), we prefer to incorporate any parameters into

the norm ||-||3 itself.

In order to obtain convergence of the scheme

J(68) — sup J(9),
—00 1)

with an efficient rate, it is essential to choose the norm ||-|| properly. If the norm is too
weak, then the algorithm may become unstable and fail to converge. On the other hand,
if the norm is too strong, then very little change happens at each step and the algorithm
converges slowly. The following theorem, one of the cornerstones of optimization, explains

how to balance these competing considerations.

Theorem 4.2.8 (|[Nesl3|). Let J: H — R be a twice Fréchet-differentiable concave functional
with mazximizer ¢*. If

— 0°J(¢)(h, h) < ||hlf3, (4.17)

for all o, h € H (J is said to be “l-smooth”), then the gradient ascent scheme

Prr1 = O + Vi J (1)

starting at a point ¢y satisfies the ascent property

T(Grer) 2 T(00) + 51V (60) (1.15)

and has the convergence rate

* 2
56 - Jo) < 1ol (4.19)

From Theorem [4.2.8] we can again see the competing interests of weakening or strength-
ening the norm ||-||3. A stronger norm makes it easier to satisfy equation (4.17)), while a

weaker norm gives a better convergence rate in (4.19). Putting these considerations together,
we see that it is optimal to choose the weakest possible norm such that (4.17)) holds.
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Sobolev norm

Let Q be an open bounded convex subset of R%. Our gradient ascent schemes use a norm H

based on the Sobolev space H!(2). For two constants ©; > 0 and O, > 0 we define
|3 = / 03| Vh(x)|* 4+ ©1]h(z)|* d. (4.20)
Q

The precise value of ©; and ©, will depend on the functional being maximized (see for
instance Theorem in Section . In many instances, it will be optimal to choose ©;
and O3 to have rather different values. For this reason, we do not wish to reduce these
parameters to a single step size value. The next lemma describes how to compute gradients

with respect to this inner product.

Lemma 4.2.9. Suppose that F = F(¢) is a Fréchet-differentiable functional such that for
any ¢ the first variation 6F(¢) evaluated at any point h can be written as integration against

a function fy, i.e.

5F(6)(h) = / h(x) o) d.

Q
Define ||-||g by (4.20). Then the H-gradient of F' can be written

VuF(¢) = (0:1d —0,A) 71 f,,

where Id is the identity operator and A is the Laplacian operator, taken together with zero

Neumann boundary conditions.

Proof. Fix ¢ and consider the unique solution to the elliptic equation

(@1 Id —G‘)QA)Q = f¢ in Q,

n-Vg =0 on 0.
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Then we have the chain of equalities

SEO)0) = [ i) oo da
- /Q h(z)(011d —0:A)g(z) dx
_ /Q O1h(2)g(x) + O:Vh(z) - Vy() dz
= (h,g9)n-

This shows that ¢ is the H-gradient of F'. O]

The above result can be restated as follows: the H-gradient of F' is obtained by “precon-

ditioning” §F with the inverse operator (©; Id —©,A)~!.

4.3 The back-and-forth method

Our goal is to develop an efficient algorithm for solving the JKO scheme for a large class
of interesting energies U. We begin in Section [4.3.1] with the case where U is convex with
respect to p. In this case, the JKO scheme has an equivalent dual problem that we solve
using an adaptation of the back-and-forth method from [JL20]. In Section [4.3.2] we show
that the algorithm is gradient stable in a properly weighted H* space for convex energies of

the form
Ulp) = / Um(p(z)) + V(2)p(z) do,

where V':  — [0, +00] is a fixed function, and

() = (4.21)
400 otherwise,

for some constants v > 0 and m > 1. We shall also consider the two limiting cases m — 1
and m — oo. Let us note that our analysis can be extended to more general functionals,

however, we focus on the (important) special case above for clarity of exposition. After we
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have developed the method for convex energy functionals U, in Section [4.3.3| we show how to

generalize the algorithm for non-convex U.

4.3.1 The back-and-forth method for convex U

To iterate the JKO scheme, we must be able to solve the generalized optimal transport (GOT)
problem

1
p. = argmin U(p) + —W3(p, ), (4.22)

pEL(R) 27
for any fixed nonnegative density u € L'(Q). As we saw in Section (see Theorem [4.2.7)),
when U is convex, the generalized optimal transport problem is in duality with the twin

functionals I and J, i.e.

1
inf U —
ot Ulo) + o

W3(p, ) = sup J(¢) = sup I(1).

Recall I and J are given by
16) = [ @ (e = U0, (.23

10) = | (o) o) — U"(45). (4.24)
Q
Furthermore, the minimizer p, of problem (4.22) is related to the maximizers ¢., 1, through

the relations

pe=Tp i, pe €U (), &5 =1bu. (4.25)

Both I and J are unconstrained concave functionals (see Proposition , therefore,
it is now clear that one can find the maximizer of either functional via standard gradient
ascent methods. On the other hand, choosing to work with solely I or solely J breaks the
symmetry of the problem. Thus, rather than focusing on only one of the functionals, the
back-and-forth method performs alternating gradient ascent steps on I and J. Although

and J use different variables, we can switch between ¢ and v by using the c-transform. As
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noted in [JL20], the alternating steps on I and J substantially accelerate the convergence

rate of the method beyond standard gradient ascent.

We are now ready to introduce our approach to find the twin dual maximizers (¢, ¥,) to

problem (4.22)). The method is outlined in Algorithm |§| and is based on two main ideas:

1. A back-and-forth update scheme, alternating between gradient ascent steps on I and .J.

2. Gradient ascent steps in an H!'-type norm H, with
VirJ(9) = (©11d 0, A) [T, s — 6U°(6)]

Vil(¥) = (6:11d -6, A) [ — Sy 4(3U" (1)) .

Algorithm 6 The back-and-forth scheme for solving (4.23]) and (4.24)
Given p and ¢y, iterate:

Gprr = Ok + Vi J(dr)
Uyt = (fpy1)°

Urir = Vgt + Val ()
Gry1 = (Yri1)°

Our ultimate goal is to show that each step of Algorithm [f] increases the value of the

functionals J and I. Thanks to Lemmas [4.2.1] and [£.2.5] it is easy to check that

J(¢k+%) < [((¢k+%)c)7 I(wm) < J((¢k+1>é)-

Thus, we see that the alternating steps where we switch between the ¢ and 1 variables can only
increase the values of the dual problems. To show that the gradient steps ¢, = Or+VuJ(or)
and Yy = Yy, 1+ Vil (1, +%) increase the values of J and I respectively requires a more
detailed analysis, which will be the main focus of Section [£.3.2 As we shall see, the enhanced
stability provided by the H! preconditioner (0, Id —©,A)~! will be essential to ensure that

the gradient steps have the ascent property.
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Once the dual problems I and J have been solved to sufficient accuracy, one can recover
the optimal density p, in through the duality relations in ([£.27)). In certain examples,
such as incompressible flows, the subdifferential )U* may be multivalued. When this happens,
the relation p, € U*(¢.) does not uniquely define p,. However, in practice, dU* is typically
only multivalued on a single level set of ¢, which has zero measure. As a result, for numerical
purposes, we can simply identify p. = 6U*(¢.). Note that it is advantageous to recover
p« in this way as opposed to the pushforward relation p, = Ty, 4. Indeed, the formula
p« = T}, 44t requires the computation of numerical derivatives of ¢,, while the duality relation

P« € 0U*(¢,) is derivative free.

Combining our work, we obtain an algorithm for evolving the JKO scheme.

Algorithm 7 Running the JKO scheme
Given initial data p(®, initialize ¢ = 6U(p®).

for n=0,...,N do
#™*t1) «Run Algorithm |§I with g = p™ and ¢y = ¢,

P = 5 (8(1).

end

4.3.2 H' gradient ascent

In order to ensure stability of the gradient ascent steps, the gradients of I and J are computed
in a metric based on the H' Sobolev norm. Given two constants ©; > 0, ©, > 0, we define

the Hilbert norm H by
T / Ou|Vh(2)[2 + Oy |h(z)[? da. (4.26)
Q

The main steps of the back-and-forth scheme are the gradient ascent steps in the in the H

norm

Gprs = O+ Vi (on)
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and
Uret = Ypps + VI (1),

In order to obtain convergence of our method, we want these steps to increase the values of

the concave functionals J and I respectively. The so-called gradient ascent property

1
J(bpy1) = (D) = §||VHJ(¢I€)H12LI7

1
I(Yps1) — I(¢k+%) > §||VHI(¢1@+%)H§{7
can be obtained when the Hessian bounds

—0°J(¢)(h, h) < ||hI3,
. (4.27)
=0°I(¢)(h, h) < |[R]1%
are satisfied (c.f. Theorem in Section [4.2.3]). When (4.27)) holds, I and J are said to be

“l-smooth” with respect to H.

We shall devote the rest of this subsection to obtaining inequalities of the form (4.27)).
Specifically, we shall show how to choose the constants ©; and ©, in equation (4.26)) to ensure

that I and J are 1-smooth (under regularity assumptions on ¢ and ¢)) when U has the form

U(o) = [ wnlp)do+ [ Viapla)da, (4.28)

where w,, is defined in (4.21)) and V': Q — [0, +00] is some given function.

Crucially, we will give upper bounds on ©; and O, that can be efficiently computed from
the data. Obtaining tight bounds for ©; and ©, is important as they essentially control the
step size of the algorithm (note that small values of ©; and © correspond to large gradient
steps). As we explained in Section m, it is optimal to choose the smallest values of ©; and
O, such that holds. This analysis is actually practical, as our numerical experiments
confirm that the convergence of BFM can be substantially accelerated by making good choices

for ©; and O,.
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Those who are interested in the analysis of these bounds can continue reading this section,

otherwise, one can immediately jump to the statements of Theorems [4.3.3| and [4.3.4] which

give approximately optimal values of ©; and O, for the functionals I and J.

4.3.2.1 Hessian bound analysis

It turns out that the Hessian bound analysis is nearly identical for I and J. Therefore, we
will primarily focus on the analysis for J, and we will later explain how to deal with [ in a
similar fashion. To obtain Hessian bounds on J(¢) = [, ¢°u — U*(¢), we first derive bounds

on the c-transform term
F(¢) = /Q(bc(:v) p(x)de, (4.29)

and then on the internal energy term U*(¢). Let us begin by providing an expression for

62F(¢), the Hessian of F at a point ¢ that is c-convex.

Lemma 4.3.1 (Hessian bounds on the c-transform). Let F' be the functional defined in

(4.29). If ¢ is a c-convex function, then the Hessian of F' at ¢ can be written as

PR ) =~ [ hy) - cof ea + D60 Vhy) ply +7V6() dy
Q

where cof (Igxqg + 7D?*¢(y)) denotes the cofactor matriz of Iyxg + 7D*¢(y). Furthermore, if

the eigenvalues of Iyxqg + TD?*¢(y) are bounded above by some constant A for every y € €,

then we have the bound

= 0°F(¢)(h, h) < 7]l A*TH| VA7 (4.30)

The proof of Lemma can be found in the appendix. To gain some insight into
the bound (4.30]), note that given a positive definite symmetric matrix M € R¥>? with

eigenvalues {\1,..., \q}, the eigenvalues of cof (M) are {de&(IM), ey de'i\(;w) }. This produces
the d — 1 degree scaling of A%~!. To understand the meaning of A itself better, recall that

the optimal primal variable p, is given by Ty, gp = pu(y + 7V¢.(y)) det(Lixa + 7D?*¢(y)).
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Hence, the eigenvalues of Iy + 7D?¢ roughly measure how concentrated the mass of p, is
compared to p. Since one expects the difference between p, and u to be on the order of 7, it

is reasonable to expect that A will be close to 1.

We now turn our attention to bounding the Hessian of the internal energy term U*(¢).

When U takes the form (4.28)), its convex conjugate can be written as

U (6) = / ut (6() — V(2)) do,

where

. 1 (m— 1)p+7)m”11
— m—1 - -
uy, (p) =7 ( - .

and (-); = max(-,0). Now it is clear that the Hessian of U* is given by

FU@)(h ) = [ (1) (6(0) = V() (o) d (431)

Q

When 1 < m < 2, the bounds are straightforward as (u},)”(p) is increasing with respect

to p. Hence, in this case, we have

0*U*(¢)(h, h) = /Q(u;"n)"(¢(fc) = V(@)lh(2)[* dv < B|h||7z ).

where B = sup,cq(u),)"(¢(z) — V(x)). It was shown in [JKT20b| that the maximizer ¢, of

m

J obeys a maximum type principle in the sense that

b(x) < M = sup 6U (1) ().

e
It is therefore natural to assume that ¢ will be bounded above by M throughout the algorithm
(the gradient steps tend to diffuse pressure in the regions of highest concentration). Assuming

V(z) > 0 everywhere, it now follows that
S (6) () < ()" D)l

The aforementioned maximum principle on the pressure, ¢(x) < M, can be used again to

write the upper bound in terms of density instead of pressure. Indeed note that

p(x) = (uy,) (¢(x) = V(2)) < (uy,) (6()) < (ug,) (M).

98



Therefore the quantity
Prmax = (up,)' (M) (4.32)

acts a natural upper bound on the densities. Furthermore writing (u;,)"(M) = (u},)” (4, (pmax)) =
U (pmax) ", We obtain

82U (9) (P, 1) <ty (panax) " 1|72

The case m > 2 is substantially more complicated. When m > 2, (u},)” is singular at
zero. Hence, the integrand may be unbounded near points where ¢(x) = V(x). In this case,
it may not be possible to bound in terms of the L? norm of h. To understand this
better, let us focus on the most difficult model we consider in this paper: the incompressible
limit m — oo. When m — oo, the energy u,, encodes a hard ceiling constraint on the density
values, i.e.

0 it 0<p<,
UOO(/)) =
+00 otherwise.

Hence, the dual energy u’  is given by

0 ifp<O
p ifp>0.

We pause here to point out that v’  has much better regularity than ., for instance u},
is continuous over R while u, is discontinuous at 0 and 1. This illustrates once more the
advantage of working with dual quantities. Nevertheless, u’  is clearly not smooth in the
convex sense, as there is a jump of derivative at 0. In fact, we have (u®,)” = o, where Jy
denotes the Dirac delta function at 0.

Luckily, even though U* is built from w}_ which is not smooth, it is possible to bound the

Hessian of U* as long as the singularity only occurs on a small set. Indeed, if we make the

assumption that |V¢(x) — VV(x)| stays away from zero on the surface {¢ = V'}, i.e. there
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exists a constant I'g > 0 such that

1
sup <T
(re(x)=V ()} | VO () — VV(2)] ’

(note this is a quantitative way of saying that {¢ = V'} is a lower dimensional set), then we

can use the coarea formula to rewrite equation (4.31)) as

v - uz)" (e |h(1:)|2 s(z) da
6"U*(¢)(h, h) = /R( 5" ( )/{m:qﬁ(m)_vwa} ol v () d
_ () ? (o
- /{¢V} IVo(z) — VV ()| ds(z) (4.33)

<1, /{ [ dste),

where ds is the usual surface measure. Due to the fact that the integration occurs over a
surface, we cannot bound the right hand side of in terms of ||h|| ;2. However, we can use
trace inequalities from PDE theory to bound surface integrals by volume integrals involving a
higher derivative [Eval0] (this can be essentially viewed as an inequality version of Stokes’
Theorem). More precisely, there exist constants C, Cy depending on the surface {¢ = V'},

but independent of A such that

/{¢V}’h(x)\2ds(x) < G| VAl72(0) + CillhllZ2(0)-

From there we can immediately deduce that U* is H-smooth, since

Iy / (@) ds(z) < |IAll%
{¢=V}

as long as we choose ©; > C;I'y, i =1, 2.

Now that we have seen how to obtain Hessian bounds in the most singular case m — oo,

*

we are ready to return to the case 2 < m < co. Note that in this case, (u,

)"(p) is zero if
p < 0, singular at zero, and decreasing for p > 0. Hence, if we choose some value A > 0 and
let

A ={z€Q:0<¢g(x) —V(z) <A},
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then we immediately have the bound

U (@) (h, h) < (uy,)" (N2 72 ) + /A ()" ($(x) = V()| h(z)|* do.
A
To estimate the second term, we proceed along the same lines as the case m = oo. For any

aceRlet{p—-V=a}={zeQ:¢(x)—V(zr)=a}. Aslong as we have a constant Iy

and trace inequality constants C(«), Co(«) such that

1
=T 4.34
ven [Vo(x) —VV(z)] = (4.34)
and
/{¢> o }|h(x)|2ds(:v) < Cy(@)[VA][720) + Cila)[h]| 720, (4.35)

then we can replicate the argument from above. Combining the coarea formula and trace

inequality, we get the following string of inequalities

/A (up)" (&) = V()| (x) [ da

<O [ [ e s

< (U, A (Coal VAl + Crallhlage) ).
where

Cix = max Cj(a). (4.36)

0<aA

Thus, —§2U*(h, h) is bounded by ||k||% as long as we choose

O©1 > (uy,)"(A) + (uy,) (A)Tr Cix

m

and

@2 Z (uin)'()\) F)\ 02,)\
where we have the freedom to choose the precise value of \.
Our above computations are now summarized in the following lemma.
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Lemma 4.3.2 (Hessian bound on the internal energy). Define pmax, I'x and C; \ by (4.32]), (4.34))
and (E30).

1. Casel <m < 2. We have

1

UG ) <

(pmaX)QimHhH%Q'
2. Case 2 <m < oo. For any A > 0,

U (@) (h, h) < (ym!) ™™ Cop\ T || VA||72+

(’ym')l_m, (Cl,)\ F)\)\m/_l + (m/ . 1))\m/_2) HhH%%

where m' = -2,
m—1

3. Case m = oco. We have

5°U*(¢)(h, h) < CooTo||VA[[72 + CioTol|hll7

Combining Lemma and we directly obtain the main theorem of this section.

Theorem 4.3.3 (1-smoothness of J). Let 1 <m < co and U(p) = [, um(p(z))+V (x)p(z) dz,
where uyy, is defined by [(A.21)). Then J(¢) := [, ¢°(x) p(x)dx — U*(p) satisfies the Hessian

bound
—0%J(¢)(h, 1) < O V|72 + O1]|h][72,
where ©1 and Oy > 0 are given by the table below (Table .

As in Lemma A is an upper bound on the eigenvalues of Iyxq + TD?*¢(y) uniformly

in y. Additionally A > 0 is a parameter to choose and pmax, I'x and C; are defined

by (3. (30 and (50)
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Table 4.1: Constants ©; and ©, in Theorem 4.3.3

m @1 @2

m=1 Prmax TAS | oo

Y

p 2—m
l<m<?2 Dmex TA e

ym
m=2 L A ]|

27y

N1—m' m’'—1 m' —1 N1—m' d—1

m > 2 (”ym) ()\ 017)\F)\+W> ('ym) 027)\F)\—|—7‘A H/LHLoo
m = o0 Cl,O Fg 0270 F0+7Ad_1H,U,HLoo

In order to use Theorem in the case m > 2, we need to be able to compute I'y
and C;, and we need to choose a value for A when m € (2,00). On a discrete grid with
n points, one can easily compute I'y for all A in O(n) operations. On the other hand, it
requires O(n) operations to compute Cj(a) and Cy(«) for a single value of a (c.f. Section
4.1). Thus, for the case m = oo, we can compute the constants explicitly in O(n) operations.
The case 2 < m < oo is harder, since we cannot efficiently compute C; » = maxp<a<) Ci().

To overcome this difficulty, we typically choose A by minimizing

* . N1—-m/ [ ym/'—1 m' —1
A" = argmin (ym’) <)\ [A\C1(0) + 2 >7
A0

which gives a reasonable estimate for the optimal choice of A to make ©; as small as possible.
We then estimate maxp<q,<i+ C;(a) by simply taking the max over C;(0) and C;(\*), which

appears to work well in practice.

To conclude this discussion we turn our attention to the other functional I for which a

similar analysis can be made. First we define

plx) = (° = V) (Tye ().

103



Next, for A > 0, we define

8 1
I'y= sup 4.37

A z:0<p(z)<A |vp( )‘ ( )

Finally, we define trace constants C;(a) such that
/ [A(@)[? ds(x) < Cao(a)[VA|72 + Cr() ]z,
{p=a}

and then set

Cix= sup Cy(a). (4.38)

0<a<A

Now we can state our result bounding the Hessian of I.
Theorem 4.3.4. Let I(¢) = [, ¥(x) p(x)da—U*(4°), withU(p) = [ um(p(x))+V (2)p(x) dz,

U, 18 defined by (4.21) and 1 < m < oo. The Hessian of I can be written
— 82 1(3p)(h, h) = 8*U*(4°) (h o Sy, h o Sy)+
7'/ Vh(x) - cof (Igxa — TD*(2))Vh(z) SU* () (x — 7V (2)) d
Q

It satisfies the bound
—0°(¢)(h, h) < Os|Vh|[72 + O1| A2,

where ©1 and Oy > 0 are given by the table below (Table . Here A is an upper bound

on the eigenvalues of Iyxq — TD*Y(x) uniformly in x. Additionally X > 0 is a parameter to

choose and pmay is defined by ([£32), Tx by @37) and C; . by [@.39).

4.3.3 Back-and-forth for non-convex U

In this section, we will discuss how to extend our method when U is not convex with respect to
p. The trick is to appeal to convexity splitting [Eyr98|, a well-known technique for simulating
gradient flows with non-convex energies. The idea behind convexity splitting is to write U as

a sum of a convex function and a concave function, i.e.

U(p) = Ui(p) + Us(p),
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Table 4.2: Constants ©; and ©5 in Theorem 4.3.4

m @1 (")2
A'd max
m=1 Prma TA pax
Y
Ad ax 2—m
l<m<?2 L 7AYo
ym
Ad
m =2 — 7Aook
2y
g ni—m! (A B ami—1, M1 d —m/ A d—1
m > 2 A (’ym) m <C’17AF,\)\’” +W> A (”ym’) -m CQ’AF)\—‘I_TA " Pmax
m = 00 AdéLO fo Adég’() fo + TAd_lpmaX

where U; is convex and Uj is concave. Thanks to the concavity of Uy, given any fixed density

p, we have the inequality
U(p) < Ui(p) + Uo(p) + (6Uo(p), p — p).- (4.39)

Crucially, the right-hand-side of equation (4.39)) is a convex function. As such, if we replace

the JKO scheme with the relaxed scheme

p" D = argmin Uy (p) + Us(p™) + (6Us(p'™), p — p™) + ZW22(P7 p™), (4.40)
p

then we obtain a convex variational problem. The beauty of convexity splitting is that the

relaxed scheme is still unconditionally energy stable. Combining (4.39)) and (4.40) we have

the string of inequalities

U0) 4 G- WH ) <
T
mn n n n n 1 n n
(D) + Uol(p™) + (8Uo(p™), p" T = p™) + W3 (", o) <

. n n n 1 n
inf Us(p) + Us(p™) + (6Us(p™), p — p™) + ;Wf(p,p( .

105



By choosing p = p(™ in the last line, we can conclude that

n 1 n n n
U (D) + W3 (", p) < U (™).

Thus, we see that the energy is still decreasing along the iterates of the relaxed scheme.

Now let us turn to solving the relaxed problem (4.40]). Since the energy term in (4.40)) is
convex, we can solve the problem using the dual approach outlined above. The twin dual

problems associated to (4.40]), which we shall denote as J and I, are given by
/ o°(x z)dx — U*(¢), (4.41)

/ W) p™ (@) dx — O (1), (4.42)
where
U*(9) := Ui (& = 6Uo(p™)) + (6Uo(p™), p™) = Uo(p"™)
is the convex conjugate of Uy (p) + Up(p™) + (§Us(p™), p — p™). We can then find the dual
maximizers (¢!, 1)) of (4.41) and using Algorithm @ along with the Hessian

bounds developed in the previous subsection. As before, one can recover the solution p*+1

of (4.40) through the duality relation p™+D = §U*(p"+1).

4.4 Numerical implementation and experiments

4.4.1 Implementation details

In this section, we use the back-and-forth method to numerically simulate equation
for a wide variety of internal energies U. Throughout this section we will assume that the
domain = [—1/2,1/2]? is the unit square in R?, discretized using a regular rectangular
grid. The numerical simulations in this section were coded in C++ and were run on 2019

MacBook Pro with 2.6 GHz 6-core and 16 GB RAM.

Following the approach in [JL20|, we will compute the forward and backward c-

transforms using the fast Legendre transform (FLT) algorithm [Luc97]. On a regular
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rectangular grid with n points, the FLT algorithm can be used to compute either the forward
or backward c-transform in O(n) operations. See |[JL20] for more detail on the equivalence of

the c-transform and the Legendre transform.

When computing gradients with respect to the weighted norm (4.20)), we will need to
solve a Poisson equation with zero Neumann boundary condition. We will solve this equation
numerically via the fast Fourier transform (FFT). All FFTs were calculated using the free

FFTW C++ library.

To compute the gradients of I and J, we will also need to compute pushforwards. Given
a density p and an invertible map Z: 0 — Q we can compute the pushforward Z,pu via the
Jacobian formula

_ w2 @)
|det (DZ(Z-Y(2)))|

Zyn(a) — (27 (2))] det (D(Z")(@)).

In our case, we will only need to compute pushforwards with respect to the maps Ty and Sy, that
are induced by the forward and backward c-transforms respectively. Thanks to the structure
of BFM, we only need to compute Ty 4p™ and Sy 46U*(¢°) when ¢ and ¢ are c-convex and
c-concave respectively. As a result, we have the simple formulas T/ "(y) =y + 7V¢(y) and

qul(a:) =z — 7V (z). Therefore,

Ty (y) = P (y + 7V6(y)) det (Ipa + 7D*6(y)),

and
Sy s 0U* (4°) () = <5U* (7)o (2 — Tw(;p))> det (Iya — 7D (x)).

When implementing our algorithm, we compute these quantities using a simple centered

difference scheme.

Finally, let us briefly explain how to compute the trace inequality constants C;(a) defined

in equation (4.35)). From Lemma and Corollary in the Appendix, we see that
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C;(a) can be computed from the solution u to the Eikonal equation

Vu(e)] =1 if ¢(z) = V(z) # a,

u(z) >0 if o(x) —V(z) < a,

u(z) <0 it ¢(x) —Vi(x) > a.

\

Note that

Ju(z)]® min |z -yl

 {yo)—V(y)=a}

which is nothing but a c-transform of the indicator function

0 if é(y)—V(y) =a,
Xa(y) =
+o0 else.

Therefore, |u|? can be computed in O(n) operations using the Fast Legendre transform, and

from there one can recover u. Once one has u, it is straightforward to compute the constants

in Corollary in O(n) operations.

4.4.2 Experiments

We present four sets of numerical experiments. In the first set of experiments, we demon-
strate the speed and accuracy of our method by comparing to the so-called Barrenblat
solutions, a special case of equation (4.1]) where closed-form solutions are available. In the
next set of experiments, we simulate the porous media equation 9;p = A(p™) + V - (pVV)
for various interesting functions V: ) — R U {+oo} and values of m. Note that if V'
takes the value +00 on some closed set £ C €2, then p can never enter E. Hence, this
is equivalent to solving on the more complicated domain Q \ E. In the third set of
experiments, we use the splitting scheme from Section to simulate (4.1)) when U is
nonconvex. In this case, the non-convexity will come from an interaction energy of the
form W(p) = [, [o W(z — y)p(z)p(y) dy dz. Finally, in the last set of experiments, we study

incompressible flows where U encodes the hard constraint p < 1 everywhere. In this case,
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the dual energy U* will have a very singular Hessian at the boundary of the support of p.

Nonetheless, we are still able to simulate the evolution even on very fine grids.

4.4.2.1 Accuracy: Barenblatt solutions
In this experiment, we use our back-and-forth algorithm to solve the PME,
p = vA(p™), (4.43)

with the initial data
p(0,2) = Mdo(x).

Here, v > 0 is a constant that controls the speed of the diffusion, M > 0 is the total initial
mass and Jg is the standard Dirac distribution centered at zero. When m > 1, this equation is
the Wasserstein gradient flow of the energy U(p) = [, =7 p(x)™ dz. Thanks to the simplicity
of the initial data, on the domain R? the equation has a closed form solution, known as the

Barenblatt solution [Bar96|, Bar03],

m—1 1

M m (m—1), , ml
t = - — 4.44
ot ) ((47rmtfy> 4Am2try 21 >+ ’ ( )

where (-), = max(+,0). The Barenblatt solution is compactly supported, therefore, it agrees

with the solution on the square [—1/2,1/2]? up until the time t. = %(”ﬁ:ﬁ;))m_l when

the mass hits the boundary of the square.

Using the Barenblatt solution as a benchmark, we can test the accuracy and efficiency of
our scheme. We will simulate the equation for the exponents m = 2,4,6. Since the Dirac
delta function is challenging to work with numerically, we shall instead fix a height hg > 0
and start the flow at a time ¢, > 0, where ¢y is chosen so that ||p(to, )|/ L~ = ho. Note that
the value of ¢y will depend on the exponent m, and can be found explicitly from equation
. In addition, we will only consider the flow within in the time interval [to, t.], since the

Barenblatt solution is only valid on the unit square up to time ¢..
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In all of our benchmark experiments, we shall set M = 0.5, hg = 15 and v = 1073.
Note that the small value of v is just a time rescaling to ensure that the flow occurs on a
macroscopic time interval. We will compute the evolution between the times tq5 <t < 2+t
with different step sizes 7 = 0.4,0.2,0.1,0.05,0.025 (one can check that with our parameter
choices ty + 2 < t. for m = 2,4,6). Running the experiments with various time step sizes
allows us to verify that the scheme becomes more accurate as the time step is decreased. We
shall measure the accuracy of the solution using the L' norm, which is very natural in the
context of Wasserstein gradient flows (see for instance |[JKT20b]). The precise formula for

our error estimate is
1 &
error = N nz:% /Q|p(n7' +tg,z) — p" ()| dz, (4.45)

where N, = | 2], p(nT+to, z) is the Barenblatt solution and p(™ is the n'" JKO iterate starting

from the initial data p(®)(z) = p(to,z). When solving for ¢("*Y) we will run Algorithm |§|
until the residual || T}, — 6U*(®)||11(q) is less than e = 1073,

The results of these experiments are displayed in Table and Figure 4.1 Table
displays the error and the total computation time for all of the aforementioned
experiments. In Figure [L.I], we plot a cross section of our solutions and the exact solution at
various time snapshots. The cross section is taken along the horizontal line {(z1,0) : x; €
[—1/2,1/2]}. One can see that as the time step is decreased, our solution is in excellent
agreement with the exact solution for all exponents m = 2,4, 6. Figure also shows that
our method correctly captures the discontinuity of Vp at the boundary of the support of p.
This is notable as most other numerical methods smooth out the discontinuity. The reason

that we are able to correctly capture the discontinuity is due to the fact that we recover
1
the density through the duality relation p™+Y) = §U*(¢("+1)) = <m—_1 max(¢, O)> "' The

my

function s(z) = max(z,0)=-1 has discontinuous derivatives at zero, therefore even when

&1 is smooth, Vp will still have a discontinuity at the boundary of its support.
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Table 4.3: Barenblatt solution test case (grid size 512 x 512)

Error Time (s) Error Time (s) Error Time (s)

0.4 5 6.35x 1072 14.54 1.19 x 1071 23.11 1.13 x 107¢ 22.02

02 10 3.72x 1072 22.16 7.95 x 1072 30.34 748 x 107! 30.41

0.1 20 2.08x 1072 36.57 5.03 x 1072 48.41 4.74 x 1072 43.95

0.05 40 1.18 x 1072 55.64  3.06 x 1072 77.03 290 x 1072 80.10

0.025 80 8.26x 1073 77.67  1.89x 1072  140.38 1.79 x 1072 164.89

4.4.2.2 Slow diffusion with drifts and obstacles.

In our next set of experiments, we add spatially varying potentials to the energy functional.
The resulting equations are a type of drift-diffusion equations. The energy takes the specific
form

fy

Ulp) = g mpm(f’?) + V(z)p(z)dz,

where V' is a given function.

In the first set of experiments, we consider an example where the initial density is the
characteristic function of a star shaped region normalized to have mass 1, and we use the
fixed potential function

Vi(z) = 1 — sin(bmay) sin(3mxs). (4.46)
The initial data and the potential V; are shown in Figure 4.2

Using this setup, we run two different experiments, one where m = 2 and another where
m = 4. In both cases, we set v = 0.1 and use the time step 7 = 0.001. We run the equations
until we reach a state that is essentially stationary. The flow for m = 2 is run from time
t =0 to time t = 5, and the flow for m = 4 is run from time ¢t = 0 to time ¢ = 2. The flow

for the m = 2 case is shown in Figure [£.3| and the m = 4 case is shown in Figure [4.4 The
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solutions show the density is drawn to regions where the potential is small, while avoiding
concentration due to the p™ term. Notice that the steady state for m = 4 is much more
diffuse than the steady state for m = 2, this is because p* penalizes concentration much more

than p?.

Next, we consider a different potential function:
Va(z) =10 ((z1 — 0.4)* + (22 — 0.4)%) + to\ 5 () (4.47)
where E is a given subset of 2 and to\g : @ — RU {400} is the indicator function

0 if v € Q\FE
to\e() =
+x ifxeFE.
With this setup, the set F represents an obstacle that the density is not allowed to penetrate.
During the flow, the density diffuses and drifts towards the lower level sets of V5, all while

avoiding the set F.

In Figure 4.5 and Figure [4.6] we display two different experiments with different obstacles
E but the same diffusion exponent m = 4. In both experiments, the starting density is the
characteristic function of a square centered at (—0.3, —0.3) with side length 0.2 renormalized
to have unit mass. In Figure [4.5] the obstacle is a disc with radius 0.2 centered at the
origin, and in Figure [4.6] the obstacle is a star shaped region centered at the origin. In
both experiments, we set 7 = 0.001, v = 0.0075 and we run the flow until time ¢t = 2. An
interesting difference between the two flows is that the non-convexity of the star shaped
obstacle results in some mass being trapped between the arms of the star. It is not entirely
clear if the mass eventually escapes as time goes to infinity. This is because the PME allows

for compactly supported solutions (in contrast to say the behavior of the heat equation).
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4.4.2.3 Non-convex U (aggregation-diffusion)

In this experiment, we simulate (4.1)) with an energy functional U that is not a convex with

respect to p. Specifically, we consider the energy

1

Ulp) = W(p) + / () dr, (4.48)

where
1
Wip) = 5 / / |z — y[*p(a)p(y) dy dz.
aJao
By separating out the square, one can check W is concave with respect to p.

While convex energies U encourage mass diffusion, non-convex energies allow for both
aggregation and diffusion phenomena. Indeed, one can see that YW(p) encourages the density
to concentrate while the p3 term encourages the density to diffuse. Due to the convolution,
W can be viewed as a “lower order” term as compared to p*. However, since the coefficients
in front of the convolution is much larger than the coefficient in front of the p? term, the

aggregation effect will dominate until the density reaches a certain saturation level.

Here we run a single experiment starting with an initial density that is the sum of the
characteristic function of four squares with side lengths 0.2 centered at each combination of
(£0.3,+0.3) and renormalized to have total mass equal to one. We set 7 = .005 and run the
flow from time ¢t = 0 to ¢t = 10, at which time the evolution appears to have reached a steady

state.

The results of the experiment are displayed in Figures and [4.8] Figure displays
a heat map of the density evolution, while Figure 4.8 gives a 3 dimensional plot showing
the height of the density. Throughout the evolution, one can see the competing effects of
aggregation and diffusion. The heights of the four densities decrease due to diffusion, however

aggregation pulls the four separate components together towards the center of the domain.
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4.4.2.4 Incompressible projections and flows

In our last set of experiments, we consider incompressible flows, which have applications to

crowd motion models and fluid mechanics. Here the energy takes the form

Up) = 5xlp) + [ Viapla)da, (4.49)

where

0 if0<p(x)<1forae x€
Soo(p) =
oo otherwise,

and V' is a fixed potential function. Note that s (p) can be seen as the limit of the energy

nlp) = == [ 7@ o

m—1
as m — 00.

We will run our experiments, using the potential energy
1 2 3 12
Viz) = 5((331 — =P+ (22— —=)) + tnp(®) (4.50)

where F is a closed set that represents an impenetrable obstacle. We run two simulations

using two different obstacles

Bi= Byt 5 UBy (-1 )

and
Es=B1(0 1 B (0 1 B ! 0)UuB ! 0
2 — %( 73)U 1—10( 7_S)U %(5’ )U %(_57 )7

where B, (x1,x2) denotes the closed ball of radius 7 centered at (x1,x2). In both experiments,
we choose an initial density p(®, which equals 1 on a ball of a radius 0.15 centered at

(—0.3,—0.3) and is equal to 0 elsewhere.

The results of our experiments are displayed in Figures and [4.10] Figure [4.9] uses the

obstacle E7, while Figure [4.10 uses the obstacle Es. In the figures, the yellow pixels represent
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the density p(™ and white pixels represents the obstacle. In both experiments we use a time
step 7 = 0.05 and run the evolution from time ¢ = 0 to time ¢ = 20. Both experiments are

conducted on 1024 x 1024 pixel grids.

Notably, in both of the simulations depicted in Figures and [4.10] there is a sharp
interface separating the regions p = 1 and p = 0. This matches the expected behavior of the
flow with our chosen potentials. In general, it is difficult for numerical methods to correctly
capture sharp interfaces. Again, the reason that our method is able to do so is because of our
dual approach. By recovering the density through the duality relation p*1) € §U* (¢ +1)
we automatically produce a discontinuity at the level set {y € Q: ¢V (y) — V(y) = 0}.
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14 - 14 14 14 - — 1=0.4
12 - 12 - 12 - 12 - — 1=0.1
—— T1=0.025
10 - 10 - 10 - 10 -
-=-- Exact
8 - 8 - 8 - 8 -
6 - 6 - 6 6
4 4 4 4
24 2 A 21 2-A
0+ 04 04 0
t=0 t=0.4 t=0.8 t=2
14 - 14 - 14 - 14 - — 1=04
12 12 12 12 — 1=0.1
—— T1=0.025
10 - 10 - 10 - 10 -
-=-= Exact
8 - 8 - 8 - 8 -
6 - 6 - 6 - 6 -
4 4 4 4
5 5 ﬁ_ 2-m 2
0- 0- 0- O-m
t=0 t=0.4 t=0.8 t=2
14 - 14 14 14 - — 1=04
12 12 12 12 — 1=01
—— 1=0.025
10 4 10 4 10 4 10 4
--- Exact
8 - 8 - 8 - 8 -
6 - 6 - 6 - 6 -
44 44 44 44
2 1 2 1 ﬂ 24 24
0_ 0_ o-h o-_ﬂ h—
t=0 t=0.4 t=0.8 t=2

Figure 4.1: Cross sections of our computed solutions and the exact Barenblatt solution at

times t = tg,to + 0.4,t9 + 0.8,%y + 2 along the horizontal line {(z1,0)

Row 1: m =2, Row 2: m =4, Row 3: m = 6.
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Initial density The potential V;

Figure 4.2: Higher values are depicted with brighter pixels.

* * 0Ok

Figure 4.3: PME with exponent m = 2 and potential given by (4.46)). The images show

the evolution from time ¢t = 0 to t = 5 (top left to bottom right). The final image is the
approximate steady state. Images are 512 x 512 pixels. Brighter pixels indicate larger density

values.
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Figure 4.4: PME with exponent m = 4 and potential given by (4.46)).

The images show

the evolution from time ¢t = 0 to ¢ = 2 (top left to bottom right). The final image is the

approximate steady state. Images are 512 x 512 pixels. Brighter pixels indicate larger density

values.

y

o

Figure 4.5: PME with exponent m = 4, v = .0075 and potential given by

4.47

. The obstacle

E' is represented by the white region. The images show the evolution from time ¢ = 0 to

t = 2 (top left to bottom right). Images are 512 x 512 pixels. With the exception of the

obstacle, brighter pixels indicate larger density values.
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4.47

Figure 4.6: PME with exponent m = 4, v = .0075 and potential given by

. The obstacle

E is represented by the white region. The images show the evolution from time ¢ = 0 to

t = 2 (top left to bottom right). Images are 512 x 512 pixels. With the exception of the

obstacle, brighter pixels indicate larger density values.

‘i e snats
BEees

Figure 4.7: Aggregation-diffusion equation with an energy given by

4.48

. The images show

the evolution from time t = 0 to ¢ = 10 (top left to bottom right). The final image is the

approximate steady state. Images are 512 x 512 pixels. Brighter pixels indicate larger density

values.
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Figure 4.8: Aggregation-diffusion equation with an energy given by (4.48]). The images show

a 3-d surface plot of the evolution from time ¢t = 0 to t = 10 (top left to bottom right). The

final image is the approximate steady state. Images are 512 x 512 pixels.

SOOO0A

PP e?e%e?

Figure 4.9: Incompressible flow with the energy (4.49), potential (4.50), and obstacle Ej.

The images show the evolution from time t = 0 to ¢t = 20 (top left to bottom right). The
final image is the approximate steady state. Images are 1024 x 1024 pixels. Yellow pixels

represents the density and white pixels represents the obstacle.
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Figure 4.10: Incompressible flow with the energy (4.49)), potential (4.50]), and obstacle Es.

The images show the evolution from time t = 0 to ¢t = 20 (top left to bottom right). The
final image is the approximate steady state. Images are 1024 x 1024 pixels. Yellow pixels

represents the density and white pixels represents the obstacle.
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APPENDIX A

Supplementary materials

A.1 Chapter |3 supplementary materials

Proof of Proposition [3.2.1. From the saddle point problem (3.6]), we can rewrite the problem

as
inf sup L((pi, ms, ¢i)i€{S,I,R})
(pimi)icis,,Ry &
= Hlf sup P((p“ mz)zE{Sl R} / / Z (bz <atpz +V.-m; — T Ap1> dx dt
pz mz i€{S,I,R} ¢ 'LE{SIR}
/ / Q(pis &0 )ie sy da
(A1)

where

Q((pis bi)icgs,iry) = Bps(or — ds)K * pr +vpr(or — ¢1).

If ((pi; mi, @i)icqs,r,ry) is the saddle point of the problem, the differential of Lagrangian with

respect to p;, m;, ¢; (i € {S,I,R}), and p;(T,-) equal to zero. Thus, from 2 5¢z = 0 we have
U 0Q .
atpi"i_v'mi_?Api_%:O, (t,z) € (0,T)xQ, i=S,1,R.
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Using integration by parts, we reformulate the Lagrangian function (A.1]) as follows.

E((,Oz; mg, ¢1 1€{S,1, R}

/ / pS + PrI +pR / / Q pza¢z i€{S,1, R})dl'dt

//O‘Z d +m; - Vi + plA@dxdt—l— > / /pﬁt(bldxdt

i=S,I,R

i=S,I,R

4 Z /pZ (0,2)0:(0,2) — ps (T, ) ¢s(T, v)dx

i=S,I,R

From g—pi =0 (i e {S,I,R}),

5Q ;| 2 12
c(ps + pr+ pr) + 5—p((Pi, Gi)icfs,1,R}) — £p2‘ + %A¢i +0:0; =0 (t,z) € (0,T) x Q
From % =0,
OF
_— T,)) = T,-).

From 5‘575 =0 (i e {5, I,R}),

;M

=-V¢; (t,x)e (0,T)xQ, ie{S I, R}

)

By replacing a”’“ = —V¢; in 3= =0 and M = 0, we derive the result. O

Proof of Lemma[3.3.3 Let ¢ = (u,p). By the definition of M®) we have

1 1
(g, MM q) = WHUH%Q T WHPH?H(M — 2(u, Ao p)1e

Using Young’s inequality and Lemma [3.3.1

1
< (4 1) Wl + (s +1) Dol
1
= < Gl 1) lullZz + C* < m T ) Ipllz> < ©7llgll7--

We are left to show the lower bound. Let € > 0 be such that 7 g*) = (1 — €)2. Then using

Holder’s inequality,

1
(0, MWq) > —gllullfz + —5 Hp||H<k> 2|[ull z2[[pll3ee
1 2(1—¢)

= g llllz: + —5 HPHW \/TH ull g2 l|pll300-
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Again, using Young’s inequality and Lemma [3.3.1]

(k) lullze + — k) 2150 Z—H ||uHL2 + ||p||L2 > 07|qllZ-.

This proves the claim. O]

A.2 Chapter 4 supplementary materials

Proof of Lemma |4.3.1].

Step 1: Derivation of the Hessian. In order to obtain the Hessian of F' let us start with
the first derivative. We have

Flo+1) = F(0) = [ [(9+ () = '(@)] n(a)d.

Assume that ¢ is c-convex. Then Proposition tells us how to differentiate the c-transform,

so that we may write

/Q [(6+ h)*(z) — ¢°(2)] ple)de = / W(Ty(2)) ule)dz + o(h).

Q

Therefore 6 F'(¢ = o I (x)dx. To derive the Hessian of F' we similarly compute

F(o+ 1)) = 0F(@)1) = [ [n(Toun(w) = h(Ty(a)] ).

We must now differentiate the maps T}, with respect to ¢. By Proposition we know that

Ty(x) = x — 7V@°(x). As a consequence

Topn(x) = Ty(x) = =7V[(¢ + h)" = ¢°|(x)
= —7V(hoTy)(x)+ o(h)

= —TDT¢(x)TVh(T¢($)) +o(h).

Note that DTy = 14 a—T7D?¢¢ is a symmetric matrix. We deduce from the above computations
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that

0F (¢ + h)(h) = 6F(¢)(h) =

/Q Vh(Ty(x)) - (=) DTy (x) V(T4 (x)) p(x)d + o(h),

from which we conclude that

5F(6)(h,h) = —7 / V(T (2)) - DT,(2)V(Ty(2)) ple)de.

Since our goal is to bound this Hessian by a norm of h we do the change of variable y = T} (z),

or equivalently x = Sye(y) since Sge is the inverse of T}, see Proposition [4.2.2] We obtain

0 F(¢)(h, h) = —T/QVh(y)-Dqu(quc(y))Vh(y) #(Sse(y)) det DSge(y)dy.

Note that DSge is a positive semi-definite matrix and therefore no absolute value is needed
on the determinant term. Moreover we have DT(Sye(y)) = DSye(y)~! and putting this term
together with the determinant we can form the cofactor matrix cof(DS) = det(DS)DS™!.

As a result we obtain the expression
PE@)(h ) =7 [ Vh(y) - cof (DS (1) Vh(y) (S (0))dy
Q

Step 2: Hessian bounds. Since ¢ is c-convex, ¢ = ¢ and therefore Sye(y) =y + 7Vo(y).
The c-convexity of ¢ also implies that the symmetric matrix DSge(y) = Iixa + 7D?*$(y)
is positive semi-definite. Assume now that Ijxg + 7D?¢(y) < A Izeq for all y € Q. Then
Lixa+7D%@(y) is a symmetric matrix with eigenvalues between 0 and A. By general properties
of the cofactor matrix the eigenvalues of cof(DSg(y)) lie between 0 and A~ where d is the

space dimension. We immediately deduce

S F(@)(hah) < A / Vh(y)? dy.
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Lemma A.2.1. Suppose that E C R? is a bounded set with C? boundary and let R :=
Reach(OE). Let up : R — R be a solution to the Eikonal equation |Vu;| = 1 where ug < 0

mside E and ug > 0 outside E and set uy = —ug. Let
E? = {z e R : uy(x) € (0,7)}.

and

E'={z e R:uy(x) € (0,r)}.

If g : R — R is a smooth function, then fori = 0,1

| la@lasta) < int ([ 1Vata)ldo+CiE) [ o)l o)

0<r<R
<r< E:‘
where

Ci(E,r) = inf l,—i- sup (Au;(z))

o<r'<r r zEEY,
Remark A.2.1. The reach of OF is the largest number r such that the characteristics of uy do
not cross in E° U E'. When OF is C?, the reach must be strictly positive and the Laplacian

Au must be bounded on E? U E! for all r smaller than the reach of OF.

Remark A.2.2. If E is a convex set, then Cy(E,r) = .

Proof. Note that if € F and n(z) is the outward facing normal at z, then Vug(x) = n(z).

Therefore,

/8E lg(x)| ds(x) = / lg(2)|Vuo(z) - n(x) ds(x)

O
For some r € (0, R) let a,, : R — R be a function such that

(

1 ift >0,

a(t) =<1+t ifte(—r0),

0 ift < —r.

\

We then have
/aE 9(2)|Vuo(z) - n(z) ds(z) = /aE ’g(l‘)|v<OzT(u0(1‘))> n(z) ds(z) =
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/EV : <|g(:t)|V<aT(u0(x))>) dx

where the last equality follows from Stokes Theorem. Expanding out the derivatives and

noting that a/.(t) € [0,1], &/(t) € [0, 1] and o/ (ug(z)), " (uo(x)) both vanish for z outside of

1
/ 7)|ds(x / Vg(x |da;+/ 19(2)|((Aug(z))4 + =) da <
OFE r

Vgla)ldo+ ColE.1) / 9(a)| do
EO EO

E?, we get

Our choice of r was arbitrary, thus we can take an inf over r € (0, R) to conclude the result

when 7 = 0.

To tackle the case ¢ = 1, we will employ a nearly identical argument, except we will
use Stokes Theorem to convert the boundary integral into an integral over R?\ E. Since

Vui(z) - n(x) = —1 for x € OF, we have

[ @l aster =~ [ 19 (o)) n(a)aste) =

/R 5 (9 (o () ) s

Now an identical argument to the one above gives the bound for the case ¢ = 1. O

Corollary A.2.2. Suppose that E C ) is a set with C* boundary and let R := min(Reach(OF), dist(E, %)).
Define u;, E, and C;(E,r) as in Lemma and let
C(E,Q)= min inf Ci(E,r).

1€{0,1} 0<r<R

If h: Q — R is an H' function, then
2 1 2 2
/ Ih(z)] dxg—/ Vh(o) +2C/|h(x)| dz,
OF C Ja Q

C = max(1, C(E,Q)).

where
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Proof. Suppose first that i : Q@ — R is a smooth function. By Lemma [A.2.1] we have

| asa) < it ([

for © = 0,1. Clearly this is bounded from above by

20n() V()| de + Ci(B,r) | [hia)P dr)

i
™

/2|h(x)Vh(x)|dx+0<i£1£R(]i(E,r)/ (a2 da
Q Q

Taking a minimum over ¢ = 0, 1, we can conclude that

/dE|h(x)] ds(zx) §/QQIh(x)Vh(xﬂdx—i-C/Q\h(x)] dx.

We can then use Cauchy-Schwarz to get

2 1 2
/6E|h(x)| ds(z) < 5/Q|Vh(x)|dx+20/ﬂ|h(x)| da.

The result extends to H' functions thanks to the continuity of the trace operator over H!. [

Proof of Theorem [{.3.4)
Recall that I(v)) = [, ¥(x) p(x)de — U*(¥°).
Step 1: formula for the Hessian of I. The derivation of the Hessian of I is similar to

the one of J (see for instance the proof of Lemma |4.3.1). Using the formulas for the first

variation of the c-transform in Proposition [4.2.2l we can check that
OI(1h)h = —0U™ (%) (h o Sy),

for any test function h. To obtain the Hessian of I, we need to differentiate S,. As in the
proof of Lemma we can show that Sy.n(y) — Sy(y) = 7DSy(y)"VA(Sy(y)) + o(h). This
implies

S*1(¥)(h, h) = —=6°U* () (h o Sy, ho Sy)—

TLMMVM%@rD%@WM%@»@,
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where we set 7 = JU*(¢¢). Thus as for J, the Hessian of I contains two terms which we can

bound separately, 621(¢)(h,h) = —(A) — (B).

Step 2: Bound on (B). Do the change of variables x = Sy (y), i.e. y = Tye(z) in (B). We
obtain

(B)=r1 /Q N(Tye(x))Vh(z) - cof DTye(x)Vh(x) de,

which can be bounded above by 7||n||r<A?!|VA| 2 in the same spirit as in the proof of

Lemma [4.3.1] Moreover ||n]|r= < pmax- Indeed, assuming V' (z) > 0 we have for all x € Q

n(z) = oU" () (x) = (up,) (¥ (z) = V(2)) < (47,) (¥(2)) < pimax,
by monotonicity of (u},)" and by definition of pya.x. As a consequence

(B) < TpmaxAd_1||VhH%2‘
Step 3: Bound on (A). We have

(A) = oU™ () (ho Sy, h o Sy) = /Q(u;})"(i/}é(y) — V()Ih(Sy)I dy.

Do again the change of variables y = Tye(x) to obtain

(4) = / ()" (p(x))| () ? det(DTye (x)) di,

where we recall that p(z) = ¥%(Tye(z)) — V(Tye(z)). We bound the determinant term by A?.
Then, to go further we must distinguish between the three cases 1 <m <2, 2 < m < oo and

m = 0.
When 1 < m <2, the function (u,)” is increasing and therefore
()" (p(2)) < (up,)" (M) =t (Pmax) ™

where M = sup, 60U (u)(x) (see the maximum principle and the related discussion when ppax

is defined in equation (4.32])). To sum up,

(A) < U (pmax) " AY|R]|2,.
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When 2 < m < 0o, one can follow the same line of proof as in the case of J, using now

the function p(x) instead of ¢(x) — V' (z) which modifies the related constants accordingly.

O
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