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ABSTRACT OF THE DISSERTATION

The Brown Measure of Non-Hermitian Sums

of Atomic Operators

by

Max Sun Zhou
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2024
Professor Dimitri Y. Shlyakhtenko, Chair

Let (M, T) be a tracial von Neumann algebra. For X € (M, 7), the Brown measure of X is a
complex probability measure supported on the spectrum of X. It is the spectral measure when
X is normal and the empirical spectral distribution when X is a random matrix. We consider
operators of the form X = p +iq, where p,q € (M, T) are Hermitian, freely independent, and
the spectral distributions of p and ¢ consist of finitely many atoms. There is an associated
random matrix model X,, = P, +1iQ,, where P,, Q,, € M,(C) are independently Haar-rotated

Hermitian matrices.

Using a Hermitization technique, we will compute the Brown measure of X = p+iq when
the spectral distributions of p and ¢ are 2 atoms and prove the convergence of the empirical
spectral distribution of X, to the Brown measure of X when the law of P, converges to the

law of p and the law of (),, converges to the law of q.

For the general case, we will relate the operator-valued Cauchy transform from the
mathematical literature to the Quaternionic analogue of the Cauchy transform in the physics
literature. When X = p + iq for p,q € (M,7) Hermitian and freely independent, the
Quaternionic Cauchy transform provides heuristics for the boundary and support of the

Brown measure of X. We verify these heuristics when the spectral distributions of p and ¢

i



are 2 atoms, and show that in general, the heuristic implies that the boundary of X = p + iq

is an algebraic curve. We conclude by discussing the atoms of the Brown measure.
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CHAPTER 1

Background material

In this chapter, we will review the background material needed to define the Brown measure
and prove our results about it. The three major topics to be discussed are (tracial) von

Neumann algebras, non-commutative laws/random matrices, and free probability.

1.1 von Neumann algebras

In this section, we introduce the definition of von Neumann algebras and discuss traces. This

material is summarized from [SZ79] and [AP].

Let H be a Hilbert space with inner product (-,-). We will assume that the inner product

is conjugate linear in the second variable.

Let x be a linear operator from H to H. Then, let ||z|| be the usual operator norm of a

linear operator between normed vector spaces,

lz]l = sup [[z£]- (1.1)
¢eH
lI€ll=1

In general, ||z|| may be infinite.

Let B(H) be the set of bounded linear operators from H to itself, where the operator

norm is finite. For # € B(H), there exists a unique z* € B(H), defined by the equation:

(x&,n) = (& 2™n),  &{neH. (1.2)

The operator x* is called the adjoint of x.



Then, B(H) is a Banach x-algebra with the following operations:
e The sum z + y is the usual sum of linear operators.

e The product zy is the usual composition of linear operators.

e The norm ||z is the usual operator norm (which is finite).

e The adjoint x* is the usual adjoint operator.

We define an element p € B(H) to be a projection if p*> = p and p = p*. We highlight

that all of the projections we consider are orthogonal projections.

Consider the following topologies on B(H ):

e The norm topology (or strong topology) on B(H) is the topology induced by the

metric

d(z,y) = ||z =yl (1.3)
Hence, a net (x;);cr converges to « if and only if (||z; — | )ser converges to 0.

e The strong operator topology (or s.o. topology or s.o.t) on B(H) is the locally

convex topology induced by the seminorms:

pe(e) = llecll, €€ H. (1.4)

Hence, a net (z;);c; converges to z if and only if (z;€);c; converges to z€ for every

£ H.

e The weak operator topology (or w.o. topology or w.o.t) on B(H) is the locally

convex topology induced by the seminorms:

wey() = [(2E,m)],  &me M. (1.5)

Hence, a net (x;);e; converges to x if and only if ((z;£,n)):cr converges to (x;&,n) for

every {,n € H.



We state some well-known facts about these topologies:

Proposition 1.1. Let B(H) be the set of bounded linear operators on a Hilbert space H.

e In general, the norm topology is strictly finer than the strong operator topology and the

strong operator topology is strictly finer than the weak operator topology.
o A linear functional on B(H) is w.o. continuous if and only if it is s.o. continuous.
o A convex subset of B(H) is w.o. closed if and only if it is s.o. closed.

e For a subspace M C B(H), a linear functional on M is w.o. continuous if and only if

1t 15 s.0. continuous.

e The unit ball in B(H) is compact with respect to the w.o. topology.

Define M C B(H) to be a *-subalgebra if M is a subalgebra of B(H) (i.e. a subset closed
under multiplication and addition that contains 0) that is closed under the x operation. Now,

we proceed to define C*-algebras and von Neumann algebras:

Definition 1.2. e M C B(H) is a C*-algebra if M is a x-subalgebra that is closed in

the norm topology of B(H).

e M C B(H) is a von Neumann algebra (or W*-algebra) if M is a x-subalgebra

that contains 1 and is closed in the strong operator topology of B(H).

Note that since the norm topology is finer than the s.o. topology, then every von Neumann
algebra is a C*-algebra. There are examples that disprove the converse (ex. the set of compact
operators on an infinite dimensional Hilbert space H). Also note that since M is convex,
then it is equivalent to define von Neumann algebras as those *-subalgebras that are closed

in the w.o topology.

For C*-algebras, there is a completely abstract definition (i.e. with no mention of B(H)):

Definition 1.3. An abstract C*-algebra is a Banach algebra (i.e. a complete normed

vector space with a norm that satisfies ||xy|| < ||z|| ||ly]|) that has an involution * that is

3



conjugate linear, (xy)* = y*z*, and satisfies the C* identity:
« 2
[z ]| = [l (1.6)

The Gelfand-Naimark theorem states that an abstract C*-algebra is isometrically isomor-
phic to a concrete C*-algebra (i.e. a norm-closed *-subalgebra of B(H)). The heart of the

proof of this theorem is the Gelfand-Naimark-Siegel (GNS) construction.

There is a similar abstract definition of a von Neumann algebra (originally proved in

[Sak56]):

Definition 1.4. An abstract von Neumann algebra is a C*-algebra M where M 1is the

dual space of some separable Banach space M,.

We will not use this characterization of von Neumann algebras and instead always view

them as subalgebras of B(H).

A practical difficulty in determining whether or not a x-subalgebra of B(H) is actually a
von Neumann algebra is determining its s.o.-closure (or equivalently, w.o.-closure). The von
Neumann bicommutant theorem makes the following connection between the topology and

algebraic structure of B(H):

Theorem 1.5. Let M be a *-subalgebra of B(H). The closure of M in the s.o. topology is
equal to the closure of M in the w.o. topology, and these are equal to the bicommutant M" of

M.

Now, we examine the abelian C*-algebras and von Neumann algebras to give a heuristic

for the difference between C*-algebras and von Neumann algebras.

Let X be a locally compact Hausdorff space. Let Cy(X) be the space of continuous
complex-valued functions on X that vanish at infinity. Cy(X) is a C*-algebra with the usual
functional addition /multiplication, f* = f, and supremum norm. Note that Co(X) is norm
closed. Let C.(X) be the space of compactly supported continuous complex-valued functions

on X. C.(X) is a C*-subalgebra of Cy(X).



The Gelfand representation gives an (isometric) isomorphism between any abelian C*-
algebra and Cy(X) for some locally compact Hausdorff space X. Further, the C*-algebra is
unital if and only if X is compact, in which case Cy(X) = C.(X).

For the analogous theorem for abelian von Neumann algebras, consider (X, u) a o-finite
measure space. Then, L>(X, u) acts on the Hilbert space L*(X, ) by left multiplication.
L*®(X, ) is a von Neumann algebra with the usual functional addition/multiplication, f* = f
and the L* norm. The fact that L>°(X, u) is closed in the s.0. topology can be verified by
hand or follows from von Neumann’s bicommutant theorem and the fact that the commutant

of L*°(X, u) is itself.

Every abelian von Neumann algebra on a separable Hilbert space is isometrically isomor-

phic to L>(X, u), where (X, 1) is a standard measure space.

This gives the heuristic that C*-algebras are analogous to continuous functions, while von

Neumann algebras are analogous to bounded measurable functions.

If von Neumann algebras are analogous to bounded measurable functions, then there
should be a way to recover the analogue of the measure. In the case of L*(X, 1), we recover
the measure through the integration of characteristic functions x g, where E is a measurable
subset of X. Note that the xg are exactly the Hermitian projections in L*>(X, u). The

analogy to this is the trace on certain von Neumann algebras.

First, we define some types of linear functionals on a von Neumann algebra M:

Definition 1.6. Let ¢ be a linear functional on M C B(H).

v 1is positive if p(x*x) >0 for x € M.

¢ is a state if ¢ is positive and (1) = 1.

¢ 1s faithful if p(x*x) = 0 implies © = 0.

v s a trace if p is positive and p(xy) = p(yx) for all x,y € M.

If p is a trace and a state, we call ¢ a tracial state.



Recall that a linear functional ¢ on M is positive if and only if ¢ is bounded with

¢l = ¢(1). Hence, a positive linear functional ¢ is a state if and only if ||| = 1.

Note that the integral on L>°(X, u) is a state when p is a positive measure and is a state
when i is a probability measure. The analogue of the countable additivity axiom for measures

is countable additivity:

Definition 1.7. Let M C B(H) be a von Neumann algebra. A positive linear functional ¢

is completely additive if for every family {p; : i € I} of mutually orthogonal projections in

M, o(3 i) =2 0pi)

There is a more typical continuity condition that is the analogue of the monotone

convergence theorem:

Definition 1.8. Let M C B(H) be a von Neumann algebra. A positive linear functional ¢

is mormal if for every bounded increasing net (x;);er of positive elements in M, p(sup; x;) =

sup; p(z;).

Recall that the element sup,; x; € M since it is the s.o. limit of x;.

It turns out that normality and complete additivity are equivalent and can also be viewed

as a continuity condition:

Proposition 1.9. Let ¢ be a positive linear functional on a von Neumann algebra M C B(H).

The following conditions are equivalent:

®  is normal.
e  is completely additive.
o The restriction of ¢ to the unit ball of M is w.o. continuous.

e The restriction of @ to the unit ball of M is s.o. continuous.

Thus, as a generalization of measure spaces, we will work with tracial von Neumann

algebras:



Definition 1.10. Let M C B(H) be a von Neumann algebra with a normal, faithful, tracial
state 7. Then, we call the pairing (M, T) a tracial von Neumann algebra and we just

refer to T as the trace.

On (M, ), T also acts as a generalization of the dimension function for finite vector spaces.
For instance, for projections p,q € M C B(H), let pV ¢ be the projection onto pH + gH and
let p A q be the projection onto pH NgH. Then, p A q,pV q € M and we have the following

formula:

T(pVq) =7(p)+7(q) —7(pAq). (1.7)

This is a generalization of the following formula for finite-dimensional vector subspaces V, W

dim(V + W) = dim(V) + dim(W) — dim(V N W). (1.8)

Similarly, there is a generalization of the rank-nullity theorem: Let x € M C B(H). If n(z)

is the projection onto ker(z) and [(x) is the projection onto im(z), then

T(n(x)) + 7(l(x)) = 1. (1.9)

A von Neumann algebra M is finite if every isometry is unitary, i.e. for v € M if v*v =1,
then vv* = 1. It is clear that vv* is a projection. When M has a tracial state, then M is
finite: 7(1 —vv*) =1—7(v0*)=1—7(0v)=1—-7(1)=0and 1 —ovv* >0, s0 1 — vv* =0,

ie. vv* =1.

For the converse, a von Neumann algebra M is a factor if the center of M is only C.
Then, a finite factor has a unique normal, faithful, tracial state. Finite factors that have
a minimal non-zero projection are just M,(C) (with the normalized trace 7 = tr/n being
the unique trace). Those finite factors that do not have a minimal projection are called 114

factors.

Finally, we consider the GNS construction applied to the trace 7 on (M, 7). Then, the

sesquilinear form (a, b) = 7(b*a) is actually an inner product, so we may complete M with



respect to this inner product to form the Hilbert space L?M. M is a dense subset of L2M.
Further, M acts faithfully on L?M by left multiplication, and left multiplication is a bounded
operator on L?M. Hence, M can be thought of as a subset of B(L?M). Moreover, in this
situation, this subset of M in B(L?>M) is s.o. closed, and hence is a von Neumann algebra

on B(L*M).

1.2 Functional calculus and the spectral theorem

In this section, we describe various forms of the functional calculus and the spectral theorem.

These will be used extensively in the rest of the paper. This material is summarized from

[Con90], [SZ79], [AP], and [SLI.

First, we recall the definition of the spectrum of an operator and some basic facts:

Definition 1.11. Let H be a Hilbert space. The spectrum of an operator x € B(H) is the
set

o(z) ={z € C: z — x is not invertible} . (1.10)

The following Proposition lists some basic facts about o(z):

Proposition 1.12. Let H be a Hilbert space and let x € B(H).

e o(x) is a non-empty, compact subset of C.

o lim [z"|""
n—0o0

be denoted |o(x)|.

= SUD\cy(s) |Al. This quantity is called the spectral radius of v and will

e If x is normal, then |o(x)| = ||z||.
e [f x is Hermitian, then o(x) C R.

e [f x is positive, then o(x) C [0, 00).

The most basic functional calculus is the continuous functional calculus for Hermitian

elements. It can be stated on the level of C*-algebras. This is another instance of the heuristic

8



that C*-algebras are analogous to continuous functions.

For any X C C, let C'(X) be the set of complex-valued continuous functions on X. Recall
that C'(X) is a C*-algebra with the usual functional addition /multiplication, f* = f, and

supremui norinm.

The continuous functional calculus follows from the observation that o(p(x)) = p(o(z))

for any polynomial p:

Theorem 1.13. Let x € B(H) be a Hermitian operator. There exists a unique x-algebra

homomorphism taking f € C(o(z)) to f(x) € B(H), such that:

1. If f is a polynomial, f(\) = ap, A" + - -+ + ag, then f(z) = a,z™ + -+ + ag.
2. £ @) = [If1]-

This map 1is an isometric x-isomorphism between C(o(zx)) and the C*-algebra generated by x

and 1 in B(H), C*({z,1}).

Let x € (M, 1) where x is Hermitian. From the continuous functional calculus, the map
taking f € C(o(x)) to 7(f(z)) is a continuous linear functional. It is also easy to check
that this linear functional is positive and takes 1 to 1. Hence, it corresponds to a Borel
probability measure on o(x) C C, p,. This measure is called the spectral measure of x.
For f € C(o(x)),

(e = | 00, (1.11)

Next, we proceed to examine the Borel functional calculus. For X C C, let B(X) be the set
of bounded Borel functions f : X — C. The continuous functional calculus can be extended
to the Borel functional calculus by considering the following continuous linear functionals on
C(o(z)):

Clo(x)) > f= (f@)§m,  &neH. (1.12)

From the Riesz-Markov representation theorem, this map corresponds to integration by a

Borel measure pg,, on C(o(z)). From the continuous functional calculus, ||pe,|| < [[€]] [|I7]l-



Hence, for any f € B(o(x)), we may define (f(z)¢,n) by integration with respect to .
For fixed f, this is a bounded sesquilinear form on H, and hence f(x) is given by a unique

operator in B(H). The Borel functional calculus satisfies the following properties:

Theorem 1.14. Let x € B(H) be a Hermitian operator. There exists a unique x-algebra

homomorphism taking f € B(o(x)) to f(z) € B(H) such that:

1. This map extends the continuous functional calculus.

2. If f, fn € B(o(x)), sup, ||full < 0o and f, — [ pointwise, then f,(x) — f(x) in the

s.0. topology on B(H).

This map takes the C*-algebra B(o(x)) into the von Neumann algebra generated by {x} in
B(H).

Recall that any f € B(o(x)) is a pointwise limit of a sequence of uniformly bounded
continuous functions. Also, recall that 7 is continuous with respect to the s.o. topology on
bounded subsets of M. Then, by taking limits, we see that the following formula holds for
all f € B(o(z)):

)= [ i), (1.13)

In the case of the continuous functional calculus, there is a more general functional calculus
for normal elements. It follows from the fact that if € B(H) is normal, then C*({z, 1}) is
an abelian C*-algebra, and hence is isomorphic to C'(X), where X is a compact Hausdorff
space. Then, the spectrum of any f € C(X) is just f(X) and the continuous functional
calculus just corresponds to the composition of functions. Thus, we have the continuous

functional calculus for normal operators:

Theorem 1.15. Let x € B(H) be a normal operator. There exists a unique x-algebra

homomorphism taking f € C(o(x)) to f(x) € B(H) such that:

1. If f is a polynomial in z and Z, f(2,Z) = apo + @102 + anz + -+ + appm2"z", then

f(z,2%) = ago + a1 + apiz™ + -+ + A" ().

10



2. G, ) = I £II-

This map is an isometric *-isomorphism between C(o(x)) and the C*-algebra generated by x

and 1 in B(H), C*({x,1}).

We can extend the continuous functional calculus to the analogous Borel functional
calculus that is valid on the von Neumann algebra generated by x. We also have the similar
spectral measure p, that is now a complex probability measure supported on o(z) C C,

where for all f € B(o(x)),
r(f@) = [ F) dua(t). (1.14)

o(z)
Our final functional calculus is the analytic functional calculus. Let x € B(H) and let
A(o(z)) be the set of all complex analytic functions defined on a neighborhood of o(z). For
f e A(o(x)), let y,..., 7 be closed, rectifiable Jordan curves such that the interiors of these
curves are disjoint, the unions of the interiors of these curves contain o(z), and the closure
of this region is in the domain of f. Let I' = {y1,...,9}. Then, it is possible to define the

following operator-valued integral as the limit of norm-convergent Riemann sums:

1 -1
= — dz. 1.15
fl@) = 5 [ S =) e (1.15)
From an operator-valued version of Cauchy’s theorem, f(x) is independent of the curve 7.
Then, we have the following analytic functional calculus:
Theorem 1.16. Let v € B(H). There exists a unique algebra homomorphism taking
f € Alo(x)) to f(x) € B(H) such that:
1. If f is a polynomial, f(z) = a,z" + -+ + ag, then f(x) = a,z™ + -+ + ap.

2. If fo, f € A(o(x)) and f,, — [ locally uniformly, then f,(x) — f(x) in norm.

Note that the uniqueness statement follows from Runge’s approximation theorem. When
x is Hermitian, then the analytic functional calculus is just the restriction of the continuous

functional calculus to A(o(x)).

11



Since the operator-valued integral is norm-convergent, then in (M, 1),

(f(2) = [i /F £z — 2)! dz} L /F Frl(z —2)ds.  (1.16)

211 Comi

Now, we briefly mention the spectral theorem. There is a notion of a projection-valued
measure where the measurable sets in a measure space correspond to projections in B(H),
for a Hilbert space H. Similar axioms hold for these projections as for measurable sets in a

measure space. Then, we have the following spectral theorem:

Theorem 1.17. Let x € B(H) where x is Hermitian. Then, there exists a projection-valued

measure Ey; for which:

x:/ tdE, . (1.17)
o(x)

The integration in the spectral theorem is the operator-valued analogue to the Riemann-

Stieltjes integral. It is also possible to make sense of the following identity for f € C(o(z)):

f(x) = / S0, (1.18)

In particular, if x € (M, 7), then 7(F;) is just a Borel measure, and then we recover the

spectral measure:

(f(2)) = / J0am). (1.19)

1.3 Non-commutative probability spaces and random matrices

In this section, we define non-commutative probability spaces, the law of elements in a
non-commutative probability space, and what it means to converge in law. We will introduce

and discuss random matrices in each of these contexts. This material is summarized from

[AGZ10], [Tao12], and [Shl].

First, we define a non-commutative probability space:
Definition 1.18. A non-commutative probability space is a pair (A, ), where A is a
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unital *-algebra and ¢ : A — C is a linear functional where ¢(1) = 1. The elements of the

non-commutative probability space (A, @) are called non-commutative random variables.

This definition is very general: it does not impose any positivity /continuity conditions on
¢ or any closure conditions on A (i.e. that A is norm closed or s.o. closed). It does not even

impose any boundedness conditions on A.

As in the case of tracial von Neumann algebras, we will highlight some of the aspects of
non-commutative probability spaces that are a generalization of concepts for the commutative

probability space L>(X, u).

Consider the following examples of non-commutative probability spaces:

e Let (X, u) be a probability space. Then, taking A = L*°(X, 1) and ¢ to be integration
with respect to p makes (L>°(X, ), du) a non-commutative probability space. Then,
the non-commutative probability space (L>°(X, i), du) consists of bounded random
variables on the probability space (X, ). Recall in this situation that (L>°(X, u), du)

is also a tracial von Neumann algebra acting on the Hilbert space L?(X, p).

e Instead of taking A = L°°(X, p1) in the previous example, we can take A = L~ (X, u) =
Mp>1 LP(X,p). A is an algebra and taking ¢ to be integration with respect to u
makes (A, ¢) a non-commutative probability space. This space consists of more general
unbounded random variables on (X, ;1) where integration still makes sense. In particular,
if we consider A to act on L%(X, u), these are potentially unbounded operators and
hence do not form a von Neumann algebra. In our situation, all of our operators are

bounded, so we will not deal with these issues.

e In general, for a tracial von Neumann algebra (M, 1), A = M and ¢ = 7 is a non-

commutative probability space.

e Analogous to the example of bounded random variables, we can consider random
matrices: Let (X, uu) be a probability space. Then, consider n x n matrices with entries

in L=(X, u), M,(L°°(X, p)). This is a von Neumann algebra acting on H = L*(X, u)®"

13



and it is tracial with 7 = E,[1tr]. Hence, n x n random matrices on (X, 1) is a non-

commutative probability space with ¢ = 7.

e Note that instead of taking bounded matrices, we can consider matrices with entries
in L7 (X, ). ¢ = E,[Ltr] is still well-defined and makes A = M, (L>~(X, 1)) a non-
commutative probability space. Again, for our thesis, we will only deal with bounded

random matrices.

Next, we consider the law of a family of non-commutative random variables. Let J be
a subset of N and let C(X;, X; : i € J) denote the set of polynomials in non-commutative

variables X;, X;, i € J.

Definition 1.19. Let (A, ¢) be a non-commutative probability space. Let {a;}ic;s C A. The
law of {a;}icy is the map piga,y,., : C(X;, X; 10 € J) — C given by:

H{aiyies (P) = ¢(P({ai, a] ties)) - (1.20)

Consider the following examples of non-commutative laws:

e Consider a probability space (X, ) and the non-commutative probability space

(L>(X, p),dp). Let f e L>®(X, ). Then, for a polynomial P = P(z,%),

us(P) = [ PUT)d = /f PR, (1.21)

where f,(u) is the pushforward measure of p under f. As f € L>(X, ), then f.(u)
is a compactly supported probability measure. From the Stone-Weierstrass theorem,
polynomials in z and Z are dense in C'(f(X)), and hence p¢(P) uniquely determines

the measure df.(u). Hence, the non-commutative law of f corresponds to the classical

law of f.

e Consider (M,(C), £tr) and X,, € M, (C) where X,, is Hermitian. Let Ay, ..., A, be the

eigenvalues of X,,. Then, computing the (normalized) traces in an orthogonal eigenbasis
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of X,,, it is clear that
1 n
M = X’“:—E:)\’?. 1.22
:an(‘r ) T( n) n - i ( )

Letting
1 n
= — Oy , 1.23
V= ; A (1.23)

then in general, for a polynomial P(t),
P)= Lupix) = 1S P = [ Pioya (120
px, = _tr n —ni:1 )= v. .

The law of X, corresponds with v, where v is the spectral measure of X, in (M, (C), tr).

For a normal X,, € M, (C), the exact same formula for v uniquely satisfies the following

equation for polynomials in z,Z:

p (P) == (P (X, X2)) = 37 PO ) = /@ P(zZ)dv,  (1.25)

so again the law of X, is v, the spectral measure of X,, in (M,(C), Ltr).

For a normal random matrix X,, € M, (L>*(X, u)), we can consider the random eigen-

value distribution v : (X, u) — P(C) given by:

v="> 6. (1.26)
=1

Since X, is uniformly bounded, then v is almost surely supported on a compact set,
K. Then, the map taking f(2,Z) € C(K) to E, [fK f(z,2) du] is a bounded linear

functional, and hence is represented by a compactly supported measure 7. By integrating
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the formula for deterministic matrices with respect to p,

px, (P) = 7(P(X,, X))

~E, Etr(P(Xn, XZZ))}

_E, [ /C P(2,%) dz/}

:/(CP(Z,E)CZ?.

(1.27)

Thus, the law of X, is 7, the spectral measure of the random matrix X,, with respect

to E,[tr].

Motivated by the examples, we define the empirical spectral distribution of a random

matrix:

Definition 1.20. Let X,, € M,(L> (X, u)) be a random matriz. Let \y,...,\, be the
random eigenvalues of X, (repeated with algebraic multiplicity). Then, the empirical
spectral distribution (ESD) of X, is the random probability measure uy, : (X, ) — P(C)
given by:
1 n
o, =~ Zl Oy, - (1.28)

When X, € M, (L>(X, 1)), then uy, is almost surely supported on some compact K C C.

Recall if X, is normal that fiy, is the spectral measure of X,, with respect to 7 = E#[%tr].

For an arbitrary X,, € M, (L>*" (X, un)), we still always have the formulas for analytic
polynomials P(z):

ltr(P(Xn)) = %ZP()\i) = /C P(z)duy, . (1.29)

n

In this special case, the moments still determine the empirical spectral distribution, since
the coefficients of the characteristic polynomial are determined by the power sums of the
eigenvalues (from Newton’s identities). This formula also holds when P(z) is replaced by a
rational function with poles off of o(z). Applying Runge’s approximation theorem, we see

that the equation also holds for any f € A(o(z)), where f(x) is defined using the analytic
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functional calculus.

Now, we define what it means for a sequence of family of non-commutative random

variables to converge in law:

Definition 1.21. Let (A, ¢) and (A,, ¢,), n € N be non-commutative probability spaces. Let
{al'}ies be a sequence of elements of A,,. Then, {al'}ic; converges in law to {a;}ic; if and

only if for all P € C(X;, X} :i € J),

lim M{a?}ieJ(P> = ,u{az.}ieJ(P) . (130)

n—oo
Consider the following examples of the convergence of non-commutative laws:

e Consider the non-commutative probability space (L™ (X, u), du), and f, f,, € L>®(X, dpu).

Then, puy, converges to py if for all polynomials P = P(z, %),
| PR = (P) P = [ PR (3D
JF(Xn) F(X)

if f(X,),f(X) C K for some compact K C C, then this is equivalent to the con-
vergence of (f,,)«(1) to f.(p) in the vague topology. Hence, the convergence of the

non-commutative law of f,, to f is exactly the convergence of the classical law of f,, to

£l

e Consider normal random matrices X,, € M, (L>(X, p)) and a normal operator z €

(M, 7). Then, py, converges to p, if for all polynomials P = P(z,z)

AP%@@EfM&@%ﬂMmzépwﬂww (1.32)

If X,,, z are uniformly bounded, then 1y, , 1, are supported on some compact set K C C

and this is equivalent to the convergence of measures in the vague topology, i.c.

[ fdix, = [ fdu, for all f € C.(C).
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1.4 Convergence in law: Hermitian random matrices

Recall that we are interested in the convergence of the laws (i.e. empirical spectral distributions
ix, ) of random matrices X,,. But, we would like to not only discuss convergence in the
expectation of these laws (i.e. the fix, ), but also in probability and almost surely. In this
section, we define and study these concepts for Hermitian X,,. This material is summarized

from [AGZ10] and [Taol2].

Definition 1.22. Let X,, € M, (L®(X, p)), where (X, u) is a probability space. Let px, be

the empirical spectral distribution of X,,. Let u be a complex probability measure. Then,

e X, converges to p in expectation if [ix, converges to p in the vague topology.

e X, converges to p in probability if for every f € C.(C), fcfd,uxn converges to

Jo fdu in probability.

e X, converges to p almost surely if for every f € C.(C), f(cfdan converges to

Jo fdu almost surely.

When the X,, are Hermitian random matrices and p is a real probability measure, then

we consider the vague convergence on C.(R) instead of C.(C).

As in the case of classical random variables,

almost sure convergence = convergence in probability ( )
1.33

convergence in probability = convergence in expectation .

In practice, for many random matrix models, these three convergences of the ESDs coincide,

due to concentration of measure phenomena.

We describe 2 general methods for proving the convergence of the empirical spectral distri-
butions of Hermitian random matrices, one of which we will adapt to prove the convergence

of the law of a non-Hermitian random matrix model.
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1.4.1 Moment method

Recall that for compactly supported real measures p, the moments m; = fR t* dyi determine
the measure. Further, if pu,, 4 are real measures that are all supported on a compact set
K C R, then the convergence of the moments of y,, to p implies the convergence of p,, to p in

the vague topology. Both of these facts follow from the Weierstrass approximation theorem.

This motivates the following Proposition generalizing this to the convergence of random
measures. In particular, this can be applied to empirical spectral distributions of random
matrices. Here we consider the simplest case, where measures are all supported on a compact
set. In general, for potentially unbounded random matrix models, one needs some quantitative
estimates on the tightness of the measures to turn the convergence of the moments into the

vague convergence on R.

Proposition 1.23. Let u, be a sequence of random probability measures on R and let u
be a deterministic probability measure. Assume that i, u are almost surely supported on a

compact set K C R. For every k € N, let
(1.34)

Then,

1. If E[my ] — my as n — oo for every k € N, then p, — (v in expectation.
2. If my, , = my, in probability as n — oo for every k € N, then p,, — p in probability.

3. If my, ), — my, almost surely as n — oo for every k € N, then p, — p almost surely.

Proof. 1. For the first point, note that

Efm] = /R A () (1.35)
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Since the pu,, are almost surely supported on K, then so are Ji,,. Then, the result follows

from the convergence of moments of 1, to u.

. By approximating any f € C(K) uniformly by polynomials, it suffices to prove the
convergence in probability for polynomials. Any polynomial P(¢) is a linear combination

of the #*, and since the m,,, converge to my in probability, then

/L}%t)dun(w-—>J£}3@)du(ﬂ (1.36)

in probability also.

. Let f € C(K) and consider polynomials P, (t) such that || f — Py peo(g) < 1/m. Then,

since P,, are linear combination of the t*, then

4%@%@%4%@Mﬂ (1.37)

almost surely. On the measure 1 set where these integrals converge for all m, then by

approximating f with P,,, we see that

/R F(t) dpn(t) / F(t) du(t) (1.38)

]

We observe that the second condition in Proposition is equivalent to the variances of

My, converging to 0 as n — oo, for any k£ € N.

1.4.2 Stieltjes transform

For the second method, we consider the Stieltjes transform (also called the Cauchy transform

) of a real probability measure pu:

Definition 1.24. Let p be a probability measure on R. Then, the Stieltjes transform
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(also called Cauchy transform) of ju is the function G, : C\ supp(u) — C given by:

z—1

Golz) = /R L. (1.39)

We list some of the well-known facts about G, in the following Proposition:

Proposition 1.25. Let G, be the Stieltjes transform of u. Then,

o G, is analytic on C\ supp(p).

Let H*(C) be the upper/lower half-planes of C. Then, G, : H* — HT. In particular,
Gu(z) € R if and only if z € R\ supp(p).

e Gu(2) = Gu(3) for = € C\ supp(n).

b |Gu(z)‘ < \Iml(z)\-
o G, is analytic on C\ supp(p).

o /i is compactly supported, G,(z) has the following Laurent series expansion for |z| >

Sup ¢ supp() ’ A | :

G.(z) = i ( /R t" du(t)) L (1.40)

n=0
Thus, for compact measures, the Stieltjes transform of a measure y contains the same

information as the moments of u.

We highlight one special fact about the Stieltjes transform. For z = a + ib, note that

1 b
I . . 1.41
T T t—ar (1.41)

Recall that the Poisson kernel on the upper half-plane is given by:

1 b

Blo)=2arp

b>0. (1.42)

21



Combining these two facts shows that
1 .
——ImG,(a+ib) = (u* P)(a). (1.43)
™
Recall that P, are approximations to the identity as b — 07, so then

1
lim ——ImG,(- +ib) = p (1.44)

b—0t T

in the vague topology on R.

By exploiting the conjugate symmetry of G, we can also write this in terms of the
discontinuity of G, across R:

L Gul i) = Gl = ib)

— 1.45
b—0+ 211 H ( )

in the vague topology on R.

Additionally, there is an explicit formula for intervals ([MS17], Theorem 6):

Proposition 1.26. For a,b € R and a < b,

b
tim [ T TmG(o + iy) de = p((a,) + gu({a}) + gu({0)). (1.46)

y—0t J,

The analogous result to the moment method is the following result about the Stieltjes

transforms ([Taol2], Exercise 2.4.10):

Proposition 1.27. Let p, be a sequence of random probability measures on R, and let p be

a deterministic probability measure. Then,

1. py, converges in expectation to p if and only if EG,, () converges to G, (z) for every z

in the upper half-plane.

2. Wy, converges in probability to p if and only if G, (z) converges in probability to G,(2)

for every z in the upper half-plane.
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3., converges almost surely to p if and only if G, (z) converges almost surely to G, (z)

for every z in the upper half-plane.

Sketch of Proof. Make the randomness of the p, explicit by letting p, : (2,P) — P(R).

For the “only if” directions, note that (z —-)~*

is not a compactly supported function
on R but is bounded uniformly by |Imz|_l. So, we need to use the appropriate quantitative
statements of tightness of the u, in each case. We state the appropriate tightness conditions

in each case:
1. For every € > 0, there exists a compact set K, such that for every n, Ep(p,(R\ K,)) < €.

2. For every €,0 > 0 there exists a compact set K. so that for all n sufficiently large,

P(un(Ke) <1—¢€) <.

3. For every m, there exists a K,, such that on a measure 1 set,

liminf, o0 pn(Kpn) > 1—1/m.

For the “if” directions, recall that for f € C.(R), f *x P, — f uniformly on R as b — 0.
Then,

1 ‘
/RfdMN/Rf*PbdM:—%/RGM(G+Zb)f(a)da7 (1.47)

and similarly for u,. Then, we apply Fubini’s theorem to change the conditions on the
pointwise convergence in z to pointwise convergence in w. Finally, we use the bound

|G(a+ib)| <b! to argue the convergence of the integrals

l/RGun(aJrib)f(a)da% %/Raﬂ(aﬂb)f(a)da. (1.48)

™

[]

We will adapt the Stieltjes transform method to complex measures in Proposition by

considering a different function.
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1.5 Free probability

In this section, we discuss the definition of free independence and its applications to random

matrices. This material is summarized from [AGZ10], [MS17], and [SLI].

Recall that in the classical probability space (X, u), two random variables x; and x9
are independent if for all integrable fi, fo : X — C, E(fi(x1)fa(z2)) = E(f(x1))E(f(x2)).
Equivalently, for all fi, fo : X — C such that E(fi(z1)) = E(fa(x2)) = 0, E(f1(z1) fo(z2)) = 0.

In a tracial von Neumann algebra (M, 7), the expectation becomes 7 and functions f(x1),
fa(z2) just become elements of the algebra generated by z; and z,. This motivates the
following definition of free independence of subalgebras in a non-commutative probability

space:

Definition 1.28. Let (A, ¢) be a non-commutative probability space, and let {A;}ier be a
family of unital subalgebras of A. {A;}icr are freely independent if for any a; € Ay
with k(j) Zk(j+1),7=1,....,n=1 and ¢(a;) =0, then

olay...,a,) =0. (1.49)

Let r, (my)1<k<, be positive integers. The sets {Xip, ..., Xp, pli<p<r 0f non-commutative

random variables are free if the algebras they generate are free.

If {A;} are freely independent and generate the algebra A, then qb‘ 4 1s determined by
)

Ay
In particular, we are interested in the case that (A, ¢) is a tracial von Neumann algebra
(M, 7). In this situation, this condition can be extended to von Neumann subalgebras A; (i.e.

s.0. closures of the A;) using the normality of 7.

In classical probability theory, one can create independent random variables by forming
the product of probability spaces. There is a similar construction in non-commutative
probability, where we may form the free product of (A;,¢;), i =1,...,k, (A,¢). (A, o)

contains embedded copies of (A;, ¢;) that are free. In particular, for tracial von Neumann
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algebras (M;, 7;), we may form a tracial von Neumann algebra (M, 7) that has embedded

copies of (M;, ;).

1.5.1 Free probability transforms

Before considering some consequences of free independence, we define some transforms of
real measures similar to the Stieltjes transform. For a Hermitian = € (M, 1), we will abuse
notation by using the subscript x to denote the integral transform with respect to the spectral

measure ji,: for example, G, means the Stieltjes transform of the spectral measure p,.

Consider the Stieltjes transform G,(z) when p is a compactly supported probability
measure on R. It is clear that

|leigloo 2Gu(z)=1. (1.50)

Since G, is analytic outside of a large disk centered at 0, then F),(2) = G,(1/2) is analytic on

a punctured disk centered at 0 and can be analytically continued to have F),(0) = 0. Then,

F,, has a simple zero at 0, and hence F), is invertible in a neighborhood of 0. This implies

that G, is invertible in a neighborhood of infinity.
Hence, we may consider the R-transform of a measure p:

Definition 1.29. Let p be a compactly supported probability measure on R. The R-

transform of  is the function
Ry(w) = G5 (w) - — (L51)

which is defined in a neighborhood of 0 in C.

Computation using F), shows that R, is analytic in a neighborhood of 0, as the 1/w is

exactly the pole of Gﬁf” at w = 0.

For non-compactly supported measures p, then fon can still be defined on wedge-shaped

domains containing 0 ([MS17], Theorem 33), but we will not need this fact.

Similar to the Stieltjes transform, we can define ,,:
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Definition 1.30. Let u be a probability measure on [0,00). Let supp(p)™ = {1/z : = €
supp(u)}. Define ¢, : C\ supp(p)~ — C by:

o) = [ o ). (1.52)

r1—1z

We list some well-known properties of v, in the following Proposition:

Proposition 1.31. Let v, be as above. Then,

e 9,(0) =0.

o 1, is analytic on C\ supp(p)=".

o (@) = $u(3) for all z € C\ supp(p)~".

o Let H*(C) be the upper/lower half-planes of C. If u({0}) < 1, then 1, : H*(C) —
H*(C). In particular, ¢, (z) € R if and only if z € R\ supp(p)~*.

o [f 11 is compactly supported, then G,(z) has the following Taylor series expansion for

2| < infresupp(u-1 Al

ulz) = i ( /R o d,u(t)) o (1.53)

n=1

We highlight the following equation, valid for z € C \ supp(u):

Gulz) = 1 (% (2) 4 1) | (154)

To consider the inverse of 1, at z = 0, note that

V(0 = /R tdu(t). (1.55)

As long as ;({0}) < 1, then 1, is invertible in a neighborhood of 0. In this situation, define

the following functions:
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Definition 1.32. Let p be a compactly supported probability measure on [0,00) such that
u({0}) < 1. Then, v, is invertible in a neighborhood of 0 in C. Define

(1.56)

Sy, is called the S-transform of p.

In particular, since x,(0) = 0 then S,, is well-defined in a neighborhood of 0.

1.5.2 Free additive and multiplicative convolution

In this section, we describe the free additive and multiplicative convolution and the free

addition/multiplication laws.

First, we define the additive/multiplicative convolution for general non-commutative

probability spaces:

Definition 1.33. Let (A, ¢) be a non-commutative probability space and a,b € A with laws
las M, Tespectively. If a and b are freely independent, then the free additive convolution
of a and b is the law of a + b, denoted j, B pp. The free multiplicative convolution of a

and b is the law of ab, denoted g, X .

We are interested in the situation where (A, ¢) = (M, 7) and when z,y € (M, ) are
Hermitian. In this case the laws of x and y are the spectral measures fi,, y1, € P(R). Then,

e B 1y, is the spectral measure of x 4+ y when x and y are free.

Note that for x and y Hermitian, xy is not generally Hermitian. For the free mul-
tiplicative convolution consider x,y € (M, 7) that are both positive operators (so then
fes ity € P([0,00))). Then, the law of zy can be identified with the law of x1/?yx1/2, which is
Hermitian. Hence p, X p, is the spectral measure of x1/2yx/2, which is also a measure on
[0, 00).

Then, the free additive (resp. multiplicative) convolution satisfies the following addition
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(resp. multiplication) laws:

Theorem 1.34. Let x,y € (M, 1) be Hermitian and freely independent. Where the functions
are defined,
Ragy(2) = Ry, (2) + Ry, (2) (1.57)

If x,y are positive, then where the functions are defined,
Sary(2) = Su, (2)S,, (2) . (1.58)

1.5.3 Asymptotic freeness

The connection between random matrices and free probability is that the empirical spectral
distributions of several standard random matrix models become asymptotically free. First,

we define what it means for non-commutative random variables to be asymptotically free:

Definition 1.35. A sequence of non-commutative random variables ({al}ics)nen in non-
commutative probability spaces (A, ¢y) is asymptotically free if it converges in law to some
non-commutative random variables {a;}ic; in a non-commutative probability space (A, ¢),
where {a;}ies are free. A collection of subalgebras {Al'}ics C A, is asymptotically free if for

every af € A, ({a}}ics)nen is asymptotically free.

Specifically, we will consider (A,,¢,) to be (M, (L>*(X,u)),E,[+tr]). In analogy to
convergence in probability and convergence almost surely, we would like to define what it

means to be asymptotically free in probability and almost surely asymptotically free:

Definition 1.36. Let ({X}ics)nen be a sequence of random matrices in

(Mo (L=(X, 1)), Eu[2tr]). Then, ({X}ics)nen is almost surely asymptotically free (resp.
asymptotically free in probability) if there exists freely independent non-commutative
random variables {a;};c; in some non-commutative probability space (A, p), where for every

non-commutative polynomial P € C(X;, X[ :i € J),

L P((XT, (X0 Yies) = S(P({a 0 Yie) (1.50)
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almost surely (resp. in probability).

A collection of subalgebras {A?}icy C M, (L®(X, 1)) is almost surely asymptotically free
(resp. asymptotically free in probability) if for every X" € AT, ({al}ics)nen s almost surely

asymptotically free (resp. asymptotically free in probability).

One example of asymptotic freeness of a certain random matrix model that will be relevant

later on is the following (JAGZ10], Theorem 5.4.10):

Theorem 1.37. Let {D}}1<i<, be deterministic Hermitian matrices in

(M, (C), 2tr) with uniformly bounded eigenvalues whose law converges to the law of {D;}1<i<p
in a non-commutative probability space (A, ¢). Let {U}1<i<, be independent random unitary
matrices, distributed by the Haar measure, independent from {D}}1<i<p. Then, the x-
subalgebras %" generated by the matrices U]* and the subalgebra 2™ generated by {D} }1<i<p
are asymptotically free (resp. almost surely asymptotically free). The limit law of {U, (U)*}
is {U,U*}, where T((UU* — 1)?) =0, 7(U") = 7((U*)") = do(n).
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CHAPTER 2

Outline of results

In this chapter, we describe the central problem of the thesis and outline the remaining

sections.

We consider operators of the form X = p + iq, where p,q € (M, 7) are Hermitian, freely

independent, and their spectral measures are atomic, i.e.

ty = @104, + - -+ + ardq
: ‘ (2.1)

g = bléﬁl +"'+b15517

where «;, 85 € R, a;,b; > 0, and a1 +---+a, =0y +--- by = 1.

When the «; are distinct and a; > 0, we say that p has k atoms. Similarly, when the j;
are distinct and b; > 0, we say that q has [ atoms. When p and ¢ are not constants, then

X = p+iq is not normal. We deduce this in Corollary [4.16}
There is a corresponding random matrix model X,,. To define X,,, first define the following:
e Let #,, denote the Haar measure on the unitary group U(n) C M, (C).
e Let {U,,V,} be a sequence of independent, H,,-distributed matrices.
e Let P/, Q) € M,(C) be deterministic, Hermitian, and

ppr = (al)n5(0q)n + -+ (ak)né(ak)n

1, = (b1)nd(sy), +++ + (b)nd(a)), »

(2.2)

where (a;)n, (B;)n € R, (@i)n, (b;)n > 0, and (a1)y + -+ -+ (ax)n = (b1)n + -+ (b)), = 1.
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Let
P, =U,PU:

Qn =V, QL V.".

(2.3)

Thus, P,,Q, € M,(C) are independently Haar-rotated Hermitian matrices with the same

distributions as P}, ()!,. Note that up, and g, are deterministic probability measures on R.

We define our random matrix model X,, € M,,(C) as:

X, =P, +1Q,. (2.4)

We summarize the definition of X, by the following:

Definition 2.1. The random matriz model X,, = P, + iQ,,, where P,,Q, € M,(C) are

independently Haar-rotated Hermitian matrices with spectral measures

Hpe, = (al>n5 a1)n + -+ (a'k:)né ar)n
(e1) (o) (2.5)

IuQn = (bl)né(ﬁl)n + U + (bl)né(ﬂl)n ’
where (ai)n7 (6])71 € Rz (ai)na (bj)n Z 0; and (al)n + -+ (ak)n - (bl)n + - (bl)n =1.

When P,, ), are not constant, then X,, = P, + i(@),, is normal with probability 0. This is

proven in Proposition [5.2

We give examples of some Mathematica plots of the empirical spectral distributions of

the X, for different p,, 11, and some deterministic U, V,,:
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Figure 2.1: ESD of X,, = P, +1Q),
pp, = (2/5)do + (3/5)01
1q, = (1/5)d0 + (4/5)d:
n = 1000
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Figure 2.2: ESD of X,, = P, +1iQ),
i, = (1/4)_1 + (1/5)d + (11/20)6,
o, = (1/2)3 + (1/2)3,

n = 10000
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Figure 2.3: ESD of X,, = P, +1iQ),
i, = (1/4)_1 + (1/5)d + (11/20)6,
po, = (1/2)0_1 + (1/4)dp + (1/4)01
n = 10000

We are interested in understanding the Brown measure of the X = p + iq and its
relationship with the empirical spectral distributions of the X,,. We will formally define
the Brown measure in the next chapter. For this outline, it suffices to know that for any
X € (M, 1), the Brown measure of X is a complex probability measure that is supported on
o(X). The Brown measure of X agrees with the spectral measure of X when X is normal

and with the empirical spectral distribution of X if X = X, is a random matrix.

The Brown measure was first introduced in [Bro86]. The first interesting explicit compu-
tations for the Brown measure of non-trivial operators were provided in [HLOO]. This class of
operators is called “R-diagonal operators” and includes Voiculescu’s circular operator. The
circular law in [TV10] and the single ring theorem in [GKZ11] showed that the limit of the
ESDs of these random matrix models is the Brown measure of the natural limit operator

from free probability.

In general, the limit of the ESDs of random matrices is not the Brown measure of the

limit operator (see (Chapter 11, Exercise 5 in [MS17]) for a simple example where this does
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not hold). But, in [Sn02| it was shown that any random matrix model X,, that converges in
law to = can be perturbed in such a way where the new random matrix model still converges
in law to x and the new ESDs converge to the Brown measure of X. Thus, we expect that in

most cases, the Brown measure is the limit of the ESDs.

The explicit computation of the Brown measure of different families of operators arising
from free probability is an active area of research. These computations are interesting in
their own right, as they are difficult and the resulting measures are often complicated but
have interesting properties (ex. the Brown measure of the R-diagonal operators from [HLOO]
are supported on a single ring and are rotationally symmetric). More importantly, they
provide the candidate limits for the ESDs of these random matrix models, although there have
been relatively few results on the convergence of the ESDs to these Brown measures besides
deductions from the single ring theorem and the circular law (for a recent generalization
of the single ring theorem, see [HZ23bh]). Finally, the motivation for the computation of
the Brown measure has led to the development of new techniques in operator-valued free
probability (see [BSS18], [BMS17] ) and an application of stochastic PDEs to free probability
(see [Hal21]).

The operators we consider are distinctly different from other examples where the Brown
measure has been explicitly computed, as they are made from purely atomic operators. Other
operators considered in the past have been created from other operators (from products or
non-Hermitian sums) where at least one has Brown measure that is atomless (ex. circular

operator, semicircular operator, Haar unitary).

For our operators X = p + iq, when either p or ¢ is constant (i.e. real) then X is normal
so that the Brown measure of X is just the spectral measure of X. When p and ¢ have 2
atoms, we can explicitly compute the Brown measure of X. In this case, the Brown measure
of X is supported on hyperbolas. These seem to be one of few explicit computations of the
Brown measure that have 1-dimensional support (besides Hermitian/normal operators and
Haar unitaries). We also determine some interesting properties, such as the exact support of

the Brown measure on the hyperbolas and the weights/positions of the atoms.

34



Consider our random matrix model X,, when P, converges in law to p and @), converges
in law to q. Then, p and ¢ have finitely many atoms. Making p and ¢ freely independent, then
X = p+1q is one of the operators we consider. From the asymptotic freeness of independent
Haar unitaries from Hermitian matrices (Theorem [1.37), the law of X,, converges to the law
of X. From the previous discussion, we expect that the empirical spectral distribution of
X,, converges to the Brown measure of X. We can prove this when P, and @),, each have at
most 2 atoms, using the geometry of the support of the Brown measures. This provides one
of the relatively few non-trivial examples where the convergence of the ESDs to the Brown

measure can be proven.

In the general case of many atoms, we use a technique from the physics literature using a
quaternionic analogue of the Stieltjes transform. By a simple change of coordinates, we can
relate this Quaternionic Green’s function from the physics literature to the operator-valued
Cauchy transform in the mathematics literature, which has been used in analyzing the Brown

measure (see [BSS1§|, [BMSI17]).

The benefit of using the Quaternionic Green’s function is the algebraic structure of
the domain and range being quaternions, which allows for explicit computations with the
representation of quaternions as a subalgebra of complex 2 x 2 matrices. In particular, for
X = p+iq, where p,q € (M, 1) are Hermitian and freely independent, there are formulas for

the Quaternionic Green’s function in terms of the (complex) Stieltjes transforms of p and q.

In the physics literature, the use of the Quaternionic Green’s function is oftentimes not
mathematically rigorous but is useful as a guiding heuristic. In this area, formal arguments
from the physics literature often are eventually made mathematically rigorous (ex. the limit
of the Ginibre ensemble introduced in [Gin65] was made rigorous in [Meh67] and the single
ring theorem introduced in [FZ97a] was made rigorous in [GKZI1]). In our situation, there
are heuristics for how to determine the boundary of the Brown measure and the support of
the Brown measure for X = p+ iq, where p,q € (M, 1) are Hermitian and freely independent.
In [JNO4], the authors showed that the heuristic produces the correct results for several

examples, including the circular operator.
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We will verify these heuristics in the case when p and ¢ have 2 atoms. In the general case
when p and ¢ have finitely many atoms, we will show that the heuristic about the boundary
of the Brown measure implies that the boundary of the Brown measure is an algebraic curve
and provide an algorithm to compute a non-zero polynomial that defines the algebraic curve.
The implications of these heuristics are not surprising: in other examples where the Brown
measure has been computed, the support of the Brown measure is on a set defined by an
inequality involving the trace of some relevant quantity (see [HLOO], [Zho22], [BYZ24] for
some examples). In our situation, the Stieltjes transforms of p and ¢ are rational functions, so
it is not surprising that the support and the boundary of the Brown measure are determined
by algebraic functions. We conclude with a discussion of the atoms of the Brown measure of

X and their relation to the Quaternionic Green’s function using the analysis from [BSS1§].

Several classes of operators that have been previously considered in the literature are of
the form X = p + iq, where p,q € (M, 7) are Hermitian and freely independent (for example,
[BLOT], [Ho22|, [HZ23al). We would be interested in seeing if the explicit computations using
the Quaternionic Green’s function can recover the Brown measure in these situations, or at
least the boundary/support of the Brown measure. In [HH22], the authors verified that these
heuristics recovered the boundary and support of the Brown measure for the operators they
considered. In particular, we have discussed the heuristic about the support of the Brown

measure with another author, and it is an open problem to determine if this heuristic always

holds.

We briefly mention that there is another method that has been recently developed for
analyzing the Brown measure of non-Hermitian operators X € (M, 1) that come from free
probability (see [Hal21] for an introduction to the technique). It involves introducing a time
parameter in the operator X = X; and letting X; be a free Brownian motion with an initial
condition. Then, f, from (3.38) now also depends on ¢. If one can derive a stochastic partial
differential equation involving f;(z) and understand the solutions of this equation as e — 0,
then by taking Laplacians, one can understand the Brown measure of X;. We were unable to

apply this method, as we could not find a stochastic PDE for a suitable X; for our situation.
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We give an outline of the remaining chapters of the thesis:

e Chapter |3t We define the Brown measure of X and prove some basic properties.
e Chapter [df We compute the Brown measure of X = p 4 ig when p and ¢ have 2 atoms.

e Chapter of We provide some facts about the random matrices X,, and their empirical

spectral distributions.

e Chapter[6f We show that when p and ¢ have 2 atoms, the empirical spectral distribution

of X,, converges to the Brown measure of X.

e Chapter [l} We describe the quaternionic method of computing the Brown measure and
provide the heuristics in determining the boundary and support of the Brown measure

for X = p+iq, where p,q € (M, 1) are Hermitian and freely independent.

e Chapter[8} We compute the relevant functions for the quaternionic method for X = p+iq

when p and ¢ have 2 atoms.

e Chapter [0} We consider the heuristic in determining the boundary of the Brown measure
of X = p+ iq, where p,q € (M, 1) are Hermitian and freely independent. First, we
verify the heuristic when p and ¢ have 2 atoms. Then, we show that the heuristic
implies the boundary of the Brown measure lies on algebraic curves and explicitly

provide an algorithm to compute a non-zero polynomial defining the curve.

e Chapter [I0} We consider the heuristic in determining the support of the Brown measure
of X = p+iq, where p,q € (M, 1) are Hermitian and freely independent. We verify the

heuristic holds when p and ¢ have 2 atoms with equal weights.

e Chapter [IT} We discuss the atoms of the Brown measure in the context of the quater-

nionic Green’s function and earlier results.
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CHAPTER 3

The Brown measure

In this chapter, we define the Brown measure and review some properties about it. Much of

this material is taken from [MS17], [Taol2], [HS07].

First, we need to define a generalization of the determinant for tracial von Neumann

algebras.

3.1 The Fuglede-Kadison determinant

In [FK52], Fuglede and Kadison defined a positive, normalized determinant for elements
in a general tracial von Neumann algebra (M, 7). It is referred to as the Fuglede-Kadison
determinant. We motivate this definition by first considering (deterministic) matrices X,, €
M, (C).

We wish to define the determinant of a matrix X, in terms of the trace, as the analogue of
this is available in a tracial von Neumann algebra. As the trace is the sum of the eigenvalues
while the determinant is the product of the eigenvalues, it is natural to consider the logarithm

and exponential of a matrix.

Recall for a positive invertible matrix X,, € M, (C), log X,, is well-defined. When X, is
diagonal with entries Ay, ..., \,, log X, is diagonal with entries log A, ... ,log \,,. In general,
it X,, =V,D,V for a unitary V,, and diagonal D,,, then log X,, = V,,log D,,V*. Note that

the existence of log X, also follows from the continuous functional calculus.
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For positive matrices X,,,
tr(log X,,) = log(det X,,) . (3.1)

To generalize this formula, we will need to use the functional calculus to make sense of
log X,,. The easiest situation would be if X, is positive, as then log x is well-defined on the
spectrum of X,,. Then, our determinant will only be a positive determinant (defined on

positive elements and taking positive values).

In the case of matrices, for a general matrix X,,, we can consider the positive matrix

|X,| = (X?X,,)"2. When X,, is invertible,
trlog(|X,|) = trlog((X:X,)"?) = log(det(XX,,)"/?) = log |det X,,| . (3.2)

The formula still holds when X, is not invertible, as both sides are —oo.

Recall the analogous trace to the tracial von Neumann algebra is the normalized trace

%tr. Thus, we can recover the normalized positive determinant:

exp (%trlog(|Xn|)> — |det(X,)[/" (3.3)

Note that this normalized determinant has the advantage that it scales linearly when X,
is multiplied by a constant. This is necessary in the general situation as the von Neumann

algebra is normalized to have “dimension” (i.e. trace) 1.

On a general tracial von Neumann algebra (M, 1), we define the Fuglede-Kadison deter-

minant in the analogous way:

Definition 3.1. Let x € (M, 7). Let puy be the spectral measure of |x| = (z*x)'/?. Then, the

Fuglede-Kadison determinant of v, A(x), is given by:

Az) = exp { /0 T logt d,u|x|(t)} . (3.4)
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We make a few notes about the definition:
o When o = X, € (M,(C), 1tr), then A(z) = |det(X,)["/".

e When z is invertible (with bounded inverse), then o(|z|) C [¢, 00) for some ¢ > 0, so

then A(x) is finite and non-zero.

e When z not invertible, since z is bounded, then log™ ¢ is always integrable. Thus, the
integral of logt makes sense, even if it could be infinite. To compute the integral in
practice, we can consider f(t) = log(t + €) for € > 0. The f. are continuous on [0, c0)

and decrease to log(t), so

o0

lim T(log(|z| +€)) = lim i log(t + €) dpyq(t) = /000 log t dyuja(t) - (3.5)

e—0 e—0T

We could also choose gc(t) = Xie,o0) 10g(%), but these do not have the differentiability
properties of the f. that we will need later.

e In practice, it is easier to work with \x!Q = z*x instead of its square root. Observe that

[y 2 1s just the pushforward measure of i, under 2, since for continuous f on [0, co),

/Ooof(tz)dmx(t) F(le?) / F(t) dpao(t) (3.6)

Note that we have used that the functional calculus respects composition of functions.

Then, x with bounded inverse we immediately obtain the formula:

o 1 o0
/ log tdj 1) = / log  dp (1) (3.7)
0 0

In the general case, we consider the f. as before and let ¢ — 0" to obtain the same
formula.
In [FK52], several properties of this determinant are proved. We list some of them here:

Proposition 3.2. Let x € (M, 1) and let A(x) be the Fuglede-Kadison determinant of x.

Call x regular if it has bounded inverse in M. Then, the determinant satisfies the following:
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o A(x) < |o(x)] and ||z7Y|7" < A=) for regular .

o ANz) = [N A(z) for A # 0.

o A(z*) = A(z) = Alz*z)'2.

o Alzy) = A@)A(y) for regular ., y.

o A(z) = A(2)~ for regular .

o Alzx) > Ay) ifz >y >0

o limsup A(z,) < A(z) when 2, converges to z uniformly.

n—o0

o lim A(x,) = A(z) if v, > x>0 and z,, converges to x uniformly.
n—oo

3.2 Construction of the Brown measure

In this subsection, we motivate and define the Brown measure of an operator x € (M, 7).

For motivation, we again consider X,, € (M,(C),=tr). Let Ay,...,\, € C be the

eigenvalues of X,,. Recall that the empirical spectral distribution of X, is

1 n
—— E 0. . 3.8
Hx, n — i ( )

To recover this from A(X,), consider for z € C, the following equalities:
1 1
log A(z — X)) = —trlog(|z — X,|) = log |det(z — Zlog |z — N\ . (3.9)
n
Recall that as distributions on D(C),

1
—V?log| — Al = 6,. (3.10)
2m
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Then, we recover uy, by:

1
px, = %V2 log A(z — X,,) . (3.11)

Note that we recovered the empirical spectral distribution of X,, with only the computation
of the positive determinant of |z — X,,|. The key reason why this worked is that the absolute

value of the product of the eigenvalues of X, is equal to the product of the singular values of

X

In a general von Neumann algebra, we will construct the Brown measure of z € (M, 1)
with the same formula,

1 2
= —V2og Az — ). 12
He = 5 -V 1og Az — ) (3.12)

We need to check that this construction defines a probability measure. For this, consider

fe(2) : C — R for € > 0, given by:

£(2) = %T llog((z — 2)*(2 — ) + €)] . (3.13)
Note that
) = 5 [ ToBte + ) duema1) (3.14)

so then for every z € C, as € — 07, f.(z) decreases to log A(z — x).

We claim that f.(z) is subharmonic on C for every € > 0. We first observe the following

Lemma:

Lemma 3.3. Let x € (M, 7) and z € C. Define x, = z — x. Then, for everyn € N,

0

5.7 ()" = nr [(aZa)" 7]
) | | (3.15)
%T (@Ze:)"al) = 37 [(waal)" (ale.)']
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Proof. For h € C, observe the following equalities:

LToyth — Tz = h
at ., —at = h* (3.16)
* * * *
Ty Woqn — X0, = h' Ty + 220,

For the first derivative, note that for n = 0 the result is trivial. For n > 1, rewrite the

difference quotient:

n—1

(@ pasn)” = (al22) = Y (whw)’ 2l arn — 2hs] (@D 2am)" " (3.17)
=0

By using the formula for 27, , 2., — 272, for each derivative and using the cyclic property of

7, we see that

0 " :”—1T V(g 4 ) (2 Y
o7 [(@1w.)"] 3 [(2.) (s 4 27) (F)" Y] -
=n7 [(32.)" (2. + 27)]
) latay] = 3 [ e+ 2 e
o = (3.19)

=n1 [(2i2.)" " (—2, + 27)] .
Averaging these two quantities gives the first derivative.

For the second derivative, the formula for n = 0 follows from x7_, — 27 = h*. For n > 1,

rewrite the difference quotient:
* n,.x * *
(xz—l—h'CEZJrh) Toyn — (.I'ZIBZ).’L’Z

=0

n—1
= (Z(xil‘z)z [$z+hxz+h - x:xZ] (xz+h$z+h)ni1x2+h> + (3.20)

(@722)" (274 — 22)-
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By using the formula for x7_, 2., — 27z, for each derivative, we see that

a * n_ .k
oo (@) ]

z

z

n—1 ' . (3.21)
<Z T [(xzxz)z(xz + xi)(xixﬁ”‘”%*]) + 7 [(2z,)"] .

z

— (3.22)

Taking half of the difference between these two and using the cyclic property of 7,

(3.23)
= T [(szDnﬂ(xzxZH
i=0
O
Proposition 3.4. Define v, =z —x. Fore >0, let f. : C — R where
1 *
fe(z) = 57’ log(ziz, + €)]. (3.24)
Then,
0 1
—f(2) = =7 [(x’z‘xz + 6)_1]};}
82 € * —1 * —1 ( .
%fe(Z) = 57’ [(SL’ZLUZ + E) (.’L’ZI‘Z + 6) ] .

Thus, f.(z) is subharmonic on C.

Proof. We first verify the equations for |e| > ||zz.||, Re(e) > 0. In this case, letting log be
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the principal branch of the logarithm defined on C\ (—o0, 0],

log(xix, + €) = log(e) + log (1 + %> : (3.26)
€

Then, the following power series representation is absolutely convergent:

log (1 + x%) - i <_1T)Ln_1 (xzjzy. (3.27)

n=1

Thus, we may take the trace of both sides:

T {log (1 + )} - ni; (_12;_1 . KxffZ)n]. (3.28)

A standard result in the interchange of sum and derivative ([Rud76], Theorem 7.17) shows

*
LT
€

that the term-by-term derivative on the right-hand side is valid if the resulting sum is locally

uniformly convergent. Thus, from Lemma [3.3]

8 fogtate. + ) = 3 T [ty )
n o (3.29)
=Y C e

Observe that the following power series formula is valid:

€

e(ziz, +6) ' = i(—n” (g;x)” (3.30)

n=0

Recognizing this expression in the derivative, we see that

2fe(z) = %%T log(ziz, + €)] = %7’ [(zfz. +€)at]. (3.31)

To compute the second derivative, we differentiate both sides of (3.29) term-by-term using

Lemma Again, the term-by-term differentiation of the sum is valid because the resulting
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sum is locally uniformly convergent:

82;,2 [log (> + €)] Z 6n+1n (Z [(zaa)"™™ l(@%ﬂ) : (3.32)

n=0 =0

Observe that the following power series formula is valid:

1=0

E(z.at+e) Hate, +e)7 ! = Z (_Ei)n (Z(xzx ) Z(mZmz)Z> . (3.33)

Recognizing this expression in the derivative, we see that

02 1 92
a—azfe() 20702

7 [log(zix, + €)] = %7’ [(:L‘sz + ) Hatx, + e)_l] . (3.34)

To extend these formulas for all Re(e) > 0, we use analyticity of both sides of these equations
for Re(e) > 0. As an example, consider the argument for 2 f.(2): Fix z = z + iy. For

Re(e) > 0 and |e| sufficiently large, the following formula holds:

0
fe(z) = fs(Zy) + _fe(z) dt
/0 0r™ " actiiy (3.35)

= fe(iy) - /0 % T [(szz + 6)_1(% + xf’,j)] |z:t+iy dt.

From the power series representations of log and (A + -)~!, the both sides of this equation
are analytic for Re(e€) > 0. Since this identity holds for |e| > ||zfx,||, the the identity holds
for all Re(e) > 0. To show that f. is subharmonic,

0?

3_82f6( z) =2e7 [(v.a} +€)  (akz. +€)7'] >0. (3.36)

V2if(z) =

This last quantity is non-negative, being the trace of a product of 2 positive operators. As

this expression is continuous in z, f. is subharmonic. O

We return to showing that p, = 5-V?log A(z — z) defines a positive measure. As

fe(2) decreases to log A(z — z) and the f.(z) are subharmonic, then log A(z — z) is either
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subharmonic or —oo. But, for |z| > ||z||, logA(z — x) > —o0, so then log A(z — z) is

subharmonic.

In particular, log A(z — x) € L} (C), and since f.(z) decrease to log A(z — x), then f(z)

loc

converges to log A(z — x) in Li_

(C). Hence, as distributions, f.(z) converges to log A(z — x).
This implies that V2f.(z) converges to V?1log A(z — ). As V?f.(z) are positive distributions,
then so is V2log A(z — x). This implies that ;-=V?log A(z — ) is a positive measure, as

desired. Thus, we may define the Brown measure as follows:
Definition 3.5. Let « € (M, 7). Then, the Brown measure of x is defined as:

1
V1og Az — ). (3.37)
™

Mz:2_

Using the f., the Brown measure can be computed as the distributional limit:

fy = lim iV2fﬁ(z) = lim <1 (.2} +€) Hata. +€)7]. (3.38)

e—0+ 27 e—0t T

3.3 Properties of the Brown measure
First, we consider some examples of the Brown measure:

e When X, € M, (C), then uy, is the empirical spectral distribution of X,. Thus, the
notation for Brown measure is consistent with the previous notation for empirical

spectral distributions. When X, is random, the same is true.

e When z € (M, 1) is Hermitian, let u be the spectral measure of z. Then,

Fi2) = grlog((: =)' (- =)+ O] = 5 [ lo(lz =t + O du(t). (339
Since f.(z) decreases to log A(z — z), then
log Az — z) — /Rlog = —t] dp(t). (3.40)

47



Taking the Laplacian of the right-hand side with respect to z shows that the Brown
measure of x is equal to the spectral measure of x. The same argument holds when z is
normal. Thus, the notation for Brown measure is consistent with the previous notation

for spectral measures.

e When f € (L®(X, pu),du), then

2) = grlog((: = )" (: = )+ = 5 [ Toa(lz = F@PF + O dula), (341

so then

logA(z —z) = / log|z — f(z)| du(z) = / log |z — w]| dfi.(p)(w). (3.42)
X C
Hence, the Brown measure of f is the pushforward measure f.(u).

At this point, we know that the Brown measure is a positive measure, but it still needs
to be verified that the Brown measure is a probability measure. It also turns out that the

Brown measure is supported on o(X), just like the spectral measure of a normal operator.

First, we highlight the following Lemma:

Lemma 3.6. Let x € (M,7) and z € C. Fore >0, let f.: C — [—00,00) where

£(2) = %T log((= — 2)* (= — 2) + )] . (3.43)

Suppose that z ¢ o(x). Then, as € — 0T, we have the following convergences locally

uniformly:

0 1

—fe(z —7[(z =) !

a§2 G = grle-o] (3.44)
57951 = 0.

Thus, for z & o(x),
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0 1
—log Az —x2)= =7 [(z —2)7!
32 s =) =3[ =) .

5205 logA(z —z)=0.

Proof. Define x, = z — x. For the convergence of the first derivative, using the formula in

Proposition [3.4]

0 1 .
afe(z) — 57 [(z — ) }
— (7 |(xlx, +€)al| — 7 |z,
= 5 (r[(ae.+ 97'a2) — 7 [271))
% (3.46)
5(7‘[ (2. + ) 'atw,] — 7 [27 (2l + €) T (2lx. + €)])
= —g 7o (@l + €)1 .
To bound the absolute value of the final expression, note that for any € > 0,
7 o @+ 7| < e | @es + 7| < o2 [ aZe) 7 (3.47)

This last expression is locally bounded, so then the convergence in the first derivative is
locally uniform for z € o(x). The formula for the first derivative follows from a standard

result about the interchange of the limit and derivative ([Rud76], Theorem 7.17).

For the second derivative, from the formula in Proposition [3.4]

82

E * —1 * —1
555 T [(xzacz +e) (2ix, +¢) } ) (3.48)

fE(Z) = 2

To bound this in absolute value, consider the following inequalities:

17 [(aaf 4+ ) (@im. + o) 7| < |[(@oxl + o) 7| || (aha. + )7 (3.49)
< |Gl Gezea) 7]
This final quantity is locally bounded, so then the convergence in the second derivative is

locally uniform for z ¢ o(z). The formula follows again from the result about the interchange
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of the limit and derivative. O]

Now, we will show that pu, is a compactly supported probability measure and p, recovers

the moments of z.

Proposition 3.7. Let x € (M, 7). Let p, be the Brown measure of x. Then, supp(u,) C o(x).
Let U be a neighborhood of o(x). If f: U — C is an analytic function, then

r(f(x)) = /Q‘f(Z)dum(Z). (3.50)

In particular, for alln € N,

@) = [ )

(3.51)
dwmzéfwm>

and [, 1S a probability measure.

Proof. From Lemma when z & o(z), then p, = %V2 log A(z—x) is zero in a neighborhood

of z. Hence, supp(u,) C o(z).

Choose a compact set K such that the interior of K contains o(z) and K C U and K
has piecewise smooth boundary. Choose g € C.(C) so that ¢g(z) = f(z) on K.
Then,
[ 1@ e = [aG ) = tim 5= [ 69, (3.52)

From Lemma , on supp(f) \ K, V2f.(z) — 0 uniformly as ¢ — 0". Hence,

lim i/(Cg(z)v2j;(z) dz = lim i/Kg(z) V2f(z)dz

e—0t+ 27

— lim i/Kf(z) V2f(2)dz.

e—0t+ 27

(3.53)

20



Recall that V2 =

a% (z) = 0. Thus,

2

/f )V21.(2) dz—;/}(f(z a_az (=) dz
2
=

.54
/ 2 9 (3.54)
= fe(z :
From Green’s theorem,
2 0 0 1 o)
;L£(m@jvﬁw—gmngu@m. (359
From Lemma E ) = 37[(z — )] uniformly on dDpg, so putting all of these steps
together,
L a1
/f ) dpiy (2 =5 f(z) Tl(z —x) | dz. (3.56)

From the analytic functional calculus,

L. ng f(2)(z—2)tdz| = 7(f()). (3.57)

271

L ﬂ@ﬂu—xrww:T[

2m Jox

The moment formula follows from considering f(z) = z". The *-moment formula follows
from conjugating the moment formula. The fact that u, is a probability measure follows

from considering the 0-th moment. O

Note that the fact that the Brown measure recovers the moments of x generalizes the fact

for empirical spectral distributions of (random) matrices.

Now, we consider the function: L : C — C given by:

I(z) = /C log | — w| dpia(w). (3.58)

Since 41, is a compactly supported probability measure, L € Li (C). This follows from the

fact that log |- — w| € Li.(C) uniformly for w in a compact set. Thus, L is a well-defined
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distribution and since 5-V?log|- — w| = d,, then

1,
— 59
VL(2) = iy (3.59)

so that on C,
V2(log A(z — x) — L(2)) = 0. (3.60)

From Weyl’s lemma, this implies that

log A(z —x) = L(2) +u(z) = /Clog |z — w| dug(w) +u(z). (3.61)

for some harmonic function u : C — R. Note that this is exactly the factorization in the

Riesz representation theorem for subharmonic functions.
Now, we proceed to show that u(z) = 0 so that log A(z — z) = L(2).

We need the following general lemma about subharmonic functions ([HS07], Lemma 2.10):

Lemma 3.8. Let g : C — [—00,00) be a subharmonic function. For r > 0, define:

1 2m )
mig.r) = 5= [ atre)as

(3.62)
M(g,r) = |51|1_p g(z).
Then,
g(0) = limm(g,r) = lim M (g,7). (3.63)
r—0 r—0

Proof. Clearly m(g,r) < M(g,r). Since g is subharmonic, g(0) < m(g,r). Hence, for r > 0,

9(0) <m(g,r) < M(g,7). (3.64)

Since upper semicontinuous functions attain their maxima on compact sets, M(g,r) = g(z,)
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for some z, € C where |z,.| = r. Since g is upper semicontinuous, then

lim sup M (g, r) = limsup g(z,) < g(0). (3.65)
r—0 r—0
The result follows by considering lim sup, _,, and liminf, o of m(g,r) and M(g,r). H

Next, we analyze log A(z — x) and L(z) in a neighborhood of oo:

Lemma 3.9. Let x € (M, 1) and p, be the Brown measure of . Define g,h : C — [—00, 00)

by:
g(z) =log A(1 — z2)
(3.66)
h(z) = / log |1 — zw| dpg(w) .
C
Then, g and h are subharmonic on C and
1
logA(z —z) =log|z|+ g (;)
(3.67)

L(z) =log|z| + h G) :

Proof. Note that it suffices to prove the result for g(z) since h(z) is just the specific case
where (M, 1) = (L*(C, ), dp,) with the random variable f(w) = w.

Recall that for e > 0, f. : C — R given by

fule) = 37 llog((= = 2)* (= = ) + )] (3.68)
is subharmonic. Define
9u(2) = %T log((1 — z2)*(1 — z2) + € |2]*)] . (3.69)
Then, for z # 0,
) = tog + 0. (1) (5.70)

Since log |z| is harmonic on C\ {0}, then g.(1/2) is subharmonic on C\ {0}, i.e. V2g.(1/2) > 0.
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By changing variables in the Laplacian in polar coordinates, we conclude that V2g.(z) > 0,

so that g.(z) is subharmonic. Finally, g.(z) decreases to g(z) so that g(z) is subharmonic. [

By taking |z| — oo and using Lemmas and [3.9] we see that L(z),log A(z — z) =
O(log z]).

Hence, u(z) = log A(z —x) — L(z) = O(log |z|). Now, we observe that a harmonic function

with this growth condition is constant:

Lemma 3.10. Suppose that u : C — R is harmonic and u(z) < allog|z|| + b for some

a,b> 0. Then, u 1s constant.

Proof. By considering o = “T_b, we may assume that u(z) < |log|z||. Let f be the entire

function where Ref(z) = u(z). Then, for g(z) = exp(f(z)),

|9(2)| = exp(Ref(=)) = exp(u(z)) < exp([log|2][) = max(|2], |2| ). (3.71)

For |z| > 1, |g(2)| < |z|, so g(z) is a linear polynomial. But, ¢g(z) does not have a zero, so

g(z) must be constant. This implies that f(z) is constant, and hence u(z) is constant. [

Thus, it suffices to show that this constant is 0. We do that in the following Proposition:

Proposition 3.11. Let x € (M, 1) and p, be the Brown measure of x. Then, for z € C,

log A(z — ) = / log |z — w| du,(w). (3.72)
C
The Brown measure i, is the unique complex measure to satisfy this equation.

Proof. Let u: C — R be given by u(z) = log A(z — x) — L(z). Thus far we have shown that
u(z) = c for some ¢ € R. From Lemma [3.8]

u(z) = log Az — 2) — L(2) = g G) _h (1> | (3.73)

z
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Using the notation of Lemma (3.8

c=m(u,r) =m(g,1/r) —m(h,1/r). (3.74)

Taking r — oo and applying Lemma |3.8

lim m(g,1/r) = g(0) =0

e (3.75)
lim m(h,1/r) = h(0) =0.
r—00
Hence, ¢ = 0.
Uniqueness follows from taking Laplacians of both sides. O

As a corollary, we obtain a result about the pushforward of the Brown measure under

polynomials:

Corollary 3.12. Let v € (M, 7) and consider a polynomial p(z). Then, the Brown measure

of p(x) is the pushforward of the Brown measure of x under p, i.e.

Hp(z) = Px (,U:c) : (3'76)

Proof. From Proposition [3.11}] it suffices to show that for all z € C,

log A(z —z) = /clog |z — p(w)| dpg(w). (3.77)
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Let z — p(w) = ¢[ ], (ri — w). Then, the following equalities verify the identity:

/Clog\z—p(w)\ dpto(w) /1og CH
— log|e| + Z / log | — w] dp(w)

= log A(c Z log A(r

)| dpiz(w)

(3.78)
= log (A(c) HA(ri - x))
=log A (cH(m - w))
=log A(z — p(w)).
O

For the final result in this chapter, we will deduce that the Brown measure of the
operators we consider, X = p + iq from (22.1)), is contained in the convex hull of the points

{ai +ip; 11 <i<k,1<j<I} ie. the rectangle:
R={z=2x+iy:x € [mino;, maxa;],y € [min 3;, max, 4]} . (3.79)

This follows from the following general Proposition:

Proposition 3.13. Let z € (M, 1), where x = p + iq for p,q Hermitian. Let I,J C R be
closed intervals such that o(p) C I and o(q) C J. Let R={2=x+1iy:x € I,y € J}. Then,

o(x) C R. Thus, the Brown measure of x is supported on R.

Proof. Let A = A\; + i)y where A\, Ay € R. Suppose that A € R. Let z, = z — X\. We will

show that z, is invertible.

From the polar decomposition and functional calculus, it suffices to show that z3iz) is
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invertible, i.e. ziz\ > ¢ for some ¢ > 0. Let M C B(H). Then, x5z > ¢ is equivalent to

lza(©)I* = (wiané, &) 2 c|€)* . e H. (3.80)

We proceed to show infi¢j—; [|zA(§)|| > ¢ for some ¢ > 0.

For this, note that for £ € H where [{| = 1,

A (O = [(2a(€), &)

[(((p = A1) +ilg = X)) €, €] (3.81)
=[{(p =)&) +i{lg — A)E, 6 -

As p and ¢ are Hermitian, then ((p — A1), &), (¢ — A2)&, &) € R. Without loss of generality,
assume that A\; & I. Then, either p — A\; > c or p — Ay < —c for some ¢ > 0. In either case,
[{(p — A)&,€)| > ¢ and hence

[{(p = M)E &) +il(g — A2)E, )] = {(p — M)S, &) > e (3.82)

Thus, infje)=; [|[22(£)]| > ¢, so that ) is invertible, as desired.
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CHAPTER 4
Brown measure of X =p+ g

In this chapter, we compute the Brown measure of X = p + i¢q, where p and ¢ are Hermitian,

freely independent, and have at most 2 atoms, i.e.

tp = ady + (1 — a)dy

(4.1)

where a,b € [0,1] and a, o/, 8, 8" € R. When either p or ¢ is a constant, then X is normal,

so the Brown measure of X is just the spectral measure of X. Thus, we will assume

throughout this section that a,b € (0,1), a # &/, and g # .

Recall the Brown measure of X is defined as:

_ L Xy = L 21/00
u—zﬁv log A(z X)—QWV 2/, log(z) dv,(z) , (4.2)

where v, is the spectral measure of H,(X) = (z — X)*(z — X).

To compute the Brown measure, we need to complete the following steps:

1. Compute v,.
2. Compute log A(z — X) = 3 [ log(z) dv.(x).

3. Compute 1 = 5-V?log A(z — X).

First, we need to describe some results about the tracial von Neumann algebra generated

by two projections. This is described in the next section.
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4.1 The von Neumann algebra generated by two projections

We summarize the results from ([Voi99], Section 12) that describe the tracial von Neumann

algebra generated by two projections.
Let (M, 7) be the von Neumann algebra generated by two projections p and q.

Consider the following elements of M:

eoo=(1—p)A(1—q)

eor = (1 —p)Agq

e =pA(1-q) (4.3)
el =pAq

e=1—(epo + €01 + €10 +e11).

These elements are central, mutually orthogonal projections and
eoo + €o1 + e +enn +e=1. (4.4)

If we consider the matrix of m € M with respect to the e;;,e (i.e. the 5 x 5 matrix with
entries of the form fmf” where f, f" € {e;;,e}), then this matrix is diagonal. Further, the 4
diagonal terms e;;me;; are constants. Hence, the only interesting part of M is the subalgebra

eMe. In particular,

p=pA(1—q)+pAq+epe=ein+en +epe (45)

q=(1—-=p)ANg+pAq+ege=eq + e +eqe.

When e # 0, consider (eM G,T‘eMe) as a von Neumann subalgebra with identity e and

7|y (eme) = T(:(’ge). Then,

(eMe,7],4p) = (M2 (12((0,1),°)) ,E,,*[%tr]) | (46)
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where v* is a Borel measure on (0, 1).

For any m € M, let m = eme € eMe. The isomorphism has the following correspondence

between m € eMe and matrix-valued functions of ¢ € (0, 1):

3 t (t_t2)1/2
p <
(t—tHV2 1 ¢
(4.7)
~ 10
q <>
0 0

The measure v* is recovered by noting that for the central element x = pgp + (1 — p)(1 —

qQ)(L—p)=1—p—q+pq+qp,

t 0
T . (4.8)
0 t

Hence, v* is the spectral measure of the element 7 in (eMe, T‘eMe).

Observe that with the change of variables t = cos?6, 6 € (0,7/2),
p=ReqR,", (4.9)

where Ry € My(C) is the rotation matrix with angle 6.

In practice, we will work with @ instead of ¢. Let (cos?)™' : [0,1] — [0, 7/2] be the inverse

of cos? : [0,7/2] — [0,1] and consider the measure v on (0, 7/2) given by:
v=((cos®)") (v"). (4.10)
Then, we will use the isomorphism:

(e, = (M ((0.7/2),0) B[] ) (@.11)

Let us highlight a few facts about the algebra generated by 2 projections:
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First, we explain why in the matrix algebras the domains are open instead of closed. This

is because of the following fact:

Lemma 4.1. The measure v* does not have atoms at 0 or 1, i.e. v*({0,1}) = 0. This is

equivalent to v not having atoms at 0 or m/2.

Proof. Let p = epe and ¢ = ege. Since e commutes with p and ¢, p=pAe and ¢ =q Ae.

Consider 7((Gpg)") — 7(p A q) = T(e A (p A q)) as n — oo. Recall that e and p A ¢ are

mutually orthogonal, so 7(e A (p A ¢)) = 0. Under the isomorphism, computation shows that
1
@) = [ ). (4.12)
0

As n — oo the integral on the right-hand side decreases to v*({1}). Hence, v*({1}) = 0.
A similar argument considering 7(((1 — ¢)(p)(1 — ¢))") — 7((1 — ) A p) using that e and
(1 — q) A p are mutually orthogonal shows that v*({0}) = 0.

Finally, we note that from the definition of pushforward measure, v*({0,1}) = v({0, 7/2}).
[

Next, we note that on eMe, epe and ege have trace 1/2. While this is also easy to see

from the isomorphism, it follows from e being mutually orthogonal to all of the e;;:

Lemma 4.2. Let T be the trace on eMe. Then, T(epe) = T(eqe) = 1/2.

Proof. If this is false, then we may choose one of epe or 1 — epe and one of ege or 1 — eqe
so that the sum of the traces is greater than 1. Without loss of generality assume that
T(epe) + 1(ege) > 1. Since e commutes with p and ¢, epe = p A e and eqe = g A e. Then,

from the parallelogram law, we have the following contradiction:

0=7(e A(pAq)) =T(epe A eqe) = T(epe) + T(eqe) — T(epe V eqe)
(4.13)

> 7(epe) — T(eqe) —1 > 0.
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4.2 Computation of Brown measure of X (up to v and weights)

In this subsection, we consider an arbitrary X = p + iq¢ where p, ¢ are Hermitian
and each have 2 atoms, i.e. we do not assume that p and ¢ are freely independent.
Since p and g each have 2 atoms, then p and ¢ are affine transformations of two projections.

Then, we can use the isomorphism in Section to compute the Brown measure of p + iq.

In this section, we will describe the Brown measure as a convex combination of 4 atoms
and another probability measure, /. The measure p/ depends on the measure v in the
isomorphism (eMe,T‘eMe) > (M (L>((0,7/2),v)),E,[1tr]). The weights in the convex
combination are 7(e;;), 7(e) from the previous section. We will determine the Brown measure
up to determining the weights 7(e;;), 7(e) and the measure v. These will depend on the joint
law of p and ¢. In the next subsection, we will compute these quantities when p and ¢ are

freely independent.

For the computation, fix the projections p’ and ¢’. We will use the following definition

frequently:

Definition 4.3. Let p,q € (M, 1) be Hermitian with laws:

,Up = aéa + (1 — a)éa/

(4.14)
Let p',q' € (M, 1) be the following projections:
P = Xt} (P) (4.15)
¢ = x(q).
As a consequence,
1 —p = X{a}(p)
e (4.16)

1—¢ =x5(q)-
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Hence,

p=a(l-p)+dp = —a)p +a

(4.17)
¢=0(1-¢)+8q¢ = ~Bd+8
or equivalently
/ p—a
"o (4.18)
q/ _ q— B .
p—-8

Throughout this section we will use the notation of Section with the general

pair of projections (p,q) replaced by the projections (p',¢’).

With this notation, observe that

eo0 = X{a}(P) A X5 (9)

eo1 = X{a}(P) A X5} (q)

e10 = X{a'} (P) A X5 (0) (4.19)
e = X{a}(P) A X573 (q)

e=1— (epo+ €o1 + €10 +e11).

To compute the Brown measure of X, recall we need to first compute v,, the spectral measure
of H,(X) = (z — X)*(z — X).

The result of the computation is the following:

Proposition 4.4. Ife =0,
vV, = T(600)5|Z—(a+iﬁ)|2 + T(€OI>5‘Z—(CX+7:B’)|2 + 7—(610)5|z—(o/+z‘ﬁ)\2 -+ T(ell)(slz_(a/+iﬂ/)‘2 . (420)

If e # 0, there exists continuous functions 0, 1,0, : (0,7/2) — [0, 00) such that ,1(0),0,2(0)
are the singular values of the element of (Ms (L*°((0,7/2),v)),E,[+tr]) corresponding to

e(z— (p+iq)e € (€M€,T’6M6).
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Then,
VZ — 7(600)5‘27(0&%)‘2 + T(601)5|27(a+iﬁl)|2 + T(610)5|27(a’+iﬁ)|2+

o2 U o2 ). (v (4.21)
R O EY X U)

Proof. Let H, = H,(X) = (¢ — X)*(z — X). Since the e;;, e are central, mutually orthogonal

projections that sum to 1, then

(H.)" = (ego + eo1 + €10 + €11 + €)(H.)"(ego + €01 + €10 + €11 + €)
= epo(H,)"eoo + eo1(H,)"eo1r + e10(H:) "e10 + €11 (H,)"enn +e(H,)" e (4.22)

= (epoHe00)" + (eo1H.e01)" + (e10H.€10)" + (e11He11)" + (eH.e)".

Taking traces of both sides,

T((H.)")
= 7((e0oH.e00)") + 7((€01 H.€01)" )+ (4.23)

T((er10H,e10)") + T((e11 H e11)™) + 7((eH.€)") .
From the definitions of the e;;,

n

( )" = (|2 = (a+iB)[*)"eo
( )" = (|2 = (a +iB)[*)"en
(er0He10)" = (|2 = (o' +iB)[*)"ero
(€ )=z =

eooH €00

n

eo1H eo1
(4.24)

1H2611 " |Z— (6] +ZB>| ) €11 -
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Combining the previous two equations,

T((H:)") = 7(eoo) (|2 = (@ +iB)[")"

+7(eor)(|z = (a +iB)[")"

+7(ex0) (|2 — (& +iB)[)" (4.25)
+7(en) (|2 = (o + i)

+7(e)7| . ((eH.e))

The right-hand side is the n-th moment of the following convex combination of probability

measures:

T<600)5|z—(a+zﬂ)|2 + T<€01>5\z—(a+i5')|2+ (4 26)

+ 7(€10)0),—(+igy2 T T(€11)0), (o tipn2 + T(€)ten.e ,
where fipr_. is the spectral measure of eH e in (eMe, T‘eMe).
As moments determine compact measures on R, then this is v,.
If e =0, then v, is the desired convex combination of atoms.

If e # 0, consider fiep,. using the isomorphism described in Section [£.1] i.e. we proceed
by assuming that (eMe, T‘eMe) = (M5 (L>=((0,7/2),v)) ,E,[1tr]).

For any m € M, let 7 = eme € eMe. Then, H. = (z — (p +i§))*(z — (p + 7).

Now, we claim that it is possible to choose continuous functions o, 1(0), 0, 2(0) that are
the singular values of (z — (p+1iq)) = e(z — (p+iq))e for € (0,7/2). First, note that from
the expressions for ];’ , (5’ in Section that H, is continuous in 0. Hence, the characteristic
polynomial of H. is a monic polynomial with coefficients that are continuous in 6. From
the quadratic formula, the eigenvalues of H, have expressions in terms of the coefficients
of the characteristic polynomial of H,. As H, are positive operators, then the eigenvalues
are real, i.e. the discriminant of the characteristic polynomial is non-negative. Hence, the
two branches of the square root of the discriminant are continuous in #. Thus, we may
choose continuous expressions for the two eigenvalues of H,. Taking square roots of these

two non-negative continuous functions produces o, 1(0), 0 2(6).
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Thus, /
o () = [ G dvto)

(4.27)
2 (021(0)" + (025(0))"
= ’ dv(0) .
0 2
The right-hand side is the n-th moment of the following measure:
0_2 «V)+ 0_2 «\V
(02)-) + (02).() o8,
2
Since moments determine compact measures on R, then
o2 «(V)+ 0’2 |V
s = GO T, 120)
By combining this with (4.26)), we get the desired result:
VZ — 7(600)(5‘27@&%)‘2 + T(601)5|27(a+i[3')|2 + T(610)6|27(a’+i[3)|2+
4.30
) (02.):(0) + (72,).(0) (4:30)
T(€11)0),—(wign2 + T(€) 5 :
m

As an intermediate step in computing the Brown measure of X, we compute log A(z — X):

Proposition 4.5. Ife =0,

log A(z — X) = %/000 log(z) dv,(x)
= 7(ego) log |z — (v +if)]|
+ 7(eo1)log |z — (a + i) (4.31)
+ 7(e10) log |z — (/' +iB)|

+7(e1n)loglz — (o +i3")].

If e # 0, there exists continuous functions Ay, Ag : (0,7/2) — C such that \1(0), A\2(0) are the
eigenvalues of the element of (M (L>((0,7/2),v)),E,[1tr]) corresponding to e(p + iq)e €
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(€M€7T’6Me)

Let o =o' —a and B = [

— B and \/z denote the principal branch of the square root

defined on C\ (—00,0). Then,
ara 5+5 1@# B+ 2icd Bcos(20)  when || > |B|
NMOEE +2 v 3 + y o (4.32)
5 +i \/%’2 — 2ie/ B cos(20)  when || < |B|
ata +1 Ll + = \/42%2 PB? + 2id B cos(20)  when || > | B
_ 2 2
Ao (0) = ota B + 3 (4.33)
5 +1 —\/%2 % — 2iaf B cos(20)  when || < |HB.
Then,
log A(z — X) = %/ log(z) dv,(x)
0
= 7(eoo) log |z — (a + 1))
+ 7(eo1) log |2 — (a+ i)
(4.34)

+ 7(e1) log|z — (' + i)
+7(eq1)log |z — (o + ")

7r/20 zZ— A1 og |Z — A9
o) [ BN g o a0,

Proof. When e = 0, the formula for log A(z — X) follows easily from Proposition

For e # 0, from Proposition , for any continuous f : [0,00) — C,

/0 " F@) dva(a) = Te) (17 — (o + D))
+7(eon) f(|z = (e +1iB)]%)
+7(e10)f(lz — (& +iB)[*)

+r(en)f(1z = (o +i8)[)
T(e)/o f(x)d<(Uz,1)*(V)J2r(Uz,z)*(V)) .

(4.35)
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Rewriting the final integral using the change of variables formula,

/000 fa)d ((021)*@) "2‘ (03,2)*(1/))
— % ( /0 h f(z)d(o?,).(v) + /0 N f(x)(a?,Q)*(u))
_ % ( /0 " F(o2,(8)) dv(8) + /0 W/Qf(aiz(e))de))

/2
5 [ o)+ £ @) av(o).

(4.36)

Let f.(z) = log(z 4+ 1/n)/2 for n = 1,2,.... Then, f, : [0,00) — R are continuous and
decrease to log(x)/2. Applying two previous equations for f = f,, and using the monotone
convergence theorem to take the limit as n — oo,

1 [e.e]

log Az~ X) = ¢ / log() dv. (x)
0
= 7(eg) log|z — (o + 19)|
+ 7(eo1) log |z — (a + i)
(4.37)
+ 7(e1) log |z — (o +1ipB)]

7(e1n)log |z — (o +if)]
7(e) /”/2 log(o?,(6)) + log(a? ,(0))

+
+ 5 5 dv(6) .

For the rest of the proof, assume that (eMe, 7'|eMe) = (M5 (L>=((0,7/2),v)),E,[tr]).

Recall that 0,1(0),0.2(0) are the singular values of e(z — X )e. Then, the integrand of
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the final integral can be simplified as:

108;(03,1(9)) + 1Og(02’2(9)) _ 10%(”3,1(9)‘72,2(‘9))

2 2
_ log(det((e(z — X)e)*e(z — X)e))
2
_ log(|det((e(z = X)e))[*) (4.38)
2

= log |det((e(z — X)e))]

= log |det(z — eXe)]|.

Given that we can verify the formulas for A\;(6), A2(0), then z — A\;(0), z — A2(0) are the

eigenvalues for z — eXe. Thus, combining the previous two equations,

dv(6)

/wn log(02,(0)) +log(025(0))
0 2

w/2
= / log |det(z — eXe)| dv(6) (4.39)
0
/2
= / log |z — A1(0)| + log |z — X2(0)| dv(0).
0

Substituting this expression into (4.37) produces the desired formula for log A(z — X).

We return to verifying the formulas for A (#), \2(#). Straightforward computation shows
that the characteristic polynomial of eXe € (M, (L=((0,7/2),v)),E,[2tr]) is:

pA) =2 — ((a+ ) +i(B+ )N+ (aa’ — BB + %((a +d)B+8)— TdSB COS(29))> .
(4.40)

The eigenvalues of eXe are:

a+o L+
5 T

+ %\/%2 — 9B + 2i/ B cos(20) . (4.41)

where the square root is any branch of the square root.

When |&7| > | 2|, then Re(&/* — B* + 2ia/ B cos(20)) > 0 and the expression for the

eigenvalues of e(p + iq)e is continuous and well-defined if we take the square root to be the
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principal branch of the square root. This gives the formulas for A;(6), \2(0) for |o/| > | 4.

When |o7| < ||, then +i\/ %2 — o/? — 2ia/ P cos(20) are also expressions for the square

roots of &% — %B* + 2i.9/ B cos(20), where the square root is the principal branch of the

square root. Since |&/| < ||, then Re(%* — &7 — 2i.a/ B cos(20)) > 0 and this expression is

continuous and well-defined.. This gives the formulas for A;(6), A2(6) for |<7| < | 4.

O

Finally, we compute the Brown measure of X, y = %VQ log A(z — X) in the following

Proposition:

Proposition 4.6. Let p be the Brown measure of X. If e =0,

1
o= %VZIOgA(z—X)

= T(€00)0a+ip + T(€01)0a+ig + T(€10)0ar+ig + T(€11)0a/+ip’-

If e # 0, let Ay, Ao : (0,7/2) — C be as in Proposition . Then,

1
p=—V=1ogAlz — X)
2m

= 7(€00)0a+is + T(€01)0arip + T(€10)0ar+ip + T(€11)0ar1ipr

+T(e),

where

= (A1)« (v) -QF (A2).(v)

Additionally, p'({a + 6, +if,a+ i, +i5'}) = 0.

(4.42)

(4.43)

(4.44)

Proof. If e = 0, the result follows from directly applying 5-V?log |- — A| = &, to the expression

for log A(z — X)) in Proposition [4.5]
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If e # 0, we take the distributional Laplacian of the result from Proposition 4.5

1, 1yl [
QWV logA(z — X) = —V 2/ log(z) dv,(z)

2m 0

- iVQ (T(eoo) log |z — (v +if)|
2T

+ 7(eoy) log |2 — (a + i) (4.45)
+ 7(ew)log |z — (' +if)|
+7(en)log|z — (o + )|
/2 log |z — A (0)] + log [z — As(6)] )
(e dv(0) |.
+ 7 )/O 2 )

As in the case when e = 0, applying %V2 log |- — A| = 0, directly to the first 4 atomic terms

of log A(z — X)) produces the weighted sum of the 4 atoms in p.

To apply %VQ log |- — A| = 4, for the final integral, we apply Fubini’s theorem. Consider
f € C>(C). Since log |z — w| € L{, (C) for all w € C, then we may apply Fubini’s theorem

fori=1,2:
1 ) /2
5V [ togle = M(0)] dv(6))
T 0

1 /2
~ (Vi [ ozl = A (0)] av(9)

) 1 w/2

_ /C V21 (2) <% /O log |- — Ai(6)] Ma)) dA(2) (4.46)
/2 1 )

_ /0 ( /C -V f(z)log |z — Ai6)] dd)\(z)) dv ()
x/2

= [ ey avte).

Hence, for i =1, 2, /

%v? /0 log |2 — Ai(0)] dv(0) = () (v) (4.47)

Thus, the Laplacian of the integral is:

(Al)*(y) ‘;‘ ()‘2)*(”) _ ’u/' (4.48)

dv(0) =

ER /7r/2 log |z — Mi(0)] + log [z — A2 (0)]
2 0 2
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Combining this with the atomic terms gives the desired Brown measure for X.

For the final note, it follows from Lemmal[4.1]and the fact that A;({0,7/2}) = {a+i3,a' +
if,a+if, o' +if'} that

W {a+iB, o +if,a+if, o +ip'}) =v({0,7/2}) =0. (4.49)

]

Even though the weights 7(e;;), 7(e) and the measure v have not been determined yet,

we can already say something about the support of the Brown measure in general.
First, we prove a lemma about a relevant hyperbola and rectangle:
Lemma 4.7. Let a, o/, 5,8 € R, where a # o’ and  # (. Let &/ =o' —a and B = (' — .

Let

7\ 2 I\ 2 72— B2
g_J,_ _I_.GC:(_oz—i—oz)_(_ﬁ—l—ﬁ) :—}
{Z Y N T2 4 (4.50)

R={z=z+iyeC:xeland,aVvd]ye AL, BVF]}.

The equation of H is equivalent to:

(z—a)(z—a)=(y—B)y—F). (4.51)
The equation of H in coordinates
, a+ o
=T
4.52
s (4.52)
y =y 9
18
5272 %2
ne_ET e 2
It follows that for (z,y) € H,
(r,y) e R <= U53) <0 <= ze€and,aVd]orye[BAF,BVS]. (4.54)
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Similarly,
(x,y) € R e 53) <0 « z¢€ (and,avad)orye(BAS,BVE). (4.55)
Alternatively, the equation of the hyperbola is:

/ 7\ 2 T2 — B2

If z € H, then z € R if and only if

- (z_a+a’_lﬂ+ﬂ’)2
2 2

Proof. The equivalent equations for the hyperbola are straightforward to check.

| B
<=7
- 2

(4.57)

The equivalences for the closed conditions follow from the following equivalences and the
equation of the hyperbola in 2/, 3y’ coordinates

2 2
(z,y) € R <= (2)* — % <0 and (y)? - z <0 (4.58)

o 4
(x')2——4 <0 = |$/|§u < refand,aVd]

(?/)2—5%_0 = MS? — yel[BAF,BVF].

The equivalences for the open conditions follow from similar equivalences with the closed

conditions replaced by open conditions.

The last equation of the hyperbola follows from direct computation. For the inequality of

the rectangle, observe that

/ I\ 2
Im((z—a—ga —zﬂ—;ﬂ)>:2x/y’. (4.60)
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In light of what was previously shown,

o B o B
x’y’§|4—|:>:c'§%ory’§%:>zeﬂ’. (4.61)
Conversely,
o B A B
zERﬁm’ﬁ%andy’S%:x'y’g%. (4.62)
]

Now, we will show that the support of the Brown measure is contained in H N R:

Corollary 4.8. Let &/ =o' —«a and B =5 — .

The continuous functions A, Ay : [0,7/2] — C in Proposition parameterize the

intersection of the hyperbola

I\ 2 N\ 2
H:{z::E—{—z'yG(C:(x—a;a) —(y—ﬁ—gﬁ) :g} (4.63)

with the rectangle

R={z=z+iyeC:xeland,aVvdlye[BAL,BVF]}. (4.64)

When || > |B|, \1 parameterizes the left component of H N R and Ay parameterizes the
right component of H N R. When || < ||, \1 parameterizes the bottom component of

H N R and Ay parameterizes the top component of H N R.

The support of the Brown measure is contained in H N R.

Proof. From Lemma 4.7, 2 = x 44y is on H N R if and only if

, N 2 2 o2 :
(Z_OH—Q _Zﬂ—'_ﬁ) _ o — B* + 2il B cos(20) for 0 € [0,7/2]. (4.65)

2 2 4

Note that A1 (0), A2(8) are exactly the solutions to this equation. Hence, the \;(#) parameterize

the intersection of the hyperbola and rectangle.
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For the cases of \; parameterizing the left/right or top/bottom components, it is easy
to see from the formulas that the \; map into the left/right or top/bottom components,
and since the \;(#) parameterize all of H N R, then the \; have to parameterize the entire

left /right or top/bottom components.

As the \; parameterize H N R, then p’ is supported on H N R. The 4 atoms in the Brown

measure are on (OR) N H (at the 4 corners of the rectangle).

Thus, we conclude that the Brown measure is supported on H N R. O

Motivated by the hyperbola and rectangle appearing in Corollary we introduce the

definition of the hyperbola and rectangle associated with X:

Definition 4.9. Let p,q € (M, 1) be Hermitian with laws:

fp = @l + (1 — a)dy
: (4.66)

Let o/ =o' —a and B =03 — 0.

The hyperbola associated with X is
I\ 2 N\ 2 2 2
o c —
H:{z:x+iy€@:(x—a+a) —(y—ﬁ—;ﬂ) :T%} (4.67)

The rectangle associated with X is

R={z=z+iyeC:xeland,aVvdlye[BAF,BVF]}. (4.68)

While the weights 7(e;;), 7(€) are as of yet undetermined in the case p and ¢ are free, there
are some general relationships between the weights and traces of the spectral projections of p

and ¢:

Proposition 4.10. Let p be the Brown measure of X and let i/ be as in Proposition [{.0.
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Then, the ' measure of each of the two components of HN R is equal to 1/2. Additionally,

) =u({a+iB,a+if'}) +7(e)/2

) =p({d +iB,a' +if'}) + 7(e)/2
) =u({a+iB, o +iB}) +7(e)/2
) =

p({a+if o' +if'}) +7(e)/2.

(4.69)

If || > ||, the Brown measure of the left component of H N R is T(X{ara}(p)) and the

Brown measure of the right component of H N R is T(X{ava'}(P))-

If || < |%|, the Brown measure of the bottom component of H N R is T(x¢snp3(q)) and

the Brown measure of the top component of H N R is T(X(svs3(q))-

Proof. Recall that

r_ A)v) + (M) (v) (4.70)

H 5 )

where v is a probability measure on (0,7/2). From Corollary , the \; each parameterize
one of the components of H N R. Hence, the p/ measure of each component of H N R is 1/2.

For the equations of the traces of spectral projections of p and ¢, we will just prove the

first equation, the others are similar. From (4.19)),
X{a}(P) = €00 + €01 + exqar (). (4.71)

From Proposition 4.6, p({a +if}) = 7(epo) and p({a +if'}) = 7(ep1). From Lemma
T(exiay(p)e) = 7(e)/2. The desired equation follows from taking the trace of the equation

and using these facts.

For the last point, we consider the Brown measure of the left component of H N R when
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|o/| > | 2| as the other cases are similar. Let L be this left component. Then,

p(L) =p({and +if,a Na' +ip'}) + 7(e)p/'(L)
=pu{and +if,aNd +if'}) +7(e)/2 (4.72)
= T(X{oa/\o/}(p)) :
]

4.3 Computation of v and weights

In this section, we will determine the weights 7(e;;), 7(e) and the measure v in Proposition

under the assumption that p and ¢ are freely independent.

We will use the functions v, x,, and S, that were introduced in Section [L.5.1} Recall
that for z € (M, 1), we will use 9., x., and S, to denote the respective functions with respect

to p,, the spectral measure of z.

Recall that the measure v and the weights 7(e;;), 7(e) are computed in terms of projections

p', ¢ where

/
p = X{a’}(p)
(4.73)
¢ =x(a)
Since p and ¢ are freely independent, then p’ and ¢ are also freely independent. This along

with the traces 7(p') = 1 — a and 7(¢') = 1 — b determine the joint law of p', ¢'.

For notational convenience, in this section we will consider two general projec-
tions p and ¢ that are freely independent and 7(p) = a, 7(¢) = b for some a,b € (0, 1).
This is a natural continuation of Section It is easy to translate the results in

this section to the p’, ¢ in Section
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Recall from Section 4.1 that the weights 7(e;;), 7(e) are:

T(eon) =7((1 =p) A (1= q))
T(eo) = 7((1 —p) Ag)
T(ew) =7(p A (1 - q)) (4.74)
T(en) =7(p A q)
7(e) =1 — (7(eoo) + 7(eo1) + 7(€10) + 7(€11))

Recall from Section that when e # 0, ((0,7/2),v) is the pushforward measure of
((0,1),v*) under the inverse of of cos?(f) and v* is the spectral measure of exe, where
z=pgp+(1—-p)(1—q)(1—-p)

Since 7((pgp)") — T(pAq) as n — oo, then understanding the laws of pgp and (1 —p)(1—
q)(1 — p) are relevant for computing both v and the weights 7(e;;), 7(e). The first step to

this is computing the relevant free probability functions:

Proposition 4.11. Let p,q € (M, T) be two freely independent projections with 7(p) = a,
7(q) = b, a,b € (0,1). Then,

az bz
Up(2) = 11—~ Vy(2) = 11— (4.75)
W) = ——  xyw) = ——
w+a w+b
B (14 w)
Xpgp(W) (w+ a)(w + ) (4.76)
Let
f(z) =1+ (4ab—2(a + b))z + (a — b)*2%. (4.77)
Then, Ypgp: Va—p)i—q)(1—p) are analytic on C\ [1,00) and
— bz —\/f
Vpap(2) = -lat —
2=-1) (4.78)
1—2—a—-0bz—+/f
Ya-p)1-qa-p(2) = ( ;(Z Y
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where \/f(2) is an analytic branch of the square root of f(z) on C\ [1,00) where /1 = +1.

In particular, the root(s) of f(z) are in [1,00) and are distinct when f is quadratic.

Proof. The formula for v, follows from
pp = (1 —a)do + ad; (4.79)

and similarly for v,. Since 1, 1, are linear fractional transformations, the formulas for their

inverses (p, Xq, respectively) are easily computed.

Since p and ¢ are freely independent, then the formula for x,,, follows from the multi-

plicativity of the S-transform and its relationship with y.

Since ||pgp|| < 1 then p,,, is supported on [0, 1]. So, the formula

<tz btz
Upap(2) = ; 1_—tzd,upqp(t): ; mdﬂpqp(t) (4.80)

defines an analytic function for z € C \ [1, c0).

To compute the formula for 14, recall that 1, = X, in a neighborhood of 0. Then,

w(l + w)

z = Xpgp(W) = (w + a)(w + b) (4.81)
if and only if
z(w+a)(w+b) =w(l+w). (4.82)
This is clearly true for w # —a, —b and the latter equation is not satisfied for w = —a, —b €
(—1,0) at any =z.
This last equation is true if and only if
(z — Dw? + (2(a +b) — D)w + zab = 0. (4.83)

Fixing a z and solving for w, then from the quadratic formula and simplifying, we obtain
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the desired formula for v,,,. The sign of the square root follows from the general fact that
$u(0) = 0.

The formula for 1 _p)(1—q)(1—p) follows from the formula for ¢, and noting that 1 —p
and 1 — q are freely independent projections with traces 7(p) =1 —a, 7(q) = 1 — b. Observe
that f(z) is invariant under changing the pair (a,b) to (1 —a,1 —b).

Finally, note that the \/f(z) in both v, and Y(1—p)(1—q)(1—p) are identical since they are

defined on the domain C\ [1,00) and agree at z = 0.

The fact that f(z) has root(s) in [1,00) follows from the fact that \/w is not analytic in

any neighborhood of 0, so the root(s) of f cannot be on C\ [1, c0).

For distinctness of the roots when f is quadratic, the discriminant is 16ab(1—a)(1—b) > 0
for a,b € (0,1). O

Now, we proceed to determine 7(e;;), 7(e). First, we need the following Lemma ([MS17],

Proposition 8):

Lemma 4.12. Let u be a finite measure on the real line and s € R. For a sequence z, — s

non-tangentially to R, (z, — $)G(z,) = p({s}).

Proof. Let z, = x, + iy,. The condition that z, — s non-tangentially to R is equivalent to
|(zn, — 8)/yn| < M for some M. In particular, y, # 0.

Computation shows that

e}

(zn — 8)Gu(zn) = / P du(t) . (4.84)
Let f, : R — C where
Fult) = 'z“ :j . (4.85)

Note that f,(s) =1 for all n and lim f,(¢) =0 for all ¢ # s. It suffices to show that the f,(t)
n—oo

are uniformly bounded, as then the result follows from the bounded convergence theorem.

80



First, rewrite f,(t):

=5 (= 8) Yy (p — 8)/yn + i
W) ="—;= G rin oDt (4.86)

Since |(zp — ) /yn + 1| < |(xp — ) /yn] + 1 =1+ M and |(z,, — 1) /yn + 1| > 1,

_ | 1+ M
(o = 8)/yn +il LEM (4.87)
|(xn_t)/yn+2‘ 1

()] =

as desired. O

Next, we determine 7(e;;), 7(e) using the free independence of p and ¢:

Proposition 4.13. Let p,q € (M, 7) be two freely independent projections with 7(p) = a,
7(q) = b, a,b € (0,1). Then,

7(eoo) = 7((1 = p) A (1 = ¢)) = max(0, (1 —a) + (1 =b) = 1)
7(eor) = 7((1 = p) A q) = max(0, (1 — a) + b — 1)
7(e) = 7(p A (1 —¢)) = max(0,a + (1 —b) — 1) (4.88)
7(en) = 7(p A q) = max(0,a+b— 1)
7(e) = 1 — (T(eoo) + 7(eqr) + T(e10) + T(€11)) -

Proof. By replacing p with 1 — p and/or ¢ with 1 — g, it suffices to just prove
T(p A q) =max(0,a+b—1). (4.89)

Recall that 7((pgp)™) — 7(p A q) as n — oo. Since ™ — x13(x) on [0,1] and o(pgp) C [0, 1],

then 7((pgp)™) — Hpgp({1}). Hence,
T(p AN q) = pep({1}) - (4.90)
We proceed to use Proposition and Lemma to determine fi,4,({1}).
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In general, for z € C\ o(pgp),

Gpgp(2) = % (wpqp G) + 1) : (4.91)

From Proposition the right-hand side of this equation is:

z 2z ’

é@pqp(l)Jrl):z+(a+b—2)+z\/m (4.92)

and is defined on C \ [0,1]. Since o(pgp) C [0,1], then G, is also defined on C \ [0, 1], so
then the following equality holds for z € C\ [0, 1]:

24+ (a+b—2)+2/f(1/2)

p—y 4-
Gpgp(2) 2:( — 1) (4.93)
Thus, we may use this formula and Lemma to obtain:
tpgp({1}) = LIE)I%(Z — 1)Gpgp(2)
2t (et b=2) + 2 /)
21 2z (4.94)
a+b—1+a+b—1]
B 2
=max(0,a+b—1).
[

Proposition can be summarized by: “free projections intersect as little as possible.”

For 7(p A q¢) = max(0,a + b — 1), the term max(0,a + b — 1) is just the minimum trace of the

intersection between two projections p and ¢ where of 7(p) = a and 7(q) = b:

Recall from the parallelogram law that for projections p,q € (M, 1),

TpANq)=71(p)+7(q) —7(pVq) >71(p) —7(q) =1 =0a+b—1. (4.95)

As 7(p A q) > 0, then for any projections p,q € (M, 1), 7(p A q) > max(0,a+ b —1).
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As a corollary, we will no longer need to consider the possibility that e = 0:

Corollary 4.14. Let p,q € (M, T) be two freely independent projections. Then, e = 0 if and

only if one of p,1 —p,q,1 —q is 0.

Proof. 1f one of p,1 —p,q,1 — q is 0, then it is clear that e = 0.

Suppose that none of p,1 —p,q,1 — ¢ is 0. Then, we may apply Proposition 4.13] As 7 is

faithful, it suffices to conclude that 7(e) = 0.

Consider the expressions of a and b in Proposition [£.13] Observe that the expressions

inside 7(egp) and 7(eq1) are negatives of each other and hence

T(eg) + 7(e11) = max(0, —(a +b—1)) + max(0,a +b—1) =|la+b—1]. (4.96)
Similarly,
T(eo1) + 7(e10) = max(0,b — a) + max(0,a —b) = |a — b| . (4.97)
Thus,
7(e) =0 < Ja+b—1|+]a—bl=1. (4.98)

By considering the four cases of |[a+b—1| = £(a +b— 1) and |a — b| = +(a — b), we see
that |a + b — 1| 4+ |a — b| = 1 if and only if one of p,1 — p,q,1 — q is 0. Hence, 7(e) #0. O

As a further corollary, we see that X = p + iq is not normal:

Corollary 4.15. Let p,q € (M, 7) be two freely independent projections with (p) = a,
7(q) = b, a,b € (0,1). Then, X = p+ iq is not normal.

Proof. 1t suffices to show that p and ¢ do not commute. For this, recall that p and ¢ commute
if and only if pg = p A q. Applying this to the other three pairs of commuting projections,
(1-p.9), (p;1 —¢q), and (1 —p,1 —¢q), then (1 —p)g=(1—p)Ag, p(1 —q) =pA(1—q),
and (1 —p)(1—¢) =1 -p)A(1—0q).

83



Thus if p and ¢ commute, the following equalities hold:

1=(p+0-p)(¢+(1—-q)
=pg+(1—p)g+pl—q) +(L—p)(1—q) (4.99)

=pAqg+(1=p)Ag+pA(1—-q@)+(1-p)A(1—-gq).

In the notation of the projections e;;, e, this means that e = 0. From Corollary {4.14} this

cannot happen if a,b € (0,1). Thus, X = p + ig is not normal. O]

We can now deduce that in general, when p and ¢ have finitely many atoms, X = p + iq

is not normal unless p or ¢ is constant:

Corollary 4.16. Let X = p+ iq, where p,q € (M, T) are Hermitian, freely independent, and
their spectral measures are atomic 1.e.

fp = 100, + - + axda
: ‘ (4.100)

ftq = b1dg, + -+ bidg,
where o, B; € R, a;,0; >0, and a; +---+ap =by +--- by = 1.

Then, X s normal if and only if one of p or q is constant.

Proof. Suppose that p has k atoms and ¢ has [ atoms, so that a;,b; > 0 for all , j.

Recall that two Hermitian operators p,q € (M, 7) commute if and only if all of their
spectral projections commute. Thus, X is normal if and only if x {4, (p) and xg,}(q) commute.
But if one of these pairs commutes, then from Corollary , one of a; = 0,1 0r b; =0,1
must hold. Since a;,b; > 0, then either a; = 1 or b; = 1. This means that either p = o; or
g = B;. Hence, if X is normal, then one of p or ¢ is constant. The converse is obviously

true. O

Returning to the case when p and ¢ have 2 atoms, we proceed to compute v with

the knowledge that e % 0. This requires computing v*, the spectral measure of exre in
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(eMe, T|6M€), where x = pgp + (1 — p)(1 — ¢)(1 — p), and then pushing forward the measure

under the inverse of cos? onto (0,7/2). The result of the computation is the following:

Proposition 4.17. Let p,q € (M, 1) be two freely independent projections with T(p) =
a,7(q) =0b, a,b € (0,1). Let f: R — R be given by:

f(z) =1+ (4ab—2(a+ b))z + (a — b)*z”. (4.101)

The measure v on (0,7/2) is a probability measure with density with respect to Lebesgue
measure 0:
dv 2 1

i ;mlm ( f(sec? 9)) cot (), (4.102)

where the square root of a negative number is on the positive imaginary axis.

Proof. To compute v*, first note that

pgp =p A q+ e(pgp)e

(4.103)
1-pA-q¢(l=p)=1-p)A(1l-¢q)+e((1-p)(1—-¢q)(1—p)e.
Taking n-th powers of each side,
(pgp)" = (p A @)" + (e(pgp)e)” (4.104)

(1=p)1=q)(1=p)"=((1=p)A(1—=q)"+ (e(1-=p)(1—q)(1—ple)"

Computing Ve(pgp)es Ve(1—p)(1—q)(1—p)e i (eMe, 7'|6Me) and using the power series expansions

of general v, then in a neighborhood of 0,

Vpap(2) = Ppag(2) + T(e)we(pqp)e(z)

Va-p)(1-9)(1-p)(2) = Va-pra-g(2) + T(€)Ye1—p)a1-g)1-p)e(2) -

(4.105)

Since the spectra of pgp, e(pgp)e, (1—p)(1—q)(1—p),e(1—p)(1—q)(1—p)e,pAg, (1—p)A(1—q)

are all contained in [0, 1], then this equality holds on C\ [1, c0).
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From Corollary [4.14] e # 0, so

Ve(pap)e(2) = dqup(Z)T(_e;/}p/\q(Z)
_ 7vbpqp(z) B r(pAq) 2
~7(e) T(e) 1—2
Vet-p -9 -e(2) = %muqchze; Ya-pra-q(2)

Vapa-ga-pz) T(1=—p)A(1—q) =

7(e) 7(e) 1—2z

(4.106)

Since e is central and z = pgp + (1 — p)(1 — ¢)(1 — p), then for n > 1,
(exe)" = (e(pgp)e)” + (e(1 = p)(1 — ¢)(1 — p)e)™. (4.107)
From Proposition in (eMe, T}eMe),

Vewe(2) = Ve(pgp)e(2) + Ve1—p)1—g)(1—pe(2)
1
=70 (pap(2) + Ya-p)1-g)1-p)(2))

_TlpAg) 2 T(A-p)A(1—gq) = (4.108)
T(e) 1—=z2 7(e) 1— 2

_;<_1_ f<z>>_T<pAq>+T<<1—p>A<1—q>> 2
7(e

~ 71(e) z—1 7(e) 11—z’

where

f(z) =1+ (4ab—2(a + b))z + (a — b)*z% (4.109)

From Proposition {4.11} /f(z) is analytic on C \ [1,00), so this formula for 9, is valid on
C\ [1,00).
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Hence, the following formula for G,« = G, is valid on C\ [0, 1]:

= % (@bm %) + 1) (4.110)
L Vfd/:) 1 1A +7r(l-p)A(l—q) 1

T(e) z—1 7(e)z 7(e) 2(z—1)"

Recall that v* is supported on [0, 1]. We observe that the measure v* has no atoms: For

t € (0,1), this follows from Lemma [4.12{ and computing that liIr%(z —1t)Gy(2) = 0. Recall
2

from Section that v*({0,1}) = 0 is true in general. Hence, v* has no atoms.
Thus, we may recover the measure completely with the formula:

b
tim [~ 1Tm Gy + i) di() = v (a,D) + 5 (" ({a}) + " ({8))

y—0t+ J,

(4.111)
=v"([a,b]) .
where a,b € (0,1).

On compact subsets of (0, 1), G, (z + iy) is uniformly bounded as y — 0*. Given that

the following pointwise limit exists for x € (0,1):

1
lim ——Im G, (x + iy) 4112
Jim = Im G (2 + i) (4.112)

then this limit will be the density of v* with respect to the Lebesgue measure.

Using the formula for G« (z), we notice that for any = € (0,1), only one term is non-zero

in this limit:

lim —llm G, (z +iy) = lim lIm (7_1 S/ (x + W)))

y—0t T y—0+ T () 1—(z+iy) (4113)
lim Imy/f(1/(z + iy)) '
- n7(e) l—x
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We proceed by showing lim Im./f (1/(x +iy)) exists. It suffices to show the following limit
y—0
exists:

lim g¢(z), (4.114)

z—t
Im(z)<0

where t € (0,1) and g is defined an analytic on the lower half-plane and g(z)* = f(z). First,
note that for any sequence z, — t, g(z,) is bounded, because g(z,)* = f(z,). Considering a
convergent subsequence where g(z,, ) converges, then if g(z,,) — s, then s* = nlgnoo g(zn,)? =
nllgloof(znk) = f(t). Hence, g(z,,) converges to a square root of f(¢). When f(¢) = 0 this is
elrclough to prove the desired limit. When f(¢) # 0, we consider if there are two sequences in
the lower half-plane, z,, z/, — t, where g(z,), g(z],) converge to the different square roots of
f(t). Taking derivatives of g(2)? = f(z), then 2¢(2)g'(2) = f'(z). As |f'(z)| is bounded from
above and |g(z)| bounded from below near ¢ where f(t) # 0, then |¢’(z)| is bounded from
above near t. Then, g(z) is Lipschitz near ¢. Thus, g(z,), g(2}) converging to different square

roots is a contradiction.

Since the measure is positive, then lim+ Im+/f(1/(x 4 iy)) has to be non-negative, at
y—0
least Lebesgue almost everywhere ¢ € (0,1). It is possible to extend this to all ¢ € (0,1) by

noting this set of ¢ is dense and using g being Lipschitz near ¢ where f(¢) # 0.

Thus, for z € (0,1),

d\  wr(e) 11—z

vt _ 1 Imyf(l/z) (4.115)

where the square root of a negative number is on the positive imaginary axis.

By applying the change of variables formula, the measure v on (0, 7/2) is given by:

d 2 1
d_g = ;@Im < f(sec? 9)) cot 0. (4.116)

Note that this is a probability measure, being the spectral measure of a non-zero element of

eMe. 0
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4.4 The Brown measure of X

By combining Propositions |4.6| and we can determine the Brown measure of X when p

and ¢ have 2 atoms:

Theorem 4.18. Let p,q € (M, T) be Hermitian, freely independent and

,up = a(sa + (1 — (l)dal

(4.117)
g = bdg + (1 =)oy ,
where a,b € (0,1), a £/, 8# ', and o,/ 3,5 € R.
Let
€oo = max(0,a +b—1)
€nn = max(0,a+ (1 —0) — 1)
€10 = max(0, (1 —a) +b—1) (4.118)
enn = max(0, (1 —a)+(1—0)—1)
€=1— (e + €01 + €10+ €11) -
Then, € > 0.

Let o =o' —a and B =3 — 5 and \/z denote the principal branch of the square root
defined on C\ (—00,0). Then,

/ /
o+ _Hﬂ—l—ﬁ B

%\/,Qﬂ — PB? + 21/ B cos(20)  when || > | B

2 2
A (0) = , , (4.119)
a—;a —|—2ﬂ—;5 —%\/,%’2—@{2—22'42{@005(29) when || < |A|
atad BB e s Beos20)  when || > |2
_ 2 2 2
ORI (4.120)
s ity §¢@2 — of/? — i/ Bcos(20)  when || < |B| .
Let f: R — R be given by:
f(z) =1+ (4ab—2(a+ b))z + (a — b)*z*. (4.121)
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Let v be a probability measure on (0,7/2) with density with respect to Lebesque measure 6:

Z—g = %%Im < f(sec? 9)) cot(0) (4.122)

where the square root of a negative number is on the positive imaginary axis.

Let i/ be a complex probability measure given by:

= (A1)« (v) er (A2).(v)

(4.123)
Then, the Brown measure of X = p+ iq is:
n = 6005a+iﬁ + 6015a+i,8’ + 6105a/+15 + 61160/+i6/ + Elu/ . (4124)

Proof. The Theorem follows from combining several previous results:

The general form of p is given in Proposition [£.6] The 7(e;;), e are relabeled as €;;, €

in light of Proposition and interchanging general p, ¢ for p' = x(ay(0), ¢ = Xx183(q).
Additionally, the fact that € # 0 comes from Corollary [4.14] Finally, the measure v comes

from Proposition [4.17] (after switching p, ¢ for p', ¢). ]

We observe that the measure v is only dependent on the weights of the measures of p
and ¢ (i.e. a and b), and the “shape” of the measure (positions of the atoms and ;) is only

dependent on the positions of the atoms p and ¢ (i.e. «, <, 3, 5)

We will use the definition of x4/ from Theorem for what follows:

Definition 4.19. Let X = p+iq, where p,q € (M, 7) are Hermitian, freely independent, and

have 2 atoms. Define 1/ to be the measure as in [4.18|.

Now, we make some observations about the Brown measure of p + iq in the following

Corollaries. First, we consider the atoms of the Brown measure:

Corollary 4.20. Let i be the Brown measure of p + iq where p and q have 2 atoms. Then,
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~

. i’ does not have atoms.

2. | 18 never atomic.

Co

. can have atoms only at the points o+ if, o’ + i, a + i,/ +if.

4. p has no atoms at a+if and o +if" if and only ifa+b=1. Ifa+b # 1, then u has
exactly 1 atom at either a + i or o + i/, with size |a + b — 1|.

5. p has no atoms at o+ 1" and o' +if if and only if a =b. If a # b, then u has exactly

1 atom at either o + 18" or o/ +if3, with size |a — b).

D

. has 0, 1, or 2 atoms. u has 0 atoms if and only if a =b=1/2. p has 1 atom if and
only if one of a+b=1 ora=">0. u has 2 atoms if and only if a+b # 1 and a # b.

7. Changing a — 1 — a and/or b — 1 — b permutes the €;;.

Proof. 1. v is absolutely continuous and A; are injective, so (\;)«(») does not have atoms.

Hence, 1/ does not have atoms.
2. Since € # 0, then p' # 0, so u is never atomic

3. Since i/ does not have atoms, the only atoms of i can occur at the points a + i3, o’ +
1B, a+ip",a +if.

4. Note that

€00 + €11 = max(0,—(a+b—1)) + max(0,a+b—1) =|a+b—1]. (4.125)

Hence, when a +b = 1, €g9 + €11 = 0 so u has no atoms at a + i and o +if’. If
a+b # 1, then only one of a+b—1 and —(a+b— 1) is positive and equal to |a + b — 1|

and hence one of €y, €17 is equal to |a +b— 1.

5. Follows similarly to 4, with the equation

€01 + €10 = max(0,b — a) + max(0,a — b) = |a — b]. (4.126)
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6. Directly follows from 4. and 5.

7. Follows directly from the formulas for the ¢;;.

Now, we consider the symmetries of p':

Corollary 4.21. Let i be the Brown measure of p + iq where p and q have 2 atoms

1. Swapping the roles of p and q fixes v.

2. Changing one of a1 —a or b 1 —b changes v by changing 0 — 7/2 — 6. These

correspond changing p — o+ o’ — p and g — [+ B’ — q, respectively.

3. Changing both a — 1 —a and b — 1 — b fizes v. This corresponds to changing
both p — a+ o —p and g — B+ B — q. This amounts to changing p + iq

(a+a)+i(B+ ) — (p+iq).

Proof. 1. Swapping the roles of p and ¢ amounts to swapping a and b in the formula for

f(z). But, the formula for f(z) is symmetric with respect to a,b, so v is fixed.

2. Since f is symmetric with respect to changing a and b, it suffices to check just a — 1—a.

Denote f by f,5 to refer to the coefficients. For this, we just need to check the identity:

\/ fi—ap(sec? @) cot 0 = 1/ fap(csc? ) tan 6 (4.127)

for 0 € (0,7/2). As cotf,tand > 0 for 0 € (0,7/2), it is equivalent to check
fi_ap(sec® 0) cot® @ = f,p(csc? §) tan? 6. (4.128)

Checking this identity is a straightforward calculation.

3. Follows from applying 2. twice.
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Figure [4.1]illustrates the behavior in Corollary where the Brown measure of X = p+iq
is approximated by the ESD of X,, = P, 4+ iQ),,. Note the symmetry between the two ESDs.

NN

0.8 = - 08+ o

1.0+

0.6 06 -

04 04 -

02} _,.,-*"-. Ty 02t - “.h-*\._.
oo™ . . ool v \
0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8
(a) ESD of X,, = P, +1iQ, (b) ESD of X,, = P, +iQ,
pp, = (4/5)00 + (1/5)d910 wp, = (1/5)00 + (4/5)d9/10
1Q, = (1/5)d0 + (4/5)d1 1Q, = (1/5)d0 + (4/5)61
n = 1000 n = 1000

Figure 4.1: ESDs for Corollary

Finally, we consider when the density of i/ extends all the way to the 4 corners of the

intersection of the hyperbola with the boundary of the rectangle:

Corollary 4.22. Let i be the Brown measure of p + iq where p and q have 2 atoms
1. 1 has density extending to o + i and o+ if8" if and only if a = .
2. i has density extending to o+ if8 and o + 1" if and only if a =1 —b.

3. 1 has density extending to all 4 corners of the intersection of the hyperbola with the
boundary of the rectangle if and only if a = b = 1/2. Hence, the support of ju is equal to
HNRif and only if a =b=1/2.

Proof. Let & =o' —aand & =5 — .
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1. For z =o' +if,a+ 17,

/ 1\ 2 2 72 o
(z_oz—i-oz _Z,B—FB) :@7 B 22427%’. (4.129)

2 2 4

Hence, z = \;(7/2).

Thus, it is equivalent to determine for which a, b the measure v has density approaching
7/2. Note that v has density approaching /2 if and only if f(sec? ) < 0 for § — 7/2.
Note that 9—1}7{}12* sec? § = co. Recall that f(z) is a polynomial of degree at most 2. If f is
quadratic, then Zlgglo f(z) = 00, so then v does not have density approaching 7 /2. Hence,
we must have a = b. Conversely, if a = b, then f(2) =1+ 4(a®> —a)z = 1+ 4(a — 1)az,
and the linear term has negative coefficient for a € (0,1). Thus, f(z) <0 as z — o

and v has density approaching /2.

2. For z=a+if8,a +if,

(4.130)

a+ao BB\ AP— B+ 2%AP
(z R s ) - : |
Hence, z = \;(0).

Thus, it is equivalent to determine for which a, b the measure v has density approaching
0. Note that v has density approaching 0 if and only if f(sec?#) < 0 for § — 0. Since
gli,%l+ sec? = 1, then we need that f(z) < 0 for z — 1*. Since f(1) = (a+b—1)?, then
f(1) =0, 1ie. a=1—-0b. Conversely, if a = 1 — b, then f(1) =0 and since f is either
quadratic with positive leading coefficient or f is linear with negative slope, then f

must be negative to the right of 1. Note that in the case where f is quadratic, f cannot

have a double root at 1 (from Proposition |4.11]).
3. Follows from 1. and 2.

]

Figurel4.2|illustrates the behavior in Corollary where the Brown measure of X = p+1iq
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is approximated by the ESD of X,, = P, +iQ,, for a deterministic P,,@,, € M, (C). The left
ESD does not have density approaching the corners of R, but the right ESD does.

1.0

10, /
08l ‘M‘H“" LT ----"'"'""/ 08F /'//'
o6l 06|
04] 04l
02} [P ——— 02}t =
0.0 . L L | oo¥ . . e e
0.0 02 04 06 0.8 0.0 02 0.4 056 08
(a) ESD of X,, = P, +1iQy (b) ESD of X,, = P, +iQy
pp, = (9/10)d0 + (1/10)d4/5 pp, = (4/5)00 + (1/5)d9/10
1, = (1/2)6 + (1/2)é1 1Q, = (1/5)do + (4/5)d1
n = 1000 n = 1000

Figure 4.2: ESDs for Corollary

Finally, we conclude that the Brown measure of X = p + iq uniquely determines the laws

of p and ¢. Here we allow p and ¢ to be possibly constant.

Corollary 4.23. Let p,q € (M, 1) be Hermitian and freely independent and

fy = @by + (1 — a)dy
g (1= (4.131)

where a,b € [0,1] and a, o/, 5,8 € R. Let p be the Brown measure of X = p +iq. Then, the

assignment (i, pg) — o is 1 to 1.

Proof. From Corollary [4.20] 4 is atomic if and only if one of p or ¢ is constant. In this case,

it is easy to determine the weights and atoms of both p, and p, from p.

Thus, we may consider g which is the Brown measure of X = p + iq where p and ¢ are

not constant.
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First, we show that p determines the positions of the atoms of p and ¢. Since the support
of ¢/ on H N R contains at least 5 points, then the equation of H is uniquely determined. If
a=bora+b=1, then from Corollary .22 we can determine the positions of the atoms of
p and ¢. Thus, assume that a # b and a + b # 1. From Corollary [£.20] x has 2 atoms at the
points {a + i,/ + i, a + if',a’ +i'}. From these two points, at least 3 of a, o/, 3, 8" are
determined. To determine the last one, we can use the equation of the hyperbola and look at

either the coefficient of z or y. Thus, u determines the positions of the atoms of p and q.

We can determine the weights of the atoms of p and ¢ directly from Proposition O
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CHAPTER 5

The random matrix model X,

In this chapter, we discuss some of the properties of the random matrix model X,, = P, +1iQ),,

especially their empirical spectral distributions. In the case when P,, ), have 2 atoms, we

will provide the counterparts of Corollaries [4.20] [4.21] and |[4.22]

We first need the following Lemma describing the dimension of the intersection of Haar-

rotated subspaces:

Lemma 5.1. Let P,,Q,, € M, (C) be independently Haar-rotated projections. Then, T(P, A
Qrn) = max(0,7(P,) + 7(Qn) — 1) with probability 1.

Proof. We may assume that P, = U,P,U’ and Q, = V,,Q/V.*, where P/ Q' € M,(C) are
deterministic projections. In particular, we may assume that ), is the diagonal matrix with
all 1’s coming before 0’s on the diagonal. By conjugating by U}, we can reduce to the case

where P, = P! is deterministic and @), is as before.

Let W = P, C" and let V = @,, C". It suffices to show that dim(V + W) is as large as
possible with probability 1, i.e. dim(V + W) = min(n, dim(V) + dim(W)) with probability 1.
For this, it suffices to show that if W is a subspace of C™, V' is a span of the first m columns
of a Haar-distributed unitary, and dim(W) < n —m, then VN = {0} with probability 1.

We recall the following process that produces a Haar-distributed unitary V;, (see [Mecl19],
Chapter 1): Pick the first column of Vj, uniformly from the sphere S"~! C C", call it v;.
Having chosen the first & columns vy, ..., vg, choose the (k + 1)-th column v,y uniformly
from S™~! N span(vy,...,v;)", which can be identified with S"=*~1,

We return to showing that V- NW = {0} with probability 1. Let V,, be a Haar distributed

97



unitary and V,e; = v;, so that V' = span{v,...,v,}. We proceed by induction on dim(V') =
m, 1 <m <n. Form =1, dim(W) < n—1. Then, VW # {0} would mean that
v, € W NS 1. Note that W N S™ ! can be identified with S4™W)=1 4 sphere of smaller
dimension. Since v; is chosen uniformly from S™~!, this happens with probability 0. For the
inductive step, suppose V' = span{vy, ..., vy41}. From the case m = 1, the first vector v;
intersects W with probability 0. Now, consider the projection of C" onto (v;)*. If W' is the
image of W under this projection, then dim(W') = dim (W) with probability 1 (when v; ¢ W).
The projection reduces the dimension of C" to n—1. Then, the process of choosing the columns
V9, ..., Uy reduces to the case where dim(V) = m and dim(W’') <n—(m+1) = (n—1)—m
inside C"~!'. Thus, with probability 1, span(vs, ..., vme1) N W' = {0}. Hence, VN W = {0}
with probability 1. O

Note that the result in Lemma [5.1] is the same as the analogous quantities for freely

independent projections in Proposition [4.13]

We now show that the random matrices X,, = P, + i(),, are normal with probability 0,

except in the obvious cases when P, or (), are constant:

Proposition 5.2. Let X,, = P, +iQ,,, where P,,Q, € M,(C) are independently Haar-rotated

Hermitian matrices with distributions

pe, = (a1)n0(ar), + -+ (@r)nd(ay), 5.1

1@, = (01)nds), + -+ (1)nd(s), »

where (;)n, (Bj)n € R, (@i)n, (bj)n >0, and (a1)n+ -+ (@) = (b1)n+ - (b)n = 1. If pp,,

1, are not constant, then X,, is normal with probability 0.

Proof. First, we recall some general facts: Hermitian operators p,q € (M, 7) commute if and
only if all of their spectral projections commute. If p, ¢ are projections, then p and ¢ commute
if and only if pg = p A q. Applying this to the other three pairs of commuting projections,
(1-p.q), (p.1 —q), and (1 —p,1 —q), then (1 —p)g=(1—p)Ag,p(1 —q) =pA(1—q),
and (1 —p)(1—¢q)=(1—-p)A(1—q).
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Thus, if p and ¢ commute, the following equalities hold:

1=(p+1-p)(g+(1-q)
=pg+(1—=p)g+p(l—q)+(1-p)(1-q) (5.2)

=pAqg+(1=p)Ag+pA(1l—-q@)+(1—-p)A(1—gq).

Hence, if p,q € B(H), then we have the orthogonal decomposition:
H=prgHe(1-pAgHo(pAN1-q)Hs(1-pA1d-q)H. (53

Returning to the Proposition, without loss of generality, assume that (a;), = min;(a;),
and (b1), = min;(b;),. If P, and @,, commute, then p = x{(a),.}(Fn) and ¢ = x(s,).}(@n)
commute. Note that 7(p) = (a1), and 7(¢) = (b),. Since P, and @,, are not constant and
(a1)n, (b1), are minimal, then (a1)n, (b1), € (0,1/2]. Applying Lemma5.1 p A ¢ = 0 with
probability 1. Let W = qC™ and V' = pC". From the orthogonal decomposition of C" by
commuting projections, W C V. Since 7(g) # 0, then W contains a non-zero vector v that
is uniformly distributed on S™~!. Applying Lemma , v € W with probability 0. Hence, p
and ¢ commute with probability 0. Thus, P, and @,, commute with probability 0, and we

conclude X, is normal with probability 0. [

Now, we consider the case when P, and (Q,, have 2 atoms. In this case, we will use the

following notation:

pp, = anla, + (1 — an)da:
(5.4)
HQ, = bnégn + (1 - bn)@% s

for an, b, € (0,1), o, # &, Bn # B, and oy, &, B, Bl € R.
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2

Analogous to H and R from Definition [4.9] let H,, and R, be the hyperbola and rectangle

associated with X,

Definition 5.3. Let P,,Q, € M,(C) be Hermitian with laws:

mp, = anéan + (1 - an)éa’n
(5.6)

1o, = bnds, + (1 — bn)(i&/1 .

Let o, = o), — o, and B, = B, — Pn.

The hyperbola associated with X, is

’\ 2 N\ 2 2 g72
Hn:{z:$+iy€C:(x—a”+a”) —(y—ﬁn+ﬁ”> :%” %"} (5.7)

2 2 4

The rectangle associated with X, is
R,={z=zxz+iyeC:aze€la,Na,,a, V|, y€[BaNB, LBV ]} (5.8)

We will show that the empirical spectral distribution of X, is supported on H,, N R,,.
First, we consider X,,%:

Proposition 5.4. X, is normal and

B oI — B2
Re(X,*) = ——" 1 & 59)

e < 22
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If p is an eigenvalue of X,,% then

%2 . %2

Re(p) = ="
2., (5.10)

[Tm(p)| < =5

Proof. Observe that P,> = o72/4 and Q,*> = %2 /4.

Hence,

= (P> = Qu”) +i(PaQn + QuFn) (5.11)
52%2 {@2
As ]-:’nQNn + ann is Hermitian then
_ 2 o2
Re(X,?) = Ay — B,
4 (5.12)

Note that from the spectra of P,, Q, = |%,| /2. Hence,

— || /2 and ||,

i) =

(5.13)

n

e
A
=y

+ @

\ p

Since Re(X,,) is a constant, then clearly it commutes with Im(X,,) and it follows that X, is
normal. Hence, X, is diagonalizable and its eigenvalues are of the form p = p1 + ip2, Where
p1 is an eigenvalue of Re(X,) and p, is an eigenvalue of Im(X,,). Thus,
Ag? — B2
Re(p) = Lo
(5.14)

im() < [[im(%)| < 1222
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We conclude that the eigenvalues of X,, = P, + i@, lie on H, N R,,.

Proposition 5.5. The eigenvalues of X,, lie on H, N R,,.

Proof. 1f X is an eigenvalue for X,, = P, +1Q),,, then

’ 7\ 2
(A—O‘"JFO‘”—i/B”JFﬁ”) . (5.15)

2 2

is an eigenvalue for X,,>. Hence, from Proposition ,

’ N\ 2 2 op2
Re((A—a"+an_iﬁn+6n> ) :%n %,

2 2 4
) (5.16)
N Ry AR TN
m — —i .
2 2 - 2
From Lemma .7, A € H, N R,. O

The symmetries described in Corollary are trivial for the empirical spectral dis-
tributions of X,,, as they correspond to replacing P, (resp. @,) by a, + o/, — P, (resp.
Bn+ B — Qn)-

We introduce the following notation for the eigenspaces of a (random) matrix Y,, € M, (C):
Definition 5.6. Let Y, € M,(C). Define the following:
o Let E\(Y,) be the A\-eigenspace for Y, i.e. Ex(Y,) = ker(Y, — Al,).

o Let VA(Y,,) be the generalized \-eigenspace forY,, i.e. Ex(Y,) = ;o ker((Y, —
MR = ker((Y,, — A,)").

In general, we allow for E\(Y,) = {0} or VA(Y,) = {0}, but if we specifically say that X\ is an
etgenvalue, then it is implied that EX(Y,) # {0} (and hence Vy(Y,) # {0}).
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For the atoms of X,,, the following result shows the restriction of the empirical spectral
distribution of X,, to OR,, is atomic, with the weight of the atoms corresponding to the
dimension of the intersection of randomly rotated eigenspaces of P, and @),. This behavior
matches the result of Corollary about the Brown measure of X = p + iqg when p and ¢

have 2 atoms.

Proposition 5.7. Let X,, = P,+iQ,,, where P,, (), are independently Haar-rotated Hermitian

matrices with distributions:

lupn = (al)n(S a1 )n + T _'_ (a’k)n(s Ak )n
(o) (o) (517)

1Q, = (b1)nd(sy), + -+ (0)nd(s), »

where (0;)n, (Bj)n € R, (@i)n, (bj)n >0, and (a1)n+- -+ (ag)n = (b1)n+--- (bi)n = 1. Further,
assume that the (o), (resp. (B;)n) are distinct and the (a;)n, (b;), > 0.

Let inin, imax be indices such that (oy_. ), = ming(ay), and (a;,, )n = max;(a;),. Similarly,
let Jmin, Jmax e indices such that (B, )n = min;(5;), and (Bj,..)n = max;(5;),. Then, the

empirical spectral distribution of X, on OR,, is:

Z max<07 (aimin)n + (b])n - 1)6(aitl,in)n+i(bj)n+

Z ma‘x<07 (aimax)n + (b.])n - 1)5(almax)n+z(b])n+

k (5.18)
Z ma’x<07 (al)n _'_ (bjmin)n - 1>6(a1)n+l(b]mm)n+
i=1
k
Z maX(07 (a’z)n + (bjmax)n - 1)5(a1)n+l(bjmax)’ﬂ :
=1

Proof. First, we will show the only eigenvalues of X,, on R, are of the form (a;), + i(5;)n,
and E(a,),+i(8;)n (Xn) = Eay), (Pn) N Eg,), (Qn). Let v be a unit eigenvector for an eigenvalue
A € OR,,. Let A = A\ + i)y, where A\, Ay € R. Consider the following equalities:

AL+ iy = (A, v) = (P +1Qn)v,v) = (Pyv,v) + i(Qnu,v) . (5.19)
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Since P,, (), are Hermitian, then A; = (P,v,v) and Ay = (Q,v,v). Since A\ € IR, then one of
A1 or \g is an extremal eigenvalue for P, or ), respectively. Without loss of generality assume
that \; is an extremal eigenvalue for P,. Then, (P,v,v) = A; implies that P,v = A\jv. Hence,
Q,v = Av. Thus, we conclude that F\(X,) C E\, (P,) N E),(Q,). The reverse inclusion is

always true, so we have equality. Since A\ = (o), and Ay = (5;)n, then A = (a;)n +i(5;)n.
To compute the dimension of E(a,),+i(8,),(Xn) = E(ay). (Pn) N Eg)), (Qn), We may assume
that P, = U,P.U’ and Q, = V,Q,V*, where P! Q' are deterministic and U,,V,, are

independent Haar-distributed unitaries. Then, E,,), (Pn) = UnE(ay), (P;) and Eg)), (Qn) =
ViEg,,(Qr,). From Lemma ,

A (B, 416y, (X,)) = max(0, dim(Eqw,), (P)) + dim(Egsy), (@) — ). (5.20)

Dividing by n and using the definition of the (a;)y, (b;), verifies the weights of the eigenvalues

in the empirical spectral distribution. O]

For the counterpart of Corollary we will use the following description of two
subspaces in terms of their principal angles (for more information about these angles, see

[BGT3], Introduction).

Proposition 5.8. Let V,W be two subspaces of C", where dim(V') =k, dim(W) =1, and

k <l1. Then, there exists {vy,..., v}, {wy,...,w} CC" and 0 <0 <Oy <--- <O < 7/2,

such that:
1. {vy,..., v} are an orthogonal basis for V.
2. {wy,...,w} are an orthogonal basis for W.
3.
cost; 1=7
(vi, wj) = (5.21)
0 i#j.

For any other such decomposition, the 6; are the same. These angles are called the

principal angles between V and W'.
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Suppose that 0,, =0 and 0,41 > 0 (or m =n). Then, dim(V N W) =m.

Conversely, for any 1 <m < k <[l <n suchthatk+l—-—m<nandby=---=0,=0<

Oma1 <+ < Op <7/2, there ezists subspaces V,W C C" that satisfy the previous properties.

Proof. Let P, be a n x k matrix whose columns form an orthogonal basis for V' and let Q,,
be a n x [ matrix whose columns form an orthogonal basis for W. Consider the singular
value decomposition of Q*P,. First, ||Q*P,| < 1, since for £ € C* n € C! such that
€11 =1, [Inll = 1, (L Pasm| = [{Pa&; Qum)| < Pulll | Qunll = [¢]In] = 1. Hence, we may

parameterize the singular values of Q)P, by cosb,...,cosf, where 0 < 6 <y < --- <

From the singular value decomposition, there exists an orthogonal basis {v},...,v,} C C*

and an orthogonal set {w}, ..., w,} C C! such that:
Q! Pu; = cos(6;)w; . (5.22)

By adding w} 4, ..., w] to complete the orthogonal set to a basis of C, then taking v; = P,

and w; = an; satisfies the desired properties for v; and w;.

For any other such decomposition of V and W, {#y,..., 7} and {dy,... a0}, let P, be
the matrix whose columns are the v; and let Qn be the matrix whose columns are the w;.
Then, P, = P,U for some unitary U € U(k) and 9, = 9,V for some unitary V € U(l).
Thus, the singular values of Q) P, and the singular values of Q;?Sn are identical. As the
singular values of each matrix are the cosines of the principal angles from their respective

decompositions, then we conclude that the principal values are unique to the pair V, W.

Next, we show that V N W = span{vy,...,v,} = span{ws, ..., w,,}. First, since ||v;|| =
|w;|| =1 and (v;, w;) =1 for i < m, then v; = w;. Now, consider an element in V N W,
ayvy + - - - + agvy = bywy + - - - + by . (5.23)

By dotting both sides of the equation with v;, a; = b; cos 6; for ¢« < k. By dotting both sides
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of the equation with wj, a;cosf; = b; for j < k and b; = 0 for j > k. For m < i <k,
a; = bicosB; = a;cos?f; and cosf; € [0,1) implies that a; = b; = 0. Thus, VNW =
span{vy, ..., vy} = span{wy, ..., wy}.

For the converse statement, let {eq,...,e,} be an orthogonal basis for C". Let v; = e; for

i1=1,...,k, and let

€; j=1,...,m
wj = § cosbje; +sinbejrp ., j=m+1,...k (5.24)
€itk—m ]:k+1,,l

Choosing V' = span(vy, ..., v,) and W = span(wy, ..., w;) satisfies the desired properties. [

Now, we can discuss the analogue of Corollary when P, and @, have 2 atoms. The
fact that the Brown measure of X usually does not extend to the corners of the rectangle R
is a phenomenon that only appears in the limit: the empirical spectral distributions of X,

always have full support on H, N R,,:

Proposition 5.9. Let X,, = P,+1Q),,, where P,, Q,, are independently Haar-rotated Hermitian
matrices with distributions:
PP, = Anda, + (1 — an)da

!
n

(5.25)
uQn = bn(55n —+ (1 — bn)éﬁﬁ s

The support of X,, is H, N R,,.

Proof. First, we will show that for any 6 € (0, 7/2), there exists deterministic P,, @), with
distributions

(5.26)
where X,, = P, +i@Q),, has eigenvalues \;(6), A2(0) from Proposition .

Since a,,, b, > 0, then from Proposition , there exists subspaces V, W where dim(V') =
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n(l —a,), dim(W) =n(1 —b,), and # is one of the principal angles between V' and W. We
may choose P,, @, so that P) = x{a}(P,) and @), = x¢s,1(Qy) are the projections onto V'
and W, respectively. Let v € V, w € W be from the decomposition from Proposition [5.8
such that (v,w) = cos@. Then, P/ and @, fix U = span(v,w), and hence so do P,, @, and
X, = P, +iQ,. We claim that the restriction of X,, to U has eigenvalues A;(6), A2(6). The
restriction of P! to U is the projection onto v and the restriction of @)/, to U is the projection
onto w. By conjugating by a unitary, we may assume that v = (cos,sinf) and w = (1,0).
In this situation, the matrices of P/ and @/, with respect to the standard basis are exactly
those of p and ¢ from Section Then, the computations proceed identically as in the proof
of Proposition 4.5 to show that the eigenvalues of X,, on U are A;(0), A\2(0).

We return to the situation where X, is the random matrix model. From Corollary
A1, A2 1 [0, /2] — C parameterize H,, N R,. Note that A, Ay map {0, 7/2} to the 4 corners
of R,. Let u, be the empirical spectral distribution of X,,. It suffices to show that for any
neighborhood U of A;(6) or \y(0), 0 € (0,7/2), pu,(U) > 0.

For this, let P, = U,P.U}, Q, = V,Q. V.5, where P!, Q) are deterministic and U,,V,
are independent Haar-distributed unitaries. Then, there exists a point where U,,, V,, make
X, = P, +1iQ, have eigenvalue \{(6). As (U,,V,) — X, is continuous, then for positive

probability neighborhoods of U,, and V,,, X,, has an eigenvalue in U. Hence, pu,(U) > 0. O
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CHAPTER 6

Convergence of ESD of X, to Brown measure of X

In this chapter, we consider the convergence of empirical spectral distributions of X,, when

P, and (),, have at most 2 atoms.

If the law of P, converges to the law of some Hermitian p € (M, 7), then p, is supported
on at most 2 points: if the support of y,, contained more points, we get a contradiction by
testing the convergence on non-negative compactly supported continuous functions that are
1 on sufficiently small neighborhoods of each of these points. The same result holds if the
law of (),, converges to the law of ¢. By considering the joint law of P, and @),,, then we will

show the joint law of p is ¢ is that they are freely independent.

Hence, we consider as in the previous section X = p+iq € (M, 7), where p, ¢ are Hermitian

and freely independent, with
fp = abg + (1 — a)dy
g (6.1)
g = b3+ (1= B)o
where a,b € [0,1] and o, o/, 3,5 € R.

The main result of this chapter is: if the law of P, converges to the law of p and the law
of @), converges to the law of ¢, then the empirical spectral distribution of X,, converges to

the Brown measure of X.

Theorem 6.1. Consider the random matriz model X,, = P, +iQ,,, where P,,Q, € M,(C)
are independently Haar-rotated Hermaitian matrices with distributions with at most 2 atoms.
Suppose that the law of P, converges to the law of p and the law of Q,, converges to the law
of q. Let p,q € (M, T) where p and q are freely independent. Then, the empirical spectral

distribution of X, converges almost surely in the vague topology to the Brown measure of
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X =p+1q.

Recall that p and g have at most 2 atoms. If p and g each have 2 atoms, the condition that
the law of P, converges to p and the law of (),, converges to q is equivalent to the positions
and weights of the atoms of P, and (), converging to the position and weights of the atoms
of p and ¢. Then, we may assume that o, - o, 8, — 3, o, = &/, 8, = (', a, — a, and

b, — b. Hence, for n sufficiently large, P, and @), also have 2 atoms.

We will spend the vast majority of our effort dealing with the situation when p and ¢
each have 2 atoms. The situation where either p or ¢ is constant (and hence real numbers)
are special cases that can be handled individually by analyzing limiting cases of the Brown
measure. We will prove the intermediate results exclusively in the case where p and ¢ have 2
atoms (resp. P, and ), have 2 atoms), even if the results can be generalized for the case

when p or ¢ is constant (resp. P, or @, is constant).

Once we prove Theorem [6.1], we can deduce the following converse result:

Theorem 6.2. Consider the random matriz model X,, = P, +iQ,,, where P,,Q, € M,(C)
are independently Haar-rotated Hermaitian matrices with distributions with at most 2 atoms.
Suppose that the empirical spectral distribution of X, converges in probability in the vague
topology to some deterministic probability measure p. Then, the law of P, converges to the
law of p and the law of Q,, converges to the law of q for some p,q € (M, T) where p and q are
freely independent. Hence, p is the Brown measure of X = p + iq.

Note that in Theorem the hypothesis that the limit measure is a probability measure
is essential to keep the atoms from running off to infinity. For instance, if @), = 0 and

wp, = ady+ (1—a)d, for a € (0,1), then p,, = pp, — adp, which is not a probability measure.

6.1 Outline of proof of convergence

In this section, we describe the strategy for proving Theorem [6.1} This strategy is well-known

and has been used in [TV10], [GKZ11] to prove analogous convergence results for the limit
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laws of various non-Hermitian random matrix models. In [TVI10], [GKZ11] the limit measures
were Brown measures of operators in a tracial von Neumann algebra, and our case is similar.
The Brown measure of the operator which is the natural limit of the random matrix model is

the typical candidate for the limit measure.

We recall from Proposition that if u, is a sequence of random probability measures
on R and p is a deterministic measure, then the convergence of p,, to p is equivalent to the

convergence of the Stieltjes transforms G, to G,.

We wish to use a function with similar properties to the Stieltjes transform when the
measures are complex instead of real (i.e. the random matrices are not necessarily Hermitian).
Call this function L, where ;1 is a complex measure. We are looking for an L, that has the

following properties:

e /i can be recovered from L,,.
e Convergence of L, to L, implies convergence of i, to p.

e The convergence L, to L, can be proven in practice, where y is the Brown measure of

an operator.

Since the case where p are real measures is well-understood, then ideally L, could be

related to a real measure.

One such L, is the logarithmic potential L, : C — C, given by:
L,(z)= /(Clog |z —w| du(w) . (6.2)
In general, recall from Proposition that if p is the Brown measure of X, then
L,(z)=logA(z — X). (6.3)
In particular, this holds for a random matrix X,, and its empirical spectral distribution py, .
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When p is a compactly supported probability measure, L, € Li .(C). When p is
the empirical spectral distribution of a random matrix, this follows from the fact that

log |- —w| € Li,.(C) for any w € C. In general L, € L] (C) follows from the fact that

loc loc

log |- — w| € L{.(C) uniformly for w in a compact set.
In particular, L, is a well-defined distribution and since %VQ log |- — w| = dy, then
Lo (6.4)
' [ M .

so we can recover j from L.

Thus, if we can show the limit:
Ly, (2) = Lu(2), (6.5)

then we should be able to take Laplacians and conclude that g, — wp. The following

Proposition ( [Taol2], Theorem 2.8.3) makes this precise:

Proposition 6.3. Let u, be a sequence of random probability measures on C and suppose
that p is a deterministic probability measure on C. Assume that p,, p are almost surely
supported on some compact set. Suppose for Lebesque almost every z € C, L, (2) = L, ()
almost surely (resp. in probability). Then, p, converges almost surely (resp. in probability)

in the vague topology.

Proof. Let A be the Lebesgue measure on C. Make the randomness of p,, explicit, so that
tn : (2,P) — P(C). Let uy,, 1 be almost surely supported on K.

Recall that L, ,L, € L (C). We will need something slightly stronger, say L,,,, L, €

loc

L2

loc

(C) uniformly almost surely, i.e. for any compact set K C C, |[Ly, || 2y » 1 Lpll 20y < M

for some M > 0, almost surely.
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From Minkowski’s integral inequality:

e YOI E) "
_ ( /K ( / oglz—u du(m)? d)\(z)) " (6.6)
< / | ( /K log |2 — w? dx<z>>1/2 dp(w).

We have a similar inequality where p is replaced by pi,. The uniform bound follows by noting

that log |- — w| € L*(K) uniformly as w ranges over K'.

First, we consider the almost sure convergence. To determine the convergence of u, in
the vague topology, it suffices to prove convergence for f € C2°(C): For arbitrary f € C.(C),
we may take a sequence f; — f uniformly, where f; € C°(C). Then, on the measure 1 set
where (fx, ttn) = (fr, ) for all k, a standard €/3 argument shows that (f, pu,) — (f, u).

For f € C°(C), since 5-V?L,,(2) = pn, then (f, pn) = (5=V?f, L,,,) and similarly for .
Hence, it suffices to prove that (f, L,,) — (f, L,) almost surely for f € C°(C). For this, it

suffices to prove that for any K € C, L, — L, in L'(K') almost surely.

Now, we claim that for almost every w € €, L, (2) = L,(z) for almost every z € K.
This amounts to switching the “almost every” quantifiers in the hypothesis. This follows

from the following application of Fubini’s theorem:

0= /CP({W €Q: Ly (2) £ Lu(2)}) dA(2)
=Px A ({w,2) €(Q,C): Ly, (2) # Lu(2)}) (6.7)
_ /QA {2 €C: Ly (2) A Lu(2)}) dw

We return to showing that L, — L, in L'(K) almost surely. Consider an w such that

L, (2) = L,(2) for almost every z € K. Let f, = |L,,(2) — L,(2)], so our goal is to show
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that f, — 0 in L'(K). For M > 0, consider:

fo=min(f,, M)+ (fr — M)xr>m(2). (6.8)

For any M > 0, the first term goes to 0 in L'(K) as n — oo from the bounded convergence

theorem.

For the second term,

(A%—MMMMQM@S/ fudA(2)

fa>M
<[ nfa
fosm - M

1
S 1 fall L2y

= Euallzagey + 1Bl g
J— M *

Thus, choosing M sufficiently large and taking n — oo shows that L,, — L, in L'(K).

Next, we consider the convergence in probability. First, we note it suffices to prove the
convergence for f € C°(C). For arbitrary g € C.(C), let f € C°(C) so that || f — g, < €/3.
Then,

{w: Kgpn) = (g, )| > €} CH{w [ pm) = {9, )| > €/3}

UA{w : [(fs ) — (fs )] > €/3} (6.10)
U{w  [(f, ) = (g, )| > €/3}.

But, two of the sets are empty, so then

P({w : [{g, pn) = (g, )] > €}) <P{w = [{f; pn) = (f, )] > €/3}) - (6.11)

so the weak convergence of (f, u,) — (f, 1) implies the weak convergence of (g, i,,) — (g, 1.
For f € C°(C), since 5-V?L,,,,(2) = pn, then (f, 1) = (5=V?f, L,,,) and similarly for .
Hence, it suffices to prove that (f, L, ) — (f, L,) in probability for f € C*(C).

We again need a Fubini argument to switch the quantifiers of w € 2 and z € C in the
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hypothesis. Let f be supported on compact K C C. Fix € > 0 and consider the following

application of Fubini’s theorem:

| Bl € 2 10,,() - )| > D ar)
— (P x N({(w,2) € (LK) : |Ly, (=) = L()| > ) (6.12)

_ /QA({Z € K Ly (2) — Lu(2)| > €}) du.

As n — oo the integrand of the first integral goes to 0. Hence, from the bounded convergence
theorem, the integral goes to 0. For w € €, let K,,, = {z € K : |L,, (2) — L,(2)| > €}. As

[A(E )l 1) — 0 as n — oo then for any 6 > 0, P({w € 2: A(Ky,) > 6}) — 0 as n — oo.

Consider an w € 2 such that A\(K,, ) < . Then, the following inequalities hold:

/K FE L (2) = Ly(2)] dA()
_ /K L (2) — Lu(2))] dA(2) + / L (2) — L)) dA(2)

K\Kn,e

< Wliwiry [ V) = L (VAN +e [ 1) A (0:19)

K\Kp,e
<l 0y i (2) = s ey M) + €1 fll ey

< F I oo ey Ul Liin () 2y + 1L () 22y )82 + €0LF N ey -

Thus, the weak convergence follows by choosing €, § sufficiently small and taking n — oo. [

Thus, in order to prove the convergence of u,, to pu, it suffices to show for almost every
zeC
L, (z) = L,(2). (6.14)
almost surely.

From L, (z) = log(A(z — X,,)) and L,, (2) = log(A(z — X)), to prove Theorem it

suffices to show the following convergence of integrals for almost every z € C and almost
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surely:

1 oo 1 [e.e]
—/ log x dv,, () — —/ log x dv,(z) . (6.15)
2 Jo ’ 2 Jo

In general, the strength of the convergence of these integrals (i.e. whether the convergence is

in probability or almost surely) determines the strength of the convergence of p,, to p.

Note also that we have reduced the problem of the convergence of the law of a non-
Hermitian X, to the convergence in law of the Hermitian H,(X,) = (» — X,,)*(z — X,) for
z € C. Thus, we may employ Hermitian techniques to calculate the limit and identify an X

for which v, is the spectral measure for H,(X) = (z — X)*(z — X).

There is usually already a candidate X € (M, 7) where the laws v, , = v, for z € C. In
this case, this X = p+iq, where p and ¢ are as in Chapter [4] This comes from Theorem [I.3

about the asymptotic freeness of independent Hermitian operators and Haar unitaries.

The main difficulty in justifying the convergence of the integrals is the fact that logx is
not continuous at 0: logx — —oo as x — 0. So, the logarithmic integrals may not converge
if the measures v, , have too much mass near 0. Note that the measure v, , is supported on
[0min(z — X3)?, ||z — X,||], so in order to prove the convergence of the logarithmic integrals,

it suffices bound the minimum singular value from below.

In practice, this is the most difficult part of these convergence arguments. In our situation,

we use the geometry of the support of the Brown measure of X (see Corollary .

Thus, given we can complete the following steps:

1. Find a suitable X € (M, 7) so that for almost every z € C, v, , — v, almost surely in

the vague topology.
2. Bound the minimum singular value of z — X, from below to justify the convergence

1

oo 1 oo
—/ log z dv,, ,(x) — —/ logz dv,(x) . (6.16)
2.Jo ’ 2.Jo

for almost every z € C almost surely.

115



then we can conclude that u, — p, where y is the Brown measure of X.

6.2 The law v,

In this section, we assume that p and ¢ have 2 atoms, i.e.

fp = @l + (1 — a)dy
g (6.17)
where a,b € (0,1), a # o, f # [, and o, d/, 3,5 € R. We have the convergences a,, — a,
Bn — B, al, =, B, — B, a, — a, and b, — b.
Let v, . be the spectral measure of H,(X,) = (2 — X,,)* (2 — X,,) and let v, be the spectral

measure of H,(X) = (z — X)*(z — X). We will show that the laws v, , converge to v,

This fact follows from Theorem [1.37] which we apply to observe the following Proposition:

Proposition 6.4. The joint law of P,, @, in (Mn((C),E [%tr])
(resp. (Mn((C), %tr)) is asymptotically free (resp. almost surely asymptotically free), converg-

ing to the law of two free Hermitian operators p,q € (M, T) where

fp = adgy + (1 — a)dy
g (6.18)

Proof. Recall that P, = U,P.U*

n-n?

Qn = V,Q\V* where U,,V, are independent Haar-

distributed unitaries and P, ()!, are deterministic, Hermitian, and

Hpr = a'néoan + (1 - a'n)(soa;l

(6.19)
1Q;, = bndg, + (1 —bn)dg, .

Because of the invariance property of the Haar measure, any choice of the P, Q) gives the
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same law for X,,. Thus, let P! Q! be given by:

Pylz:(a;z_an>pn+an

Q;L = (ﬁ?lz - ﬁn)@n + ﬁn )

(6.20)

where P, is the matrix of the projection onto the first n(1 — a,) standard basis vectors of C"

and Q,, is the matrix of the projection onto the first n(1 — b,) standard basis vectors of C™.

Then, 7(P,) =1 — a,, 7(Q,) = 1 — b, and

n — n/\Qn+pnA(1_Qn)
- _ . _ ~ (6.21)
n — nAQn+(1_Pn)AQn
7( D AQ,) = mm(r(ﬁn), 7(Qn))
T(lf’n A(1— Qn) = T(ﬁn) T(Py A Qy)
(6.22)

The projections P, A Qp, Py A (1 — Qn), (1 = Py) A Qn, (1 — P) A (1 — Q,) are mutually
orthogonal and sum to 1. Hence, their joint law converges to the joint law of mutually

orthogonal projections ey, €19, €o1, €go that sum to 1, where

(6.23)
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By forming the variables:

p=en+ e
q=en+en
(6.24)
p=("—-a)p+a
¢ =B ~p)g+p.
then it follows that the law of P/, Q' converges to the law of p/, ¢/, where
fy = abq + (1 — a)dy
' (6.25)

Since P/, are deterministic, then they are independent from U,,V,,. Further, ||P,|| =

/

and ||@! || = max(5,, 5!, and since these sequences converge, then || P! ||, || Q!
n n n n n

max(ay,, o
are uniformly bounded. Hence, from Theorem [1.37] the law of P, Q!, becomes (almost surely)
asymptotically free from U, V,,. Let u,v be the limit variables for U,, V,,. It is easy to check
that p = up’u*x and vq'v* are freely independent. Hence, the joint law of P,, (), converges to
the law of p, ¢, where p and ¢ are free and

fp = @l + (1 — a)dy
g (6.26)

As a direct corollary, we observe the following:

Corollary 6.5. Let v, . be the spectral measure of H,(X,) = (z — X,)*(z — X,,) and let v,
be the spectral measure of H,(X) = (z — X)*(2 — X). For every z € C, v, , converges to v,

almost surely in the vague topology.

Proof. This follows from Proposition and noting that the convergence of the laws almost

surely implies convergence of the u, almost surely. O]
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6.3 Bounds on the minimum singular value

Recall that for our random matrix model, X,, = P, + iQ,,, where P,,Q, € M,(C) are

Hermitian and
WP, = Gnda, + (1 —ap)dar,
(6.27)
where a,,b, € [0,1], and «, o/, B,, B, € R. In this section, we will assume that P, and @,

have 2 atoms, so that a,, b, € (0,1) and a,, # a,, 5, # [.,.

Recall the following notation from Chapter [5}

~n:Pn_an+an
2
6= Pt
X, =P, +i0, (6.28)
gy =al, — ay
Py = B, — Bn

In this section, we will bound the minimum singular value of z — X,, from below. We
could use the principal angles between two subspaces from Chapter |5 to obtain the bound,

but we provide a different proof that analyzes the restriction of X to the eigenspaces of X,,>.

First, we examine the relationship between the (generalized) eigenspaces of X, and X2

to see that X, is almost diagonalizable:
Proposition 6.6. Let pc C. If p# 0, let

anpt+al, B+ Bl
A(p) = 5 Tl +Vp

! !
an+an+iﬁn+ﬁn_

A () = 2 2,

(6.29)
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where /p is a chosen square root of p. Then,

B, (p)(Xa) + Bx_ (X, 0
E,(X,2) = (o) (Xn) + By ((Xa) o # 6.30)

Van+a;L +Z%+B$L(Xn) P = 0.

2

Further,
ant oy Bt B
—1

2
Viset,, onsy (Xa) = ket <(Xn— 5 . ) > . (6.31)

Proof. Since X,,? and X,, commute, then X,, fixes the Ep(XnZ).

Consider X”‘Ep()fn2) : Ep(XnZ) — Ep()fnZ). Then, X”‘E,J( satisfies the polynomial

Xn?)

/ 1\ 2
p(z) = (:L‘— Qn;a” —zﬁn;6"> —p. (6.32)

When p # 0, p(x) is separable with roots A\;(p), A_(p). Hence,

E,(X,?) = Ex, () (Xn}Ep(xnz)) + Ex_(y) (Xn\Ep(XnQ)) . (6.33)
For p =0, |
=7 (Xolnt) = (Xn|Ep<xn2> - ; b ; 6&) - (6.34)
Hence,
Eo(XnZ) = ker ((Xn‘EO(XnQ) _y —;— al +iﬁ" _;_ 57/1)2>
(6.35)

- Van-ga%Jriﬁn‘;ﬁﬁ (Xn|EO(X'n2)> .

Recall from Proposition that X,,? is normal so that EBpEp(Xn2) is an orthogonal decom-

position of the domain of X,,. For p # 0, the A\, (p), A\_(p) are distinct and not equal to
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! !
O‘";a" + 2’8";6”. Hence,

Ex (o) (Xn|Ep<xn2)> = Ex, () (Xn)
Ex_(p) (Xn|Ep()5nz)> = B\ (»)(Xn) (6.36)

Venta X > = Vinta Xn) .
n+ '/n_’_lﬁn‘gﬁél n}EO(Xn2) n+ 41,_’_2511‘551/1( 'fl)

2

2

]

Since X,? is normal (Proposition , then @,F,(X,?) is an orthogonal decomposition
of the domain of z — X,,. Thus, in order to bound o,(z — X,,) from below, it suffices to
bound o, <(z — Xn)| By XnQ)) from below. No meaningful bound can be given when z is an
eigenvalue of X, as this is exactly when o, (2 — X,,) = 0. Hence, it suffices to consider when
z is not an eigenvalue of X,,. Then, the following Proposition bounds o, ((z - X,) ‘ B Xn2)>
from below when z is not an eigenvalue of X,,. The idea is to consider z — X,, on invariant

subspaces with small dimension.
Proposition 6.7. Let z € C. Consider p € C that is an eigenvalue of X,2. For p # 0, let

Oén‘i‘a;q, /Bn_{—ﬁqlm

_ Oén‘i‘a;q,_i_iﬁn'{'ﬁq/m .

2 2 a

(6.37)

where \/p is a chosen square root of p.

Suppose that z is not an eigenvalue of X"‘E e Then, the minimum singular value of
P n

2)'
(z — X")‘E (%n2) is bounded from below by the following:

. 9
win (= = Aol =A@
(2= X))
Ormin ((z — X")|Ep()€n2)) > L auwtal _ oarty |’ (6.38)
2 2 p=0
H<Z - Xn)‘Eo()fﬁ)

\
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Proof. Recall that

Omin ((z — Xn)|Ep<>5n2)) = min IC: _II)C(|T)<C)” : (6.39)

CEEp(Xn?)
¢#0

First, consider if p # 0. From Proposition ., E,(X,?) = Ex,(p)(Xy) + Ex_(5)(Xn). Let
V= E)\+(p)(Xn), W = E/\_(p)(Xn). Then,

- X, - X,
win JE=X)O1 o G- X)) 6.10
e,y ICl oeltuew o+ ]
A0 (v,0)#(0,0)

Fix some v € V,w € W. Let U = span(v,w). Then, z — X,, fixes U. We proceed to show
that
in (|2 — A -2 (p))?
Ounin ((Z_Xn)‘U) Z mln(’Z +(p)‘7"‘7’ (,O)D ] (641)

1 = Xl |

Note that ||(z — X”)|U|| # 0 since z is not an eigenvalue of (z — Xn)‘U. If either v = 0 or

w =0, then (z — X”)|U =z— A (p) or (z — X"”U =z — A_(p). Without loss of generality
assume that (z — X,)|, = 2 — A4 (p). Then, the following verifies (6.41):

omin (2 = Xa)|)) = 12 = As ()]

|z — )\+( )|2
“ =Xl (642

min (|z — Ay (p)|, |z — )\7(/7)|)2
B H(Z_Xn)|UH

If v # 0 and w # 0 then dim(U) = 2 and the eigenvalues of (z — X

W]y are == A4 (), 2= A_(p).

Since the absolute value of the product of the eigenvalues of (z — X is equal to the product

oy

of the singular values of (z — X,,)|,,, then

2= As(p)l |2 = A=(p)] = o1((2 = Xa)| o2 ((z = X))

=[Gz = Xyl omin (= = X)) -

(6.43)
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Hence,

i (2 — X)) = 22— A o)

(2 = X))
min (|2 = Ay (p)] |2 = A_()]) (6:44)
N |z = X))

Thus, in all cases of dim(U), (6.41]) holds. The following inequalities complete the proof in

the case where p # 0:

min NEZX)@rw) o o e = X))
veVweW HU + ’LUH veViweW (eU ”C”
(v} £(0.0) (0w} £(0.0) 0
= iy o (2= Xly)
(0.0} #(0.0) (6.45)
o min(le = (o)) [z = A (o)) '
> min
ot = ),

(v.0)(0,0)
_ min (|2 = A (p)] [z = A_(p)])*
(2= Xa) 2,

Next, consider if p = 0. For ¢ € Fy(X,,?), let V = span(¢, X,,¢). Since Ey(X,?) = ker(X,,?),

then X, fixes V, so z — X,, also fixes V. We proceed to show that:

2
o — antoag, _ ZBTH_/B%
2 2

Iz = Xl |

Owmin (2 = Xu)|},) = (6.46)

Note that ||(z — Xn)‘v” # 0 since z is not an eigenvalue of (z — X")|V' If X,( =0, then

(z — X,) ‘V =2z— a”;a/" - iﬁ”;ﬂ;. In this case, the equality clearly holds.

If X,¢ # 0, then dim(V) = 2. The only eigenvalue of (z — X,,)]|,, is z — a”;a% — i’B”;B;L.

Since the absolute value of the product of the eigenvalues of (z — Xn)‘v is equal to the

product of the singular values of (z — X,,)|,,, then

nt s Bt B
. 2a — i = 01((z = Xu)[,)o2((z = Xa),) (6.47)

=[G = Xy [l omin (= = Xa)[) -
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Rearranging this produces ([6.46]). Hence, in all cases of dim(V"), (6.46) holds. The following

inequalities complete the proof in the case where p = 0:

- X
CeEp(Xn?) 1<l CeBp(X,2) vEY V]l
o 4o

= min opn((z —X,
o (( )|y)
¢#0

2
an+ail _ Zﬂn‘f'ﬁyll
2 2

(6.48)

2 -

I SR A

2

an“‘a{n _ Zﬁn‘i‘ﬂ%
2 2

|-

H(z B X")|E0(Xn2)

Both of the inequalities in the above chain are actually equalities, but we will not need this

fact. O

We conclude by unifying the cases p # 0 and p = 0 in Proposition and presenting a

bound on the entire domain of z — X, for all z € C:

Theorem 6.8. Let z € C. The minimum singular value of z — X,, satisfies the following

inequality:

dist(z, H, N R,)?
O-min(Z - Xn) > i (Z’ )

> (6.49)
Iz — Xall

Proof. If z is an eigenvalue of X,,, then the left-hand side of the inequality is 0 and from
Proposition the right-hand side of the inequality is also 0. Thus, we may assume that z is

not an eigenvalue of X,,.

Consider p € C that is an eigenvalue for X,,2. Since z is not an eigenvalue for X,,, then z
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is not an eigenvalue of X, . Hence, from Proposition (6.7,
g 5,

(Xn?)

;. 9
min (|2 — A+ (p)], [z = A=(p)|) )40
H<Z =Xl .9
Omin (= = Xl g, 0,1 2 o - el _ jrass : (6.50)
2 2 p=0.
\ (z — X”)’EO(XnZ)

Now, we proceed to make these estimates independent of p.

If p # 0, recall from Proposition [6.6( that E,(X,,?) = Ex, (»)(Xn) + Ex_(p)(X,). Since p is
an eigenvalue of X,,? then at least one of Ay (p), \_(p) is an eigenvalue for Xn| B, (%.2) From
pAn

Proposition [5.5] any eigenvalue of X, is on H,, N R,,. Hence,

dist(z, H, N Ry) < min (]2 = A (p)] [z = A-(p)])

< (6.51)

(2= X””Ep(x*n?)

<z = Xall .

Since z is not an eigenvalue of X,,, then ||z — X,,|| # 0 and thus the following inequalities
hold:

min (|2 — Ay (p)], [z = A_(p))* _ dist(z, H, 0 Ry)?
Iz — Xall

(6.52)
(z = Xu)l g, .9

(X,,) so that —a";% —l—i—ﬁ";m

2

If p = 0, recall from Propositionthat Eo(X,%) = Vapsar,

+iﬁn;541
is an eigenvalue for X, : .. From Proposition |5.5, any eigenvalue of X, is on H, N R,,.
g ED(Xn )

Hence,
an oy Bt By
z— —1
2 2

dist(z, H, N R,) <

(6.53)

= H(Z B X")|E0(Xn2)
<z —Xall -

Since z is not an eigenvalue of X,,, then ||z — X,,|| # 0 and thus the following inequalities
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hold:

2

amtag _ ZBTL"’B:’L
2

‘Z B dist(z, H, N R,)?

2 is ?‘z, . ) (6.54)
z = n
(Z - Xn){Ep(X'nQ) H
We conclude that for any p that is an eigenvalue for X,,2,

dist(z, H, N R,,)?

Genin ((Z—Xn) ! ) > . (6.55)
rien) 2 o)

Since X,,? is normal (Proposition , then ©,F,(X,?) is an orthogonal decomposition of

the domain of z — X,,. Hence,

Umin(z - Xn) = mln Omin ((Z - Xn) ) >
{(PEp(Xa2)4{0}} 552
, dist(z, H, N R,,)?
> min (6.56)
B0y Iz — Xall
_ dist(z, H, N Ry,)?
|2 — Xall

Il

6.4 Proofs of convergence and converse

In this section, we complete the proof of Theorem [6.1] and then deduce Theorem [6.2]

Proof of Theorem[6.1. Let
pp, = anla, + (1 — an)dq

/
n

(6.57)
1Q, = bnds, + (1 —b,)dg,

for &n,bn € [O, 1], Oénaa;wﬁn7ﬁiz €R.

Let p,, be the empirical spectral distribution of X,.
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Recall that i, and p, have at most 2 points in their supports, so then

fp = adg + (1 — a)dy
" (6.58)

tg =bdg + (1 —0)dp .
for a,b € [0,1], o, a/, 3, 5" € R.

First, we consider the case where p and ¢ have 2 atoms, i.e. (a,b) € (0,1) and a # o/,
B#B.

In this situation, using the convergence pp, — p, on non-negative f € C.(R) that is
supported on a neighborhood of a and f(a) = 1, then an atom of up, converges to a. A
similar argument shows that an atom of up, converges to o’. By choosing f to be 1 on
neighborhoods of o and o/, we see that the weights of the atoms of P, converge to the weights
of the corresponding atoms of p. Thus, we may assume that o,, — «, 5, = 3, o, = «/,

g — 06, a, — a, and b, — b.

Recall that we need to complete the following steps to complete the proof of Theorem (6.1

when p and ¢ have 2 atoms:

1. Find a suitable X € (M, 7) so that for almost every z € C, v, , — v, almost surely in

the vague topology.

2. Bound the minimum singular value of z — X, from below to justify the convergence

1 [~ 1 [
= / logz dv, () — = / logz dv,(x) . (6.59)
2 Jo ’ 2 Jo

for almost every z € C almost surely.

The first step was completed in Corollary where we identified X = p + iq, where

p,q € (M, 1) were Hermitian, freely independent, and

fp = ady + (1 — a)dy
: (6.60)
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For the second step, it suffices to prove the convergence of the logarithmic integrals for
z & HN R, where H and R are the hyperbola and rectangle associated with X = p + iq. Fix
az¢ HNR. Let H, and R, be the hyperbola and rectangle associated with X,,.

From the triangle inequality, for arbitrary z € C, the following inequality holds:

dist(z, H N R) < dist(z, H, N R,) + sup dist(w, HNR). (6.61)
weH,NR,
Hence,
dist(z, H, N R,) > dist(z2, HNR) — sup dist(w, H N R). (6.62)
weH,NR,

As n — 00, SUp,cp. g, dist(w, H N R) — 0. This can be seen by using the parameterization
of H,NR,, HNR in Corollary [{.§ and comparing the points on H,, N R,,, HN R with the same
0. Since z ¢ HN R, then dist(z, H N R) > 0. So, for n sufficiently large, dist(z, H, N R,) > ¢

for some § > 0.

Since || X, || < 1P|l + |Qnll = max(ay,, o) + max(f5,, 5,,) and the sequences all converge,

then the X,, are uniformly bounded. Hence, the z — X, are uniformly bounded.

Combining these two facts and Theorem , then for n sufficiently large, oyin(z —X,,) > 9
almost surely, for some § > 0. As H.(X,,) = (2 — X,,)"(z — X,,) are uniformly bounded, then

for n sufficiently large, v, . is almost surely supported on [0, M| for some M > 0.

By applying the convergence v, . — v, in the vague topology to f € C.([0,00)) where

f=0on [§, M], we see that v, is also supported on [§, M].

Hence, we may choose f € C.(]0,00)) such that f(z) = log(z) on [d, M], so that the

logarithmic integrals converge almost surely:

%/Oolog:cdunz / f(z)dv,.(x) —
/ f(z)dv,(x ——/ logzdv,(x).

This completes the proof in the case where p and ¢ both have 2 atoms.

(6.63)

Next, we consider the case where p, ¢ € R. By applying the convergence pup, — [, = 0,
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on f that is 1 on small a neighborhood of p and supported on a slightly larger neighborhood,
we see that the sum of the weights of the atoms of P, in any neighborhood U converges to 1
as n — 0o. The same result applies for ), and ¢ with neighborhood V. Let n be sufficiently
large so that the sum of the weights of the atoms of P, in U is larger than 1 — € and the sum
of the weights of the atoms of @,, in V' is larger than 1 —e. If a,, 0/, € U and 5,5, € V,
then p, is supported on U X V', so u, (U x V) =1 and it is clear that ju, tends to d,i;,. In
the other case, suppose that a,, € U but aj, € U. Then, a, = 7(X{a,}(Fn)) > 1 — €, so then

from the parallelogram law,

pn ({0 +iBn}) = 7(Xgan} (Pn) A X483 (@n))
= T(Xfan}(Pn)) + 7(X18,3(Qn)) = T(X{an} (Pn) V X5} (@n))
> (1 =€) + 7(xgp.}(@n) — 1 (6.64)
= 7(X(8.)(Qn)) —
= 1@, ({Pn}) —

Similarly, p,({on, +i6,,}) > 1o, ({B,}) — €. Then, the p,-measure of the atom(s) of {a, +
iBn, o, + 10, } in U x V has measure greater than 1 — 3¢, so again p,, tends to 9,444
Finally, the case where exactly one of p and ¢ is constant follows in a similar manner.
Suppose that ¢ has 2 atoms and p € R. Then b € (0,1), 8 # 5, b, = b, B, — [, and 3/, — [’
For the case that both atoms of P, are in a small neighborhood of p, the branches of H, N R,
are in small neighborhoods of {p+i3, p+i/5'}, and from Proposition these branches have
the appropriate measures pqg, ({6,}) = b, and pg, ({8, }) = 1 — b, so that p,, tends towards
p=bdz+ (1 —b)dz. For the case that a,, is in a small neighborhood of p and up, ({a,}) ~ 1,

then we use the previous argument to show that the w,({a, + i8,}) = po,({5n}) and
pn({om + 10, }) = o, ({8,})- O

Now, we prove the converse result, Theorem 6.2}

Proof of Theorem[06.4 Let p, be the empirical spectral distribution of X,.
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The majority of the proof is spent showing that u, converges vaguely to a probability
measure p, then pp, and pg, are tight, i.e. for any subsequence of these sequences, there

exists a further subsequence that converges in the vague topology.

Having shown this, the conclusion follows by passing to subsequences, using Theorem [6.1],
and using that the Brown measure of X = p + ig determines 1, and p, (Corollary 4.23)).

Now, it suffices to show a subsequence of p, has up, and uq,, converge.

First, if the atoms of P, and Q,, au,al, B,, 5, are uniformly bounded then we may
extract a convergent subsequence where all atoms and weights a,,, b, € [0, 1] converge. Then,

it is clear that P, and (),, converge in the vague topology.

Thus, we may assume that (a,,,a’,, B,, 3,) € R?* is not uniformly bounded. By passing
to a subsequence, we may assume that ||(ay,, o, By, 52)|| = oo. Also assume without loss of
generality that |a,| = max(|ay|, [ad], |Bal,|BL]). We proceed to show that a,, the weight of

o, in pup,, converges to 0.

Let X] = X,,/ay, so that X/ = P! +iQ),, where P, = P,,/a,, Q) = Q,/a,. Then, the
atoms of P/ are at 1,a/,/«,, with respective weights a,, 1 — a,, and the atoms of @)/, are at
Bn/n, B |y, with respective weights b, 1 — b,,. By construction, the atoms of P!, Q' are in

[—1,1]. Let p, be the empirical spectral distribution of X/ .

Since p is a probability measure and p,, — p in probability in the vague topology, then
we deduce that for every ¢ > 0 and 6 > 0 there exists a compact set K. C C such that

w(Ke) > 1 — € and for n sufficiently large, P(u,(K.) >1—¢€) > 1—6.

Now, note that i, (;-K.) = pin(K.). For any neighborhood U of 0 in C, we may choose n
sufficiently large to that iKﬁ C U. Hence, for n sufficiently large, P(u/,(U) > 1—¢€) > 1— 0.

This implies that p, converges to dy in probability.

Any subsequence of X, has a convergent subsequence where the atoms and weights of
P, ,Q,, converge. From Theorem , this implies that y;, converges almost surely to p/,
the Brown measure of X' = p' + i¢’, where fip;, converges o fiy and g . converges to fiq .

Hence, p = dy. Since the assignment (i, f1) = ' is 1-1, then p = ¢ = 0. Hence, up, — do.
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This implies that up, — 9. For this to happen, the weight of the atom at 1, a,, has to
tend to 0. Thus we conclude that if (o, o), ., 8,) € R?* is not uniformly bounded then the

weight of one of these atoms goes to 0.

Without loss of generality, let us keep assuming that a,, — 0. If o/, is not bounded, then
by passing a subsequence where |a/,| — oo, then the atoms o, + i/, and o + i3], go to
0o. As the weight of «,, in P, tends to 1, then from the previous argument, the measure
of the atoms o, + i3, and o), + if3], tends to 1. Then the limit measure has to be 4 =0, a
contradiction. Hence, o/, is bounded, and by passing to a subsequence we may assume that

al — o. Thus, up, — 0, for some o/ € R.

Now, we proceed to show that jg, is a tight sequence of measures. Since p,, — 4 in
probability and p is a probability measure, then for any ¢ > 0, we may choose K. so that
for all n sufficiently large, P(u,,(K.) > 1 —¢€) > 0. Also assume n is sufficiently large so that

a, < €. Hence,

pn({oh, +iBa}) = 7(X(ap1 (Pn) A X481 (@n)
= 7(X{ag} (Fn)) + 7(X(8.1(@n)) — T(Xqa} (Bn) V X(8,1(@n))
= (1 = an) + 7(x8,1(@n)) = T(X{ar 3 (Fn) V X483 (@n))
> (1 =€) + 7(x(8.,3(@n)) — 1 (6.65)
= 7(X(8.}(Qn)) — €
= 1Q.({Bn}) — €

=b, —¢€.

Similarly, u,({c, +i6,}) > (1—"0,) —e. Thus, for € < 1/3, at least one of o/, +i0,, o/, +if, is
in K.. Let C¢ be the projection of K, onto the y coordinate. If both o/, +if,, o, + i3, € K.,
then pug,(Ce) > 1 — 2¢. Assume that o], +i8, ¢ K.. Then, with positive probability,
pn(Ke) > 1 —¢€, 80 pn({al, +iB,}) < e. This implies that b, < 2e, so that ug, (C.) > 1 — 2e.
Hence, @, is tight.

Then, by passing to subsequences, using Theorem [6.1 and using that the Brown measure

131



of X = p+ 1q determines p, and f,, then we conclude that the law of @),, converges to the

law of ¢q. Using that the law of P, converged to d,/, then this completes the proof. n
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CHAPTER 7

Quaternions and Quaternionic Green’s function

In this chapter, we introduce the Quaternions and the Quaternionic Green’s function for an
arbitrary X € (M, 7). Then, we will discuss how this relates to the Brown measure of X. We
will give an outline of how to compute this function when X = p+iq, where p,q € (M, 1) are
Hermitian and freely independent. Finally, we provide the heuristics describing the boundary
and support of the Brown measure of X = p + ig in terms of the Quaternionic Green’s

function.

7.1 Quaternions and notation

In this section, we will set the notation for the quaternions and list some basic facts.

The Quaternions is a real 4-dimensional algebra generated by the elements 1, 2, 3, k,

with the relations

==k =ijk=—1. (7.1)

A general quaternion @) can be written as:
Q:.I'O—F.leli—i-i[)gj—l-i[}gk, Lo, X1,To, T3 eR. (72)

From physics, the Pauli matrices in M,(C) are defined by:

o1 = , 09 = , 03= ) (7.3)
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It is easy to see that ioq, i09, and io3 have the desired relations of the quaternionic generators
i, 7, and k. The subalgebra of M,(C) these elements and the identity matrix generate is
4-dimensional over R and hence is a representation of the quaternions. Explicitly, we have

the following definitions for the quaternions that will be used for the rest of the thesis:

Definition 7.1. The quaternions are the real subalgebra of My(C) consisting of the following

matrices:
A B
H=<0Q= | A BeC). (7.4)
1B A

In terms of the coefficients x; in (7.9),

A:$0+i$3 B=ux+1xy, x9,21,29,23 €ER. (75)

The coefficients x; are called the real coefficients of () and A, B are the complex

coefficients of ().

We will refer to the real numbers in the quaternions as the subset where x1 = xo = x3 =0
(i.e. A€ R and B =0). Similarly, we will refer to the complex numbers in the quaternions

as the subset where x1 = x5 =0 (i.e. B =0).

We highlight the fact that the quaternions are not a complex algebra, since the center of

H is R and not C. In particular, this means H is not a von Neumann algebra.
There are some relevant operations on quaternions:
e the inverse of a quaternion is just the matrix inverse.

e The conjugate of a quaternion Q = xg + x1i + xoj + x5k is Q = xg — T15 — T2 — 3k.

In the matrix representation of (), this corresponds to the matrix Q*.

e The norm of a quaternion, |Q)|, is defined by:

Q1 = (QQ)? = \Ja + ¥ + a3 + a3 (7.6)
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and is equal to the square root of the determinant of (). From the multiplicative

property of the determinant, it easily follows that |Q1Q2| = |Q1] |@2| for quaternions
Qb QZ-

e The norm on quaternions induces a metric, and when we speak of the convergence of

a sequence of quaternions @), — @, it is with respect to this metric.

Every quaternion () is diagonalizable with eigenvalues

g =g +iy/2? + 22 + 22
(7.7)

From the ([7.7]), we observe the following facts:

The eigenvalues of () come in conjugate pairs.

The eigenvalues of ) are distinct if and only if Q) € R.

The eigenvalues of @) are real if and only if @) € R.

l9]* = det Q = |Q* (s0 |g| = |Q|) and det(Q) = |A]* + |B|.

In what follows, it is convenient to define g’ to be the eigenvalue of Qi with non-negative

imaginary part. Using the notation in (7.4) and (7.5),

iA B iA  i(iB)
~B —iA i(iB) 1A

Hence,

g' = —x3 + iy a3+ 2+ 2. (7.9)

Remark 7.2. Given a quaternion Q, our convention (unless stated otherwise) will be to use

g (resp g') to denote the eigenvalue of Q (resp. Qi) with non-negative imaginary part, i.e.
as in and .
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It is easy to see directly from formulas that |g| = ‘ g’ ’ This also follows from the fact
that g’ is an eigenvalue of Qi and |i| = 1. There is another condition between g and g’ that
is evident from the formulas: ’Re(g] )‘ < Im(g). These conditions characterize g and g’, as

discussed in the following Proposition:

Proposition 7.3. Let z,w € C such that

e Im(z) > 0.
e Im(w) > 0.
o |z| =|wl|.

o |Re(w)| < Im(z).

Then, (z,w) = (g,g") for some Q € H. The converse is also true. In polar coordinates where

z=re" and w = se", r,5 >0, 0,¢ € [0,27), the conditions become:

o 00,7
e » 0,7
e pclr/2—-0|,m—|7/2—10|].

Proof. Let Re(z) = o, Re(w) = —ux3, for some zp,z3 € R. Since |Re(w)| < Im(z) and
Im(z) > 0, then we may choose z1,22 € R such that Im(z) = /2% + 23+ 2%. From

|z] = |w| and Im(w) > 0, then Im(w) = /23 + 2? +22. Hence, (z,w) = (g,g") for
Q) = zro+xi1t+29g+2x3k. The converse and the polar coordinates condition are straightforward

to check. n

We also record the following observations about when g, ¢! € R implies that Q € R or
Q €iR:
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Proposition 7.4. For Q € H, g € R implies that Q € R and g’ € R implies that Q € iR.
But, g € iR does not imply that Q € R. But, Q € C and g* € iR does imply that Q € R.

Proof. The first statements about ¢ € R and g’ € R follow from the fact that @ has real
eigenvalues if and only if Q € R (and similarly for Q7). If Q = ¢, then g’ € iR but Q ¢ R.
If Q € C, then g’ is either ig or ig depending on the sign of Im(ig), and so g’ € iR implies
g € R, and hence @) € R. n

The conventions Im(g) > 0 and Im(g?) > 0 are useful for some general computations, but
it has a drawback: if () € C, then the eigenvalue ¢ may not be equal to (): g = ) when
Im(Q) > 0 and g = Q otherwise. Similarly, Qi € C, but we can only conclude that either
9" =Qior g' =Qi.

But, many of the complex-valued functions of ¢ we will consider arise from context as
functions of a quaternion ). This means that these functions only depend on the set of
eigenvalues of @), i.e. these functions are invariant under changing g and g. We record the

following Lemma for these situations:

Lemma 7.5. Let Q € C, g (resp. §) as in (resp. (7.9), and fi, f> : C — C where

filg) = f1(9) f2lg) = f2(9) - (7.10)

Then,
filg) = A1(Q) falg") = f2(Q1). (7.11)
In particular, when we evaluate f1 and fy at g and g’ respectively, we may assume that g = Q

and g' =ig.

Proof. Recall that g = Q when Im(Q) > 0 and g = @Q otherwise. Since fi(g) = f1(g), in
either case fi(g) = f1(Q). Similar logic shows that f2(g’) = fo(Q7). Hence, for purposes of
evaluating fi(g) and fo(g’), we may assume that g = Q and g’ = Qi = ig. O

We also record the following fact about the convergence of quaternions to a real number:
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Lemma 7.6. Let Q. be a sequence of quaternions where the eigenvalues of Q. converge to

some real number g € C. Then, Qy converges to g € C.

Proof. Let gx, g be the eigenvalues of (), where

gr = (zo)r + Z\/($1)% + (152)% + (553)% . (7.12)

gr converges to a real ¢t € R if and only if (1) — 0, (22)r — 0, (23)r — 0, and (zg)r — t.

This implies that @) converges to t. O

7.2 Quaternionic Green’s function

In this section, we will define the Quaternionic Green’s function of an arbitrary X € (M, )
in terms of the operator-valued Cauchy transform. It generalizes the Stieltjes transform
from Section by considering a non-Hermitian operator and being a function defined on
quaternions. The term “Quaternionic Green’s function” comes from the physics literature (see
[BS15], [JNO4], [INO6], [FZ97h], and [INPIT]), and we will use it instead of “Quaternionic
Stieltjes transform/Cauchy transform.” In the mathematics literature, this method was first
suggested in [Gir84] and is now commonly known as the Hermitization method ([BSS18],

[GKZ11]). Applied to a specific problem, it is known as the linearization trick ([BMS1T)).

We will briefly define the relevant concepts in operator-valued free probability and then
apply them in our situation (summarized from ([MS17], Chapters 9, 10) and (JAP], Chapter 9)
). We will only consider the case of a von Neumann algebra, but there is a more general notion
of an operator-valued probability space that generalizes the non-commutative probability
spaces from Section [I.3] Then, we will show how to pass from the conventions in the

mathematics literature to the conventions in the physics literature in our setup.

First, we define the conditional expectation on von Neumann algebras:

Definition 7.7. Let M be a von Neumann algebra and B a von Neumann subalgebra. A

conditional expectation from E to B is a linear map E : M — B that satisfies the
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following properties:

1. If x >0, then E(x) > 0.
2. E(b)=10 forbe B.

3. E(bll’bz) - blE(l’)bg for bl, b2 c B, x € M.
We will refer to (M, E, B) as an operator-valued probability space.

When (M, 7) is a tracial von Neumann algebra and B = C, we can take £ = 7.

In general, when (M, 7) is a tracial von Neumann algebra and B is a von Neumann
subalgebra, there exists a unique conditional expectation £ : M — B such that 7o £ = 7.
Recall that L2M is the Hilbert space obtained by completing M with respect to the inner
product (a,b) = 7(b*a). Then, this conditional expectation E is the restriction to M of the

orthogonal projection from L2M onto L%B.

Note that this generalizes the conditional expectation in the classical probability space M =
L>*(X, A, ), where A is the o-algebra of y-measurable sets. In this case, B = L>*(X, B, ),
where B is a sub g-algebra of A, and the conditional expectation is the restriction to M of

the orthogonal projection of L*M = L*(X, A, u) onto L?*B = L*(X, B, 11).

As in the case when B = C, there is a notion of freeness with respect to E:

Definition 7.8. Let (M, E, B) be an operator-valued probability space. Let {A;}icr be a
family of von Neumann subalgebras of M that each contain B. Then, {A;}ic; are freely
independent with amalgamation over B if for any a; € Ay with k(j) # k(j + 1),
j=1,...,n=1and E(a;) =0, then

E(ay...,a,)=0. (7.13)

Let r, (my)1<k<, be positive integers. The sets { X1y, ..., Xp, phi<p<r Of non-commutative
random variables are free with amalgamation over B if the algebras they generate with

B are free.
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Now, we define the operator-valued Cauchy transform and consider its domain of definition.

Recall that the usual complex-valued Cauchy transform for a Hermitian = € (M, 1) is a

complex analytic function G, : C\ R — C \ R given by:
Go(z)=7[(z—2)7"]. (7.14)
Letting H*(C) be the upper half-plane and H~(C) be the lower half-plane, then in particular,
G, :H*(C) - H (C).
We can generalize the complex-valued Cauchy transform by considering a Cauchy transform

that takes values in a subalgebra B C M, where 7 is replaced by the conditional expectation

E. We state the definition of the operator-valued Cauchy transform and some facts about it:

Definition 7.9. Let (M, E, B) be an operator-valued probability space. For x € (M,T), let

Im(z) = % Let the operator upper/lower half-planes be:

H"(B) = {z € B : ITm(z) > 0}
(7.15)
H™(B) ={z € B:Im(z) < 0}.

Let © € (M, T) where z is Hermitian. Then, the operator-valued Cauchy transform

Gx : HY(B) — H™(B) is given by:
Gx(b) =E [(b—X)']. (7.16)

Further, the function Gx is Fréchet differentiable on H(B).

Analogous to the complex-valued case, there is also an operator-valued R-transform:

Definition 7.10. Let (M, E, B) be an operator-valued probability space. Let x € (M, T)

where x 1s Hermitian.

Then for b € HT(B) in a neighborhood of infinity, G, (b) is invertible. Thus, for ¢ € H™(B)
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in a neighborhood of 0, we may define the operator-valued R-transform
Ra(c) =G5 (e) — ¢t (7.17)

Finally, the connection between the freeness and the R-transform in the operator-valued

case is the operator-valued addition law:

Theorem 7.11. Let (M, E,B) be an operator-valued probability space, and let x,y €
(M, E,B) be Hermitian and freely independent with amalgamation over B. Where the
functions are defined,

Raty(c) = Ru(c) + Ry(c). (7.18)

Now, we introduce the setup in the mathematical literature to our problem of determining
the Brown measure of X = p +iq: Let (M, 7) be a tracial von-Neumann algebra. Then,
(MQ(M ), T [%tr]) is another tracial von-Neumann algebra. The unique trace-preserving

conditional expectation from Ms(M) onto My (C) is the block trace: bTr : My(M) — My(C),

given by:

\]

myyp M2 T(mn) (mlz)

bTr = . (7.19)
Mo M2z 7(ma1) T(mag)
Thus, we will work in the operator-valued probability space (My(M),bTr, My(C)). We

will use ~ over the notation coming from the mathematics literature, then drop it for the

corresponding objects from the physics literature.

Let X € M. Then, consider

. 0 X
X = € My(M). (7.20)
X* 0

Note that X is Hermitian, so we may consider the operator-valued Cauchy transform

Gx : HT (M3(C)) — H™(My(C)) given by:

Gx(Q) = bTr[(Q — X)7], (7.21)
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where Q € H(M,(C)).

We consider @ € My(C) of the form:

_ iB A
Q= A, BeC. (7.22)

Y

A B
Then,

Im(Q) = (7.23)

and hence Q € H*(M,(C)) when Re(B) > 0.

To pass from the mathematics notation to the physics notation, let J € My(C) be the

following matrix:

J= . (7.24)
10

Note that J? = I, so that J = J~!. Then, let the corresponding physics quantities be:

N X 0
X =XJ= € My(M)
0 X
(7.25)
. A iB
Q=0QJ = ] e Mmy(C).
iB A

Note that @ is exactly the general form of a quaternion from (7.4)). Then, we can define the

Quaternionic Green’s function by:

Ix(Q) = bTr[(Q — X) 7] (7.26)

The Quaternionic Green’s function Gx(()) and operator-valued Cauchy transform Gg(Q) are

related by the following formula:

Gx(Q) = J Gx(Q). (7.27)



From general facts about the operator-valued Cauchy transform, we know that Gx(Q) is
well-defined for B > 0 and maps into J H~(M3(C)). But, we can say more: Gx(Q) is defined

for quaternions  where B # 0, and in this case Gx (@) is a quaternion:

To check that @ — X is invertible when B # 0, first let X4 = A — X. Note that for
any A, B € C where B # 0, (X4)* X4 + |B|> > |B|’ > 0, and hence is invertible. The same
applies for X 4(X4)* + |BJ>.

Direct computation shows that a left inverse of ) — X is:

(Xa)*Xa+[BI")H(Xa)" —iB((Xa)"Xa+|B")"

(7.28)
—iB(Xa(Xa)" +[B)™" (Xa(Xa) +[B[) " X4
Similarly, a right inverse of Q — X is:
(Xa) (Xa(Xa) +|B)™ —iB((Xa) Xa + |B[) (7.20)

—iB(X4(XA) + B Xa((Xa)*Xa+|B*)?

These two are the same and define a two-sided inverse given that we can verify the following

equations:

(Xa)"Xa+ [BI*) M Xa)" = (Xa)"(Xa(Xa)" + |B[*) (730)
(Xa(Xa)" + |BI) ™' Xa = Xa((Xa) Xa+|B]") "

These two equations can be verified by multiplying on the left and right by (X4)*X4 + | B/

and X 4(X4)* 4 |B|” to clear the inverses.

Next, we observe that Gx (@) is a quaternion. This is equivalent to the following equations:

T[(Xa) Xa + [BI) " (Xa)"] = 7[Xa((Xa)Xa + |B") 1] 731)
TI((Xa)"Xa + |BI") 7' = 7[(Xa(Xa)" + |B) 7]
The first equation follows from using the tracial property of 7 and noting that the traces of

an adjoint pair of operators are conjugate. The second equation follows from the fact that

the spectral measures of (X4)*X4 and X4(X4)* are the same and applying the continuous
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functional calculus.

When B = 0 in the quaternion @), then @ = A € C and
Gx(Q) = Gx(A) = 7[(A - X)71], (7.32)

and this formula is well-defined even for non-Hermitian X when A ¢ o(X). We will discuss

the restriction of Gx to C in a later section.

Thus, we have the following definition of the Quaternionic Green’s function:

Definition 7.12. Let X € (M, 7). For A€ C, let X4 = A— X. Then, the Quaternionic
Green’s function Gx : H\ o(X) — H is given by:

gx( bTI' _1

X 0 -
= bTr —
iB A 0 X* (7.33)
Xa)*Xa+|B)7(Xa)] —iBr[((Xa)Xa+|B[*)]
—iB T[((XA>*XA + B 7IXa((Xa)*Xa+ B

Let Ht be the upper Quaternionic half-plane (and H™ be the lower Quaternionic
half-plane):
={Q eH: B >0}

(7.34)
“={Q eH: B<O0}.

Note that the Quaternionic upper/lower half-planes are not the operator upper/lower half-

planes of M;(C) restricted to H.

As a generalization of the fact that the complex Cauchy transform swaps the upper/lower

half-planes, it is easy to see from the formula for Gx that:

Gx : H* — HF . (7.35)
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Similarly, as a consequence of the formula for Gx and (7.30) there is a generalization of the

conjugate symmetry of the complex Cauchy transform:

Ix+(Q") = 9x(Q)" (7.36)

Now, we provide the relevant formulas relating the Inverse Quaternionic Green’s function

with the inverse operator-valued Cauchy transform and the Quaternionic R-transform with

the operator-valued R-transform. These formulas follow directly from ((7.25) and (7.27):

Definition 7.13. Let X € (M, 7). The Inverse Quaternionic Green’s function,
Bx = Qé{”, is defined for quaternions W € JH~(My(C)) in a neighborhood of 0. Its

relationship with the inverse operator-valued Cauchy transform Q;{U 18:
Bx(W) =G V(W) =G (JW) J. (7.37)

The Inverse Quaternionic R-transform, Rx, is defined for quaternions W € JH~(Ms(C))
in a neighborhood of 0. Its relationship with the inverse operator-valued Cauchy transform
R 1s:

Rx(W) =G VW) =W = Rg (JW) W. (7.38)

We conclude that there is an addition law for the Quaternionic R-transform:

Proposition 7.14. Let x,y € (M, 1) be freely independent. For quaternions W € JH~ (My(C))
in a neighborhood of 0,
Rucsy (W) = R W) + Ry (W) (7.39)

Proof. Consider the operator-valued probability space (My(M),bTr, My(C)). If  and y are
free in (M, 7), then it is easy to see that X and ¥ are free with amalgamation over My(C).

Hence, from the operator-valued addition law,

Rass(c) = Rale) + Ry (0). (7.40)
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and this identity holds for ¢ € H™(M(C)) in a neighborhood of 0. Then, for quaternions
W e JH (M3(C)) in a neighborhood of 0,

Rxty (W) = Ry (J W)W
= Ri(JW)W—Q—Rg,(JW)W (7.41)
= R (W) + Ry (W).

7.3 Quaternionic Green’s function and Brown measure

There is a strong analogy between the Quaternionic Green’s function for an arbitrary
X € (M, 7) and the usual complex Cauchy transform for a Hermitian x € (M, 7). Recall
that the key utility of G, is that the spectral measure of x is a distributional limit of the

To complete the analogy, we describe how to recover the Brown measure of X as a limit

of the Quaternionic Green’s function approaching the complex plane.

First, let ' : H — H capture the first part of the quaternion, i.e. for a quaternion @) as in
(7.4), F(Q) = A.

For z € C and € > 0, consider the quaternion
Ze = € H. (7.43)

Then,
—fe(2), (7.44)
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where fe2 : C — R is from Proposition [3.4] given by:
]' * 2
fe(z) = 57 log(X:X. +¢€)]. (7.45)

Then, from ({3.38]), the Brown measure of X, py, is given by the following distributional limit:

px = lim lQ_F(Qx(zg)) : (7.46)

e=0+ T OZ

In the mathematics notation, z, = z. J € H(M,(C)) for € > 0 and we can recover the Brown

measure from a similar formula in terms of the operator-valued Cauchy transform as € — 0%,

7.4 Outline for computing Inverse Quaternionic Green’s function

for X =p+1iq

We return to the situation where X = p + iq, where p,q € (M, 7) are Hermitian and freely
independent. Consider the operator-valued probability space (My(M),bTr, My(C)) and the
following elements of My(M):

0 iq 0
o [? iq=[" , (7.47)
0 p 0 —ig

From the addition law for the Quaternionic R-transform,

Rx(Q) = Rp(Q) + Riq(Q) - (7.48)

In terms of the Inverse Quaternionic Green’s function,

Bx(Q) = Bp(Q) + Big(Q) — Q7. (7.49)

In this section, we will outline how to obtain expressions for B, (@) and B;q(Q), and hence

how to obtain an expression for Bx (Q).
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The computations in this section are taken from ([JNO4], Section 4), so we will justify the

domains where the computations make sense and state their results.

7.4.1 (Inverse) Quaternionic Green’s function at a complex number

In this section, we make some observations about the restriction of the (Inverse) Quaternionic

Green’s function of an arbitrary X € (M, 7) to the complex numbers.

Recall that the Cauchy transform of a Hermitian x € (M, 7) has G,(z) € R if and only if

z € R\ o(x). We generalize this fact for Gx:

Let X € (M, 7) and consider a complex number quaternion, z € C \ o(X). From the

definition of the Quaternionic Green’s function,
Gx(2) =7z — X)71]. (7.50)

Note that this is the same formula for the Cauchy transform Gx(z), except X is potentially
non-Hermitian. Even though X is not necessarily Hermitian, this function is defined and
analytic for z € o(X). In this context, we will refer to this function as the complex Green’s
function (or Holomorphic Green’s function, as used in [JNO4]) of X and still use the
notation Gx. The significance of the term “Holomorphic Green’s function” will be discussed

in a later section.

Conversely, consider Gx (Q) for @ € H\ C, i.e. B # 0. The off-diagonal term of Gx(Q) is:
—iB7[((Xa)"Xa+|B*)], (7.51)

where X4 = A — X. If B # 0, then this term is non-zero. Hence,
Gx(Q) e C <= QeC, (7.52)

and in this case Gx(2) = Gx(z).
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When X is non-Hermitian, G'x(z) still satisfies 2Gx(z) — 1 as |z| — oo. In particular,
G x is still invertible in a neighborhood of infinity, and its inverse is defined in a neighborhood

of 0. Let By = G\". Let Bx : V —» H. For Q € V,

Bx(Q) € C <= Q =Gx(Bx(Q)) € C. (7.53)

Let U,V C H be domains where Gx : U — V, Bx : V — U, BxoGx = idy, and GxoBx = idy.
Then, for z e UNC and w € VNC,

Gx(Bx(w)) = Gx(Bx(w)) = w
z = Bx(9x(2)) = Bx(Gx(2)).

(7.54)

Hence, Bx is an inverse for Gx on U NC, so Bx = Bx on U NC.

We summarize all of this in the following Proposition:

Proposition 7.15. Let X € (M, 7). Then, Gx(Q) € C if and only if Q € C\ o(X). For
ze€C\o(X),
Ox(z) = Gx(2). (7.55)

Let Bx = Gg;D and let Bx = Q;{”. Let Bx : V. — H. Then, Bx(Q) € C if and only if
QeVnC. ForweVnCcC,
Bx(w) = Bx(w) . (7.56)

7.4.2 (Inverse) Quaternionic Green’s function for a Hermitian operator

In this section, we describe how to compute the Quaternionic Green’s Function for a Hermitian
H € (M,7), Gu, in terms of the usual Cauchy transform Gg. Using analogous computations,
we will determine where the Inverse Green’s Function for H, By, is well-defined and compute

By in terms of the inverse of the usual Cauchy transform, By = Gg”.
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To compute G (Q), recall when Q@ =g € C\ o(H),

Gu(g) = Gulg) - (7.57)

For an arbitrary quaternion ) ¢ R, we may diagonalize ) by:

Q= S48, (7.58)

where
1B g—A
S = . (7.59)
g—A B

Since H is Hermitian, then H commutes M(C). This combined with the bimodularity of
bTr shows that

gu(Q) = gH(S_lgS) = S‘lgH(g)S. (7.60)
Note that since @ € R, then g € R, so Gu(g) is well-defined.

Thus, we can express Gy (Q) in terms of Q and Gg(g). The result of the computation is:

u(9)1 = Ve (9)Q" Q¢ R

Gu(Q) = (7.61)
Gr(g) Q=9€C\o(H),
where
vu(9) = §Guly) = 9Gnl9)
99 (7.62)
g) = Gulg) —Gu(@)

g—49
It is straightforward to check that both formulas for Gg(Q) agree for @ € C\ R.

While the computation is carried out with the convention that Im(g) > 0, vy and vy
only depends on the set of eigenvalues of @ since vy (g) = vu(9) and vy (g) = v (g). Finally,

note that vy, 7} are real-valued.

We observe the properties Gu(g) = Gr(g) and Gu(Q) = S™'Gru(g)S lead to the following

150



coordinate-free characterization of Gy that will be useful in defining By. We will use the

notation for eigenspaces of matrices from Definition [5.6]

Proposition 7.16. Let H € (M, 1) be Hermitian. Let Q € H be a quaternion such that
Q & o(X). Then, Gg : H\ 0(X) — H is defined by the property that

Eay9)(Gu(Q)) = E4(Q) . (7.63)

Proof. First, note that the definition is well-defined, i.e. that Gy is 1-1 on the set of
eigenvalues of (). When @) € R, then there is only one eigenvalue. When @) ¢ R, then @
has two eigenvalues g,g € C\ R. Then, since Gy (g) € R if and only if g € R\ o(H), then
Gu(g) = m # Gu(g). As @ is a quaternion, it is diagonalizable, and hence this property
defines Gu(Q). O

This leads to a coordinate-free definition of By = Qé{ U and a domain where it is defined.
Then, the analogous computations as for Gy (@) gives an explicit formula for By in terms of

@ and Bpy(g). The results of this are summarized in the following Proposition:

Proposition 7.17. Let H € (M, ) be Hermitian. Let By : U — C be the inverse of
Gy, where U is an open neighborhood of O that is fixed under complex conjugation. Then,

By = QED is defined on Hy = {Q € H: g € U} and By is defined by the property that:

Epu(e)(Bu(Q)) = E4(Q). (7.64)

In particular, Bu(g) = By(g) for g € U and Bu(Q) = S™'Bu(Q)S for Q € Hy, S € GLy(C).

By is continuous on Hy and an explicit formula for By is given by:

1- 2 * R
Bai(Q) = Bu(g)l — Bu(9)Q" Q¢ (7.65)
BH(J]())]_ Q:[E()l GR,
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where

9-9 (7.66)
Bulg) =

Finally, 81(9) = Bu(@), Bis(9) = B1y(3), and By, By are real-valued.

Proof. First, note that we may extend the domain of By to one that is fixed by complex

conjugation, because of the conjugate symmetry of Gg.

The definition is well-defined because By is 1-1 on the set of eigenvalues of (). When
@ € R, there is only one eigenvalue. When @ ¢ R, then @ has two eigenvalues ¢, g € C \ R.
Then, since By (g) € R implies that g € R. As Bu(Q) is diagonalizable, then this defines

Bu(Q).

This definition gives an inverse for Gy, since

Ey(Gu(Bu(Q))) = Ecu(Bu(9)(9u(Bu(Q)))
= Epy () (Bu(Q)) (7.67)
= Eg(@) .

implies that Gu(Bu(Q)) = @ and similar equalities show that Ba(Gu(Q)) = Q.

For g e HY(C)NU,
EBH(g)(BH(g)) = F,(9) = e

Ep, 5 (Bulg)) = Eg(g9) = 2.

(7.68)

so then By (g) = Bg(g). When g € H™(C)NU, e; and ey are swapped in the above equalities.
For S € GLQ((C) and Q S HU;

Ep, ) (Ba(S7'QS)) = E,(57'QS)

(7.69)



As Bu(Q) is diagonalizable, then Bg(S™'QS) = S™'Bu(Q)S.
For continuity of By, let Q,, — @, where @Q,,, Q) € Hy.

If Q S IR7 then gn7g_'fl —g= Q € R and BH(gTL)J BH(Q_TL) - BH(Q) - BH(Q) eR. Hence,
the eigenvalues of Bu(Q,,) converge to By (Q), and from Lemma|7.6] this implies that Bu(Q,)
converges to Bu(Q) = Bu(Q).

If Q € R, then g, — ¢, g, — 7, and the diagonalizing transforms for @,,,

S, = Lo (7.70)
g_n - An ZBn

converge to S, the diagonalizing transform for (). Then, using the conjugation property of

By shows that Bg(Q),) converges to By (Q).

The explicit formula for By follows from the analogous computation as for Gg. The

properties for By, 5 are self-evident. H

7.4.3 (Inverse) Quaternionic Green’s function and multiplication by a complex

number

In this section, we consider an arbitrary X € (M, 7). For ¢ € C, we compare G.x with Gx,

and similarly B.x with Bx.

For ¢ =0 and Q € H\ {0},

Gx(Q) =Go(Q)=Q7". (7.71)

Forc#0and Q e H\ o(cX) =H\ (co(X)),

(@) = 0x (10) L (.72

C

The order of multiplication is important, as the quaternion () may not commute with ¢ € C.
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This generalizes the formula for the complex Green’s function,

C

Gox(2) = %GX (1z) | (7.73)

The formula for the inverse Green’s function B.x can be obtained by inverting this formula.

This is summarized in the following Proposition:

Proposition 7.18. Let X € (M, 1) and let Bx : V — H, where V C H.

For ¢ =0, Bex : H\ {0} = H and
Bx(Q) = Q" (7.74)
Forc#0, Box : V () = H, and
Bex(Q) = cBx(Qc). (7.75)

Proof. The result for ¢ = 0 follows from Gox = Q~!, so we consider ¢ # 0.

Let U,V C H be domains where Gx : U — V, Bx : V — U, Bx o Gx = idy, and

Gx o Bx = idy. From 1D Gx :cU =V (%) Similarly, defining B.x(Q) = c¢Bx(Qc)
shows that B.x : V' (%) — cU and it is straightforward to check that B.x o G.x = id.y, and

ch o BCX = ldv(l) OJ

For the complex B.x, there is a similar formula:
B.x(z) = ¢Bx(cz). (7.76)

This can be proved analogously from the formula for the complex Green’s function.
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7.4.4 Inverse Quaternionic Green’s function for X = p + iq

We summarize how to compute Bx when X = p + iq, where p,q € (M, 7) are Hermitian and

freely independent. Recall the definition of ¢’ from (7.9).

From the addition law for the Quaternionic R-transform, and Proposition [7.18]

Bx(Q) = Byp(Q) + Biq(Q) — Q7"
= BP(Q) + qu(Qi) — Q_l .

(7.77)

Let B, : U - C and B, : V — C. Then, the right-hand side of ([7.77)) is well-defined for
geU, gl eV.

Using ((7.65) to rewrite By, and By, when g, ¢’ € R,

Bx(Q) = 50) + 6~ (80) + A6 + 15 ) @ (7.78)

Expanding this completely,

A B k+ik — A liB

Bx(Q) = Bx = , (7.79)
1B A liB k—ik' — 1A

where
k= Bp(g)
kK = By(g") (7.80)
1
ol v

We conclude this section by making some observations:

e k, k', and [ are real-valued.

e The addition law (|7.49|) defines Bx and works for all @) in the domain of Bx, but the
expanded formula ((7.79) only works when g, g’ € R.

e We can apply Lemma to By, Bq, By, By which are all real-valued and respect conju-
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gation. Then, when evaluating these functions at some () € C, we can assume that

g=Q and ¢’ = ig in (7-78) and (7.79).

e Due to the presence of By(Qi) in (7.75)), it does not follow that Bx(S™'QS) =
S™1Bx(Q)S as in the case when X is Hermitian. In particular, Bx is not determined
by how it acts on diagonal (i.e. complex) quaternions. Further, it is not necessarily

true like in the Hermitian case that the eigenvalues of Bx are just Bx(g), Bx (7).
In summary, we will complete the following steps to compute Bx:

1. Compute B, (resp. By).

[\

. Use ([7.66)) to compute 3y, 3, (resp. B, B;)-

w

. Use (|7.65]) to compute By, (resp. By).
. Use (|7.75)) to compute Biq.
. Use ([7.79)) to compute Bx.

=~

ot

7.5 Heuristics for the support and boundary of the Brown measure

In this section, we provide the heuristics for the boundary and support of the Brown measure

of X = p+iq when p,q € (M, 7) are Hermitian and freely independent.
Recall that the Brown measure of X € (M, 7) can be defined by:

jx = lim lgF(gX@e)). (7.81)

e—~0t TOZ

Let X = p + iq where p, ¢ are Hermitian and freely independent. Consider z € C such that

Gx(zc) is in the domain of Bx for all sufficiently small € > 0.

Let

Ox(ze) = | : (7.82)



where A, and B, are implicitly understood to depend on z. We wish to analyze Gx(z.) as

e—0T.

From the free independence of p and ¢ and the Quaternionic addition law, it is more

natural to consider Bx. If Gx(z.) is in the domain of Bx, then

Bx (Qe) = (7.83)

has the unique solution of

Q. = Gx(z) . (7.84)

Since we can explicitly compute Bx, then we can use (7.83)) to understand Gx(z.). Note that
we can always use (7.79) to expand Bx(Q.): if Q. has g. € R or g/ € R, then Q. € C and
from Proposition [7.15, Bx(Q.) € C, a contradiction to € > 0.

By expanding the left-hand side of ([7.83)) with (7.79)), the equation for the off-diagonal
terms is:

1(Q.)iB. = ic. (7.85)

As e — 07, then either [, = [(Q.) is small or B, is small. If we consider a sequence of € to 0,

we may extract a subsequence where either [, = [(Q.,) converges to 0 or B,, converges to 0.

To understand the situation heuristically, assume that

lim Q. =Q = . (7.86)
e—0t iB Z
Then, either
lim B.=B=0 or lim [, =0. (7.87)
e—0t e—0t

Assume it is possible to interchange the limit and derivative in ((7.81]). Then,

px = L P(Q). (7.58)

™
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If Bx is defined and continuous at (), then

z= lir(gr Ze = lirgl+ Bx(Q.) = Bx(Q) . (7.89)
Thus,
Ix(2) =@, (7.90)

TPQ) = ZGx(2)=0. (7.91)

Our first heuristic is that whenever B = 0 (i.e. not just in the continuous case), the Brown
measure has zero density at z. Then, the Brown measure is supported on the set where
B # 0. We also must consider the case where . has no limit as e — 0*. We state the

heuristic formally:

Heuristic 7.19. Let p,q € (M, 1) where p and q are Hermitian and freely independent. Then,

the support of the Brown measure of X = p+ iq is the closure of the set of z € C such that:

A iB
lim Gx(z.) = B

) (7.92)
e—0 iB A

for some B # 0 or where the limit does not exist.

We can verify this heuristic when p and ¢ have 2 atoms that have equal weights (Theorem

10.1).

For the second heuristic, first note that:

lim B.=B#0=> lim [, =0. (7.93)

e—0t e—0t

Hence, given the first heuristic, the support of the Brown measure should also be contained

in the closure of the set of z € C where lim._,¢+ [ = 0. But, it could be possible that this
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set has non-empty intersection with the set of z € C where B = 0, where the measure has
zero density. In particular, when Bx is continuous at (), then the intersection of these sets
corresponds to a second order zero in the off-diagonal terms of (7.79). Our second heuristic

is that the intersection of these two sets is the boundary of the Brown measure:

Heuristic 7.20. Let p,q € (M, ) where p and q are Hermitian and freely independent. Then,
the boundary of the Brown measure of X = p +1q is the closure of the intersection of the set
of z € C such that:

lim Gx(z)=Q € C (7.94)

e—0t

with the set of z € C such that lim_,o+ [, = 0.

In ([JNO4], Section 6), the authors verify the boundary heuristic for some random matrix
models. With some restrictions on z, we will see that the intersection of the sets corresponds
to the solutions of a system of equations. When p and ¢ have 2 atoms, Proposition [9.2| states

that its closure is the boundary (i.e. support) of p'.

When p and ¢ have an arbitrary number of atoms, Mathematica simulations suggest that
the solution set to the system of equations contains the boundary of the Brown measure.
When p and ¢ have generic positions of atoms and weights, this solution set is an algebraic
curve. We will provide an algorithm to produce a non-zero polynomial whose zero set contains

this solution set. This is the content of Theorem [0.3]

We can now explain the terminology of the “Holomorphic Green’s function” for Gx(z).

Consider z € C where the following limit exists:

lim Gx(z) = A ZiZ) : (7.95)
0 iB(z) A(z)

When B(z) = 0 and Bx is defined and continuous at the limit point, recall that A(z) = Gx(z).
Hence, the Holomorphic Green’s function is the limit of the Quaternionic Green’s

function towards the complex plane where the resulting complex function is holomorphic.

When B(z) # 0, then from Heuristic [7.19] the Brown measure of X is not zero in a
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neighborhood of z, so then A(z) is not holomorphic in a neighborhood of z. This limit is the

Non-Holomorphic Green’s function.

Remark 7.21. We will use the following conventions throughout Chapters[9 and [10):

e Quantities that depend on a continuous limit as € — 0T and are in the context of

have a subscript .

e Quantities that depend on a sequence €, — 0 and are in the context of have a

subscript €.
e Quantities that are just general sequences with no implicit context have a subscript k.

e Unless specified otherwise, p, q, and X are implied to mean the specific case of p,q

Hermatian and freely independent with 2 atoms, and X = p + iq.

o (General sequences of quaternions @y are implied to be in the domain of Bx.
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CHAPTER 8

Computing Bx for X =p+1q

In this chapter, we follow the outline for computing Bx when p and ¢ have 2 atoms.

Recall that we may assume that:

,Up = a(sa + (1 — a)éa/

pig = bog + (1= b)dg

for a,b € (0,1), an,aly, B, Bl ER, o # o/, and B # f.

8.1 Notation and conventions

Let us highlight some notation and conventions we will use for the rest of the thesis:

The notation y/z will always denote the principal square root, defined on C\ (—o0,0) and
taking v/1 = +1.

We will also use the following definitions:

Definition 8.1. Let D, D, be the following polynomials:

D,(w) = ((&/ — a)w + (1 — 2a))* + 4a(1 — a)

Dy(w) = ((8' = B)w + (1 — 26)) + 4b(1 — b) .
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Definition 8.2. Let I,,, I, be the following subsets of C:

1—2a 2/a(l—a)
Ip:{—,—+zy:\y|>—}
o —a

o —af
e 260 0)
Iq_{ F_p Til> =g }

8.2 Auxiliary functions

(8.3)

Before computing the relevant functions, we will prove some lemmas about some related

functions:

Lemma 8.3. Forw € C\ I, let
f(w) =/ Dp(w). (8.4)

Then, f is continuous on C\ I, and analytic on C\ I,.
Let sgn(z) = z/ |z| for x € R\ {0}.
Let wy € I,.

If w approaches wy from the right, then

lim f(w) = sgn(Im(wyp))iy/—Dp(wp) . (8.5)

w%wo

If w approaches wq from the left, then

lim f(w) = —sgn(Im(wp))iy/—Dy(wy) - (8.6)

w—>w0

Proof. Note that f is a composition of the principal square root with D,(w). D,(w) is well-
defined and continuous everywhere, the principal square root is well-defined and continuous
except at C\ (—00,0) and analytic on C\ (—o0,0]. The limit to some w € (—o00,0) from
above is ++/—wi and the limit from below is —+/—wi.

162



Hence, f is defined and continuous except when:

Dy(w) = ((o/ — a)w + (1 - 2a))* + 4a(1 — a) € (—o0,0)

(0 — a)w + (1 - 2))* € (00, ~da(l — a))

(o = a)w + (1-20) € {iy : [yl > 2V/a(1—a)}

(o —a)w e {~(1—20) +iy : o] > 2/a(l — a)} (8.7)
2/a(l—a) }

o = a

1—2a .
w e §—— +ay |yl >
o —a

[

w e I,.

For analyticity,

D ({0}) = {_(1)/—_22 L2 |acf(i;|a)} 7

so we just need to remove those two points from the domain to make f analytic.

For the last points on limits approaching wy, it follows from casework considering cases of
sgn(a’ — a), sgn(Im(wyp)), and w approaching wy from the left or right. Let us just verify the
case when sgn(o’ — ) = sgn(Im(wg)) = +1 and w approaches wy from the right.

Then, (o/ — a)w + (1 — 2a) approaches (o' — a)wy + (1 — 2a) € iR from the right. Since
Im((o/ —a)wo+ (1 —2a)) > 0, then D,(w) approaches D,(wg) € (—00,0) from above. Finally,

taking square roots, f(w) approaches iy/—D,(wp) (from the right). O

Lemma 8.4. Forw e C\ ([, UR), let

W) — T Im (/D,(w)
sy = VI =YDy _ 1 (VD) <

w—w Im(w)

The formula for f is continuous on C\ (I, UR) and can be extended continuously to R by:

ity = W _DO‘EZ; (L-20) (8.10)

Let wy € I,.
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If w approaches wqy from the right, then

-D (wo)
lim =Y = 8.11
w—>w0 f( ) |Im<w0)’ ( )
If w approaches wq from the left, then
. -D (wo)
1 —_Vv_ PV 8.12
Jim f(w) Tm(uwy) (8.12)

Proof. From Lemma and the fact that I, is fixed by complex conjugation, /D,(w),
D, (w) are defined and continuous except on I,. Since the denominator vanishes on R, the

expression for f is valid and continuous on C\ (I, UR).
Consider w € C\ (I, UR) approaching some ¢t € R.

As D, is a polynomial with real coefficients, from the property of the principal square

root,
\/ Do(@) =/ Dy(w) =/ Dy(w). (8.13)
Hence,

2
By taking real parts of ( Dp(w)> = D,(w),

2Re (/Dyfu) ) 1w (/D))

= Im(Dy(w))

= Im(((o — &)w + (1 — 2a))? + 4a(1 — a)) (8.15)
=Im(((¢/ — @)w + (1 - 2a))?)

= 2Re((a/ — a)w + (1 — 2a)) Im((a/ — a)w + (1 — 2a))

=2((a/ — a)Re(w) 4+ (1 — 2a))(¢ — a)Im(w).
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Dividing both sides by 2 Im(w),

Re (\/Dyw)) WD) R 1 - 2a))(c/ 8.16
e (/D)) i = (@ = Re(w) + (1 = 20)(0’ ). (810
Asw —t € R, D,(w) converges to D,(t) > 4a(1—a) > 0 since a € (0,1). Thus, it is possible
to divide both sides by Re (N/Dp(w)> for w sufficiently close to ¢. Then,

(o —a)((o/ — a)Re(w) + (1 — 2a))

f(w) = - ( Dp(w)) : (8.17)

Finally, taking w — t € R,

lim ) = (@ — a)(( _Daz;+ (1—2a)) 6.18)

This final expression is continuous on R, so f may be extended continuously to R by this

expression.

For the final limits towards I, using (8.14) and Lemma ,

Im ( Dp(w)>

wli;lulo f<w) B wli}ql;;lo Im(w)
| sen(lm(un) /=D, (wn) (5.19)

+ T (wo)

_ =Dy (wo)
[T (wp) |
[
Lemma 8.5. Forw € C\ (I, UR), let

) 2P~ DE) _ Il D), <0
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The formula for f is continuous on C\ (I, UR) and can be extended continuously to R by:

(I =2a)(o/ —a)t—1
f(t) = D0 : (8.21)

Let wg € I,.

If w approaches wy from the right, then

lim f(w) = — =20V =Dp(wo). (8.22)

w%war (O/ - Oé) |Im<w0>|

If w approaches wq from the left, then

, B (1 —2a)\/—Dy(wo)
i FG0) = 8 (o)

(8.23)

Hence, f extends continuously to I, if and only if a = 1/2, in which case letting f =0 on I,

makes f continuous on C.

Proof. From Lemma and the fact that I, is fixed by complex conjugation, /D, (w),
/D, (W) are defined and continuous except on I,. Since the denominator vanishes on R, the

expression for f is valid and continuous on C\ (I, UR).
Consider w € C\ (I, UR) approaching some ¢t € R.

As D, is a polynomial with real coefficients, from the property of the principal square

\/Dy(@) =/ Dy{w) = /D, (w). (8.24)

flw) = (@ Dylw)). (8.25)

Im(w)

root,

Hence,
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Expanding the numerator,

Tm (w\/m) _ Tm(m)Re (W) + Re(w)Im \/m>

(8.26)
= —Im(w)Re < Dp(w)> + Re(w)Im < Dp(w)> :
Dividing both sides by Im(w),
f(w) = —Re ( Dp(w)) + Re(w)liﬂ((w)l)p(w)) . (8.27)

The right-hand side contains the function in Lemma As this function has a continuous

extension to R, taking the limit as w — t € R and simplifying yields:

t(a —a)((o/ —a)t+ (1 —2a))

Jim f(w) = =/ Do(t) + o
- (1 =2a)(/ =)t —1 (8.28)
) D,n

This expression is continuous on R, so f may be extended continuously to R by this expression.

For the limits as w approaches wy € I,,, note that

1—2a
lim R D =0 lim R = — . 8.29
Jim re (y/D,0)) Jim Rofu) = -2 (3.29)

Applying Lemma to (8.27)) produces:

Im ( D,,(w))

lim f(w) = lim —Re( Dp(w)) + lim Re(w) lim

wW—wy wW—rwWp w—)w(:)t w—>w(:)t Im(w)
1-2  1m ( Dp(w)> (8.30)
=0- lim
o — 0wt Im(w)

The left/right limits are negatives of each other, so they are equal if and only if both are
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zero. As D,(wg) < 0 for wy € I, the limits are zero if and only if a = 1/2. In this situation,

defining f = 0 on I, makes f continuous on all of C. O

8.3 Computing Bx

In this section, we follow the steps described in Section to compute Bx. Since the
computations for {B,, 8,, 8,, Bp} and { By, B, B;, Bq} are analogous, for these functions, we

will just prove and state the results for p.

The first step is to compute B,;:

Proposition 8.6. Forw € C\ (I, U{0}), define

a+a 14+ +/Dy(w)
B,(w) = 5 T 2wp : (8.31)

For z in a neighborhood of infinity, By(w) = Géﬁl) (w) = z. Further, B, is continuous on

C\ (I, U{0}) and analytic on C\ (I, U {0}).
Let wy € I,.

If w approaches wq from the right, then

lim B,(w) = 2+ of , 1 sen(m(wo))iy/=Dyp(wo) (8.32)

w—)wg 2 2UJO
If w approaches wqy from the left, then

o+’ | 1 sgu(lm(w))iy/~D,w)

wlirgg B,(w) = 5 + 2wy . (8.33)
Additionally,
lim | B, (w)| = oc. (3.3)
Proof. As
tp = @y + (1 — a)dy , (8.35)
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then the complex Green’s function for p is given by:

w=Gyz) =7[(z—p) Y = + - (8.36)

Recall that in general, G,(2) is invertible in a neighborhood of co. To invert G,(z), note that

(8.36]) holds if and only if
w(z —a)(z — o) = a(z — o) + (1 a)(= — a). (337

This is true for z # a, o’ and the polynomial equation is not satisfied at z = a, o’ at any w.

Hence, the solutions to the polynomial equation are solutions to w = G,(z) for all z € C.

The polynomial equation can be rewritten:
wz? — (w(a+ ) + 1)z + (wad' + ad’ + (1 —a)a) = 0. (8.38)

Fixing a w and solving for z, then from the quadratic formula and simplifying,

_ata  1x/(la—a)wt (1 -20)" +4a(l —a)

2 2w (8.39)
_a—i—o/+1i D, (w)
2 2w '

To determine the sign of the square root of the inverse defined for z in a neighborhood of
infinity, note that for lim.| . G,(2) = 0. When the sign is —, the quotient involving the
square root is 1/2 times the derivative of y/D,(w) at w = 0, which is finite as w — 0. Hence,

the inverse of G,(z) for z in a neighborhood of co must take the + sign. Hence,

a+a  1+4/Dy(w)
B,(w) = 5 T pr (8.40)

and

lim | B, (w)| = co. (8.41)

w—0

169



From Lemma [8.3] the formula in (8.39) is defined and continuous on C\ (I, U {0}) and

analytic on C\ (1, U{0}). As this set is connected and the formula forms an inverse of G,(z)
for z in a neighborhood of infinity, then this formula is an inverse for G,(z) on its domain.

Hence,
a+ao 14+ +/Dy(w)
= . 42

From Lemma , B, and the fact that B, is an inverse for G, in a neighborhood of w = 0,
then B, is defined and continuous on C \ (I, U {0}) and analytic on C\ (I, U {0}). The
left /right limits of B, can also be computed using Lemma . O]

Next, we compute 3,, 3, and determined the domains where they are well-defined and

continuous. The results for 3,, 3, are completely analogous.

Proposition 8.7. For w € C\ (I, UR),

_ @ +o + 1 \/Dp(g) - \/Dp@) '

4
Bilg) = S+ 5 YL (3.3
By can be extended to be continuously to R by:
a+ad  1(d—=a)((a —a)t+(1—2a))
By(t) = + = . (8.44)
’ 2 2 Dy(t)
Let go € 1.
If g approaches go from the right, then
, a+ao —Dy(g0)
lim B,(g) = + d . 8.45)
D= () |
If g approaches gy from the left, then
. a+a —D,(go)
lim G = — . 8.46
o 9 T () (540
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Proof. Computation using ([7.66|) and Proposition yields

a+ o n 1 \/Dp(g) - \/Dp(g) .

Everything else follows from the fact that
at+ao 1
Bolg) = —5— +5/(9)

where f is from Lemma

Proposition 8.8. Forw € C\ (I, UR),

B, can be extended continuously to R\ {0} by:

vy L[ 0 —(1=2a)(c/ —a)t -1
PO ( IR0 ) |

At g =0,

lim f,(9) = ~c0.

Let go € I),.

If g approaches gy from the right, then

9—ag 290 (o — ) [Im(go)|

i A(0) = 5 (—1 R _D”(g”>> -

If g approaches gy from the left, then

990 2 |go|2 (o — ) [Im(go)|

i (g) = — (_Ha—za) —Dp<go>>_
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B, can be extended continuously to I, if and only if a = 1/2, in which case on I,

1
2g/?

By(t) = (8.54)

Proof. Computation using ([7.66|) and Proposition yields

5 — L (_HWDp(w—WDp@)) (8.55)

Most of the claims for the domains where 8’ is well-defined and continuous follows from the

fact that
1

21g/*

By(9) (—=1+ f(9)) , (8.56)
where f is from Lemma 8.5

The only extra complication is g = 0. For this, we use Lemma [8.5] to see that the limit of

the term of 3/(g) inside the parentheses is:

lim —1 + g/ Dy(g) — g\/Dp(E_]) —(1 —2a)(o/ —a)t—1
o 1o 5,0
b

D,(0)

This final quantity is negative, so 3,(g) — —oo as g — 0. Hence, g = 0 is not in the domains
of definition and continuity for f,.

The left and right limits towards some go € I, follow directly from Lemma O]

Next, we compute B, and B,q and determine the domains where they are well-defined
and continuous. In particular, these domains agree with the ones from Propositions and

[ 1asl

When we refer to B, (resp Biq) being continuous for g € S for some S C C, it meant
to be understood as Bj, (resp Biq) being continuous for quaternions () where its eigenvalue

g € S. The well-definedness and continuity of B,(Q)) depends mainly on the well-defined and
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continuous of 3,, 8, at g. This is summarized in the following Proposition:

Proposition 8.9. For Q) € H such that g € C\ (I, U {0}),

R LD Q=9€C (8.58)
Bol9) = B,(9)Q" QER,
where

Bp(go):a;a,JrlJr\gglo)pm
a +2 o % ¢Dp<g; - gﬂ?p@ g€C\(I,UR)

Bold) =9 w i o L@ —a)((@—ajt+(1=-22) . o
2 T2 D,({) T (559
(2’1’2 (_1+§\/Dp(g;:§\’Dp@)> geC\ (I[,UR)

BO=91 1 e 1
ﬁ(‘” Neron ) e

Then, By is continuous on this subset of H and in no larger domain, and

Jim [B,(@Q)] = oo (8.60)

Proof. The formulas follow from , and Propositions and

For the continuity points of By, it follows from the formulas for 3, and 3, that By is
well-defined and continuous for g € C\ (I, UR). From Propositions and [8.8) B, does
have a limit as g approaches a non-zero real number. But, By, is already defined on R\ {0}.

It is a straightforward computation to verify that:

lim  B,(Q) = lim B,(9) — A,(9)Q" = Bylgo). (8.61)

Q—go€R\{0} g—9go

so that Bp is continuous on C\ (I, U {0}).

173



To analyze B,(Q) as @ — 0, recall from Proposition that the eigenvalues of B,(Q)
are By(g), By(g). As Q — 0, g — 0. From Proposition [8.6] as g — 0, |B,(g)| — oo. Hence,

the eigenvalues of B,(Q) diverge to co. Hence, as @ — 0, |B,(Q)| — .

To analyze the limit as () approaches )y where g tends to gy € I, it suffices to consider

the difference between the left and right limits as g approaches gy € I, for Bp:

lim, B,(Q) — lim By(Q). (8.62)

9—9g 9=90

From Propositions [7.17], [8.7 and [8.8] the diagonal term of this difference is:

v —Dr(g0) I (1 —2a)y/—Dy(g0) q1-V —Dy(90) (1 X 1 —2a A2>

Im(go)l (o’ — @) |go|* [Tm(go)] [Im(go)| o= @ lgol (8.63)
—Dy(g0) (1 B Re(go)i)
IIm(go)| 190l g0l /)

The factor in front of the last term is non-zero, so it suffices to analyze when the term inside
the parentheses is zero. It is clear that Re(go) < |go|, with equality occurring only when gy is
real. Recall that go = 1/|A|” + | BJ*, so |A| < |go|. Hence, the term inside the parentheses can

be zero only when gy is real. As I, "R = (), this quantity is non-zero, so B, is discontinuous

at I,. O

The results for B,q follow immediately from Propositions and

Proposition 8.10. For Q € H such that g' € C\ (I, U {0}),

. .
Ba(@) = § W e (8.64)

iBy(g") — By(g")Q* Qi ¢ R,

174



where

_g+8 , 1+Dilig)

By(igo) =

2 2190
Balg") = ﬁiﬂ’ i(ﬁl_g&;/g_]ﬁ)wr(l—%)) 1
. N0 g =teR (8.65)
T 1+¢¢EEZ:§¢E£6 eeh
Balg")

Then, B,q is continuous on this subset of H and in no larger domain, and

Jim [Ba(@)] = o0 (8.66)

All that is left is to determine a formula for Bx and determine the domains where it is

defined and continuous.

First, let us state the formula and domains of well-definedness and continuity of the

complex Green’s function By:

Proposition 8.11. For w € C such that w € I, and iw ¢ I, and w # 0,

_ a+a —1—1'/8—{_6/ I \/Dp(w) + \/Dq(iw)

B
x(w) 2 2 20

(8.67)

is analytic. Further, Bx cannot be continuously extended to any larger domain. Additionally,

lim wBx(w) = 1. (8.68)

w—0
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Proof. From the addition law for the Quaternionic R-transform,

Bx(Q) = Bp(Q) + Big(Q) — Q. (8.69)

Using Proposition to restrict this formula w € C (and taking note of the domains of B,

and B;q from Propositions and , then
Bx(w) = B,(w) +iB,(iw) —w™", (8.70)

Then, the formula follows from Proposition

For continuity and analyticity, we need to check what happens if w € I, and iw € I, in

case the discontinuities of \/D,(w) and /D, (iw) cancel out.

We may choose different sequences approaching w such that all four combinations of limits

from applying Lemma to p and q are possible:

ata  BEE Ly _2%’(“)) 4V _Zz(iw) . (8.71)

2 2

Setting pairs of these expressions equal to each other, then for By to be continuous at w,

—D,(w) = —Dy(iw) = 0. (8.72)

But this is impossible for w € I, and iw € I,.
Hence, when w € I, and iw € I, By is discontinuous at w.

The limit follows from the fact that Bx is defined in a punctured neighborhood centered

at 0 and
lim Gx(Z) =0
e (8.73)
lim zGx(z)=1.
|z]—o0
]
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The addition law ([7.49) and Propositions and imply that Bx is defined and
continuous where g ¢ I, U {0} and ¢’ &€ I, U {0}. In order to show that this domain is the
maximal domain of definition for Bx, we need to analyze the following limits more carefully:

1. g — 0 (and hence g' — 0).

2. g— go € I, and g’ — g} € I, (in case the discontinuities of By, and B;q to cancel each

other out).

We will use (7.79) when g7, g ¢ R. In particular, we need to first analyze | = (g, g):

Proposition 8.12. Let S,, 5, be the following subsets of C:

(LU0} a# g
S, = i
0 a=—
;{} 2 (8.74)
I,U{0} b# s
S, = 2
{0} b=3.

For Q € H such that g € C\ (S, UR) or g’ € C\ (S, UR),

! p(9) =9V Dy(9) gv Bl . (8.75)

2]g/’ 9-3 gl — g7

Q) =1g,9") =

Then, | can be extended to be continuous at Q € H such that g € C\'S, or g € C\ S, and

i no larger domain and

lim |g|*I(g,9") = —2. (8.76)
9,91 =0

Proof. For g € C\ (I, UR) and ¢’ € C\ (I, UR), using the definition of /(@) and Proposition

yields )

From Lemma [8.5] the formula for I can be continuously extended to at least when

g€ C\ S, and g’ € C\ S,. If exactly one of g € S, or g/ € S, then the limit also will not
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exist, as [ will be a sum of two terms, one where the limit exists and one where the limit

doesn’t.

Thus, we just need to consider what happens when:

1. g — 0 (and hence g' — 0).

2. g — go € S, \ {0} and ¢’ — ¢} € S, \ {0}. Note that this only makes sense when

a # 1/2 and b # 1/2, in which case we may assume gy € I, and g} € 1.

For the first case when ¢ — 0 (and g/ — 0), using Lemma , the term inside the
parentheses in (8.75)) tends towards

1 _ 1 _
VD,(0)  /Dy(0)

—1-1=-2. (8.77)

Hence, as g — 0, |g|2l(g,gl) — —2,50 l(g,9") = —o0.

For the second case when g € I, and g} € I, recall that

go = o + i/ T] + 25 + 73
gé:—xg—l—i\/x%—i-x%%—x%,

By choosing if xq is approached from left or right and if x3 is approached from left or right,

(8.78)

all four combinations of limits from applying Lemma [8.5] to p and ¢ are possible:

(1 —2a)y/—Dp(g) | (1—2b)y/—Dy(g")

8.79
(@ —a)file)] (7~ 5) (g &7
By setting pairs of these expressions equal to each other, then for the limit to exist,
1-2 -D 1 —2b)\/—Dgy(g"
(@' — o) [Im(g)] (8" = B) Im(g")]
However, this can only happen if a = b = 1/2, a contradiction. O

We conclude this section by proving the result for Bx(Q):
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Theorem 8.13. For Q € H such that g & I, U{0} and g" ¢ I, U {0},

A iB k+ ik — A liB

Bx(Q) = Bx || = : (8.81)
1B A liB k—ik' — A
where
k= ﬁp(g)
K = By(g") (8.82)
1

L= 8,(9)+ By(g") + It 0

and B,(g), B4(g) are defined in Proposition and [ is defined in Proposition .

Bx is continuous on this subset of H and in no larger domain, and

Jim |Bx (Q)] = 0. (8.83)

Proof. Recall that all that remains is to examine the limit of Bx(Q) when g, g’ approaches

the following limits:

1. g — 0 (and hence g — 0).

2. g —go € I, and g' — g} € I, (in case the discontinuities of B, and B,q to cancel each

other out).

For the first limit, when ¢ € R or g/ € R, then either Q € R or ) € iR, and we can apply
Proposition to see that |Bx(Q)| — oo. When g, ¢’ € R, then we can use (7.79). From
Proposition , k and k' have limits as g, g’ — 0. Hence, it suffices to consider the limit:

IA  —liB A  —iB

lim = lim [ = lim [Q". (8.84)
OO0\ -liB 1A 90 \-iB A Q=0
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Taking quaternionic norms and using Proposition [8.12),

Q" 2
hm 1Q* _hm ‘ZQQ lim — = 0o 8.85
ey a5 = lim = (5.85)
Hence, lim |Bx(Q)| = oo
Q—0
Finally, consider if ) approaches Qg where gy € I, and g} € I,.
From the addition law and Proposition |7.18]

Bx(Q) = Bp(Q) +iBq(Qi) — Q™" (8.86)

Recall that:

go = o + i/ 2} + 23 + 12
(8.87)
gé: —xg—i-i\/x%—i-x%%—x%,

By choosing if z( is approached from left or right and if x3 is approached from left or right,

all four combinations of left /right limits are possible for choices as @) approaches Qq:

lim Bx(Q) = lim By(Q) +i hm B4(Qi) — Qy'. (8.88)

Q=Qo 995 9T —g5"

By setting pairs of these expressions equal to each other, then for the limit to exist:

lim Bo(Q) — lim By(Q) =0

s o (8.89)
hm Bq(Q1i) — lim Bq(Qi) =
9T —g5" 995

From ({8.63)) in the proof of Proposition this cannot happen when gy € I, or g{ € I,.
Hence, Bx is discontinuous for g € I, U {0} or ¢! € I, U{0}. O
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CHAPTER 9

Boundary of the Brown measure

In this Chapter, we consider Heuristic about the boundary of the Brown measure of

X = p+iq where p,q € (M, ) are Hermitian and freely independent.

First, we restrict to only considering certain z that satisfy some continuity conditions.
Then, we will verify that the heuristic is almost true in the case when p and ¢ have 2 atoms:

the closure of the intersection of the sets in the heuristic is the boundary (i.e. support) of p/'.

The main result of this section is that for X = p 4 iq, where p, ¢ have arbitrarily many
atoms, the intersection of the two sets in the heuristic is an algebraic curve. Mathematica
computations of the empirical spectral distributions of X,, suggest that this algebraic curve

contains the boundary of the Brown measure of X.

9.1 General p and ¢

We first consider a general X = p + iq, where p, ¢ are Hermitian and freely independent.

With some restrictions on z, we first present a computation that characterizes the z where

both I — 0 and B, — 0:

We only consider z € C where:

1. limGx(z.) = lim Q. = @ for some @ € H.
e—0 e—0

2. Bx and all related functions are defined and continuous in a neighborhood of Q.

3. g,9' R (ie. Q € RUIR).
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The first condition is the continuity assumption made in stating the heuristic. The second
condition is needed to use Bx. The third condition is relevant in order to use . In
general, since we are taking closures of the intersection of {z : [, — 0} and {z : B. — B = 0},
the third condition should not be significant in recovering almost all of the boundary of
the Brown measure. In the case when p and ¢ have two atoms, this condition causes our

computation to not recover the atoms of the measure.

The first and second conditions allow us to pass to the limit to see that:

Bx(Q) = lim Bx(Q.) = lim 2z, = z. (9.1)

e—0t e—0t
By passing to the limit, the condition /. — 0 implies that {(Q) = 0.
The conditions B, — 0 and g, ¢’ € R imply that Q € C\ (RUR).

First, we assume () € H where [(Q) = 0 and Bx(Q) = z. Let z = x +iy. The third
assumption allows us to apply (7.79) to Bx(Q) = z, which yields:

By(g »(9)

) —gB
v =k=[(g) = -
99 (9.2)

Let m describe the intercept of the (complex) line passing through (g, 9B,(g)) and (g, B,(7)),

ie.
9By(g) = zg+m
: (9.3)
9B,(9) = zg+m.
Conjugating the first equation and comparing with the second equation shows that m € R.

Noting that B,(g) = B,(g) and g # 0, then:

r=PFu(9) < Bylg)=x+ % for some m € R. (9.4)
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Similarly, let m’ describe the intercept of the line passing through (g7, ¢B,(g")) and (g7, ' B,(g?)):

9'By(g") = yg" +m’

o o (9.5)
9" By(g") = yg" +m’.
Similar arguments show:
77,L/
y=08,9") <= B,(¢")=y+ o for some m’ € R. (9.6)
Referring to our original definitions of 8, and [ in (7.66]) and (|7.80)),
B,(9) — B,(§) B,(¢") — B,(g") 1
| — »(9) »(9) 4 4(9") 4(9") +— (9.7)

9—37 g—g’ ]

Inserting the two equations (9.4)) and into this expression and simplifying shows that
=0 << m+m' =1. (9.8)

Recall that we assumed initially that ¢, ¢’ € R, i.e. Q ¢ RUR. Hence,

Bx(Q) =z for @ € H\ (RUR) where {(Q) =0

m (9.9)

B,(g") =y + gIm for some m € R.

Heuristic [7.19] suggests that the closure of the set of z that satisfy this system of equations

should contain the support of the Brown measure of X.

If we impose the additional condition that B = 0, then Q € C. Applying Lemma to
B,(g) — (x +m/g) and B,(g") — (y + (1 —m)/g"), we may assume that @ = g and ¢’ = ig.
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Then,
Bx(g) = z for g € C\ (RUR) where I(g) =0

—
m (9.10)
B,(g) =2+ —
9
1—
B,(ig) =y + ™ for some m € R.

Thus, Heuristic [7.20] with the continuity assumptions suggests that the closure of the set of z

that satisfy this system of equations should be the boundary of the Brown measure of X.

The support of a general measure on C is 2-dimensional and the boundary of the support
of a general measure is 1-dimensional. This agrees with the dimensions of generic solutions to

systems of equations with the same number of equations and variables as in and (9.10):

Applying G, to both sides in , and using | g’ |2 = |g|?, the following system of equations

m
1= (v +7)

g' =G, <y 1 ;Im> (9.11)

contains the solutions to (9.9):

lgl* = [g"|".

This is a system of 5 real equations (taking the real /imaginary parts of the first two equations)
with 7 real variables (g, g’ € C, x,y,m € R). Thus, we expect in general the solution set to

be 2-dimensional over R, like the support of a generic measure on C.

Adding the condition B = 0, then the system of equations (9.10]) is equivalent to:

g=G, <x + T)
g
J=a, (y L1 ;Im) . (9.12)

gI:ig.

This system of equations has one more real equation than the previous system, with 6 real
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equations with 7 real variables. So, the solution set is a subset of the previous solution set
and we expect it to be 1-dimensional over R, like the boundary of the support of a generic

measure on C.

9.2 When p and ¢ have 2 atoms

We apply the computation of the previous section to the case when p and ¢ have 2 atoms.
Our results are that the z that solve the system of equations in is a set that is contained
in the intersection of the hyperbola and open rectangle associated with X = p + ig (from
Definition . It is unclear whether this set is actually the support of the Brown measure
or not, we will discuss the difficulties in determining this. But, adding the extra condition
B = 0 to produce the system of equations in does recover the support of /. We will

also discuss the atoms of the Brown measure of X.

First, we consider the z that solve the system of equations in :

Proposition 9.1. Let X = p +iq, where p,q € (M, T) are Hermitian, freely independent,

and have 2 atoms, 1i.e.

fp = ad + (1 — a)du

(9.13)
pig = bog + (1 = b)dg ,
where a,b € (0,1), an,al, Bn, B, ER, a# ', and § # .
The set of z € C such that
Bx(Q) = =z (9.14)

for some @ € H\ (RUR) where [(Q) = 0 is contained in the intersection of the hyperbola

and open rectangle associated with X .
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Proof. Applying G, to both sides in produces the equivalent system of equations:

=) o

1—m
gI:Gq<y+ g )

From simplifying these rational expressions and using the formulas for G, and G, (see (8.36)),

these equations are equivalent to:

(z—a)(z—a)g* +[(z—a)m—(1—a))+ (z—a)m—a)g+m*—m=0

(y=B)y =B =y — B)(m—=b) + (y — 8)(m— (1 =b)]g" +m*> —m =0.

(9.16)

We proceed to show that these two equations are quadratic equations with real coefficients
and a non-zero constant term: Note that Q ¢ (R U4R) if and only if g, g' ¢ R. Then, g and
¢’ and their conjugates also satisfy their respective equations, so the polynomials have two
distinct roots. The only other possibility besides the polynomials being quadratic is that
they are the zero polynomial. Without loss of generality, consider the first polynomial. The
degree 2 term being zero implies that £ = « or = /. The constant term being zero implies

that m = 0 or m = 1. But then, this implies that the linear term is non-zero, a contradiction.
Then, from |g|* = ‘g1|2,

mz—m mz—m

G-a)a-a) A5 4
As g # 0, then m*> —m # 0 (i.e. m #0,1), so:
(z—a)(z—a)=(y—B)y— 7). (9.18)

From Lemma [1.7] this is equivalent to the equation of the hyperbola.

Finally, we will verify that z = x + iy lies in the open rectangle associated with X. The

first expression in (9.16)) viewed as a polynomial in g has two roots at g # g. Hence, the
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discriminant is negative:

0> ((x —a)(m—(1—a))+(x—a)(m—a)?—4(x—a)(z— ) (m* —m)
= (a/ —a)’m?* +2(a/ — a)2(a — 1/2)z + (a(l — a) — /a)Jm+ (9.19)

+ (2 — (a1 — a) + d/a))?.

Viewed as a polynomial in m over R, this final expression attains a negative value at some

real m. Hence, there must be two distinct real roots, so the discriminant is positive:
0 < —16(1 —a)a(r — a)(z — ) () —a)?. (9.20)

As a € (0,1), then
(x —a)(z—a) <0, (9.21)

ie. z € (aNd,aVd). From Lemma , z = x + iy lies on the open rectangle associated
with X. Hence, we conclude that when z = Bx(Q) for a quaternion ) ¢ R UiR such that

[(Q) = 0, z lies on the intersection of the hyperbola and open rectangle. ]

From Corollary [4.22] the intersection of the hyperbola with the open rectangle is contained
in the support of the Brown measure only if a = b = 1/2, so in general, the set in Proposition

[9.1) only contains the support of 1.

The potential atoms of the Brown measure, {« + i, o’ +i5,a + i,/ +if'} correspond
to the two equations in becoming linear equations. This can be viewed as a degenerate
situation. Even if we allow solutions where g, ¢! € R, these two linear equations are not
satisfied, since it would require both g, g’ € R. This degeneracy of the 4 corners of the Brown
measure also appears when we examine the heuristic for the support of the Brown measure
(Proposition |10.12)).

In order to determine the precise set of z for which the condition in Proposition [9.1| holds,
we need to not only analyze individually which z (resp. y) have the discriminants of the

quadratic equations in g (resp. g’) attain a negative value at a real m, but we need to find
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an m that simultaneously works for both equations. We also need to analyze which g, g’
that solve the equations actually come from a @ (recall from Proposition that it not
sufficient that |g|* = ‘ gl ‘) Finally, we need to eliminate those z (resp y) where g € I, (resp
g" € 1), as the original equations are not defined for those g, g’. In general, this turns out
to be difficult, but if we intersect with the condition that B = 0, then we recover almost all

of the boundary of the Brown measure:

Proposition 9.2. Let X = p+iq, where p,q € (M, T) are Hermitian, freely independent,

and have 2 atoms, 1i.e.

,LLp = aéa + (1 — a)éa/

(9.22)
fq = 00 + (1 = b)dp
where a,b € (0,1), an, b, Bn, Bl ER, a# o, and B # .
The set of z € C such that
Bx(g) = = (9.23)

for some g € C\ (RUR) where I(g) = 0 is equal to the support of the Brown measure of
X with at most finitely many points removed. The closure of this set is the support of (' in

Theorem |4.18.

Proof. Let

o =ad —a
B=p—p
, a+ o
7 =1 —

2

/

y o=y 2P (9.24)

2
m=m—1/2
i=a—1/2
b=b—1/2
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Since the set in the Proposition is a subset of the set in Proposition [9.1] from Lemma [4.7]
H =) -—=(4)-""<0. (9.25)

Apply G, and G, to the equations in (9.10) to obtain the equivalent equations:

o) o

) 1—m
Zg:Gq(WT)'

Recall that the set in the Proposition is equal to the set of z = x + iy such that there exists
g € C\ (RUIR), m € R that satisfy these equations.

From simplifying these rational expressions and using the formulas for G, and G, (see

(8.36))), these equations are equivalent to:

(z—a)(z—a)g + [z —a)m—(1-a)+(x—a)(m—a)g+m?>—m=0

(9.27)
~(y =By~ 69" — [y = B)(m = b) + (y = f)(m — (1 = b))lig + m* —=m = 0.
In the new variables, the previous two quadratic equations are:
Hg?+ (22'm+ Fa)g+m*—1/4=0
3 (9.28)
—Hg* — (2’ — Bb)ig +m* —1/4=0.
As g # g are solutions to the first equation, then

m?—1/4= 19> <0. (9.29)

Taking the sum and difference of the equations in ((9.28) and letting 2’ = 2’ + iy’ produces
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the equivalent system of equations:

(227 + o/ a + iBb)g + 2(m? — 1/4) =0

5 (9.30)
29% + (22'm + o/ a — iBb)g = 0.
The second equation can be factored:
929 + (22" + ofa — i%Bb)) = 0. (9.31)

Then, (9.30) has a solution for some g € C\ (R UR), m € R if and only if the following

system of linear equations has a solution for some g € C\ (RUR), m € R:

(2271 + o/ & + iBb)g + 2(m? — 1/4) = 0
i (9.32)
2+ (22" + o/ a — iBb) = 0.

By taking the determinant of the associated 2 x 2 matrix, this system has a solution for some

g € C, m € R if and only if

= (m* —1/4) (9.33)

for some m € R.

We proceed to show that the z € C' where there exists a m € R that solves this equation
is a set whose closure is the support of y/. Afterwards, we will consider the possibilities where

geRUIR, ge I, origel,.

Expanding out the absolute value in the previous equation,

(x’m + ?) + (y’m — ?) = (m* —1/4). (9.34)
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Rewriting as a polynomial in m,

A2+ B+ A

(') + (y)? — H)m® + (o ax’ — Bby')in + f

0.  (9.35)

There is an m € R that solves this if and only if the discriminant is non-negative. Simplifying

the discriminant using ((9.25)),

0 < (Fax' — Bby')’ — (&) + (f)* = NS °T + BV + H)

9.36)
A2 (4a® + 41 — 1) (
- _ N2 /2—2[)%%//— .
(2)°(y')” — 2abe Br'y G
Define the new variables: )
.
r=—
;{ (9.37)
Y= B
The previous inequality is equivalent to:
- 4% 4 40 — 1
(#)° + 2ab(#)) + T "1 <. (9.38)

16

We now show that this condition along with z = x + 7y being on the intersection of the

hyperbola with the open rectangle is equivalent to the following condition:

From Theorem [4.18] the support p/ is the closure of the set of z € C on the hyperbola

such that: )
Im<(z_a;a _i5;5)>:m@+(m(2(9)’ (9.39)
where 6 € (0,7/2) satisfies
f(sec*(9)) <0, (9.40)
where
ft) = (a—b)**+ (4ab— 2(a + b))t + 1. (9.41)

From Lemma , for z = x + iy on the hyperbola, (9.39)) is equivalent to being on the open

191



rectangle. The condition can be rewritten in the new variables as:

47y = cos(20) . (9.42)
Next, by using the new variables,
f(t) = (a—0b)*t*+ (4ab— 1)t + 1. (9.43)
From the double-angle formula,
sec?(f) = ! 2 2 (9.44)

cos?(0) Nt cos(26) T 1443y

Combining these final two expressions, a straightforward computation shows that f(sec?(6)) <
0 is equivalent to (9.38]). Hence, the closure of the z = x + iy on the intersection of the

hyperbola and open rectangle and satisfying (9.38]) is the support of /'

Finally, we need to remove the z € C where there exists a ¢ € RUR, g € I, or ig € I,
that solves (0.32). It suffices to remove solutions where Im(g) = ¢ or Re(g) = ¢ for some
c € R. We claim that for any ¢ € R this removes only finitely many points. Since the support
of ¢/ has no isolated points, then the closure of the set is still the support of u/. We will

prove the case where Im(g) = ¢, the case where Re(g) = ¢ is similar.

If there exists a g solving (9.32), then since 5 < 0 and m? — 1/4 < 0 (from (9.29))) so

there are 2 equations for g:

2+ Aa—i%b 52 —1/4
L N A | Sl ~/. . (9.45)
H i+ Latish
Using the first equation,
B
Im(g) =c < Hc=—-ym+ - (9.46)

We may assume without loss of generality that 3’ # 0, as we can remove the finitely many
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points where this occurs on the hyperbola. Then, rewriting the final expression as m in terms

of i,
1 [ %b 1 (B> B
-4 _ _ - . 4
m ; (—2 %”c) y'c+ ; (—2 —l——4 > (9.47)
Using that
MQ _ :@2
:El — :l:\/ + <y/)2
4 (9.48)
no B
H = (y )2 - T s

we can rewrite (9.34]) in terms of ¢ and then manipulate the expression to see that ¢’ is a
root of a rational equation. We claim that this rational equation is non-zero, so then there
are only finitely many 3’ that solve this equation. Hence, when we remove Im(g) = ¢ for

some ¢, we only remove finitely many points.

If (9.34) and (9.46]) hold, then the following equation also holds:

2>
Y

(%(ﬁ# —1/4) — (Hc)?* — (2'm)? ) — ('meta)? =0. (9.49)

For ¢ # 0, by rewriting ', H, m in terms of 3/ using the previous equations, then the left-hand
side is a rational expression in 3. The highest degree term is (3')® with coefficient ¢*, so the

rational expression is non-zero.

If ¢ = 0, the highest degree term on the left-hand side is (y/)* with coefficient 1/16, so the

rational expression is non-zero.

We conclude that when we remove the possible solutions of (9.45) where g € R U iR,
g € I, or ig € I, only removes finitely many points. Hence, it does not affect the closure of

the set. O

When a = b = 1/2 (equivalently, @ = b = 0), we conclude from Proposition and
Corollary that the closure of the set in Proposition is also the support of p/ (which is
also the support of the Brown measure in this case). It is also easy to check directly
can be solved with m = 1/2 for all z on the support of the Brown measure. Note that in

these solutions g, g’ € iR, so these are not the same solutions for Proposition

193



9.3 When p and ¢ have finitely many atoms

Recall that our heuristic from (9.10)) is that the boundary of the Brown measure of X = p+iq
is the closure of the set of z = x 4 iy for which there exists g € C\ (RU4R) and m € R such

that the following system of equations is satisfied:

(9.50)

In Proposition , we verified this claim was almost true when p and ¢ have two atoms (the

set was missing the atoms of the Brown measure).

Next, consider X = p + 1q where p and ¢ have arbitrarily many atoms. Let

H :al(sa +"'+an5an
g ' (9.51)

fhg = b1dp, + -+ bidg,

where o, 85 € R, a;,b; > 0 and ay + --- +a, = by +--- + by = 1. It is significant to what

follows that we do not assume the «; (resp. ;) are distinct.

Let
a=(a,...,qp)
13: (ﬁla"wﬁk)
(9.52)
a=(ay,...,a,)
b= (by,...,by)
be shorthand for the positions and weights of the atoms in the measures.
The (complex) Green’s functions for p and q are:
Gpl2) = zfla L zinoz
b, ! b " (9.53)
G zZ) = + o e _|_ .
2 z— P z — B
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Applying G, and G, an equivalent system of equations is:

#(e3)- v

Let
Q,, ={2z=x+1iy € C: there exists g € C\ (RUIR), m € R satisfying (9.54)} . (9.55)

From 1) ), , is heuristically understood to be the boundary of the Brown measure of
X =p+1iq.

The main result of the section is the following:

Theorem 9.3. Fiz a,b. Then, for Lebesgue almost every (a, 3) € R* x R¥ =R Q
lies on a real algebraic curve, i.e. §1,, lies in the zero set of some non-zero two-variable
polynomaual with real coefficients. In particular, we provide an explicit algorithm to produce

such a polynomial.
The proof is split up into the following parts:

1. State the algorithm to find the two-variable polynomial whose zero set contains (2, ,.

2. Check the algorithm does indeed produce a two-variable polynomial whose zero set

contains €2, ;.

3. Prove that in the generic situation, this algorithm produces a non-zero polynomial.

First, we provide some figures generated using Mathematica comparing the empirical
spectral distribution of a deterministic X,, = P, + @), with the sets €}, , and the algebraic

curve the algorithm produces.
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(a) ESD of X,, vs. $,4 from (9.55) (b) ESD of X Igebrai

Figure 9.1: X,, = P, +1Q),
pp, ~ (1/3)0_1 + (1/3)do + (1/3)d;
o, = (1/2)3 + (1/2)3,

n = 10000

9.3.1 Algorithm

In this section, we will state the algorithm that produces a two-variable polynomial whose

zero set contains €2, .

First, the system of equations defining €2, ;, (9.54)), can be written as a system of polynomial

equations:

H(g(x — ) +m)— Z (ai [Tz —as) + m)) =0

i=1 i=1 s#i

(ig(y—ﬁj)ﬂ—m)—Z(

1 j=1

(9.56)
b H(ig(y —B)+1— m)) =0.

577

J

Next, we recall the resultant of two polynomials and some basic properties:

Definition 9.4. Let A(z) = a, 2"+ ap 12" 14+ -+ ag and B(z) = bpa® +b_12* 1+ +b
be one-variable polynomials with coefficients in a commutative ring R. The resultant of A

and B, Res(A, B), is the determinant of the (n + k) x (n+ k) Sylvester matriz:
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an, by,
p_1 G be—1  bg
Ap—2 QAp—1 br—o2 brp_1
Res(A,B)=| = S bf“ (9.57)
ag ay : bo by :
Qo bo
ay b
ao bo

Suppose that R is an integral domain. Then, it makes sense to talk about the roots of

A(z) and B(x) in some algebraically closed field containing R.

We state the following well-known result:

Proposition 9.5. Let a;,b; € R, where R is an integral domain. Let \;, pi; be the roots of
A(z) = apa™ +ap_ 12"+ -+ ag and B(z) = bra® +by_12* "+ - -+ by in some algebraically

closed field containing R, respectively.

Alx) = ap(z — A1) -+ (x = A\p)

(9.58)
B(z) = be(x — ) -+ (2 — pu) -
Then,
Res(A, B) = akby [T (N —ny)- (9.59)
1<i<n
1<j<k

A corollary of this result is:

Corollary 9.6. Let a;,b; € R, where R is an integral domain. Let A(z) = apa™+ an_12" ' +
-+ ag and B(z) = bpa® +by_12* 1+ +by. Then, A and B have a common root in some

algebraically closed field containing R if and only if Res(A, B) = 0.

We can now state the algorithm to produce the two-variable polynomial:
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Algorithm 9.7. The following algorithm takes p,q as in and produces a two-variable

real polynomial f(x,y):

1. Take the resultants of the polynomials in with respect to g. Let fi(m,x,y) be this

resultant.

2. Divide fi(m,x,y) by m"Y(m — 1)*71. Let fo(m,z,y) be the result of this, so that

f2(m7‘r7y)mn_1(m - 1)k_1 - f1<m7$7y)‘

3. Take the real and imaginary parts of fo(m,x,y) assuming that m,x,y € R. This

produces real polynomials Refo(m, x,y) and Im fo(m, x,y).

4. Take the resultant of Refa(m,x,y) and Im fo(m, x,y) with respect to m. Return this

polynomial as f(x,y), a real two-variable polynomial.

This idea of reducing the number of variables in a system of polynomial equations by
taking resultants is not new (see [Sti] for a description of the technique), but the main issue
is that by computing resultants one may introduce too many new solutions in the system. In
particular, we wish to avoid the situation that the resultant is the zero polynomial, which

gives no information about the solutions of the original system.

The second step of dividing by m™ }(m — 1)*7! avoids the resultant being the zero
polynomial (in general). There is also the detail that x,y, m are real variables, but ¢ is
complex and we start with two complex equations in (9.56)). This is handled by taking Refs
and Imf, in Step 3.

9.3.2 Proof of correctness for algorithm

Now, we will prove that Algorithm produces a polynomial whose zero set contains (2, ,.

Consider zg = x¢+1yo € €, Where (29, Yo, go, Mo) solves (9.56)). Recall that xg, yo, mo € R
and go € C\ (RUR).

In Step 1, substitute © = xg, y = yo and m = myg into the polynomials in (9.56) and treat

them as polynomials in ¢g. Then, these polynomials both have a root at g = gg, so their
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resultant with respect to g must be zero. Hence, fi(mq, xo,yo) = 0.

In Step 2, we must show that m™~1(m—1)k~1 divides f,(m, x,y) and also that f,(mq, zo, yo)
0. Supposing we have proven the first statement, the second statement follows immediately

from the fact that mgy # 0, 1:

If my = 0, then the first equation in (9.54) is G,(x¢) = go for zo € R, so then gy € R,
a contradiction. Similarly, if my = 1, the second equation is G,(yo) = igo for yo € R, so

go € iR, a contradiction.

The fact that m™~1(m — 1)*=! divides fi(m,z,y) depends on the following Lemma:

Lemma 9.8. As elements of Z[ag, . . ., n, bo, - . ., bx, m], m" Y (m—1)k=1 divides the following
determinant:
an, by
Ap—1 . br—1
oM ay, bp_o(m — 1) by,
(9.60)
agm™t(m —1) : bo(m — 1)*tm
aym"? o by(m —1)F2
aom"™H(m — 1) bo(m — 1)*tm

More precisely, this is the determinant of the matrix obtained from the Sylvester matriz for
A(z) = apz™ + ap_ 12"+ - -+ ag and B(x) = bya® + b2+ -+ + by with the following

changes:

1. Replace all a; with a;m™ =% fori=1,...,n — 1.
2. Replace all b; with b;(m — 1)*=" fori=1,...,k— 1.
3. Replace all ag with agm™*(m — 1).

4. Replace all by with by(m — 1)k"tm

199



Proof. As the polynomial ring is a unique factorization domain and m, m — 1 are primes, it

suffices to check that m™~! and (m — 1)¥~! each individually divide the determinant.

We will just prove that m™~! divides the determinant, as the other case can be obtained

from switching the roles of A and B and using m’ = 1 — m instead of m

Consider the terms that come from evaluating the determinant using the Leibniz formula.
To show that m™~! divides the determinant, it suffices to check that m"~! divides any term

that is a product of some non-zero entries of the matrix.

To simplify matters, consider only the power of m in each coordinate, i.e. it suffices to check

that m™~! divides the non-zero terms of the Leibniz formula in the following determinant:

1 1
1 . 1
m 1 1 1
1
1 S (9.61)
mn=2 Cm 1
mn1 mn3 R B |
mn2 m 1
mn1 m

The proof follows by induction on n (with k fixed). The base case n = 1 is trivial as m"~! = 1.
For the inductive step, suppose that the claim has been verified for n — 1 and consider the
statement for n. Any term in the Leibniz formula where one of the m™~! terms is part of the

product is clearly divisible by m™~!.

Hence, it suffices to consider only those terms in the Leibniz formula that are a product
of matrix entries that are not m™~!. This corresponds to changing all instances of m™~! to 0

and looking for terms in the Leibniz formula that are products of non-zero entries of this new
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matrix:

1 1
1 . 1
m 1 1 1
1
1 Do (9.62)
m=2 m 1
0 mn3 o101
mn2 m 1
0 m

In this new matrix, there is only one non-zero entry in the last row, the lower right m. Hence,
all non-zero terms in the Leibniz formula for the new matrix are equal to m multiplied with
a non-zero term in the Leibniz formula for the (n + &k — 1) x (n + k — 1) minor of the first

n + k — 1 rows and columns:

1 1

1 . 1
m 1 1 1

(9.63)

1
mn=2 m 1
mn3 1
mn2 m

This (n + k — 1) x (n + k — 1) minor is just the original matrix in (9.61]) but with n — 1
instead of n. Hence, from induction, all non-zero terms in the Leibniz formula for this matrix
are divisible by m”~2. Once this is multiplied by the lower right m, then all of these terms

are divisible by m™~!, as desired. O

Now, we can prove that m™~*(m—1)*"1 divides fi(m, x,y), which completes the verification
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of Step 2 of the algorithm:

Proposition 9.9. Let fi(m,z,y) be the resultant of the polynomials in with respect to

g. Then, m"*(m — 1)*1 divides f1(m,x,y) in Clm,z,y].

Proof. Consider the two polynomials in (9.56|): For the first polynomial, the first term is
homogeneous in g and m with degree n and the second term is homogeneous in g and m
with degree n — 1. Similarly, for the second polynomial, the first term is homogeneous in g
and 1 —m with degree k and the second term is homogeneous in g and 1 — m with degree
k — 1. Thus, by expanding the products in g and factoring out m and m — 1 respectively,

these polynomials can be written respectively as:

pa(z,m)g" + pri(z,m)g" " + pp_o(z, m)mg" >+

+ pn_s(z, m)ng”_3 <+ polz, m)m”_1

(9.64)
a(y,m)g" + a1 (y,m)g" ™+ gr_a(y,m)(1 — m)g" 2+

2 -1

+ qr_s(z,m)(1 —m)?g" 3+ qo(y,m)(1 —m)*

for some complex polynomials p;(x, m), ¢;(y, m).
Using that a; + -+ 4+ a, = by + -+ 4+ b = 1, then po(z,m) = m — 1 and go(y,m) = —m.

The resultant of these polynomials with respect to g is exactly the determinant in Lemma
With ag=1,by = (=1)*, a; = p;(x,m) fori =1,...,n and b; = ¢;(y,m) fori =1,... k.

Hence, m™*(m — 1)*~1 divides fi(m,z,y) in C[m, z,y]. O

Returning to the verification of the algorithm, consider Step 3. fa(mg,xo,y0) = 0 is

equivalent to Re fa(mo, 2o, yo) = Im fa(mo, 20, 10) = 0.

Treating Re fo(m, zo, yo) and Imfo(m, 2o, yo) as polynomials in m, then these polynomials
have a common root at m = my. Hence, the resultant of these two polynomials vanishes in

m vanishes at (zg,yo). This completes the proof of the correctness of the algorithm.
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9.3.3 A specific case

In order to prove Theorem for the generic case, we first apply the algorithm in the specific
case where a = (0,...,0) € R" and B = (0,...,0) € R*. We will see that in this case, the

algorithm produces a non-zero polynomial:

Proposition 9.10. The algorithm for any a,b and a« = 0, B = 0 produces a non-zero

polynomial.

Proof. For any a and b, (9.56) is:

0= (gz+m)" = (gz +m)"" = (gz +m)" (gz +m — 1)
(9.65)

0=(igy+1—m)*—(igy+1—m)""' = (igy+1—m)" ' (igy —m).

Step 1 of the algorithm is taking the resultant of the polynomials in (9.65]) with respect to g.
From continuity, it suffices to take the resultant when x # 0 and y # 0. In this situation, we

can factor the polynomials:

(g2 +m)"gr+m—1) =a" (g + @)n_l <g " mT_1>

(igy +1 = m)""(igy — m) = (iy)" <g_ M)“ (g+iﬁ) |
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From Proposition [0.5

: (n—1)(k—1) o\ n—1
e (M (I —m m im
)= e (24 ) ()

X

() ()

= (imy + (m — 1)) DED (imy + ma) 1 x

(i(m — 1)y + (m — Da)* 1 (i(m — 1)y + mx) (9.67)
=m" Y (m — 1) imy + (m — 1)2) " DED (g 4ggy)n

(z +iy)* " (i(m — 1)y + ma)
=m" (m — DF x4 dy)"TF2x

((m — Da +imy) " DE D (ma +i(m — 1)y).

In Step 2 of the algorithm, we divide fi(m,z,y) by m"~!(m — 1)*~1. This is easy to do from

the final expression for fi(m,z,y):
falm, z,y) = (x +iy)"P*2((m — Dz + imy) " VED (ma +i(m — 1)y). (9.68)

In Step 3 of the algorithm, we compute Refy(m, x,y) and Im fo(m, x, y) assuming m, z,y € R.
In Step 4, we compute the resultant of these two real polynomials in m, resulting in a
polynomial in x and y. We will not compute these explicitly, but just argue that the result

of the algorithm is a non-zero polynomial.

First, consider a general fo(m,x,y) € Clm,z,y]:

_ . J kgl )
- j7 bl 7 b ° °
Ja(m, z,y) E Cj ey’ ™Y cim €C (9.69)
7.kl
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The result of applying Step 3 of the algorithm to fo(m,z,y) is:

Refo(m,z,y) =Y Re(c;p)m’z*y’

gkl

(9.70)
Imfo(m,x,y) = Z Im(c; ) m 2%y
jokd
Thus, the following equalities hold as polynomials in C[m, z, y|:
f2<m7 z, y) = Ref2(m7 z, y) + ZIme(ma z, y)
(9.71)

E(m,x,y) = Refg(m,a:,y) - iIl’Ilfg(??’L,[L‘,@/) ’

where fo(m,x,y) € C[m, z,y] is computed assuming that m, z,y € R.

In Step 4, we compute the resultant of Refs(m, z,y) and Im fo(m, z,y) with respect to
m and this is the result of the algorithm. This resultant vanishes at (zq, o) if and only if
there is some mg € C such that Refy(mo, xq, yo) = Im fo(mo, xo, yo) = 0. This happens if and
only if there is some mqy € C such that fy(mg, 20, 50) = fa(m, zo, %) = 0. Hence, it suffices

to show there exists (zo, y9) € R where there does not exist m € C such that:

0= f2<m7 Zo, ?Jo)

= (xo + iyo)”+k_2((m — 1Dz + imyo)(”_l)(k_l)(xom +i(m — 1)yo)

_ (9.72)
0= fz(m7 Zo, yO)
= (w0 — iyo)" 2 ((m — D)o — imyo) " VE D (wgm —i(m — 1)yo) -
As f, and f, are factored, it is easy to see that
faolm,zo,0) =0 <= x9=9y=0 or m= :170‘ or m = zyo‘
ZTo + 1Yo To + 1Yo (9 73)
E(mvaayO):O A I’OZyO:O or m = xo. or m:i
Lo — %Yo Zo — Yo
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Consider g + iyy = €. Then,

xo, = cosfe L@ — isinfe " = gin ei(7/2-9)
Zo + Wo T '—1— 1o (074
x—o' = Cos He’i@ ) i = —sin Qeiﬁ = sin Qei(efﬂ/Q) )
Lo — 1Yo To — 1Yo

The roots of fo(m, zq,y0) and fo(m, xg, o) occur at angles —0,7/2 — 6,60,0 — /2. When
6 € (0,7/4), these four angles are all distinct because § — /2 < —0 < 0§ < 7/2 — 0.
Thus, fo(m, 2o, y0) and fo(m, 29, yo) cannot have a common root, and we conclude that the

algorithm produces a non-zero polynomial in this instance. O]

9.3.4 Extending to generic case
We are now ready to prove Theorem [0.3}

Proof of Theorem[9.3. We have already presented the algorithm and proved that it does

produce a real two-variable that vanishes on €, ,.

All that is left to prove is that for any fixed a, b, for Lebesgue almost every (a, 3) € R" xR¥,

the polynomial from the algorithm is non-zero.
First, change coordinates as follows:

Let S"! and S*~! be the unit spheres in R and R¥:

Sl = {u e R : ||ul| = 1}

(9.75)
S — (v e RF: [lof| = 1.
Consider the map ¢ : [0,00) x S"71 x [0,00) x S¥1 — R™ x R* given by:
o ((r,u,s,v)) = (ru, sv). (9.76)

Endow [0,00) x S"! x [0,00) x S*! with the product of the Lebesgue measures on the

intervals and the normalized spherical measures and endow R™ x R¥ with the usual Lebesgue
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measure. From the Change of Variables formula, ¢ maps sets of measure 0 to sets of measure 0.

Hence, it suffices to prove the generic statement of the Theorem in the (r, u, s, v) coordinates.

It suffices to show that for any a,b and (u,v) € S"! x S*~! and Lebesgue almost every
(r,s) € [0,00) x [0,00), the algorithm applied to a,b, @ = ru, 3 = sv produces a non-zero

polynomial.

Fix a,b and (u,v) € S"~1 x Sk¥~L. 1t is straightforward to check that if we consider a and
B as functions of r and s, respectively: a(r) = ru, B(s) = sv, then the algorithm produces
a real polynomial in z,y, 7, s. Additionally, doing the algorithm and evaluation at a specific

r =T, S = Sy commute.

Hence, the algorithm produces a polynomial p(z,y,r,s), where from Proposition m

p(z,y,0,0) is a non-zero polynomial.

Viewing p(z,y,r, s) as a polynomial in x, y with coefficients in R[r, s], we see that there is at
least one coefficient that is not the zero polynomial. As the zero set of any non-zero polynomial
in R[r, s] is Lebesgue measure 0, then for Lebesgue almost every (r,s) € [0,00) X [000),
p(z,y,7,s) has a non-zero coefficient. Hence, for almost every r, s, the result of the algorithm

is a non-zero polynomial. O
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CHAPTER 10

Support of the Brown measure

In this chapter, we consider Heuristic about the support of the Brown measure of

X = p+iq, where p,q € (M, 7) are Hermitian and freely independent.

The main result of this chapter is that in the case when p, ¢ have 2 atoms that have equal
weights, then X = p + iq satisfies this property when we restrict to points where we can use

Bxi

Theorem 10.1. Suppose that p,q € (M, T) are Hermitian, freely independent operators such

that their spectral measures are:

1 = (1/2)8, + (1/2)8.

pq = (1/2)0s + (1/2)0

(10.1)

for some a # o', 5 # 3 € R.

Considering only points z € C where Gx(z) is in the domain of Bx for sufficiently small

€ > 0, the support of the Brown measure of X = p+iq is the closure of the set of z such that

A B
lim Gx (z) = (10.2)
07 iB A

for some B # 0 or where the limit does not exist.

Recall that from Corollary we know what the support of the Brown measure of X is
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in this situation, it is the intersection of the hyperbola

{z:x—l—iy: (z—o‘go‘/)z— <y—ﬁ—;6/)2: (O"_O‘)t(ﬁl_w} (10.3)

with the rectangle

{z=z+iy:zeland,avdlye[BAF,BVF]}. (10.4)

Remark 10.2. In the following sections comprising the proof of Theorem |10.1], we will
assume z € C is as described in the Theorem: Gx(z.) is in the domain of Bx for sufficiently

small € > 0.

We give a brief outline of the proof:

Fix some z and consider a sequence ¢, — 07. Recall that we use the notation Q. = Gx ().
There are some preliminary steps to reduce to the case where Q., — @ € H, @) # 0. This is

discussed in the next section.

After passing to a subsequence, the following two cases follow from (|7.85)):

1. There exists a sequence ¢, — 0% where [, — 0.

2. There exists a sequence ¢, — 07 where B., — 0.

We will classify which z is in each of these two cases: these cases impose conditions on the
limit @), which in turn impose conditions on z. Note that Bx may not be well-defined and/or

discontinuous at ). The proof of Theorem follows once all of these cases are understood.

Before we continue, let us highlight that letting a = b = 1/2 in Definitions and

makes D,, D, I,, and I, particularly simple:

Dy(w) = ((a/ = a)w)* +1

Dy(w) = ((6' = B)w)* +1.

(10.5)
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1
I, =<1y: >
=l )

. I
I"‘{w"y’>|ﬁf—ﬁ|}'

In particular, observe that I, I, C 7R.

(10.6)

Additionally, the hyperbola will always mean ([10.3), and the rectangle will always
mean ({10.4).

10.1 Preliminary reductions

In this section, we will reduce to the case where @), converges to some ) € H, @) # 0.

For a general sequence {Qy}, there are three cases:

1. The sequence {Q} is not bounded.
2. The sequence {Qy} converges to 0.

3. The sequence {Qy} is bounded but does not converge to 0.

By bounded /unbounded, we refer to the boundedness/unboundedness of the quaternionic

nori.

In the third case, we may just pass to a subsequence where Q) — @, where () # 0, which

is what we desired.

The second case is not possible, for Q = Q, as from Theorem [8.13]
|z] = lim |2, | = lim |Bx(Q, )| = c0. (10.7)
k—o00 k—o0
Thus, all that remains is the first case, where we may pass to a subsequence and assume that

|Qr| — oo. This is the subject of the following Proposition:

Proposition 10.3. Consider a sequence {Qr} C H where |Q)| — 0o and Bx(Qk) converges.

Then, Bx(Qr) converges to one of: {a+if,a+if', o/ +if,a" +ip'}.
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Proof. From ([7.49) and |Qx| — oo implying ‘Q;l‘ — 0, it suffices to analyze
Jim Bp(Qr)  lim Big(Qx) - (10.8)

Using Proposition and noting that |Qxi| = |Qk|, then it suffices just to analyze the first

limit and apply the result to the second limit.

We proceed to show that there exists a subsequence (i, where B (Q%,) converges to one of

a,’. From Lemma (7.6} it suffices to show that the eigenvalues of By (Qy;), Bp(gk,), Bp(Gx;) =

By(gr;) converge to one of a, o

Since |Qx| — oo, then |gy| — oo also. From the expression for B, (Proposition [8.6)),

a+a N 14+ v/D,(gx)

kh_g}o By(gk) = lim

o 2 2
o L (109)
_ata g V@ ot
k—o0 ng
The square of the quantity inside the final limit is:
/ 2.2
— 1
(=) g+l (10.10)

4g?

which converges to (o' — «)?/4 as k — co. Hence, we may choose a subsequence gr; such that

\/(O/ - a)zgl%j +1 o —a

li =+ ) 10.11
Then,
a+d o -«
lim B ) = + 10.12

i.e. By(gr;) converges to one of o, a’. Hence, Bp(Qy,) converges to one of a, o.

By applying the same argument to B;q(Q%), there exists a subsequence k;, where BX(Q’%>
converges to one of {a +if,a+if', o/ +if, o’ +i5'}. Hence, Bx(Qs) also converges to one

of {a+if,a+if,d +iB, o +if'). =
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Thus, for what follows, we may assume that we are considering a sequence ), — @) and
Q#0.
We return to the original dichotomy, which follows from (|7.85|):

1. There exists a sequence ¢, — 0% where [, — 0.

2. There exists a sequence ¢, — 07 where B, — 0.

10.2 [, — 0

In this section, we determine the z such that there exists a sequence ¢, — 07 where

Q. — Q#0andl, — 0.

We summarize the results of the three cases when [, — 0:

1. If Bx is discontinuous at @, then Bx (@) converges to z on the intersection of the

hyperbola with the open rectangle. (Proposition [10.4))
2. If Bx is continuous at Q:

(a) If g € Ror g € R, then I(Qy) 4 0. (Proposition [10.5))

(b) If g ¢ R and ¢’ ¢ R, then Bx(Q}) — Bx(Q) = 2, which is on the intersection of
the hyperbola with the open rectangle. (Proposition [10.6))

For the first case, we have the following result:

Proposition 10.4. If Q; converges to QQ # 0, I — 0, and Bx s discontinuous at (), then

one of the following is true:

1. g — I andg,€—>I_q.

2. gk —>I_p and g} — 1.
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In either case, Bx(Qy) converges to z = x + iy on the intersection of the hyperbola

H:{z:x—i—iy: <x—o‘+o‘,)2— (y—ﬁ+ﬁl>2= (O‘/_O‘>2_wl_”6)2} (10.13)

2 2

with the open rectangle

o

R={z=uaz+iy:z€(and,aVvd)ye(BAF,BVE)}. (10.14)

Proof. From Theorem [8.13 if Bx is discontinuous at @, then either gx converges to I, or g}

converges to I,. We will prove the second case, the first case is similar.

Recall that for gx, gl € R,

I (10.15)

1 [ G/Dulor) — 967/ Dy (1) +g£qu(9£)—9£\/Dq(g£)
gl — gl ’

B 2|gk|2 9k — Gk

and there exists continuous extensions in the case where g, € R\ {0} or gf € R\ {0} (see
Proposition [8.12)).
If g/ converges to I,, then from Lemma , the second term inside the parenthesis

converges to 0. As [, — 0, then the first term inside the parentheses (or its continuous

extension to R) also must converge to 0:

e/ Dp(9r) — g/ Dp(ax
kv Dp(g) — grn/ Dp(Tk) 0 &R

I(gr) = e = G — 0. (10.16)

—1
—— g €R
Dp(gk)

Let gi, converge to g # 0. From Lemma , [ is continuous on C \ {0} when a = 1/2. Hence,
I(g) = 0. We proceed to show that g € I, by considering what happens if g € C \ I,:
If g € R, then
I(g) = <0. (10.17)
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If g€ C\ (RUI,), then consider the following equivalences:

i) =0 = 1 (3y/Dy)) =0

< g1/ D,(9) =t, teR
— |gI*\/Dlg) = tg

ot (10.18)
— Dp(g) |g!29

2

:(a/_a)292+1:W92
= ¢ = !
@ =

The denominator in the last term is non-zero, or else the equality in the previous line is
incorrect. Thus, for I(g) = 0, g2 € R. As we assumed g € R, then g € iR. Since we assumed

g & I, then g = iy for some y € R\ {0}, y < 1/ |o/ — a|. But, for such a g, D,(g) > 0, so
tn (33/D,(0)) = ~/Dyliny #0. (10.19)

Hence, I(g) # 0.

Similar analysis switching p, g for ¢, g’ shows that there are two possibilities:
1. g» — I, and g} — I,
2. g — I, and gf — I_q.

In either situation, gx, gi converge to iR, so that in the real coefficients of Qg, (zo)r — 0
and (z3); — 0. In particular, from (7.7)) and (7.9) this implies that g; and g} both converge
to some it, t > 0. Since [, — 0, then using ([7.79)),

lim Bx(Qr) = lim B,(gx) +i5,(9}) - (10.20)
k—o0 k—o0
From Lemma , depending on if g, and g{ approach it from the left or right, all 4 limits
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are possible:

lim Bx(Qx) = lim B,(gr) + iB,(g5)

_ <a—|—o/ . _Dp(z‘t)> N (5+5/ N m) | (10.21)

2 2t 2 2t

Hence, if the limit is z = x + 1y, then

a+ o n —D,(it)

2 2t 10.22
_ ﬂ + 6/ + \Y _Dq(it) ( )
Y= o

Finally, we check that this z is on the intersection of the hyperbola and the open rectangle.

For the hyperbola equation:
x_oz—i—o/ 2_ _64—5’ 2
2 YT
2 2
B —D,(it) —D,(it)
B 2t 2t

(Vo =P 1) - (m — B2 — 1) (10.23)
2t 2t
(@ -1 (BB -1
4¢2 4¢2
(@ =) (5 - B)
4
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For the rectangle condition, from Lemma it suffices to check z € (¢ A o/, V &):

s +a _ —D,(it)
2 2t
B \/(o/ —a)’t? -1
n 2t

_ \/(0/ —a)’t? -1
4t? (10.24)

_ \/u 1

4 4¢2

/

_a/|

]

Now, consider the case where Bx is continuous at Q and g € R or g/ € R. We can rule

out this case from happening, so we can use ([7.79)) to analyze the general case:

Proposition 10.5. If Q) converges to Q # 0, Bx is continuous at Q, and g € R or g € R,
then 1, # 0.

Proof. The cases g € R and g’ € R are similar, so we will just prove the case when g € R.

From Proposition and Lemma|8.5] I can be extend continuously to (g, ¢’) and I} converges

to I(g, g"):

(g,9") =
2|g[’

) ( 1 Im@\/m)) (10.25)

D,(9) | Im(g)

From Lemma , we can just assume that g/ = ig for the purpose of evaluating I:

l(g,9") = U(g,ig) = (10.26)

(-1 imGgy/Difig)
2P \VD,g) | Imlg) )

Since Bx is continuous at Q, g’ & I, so ig ¢ 1,. Combining this with g € R, then D,(ig) > 0,

and .
Im(ig\/Dy(ig))
Im(ig)

— —/D,(ig) <0. (10.27)
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Therefore,

, 1 —1
l(g,ig) < 217 ( Dp(g)> <0. (10.28)

For the final case, consider the following Proposition:

Proposition 10.6. If QQ; converges to QQ # 0, I, — 0, and Bx is continuous at QQ, then

Bx (Qy) converges to Bx(Q) = z = x + iy on the intersection of the hyperbola

H:{z:x—l—iy: <x—o‘+o‘/)2— (y—ﬁ+5/>2: (O‘I_O‘)Q_W_ﬁ)Q} (10.29)

2 2 4

with the open rectangle
R={z=x+iy:zec(and,avd),yc(BAB,BVE)}. (10.30)
Proof. Since Bx is continuous at (), then
Jim Bx(Qr) = Bx(Q) - (10.31)
Since @ # 0, then from Proposition [8.12] [ is continuous at @, so

Q) = lim Iz = 0. (10.32)

k—o0

From Proposition [10.5 since I, — 0, then g, ¢’ € R, i.e. Q@ € RUR.
Hence, ([7.79)) applies and shows that Bx = z for some z € C.

Applying Proposition [9.1] completes the proof. O]
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10.3 By —0

In this section, we determine the z such that there exists a sequence ¢, — 0T where

Qe > Q #0and B, — 0,ie. QeC.

We summarize the results of the two cases when Bj, — O:

1. If Bx is continuous at @, then Bx(Qr) — Bx(Q) = z, and whenever z is on the

hyperbola, z is not in the rectangle. (Proposition [10.7)

2. If Bx is discontinuous at @), then Bx(Qy) does not converge to a z on the hyperbola.

(Proposition (10.10)

Recall that ¢ € C C H is a continuity point of Bx if and only if ¢ ¢ I, U {0} and
QI ¢ 1,U {0}.
For the first case, we have the following result:

Proposition 10.7. If Q) converges to Q) € C where Q) # 0 and Bx is continuous at QQ, then
Bx (Qy) converges to Bx(Q) = z = x + iy such that:

(x_ a—ga’)2 - (y_ 6;3)2 _ (@ —a) . (8-87 (10.33)

then

‘(x_aza') <y—ﬂzﬁ/>‘>(a/_a)4(ﬁl_ﬁ). (10.34)

In particular, this implies that z is not on the intersection of the hyperbola and rectangle.

Proof. Since Bx is continuous at @, then Bx(Q) — Bx(Q). Since @ € C, then Bx(Q) =
z€ C also. Let Q =g € C.

Applying the addition law ([7.49)),

2 = Bx(g) = Bylg) + iBay(ig) — ; | (10.35)
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Hence,

z = Bx(g)
g 1
= B,(g) + 1B,(ig) — E
_fa+d 1+\/ )2g%+1 n
B 2 2g (10.36)
. B+ p 1+\/ 241\ 1
2 2zg g
at+ao  B+B V(=) +1 \/1— — B)2g?
= + 17 + .
2 2 2g 29

We proceed to show that if z lies on the hyperbola in ((10.3]), then z lies outside of the

rectangle in (10.4])).

Let
o =d -«
(10.37)
B=p3—-7.
From Lemma [4.7] the equation of the hyperbola for z = 2 + iy can be written as
’ N\ 2 2 2
A — B
Re((z—a;a _Zﬂ;ﬁ) - ):0. (10.38)
For z = x 4 1y on the hyperbola, z is on the rectangle if and only if
a+ao  B+B\ &P A B
I — — - < —. 10.
m ((z 5 i 5 1 < (10.39)
The relevant quantity can be simplified to:
/ 7\ 2 2 2
A — B 1 29?4+ 1\/1 — B?¢?
2 2 4 2¢g?
Hence, the hyperbola equation is:
1 29?4+ 1\/1 — B?¢?
Re( v 9;2\/ g):o, (10.41)
g
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l.e.

1+ +/a/%g? + 1\/1 — HB?¢?
v 27 v =7, (10.42)

for some 7 € iR.

For z on the hyperbola, z is on the rectangle when

1+ /?g* +1\/1 — B¢ L

2 < = (10.43)
Simplifying further, z is on the hyperbola if and only if
V2q? + 11— B2 =2¢°n — 1, (10.44)
Squaring both sides and rearranging, g must satisfy:
0= g*((40° — *B*)g* — (40 + (o — B°))). (10.45)
As g # 0, then:
2 _ At (7 — ) (10.46)

An? + /2P
All steps were reversible except for the step where both sides were squared. We proceed to

determine which values of 7 make (10.41)) true, and show for these 7, (10.43)) is not satisfied.

Computation shows that the relevant quantities in (10.42)) are:

20, 1 (T2 2)°
SO (10.47)
1— Bg? = (#* — 2n)? '
an? + A2 5%

To take the square root of these quantities, consider the following cases for n € /R:

L |n| < A B)2, ic. |Im(n)| < o B)2.

2. In| > A A)/2,ie Im(n) > FdAB/2 or Im(n) < —of B/2.
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For the first case, note that the denominator in (10.47) is positive and @72 + 2n, 2% — 2n
are in the right half-plane, so

2
o o/ * +2n

VAn? + o2
n%;r_ / (10.48)
V=g = .
Van? + o252
Hence,
L+ VP 111 - B B+ (# - )y (10.49)
242 A+ (A2 - B |
If %2 _ %2 = O7 then
9 9 2 2 2 022
AP+ (B — Ay _ AP (10.50)

dn+ (/2 —RB%) 4
For any n € iR, this quantity is purely imaginary, and so z lies on the hyperbola. But, for
In| < o B)2, |F*PB*/(4n)| > &/ FB/2, so z is not on the rectangle.

If @7? — %2 +# 0, the right-hand side in ((10.49) is purely imaginary when:

—4Tm(n) _ % — B> (10.51)
ot/ 2 B? (B2 — /%) Im(n)’ '

i.e. when Im(n) = £/ %/2. This is impossible for |n| < &/ /2, so z is not on the hyperbola.
Thus, when |n| < &/ %/2, it is impossible for z to be on both the hyperbola and rectangle.

For |n| > o/ 2/2, first consider when Im(n) > &7 %/2. Then, the denominator in ((10.47))

is negative, 272 + 27 is in the first quadrant, and %? — 27 is in the fourth quadrant, so

e —i(e/* + 2n)

_4772—«5372«%)2

\/,%Q ) (10.52)
Vi-aig =~ 2

\/_4772_9972(%32

When Im(n) < —«/%/2, the denominator in (10.47) is negative, &7? + 27 is in the fourth

221



quadrant, and %% — 27 is in the first quadrant, so

i i(? + )

42 _ 22
vt ) (10.53)
V11— PB%g? = —i(#" —2n) )
\/_4772 — J2R?
In either case, when |n| > @/ %/2,
1+ /22 +1\/1— B2 A 2 _ g2

292 i+ (22—

From (|10.46]), the denominator 41+ (/% — %?) is zero exactly when g = 0, which is impossible,
so this expression makes sense. Thus, for all n where |n| > &/ %/2, z is on the hyperbola.

But, since |n| > &/ %/2, then ((10.43]) does not hold and z is not on the rectangle. O

Finally, consider when () converges to Q € C, () # 0, such that () is not a continuity
point of Bx. Assuming that ) = g and g’ = ig, this happens when either g € I, or ig € I,
i.e. g € iRUR. Then, in the addition law ((7.49)), one of By, or B, is continuous. We can

handle the other term with the following general Lemma:

Lemma 10.8. Let p € (M, 7) be Hermitian and consider a sequence {Qr} C H such that
Qr — Q € C, where Q # 0 either satisfies Q € C\ R or B, is continuous at Q). Then,

N
(a]

lim By (Qr) = , (10.55)

k—00

o
]

where limy,_,o B,(Cx) = 2z for some sequence {(x} C C where ¢, — Q.

It follows that if G, is defined and continuous at z, then QQ = Gp(z).

Proof. We will show the sequence

I >0
Gk = o Q) = (10.56)

7% Im(Q) <0
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satisfies the conclusion of the Lemma.

When @) € R, then from hypothesis, B, is continuous at ). Then, g, i converge to @), so
the eigenvalues of By (Q%), By(gx), Bp(gr) converge to B,(Q). Since @ € R, then B,(Q) € R.
From Lemma [7.6] By(Qx) converges to B,(Q). Thus, our choice of (i satisfies the conclusion

of the Lemma.

For @ € R, Consider a diagonalization of Q:
Qr = S; ' grSk - (10.57)

Then,
By (Qr) = By (S5 ' 915k)
= S, ' By (gx) Sk (10.58)
= Si ' By(gk) Sk -

Recall that gy is the eigenvalue of @y with Im(gx) > 0. From the definition of (j, it suffices

to show that we can choose suitable Sy, for each of the following cases for x3 = Im(Q):

1. If 3 < 0, Sk converges to an invertible matrix S that switches the diagonal entries of

Bp(gk)u Le. SBp(gk)S_l = Bp(Q_k>‘

2. If 3 > 0, Sy converges to an invertible matrix that fixes the diagonal entries of B,(gx),

ie. SBp(gk)S*1 = B,(gk)-

For the first case, where x3 < 0, computation shows that we may choose

iB —A
S, = BT Ak (10.59)

to diagonalize the matrix. Since Q) — @) € C, the diagonal terms of Sj converge to 0. When
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(x3)r < 0, the off-diagonal terms are:

= A =i (V@D + (i + (wa)f - (@)

(10.60)
=3 (\/(:cl)i + (22)2 + (x3)7 + |($3)k\)

As By, — 0, then (x1)g, (z2)r — 0 and (23)x — 3, so this term converges to 2i|z3|. Hence,

Sp, — . (10.61)

This matrix is invertible and switches the diagonal entries of the matrix.
If 3 > 0, we alter the previous Sy by dividing by By, choosing

(

i I—Ak
B Bp #0
?;Ak i
Sp = * (10.62)
1 0
B, =0.
0 1

\

It suffices to check that S; tends to its value at B, = 0. For this, as the off-diagonal terms

are conjugates, we examine just one of them:

go— a1 (VER T T @) - ()

= , . 10.63
Bk (Q’Il)k + Z(ZL'Q)k ( )

Taking the absolute value of the right-hand side,
(VORI R~ )| Ol G- w060

(T1)1 + i(w2)k B (21)7 + (z2)

When (x3) > 0, applying the Mean Value Theorem to the function f(t) = /(x3)% + t* for

224



t €10,/ (x1); + (x2)3] yields

V(@) + (22)F + (23)7 — (w3 t (10.65)

(z1)k + (z2)g Vi) + ()2

for some t' € (0,+/(x1)% + (x2)%). Since (z3)r — x3 > 0 and By, = (x1)g + (2)r — 0, then

the following inequalities show that the off-diagonal terms converge to 0:

t' < (z1)j + (22)}

(z3)f + ()2 — (23)r] — 0. (10.66)

For the final point, if G, is continuous at z, then

Q= Jim G = Iim G,(B,(G)) = Gy(2). (10.67)
]

Consider the previous result, but with p replaced with X = p 4+ iq. From the addition
law and the previous result, we could prove a result with two sequences (; and (j,
converging to ) and Qi for B, and B;q. For general p, ¢ we may not be able to use only one
sequence by replacing (; with iy, as the limits of ;4 along these sequences may be different.

But, in our situation, we can:

Corollary 10.9. Consider a sequence {Qr} C H such that Qr — Q € C, where Q # 0.

Then,

z 0
lim Bx(Qy) = : (10.68)

where limyg_,o Bx((x) = 2z for some sequence {(x} C C where ¢ — Q.

It follows that if Gx is defined and continuous at z, then Q@ = Gx(2).

Proof. When Bx is continuous at (), we can just take (i to be any sequence converging to Q.

When Bx is discontinuous at Q, either g € I, or g € I,. In either case, in the addition

law ((7.49), only one of By, or Biq is discontinuous at Q).
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Lemma [10.§] produces the appropriate (i that works for the one of By or By that is

discontinuous at @), and that (; will also work for the other function that is continuous at Q.

For the final point, if Gx is continuous at z, then

Q = lim G = lim Gx(Bx(G) = Gx(2). (10.69)

Finally, we are ready to prove the following Proposition:

Proposition 10.10. If QQ; converges to QQ € C where Q # 0 and Bx is discontinuous at Q,

then Bx(Qr) — z € C where z = x + iy has

<x_ oz+0/)2 - (y_ B+6’)2 G e i)y (10.70)

2 2 4

Proof. From Theorem g € I, or g’ € I,. We will prove the first case, the second case is

similar.

From Corollary [10.9]

Bx(Qr) — Z(), (10.71)
0z

where limy_,, Bx(() = z for some (;, — ¢. From the addition law ((7.49)),

Bx(Ge) = By(G) + iBy(Ged) — é | (10.72)

If g € I,, then B, is discontinuous at g. From Proposition

a+a’+1j:i —D,(9)

Since (xi — ig € R, then B, is continuous at ig. From Proposition [8.6]
o BB 14/ Dylig)
klgﬁlo iB,(Cki) = iBy(gi) =1 i + o ? . (10.74)
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Hence,

2 2 2

From Lemma[1.7] z is on the hyperbola if and only if:

Re((z— ato —¢5+6/)2— (O‘/_O‘>2_(5,_5)2> _0. (10.76)

2 2 4

Substituting the expression for z into this and simplifying, z is on the hyperbola if and only

if:

Re (1 iW—Dp<g>¢Dq<z'g>> o 1077
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Since g € I, then \/—D,(g), /Dy(ig), g* € R, so the real part of the previous equation is

1/(2g?), which is non-zero. Hence, Bx(Qy) does not converge to a point on the hyperbola. [

10.4 Proof when p and ¢ have 2 atoms

In this section, we prove Theorem [10.1| and also make some observations about the 4 corners

of the rectangle R.

First, a summary of the results in the previous sections:

1. If Qr — 0, then |Bx(Qx)| = 00. (Theorem [8.13)

2. If |Qk] — oo and Bx(Qy) converges, then Bx(Qj) converges to one of {a + i, +
i, +if, o’ +if'}. (Proposition |10.3))

3. I Qp — Q #0:

(a) If I, — O:

i. If Bx is discontinuous at @), then Bx(Qy) converges to z on the intersection

of the hyperbola with the open rectangle. (Proposition [10.4)

ii. If Bx is continuous at @):
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A. If g e R or g’ € R, then I(Qx) # 0. (Proposition
B.If g ¢ R and ¢/ € R, then Bx(Qx) — Bx(Q) = z, which is on the
intersection of the hyperbola with the open rectangle. (Proposition M)
(b) If By — 0:
i. If Bx is continuous at @, then Bx(Qx) — Bx(Q) = z, and whenever z is on
the hyperbola, z is not in the rectangle. (Proposition

ii. If Bx is discontinuous at @, then Bx(Qj) does not converge to a z on the

hyperbola. (Proposition [10.10))

As a corollary to these facts, we make an observation about the 4 corners of the intersection

of the hyperbola and rectangle:

Corollary 10.11. Let z € {a + i, +if,a+ 1,0’ + i} and suppose that Gx(z) is in
the domain of Bx for sufficiently small ¢ > 0. Then,

lim |Gx(z)| = o0 (10.78)

e—0t

Proof. The proof is based on the results in the previous sections and noticing that only in
the situation where z € {a +i8,a +if,a+if',a’ +if'} is possible is when |Q)| — oo and

Bx (Qy) converges.
Recall that Q. = Gx(zc). It suffices to show that for every sequence e — 07, |Q., | — 0.
Suppose for the sake of contradiction that @, is bounded for some €, — 0.

If @, — 0, then
z = lim 2, = klirn Bx(Qe,) (10.79)
—00

k—o0

but from Theorem [8.13] the final limit diverges.

If Q. # 0, then we may pass to a subsequence and assume that @), — @) # 0. Then,

from the results in the previous sections, z € {a+if3,a/ +if, a+if', o’ +i'}, a contradiction.
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Thus, it must be the case that

lim |Gx(z)| = . (10.80)

e—0t

]

We can verify the domain condition in Corollary [10.11]to get the following concrete result:

Proposition 10.12. Let z € {a +if,a/ +ip,a+ip',a’ +ip'}. Then,

lim |Gx(z.)| = 0. (10.81)

e—0t

Proof. Let X, = z — X. Computation using Definition [7.12 shows that:

Gulo) — TI((X2) X, + €)1 X)) —ier[((X.)" X, +€2)7] _ (10.82)
ier[(XL)*X. + )7 7XL((X)* X, +€2)7Y

In light of Corollary [10.11}and the domain of Bx described in Theorem [8.13] it suffices to show
that for z € {a+i8, o/ +iB,a+if,a' +if'} and € > 0, 7[((X.)* X, + 2)"1(X.)*] € RUIR.

We will just show that 7[((X,)*X, + €¢2)7'(X.)*] € iR, the other case is similar. For
this, let X, = p + iq, where p, g are Hermitian, freely independent, and have 2 atoms. For
ze{a+if, o/ +ip,a+if',a’ +if'}, p and g both have 0 as an atom. Hence, p and ¢ are
either positive or negative operators. At this point, we also drop the subscript z so that
X =p+1q.

Assume for the sake of contradiction that 7[(X*X + ¢2)71X*| € 4R. This is equivalent to
0=Rer[(X*X + ) 'X*] = 7[(X*X + ) 1p)]. (10.83)

Since p > 0 or p < 0, without loss of generality assume that p > 0. Then,
FIUXX + )" V2P 2 (XX + )2V = r[(X*X + ) 1p] = 0. (10.84)
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Since 7 is faithful, then (X*X + €2)7'/2p!/2 = 0. Hence,
p= (XX + (XX 4+ )V p2 =0, (10.85)

But, this is impossible, as p has 2 atoms. Hence, 7[(X*X + €)1 X*] € iR. ]

We prove one final Proposition before the proof of Theorem [10.1}

Proposition 10.13. Let z € C and suppose there exists a sequence €, — 01, such that

Qe, = Q #0, where Q € C. Then,

lim Ox(z) = lilgl+ Q.=0Q. (10.86)

e—0

In particular, when Gx is continuous at z, Q@ = Gx(2).

Proof. If there is a sequence @), — @ # 0 where () € C, then B, — 0. We proceed to
upgrade the convergence B,, — 0 along a specific sequence to B, — 0 as ¢ — 0*: If B, 4 0,
then from , on some sequence €, — 01, le. — 0. From B, — 0 and Propositions
[10.7] and [10.10], = does not lie on the intersection of the hyperbola and rectangle. But, from
l¢. — 0 and Propositions and [10.0 z does lie on the intersection of the hyperbola and

rectangle. This is a contradiction, so we conclude that B, — 0.

Next, consider an arbitrary sequence €, — 0 such that Qe — Q' # 0, where Q' € C. To

prove the limit in the statement of the Proposition, it suffices to show that @)’ = Q.

Corollary [10.9| gives two sequences (,, (s C C such that (,, = @, (¢, — @', and:
lim Bx(G,) = Jim Bx(Q,) = = = lim Bx(Qq) = lim Bx(¢y).  (1087)

We consider the cases when By is continuous or discontinuous at @) and Q':

If Bx is continuous at both @) and (', then since By is invertible on its domain, it is
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injective. Hence,

Bx(Q) = lim Bx(,) =z = lim Bx(¢y) = Bx(Q) (10.88)

k—o0 k—o0

implies that Q = Q.

If By is continuous at exactly one of () and ), assume By is continuous at () but not @)’.
From Proposition [8.11] By is analytic in a neighborhood of @), so from the Open Mapping
Theorem, for U C C open where @ € U, Q' € U, Bx(U) is an open set containing Bx (Q) = z.
Since Bx((; ) converges to z also, then for sufficiently large k, Bx((¢) € Bx(U), but (¢ ¢ U.

This contradicts the injectivity of Byx.

Finally, consider if By is discontinuous at both @) and @', i.e. Q € I, or Qi € [,, and
Q el,orQiel,

From the proof of Proposition [10.10 the possible limits for Bx({y) are:

2= lim Bx(Q.,)

k—oo
at+a  B+B, /-Dy9) /Dylig)
+ I
| g€l (10.89)
a+ o N B+6 /Dulg) LV —D,(ig) I
R <t

Computation shows that:

: (Z_“O"_ﬁw){<a'—a>2—<ﬁ'—ﬁ>2

°T 2 2 4
1=+ Z\/_Dp(zg)\/DQ(lg) ge Ip (10'90)
_ 29
1+4i/D —D,(i
Z\/ p(zg;;/ q(i9) igel,.

There are analogous equations for (), where g is replaced with ¢'.

In these equations, we can determine if g € I, or ig € I, by observing that Re(Z) < 0

for g € I, and Re(Z) > 0 for ig € I,. Then, by observing Re(Z) = 1/(2¢?), we can recover g
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up to a sign. Finally, by examining Re(z), we can determine what ¢ is. Hence, QQ = )’, as
p g Y, Oy g ) g ) )

desired.

The last point follows from Corollary [10.9} O
Finally, we can prove Theorem [10.1}

Proof of Theorem |10.1]. First, consider z on the support of the Brown measure of X. From
Theorem [.18] z = x + iy lies on the intersection of the hyperbola

H:{z:x—i—iy: <x—a+o‘/)2— (y—ﬁ+ﬁ/)2: (a’—a)z—(ﬁ’—ﬁ)z} (10.91)

2 2 4

with the rectangle

R={z=z+iy:xeland,avdl,ye[BAF,BVF]}. (10.92)
Recall that
z e A iB.
Qe = Ox (2) = Ox = |- (10.93)
€ Zz 1B, A,

If Q). converges to some (), then from Theorem Q@ # 0. Further, B # 0: if B =0, then

from Propositions [10.7| and [10.10 z. = Bx(Q.) converges to z not on the intersection of the

hyperbola and rectangle, a contradiction.

Conversely, assume z has that Q. — @ where B # 0. Then, from ([7.79)), [. — 0. From
Propositions and ze = Bx(Q.) converges to z on the intersection of the hyperbola

and rectangle, and hence the support of the Brown measure of X.

All that remains to show is that when Q. does not have a limit as ¢ — 0T, then z is on

the intersection of the hyperbola and rectangle.

First, we consider when (). does not stay bounded as ¢ — 0*. Choose a sequence ¢, — 0T
such that |Q.,| — oo. From Proposition zisone of {a +if,a+if,a' +if,a’ +if'},

which are the boundary points of the intersection of the hyperbola with the rectangle.
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Now, suppose that ), remains bounded as ¢ — 0" but has no limit. From Propositions

and [10.6], it suffices to show that [, — 0. For this, it suffices to show that for any

sequence ¢ — 0%, B, /4 0.

For the sake of contradiction, assume that there is some ¢, — 07 where B,, — 0. Passing

to a subsequence, we may assume that @), converges to Q # 0. From Proposition ((10.13)),

Q. converges to (), a contradiction to the assumption that ). had no limit. O
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CHAPTER 11

Atoms of the Brown measure

In this final chapter, we discuss the atoms of the Brown measure of X = p + ¢q in the
framework of the Quaternionic Green’s function Gx and relate them to some of our previous

results.

In ([BV9§], Theorem 7.4), the authors proved that an atom of u B v can occur at + if
and only if there exists a, 5 € R such that v = a + f and p({a}) + v({8}) > 1, in which

case (uBv)({y}) = p({e}) +v({B}) — 1.

In ([BSS18], Proposition 1), an analogue of this result was proven for the operator-valued

Cauchy transform and the sum of free operators that are not necessarily Hermitian:

Proposition 11.1. Let x,y € (M, 1), where x,y & C and are freely independent. If there
exists a projection p # 0 and X € C such that (z + y)p = A\p, then:

1. p is the projection onto ker((z +y — A\)*(x +y — N)).
2. There exists projections py,pa € (M, T) and uy,uy € C so that:
® IP1 = U1P1, Yp2 = U2D2.
® U+ Uy = A
e 7(p1) +7(p2) =7(p) + 1.
We wish to conclude that the A € C where there exists such a p # 0 correspond to the
atoms of the Brown measure of x4y, and that u({A}) = 7(p). If this were true, then we could

conclude that the atoms of the Brown measure of X = p +iq are exactly of the form «; +143;,

where o; is an atom of p and ; is an atom of ¢q. Further, we could conclude exactly what
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the weights of these atoms were. Note that these weights correspond to the intersection of
free projections of certain traces (Proposition and the intersection of randomly rotated
subspaces of certain dimension (Lemma [5.1)). These are the weights of the atoms when p
and ¢ have 2 atoms (Theorem . When the atom is on OR, this also matches the weights
given in Proposition [5.7]

Recall from Lemma that for a real probability measure p and a sequence z, — s
non-tangentially to R, (z, — s)G,(z,) = pu({s}). We proceed to analyze the analogous limit
for the Quaternionic Green’s function for X € (M, 7). This analysis comes from [BSS1§],

translated to our notation for Gx.

We wish to analyze the following limit for fixed z € C:

lim (z. — 2)Gx(2) , (11.1)
e—0t
where
Z 1€
Ze = ) (11.2)
€ Z

By analogy from Lemma |4.12] we expect this limit to be u({z}).

Let a = X, = z — X. Computation with Definition shows that

(e — 2 (2) = etl(a*a+ €)™ derfa(ata + €))7 | (113)

ietla*(a*a+ €)Y  ér[(a*a+ €*)7Y

For the diagonal terms, we rewrite the expression as an integral over the spectral measure of

a*a:

o 2
. _ €
Er(a*a+ €))7 = /0 e dptara(t) . (11.4)
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Since €2/(t + €?) < 1, then from the dominated convergence theorem,

00 2
. 2 * N-11 _ . €
elgéhe T{(a"a+€)77] = /0 Elirgi P dfia=a(t)

= / X0} (t) dptara(t) (11.5)
0
=7(p),
where p is the projection onto ker(a*a) = ker(a) = ker(z — X).

For the off-diagonal terms, we use the polar decomposition a = v |a| and the Cauchy-

Schwarz inequality with v and i€ |a| (a*a + €2)™! to see that:
lieTla(a*a + €)7']| < rlv ]2 r[ata(ata + €2)72)V2. (11.6)

Again, rewriting in terms of the spectral measure of a*a,

rlta*a(a*a + )7 = /000 (tf—ez)Z dftgeq(l) . (11.7)

Since 2te? < (t + €)%, then from the dominated convergence theorem,

0 t€2
: 2 % * 2\—171 __ :
Elir(% Tle*a*a(a®a + €*) 7] —/0 Elirgi mdua*a<t)

_ /OOOd,ua*a(t) (11.8)

=0.
Hence,
lim (z. — 2)Gx(z.) = 7(p), (11.9)
e—0t
where p is the projection onto ker(z — X).
In particular, when p # 0, then
lim |Gx(z)| = 0. (11.10)

e—0t
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This can applied to the Brown measure of X = p + g when the x{q,}(p) and xyz,}(q) are
guaranteed to intersect because their traces are large. Note that this result does not imply
Proposition [10.12] since in that case the traces of all atoms of p and ¢ are 1/2 and X = p+iq

does not have any atoms. In particular, the situation of Proposition [10.12] gives an example

where:
lim |Gx(z)| = o0, (11.11)
e—0t
but
lim (z. — 2)Gx(z) = 0. (11.12)
e—0t

To possibly relate this limit to the Brown measure, we observe from the computation that:

lim (2. — 2)Gx(z.) = lim €7[(a*a + *)7']. (11.13)

e—0t e—0t

This final limit can be related to the Brown measure when X is normal or X = X, is a

random matrix. For instance, when X is normal,

2
erl(a*a+ )7 = / E—Zd,ux(w), (11.14)
clz—w|"+ €

and from the dominated convergence theorem the right-hand side converges to px({z}) as

e — 07. When X = X, is a random matrix where a*a has empirical spectral distribution

1 n
n Zz‘:l 6)\i7

1 & €
2 * 2\—171 __
Erl(a*a+ ) =F 5;Ai+62 (11.15)
Applying the dominated convergence theorem as € — 0%,
i Erl(@at ) = | 1m 25— | = Bir(p)] (11.16)
0+ =0+ n £ A + €2 7

where p is the projection onto ker(a*a) = ker(a) = ker(z — X). Hence,

E[r(p)] = E { [ xort-x0 duxn<z>] (). (11.17)
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In general, it is unclear if

lim e7[(a*a + )7 = ux({2}). (11.18)

e—0F

238



[AGZ10]

[AP]

[BG73)

[BLO1]

[BMS17]

[Bro86]

[BS15]

[BSS18]

[BV9g]

[BYZ24]

[Con90)]

[FK52]

[FZ97a)

REFERENCES

Greg W. Anderson, Alice Guionnet, and Ofer Zeitouni. An introduction to random
matrices. Cambridge Studies in Advanced Mathematics. Cambridge University
Press, Cambridge, 2010.

Claire Anantharaman and Sorin Popa. “An introduction to II; factors.” Book
Draft.

Ake Bjorck and Gene H. Golub. “Numerical Methods for Computing Angles
Between Linear Subspaces.” Mathematics of Computation, 27(123):579-594, 1973.

Philippe Biane and Franz Lehner. “Computation of some examples of Brown’s
spectral measure in free probability.” Colloguium Mathematicum, 90(2):181-211,
2001.

Serban T. Belinschi, Tobias Mai, and Roland Speicher. “Analytic subordination
theory of operator-valued free additive convolution and the solution of a general
random matrix problem.” J. Reine Angew. Math., 732:21-53, 2017.

L. G. Brown. “Lidskii’s theorem in the type II case.” In Geometric methods in
operator algebras (Kyoto, 1983), volume 123 of Pitman Res. Notes Math. Ser., pp.
1-35. Longman Sci. Tech., Harlow, 1986.

Zdzislaw Burda and Artur Swiech. “Quaternionic R transform and non-Hermitian
random matrices.” Phys. Rev. E, 92, 2015.

Serban T. Belinschi, Piotr Sniady, and Roland Speicher. “Eigenvalues of non-
Hermitian random matrices and Brown measure of non-normal operators: Hermitian
reduction and linearization method.” Linear Algebra and its Applications, 537:48—
83, 2018.

Hari Bercovici and Dan Voiculescu. “Regularity questions for free convolution.” In
Nonselfadjoint operator algebras, operator theory, and related topics, volume 104 of
Oper. Theory Adv. Appl., pp. 37-47. Birkhauser, Basel, 1998.

Serban Belinschi, Zhi Yin, and Ping Zhong. “The Brown measure of a sum of two
free random variables, one of which is triangular elliptic.”, 2024.

John B. Conway. A course in functional analysis. Graduate Texts in Mathematics.
Springer-Verlag, New York, 1990.

Bent Fuglede and Richard V. Kadison. “Determinant theory in finite factors.”
Annals of Mathematics. Second Series, 55:520-530, 1952.

Joshua Feinberg and A. Zee. “Non-gaussian non-hermitian random matrix theory:
Phase transition and addition formalism.” Nuclear Physics B, 501(3):643-669,
1997.

239



[FZ97h]

[Gin65]

[Girs4]

[GKZ11]

[Hal21]

HH22]

[HL00]

[Ho22]

[HS07]

[HZ23a]

[HZ23b]
[IN04]

[IN06]

[INP97]

Joshua Feinberg and A. Zee. “Non-Hermitian random matrix theory: method of
Hermitian reduction.” Nuclear Phys. B, 504(3):579-608, 1997.

Jean Ginibre. “Statistical Ensembles of Complex, Quaternion, and Real Matrices.”
Journal of Mathematical Physics, 6(3):440-449, 03 1965.

V. L. Girko. “The circular law.” Teor. Veroyatnost. i Primenen., 29(4):669-679,
1984.

Alice Guionnet, Manjunath Krishnapur, and Ofer Zeitouni. “The single ring
theorem.” Annals of Mathematics. Second Series, 174(2):1189-1217, 2011.

Brian C. Hall. “PDE methods in random matrix theory.” In Harmonic analysis
and applications, volume 168 of Springer Optim. Appl., pp. 77-124. Springer, Cham,
2021.

Brian C. Hall and Ching-Wei Ho. “The Brown measure of the sum of a self-adjoint
element and an imaginary multiple of a semicircular element.” Lett. Math. Phys.,
112(2):Paper No. 19, 61, 2022.

Uffe Haagerup and Flemming Larsen. “Brown’s spectral distribution measure
for R-diagonal elements in finite von Neumann algebras.” Journal of Functional
Analysis, 176(2), 2000.

Ching-Wei Ho. “The Brown measure of the sum of a self-adjoint element and an
elliptic element.” Electron. J. Probab., 27:Paper No. 123, 32, 2022.

Uffe Haagerup and Hanne Schultz. “Brown measures of unbounded operators affili-
ated with a finite von Neumann algebra.” Mathematica Scandinavica, 100(2):209-
263, 2007.

Ching-Wei Ho and Ping Zhong. “Brown measures of free circular and multiplicative
Brownian motions with self-adjoint and unitary initial conditions.” J. Eur. Math.
Soc. (JEMS), 25(6):2163-2227, 2023.

Ching-Wei Ho and Ping Zhong. “Deformed single ring theorems.”, 2023.

Andrzej Jarosz and Maciej A. Nowak. “A Novel Approach to Non-Hermitian
Random Matrix Models.”, 2004.

A Jarosz and M A Nowak. “Random Hermitian versus random non-Hermitian
operators—unexpected links.” Journal of Physics A: Mathematical and General,
39(32):10107, 2006.

Romuald A. Janik, Maciej A. Nowak, Gabor Papp, and Ismail Zahed. “Non-
Hermitian random matrix models.” Nuclear Phys. B, 501(3):603-642, 1997.

240



[Mec19]

[Meh67]

[MS17]

[Rud76]

[Sak56]

[Voi99)]

[Zho22]

[Sn02|

Elizabeth S. Meckes. The random matriz theory of the classical compact groups,
volume 218 of Cambridge Tracts in Mathematics. Cambridge University Press,
Cambridge, 2019.

M. L. Mehta. Random matrices and the statistical theory of energy levels. Academic
Press, New York-London, 1967.

James A. Mingo and Roland Speicher. Free probability and random matrices,
volume 35 of Fields Institute Monographs. Springer, New York; Fields Institute for
Research in Mathematical Sciences, Toronto, ON, 2017.

Walter Rudin. Principles of mathematical analysis. International Series in Pure
and Applied Mathematics. McGraw-Hill Book Co., New York-Auckland-Dusseldorf,
third edition, 1976.

Shoichiro Sakai. “A characterization of W*-algebras.” Pacific Journal of Mathe-
matics, 6:763-773, 1956.

Dimitri Shlyakhtenko. “Random matrices and free probability.” Course Notes.
Peter F. Stiller. “An Introduction to the Theory of Resultants.” Online Notes.

Serban Stratila and Laszlé Zsid6. Lectures on von Neumann algebras. Editura
Academiei, Bucharest; Abacus Press, Tunbridge Wells, 1979.

Terence Tao. Topics in random matrix theory. Graduate Studies in Mathematics.
American Mathematical Society, Providence, RI, 2012.

Terence Tao and Van Vu. “Random matrices: universality of ESDs and the circular
law.” The Annals of Probability, 38(5):2023-2065, 2010. With an appendix by
Manjunath Krishnapur.

Dan Voiculescu. “The analogues of entropy and of Fisher’s information measure in
free probability theory. VI. Liberation and mutual free information.” Advances in
Mathematics, 146(2):101-166, 1999.

Ping Zhong. “Brown measure of the sum of an elliptic operator and a free random
variable in a finite von Neumann algebra.”, 2022.

Piotr Sniady. “Random Regularization of Brown Spectral Measure.” Journal of
Functional Analysis, 193(2):291-313, 2002.

241



	Title Page
	Abstract
	Committee
	Dedication
	TABLE OF CONTENTS
	List of Figures
	Acknowledgments
	Vita
	Background material
	von Neumann algebras
	Functional calculus and the spectral theorem
	Non-commutative probability spaces and random matrices
	Convergence in law: Hermitian random matrices
	Moment method
	Stieltjes transform

	Free probability
	Free probability transforms
	Free additive and multiplicative convolution
	Asymptotic freeness


	Outline of results
	The Brown measure
	The Fuglede-Kadison determinant
	Construction of the Brown measure
	Properties of the Brown measure

	Brown measure of X = p + i q
	The von Neumann algebra generated by two projections
	Computation of Brown measure of X (up to  and weights)
	Computation of  and weights
	The Brown measure of X

	The random matrix model Xn
	Convergence of ESD of Xn to Brown measure of X
	Outline of proof of convergence
	The law z
	Bounds on the minimum singular value
	Proofs of convergence and converse

	Quaternions and Quaternionic Green's function
	Quaternions and notation
	Quaternionic Green's function
	Quaternionic Green's function and Brown measure
	Outline for computing Inverse Quaternionic Green's function for X = p + i q
	(Inverse) Quaternionic Green's function at a complex number
	(Inverse) Quaternionic Green's function for a Hermitian operator
	(Inverse) Quaternionic Green's function and multiplication by a complex number
	Inverse Quaternionic Green's function for X = p + i q

	Heuristics for the support and boundary of the Brown measure

	Computing BX for X = p + i q
	Notation and conventions
	Auxiliary functions
	Computing BX

	Boundary of the Brown measure
	General p and q
	When p and q have 2 atoms
	When p and q have finitely many atoms
	Algorithm
	Proof of correctness for algorithm
	A specific case
	Extending to generic case


	Support of the Brown measure
	Preliminary reductions
	lk 0
	Bk 0
	Proof when p and q have 2 atoms

	Atoms of the Brown measure
	References



