UC San Diego
Recent Work

Title
Optimally Testing General Breaking Processes in Linear Time Series Models

Permalink
https://escholarship.org/uc/item/58n33447

Authors

Elliott, Graham
Mueller, Ulrich K.

Publication Date
2004-09-28

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/58n33447
https://escholarship.org
http://www.cdlib.org/

Optimally Testing General Breaking Processes in

Linear Time Series Models*

Graham Elliott Ulrich K. Miiller
University of California, San Diego University of St. Gallen
9500 Gilman Drive Dufourstr. 50
LA JOLLA, CA, 92093-0508 9000 St. Gallen, Switzerland

April 11, 2003

Abstract

There are a large number of tests for instability or breaks in coefficients in regression
models designed for different possible departures from a stable regression. We make
two contributions to this literature. First, we provide conditions under which optimal
tests are asymptotically equivalent. Our conditions allow for models with many or
relatively few breaks, clustered breaks, regularly occurring breaks or smooth transitions
to changes in the regression coefficients. Thus we show nothing is gained asymptotically
by knowing the exact breaking process. Second, we provide a statistic that is simple
to compute, avoids any need for searching over high dimensions when there are many
breaks, is valid for a wide range of data generating processes and has high power for

many alternative models.
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1 Introduction

It is reasonable to expect that there is some instability in most econometric relationships,
across time or space. In cross sections, there is likely (as is typically found in longitudinal
data) some degree of heterogeneity amongst agents. In time series, changing market condi-
tions, rules and regulations etc. will also result in heterogeneity in the relationships. So long
as this heterogeneity is not 'too strong’, standard regression methods still have reasonable
properties with the replacement of ’true’ values of the coefficients with averages of the in-
dividual or intertemporal true values of coefficients (see White (2001) for precise results for
limit theory under heterogeneity). If the heterogeneity is of a stronger form, then inference
using standard methods will be misleading.

For this reason there is a large literature on testing for instability, or 'breaks’ in pa-
rameters in time series regressions (restrictions to time series reduce the dimension of the
problem since there is a natural ordering to the data). We consider linear models of the
form y, = X}(B3+3,) + Z!6 +¢; and consider the possibility of nonconstant 3,. Numerous dif-
ficulties have arisen in testing this possibility. First and foremost is the problem that there are
many possible ways (i.e. models where) 3, can be nonconstant. Tests developed for one model
of a nonconstant 3, may not be useful for other possible alternative models. Compounding
this difficulty is that for time varying models, some nuisance parameters fail to be identified
under the null hypothesis of constant 3,. This renders the typical intuitions of optimality
of general Likelihood Ratio, Lagrange Multiplier, and Wald tests and asymptotic normal-
ity inapplicable in general. So arriving at a good (i.e. optimal) test may both be involved
(deriving new distributions and requiring potentially novel asymptotic theory) and also may
depend quite strongly on the alternative model the researcher has in mind.

Because of these difficulties, research has concentrated on very specific breaking processes.
LaMotte and McWorther (1978), Franzini and Harvey (1983) and Shively (1988b), for in-
stance, consider models where (3, is subject to Gaussian breaks of constant variance every
period. But even for this apparently simple model the test statistics become such complicated
functions of the observables that they are difficult to analyze in an asymptotic framework.

Andrews and Ploberger (1994) (denoted AP in the sequel) derive asymptotically optimal



tests when (3, is subject to a finite number of breaks by employing an average asymptotic
power criterion. Bai and Perron (1998) promote the maximum of a sequence of F-statistics
for this type of parameter variation. Even for a very moderate number of breaks, say, five,
the AP statistics and the maximal F-statistics become computationally extremely involved,
since they require searching over all possible combinations of the break dates. In a nutshell,
tests of parameter constancy are mostly based on highly complicated statistics tailor-made
for one specific breaking process, and little is known about their efficiency against other
processes.

This paper makes two contributions. First, we show that for a very general set of break-
ing processes and a normality assumption on the disturbances, optimal tests of coefficient
stability are asymptotically equivalent. The set of breaking processes includes breaks that
occur in a random fashion, serial correlation in the changes of the coefficients, a clustering of
break dates and so forth. Our results imply that any specific optimal test will have the same
asymptotic power against any other breaking process of the set. We hence show that leaving
the exact breaking process unspecified (apart from a scaling parameter) does not result in a
loss of power, at least asymptotically.

Second, we suggest an easy-to-compute statistic that is asymptotically optimal for this
set of breaking processes. Its computation requires no more than k 4+ 1 OLS regressions,
where k is the dimension of the vector X;. We investigate the local asymptotic power of the
statistic and compare it to other popular statistics for breaking models. Given the first result,
one would not expect great differences in performance, and we show that this is true even
when one steps out of the set of breaking models for which our statistic is optimal. At the
same time, the statistic suggested in this paper does have a somewhat superior performance
for many models. We also show that it remains asymptotically valid under very general
assumptions on the disturbances.

The following section examines the testing problem and describes the new test statistic.
In the third section we establish the asymptotic equivalence of optimal tests for a large class
of breaking processes. The construction of feasible tests with the same asymptotic power is

taken up in Section 4, and Section 5 evaluates the asymptotic and small sample power of



a number of tests for time variation in 3, and brings out the implications of the theory. A

final section concludes. Proofs are collected in an appendix.

2 The Model and Tests for Breaks

The model this paper is concerned with is
v=X(B+B)+Zb+e t=1,---,T (1)

where y; is a scalar, X;,  and 3, are k x 1 vectors, Z; and ¢ are d x 1, {y;, X;, Z;} are
observed, (3, 3, and 6 are unknown and ¢; is a mean zero disturbance. As a normalization

we set 3, = 0. The hypotheses to be tested are
Hy: (B, =0Vt against H;: [, # 0 for some t > 1. (2)
so that under the null hypothesis the model reduces to
y=XB0+Z6+e t=1,---,T (3)

In words, we want to test whether the coefficient vector (3, that links the observables X; to
remains stable over time, while allowing for other stable links between y; and the observables
through Z;.

The hypothesis test (2) of model (1) has received a great deal of attention in both the
statistical and econometrics literature. The major reason why the literature has taken so
many different approaches to the problem is that the alternative of a nonconstant [, is so
general. Obviously there exists a very large variety of ways (3, might evolve under the alter-
native, and any specific assumption leads to a different testing problem. The huge literature
on this problem might be organized into two strands: the ’structural break’ literature, which
views the path of (3, under the alternative as unknown but fixed and described by vector of
unknown parameters, and the 'time varying parameter’ literature, which views {(,} under
the alternative as random with some distribution.

In the ’structural break’ literature, by far the most attention has been given to the single



break model, in which

B, = 0 fort<r (4)

B, = B fort>r

for some 3, # 0. In this literature, 3, and 7 are a fixed but unknown parameters. If
7 was known, then one can rely on the usual F-test to distinguish (4) from parameter
stability, an idea that goes back to Chow (1960). But in practice, 7 is usually unknown,
making it a nuisance parameter in the testing problem. Quandt (1958, 1960) suggested using
the maximum F'-statistic over all values of 7 as a means to test the stability of 3,. This
search over a set of dependent F-statistics affects the asymptotic distribution of the test,
which ceases to be x?. Andrews (1993) explores the properties of such tests in a very general
setting. Brown, Durbin and Evans (1975) suggested testing the stability of 3, by considering
the partial sums of the standardized forecast errors of rolling regressions of (3), leading to the
so called CUSUM test. Ploberger, Kréimer and Kontrus (1989) and Ploberger and Kréamer
(1992) propose tests that are functions of the partial sum of OLS residuals of regression (3).
These tests are straightforward to compute, but nothing is known about their optimality.
Conceptually it is also straightforward to extend Quandt’s idea to the case of multiple

breaks, where

B, = 0 fort<m

B, = [_31 for 1y <t <79

(5)
B, = By forTy1 <t<rty
B, = By formy <t<T

Bai and Perron (1998), for instance, examine the maximum of the F-statistic over all com-

1

binations of (71, -+ ,7n)." Because the number of break date combinations becomes huge

'In an asymptotic set-up, one must exclude breaking dates that are too close to the beginning and
end of the sample in order to obtain a stable asymptotic distribution. A similar caveat applies for some

circumstances if two break dates are too close to each other. See Bai and Perron (1998) for details.



even for moderate N (with 7= 100 and N = 5, there are (120) = 75,287,520 combinations),
they require some clever dynamic programming to implement such a test.

Although these maximum F-statistics can be naturally motivated as generalized likeli-
hood ratio tests, this does not necessarily make them desirable tests. The reason is that
under the null hypothesis, the break dates 7; are unidentified, which strips standard testing
procedures like the likelihood ratio, Wald or LM-tests of their usual asymptotic optimal-
ity properties.? AP have devised an optimal method for dealing with testing problems of
this kind, which can also be applied to testing structural stability against (4) or (5). Their
procedure is (asymptotically) optimal in the sense of maximizing a weighted average power
criterion, where the weighting is both over the size of the breaks ([_3] — ijl) and over the
combinations of the break dates under the alternative. Using the same criterion, Sowell
(1996) derives asymptotically optimal tests for the set of statistics that are continuous func-
tionals of the partial sums of the sample moment condition. By choosing the weighting
of the size of the breaks as a Gaussian distribution function, the expressions for these test
statistics become much more compact, but still involve a sum over all combinations of break
dates. While not posing any conceptual difficulties, even a moderate N thus leads to compu-
tationally very cumbersome test statistics. Andrews, Ploberger and Lee (1996) and Forchini
(2002) derive analogous small sample optimal statistics, but in none of these papers optimal
statistics are calculated for N > 1.

The ’time varying parameter’ literature approaches the problem from a seemingly very
different angle. There the nonconstant (3, under the alternative is viewed as being random,
and contributions to this strand differ in the probability law they pose for §,. A number
of studies investigate models in which 3, deviates only temporarily from zero, so that the
‘long-run’ value remains 3. Watson and Engle (1985) and Shively (1988a), for instance,
investigate the case of a stable autoregressive process for 3,. Most Markov switching models
with recurring states and threshold autoregressive models are also closely related to this
class.

The majority of studies in the time varying parameter literature, however, have con-

2 Andrews and Ploberger (1995) showed, however, that the maximum F-statistic does possess a weak

optimality property.



sidered the model where deviations of (3, from zero are permanent. In these models the
alternative hypothesis is that 3, follows a random walk. In the case where X; = 1 this model
is the 'unobserved components’ model examined in Chernoff and Zacks (1964) and Nyblom
and Mékeldinen (1983). For more general stationary X; the model has been examined in
Garbade (1977), LaMotte and McWhorter (1978), Franzini and Harvey (1983), Nabeya and
Tanaka (1988), Shively (1988) and Leybourne and McCabe (1989) — see the annotated
bibliography by Hackl and Westlund (1989) for further references. By making distributional
assumptions for {e;} and {3,} the difficulty in this approach consists of analyzing the likeli-
hood of the model under both the null and alternative hypotheses — even for independent
Gaussian disturbances {¢;} and a Gaussian Random Walk of {3,} under the alternative the
resulting expressions are so complicated functions of the observables that little is known
about the asymptotic properties of the tests these authors promote.

At least at first sight, the ’structural break’ and the 'time varying parameter’ literature
seem very distinct. And surely, the typical path of 3, in a time varying parameter model
with 8, = ZZ=1 ws, wg independent zero mean Gaussian variates is quite different from a
model with N breaks such as (5). But it is, of course, perfectly possible to let w; have a
continuous distribution with probability p and w, = 0 with probability (1 — p). The number
of breaks N in (3, (i.e. the number A, which are nonzero) then follows a Poisson distribution
with E[N] = (T —1)p. The outcome of such a model can hence be cast in terms of model (5),
with N and {3,,--- , By} being random variables. By allowing for a suitable dependence in
{w;}, a model with a fixed number of breaks can be written in the time varying parameter
form, too.

The relationship between these models does not stop there. Tests of model (5) that are
optimal in the weighted average power sense of AP and Andrews, Ploberger and Lee (1996)
will have to specify weight functions on (i) the number of breaks (ii) the distribution of
break dates given their number and (iii) the distribution of the breaks given their dates and
number. A reinterpretation of these weights as probability measures naturally leads to a
particular time varying parameter model. Thinking about the unobserved 3, as fixed and

using weights for their outcomes under the alternative or treating them as random hence



amounts to the same thing. These relationships are due to the close link between Bayesian
methods and optimal classical methods in general — see Berger (1985), for instance, for
more details on this point. The time varying parameter literature and the structural break
literature hence treat the exact same problem, albeit with a different emphasis on what the
typical alternative looks like.

But against what kind of alternatives the hypothesis test (2) should be most concerned
with? This obviously depends crucially on why we want to test for parameter constancy in
the first place. Three main motivations come to mind:

First, the stability of relationship (3) might be an important question in its own right.
A standard example is the stability of the link between monetary aggregates and output,
a crucial question for conducting appropriate monetary policy (see Clarida et al. (2000)
for a recent example). Also tests for the Lucas critique (which has been difficult to detect
in practice) arise directly as tests of parameter instability (Engle et al. (1983), Engle and
Hendry (1993), Linde (2001)). Typically, the alternative of interest here is absence of any
stable relationship, including long-term relations. Relevant alternatives are hence those in
which changes in 3, are permanent.

Second, one might want to take advantage of relationship (3) for forecasting y;. But
if (3) turns out to be unstable, then the appropriate forecast will have to be modified in
at least two respects: On the one hand, a good forecast of y; will then be driven more by
the recent past than by the distant past, since recent observations of relationship (1) will be
closer to the (unknown) future relationship than past observations — see Chernoff and Zacks
(1964), Clements and Hendry (1999) and Stock and Watson (1996). On the other hand, the
perceived instability will evidently also affect the confidence in the accuracy of the forecast,
resulting in wider confidence intervals. From this perspective, the most ’damaging’ form of
a time varying {f3,} is again one in which the true relationship has changed permanently
compared to the beginning of the sample, since ignoring the time variation will then lead to
biased forecasts, even at long horizons.

Third, the hypothesis test (2) is a crucial specification test when 3 is to be interpreted as
a structural parameter. When X, = 1 and there is no Z;, then model (1) with 3, = 3°!_, w,



is an unobserved components model where y; contains a unit root. While it is possible to
estimate the sample mean of y; for any realization, it is impossible to interpret it in any mean-
ingful way as a parameter of the model. More generally, whenever (3, varies in a permanent
fashion (as, for instance, in (4)), ignoring its variation and computing averages makes little
sense — the computed average value has no interpretation as describing the effect on g, of a
marginal change X;, since the true marginal effect depends on time t. Note that temporary
deviations of 3, from zero do not necessarily lead to the same interpretational difficulties.
In the extreme temporary case of 3, being independent and identically distributed, 3;X;
can usefully be thought of as part of a heteroskedastic disturbance. There is no problem in
interpreting (3 as a meaningful and interesting parameter of the model. The more persistent
{B,} becomes, however, the more 3 becomes an inadequate description of the time homoge-
nous marginal effect on y; of a marginal change in X;. These interpretational difficulties are
reflected in the behavior of standard inference about 3. Up to a certain degree, heterogeneity
of B, will not affect the asymptotic properties of F-tests on 3 at all — see White (2001)
for a precise statement of such results. If 3, contains a unit root, however, then the F'—test
ceases to follow its standard distribution, even asymptotically.

All three motivations are hence more pervasive the more persistent the changes in f3,.
At least when carried out for one of the three reasons discussed above, a useful test of
parameter stability should hence maximize its power against permanent changes of 3,. While
this suggests a focus on alternatives with a permanently varying 3,, the obvious problem
remains that there exist many different persistent breaking processes. Intuitively, it seems
that knowledge about the precise form of the variation in 3, under the alternative is required
in order to carry out an efficient hypothesis test of parameter instability.

This paper shows that this intuition is largely mistaken. We will show that for a very
large class of breaking processes with persistently varying (3,, and an assumption on the
distribution of the disturbances, the optimal small sample statistics will be asymptotically
equivalent. In other words, the precise form of the breaking process {/3,} under the alterna-
tive is irrelevant for the asymptotic power of the tests. The one parameter that drives the

asymptotic power of the optimal statistics is the expected average size of the breaks. This



result dramatically simplifies the practice of testing against parameter instability, because it
allows the applied researcher to leave the exact form of the alternative unspecified without
foregoing (asymptotic) power. Additionally, we derive an easy-to-compute test statistic that
shares this asymptotic optimality. The statistic is asymptotically valid under very general
assumptions on the disturbances and the regressors — see Section 4 for details.
Specifically, we will show in the next section that under some additional regularity con-
ditions concerning {X;, Z;} and independent Gaussian disturbances {e;}, all optimal small
sample statistics for testing (2) are asymptotically equivalent as long as the alternative of a

time varying parameter satisfies the following Condition.

Condition 1 Let {ABr,} be a double array of k x 1 random vectors ABr, ;. Assume

(i) {T APy} is uniform mizing with mizing coefficient of size —r/(2r — 2) or strong miving
of size —r/(r —2), r > 2

(i) E[ABr,| = 0 and there exists K < 0o such that E[|TABr,,|"] < K for all T,t,i

(iii) {TABr,} is globally covariance stationary with nonsingular long-run covariance matrix

Q.

For notational simplicity, we will drop the dependence on T' of all elements defined in
Condition 1 and subsequent similar conditions. The dependence of the scale of 3, on T
is introduced because optimal tests in an asymptotic framework will have power in a local
neighborhood of the null hypothesis of parameter constancy. The appropriate neighborhood
of nontrivial power of optimal tests is where the global covariance matrix of {Ag,} is of
order T2. Also recall from the discussion above that optimal tests against a random {/3,}
as described in Condition 1 may equally be interpreted as optimal tests that maximize
weighted average power over alternatives with nonstochastic {3,}, where the weighting is
according to a distribution that satisfies Condition 1.

Condition 1 allows for a multitude of diverse breaking models, although scenarios in which
the number of breaks remains finite irrespective of the sample size are ruled out. For any finite
sample, however, even a model with a single break satisfies Condition 1. The asymptotic
thought experiment then entails that a larger sample from the same data generating process

will contain more breaks eventually. Furthermore, models which are subject to breaks every

10



period with probability p and arbitrary mean zero distribution with covariance (2, in case
of a break also satisfy the condition. In this case, {2 = p(2,. Thus Condition 1 spans a wide
range of specifications from models with rare large breaks to models with frequent small
breaks. This covers the economically interesting case of persistent stochastic shocks that
hit the economy infrequently but repeatedly. Autocorrelations in AfS, allow the coefficient
vector to smoothly adjust to a new level after a break. The effect of an oil price shock,
for instance, might take several periods before it is fully felt in the economy. Furthermore,
mixing allows for variation in the variance of Af,, thus generating periods of fewer or more
changes. Similar to the randomly occurring breaks, the Condition covers the case of breaks
that occur with a certain regular pattern, say, every sixteen quarters. Such a set-up might
be motivated by policy changes following for example presidential elections. In essence,
virtually any persistent breaking process is captured by Condition 1.

The possibility of obtaining optimal statistics against a wide class of models has been
noted before by Nyblom (1989). He derives small sample locally optimal tests for model (1)
when §, follows a martingale, the disturbances {e;} have known density and E[AB,AB;] is
known for all t. The locally optimal test (that is the test which maximizes power for very
small E[AB,AB]) is then independent of the exact distribution of AB3,. Given that for any
fixed number of breaks N, {,} is a martingale as long as breaks have (conditional) mean
zero, this result implies that the locally optimal test is independent of the number of breaks
N. Note that Nyblom’s assumption and Condition 1 are truly distinct: Not all martingales
satisfy Condition 1 (a counter example being {3,} with exactly one break for any sample
size), and Condition 1 covers assumptions on {(,} that fail to be a martingale.

The result of the next section implies that, at least for testing purposes, the precise form
of the time variation is of very little importance. The power of any tailor-made statistic
against a certain breaking process approaches the power of any other optimal statistic as
the sample size increases, as long as the breaking processes are such that Condition 1 holds.
Intuition suggests that this independence of optimal tests of the exact breaking process
might, at least qualitatively, extend to optimal tests for processes that are not covered by

Condition 1, but which are similar in nature. We will show in Section 5 that this intuition
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is correct for the statistics suggested by AP and others. This implies that in practice, tests
against time variation in the parameters can be carried out with any reasonable statistic.

In practice, we recommend basing inference on the test statistic J. For the special case
of X, = 1 and serially uncorrelated {e,}, J is the Most Powerful Invariant (MPI) test in
a Gaussian unobserved component model, as analyzed by Franzini and Harvey (1983) and
Shively (1988). For more general assumptions on X; and &, J does not correspond to a test
previously suggested in the literature.

J can be computed in a few simple steps, involving only matrix manipulations and OLS

regressions:

e Step 1: Compute the OLS residuals {¢;} by regressing {y;} on {Xt, Z;}

e Step 2: Construct a consistent estimator Vy of the k x k long-run covariance matrix
of {Xie:}. When ¢, can be assumed uncorrelated, a natural choice is the heteroskedas-
ticity robust estimator Vy = T Zthl X, X!&?. For the more general case of possibly
autocorrelated e;, many such estimators have been suggested; see Newey and West

(1987) or Andrews (1991) and the discussion in Section 4.

e Step 3: Compute {U;} = {V);lﬂXté‘t} and denote the k elements of {U;} by {U,,},
i=1,-- k.

e Step 4: For each series {U,;}, compute a new series, {w;;} via W;; = 71, + AUy,

and wl’i = Ul,i, where 7 =1 — 10/T

e Step 5: Compute the squared residuals from OLS regressions of {w;;} on {7} individ-

ually, and sum all of those for i =1,--- , k.

e Step 6: Multiply this sum of sum of squared residuals by 7 and subtract Zle ZL (Utz)2

The null hypothesis of parameter stability is rejected for small values of J and asymptotic
critical values are given in Table 1 below for k = 1,--- , 10. The critical values are independent

of the dimension of Z;.
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3 Asymptotically Optimal Tests for General Breaking
Processes

In this section we will show that under certain regularity conditions, any small sample
optimal test statistic of the hypothesis test (2) will be asymptotically equivalent if under the
alternative the breaking processes is as described in Condition 1. The focus of this enterprise
lies on establishing that knowledge about the breaking process over and above what is stated
in Condition 1 is not helpful for constructing a more powerful test, at least asymptotically. It
turns out, however, that optimal tests do depend on the average magnitude of the breaks, as
described by €2 of Condition 1. But with our focus on understanding the impact of breaking
processes of different form — rather than differences in breaking processes that simply arise
by some unknown scaling — we will treat (2 as known in this section. This will establish
the relevant benchmark case, in which additional knowledge about the exact form of the
breaking process is entirely without asymptotic value for the testing problem.

In order to be able to write the model in matrix form, define the T' x k matrix X =

(X1, -+, Xr), the T x d matrix Z = (Zy,---,Zr)’, the T x 1 vector € = (1, -+ ,er)’, the

X, 0 -~ 0

0 X! ... 0
(kT) x 1 vector 3 = (87,---,07)" and the T x (kT) matrix = = . .2 . )

0 0 - X,

and, for future reference, the T x (d + k) matrix @ = (X, Z), the T' x (T' — d — k) matrix
By, that satisfies By, Bg = Ir—q-1 and BoQ =0, and M = BoBy, =1 — Q(Q'Q)~'Q'.

With these definitions, model (1) can be rewritten as
y=Z=8+XB+2Z6+e¢ (6)
We will derive optimal statistics that are invariant to transformations of the data of the form
(y,Q) — (y + Xb+ Zd,Q) for any b and d (7)

Note that all standard tests against structural breaks satisfy this property. In words the

invariance requirement means that the outcome of the test for parameter stability does not
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depend on how exactly the linear regression is formulated. For an autoregressive process of
order one, for instance, invariance to the group of transformations (7) implies that the test
of parameter stability comes to the same conclusion independent of whether {y;} is regressed
on {y;—1} or {Ay;} is regressed on {y;_1}.

From the theory of invariant tests as described in Lehmann (1986), pp. 282-364, any
invariant test can be written as a function of a maximal invariant of the group of transfor-

mations (7). One maximal invariant is given by

(h, Q) = (Bgy, Q).

The small sample optimal statistic that is invariant to the group of transformations (7)
can now be computed by comparing the likelihood of (h,Q) under the null of no breaks
with the likelihood of (h, Q) under the alternative of a nonzero (3. To be able to write down
the likelihood, we must make a distributional assumption for e, which we will assume to be

multivariate Gaussian. Additionally, we impose some regularity conditions concerning {Q;}.

Condition 2 (i) yr, = X7,(3 4 Br,) + Z5,6 + &

(i) {ei} is i.i.d. N(0,0%) and {e;} is independent of {31}
(i) Qre = Qr
sures Vg p, such that Q1. has density fom, with respect to vy 1y, and {fp 14, V51, do not
depend on (3, § and {Br.}-

Furthermore, if B, = OVt, then additionally

{Qri-1,Qrt-2, " ,Yri-1,Yrt—2, ...} 15 independent of {e,}, there exist mea-

() {Qr+} is uniform mizing of size —r/(2r —2) or strong mizing of size —r/(r —2), r > 2

(v) BlQryQfrd = S, T~ i) QraQlny > 53 uniformly in s, Sq and T~ 32,0, QraQl
are positive definite for all T and there exists K < oo such that E[|Qr+.:|"] < K for all T\ t,1.

The distributional assumption on ¢; is crucial for the development of an optimal statistic,
but our test will be valid under much less stringent conditions on £; — see Section 4 below.
Part (iii) of Condition 2 requires the conditional distribution of @; given past values of Q;
and y; not to depend on 3, § and {3,}, which is the assumption of weak exogeneity as
described in detail by Engle, Hendry and Richard (1983). This assumption will allow a

factorization of the likelihood of (y, @) into two pieces, one capturing the contribution to
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the likelihood of {&; = vy, — X}(3 + 3,) — Z!6} and the other the contribution of {Q, =
Qi{Qi-1,Q1—2," ,Y1—1,Yi—2, .-} }. The independence of the latter piece of {3,} will ensure
that it cancels in the ratio of the likelihoods of the null and alternative hypothesis, making
the resulting optimal statistic independent of the exact form of either {f4,} or {vy }.

Further restrictions on {@;} in parts (iv) and (v) are only required to hold under the null
hypothesis of 3, = 0Vt. The assumptions are rather weak, allowing for stationary as well as
non-stationary behavior of the regressors. They do not, however, accommodate deterministic
or stochastic trends.

Under Condition 2, we find that for a given (3, the density of the data is

T

Foip(®:.Q) = []@m) o exp [~3€/0] o,

=1
T

= (2m0?) T2 exp [—3e'e/o?] HfQ,t
t=1

where ¢ = y — X3 — 23 — Z6 is to be interpreted as a function of 3, § and {3,} and the
data (y,Q), whereas {Q,} is a function of the data alone. The unconditional density may

hence be written as
T
Q) = 2rrt) 7 [ exp [he'e/o?] v ]| fo ®
t=1

where v is the measure of 3.
Now h = Bgy, so by standard calculations we find from (8) for the density of (h,Q)

under the alternative hypothesis

T
Frg(h, Q) = /(27T02)_(T_k_d)/2 exp [—30*(h — BuE0)'(h — BoEB)] dvs [ [ fo,

t=1

and clearly, under the null hypothesis of h = Bje

T
faa(h, Q) = (2m®) "= 2 exp [ 30721 ] H four
We therefore find the likelihood ratio statistic of the maximal invariant (h, @) to be
LRy = / exp [0 *W BLES — 30 22 MES] dug. 9)
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The essential problem for obtaining the optimal test for a particular break process (i.e. a
particular choice of v3) revolves around the complexity of evaluating LRy. For any specific
choice of vg, it is in principle possible to write LRy as an explicit function of y and ). But
even for moderately complex breaking processes, the resulting function becomes analytically
intractable. The usual way of obtaining asymptotic optimality results — writing down the
small sample optimal statistic and taking limits — is thus not feasible here.

Rather, we will show that LR; converges in probability under both the null and al-
ternative hypothesis to another, much more tractable statistic H%T, that depends on the
distribution of §# only through 2. On the one hand, this is will prove the claim that all
small sample optimal statistics for any breaking process that satisfies Condition 1 will be
asymptotically equivalent. On the other hand, we will choose IEY%T in a way which makes
the actual computation of the statistic straightforward, thus making progress towards the
goal of deriving a simple statistic with good power for any of these breaking processes.

For the definition of ﬁ%T and the subsequent proofs, we will need some additional nota-
tion and definitions. Let

* — 1/2 1/2
O = o200,

where E[X;X]] = ¥y is the upper k x k block of ¥y, and note that Q* is the long-run
variance of {TAfB;} = {U’ITE;/QA@}. 2" is the average size of the breaks after having
normalized the model for the covariance of {X;} and the variance of €;, a more appropriate
measure for the relative magnitude of the breaking process.

The spectral decomposition of Q* will play a major role in the subsequent analysis. Let
P* be the k x k orthonormal matrix of the eigenvectors of Q* and let A = diag(a?,--- ,a})
be the diagonal matrix of the eigenvalues of Q* (such that Q* = P*AP*), where we define
a;,©=1,---, k, to be nonnegative. Furthermore, define the T x 1 vector e of ones, M, = I —

e(¢’e) e, the kx 1 vector tx; with a one in the ith row and zeros elsewhere, the T'x T' matrix

10 - 0
11 -0

F = o ) , the T' x T matrix Ga:Ha_l—Ha_le(elHa_le)_le'Ha_l, where H, =
11 1
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P
r FAA R A, = o | andr, = 32+a*T2-T " "Wi4a? + a*T2?) =

0O 0 - —r, 1
1 —aT 4+ o(T™'). Further define the following random elements, that are needed for the

ensuing arguments: let 75 ~ N (0, FF' @ Q), let 4 be a (Tk x 1) vector, and let {Av7,4}

be a double array of k x 1 random vectors with elements Ay, ;, where (i) 4 has the same

distribution as 3 and {Av7,} has the same distribution as {AB;} of Condition 1 and (ii)

3, 4 and {Av7,} are mutually independent and independent of {e;}, {Qr:} and {AB7,}.
We will show that LRy is asymptotically equivalent to the the statistic

LRy = / exp [a—%’B'QE[Me ® Ii)B — Lo 23 M. ® £x]B| dv. (10)

Note that E]/%T is not a feasible statistic, since it depends on the generally unknown pa-
rameters 02 and Yx. But Theorem 3 in Section 4 below establishes that it is possible to
construct a feasible statistic that does not depend on such knowledge, but that has the same
(nondegenerate) asymptotic distribution under both the null and alternative hypothesis.
We begin by considering the asymptotic behavior of IT]/%T, and will then show LRy —
IfzfiT 2, 0. Because [ is multivariate normal, we can explicitly carry out the integration in
(10) by ’completing the square’. By some matrix manipulations detailed in the appendix,

we arrive at the following equality.

Lemma 1

— k 1—r2T
Lltr = H [T(l — rgi)zraT;

i=1

where the t element of v; is the ((t — 1)k + i)th element of [I ® P*’a‘lZ;{I/Z]EMy or,

—1/2
11 exp [_%U;[Gai - Me]vi]

equivalently, v; = [I ® L;’iP*'aflE;(lp]EMy.
A test based on the statistic

J(Q) = ng[Gai — M. Jv; (11)
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will hence be exactly equivalent to a test based on I//Y%T, since J(€2*) is just a monotone
transformation of LRr. Being an explicit function of observables, it is tedious but straight-
forward to derive the asymptotic distribution of J(£2*) under the null hypothesis, which is
an obvious special case of the following Lemma (the greater generality is needed for an ar-
gument in the proof of Theorem 1 below). Here and in subsequent derivations, the limits of
integration are understood to be zero and one, if not stated otherwise. Further, f G stands

for [ G(s)ds an so forth.

Lemma 2 Under Condition 2 and the null hypothesis of h = Bge, for any positive cy, - -+, cx

k

ZU;[GQ - Me]vi
i=1
: 2¢; 5
2 2 7 —c —eis 9
- z—zl [_Ciji(l) —aldi- 1—e2i e Ji(1) + e [ e T]" + [Ji(1) + ¢ [ ]

where J;(s) = W.(s) — fos e~ =MW (A dX and W.; and Ws; are the ith elements of the
independent k x 1 standard Wiener processes W, and Wj.

We now turn to the argument that LRy — E}/'{T 2, 0. Given that it is not feasible to
compute the integral in the expression for LRy explicitly, we will take advantage of the
similarity of the expressions inside the integral in expressions (9) and (10). The strategy will

be to do the asymptotic reasoning ’inside the integration’.

Lemma 3 Under Conditions 1 and 2 the following weak convergences hold jointly with the
convergence in Lemma 2

(i) o2 MEB,e'MEy) = ([ WHAY2dW,, [ WIAY2dW,)

(i1) o 2(BEMEB,YE M=) = ([ WéAWg,fWéAWV)

(iii) o 2(e ME[M, ® I)3,e ME[M, @ I}3) = ([ WIAY2AW,, [ WEAY2dW,)

(i) o723 M. ® Tx]3,7[M. @ Tx]7) = ([ WiAW;, [ WIAWS)

where Wg, W.,, Wy, W5 and W, are independent k x 1 standard Wiener processes and bars

denote demeaned Wiener processes.
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Parts (i) to (iv) of Lemma 3 imply that the integrands in expressions (9) and (10) converge
weakly to the same limit under the null hypothesis, where 3 and B are interpreted as random
vectors with distriubtions v5 and vj, respectively. While highly suggestive, this result in
itself is not enough for the convergence of LRy — ﬁ%T 2. 0 because the convergence in
probability is a statement of the asymptotic behavior of the integrals (9) and (10).

To tackle this problem, it will be useful to note that LRy and ITRT can be alternatively
written as integrals with respect to the measures of v and 7, respectively, since these measures

are identical to those of 3 and f3

LRy = /exp [072W ByEy — 30 272 M2y dv,
LRy = / exp [0 ?W BLEIM, @ L]y — 30 %7 [M. ® Sx]7] dvy
Letting

£(8) = exp oW BLES — Lo A= MES)

EB) = exp [a*%’Bg)E[Me ® L) — 10723 M, ® ¥x] B]

allows us to write

E [(LRT - LART)Q}

B [([&@wva—[&Bws) (JeG)dv, - [EF)vs )]
B [6(B)6() — €B)EG) - EBEM) +EBER)] . (1)

Note that the interpretation of 3, 3, v and 4 changes from dummy variables of integration
in the first line to random vectors in the second. Now all four terms inside the expectation
operator in (12) converge weakly to the same limit by the Continuous Mapping Theorem and
Lemma 3. But convergence in distribution implies convergence in expectation for uniformly
integrable random variables. So if the respective products of £(3), £(v), £(3) and &(7) could
be shown to be uniformly integrable, we would find that LRy — IT]/%T — 0 in mean square
under the null hypothesis, and the convergence in probability follows.

In the appendix we make a bounding argument for £(-) and ¢ (+) to ensure the uniform
integrability, i.e. we show that replacing &(-) and &(-) by £(-)1[€(-) < K'] and &(-)1[£(:) < K]
in the definition of LRy and IT]/%T, respectively, with 1 being the indicator function, is

innocuous when K’ is chosen large enough.
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Theorem 1 Under Conditions 1 and 2, as T — oo,
LRy — LRy 20
under the null hypothesis of h = Bye.

In order to substantiate the claim of asymptotic equivalence of tests based on LRy and
IfzfiT we still lack the crucial additional step of showing that the convergence in probability
of Theorem 1 also holds under the alternative hypothesis. A brute force approach of running
through the same arguments that led to Theorem 1 also for the alternative hypothesis is
extremely cumbersome and barely tractable, since a varying 3, will lead to changes in y; that
in general will feed back to changes in @)y, given that Condition 2 allows weakly exogenous
regressors. Furthermore, the bounding argument referred to above is not easily implemented
under the alternative data generating process.

Out of these reasons we rather follow AP in taking the more indirect route of proving
that the density of (h,Q) under the alternative hypothesis is contiguous to the density of
(h, Q) under the null. Contiguity can be thought of as a generalization of the concept of
absolute continuity to sequences of densities; if a sequence of densities of a data generating
process can be shown to be contiguous to another sequence of densities, then all statements
of convergence in probability of the latter automatically also hold under the former data
generating process. The reader is referred to the excellent survey of Pollard (2001) for a

more detailed introduction to the concept.

Theorem 2 Under Conditions 1 and 2, the sequence of densities { f 5(h, Q)}r are contigu-
ous to the densities {f; o(h,Q)}r.

Corollary 1 Under Conditions 1 and 2 the convergence in probability of Theorem 1 also

holds under the alternative hypothesis of h = By (e +Z0).

Since convergence in probability implies convergence in distribution, Theorem 1 and
Corollary 1 imply that the small sample optimal statistic LRy and the statistic ITRT have

the same asymptotic distributions under the null and alternative hypothesis, which in turn
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implies the same local power. As the sample size gets large, nothing is hence lost by relying
on E]/%T rather than the tailor-made LRy for testing the stability of parameters. Or put
differently, the knowledge of the exact breaking process is not helpful for conducting a better
test.

Additionally, given that any specific LRy converges in probability to the same E]EZT,
any given pair of small sample optimal statistics for Condition 1 breaking processes also
converge in probability under the null hypothesis. Furthermore, the densities described by
these two breaking processes are both contiguous to the null density by Theorem 2, hence
the convergence in probability continues to hold under both these alternatives. Theorems 1
and 2 thus also imply that one can rely on any one specific small sample optimal statistic for
a breaking process that satisfies Condition 1 to obtain the same asymptotic power against
any breaking process that is covered in Condition 1.> Each optimal test has asymptotically

the same ability to distinguish each possible alternative in our class of models.

4 Feasible asymptotically optimal test statistics

As shown in the last section, the statistic J(£2*) is asymptotically optimal for the testing
problem (2) under Conditions 1 and 2. J(€2*) is not a feasible statistic, however, since it
requires 02 = Fle?] and ¥x = E[X;X]] to be known. This section is concerned with the
derivation of feasible statistics that share the asymptotic optimality property of J(Q2*), but
that remain asymptotically valid under much wider assumptions concerning the disturbance
and its relationship to the regressors. Additionally, we motivate our implicit choice of Q* =
0*22&/292;/2 for the statistic J described at the end of Section 2.

We consider data generating processes for {e;} and {Q; = (X[, Z])'} of the following

form.

Condition 3 Let {Qr:} and {er;} be double arrays of (d + k) x 1 and 1 x 1 random

with elements Qry,; and ey, respectively. With some K < oo, assume that under the null

3This statement is not true for aribtrary sequences of processes that satisfy Conditon 1, though, since
the convergence statements are not shown to hold uniformly over all processes that satisfy Condition 1. In

fact, such a uniform convergence result does not hold.
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hypothesis h = Bge

(i) BE[Qriery] =0 for all T, ¢

(11) {Qr+} and {er+} are either uniform mizing sequences of size —r/(r—1) or strong mizing
sequences of size —=2r/(r —2), r > 2

(i) E[Qr:Qr,] = Xq, El|Qryer:d”] < K, T SOl Qr Q' = sSq uniformly in s and
Yo and T Zle Qr,:Qr, are positive definite for all T

() {Qrier+} is globally covariance stationary with nonsingular long-run covariance matriz

Vo.

In comparison to Condition 2 of Section 3, the assumptions on the disturbances of Con-
dition 3 are much weaker. Among the many possibilities are nonstationary, heteroskedastic
and autocorrelated {e;}, which are allowed to be correlated with lagged values of {Q;}. The
assumptions on the regressors {Q;} are similar to those of Condition 2, the moment and
memory conditions are strengthened to allow for a consistent estimator the long-run covari-
ance matrix Vx of {X;e:}. {Q:} is not required to be stationary, although only relatively
mild heterogeneity of {Q;} is allowed under Condition 3. See Hansen (2000) for a possible
approach to relaxing this assumption.

To obtain a valid test statistic under Condition 3, we will substitute the unknown quantity
0*12}1/ ? in the definition (11) of J(€2*) by a consistent estimator Vi Y2 of Vi 2 where Vy is
long-run covariance matrix of { X;&;}. If it is known that {&;} is not autocorrelated, a natural
estimator of Vy is given by the heteroskedasticity robust estimator Vy = T Zthl X, X|&}.
In the more general case of possibly autocorrelated {e;}, one might employ estimators of the

form

T br T
Vi =T X X[E +> wny T (X X[+ X X)aid. (13)
=1

t=1 t=1+1
Theorem 6.21 of White (2001) establishes the consistency of Vy in (13) under Condition 3

as long as by — 0o as T — oo such that by = o(T4), and 1 > wr; — 1 for all [ as T — oo.

The feasible estimator .J(€2*) is hence defined as

k
JQ) = ) 0l[Ga, — M.]i;

A~

o = [[®d,P"Vy PIEMy



and its asymptotic properties are investigated in the following Theorem.

Theorem 3 If VX 2, Vi and Condition 3 holds, then

(i) the asymptotic distribution of J(0*) under the null hypothesis of h = Bge is the same as
the asymptotic distribution of J(2*)

(ii) if in addition Conditions 1 and 2 hold, then J(Q*) — J(Q*) 2 0 under both the null and

alternative hypothesis.

The asymptotic distribution of J(€2*) under the null hypothesis of parameter stability in
(1) is identical for any data generating process covered by Condition 3. Tests based on this
statistic are hence asymptotically valid. In addition, part (i) of Theorem 3 implies J ()
shares the asymptotic optimality of J(€2*) under Conditions 1 and 2, as derived in the last
section. Asymptotically, nothing is lost by not knowing Xx and o2.

The discussion so far has concentrated on assessing the additional informational value of
knowing the exact form of a Condition 1 breaking process, and in conjunction Theorem 1,
Corollary 1 and Theorem 3 show that there is no asymptotic gain of such information for the
hypothesis test (2). As a by-product of our analysis, we have found a feasible statistic J (Q*).
Theorem 3 shows this statistic to be asymptotically optimal under Conditions 1 and 2, and
valid under a wide range of error distributions. These properties make J (©2*) a potentially
attractive choice for applied work.

The statistic J (©2*) maximizes power against breaking processes of relative magnitude
Q*. But Q* is typically unknown in practice. One possibility is to draw on the ideas of King
(1988) and simply compute .J(*) for some constant Q*, while being aware that Q* and the
true 2* will typically differ. Note that such a discrepancy does not affect the size properties
of the statistic, but it will affect its power under the alternative of a time-varying {3, }.

The asymptotic power of tests based on .J (©2*) will be a continuous function of the true
value Q*. Small deviations between * and Q* will hence result in small losses of power only.
A good choice for Q* should have the property of having close to optimal power over a wide
range of true values Q*. When X, 3, and Q* are scalars, then a choice of Q* = a2 for a = 10
will have this property as we will show in the next section. As long as the eigenvalues of Q*

are of similar magnitude, the same holds for a choice of Q* = a2}, for k > 1. The eigenvalues
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of * describe the average magnitude of the normalized breaking process {3; = 0*12%2@}
in the direction of the corresponding eigenvectors. But if, for instance, in truth there is only
one moderately sized break (so that only one eigenvalue of {2* is positive), then a choice of
O* = @21, for k > 1 will have less power than a test with Q* = Q*. This simply reflects that
looking for breaks in all directions if in truth the breaks occur only in a specific direction
is suboptimal. But usually neither the number nor the direction of the breaks in {3} } are
known, so that setting 0* = a%I, remains a reasonable choice.

There are alternative motivations for choosing Q* = a%I;, some of them outlined in
Nyblom (1989). Note that only with a choice of Q* proportional to I, the outcome of tests

based on .J (€2*) will become invariant to the group of transformations
X — XP for any nonsingular k x k matrix P (14)

A desire to be invariant to the transformations (14) may be reinterpreted as meaning that
the direction of breaks under the alternative should not affect the outcome of the test. The
supF test for any number of breaks, Nyblom’s (1989) statistic and both tests suggested by
AP are invariant to the transformations (14). And in fact, the power of these statistic and
of J (a*I;) under a Condition 1 alternative depends only on the eigenvalues of Q*, but not on
the eigenvectors P*.

With Q* = a2, J(Q*) simplifies to

k
J@L) = > #[Ga— Mci;
i=1
b = [,V |EMy

and the equivalence to the statistic described at the end of Section 2 follows with a = 10
after straightforward manipulations from the definition of GG;. Table 1 contains asymptotic

critical values of J(a2l;) for @ = 10 for k=1, - - - , 10.

5 Asymptotic and Small Sample Power

We now present evidence on the asymptotic and small sample power of the test derived in

this paper as well as other tests of parameter stability. This exercise serves several purposes:
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Table 1: Asymptotic Critical Values of J (reject for small values)

k 1 2 3 4 5 6 7 8 9 10
1%  -11.05 -17.57 -23.42 -29.18 -35.09 -40.24 -45.85 -51.18 -56.46 -61.77
5% -836  -14.32 -19.84 -25.28 -30.60 -35.74 -40.80 -46.18 -51.10 -56.14
10% -7.14 -12.80 -18.07 -23.37 -28.55 -33.45 -38.49 -43.59 -48.48 -53.38

Note: Percentiles reported are calculated from 40000 draws from distributions of the
random variable reported in Lemma 2 with ¢; = 10 for all ¢ using 2000 standard normal

steps to approximate Wiener Processes.

First, the results justify our choice of Q* for J described in Section 4. Second, we show that
even for breaking processes not covered by Condition 1, the asymptotic power of J remains
comparable to tailor-made optimal statistics. At least qualitatively, the analytical result of
Section 3 that the exact specification of the breaking process does not matter for optimal
testing hence carries over to an even larger class of breaking processes than that desribed
in Condition 1. Third, we assess the relative asymptotic efficiency of J with other popular
tests for parameter constancy against a variety of alternatives. Finally, we demonstrate that
these asymptotic results are a very good guide to small sample behavior, at least for some
standard data generating processes.

In order to compute the local asymptotic power of J(£2*) and J under Conditions 1 and
2, note that these statistics can be written (up to an o,(1) term) as a functional from the

k x 1 vector partial sum process

57
mr(s) = T2 12823 " X,

t=1
The exact form of the functional is rather complicated; Lemma 6 in the appendix implies

that
k

J(Q*) = Z [—aiji(1)2 — Q; f in —

=1

2a; L 2 .
o [ ) + i f e T+ [T + ai [ T | +o,(1)
where jz(s) = mr;(s) — fos e~ 4 Mmyp;(A\)dX and my; is the i® element of P*my(s). The

expression for J is a special case, because J = J(a2l;) + 0,(1).4

4In principle, these equalities could be used as an alternative way of computing a statistic that is asymp-
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As long as the regressors (X;, Z;) are strictly exogenous, under local alternatives my(s)
will satisfy
mir(s) = W(s) — sW(1) + P*AL2 / (Wa(A) = AWs(1)) dA
0

where W and W3 are independent £ x 1 vector Wiener processes. By simulating the resulting
asymptotic distributions of J(*) and J , we obtained Figure 1. It depicts the asymptotic
local power of J and the power envelope under Conditions 1 and 2 for strictly exogenous
regressors. Here and in the following figures we consider the power of 5 percent level tests.
The first panel is for k = 1, where J is asymptotically optimal only for the local alternative
(Q*)l/ 2 = @ = 10. But the asymptotic power of J remains extremely close to the power
envelope for all other alternatives, too. The second and third panel of Figure 1 examine the
k = 2 case. In the second panel, breaks of the same magnitude occur in both dimensions:
the eigenvalues of €2* are equal and equal to the square of the value reported on the x-axis.
The power of J is again very close to the envelope for all alternatives. This substantiates the
claim of Section 4 that relying on J = J (a*I,) with @ = 10 leads to only very small losses
compared to the unfeasible optimal statistic J (©2*), at least when the eigenvalues of Q* are
the same. In the third panel, one of the eigenvalues of €2* is set to zero, such that only the
other one varies. This corresponds to the case where only one component of the 2 x 1 vector
B, breaks, but this is not known. Then J does lose power compared to the envelope, which
is the same as the envelope for the k = 1 case.

As second step in our analysis, we want to investigate the relative inefficiency of .J when
the true breaking process does not satisfy Condition 1, i.e. when the asymptotic optimality of
J does not hold. Condition 1 entails that, as T — oo, there are an infinite number of breaks.
One might hence expect that J does poorest when the true alternative is such that there is
only a single break, even asymptotically. In order to assess the relative efficiency of J in this
case, we compare it to the asymptotic power of tests that have been specifically constructed
for a single break at an unknown date: the Quandt SupF statistic (Andrews, 1993) and the
Andrews and Ploberger (1996) Average LM (APav) and Exponential LM (APexp) statistics

totically equivalent to J. In practice, however, following the steps outlined at the end of Section 2 seems

much more straightforward.
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Figure 1: Asymptotic Local Power
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Table 2: Test Statistics for Structural Breaks

Test Statistic Functional

Nyblom > [ mr(s)?

APav )\10_/\0 > n:(TIZ_(Z))Z ds

APexp | ;O_AO exp [% > Tzzl’fz))z} ds

SupF SUP ) <s<1—Xg Z WZ(Tf_(Z))Z

Sums are over ¢ = 1,..., k and Ag is a ’trimming’ parameter

we have chosen to be 0.02 for the APexp and APav, as sug-
gested by Andrews and Ploberger (1996), and 0.05 for the

supF statistic, as suggested by Bai and Perron (1998).

for independent normal disturbances. The APav and APexp statistics maximize a weighted
average asymptotic power criterion against such alternatives, and also the supF statistic
satisfies an asymptotic optimality property (Andrews and Ploberger, 1995). For comparison
purposes, we also include the Nyblom (1989) statistic. Just like J, also these four statistics
can be written (up to 0,(1) terms) as continuous functionals of mr(s); see Table 2.

Figure 2 compares the local asymptotic power of these statistics when under the alter-
native, 3, = ¢cT~Y/?1[t > 7T}, i.e. there is a single break after 1007y percent of the sample.
In panels one to three, 7 is set to 50%, 70% and 90%, respectively, whereas in panel four of
Figure 2 7y is uniformly drawn from [0, 1].> Despite the fact that the supF and AP statistics
have been specifically constructed for this alternative, the power of these tests is very much
comparable to J. The supF statistic does relatively better for a break close to the end of the
sample, while the Nyblom statistic does relatively better for mqg = 50%. Overall, one might
say that the APexp statistic does best, but the differences in power compared to J are very
modest.

We can hence conclude that at least qualitatively, the result of Section 3 remains valid:
using an optimal statistic for a breaking process different from the true one results in very

little loss in terms of power. Because a process with a single break asymptotically is ar-

®Power is symmetric around 7o = 50%, i.e. power for g = 30% is identical to power for mo = 70%.
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Figure 3: Asymptotic Local Power
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Table 3: Overview of Small Sample Power

Fig.  Breaking Process X Zy
15t 2nd 3rd

) Break each Period 5 Expected Breaks 1 Random Break 1 -

6 1 Break at 50% 1 Break at 70% 1 Break at 90% 1 —

7 Break each Period 5 Expected Breaks 1 Random Break Xt 1

8 1 Break at 50% 1 Break at 70% 1 Break at 90% X, 1

9 2-dim. Brk each Period 1-dim. Brk each Period (1, Xt)/ -

Notes: 1%, 2°! and 3" refers to the first, second and third panel in each figure. Xt is

independent Gaussian.

guably the most extreme deviation from a Condition 1 process in the class of all persistent
processes, this suggests this qualitative result holds over a very wide range of possible break-
ing processes.

Turning this argument on its head implies that the statistics of Table 2 also have power
against processes that satisfy Condition 1. This is examined in Figure 3 for £ = 1 and
k = 2. Again, we do not find large differences in performance. Given its optimality, it is not
surprising that J does somewhat better than the other statistics, especially at more distant
alternatives. Indeed, this property along with the way in which the power curves flatten
out means that for alternatives that are not very close to the null hypothesis the Pitman
efficiencies of .J over the other tests are not negligible (j is around 15-30% more efficient,
meaning that one needs a 15-30% larger sample size for the other tests to achieve the same
power as tests based on J ). Of the other tests, APexp seem to be the best performer. For
k = 2, we again consider both the case that both eigenvalues of (2* are equal and the case
that one eigenvalue is set to zero. While the former case does lead to considerable more
power, the rankings of the test are very much comparable to the results for k = 1.

In Figures 5-9 we examine whether the asymptotic theory presented so far can serve as
a reasonable guide for small samples. To this end we investigate the properties of the same

set of statistics for a sample size of T" = 100 and iid Gaussian disturbances. We consider
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breaking processes of a Gaussian break every period (3, = Zthl AB,, AB, ~ 11dN (0, %)),
of a break that may occur at any period with probability p = 5%, such that the expected
number of breaks in 100 observations is pT' = 5 (8, = Y. AB,, A, is iid and with
probability p, A, ~ N(0,9,) and A3, = 0 otherwise, where Q* = pQ,), and of a single
break (3, = ¢cI'"/?1[t > myT]). Table 3 shows the Monte Carlo designs for Figures 5-9. In
the first panel of Figure 9, (Q*)'/2 = aT~'I,, such that the coefficients on both regressors are
subject to independent Gaussian breaks every period of the same magnitude. In the second
panel of Figure 9, (Q*)/2 = aT~'diag(1,0), such that only the coefficient on the constant
is subject to breaks every period. In all scenarios, we depict power using asymptotic critical
values. Size control of all tests is very reasonable: J has size of 5.5 to 6.5 percent, the APexp
statistic has size of 6 to 7 percent and the other statistics are within one percentage point
of the nominal level of 5 percent. Figures of size-adjusted power look almost identical and
are omitted. All scenarios map qualitatively and to a large extent even quantitatively very

closely to the predictions of the asymptotic theory.

6 Conclusions

Parameter instability of a permanent nature is interesting economically, causes problems for
forecasting and can invalidate inference in linear regression models. This has led researchers
to construct many different tests for the stability of regression parameters, almost all specific
to a particular breaking process under the alternative. Intuition suggests that reasonable
tests for a specific breaking process should have some power also against other breaking
processes. An optimal test for a break every other period, for instance, will have power also
against an alternative with a break every period. We show not only that this intuition is
correct, but a much stronger claim: The optimal test for a break every other period will do
just as well as the optimal test for breaks every period when in fact there is a break every
period, at least for a large enough sample size. This (asymptotic) equivalence extends over
a very large class of breaking processes.

The result has three implications. First, the exact breaking process under the alternative

is usually unknown to the applied researcher. But since power is similar over a wide range of
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breaking processes for any reasonable test statistic, this ignorance does not matter for being
able to conduct a powerful test. The applied researcher is hence relieved of having to make
stark choices about the assumed breaking process under the alternative.

Second, under local alternatives standard tests for parameter instability contain very
little information about the exact form of the breaking process. This is simply the flip
side of all tests behaving roughly the same, no matter how the breaking process precisely
looks. If a test that has been designed against the alternative of a single break rejects, say,
then this does by no means imply that the true breaking process consists in fact of a single
break. While for nonlocal alternatives, i.e. for breaks that are large asymptotically, methods
have been developed to discern the number and location of breaks (Bai and Perron (1998)),
distinguishing local breaking processes requires a different approach.

Third, complicated tailor-made tests will not result in significant gains in power over
any other reasonable statistic. This considerably simplifies the practice of testing parameter
stability, because tailor-made tests have nonstandard distributions (so that one needs a set
of critical values for each special case) and many of them are very difficult to compute.
Our results suggest that one can choose any specific breaking process for which the optimal
statistic has a simple form. Very little power will be foregone by basing inference on this
simple statistic even if it is known that the true breaking process under the alternative is
not of the form the simple statistic has been constructed for.

We suggest such an easy-to-compute statistic that has an asymptotic optimality property
for the class of breaking processes we focus on. Unsurprisingly, given its optimality, the
statistic has superior asymptotic power against alternatives that fall into this class. But its
relative efficiency extends to other natural breaking processes not in the class, making the

statistic an appealing choice for applied work.

7 Appendix

Many subsequent results are easier to obtain by working with regressors having identity covariance
matrix. To this end, let C' be the (k+d) x (k+d) matrix with (221/2, Ogxq) in its upper k x (d+k)
block that satisfies C¥XoC’ = Ij14. Denote Q* = QC’, X* = XE;(I/Z, let =% be defined just as =
with X} = Z}lﬂXt replacing Xy, and let e} = o~ ley, B* = [I®a*12¥2]ﬁ and 3" = [I®a*12¥2]3.

39



Note that the long-run variance of {T'AS}} is given by U*QZ;/QQE;/? = Q* = P*APY.

Further define B, to be the (T'— 1) x T matrix that satisfies BB, = Ir_1 and Ble = 0, so that
BeB. = M,. Also let L = F~L.

We proceed by establishing several Lemmas that are needed in preparation for the proofs of
the Lemmas and Theorems in the main text.

Lemma 4 (i)
B.(a*T?FF' +1)B. = B.H,B.
(i)
B.(B.H,B.) 'B. =G,
(iii)
1— 2T
B H,B,| = ————% ——
|BeHa Bl T(1 —r2)rit
Proof. (i)

BL(a*T?FF' +1)B. = BLa*T*FF + 1+ (1—r,)ee')Be
= BLF(LL' +a®T I+ (1 — ro)iratr) F'Be

Now from a direct calculation

LL +a*T721 + (1 - ra)lTatr,

a*T24+2—rp, -1 0 0 0
-1 a?T—2+2 -1 0 0
0 -1 a?T2+2 ... 0 0
0 0 0 a?T2+4+2 -1
0 0 0 -1 a?T2+2
and
rot 1 0 0 0
—1 7‘;1 + 7q -1 0 0
0 -1 gty 0 0
rit Ag Al = © .
0 0 0 7’;1 +7rg -1
0 0 0 -1 7“(;1 + 7q
so that

B.(a*T?FF' +1)B. = B.F(r;'A,A,)F'B,
= B!H,B.

(ii) see Rao (1973), p. 77.
(iii) From (ii)

B.(B.H,B.)"'B. = G,
(BLH,B.)™' = B.G.B.
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yielding |B.H,B,| = |B.G4B¢|*. Now note that (T'/2e, B.)(T~?¢, B.) = I, so that

HY = (172 B ) HN( TV B, )|
T-'¢H;'e T Y2/H;'B,
(S, * et
= |T7'¢H;'e||B.H,'B. — B.H, 'e(¢'H, 'e) '’ H; ' B,|
= |T7'¢H; e||B.GyBe|
T e'H, 'e||B.H,B,| ™"

But |H,| = [r; ' FALALF'| = r;T and

rrr—1 / I—1 4—1
le€'H, "e|] = Talp Ay ~ Ay i1
T—1 o
_ 2 1—r;
= 7, red =g 5
; 1—rz
j=0
and we find
1—r2T
|B/H Be|=——F2——
ettale T—1
T(1—7r2)ra

|
Proof of Lemma 1:
Let 8, = [B,® 1] and v its measure, and let K, = T2a?B.FF'B., Ko =T ?B.FF'B.®Q

and Ky = T"2B,FF'B, ® A. Recall that Q = 025 ;"/*P*AP*S "%, We compute
LRy = / exp [a*%’Bg)E[ME ® LB - o72F M, @ EX]B} dv,

= /eXp [0'_2h/BQE.[Be ® It) B, — %B;[IT—I ® (7—22)(],5’6} dvg

_ _ _ _ —_ = ~! _ _ ~
= / (2m) T2 Ko |7 2 exp |02 BYE[B, 1B, — $BLIKG" + Ir-1 © 07255, | B,
— ‘KQ’_1/2’K§1 +IT—1 ® 0'_22)(’_1/2
exp [307 W BoE[Be ® L] [Kg ' + Ir—1 ® 0~ *Sx]| ' [B, ® It]= Boh]
= |Ir1 @ I + Kp|7Y/?
exXp |:%O-_2h,BQE[Be ® 2}1/2P*HKX1 + IT—l ® Ik]—l[B(/3 ® P*/Z;{l/2]E,BQh:|

Now

[KX1+IT_1®I]€]71 = KA[KA+IT_1®Ik]_1
= Iro1 @Iy — [Ky+Ir1 @ L)
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and
-k -1
Ka+Ira @)™ = > Ka ® (hith) + Ir-1 ® I

-1

=1
[k
1

= D (Ko, + Ir1) ® (tkith;)
Li=

= Z Koy +Ir1] '@ (thyilhs)
i=1

so that
[Be ® IR)[Ky ' + Ir—1 @ L] ' [BL @ Iy

k

= Y Be(Ir—1— [Ka; + Ir1] " )BL © (thith ;)
i=1
k

= Z(Me — Gai) & ([’k,iL;c,i)

=1

where the last line relies on Lemma 4 above. Furthermore, again relying on Lemma 4, we find

k
|Ka+Ir @I = [[la}T2B.FF'B. + Ir|
=1
k k 1— 7,2T
= B.(a?T2FF + 1)B,| = %
71:[1| e( 2 ) 6| lell T(l 7‘2 )7‘211
Therefore
- k 1— -1/2
LRy = S S exp [—iv![G,. — M.]v;
T 11:[1 T(l—rgi)rfff] P[ 3 2[ a; e] Z}

with v; = [I ® ¢, ;P05 *|2My.

Lemma 5 Let {Q:} satisfy Condition 2 and assume that {v.} is independent of {Q:} and satisfies
virs) = AuWy(s), where Ay is a (d+ k) x (d + k) nonstochastic, possibly singular matriz and W,
is a (d+ k) x 1 Wiener process. Then

(i) TS L (QQf — Tnra)ve 2 0
(i) T2 (QFQ) — Ira)vev, 0

Proof. (i) We will show convergence in probability of

T3 (Q1iQ1; — 8ij)ve;

for any i,j € {1,---,d + k}, where §;; = 1 if i = j and zero otherwise and here and in the
following computations sums are taken from ¢ = 1 to T if not stated otherwise. The proof relies
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on a truncation argument with respect to vy ;. For all t and T', define ¥y j = vy ; if |vy ;| < Ky and
U ; = 0 otherwise. Then

Pt : Oy F# v ] = P[m?x lvg | > Ky
—  Plsup |4, jWy(s)| > K] (15)

where A, ; is the jth row of A, and the last line follows from the CMT and the definition of weak
convergence.

We will first show that (QLQQ‘ j —0;4)0y,j is a Ly adapted mixingale with respect to the o-field §}
generated by {Q¢, Q¢—1,- -+ ,vr,vr—1, - }. Apart from the presence of ¥y j, the reasoning is similar
to Example 16.4 of Davidson (1994), p. 249. From E[Q;tQ}”t] = I, 4 and the independence of
{Qf} from {v,}, E[(Q;iQIJ—éi,j)@t,j] = 0. Since {Q;,} and {sz} are Ly-bounded and |0 ;| < K,
{(Q;iQZj — 0i,j)0t,j} is Ly jo-bounded

QiR — Trva)Vtllry2 Ko(1Q%

KL + 61‘73'

r[1Qz;

< r+6i)
<

for some K/ < oo for all ¢ and T, where the first inequality follows from the Cauchy-Schwarz
inequality. Furthermore, because r > 2, this implies that {(Q;‘ZQ;‘] — 6;,)0¢ 5} is uniformly inte-
grable. For the L; mixingale property, we need to bound |E[(Q},;Q; ; — 6i,)0t,j|87_m]|- Note that
the mixing properties of {Q;} extend to {(CQ:Q;C — 6; )} with C defined at the beginning of the
appendix (cf. Theorem 3.49 of White, 2001).

Now under strong mixing, Theorem 14.2 of Davidson (1994) is applicable and we find

[E(QriQt; — 6i)0e58i-mll < KolBlQ1;Q% 5 — 6ij)[8i-ml|
< 6Kuon, TIQ7:Q1 5 — 6ig)lrs2
< 6KUC¥717;2/T(KL + 51',3')
with o, the m'" strong mixing coefficient. Since ay, = O(m~"/("=2)=¢) for some € > 0, we find
that am 2/" = O(m~1=¢) for some € > 0, so that under strong mixing, {(QFQ} — Iy +a)0s, §t} is a

L; mixingale of size —1 (with constants that do not depend on t).
Under uniform mixing, we can apply Theorem 14.4 of Davidson (1994) to find

|E[(Q1:Q7j — 6:.5)015181 | < 2Koiy, /M (KL, + 65 5)

with ¢,, the m™ uniform mixing coefficient. Since ¢,,, = O(m~"/"=2)=¢) for some € > 0, we find

R O(m~1/2=¢) for some ¢ > 0, so that {(Q;,Q;; — 6i,4)0t,5,8; } becomes a Ly mixingale of
size —1/2 with constants that do not depend on ¢ when {Q} is uniform mixing.

But Theorem 19.11 of Davidson (1994), p. 302, shows that the mean of a uniformly integrable

Ly mixingale of any size with respect to constants that do not depend on ¢ converges to zero in the

Ly-norm. Since convergence in L; implies convergence in probability, for any €, > 0 there exists
a T™ such that for all T' > T*

PIT™ 3 0(Q107, — 8i5)0ral > ¢ <
Furthermore, from (15) there exists a 7** such that for all T' > T**

P[3t : Uy j # vy j] < Plsup |Ay jWo(s)| > K] + 1
S
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Therefore, for all T' > T* vV T**, we find

P _\T_l D (Q1iQ1; — bij vyl > 6]

= PIT) (Q1iQ5; — 8ij)0usl > eln = Ut\ﬁ} (1= P[3t: Orj # vg,5])

+P [|T_1 Z(QZZQZ] — 6@',_7')Ut,j| > 6|E|t : {)t,j 75 'Ut,j} P[Ht : @t,j 75 Ut’j]

P |T71 Z(Q;i@;j — 0;,5)0¢,5] > e] + P[3t : Uy # vy ]
< 20+ Plsup [Ay;Wo(s)| > Ky

IN

By choosing K, large, P[sup, | A, jWy(s)| > K] can be made arbitrarily small, and n was arbitrary,
which concludes the proof.

(ii) The proof is analogous to part (i), the only difference is that now the j,lth element of v;v}
is truncated. The probability of such of a truncation taking place is then

P[m?X|[UtU1/t]j,l| > K] — Plsup |[Ay Wy (s)Wo(s) AL ]| > Ko
which can also be made arbitrarily small by choosing K, large. m

Lemma 6 Let B,(s) be a stochastic process on the unit interval that has bounded uniformly contin-
[T]

uous sample paths with probability one. Let u = (uy,--- ,ur) be such that T—1/? 1ur = By(+).
Then
7]
U [Ge — MJu = gy (T2 Zut) + 0p(1)
where gy s
2c
1/2 2 2 —c —cs 2
qJ T /Zut :—CJ —C fJ m[ J +Cf€ J] [Ju(1)+CfJu]

and Jy(s) = T~ 1/2 Z[Tl Up — OSG_C(S_A) (T_1/2 ?:ﬂ ut) d\.  Furthermore, gj(a(s) + ks) =
g9s(a(s)) for any k.

Proof. Write u/[G. — M|Ju = o' (H; ' — Nu—u'H; "e(¢/H; Y)Y/ H \u + (T~ /2¢'u)?. Define
B = A 'u, so that the t'® element of B satisfies B; = Zzzl ri=Sug, and let B_y = (0, By,--+ , Br_1)'.
Also note that AZ!LA. = L. Then

W (H' - Du = o/ (re/ A7VAZYL — Du
= r.B'L'LB —uu
= 7r.(u+ (re—1)B_1)(u+ (re —1)B_1) —v'u
= (re — Dd'u+re(re —1)2B" {B_1 + 2r.(r. — 1)B" ju

Now from u +r.B_1 = B, we find v'u + 2r.B’ ju +r2B’ {B_1 = B'B, yielding

Bl ju=(2r))"" (B} + (1 —13)B_ B_1 — /]
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so after rearranging we have

W'(H ' — Du=(r.—1)B2 — (1 —r.)?B" |B_1.

By direct calculation T 'e’H e = rch(l’"Q:;) = 1*260_20 +0(1). Also
T2 H 2w = r Y2 LAV ATV LAA
red™ 1/2L/T (ATVLB
T-1
= T(1—r)T2Y vl + 7T By
t=1

For the final term T—V/2¢'y = T~Y2/A.B = T~'Y/?Byr + T(1 —r )T 3/2¢/ B_1. The first claim of
the Lemma now follows after noting that T~1/2By = J,(1) +0,(1), T2 3.1 1 BZ | = [J2+40,(1),

TS By = [t 0,(1). TS0, By = [+ 0,(1), and v = ¢~ + o(1).

For the second part of the Lemma, simply note that G, — M, = M.(G. — Me)Me, such that
u' [G. — M,] u is invariant to transformations of u of the form u — u+ ke, which implies the claimed
invariance of gy. m

Proof of Lemma 2:

We have

k k
S Wl[Ge, — MeJvi = 02 ME[I @ 552 P] | S (Ge, — Me) ® (with) | I @ P82/ Me
i=1 =1

as defined in the main text. Noting that {Qjef} is a mixing sequence with the same mixing

coefficient as {Q;}, we find that the sum of the first [sT] k x 1 vectors of o~ [M, ® P*’E}IQ]EME
satisfies

T—1/2 [( [ST]aO’ [ST})I@’Ik] [I@P*/E 1/2]_/M .

[sT] [sT] T
t=1 t=1

= P*'P*Ws(s) — sP*'P*WS(l) = We(s) — sW(1)
from a FCLT for mixing sequences as in White (2001), p. 189 and (T’l ZESTE X;Qy —sT ' X} ;‘") 2
0 from the uniform convergence of 7713 ;7 [sT] i Q:Q; 2 sXq in s. We hence have
_ _ wr—1/27=
T 1/2(6,[5T}7 {1‘7[5’1‘])“1' = T 1/2(6/[5T}7 {Tf[sT])U ® [’;c,ip ,EX / ].:,/ME

= G T2 (] gy, Oy )1 @ P82 Me
= Wei(s) — sWei(1)

An application of Lemma 6 to each v; (with B, = W, ;) now yields the result.

Proof of Lemma 3:
We rely on a weak convergence result for mixing sequences as described in Theorem 7.45
of White (2001), p. 201 for the following computations concerning the weak convergence of
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{Qtst,TA,Bt,TAfyt,TABt,T A#,}. Furthermore, we make repeated use of parts (i) and (ii) of
Lemma 5 above.
(i) We treat 3 only, since the identical distribution of v obviously leads to the same result. Now

o 2MER = e'ME*G*
— 6*/:*5* . 6*/ *(Q*/Q*)le*/:*ﬁ*

The long-run variance of {Qje}} is given by E[Q;Qi (¢})?] = 0 2E[CQ:Q}C'e?] = Ixiq4, and
E[|Qrer|] = E[|Q7|]E[|er]] < oo uniformly in T' from the moment restriction on @;. Hence

S grXier = tr [P*Al/2 (ZA’l/QP*/ﬂIXf’EZ‘ﬂ
= tr [PPAY? [ WedWV|
= [WHAY2aW,

where W, is a k x 1 Wiener process and W, = P*W.. Note that since P* is orthonormal, W, is a
Wiener process, too. Furthermore

—-1/2 * % P*WE<1)
s ZQtst - < Wze(1)
where Wy, is a d x 1 Wiener process independent of W, and from Lemma 5 above
— * vkl Q% — * )k ﬁ* P*Al/2 W,
T I/QZQtXt/ﬁt:T 1/22Qt t/< Ot - Of B
so that

e (Sa) ey s - (RN (V)
= (JWp)APWL(1)
We hence find
o2 MEB = [ WHAY2AW, — ([ W) AYPW.(1) = [ WHAY2dW..
(i)
o 2FEMER = BYEYME*S*
BYENE BT — BYEYQH(QYQY)IQYE B
Now
BYEVERT = ) BYXIX[6
= |} Xix;67
= tr [PPAVE ([ WaWh) AP = [ WA
using part (ii) of Lemma 5, and

T71/2Q*/E*ﬁ* = ( P*Al/QfW5 )

0
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as in part (i), so that
726IHIMH5 = fWﬂAWﬂ — fWg fWg fWéAWg
(iii) We treat B, which implies the result for 4 since B and 4 have the same distribution.

o %' ME[M, @ )3 = e”MEZ*[M,® I,]3"
= ME B — e ME*[e(de) e @ 1]
_ *IM—wkﬂ ¥ [6(6,6)7161 ® Ik:]/B* + E*/Q*(Q*IQ*)le*/E* [6(6’6)716/ ® Ik]B*

The first term will converge to ¥ M=* B* = [ WéAl/ 2dW. from the same reasoning as in part (i)
of the proof. For the remaining terms, we find

eE*[e(c'e)1e! ®Ik]5* _ (T71/2ZX:E:)/ <T,1/2ZB:>
= W.(1)P*PYAY? [ Wy
T—1/2Q*IE*[6(6/6)—16/ ®Ik]B* _ (T—l ZQ;X:I) (T_1/2ZB:> N < P*Al/;fWB )
T1/2€*,Q*(Q*/Q*)71 _ ( 1/2ZQ* *) 1Q*/Q ) ( P;;Z?g_l)) )
yielding the result.
(iv)

o 2B M. 0xx]B = B [M.o1)5

= Zﬁtﬁt Ble(e'e) e @ 1]

Where k/ ~ %k ~ %k ~ x/
SOEB =t [SOBA] = S wiawy
and
Blle(e) e o L)FT = T8 [(e@ (¢ ® L5
(T*W Z B*/) (T’W Z B:)
= (JW3)A(J Wp)
so that

o/ ~ =0 TE
o 23 M, ® $x|3 = fWéAWB

The joint convergence is an immediate consequence of the independence of (3, B, ~ and 7.

Proof of Theorem 1:

All computations in the proof are made under Hy, i.e. under the assumption of h = Bégzs. Specifi-
cally, vj, will denote the measure associated with h = Bbe. Furthermore, let duQ denote integrations

with respect to the measure of the conditional distributions Qt = Qi{Qi-1,Qt—2, - , Yt—1, Y2, },
i.e. a shortcut for Hthl fQ thQ "
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Let ¢ = Zle V|G 3, — Me]vi and recall that LR = v5¢§(8) and LRy = VBE(B), where uBg(ﬁ)
is short-hand notation for [ 3 (B)duB and so forth. Further define

LRy = 1[¢ < Kolzé(

LR} = 1[¢ < Kolvgé(B

(
LRA(K') = 1[6 < Kolv€(
(
LRYI(K') = 1[¢ < Kolvg(

Note that

P(|[LRy — LRy| > 5¢) < P(|LRy — LRY| > ¢) + P(|[LRY — LR:-(K")| > ¢)
+ P(ILRM(K") — LRA(K')| > €) + P([LRy — LRA(K")| > €) + P([LRy — LRy| > ¢)

We hence need to show: (i) for any n > 0 there exists 7%, K’ and K such that for all T > T*,
—0 —=0
P(|LRr — LRY| > €¢) < n, P(|LRY, — LRY.(K")| > ¢) < n, P(|LRy — LRp(K')| > €) < n and
— —0 —0
P(|LRy — LRy| > €) < n and (ii) for all K’ and Ko, LR:(K') — LRy(K") % 0.
We show (i) first. Under Hy

P(LRr —LRy| > o

€ P(¢ > KO)
P(|[LRy — LRY| > )

<
< P(¢ > K)o)

But by Lemma 2

k
2¢; —c; —c;s
¢ = Z [—Cz‘Ji(l)Q — C?fJiz — m [6 ’Ji(l) —FCife v Ji]2 + [Ji<1) + CifJi]2
=1

where ¢; = v/2a;, so that by choosing Ky large enough, P(¢ > Kj) can be made arbitrarily small
for sufficiently large T'.

—0 —0
To show that P(|LRy — LRy (K')| > €) can be made arbitrarily small by choosing K’ large, we
will show that 1[¢ < Ko|¢(5) is uniformly integrable. By the definition of uniform integrability,

this implies that E[1[¢ < Kol&(58)1[1[¢ < Kol&(8) > K']] can be made arbitrarily small uniformly
over T by choosing K’ large. Since

P(LRy — LRA(K")| > ¢) < ¢ 'E[LRy — LRp(K)]

= ¢ 'E[l]p < Kolé(9)1[E(8) > K]

= ¢ B[l < Ko€(B)1[1[¢ < Kolé(5) > K]

this is sufficient for the claim. For the uniform integrability of 1[¢ < K)¢ (@), we will show that

the second moment of 1[¢ < K|¢(0) is bounded uniformly over T' (the ’Crystal Ball’ condition for
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uniform integrability). Letting Be, Hq and Hy as in the proof of Lemma 1, we find

El1[¢ < ))%] = E[1[¢ < Kol(£(5))?)
= /// < Kyl exp [20 2I”L'BQ"[M QI3 -0~ 25 [M, ®ZX]B} dvgdvpdy
= // [ < KO]/exp [20 2h’BQH[ e ® 1) 5, B;[IT—I ® o 2¥x]B, } dvg dvpdyg
= //1[¢ < Ko /<2w> (T=02 g 7/2
exp [25%’3@5[36 ® LB, — LBLIKG  + 2Ir1 ® U*QEX]BG} dBdvydvg,
= //1[¢> < Kol|Ko| V2 Ko 4 217 @ 025|712
exp 207 W' BGE[B. ® L) [Kg' + 2Ir1 © 0 *Tx]| 7! [BL @ It|2'Boh] dvadu
= //1[¢> < Kol|lIr—1 ® Iy + Kon|7V/?
exp [a*%’B@E[Be ® N2 PY[Ky + Iry ® L) 7V [BL @ PYS Y Q]E’BQh} dvpdv
k 1— T2T —1/2
= //1[¢ < Ko lexp ¢] dvpdv 11 \/_GZT T
ey T(l—r\/— )r " f2a,
—-1/2
1—r?L
< o fl ]
r\/iaz) \/_az

the computation of the integralfqllows closely the computations in Lemma 1. From the last line,
we conclude supy E[(1[¢ < Kol€(3))?] < oo, so that the *Crystal Ball’ condition holds.
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The final piece for (i) is the term P(JLRY. — LRY(K")| > ¢). We have
P(|LR} — LR}(K')| > ¢) < ¢ 'E|LR} — LR}(K')|
= ¢! // |LRY — LR} (K")|dvpd
= [ [ [ 116 = Kuigs) > Kg(@)vaduavg
< ¢t / / / 1[¢(8) > K'|¢(8)dvndvsdy,

- *///%w )Tk D/21[¢(3) > K]

exp [—30 2(h'h — 20 BoEB + 3'E' MEp)) dhdvgdy

= ¢! ///(2710- )~ T*k*d)/21[gf2h’B’QEﬂ —107?FE'MEB > In K]
exp [—30*(h — BGEB) (h — BoER)] dhdvpdyy,

= ! ///(27m2)—(T—k—d)/21[a—2h’3b55 + 107 23'E'MEB > In K'|
oxp [—50 2h'h] dhdvgdy

_ / / / 021 By + 2o = MES > In K'dvydvgdug,

= P —Qh’BQuﬁﬁ PF'E'MES > InK')

= ¢ 'P(07 % MEB + 107 2FE MES > In K')

But
o %' MEB + Lo 2BEMEB = [WHAY2dW, + L [ WHAW

from Lemma 3, so that by making K’ sufficiently large, P(oc—2¢'MZ3 + %0725/5/1\456 > In K')
can be made arbitrarily small for sufficiently large 7'

We are hence left to show (i), i.e. that LRY.(K") ~f]§2~(K’) 2,0 for all 0 < K’ < oo and
0 < Ko < co. Introducing the notation ¢(3) = §(ﬁ)1[§(ﬁ) < K'| and ¢(8) = £(B)1[E(B) < K| we
find

LRy(K') = 1[¢ < Kolvgt()

and

LRp(K") = 1[6 < Kolvz0(B)
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so that we can write
B | (L) - TR )| = vgun (LRYK) - Ty ()’
vi[Lg < Kollvst(B)vav(v) — va(B)vat ()
- V;ﬁb(ﬁ)vw( ) + vw(ﬁ)wfb(i)ﬂ
= E[1[¢ < Kol¢(8)¢(y)] — E[1[¢ < Kol(8)¥(7)]
—E[1[¢ < Kol (3)¥(7)] + E[1[¢ < Kolih(B)()]

Now Lemmas 2 and 3 and the CMT imply that 1[¢ < KoJ(8)w(7), 1[¢ < Kolv(8)¥(7), 1[¢ <
Kol () () and 1[¢ < Kolv(3)1(7) have the same asymptotic distribution, which is given by

1[i [—ciJi(l)z —c [J— 1_2% [eJi(1) + ¢ [ e 03] + [Ji(1) + cifjﬂ < Ko x
1[exp [ [ WA 2aw, — 1 fW(gAWO} < K')exp [ [ WA 2w, — 1 fW(;AWO] X
1[exp [ [WAY2dw, — L [ W{Av‘vl} < K')exp [ [WAY2dw, — L [ W{Av‘vl}
where Wy and W, are mutually independent & x 1 demeaned standard Wiener processes independent
of We, ¢; = V2a; and J; (which are continuous functionals of W(-)) are defined as in Lemma 2.

But weak convergence together with the boundedness of ¢(-) and ¥ (-) by K’ implies convergence
in expectation, so that

N 2
E [(LRT(K’) - LRT(K’)) ] 0
LRy(K') — LRp(K') hence converge in mean square, which implies convergence in probability.

Proof of Theorem 2:
In order to establish contiguity, we need to show that (i) LRy converges weakly to some random
variable LR under the null hypothesis of h = Bye and (ii) E[LR] = 1.

For (i), first note that by Theorem 1, LRp — ERT 2, 0 under the null hypothesis. But conver-
gence in probality implies convergence in distribution, after noting that

1—r2T -1 2ae~ ¢
- a -
T(l _ T,Q) T-1 1—e 2a

as T — oo the result is immediate from the CMT and and Lemma 2, with LR = Hle LR where

2a,e” % 1/2
1— 62‘”}

IR - [
2ai

exp {_% [—aiji(1)2 —a2[JE- — [e=J;(1) +aif@*a¢SJi]2 + [Ji(1) +aifJi]2]]

and J; is defined in Lemma 2.
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Turning to (ii), from the independence of the processes J;(-) we find

k )
E[LR) =[] E[LR]
i=1
so that it is clearly sufficient to show that
E[LR] = 1.

Now from Girsanov’s (1960) Theorem as described in Tanaka (1996), p. 109, a change of measure
yields

2a;e”% 1/2
1— 6_2‘“]

E[LR] = [
p [osp [ 4 [ 20 W) e W) 5 )+ Wi |

where W; is a Wiener process. Define

B Wi(1) + a; [ Wi(s)ds

and
Ao — 1 0 (1 0
Wm0 —2ae2i/(1—e20) ) 7\ 0 2a;/(1 —e2®)
so that
E[LR]: m E[eXp{—EZWAWZW]]
With

Zy = / < 122"((11,3_) ) )dWi(s)

we find Zyw ~ N(0, Viy), where

_ y 1 1+ai+a?/3 e
Vw = E[Zw Zy] = ( i (23 — 1)/(2a;)
By completing the square we compute
—i [ 2a; P —1 ~1/2 1 -1
E[LR] = m /(27T) |VW‘ exp [_EZW [AW + VW ] ZW] dZW

[ 2(12' 1/2 _ —

= m} |(Aw + Vi) Vi |12
T 2 72

- |2 i+ 1l

and a direct calculation shows

. 2 a;
AWVW+I2:< 2+a;+a7/3 e )

—2a;e% /(e2% —1) 0
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so that |[Aw Viy + Iz| = 2a;€2% /(%% — 1), yielding the desired result.

Proof of Theorem 3:
i) Noting that { X/e}} = o-1n Y 2Xt5t , Condition 3 implies that the long-run covariance of
t<-t X
{Xef} is given by o 2ZX1/2VXE)_(1/2, so that

1/2 ( [ST];O/ [ST}) ®Iki| [I®P*/V 1/2]E/M€

[sT]

w1y r—1 2 1 2
= TP Pon PN Xie
t=1
[sT]
—P*/V);l/2 1/2 IZXt IQ*/Q IT I/ZZtht

= PV PVEPTWL(s) — sPYVE PV PP (1)
= We(s) —sW(1)
where the weak convergence follows from the uniform convergence of T D [sT] i QrQy L 5T,

the consistency of VX, the CMT and the FCLT for mixing series as in the proof of Lemma 3.
(ii) We first prove the convergence in probability under the null hypothesis. By definition

k
J@) = Y #[Ga, — M)t
=1
k
JQ) = Y G, — MJvi
=1
5 = [I ® i PV =My
v = [®dP'o 'Sy EMy
From an application of Lemma 6,
[T] [T]
Vi[Ga, — MeJvi — )[Ga, — McJig = g5 | T2 iy | —gs | T7Y2) i | +0p(1)
t=1 t=1

But with {¢;} the residuals of a OLS regression of {e;} on {Q:}, we have

[sT1] [sT] [sT]
SupT 1/2‘211”—21)”‘ S ‘LkZP*IV 1/2 / P*/ —12 UQ‘SUp’T 1/22Xt€t’
t=1
20

since sup, [T~1/2 ESZTE Xiét| = Op(1), and by the continuity of g; in the sup-norm the result is
established. Convergence under the alternative follows immediately from Theorem 2, since Vx and
{é+} are functions of (h, Q).

53



References

ANDREWS, D. (1991): “Heteroskedasticity and Autocorrelation Consistent Covariance Ma-

trix Estimation,” Econometrica, 59, 817-858.

(1993): “Tests for Parameter Instability and Structural Change with Unknown
Change Point,” Econometrica, 61, 821-856.

ANDREWS, D., I. LEE, aAxND W. PLOBERGER (1996): “Optimal Changepoint Tests for

Normal Linear Regression,” Journal of Econometrics, 70, 9-38.

ANDREWS, D., aND W. PLOBERGER (1994): “Optimal Tests When a Nuisance Parameter
Is Present Only under the Alternative,” Econometrica, 62, 1383-1414.

(1995): “Admissibility of the Likelihood Ratio Test When a Nuisance Parameter is
Present Only Under the Alternative,” Annals of Statistics, 23, 1609-1629.

Ba1, J., axp P. PERRON (1998): “Estimating and Testing Linear Models with Multiple
Structural Changes,” Fconometrica, 66, 47-78.

BERGER, J. (1985): Statistical Decision Theory and Bayesian Analysis. Springer-Verlag,

New York, second edn.

BrowN, R., J. DURBIN, anD J. EVANsS (1975): “Techniques for Testing the Constancy of

Regression Relationships over Time,” Journal of the Royal Statistical Society Series B,
37, 149-163.

CHERNOFF, H., AND S. ZACKS (1964): “Estimating the Current Mean of a Normal Dis-
tribution Which is Subject to Changes in Time,” Annals of Mathematical Statistics, 35,
999-1028.

CHow, G. (1960): “Tests of Equality Between Sets of Coefficients in Two Linear Regres-

sions,” Econometrica, 28, 591-605.

CLARIDA, R., J. GALI, AND M. GERTLER (2000): “Monetary Policy Rules and Macro-

economic Stability: Evidence and Some Theory,” Quarterly Journal of Economics, 115,
147-180.

CLEMENTS, M., aND D. HENDRY (1999): Forecasting Non-Stationary Economic Time Se-
ries. MIT Press, Cambridge, Mass.

o4



DAVIDSON, J. (1994): Stochastic Limit Theory. Oxford University Press, New York.

ENGLE, R., aND D. HENDRY (1993): “Testing Super Exogeneity and Invariance in Regres-
sion Models,” Journal of Econometrics, 56, 119-139.

ENGLE, R., D. HENDRY, axD J.-F. RICHARD (1983): “Exogeneity,” Econometrica, 51,
277-304.

ForcHINI, G. (2002): “Optimal Similar Tests for Structural Change for the Linear Regres-
sion Model,” Econometric Theory, 18, 853—-867.

FRANZINI, L., AND A. HARVEY (1983): “Testing for Deterministic Trend and Seasonal
Components in Time Series Models,” Biometrika, 70, 673-682.

GARBADE, K. (1977): “Two Methods for Examining the Stability of Regression Coeffi-

cients,” Journal of the American Statistical Association, 72, 54—63.

GIRSANOV, L. (1960): “On Transforming a Certain Class of Stochastic Processes by Ab-
solutely Continuous Substitution of Measure,” Theory of Probability and Its Applications,
5, 285-301.

HackL, P., axp A. WESTLUND (1989): “Statistical Analysis of "Structural Change": An
Annotated Bibliography,” Empirical Economics, 143, 167-192.

HANSEN, B. (2000): “Testing for Structural Change in Conditional Models,” Journal of
Econometrics, 97, 93-115.

KinG, M. (1988): “Towards a Theory of Point Optimal Testing,” Econometric Reviews, 6,
169-218.

LAMOTTE, L., ANDp J. A. MCWORTHER (1978): “An Exact Test for the Presence of Ran-
dom Walk Coefficients in a Linear Regression Model,” Journal of the American Statistical
Association, 73, 816-820.

LEHMANN, E. (1986): Testing Statistical Hypotheses. Wiley, New York, second edn.

LEYBOURNE, S., AND B. MCCABE (1989): “On the Distribution of some Test Statistics for
Coefficient Constancy,” Biometrika, 76, 169-177.

LINDE, J. (2001): “Testing for the Lucas-Critique: A Quantitative Investigation,” American
Economic Review, 91, 986-1005.

95



NABEYA, S., anp K. TANAKA (1988): “Asymptotic Theory of a Test for Constancy of
Regression Coefficients Against the Random Walk Alternative,” Annals of Statistics, 16,
218-235.

NEwEY, W., anp K. WEST (1987): “A Simple, Positive Semi-Definite, Heteroskedasticity

and Autocorrelation Consistent Covariance Matrix,” Econometrica, 55, 703-708.

NyYBLOM, J. (1989): “Testing for the Constancy of Parameters Over Time,” Journal of the
American Statistical Association, 84, 223-230.

NyBrowm, J., axp T. MAKELAINEN (1983): “Comparisons of Tests for the Presence of

Random Walk Coefficients in a Simple Linear Model,” Journal of the American Statistical
Association, T8, 856-864.

PLOBERGER, W., axD W. KRAMER (1992): “The CUSUM Test with OLS Residuals,”
Econometrica, 60, 271-285.

PLOBERGER, W., W. KrRAMER, anD K. KONTRUS (1989): “A New Test for Structural
Stability in the Linear Regression Model,” Journal of Econometrics, 40, 307-318.

POLLARD, D. (2001): “Contiguity,” unpublished draft,
http://www.stat.yale.edu/~pollard /Paris2001/Lectures /Contiguity.pdf.

QUANDT, R. (1958): “The Estimation of the Parameters of a Linear Regression System

2

Obeying Two Separate Regimes,
873-880.

Journal of the American Statistical Association, 53,

(1960): “Tests of the Hypothesis That a Linear Regression System Obeys Two
Separate Regimes,” Journal of the American Statistical Association, 55, 324-330.

Rao, C. (1973): Linear Statistical Inference and Its Applications. Wiley, New York.

SHIVELY, T. (1988a): “An Analysis of Tests for Regression Coefficient Stability,” Journal
of Econometrics, 39, 367-386.

(1988b): “An Exact Test for a Stochastic Coefficient in a Time Series Regression
Model,” Journal of Time Series Analysis, 9, 81-88.

SOWELL, F. (1996): “Optimal Tests for Parameter Instability in the Generalized Method of
Moments Framework,” Econometrica, 64, 1085—-1107.

56



STOCK, J., AND M. WATSON (1996): “Evidence on Structural Instability in Macroeconomic

Time Series Relations,” Journal of Business and Economic Statistics, 14, 11-30.

TANAKA, K. (1996): Time Series Analysis — Nonstationary and Noninvertible Distribution
Theory. Wiley, New York.

WatsoN, W., anp R. ENGLE (1985): “Testing for Regression Coefficient Stability with a
Stationary AR(1) Alternative,” Review of Fconomics and Statistics, 67, 341-346.

WHITE, H. (2001): Asymptotic Theory for Econometricians. Academic Press, San Diego,

revised edn.

o7





