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Abstract

Shape-constrained regression in misspecified and multivariate settings
by
Billy Fang
Doctor of Philosophy in Statistics
Designated Emphasis in Communication, Computation and Statistics
University of California, Berkeley
Professor Adityanand Guntuboyina, Co-chair

Professor Martin J. Wainwright, Co-chair

In the context of nonparametric regression, shape-constrained estimators such as isotonic
regression have a number of attractive properties. The shape constraints are typically mild
and are often justified by the context of the estimation problem, allowing for more flexible
fits than a more restrictive parametric model; yet at the same time such estimators can be
computed efficiently and have reasonable risk properties. Additionally, these estimators are
free of tuning parameters and often exhibit adaptation to certain types of hidden structure
in the data (e.g., isotonic regression and piecewise constant functions). Properties of such
estimators in the setting of univariate function estimation are well-studied. This thesis
provides some new insights for shape-constrained regression on two fronts: misspecification
and the multivariate setting.

In Chapter 2, we study least squares estimators under polyhedral convex constraints.
Many estimators fall in this category, including shape constrained estimators like isotonic
regression and convex regression, as well as other estimators like LASSO. We give an explicit
geometric characterization of how the risk of such an estimator behaves when the truth it
is trying to estimate lies outside of the constraint set, and show how this result generalizes
what is known in the well-specified setting. This result leads to a better understanding
of how isotonic regression behaves when applied in settings where the true function is not
isotonic. This chapter is joint work with Adityanand Guntuboyina.

There has been recent interest in understanding shape-constrained estimation in the mul-
tivariate setting. It is known that multivariate isotonic regression suffers from the curse of
dimensionality, making it unsuitable for most high-dimensional applications. In Chapter 3,
we propose and analyze an alternate multivariate generalization of isotonic regression that
uses a notion of monotonicity called entire monotonicity. It is restrictive enough to avoid the
curse of dimensionality (the dependence on the dimension is only in the logarithmic terms),
yet rich enough to include non-smooth functions like rectangular piecewise constant func-



tions. In parallel, we also propose and analyze a generalization of total variation denoising
using a notion called Hardy-Krause variation, and show it has similar computational and
statistical properties as the entirely monotonic estimator. This chapter is joint work with
Adityanand Guntuboyina and Bodhisattva Sen.

Finally in Chapter 4, we show how entire monotonicity can be viewed as the introduction
of “positive interactions” to the interaction-less additive monotonic model. In making this
comparison between entire monotonicity and additive monotonicity, we introduce various
intermediate models that have different combinations of interactions. We prove a risk rate
for some of these intermediate models that generalizes the analogous risk rate for entire
monotonicity established in the previous chapter, and also discuss hypothesis testing for
interaction terms in these models. This chapter is joint work with Adityanand Guntuboyina
and Hansheng Jiang.
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Chapter 1

Introduction

In regression, we obtain noisy observations y; = f*(x;) + & of an unknown function f* from
some function class F at design points X1, ..., X, and seek to estimate f*. In the particular
case of nonparametric shape-constrained regression, the function class F imposes certain
constraints on its functions. One of the most well-studied examples of shape-constrained
regression is isotonic regression [14, 5|, where F consists of functions f : [0,1] — R that
are nondecreasing. Another common example is convex regression (e.g., [48, 27]), where F
consists of convex functions. The choice of function class is usually informed by the context
of the regression problem, where the practitioner knows from domain knowledge that the
unknown function f* satisfies some shape constraint.

Shape-constrained regression has a number of attractive properties. The assumptions
imposed on the functions are usually relatively mild and justified by the context of the
problem, allowing much more flexibility when compared to more restrictive models like
parametric models. One feature that distinguishes shape-constrained regression from other
nonparametric regression problems is that one can use least squares or maximum likelihood
without explicit regularization to obtain estimators that are free of tuning parameters. Cer-
tain shape-constrained least squares estimators also exhibit adaptation to certain types of
hidden structure in the unknown function. For example, in isotonic regression, if the un-
known function f* is piecewise constant and nondecreasing, then the least squares estimator
with respect to the class of nondecreasing functions can estimate the function nearly as well
as an oracle estimator that knows the locations of the constant pieces [19]. The survey
by Guntuboyina and Sen [45] provides more examples and discussion of shape-constrained
regression. In this thesis, we provide some insight into shape-constrained regression on two
fronts: misspecification and the multivariate setting.

1.1 Misspecification

In Chapter 2, we study the risk of constrained least squares estimators

f(Y) = argmin||d — Y%,
oeC
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with respect to some closed convex set C C R". Here, Y is a noisy vector with mean 6* € C
and variance o?I. Many least squares estimators (including isotonic regression and convex
regression) can be cast in this form by identifying 6* with (f*(x1),..., f"(xn)). Oymak
and Hassibi [70] showed that the risk of such estimators is governed by the geometry of the
constraint set C near 6*. Specifically, they showed that the normalized risk 0_2E||§(Y) — 6|2
is upper bounded by the statistical dimension of the tangent cone of C at 6*, and that this
upper bound is tight in the limit as o | 0. However, the above results are under the well-
specified assumption #* € C. In practice we cannot ensure that 6* € C when using this
estimator, so it is worth asking how the estimator behaves in the misspecified setting 6* ¢ C.
Bellec [10] proved an analogous upper bound for the normalized risk, but we show that,
unlike in the well-specified setting, this upper bound is not tight as ¢ | 0. In particular we
provide an explicit formula for the low noise limit of the normalized risk in the case where
C is a polyhedral cone, and observe that it can be strictly smaller than the upper bound.
Essentially, the reason why the risk can be smaller in the in misspecified setting is due to
certain directions of the noise in the observations being eliminated under the least squares
projection to the boundary of C. One application of this result is an explicit characterization
of how properties of the target function govern the risk of isotonic regression when the
target function is not nondecreasing. This chapter is based on joint work with Adityanand
Guntuboyina [33].

1.2 Multivariate shape constraints

There has been recent interest in understanding shape-constrained estimators in the multi-
variate setting, such as regression with multivariate functions f : [0,1]? — R, or estimation
of multivariate densities. However, in many cases the estimators suffer from the curse of
dimensionality, in that the risk is of the order n=/¢, so that amount of observations needed
to obtain a certain level of error grows exponentially in the dimension d (e.g., multivariate
isotonic regression [47] and log-concave density estimation [53]). Thus it is meaningful to
find classes of multivariate functions that are rich enough to be useful, but not so large
that they suffer from the curse of dimensionality. In Chapter 3, we propose and analyze a
multivariate generalization of isotonic regression using a notion called entire monotonicity.
Entire monotonicity has appeared in other contexts before, but has not been studied in this
nonparametric regression framework. We prove an upper bound and a minimax lower bound
for this least squares estimator to show that it avoids the curse of dimensionality to some
extent: the main term of the risk is n=%/3(log n)L??l, so the price of going from univariate
isotonic regression to this estimator is only in additional logarithmic factors. Although this
class is small enough to avoid the curse of dimensionality, it is still rich enough to contain
non-smooth functions like rectangular piecewise constant functions. In fact, it adapts to
rectangular piecewise constant functions in the same way that univariate isotonic regression
adapts to piecewise constant functions. In this chapter we also propose a multivariate gener-
alization of univariate total variation denoising using a notion called Hardy-Krause variation.
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Compared to the entirely monotonic estimator, this Hardy-Krause variation denoising es-
timator drops the shape constraint at the cost of introducing a tuning parameter, but has
similar statistical properties to the entirely monotonic estimator. Additionally, we show that
these two estimators can be computed by solving a nonnegative least squares problem and a
LASSO problem respectively. This chapter is joint work with Adityanand Guntuboyina and
Bodhisattva Sen [34].

Finally in Chapter 4, we provide a different perspective on entire monotonicity by
comparing it to the additive monotonic model [6], which considers the class of functions
f:10,1]¢ — R of the form f(x) = E;l:l fj(x;) where each f; is nondecreasing . This latter
model is relatively simple, since each function’s behavior can be decomposed into individual
univariate monotonic functions, but it excludes the possibility of interactions among its co-
variates: the effect of a change in one covariate when the other covariates are held fixed does
not depend on the actual value of those other covariates. We show how entire monotonicity
introduces interaction terms into the additive model, but also imposes a shape constraint
on these interaction terms. In making this comparison between entire monotonicity and
additive monotonicity, we introduce various intermediate models that have different combi-
nations of interactions. We prove a risk rate for some of these intermediate models and show
that it is almost the same as the analogous risk rate n=?/3(log n)% for entire monotonicity
established in the previous chapter, except the exponent of the logarithmic factor is reduced.
In the context of linear regression, hypothesis testing is often used to decide whether to
include certain interaction terms in a model. In this chapter we also describe how to set up
a likelihood ratio test to test for the inclusion of interaction terms in these models, and we
apply a result of Menéndez et al. [62] to show that it is dominated by another likelihood
ratio test. This chapter is joint work with Adityanand Guntuboyina and Hansheng Jiang.



Chapter 2

On the risk of convex-constrained
least squares estimators under
misspecification

2.1 Introduction

In many statistical problems, it is common to model the observations y,...,y, € R as
y; = 0F + oz; where 07, ...,0" are unknown parameters of interest, 21,.. ., 2, represent noise
or error variables that have mean zero, and ¢ > 0 denotes a scale parameter. In vector
notation, this is equivalent to writing

Y =0"+07,

where Y = (y1,...,yn), 0° = (67,...,0}), and Z = (21,...,2,). A common instance of
this model is the Gaussian sequence model, where the 2y, ..., z, are independent standard
Gaussian random variables, in which case the model can be written as Y ~ N(6% ¢%I,),
where [, is the n X n identity matrix.

A standard method of estimating 6* from the observation vector Y is to fix a closed
convex set C of R™ and use the least squares estimator under the constraint given by 6 € C.
Specifically, the least squares projection is

Ie(7) := argmin||z — 0|,
oeC

(where || - || denotes the standard Euclidean norm in R"), and one estimates 6* by
0(Y) = (V).

When C is taken to be {X 5 : ||5]l1 < R} for some deterministic n x p matrix X and R > 0,
this estimator becomes LASSO in the constrained form as originally proposed by Tibshirani
[80]. When C is taken to be {X/ : min; 8; > 0}, this estimator becomes nonnegative least
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squares. Note that shape restricted regression estimators are special cases of nonnegative
least squares for appropriate choices of X (see, for example, Groeneboom and Jongbloed
[41]). Also, note that both sets {X 3 : ||5]l1 < R} and {Xf : min; 5; > 0} are examples of
polyhedral sets. Therefore in most applications, the constraint set C is polyhedral.

There exist many results in the literature studying the accuracy of é(Y) as an estimator
for 0*. Most of these results make the assumption that 6* € C. In this chapter, we shall
refer to this assumption as the well-specified assumption. Essentially, the constraint set C
can be taken to be a part of the model specification, and the assumption 8* € C means that
the true mean vector #* satisfies the model assumptions, i.e. the model is well-specified.

Under the well-specified assumption, it is reasonable and common to measure the accu-
racy of 0(Y) via its risk under squared Euclidean distance. More precisely, the risk of 6(Y)
is defined by ) )

R(6,6%) == Eg-||0(Y) — 6%

where Egy- refers to expectation taken with respect to the noise Z in the model Y = 0*+o07.

Many results on R(é, 0*) in the well-specified setting are available in the literature. Of
all the available results, let us isolate two results from Oymak and Hassibi [70] because of
their generality. In the setting where Z ~ N(0, I,,), Oymak and Hassibi [70] first proved the
upper bound

1 N * *
LRO.0%) < 510", (2.)
where T¢(6*) denotes the tangent cone of C at 6%, defined by
Te(0*) =cl{a(0 —0") :a> 0,0 € C}, (2.2)

(“cl” denotes closure), and where 6 (T¢(6*)) denotes the statistical dimension of the cone
Tc(0*). In general, the statistical dimension of a closed cone 7' C R” is defined as

o(T) = B[ (Z)|I%, (2:3)

where the expectation is with respect to Z ~ N(0,1,). Many properties of the statistical
dimension are covered by Amelunxen et al. [3].

In the case when the constraint set C is a subspace, the estimator é(Y) is linear and, in
this case, it is easy to see that 0(7¢(6*)) is simply the dimension of C, so that inequality
(2.1) becomes an equality. For general closed convex sets, it is therefore reasonable to ask
how tight inequality (2.1) is. It is not hard to construct examples of C and 6* € C where
inequality (2.1) is loose for fixed ¢ > 0. However Oymak and Hassibi [70] proved remarkably
that the upper bound in (2.1) is tight in the limit as o | 0 (we shall refer to this in the sequel
as the low o limit); that is, when Z ~ N (0, I,,),

o1
lim —
10 o2

R(0,0%) = 6(Tp(607)). (2.4)

In summary, Oymak and Hassibi [70] proved that ¢*§(T¢(6*)) is a nice formula for the risk
of (Y) that is, in general, an upper bound which is tight in the low o limit.
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We remark that although Oymak and Hassibi [70] state the results (2.1) and (2.4) for
the specific case Z ~ N(0, 1), their proof automatically extends to the more general set-
ting where Z is an arbitrary zero mean random vector with E||Z]|> < oo (the components
Z1,...,Zy of Z can be arbitrarily dependent), provided we generalize the definition (2.3) of
statistical dimension by taking the expectation with respect to Z, without assuming Z is
standard Gaussian. We refer to this modification of the definition (2.3) as the generalized
statistical dimension of the cone T. As a slight abuse of notation, we use the same nota-
tion 0(-) for this more general concept, with the understanding that the expectation in the
definition is with respect to the distribution of Z. By dropping the Gaussian assumption,
the generalized statistical dimension loses much of the interpretability and nice geometric
properties of the usual statistical dimension [3], but still serves as an abstract notion of the
size of a cone T" with respect to a distribution Z.

This chapter deals with the behavior of the estimator é(Y) when the assumption 6* € C
is violated. We shall refer to the situation when 6* ¢ C as the misspecified setting. Note that,
in practice, one can never know if the unknown 6* truly lies in C. It is therefore necessary
to study the behavior of 6(Y) under misspecification.

For the misspecified setting, one must first note that it is no longer reasonable to measure
the performance of é(Y) by the risk R(é, 0*), simply because é(Y) is constrained to be in
C and hence cannot be expected to be close to #* which is essentially unconstrained. There
are two natural notions of accuracy of é(Y) in the misspecified setting, which we call the
misspecified risk and the excess risk. The misspecified risk is defined as

M(6,0%) == Eq- |6(Y) — I (6%)]|, (2.5)
and the excess risk is defined as
E(0,07) = Eg-||0(Y) — 67||* — |[TIc(67) — 67|, (2.6)

The misspecified risk, M (é, 0*), is motivated by the observation that, in the misspecifed case,
the estimator 0(Y) is really estimating IT¢(6*) so it is natural to measure its squared distance
from II¢(6*). On the other hand, the excess risk, E (é, 0*), measures the squared distance of
the estimator from 0* relative to the squared distance of I1¢(6*) from 6*. We refer the reader
to Bellec [10] and Section 2.2 for some background and basic properties on these notions of
accuracy under misspecification. For example, it can be shown that M (é, 0%) is always less
than or equal to E(6,6*%) (see (2.12)). It is easy to see that both of these risk measures equal
R(é, 0*) in the well-specifed case i.e.,

R(0,0%) = M(0,0") = E(0,6"),  when 0* € C.

An analogue to inequality (2.1) for the case of misspecification has been proved by Bellec
[10, Corollary 2.2], who showed that

—M(0,0%) < =E(0,0") < §(Tp(Ile(6%))). (2.7)
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Again, although this was originally stated for Z ~ N (0, I,,), it holds for arbitrary zero mean
random vectors Z with E||Z]|? < oco. Note the similarity between the right-hand sides of the
inequalities (2.1) and (2.7). The only difference is that the tangent cone at 6* is replaced by
the tangent cone at Il¢(6*) in the case of misspecification. Moreover, in the well-specified
setting, the above inequality (2.7) reduces to (2.1).

It is now very natural to ask if the second inequality in (2.7) is tight in the low ¢ limit. One
might guess that this should be the case given the result (2.4) for the well-specified setting.
However, it turns out that (2.7) is not sharp in the low o limit. The main contribution of
this chapter is to provide an exact formula for the low o limit of M(6,6*) and E(6, 6*) when
C is polyhedral. Specifically, in Theorem 2.3.1, we prove that if the noise Z is zero mean
with E||Z||? < oo and if C is polyhedral, then

. 1 A N* . 1 N n* * * *\\ L
lim —5 M (0,0%) = lim —5 £(0,0%) = §(Te(Te(67)) N (67 — T (67)) ), (2.8)
where vt = {u € R™ : (u,v) = 0} for vectors v € R". As we remarked earlier, in most

applications, the constraint set C is polyhedral.

Because the set Te(Ile(6%)) N (6% — TIe(0*))* is a subset of Tp(Ile(0*)), the right hand
side of (2.8) is never larger than 6(7¢(I1¢(6*))). Under the assumption that the polyhedron
C has a nonempty interior along with a mild condition on the noise Z, it can be proved
that the right hand side of (2.8) is strictly smaller than §(7¢(I1z(6*))) when 6* ¢ C (an even
stronger statement is proved in Lemma 2.3.4), which then implies that lim, oo ~2M (0,0%) <
lim,,o 0 2R(0, II¢(6*)). This inequality is more interpretable in the following form:

. 1 N * ; 1
lim B [(Y) = Te(8)[* < lim — Eneor

0(Y)—Te(0")))>  whenever 6* ¢ C. (2.9)

Inequality (2.9) can be qualitatively understood as follows. The left hand side above corre-
sponds to misspecification where the data are generated from 6* ¢ C while the right hand
side corresponds to the well-specified setting where the data are generated from Il¢(6*). Note
that in both cases, the estimator §(Y) is really estimating ITo(6*) so it is natural to com-
pare the squared expected distance to II¢(#*) in both situations. The interesting aspect is
that (in the low o limit) the expected squared distance is smaller in the misspecified setting
compared to the well-specified setting. To the best of our knowledge, this fact has not been
noted in the literature previously at this level of generality.

Our main result, Theorem 2.3.1, is stated and proved in Section 2.3 where some intuition
is also provided for the exact form of the low o limit in misspecification. The low ¢ limit
can be explicitly computed in certain specific situations. In Section 2.4, we specialize to the
Gaussian model Z ~ N(0, I,,) and study in detail the examples when C is the nonnegative
orthant and when C is the monotone cone (this latter case corresponds to isotonic regression).

In Section 2.5, we explore issues naturally related to Theorem 2.3.1. In Section 2.5.1,
we consider the situation when C is not polyhedral. It seems hard to characterize the low
o misspecification limits in this case but it is possible to compute them when C is the unit
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ball. It is interesting to note that the low o limits of M(6,6*) and E(0,6*) are different in
this case (in sharp contrast to the polyhedral situation). In Section 2.5.2, we deal with the
risks when o is large. Under some conditions, it is possible to write a formula for the large
o limits of M (6, 6*) and E(f,6*); see Proposition 2.5.3. In Section 2.5.3, we deal with the
maximum normalized risks:

~

sup %M(éﬁ*) and  sup %E(@,H*). (2.10)

o>0 0 o>0 0

In the well-specified setting, inequalities (2.1) and (2.4) together imply that the maximum
normalized risk equals 0(7¢(0*)). However in the misspecified setting, the quantities (2.10)
lie between (T (I1e(0%)) N (0* — Hc(6%))Y) and 6(Te(T1e(0*))). It seems hard to write down
an exact formula for the quantities (2.10) but we present some simulation evidence in Sec-
tion 2.5.3 to argue that they can be strictly between §(T¢(Il¢(0*)) N (0* — e (0*))*) and
6(Te(He(67))).

We conclude with an appendix that contains technical lemmas and proofs of the various
intermediate results throughout the chapter.

2.2 Background and Notation

In this short section, we shall set up some notation and also recollect standard results in
convex analysis that will be used in the remainder of the chapter.

For z € R™ and r > 0, we denote by B.(z) = {u € R" : |lu — z|| < r} the closed
ball of radius r centered at z. For v € R", let v+ = {u € R" : (u,v) = 0} denote the
hyperplane with normal vector v. For 6y € C, let F¢(6y) == {0 — 6 : 6 € C} be the result of
re-centering the set C about 6. Also recall the definition of the tangent cone (2.2) and note
that T¢(6p) = cl{ax : x € Fe(0y), a0 > 0}.

If Aisan m x n matrix and J C {1,...,m}, we let a; denote the jth row of A, and let
A denote the matrix obtained by combining the rows of A indexed by J.

A polyhedron refers to a set of the form {z € R" : Az < b} for some A € R™*™ and b € R"
where the inequality < is interpreted coordinate-wise, i.e. (a;,x) <b; for j=1,...,m. We
will assume that no two pairs (a;,b;) and (ay,by) are scalar multiples of each other. A
polyhedral cone is a set of the form {x € R™ : Ax < 0} for some A € R™*". Again, we will
assume that no two rows of A are scalar multiples of each other. A face of a polyhedron refers
to any subset obtained by setting some of the polyhedron’s linear inequality constraints to
equality instead.

In the remainder of this section, we shall collect some standard results above convex
projections that will be used in the chapter. These results can be found in a standard
reference such as [49]. Recall that Il¢(z) denotes the projection of a vector x € R™ on a
closed convex set C. It is well known that Il¢(z) is the unique vector in C satisfying the
optimality condition

(z —e(z),z — e(x)) <0, vz eC. (2.11)
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Consequently, we have the following Pythagorean inequality
lz=2|* = |z =Te() [*+ | He(z) —2|* +2{(z—Te(2), e () —x) > ||z —Te(2)||*+ [T (x) —=]|*.

Plugging in z = Il¢(y) and = = 6* shows that the misspecified error is upper bounded by
the excess error, that is,

e (y) — Te(07)I* < [Te(y) — 07]° — |[Te(67) — 071, Vy € R™ (2.12)
If instead we plug in z = I1¢(0%) to (2.11), we have (Il¢(x) — e (6%), x — He(z)) > 0, which
implies

IMea) — 6] = [Me(6*) — 6°]” = | Te(2) — He(6")|” + 2T (x) — e (6°), Me() — 6°)
< —|Te(a) — Te(8)| + 2(TTe(2) — Te(6°), 2 — 67)
<l — 6|

Combining this with (2.12), we see that for Y = 6* + 07 we have
0 < [[e(Y) = Te(0)|* < [[Te(Y) — 071 — [|[Te(67) — 07[1* < o™ Z]|*. (2.13)

In the special case where C is a cone, the optimality condition (2.11) implies that Il¢(z)
is the unique vector in C satisfying

(Ile(x),x —e(z)) =0, and (z,z—1¢(z)) <0, VzeCl. (2.14)

2.3 Main theorem: low noise limit for polyhedra

Our main result below provides a precise characterization of the low ¢ limits of the risks (2.5)
and (2.6) (normalized by ¢?) in the misspecified setting (i.e., when 6* ¢ C) for polyhedral
C. An implication of this result is that the low ¢ limit can be much smaller than the upper
bound (2.7) of Bellec [10].

Theorem 2.3.1 (Low noise limit of risk for polyhedra). Let C C R™ be a closed convex
set, and let Y = 0" + oZ where 8* € R" is not necessarily in C, and Z is zero mean with
E||Z||? < co. Suppose the following “locally polyhedral” condition holds.

Te(Ile(0%)) is a polyhedral cone, and

Te(Tle(07)) N B« (0) = Fe(Ie(6%)) N By (0) for some r* > 0. (2.15)

Then,

1 - 1
lim —M(6,0") = lim

al0 o2 al0 o2

E(0,0%) = 6(Te(Ile(6%)) N (0 — Te(67)*). (2.16)



CHAPTER 2. CONSTRAINED LEAST SQUARES UNDER MISSPECIFICATION 10

Note again that d(-) denotes the generalized statistical dimension induced by the noise
Z, and reduces to the usual statistical dimension [3] when Z ~ N(0, I,,).

We remark that the “locally polyhedral” condition (2.15) essentially states that C looks
like a polyhedron in a neighborhood around Il¢(6*). As established in the following lemma,
it automatically holds if C is a polyhedron, so one can replace any mention of condition
(2.15) with “C is a polyhedron” for the sake of readability. We provide some remarks on the
case when C is not polyhedral in Section 2.5.1.

Lemma 2.3.2. Let C be a polyhedron. Then the locally polyhedral condition (2.15) holds for
any 0* € R™.

Next, the following lemma establishes that the set T¢(Il¢(0*)) N (0* — Ic(6*))* that
appears in the limit (2.16) is a face of the tangent cone T¢(Il¢(6%)).

Lemma 2.3.3. Let * € R" and let C C R" be a closed convez set satisfying the locally
polyhedral condition (2.15). Let A € R™ ™ be such that Te(Ilc(0*)) = {u : Au < 0}. Then

there exists some subset J C {1,...,m} such that
Te(Ie(6%)) N (0F — T (0°)* = {u: Aju =0, Ajeu < 0}.
Thus, Te(Te(0%)) N (6% — T1e(0%))* is a face of Te(I1e(6%)).

Both the above lemmas are proved in Section 2.6.

If 6* € C then we have Il¢(6*) = 6%, and Theorem 2.3.1 reduces to the result (2.4) of
Oymak and Hassibi [70]: the excess risk and the misspecified risk become the same, and the
common limit is the statistical dimension of 7¢(6*). We must remark here that the result of
Oymak and Hassibi [70] holds for non-polyhedral C as well. We discuss the non-polyhedral
setting further in Section 2.5.1.

Theorem 2.3.1 states that in the misspecified case 6* ¢ C, the low sigma limit still involves
the tangent cone T¢(Il¢(#*)), but one needs to intersect it with the hyperplane (8* —II¢(6*))+
before taking the statistical dimension. Due to the optimality condition (2.11) characterizing
[Ie, the tangent cone lies entirely on one side of the hyperplane, so the hyperplane does
not intersect the interior of the tangent cone. Therefore, the interior of the tangent cone
Te(I1e(6%)) does not contribute to the low o limit of the risk under misspecification. This
makes sense because when 6* ¢ C and o is small, the observation vector Y is outside C with
high probability so that 8(Y) lies on the boundary of C.

In general, the intersection T¢(Ie(0*)) N (6* — Tc(6*))t can be anything from {0} to
the full tangent cone T¢ (Il (0*)) and so the low sigma limit can be anything between 0 and
d(Te(Ie(0*))). The case when the limit equals zero corresponds to the situation where 6*
lies in the interior of the preimage of II¢(6*) under the map Il so that every point in some
neighborhood of 6* is projected onto the same point I1-(0*) (see Figure 2.1c for an example).

The following lemma (proved in Section 2.6), provides mild conditions under which the
intersection T¢(Ile(6%)) N (6% — [ (6*))* has strictly smaller generalized statistical dimension
than the full tangent cone T¢(I1¢(6%)).
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Lemma 2.3.4. Let C C R" be a polyhedron with nonempty interior. Then

sup  §(Te(Ie(6%)) N (60" — Te(67)) ") < 6(Te(6o))-
0+ CTIe (0%)=00

for every 6y € C, provided the random vector Z has nonzero probability of lying in the interior

Of Tc(eo) .

As mentioned already, Lemma 2.3.4 combined with the main result Theorem 2.3.1 implies
the risk gap (2.9). In summary, under the nonempty interior assumption, if we think of the
low o limit as a function of 6%, we see that as #* approaches C from the outside there is a
“jump” when 6* enters C. This “jump” phenomenon is not unique to the polyhedral case. In
Section 2.5.1 we discuss a non-polyhedral example that also exhibits this jump phenomenon.

Theorem 2.3.1 suggests something that may seem nonintuitive: if 8* ¢ C and we use
the estimator §(Y) = I¢(Y), the risk when Y = 6* + 0Z is smaller than the risk when
Y =T1le(6*) + 0Z. As mentioned already, in the case Y = 0* + 0Z the estimator is actually
estimating Il¢(6*), not 8*. Moreover, the risks (2.5) and (2.6) measure error relative to Il¢(6*)
rather than to *. Furthermore, the intuition is that in the low ¢ limit, the estimator 6(Y)
in the misspecified setting is a projection onto a much smaller set than in the well-specified
setting (essentially, a face of a tangent cone instead of the full tangent cone), so more of the
original noise in Y is eliminated. This qualitatively explains why having Y generated from
0* outside C allows the estimator to estimate I1¢(0*) better than if Y were generated from
I1¢(6*) instead.

Finally, we observe that in the misspecified setting, there is a gap between Bellec’s upper
bound §(7¢(I1e(0%))) (2.7) and the low o risk limit, unlike in the well-specified setting where
the result (2.4) implies that the normalized risk increases to the upper bound in the low o
limit. The upper bound, which is constant in o, can become very loose as ¢ | 0. However,
in Section 2.5.3 we shown a few examples where the normalized risk is close to the upper
bound for some o, as well as examples where the normalized risk remains much smaller than
the upper bound for all o > 0.

2.3.1 Proof of Theorem 2.3.1

We establish one key lemma (proved in Section 2.6) before proving Theorem 2.3.1. It is a
deterministic result that contains the core of the argument: roughly, if we have a polyhedral
cone T and any 6* € R" satisfying I17(0*) = 0, then any point u sufficiently near * will
have its projection Ily(u) lying in the hyperplane with normal direction 6*.

Lemma 2.3.5 (Key lemma). Fiz 6* € R", and let T be a closed convex set such that the
re-centered set {0 — I11(6%) : 0 € T} is a polyhedral cone. Then there exists r > 0 such that

r(u) — I (0%) € (0 — I (07):,  Yu € B.(6%). (2.17)

With this lemma, along with some standard results collected in Section 2.2, we can
proceed with proving Theorem 2.3.1.
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Proof of Theorem 2.3.1. We first prove

lim iM(é, 0°) = §(Te (e (67)) N (6% — TIe(67))F). (2.18)

al0 o2

For any r > 0 we can write

[Te(Y) = Te(07) " 1ves, 0y )

(2.19)
We claim the second term on the right-hand side vanishes as o | 0 (regardless of the value
of r > 0). Since the projection Il¢ is non-expansive [49],

1 o1 . 1
;M(@,é) ) = — o [T (Y) —TIe(6 )H21{YeBr(9*)}}+ﬁE9*[

1

1
0= ;Ee* | o?

e(Y) — e (0°)*Lven, 0] < —Eo |

Y — 0" I"Liygn.0r)y] = Eov |

2
1 Z)* Lo 2y01] -

Then, the dominated convergence theorem implies the right-hand side tends to zero as ¢ | 0,
because E|| Z||* < co and the random variable || Z||*1{,) 2>} converges to zero pointwise.
Thus, it remains to show

10%1 ol [T (Y) — e (07)]*1gyen, o)) = 6 (Te(e(6%)) N (0° — Te(6%))F) (2.20)
for some r > 0.
We define the re-centered tangent cone

T = {Hc(e*) +u:u € Tc(Hc(e*))}
We claim there exists some r > 0 such that
e (u) = Iy (u), Yu € B,(0%). (2.21)

Indeed, note that the locally polyhedral condition (2.15) implies the existence of some 7* > 0
such that
CNB.(I1e(0%) =T N B (11e(6%)) (2.22)

Since both projections Iz and Il are continuous [49] at 6%, there exists some r > 0 such
that the image of B,.(6*) under both projections lies in B,.«(Il¢(0*)). Thus the local equality
(2.21) of the projections follows from the locally polyhedral condition (2.22).

By combining this argument with Lemma 2.3.5, we have shown there exists some r > 0
that satisfies not only (2.21), but also (2.17). With this value of r, the equality (2.21)
implies that replacing each instance of C with 7 in (2.20) does not change either side, since
Hc(Y) = HT(Y), Hc(e*) = HT((Q*), and

Te(Te(07)) = Tens,. (e (e (07)) = Trap,. e o0y (e (07)) = Tr(11-(67)),
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by the equality (2.22) and the definition of the tangent cone. Thus it remains to prove

1 .
lim > Eo- T (Y) = T (0") [P Lven, o)y ] = 9(K), (2.23)

where K := T (0%) N (0* — T17(60%))*.
Since r satisfies (2.17), some re-centering yields

T (Y) — T1r(6%) = Ty ony (Y — T (6) = T (Y — TI(6°)) (2.24)

in the event {Y € B,(6%)}.
For W = (0* — I11-(6*))*, we claim

HIC IH;cOHw.

In fact this holds for any subspace W and closed convex K C W, by the Pythagorean
theorem:

I (z) = argmin|jz — u|]* = argrflcm{Hx — Oy (2)|* + | Uy (x) — u||2} = (Il (z)).

uell

Applying this to (2.24) yields

7 (Y) = 17 (6%) = e (Y — 7 (67))
= Hx(Ilw (0" + 0 Z — 11(67)))
= (Il (o )) [Ty is linear, Iy (6" — I17(60%)) =0
=llx(cZ) = ollc(Z) K is a cone
in the event {Y € B,(6*)}. By plugging this into the left-hand side of equation (2.23), w

have
101-% ]Eg* [

e (2)|"Lven. o)y = Bl (2)]* = 8(K),

where the first equality follows by dominated convergence (||l (Z)[|? < || Z]|? and E||Z]|* <
00). This verifies the desired equality (2.23) and concludes the proof of the first low ¢ limit
(2.18).

We now prove the other equality

lim — ! M(G 0*) = lim — ! E(9 0%).
ol0 o2 cl0 g2

We claim

1 * * *
hﬁ)l 5o [(ITTe(Y) = 6*[* = [ITe(6*) — 6°]1*) Ly, 03] = O (2.25)

for any 7 > 0. Applying some basic properties (2.13) of the projection Il¢ yields

1 * * *
0< ;Ee* [(HHC(Y) — %[> — ||Tc(6%) — 6 Hz) 1{Y¢BT(6*)}} < E[HZHQl{aHZIIzr}],



CHAPTER 2. CONSTRAINED LEAST SQUARES UNDER MISSPECIFICATION 14

so applying the dominated convergence theorem as before leads to the limit (2.25).
Thus, it suffices to prove

1 «
lim — TEy. [ITTe(Y) — e (0%)*1ves, 01}

= 1;{{)1 —5 Lo [(ITTe(Y) = 6%[|* = [ITLe(6%) — 67[1*) 1ven, )] (2.26)

for some r > 0. We choose r as before so that (2.17) and (2.21) both hold. By the same
reasoning as before, we can replace each instance of C with 7 without changing anything.
Furthermore, the condition (2.17) implies we have (Il (Y') —II7(6*), 0" —I11(6*)) = 0 in the
event {Y € B,(0%)}, so the Pythagorean inequality (2.12) becomes equality:

MI7-(Y) = O (0) " Lven, oy = (7 (Y) = 071 = [[r(0") = 0°*) Livep, o)

Therefore the equality (2.26) holds, which concludes the proof of Theorem 2.3.1. ]

2.4 Examples

In this section, we assume the Gaussian noise model Z ~ N(0, 1), or equivalently Y ~
N(0%,6%I,). Thus, §(-) denotes the usual statistical dimension [3], where Z in the definition
(2.3) is a standard Gaussian vector.

2.4.1 Nonnegative orthant

We now apply Theorem 2.3.1 to the nonnegative orthant R} = {u € R" : u; > 0,Vi}. In
Figure 2.1 we provide visualizations of the geometry of the main theorem when applied to
this constraint set.

Corollary 2.4.1 (Nonnegative orthant). Let Y ~ N(0* 0*I) where 0* € R™. Let n, =
S 1¢p:501 and ng == > 1(g:=0y denote the number of positive components and number
of zero components of 0* respectively. Then the normalized excess risk (2.6) and normalized
mispecified risk (2.5) of the least squares estimator O(Y) == Ilgn (Y) with respect to R} both
tend to -

7—1-71.,.

as o | 0.

Proof. By Theorem 2.3.1, it suffices to prove that the statistical dimension term in (2.16) is
% +n,. Note that for y € R", Ilgn (y) = max{y, 0} is obtained by taking the component-wise
maximum of y with 0. Consequently,
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Also,

(0" = Hpa (0))" = QueR": Y fju; =0

1:07 <0

The intersection is thus

u; >0 if 67 =0

Tan (TIgn (6% 0% — Tlgn (6%))* = R™ :
i (g (67)) 01 w2 (67)) {“E u; =0 if 6 <0

} = R™ x R x {0} 770,

The result follows by noting §(R) = 1 and §(R, ) = 1/2 and by using the fact that §(T} xTy) =
d(T1) + 0(T3) for any two cones Ty and T [3]. O

Remark 2.4.2. For 0* € R" let n, and ng be as defined in Corollary 2.4.1. Then the low
o limit for the corresponding well-specified problem Y ~ N(Tlgx (0%), 0*I) is "5 +ny since
all negative components of 0% are sent to zero by Ilgn. This is larger than the low o limit
for the misspecified problem Y ~ N(0*,0%I) because n — ny > ng, with strict inequality if
0" ¢ R

LTI(0) TI(67) ()
. g . g « P
(a) 0 =(1,-1);6=1 (b) 6 =(0,-1); 6 =1/2 (¢)d=(-1,-1);6=0

Figure 2.1: R? is marked by the gray area. The intersection Tz (HRi(Q*)) n(e* — H]Ri(G*))L
[translated to be centered at HRgr (0*)] is marked by the bold lines in the first two examples,
and the bold point in the third example. Each sub-caption states the statistical dimension § =

5(TR1(HR1 (07)) N (0" — [lg2 (6*)F).

2.4.2 Consequences for isotonic regression

This section details interesting consequences of Theorem 2.3.1 for isotonic regression under

misspecification. Let
S"={ueR":u; < <u}

be the monotone cone. We call elements of 8™ nondecreasing.
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By a block, we refer to a set of the form {k,k + 1,...,l} for two nonnegative integers
k <. Consider a partition of {1,...,n} into blocks I, ..., I,, listed in increasing order (i.e.,
the maximum entry of I; is strictly smaller than the minimum entry of [; for ¢ < j). Let
|1;| denote the cardinality of I; and note that 2721 |I;| =nas I,..., I, form a partition
of {1,...,n}. Let §,...|,.| denote the induced block monotone cone defined as
1, = {u € 8" : u is constant on each of the blocks I1,...,I,,} (2.27)

77777

For example,
82’3’2 = {u (— R2+3+2 TUL = Ug S Uz = Uy = Us S Ug = U7}.
Theorem 2.3.1 implies the following result, which we prove in Section 2.7.3.

Proposition 2.4.3 (Isotonic regression). Let Y ~ N(0* 0%I) where 6* € R™. Let
(J1,...,JK) be the partition of {1,...,n} into blocks such that s~ (0%) is constant on each
Jp with respective values g < --+ < pg. For each k € {1,..., K}, there exists a unique
finest partition (I}, ..., ]ﬁlk) of Jx into blocks such that for all j € {1,...,my}, the mean of
the components of 0* on each [f equals puy; that s,

Ze* b 1< j<my. (2.28)

ZGIk

Then the common low o limit of the normalized excess risk (2.6) and normalized misspecified
risk (2.5) of the isotonic least squares estimator 0(Y) = llsn(Y) equals

K
Z (Suk ’ ’ll ) (229)
k—

1

It is clear from the above proposition that the low ¢ behavior of the isotonic estimator
under misspecification crucially depends on the statistical dimension of the block monotone
cone Sz |- [We remark again that throughout this section we only deal with the usual

sl tmy

statistical dimension, where the noise Z in the definition (2.3) is standard Gaussian.| Here,
we provide two simple properties of the block monotone cone (2.27), each of which implies
that when the block sizes are equal, the statistical dimension is simply that of S"*. The
first result provides a direct connection to weighted isotonic regression.

Lemma 2.4.4 (Weighted isotonic regression) Let z € R" and let Iy,. .., I, be a partition
of {1,...,n} into blocks. Let zj, = |1 | ZZE] zi. Then Ils, ., (y) is the vector that is

»»»»»
* *

constant on the blocks I, . .., I,, with constant values x3,. .., z* , where x* = (xf,... %) is

»Ym> y Y m

x* —argmmZ][\ z,)°.

reS™
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In other words, the values on the constant blocks of s, | (2) can be found by weighted

,,,,, |m]
isotonic regression of (Zr,, ..., zr, ) € R™ with weights ||, ..., |In]|.
Consequently, when |I;| = --- = |I,|, the statistical dimension of the block monotone
cone 1is
1
(S fftnl) = > =
=17

The next lemma shows Sz, .. |1,,| is isometric to a particular cone in the lower-dimensional
space R™.

Lemma 2.4.5 (Block monotone cone isometry). The block monotone cone Sinl,..tm] € R"
18 1sometric to

(%1 Um
veR™: <. < CR™, (2.30)
{ V |]1| V |Im| }
and thus both sets have the same statistical dimension. In particular, if || = -+ = |L],

then the statistical dimension of the block monotone cone is

m

1
(St oitn) = D =
=17
Both lemmas are proved in Section 2.7.1. Note that for the case || = --- = |[,,] = 1,

both lemmas reduce to the statement of the statistical dimension of the monotone cone S&™
13, Eq. D.12]. More generally, when the m blocks have equal size, the statistical dimension
of the associated block monotone cone is the same as that of the monotone cone §™. In
Section 2.7.2, we discuss what Lemma 2.4.5 suggests for the completely general case when
the block sizes are arbitrary.

By combining either of these two lemmas with Proposition 2.4.3, we immediately obtain
an explicit expression for the low o limits in a special case. For m > 1, we denote the
harmonic number Y™ (1/7) by Hp,.

Corollary 2.4.6 (Isotonic regression with equal sub-block sizes). Consider the setting of
Proposition 2.4.3. In the special case where

If|=---=|I} | for each k€ {1,..., K}, (2.31)

the common low o limit has the following explicit expression.:

K K myg 1
S, =35t
k=1 k=1 j=1

See the examples to follow (as well as Section 2.7.2) for further discussion about how
the statistical dimension of §, 1¥,... 15, | behaves in general, when the special condition (2.31)
o TE,

does not hold.
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In Table 2.1, we demonstrate how to apply this theorem to various cases of 6*. In the
“partition of 8*” column, we use square brackets to partition the components of 8* into K
blocks according to the constant pieces p; < - -+ < pg of llgn(6%), and then within the kth
group use parentheses to further partition the components into my; sub-blocks each with
cOmMmon mean fiy.

0* s (6%) partition of 6* my,..., MK Zszl H
(0,0,0,0,0,0) (0,0,0,0,0,0) [(O),( ) (0), ( ) (0), (0)] 6 Hg =2.45
(1,-1,1,-1,1,-1) (0,0,0,0,0,0) (1, — ( 1), (1, -1)] 3 Hy = 1.83
(5,3,1, 1, -3, —5) (0,0,0,0,0,0) ((5,3,1, 1, -3, -5)] 1 Hi=1
(-1,-1,-1,-1,2,2) (=1,-1,-1,-1,2,2) [(-1),(— 1) ( D, (=1, [(2), (2)] 4,2 Hy + Hy = 3.583
0,-2,1,-3,2,2)  (-1,-1,-1,-1,2,2)  [(0,~2), (1, —3)],[(2), (2)] 2,2 Hy+Hy=3
(0,0,-2,-2,3,1)  (~1,-1,-1,-1,2,2) [(0,0,—2,—2)],[(3,1)] 1,1 H +H, =2

Table 2.1: Examples of how to compute the limit in Proposition 2.4.3 in the special case (2.31).

We now discuss in detail what Proposition 2.4.3 states for certain cases of 6*.

L. In the well-specified case where 6* € S", we have 07 = py for all j € Jp and
k e {1,..., K}, so the finest partition of each J is the partition into singleton sets.
Then my, = |Ji| for each k, and moreover |1 Jk | =1 for all valid k£ and j. Thus, Propo-
sition 2.4.3 implies that both low ¢ limits are

K |Jk|

Z Hin =303,
k=1 j= l
This is precisely the upper bound (2.7) for the monotone cone as computed by Bellec

[10, Prop. 3.1], so we recover the low o limit (2.4). Computations for the well-specified
examples 0* = (0,0,0,0,0,0) and 6* = (—1,—1,—1,—1,2,2) appear in Table 2.1.

Now, consider the misspecified problem Y ~ N(6*, 021I,) with 6* ¢ 8", and compare
the statement of Proposition 2.4.3 With the corresponding statemetn for the well-
specified problem Y ~ N (IIsx(6*),0?I). In both cases, the partition of {1,...,n} into
(Ji,...,JK) is the same. However, we showed above that in the well- spec1ﬁed problem,
the sub-partition of each Jj consists of singletons, whereas for the misspecified problem
we may get nontrivial partitions (If,..., I’ ). Noting the inclusion S\f{“\’-~-,lfi“nk| C Sl
for each k and comparing (2.29) for the two cases yields

K
PRICT ) g 5(5‘Jk‘),
k=1

which shows that in general the misspecified low ¢ limit is smaller than the correspond-
ing well-specified limit.
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2. Suppose 6* is nonincreasing and nonconstant i.e., * € (=8™) \ §™. Then Ilg.(0*) is
constant (see [73] for various properties of Ilgn), so K = 1 and p; = £ 3" 67, We
also claim m; = 1. Indeed, if m; > 1 then there exists some j < n such that u =

IS 0y =L 5" . 07 However, the fact that 0% is nonincreasing and nonconstant
J i=1"1 n—j i=j+1 71 )

implies % 5:1 0r > n%] Z?:j 4107, a contradiction. Thus, Proposition 2.4.3 implies
that both low o limits are 1. (In fact, by combining the above argument with the proof
of Proposition 2.4.3, we have shown that the intersection Ts» (ITgn (6*))N(0* —T1gn (6%))*
is simply the subspace of constant sequences.) On the other hand, since Ilgn(6*)
is constant, the low ¢ limit in the well-specified setting Y ~ N(IIs.(0*),0%1,) is

Z;L=1 % = log n, which is much larger.

The logarithmic term appears here in the well-specified case due to the well-known
spiking effect of isotonic regression (documented, for example, by Pal [71], Wu et al.
93], Zhang [97]). Indeed, the isotonic estimator is inconsistent near the end points
which leads to the logarithm term in the risk. However, in the misspecified case when
0* is nonincreasing and nonconstant, a combination of the proof of Theorem 2.3.1
(in particular Lemma 2.3.5) with the fact that T (Ilsn(6%)) N (6* — Ilsn (6*))~ is the
subspace of all constant sequences implies é(Y) is a constant sequence with proba-
bility increasing to 1 as o | 0, in which case the constant value must be the sample
mean Y = %Z?:lYi. Alternatively, one can rephrase the geometric argument in
Lemma 2.3.5 more simply in this example; when o is small, Y is near #* and thus is
also nondecreasing with high probability, in which case é(Y) is constant, due to the
properties of the projection IIs». Hence, in this situation the estimator does not suffer
from any spiking at the endpoints, and consequently there are no logarithmic terms in
the risk in the misspecified case in the low sigma limit.

Computations for the specific example when 6* = (5,3,1,—1, -3, —5) appear in Ta-
ble 2.1.

3. In the first half of Table 2.1 we consider three choices for 8* that project to Ilgn(6*) =
(0,0,0,0,0,0). Here K = 1 and the sub-block sizes |I{|, ..., |}, | are equal in each case
(namely, the common block size is 1, 2, and 6 respectively), so we are in the special
case (2.31). Thus, the limit is > 7", 1 where m; is the number of sub-blocks. We see
that for the misspecified #* the low o limits are smaller.

One can heuristically interpret Theorem 2.3.1 for the example 6* = Ql, -1,1,-1,1,-1)
as follows. With probability increasing to 1 as o | 0, the estimator 6(Y") is nondecreas-
ing and piecewise constant on three equally sized blocks, so the low ¢ limit is the same
as if we were estimating (0,0, 0) in S3.

4. Similarly in the second half of Table 2.1 we consider three 8* that project to IIgn(6*) =
(=1,—1,—1,-1,2,2). Here K = 2 but, since the low ¢ limit decomposes, we can
simply consider each constant piece separately. Again, we see that the more sub-
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blocks ]ij , the higher the statistical dimension, with the well-specified case having the
most sub-blocks (all singletons).

5. The concrete examples we have considered so far have been in the special case (2.31).
In a few other cases we can still provide the low ¢ limit. (See also Section 2.7.2 for
further discussion.)

a) If K =1 and m; =2, then the low o limit is 5(S|111|,\I21\>' By Lemma 2.4.5, this is
the same as the statistical dimension of the half space {u € R? : u;/\/|1] <

ua/+/|12|}, which is 1.5. However, when m; > 2, it is difficult to compute
5(5"[11‘,“.‘%10 unless we are in the special case |I{| =--- = |I}, |.

b) In some other extreme cases we can get an approximation. For example, if

0 = (0,1,...,1,~1,...,-1,0),
—_—— N ———
(n-2)/2  (n—2)/2
then Ilsn(6*) = (0,...,0), so the low o limit is 0(S;—21). Lemma 2.4.5 shows
that this is the same as the statistical dimension of {u € R? : uy < uy/v/n —2 <
uz}. As m — oo tends to this set tends to {u € R® : u; < 0 < uz} which has

statistical dimension 1 + % + % = 2. Thus 0(S1,-21) — 2 as n — oo. We used
simulations to verify that the low ¢ limit is indeed near 2 even for n = 20.

2.5 Further discussion

2.5.1 Generalizing Theorem 2.3.1 to the non-polyhedral case

Note that Theorem 2.3.1 requires the condition (2.15) i.e., that C is locally a polyhedron
near Il¢(6*). Here we comment on the situation when C is non-polyhedral. Although non-
polyhedral convex sets can be approximated by polyhedra, the low ¢ limit magnifies the
local geometry of the set and ignores the goodness of such an approximation. As a stark
counterexample, consider any closed convex C C R? with nonempty interior, and let Z ~
N(0,1,,). For any polygon in R? Theorem 2.3.1 implies that the low o limits are either 0,
1/2, or 1 because in R? the intersection of a convex cone with a line intersecting the origin
is either the origin, a ray, or a line. Thus, for a sequence of polygons approximating C the
sequence of corresponding low ¢ limits need not even have a limit, never mind the matter of
two different sequences of polygonal approximations having a common limit. Therefore, the
low ¢ limit for general C cannot be found using a polyhedral approximation.

In order to understand how the low o limits behave for general C, we consider the following
specific example. Let C := {# € R" : ||#]] < 1} be the unit ball so that Il¢(z) = oI
Also let 6* == (r,0,...,0) for some r > 1 so that II(6*) = (1,0,...,0). By rotational
symmetry of C, the case of any general 6* ¢ C can be reduced to this case.
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In the corresponding well-specified case Y ~ N (Il¢(6*),021,)), the result (2.4) of Oymak
and Hassibi [70] implies that the normalized misspecified risk (2.5) and the normalized excess
risk (2.6) are equal in the low o limit with common value

0(Te(lle(67))) =n —

Y

DO | —

since the tangent cone is the half space Te(Il¢(0*)) = {x € R™ : z; < 0}.
However, in the misspecified case, we observe some new phenomena that do not occur
for polyhedra.

Proposition 2.5.1 (Low noise limits for the ball). Let C := {0 € R™ : [|0[] < 1}, 6" ¢ C,
andY ~ N(0*,0%1,). For the estimator 0(Y) = I1¢(Y'), we have

1 n—1
lim —M 2.32
lim — M (0,07) = e (2.322)
1 n—1
lim —FE 9 0 2.32b
P00 = e 220)

The proof involves direct computation and appears in Section 2.8.

We now highlight some of the interesting behavior. In the polyhedral case, both limits
were equal; in the proof of Theorem 2.3.1 (in particular Lemma 2.3.5) we showed that with
probability increasing to 1 (in the low o limit), ¥ would be projected onto the hyperplane
(0% — Tl (6%))*, producing the orthogonality required for the Pythagorean inequality (2.12)
to become an equality. In the general case, the Pythagorean inequality is not tight, and we
explicitly see from this example that even in the low noise limit the the excess risk can be
strictly larger than the misspecified risk.

Note that in contrast to the corresponding well-specified case Y ~ N (Il¢(0*), 0%1,,) which
has limit n — 3, the misspecified limits e |12 and h both tend to n—1 as ||#*]| | 1, so there
is a “jump” 1n the limits between the misspecified and well-specified setting. This is also
a feature of Theorem 2.3.1 when the polyhedron C has nonempty interior, as we discussed
earlier (see Lemma 2.3.4).

This example shows that Theorem 2.3.1 does not hold for nonpolyhedral constraint sets
C, as the two normalized risks are not equal in this particular example of the unit ball, and
moreover neither limit equals

O(Te(Te(67)) N (0" — Te(07)) ") = 6({u : (u,07) <0} N (07)7) =6((6")") =n— 1.

The intuition for Theorem 2.3.1 is that, in the polyhedral case, the projections of Y largely
end up in some face of the polyhedron C, which can be approximated by a lower-dimensional
cone, for which the statistical dimension is well defined. When C is not polyhedral, the
generalization of this “face” is hard to conceptualize and is likely not well approximated
by a cone, so a statistical dimension can not be even applied. Indeed, for general C such
as the ball, tangent cones are extremely poor approximations for the set. Contrary to this
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drawback, the result (2.4) of Oymak and Hassibi [70] shows that tangent cones are good
enough for the well-specified setting. However for the misspecified setting, we expect that
any general result for the low ¢ limits does not involve a statistical dimension of some cone,
since the surface of C is the essential object of interest and cannot be approximated by some
cone except in special settings like the polyhedral case.

As mentioned already, Theorem 2.3.1 shows that in the misspecified setting, the upper
bound (2.7), which holds for all o, is not tight in the low ¢ limit. One might ask whether
a better upper bound for all o can be achieved, but Figure 2.2 shows that for some values
of o the risks can be close to the upper bound, represented by the solid horizontal line. We
observed this behavior in other examples (see also Figure 2.3): the risks can be close to the
upper bound for some moderate values of o, and then converge to the strictly smaller low o
limit. Replacing the upper bound (2.7), which is constant in o, with a o-dependent upper
bound would be an interesting result, but it would have to be extremely dependent on the
geometry of the set C. In the following sections we further discuss the normalized risks as a
function of o.

Norm. Misspec. Risk and Excess Risk, Norm. Misspec. Risk and Excess Risk, Norm. Misspec. Risk and Excess Risk,
eps=0.010 eps=0.100 eps=1.000

25 25 25
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Figure 2.2: Empirical estimates of the normalized misspecified risk (e) and normalized excess
risk (A) plotted against log;y(o), for the ball C = {# € R™ : ||f|| < 1} in the case n = 3 with
0* = (1 +¢0,0) and € € {0.01,0.1,1}. The solid horizontal line represents the upper bound
§(Te(Me(0*))) = n — 2 = 2.5 guaranteed by (2.7). The dotted lines and dashed lines are the

2

predicted low o limits ﬁ and T{—jri respectively. The dash-dot line is the high o limit 0.
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2.5.2 High noise limit

Although not interesting in its own right, the high noise limit of the normalized risks can
help characterize the maximum risk as we discuss in the following section. Proofs for this
section appear in Section 2.9.

For a closed convex set C we define the core cone

Ke =) Tc(0). (2.33)
oeC

Recall the notation for the re-centered set F¢(6y) = {6—60, : 0 € C} where 6 € C. For a vector
v € R we let Ryv = {au: a > 0}. We have the following equivalent characterizations of
the core cone.

Lemma 2.5.2 (Characterizations of the core cone). Let C C R™ be a closed convex set. For
any 6y € C,
i i Fe(0
Kc © {v:Ryv C Fe(by) W ﬂ M.

g
>0

Additionally, the inclusion Ke C Te(0) holds for any 0 € C. If furthermore Fe(60y) is a cone,
then the equality Ko = Te(6) holds if and only if 6y — (0 — 0y) € C; in particular, taking
0 = 0y shows that K¢ = Te(6y) = Fe(6y).

Thus, up to a translation, the core cone can either be viewed as the result of shrinking C
radially toward 6y € C, or as the largest cone centered at ¢ € C that is contained in C. An
interesting point is that 6, € C can be chosen arbitrarily.

Furthermore, in case when C is a cone, the core cone K¢ is this cone C, and we can char-
acterize which tangent cones are the “smallest” in the sense that they equal the intersection
(2.33) of all tangent cones.

The following result shows that under a boundedness condition, the core cone character-
izes both high o limits.

Proposition 2.5.3 (High noise limit). Let C be a closed convexr set. Let 6% € R™ and
Y = 0* + 0 Z where Z is a zero mean random vector with E||Z||* < oo. If the condition

Sup (Mg e o0y (2) I = [Tk () [|?) < oc. (2.34)

holds, then
1 A 1
lim —M(0,6%) = lim —2E(9,9*) = 0(Ke).

o—00 O oc—00 O

The main hurdle in applying Proposition 2.5.3 is verifying the condition (2.34). The
following result covers two cases where it is easy to verify the condition.

Corollary 2.5.4 (Orthant and bounded sets). Let 6* € R" and Y ~ N(0*,0%I,).
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o IfC =R is the nonnegative orthant, then the high o limits are 6(RY) = n/2.

e Let C be a closed convex set. Ko = {0} if and only if C is bounded, in which case both
high o limits are 0.

Figure 2.2 and Figure 2.3 illustrate the result of this corollary.

Verifying (2.34) for more general C is more difficult. We believe it might hold for polyhe-
dral cones with any 6%, in which case Proposition 2.5.3 would imply that the high ¢ limits
are §(C). An interesting feature of the examples presented thus far is that the high o limits
(including the veracity of (2.34)) do not depend on 6*.

Remark 2.5.5. More generally, suppose C is a general cone. By applying Lemma 2.5.2
with 6y = 0 and 0 = Tlc(6%), we observe that the core cone K¢ is C, and moreover C C
Te(Ile(6%)), with equality if and only if —1c(6%) € C. Thus, if the condition (2.34) holds,
then Proposition 2.5.3 implies the high o limits are §(C), and moreover Lemma 2.5.2 implies
that these limits equal Bellec’s upper bound (2.7), 6(Te(Ie(0%))), if and only if 0* satisfies
—Ile(0%) € C.

However, the condition (2.34) does not hold for all C. One can verify numerically that
the epigraph C := {u € R? : uy > u?}, whose core cone is K¢ = {(0, uz) : us > 0}, does not
satisfy (2.34). Simulations also show that the high o limits are larger than 6(K¢) = 1/2. In
general, it is unclear exactly when the core cone does or does not characterize the high o
limits.

2.5.3 Maximum normalized risk

Our low and high ¢ limit results Theorem 2.3.1 and Proposition 2.5.3 provides an incomplete
characterization of the maximum normalized risks (2.10). As mentioned already in (2.7),
d(Te(Ie(0*))) is an upper bound for both suprema.

In the well-specified case #* € C, both suprema reduce to the usual normalized risk
o~2R(0, 6*); moreover the upper bound becomes 6(T¢(#*)), and is attained as o | 0 by the
result (2.4) of Oymak and Hassibi [70].

However, in the misspecified case we have shown in Theorem 2.3.1 that in general the
low ¢ limit does not attain the upper bound (2.7). Moreover, simulations show that in some
cases even the suprema do not attain the upper bound; see Figure 2.2 and Figure 2.3. We
see that for some cases the suprema are close to the upper bound, but for others it is much
smaller.

Of course, if one can show that either the low o limit or the high ¢ limit is equal to
the upper bound 6(7¢(Il¢(6*))), then we know the upper bound is attained either as o | 0
or 0 — oo respectively. However, in the settings of Theorem 2.3.1 and Proposition 2.5.3,
this seldom happens. As discussed already, if C is polyhedral with nonempty interior, then
the low o limit is strictly smaller than the upper bound. If Proposition 2.5.3 applies, then
Ke = MNpec Te(0) € Te(e(6%)) shows that the high o limit is typically strictly smaller than
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Figure 2.3: Empirical estimates of the normalized misspecified risk (o) and normalized excess risk
(a) plotted against logo(c), for the orthant C := R and 6* = (1,1, —¢) with e € {0.01,0.1,1}.
The solid horizontal line represents the upper bound §(T¢(Ile(6*))) = n — 3 guaranteed by (2.7).
The dashed line is the common low ¢ limit n — 1 (see Corollary 2.4.1). The dash-dot line is the
high o limit 6(R") = 3/2.

~—

the upper bound; for the special case where C is a cone, see Remark 2.5.5 for a necessary
and sufficient condition for the high ¢ limit to equal the upper bound.

Thus in most cases the suprema are attained at some moderate values of o, but it is
difficult to provide a characterization of these maximizing values o, as well as the value of
the suprema and whether they are close to the upper bound or not. The plots suggest that
as 0* gets closer to C, the suprema get closer to the upper bound as well.

2.6 Proofs of lemmas in Section 2.3

The next lemma is a technical device for representing the largest face of a polyhedral cone
that lies in a particular hyperplane. It is useful for proving Lemma 2.3.3 and Lemma 2.3.5.

Lemma 2.6.1 (Largest face in hyperplane). Let K = {u : Au < 0} C R" be a polyhedral
cone, where A € R™*™ has distinct rows. For each y € R", consider the subsets J C
{1,...,m} satisfying
{u: Ayu=0} C (y—Tg(y)" (2.35)
We let J, denote the smallest such subset.
This subset J, characterizes a face of K in the following way.

KNy —e(y)t ={u: Aju=0, Ajeu < 0}, (2.36)
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Proof. The optimality condition for a projection onto a cone (2.14) implies (y—IIx(y),u) <0
for all u € K. If K contains both « and —u, then this implies u € (y — Ix(y))*. Thus for
J = {1,...,m}, (2.35) holds because {u : Ayu = 0} C K. This shows the existence of
subsets J that satisfy (2.35).

Next, note that if J and J’ both satisfy (2.35), then J N J" does as well, because

{u:Ajnpu=0} ={u+v:Amu=Apw=0}C (y—Hc(y))*.

So, letting J, be the intersection of all J satisfying (2.35) yields the unique subset of minimal
size.

The 2 inclusion in (2.36) follows immediately from {u : A; u =0} C (y —IIx(y))*. For
the other inclusion, suppose v € K N (y — Hx(y))*. Then Av < 0, so it remains to verify
Ay =0. That is, if J C {1,...,m} denotes the indices j for which (a;,v) = 0, we want to
show J, C J; furthermore, this reduces to showing J satisfies (2.35), by minimality of .J,,.

Any wu satisfying Ayu = 0 can be rewritten as u = v + w for some w also satisfying
Aj;w = 0. There exists some ¢ > 0 such that both v + cw and v — cw are in K because all
the linear constraints outside of J are strict inequalities at v. Then, the optimality condition
for the projection onto a cone, yields (v + cw,y — Ix(y)) < 0 and (v — cw,y — lx(y)) <O0.
Since v € (y — Ik (y))*, this yields w € (y — Ix(y))* and thus u € (y — Ik (y))*, which
verifies that J satisfies (2.35). O

Proof of Lemma 2.3.2. By definition there exist an integer m, matrix A € R™*" and vector
b € R™ such that C = {u € R": Au < b}. Fix 6* € R" and let 0y = I1¢(0*). We will show

Tc(e()) = {U . AJU S 0},

where J = {j : (a;,6p) = b;}. Then T¢(6y) is a polyhedral cone.

If u € Te(6p) then for some r* > 0 we have y+ru € C. Thus, by > Aj(Og+ru) = byj+rAju
which implies Aju < 0.

Conversely, suppose u satisfies Ayu < 0. Choose 7* > 0 so that r{a;,u) < b; — (a;,6p)
for all j ¢ J. This is possible because b; > (a;,6y) for each j ¢ J. Then 6y + r*u € C so
u € TC(QO)

Finally, we need to prove the second part of the locally polyhedral condition (2.15),
which will follow if we show T¢(6p) N B« (0) C Fe(6g) for some r» > 0. If u € T(6p) then
Aju < 0 = by; — Aj0,, so it suffices to find some r such that Ajeu < bje — Ayl for any
u € B,«(0). For each j ¢ J, we have (a;,fy) < b; so there exists some r* > 0 such that all
0 € B,-(6y) satisty (a;,0) < b, for all j ¢ J. Taking u = 6 — 6 concludes the proof. O

Proof of Lemma 2.3.3. Let T = {u+1lc(6*) : u € T¢(Ilc(6%))}. Using the locally polyhedral
condition (2.15) and continuity [49] of Iz and Il7, we have I1-(0*) = I1¢(0*) (e.g., see the
verification of (2.24)), and thus translating yields Iz, .+ (6% — He(6%)) = 0. Applying
Lemma 2.6.1 with K = T¢(Il¢(60*)), y = 0* —11¢(6*), and I (y) = 0 concludes the proof. [
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Proof of Lemma 2.3.4. Fix 0, € C. For any 6* ¢ C such that II¢(6*) = 6, Lemma 2.3.2
implies the locally polyhedral condition (2.15) holds, and thus Lemma 2.3.3 establishes that
Te(Te(6%)) N (6% — Te(0%))* is a face of the tangent cone T¢(6p).

Since the tangent cone has finitely many faces, the supremum is actually a maximum over
the statistical dimensions of finitely many such lower-dimensional faces. Thus it remains to
show

O(Te(Ue(67)) N (0" — Tl (67))7) < 6(Te ()
for each 6* ¢ C such that Il (0*) = 6.

The set (0* —Tlc(6*))* is a hyperplane (not all of R") because 0* ¢ C. Using the fact that
the tangent cone T¢(6p) has nonempty interior (because it contains the translation F¢(6p)
of C), we see that the intersection T¢(Ile(6*)) N (0* — [ (6*))* is a face that that lies in a
strictly lower-dimensional subspace of R™, and is therefore strictly smaller than the full cone
Te(6p). Thus, we just need to show 6(7") < 6(T) for any polyhedral cone T" with nonempty
interior in R™, and any face 7" of T' that lies in a strictly lower-dimensional subspace of R".

For a point x € R" and a set S C R" let d(z, S) := infpegs||z — 0]]. Note that the Moreau
decomposition for cones [3, Sec. B| implies ||l (z)|| = d(z, K°) for any x € R” and any cone
IC, where K° := {u € R" : (u,0) <0,V € K} denotes the polar cone of K. Since T° C (T")°,
we have

d(z, (T")°) < d(z,T°), Vo € R™.
Thus, if we show the random vector Z has nonzero probability of being in the set
A={z eR" :d(x,(T")°) < d(x,T°)} ={z € R : |y (2)|| < D ()|},
then we immediately have the desired strict inequality
T =Ed(Z,(T")°) < Ed(Z,T°) = 6(T).

To prove the above claim that P(Z € A) > 0, we show below that the interior of 7" is
contained in A; then our assumption on Z will conclude the proof.

Let z be in the interior of 7. Then x € T\ T". Moreover, if we let U be the smallest
linear subspace of R” containing 7", then = ¢ U as well. Note the the Pythagorean theorem
implies

T () * = |l * = [T (2)[* + [|lo = Ty (2)I* > || T (2)]|*. (2.37)
We also have

[y (x) = argmin||6 — :1:||2 = argm/in{”@ — 1_[U($)||2 + [Ty (x) — 93||2} = Il (Il (2)),

0eT’ 0eT

so combining this with the above inequality (2.37) and the optimality condition (2.14) for
the projection of Iy (x) onto the cone 7", we have

[ () |* = [T (T () |* = [y (2) | = [T () — e (T () | < [T ()12 < [Tz (2)]1%,

and thus z € A. O
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Proof of Lemma 2.3.5. The lemma holds immediately if 6* € T, so we assume 6* ¢ T.

By translating, we may without loss of generality assume I1(6*) = 0 so that the cone is
centered at 0 and can be written as 7 = {u : Au < 0} for some number of constraints m
and some matrix A € R™*". The objective then reduces to

I+ (y) € (0%)*, for all y € B,.(67).

For any y € R" let J, C {1,...,m} be as defined in Lemma 2.6.1 for our polyhedral cone
T; it characterizes the largest face of T that lies in (§*)*. We claim there exists r > 0 such
that
{u:A;u=0}C(0°)", Vye B (7). (2.38)
If not, then there exists a sequence of points y, ¢ T converging to 6* such that {u: A Ty U=
0} € (6*)* for all k. Since there are finitely many distinct subsets J,,, we may take a
subsequence and without loss of generality assume it is common subset J = J,, for all k,
and {u: Ayu =0} € (0*)*. By the definition (2.35) of J,,, any u satisfying Ayu = 0 also
satisfies (yx — II7(yx),w) = 0. By continuity of Il and taking k& — oo, we have (6*,u) =0
as well, a contradiction.
Finally, since the optimality condition (2.11) for II7 implies (II7(y),y — 7 (y)) = 0 for
any y € R", (2.36) implies II7(y) € {u : Aj,u = 0}. Combining this with (2.38) concludes
the proof. O

2.7 Proofs for Section 2.4.2 (isotonic regression)

2.7.1 Proofs of block monotone cone lemmas

Proof of Lemma 2.4.4. The first claim follows from decomposing the squared FEuclidean dis-
tance into blocks.

m
min  ||v — z||* = min ZZ(%
UES‘[“ zeS™

AAAAA [Im | ]:1 ’LEI]

= min 3> (@ — 2, + (31, — i)

j=1 i€l;
ISP BUREREETN Sl
Jj=1i€l; j=1
Let Z and Z’ be standard Gaussian in R" and R™ respectively. If |[;| = --- = |L,| =7,

then the first claim implies

—_

5(S\Il|

,,,,, [T |

M

(2)IP ©rEsn (2 /v/P)|? 2 ElTLsn (2] = 6(S™) :Z—
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where (i) is due to Z'/\/r < (Z1,,...,7Z;,), and (ii) is due to I¢(cz) = clle(x) for a cone
C and ¢ > 0 (e.g., [10, Sec. 1.6]). The statistical dimension of §™ is proved by Amelunxen
et al. [3, Sec. D.4]. O

Proof of Lemma 2.4.5. We use two useful properties of the statistical dimension of any cone
C [3, Prop. 3.1].

e Rotational invariance: for any orthogonal transformation @), we have 6(QC) = §(C).
e Invariance under embedding: §(C x {0}*) = 6(C).

Thus it suffices to provide an orthogonal transformation () such that QS
bedding of the cone (2.30) into R™.

Let e; denote the ith standard basis vector in R™. Let the last element of each block be
denoted k; := max I; for 1 < j < m, with ky = 0 for convenience. The block monotone cone

I,,| 18 an em-

.....

Si1|....\1.,| is defined by the following constraints for u € R".
<€i — €i+1, U> S 0, 1€ {]{1, ceey km} (239&)
<ei—ei+1,u>:0, 26{1,,n—1}\{k1,,km} (239b)

Let us focus on an arbitrary block I;. Consider the |[;| x |I;| matrix

Because A; is full rank, the QR decomposition implies there exists an |I;] x |I;| orthogonal
matrix Qj such that Rj = ijlj is upper triangular with positive diagonal entries, and this
decomposition is unique.

The block diagonal matrix ¢ with blocks Q1,....,Qm isan n x n orthogonal matrix.
Let A and R also be block diagonal, each constructed similarly using the flj and the _fij
respectively, so that U = QA. We consider Q8|y,|...,1,.,]- We use the fact that if v = Qu then
(byu) <0 <= (Qb,v) < 0 to rewrite the constraints (2.39a) and (2.39b). The following
hold for each j =1,...,m.

e Note that the ith column of A is a; = ¢; — ;41 when k;_; <7 < k;. For these 7, the
equality constraints (2.39b) after the transformation become 0 = (Q(e; — €;41),v) =
(r;,v) where r; is the ith column of R. Since R; is upper triangular with nonzero
diagonal entries (because flj is full rank), induction on i = k;_1 +1,...,k; — 1 implies

U,‘:O, kj—l <’i<k§j.
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e When j < m, we have e, = ay and ey, 41 = ag; + ap,41 + -+ + ax;,, Thus for j <m
the inequality constraint (e, — ex;+1,u) < 0 becomes

02> <Q(6kj - ekj+1)7v> = <rk5j T Tkl T Thi+2 = 0 T Thypas U> = <Tk3j - Tkj+17?j>’

where the last equality is due to (r;,v) = 0 for k; < i < kj;1, by the previous point.
Since R; and Rj;,; are each upper triangular, the inequality reduces to ry, v, <
Thjp1,kj1Vk; 41, Where 745 denotes the kth diagonal entry of R. Lemma 2.7.1 (proved

below) computes these diagonal elements and yields

Uk o Uk _
VI VIl

Therefore we have shown that Sy, .1, consists of all vectors satisfying

Uk < Uks <...<_Ukm
VILT ™ VBT T VIl

We have thus verified the claim that QS),),... |1, is an embedding of (2.30) into R™.
When the blocks all have equal size r, the cone (2.30) becomes the monotone cone 8™,
whose statistical dimension is 37", % [3, Sec. D.4]. O

and v; =0,Vi € {1,....,n} \ {k1,... . kn}.

Lemma 2.7.1. Consider the n X n matriz

-1 1

There exists a unique orthogonal matrix () and a unique upper triangular matriz R with
positive diagonal entries such that A = QR. The bottom-right entry of R is 1, = 1/y/n.

Proof. Let g; be the ith column of (). The last column g, is orthogonal to the span of the first
n — 1 columns of A, so g, is either (1,...,1)/y/n or its negative. The positivity constraint
on the diagonal entries of R implies the former, and thus r,, , = (gn, €n) = 1//n. O

2.7.2 Statistical dimension of the block monotone cone in general

In Lemma 2.4.5 we provided an expression for the statistical dimension of the block monotone
cone Sip,|,...|1,,| When the block sizes were equal. In general, the statistical dimension can be
higher or lower than ZTZI % Consider the following examples for m = 3.
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Lemma 2.4.5 implies S,,_5 1 1 has the same statistical dimension as {v € R3: v /v/n—2<
vy < wv3}. Asn — oo this latter cone approaches {v € R? : 0 < vy < w3} which has statistical
dimension 1 + (% -2+ % . 1) = ZZL = 1.75, which is smaller than 2521% = % = 1.83.

On the other hand, S;,-21 has the same statistical dimension as {v € R3 : vy <
va/v/n—2 < w3}. As n — oo this latter cone approaches {v € R : v; < 0,v3 > 0}
which has statistical dimension 1 + % + % = 2, which is larger than 1.83.

We suspect that the approach used to prove the statistical dimension of 8™ [3, Sec. D.4],
which uses the theory of finite reflection groups, cannot be generalized for Sy, ... 1,.|, due to
the asymmetry of (2.30). However, using a result of Klivans and Swartz [55], it is possible
to show that the average statistical dimension among all block monotone cones with a given
[unordered] set of m block sizes is H,, [2, Prop. 6.6].

2.7.3 Proof of Proposition 2.4.3

When applying Theorem 2.3.1, it is useful to characterize S™ and its tangent cones using

conic generators. If T'C R" is a cone and there exist x1,...,2, € T such that
p
T = Zaixi cay > 0,V g,
i=1
then we call z1,...,z, the conic generators of T', and write
T = cone{zy,...,,}.

Lemma 2.7.2. Let 0 € R" and let C C R™ be closed and convex. If the tangent cone
Te(Ile(6%)) is generated by xy, ..., x, € R, i.e. Te(Ile(6%)) = cone{xy, ..., x,}, then

Te(Ie(67)) N (6* — T (0))* = cone({x1, ..., x,} N (6F — T (6))1).

Proof of Lemma 2.7.2. The inclusion D is immediate, so it remains to prove the inclusion C.
Note that the optimality condition (2.11) implies (6* —I1¢(0*), z) < 0 for any = € Te(I1e(6%)).
In particular, if v € Te(Ile(6*)) N (6* — Te(6*))*, then v can be written as the conical
combination v = Zi.’:l a;r; with a; > 0, and we have

0= (0" — e (0%),0) = Zaige* — e (6%), ;) .

J/

-~

<0

Thus, if a generator x; is not in the hyperplane (§* — I¢(6*))+, then a; = 0, so x; does not
contribute in the conical combination of v. Thus, v can be written as a conical combination
of generators in (6* — II¢(0%))*. O

We are now ready to prove Proposition 2.4.3.
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Proof of Proposition 2.4.3. By Theorem 2.3.1, it suffices to prove that the statistical dimen-

: K
sion term is ) ;_, 5(‘5‘”5"""'17]% )

For p > 1 let i i
-1 -1 —1
1 1 1
Mp — 1 . 1 c R(p—i—l)xp.
- 1 -

The rows of M, are the conic generators of S?.

Suppose first that IIs(6*) is constant, so that K = 1 and J; = {1,...,n}. Then
Isn(6*) = (1, pi1,--., 1) where pg = 3" 67 this follows directly by minimizing
Sor (0 — pp)? with respect to fiy.

The finest partition (If,..., 1 ) of J into blocks satisfying (2.28) can be constructed
greedily as follows. Begin populating I} with the elements of {1,...,n} in order, stopping as
soon as the mean of the elements of I} is 1. Then begin populating I3 with the remaining
elements in order, again stopping when the mean of the elements in I is ;. Continue in
this manner until the last element n is placed in a subset I, . The mean of the elements
of this last subset Irln1 is p1 as well, since the mean of all components of #* is py. Thus
this partition satisfies (2.28). To establish uniqueness, note that if some other partition of
Jy satisfies (2.28), then our partition (I{,...,I}, ) must be a refinement, due to the greedy
construction.

Because [1sn (6%) is constant, the tangent cone there is Tisn (I1sn (6%)) = S™ [10, Prop. 3.1],
which is generated by the rows of M,,. In order to use Lemma 2.7.2, we need to determine
which rows of M, are in the hyperplane (6* — Ils~(6*))*. We already know the mean of the
components of 0* — I1gn (6%) is zero, so the first two rows are in the hyperplane.

We claim that exactly m; —1 of the remaining n— 1 rows of M,, also lie in the hyperplane.
Explicitly, if (I},..., I}, ) is without loss of generality assumed to be sorted in increasing
order, then the remaining rows of M, that lie in the hyperplane are the indicator vectors for

my
Uzn. 2<u<m. (2.40)
j=u

No other rows of M,, can be in the hyperplane, else there would exist a finer partition of .J;.
So, Lemma 2.7.2 implies Tisn(IIsn(0%)) N (0* — [ga(0*))* is the cone generated by

(—1,...,—1), (1,...,1), and the indicator vectors of the subsets (2.40), otherwise known
as the cone of nondecreasing vectors that are piecewise constant on the blocks I7, ..., ]nl,”.

Its statistical dimension is denoted by §(§ oo |1 ). This concludes the proof in the case
RARRS ) ml
when TTgn (6*) is constant.
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We now turn to the general case where I1gn(6%) is piecewise constant with values p; <
- < pg on Ji, ..., Jg respectively. We claim

[ = le Z 0;. (2.41)

i€ Jy

Since 8" is a cone, the projection satisfies (0* — I1gs»(0*), x) < 0 for all z € 8", with equality
if © = I¢(0*) (e.g., [10, Sec. 1.6]). Letting z1,..., 2,1 be the conic generators of S™ (the
rows of M,), we have Il¢(6*) = 3" a;x; for some coefficients a; > 0. Then,

n+1
0 - <6* - HSn( HC 6* Z Oél HSn ), .ri>,

J

~~

<0

which implies (0* — [Isn(0*), z;) = 0 if a; > 0. Consequently, if IIs»(6*) changes value from
component j — 1 to j, then > 7 [0 — (Ilsn(6*));] = 0. Thus (2.41) holds.
By Proposition 3.1 of [10], the tangent cone is

TSn(HSn(e*)) - STL1 X e X SnK’
which is generated by the rows of the block diagonal matrix
M,
A=
M,

nKg

To find which rows of A are in the hyperplane (6* — Ils.(6*))%, we can treat each block
M, separately and repeat the above argument. Doing so shows that Tisn(ILsn (6%)) N (6% —

ITsn (6%))* is the cone of vectors that are piecewise constant on (I,... 1) ..., I{, ... IE )

and are increasing within each of the blocks (Ji, ..., k). The statistical dimension of this
. K

cone is 0 0S5, ) 0

2.8 Proof of Proposition 2.5.1

Let r == ||#*||. By rotating the problem, we may without loss of generality assume 6* =
(r,0,...,0).

Let E = {Y € B _1),2(6*)}. Then we have £ C {Y ¢ C}, so under the event E we have
0(Y)=Y/|Y|. Noting |Y|> = |6* + 0 Z||*> = r*> + 2077, + ¢2|| Z||?, we have

2
L * 1 r+oZ n Zi2
—100Y) = Tie(07)]” = ?( ! _ 1) n iz

V2 + 20171 + 02| Z|2 r2 + 2017y + 02| Z||*
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The second term converges to r2> " , Z as o | 0. We show the first term vanishes as
o | 0. Defining g(o) = ||0* + 0 Z||, we have

o) = /12 + 2017, + 02||Z|2

17+ o|Z))?
g(o) = 9(0)
§'(0) = 1ZI1° (rZi + ol Z|I*)g' (o)
g(o) g(0)?

Moreover we have g(0) = r, ¢'(0) = Z;, and ¢"(0) = (||Z]|> — Z%)/r. Then by L’Hopital’s
rule,

1 7’+UZl
lim — -1
olo o\ \/r2 + 2017 + 02| Z|?
7“+UZ1—9(U)_hm Z—4g(o)  Zi— 7,

= = = 0.
W og(0) 0 (o) +ogle)  r+0

Note 1z — 1 almost surely as o | 0. Thus, 0= 2[|0(Y) — e (8*)||*1z — 72321, Z? almost
surely. By the upper bound (2.7) we may use the dominated convergence theorem to get

lim B, [Hé( ) — T (6"))| 14 - ZEZQ

al0 o2

To conclude the proof of the first limit (2.32a), note that

1
lim Ee* [
l0 o2

6(Y) = Tle(6") 1| =0,

which holds by the argument used in the proof of Theorem 2.3.1 (e.g., see the second term
n (2.19)).

A similar proof holds for the second limit (2.32b). Let E and g(o) be the same as before.
Then

= (180r) = 0712 = e (0") - 071
:i< r+oZ —r>2 S, 22 B (r—1)2

_|_
NIRRT VAR r2 + 2017y + 02| Z|? o’

(r+aZ1 _T)2_(r_1)2

g(o)

1

o2

2 2

r2+20rZy + 02| Z||*

+
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Again, the second term tends to 2% ", Z? as o | 0. To handle the first term we use
L’Hopital’s rule again. Let

h(o) = d ;_(Z)Zl —r
N B (r+o02y)d (o)
R
(o) = _ Z1g'(0) +2(7"+UZ1)9 (0)°  Zig'(o) + (r+021)g"(0)

g(o)? g(o)? 9(0)?

Recalling the limits ¢g(0) = r, ¢’(0) = Z;, and ¢"(0) = (|| Z||*> — Z%)/r, we have h(c) —
—(r—1), W(o) — 0, and

-z +2er 2P -z Zzi 21
72 73 72 o 72 :

h//(o) —

Then, L’Hopital’s rule allows us to compute the limit of the first term.

i MO 2D — lim (1 (o) + h(o)1 () =

al0 o2 a0 o a0 r

o1
lim —
cl0 O

(r=1UZI° = 20)

2

Combining terms yields

(r=DUZIP = Z0) + > 28 2 ZF

72 r

1 2 * * *
S (1607) =72 = e(6) = 0°)12) 15 —

so again by dominated convergence with the upper bound (2.7), we have

1 n—1

SB[ (100) = 7|2 = |e(6) - 6°[1*) 15| —

To conclude the proof of (2.32b), note that

L e [(100r) - 0 — (o) - 0°)2) 1] 0,

which was proved in the proof of Theorem 2.3.1 (see (2.25)).

2.9 Proofs for Section 2.5.2

The following lemma shows that the left-hand side of (2.34) is nonnegative.
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Lemma 2.9.1. For any 6y € C,

T 60) (@) I1* > [Tk ().

Proof of Lemma 2.9.1. Because K¢ is a cone, we have (z,Ilx.(z)) = [[Ix.(x) Since
K¢ C Fe(by), the optimality condition for Iz, g, (x) implies (x — g, (gy)(2), i (2)) <0
and thus

7.

MTxce () 1" < (M (00 (%), e () < 1T pe00) (2) [Tk () .
Thus [[TLg. g, ()] = [k, ()] and My, = 0. B

Proof of Lemma 2.5.2. We first prove the equalities (i) and (ii).

(i) Let v € {u : Ryu C Fe(by)} and let § € C. For any ¢ > 0 we have 6y + cv € C,
and convexity implies 6 + a(fy + cv — 0) € C for all a € [0,1]. For large ¢ we have
160 + cv — 0| > 1 and thus 6 + % € C. Taking ¢ — oo and using the fact that C
is closed yields 6 + 7 € C and thus v € Te(0). Since 0 was arbitrary, we have v € K.

Conversely, suppose v € K¢. Let ¢* :=sup{c > 0: 6y + cv € C}. The supremum is over
a nonempty set because v € T¢(y). Suppose for sake of contradiction that ¢* < co.
Since C is closed, 6y + ¢*v € C. Thus v € T¢(6p + ¢*v) which implies 0y + (¢* + a)v € C
for some o > 0, contradicting the definition of ¢*. Thus ¢* = oo and 6y + cv € C for all
c > 0.

(ii) Both sides can be expressed as the set of v € R" satisfying 0y + ov € C for all o > 0.

We now prove the second part of the lemma. The definition (2.33) implies K¢ C T¢(0)
for any 6 € C.

Now, assume F¢(6p) is a cone. If the reverse inclusion T¢(0) C Fe(6) holds, then 0y — 0 €
Te(0) = Fe(0) so 6y — (0 — 6y) € C. Conversely, suppose 6y — (6 — 6y) € C. If v € Te(6),
then 0 + cv € C for some ¢ > 0. By convexity, 6y + cv/2 € C, so v € Fg(6p). Thus
Te(0) C Fe(0). O

Proof of Proposition 2.5.3. We use Y instead of 8* +o0Z throughout the proof, but note that
Y depends on o.

Without loss of generality we can translate the problem so that II¢(6*) = 0.

In view of (2.13), we may use the dominated convergence theorem on o 2||Ilo(Y) —

e (67)]1%, so

lim —EHHc( ) — e (67)])?

o—00 0‘2

=E lim —||Hc( ) — I (6%))) dom. conv. with E||Z||?

o—00 0

— ; _ 2
=E lim UQHHc(Y)H

(i)
= B[k (Z)|]* = 0(Ke),
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where we verify the equality (i) below.
Similarly, (2.13) allows us to use the dominated convergence theorem again for the excess

risk.

lim — (B[Te(Y) - 0°|2 — [Te(6") — 0" ]2

o—0o0 O
=E lim —(HHC(Y) — 0" = |16*1) dom. conv. with E||Z||?
—E}gngo—(!\ﬂd )? = 2(Te(Y), 0%))
(47)
= B[k, (2)]* = 6(Ke).
It remains to verify (i) and (ii).

(i)

1
eI = (2]

1
< [T ()” = [Maee (V1P|

1
[0 = M2

< % + | [Tk (6 /o + Z)|1> = Tk (2)?| Lemma 2.9.1; K¢ is a cone

=30, x> |[T g, (z)|* is continuous

(ii) We already showed ||IIc(Y)||?/0? — |[Ik.(Z)]|?, so it suffices to show the cross term
vanishes. Indeed, we have ||II¢(Y)||/o — ||k, (Z)]], so

1 % 1 || O—00
5 |(Te(Y),07)] < —|[Te(Y)||[16°] = 0.
o o

O

Proof of Corollary 2.5.4. We begin with the first claim. Since C = R is a cone, we have
K¢ = R} Provided we verify (2.34), the result follows from Proposition 2.5.3. Let 6 =
[I¢(6%) and fix x € R™. Then some casework yields

IMTre o (2)1” = M ()] = Zmax{%— i Zmax{xz,O}Q < 292 101 =: c.

We now turn to the second claim. If C is bounded, then by Lemma 2.5.2, K¢ = {u :
Riu C Fe(0o)} = {0} for any 6, € C.
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Conversely, suppose C is unbounded and fix 6y € C. Let
U, ={ve S :0y+cv¢C for some c € (0,7)}.

This set is open: if (v,) is a sequence in US converging to v, then the fact that C is closed
implies 0y + rv,, € C for all n, and consequently 6y 4+ rv € C and finally v € Uf.

If |J,~o U is an open cover of the compact set Sn=1 then S" ! C U, for some r > 0,
which implies C C B,(f), a contradiction. Thus, some direction v € S"~! does not lie in
U,~0Ur, i.e., 0+ cv € C for all ¢ > 0. This implies cv € K¢ for all ¢ > 0.

We now apply Proposition 2.5.3. If C is bounded, then so is F¢(Ilz(6*)). Choosing ¢
large enough so that F¢(Il¢(6*)) lies in the ball of radius ¢ suffices to satisfy (2.34). Then
Proposition 2.5.3 implies that the high ¢ limits are §(K¢) = 0. O
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Chapter 3

Multivariate extensions of isotonic
regression and total variation
denoising via entire monotonicity and
Hardy-Krause variation

3.1 Introduction

Consider the problem of nonparametric regression where the goal is to estimate an unknown
regression function f* : [0,1]¢ — R (d > 1) from noisy observations at fixed design points
X1,...,X%, € [0,1]%. Specifically, we observe responses v, ...,%, drawn according to the

model 3
v = (%) + &, where & 1'3'51'./\/’(0,02) fori=1,...,n, (3.1)

0% > 0 is unknown, and the purpose is to nonparametrically estimate f* known to belong
to a prespecified function class. In the univariate (d = 1) case, two such important function
classes are: (i) the class of monotone nondecreasing functions in which case f* is usually
estimated by the isotonic least squares estimator (LSE) (see e.g., Robertson et al. [73],
Groeneboom and Jongbloed [41], Barlow et al. [7], Brunk [13], Ayer et al. [5]); and (ii) the
class of functions whose total variation is bounded by a specific constant in which case it
is natural to estimate f* by total variation denoising (see e.g., Rudin et al. [74], Mammen
and van de Geer [60], Chambolle et al. [16], Condat [24]). Both these estimators—isotonic
regression and total variation denoising—have a long history and are very well-studied. For
example, it is known that both these estimators produce piecewise constant fits and have
finite sample risk (under the squared error loss) bounded from above by a constant multiple
of n=2/3 (see e.g., Meyer and Woodroofe [63], Zhang [97], Mammen and van de Geer [60]).
Moreover, it is well-known that both these estimators are especially useful in fitting piecewise
constant functions where their risk is almost parametric (at most 1/n up to logarithmic
factors); see e.g., Guntuboyina and Sen [45], Dalalyan et al. [26], and Guntuboyina et al.
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[44] and the references therein.

In this chapter, we try to answer the following question: “What is a natural general-
ization of univariate isotonic regression and univariate total variation denoising to multiple
dimensions?” To answer this question we introduce and study two (constrained) LSEs for
estimating f* : [0,1]% — R where d > 1. We show that both these LSEs yield rectangular
piecewise constant fits and have finite sample risk that is bounded from above by n=?/3 (mod-
ulo logarithmic factors depending on d), thereby avoiding the curse of dimensionality to some
extent. Further, we study the characterization and computation of these two estimators: the
LSEs are obtained as solutions to convex optimization problems—in fact, quadratic programs
with linear constraints—and are thus easily computable. Moreover, as in the case d = 1,
we illustrate that these LSEs are particularly useful in fitting rectangular piecewise constant
functions and can have almost parametric risk (up to logarithmic factors). These results are
directly analogous to the univariate results mentioned in the previous paragraph and thus
justify our claim that our proposed estimators are natural multivariate generalizations of
univariate isotonic regression and univariate total variation denoising.

Our first estimator is the LSE over Fg, the class of entirely monotone functions on
[0, 1]%:

~ R )
fem € argmin — ) ~(y; — f(x,))*. (3.2)
rergy Vi
The class Fg,, of entirely monotone functions is formally defined in Section 3.2. Entire
monotonicity is an existing generalization in multivariate analysis of the univariate notion
of monotonicity (see e.g., [1, 56, 95, 51]). Indeed, in the univariate case when d = 1, the
class Fi, is precisely the class of nondecreasing functions on [0, 1] and thus, for d = 1, the

estimator (3.2) reduces to the usual isotonic LSE. For d = 2, the class F#,; consists of all
functions f : [0,1]?> — R which satisfy both f(a1,as) < f(by,bs) and

f(b1,02) — flay, b2) — f(by,a2) + f(ai, a2) > 0, (3.3)

for every 0 < a; < by <1 and 0 < ay < by < 1. The formal definition of ng for general
d > 1 is given in Section 3.2. We remark that in general, entire monotonicity is different
from the usual notion of monotonicity in classical multivariate isotonic regression [73]; see
Lemma 3.2.2 for a connection between these two notions. We also remark that Fd,, is closed
under translation and nonnegative scaling; that is, if f € Fdy,, then af +b € Fg, for
any a > 0 and b € R. Additionally, the collection of right-continuous functions in Fg,
is precisely the collection of cumulative distribution functions of nonnegative measures on
0,1]% (see Lemma 3.2.3).

Our terminology of entire monotonicity is taken from Young and Young [95]. As a
word of caution, we note that some authors (e.g., Aistleitner and Dick [1]) use the term
“completely monotone” in place of “entirely monotone.” We use the latter terminology
because “completely monotone” has been used in the literature for other notions (see e.g., [92,
37, 35]) which are unrelated to our definition of entire monotonicity. Entire monotonicity
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has also been referred by other names in the literature (for example, it has been referred to
as “quasi-monotone” in Hobson [51]).

The second main estimator that we study in this chapter involves Viko(-), the variation in
the sense of Hardy and Krause (anchored at 0), which we shorten to Hardy-Krause variation
or HKO wariation. The HKO variation of a univariate function f : [0,1] — R is simply the
total variation of the function, i.e.,

k—

Viko(f) = Sup Z|f($i+1) — [(z3)], (3.4)

O=zro<x1< <=1 i—0

where the supremum is over all £ > 1 and all partitions 0 = zg < 1 < -+ < 2 = 1 of
[0,1]. Thus HKO variation is a generalization of one-dimensional total variation to multiple
dimensions. For d = 2, HKO variation is defined in the following way: for f : [0,1]> — R,

VHKO(f) = VHK()(ZL‘ — f(.l’, 0)) + VHK()(ZL‘ — f((), ZL‘))

Z n @ 1 (2
+ sup ‘f($l1+17 x12+l) - f(‘rll ’ xl2+1)
0<l <k1,0<la<ks (3.5)

1 2 1 2
_f(xl(lll’xl(g)) + f(xl(l)’xl(g))

where the first two terms in the right hand side above are defined via the univariate definition
(3.4) and the supremum in the third term above is over all pairs of partitions 0 = xél) <

xgl) << x,(:l) =1land 0= xéQ) < x?) << ZL‘](;) = 1 of [0,1]. Note that a special role
is played in the first two terms of the right hand side of (3.5) by the point (0,0) and this is

the reason for the phrase “anchored at 0”. For smooth functions f : [0,1]? — R, it can be

shown that
1 ) 1
dzdz, —|—/ M' dxy +/
0 0

Viko(f) = /01 /01 9z,

and, from the first term in the right hand side above, it is clear that the HKO variation
is related to the L' norm of the mixed derivative. The definition of HKO variation for
general d > 1 is given in Section 3.2. HKO variation is quite different from the usual
definition of multivariate total variation (see e.g., Ziemer [99, Chapter 5]) as explained briefly
in Section 3.2.

Functions that are piecewise constant on axis-aligned rectangular pieces (see Defini-
tion 3.2.5) have finite HKO variation as explained in Section 3.2. More generally, the col-
lection of right-continuous functions of finite HKO variation is precisely the same as the
collection of cumulative distribution functions of finite signed measures (see Lemma 3.2.8).
An example of a function with infinite HKO variation is the indicator function of an open
d-dimensional ball contained in [0, 1]¢ (see [69, Sec. 12]).

0% f
8I182L’2

20,

8x2
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Our second estimator is the constrained LSE over functions with HKO variation bounded
by some tuning parameter V > 0:

n

fHKoy € argmin 1 Z(% — f(x:))2 (3.6)

fViko(f)<V T i=1

This estimator is a generalization of total variation denoising to d > 2 because in the
case d = 1, HKO variation coincides with total variation and, thus, the above estimator
performs univariate total variation denoising, sometimes also called trend filtering of first
order [74, 60, 16, 24, 54, 81]. This generalization is different from the usual multivariate total
variation denoising as in Rudin et al. [74] (see Section 3.5 for more discussion on how ]/C;IKO,V
is different from the multivariate total variation regularized estimator). It is also possible to
define the HKO variation estimator in the following penalized form:

friko € argj{nin% {Z(yz — f(x))* + /\VHKO(f)} (3.7)

=1

for a tuning parameter A > 0. In this chapter, we shall focus on the constrained form in
(3.6) although analogues of our results for the penalized estimator (3.7) can also be proved.

Before proceeding further, let us note that entire monotonicity is related to HKO variation
in much the same way as univariate monotonicity is related to univariate total variation.
Indeed, for functions in one variable, the following two properties are well-known:

1. Every function f : [0,1] — R of bounded variation can be written as the difference of
two monotone functions f = f, — f_ and the total variation of f equals the sum of
the variations of f, and f_.

2. If f:]0,1] — R is nondecreasing, then its total variation on [0, 1] is simply f(1)— f(0).

These two facts generalize almost verbatim to entire monotonicity and HKO variation (see
Lemma 3.2.7). Thus, in some sense, entire monotonicity is to Hardy-Krause variation as
monotonicity is to total variation.

Although the terminology of “entire monotonicity” does not seem to have been used
previously in the statistics literature, entirely monotone functions are closely related to cu-
mulative distribution functions of nonnegative measures which appear routinely in statistics.
HKO variation has appeared previously in statistics in the literature on quasi-Monte Carlo
(see e.g., [69, 46]) as well as in the power analysis of certain sequential detection problems
(see e.g., [72]). Additionally Benkeser and Van Der Laan [11] (see also [84, 83, 86, 85]) consid-
ered the class {f : Vako(f) < V'} in their “highly adaptive LASSO” estimator and exploited
its connections to the LASSO in a setting that is different from our classical nonparametric
regression framework. They also used the terminology of “sectional variation norm” to refer
to the Hardy-Krause variation (see also [38, Section 2]). An estimator very similar to (3.6)
was proposed by Mammen and van de Geer [60] for d = 2 when the design points take values
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in a uniformly spaced grid (this estimator of [60] is described in Section 3.3.1). Also, Lin
[58] proposed an estimator in the context of the Gaussian white noise model that bears some
similarities to (3.6) (this connection is detailed in Section 2.5).

The goal of this chapter is to analyze the properties of the estimators (3.2) and (3.6). Here
is a description of our main results. Section 3.3 concerns the computation of these estimators.
Note that, as stated, the optimization problems defining our estimators (3.2) and (3.6) are
convex (albeit infinite-dimensional). We show that, given arbitrary data (x1,v1), ..., (Xn, Yn),
the two estimators (3.2) and (3.6) can be computed by solving a nonnegative least squares
(NNLS) problem and a LASSO problem respectively, with a suitable design matrix that only
depends on the design-points Xi,...,X,. It is interesting to note that the design matrices
in the two finite-dimensional problems for computing (3.2) and (3.6) are exactly the same.
Our main results in this section (Proposition 3.3.1 and Proposition 3.3.3) imply that ﬁgM
and fHKO,V can be taken to be of the form

p P
fem = Z(ﬁEM)j I, 1) and  fakoyv = Z(BHKO,V)]’ NI (3.8)

j=1 j=1
for some z,,...,z, that only depend on the design points xi,...,x, and vectors BEM and

BHKO’V in R? which are obtained by solving the NNLS problem (3.28) and the LASSO
problem (3.30) respectively. Here I}, 1 denotes the indicator of the rectangle [z;, 1] (deﬁned
via (3 16)). Because NNLS and LASSO typically lead to sparse solutions, the vectors ﬁEM
and BHKO v will be sparse which clearly implies that fEM and fHKo v as given above (3.8) will
be piecewise constant on axis-aligned rectangles. Therefore our estimators give rectangular
piecewise constant fits to data and this generalizes the fact that univariate isotonic regression
and total variation denoising yield piecewise constant fits. In the case when the design points
X1,...,X, form an equally spaced lattice in [0,1]? (see the definition (3.34) for the precise
formulation of this assumption), the points z,...,z, can simply be taken to be x;,...,x,
and, in this case, more explicit expressions can be given for the estimators (see Section 3.3.1
for details). It should be noted that the lattice design is quite commonly used for theoretical
studies in multidimensional nonparametric function estimation (see e.g., [64]) especially in
connection with image analysis (see e.g., [16, 25]).

We also investigate the accuracy properties of fEM and fHKO v via the study of their risk
behavior under the standard fixed design squared error loss function. Specifically, we define
the risk of an estimator f by

RS =BLG.£) whae £ =23 (T - PP 39

We prove results on the risk of J?EM and fHKO,V in the case of the aforementioned lattice
design. In this setting, our main results are described below.
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We analyze the risk of fEM under the (well-specified) assumption that f* € F&,,. We
prove in Theorem 3.4.1 that, for n > 1,

~ c(d,o,V* 2d-1
R(Forr. ) < LTV ogien))

(3.10)

where

and C(d,o,V*) depends only on d, o and V* (see statement of Theorem 3.4.1 for the explicit
form of C'(d, o, V*)). Note that the dimension d appears in (3.10) only through the logarith-
mic term which means that we obtain “dimension independent rates” ignoring logarithmic
factors. Some intuition for why the constraint of entire monotononicity is able to mitigate
the usual curse of dimensionality is provided in Section 3.5. Other nonparametric estima-
tors exhibiting such dimension independent rates can be found in [8, 58, 22, 65, 76, 89]. In
Theorem 3.4.3, we prove a minimax lower bound which implies that the dependence on d
through the logarithmic term in (3.10) cannot be avoided for any estimator.

We also prove in Theorem 3.4.5 that R(ﬁ;M, f*) is smaller than the bound given by
(3.10) when f* € Fg\, is rectangular piecewise constant. Loosely speaking, we say that
f:[0,1]¢ — R is rectangular piecewise constant if it is constant on each set in a partition
of [0,1]¢ into axis-aligned rectangles and the smallest cardinality of such a partition shall be
denoted by k(f) (see Definition 3.2.5 for the precise definitions). In Theorem 3.4.5, we prove
that whenever f* € Fg; is rectangular piecewise constant, we have

R(Fore: 1) < Cao?™ 8 (10 em)) ¥ (105 log em))) (311)
for a positive constant Cy which only depends on d. Note that when k(f*) is not too large,
the right hand side of (3.11) converges to zero as n — oo at a faster rate compared to the
right hand side of (3.10). Thus rectangular piecewise constant functions which also satisfy
the constraint of entire monotonicity are estimated at nearly the parametric rate (ignoring
the logarithmic factor) by the LSE Fout.

Let us now describe our results for the other estimator fHKOy. In Theorem 3.4.6 we
prove that when Viko(f*) < V' (note that V' is the tuning parameter in the definition of
fko,v), then

R(fAHKO,V, )< %(bg(en))%l. (3.12)

Note that the right sides of the bounds (3.12) and (3.10) are the same and thus the esti-
mator fukoey also achieves dimension independent rates (ignoring logarithmic factors) (see
Section 3.5 for an explanation of this phenomenon). We also prove a minimax lower bound

in Theorem 3.4.9 which implies that the dependence on d in the logarithmic term in (3.12)
cannot be completely removed for any estimator.
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In univariate total variation denoising, it is known that one obtains faster rates than
given by the bound (3.12) when f* : [0,1] — R is piecewise constant with not too many
pieces. Indeed if f* is piecewise constant for d = 1 with k(f*) pieces, then it has been proved

that L
R(J?HKO,V,f*) < C’(c)a2£ log(en) (3.13)

n

provided V' = Viko(f*) and f* satisfies a minimum length condition in that each constant
piece has length at least ¢/k(f*) (the multiplicative term C(c) in (3.13) only depends on this
¢ appearing in the minimum length condition). A proof of this result can be found in [44,
Corollary 2.3] and, for other similar results, see [57, 26, 66, 98]. In light of this univariate
result, it is plausible to expect a bound similar to (3.11) for ]/C\HKO,V when f* is an axis-aligned
rectangular piecewise constant function provided that the tuning parameter V is taken to
be equal to Viko(f*) and provided that f* satisfies a minimum length condition. We prove
such a result for a class of simple rectangular piecewise constant functions f* : [0,1]9 — R
of the form

() = arlle 1 (1) + ao (3.14)

for some aj,ap € R and x* € [0,1]? (here I stands for the indicator function). Tt is easy
to see that (3.14) represents a rectangular piecewise constant function with k(f*) < 2¢. In
Theorem 3.4.10, we prove that when f* is of the above form (3.14), then

2 2d—1

R(fioy. ) < Cle,d) = (og(en))  (og(e log(en))) ™ (3.15)

provided the tuning parameter V equals Viko(f*) and x* € [0, 1] satisfies a minimum size
condition (3.50). This latter condition, which is analogous to the minimum length condition
in the univariate case, involves a positive constant ¢ and the constant C'(c,d) appearing in
(3.15) only depends on ¢ and the dimension d. In the specific case when d = 2, the minimum
length condition (3.50) can be weakened, as discussed in Section A.1.

We are unable to prove versions of (3.15) for more general rectangular piecewise constant
functions. However, some results in that direction have been proved in a very recent paper
by Ortelli and van de Geer [66]. Their results are of a different flavor as they work with a
similar but different estimator and a smaller loss function. Their proof techniques are also
completely different from ours.

The rest of the chapter is organized as follows. The notions of entire monotonicity and
Hardy-Krause variation are formally defined for arbitrary d > 1 in Section 3.2 where we
also collect some of their relevant properties. In Section 3.3, we discuss the computational
aspects for solving the optimization problems in (3.2) and (3.6). The risk results for frum
are given in Section 3.4.1 while the risk bounds for ﬁ{Ko,V are in Section 3.4.2. We discuss
the connections of our contributions with other related work in Section 3.5. The proofs
for our risk results are given in Section A.3 while the proofs of the results in Section 3.2
and Section 3.3 are given in Section A.4.Additional technical results used in the proofs of
Section A.3 are proved in Section A.5.The section also contains another risk bound for fuko.v
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(Section A.1), as well a section for simulations (Section A.2) that contains some examples
and depictions of the two estimators, including an application to estimation in the bivariate
current status model.

3.2 Entire monotonicity and Hardy-Krause variation

The aim of this section is to provide formal definitions of entire monotonicity and HKO
variation for the convenience of the reader. We roughly follow the notation of Aistleitner
and Dick [1] and Owen [69].

Let us first introduce some basic notation that will be used throughout the chapter. We
let 0 = (0,...,0) and 1 = (1,...,1). Given an integer m, we take [m] := {1,...,m}. For
two points a = (ay,...,a4) and b = (by, ..., by) € [0,1]¢, we write

a<b ifand onlyif a; <b; forevery j=1,...,d

and
a=b ifandonlyif a; <b;forevery j=1,...,d.

When a < b, we write

[a,b] = {x:a<x=<b} = H[aj, bil, (3.16)
[a,b) = {x:a=<x<b}:= H[aj,bj).

Note that [a, b] is a closed axis-aligned rectangle and it has nonempty interior when a < b.
Given a function f : [0,1]% — R and two distinct points a = (ai,...,aq),b =
(b1, ..., bg) € [0,1]¢ with a < b, we define the quasi-volume A(f;[a,b]) by

Z Z 1) f(by + gy (ag —by), ..o bg + Ga(ag — ba)), (3.17)
Jj1=0 Ja=0
where J; = I[{a; # b;} for each i. For example, when d = 2, it is easy to see that A(f;[a,b])
equals
f(b1,b2) — f(b1,a2) — f(a1,b2) + f(ar,az) ifa<b
f(b1,b9) — f(b1,a2) if a; = by and ay < by (3.18)
f(b1,b2) — fa1,b) if ag = by and ay < by.

We are now ready to define entire monotonicity.

Definition 3.2.1 (Entire monotonicity). We say that a function f : [0,1]¢ — R is entirely

monotone if
A(f;[a,b]) >0  for every a # b € [0,1]* with a < b. (3.19)
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In words, for a entirely monotone function f, every quasi-volume A(f;[a, b]) is nonneg-
ative. The class of such functions will be denoted by Fg;. By (3.18), note that entire
monotonicity is equivalent to (3.3) for d = 2.

A more common generalization of monotonicity to multiple dimensions is the class Fg
consisting of all functions f : [0, 1] — R satisfying

flai,...,aq) < f(by,..., ba), for0<a; <b; <1, i=1,...,d. (3.20)

As the following result shows (see Section A.4.1 for a proof), F,, is a strict subset of F
when d > 2 (e.g., when d = 2, functions in Fg,; need to additionally satisfy the second
constraint in (3.3)) and thus the estimator (3.2) is distinct from the LSE over Fg for d > 2.
This latter estimator is the classical multivariate isotonic regression estimator [73].

Lemma 3.2.2. When d = 1, entire monotonicity coincides with monotonicity, i.e., ‘FI}DM =
F. Ford > 2, we have Fiy C Fg.

It is well-known that entirely monotone functions are closely related to cumulative distri-
bution functions of nonnegative measures. The following result taken from Aistleitner and
Dick [1, Theorem 3] makes this connection precise.

Lemma 3.2.3 ([1, Theorem 3]). 1. For every nonnegative Borel measure v on [0,1]%, the
function f(x) :=v([0,x]) belongs to Fiy.

2. If f € F& is right-continuous, then there exists a unique nonnegative Borel measure

v on [0,1]¢ such that f(x) — f(0) = v([0,x]).

We shall now define the notion of HKO variation. The HKO variation is defined through
another variation called the Vitali variation. Let us first define the Vitali variation of a
function f : [0,1]? — R. To do so, we need some notation. By a partition of the univariate
interval [0, 1], we mean a set of points 0 = xg < 27 < --+ < 2 = 1 for some k > 1. Given d
such univariate partitions:

0=ay <o <. <2l =1, fors=1,...,d, (3.21)

we can define a collection P of subsets of [0, 1]¢ consisting of all sets of the form A; x -+ - x Ay

where for each 1 < s <d, A, = [ml(f), $z(szr1] for some 0 < I, < k, — 1. Note that each set in P
is an axis-aligned closed rectangle and the cardinality of P equals k... k;. The rectangles
in P are not disjoint but they form a split of [0,1]? in the sense of Owen [69, Definition 3]

and we shall refer to P as the split generated by the d univariate partitions (3.21).

Definition 3.2.4 (Vitali variation). The Vitali variation of a function f : [0,1]¢ — R is
defined as
VO (£:10,1)%) =sup > |A(f; A)] (3.22)
P aep
where A(f; A) is the quasi-volume defined in (3.17) and the supremum above is taken over
all splits P that are generated by d univariate partitions in the manner described above.
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The following observations about the Vitali variation will be useful for us. Note first
that when d = 1, Vitali variation is simply total variation (3.4) since the rectangles in this
case are intervals. The second fact is that when f is smooth (in the sense that the partial
derivatives appearing below exist and are continuous on [0, 1]¢), we have

V@ (f:[0, 1% ://

The third observation is that V@ (f:[0,1]?) can be written out explicitly when f is a rect-
angular piecewise constant function. In order to state this result, let us formally define the
notion of a rectangular piecewise constant function on [0, 1]d. Given d univariate partitions
as in (3.21), let P* denote the collection of all sets of the form A; x --- x Ay where for each

1 < s <d, Ay is either equal to [xl(s),xl(sll) for some 0 < I, < ky — 1 or the singleton {1}.

Note that, unlike P, the sets in P* are disjoint and hence P* forms a partition of [0, 1]¢. We
shall refer to P* as the partition generated by the d univariate partitions (3.21).

olf

Definition 3.2.5 (Rectangular piecewise constant function). We say that f : [0,1]¢ — R
is rectangular piecewise constant if there exists a partition P* generated by d univariate
partitions as described above such that f is constant on each set in P*. We use 53¢ to denote
the class of all rectangular piecewise constant functions on [0,1]¢. For f € R?, we define
k(f) as the smallest value of k; ...k, for which there exist d univariate partitions of lengths
k1, ..., kq such that f is constant on each of the sets in P* generated by these d univariate
partitions.

The following lemma (proved in Section A.4.2) provides a formula for the Vitali variation
of a rectangular piecewise constant function f on [0, 1]¢. Note that this lemma implies, in
particular, that the Vitali variation of every rectangular piecewise constant function is finite.

Lemma 3.2.6. Suppose f is rectangular piecewise constant on [0, 1]d with respect to a par-
tition P* generated by d univariate partitions and let P denote the split generated by these
univariate partitions. Then

VOf5[0,1%) = ST IA(f; A)l

AcP

Despite these interesting properties, the Vitali variation is not directly suitable for our
purposes because there exist many non-constant functions f on [0,1]¢ (such as f(z,y) := )
whose Vitali variation is zero. This weakness of the Vitali variation is well-known (see
e.g., Owen [69] or Aistleitner and Dick [1]) and motivates the following definition of the
HKO variation.

Given a nonempty subset of indices S C [d] = {1,...,d}, let

Us = {(u1,...,uq) €0,1]:u; =0,j ¢ S}. (3.24)
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Note that Us is a face of [0,1]? adjacent to 0. By ignoring the components not in S, the
restriction of the function f on [0, 1]¢ to the set Ug can be viewed as a function f : [0, 1]l —
R. The Vitali variation of f viewed as a function of [0, 1]'*! will be denoted by

VIR (£: 910,11 = VIS (£ 0, 1)),

The Hardy-Krause variation (anchored at 0) of f:[0,1]¢ — R is defined by

Vio(f;[0,1]%) == Y VUD(f£:8;00,1]%). (3.25)

o£5C[d]

That is, the HKO variation is the sum of the Vitali variations of f restricted to each face of
[0,1]¢ adjacent to 0. Note the special role played by the point 0 in this definition and this
is the reason for the phrase “anchored at 0”. It is also common to anchor the HK variation
at 1 (see e.g., Aistleitner and Dick [1]) but we focus only on 0 as the anchor in this chapter.
Because of the addition of the lower-dimensional Vitali variations, it is clear that the HKO
variation equals zero only for constant functions and this property is the reason why the
HKO variation is usually preferred to the Vitali variation.

Let us now remark that the HKO variation is quite different from the usual notion of
multivariate total variation. Indeed, when f is smooth, the multivariate total variation of f
only involves the first order partial derivatives of f. On the other hand, as can be seen from
(3.23), the HKO variation is defined in terms of higher order mixed partial derivatives of f.

An important property of the HKO variation is that it is finite for rectangular piece-
wise constant functions. This is basically a consequence of Lemma 3.2.6 and the fact that
the restriction of a rectangular piecewise constant function to each set Ug in (3.24) is also
rectangular piecewise constant.

The following lemma formally establishes the connection between entire monotonicity
and HKO variation, as mentioned earlier in the Introduction.

Lemma 3.2.7. The following properties hold:

(i) If £ :[0,1]2 —> R has finite HKO variation, then there exist unique fy, f— € Fy such
that f1(0) = f-(0) =0 and

fx) = f(0) = fr(x) - f-(x), x€][0,1)°
and
Viko (/5 [0,1]%) = Vaiko(f+5 [0, 1]%) + Viixo(f—; [0, 1]%).
(i) If f € Fiy, then
Viko(f5[0,1]%) = £(1) — £(0).

The first fact in the above lemma is quite standard (see e.g., [1, Theorem 2]). We could
not find an exact reference for the second fact so we included a proof in Section A.4.3).
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Finally, let us mention that it is well-known that a result analogous to Lemma 3.2.3 holds
for the connection between functions with finite HKO variation and cumulative distribution
functions for signed measures. This result is stated next.

Lemma 3.2.8 ([1, Theorem 3]). 1. For every signed Borel measure v on [0, 1]¢, the func-
tion f(x) :=v([0,x]) has finite HKO variation.

2. If f has finite HKO variation and is right-continuous, then there exists a unique finite
signed Borel measure v on [0,1]% such that f(x) = v([0,x]).

3.3 Computational feasibility

The goal of this section is to describe procedures for computing the two estimators (3.2)
and (3.6). We shall specifically show that the estimators (3.2) and (3.6) can be computed by
solving a NNLS problem and a LASSO problem respectively, with a suitable design matrix
that is the same for both the problems and that depends only on xy,...,x,. This design
matrix will be the matrix A whose columns are the distinct elements of the finite set

Q= 0Oy, x, =1{v(z):z€[0,1]%} C{0,1}", (3.26)
where
V(2) = V%0 (2) = (I (x1), I ag(x%2), - -5 Ty (%)) (3.27)
We assume without loss of generality that the first column of Aisv(0) =1 = (1,...,1) € R™
Note that A has dimensions n x p where p = p(xy,...,x,) = |Q|. By definition, there exist
distinct points z1,...,z, € [0,1]% with z; = 0 such that the jth column of A is v(z;) for
each j.

Our first result below deals with problem (3.2). Given the design matrix A, we can define
the following NNLS problem

Bem € argmin  |ly — AS|? (3.28)
BERP:3,>0,7j>2

where y is the n x 1 vector consisting of the observations vyy,...,¥y, coming from model
(3.1). (3.28) is clearly a finite dimensional convex optimization problem (in fact, a quadratic
optimization problem with linear constraints). Its solution B, is not necessarily unique but

the vector A,@EM is the projection of the observation vector y onto the closed convex cone
{AB : minj>, §; > 0} and is thus unique. The next result (proved in Section A.4.6)shows

how to obtain a solution to problem (3.2) using any solution By of (3.28).

Proposition 3.3.1. One solution for the optimization problem (3.2) is

p

ﬁEM = Z(B\EM)] : H[zj,1]7 (3'29)

J=1

where Bgy = ((Bes, - - 5 (BEM)p) is any solution to (3.28).
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Thus, one way to compute the estimator (3.2) is to solve the NNLS problem (3.28) and
use the resulting coefficients in the above manner (3.29). It is interesting to note that the

solution (3.29) is a rectangular piecewise constant function and the quantity k( fey) (see Def-
inition 3.2.5) will be controlled by the sparsity of By The key to proving Proposition 3.3.1
is the following characterization of Fd,; (proved in Section A.4.5).

Proposition 3.3.2 (Discretization of entirely monotone functions). For every set of design
points Xy, ..., %, € [0,1]¢, we have

{AB:3; >0,V >2} ={(f(x1),..., f(xn)) : f € Fou}

Note that Proposition 3.3.2 immediately implies that for every minimizer fay of (3.2),
the vector (fem(X1),- .-, feM(Xn)) equals ABgy and is thus unique.

We now turn to problem (3.6). Given the matrix A and a tuning parameter V > 0, we
can define the following LASSO problem:

Buko,v € argmin ||y — AB|]%. (3.30)
BERP:Z ., |B5|<V

Again BHKO,V may not be unique but ABHKO’V is unique as it is the projection of y onto the
closed convex set

C(V) = {Aﬁ > 18] < V}. (3.31)
Jj=2
The next result (proved in Section A.4.8)shows how to obtain a solution to (3.6) using any

solution B\HKO’V of (3.30).

Proposition 3.3.3. One solution for the optimization problem (3.6) is

p

J/C\HKO,V = Z(B\HKO,V)J' ‘]I[zj,l], (3'32)

j=1
where BHKO,V = ((BHKO,V)l, ce (EHKO,V)p) is the solution to the LASSO problem (3.30).

Thus, one way to compute the estimator (3.6) is to solve the LASSO problem (3.30) and
use the resulting coefficients to construct the rectangular piecewise constant function (3.6).
Note the strong similarity between the two expressions (3.29) and (3.32). The following
result (proved in Section A.4.7)is the key ingredient in proving the above.

Proposition 3.3.4. For every set of design points x1,...,%, € [0,1]?, we have

C(V) = {(f(x1),. . f(xa)) : Vico(f5 0. 1)) < V.
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Proposition 3.3.4 immediately implies that for every minimizer fAHKOy of (3.6), the vector
(fuxo,v (X1), - -, fiko,v (Xn)) equals ABygey and is thus unique.

We have thus shown that the LSEs defined by (3.2) and (3.6) can be computed via NNLS
and LASSO estimators with respect to the design matrix A whose columns are the elements
of the finite set Q defined in (3.26). Once the design matrix A is formed, we can use existing
quadratic program solvers to solve the NNLS and LASSO problems. The key to forming A
is to enumerate the elements of Q and we address this issue now. We first state the following
result which provides a worst case upper bound on p = p(xy, ..., X,), the cardinality of Q.

Lemma 3.3.5. The cardinality of Q satisfies

d
p(x1s %) <) (n> (3.33)
=0 \/
for every xq,...,%x, € R

Lemma 3.3.5 is a consequence of the Vapnik-Chervonenkis lemma [88] and is proved in
Section A.4.9). Note that the upper bound (3.33) can be further bounded by (en/d)®.

We emphasize here that Lemma 3.3.5 gives a worst case upper bound for p(xi,...,x,)
(here worst case is in terms of the design configurations xi,...,x,). For specific
choices of xi,...,X,, the quantity p(xi,...,X,) can be much smaller than the right
hand side of (3.33). For example, if xj,...,X, are an enumeration of the grid
points {(iy/n'/4, ... ig/n'Y) sy, ig € {1,...,nY?}} (or form any other full grid) then
p(X1,...,%,) = n whereas the upper bound in (3.33) is of order n?. However, there exist
design configurations xi,...,X, where the upper bound can be tight. For instance, when
d =2, if xq,...,%, lie on the anti-diagonal (the line segment connecting (0,1) and (1,0)),
then p(xq,...,%X,) = @, so the upper bound @ + 1 in (3.33) is nearly tight for
p(X1,. .., Xp).

The task of enumerating Q in general can be simplified if we show that we only need
to check the value of I, 4 on the design points xi,...,x, for all z in some finite set S,
rather than all z € (0,1]? as in definition (3.26). Then we can list all |S| evaluation vectors
(and remove duplicates if necessary) to form A. The following two strategies can be used to
construct the set S:

1. Naive gridding. The simplest idea is to let .S be the smallest grid that contains the
design points Xy, ..., X,. That is, let S = Sy x--- x 3 where S; == {(x1);,...,(x,);} is
the set of unique jth component values among the design points. It is simple to check
that for any z € (0,1]¢, the value of I[;,1) on the design points is the same as I}, 1),
where z’ is the smallest element of S such that z < z'. In the worst case, |S;| = n for
each j, so we would need to check at most |S| = n¢ vectors.

2. Component-wise minimum. A better approach is to let

S = {min{x; :i € I}: 1 C[n],|I| <d},
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where “min” denotes component-wise minimum of vectors. That is, for each subset of
the design points of size < d, we take the component-wise minimum and include that
vector in S. To see why this definition of S suffices, consider any z € [0, 1]? and note
the I, 17 has the same values on the design points as I, 1], where z" = min{x; : i € J}
and J = {i : z < x;}. Furthermore, by the same reasoning as in our VC dimension
computation above, there must exist some subset I C J of size < d such that min{x; :
i € J} = min{x; : i € I}, which proves z’ € S. In the worst case, we would need to

check |S| = 3¢ (") vectors, which is the VC upper bound (3.33).

i=0\j

3.3.1 Special Case: the equally-spaced lattice design

The results stated so far in the section hold for every configuration of design points
X1,..., %, € [0,1]4. We now specialize to the setting where x;,...,x%, form an equally-
spaced lattice (precisely defined below). Our theoretical results described in the next section
work under this setting. Moreover, some of the estimators from the literature that are related
to fem and fukoy are defined only under the lattice design so a discussion of the form of
our estimators in this setting will make it easier for us to compare and contrast them with
existing estimators (this comparison is the subject of Section 3.5).

Given positive integers ni,...,ng with n = ny...ng, by a lattice design of dimensions

niy X --+ X ng, we mean that xi,...,x, form an enumeration of the points in
Lnl,...,nd = {(?:1/77/1, <o ;id/nd) : 0 S ij S nj — 17.] = 17 s >d} (334>
Note that, in this setting, the set Q (defined in (3.26)) can be enumerated by Q =
{v(x1),...,v(x5),0}. Without loss of generality, we may ignore the 0 element and as-
sume the columns of A are v(xi),...,v(x,) so that the 4,7 entry of A is given by
A(i, j) = Iy, 1y(x:) = [{x; < x;}. We also take x; := 0 (corresponding to i; = --- =iy = 0)

so that the first column of A is the vector of ones. Therefore in the lattice design setting, the
optimization problems (3.28) and (3.30) for computing the two estimators fpv and fuko,v
can be rewritten as

n n 2
BEM = argmin Z (yZ - Z I{x; < x,}ﬁj) (3.35)

BERP:BjZOanZ2 i=1 j=1

and

n n 2
B\HKO’V = argmin Z <yl — Z]I{Xj =< xi}ﬁ]) (3.36)

ﬂeRp5Z]‘22‘ﬁj‘§V i=1 j=1

respectively. It also turns out that, in the lattice design setting, the matrix A is square
and invertible (Lemma A.4.1). As a result, it is possible to write down the vectors

(j/TEM(Xl), . ,ﬁgM(xn)) and (fAHKO,V(Xl), ..., fuxov(x,)) as solutions to more explicit con-
strained quadratic optimization problems. This is the content of the next result which is
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proved in Section A.4.10. Here, it will be convenient to represent vectors in R" as tensors
indexed by i:= (i1,...,1q) € Z where

T= {i = (ir,...,ig) 1i; € {0,1,...,n; — 1} for every j = 1,...,d}. (3.37)
In other words, we write the components of a vector @ € R" by 6; for i = (iy,...,i4) € Z.
We will also denote the observation corresponding to the design point (i1/n4,...,74/n4) by
Yi = Yir,.ia
Lemma 3.3.6. Consider the setting of the lattice design of dimensions ny X - -+ X ng. For

each @ € R™, associate the “differenced” vector DO € R™ whose i entry is given by

1 1
> i =i 20, dg = ja = OH(=1) TG (3.38)

Jj1=0 Ja=0
for every i = (iy,...,iq) € Z. Then:

1. The vector (]/C;JM (11/m1, ... ig/ng) 1= (i1,...,1q) € I) is the solution to the opti-

mization problem

argmin {Z (s — 6;)% : (DO); > 0 for all i # 0} . (3.39)

i€l

2. The vector (ﬁmoy (t1/n1, ... ig/ng) 1= (i1,...,1q4) € I) is the solution to the opti-
mization problem

argmin {Z (g — 6:)*: ) (D6 < V} . (3.40)

i i£0

Remark 3.3.7 (The special case of d = 2). When d = 2, it is easy to see that the differenced
vector DO is given by

Oirio — Oiv—1,is — Oy ig—1 +0ii—1,i,—1 if 11 > 0,72 >0
0iro — 0i—10 if i1 >0,i =10
005, — 00,351 if iy = 0,00 > 0
Bo.0 ifiy = iy = 0.

(Dg>(i1,i2) =
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Using this, it is easy to see that (3.40) can be rewritten for d =2 as

ni—1ng—1
argmin { Z Z (Yiriy — Oirin)” (3.41)
11=0 i2=0

ni—1ns—1

E E 103160 — Oiy 1,60 — Oy in—1 + iy 1,651

i1=1 i2=1

ny—1 na—1
+ Z 1010 — 03, —1,0] + Z 00,5, — Oo,in—1] < V}

11=1 i9=1
and a similar formula can be written for (3.39) for d = 2.

As mentioned in the Introduction, an estimator similar to J/”\HK(W has been described by
Mammen and van de Geer [60] for d = 2 under the lattice design setting. Specifically, the
estimator of [60] for the vector (f*(i1/n1,i2/n2),0 < i3 <np — 1,0 < iy < ny — 1) is given
by the solution to the optimization problem:

argmin {Z (Yirig — Oirin) (3.42)

11,82

+ A\ E 03y — 015 — Oiyig—1 + 0151

i1,i2>1
A1) A1) 72 #(2)
29 S RIS oo
11>1 i2>1
. . R ~2)
where A; and Ap are positive tuning parameters, ¢;° := n_gzzg:o 0i i, and 6,
%ZZZOI 0i,.i,- This optimization problem is similar to (3.41) in that the first term in

the penalty is the same in both problems. However the remaining terms in the penalty
above are different from the terms in (3.41) although they are of the same spirit in that both
are penalizing lower dimensional variations. Moreover, our estimator (3.41) has one tuning
parameter (in the constrained form) and (3.42) has two tuning parameters in the penalized
form. It should also be noted that we defined our estimators for arbitrary design points
X1, ...,X, while Mammen and van de Geer [60] only considered the lattice design for d = 2.

3.4 Risk results

In this section, risk bounds for the estimators EM and fAHKOy are presented. We define risk
under the standard fixed design squared error loss function (see (3.9)). Throughout this
section, we assume that we are working with the lattice design of dimensions n; X --- X ng
withn =n; x---xngandn; >1forall j=1,...,d
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3.4.1 Risk results for ]?EM

In this subsection, we present bounds on the risk R(fAEM, f*) of ]%M under the well-specified
assumption where we assume that f* € Fg,,. The first result below (proved in Section A.3.2)
bounds the risk in terms of the HKO variation of f*. Note that from part (ii) of Lemma 3.2.7,

Viko(f*510,1]%) = f*(1) — f*(0) as f* € Fily.

Theorem 3.4.1. Let f* € F& and V* = Vaxo(f*;[0,1]9). For the lattice design (3.34),
the estimator fgy satisfies

2d—1

w12 (7 ()

2
2d—1

+ G (log(en)) # (log(elog(en))) ="

[SM[N)

where Cy is a constant that depends only on the dimension d.

Note that the bound (3.10) in the Introduction is the dominant first term of this
bound (3.43).

Remark 3.4.2 (Model misspecification). Theorem 3.4.1 is stated under the well-specified

assumption f* € Fiy. In the misspecified setting where f* ¢ Fi\;, our LSE fgy will not be

close to f*, but rather to
n

f € argmin > () = F1(x))°
fEFiM i1
so it is reasonable to consider R(ﬁ;M, f) rather than R(ﬁgM, f*). By the argument outlined
i Remark A.3.3, one can show that Z%(fEM,f) 1s upper bounded by the right hand side
of (3.43) after re-defining V* as Vixo(f; [0, 1]9).

As mentioned in the Introduction, when d = 1, the estimator jEM is simply the isotonic
LSE for which Zhang [97] proved that

Uzv*)g 2

R(ﬁ;M, 1< C( + C% log(en) (3.44)

for some constant C' > 0. It is interesting to note that our risk bound (3.43) for general
d > 2 has the same terms as the univariate bound (3.44) with additional logarithmic factors
which depend on d. It is natural to ask therefore if these additional logarithmic factors
are indeed necessary or merely artifacts of our analysis. The next result (a minimax lower
bound) shows that every estimator pays a logarithmic multiplicative price of logn for d = 2
and (logn)2(@=2/3 for d > 3 in the first n~%/3 term. We do not, unfortunately, know if the
(log n)3¥%(loglog n)?4=1/2 factor in the second term in (3.43) is necessary or artifactual,
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although we can prove that it can be removed by a modification of the estimator fAEM (see
Theorem 3.4.4 below).
The next result (proved in Section A.3.7) proves a lower bound for the minimax risk:

Mentov.a(n) = inf sup EpL(fo, ), (3.45)
In freFd Viko(f*)<V

where the expectation is with respect to model (3.1).

Theorem 3.4.3. Letd> 2,V >0, 0 >0 and let n; > csn'? for all j =1,...,d for some
cs € (0,1]. Then there exists a positive constant Cq depending only on d and cs, such that
the minimaz risk on the lattice design (3.34) satisfies

2(d—2)

Miont o va(n) > Cd<027V )3 (1og (V;/ﬁ» :

provided n is larger than a positive constant cqq2/v2 depending only on d, o?/V? and c,. In
the case d = 2, this bound can be tightened to

Men o va(n) > C((’Q—V) : log (V;/ﬁ) : (3.46)

n

Note that the assumption n; > csn'/¢ for all j is reasonable, since if, for instance,
Ngy1 = Ngao-++- = Ng = 1 then we simply have a d’-dimensional problem where d' < d,
which should have a smaller minimax risk.

As mentioned before, the above result shows that some dependence on dimension d in the
logarithmic term cannot be avoided for any estimator. Note also, that for d = 2, the minimax
lower bound (3.46) matches our upper bound in Theorem 3.4.1 implying minimaxity of frum
for d = 2. For d > 2, there remains a gap of logn between our minimax lower bound and
the upper bound in Theorem 3.4.1. This gap is due to a logarithmic gap between an upper
bound and lower bound given by Blei et al. [12, Theorem 1.1] for the metric entropy of
cumulative distribution functions of probability measures on [0,1]¢, a gap that essentially
reduces to improving estimates of a small ball probability of Brownian sheets (see discussion
in [12] for more detail and references).

As mentioned earlier, the logarithmic factor (logn)3%/2(loglogn)®??=1/2 appearing in the
second term of (3.43) can be removed by a modification of the estimator fEM This is shown
in the next result. For a tuning parameter V' > 0, let

n

~ ) 1
femy € argmin = (y; — f(x:))%
feFE i Vako(f)SV n i=1

Note that this differs from the original estimator (3.2) only by the introduction of the addi-
tional constraint Vike(f) < V.
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Theorem 3.4.4. Let f* € F and V* := Viako(f*;[0,1]%). Assume the lattice design (3.34).
If the tuning parameter V is such that V- > V*, then the estimator fpmyv satisfies

~ 2 5 2 2
R(femy, [*) < Cy <ﬂ> (log (2 + M)) + 0 (3.47)
n o n

Note that the second term in (3.47) is just 6%/n and smaller than the second term in
(3.43) but this comes at the cost of introducing a tuning parameter V' that needs to be at
least V™. R

We will now prove near-parametric rates for fgy when f* is rectangular piecewise con-
stant. To motivate these results, note first that when f* is constant on [0, 1]¢, we have V* = 0
and thus the bound given by (3.43) is 0?/n up to logarithmic factors. In the next result
(proved in Section A.3.3), we generalize this fact and show that ]?EM achieves nearly the
parametric rate for rectangular piecewise constant functions f* € Fg,,. Recall the definition
of the class 3% of all rectangular piecewise constant functions and the associated mapping

k(f), f € R?, from Definition 3.2.5.
Theorem 3.4.5. For every f*:[0,1]¢ — R, the LSE Fom satisfies

R{fon, f7) < inf {E(f, f+ Cdazw(log(en))?(log(elog(en)))wzl} :

T femdnFy,

Theorem 3.4.5 gives a sharp oracle inequality in the sense of [10] as it applies to every
function f* (even in the misspecified case when f* ¢ Fg,;) and the constant in front of the
first term inside the infimum equals 1. Even though the inequality holds for every f*, the
right hand side will be small only when f* is close to some function f in R? N Fd,,;. This
implies that when f* € RN Fg,,, we can take f = f* in the right hand side to obtain that
the risk of fmyv decays as a?k(f*)/n up to logarithmic factors. This rate will be faster than
the rate given by Theorem 3.4.1 provided k(f*) is not too large. Note that one can combine
the two bounds given by Theorem 3.4.1 and Theorem 3.4.5 by taking their minimum. In the
case d = 1, Theorem 3.4.5 reduces to the adaptive rates for isotonic regression [19, 10] but
with worse logarithmic factors.

We would also like to mention here that RN Fgy; is a smaller class compared to RN FY
(recall that F{ is defined via (3.20)). Risk results over the class R? N Fg for the LSE over
F¢ and other related estimators have been proved in Han et al. [47] and Deng and Zhang
28].

Before closing this subsection, let us briefly describe the main ideas underlying the proofs
of Theorems 3.4.1, 3.4.3, 3.4.4 and 3.4.5. For Theorem 3.4.1, we use standard results on the
accuracy of LSEs on closed convex sets which related the risk of fgy to covering numbers of
local balls of the form { feFL, LI, f)< tz} for t > 0 sufficiently small in the pseudo-
metric given by the square-root of the loss function £. We calculated the covering numbers
of these local balls by relating the functions in Fg,, to distribution functions of signed mea-
sures on [0, 1]% and using existing covering number results for distribution functions of signed
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measures from Blei et al. [12] and Gao [36]. The proof of Theorem 3.4.3 is also based on
covering number arguments as we use general minimax lower bounds from Yang and Barron
(94]. Finding lower bounds for the covering numbers under the pseudometric v/£ seems
somewhat involved and we used a multiscale construction from Blei et al. [12, Section 4] for
this purpose. The bound in Theorem 3.4.4 for EM,V is a quick consequence of the proof
of the risk bound for ]?HKO,V (Theorem 3.4.6) which is stated in the next subsection. For
Theorem 3.4.5, we used standard results relating R(ﬁ;M, f*) to a certain size-related mea-
sure (statistical dimension) of the tangent cone to fem at f*. When f* € Re (or when
f* is approximable by a function in %?), this tangent cone is decomposable into tangent
cones of certain lower-dimensional tangent cones. The statistical dimension of these lower-
dimensional tangent cones is then bounded via an application of Theorem 3.4.1 in the case

when V* = 0.

3.4.2 Risk results for ]?HKO,V

In this subsection, we present bounds on the risk R(fAHKO,V, f*) of the estimator fHKO,V. Note

that the estimator ]?HKO,V involves a tuning parameter V' and therefore these results will re-
quire some conditions on V. Our first result below assumes that V' > V* := Vigo(f*; [0, 1]9)

and gives the n~2/3 rate up to logarithmic factors. The proof of this result is given in Sec-
tion A.3.4.

Theorem 3.4.6. Assume the lattice design (3.34). If the tuning parameter V' is such that
V > V* = Viko(f*;[0,1]9), then the estimator fukoyv satisfies

2 2d—1
—~ 217\ 3 1% 3 2
R(fukov, f*) < Cd<07> (log <2 + f)) + (Jd%. (3.48)

Remark 3.4.7. As mentioned earlier, Mammen and van de Geer [60] (see also the very
recent paper Ortelli and van de Geer [67]) proposed the estimator (3.42) that is similar to

Juko,v.- Mammen and van de Geer [60] also proved a risk result for their estimator giving
the rate n~UF/(+2d) wyhich is strictly suboptimal compared to our rate in (3.48) for d > 2.
This suboptimality is likely due to the use of suboptimal covering number bounds in [60].

Remark 3.4.8 (Model misspecification). Theorem 3.4.6 is stated under the well-specified
assumption Viko(f*;[0,1]%) < V. In the misspecified setting where Viko(f*; [0, 1]%) >V, our
LSE fHKov will not be close to f*, but to f € argmin ., Vo () <V S (f(x) = f*(x:))?, so it
is reasonable to consider R(fHKO Vs f) rather than R(fHKO,V, f*). By the argument outlined
in Remark A.3.3, R(fEM, f) is upper bounded by the right hand side of (3.48).

In the next result, we prove a complementary minimax lower bound to Theorem 3.4.6
which proves that, for d > 2, the risk of every estimator over the class {f* : Viaxo(f*) < V'}
is bounded from below by n=%/3(logn)2(@=1/3 (ignoring terms depending on d, V and o).
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This implies that the logarithmic terms in (3.48) can perhaps be reduced slightly but cannot
be removed altogether and must necessarily increase with the dimension d. Let

Muk pva(n) =inf  sup  EpLl(fo, ),
o f*:Vako(f*)<V

where the expectation is with respect to model (3.1). Note that {f* € Fa\; : Vako(f*) <
VY CH{f*: Viko(f*) <V} which implies that

Muk.ova(n) > Menova(n)

where Mppr o v.a(n) is defined in (3.45). This implies, in particular, that the lower bounds on
MeM o v.a(n) from Theorem 3.4.3 are also lower bounds on Myx v.q4(n). However the next
result (whose proof is in Section A.3.6) gives a strictly larger lower bound for Mpyxk o v.qa(n)
for d > 2 than that given by Theorem 3.4.3.

Theorem 3.4.9. Let d > 2, V > 0, 0 > 0 and let n; > csn? for j = 1,...,d, where
¢s € (0,1]. Then there exists a positive constant Cy depending only on d and cs, such that

2(d—1)

s > o L) (i (L))

g

provided n is larger than a positive constant cqq2v2 depending only on d, o?/V? and c,. In
the case d = 2, this bound can be tightened to

217\ 5
E)JIHK,vad(n) 2 O(%) log <V\/ﬁ) .

g

Theorems 3.4.6 and 3.4.9 together imply that fHKO,V is minimax optimal over {f* :
Virko(f*) < V'} for d = 2 and only possibly off by a factor of (logn)'/? for d > 2.

We next explore the possibility of near parametric rates for ]/‘%Koy for rectangular piece-
wise constant functions. In the univariate case d = 1, it is known (see [44, Theorem 2.2])
that ]/C;{KO,V satisfies the near-parametric risk bound (3.13) provided (a) the tuning param-
eter V is taken to be close to V*, (b) f* is piecewise constant, and (c) the length of each
constant piece of f* is bounded from below by ¢/k(f*) for some ¢ > 0. The next result
(proved in Section A.3.8) provides evidence that a similar story holds true for estimating
certain rectangular piecewise constant functions.

For a given constant 0 < ¢ < 1/2, let R%(c) denote the collection of functions f : [0, 1]¢ —
R of the form

f = a1 + ag (3.49)

for some ay,ap € R and x* € [0, 1]¢ satisfying the minimum size condition

min{|L,, ny N[0, X%)|} > cn. (3.50)

..........
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To gain more intuition about the above condition, note first that we are working with the
lattice design so that L,, ., = {X1,...,X,} is the set containing all design points. Roughly
speaking, (3.50) ensures that x* is not too close to the boundary of [0, 1] so that each of the
rectangles [x*, 1] and [0, x*) contain at least some constant fraction of the n design points.

It is clear that R¢(c) is a subset of R, i.e., every function of the form (3.49) is rectangular
piecewise constant. Indeed, it is easy to see that k(f) < 22 for every f € R¢(c). The following

-~

result (proved in Section A.3.8 bounds the risk of fakoy for f* € RY(c).

Theorem 3.4.10. Consider the lattice design (3.34) with n > 1. Fiz f* :[0,1]¢ = R and

consider the estimator ]/C;{KO,V with a tuning parameter V.. Then for every 0 < ¢ < 1/2, we
have

N . o’ 3d 2d—1
Rifuso £ < int {201+ Cle) T ogn) % oglog) ™ b (350
VHKO(}):.V

for a constant C(c,d) that depends only on ¢ and d.

Theorem 3.4.10 applies to every function f* but the infimum on the right hand side
of (3.51) is over all functions f in R¢(c) with Viko(f) = V. Therefore, Theorem 3.4.10

implies that the risk of the estimator fHKO’V with tuning parameter V' at f* is the near-
parametric rate %(log en)32(loglog n)??=Y/2 provided f* is close to some function f in
R{(c) with V = Viko(f). As an immediate consequence, we obtain that if f* € R¢(c) and

V = VHKO(f*)a then

2
2d—1

R(fucov, f) < Cle,d)7—(log(en))  (log(e log(en))) .

Functions in R{(c) are constrained to satisfy the minimum size condition (3.50). A com-
parison of Theorem 3.4.10 with the corresponding univariate results shows that the near-
parametric rate cannot be achieved without any minimum size condition (see e.g., [44, Re-
mark 2.5] and [32, Section 4]). However, condition (3.50) might sometimes be too stringent
for d > 2. For example, it rules out the case when x* := (0.5,0,...,0) which means that
the function class RY(c) excludes simple functions such as f(x) := I{x; > 1/2}. In Theo-
rem A.1.1 (deferred to Section A.1), we show that when d = 2, it is possible to obtain the
same risk bound under a weaker minimum size condition which does not rule out functions
such as f(x) = 1{z; > 1/2}.

The implication of Theorems 3.4.10 and A.1.1 is that there exists a subclass of R? con-
sisting of indicators of upper right rectangles in [0, 1]¢ over which the estimator fiko,-, when
ideally tuned, achieves the near-parametric rate with some logarithmic factors. Simulations
(see Section A.2.3) indicate that this should also be true for a larger subclass of 8¢ consisting
of all functions in YR? satisfying some minimum size condition, but our proof technique does
not currently work in this generality. Ortelli and van de Geer [66] recently proved, for d = 2,
near-parametric rates for the estimator (3.42) for a more general class of piecewise constant
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functions, but for a smaller loss function. Their proof technique is completely different from
our approach.

Let us now briefly discuss the key ideas behind the proofs of Theorems 3.4.6, 3.4.9 and
3.4.10. Theorem 3.4.6 is proved via covering number arguments which relate R( fuko,v, f*)
to covering numbers of {f : Viko(f) < V} and these covering numbers are controlled by
invoking connections to distribution functions of signed measures. Theorem 3.4.9 is proved
by Assouad’s lemma with a multiscale construction of functions with bounded HKO variation.
This multiscale construction is involved and taken from Blei et al. [12, Section 4].

The ideas for the proof of Theorem 3.4.10 (and also Theorem A.1.1) is borrowed from
the proofs for the univariate case in Guntuboyina et al. [44] although the situation for
d > 2 is much more complicated. At a high level, we use tangent cone connections where
the goal is to control an appropriate size measure (Gaussian width) of the tangent cone of
{f : Vaxo(f) < V*} at f*. This tangent cone can be explicitly computed (see Lemma A.3.12).
To bound its Gaussian width, our key observation is that for functions f* in R{(c), every
element of the tangent cone can be broken down into lower-dimensional elements each of
which is either nearly entirely monotone or has low HKO variation. The Gaussian width of
the tangent cone can then be bounded by a combination of (suitably strengthened) versions
of Theorem 3.4.5 and Theorem 3.4.6. This method unfortunately does not seem to work
for arbitrary functions f* € 93¢ because of certain technical issues which are mentioned in
Remark A.3.17.

2/3

3.5 On the “dimension-independent” rate n */° in

Theorem 3.4.1 and Theorem 3.4.6

As mentioned previously, the dimension d appears in the bounds given by Theorem 3.4.1 and
Theorem 3.4.6 only through the logarithmic term which means that fgy and frkoe,v attain
“dimension-independent rates” ignoring logarithmic factors. We shall provide some insight
and put these results in proper historical context in this section. In nonparametric statistics,
it is well-known that the rate of estimation of smooth functions based on n observations is
n~2m/m+d) where d is the dimension and m is the order of smoothness [78]. The constraints
of entire monotonicity and having finite HKO variation can be loosely viewed as smoothness
constraints of order m = d. This is because, for smooth functions f, entire monotonicity is
equivalent to
oISl f
Hj €s Ox;

and the constraint of finite HKO variation is equivalent to

oIS f
HjeS Ox;

>0 for every @ # S C {1,...,d}

e for every @ # S C {1,...,d}. (3.52)
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Because derivatives of order d appear in these expressions, these constraints should be con-
sidered as smoothness constraints of order d. Note that taking m = d in n=2"/m+d) giyes
—2/3
n=".
Some other papers which studied such higher order constraints to obtain estimators
having nearly dimension-free rates include [8, 58, 22, 65, 76, 89]. In particular, Lin [5§]
studied estimation under the constraint:

oISl f
HjeS Ox;

The difference between (3.52) and (3.53) is that L' in (3.52) is replaced by L? in (3.53).
Lin [58] proved that the minimax rate of convergence under (3.53) is n=2/3(logn)*-1/3
and constructed a linear estimator which is optimal over the class (3.53). Let us remark
here that the L? constraint makes the class smaller compared to (3.52) and also enables
linear estimators to achieve the optimal rate. However, linear estimators will not be optimal
over {f : Vako(f) < V} as is well-known in d = 1 (see Donoho and Johnstone [30]) and
the estimator of Lin [58] will also not adapt to rectangular piecewise constant functions
(note that it is not possible to extend (3.53) to nonsmooth functions in such a way that the
constraint is satisfied by rectangular piecewise constant functions).

Let us also mention here that, in approximation theory, it is known that classes of smooth
functions f on [0, 1]¢ satisfying mixed partial derivative constraints such as (3.52) or (3.53)
allow one to overcome the curse of dimensionality to some extent from the perspective of
metric entropy, approximation and interpolation (see e.g., [29, 79, 15]).

Another way to impose higher order smoothness is to impose the constraint:

d
8_]; e L} foreach j=1,...,d (3.54)
0§
as in the Kronecker Trend filtering method of order k+1 = d of Sadhanala et al. [76] who also
proved that this leads to the dimension-free rate n=2/3 up to logarithmic factors. There are
some differences between the constraints (3.52) and (3.54). For example, product functions
f(x1, . mq) = fi(zr) ... fa(wa) satisfy (3.52) provided each f; satisfies f; € L; while they

will satisfy (3.54) provided f;d) € L.

Finally, let us mention that, in the usual multivariate extensions of isotonic regression
and total variation denoising, one uses partial derivatives only of the first order which leads
to rates of convergence that are exponential in the dimension d. For example, the usual
multivariate isotonic regression (see e.g., Robertson et al. [73, Section 1.3]) considers the
class Fd of multivariate monotone functions which only imposes first order constraints. The
rate of convergence here is given by n~'/? as recently shown in Han et al. [47]. This rate is
exponentially slow in the dimension d. One sees the same rate behavior for the multivariate
total variation denoising estimator (which also imposes only first order constraints) originally
proposed by Rudin et al. [74] and whose theoretical behavior is studied in Hiitter and Rigollet
[52], Sadhanala et al. [77], Chatterjee and Goswami [18], Ortelli and van de Geer [68], Ruiz
et al. [75].

€ L? for every @ # 5 C {1,...,d}. (3.53)
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Chapter 4

Shape constraints and interactions

4.1 Introduction

Consider the nonparametric regression framework, where the goal is to estimate an unknown
function f*:[0,1]? — R from noisy observations

v = [F(x) + &, where &; hR N(0,0%) fori=1,...,n. (4.1)
We continue to focus on least squares estimators (LSEs) of the form

argminl Z(yl — f(xi))2,

n
f i=1

where the minimum is taken with respect to some function class. In the previous chapter,
we proposed and analyzed the least squares estimator with respect to F,,, the class of en-
tirely monotone functions (3.2) and noted it is one multivariate generalization of univariate
isotonic regression. We discussed in Section 3.5 that this class of entirely monotone func-
tions is a small enough subclass of multivariate monotonic functions to avoid the curse of
dimensionality to some extent.

Yet another multivariate generalization of isotonic regression is additive monotonic regres-
sion [6], where the function class consists of multivariate functions that are sums of univariate
isotonic functions in each component. From a practical standpoint, performing regression
with respect to this class has a number of attractive properties. Computationally, one can
efficiently compute the estimator using the cyclic pool-adjacent violators algorithm [6], a mul-
tivariate generalization of the well-known pool-adjacent violators algorithm [5] for univariate
isotonic regression. From a modeling perspective, one only needs to establish the monotonic
direction of the relationship between the response variable and each covariate, which is usu-
ally known from the context of the regression; this nonparametric modeling avoids making
more stringent assumptions like linearity on the relationship between the response and the
covariates. At the same time, the additivity of the model makes the fitted function fairly
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interpretable, since the effect of a particular covariate on the response is entirely captured
by the corresponding univariate nondecreasing fitted function.

In particular, the class of additive monotonic functions is a subclass of entirely monotone
functions. Contrasting the two function classes allows us to view entirely monotonic re-
gression from a new perspective. The additivity constraint in additive monotonic regression
prevents any interaction in how the covariates affect the response; entire monotonicity can
be viewed as a particular relaxation of this condition by allowing “positive interactions” of
all orders among covariates. This perspective also naturally leads us to consider a variety
of intermediate classes lying between the interaction-less additive monotonic class and the
entirely monotonic class, by allowing only certain interactions.

In Section 4.2, we describe how relative to the additive monotonic function class, the
entirely monotonic function class introduces positive interactions. We then define two types
of intermediate function classes that each interpolate between additive monotonicity and
entirely monotonicity. In Section 4.3 we show how the least squares estimators with respect
to these function classes can be computed by solving corresponding nonnegative least squares
problems. In Section 4.4 we prove a risk bound for one of these types of estimators, and show
that it generalizes the risk bound for entirely monotonic functions (3.43). In Section 4.5,
we describe how one can perform a hypothesis test for whether one should include certain
interaction terms in a model. The test is a likelihood ratio test involving nested convex
cones, and we use a result of Menéndez et al. [62] to prove that this test is dominated by a
different likelihood ratio test for a set of reduced hypotheses.

4.2 Terminology and motivation

We define the class of additive monotonic functions F¢,; as functions f : [0,1]¢ — R of the
form

f(x) = Z fiz)), (4.2)

for some nondecreasing univariate functions f; : [0,1] = R, j =1,...,d. This generalization

of univariate isotonic regression via additivity is analogous to how multiple linear regression

generalizes simple linear regression by considering functions of the form (4.2) but with each

fj being a univariate linear function. One common feature of these additive models is that

they exclude interactions of the covariates in the following sense. Given x = (xy,...,x4) and
/

x' = (21,...,7},...,14) that differ only in the jth component, the effect of this change in

the jth component is

f(xX) = f(x) = fi(2}) — filxy),
which does not depend on the value of the other components x\; == (z : k¥ # j). Equiva-
lently, the univariate slice z; — f(x) for fixed x\; is f;(z;) + ¢ where the other covariates

x\; only affect the constant shift c; see Figure 4.1 for a depiction of these parallel slices. De-
pending on the context, the class of additive monotonic functions may or may not be a good
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modeling choice. Similar to how univariate isotonic regression is flexible in imposing only
the mild shape constraint of monotonicity while producing piecewise constant fitted func-
tions, additive monotonic regression retains the flexible piecewise constant fitted functions
for each component. However, the imposition of having no covariate interaction may be too
restrictive in certain applications where it is known that two or more covariates interact to
affect the response. Contrasting the additive monotonic class with the entirely monotonic
class of functions gives us perspectives on how to relax this no-interaction constraint.
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Figure 4.1: Additive monotonic regression of students’ reading scores on their math and social
studies scores: the slices of the fitted function (for fixed social studies scores) are parallel.

Recall from Section 3.2 the definition of the class of entire monotonic functions Fd;: a
function f : [0,1]% — R is entirely monotonic if the quasi-volumes

A Ta
A(f;[a,b]) = Z e Z(—l)jﬁmﬂdf(bl + ji(ar —b1), ..., ba + ja(aqd — bq)), Ji = I{ax # br},
Jj1=0 Jja=0

(4.3)
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are nonnegative for every rectangle [a,b] in [0,1]¢ where a < b and a # b. The following
lemma (proved in Section 4.6.4) shows exactly how the additive monotonic class is a subclass
of entirely monotonic functions.

Lemma 4.2.1. The class of additive monotonic functions can be characterized as

Fiu=1{f € Fiy: A(f;[a,b]) =0 for a < b where |{k : aj, # by}| > 1}.

Consequently, Féy, C Fi\,, with equality if and only if d = 1.

In light of Lemma 4.2.1, we can see how the no-interaction constraint is relaxed in Fy;
as well as in Fg (the class of multivariate monotonic functions (3.20)). Functions f in these
three classes all satisfy

A(fila b)) >0, if [{k:ay £ by} = 1. (4.4)

Stated more simply, any f in any of the three classes is nondecreasing in each component.
How the three classes differ is how they constrain the quasi-volume A(f;[a, b]) when a and
b differ by more than one component.

e The additive monotonic class F,, is component-wise nondecreasing (4.4) and satisfies
A(f;[a,b]) = 0 when [{k: ay # bp}| > 1.

e The entirely monotonic class Fd,, is component-wise nondecreasing (4.4) and satisfies

A(f;[a,b]) > 0 when [{k: ap # bp}| > 1.

e The multivariate monotonic class Ff is component-wise nondecreasing (4.4) and im-
poses no constraint on A(f;[a, b]) when |{k : ay # br}| > 1.

We see that entirely removing the no-interaction condition A(f;[a, b]) = 0 leads to the very
large class Fg, which suffers from the curse of dimensionality (as discussed in Section 3.5).
Instead imposing a nonnegativity constraint on these quasi-volumes allows for “positive
interactions.” To understand the nature of a positive interaction, it is helpful to consider
the simple case d = 2, where the quasi-volume constraint can be written as

fla1,b2) — f(ar,a2) < f(b1,b2) — f(b1,az), a; < by, az < by.

Each side of the inequality represents the effect of a change in the second component from
as to by while holding the first component fixed. The inequality implies that this effect is
larger when the value of the first component is larger, i.e. the first component positively
interacts with the second component to produce a larger effect. For higher d, there will also
be nonnegativity constraints on higher-order differences. For instance, in the case d = 3,
there will be constraints similar to the above, as well as the higher-order constraint

fla1, b, b3) — f(ar,be,a3) — f(ai, as,bs3) + f(ar, a2, as)
< f(b1,b2,b3) — f(b1,ba,a3) — f(b1,az,b3) + f(b1,az,as), ar < by, k=1,2,3.
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Although these function classes are defined without any smoothness assumptions, it can
be helpful to consider the special case of smooth functions and state these constraints in
terms of derivatives for the sake of interpretation. All three classes impose the component-
wise nondecreasing constraint

of
— >0 =1,...,d
ax‘] — Y j Y ) )
but differ in how they constraint the mixed derivatives
oIS f
_ S C{l,...,d},|S| > 1.
HjeS Ox;

The additive monotonic class F§,, forces these mixed derivatives to be zero, the entirely
monotonic class Fg; imposes a nonnegativity constraint on these mixed derivatives, and the
multivariate monotonic class F{ does not impose any constraint on them.

If we revisit the linear regression analogy, the leap from the additive monotonic model
(no interactions) to the entirely monotonic model (interactions of all orders) may seem a bit
drastic. For instance when d = 3, this would be akin to leaping from the multiple linear
regression model f(x) = By + 121 + faxs + [3x3 directly to

f(x) = Bo + frx1 + Paza + Baxs + Pr2x102 + [1 30123 + Po3Toxs + P123712T203

by including second and third-order linear interactions. In practice, one might consider in-
termediate models, like only including some or all of the second-order interaction terms,
without higher-order interaction terms. Moreover, one can help inform modeling decisions
by performing an F-test to compare a simpler null model with an alternative model that
includes certain interaction terms [23]. This begs the questions of a) whether we can analo-
gously establish intermediate models between F§,; and F¢,, in the monotonic setting, and
b) whether we can establish hypothesis tests to compare two such models.

One way to define an intermediate class is to apply the additive structure on blocks of
components rather than individual components. Let

S={S1,...,5u} (4.5)

be a partition of the covariates {1,...,d} into M disjoint subsets. Let d,,, = |S,,|. The class
F&\ consists of functions of the form

M
Jx) =) fulxs,).  fm € Finy (4.6)

where xg  denotes the sub-vector of x indexed by S,,. That is, f is the sum of separate en-
tirely monotone functions on each block .S, of covariates. For example, ]-"E{ﬁ{v}’2}’{3’4’5’6}’{7’8’9}}
consists of functions f : [0,1]° — R of the form

f(xh <o ,.’13‘9) = fl(xl,x2)+f2(x3,x4,x5,x6)+f3(377,:c8,:l:g), fl S ‘F]%va2 € féM7f3 c FI:OJ)M
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To relate this new class to the earlier ones, note that when M = 1, we simply get the EM
class F;, and in general

1},....{d 1,d
ngZféi{w} {}}Q}—‘ESMQ}_S\/[ M= Fy

These classes are suitable in cases when the set of covariates can be partitioned into blocks
that do not interact with each other across blocks, but might have positive interactions within
each block. The following generalization of Lemma 4.2.1 also holds. (See Section 4.6.4 for
the proof.)

Lemma 4.2.2. The class F5y; can be expressed as
Fou = {f € Fay: A(f;]a,b]) = 0 for a = b where {k : a, # by} Z Sy, Vm}. (4.7)

That is, the quasi-volume over hyperrectangles [a, b] is forced to be zero when the compo-
nents in which a and b differ do not lie entirely within one block S,,. For smooth functions,

a5l f . .
IT,s 07 to be nonnegative if S C S,

this is equivalent to constraining the mixed derivatives

for some m, and zero otherwise.
An alternative modeling choice could be to allow interactions across all covariates, but
exclude interactions of order exceeding some threshold r. For 1 < r < d, we define

Fosr = {f e Fd: A(f;[a,b]) = 0 for a < b where |{k : aj, # bp}| > r}.
In light of Lemma 4.2.1, we have
Fan=Fini € S Fear © o S T = Fire
In general, this class imposes nonnegativity constraints on the quasi-volumes of order < r,

and forces all higher-order quasi-volumes to be zero. For smooth functions, this is equivalent

. . o El .
to constraining the mixed derivatives Ha (J;m to be nonnegative when |[S| < r, and zero
jes 9%

when |S| > r.

4.3 Computational feasibility

In Proposition 3.3.1, we showed how the least squares estimator for the entirely monotonic
class Fé,; could be computed by solving a nonnegative least squares (NNLS) problem (3.2)
with respect to the matrix matrix A whose columns are the distinct elements of the finite
set

Q= Q.. x, = {v(z) :z€[0,1]"} C{0,1}", (4.8)

.....

where
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We show below that the LSEs of the intermediate classes Frn;" and FSy,, namely

n

Jem.<r € argmin = "(y; — f(x4))? (4.9a)
feFLsT N4
—~ 1 n
fem,s € argmin — Z(yz - f(Xi>)2 (4.9b)

S n
feFEm i=1

can also be computed by solving a NNLS problem with the same matrix A, but with some
coefficients constrained to be zero. In other words, while the LSE with respect to the large
class F,; can be computed from performing NNLS with all the columns of A, the LSEs
for the intermediate classes can be computed from performing NNLS with a subset of the
columns of A.

Let the columns of A<, € R™P be the distinct elements of the finite set

{v(z) 12 €(0,1]" {52 # 0} <r}.

The restriction here forces z to have at most r nonzero elements. Let the columns of Ag €
R™?" be the distinct elements of the finite set

{(v(z):z€[0,1)%{j: 2 #0} € {S1,...,u}}

The restriction here forces the nonzero elements of z to lie entirely within one of the blocks.
Without loss of generality assume the first columns of A<, and Ag are each v(0) = (1,...,1).
Note that the columns of A<, and Ag are all columns of A. We can then consider the NNLS
problems

Bine<r € argmin [y — Ao B, (4.10a)
BERP':3;>0,¥j>2
Bems €  argmin  [ly — AsB*. (4.10b)

BERP":3;>0,V5>2

The following result (proved in Section 4.6.6) shows how these NNLS problems can be
used to compute the least squares estimators for Fu;" and Fgy;.

Proposition 4.3.1. The functions

/ i

p p
fomzr =Y (Ben<r)s - Ly 11, foms =Y _(Bens)i - Tz, (4.11)
j=1 j=1

are solutions to the respective optimization problems (4.9a) and (4.9b).

Since A<, and Ags have fewer columns than A, the NNLS problems (4.10a) and (4.10b)
are computationally less expensive than the analogous NNLS problem (3.28) for computing
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the LSE with respect to Fg,;. This savings in computation can be quite large. For instance,
if the design x1,...,%, is a n'/% x --- x n'/¢ lattice, then A ., has on the order of p/ < nr/d
columns and Ag has on the order of p” < ndmax/4 columns (where dpay = max,,|Sy,| is the
size of the largest block). Both these numbers are much smaller than n (the number of
columns of A for this lattice design) especially if 7 is small and if the blocks of S are small.

Similar to how the key to proving Proposition 3.3.1 was Proposition 3.3.2, the key to
proving Proposition 4.3.1 is the following result that establishes the relationship between
the matrices A<, and Ags and the respective classes Féﬁr and Fg,;. We defer the proof to
Section 4.6.5.

Proposition 4.3.2. Given n design points Xy, . ..,%, € [0,1]¢, we have
[P0 f0))  f € FUTT} = {AcB By 2 0,95 > 2}, (4.122)
{(fGxa)s - f(x0)) s f € Fiu} = {Aay,.a0B: B > 0,Y5 > 2}, (4.12b)

4.4 Risk bound for ng

In the rest of this chapter, we will assume the design xq, ..., X, is the equally-spaced lattice
design
Loy ng ={01/n1,. . ig/nq) :0<4; <n; —1,5=1,...,d}. (4.13)

Fix a partition S of {1,...,d}. Given the design xi,...,x, from the lattice (4.13),
let 41,...,%, be obtained from the Gaussian model (4.1) with f* € Fg,. From these

observations, we can the least squares estimator frys (see Equation 4.9b) with respect to
the class F&,;. We define the risk by

—~ 1 e ~
R ") =E— i) T - ) 27
(fems, f7) - ;:1 (fems(xi) — [*(xi))
where the expectation is taken with respect to the the noise in the Gaussian model (4.1).

The following result (proved in Section 4.6.1) provides a bound on this risk.

Theorem 4.4.1. Let f*(x) = SV fr(xs,.) € Fiu. Under the lattice design (4.13) and
Gaussian model (4.1), the risk of frm.s with respect to f* € FSy is bounded as

R(foms )

2dyy —1 2 3 2dy —4

(0 V£)3(1og<2+¢ﬁv;/a>) 7+ Z(tog i) " (log(e log,))) 4 |

n

where dy, = |Sy| is the size of the mth block, where n,, == [[,cq  n; is the size of the lattice
for the block S,,, and where V¥ = f* (1) — fr(0) is the variation of the function f} that
governs the S, block of f*.
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Note that this is a generalization of the entirely monotone risk bound Theorem 3.4.1:
when S = {{1,...,d}} we have F5\; = Fy, M =1, Vi = f(1) — f(0), ny = n, and d;, = d,
which then yields the EM risk bound (3.43).

The case S = {{1},...,{d}} corresponds to additive isotonic regression, in which case
the main term of the risk bound is

R 217 \ 5 )
RiFase 1) 5 (T ) (o8 ViV o)),

where Vx = max;{f;(1) — f7(0)} is the largest variation among the component functions

fiof f*(x) = Z?Zl f;(x;). For the general case gy, the dominant term in the bound is

essentially n~2/3(logn) 203 Where dyax = max,, do, is the size of the largest block. Thus

the main term in the risk for all of the classes F&5; is n~%/3 up to a logarithmic factor, and
the only place the partition S affects this main term is in the exponent of the logarithmic

factor, which is % in the smallest case Fd,; and ig_l in the largest case Fiy;.

We conjecture that the risk of .EEM,ST has a main term of the form n=%3(logn)°™, and
thus exhibits a similar behavior of having the same rate as the EM class (3.43) except with the
exponent of the logarithmic term governed by r rather than d. That the risk takes this form
is very plausible given that both Fa;" and FS interpolate between the additive monotonic
class F¢,; and the entirely monotonic class Fg,,, but the exact form of the logarithmic term’s
exponent is not obvious. The proof of Theorem 4.4.1 (see Section 4.6.1) took advantage of
the fact that interactions in F&,, are over disjoint subsets of covariates, which allowed us to
obtain the above rate despite bounding a Gaussian width rather crudely (see (4.19)). The
disjointness was also useful in obtaining an explicit ANOVA decomposition (4.18) involving
means of slices of functions in F&,;. A proof for the risk of fEM,gr would not be able to take
advantage of this disjointness because each covariate is allowed to interact with any of the
other covariates.

4.5 Hypothesis testing for interactions

In linear regression, the estimator can be interpreted as a projection onto the column space
of the design matrix. If we are comparing two nested linear models, the column space of
the smaller model Fy is a subspace of that of the larger model F;. If we were to test the
null hypothesis Hy : f* € Fy against the alternative H, — Hy where H, : f* € JFi, one
can perform an F-test [23], which is equivalent to a likelihood ratio test for our Gaussian
model (4.1).

In light of Proposition 4.3.1 and Proposition 4.3.2, the least squares estimators with
respect to classes fgﬁr and Fg,; are least squares projections onto convex polyhedral cones

C&yv = {AsB: B8; > 0,Vj > 2}.
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Thus if we were to do a test comparing two nested classes, we would be comparing least
squares estimators of two nested cones Cy C C,. Let Ilo(v) == argmin,o||u — v||* denote
the least squares projection onto a cone C'. When the nested cones Cy C C, satisfy the
condition

¢, (9) = ¢, (HCa (0)>7 Ve, (414>

they are referred to as non-oblique. The notion of non-obliqueness was first introduced by
Warrack and Robertson [90], and when this condition holds, the corresponding likelihood
ratio test (LRT) is well-understood (see [91] and references therein). Unfortunately, for
the cones that we are considering, the non-obliqueness condition (4.14) does not necessarily
hold. See Section 4.6.2 for an example where Cayy € Cgy fail to satisfy the condition (4.14).
However, we show below that a result of Menéndez et al. [62] allows us to obtain a test that
dominates the LRT.

We continue to operate under the assumption that the design xi,...,x, is the equally-
spaced lattice (4.13). Let 0" = (f*(x1),..., f*(x;,)) so that the observations are y = 6" + &
where & ~ N(0, 0?).

If Cy C C, are nested cones of the form 01%1(/1 or C’gM, then there are matrices Ay and A;
such that the columns of Ay are columns of A;, and such that

Co={AB:5; >20,Vj > 2}
Co={AB:5; >0,Vj > 2}.

If we let L, be the subspace closure of Cj (that is, the column space of Ay), then we have
Co=CyN Lg,.
The LRT for testing Hy : 0" € Cy against H, : 8 € C, involves the statistic
T(y) = lly = Te,)I* = lly — e, (y)II*.
Menéndez et al. [62] showed that if the condition
., (0) € Co, VOEC, (4.15)

holds, then the LRT is dominated by the LRT for a different pair of hypotheses H : 0" € L,
and H} € C* .= cl(C, + L¢,). The relevant statistic for the latter LRT is

T*(y) = lly = e, 0)II° = lly — = (y)II*.

The following result (proved in Section 4.6.3) states that this dominance occurs when the
smaller cone Cj is of the form C8,;.

Theorem 4.5.1. Let x1,...,x, be the lattice design (4.13). Let Cy C C, where Cy = C8y,
and where C, is either of the form Fgy or }"gﬁr. The LRT for testing Hy : @ € Cy against the
alternative H, — Hy where H, : 6 € C, is dominated by the LRT for testing H} : 8™ € L,
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against HY — Hi where HY : 0° € C* = cl(Cy + L¢,), in the sense that it has the same
significance level

sup Py-(T(y) > c) = sup P-(T*(y) > c)
0*eCy O*GLCO

and has at least as much power, i.e.
Po-(T(y) > ¢) < Po-(T"(y) 2 c), V", ¥c.

One advantage of the new test with hypotheses Hj and H is that the statistic 7" is
invariant under translations of 8" within the subspace L¢,. In particular, the worst-case
Type I error supg-c ., Po«(T*(y) > c¢) is attained at any 6" € L¢,, such as 8 = 0. This
fact is useful in determining an appropriate cutoff ¢ for the original LRT involving 7'

Theorem 4.5.1 can be used to test for whether certain interactions should be included in
a model. For instance, if one wanted to test whether the true function has no interactions
(Ho : f* € F¢y) against the alternative H, : f* € Fg;, the LRT for this test would be
dominated by the LRT for hypotheses

Hy: e {f: A(f;[a,b]) = 0if {k - ax # bp}| > 1} = {f f(x) = ij(xj)}

Jj=1

H:f e {f: A(f;[a,b]) > 0if |[{k : ay # b} > 1}.

a
More generally, Theorem 4.5.1 can be used for any pair of nested models of the form
o 75 C f‘ES{v[ where the sets of S’ are unions of sets in S, or
o 75y C Féﬁr where r > max,,|S,,|.

There are a few limitations of Theorem 4.5.1. It is unclear whether the same result holds
when the smaller cone is of the other form Cgy;. The proof of Theorem 4.5.1 again takes
advantage of the disjointness of the interactions in Fg,; to get an explicit expression for the
linear projection Iy, via an ANOVA decomposition. A separate drawback of Theorem 4.5.1
is its reliance on the lattice design (4.13). The condition (4.15) does not necessarily hold for
non-lattice designs, so it is unclear whether this auxiliary LRT involving the statistic 7™ has
any bearing on the original LRT in the general case.

4.6 Proofs

4.6.1 Proof of Theorem 4.4.1

Without loss of generality, we may assume ¢ = 1. (The general case can be obtained
by multiplying the estimation risk in the scaled model y;/0 = f*(x;)/0 + & /o and then
multiplying by ¢2.)
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Let Coy = {(f(x1),..., f(x4)) : f € FSy}- Since the design is a lattice, the full EM
matrix A (see (4.8)) is square with columns (I, 1)(x1), ... Ijx,1)(Xn)) for i = 1,...,n. By
Proposition 4.3.2, C8,, is exactly the set of vectors of the form A3 where 3 € R" such that
B; > 0 for j > 2 and f; = 0 if {7 : (x;); # 0} is not contained within one block S,,. (The
coefficients being forced to be zero correspond to the columns of A that are not columns of
As.) Note that 3 + -+ +ny — (M — 1) of the f; are not constrained to be zero.

If we let 0" = (f*(x1),..., f*(x,)) and 0= (fems(x1), ... ,jEMS(Xn)) then

6 = argmin||y — 6|>.
0eCsy
Thus, we have R(fews, f*) = %EH@ Al
Because the design x;, ..., X, is the lattice defined earlier (4.13), it is convenient to treat
elements 0 € C§,; not as vectors in R™, but as arrays in R"**" and index their elements
with integer vectors

d
i=(i1,....i0) €Z:=[J{0,1,...,n; — 1}
j=1

so that, for instance 0; = f*(iy/n1,...,414/nq). From the above representation of @ € C8,, as
linear combinations of columns of A, we can also similarly treat the nonnegative coefficients
B € R™ as arrays R > ™ and we then obtain the direct relationship

0; = Zﬁk-

k=i

Again, recall from the definition of C§,; that B, = 0 if k has nonzero components in more
than one block. Thus if we let (ig,,,0s: ) denote the integer vector whose components in S,
equal ig, , and whose all other components are zero, we have

M M
0; = Z ﬁk = BO + Z Z ﬁk = (Z e(ism:os%l)> — (d — 1)90, (416)
m=1

k=i, m=1 k=ik#0,
Im:{j:k;#0}CSm {j:k;#0}C Sy,

where the last step is due to By = 0y and

Bo + Z S = Q(ismzosgn)'

k=i k70,
{5:k;#0}CSm

Since 6 is a least squares estimator, we can use the result of Chatterjee [17] (see Theo-
rem A.3.2) to bound the risk. Thus our goal is to bound

Gt)=E  sup (Z,0 6%, (4.17)

0cCE\:110—6% | <t
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where the expectation is with respect to the random array Z with i.i.d. standard Gaussian

random variables.
Fix 6 € CF,;. We define 1 := + 3, 6; as well as, for i, € I, = [lics, 10, my — 1},

n/nm 1.1 .
iiy =ig,,
(6799 is,, Hm is,, H
Then we claim
M
bh=p+ Y i, VieL (4.18)
m=1

Indeed, combining the definitions of p and fi,, 5, with the additive decomposition of 6; (4.16)

yields
1 M
po=- >, [( 9<ism,os,cn)> —(d— 1)9()]
ieT m=1
N
= —(d—1)0 + Z I Z Q(ismvosgl)
m=1"""" is,,
and
1 M
e = B | (St ) -
" il =is,, L \m=1
1
= is, 0050 — (A= Dbo+ D =— > O 00 )
m/#m m iS%GIm "
and thus

M M
Pt D O, = (M = D+ s,
m=1 m=1

m=1
A >y

M
=—(M—-1p+ (—(d 1o+ e(iva"an)>

-~

—0;

M
SUEHUERES D DR SR

m’ .
m=1m/' ;ém lsm, €lm

M
1
=0— (M= Dp+ (M= =(d=1o+ > = > s 05 )

m'=1"""ig ,€Ln
m

= 6;.
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Note that so far we have only used the fact that @ is in the column space of Ag, and have
not needed to use the fact that the coefficients need to be nonnegative.

Let the quantities p* and «j,;  ~ be analogous to p and au, g, but for 6" instead of
0. By the above decomposmon (4 18), the sum of squares in the Gaussian width (4.17)
decomposes as

16— 67> = (6 — 6;)°

ieZ

M 2
:Z<(M_/JJ +Zamlsm_ mlsm)>
ieZ m=1
+Z Z Cles - :nism)27

Mm lsm ELm

where the cross terms cancel due to orthogonality. Similarly, the inner product in the
Gaussian width (4.17) can be decomposed as

M
(2.0 -0 =7 ( p= 1)+ (s, — a:mism)>
m=1

ieZ

= (Z Zi> (n—p*)+ Z Z Z Z | (s, — Qg )-

i€z m=1 ism €Llm k:ksm:ism

Note that if we view o, = (am,ism)ism c7,. as an array, it belongs to the entirely monotone
class

Ciigy = Chi ™™™ = {(f (1), f(x)) : | € Figi}
because it is obtained by averaging many S,,-slices of f € F5,; (each of which is in fgﬁ by
definition of F5,).
Thus, we can bound the Gaussian width by

wilp—p*|<t/v/n

G(t)<E  sup (Z Zi> (0 —p*) + Z G (t), (4.19)
where

Gm(t) =E sup > Y Zi | (s, — Oss )

am€CRR: s, €Zm \kiks,, =is,,
lam—ag,lI<t//n/fim
The first term can be bounded easily. Since ), Z; is equal in distribution to v/nU where
U is a standard Gaussian random variables, we have

E sup (Z Zi> (u—p*) = /nE sup Up — W EIU| =

pelp—p*|<t/\/n pilp—p*|<t/v/n
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We now turn to bounding the G,,(t). Note that the difference between the largest and
smallest values of ag, is bounded by Vi = f; (1) — f7,(0). Since >, _;. Zx is equal

in distribution to y/n/n,U where U = (Uj)iez,, is an array with i.i.d. standard Gaussian
entries, we are able to apply the Gaussian width bound for the EM class (A.18) to obtain

Gult) = || —~E sup (U, — )

Nim amEng\”/I:

lotm—agl|<t/ /2=
2d —1
n 1/2 eViv/n !
< Cm,/N—(tv;; Jn ﬁm> i/ [ log, HYmVIm
d i / / &+ t/ /n/ﬁm

n 1

+C -
. N \/n/'ﬁm

= Gm71(t) + Gm,g(t).

2dyy —1

t(log npm) o (log(elogny,)) 4

Let
2dp—1
tm = max{l,C)  H/nV;)"*[max{1,log, (e(v/nV,:)**}] °

If ¢t > ¢, 1, then

2dyy —1
* 4
eVm\/ﬁ)

t

G (t N _3
t21( ) Ca,, (VnV) /2t (log+

2dp —1

< Ca,, (V)12 (log, (e(v/nV;) %))

g/~

Let _  3dm . 2dyy —1
tmo = C’gWM(log nm) + (log(elogn,,))™ 4

If t > t,,2, then

Gnﬁ 9 _ Capt~ (log 7i) “T* (log(elog i) 4 < 8LM
Thus if
t. = max{4C, lglnaSXM tm.1, lglnagxM tmo}
we have
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Applying Theorem A.3.2 implies

1~ t2
~E||6 - 6%]]* < =
~E| F=5
vV 5 2dm—1 1 3dm 2dm —4
<C T log(2 v 3 —(log n,,) 4 (1 log(n, 2
< me?llf}?fM}[( ) Qo2+ Vi) 4 o) og(elog(m)
where the constant depends only on dy,...,dy and M.

4.6.2 Example of nested cones violating the non-obliqueness
condition

Let d = 2 and n; = ny = 2, and consider the lattice design (4.13). Then

Can={0 €R¥? 0,1 — 01— 01 + 000 =0,010> 000,001 > 0o}
Cem={0 € R¥?: 0,1 — 019 —0p1 + 0op > 0,010 > 000,001 > bop}-

0 —6

However, if we let @ = {_ 6 0

] , then

o = |5 J3) Tew®= |24 ] Hewmanon- |25 7.

which violates the non-obliqueness condition (4.14).

4.6.3 Proof of Theorem 4.5.1

The result follows directly from applying Theorem 2.1 of Menéndez et al. [62], provided we
check the condition (4.15). To check the condition, we provide an explicit formula for the
projection II Loy

Let Z = H;l:l{O, L...,n;—1}and Z,, = [[ ¢, {0, ..., n; —1}. Given 0 € C,, we define
= 13705 as well as, for ig,, € Z,, = [[,q, {0, .., n; — 1},

1
fmis, = —— > b
n/nm YR, .
itig =ig,,

Omiig,, = Hmis,, — H-

Let 0" € L¢,, and let ¢/, py,, ;. , and o], ; be defined analogously. We showed earlier (4.18)
that because 8" € L¢,, we have

M
O =u'+ ) a VieT. (4.20)

mvism )
m=1
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We know from the definition of A (see Section 4.3) that there is a column in Ag for every
element of the lattice design with nonzero components entirely within a single block S,,. By
counting the number of such design points, we have dim Lo, = ng + --- + npyy — (M — 1)
where 7, = [[;cq, n; is the size of the lattice in block Sy,. But the decomposition (4.20)
also has the same number of degrees of freedom: there is 1 degree of freedom for parameter
i, and for each block there are m — 1 more degrees of freedom (where the —1 is due to the
constraint that » ;.7 aj,; = 0). Thus, we can parameterize the subspace L¢, using
these parameters (4.20) instead.
Using orthogonality, we obtain

16 —6'|> = (6 — 67)°

ieZ
M M 2
S [IRUES ST (R S |
ieZ m=1 m=1
M n M 2
SCRTEED SETUNRERSIES » (RVES ol §
m=1 " icT m=1

Thus, by focusing on the first two terms, we see that the choice of 8’ € L¢, that minimizes

10 — 6'||% is
M
Mpe, (0) =p+ Y G, - (4.21)
m=1

Now that we have an explicit formula for II Le,» We return to checking the condition (4.15)
by arguing that Iz, () € C,. Since I, (0) € Lc, by definition, this is equivalent to
., (0) € Le, N C, = Cy = {(f(x1),..., f(xn)) : f € FS\}, so we only need to check
the nonnegativity constraint of Fg,; within each block S,,. To see that the nonnegativity
constraint within block S, holds, note that from the formula (4.21) the only addend that
varies within block Sy, is au i, . But this term is obtained by taking an average of Sy,-slices
of @, each of which satisfies the shape constraint within S,,,, so @ does as well.

4.6.4 Proof of Lemmas 4.2.1 and 4.2.2

Lemma 4.2.1 is a special case of Lemma 4.2.2, so it suffices to prove Lemma 4.2.2.

Suppose f € Fgy and have the decomposition into entirely monotonic functions
fi,..., far given earlier (4.6). Suppose K = {k : ar # by}, the differing components of
a and b, lie entirely within a block, i.e. K C §,, for some m. Recalling the notation
J = I{ar # by} from the definition of quasi-volume (4.3), we see that the quasi-volume
A(f;]a, b]) reduces to a lower-dimensional quasi-volume A(f;[ax,bg]) where ax and by
are the sub-vectors of a and b indexed by K, and where f: [0, 1]l — R is obtained by

plugging in aj = by for the kth covariate where k ¢ K, and leaving the other covariates as
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inputs. Since K C S,,, we have A(f;[a, b]) = A(f; [ax, bx]) = A(fm; [as,,. bs,]) > 0 since
fm € Fd\; by assumption.

Otherwise, suppose K intersects more than one of the blocks .S,,. Without loss of gener-
ality, suppose 1 € Sj and 2 € Sy and {1,2} C K. For any fixed values of js,...,j; € {0,1},
we have

11

Z Z 1)t f(by + ji(ar — by), ba + ja(as — ba), ..., ba + ja(aq — ba))

§1=0 jo=
= (517 b, bs + js(as — b3), ..., ba + ja(aqs — ba))

- f(bl, as, bz + jz(az — bs) b+ jalaq — ba))
f(ay, by, b3+ js(as —b3),...,ba + ja(aa — ba))
— f(ay, ag, b3 + jz(az — b3), ..., bg + ja(aq — bg))
1)

Fub) + falb2)) = (fi(br) + falaz)) = (filar) + fa(b2)) + (filar) + fo(az))

O/‘\

(Above, ﬁ is the univariate function obtained by plugging in by + ji(ax — bg) into f; for
k€ S1\ {1}; fo is defined similarly.) Summing over js, ..., d, yields A(f;[a, b]) = 0 in this
case.

We now show the reverse inclusion. Suppose f belongs to the right-hand side (4.7). We
define f,, : [0, 1]l — R by

fm(a) = f((u,0sg,)) — £(0). (4.22)

The first term on the right-hand side is obtained by plugging into f the inputs u for the
covariates indexed by S,,, and zero for the other covariates. Because f € Fgy; C Fdy, these
fm are each in .F'Ef\jfl. Thus it suffices to show

M
Fx) = F(0) + ) flxs,)

m=1
for x € [0,1]%. (The additive constant f(0) can be absorbed by one of the f,,.) We can
verify this claim (4.22) by strong induction on the number of nonzero components of x. If
the nonzero components of x lie within a single block .S,,,, then the claim holds immediately,
since £(0) + M fon(Xm) = F(0) + fin(xm) = f(x). Now suppose the nonzero components
{k : xy # 0} intersect with more than one block. By assumption (4.7), A(f;[0,x]) = 0. From
the definition (4.3), this quasi-volume is an alternating sum of f evaluated at the vertices
of the hyperrectangle [0,x], all of which have fewer nonzero components than x. By strong
induction, the claim (4.22) can be applied to each of these vertices of the hyperrectangle
(excluding x). After cancellations, we have

0= A(f:10,x]) = f(x) (f<0> . fm<><m>>

m=1
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as desired.

4.6.5 Proof of Proposition 4.3.2

This proof builds upon the proof of Proposition 3.3.2 (see Section A.4.5). We may without
loss of generality assume for the rest of the proof that the design x,...,x, forms a lattice
including O (i.e. it is an enumeration of a set that is a Cartesian product H;.lzl U; of finite
sets Uy = {0, uj1, ..., ujm,;} € [0,1]). (To handle the case of general design, one can use an
argument similar to the proof in Section A.4.5, where one extends the design to a lattice.)
Suppose 5 € R? satisfies Bj > 0 for j > 2. Let z,...,2y be the vectors with at most r

nonzero entries such that v(z;),...,v(zy) are the columns of A<,. Let f = Zilzl Bl 1

and note that (f(x1),..., (X)) = A<,.B. We claim that f € FL;". By an inclusion-
exclusion argument with the definition of quasi-volume, one can check that

A(f;lab) = > B (4.23)

k:zkjb,
(Zk)]’>aj if a; <bj

for any distinct a,b € [0,1]? satisfying a < b. When a and b differ by more than r
components, the condition that (z;) > a; > 0 is enforced for more than r components, which
is impossible due to the z; having at most r nonzero entries; thus in this case, the above
sum is empty and the quasi-volume is zero. Otherwise, the sum is a sum of §; which are
all nonnegative (except (31, which cannot appear in the sum anyway because z; = 0 does
not satisfy the condition 0 > a; for the component j where a; < b;), so the quasi-volume is
nonnegative. This proves the O inclusion for the claim (4.12a).

For the reverse inclusion, suppose [ € fgﬁr. Because our design is a lattice, the full
EM matrix A can be taken to have columns (Ij17(X1), ..., Ix1(xn) for x € {x1,...,%,}.
It is square and invertible (see Proposition 3.3.2) so there exists 8 € R" such that A3 =
(f(x1),...,f(x4)). One can check that the coefficient f; corresponding to the indicator
function I}, 1) is equal to A(f; [x},, Xx]) where (x},); is zero if (x;); = 0, and otherwise equals
the next smallest value that appears in the jth component of the lattice. (This is essentially
a special case of the above formula (4.23) where the right-hand side has exactly one term.)
In light of this relationship between 3 and the quasi-volumes of f, we see that if x; has
more than r nonzero entries, then x; and xj, differ in more than r entries and the definition
of fgﬁr forces the quasi-volume A(f;[x},xx]) (which equals i) to be zero. Otherwise if
x), # 0 has at most r nonzero entries, then the fact that f € Fd,, leads us to 8, > 0. We
see that in the representation A3 = (f(x1),..., f(x,)), we have nonnegativity constraints
on all By where k£ > 2, and moreover coefficients corresponding to columns of A that do not
appear in A, are forced to be zero. Thus it can be expressed as A3 for some 3 € R
with g, > 0 for k& > 2.

The proof of the other claim (4.12b) is very similar. Suppose 8 € RP" satisfies
B; > 0 for j > 2. Let zy,...,2z,» be the vectors with at most r nonzero entries such
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that v(zy),...,v(z,) are the columns of As. Let f = Zi;l B;liz,1) and note that
(f(x1),..., f(xn)) = Ac,B. We claim that f € Fg,. Using the expression for the quasi-
volume over [a,b| above (4.23) , we see that when a; < b;, the vector z, must satisfy
(zg); > a; > 0 to be included in the sum. Thus if {j : a; < b;} intersects with more than
one block S, (see (4.5)), it is impossible for z; to satisfy the condition to be included in the
sum, since the definition of Ag forces the nonzero elements of z; to lie within a single block.
Thus in this case the sum is empty, so the quasi-volume A(f;[a,b]) is zero for such a and
b.

When a and b differ by more than r components, the condition that (z;) > a; > 0 is
enforced for more than r components, which is impossible due to the z, having at most
r nonzero entries; thus in this case, the above sum is empty and the quasi-volume is zero.
Otherwise, the sum is a sum of 55 which are all nonnegative (except 1, which cannot appear
in the sum anyway because z; = 0 does not satisfy the condition 0 > a; for the component
J where a; < b;), so the quasi-volume is nonnegative. In light of the characterization given
by Lemma 4.2.2, this proves the D inclusion for the claim (4.12b).

For the reverse inclusion, suppose f € F&,. Because our design is a lattice, the full
EM matrix A can be taken to have columns (Ij17(X1), ..., Ix11(xn) for x € {x1,...,%,}.
It is square and invertible (see Proposition 3.3.2) so there exists 3 € R™ such that A3 =
(f(x1),...,f(x4)). One can check that the coefficient [ corresponding to the indicator
function I, 1) is equal to A(f; [x}, x]) where (x},); is zero if (x;); = 0, and otherwise equals
the next smallest value that appears in the jth component of the lattice. (This is essentially
a special case of the above formula (4.23) where the right-hand side has exactly one term.)
In light of this relationship between 3 and the quasi-volumes of f, we see that if x; nonzero
entries in more than one block, then {j : (xx); # (x},);} intersects more than one block,
and the definition of F&), forces the quasi-volume A(f;[x},xx]) (which equals 8;) to be
zero. Otherwise if the nonzero components of x; # 0 lie within a block, then the fact that
[ € F leads us to B > 0. We see that in the representation A3 = (f(x1),..., f(x,)), we
have nonnegativity constraints on all 5, where £ > 2, and moreover coefficients corresponding
to columns of A that do not appear in Ag are forced to be zero. Thus it can be expressed
as Ag@3” for some B’ € R with g/ > 0 for k > 2.

4.6.6 Proof of Proposition 4.3.1

This proof is essentially the same as the proof of Proposition 3.3.1 (see Section A.4.6).
The optimization problems (4.9a) and (4.9b) only involve the values of the function at the
design points Xy, ..., X,. By Proposition 4.3.2, we must have (]/C;EMST(Xl)a . ,]%Mér(xn)) =
AgrBEM,@ and (EM7S(X1),...,L}%M,5(xn)) = ASBEM,& so it remains to check that the
functions_(4.11) defined in the proposition satisfy this equality and belong to the respective
classes F;" and FSy. The equalities hold simply because the columns of the matrices A<,

and Ag are defined using precisely the indicators that appear in the sums defining J?EM,gr

and fEM,S‘
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To show membership in the classes, we may assume without loss of generality that the de-
sign X1, ..., X, is a lattice containing 0. (The general case can be handled as in Section A.4.6
by extending the design to such a lattice.) Let zi,...,2z, be such that the columns of A,
are v(zy). The relationship (4.23) between quasi-volumes and the NNLS coefficients holds
here as well.

A(fem<rs [, b]) = > (BEM,<r )k

k:z;<b,
(zk) j>aj if aj<b-

and a by the same argument used in Section 4.6.5, this quantity is zero if a and b differ in
more than r components, and nonnegative otherwise, which verifies fEM <r € fgl\?. The
proof of fEM,S € F5\; is completely analogous.
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Appendix A

Appendix for Chapter 3

The first section of this appendix contains a statement of another adaptation result for the
HK Variation denoising estimator similar to Theorem 3.4.10. Section A.2 contains simula-
tions containing examples and depictions of our EM and HK variation estimators, including
an application to estimation in the bivariate current status model. The rest of the supple-
ment contains proofs of all results from the main paper. The proofs for the risk results are
given in Section A.3 while the proofs of the results in Section 3.2 and Section 3.3 are given
in Section A.4. Additional technical results used in the proofs of Section A.3 are proved in
Section A.5.

A.1 Another adaptation result for the Hardy-Krause
variation denoising estimator

The goal of this section is to prove a result that is similar to but stronger than Theorem 3.4.10
for d = 2. Specifically, the minimum length condition appearing in (3.50) is relaxed for the
next result. We take d = 2 in this section. For a given constant 0 < ¢ < 1/2, let R2(c)
denote the collection of functions f : [0,1]*> — R of the form (3.49) for some a;,ay € R and
x* = (z1,23) € [0, 1)? satisfying

min{|L,, ng \ (X5, 1]} > en. (A.1)

..........

Note that the above condition is implied by the earlier minimum size condition (3.50) because
[0,x*) C [x*,1]°. Therefore we have R2(c) € R2(c). Note also that x* := (0.5,0,...,0)
satisfies (A.1). The next result (proved in Section A.3.8) is the analogue of Theorem 3.4.10
for d = 2 which works under the weaker minimum size condition (A.1).

Theorem A.1.1. Consider the lattice design (3.34). Fiz f*:[0,1]> — R and consider the



APPENDIX A. APPENDIX FOR CHAPTER 3 94

estimator fAHKOy with a tuning parameter V.. Then for every 0 < ¢ < 1/2, we have

~ 2 3
Rifuoy 1)< ik { L0707 + €O oglem)Ploaclog(em) | (4.2)
VHKo(lf)c:.V

for a constant C(c) that depends only on c.

When f* € R2(c) and V = Viko(f*), inequality (A.2) readily implies

2

R{ o+ f*) < C2=(log(en))* (log(e log(en))) .

Nlw

Note that previously we were only able to claim this result for functions f* in the smaller
class R?(c).

A.2 Simulation studies

Here we discuss some simulations we performed with the two estimators fAEM (3.2) and
fHKO,V (36) for d = 2.

A.2.1 Examples of the estimators

We start by visual illustrations of our estimators for specific values of f*. In Figure A.1 we
depict an example of ]/‘";EM when fit on a 10 x 10 grid of observations (i.e., ny = ny = 10 and
n = 100) from an EM function f*. In Figure A.2, we consider a different example where f*
has k(f*) = 4 and depict the estimate j/‘"jEM computed on a 10 x 10 grid of observations.

In Figure A.3 we consider a function f* € R4(1/4) (see equations (3.49) and (3.50)) and
depict our estimate ﬁ{KO,V computed from a 10 x 10 grid of observations for various values
of the tuning parameter V.

We remark that in these examples, we have chosen the estimator to be rectangular
piecewise constant, with values obtained by solving the finite-dimensional NNLS or LASSO
problem as discussed in Section 3.3. Additionally, one can observe in Figures A.4 and A.3
that the performance of fyko 1 improves as V' approaches the optimal V*. Note also that in
Figures A.2 and A.3 (in the case V' = V*) where f* is rectangular piecewise constant, the
estimate is also rectangular piecewise constant with relatively few “jumps.”
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Figure A.1: The function f*(z1,x2) = x1 + x2 (left), and the estimate Fem (right) performed on
observations from f* on the grid design (ny = ny = 10) with standard Gaussian noise (02 = 1).
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Figure A.2: The function f*(z1, z2) = I{zy > 0.5}+I{zs > 0.5} (left), and the estimate fgyr (right)
performed on observations from f* with the grid design (n; = ng = 10) and standard Gaussian
noise (02 = 1).
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Figure A.3: The function f*(x1,z2) = —I{x; > 0.5,29 > 0.5} (upper left), and the estimate fHKo,V
for V.= V*2V* 3V*, performed on observations from f* on the grid design (n; = ng = 10) with
standard Gaussian noise (02 = 1).
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w

]

=]

Figure A.4: The function f*(x1,z9) = x1 + x2 (upper left), and the estimate fHKO’V for V =
V*,2V* 3V*, performed on observations from f* on the grid design (ny = ng = 10) with standard
Gaussian noise (02 = 1).
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Although our theorems in Section 3.4.1 and Section 3.4.2 only apply in case of lattice
design, we can still compute the estimator for arbitrary design. In Figure A.5, we used the
“naive gridding” approach described in Section 3.3 to compute the design matrix for the
NNLS optimization problem. Note that the “jumps” in our estimate are located at design
points.

[

ra

=]

Figure A.5: The function f*(x1,z9) = I{z1 > 0.5} + I{xo > 0.5} (left), and the estimate Fam
(right) performed on observations from f* on a uniformly drawn random design (n = 100) and
standard Gaussian noise (02 = 1).

A.2.2 Bivariate current status model

One practical setting where our estimator may be useful is in the bivariate current status
model, which is a particular variant of the interval censoring problem [40, 42, 59]. In this
setting we observe (x;,y;) where the y; are independent Bernoulli random variables y; with
success parameter Fy(x;), for some bivariate CDF Fy. Since Fj is an entirely monotone
function of x, it is plausible to use our EM estimator (3.2) on these observations to estimate
Fy. In Figure A.6, we simulated n = 500 observations in the case where Fy(x) = 3 (zfzs +
z123) on [0, 1]? (the CDF of the density fo(x) = @1 + x3), and where x; are drawn uniformly
from [0, 1]?, and where y; | x; ~ Bern(Fy(x;)). We get a fairly reasonable estimate of the
original CDF on the interior of the square [0,1]>. The estimated function is not a proper
CDF, as it can take values outside of [0, 1], which happens often along the boundaries of
the square [0, 1]2. One could avoid this by modifying the estimator fan by Testricting the
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least squares optimization to functions in fry that take values in [0, 1], which would amount
to adding two more linear constraints on the corresponding NNLS problem (3.28). This
issue of obtaining an estimate that is not a proper CDF also occurs with a plug-in estimator
studied by Groeneboom [40], which they address by proposing a truncation procedure on
the boundaries of the square.

1.0
1.0

15

08
08

1.0

06
06

0.4
0.4

0.2
0.2

0.0
0.0

0.0 02 0.4 0.6 08 1.0 0.0 0.2 04 06 0.8 1.0

Figure A.6: The CDF Fy(z1,22) = (2123 + 232,) (left), and the estimate Fam (right) applied on
n = 500 observations of the form (x;,y;) where y; ~ Bern(Fy(x;)).

A.2.3 Adaptation to more general rectangular piecewise
constant functions

One severe limitation of Theorems 3.4.10 and A.1.1 is that they only consider functions of
the form (3.49), which only has one “jump” and two continguous constant pieces.

The following simulation study suggests that the upper bound of n~!(logn)? that we
proved in Theorems 3.4.10 and A.1.1 may also hold for a larger subclass of rectangular
piecewise constant functions SR

The function f*: [0, 1]? — R we consider is

Fr(x) = {1 x € ((15,5) > (0.5) U 5, 0) U (0.5 U 51D < )

0 otherwise.

One can check that V* = 12. Visually, it has a checkered pattern (see Figure A.7).
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v=v*

Figure A.7: Depiction of f* (left), and an example of fHKO’V (right) when given noisy measurements
(0 =0.5) from f* on the grid design (n; = ng = 50).

We considered the lattice design L,,, . ,, with n; = ny € {50, 60,80, 95,110} (note that
consequently n = njny ranges between 2500 and 12100). For each value of n, we performed
20 trials of generating observations Y155 Un with noise ¢ = 0.5, computed ]?HKO,V with
V = V* and computed the error = Zl n fHKO v(x;) — f*(x;))?. Averaging over the 20 trials
gives us an estimate r,, of R( fHKo,V, 1) for that value of n.

As shown in Figure A.8 A linear regression of logr, over logn yielded a slope of —0.85
which indicates that the estimator is performing better than the worst-case rate of n=%/3
given in Theorem 3.4.6. A linear regressmn of logr, over log —2— Ton — yielded a slope of —0.96,
while a regression of logr, over log logn oz n)? yielded a slope of — 1 11 Thus these simulations

suggest that the estimator fHKo,V has risk on the order of n~!(logn)” (possibly for v < 2)
for rectangular piecewise constant functions beyond the ones considered in Theorems 3.4.10
and A.1.1.

A.3 Proofs of Risk Results

A.3.1 Preliminaries

Note that the risks R(ﬁ;M, f*) and R(ﬁIKO,W f*) both only depend on the values of the
estimators fgv and fuko,v at the design points xi,...,x,. Also by the results from Sec-
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-2.0- —20-
1

—22- - —22- -

-2.6- —26-
-2.8- 5 -2.8-
slope: -0.85 : slope: -1.11
34 36 38 40 24 2’5 26 27 28
log10(n) log10(n/log10(n)"2)
Figure A.8: Plot of estimate of log R(fHKo,V, f*) vs. logn (left) and vs. log W (right).

tion 3.3, it is clear that the vectors (fa(x1), . .-, fem(Xn)) and (J?HKO,V(XQ, e J/C\HKO,V(Xn))
are Euclidean projections of the data vector y = (y1,...,¥,) on the closed convex sets

{Aﬁqu%zo} and {Aﬂ:EIWASV}

Jj=2
respectively. ~ Consequently, we can apply general results from the theory of convex-
constrained LSEs to prove the risk results for fpy and fuxo,y. This theory is, by now,
well established (see e.g., van de Geer [82], van der Vaart and Wellner [87], Hjort and Pol-
lard [50], Chatterjee [17]). The following result from Chatterjee [17] provides upper bounds

for the risk of general convex-constrained LSEs. This result will be used in the proofs of
Theorem 3.4.1 and Theorem 3.4.6.

Theorem A.3.1 (Chatterjee [17]). Let IC be a closed convex set in R™ and let
6 = argmin|jy — 9|2, (A.3)
ock

wherey ~ N, (0",1,) for some 8* € R™ (not necessarily in K ). Then there exists a universal
positive constant C' such that

E|6 — 6*|*> < C max(t3,1)

for every t. > 0 which satisfies

2
: where & ~ N, (0,1,). (A.4)

.

E| sup  (£60-67]<

0EK:||0—0%||<t.

b |
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Theorem A.3.1 is sufficient to prove Theorem 3.4.1 and Theorem 3.4.6. However, in order
to handle the misspecified setting discussed in Remark 3.4.2 and Remark 3.4.8, one needs
the following generalization of Theorem A.3.1. Below,

[ (v) == argmin|v — 6]
oek
denotes the projection of v onto the closed convex set K. The following result generalizes
Theorem A.3.1 to the case of model misspecification. It is similar to related generalizations
of Theorem A.3.1 from Chen et al. [21] and Bellec [9]. We omit the proof of this result

as it can be proved by a straightforward generalization of the proof of the original result,
Theorem A.3.1, from Chatterjee [17].

Theorem A.3.2. Let K be a closed convexr set in R™, and let 0 = Ik (y) be as defined
above (A.3), with y ~ N,(0",1,) and 8" € R™. Then there exists a universal positive
constant C' such that

E|[6 — Ik (6%)|* < C'max(t2, 1),

for every t, > 0 which satisfies

E sup (€,0 =TI (07)) | <
0CK:||0—TIx (0%)]|<ts

where & ~ N, (0,1,). (A.5)

2o [

Note that in the well-specified setting 8* € I, we have I (0") = 6", and thus Theo-
rem A.3.1 and Theorem A.3.2 are identical. On the other hand, in the misspecified setting
0" ¢ K, the two results differ in the risk quantity they control: E||@—6*||> and E||@—TIx(6*)]?
respectively and the fact that 8* appearing in (A.4) is replaced by Il (0) in (A.5).

Remark A.3.3 (Risk bounds under misspecification). Theorem 3.4.1 and Theorem 3.4.6
are proved via Theorem A.3.1 by establishing (A.4) for an appropriate t.. If we replace 8" in
these proofs by i (0") and replace the use of Theorem A.3.1 with that of Theorem A.3.2, we
obtain the risk bounds under misspecification described in Remark 3.4.2 and Remark 3.4.8.

The risk of the estimator 6 in (A.3) can also be related to the tangent cones of the closed
convex set K at *. To describe these results, we need some notation and terminology. The
tangent cone of IC at 8 € K is defined as

Tec(0){t(n—0):t>0,n€ K}.

Informally, 7i (@) represents all directions in which one can move from 6 and still remain in
K. Note that Tx () is a cone which means that acx € Ti(0) for every a € Tic(0) and a > 0.
It is also easy to see that T (@) closed and convex.

The statistical dimension of a closed convex cone 7 C R” is defined as

§(T) = E|IL-(2)|]?, where Z ~ N, (0,1,)
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and II7(Z) = argming.r||Z — ul|* is the projection of Z onto T. The terminology of
statistical dimension is due to Amelunxen et al. [3] and we refer the reader to this paper for
many properties of the statistical dimension. R R

The relevance of these notions to the estimator @ (defined in (A.3)) is that the risk of @
can be related to the statistical dimension of tangent cones of K. This is the content of the
following result due to Bellec [10, Corollary 2.2].

Theorem A.3.4. Suppose Y ~ N, (0%, 0°1,,) for some 8* € R" and 0 > 0 and consider the
estimator @ defined in (A.3) for a closed convex set K. Then

E||6 — 67|* < jnf [0 —67|* + o*6(Tk(6))] (A.6)

The statistical dimension §(7) of a closed convex cone T is closely related to the Gaussian
width of 7 which is defined as

w(T)=E| sup (Z,0)

ocT:0]<1

where Z ~ N,,(0,1,). (A7)

Indeed, it has been shown in Amelunxen et al. [3, Proposition 10.2] that
w(T) < 6(T) <w’(T)+1

for every closed convex cone T'. Using this relation in conjunction with (A.6), we obtain the
following bound on the risk of the estimator @ defined in (A.3) when Y ~ N, (0%, 0*L,):

A2 — _ p*2 2 2,2
E[[6 —6|° < inf [|I6 = 6"|° + 0® + 0" w*(Tk(6))] . (A-8)

A.3.2 Proof of Theorem 3.4.1
Let

0= (J/C]EM(XQ» R ﬁaM(Xn)) and 6" = (f"(x1),..., [ (%)) (A.9)
and note that

N * L~ *
R(fem, f7) = EEHO — 0|

where ||-|| denotes the usual Euclidean norm in R”™.

Observe that by Proposition 3.3.1, it follows that 0= A,@EM is the projection of the data
vector y on the closed convex cone

..... na = {AB: B > 0,%) = 2} = {(f(x1),--. f(xa)) : f € Fiam}- (A.10)

where A is the design matrix introduced in Section 3.3. Note that, under the lattice design
(3.34), the set Dy, .. n, is completely determined by the values of ny, ..., nys. We can therefore

employ Theorem A.3.1 to bound the risk E||6 — 6*[|2/n.
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First, we claim that it suffices to prove the theorem under the assumption n; > 2 for all
J =1,...,d. To see this, note first that when n = ny---ng = 1, we have 0 = y so that
R(0,0*) = 0?/n and the result holds which means that we can assume that max;n; > 2
for some j. Now if n; = 1 for some values of j, we can simply ignore these components and
focus on the equivalent problem with a lattice design (3.34) in a lower-dimensional space
that has at least two grid points in each component. We can apply the bound (3.43) to this
lower-dimensional problem (for instance, the dimension would be d' = #{j : n; > 2} instead
of d) and then remark that the bound (3.43) for the original problem is even larger.

Next, we claim that it suffices to prove the theorem under the assumption o = 1.
Indeed in general we may consider the rescaled problem with f == f* Jo, V*=V*/o, and
Ui ~ N(f ( i), 1), apply the bound (3.43), and then multiply the risk bound by o2 to account
for rescaling the fitted function by o. This is possible because Fg,, is a cone.

So, we assume n; > 2 for all j = 1,...,d and 0? = 1. As mentioned above, we want to

bound IE||§ — 6%||?>/n using Theorem A.3.1. For this, we need to obtain upper bounds for

G(t)=E sup (€,0 —07)
g NBs(671)

.....

where & ~ N,(0,1,,) and By(6%,t) := {0 : ||@ — 07|| < t} denotes the ball of radius ¢ centered
at 6",

In what follows, we sometimes treat vectors in R™ as arrays in R™**" indexed by
i=(i,...,0q) for 0<i; <mj—land j=1,...,d

For each j € 1,...,d, let

S](O)I{’LJOSZJS%—l}, S](l):{zj%—1<z]§nj—1},

so that
ni—1 ng—1
(€0-0)=> > &l:=6)= > > = &l:—6)
11=0 1g=0 zc{0,1}¢ i€S§21>><-"><Sc(izd)

We then obtain the bound

Y E sup Y Gli-6). (A.11)
sefo1yd 9D ndeQ(e*’t)iGSYI)X--'XS((;d)

—Hy (1)

We now bound H,(t) for fixed z € {0,1}?. For each j =1,...,d let K; denote the largest
positive integer k; for which

{ij S SJ(-Zj)an_(kj+l) -1+ zjnj/Q < ij S an_kj -1+ Zj?”Lj/Z}
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is nonempty. Let K = X?Zl{l,...,Kj} and note that || = K{Ky--- K4 For k =
(k1,...,kq) € K and @ € R™ >4 et

O(k) = {01 . nj2_(kj+1) -1+ Zj’I'Lj/Q < ij S nj2_kj -1+ Zjnj/Q,
z'j:0,...,nj—1,j:1,...,d}.

Let M = {(mi)kex : 1 <mic < K], Y e Mk < 2|K|}. For m € M, we define

2

t
T(t) = {9 € Dpyony, N Bo(07,1) : |0 — 07| < t, 0% — (6)W]2 < ”ﬁl‘é’ Wk € /c}.

Doyng N Ba2(67,8) € | Twn(t). (A.12)

.....

each k, and thus there exists 1 < my < |K| such that

6% — (67’
t2

mk—lg\lﬂH §mk.

This implies

1217210 =677 > 2> (16" — (0) W) = K[ (mi— 1)
ke ke

and thus Y, . mi < 2|K], so m € M and @ € T}, (t), which verifies the claim (A.12).
Using this claim (A.12) we obtain

H,(t) < ]Eilneaﬁ sup g &(0; — 07).
0ETm
T s s

Lemma D.1 from [44] then implies

H,(t) < maxE sup Z &i(6: — 0F) + t/21og| M| + t+/m/2.

meM  geT,, (1)
ieSC x5 ()

Because the number of |K|-tuples of positive integers summing to p is (‘ fa__ll) = (pp_ _qu), we
can bound the cardinality of M by

2|K|

Z p—1 Z 2|K| - 1) 2K| -1
M= (p—!’C\)_p: (p—VC! B

p=|K|
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Thus,

H,(t) < maxE sup Z &(6; — 0F) +2t\/|K| + t4/7/2.

meM  geTin(t
m( )iesizl)x..-xsgfd)

(. J/

=Uz m(t)

Since Ziesfl)x---xsgfd) &(0; —0F) = Zk@c<£(k)7 o _ (0*)(k)>, we have

Uz’m(t) S ZE sup <£(k)7 0(1{) i (0*)(k)> .
ex 0€Dny ... .nyNB2(0%,1):
160 ~(6%) 1) 2 <2 /K|
= z?r:,k(t)

,,,,,

106

(A.13)

(A.14)

We claim that for any 8 € D,,, _,,NB2(0%,t) and any i € ijl{O, l,...,nj—1}and k e K

satisfying
nj2_(kj+1) -1+ Zj’flj/? < le < nj2_kj -1+ zjnj/Q,

then 6; can be bounded as

08 . t(2d+k+/n)1/2 < ei < 9;_1 + t(2d+k+/n)l/2.

(A.15)

(A.16)

where k. = ky + --- + kg. We prove each bound by contradiction. If the upper bound

of (A.16) does not hold, then
O > 0; > 07, + (247 /n)V2 > 05 4 124+ /n)Y/2
as long as £ > i, which yields

d
2 >0 - 0% > (6, — 0;)* > 22 n 1 T (n; — i)

£-i Jj=1

Noting that our condition on 4; (A.15) implies n; —i; > nj(1 — 2;/2 — 27%) > n; 2=+,

we obtain H;lzl(nj —i; + 1) > n27(@+*+) which yields the contradiction 2 > #2.

Similarly if the lower bound of (A.16) does not hold, then
0 < 6; < 07, — t(2F /n)Y2 < @y — t(2%HH+ )t/

as long as £ < i, which yields

d
>0 — 67> =) (6 — 0;)° > 22" e (6 + 1),

£<i Jj=1

Noting that our condition on i; (A.15) implies i; + 1 > n;2~**+Y we obtain H?Zl(’ij +1) >

n2~(@+k+) which yields the contradiction ¢? > ¢2.
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Thus, the bounds (A.16) hold. So, for each 8 € D,,

k) is at most

_____ ng N B2(0%,t) and k € K, the

number of entries in O

d
H(njg—kj — ;2" HD) < 2= (dHhe)
j=1

and each entry lies in the interval

[a, b] = [0 — 1275 /n) 2, 05y + (270 /n) V2]

..... 7, Where ny,...,n, are the dimensions of 0% as a
sub-array.

We make use of the following metric entropy result, proved in Section A.5.1

Lemma A.3.5. Fora < b, we have
..... .

10g Nafe, Doy [, ") < 22V (1og M)H{ < (b— o)V}

Combining this metric entropy bound with Dudley’s entropy bound [31] (for instance see
20, Thm. 3.2]) yields

t/me/IKI | g B\ %2
Usmxi(t) < c/ — <log —) de,
0 € €

where
B = (n2_(d+k+))1/2(v* + Qt(nz—(d+k+))_1/2)
= (n2” @)Y 4o (A.17)
and V* = f*(1) = f*(0) > 0;_y — 05 Note that € < ¢/mu /K[ <t < B, so0 log(B/e) > 0.

The following lemma (proved in Section A.5.2) allows us to bound the above integral.

Lemma A.3.6. For every d > 1 there exists a positive constant Cy such that for every
s € (0, B], the following inequality holds.

1 2d—1

s d—3 1
/ \/E <log E) de < CyVsB <log E)
0 € € s

Applying Lemma A.3.6 with s == t\/my/|K| > t/+1/|K]| yields

2d—1

B 4
Upmx(t) < Cqv Bt(mk/‘]q)l/‘l <10g e—|lC|> '

t
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We bound this with two terms depending on which of the two terms in the def-
inition (A.17) of B is larger. In the case V*(n2= @ )1/2 > 2t we have B <
2V (n2~(d+k+))1/2 < 2V/* /n and

2d—1

2 ‘/* / ﬁC a4
Uzvmyk(t) S C’d \% tV*(nQ_k+)1/4 <log 6—7”l‘|> )

t

In the other case where V*(n2~(@+#+))1/2 < 2t we have B < 3t, which yields
2d—1
Upamx(t) < Cat(mie/|K[)* (log(2e/IK]) "5
Combining the two cases and using the indicator bounds I{V*(n2=(@+k+))1/2 ~ 2t} <

{V*y/n >t} and I{V*(n2=(@+k+))1/2 < 2t} < 1, we obtain

2d-1
2eV*/nlK|\
Upmic(t) < CoV/tV*(n2 "+ )1/4 <1og %”") {V*\/n > t}

+ Cat (muc/ [K]) " (log(2e/IK])) “T .

Applying this observation to the earlier bound U, m(t) < >y cic Uzmi(t) from (A.14) yields

2d—1

2eV*\/n|K\ *
Upm(t) < CpV/tV R4 (10g %TM) V'V >}y 2k

kel

+ Cat(log(2e/[KD) T D (mue/ I

kek
The first sum can be bounded as

22*’@/4 < f[ i 9—kj/4 < Q.
=1 k;=1

kek

For the second sum, note that Holder’s inequality combined with the fact that ), - mk <
2|K] yields

1/4
St () v

kel kel

Additionally, note that K; < Clogn; for each j, so log|K| < ijl log(C'logn;) <
Cylogn, which allows us to bound the logarithmic term as

2eV*\/n|K| < log 2eV*\/n
t - t

log

1 %
- §log]IC| < Cylog c t\/ﬁ.
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Finally, note that

2d—1

2d-1
(log th\/ﬁ) H{V*/n >t} = (log+ v \/ﬁ) ,

t

where log , () := max(0,log x).
Combining these four observations yields

2d—1
x T _
Upn(t) < CoV/tVn!/* <log+ evt\/ﬁ) + Cgt| KPP (log (2e/]K]) T
Combining this bound with the earlier bound (A.13) on H,(¢) yields
H,(t) < I xUzm )+ 2t\/|K| + t\/7/

% T
< CgVtVrnt/A (logJr ‘ t\/ﬁ> + C4t| K3 (log(2e
—Ga(t)

VIKD)

J/

—G1 (1)

By observing the earlier bound (A.11), we see that the above upper bound for H,(t) also
holds for G(t) (after multiplying the constants by 2¢). That is,

G(t) < Gy(t) + Ga(t). (A.18)
where GG; and G5 are the two terms of the previous inequality. Let
2d—1
t1 == max{1, (4Cy)**}(v/nV*")1/? [max{1, log+(e(\/ﬁV*)2/3)}] 6

Then t; > (y/nV*)1/3 so for t > t; we have

G4 (t) Vrnl/4 eVeyn\ T
2 = Cy 13/2 log,

Venl/t ' e
< C’dth(long(e(V \/5)2/3)) <

Next, with the definition

ty = 4Cy| K[> (log(2e+/[K]) T

for t > t, we have

Galt) _ Cal KPP
t

1
<
12 -

(log(2e\/[K]) 7

o |
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Combining the two inequalities, we obtain G(t) < t?/2 for ¢ > max{t;,t2}. By Theo-
rem A.3.1 and the bound K; < clogn;, we obtain

t2 413
n

N * L~ *
R(fem, f7) :EEHO—H I* <

SCd(V

2
3

[max{L,log, (e(vaV*)%*)}] " *

2d—1

) i8I
() (Sennany)
)

1

Wi

2d—1

[log(2 4+ v/nV*)] &

(

A.3.3 Proof of Theorem 3.4.5

We use the earlier notation (A.9). As observed in the proof of Theorem 3.4.1, it follows from
Proposition 3.3.1 and Proposition 3.3.2 that @ is the projection of the data vector y onto
the closed convex cone (A.10). We then apply Theorem A.3.4 to obtain

2d—1

(logn)? (log(elogn)) T .

-~ . 1 ~ “112 . 1 112 o?
e —_ — < — —
R(fem, ) EnHO 0"||° < é?ﬁ{n”g 0"||° + n5(TK(9))}

where K = D, _,, is the set (A.10). Using the notation 8y := (f(x1),..., f(x,)) for
[ € F&, we can rewrite the above inequality as

R(fon. ) < inf {% S (F6x) = £+ %5@(0»)}
S {12<f<xz~>—f*(x»)ﬂ%a(TK(ef))}.

feRrinFgy | M5

Therefore to complete the proof of Theorem 3.4.5, it is enough to show that
(Tk(8y)) < Cdk(f)(log(en))%d(log log n)% for every f € RN Fiy (A.19)
Fix f € RINFy, with k(f) = k. By the definition of R¢, there exist d univariate partitions

as in (3.21) such that f is constant on each of the k rectangles

Riyogy= [l 2%) =01, k—lands=1,.. 4d (A.20)
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For every s = 1,...,d and I, = 0,1,..., ks — 1, let ns(l;) be the number of indices iy, =
0,1,...,ns — 1 such that is/n, € [xgj),xl(jzrl) It will be convenient in the sequel to, as in
Section 3.3.1, index vectors in R"™ by (iy,...,75) € Z (recall that Z is defined as in (3.37)).
Specifically the components of @ € R™ will be denoted by 6;, ., (i1,...,i4) € Z. Also, for

,,,,,

with components given by 6;, as each i, varies over the indices in 0,1,...,ns — 1 such

7777 1d

that is/n, € [xl(:), xl(jzrl) We now make the key observation that for every 8 € D,,, . ,, and
rectangle R;, ;. in (A.20), we have
O(Ru,...10) € Dry(),matta)- (A-21)

To see this, fix @ € D, _,, and let f € Fd\; be such that 6;, ;, = f(i1/n,...,ia/nq) for

..........

Oy, 14) = {(f(z—l),,f(z—d)) s € [xl(f),xl(:ll),s = 1,...,d}

ny nq N

_ {(g(m]&l),...,ndj(”;d))) Ge=0,1,.. . ng(l) — 1,5 = 1,...,d}

where g : [0,1]? — R is defined as

(1) (1)

g(xy, ... xq) = f ((1 —x)ry T, (L= za)ry)) + wazy )y

(d) (d) )
It is easy to see that g € Fg,, which proves (A.21). The fact (A.21) will be used to prove
(A.19) in the following way. We first observe that

Tk(0y) € {veR" : v(Ry;...1,) € Dny(y),malta)s Vs = 0,1, ... ks — 1,Vs = 1,..., d(A.22)

To prove (A.22), note first that, by the definition of the tangent cone, we have
Tk (0s) = Closure {a(0 — ;) : 0 € K, > 0}.

Since the right hand side of (A.22) is a closed set, we only need to show that v = a(6 — 0)
belongs to the right hand side of (A.22) for every @ € K and a > 0. Fix ly,...,l4. By (A.21),
we have that O(Ry,. 1) € Duiay).. ngiy)- On the other hand, 6¢(R;, . 1,) 1 a constant
As a result, with R = Ry, ;,, we obtain that
V(R) = a(8(R) — 0f(R)) € Duy),...n0(ta) 3 Dny1y),...nq1y) 18 @ cone that is invariant under
translation by constant vectors. This proves (A.22).

The observation (A.22) implies (using the monotonicity of statistical dimension; see
Amelunxen et al. [3, Proposition 3.1]) that 6(Tx(6)) < §(T") where T' denotes the right
hand side of (A.22). It is now easy to see that

k1—1 kq—1

11=0 14=0



APPENDIX A. APPENDIX FOR CHAPTER 3 112

where Z ~ N,(0,1,) and Hpnl(m _____ nglia) is the projection operator on the closed convex set
D, h),...na(y) Each addend on the right-hand side is simply the risk of the NNLS estimator

~

fem when the design points are (j1/n1(l), - -, Ja/na(la)), js = 0,1, ... ,ns(ls)—1,s =1,...,d
and when the true function f* is constantly equal to zero. Thus, by the second term in (3.43),
and noting that the number of design points here is Hle ns(ls) < n, we obtain

1

5(TK(0f)) < 5(T) < Cdk‘(log(en))%(log(e 10g(en)))2de,

which proves (A.19) and completes the proof of Theorem 3.4.5.

A.3.4 Proof of Theorem 3.4.6
Let

0= (ﬁ{KO,V(Xl)v R .}/C;{KO,V(Xn)) = ABHKO,V and 0" = (f*(x1),..., ["(xx)) (A23)

where BHKO,V is defined by the LASSO problem (3.30). Note that R(fHKO,V, 9= %IEH@ -
0|

Similar to the proof of Theorem 3.4.1, we take ¢ = 1 without loss of generality. To see
this, note that we can consider the scaled problem y;/0 = f*(x;)/0 + &;/o so that noise is
scaled to have variance 1 and the variation is now Viko(f* /0o, [0,1]%) < V/o. Note also that
the estimator for the scaled problem is ]?HKO’V /o where fHKoy is the estimator in the original
problem. We may apply the bound (3.48) to the scaled problem, and convert this into a
bound on the risk of the original problem by multiplying the bound by ¢? and replacing the
variation term V/o with V. Thus, for the rest of the proof we assume o = 1.

Observe first that 6 is the projection of y on the closed convex set C(V) defined in (3.31).
We use Theorem A.3.1 to bound E|[@ — 8*||2 and the key is to bound the quantity

G(t)=E sup (€,0 —07) fort >0 (A.24)
0cC(V):(|0—6%||2<t
where € ~ N(0,1,) in order to find ¢, > 0 such that G(t,) < t?/2.
Throughout, A is the design matrix from Section 3.3. If 8 = A3 and 8" = A3" both
belong to C(V') then > 77 ,[8; — 87 < > 20,851 + > 7,851 < 2V, so we have

G(t) < H(t):=E sup (&, ).

acC(2V):||lall2<t

Let C(V,t) == C(V) N By(0,t). We now use Dudley’s entropy bound (see Chatterjee et al.
[20, Thm. 3.2]) to control the right hand side above:

H(t) < c/t Vlog N(e,C(2V, 1)) de.

The covering numbers above are bounded in the following lemma whose proof is deferred to
Section A.5.3.



APPENDIX A. APPENDIX FOR CHAPTER 3 113

Lemma A.3.7. For every V >0 and t > 0, we have

log N(e,C(V,1)) < Cd<vz/ﬁ + 1) (1og(2ve\/ﬁ + 1)>d_é +log (2 + 2@)

Lemma A.3.7 and the inequality va? + b%> < a + b for a,b > 0 together give

Viog N(e,C(2V 1)) < Cd\/ <M+ 1)( ( P )) 7

+ C’d\/log (2 + QM)
€

and thus

sz [ (5F50) ()
v [ a2 42

We can upper bound the second integral as follows.
Let B := 4t 4+ 2V y/n. Using the fact that € < ¢ in the integral, and peforming some
substitutions and integration by parts, we obtain

t
/ \/log(2+2w)d
0 €
t
< [ osEE
/ \/log—de

B B
/ u?e™ du u=log—,a = log?
o €

— Byae ™ + B/a ;\/ﬂ du

where the last step is due to integration by parts. The last integral can be bounded by

. 2V “—wa . “—2\F



APPENDIX A. APPENDIX FOR CHAPTER 3 114

Noting that o = log(B/t) > log(4) and Be™® = t, we obtain

)
/\/10 2+2t+v\/_>d < Be~ (\/_+2\/_)
< Cty/1+1log(B/t)

< Ct\/log(4 +2V/n/t).
We now return to the first integral.

() ()
w L ()
(o

[un

cnfiavaran(1 2V\/_+t)) =
< (t i \/QtV\/ﬁ) (log(1 + 2V /1)) 7.

where we have used Lemma A.3.6 to bound the integral.
Combining these two terms yields

2d—1

G(t) < Cy (t - \/m) (log(1 +2eVv/n/t)) T (A.25)
+ Cdt\/log(4 +2V/n/t).

As always, the constants Cy that appear below vary from line to line. We have

2d—1

Cat(log(1 + 2eV/n/t)) * <%

whenever t > Cy max{ (log(1 + QeV\/_)) } We have

2d—1 t2

Ca\/2tV/n(log(1 4 2eV/n/t)) * < 5

. Finally, we have

H—/

whenever t > ¢, max{l, (V/n)3(log(1 + 26V\/ﬁ))2d‘:1

2C,t\/log(4+ 2V V/n 1) < %
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whenever ¢t > Cy max{l, Vlog(4 + 2V\/ﬁ)}. So, with

t=Ca max{(vx/ﬁ)w’ (log (1 + 26V /) T, \flog(4 + 2V /), (log (1 +2¢Vy/m)) T, 1}

the above three inequalities hold, and we obtain G(¢) < #*/2, and we may then use Theo-
rem A.3.1 to obtain

2
2d—1

< Cymax { (%) ’ (log(1 + 2V /n)) "3

~ 1
R(Orasso, [) < - log(4 + 2V /n),

1 2d—1 ]

We claim we can remove the log terms in the second and third terms as well. Note that
log(4 + x) < 22/3 for x > 3. Thus, we may bound the second term by

2V

%log(ll 42V /) < (7) "If2vya > 3} + 080

n

{2V /n < 3}

1+ m)261771 < 2?3 for x > Cy, so we may bound the third term by

—

Similarly, log

2d—1

(log(1+2eVy/n)) 2

S|

< (%)gﬂ{%v\/ﬁ > Cy} + (

2d—1
log(1 +ncd)) 1{2eVv/n < Cy}.

This allows us to rewrite our risk bound as

2
2d—1

~ V3 1
R<9LAsso,f*>sod(;) (lg(1 +26Vyim)) 5 + Ci

which is the desired bound in the case 02> = 1. The general result can be obtained by
rescaling as discussed earlier.

A.3.5 Proof of Theorem 3.4.4
Let _ _ _
9 = (fEM,V(Xl)y ceey fEM,V(Xn)) and 6* = (f*(Xl), e 7f*(Xn))

As discussed in Section 3.3, Dy, n,N (6, —61) = Dy,
then 0, — 01 =35, 85 = >_;50|55]), and we have

.....

0= argmin |y —6|?
V)
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As in Section A.3.4, we may without loss of generality assume o2 = 1, and then rescale to
handle the general case.
We again appeal to Theorem A.3.1. We need to bound

E sup (€,0 —07)
0EDn, ...y NC(V):]|0—6% || <t

.....

for t > 0 where £ ~ N,,(0,1,). But by removing the D, ., constraint in the supremum, we
immediately see that this quantity is bounded from above by G(t) as defined above (A.24).
Thus we may exactly follow the argument that bounds G(¢) in Section A.3.4, and ultimately
end up with the same bound (3.48) in Theorem 3.4.6.

A.3.6 Proof of Theorem 3.4.9

See the end of Section A.3.7 for the proof of the tighter bound in the case d = 2.
We use Assouad’s lemma [4] (see also [96] for more discussion) in the following form:

Lemma A.3.8 (Assouad’s lemma [96, Lemma 2]). Let g be a positive integer, and assume
that for every m € {—1,1}7 there is an associated function f,, satisfying Vaxo(fn) < V. Then
q . L(fn, fw)

M, va(n) > = min ————"= min <1— P, — P, ),
,V,d( ) 2777577/ dH(’l’],’f]/) dH("],'f]/):l H f'n f’r] HTV

where L(f,g) = + > (f(x;) — g(x;))?, where Py denotes the probability measure of

Yis- - Yn drawn from the model (3.1) where f* = f, and where du(n,n’) = >_j_, Hn; # 0}
denotes the Hamming distance.

Below we construct a collection of functions { f,,,m € {—1,1}?}} such that the right-hand
side of Assouad’s bound above is the resulting bound Cy(o?V/n)?/3(log(n(V/c)?))2d=1/3 of
Theorem 3.4.9, but under the assumption that n; = --- = ng and that n; is a power of 2.

Our construction of the functions { f,,n € {—1,1}?} closely roughly mirrors that of Blei
et al. [12, Section 4]. First let

(= {310g2 (log(CynV?/0?) — (d — 1) log log(Cng2/a2))—‘ . (A.26)

The particular choice of this integer ¢ will be relevant later. We define the index set

d
M, = {(mh,.,,md) e N ij =/{, maxm; < 2€/d},
j=1

Jj€ld]
and for each m € M, we define
T = {(i1,...,iq) € N*:4; € [27] for each j € [d]}.

One can check that |Z,,| = H;.lzl 2mi = 2¢ for each m € M,. We also have the following
lower bound which is proved in Section A.5.4.
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Lemma A.3.9. There exist positive constants aq and c:i o2 V2 such that
M| > aqgf®? for alln > ¢}y 2 2.

Finally, let
q = |M,| -2 (A.27)

be the cardinality of the set {(m,i) : m € M, i € Z,,}. We index the components of
n € {—1,1}? by nm; for m € My, i € Z,,.

We now define a function f,, for each n € {—1,1}9. For natural numbers m and natural
number i € [2"/] we define the function ¢,,; : [0,1] — R by

0 x ¢ [(i —1)27m, 277,
g—m—2 r=(i— %)2 m

bui) =y ns o b (A28
linear otherwise.

Note that consequently

We define the function f,, : [0,1]¢ — R as

Z Z nm1®¢mj 15

| ’ mEMg i€Zlm

that is,

fal(x) = W‘ > anlmmﬂj z5).

meMy i€,

The following lemma (proved in Section A.5.5) contains the key ingredients for the ap-
plication of Lemma A.3.8.

Lemma A.3.10. For the functions f, defined above, the following three inequalities hold.

Viro(f3 [0, 1]%) <V, (A.29)
n V2
Py — Py |y < 1) e —9-3t-dd, A.30
dH(rn"%?I%=1” In In v < \/O’2 |M,| ( )
and
min Elfn: J) 2 2_36_6d. (A.31)

n#n' du(n, ')
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The three inequalities in the above lemma, together with Lemma A.3.8, Lemma A.3.9
and equation (A.27) imply

My va(n) > g AV —_9—3t=6d [1 n Ve 2—32—4d]

2 My o [M,]
V2
S of+ly29-36—6d |1 _ [T 9-3(—4d
= 4 02 a i1
o n V2
> Y29-2-6d+1 [1 _ Cd_Qéd_Q—:w] (A.32)

where Cy := 274/q,.
Note that our choice (A.26) of ¢ implies

—¢ o \*? 2/ 2\ %5+

Then

d—1
Cdﬁv_22_3é _ log(CynV?/a?) - log 2
o? (d-1 log(CynV?/0?) — %=L loglog(CynV?/o?)

- (i1 -G T

log log x

For all # > 1 we have “£22% < (log x)~1/2

. Thus if we have

nV?/o* > ™14 C, (A.34)
then we obtain loglog(CanV? /%) o
log(CynV2/c?) < (log(CanV=/0%)) /2 < 4
Applying this bound to the earlier equality (A.33) yields
Cdng;d/ 973 < (21;g2>d_1 < %
Thus continuing from the earlier lower bound (A.32), we obtain
2 3 2(d—1)

> a2 =2
gﬁmv’d(n) = ch (Cng2

) (log(CqnV?/0?))

2(d 1)

_ (UZTV) (log(CanV?/0?)) *
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where ¢y = 27611 — 2-1/2) and ¢, :== C;*/*¢,, provided the sample size condition (A.34)
holds.

We claim we may replace log(CynV?/c?) with log(n(V/c)?) in the above lower bound
for sufficiently large n. Indeed as long as n(V/o)? > C;? we have log(CynV?/0?) >
1log(n(V/o)?), so we obtain

2 2(d—1)

nl @ V % 2
D, va() 2 ¢h( 22 og(n(v/e)2)*S
for all n larger than a constant depending only on d and ¢2/V?2,

Relaxing assumptions We have proved the theorem under the assumption n; = --- =ny
with n; a power of 2. We now argue that this suffices to handle the general case. First,
suppose ny = --- = ng, but ny is not a power of 2. Let n} be the largest power of 2 less
than ny, and let n’ = (n})?. Then we may apply the argument on the n} x --- x n} and
obtain a collection {f,,n € {—1,1}?} such that the right-hand side of Assouad’s bound is
Cq(0?V/n')3(log(n'(V/o)?))?@=1D/3 We now adapt this collection for our original ng x - - - x
nq grid. Since L(fy, fn) and [|Py, — Py, |lTv depend only the values of the functions at the
design points x;, we may assume without loss of generality that the functions are piecewise
constant with respect to the nf x --- x n} grid, since keeping the values of f, (x;) intact for
all » and x; while making the function piecewise constant elsewhere can only decrease the

HK-variation, and thus not violate the Viko(fy) < V condition. Note that ny — n} < nj.
-1

. d .
To move from the n} x -+ x n} grid ><].:1{0,ni,1,...,n;,1 } toan x - xXng grid, we
. . ’ . 1 3 2(n1—nj)—1 1 ny—1
simply include the n; — n} extra points ST BT a to the set {0, FERERE n_’l}

before taking the Cartesian product d times. This is not an evenly spaced grid, but we may
consider an isotonic function g that maps these n; points

1 2 2(ny —nf)—1 ng—nf ny—nj+1 n) —1

) /) V2RI / 9 / ) / PECEEE 7
2ny 2n 2n nj nj n;

to the evenly spaced grid 0, nil, ey ”;:1, and let ]7,7 = fpo G where G = ®f:1 g.

We now account for how the right-hand side of Assouad’s bound (Lemma A.3.8) changes
when using {fn} on the full ny x -+ x ng grid instead of {f,} on the smaller grid. Since
HK variation is invariant under “stretching” of the domain, VHKO(ﬁ,) = Vako(fn) < V.
Furthermore, since the f,, are piecewise constant, the addition of the extra points simply
means that certain values of f,, on the smaller grid appear up to 2¢ times as values of ﬁ,
on the larger grid (since n; < 2n) for each j, and n < 2%/). Thus, using the fact that
n' <n < 2%’ the loss E(fn, fn’) with respect to the larger grid satisfies

2L (fs fop) < L(Fs Foy) < Lfns Fry)

where L(fy, fry) is with respect to the smaller grid. In particular, we still have the bound
in (A.30) for Han — P [ltv, since in the proof of (A.3.10) we show “an — Pz |lrv <
n n
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\/%E(ﬁ?,ﬁ/). For (A.31), we need to multiply the right-hand side by a factor of 279,

which amounts to changing a few constants that depend on d. Thus, up to this d-dependent
factor, the result of Lemma A.3.10 hold, and we can apply Assouad’s bound as before, with
the only changes being an adjustment in the constants that depend on d. Thus, we obtain
a final lower bound of the form

2 2(d—1)

Mavalr) = Ca 7 oo (V1o %%

To conclude, note that 279 < n/ < n, so we have

2
3 2(d—1)

M) 2 o 2L ) Qos(u(v/e)

for n larger than a [now slightly larger] constant depending only on (¢/V)? and d.

We have now proven the theorem under the assumption ny = --- = ng where n,
is any sufficiently large positive integer. The argument for relaxing this assumption to
n; > ent/4 is similar. We can consider a smaller square grid n} x - - - x n} where n} = c,nt/<,
and use the above argument to obtain a collection of f,, (which may be assumed to
be rectangular piecewise constant on the small grid) for which Assouad’s bound yields
Cy(a?V/n)*3(log(n' (V/e)?))2@=D/3 where n’ = cIn. To move to the larger grid, we need
to add n; — c,n} points to each dimension of the grid in the same fashion as above, by
distributing them evenly among the gaps between the points of the smaller grid. We can
again make this larger grid evenly spaced by stretching the domain as before to obtain a new
collection of functions f,. Since we have enlarged the grid by a factor of ¢;¢, each value of

fn on the small grid appears at most c; @ times as values of ﬁ, on the larger grid. Thus,

AL fns fur) < L(fn For) < LSy For)

We may then use the bounds in Lemma A.3.10 (with the bound (A.31) having an extra
factor of ¢ that will later be absorbed into constants) and apply Assouad’s bound to obtain
the same bound Cy(a2V/n')?/3(log(n/(V/a)?))4=1/3. Substituting n’ = c¢?n and absorbing

S
¢ into the constant and taking n larger than a constant depending only on ¢, (o/V)?, and

d yields the desired bound.

A.3.7 Proof of Theorem 3.4.3

Let us first consider the case 0% = 1. Let Fy(V) = {f € Fu : Viko(f) < V}.
Let Fa denote the class of cumulative distribution functions of probability distributions
on [0, 1]¢. We immediately have V Fd. C F&(V), which implies

inf  sup ]Ef*ﬁ(ﬁ,f*)zigf sup Ef*[,(fn,f*).
fr freFd (V) Fn frevFd,
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Thus it suffices to prove a minimax lower bound for V Fdn. To do so, we employ the Yang
and Barron bound [94], roughly in the form appearing in [43, Thm. IV.1] (after specializing
the Kullback-Leibler divergence to our Gaussian model):

> § log 2 + log N (¢/V; F& 2
inf sup EpL(fn, [5) > 77_(1 _ log2+log (G/VaF?F) + ne )
fn frerds 4 log M(n/V; Fip)

(A.35)

for any positive n and €. Here, N (e; Fr) is the covering number of F. (cardinality N of the
smallest set g1, ..., ¢/ satisfying min; £(f7, g) < €* for any g € Fp) and M (n; Fp) is the
packing number of Fd, (cardinality M of the largest set g', ..., g™ satisfying L(f7, f*¥) > n?
for all j # k).

The case d > 2. We first prove the general minimax bound for cases d > 2, before
specializing to the case d = 2. We claim

1 1\"2

log N (¢; Fip) < Od? <log §> : e <e? (A.36a)
1 T

log M(T]/; ffl)F) > Odﬁ <log ;) . (A.36b)

Assuming these two equations are true, then applying the Yang-Barron bound (A.35) with
€= ad(V/n)%(log(nVQ))2(1771 and n = bd(V/n)%(log(n\/Q))%, for certain constants a; and

by, allows us to conclude the proof. Specifically, we then have ne? = a2(nV2)s (log(nV2)) 5"

as well as

log N(e/V: Fip)

(NI

d—1

; 2a1 [ 1 2 4=
= Cyaq(nV?)i (log(nV?)) "5 {g log(nV?/a3) — log log(nVQ)]

2d—1
3

< (nV?)5 (log(nV?))
and

log M (n/V'; Fig)
d—2

) 51 -1
= Cyba(nV?)3 (log(nV?2))~ 5 {g log(nV? /bg) — log log(nvz)]

2d—1

> (nV?)3 (log(nV'?)) "5

In particular, the quantities ne?, log N(e; F2r), and log M (n; Fir) are of the same order, so
a judicious choice of constants a4 and by will make the Yang-Barron bound (A.35) be on the
order of

7= () ety 5, (A.37)
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which yields the desired minimax bound in the case 02 = 1. Note that n must be sufficiently
large (larger than a constant depending on d and V) in order for ¢/V < e™! in order to
use the covering number bound (A.36a). For general 02 and V, we may rescale the problem
to have noise level (0/)? = 1 and variation V' = V/o, apply the above bound (A.37), and
multiply by o2 to obtain the final minimax bound that appears in Theorem 3.4.3.

It now remains to verify the above two claims. The first claim (A.36a) is due to Blei
et al. [12]; see (A.67) with R = 1 and note that our notion of distance in the present proof
is normalized by n.

We now turn to the other claim (A.36b). Let £, My, ¢ == |M,|2¢, and {f,, : 7 € {—1,1}}
be as defined in Section A.3.6 (see (A.26), (A.27), etc.), and let with V' = 1. Note that the
fn are continuous functions with Vikoe(fy) < 1, so they belong to Fip — Fip.

The Gilbert-Varshamov lemma (see [61, Lemma 4.7]) guarantees a subset 7' C {—1,1}4
satisfying log|T| 2 ¢ and du(n,n’) 2 ¢q/2 for all distinct n,n" € T. Recalling from
Lemma A.3.10 that

‘C(fm fn’) 2—3(—6d+2

> ;
| M|
,2—3[—6d+1

we obtain a packing set {f, : § € T} of Fir — Fip satisfying L(fy, fry) > & yn
27276 = (1f)?. Note that £ = clog ;. Recalling [M,| 2 ¢4~" from Lemma A.3.9, the log
cardinality of this packing set {f, : m € T'} with radius 7’ is

min

A.38
n#n’ dy (777 77/) ( )

1 1 d—1
log M(n's Fie — Fop) = [Mel2 2 207 = (log ;) :

Using basic relationships between covering numbers and packing numbers, we have

1 1\ !
; <log ﬁ) S log M(TI/; ]:SF - ‘F]C)lF)

<log N(1/2; Fip — Fir)

(%)
< 2log N (7 /4; Fiip)
< 2log M(n'/4; Fip),

where the starred inequality is due to the fact that one can obtain a covering set for Fd,—Fd .
by taking a covering set for F3, with half the radius, and taking the differences between all
pairs drawn from the covering set.

The only place we used the assumption that ny = - - - = ng with n; a power of 2 is in our
appeal to the construction of {f,} in proving the packing bound (A.36b). We may follow
the same argument as in the end of Section A.3.6 to relax these assumptions to the setting
of the theorem and obtain the same risk lower bound, since the argument there only results
in changing the right-hand side of the lower bound (A.38) by a factor that depends on d and
Cs.
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The case d = 2. We now prove the tighter bound in the case d = 2, which will follow
from tightening the packing number bound (A.36b).
We again refer to notation in Section A.3.6. Let

./\75 = {(m1,my) € N*:my +my = ¢, m; and msy both even}

and let § == | M,|2. Let ®m be as before (A.28). For n € {—1,1}9, we define

Fn m t17 t2 = Z Tm, l(bml i1 (t1)¢WL2 io (t2)

IGIm

- / / H <1 + Fnzm(th t2)) dty dts
0 0 1

mEMz

and

Note that we can rewrite this function as

ﬁ](x) = T1%3 + Z Z Mm,i@mais (T1) P iz (T2) + Qn(X),

mEM[ i€Zm
where
Z Z / / HF (kpot—ky) (T1, T2) dty dis,
P>2k,...,
and the inner sum above is over even integers 0 <k <ky<---<kp </

These functions satisfying the following properties (proved in Section A.5.6).

Lemma A.3.11. The functions fv,, belong to Fip and satisfy

min E(fnv fn’) > 9—3(-10
n#n' du(n,n’)

From here, we apply the Gilbert-Varshamov lemma again to obtain a subset T C {—1,1}4
satisfying log|T'| 2 g and dy(n,n') > ¢/2 for all distinct i, " € T'. From the above inequality,
we can obtain a packing set {f, : 7 € T'} of F2, satisfying L(fp, fr) > §-273 1 > 0.27% —
(n')? where we have used q = |Mz|2€ > (- 2% Note that then we have

1 1\%? 1 _
= (10g —,> = 290712 (cl = Slog 0 S €+ 2" S 7 < log M(n's Fiy)
n n
since ¢ < log|T|. Note that this packing number bound is of the same order as the earlier
covering number bound (A.36a).
We now return to the Yang—Barron bound (A.35) with ¢ = a(V/n)3(log(nV?))z and

n = b(V/n)3(log(nV?2))z. We have ne? < (nV?2)3 log(nV?) as well as

log N(e/V; fl%F) (”V2>“’ log(nVQ) S log M(n/V; ]:DF)
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Thus with appropriate choices of constants, obtain a lower bound on the minimax risk on
the order of

7 = (%) log(nV'2),

in the case 02 = 1. Repeating the rescaling argument produces the bound for general 2.
We can relax the assumption that n; = ny with n; a power of 2 in the same manner as
before, and again, the result of applying the same argument amounts to an additional factor
depending only on ¢, for the lower bound in Lemma A.3.11.
Having proved the tighter minimax lower bound of Theorem 3.4.3 in the case d = 2, we
note that the analogous bound of Theorem 3.4.9 follows immediately, since

{f" € Fin + Vio(f) <V} C{f": Viko(f7) <V}

A.3.8 Proofs of Theorem 3.4.10 and Theorem A.1.1

We shall first introduce some notation and state some auxiliary results which will hold for
every d > 1 and which will used in the proofs of both Theorem 3.4.10 and Theorem A.1.1.
After that we shall give the proofs of Theorem 3.4.10 and Theorem A.1.1 separately in two
subsections.

Throughout, A is the design matrix from Section 3.3. As observed in Section 3.3.1, A is
square and invertible (note that we are working under the assumption that x, ..., X, come
from the lattice design (3.34)). This means that every 8 € R"™ can be expressed as 8 = A3
for a unique B € R”. By an abuse of notation, we define

Viio(8) :== > _ |8l
=2

where (f1,...,[3,) are the components of 3. This abuse of notation is justified by noting
that if @ = AB, then 6 = (f(x1),..., f(x,)) for f := 37", Billx,1). For this function f,
it is easy to see that Viko(f) = >_7_,|0;]. In other words, we are defining Viko(0) to be
equal to Viiko(f) for a specific canonical function on [0, 1]¢ which satisfies f(x;) = 0; for
eachi=1,...,n.

We shall say that a vector @8 = AB € R" is entirely monotone if min;>o 8; > 0. This
can be justified by noting that the function f := 3", B, 1) belongs to Fé\ if and only if
min;>y #; > 0. We also say that @ = A3 is nearly entirely monotone if

n

> Bl =B <6 (A.39)

Jj=2

for a small 6 > 0. Note that, by the definition of Vijko(@), this is equivalent to the inequality:
Viiko(0) < 6, — 01 + §. Note that if @ is entirely monotone, then (A.39) is true with § = 0
and this justifies the terminology of nearly entirely monotone.
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We also use the notation in (A.23). Because ﬁﬂ(o,v is the LSE over the class C(V),
inequality (A.8) with K = C(V) gives

- 1 ~ . 1 - . ~
R(ficov, ) = B0 — 0" < — inf {0 = 0"[]* + o*uw*(Te) (8)) + 02} (A.40)
n N ocK

To further bound the right hand side above, it is important to understand the structure of
the tangent cone T¢(1)(0). The following result (proved in Section A.5.7) provides an explicit

characterization of this tangent cone at 8 = AQ3.

Lemma A.3.12. Suppose B is such that AB € C(V). Then the tangent cone of C(V) at
ApB is

Tean(AB) =S AB: D [B1<— > Bsign(B)) ¢, (A.41)

§>2:8;=0 §>2:8;7#0

if 27:2|§]| =V otherwise, TC(V)(AB) = R",

The structure of the tangent cone given above (in the case Z?:2|Bj| = V) has the

implication that, when 5 corresponds to a function of the form (3.49), every vector in
Tew) (AB) can be broken down into lower-dimensional elements each of which is either nearly
entirely monotone or has low HKO variation. This is the content of the next result. For
this result, it will be necessary, as in Section 3.3.1, to view vectors in R™ as arrays in
R™ x .-+ x R™. Indeed, we shall denote the elements 8 € R™ by 6;,i € Z (where 7 is as
defined in (3.37). Note that the columns of the design matrix A can also be indexed in this
way so that the i column (where i = (iy, . ..,i4)) of A corresponds to the vector (3.27) with
z = (i1/ny,...,iq/nq). Note that this implies that the 0" column is the column of ones.

Lemma A.3.13. Let B € RM*"*na gqtisfy B; = 0 for all i ¢ {0,i*} for somei*. Leti" and
i’ be two indices such that i* < i* and i’ ) i*, and let L, == {i :1 < i"} and L, = {i:i < i’}
Then for every a = AB € Tew)(AB) where V = Viko(AB) = 3,0l 5], we have

> (B8] —s()B) < —sign(Bi) (o — ay), (A.42)
i¢{0,i*}
where
1 ie L,NL{\{i"}
s(i)=< -1 iel:nly, (A.43)
0 ie(LyNLy)U(LEnLy)\{0}

Lemma A.3.13 will be used to bound the Gaussian width w(%(v)(AB)) for every 3 as in
the statement of Lemma A.3.13 in the following way. Assume first that i* and i’ are chosen
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so that the right hand side of (A.42) is small. Specifically, for ,@ € R™>* > and indices
i*,i%,i’ as in the statement of Lemma A.3.13 and a fixed § > 0, let

TG i, 6) = {a € Teor (AB) : ag — ay| < 5} N B2(0, 1), (A.44)

where By(0,1) == {0 : ||@|| < 1}. The intersection with the unit ball here arises because of
the presence of the unit norm restriction in the definition of the Gaussian width (see (A.7)).
For every o = A3 € T(i", i%,0), it is clear that:

ST (18] - s@)B) < logw — age| < 6. (A.45)
i¢{0,i*}

Suppose now that 0 is small. Then, if we restrict the indices i to the set L, N L§ \ {i"}, we
would have s(i) = 1 according to (A.43) and, consequently,
The inequality (A.45) implies that

Z (18] = Bi) <6, (A.46)

i¢ LuNLE\{i"}

which resembles the definition of nearly entire monotonicity (A.39). This might suggest
that the restriction of e to its components indexed by L, N L§ \ {i*} is nearly entirely
monotone, but there are a few issues, one of which is that the definition of nearly entire
monotonicity for a sub-array og of a is not quite the same as taking the condition (A.46)
and taking the sum only over indices i in the subset @ (specifically, the f; terms should also
be replaced with the analogous quantities for oy, which are different than the original 5;
terms derived from the full array ). Similarly we also have 375, (|6 + fi) < 6 and
Zigé( LunLe)U(LEALEN {0}| Bi| < §, which also might suggest nearly entire monotonicity of —a on
L¢ N L, and low HKO variation on (L, N Lg) U (LS N L§) \ {0} respectively, but for similar
reasons is not immediately true.

Another complication is that the sets L, N L§\ {i*} and (L, N L,) U (LS N LG) \ {0} are
not necessarily rectangular. To deal with these above issues, we show that we can further
partition these sets into rectangles such that a restricted to each rectangle is indeed either
nearly entirely monotone or has small HKO variation. This observation would allow us to
bound w(7ey(0)) based on bounds for the Gaussian width of nearly entirely monotone
vectors and vectors with small HKO variation.

The following result gives conditions on a rectangle ) such that the above holds. To
state this result, it will be convenient to introduce the following notation. For each 8 € R",
let DO denote the differenced vector defined as in (3.38). It is easy to check that

(D)o =0 and ;= Y (D6); for i # 0. (A.47)

i:i/<i

As a result, it follows that D8 = A~'0 or, equivalently, 8 = A(D@).
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Every two indices q° and q* in Z with q° < q* define the following rectangle in Z:
Q=l[qa"q"={ieT:q" 2ixq"} (A.48)

For this rectangle ) and an arbitrary 8 € R", we let 8¢ be the vector in R/l given by the
elements 6;,i € ). For convenience, we shall index elements of 8¢ by the entries of @ i.e.,
for every ¢ € ), we have (0g), := 0,. We also define DO := D(0) to be the differencing
operator applied to O in a manner analogous to (3.38). Specifically, we take

(DOg)i= > Hi—z=q}(-1)" "6, forieq (A.49)
ze{0,1}¢

Note that the elements of D6 are also indexed by the indices in Q). It is important to
observe here that DOy = D(0) is different from (D8)g. A formula for DOg in terms of
(D) is given in Lemma A.5.1.

For the rectangle ) in (A.48) and every i = (i1,...,14) € @, we let

Ji):={1<j<d:i;> qf} where q° == (¢},...,q}) (A.50)

Also fori € Q and i’ < i, let
where we are using the notation k; := (k; : j € J) for k = (ky,...,kq) € Z and J C

{1,....d}.

Lemma A.3.14. Consider the same notation and setting as Lemma A.3.13 (in particular,
the signs s(i) below come from (A.43)). Suppose Q = [q’,q"] is a rectangle satisfying the
following.

(a) Ifi € Q\ {q‘} and i = i*, then t(i*,i) = 0 and t(0,i) = 0.

(b) Given i€ Q\ {d‘}, the quantity s(i') is constant over all i' satisfying i' < i, t(i',i) # 0,
and s(i') # 0.

(c) Q is a subset of one of L, N Ly, LS N Ly, L, VLG, or LS N LS.

Then for any o € T(i*,i",6),

Y ((Dag)| —5()(Dag)) < 26, (A.52)
i€Q\{a’}

where (i) = s(i) for i = q°, and otherwise for i ¥ q° we have 5(i) = s(i') for any i
satisfying i' <1, ¢(i',1) # 0, and s(i") # 0.
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As mentioned earlier, our idea will be to partition Z into a finite number of rectangles @)
each satisfying the conditions of Lemma A.3.14. This will enable us to employ bounds for the
Gaussian width of nearly entirely monotone vectors and vectors with small HKO variation
to bound w(7¢v)(AB)). The next result (proved in Section A.5.11) bounds the Gaussian
width of nearly entirely monotone vectors.

Lemma A.3.15. For everyn >1, 6 > 0 and t > 0, we have

E sup  (Z,6) < Cult+0v)(log(en) ¥ (log(elog(en)))
0:)|6||<t,
VHK0(9|;§H9;75—91+6

where Z ~ N (0,1,,).

For bounding the Gaussian width of vectors with small HKO variation, we use the bound
derived in (A.25) in the proof of Theorem 3.4.6. This bound gives (here Z ~ N (0,1,))

2d—1
E su 7,0) < Cy(1+1/2Vy/n)(log(l +2eV+/n)) *+ A.53
o (Z,0) < Ca(1+ ) (log( ) (A.53)
Virko(8)<2V

+ Caylog(4 4 2V V)

for every V' > 0.

In addition to the above two Gaussian width bounds, we also need the following result
(proved in Section A.5.12) for the proof of Theorem A.1.1. This result is stated for d = 2 as
Theorem A.1.1 only applies to d = 2.

Lemma A.3.16. Let d = 2 and Z ~ N(0,1,,)). For every 6 > 0 and s1,s € {—1,0,1}, we
have
E sup (Z,0)
o=Agl0]<1

Viko(0)<51(0ny,1—01,1)+52(01,ny —01,1)+6
Bi=0, ¥is-0

<C {(1 + 6v/n)v/log(en)Lis, 20yu(s: 20}
+ [Vt + Viog(en) | T —ojugesmoy | + v/2/.

Before proceeding to the proofs of Theorem 3.4.10 and Theorem A.1.1, let us add a brief
remark below on why our proof technique does not seem to work for more general functions

f* in R4,

Remark A.3.17. The main technical reason why our adaptive results Theorem 3.4.10 and
Theorem A.1.1 deal only with functions of the form (3.49) and not more general functions in
M4 is that our proof technique seems to break down for these general functions. In particular,
for more complicated functions f* € R?, it seems that it may not be possible to obtain a
partition of T into a constant (depending only on d) number of rectangles Q) satisfying the
conditions in Lemma A.3.1}.
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Proof of Theorem 3.4.10
We shall use (A.40). Note that the right hand side of (A.40) consists of infimum over all

0cK=CV)={(f(x1),- - f(x)) : Vixo(f) < V}.

It is clear then that (A.40) will still be true if we restrict the infimum to 0 belonging to any
subset of K. We shall consider the subset

{(f(x1), .-, f(xa)) : f € R{(c) and Viko(f) =V}

We shall therefore fix a function f € R%¢(c) with Viko(f) = V and bound the Gaussian
width
E sup (Z, o)
a€Te(v)(0)NB2(0,1)
where 8 = AB = (f(x1), ..., f(x,)). Due to the structure of f, there exists i* such that
B =0 for all i ¢ {0,i"}. Explicitly, if f = Ix- qj, then i* is the index corresponding to the
smallest design point x = (i1 /nq,...,iq/ng) satisfying x > x*.

The minimum length assumption (3.50) implies that the sets {i:i> 1"} and {i:i<1i"}
each have > cn elements. Therefore if v € Ty (5) N B5(0, 1), the pigeonhole principle and
fact that ||a|| < 1 together imply that there exist i* > i* and i < i* such that |ag| < (en)~1/2
and |aye| < (en)~Y2. This implies that

Twn®) < |J TG, 2(en)"2).

i il <it =it

where T'(i*, i, 6) is defined in (A.44). By Lemma D.1 of [44] and noting that the above union
is over < n? indices, we obtain

E sup (Z, o)
€T (0)NB2(0,1)

< max E sup (Z,c) ++\/4logn + /7 /2.

e sl l ex s
: < _1
PSS e (v i 2(cn) " 2)

)

The following lemma bounds the expectations appearing on the right-hand side above and
is proved below.

Lemma A.3.18. Let i’ and i* satisfy it < i* < i%. For é > 0,

E sup (Za) < Ca(l+20y/n)(log(en)) ¥ (log(elog(en))) s

aeT(i%,i%,8)
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Plugging § = 2(cn)~/? into Lemma A.3.18 yields

E sup (Z,a) < Cd(log(en))%(log(elog(en)))% + /4logn + \/7/2
€T (v (0)NB2(0,1)
2d—1

< Cy(log(en)) T (log(elog(en))) T .

Plugging this bound into the oracle inequality (A.40) concludes the proof of Theorem 3.4.10.
It therefore suffices to prove Lemma A.3.18. For every partition @Q1,...,Qg of Z into
rectangles of the form (A.48), we have

R
E sup <Z,a>§ZE sup  (Zg,,aq,)- (A.54)

aeT(i% i) —1 acT(i%i%0)

Our idea is to choose the partition such that each @), satisfies the conditions of Lemma A.3.14
so that then each aq, for a € T(i*,i", ) satisfies (A.52) which would allow us to bound
each expectation appearing in the right hand side above.

Here is how we construct the partition. For each j € {1,...,d} we partition the interval
{0,...,n; — 1} into at most 4 intervals by splitting at 4} + 0.5, Zﬁ + 0.5, and 4} — 0.5. We
then take the Cartesian product of these partitions over 5 = 1,...,d to obtain a partition

Q1,...,Qgr of T into at most R < 4¢ rectangles.

We now check that the rectangles each satisfy the three conditions of Lemma A.3.14. Let
Q = [q*,q"] be one of the rectangles of the above partition. Here the auxiliary technical
Lemma A.5.1 will be used. By the second part of Lemma A.5.1, the quantity #(0,1) is zero
for all i € Q except when i = q°. Now suppose i* < q*. Due to the splits at i7 — 0.5 for all
j, we have max{qf, i5} = ¢¢ for all j, so the second part of Lemma A.5.1 implies ¢(i",i) = 0
for all i € Q except i = q°. Thus condition (a) is satisfied.

Recall that by assumption i’ < i* < i%, so LS N Ly is empty. Thus by definition (A.43),
s(i) € {0,1} for all i. Thus condition (b) holds automatically. Finally, note that @ is
contained in either L, or L; due to the splits at i§ + 0.5 for all j € [d]. Similarly @ is
contained in either Ly or LS. Thus condition (c) holds.

We have thus proved that for each rectangle Q,,r = 1,..., R, the inequality (A.52)
holds. We now fix such a rectangle @ € {Q1,...,Qgr} and bound the expected supremum
term appearing on the right hand side of (A.54). By condition (c) of Lemma A.3.14, there
exists s € {—1,0,1} such that s(i) = s for all i € (). We separate the two cases where s = 0
and s # 0.

Case 1: s =0. Because LS N L, is empty, we must have 5(i) € {0,1} for all i € Q \ {q‘}.
For i € @ such that i = qf, we further have 5(i) = s = 0. Thus (A.52) can be rewritten as

Y Dagkl+ Y ((Daghl —5(1)(Dag)) < 26.

ieQ\{q’}:i-q* icQ\{q’}:irq’
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Using the fact that —(Day)i < [(Dag);| and

(I(Dag)i| = (Dag);) < 2(|(Pag)i| — s(i)(Dag)s)

for every i € Q \ {q‘}, we deduce

> ([(Dag)il — (Dag);) < 46,
ieQ\{q*}

Thus, Lemma A.3.15 (with 49 in place of 0, as well as t = 1 and ¢ = 1) implies

E sup (Zg, o)
aeT(i%,i¢,)
2d—1

< Ca(1 + 48+/n)(log(en)) ¥ (log(e log(en))) (A.55)

Case 2. s # 0. Then the fact that LS N L, is empty implies s = 1. Thus (i) = 1 for all
i€ @\ {q'}. Therefore, the shape constraint (A.52) can be rewritten as

> ((Dag)| — (Dag);) < 26.

icQ\{qa‘}

Thus the above bound (A.55) holds as well.
Returning to the earlier inequality (A.54) and recalling the sum is over R < 4% rectangles,
we obtain

E sup (Z a) < Ca(l+20y/n)(log(en)) ¥ (log(elog(en))) .

aceT(i%,i%,8)

We have thus proved Lemma A.3.18 which completes the proof of Theorem 3.4.10.

Proof of Theorem A.1.1

In this proof we take d = 2. This proof is similar to but longer than the proof of Theo-
rem 3.4.10. We upper bound the oracle inequality (A.40) by taking the infimum only over
0 of the form 6 = (f(xy),..., f(x,)) where f € R3(c) and Viko(f) = V. It then suffices to

control the Gaussian width ESUpae%(V)(E);Ha||§1<Z= «) for such @ = AS3.

Let i* == (i1,43) # (0,0) be the unique index such that ;- # 0, which is guaranteed by
the form (3.49) of functions in R2. Specifically, if f € 2, it is of the form a;Iye. 1) + ag, and
i* is the index corresponding to the smallest design point x satisfying x = x*.

The minimum size assumption (A.1) implies that the set {i: i > i} and its complement
have cardinality > cn. By the pigeonhole principle, for any « satisfying ||| < 1, there
exists some i* > i* such that |az| < (en)”/2 and some i° % i* such that |ay| < (en)~ V2.
Then we have

| — aye| < 2(cn)_%.
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Thus,
-~ 1
Teo)(0) N By(0,1) C U TG 2(en)2),
i il =it i A
where T(i% i, 2(cn)"2) is defined in (A.44).
Using Lemma D.1 of [44] and noting the above union is over < n? sets, we then have

E sup (Z, o)

acTewvyllall<1

< max E sup (Z,c) +/4logn + /7 /2.

e sl.sunL sk sl %
Rl _1
AT i 2(en) B

Therefore it remains to bound the expectation on the right-hand side for each set
T(i*, i, 2(¢n)~2). This is the content of the following lemma.

Lemma A.3.19. Ford =2, § > 0 and every i* = i* and i’ 7

E sup (Z,«)

aeT(i%i,6)

< {1+ (3v/m)®) (log(dv/n + 1))’
+ (14 6v/n) | (log(en))2 (log(elog(en))) 3 + \/log(4 + 25\/5)] :

The proof of this result is quite involved and given below. Note that Lemma A.3.19 only
deals with d = 2 while Lemma A.3.18 is true for arbitrary d. On the other hand, for d = 2,
Lemma A.3.19 is stronger than Lemma A.3.18 because it applies to a more general set of
indices i’ (the condition i’ % i* is weaker than i’ < i*).

Before proving Lemma A.3.19, let us quickly note that plugging in 6 = 2(cn)
Lemma A.3.19 yields

1.
2 1In

E sup (Z,a) < C(log(en))%(log(elog(en)))%,

1
Q€T (i%,i%2(cn) ™ 2)

which concludes the proof of Theorem A.1.1.

Let Q1,...,Qgr be the partition constructed in the proof of Theorem 3.4.10. We shall
first prove that each rectangle Q = [qf,q"] in {Q1,...,Qg} satisfies the three conditions
of Lemma A.3.14. Note that this was proved in the proof of Theorem 3.4.10 under the
stronger condition i’ < i* but now we are working under the weaker condition i’ i
Conditions (a) and (c) hold by exactly the same argument as in proof of Theorem 3.4.10. To
show condition (b), we need to crucially use d = 2. If i € Q satisfies i = q°, then ¢t(i’,i) = 0
for all i’ < i except i’ = i, so condition (b) holds automatically. We now consider i € Q\ {q‘}
such that i ¥ q°. Suppose without loss of generality that i = (q¢,i5) for iy > ¢%; the other
case i = (i1, ¢5) for iy > ¢{ can be handled similarly. Then ¢(i’,i) = 1 only when i’ satisfies
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i = iy and i < ¢{. Therefore, to verify condition (b) for such i, it suffices to show the
stronger claim that s(i’) is constant over all i’ in the set

{{' iy < a1, iy € g + 1, 3]} (A.56)
satisfying s(i') # 0. Suppose for sake of contradiction that i’ and i” belong to this set and
satisfy s(i') = 1 and s(i') = —1. Then i’ € L, N LS and i" € L¢ N L,. We then must have
it <% <4 for some j € {1,2}, and 4} < zf < i; for some j € {1,2}. From here, we deduce
that either i% or i4 lies in [min{s}, iy }, max{i},i5}) C [¢5, ¢%). But due to the splits at i%+0.5
and i + 0.5 in the construction of the partition, this is a contradiction.

A similar argument shows that s(i') is constant over all i’ in the set

{0y < g5, ) € g + 1401} (A.57)
satisfying s(i') # 0. Let this constant value be denoted by s, and let the constant value for
the earlier set (A.56) be denoted by s,. Thus condition (b) holds as well, and we have the
inequality (A.52) by Lemma A.3.14.

We shall now bound the Gaussian width
E sup (Zg, o)
aeT(i%,i%,s)
by splitting into the two cases s # 0 and s = 0 where s is the common value of (i) for

i € @ (the fact that s(i) is the same for every i € @ is guaranteed by condition (c) of
Lemma A.3.14).

Case 1: s #0 By definition s(i) = s for all i € Q \ {q‘}, so (A.52) can be written as

Y ((Dseaq))il = (Disag))i) = Y ([(Dag)i| — s(Dag)) < 26.

ieQ\{q'} icQ\{a*}
Since the sets T(i“,ig,é) and —T(i“,ié,é) have the same Gaussian width, we may apply
Lemma A.3.15 to obtain

E sup (Zg, o)
aeT(i%,i%,0)

< ¢(1 + 20+/n)(log(en))

3
2

(log(elog(en))) (A.58)

Case 2: s =0 In this case 5(i) = 0 for all i = q, and is otherwise equal to s; (if i = ¢5)
or sy (if iy = ¢%) because we showed that s(i’) is constant over the sets (A.56) and (A.57).
So, inequality (A.52) can be rewritten as

S Al + Y ((D(ag))| — s1(D(ag)))
ieQ:i-q¢ i=(i1,¢5):
i1€[gf+1,q}]
+ Y ([(D(eg))i = s2(D(ag))s) < 26.

i:(q{,ig):
i2€[g5+1,95]

(A.59)



APPENDIX A. APPENDIX FOR CHAPTER 3 134

Let us define ag) =D icoirq (D(ag))i and ag) =D icoirg (P(ag))i. Since ag = ag)) +

ag), we obtain

E sup (Zg,ag9)<E sup <ZQ,a$)>+E sup (ZQ,a8)>. (A.60)
aeT(i%it,6) aeT(i%i,6) aeT(i%,if,6)

We now bound the first term in the right hand side above. Because 5(i) = 0 for i = q°,
inequality (A.59) implies

VHKO(QS)) = Z [(D(aq))i| < 29,
icQ:i-qf

so applying (A.53) yields

E  sup (ZQ,ag))>§IE sup (Zg,0)
aeT(i%i,6) 0cRIR!:|0]|<1,Viko (0)<26

< Cy(1 +1/20/n) (log(1 + 2e8+/m)) *
+ Caylog(4 + 26/n). (A.61)

We turn to the second term in (A.60). Inequality (A.59) implies

1
VHKO<aE,2)) = Z [(Dag)il
icQ\{a}itq’

< s Z (Dag)i + s2 Z (Dag)i + 20
i=(i1,45): i=(qt,i2):
i1€lqf+1,q] i2€[gh+1,43]

1 1 1 1
= s51[(0) ) gugs — (@)t + 82[(@))) e gw — (@) ] +26.

Lemma A.3.16 then implies

E sup (7, a(Ll))
aeT(i%,if,0)

<c {(1 +0v/n)v/log(en) s, 20jugss 20}
+[@v)E + Viog(en) | Ts,—opugesmoy | + v/2/. (A.62)
Summing the bounds (A.61) and (A.62) yields

E sup (Zp,ar) (A.63)

aeT(i%,i¢,0)

< (1 + (0v/n)?)(log(y/n + 1))3 + ¢(1 + 6v/n) [ log(en) + \/log(4 + 2(5\/5)] :
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Having handled the two cases s = 0 and s # 0, we take the maximum of (A.58) and (A.63)
to obtain

E sup (Zp,ar)
aeT(i%i,6)

< {1+ (3vm)®) (log(dv/n + 1))
+ (14 6v/n) | (log(en))? (log(elog(en))) s + \/log(4 + 25\/5)] :

Finally, in view of the inequality (A.54), multiplying this bound by 4* = 16 (the maximum
number of rectangles in the partition constructed at the beginning of this proof) produces
the final bound given by Lemma A.3.19 thereby completing the proof of Theorem A.1.1.

A.4 Proofs of results from Section 3.2 and Section 3.3

This section contains the proofs of all the results from Section 3.2 and Section 3.3. Specif-
ically, we prove Lemma 3.2.2, Lemma 3.2.6, part (ii) of Lemma 3.2.7, Proposition 3.3.2,
Proposition 3.3.1, Proposition 3.3.4, Proposition 3.3.3 and Lemma 3.3.5. In addition, we
also state and prove a result in Section A.4.4 which asserts that the columns of the design
matrix A span R" provided the design points Xy, ..., X, are distinct.

A.4.1 Proof of Lemma 3.2.2

When d = 1, the only rectangles are intervals [a, b], so the definition of entire monotonic-
ity (3.19) reduces to 0 < A(f,[a,b]) = f(b) — f(a) for all 0 < a < b < 1, which is precisely
the definition of Fg (3.20).

More generally for d > 1, suppose a,b € [0, 1]? agree in all but one component, that is,
{7 : a; # b;}| = 1. Then entire monotonicity implies 0 < A(f, [a,b]) = f(b) — f(a). To see
how this inequality implies monotonicity (3.20) note that for a < b we can apply the above
inequality repeatedly to obtain

f(a) S f(b17a27"'7ad) S f(b17b27a37"‘aad) S S f(b>
Thus Fiy, C Ff for d > 1.
Finally, for d > 2 consider the function f : [0,1]% — R defined by
0 max{uy,u} <1/2
f(u) =<3 minfuy,us} >1/2
2 otherwise
Note that f is constant in all components except the first two. One can directly check that
f € F. However, for a=(4,1,0,...,0) and b= (3,3,0,...,0), we have

A(fila,b]) =3-2-2+0=—1<0,
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so f ¢ Finr

A.4.2 Proof of Lemma 3.2.6

Let P* be given by the d univariate partitions (3.21) and let P be the split of [0, 1]¢ formed
from these univariate partitions (as described after (3.21)). Because P forms a split of [0, 1]¢,
it follows from Owen [69, Lemma 1] that

VO£ 0,14 = Y V9(f;A4)

AeP

where V(@ (f; A) is the Vitali variation of f on the rectangle A (which is defined analogously
to V@(£:]0,1]%)). Let us now fix a rectangle A = [a,b] € P where a = (ay, ..., aq) and
b = (by,...,bq). Because f is rectangular piecewise constant with respect to P*, it follows
that f is constant on each of the sets By X -+ x B, where each B; is either {b;} or [a;,b;).
Using this, it is easy to observe that

VD(f: A) = |A(f; A)]

which completes the proof of Lemma 3.2.6.

A.4.3 Proof of part (ii) of Lemma 3.2.7

If f € F&, is entirely monotone, then one can check that for each 9,
VUISD(£:8:10,1]%) = A(f; Us),

where Ug is the face adjacent to O defined earlier (3.24). Thus the HK variation of f is the
sum of quasi-volumes of all faces adjacent to 0. From the definition of quasi-volume (3.17),
this sum involves only the value of f at vertices of [0,1]¢ (possibly multiplied by —1), and
one can check that all terms cancel except for f(1) — f(0).

A.4.4 Statement and proof of a fact about the design matrix A

Recall the definition of A as the matrix whose columns are the elements of the finite set

Q= {v(z):z € [0,1]%}.
Lemma A.4.1. Suppose X1,...,X, are unique. Then the columns of A span R".

Proof. It suffices to show the standard basis vector e; lies in the column space of A, for each
1=1,...,n.

Fix i. If x; =1, then e; = v(1) € Q, which concludes the proof.

Otherwise we assume x; # 1. Let u’® be defined by u? =min{l, (x;);+0} forj=1,....d.
There exists 6 > 0 such that the hyperrectangle [x;, u’] contains no design point except x;.
Let S :={j : u} # (x;);}, and note that the rectangle [x;,u’] is |S|-dimensional.
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For a subset S” C [d] let es denote the indicator vector of S’; that is, (eg); is 1if j € &’
and is zero otherwise. We claim

e = Z (=) lv(x; + deg).
S'CS
To verify this, note that an inclusion-exclusion argument shows that the right-hand side is
(Tpes 00y (X1); - - -, I ) (X)), and this is e; due to the fact that [x;,u’) contains no design
point except X;.

[]

A.4.5 Proof of Proposition 3.3.2

If Proposition 3.3.2 holds for a given design x,...,X,, then adding an additional design
point x,.1 = x; that is a copy of one of the original design points simply gives A a new
row that is a copy of its ith row, and one can observe that the equality in the proposition
still holds even after adding this extra design point. Thus without loss of generality we may
assume the design points are distinct.

Suppose we replace the original design {xi,...,x,} with U = szl U; where U; =
{0, (x1),...,(x,);} for each j = 1,...,d. This is a lattice that contains the origi-
nal design. Using this new design, we define a square matrix A’ whose kth column is
(I 1y(ur), -+, Iy 17 (w)). Let uyp = 0 so that the first column of A’ is 1. If we let
K = (k1,...,k,) be such that u;, = x; so that it indexes the elements of the new design that
are also in the old design, then we claim {(A'B")k : 5, > 0,Vk > 2} = {AB: 3; > 0,Vj > 2}.
Indeed, this holds simply because each column of (A')x is also a column in A, so both sets
are linear combinations of the same columns with the same nonnegativity constraints.

Thus it remains to show

{(A'B)k : B = 0.Vk > 2} = {(f(x1),..., f(xa) : f € Fin}-

We first show the forward inclusion C. Suppose B’ satisfies 8, > 0 for all k& > 2. If
f=> 0 B L), then (f(x1),..., f(xn)) = (A'B)x. We now show f € Fg,. For each
pair of distinct points a < b in [0, 1]¢, we want to show A(f;[a, b]) > 0. Then there exist a
pair u, < uy in U such that f(a) = f(ug), f(b) = f(up), and {j:a; #b,;} ={j: (up); #
(u);}, so that A(f; [a, b]) = A(f; [ug, up]).

Recall that A(f;[ug, ur]) by definition is the sum of terms of the form f(uy) for some
uy € U (possibly with sign changes), since U is a lattice. Note that f(u,) = > B for
each /. Putting the pieces together with an inclusion-exclusion argument yields

A(f; [ug, up]) = > B> 0.

i:uijuk/,
(u3)5>(ug); if (ug);<(ug);

:u; SUy

We now show the reverse inclusion O. The matrix A’ is square and has spanning columns
(Lemma A.4.1), so it is invertible. Thus there exists 8" such that A’ = (f(w),. .., f(u,)).
Sub-indexing by K yields (A'8)x = (f(x1),. .., f(xn))-
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A.4.6 Proof of Proposition 3.3.1

The optimization problem (3.2) only involves the values of the function at xi,...,xX,.
Thus by Proposmon 3.3.2, the solution fEM to the optimization problem (3 2) must sat-
isfy ( fEM(xl) fEM(Xn)) A,BEM It remains to show that the function fEM defined in
the result (3.29) satlsﬁes this equality and also lies in Fg.

The equality holds by definition, since J?EM satisfies

p

J/C:EM(Xz) = Z(BEM)] Mgy 1y(x) = (AB\EM)i, i=1,...,n.

i=1

To check fi as defined in the result (3.29) lies in Fi\ 1, we need to show A(feu; la,b]) >0
for any rectangle [a, b] C [() 1]4, a # b. Similar to the proof in Section A.4.5, we consider the
augmented design U = szluj where U; = {0, (x1);,...,(x,);} for each j =1,...,d. This
is a lattice that contains the original design. Moreover, for each z; there exists some u € U
such that Ij;; 1)(X;) = I}ju,1)(x;) holds for all x;. Thus the function defined in the result (3.29)
can be written as fEM = > ueu Buﬂ[ul for some coefficients {ﬁu :u € U} that are either

zero or equal to (BEM) for some j. Then, as in Section A.4.5, there exist a pair u; =< uy

in U such that f(a) = f(ug), f(b) = f(up), and {j : a; # by} = {J : (w); # (aw);}, so

that A(]?EM; [a,b]) = A(]%M; [ug, uj/]), and by the same reasoning as in the earlier section,

A<-]/C;3M’ [Uk, Uk/]) = ZuEM:uk-<ujuk/ Bu Z 0.

A.4.7 Proof of Proposition 3.3.4

If Proposition 3.3.4 holds for a given design x,...,X,, then adding an additional design
point x,.1 = Xx; that is a copy of one of the original design points simply gives A a new
row that is a copy of its ith row, and one can observe that the equality in the proposition
still holds even after adding this extra design point. Thus without loss of generality we may
assume the design points are distinct.

We claim that the feasible set C(V) (3.31) does not change if we append additional
columns to A (and append corresponding components to 3) that are copies of columns
already in A. Concretely, if A’ is the augmented matrix (without loss of generality assume
the new columns are appended on the right) and C'(V) = {A'3 : > is2lBi] < V}is the
analogue of C(V'), then the inclusion C(V') C C'(V) holds immediately by noting A3 = A’
and D085 = D7;55|B5] where 3’ is the result of taking B and having coefficients 0 for
the added components. For the reverse inclusion, suppose we are given A’@ such that
> j=2lBjl < V. Then A'B" = AB where f3; := Zk:Afk:AA,j B so the triangle inequality

implies

S Z 5 <> BV

Jj=2 J22 kAl j=2
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Above, A.; denotes the jth column of A, and Af,k denotes the kth column of A’.

Thus, similar to Section A.4.5, we may assume without loss of generality that the columns
of A are v(uy),...,v(u,) where uy,...,u,, are the elements of the lattice H;.lzll/{j and
U; ={0,(x1)j,...,(xy);,1} for j = 1,...,d. Note the inclusion of 0 and 1 in each U;, so
that the lattice spans the entire hypercube [0, 1]¢. Without loss of generality we assume the
u; are ordered such that uj < u; implies j' < j. Note that as a result, u; = 0.

Fix 3 and let AB. Let [ = Z;nzl Billy; 1) By construction we have f(x;) = (AB);
for all « = 1,...,n. It remains to compute the HKO variation of f. One can check that a
maximizing partition in the definition of the Vitali variation (3.22) is the partition induced
by the lattice H?Zl U; (that is, the unique partition P* whose rectangles each intersect the
lattice only at its vertices). That is,

VEO(£:10,x,)) = > |A(fi R)| (A.64)
ReP*

Similarly, the maximizing partitions for the Vitali variations over each face Ug adjacent
to 0 (3.24) can also be shown to be induced by the corresponding face of the lattice. By
construction, the quasi-volume for the rectangle whose largest vertex is u; will turn out to
be $3;, so by the definition of HKO variation (3.25), Vixo(f;[0,1]%) = > iselBil < V.

Conversely, suppose we are given f : [0,1]9 — R with Viko(f; [0, 1]¢) < V. Suppose first
that the original design x;,...,X, is already a lattice spanning [0, 1]¢, i.e. {x1,...,X,} =
H;l:l U; and n = m. We remove this assumption at the end of the proof.

Because A has full column rank (Lemma A.4.1), there exists some B such that
(f(x1),...,f(x,)) = AB. By the above argument, the function f = Z] L BJH[UJ 1] agrees
with f at all the x; (i.e. all the lattice points u;) and satisfies Viko(f; [0, 1]%) = > isalBil-

It then suffices to show Viko(f; [0, 1]%) < Viko(f; [0, 1]9).
Let P* be the partition of [0, 1]¢ induced by the lattice H?:l U;. As noted already (A.64),

this partition is maximal for the definition of the Vitali variation of fon [0,1]¢. Therefore,
since f and f agree on all the lattice points u;, their quasi-volumes on all the rectangles of
P* are the same, so we have

VOF 0,09 = Y [AFR)| = Y IR < VO 01 < V.

A similar argument on the lower-dimensional faces adjacent to 0 shows that
VUSD(f:8;[0,11%) < VUSD(f;8:]0,1]4) for all S C [d]. Summing these inequalities over
all Vitali variations in the definition of HKO variation (3.25) leads to

Z|6j| = VHKO(J?; [0, Hd) < Vako(f; [0, 1]d) <V

j=2

as desired.
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We now consider the case when the design xi,...,X, is not a lattice. Recall we have
assumed the columns of A are v(uy),...,v(u,). We can augment A further by redefin-
ing v(z) as (I 1)(u1),...,l;z1(u,)) which amounts to adding new rows to A. This new
matrix, call it A", is precisely the matrix that would have resulted if our original design
X1,...,X, were the full lattice uy,...,u,,. By the above argument, there exists 3 such
that A" = (f(w),..., f(u,)) and >°.,|8;| < V. Discarding the rows of A” that corre-

spond to lattice points u; that do not belong to the original design {x,...,x,}, we obtain

AB = (f(x1),- -, f(xn)).

A.4.8 Proof of Proposition 3.3.3

The optimization problem (3.6) only involves the values of the function at x1,...,x,. Thus
by Proposition 3.3.4, ]?HKQV must satisfy (]?HKO,V(xl), e ]?HKO’V(X”)) = AﬁHKO’V. Further-
more, in Section A.4.7 we construct precisely the function in the result (3.32) and shows
that it has HKO variation equal to ?ZQI(BHKO,V)j].

A.4.9 Proof of Lemma 3.3.5

We will argue that the Vapnik-Chervonenkis (VC) dimension of “upper-right rectangles”:
{(z,1] : z € [0,1]¢} is d. A direct application of the Vapnik-Chervonenkis lemma [88] would
then yield Lemma 3.3.5.

To show that the VC dimension is d, one can first check that the set {1— %el, R %ed}
can be shattered by these rectangles, so the VC dimension is > d. To show that no set
{ai,...,a441} of size d + 1 can be shattered (so that the VC dimension is < d), note that
there must exist some point a; such that the component-wise minimum of the d + 1 points
does not change after removing a;; thus the rectangles cannot select the other d points
without also selecting a;.

A.4.10 Proof of Lemma 3.3.6

Let us first start by describing some basic notation. Since we are working in the lattice
design setting, we shall write the components of a vector 8 € R" by 65,1 € Z (note that Z is
defined in (3.37)). We shall also write the design points as x;,i € Z where

xi—(i—l,...,i—d) for i = (i1,...,1q).

nq Uz

The design matrix A is n x n. We shall index the rows and columns of A by Z so that
A(L]) = I{x; = xi} = [{j < i}

where j < 1 simply refers to j; < 41,...,754 < ig. The key to proving Lemma 3.3.6 is the

observation that for every 8 € R", we have

A(DO) = 6. (A.65)
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In other words, the differencing operator D is simply equal to the inverse of A. From (A.65),
it should be clear that (3.39) and (3.40) follow directly from immediately (3.35) and (3.36)
respectively. To prove (A.65), we need to show that the i component of A(D@) equals the
i component of 0 for every i € Z. For this, we write

— 3" AGLj)(DE);

jez
= ZH{J i}(D0);
JjeT
= ZH{J =i} >0 I{e (-t
£e{0,1}4
= 6| > Ho=k=i—e}(-—1)rth
keZ £e{0,1}4
d 1
=Y b <H D> {0 < ky <y — zu}(—1)lu>
keZ u=11,=0
d
=3 O [ [ Hku =i} = ;.
ke u=1

This proves (A.65) and completes the proof of Lemma 3.3.6.

A.5 Proofs of technical lemmas from section A.3

In this section, we prove the all the lemmas stated in Section A.3. Specifically, we pro-
vide proofs of Lemma A.3.5, Lemma A.3.6, Lemma A.3.7, Lemma A.3.9, Lemma A.3.10,
Lemma A.3.12, Lemma A.3.13, Lemma A.3.14, Lemma A.3.15 and Lemma A.3.16. In addi-
tion, we also state and prove Lemma A.5.1 which was used in the proof of Theorem 3.4.10
and which is also needed for the proof of Lemma A.3.14.

A.5.1 Proof of Lemma A.3.5

Let  := [0, 1], and let g := Q\ {x;} be the result of removing the first design point x; := 0.
Recall that by definition (A.10), the elements of D, ., are of the form A3 where 5; > 0
for j > 2. Recall also that the jth column of A is v(x;) due to the lattice design (3.34)
so (AB); = Zi/:x_,<xi Bir for i = 1,...,n. This suggests we can express D, . n, in terms of
distribution functions.

Given such a 3, we define a measure p supported on € by u{x;} = g; for j > 2. We
also let b := B;. If we consider the distribution function F 445, (x) = (1 + béxl)([O x]) of
the signed measure i + bdy,, then Fj, 15, (%;) = Zz":x;jxi Bir = ( B); foralli=1,.

.....
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Conversely, given any measure p supported on )y and real number b, we may define
B = (pt + bdx,){x;} for all j = 1,...,n and note that it satisfies §; > 0 for 7 > 2 and
Fluivs,, (Xi) = Ei,:x;jxi B = (AB); foralli=1,... n.

Therefore,

.....

Recall that the total variation of a signed measure v on 2 is defined by ||v||rv = v4(Q2) +
v_ () where v = v, — v_ is the Jordan decomposition of the signed measure. We define the
more restricted set

Dy ny(R) = {(F“erg,(l (X1)5 -+ s Flgvs,, (X0)) 1 b ER, (A.66)

-----

finite measure p on Qq, [|p + box, || v < R},

which will be useful in our goal of bounding the metric entropy of D, ,, N B2(0,r). Note

that the total variation term can be written as

-----

[l 4 00y [l oy = 1($20) + [0].

Let 6 = (Fﬂ+b5x1 (Xl), . ’Fﬂ+b5x1 (Xn)) and 0/ = (F“/+b/5x1 (Xl), . 7F#'+b'5xl (Xn)>; re-
call these distribution functions belong to the function class Fg,; (Proposition 3.3.2). The

-----

n/ (Fﬂ+b5x1 - Fﬂl+b,5x1)2 dA
(0,14
- nz(el - 9;)2)\([)(2',)(2' + (nl_lv s 7n;1)]) = HO - 9/”27
=1

where the integral is respect to the Lebesgue measure A\. Note that this equality holds even
when n; = 1 for some of the j.

Thus, the e-metric entropy of D,, ,,(R) (in the Euclidean norm) is bounded by the
¢/+/n-metric entropy of distribution functions of signed measures with total variation norm
< R (in the L? norm). As explained in Blei et al. [12, Sec. 3] (see also Gao [36]), we have:

Ry\/n Ry\/n d—y €
<
nd(R)) < Oy . (log e ) whenever \/ﬁ

for d > 1. We remark again that this inequality holds even when n; = 1 for some of the j.

log N (€, Dy, <e! (A.67)

.....

The following inclusions show that D,, ., ,(R) is essentially the same as D,, ,, N
[—R, R]™ up to a constant scaling factor.
Dy,,.., nd(R) C Dy, ng [ R, R]n C Dy,,..., ng (?’R) (A-68)
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To verify these inclusions, it is useful to recall that for 6 = (Fj, ps,, (X1); -, Flurbsy, (Xn))
we have max; 0; = 0,, and min; §; = 0;, as well as the fact that if 8 € D,,, _,,, is associated
with the pair (u,b), then ||x + box, [|[Tv = () + |b| = (0, — 61) + |01]. The first inclusion
follows from the fact that (6,, — 01) + |01] < R implies 6,, < R and #; > —R. For the second
inclusion, note that —R < 6y < 6,, < R implies (6,, — 61) + |61] < 3R.
The second inclusion (A.68) immediately yields
1

3R 3R
log Na(€, Dp,...n, N [—R, R]") < Cy v <log \/ﬁ) , Ve < 3Ry/n/e.
€ €

Because D,,, . ,, is translation invariant, we may translate a hyperrectangle of the form
[a,b]" to [-R, R]* for R := %% and obtain

=
log No(€, Dy, ...ny N [a, 0]") < de <1Og w)

""" € €
for € < 2 (b — a)y/n, where we have absorbed some constants into Cy.
To show that this bound holds under the more general condition € < y/n(b — a), simply
observe that if € > y/n(b — a)/2, then a single point whose entries are each (a + b)/2 covers

Dy, ....ny Na,b]™, and so the log covering number is 0, which is bounded by the right-hand
side as long as € < (b — a)y/n.

A.5.2 Proof of Lemma A.3.6

The substitution u = %log % and du = —i de allows us to rewrite the integral as
22?33/00 ety T du, with a = %log E

It thus suffices to show '
I(a) = /OO e T du < Cae™%(a + 1/2)2%771, Va > 0. (A.69)

If a <1, then

1

I(a) < / e ST du < Cye 27T
0
2d—1 roo 2d—1 . .
for Cy > €275 [" e “u"7 du, proving the claim (A.69).
Now suppose a > 1. Let v be the smallest positive integer strictly larger than

Performing integration by parts v times yields

I(a) < Cye™ Z o T T 4 C'd/ e " T U du

r=1

2d—1
-

< Cde’“az%1 + Cye @
< (Cy+C2°T e (a+1/2)"T,
which proves the claim (A.69).
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A.5.3 Proof of Lemma A.3.7

Suppose 8 = A3 € C(V,t), where A is the usual design matrix defined in Section 3.3. Note
that for any ¢ we have

10; — 6] = Z Bi — b §Z|5j|§V.
2

JiXj2Xg J=
Thus, using the simple inequality (a 4 b)? > 1a® — b? along with the fact that [|0]|* <t we
obtain ) .
07 = (614 6; — 61)° > §9f — (0= 01)* > 593 — v

for each ¢, and thus

Rearranging this and applying the inequality va + b < y/a + Vb for nonnegative a, b yields

2 2 ~
01 < 4 ——(t2 — 1DV < ty/— 2=:1.
o <2 v <2 v

We fix § > 0, whose value will be chosen later. If for an integer k& we define

Co(Vit) = {0 € C(V,1) - k6 < 0, < (k + 1)5),

then we have

cvine |J G

K- 1<k<K

where K = [t/]. Then,

) —K—-1<k<K

log N(e,C(V,t)) <log (2 + EN) + max log N(e,Cp(V,1)). (A.70)

Since C_y_1(V,t) = —Cp(V, ) for k > 0, we may restrict the maximum on the right-hand
sideto 0 <k < K. B
Fix kK > 0. If 0 = AB € C,(V,t), we let w(0) = AB" and v(0) = AB~, where
B = max{p;,0} and f; = max{—f;,0} so that @ = w() — v(0). Defining
Ca(Vit) = {m(0) : 0 € Cx(V, 1)},
C,(V,t) = {v(8) : 0 € CL(V, 1)},

we therefore have

log N(e, Cu(V, 1)) < log N(e/2,Cn(V, 1)) + log N(e/2,C, (V. 1)). (A.T1)
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We bound the second term~ﬁrst. Because 8 = 61 > ké > 0 (recall the first column of A
is the all-ones vector) for @ € C(V,t), we have (w(0)); = 4 and (v(0)); = 0. Also,

(m(0))n — (m(60))1 + (¥(0))n — (¥(0)): = Zﬁjﬂﬁjzo - Zﬁjﬂﬁjso = Z|5j| <V,

which implies v(0), < V for 8 € C(V,t). Since elements of C,(V,t) are of the form A3
with 8; > 0 for j > 2, we use Proposition 3.3.2 and recall a definition (A.66) to obtain the
inclusion C,(V,t) C Dy, . »,N[0, V]™. Thus, using the bound (A.68) along with Lemma A.3.5
we obtain

log N(¢/2,Co (V1)) < cdvz/ﬁ <log 2‘/6‘/5) e <ovum

where we have absorbed constants into Cj.
We now bound the first term from earlier (A.71). We claim

Cu(Vit) € Doy N[0,V + )" + {k6Y.

.....

To see the last inclusion, note that if n € C,(V,t) satisfies kd < n; < (k+ 1) then n — kd1

.....

ni— ko <m—(m —0) <V +6). Noting that D,,

-----

-----

yields

log N(€/2,Cr(V,1)) < Cdm <log w)d_2ﬂ{€ < 2(V +8)v/n}.

€

Choosing § = €/+/n yields

log N(€/2,Cr(V,1)) < Cd<vz/ﬁ + 1> (m(@ + 1))“.

Returning to (A.71) we obtain

log N (€, Ci(V, 1)) < Cd(vz/ﬁ + 1) <log<2ve\/ﬁ + 1>>d_é.

Going further back to (A.70) and plugging our definitions of ¢ and t yields

o (e 7.0 = o (2L 1) (g2 4 1)) (24 2T

€
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A.5.4 Proof of Lemma A.3.9

Let r == |2¢/d]. By an inclusion-exclusion argument, we have the following exact formula

for the cardinality.
d
d\ ({—kr—1
= —1)k
=0 () ()

k=0

with the convention that ({) =0 if a < b.
If k > d/2 then we have £ — kr < { — (% — 1) = ¢ < d which implies (“"[") = 0.
Otherwise, for k < d/2 we have

pn (C—hr =1\ _ 1 qplokri
d—1 (d—1)!i:1 o

b—kr—i

L

Noting that limy_,

=1—klimy,, 7 =1— =, we obtain

(= k-1 (1—%)*1
= (d—1) _ d
lim ¢ < J-1 ) -1

for k < d/2. Combining these observations for all k yields

}H&'ﬁ‘i‘—i-nk(i)((;jff; - _‘Ui ()d e

k=0 =0

where (x) = max{z,0}. It then suffices to check

d

by = Z(—nk (Z) (d—2k)T" >0

k=0

for each fixed d > 2. Indeed, Goddard [39] showed

ba 1 /°° sinz\ ?
_— = — dx.
2¢d—-1)! 7w J, x

When d is even, this clearly positive. When d is odd, we have

[y E [ o (5] o

k=0

which is positive because the last expression is an alternating sum whose addends’ magni-

T ( sinz \4 . . .
tudes fo (m +k7r) dx form a positive decreasing sequence in k.
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A.5.5 Proof of Lemma A.3.10
We prove the three inequalities (A.29), (A.30) and (A.31) separately.

Proof of (A.29). For functions f,g : [0,1]7 — R we let ||f]ls == <ﬁ0711d|f(x)|2dx)1/2 and
I fll = f[o 1]d’f |d:1: denote the L2 and L' norms on [0, 1]¢ with respect to the Lebesgue
measure, and (f, g) f[o Jja f(x)g(x) dx denote the L? inner product.

Recall the deﬁmtlon of HKO varlation (3.25) as the sum of Vitali variations over faces
adjacent to 0. Because f,(x) is zero whenever x; = 0 for some j, all these Vitali variations
are zero except for the Vitali variation over the entire space [0,1]¢. Thus, recalling that

the Vitali variation can be written as the integral of the magnitude of a mixed partial
derivative (3.23), we have

oef
Va1 = VL0, 1) - 1 i
1
oef
< - Jn ,m )
_’axl"'@xd 2 m;zgn

where
Z Thmi ® ¢m] i
i€Zm

For natural numbers m < m’ and natural numbers ¢ < 2™ and ¢ < 2™, the functions oy
and ¢, ;, are orthogonal. Thus for distinct m, m’ € My, the functions gy m and gy ' are

orthogonal as well. Thus from above we have
Z 1gn, mHz
meM,

For a fixed natural number m and distinct natural numbers 7,7’ < 2™, the functions ¢},
and ¢, ; are also orthogonal because they have different supports. Thus for fixed m € M

Viiko(f3 [0,1]%) <

and dlstlnct i,i’ € Iy, the functions ® i1 qb ;; and ® i1 qu 1 are orthogonal. Continuing
from above, we obtain

<

Virko(f; [0,1]%) <

® (bmj i

m 1

2 2
EM[leIm J
PSRRI
meMy i€y,

./\/lg|
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where we used the fact that |Z,,| = 2° and

d 2
/ —_—
¢mj,ij -

j:l 2

mgj,tj

d
=[[2 =2"
j=1

]

Proof of (A.30). By Pinsker’s inequality, we can bound the total variation distance between
Py and P for by their Kullback-Leibler divergence.

1
1P, =Py llrv < \/gDKL(anHan,)-

The KL divergence can be computed as

n

1
DKLGanHPf,,/) T 952 Z(fn(xl) — for(xi))? = %E(fm for),

i=1

where £ denotes the discrete loss as defined earlier (3.9).
Note that

o= = et 3 it ®¢mm

meMy i€lm

If du(n,n') = 1, then there exists a unique pair m € M, and i € Zp, such that nm; # 17, ;.
Then

V d
fn - fn’ = m(nm,i - n:n,i) ® ¢mj7ij'

Thus, recalling that the design points x, ..., X, come from the lattice Ly, ., (see (3.34))

-----

ni—1 ng—1 d

Clhn i) = 21y 2 2 Lt/

=0 kd0]1

L H LS )

n;
7 kj=0

Note that for each j, the number of nonzero addends (¢n,, s, (k;/n;))* (of the above inner
sum) is bounded by n;27™, so we obtain

1
n. Z(¢mj7ij(kj/nj))2 < —-n;27" 9—2mj—4 _ 9=3m;—4
. -
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Multiplying over all j yields

d n;—1

H ,r;l: Z <¢mj )i k /TL] H 2_3m3 2—35—4(1.

=1\ 7 k;j=0

By combining our work above, we obtain
i AP = Ppllrv < \/ L(fn; for) \/ 27364d,

Proof of (A.31). To compute the loss L(fy, foy) for some n,n’ € {—1,1}%, only the values of
®m,; .5, at points {k/n; : k € {0,...,n; — 1}} matter. In particular, for each fixed j € [d] and
m; € N and i; € [2™] we define the step function ¢ : [0,1] — R by

]

Giamyis (1) = by, (Loms) /). (A.72)

Recall our assumption that n; is a power of 2. Thus function 5]'7%'#’]' is a step function
supported on [(i; — 1)27,4,27™4] that is constant on intervals [k/n;, (k + 1)/n;) for k =
0,...,n; — 1, and agrees with the value of ¢,,, ;, at points k/n; for k =0,...,n; — 1.

If for n,m" € {—1,1}7 we define

Inay \/‘— ST i — s ®¢mm,

meM[ i€lm

then gy, agrees with f,, — f,y on points of the form (ky/n1, ..., ks/nq) for k; = 0,...,n; and
all j € [d], and is constant on rectangles of the form X;.lzl[k‘j/nj, (k; +1)/n;). Therefore,

n

Ll o) = = S o) = I = [ (0?5 = L -

i=1 [0,1)d
For natural number m and i € [2™], we define the function h,,; : [0,1] — R by

2m/? S [(Z o 1)2—m’ (Z o %)2—771]’
hmi(z) = ¢ =22z e [(i—1)27m, i27™m], (A.73)
0 otherwise.

One can check {h,,; : m € N,7 € [2™]} is an orthonormal set. If we define Hy,; =

®j 1 hmy i, then {Hpjs - m € My, i € T, } is an orthonormal set of functions on [0, 1]4.
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Thus by Bessel’s inequality,

L(fas fr) = llgnar 13 = Z Z <9n,n/7H

m'eEMyi' €Ty

Fix m’ € M, and i’ € Z,,. We have

d
<gn,n/,Hm i) = \/— Z Z Thm,i — 7]m1 H ¢jm3,zja m’; 1)

meMy i€lm,

We claim the inner products satisfy

. 0 (m]723) 7é (m]77/]) m] S m
(Djim; i hm}i§> =10 log,(n;) < mj+1
278mal2=8 (i) = (m)), 1), 1ogy(ny) = my + 2

For the first case, if m; = m/; and i; # i, then the supports of ggj m; i and hm;ﬂ-; are disjoint
so their inner product is zero. If instead m; < m], then recall fo gb] my,i; () dr = 0 and note

that hm;,l-} is constant on the support [(i; — 1)27™,¢,;27™] of gbme% The second case is

due to the fact that n; is a power of 2 and consequently (Ej’mj’,-j = 0 when log, n; < m; + 1.

For the third case where (mj,i;) = (m}, i) and logy(n;) > m; + 2, we have

—mj

" (ij—3)2 ~
<¢j7mj’ij7 hmj:ij> =2-2" /( 1)27 ™ (bj’mj’ij (az) dx

=2.2" /( ¢mj,ij($)dx

'j71)277nj
_ om;/2 —-mi—lo—m;—2 _ o—3m;/2—3
— 2 .7/ . 2 J 2 J — 2 ]/ ,

where the equality of integrals is a consequence of log,(n;) > m; + 2 and the fact that n; is
a power of 2.

If m and m’ both belong to M, they satisfy Z?Zl m; = Z?:l m;, = {. Thus if m # m’,
then because d > 2 there is some j for which m; < m/, and we obtain

(A.74)

d i i
- 0 (m7 1) # (m/7 1/>
H(Qﬁmj,z‘j,hm;,i;) - {234/2351 i i

d

(Gt Ho >—¢_| Mot ¢ = T )22 [ [ + 2 < logy m}.

Jj=1
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If we show that the above product of indicators is always equal to 1, then plugging this into
Bessel’s inequality above yields

4V

23Z6dd
M) (m. )

L(fn, for) =

which would complete the proof of the desired claim (A.31).
It remains to show this last unverified claim about the product of indicators. Equivalently,
if m € M, then we want to show m; +2 < log, n; for all j € [d], provided n is large enough.

Since n; = nt/4 and since max;e(q m; < 20/d, it suffices to show
20 1
i +2< p logn (A.75)
Plugging in the definition (A.26) of ¢ yields
2(d—1) 1
log(CynV? = loglog(CynV? 2< =1
3dlog2 og(CqnV?/o®) — 3dlog2 %8 og(CanV?/o?) + - logn.

For fixed d and %/V?, we have

. d 2 2(d—1)
1 log(CqnV?/o?) — —=——loglog(CynV?/0?) + 2
n=00 logn | 3dlog 2 og(CanV" /o) 3dlog 2 og log(CanV"/0”) +
2
= 1
3log2 <
so there exists a constant ¢, ,2/y2 such that the bound (A.75) holds if n > cq2/v2. ]

A.5.6 Proof of Lemma A.3.11

We claim the functions F; n, and F;, n are orthogonal for distinct m, m’ € Mg. We have

1 1
/ / Frl,m(tla tQ)Fn,m’ (tl, t2) dtl dtQ

— Z Z nmlnm/ 1// ¢m1 i1 t]_ / / t]_ dt]_/ ¢m222 tz / /(tQ) dtQ

leIm 1 GI 12

Fix (m, i) and (m’,i’). Since m and m’ are distinct, we must have m; # m/ (since m;+my =

my + mj). Without loss of generality suppose m; < mj. Then gbm 4, is constant on the

support of ¢, , for any i, € [2™] and i} € [2™1], and thus fo iy tl)gzﬁgn,l “ (t1)dt; = 0.
The other case m; > m/ can be handled similarly. In the end all terms in the above double
sum are zero.

A similar argument shows that the integral of the product of Fn,mu), . ,me(k)
(1) (k)

distinct m™ ..., m® is zero, since m;’,...,m;" are distinct in this case where d = 2.

for
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Note also that 1+ F}, ,, > 0 for all m € Mvg, and thus 82ﬁ,/(8x18x2) > 1. Consequently,

02 f,

VHKO (fn) - 8x18x2

= H (1 + Fym(z1,72))

1 meﬂg 1

1 1
:/ / [T (1 + Eypmlts, 1)) dts dts
0 0

mE./r\/[vg
1 1
=1+ Z /0 /0 Fﬂvm(tlth) dtidty +0
meﬂg

=1.

Combined with the fact that f; is continuous, we have J};, € Fip.

We now define g,(x1,x3) = ﬁ,({xlnlj/nl, |xama | /no). This function agrees with ﬁ, at
the design points (i/ny, j/ns), and is piecewise constant on rectangles of the grid. Thus for
n # 1’ we have

L(fn, o) = llgn — gn’H%?-
Let us similarly define @n(xl, Tg) = @n(pcmlj/nl, | zana] /na). Let hy,, be as defined

above (A.73). We now show (Qy, hmy ry @ By rp) for all m € My and r € Z,,,. Note

~ I_l'lnlj/nl P Lmzngj/ng P
/ /
=3 [ Tk tan [ Tlohn, s et
P>2 0 p=1 0 p=1
where the inner sum above is over even integers 0 < k; < ko < -+ < kp < {, and all
1<i, <2b 1<y, <20 1<p<P.
Because @ ; ..., i, , are constant on the support of ¢, , we have for some
constant ¢y
lxina]/m1 P -
/ H Cb;gp,ip (t1) dty = c10kpip ([T111] /11) = CLOLRp ip (1),
0 .
p=1
where the last equality is due to the earlier definition (A.72). Similarly,
|wona]/na P -
/ L ¢k, 5, (t2) dtz = cacup, ;i ([22m2] /n2) = caday i (x2),
0 =
p=1

Because kp + (¢ — k1) > £ = mq + mgy, we must have either kp > my or £ — ky > my. If
kp > my, then for any 1 <7y < 2™ h,,, ,, is constant on the support of ¢, ;., and thus

1 . 1 .
/ Drpip (01) Py iy (71) dy = C// Prpip(r1) dry = 0.
0 0
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Otherwise, if ¢ — k1 > may, then fol @_ml (9) Py ry (T2) dzo = 0 for all 1 < ry < 272, In
either case we have (¢rpip © Go—ky jrs Py s @ iy ) = 0, and thus (Qy, Ry vy @ Ry ) =0
for allm € My and r € Z,,,. Therefore, using the earlier observation (A.74) concerning inner

products between ¢, ; and h,, ;;, we obtain

<§T/ - gn/a hm’1 i ® hmé,zé)
= Z Z (Mmi = M) (Prmin @ P Pt i1 @ Pty 1)
merT, 1€7m

= (N3 — n;n,yi,)2_3€/2_61[{m’1 +2 <logyny,my+2 <logynat.

As argued before (A.75), the event in the indicator function holds for sufficiently large n, so
we may ignore it. Applying Bessel’s inequality yields

L(fns for) = gn — gn’”%? > Z Z (Mm,i — n;la,i)22_3é_12 = du(n, "7/)2_34_10-

mGMvz i€lm

A.5.7 Proof of Lemma A.3.12
If Yl Ej] < R, then Af3 lies in the interior of C(V'), so the tangent cone there is R™. Thus

it remains to consider the case Z?:2|§j| = R.
Let 7 denote the right-hand side of the equality (A.41). We first show %(v)(AB) cT.

Since T is a closed convex cone, it suffices to show that AB3 = A(B' — E) lies in T for any
AB € C(V). Indeed, using the fact that 8; = 3 whenever 3; = 0, we have

SOIB+ Y Bysign(By) = D18+ Y B sign(B))

j>2: J>2 G>2 §>2:
;=0 B;#0 B;=0 B;#0

<N Bl <V =" B;sign(B;).
j=2 =2

Some rearrangement leads to %(V)(AB) cT.
For the reverse inclusion, suppose A3 € 7. We claim that there exists some ¢ > 0
such that A3 + cAB € C(V). Indeed, there exists a sufficiently small ¢ > 0 such that
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sign(gj +cfj) = sign(gj) for all j satisfying Bj # 0, for which we have

Z’ﬁj + Bl = CZWJ’ + Z ﬁ] +¢f)) Slgn(@)

]>2 j>2
Bj=0 Bj=0
= Z’ﬁj‘ t+c ZWJ| + Z B sign ﬁ]
Jj=2: Jj=>2:
Bj=0 Bj#0
<0
<V

where the quantity in parentheses is nonpositive due to the definition of A@ € 7. The above
implies A3 + cAB € C(V), concluding the proof.

A.5.8 Proof of Lemma A.3.13

Using the fact that ) ;... _; By = a; we have

Sign(gi*)(@i“ —ay) = Sign(gi*) Z Gi — Z 5i)

icl, i€el,

= sign(Br) Z Bi — Z bGi

i€L,NL§ ieLenL,

:sign(gi*) Bix + Z Bi — Z i (A.76)

ie(LuNLE\{i*} ieLsNLy

< By sign(Bi) + Y |8 (A.77)
i¢{0,i*}

<0

- Y

where the last inequality is due to the characterization (A.41) of %(V)(AB). The above
chain of inequalities implies that the difference between the expressions (A.77) and (A.76)

is bounded by — sign(B;-)(agu — a;e). This is precisely the desired inequality (A.42).

A.5.9 Statement and proof of a result connecting D(6;) and D6

Lemma A.5.1. Consider Q as in (A.48) for two indices ' and q* in T with q° < q*. Recall
the notation (A.50) and (A.51). For every 6 € R™, we have

(DOq); = > t(i,i)(DO);,  for everyic Q (A.78)

' <i
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Furthermore, for every i’ < q%, there is a unique i € Q such thati =i and if,(i) =iyq); this
iis given by i; = max{qf, hi=1...,d

Proof. For i € @, the identities (A.49) and (A.47) together yield

(D8o)i= D Hi—zrzq}(-1)" 0,

ze€{0,1}4

= > Hi—z=q} (=) > (Do)
z€{0,1}4 i'<i—z

=> (DO)y > Hi—z=q} (-1 i iz}
i'=<i z€{0,1}4

It then remains to show that the last inner sum equals ¢(i’,1). We have

S Hi—z = g H 1) < —a)
ze{0,1}4
d
1

1
11D (=071, — 2 > ¢3{d; < iy — 23}
z;=0

j=
d
= [I(Mq) <ijiy <ij} =g <i;— 1;i) <i; —1}).

by
—

For j € J(i) we have i; > qf, so the quantity in parentheses is I{i}; <i;} — I{i}; <i; — 1} =
I{i; = i;}. For j ¢ J(i) we have i; = ¢}, so the quantity in parentheses is 1. Thus the above
product is I{i/;;y = i;4)}, and we obtain (A.78).

We now prove the second claim of the lemma. Fix i’ < g% We would like to produce
i € Q such that i =i and ¢} = i; for j € J(i) = {j : i; > ¢}}. If i} > ¢f, we have no choice
but to let i; = 4. If i) < qf, we must let i; = qf in order to have i € (). This defines the
unique i satisfying the conditions. O

A.5.10 Proof of Lemma A.3.14
Fix i’ <1 such that ¢(i',1) # 0. If s(i') # 0, then 5(i) := s(i') so we have

|Be| —s(@)t(i’,1) By = [By| — s(i') By

Otherwise if s(i') = 0, we have

By —s(D)t(i,1) 8y < 2[6¢| = 2(|By| — s(i')By).
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Using these two observations along with the relation (A.78), we have

Y. ((Dag)l —5()(Dag))

ieQ\{q’}:i¥q*
= > D)8 —50) Y16
icQ:i-qf i'=<i i'=<i

= Z Ztolal){'ﬂl’l _g<l>t(1/7i)ﬁ1'}
icQ\{a'}:ita® 1=
<2 Y D DB - s(i)8)
i€Q\{a‘}:irq’ i'<i
=23 {IBe| —s(@)B} D>t DY < ii¥ a'i# g}
i’ <qv ieQ

<2 Y (18] -s@)B.

i'=qu:i'£qf,i'¢{0,i*}

In the last step we noted that for a given i’ < q¥, there is a unique i such that ¢(i’,1) is
nonzero (second part of Lemma A.5.1), so the inner sum only has one nonzero addend. Then
we used assumption (a) to note that I{i’ < i,i ¥ q*,i# q‘} <I{i' ¥ ¢*,i ¢ {0,i*}} for any
i € Q such that t(i,i) = 1.

Finally, for i € Q such that i = g, let 5(i) := s(i). Combining the above work with the
fact that (A.78) implies that (Dayg); = (Da); for i = q°, we obtain

Y ((Dag)l —5(1)(Deag):)

icQ\{a‘}
< > Bl —s()Bi} +2 > {16 —s(1) 5}
icQi-qt ixquirqt,i¢{0,i*}
<2 Z {18¢| = s(1)5i}-
i¢{0,i*}

The last inequality follows by noting that the two sums indexed by i are over disjoint sets.
Finally, the right-hand side can be bounded by 2 due to (A.45).

A.5.11 Proof of Lemma A.3.15

Without loss of generality we assume ¢ = 1 (the general result can then be obtained by
scaling and replacing § by §/t).

Let 3 be such that 8 = AB. Let w(0) = AB" and v(0) .= AB~, where 5 = 3; and
B == max{3;,0} for i > 2, and where 3~ := 87 — 3. Then 8 = = (6) — v(0), and both
7(0) and v(0) are entirely monotone.
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We have the following two equalities.
On — 01 = [(7(0))n — (7(6))1] — (v(0))n,

Viiko(6) = Z!@-\ = [(7(6))n — (m(0))1] + (¥(6))n.

Combining these two equalities shows that the constraint Vike(€) < 6,, —6; + 0 is equivalent
to

ZB - wio)), < ..
Then

2 2 52
[ (O)I° < n(v(6)), < 7 n.

By the triangle inequality,

Ix(6)] < ]+ [w(O)] < 1+ 5 v

Thus,
E sup (0,¢) <E sup (m{+E sup  (—v,§)
OHGHSL WeDnl ,,,,, ng- VeDnl ..... ng-
Viiko(0)<0n—01+9 16]|<14-6y/n/2 lv]|<8v/n/2

Since D is a cone and since & 4 —¢&, the right-hand side can be written as

o(l+dvn) E sup (0,7),

6€D,,

-----

where z ~ N(0,1,). From the earlier Gaussian width bound (A.18) (with 8 = 0, V* = 0,
t =1, and using the bounds |K| < C(logn)? and log(2e+/|K]|) < Cylog(elogn))) we have

E sup (0,2) < Cy(log(en)) (log(elog(en))) 5.
0€Dn, nd¢||9||§1

,,,,,

A.5.12 Proof of Lemma A.3.16

Because 3; = 0 for all i > 0, we have the following equality for all i € {0,...,n; — 1} X
{O,...,HQ— 1}

i1 12
bi=> Br=> Biro+ Y Boy—Boo="0in0+ 00— b0 Vi (A.79)
i <i =0 =0

Let 51 = L an 91'1,1 and 52 = L an 81’1'2

ny 11=1 ng ig=1
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Note that the identity (A.79) implies

1> |lo]?
ni—1ngo—1

=3 > (610 = 01) + (o4, — 02) — (o0 — 61 — 02)]°

i1=0 i5=0
nyi—1 n201

=Ny Z (00 — 91)2 +n Z(Qo,ig - 92)2 + nyng(6po — 01 — 92)2,
11=0 i12=0

ni—1 no—1

where the cross terms vanish in the last step due to Y7 (6;, 0 — 1) = 0 and >~ (60,4, —
0y) = 0. Thus the vectors V12 (05,0 — 51)?11:_01, NI 91)22:_01, and /ninz (0o — 01— 0,)
each have norm bounded by 1.

Let us view Z as a ny X ng matrix, and define Z. ;, == Z?f:_ol Ziv iy Ziy . = 2?22:_01 Ziy g
and Z.. = 2?11:01 > "o Zirin- Then, using the identity (A.79) we can decompose the inner
product as

ni—1ng—1

ZZQ —ZZZWQ 0ir.0+ 0o,i, — 0o,0)

11=0 i2=0
ny—1 no—1
= Z Ziy Oi 0+ Z Z.iy004, — Z..011
11=0 i19=0
ni—1 na—1
= Z Ziy (0iy0 — 01) + Z Z.ir (00,4, — 02) — Z. (000 — 61 — 02)
i1=0 i2=0
ny— 1 n2— 1
= (030 — 6,) +Z Z2\/ 9012— 2)
1= 0 = 0

Z.. - =
m\/nmg(@o,g — 91 — 62)

Note that (Z.;,/v/n1)i21, (Ziy,./\/M2)i—1, and Z../\/n1, iy are each standard Gaussian vec-

tors.
Finally, note that because f; = 0 for i > 1, the HK variation condition on 6 can be

written as

ni—1 no—1
Z(’ﬁil,(ﬂ — s18i,0) + Z(|ﬂo,i2| — $200,i,) <6,
11=1 i2=1

and thus each of these two sums is bounded by §
Thus, we can bound the expectation in the lemma by

E sup (Zn,,0) +E sup (Zny,0) +E sup 2,0,
O<R™1:(|0]|<1_ 6eR™2:(0]|<1 OeR:|0|<1
VHKO( )<31(‘9n1 *91)4’5 VHKO( )<82(9n2791)+5
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where Z,,, Z,,, and Z; are standard Gaussian vectors of the appropriate dimension. The
third term is readily computed to be E|Z;| = /2/7.
We now focus on the first term; the second term can be bounded analogously. If s; €

{—1,1}, then Lemma C.8 of Guntuboyina et al. [44] implies a bound of

c(1 4 dy/n1)+/log(eny)

Otherwise if s; = 0, then Lemma B.1 of the same paper [44] yields a bound of

0(5\/71_1)% + cy/log(eny).

Handling the second term in the same fashion concludes the proof.
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