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ABSTRACT OF THE DISSERTATION

High-Frequency Climate Variability Associated with Stochastic
Weather-Climate Interaction

by
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Alexander Gershunov, Co-Chair
Arthur J. Miller, Co-Chair

The statistics of high-frequency climate variability in observations and re-

analyses are markedly non-Gaussian and show coherence across spatiotemporal

scales. Dynamically, this complexity comes about as a manifestation of nonlinear

terms in the equations of state and motion which dictate the time evolution of geo-

physical fluids in the oceans and atmosphere. A different perspective is to consider

the climate system as consisting of dynamically resolved low-frequency components

augmented by unresolved high-frequency components parameterized as stochastic

noise. A stochastic formulation such as this is naturally suited toward studying

climate variability and uncertainty since all spatiotemporal scales are explicitly or
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implicitly resolved in its dynamics. The purpose of this dissertation is to examine

weather predictability, variability, and uncertainty in the atmosphere as a function

of spatiotemporal scale. A particular emphasis is placed on the quantification of

the non-Gaussianity observed in surface air temperature (SAT) and precipitation

time series at daily resolution and how these distributions scale in space and time.

The linear stochastic predictability of the tropical atmosphere is first exam-

ined through the use of linear inverse modeling (LIM) techniques. LIM extended-

range weather predictions are nearly as skillful as fully nonlinear numerical climate

models, suggesting that the tropics at daily timescales behave as a primarily lin-

ear dynamical system. Next, the variability and trends of daily SAT are studied

using the first four statistical moments. It is shown that daily SAT behaves as an

approximately locally homogeneous quasi-Gaussian random field whose statistics

are consistent with correlated additive and multiplicative stochastic noise. The

probability distributions of SAT at scale are shown to be related to regionally

varying correlation length scales in the atmosphere. It is also shown that SAT

distributions have undergone significant systematic changes over time as a result

of low-frequency variability or climate change. Finally, it is documented that daily

precipitation extremes are heavy-tailed globally over many spatiotemporal scales,

suggesting that precipitation rates are power-law distributed, which is again con-

sistent with stochastic theory. Current generation numerical climate models and

reanalyses are shown to, by and large, recreate the power-law distributions doc-

umented from observations at the equivalent spatial resolutions. Results from

this dissertation shed light on high-frequency climate dynamics and have practical

implications for the quantification of weather event probabilities across spatiotem-

poral scales.

xv



Chapter 1

Introduction

The mathematical concept of weather prediction grew out of the studies of

fluid dynamics and thermodynamics in the early 20th century and matured parallel

with the studies of nonlinear dynamics and complexity. In the 1950s, the use of

new computational technology to run large-scale weather simulations stimulated

the development of what is now modern scientific computing. Gordon E. Moore

first quantified the exponential growth in computer power, coined Moore’s law,

which gave rise to more and more sophisticated simulations and better predictions

of the weather. As theory postulated, the fidelity of weather models would grow

hand-in-hand with computing hardware ad infinitum; however in the 1990s, the

skill of numerical weather forecasts began to saturate. The problem bifurcated

into a study of scales; the line between weather prediction and climate prediction

was drawn.

1.1 Background

1.1.1 The Prediction Problem

The coupled global climate system is a high-dimensional, multi-scale, non-

linear, deterministically chaotic system. The dimensionality of a system refers to

the number of independent components or variables required to completely define

the entire system at any given time; while the dimensionality of the real climate

1
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system is unknown, the number of variables simulated by today’s climate models

is 106 − 108, and it is unlikely that it possesses a definite set of low-dimensional

attractors (Lorenz, 1991). While a differentiation between weather (i.e., observable

atmospheric conditions at a point in space and time) and climate (i.e., long-term

and large-scale averages of the weather) is often made, these terms in their essence

define arguments of scale. A multi-scale nonlinear system is characterized by co-

herence across spatiotemporal scales, with energy transitions in between. This

characteristic signifies that scale-separation, a common simplifying assumption in

physics, is inappropriate. Nonlinearity implies the existence of feedback loops

among system components, suggesting that no component is negligible with re-

spect to the entire system. This characteristic of nonlinearity also implies the

presence of non-Gaussian variability statistics (Palmer, 1993) which will be a re-

occurring theme in this dissertation. Finally, a chaotic system is non-periodic and

never returns to the same system state - a fundamental characteristic of dynamical

unpredictability.

In the abstract of his 1963 paper “Deterministic Nonperiodic Flow,” Edward

Lorenz remarked about such systems:

[For] finite systems of deterministic ordinary nonlinear differential equa-
tions designed to represent forced dissipative hydrodynamic flow with
bounded solutions, it is found that nonperiodic solutions are ordinarily
unstable with respect to small modifications, so that slightly differing
initial states can evolve into considerably different states. . . . A simple
system representing [atmospheric] cellular convection is solved numer-
ically. All of the solutions are found to be unstable, and almost all
of them are nonperiodic. The feasibility of very-long-range weather
prediction is examined in the light of these results (Lorenz, 1963).

Clearly, the inherent difficulty in the prediction problem has been known for quite

some time.

Both numerical climate and weather prediction are accomplished through

the discretization of mass and energy, either in physical space or in spectral space,

followed by the integration of the system iteratively through time over very small

discrete intervals. The dynamical cores of these models, which dictate the dynamics

of energy transfer, are composed of the three so-called primitive equations:
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1. the continuity equation, which dictates the conservation of mass within the

system.

2. the conservation of momentum equation(s), consisting of the quadratically

nonlinear Navier Stokes equation(s), which dictate hydrodynamical flows,

3. the thermal energy equation, which dictates the conservation of energy through

the first law of thermodynamics and,

A thorough treatment of these equations and their numerical implementation can

be found in Warner (2011)

1.1.2 The Forecasting Problem

Up until this point, I have been intentionally vague as to the definition of

the term “prediction.” Generally, we associate prediction with a seer-like premo-

nition of the occurrence of a binary event some time in the future: event a will

happen at time t. Predictions can be likely: the sun will shine in San Diego tomor-

row. Predictions can be unlikely: the sun will not shine in San Diego tomorrow.

Predictions are testable, assuming of course that San Diego and the sun do not

cease to exist before tomorrow.

Numerical weather models naturally make predictions. Assuming that we

can wholly define the entire state of the climate at an initial time, one can propagate

the numerical model forward in time and define a new state at some time in the

future, which is of course our prediction. More careful analysis of this methodology

in the context of climate and weather prediction reveal many critical problems, such

as,

• We do not have complete estimates of the climate state, do not know what

the complete climate state constitutes, and what estimates we do have are

uncertain,

• We have only uncertain knowledge about many of the complex physical sys-

tems critical to large-scale prediction, and
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• We may be missing important physical systems or fundamental dynamical

scales.

Each of these issues can wreak havoc on predictions due to the nonlinear and

chaotic nature of the system in question.

Alternatively, we are also capable of making “forecasts.” A forecast defines a

range of possible outcomes, ideally with probabilities attached, which encapsulate

all the possible future outcomes and their likelihoods; this concept is alternatively

called probabilistic prediction. Unlike deterministic prediction, a forecast cannot

be replicated by the real system since the actual outcome is only one possibility

in a range of possible outcomes; rather, forecasts and forecasting methodologies

can be validated over time to be skillful. While it may seem counter-intuitive in

this setting since the atmosphere (or ocean) can only take one state at any one

time, it is actually quite a natural construct for a viscously damped system such

as the atmosphere (or ocean). In the numerical construct, a probabilistic pre-

diction is usually accomplished by perturbing estimates of the initial conditions

(which is done in weather forecasting) or the model physics (which is done in cli-

mate forecasting/projections), and integrating each perturbed sample separately to

form an ensemble. The statistics of the ensemble constitute the basis for a proba-

bilistic prediction, however such ensemble methods are extremely computationally

demanding.

1.1.3 Stochastic Climate Models

An alternative point of view counter to the deterministic perspective on

prediction offered in Sections 1.1.1 and 1.1.2 is to view the atmosphere (or ocean)

as an idealized system of slowly evolving low-frequency deterministic components

augmented by fast and unresolved high-frequency components approximated by

stochastic noise. As alluded to previously, the dynamical cores of numerical models

take the quadratically nonlinear form

du

dt
= F + Au+B(u, u) ; u ·B(u, u) = 0 (1.1)
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where F is a constant forcing, A is a linear operator, B is a quadratically nonlinear

operator, and u ∈ RM is an M -dimensional representative state vector with M >>

1. Consider the separation of u into a resolved low-frequency component x ∈ RN ,

N << M , and an unresolved high-frequency component y ∈ RN ′
, N ′ = M −

N so that u = (x1, . . . , xN , y1, . . . , yN ′). Then, following Majda et al. (2009),

by assuming dx/dt has up to a quadratically nonlinear deterministic dependence

on x plus the appropriately scaled diad and triad interactions between x and y,

and dy/dt has linear dependence on y, the appropriately scaled triad and diad

interactions between x and y, plus the appropriately scaled stochastic white noise,

a stochastic differential equation (SDE) for the evolution of x can be shown to be

dxi = Aijxjdt+
∑
p

Cij,pdWj,p (1.2a)

+ (constant)idt+ Fidt+Bi(xi, xj)dt (1.2b)

−
∑
p

γ−1p I2ij,px
3
jdt+

∑
j 6=i,p

γ−1p Iij,pIji,pxix
2
jdt (1.2c)

+
∑
p

γ−1p σp(Li,p − Iij,pxj) ◦ dWp (1.2d)

where A is a square linear operator matrix, C is a square covariance matrix, p

denotes the unresolved variables, L are linear damping coefficients, I arises from

cross term interactions between x and y, σ and γ are scaling coefficients, and W

is a Wiener process. In this case, the constant term can give rise to a non-physical

climate drift and is likely zero, however drift from external forcing Fi can manifest

itself as non-stationarity over time. A model in this form is called a stochastic

climate model (Majda et al., 2009).

Stochastic climate models rely on a somewhat subjective choice concerning

the scope of the deterministic (or resolved) component of the model x. Usually, u

is defined as the sum of the principal components (PCs) of empirical orthogonal

functions (EOFs) taking the form

u =
N∑
k=1

uk(t)ek +
M∑

k=N+1

uk(t)ek (1.3)

where each k constitutes an orthonormal energy component with an e eigenfunc-

tion, and thus x is defined as some number N of leading EOFs and y is implicitly
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defined as the rest of the observed variability. In this formulation, eq. (1.2) would

be called a reduced stochastic climate model, since the model only deterministi-

cally resolves some portion of the observed variability. Alternatively, if x is taken

to be all the variables conserved in a traditional numerical climate model, then

y would be analogous to a subgrid-scale parameterization, and thus the model of

eq. (1.2) would have the same order of complexity as a full numerical model. As-

suming a stationary system, if we take x to be the climatological anomalies, eq.

(1.2) must be damped and in the limit as t → ∞, the statistics of the forecasts

are entirely stochastic; in Chapters 3 and 5, we investigate the statistics of daily

surface air temperature (SAT) anomalies and precipitation, and in chapters 4 and

6, we investigate the statistical relationships between grid-scale and subgrid-scale

variability.

Stochastic climate models are particularly well suited for producing fore-

casts since they

• include all spatiotemporal scales, explicitly through x and implicitly through

y,

• are computationally efficient compared to full numerical models, particularly

when in a reduced form and,

• provide an analytical construct for studying the distribution of x through the

Fokker-Planck equation(s) as reduced, yet still physical meaningful, climate

models.

1.2 Outline of the Dissertation

1.2.1 The Linear Inverse Model

By forcing the coefficients in eqs. (1.2b-d) to zero and setting p = i and

dWi,p>1 = dWi,p=1, the linear inverse model (LIM) of Penland and Magorian (1993)

is obtained. The LIM is one of the simplest of the possible stochastic climate

models and has been used with relatively high degrees of success to model and
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predict both oceanic and atmospheric conditions (see Chapter 2). In LIM, x(t)

can be solved analytically and used to make probabilistic predictions. The solution

involves two components: the first term is a linear operator matrix which dictates

the mean predicted state of the system at some time t in the future, analogous to

an ensemble mean, and can also be dissected to yield insight about the dynamical

interactions between the resolved components of the state vector. The second term

is a stochastic noise component, which summarizes uncertainty in the probabilistic

prediction as a multivariate Gaussian and can be used to make forecasts. It can

also be decomposed to draw insight about the stochastic nature of the climate

system (Penland and Matrosova, 1994).

In Chapter 2, we utilize reduced LIMs to make extended-range weather

predictions in the in the tropics. We focus on hindcasting the Madden-Julian

Oscillation, the major component of intraseasonal variability in the tropics, and

demonstrate that simple linear stochastic representations of large-scale climate

are nearly as skillful as full-form nonlinear numerical models at extended-range

weather prediction. We additionally examine some dynamical features present in

our models which provide physical intuition about the nature of prediction in the

tropics and the propagation of energy across spatiotemporal scales.

1.2.2 Statistics of Daily Surface Air Temperature

By neglecting the nonlinear terms in eq. (1.2), the Fokker-Planck equation

for the predicted steady-state probability distribution function (pdf) of x(t), or

p(x), can be solved for analytically (Sura, 2011). As mentioned in Section 1.2.1,

when neglecting eq. (1.2d) and solving only for eq. (1.2a), the resulting pdf is

distributed as a multivariate Gaussian. Including eq. (1.2d) in the Fokker-Planck

equation, however, yields non-Gaussian pdfs.

While atmospheric variables on monthly timescales are approximately nor-

mally distributed (Stephenson et al., 2004), in Chapter 3 we demonstrate that

the statistics of SAT at daily resolution estimated from weather stations are non-

Gaussian and form coherent spatial structures in moments over the Northern Hemi-

sphere. The observed weather statistics are consistent with those of the pdf for a
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linear stochastic climate model forced with correlated additive and multiplicative

(CAM) noise taking the form of eq. (1.2d) (Sardeshmukh and Sura, 2009). We ad-

ditionally determine that these moments have statistically significant trends over

the latter half of the 20th century, suggesting that low-frequency climate variability

and/or climate change has had detectable impact on the statistics of daily weather

probabilities.

1.2.3 Spatial Scaling of Surface Air Temperature

In Chapter 4, we investigate the relationship between SAT variability ob-

served at point-scale with that estimated at grid-scale. We demonstrate that the

statistics of daily SAT variability are closed at the fourth moment and constitute an

approximately locally homogeneous quasi-Gaussian random field (Millionshchikov,

1941; Monin and Yaglom, 1971). As a consequence, we determine that the mo-

ments at grid-scale are mathematically related to correlation length scales which

can be estimated from station data and vary geographically. This study provides

a quantitative assessment about the impacts of spatial scaling on distribution by

smoothing atmospheric variables.

1.2.4 Distribution of Daily Precipitation

In Chapter 5, we continue our investigation of daily weather variability ob-

served at point-scale. We determine that in most places, globally, the fundamental

distribution of daily precipitation is heavy-tailed. This conclusion is consistent

with the stochastic theory defined in Section 1.1.3; as a consequence of the CAM

noise discussed in Section 1.2.2, the tail of the pdf of x is expected to follow a

power-law (Penland and Sardeshmukh, 2012). We demonstrate that the thickness

of the high-valued probability tail, i.e. precipitation volatility, is physically related

to storm type heterogeneity, which varies geographically.
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1.2.5 Spatiotemporal Scaling of Extreme Precipitation and

the Simulation of Precipitation Fields in Numerical

Climate Models

In Chapter 6, we investigate the effects on distribution type resultant from

spatiotemporal smoothing of precipitation fields. We determine that at high

temporal resolutions, precipitation fields remain power-law distributed until over

200km and at high spatial resolutions, precipitation fields remain power-law to

between 2- and 3-week accumulations. Following from our spatial scaling investi-

gation, we find ourselves equipped with the data necessary to validate the distri-

butions simulated by numerical climate models and reanalyses at the appropriate

spatial scales; we go on to investigate the skill with which seven global reanalyses

and forty global coupled climate models recreate the precipitation volatility ob-

served over global land. Finally, we present a physically consistent global picture

of daily precipitation distribution type estimated from the best performing global

reanalysis dataset at 0.31◦ spatial resolution.

1.3 A Note to Readers

Each chapter contained within this dissertation has been designed to stand

alone. It follows that in some instances, mathematical notation may differ between

chapters, and redundancy in definitions, explanations, and/or references may oc-

cur.



Chapter 2

The Skill of Atmospheric Linear

Inverse Models in Hindcasting

the Madden-Julian Oscillation

A suite of statistical atmosphere-only linear inverse models (LIMs) of vary-

ing complexity are used to hindcast recent MJO events from the Year of Tropical

Convection and the Cooperative Indian Ocean Experiment on Intraseasonal Vari-

ability / Dynamics of the Madden-Julian Oscillation mission periods, as well as

over the 2000-2009 time period. Skill exists for over two weeks, competitive with

the skill of some numerical models in both bivariate correlation and root-mean-

squared-error scores during both observational mission periods. Skill is higher

during mature Madden-Julian Oscillation conditions, as opposed to during growth

phases, suggesting that growth dynamics may be more complex or nonlinear since

they are not as well captured by a linear model. There is little prediction skill

gained by including non-leading modes of variability.

2.1 Introduction

The Madden-Julian Oscillation (MJO) is a large-scale zonally propagating

atmospheric signal in tropical rainfall and related fields (Madden and Julian, 1971)

and is the dominant mode of intraseasonal variability in the tropics (Wheeler and

10
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Hendon, 2004, hereafter WH04). The MJO modulates high-frequency weather,

both in the tropics and extra-tropics through teleconnections (Wallace and Gutzler,

1981; Ferranti et al., 1990; Maloney, 2000; Matthews and Meredith, 2004; Cassou,

2008; Roundy and Gribble-Verhagen, 2010; Martin and Schumacher, 2011), and has

also been shown to affect longer timescale climate variability, for example the El

Niño Southern Oscillation (Lau and Chan, 1985, 1988; Kessler and Kleeman, 2000;

Zhang, 2001; Subramanian et al., 2011). Many studies have suggested that the

MJO may provide an avenue for predictability beyond the traditional 10-day limit

(Waliser et al., 2003; Reichler and Roads, 2005). Verification of predictions may

be done in the space of the real-time multivariate MJO index (RMM, see WH04),

comprising the leading two maximum covariance or empirical orthogonal function

(EOF) modes of combined tropical 200mb and 850mb zonal wind (u200 and u850,

respectively) and outgoing long-wave radiation (OLR) in the intraseasonal band.

Bivariate correlations of forecasts and verifications of these two modes, and root-

mean-squared error (RMSE) metrics proposed by Lin et al. (2008), make a well-

accepted set of verification metrics (Gottschalck et al., 2010) which we will use

here. Specific details of the metrics and their interpretations can be found in those

papers.

MJO hindcast skill studies utilizing high-dimensional numerical models

have increased in recent years (Zhang et al., 2013a). These hindcasts are usu-

ally produced for time periods coinciding with large, coordinated MJO research

missions, such as the Year of Tropical Convection (YOTC, Waliser and Mon-

crief, 2007), and Cooperative Indian Ocean Experiment on Intraseasonal Variabil-

ity / Dynamics of the Madden-Julian Oscillation (CINDY/DYNAMO, Yoneyama

et al., 2013). Several statistical forecast studies relevant to the MJO have been

reported. Simple extrapolation by Fourier filtered zero-padded longitude-time sec-

tions (Wheeler and Weickmann, 2001) is one approach. Many kinds of covariance

models have also been tried, including Principal Oscillation Patterns (POP, von

Storch et al., 1988); a singular value decomposition forecasting technique (Waliser

et al., 1999); and lagged regressions on EOFs of OLR and circulation indices, some-

times bandpass filtered (Lo and Hendon, 2000; Jones et al., 2004). Maharaj and
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Wheeler (2005) and Jiang et al. (2008) are regression models based on the RMM1

and RMM2 EOFs (convenient for verification). Kang and Kim (2010) summarize

the predictability from a collection of statistical and dynamical models, but the

variety of skill tests utilized across past studies complicates comparisons.

The Linear Inverse Model (LIM; Penland and Magorian, 1993) constitutes

the least complex form of a reduced stochastic-dynamic climate model (Majda

et al., 2009) and has been used for diagnostics and prediction in several stud-

ies of the atmosphere (e.g.; Winkler et al., 2001; Newman et al., 2003; Pegion

and Sardeshmukh, 2011) and coupled atmosphere-ocean system (Newman et al.,

2009). These LIMs have been shown to have comparable predictive capability to

general circulation models, even though they have far fewer degrees of freedom.

Pegion and Sardeshmukh (2011) compared a simple atmospheric LIM to coupled

atmosphere-ocean numerical models to conclude that there is room for hindcast

skill improvement in tropical climate prediction specifically.

In this paper, we explore the use of atmospheric LIMs in the established con-

text of MJO forecast verification. We will see that simple stochastic-dynamic rep-

resentations can provide hindcast skills comparable to other statistical approaches

and to some GCMs, and offer useful informed hypotheses about MJO dynamics

along the way. Section 2 introduces LIM theory briefly, and establishes the subset

of models used in this analysis. Section 3 shows LIM hindcast skill for the DY-

NAMO period, two YoTC MJO events, and a ten-year continuous hindcast period.

Finally, we conclude with a discussion and directions for future research.

2.2 Model Details and Methodology

Using the notation of Newman et al. (2009), the fundamental assumption

underpinning LIM is that the governing dynamics of the system under considera-

tion can be modeled as
dx

dt
= Lx + ξ (2.1)

where x represents an appropriate system state vector, L is a linear operator

matrix, and ξ is a vector of stochastic temporally white but spatially structured
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Gaussian noise. In a system where eq. (2.1) is stable, lag-covariance matrices decay

exponentially, so L can be estimated from observational estimates of covariance

matrices C(τ) where Cij(τ) = 〈xi(t + τ)xj(t)〉 evaluated at any fixed lag, where

subscripts i and j correspond to covarying observational time series, as well as the

rows and columns of C, respectively. For some chosen lead-time τ0, L is estimated

as L = τ−10 ln[C(τ0)C
−1(0)]. Equation (2.1) can then be solved for analytically:

x(t+τ) = G(τ)x(t)+ε where G(τ) = exp(Lτ) represents the decaying, predictable

signals at forecast lead time τ , and ε is a random variable vector with covariance

E(τ) = C(0) −G(τ)C(0)G−1(τ). The random vector ε is multivariate Gaussian

and grows as a function of τ regardless of the initial condition at time t and can also

be estimated from a suitable set of hindcast errors. More comprehensive overviews

of LIM can be found in Penland (1989) and Penland and Sardeshmukh (1995) and

its application in the tropics in Newman et al. (2009) and Pegion and Sardeshmukh

(2011).

The data channels that constitute x may be time series of variables in phys-

ical space, or principal component (PC) time series of EOFs of the data comprising

the desired forecast space. The diagonal components of L express the individual

decay of each of the predicted variables, whereas the off-diagonal components of

L represent modal interactions (if x is in a mode basis) or propagation (if x is in

a spatial basis). Imaginary L components describe oscillations (e.g. in the POP

model of Penland, 1989). After fitting L, the residual noise can be obtained. Its

EOFs describe leading spatially coherent patterns of stochastic forcing necessary

to reproduce the observed data, and thus might be interpretable in terms of sources

of high-frequency (spectrally white) turbulent or chaotic energy in nature, which

are being parameterized in the LIM as noise (see Penland and Matrosova, 1994).

In this study, we chose a reduced climate state vector x = [W O]T , where

W is the PCs associated with some number of leading EOFs of concatenated 850mb

and 200mb u- and v- wind anomalies from the National Centers for Environmen-

tal Prediction Climate Prediction Center (NCEP/CPC) Reanalysis 2 (Kanamitsu

et al., 2002), and O is some number of leading PCs of OLR anomalies from the

National Oceanic and Atmospheric Administration (NOAA) Interpolated OLR
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dataset (Liebmann and Smiith, 1996). Both datasets are used from 1980-2012. To

define these EOF-PC pairs, all variables were first truncated to T21 resolution,

transformed to a Gaussian grid from 25◦S - 25◦N, and smoothed with a 7-day

running mean filter, as in Newman et al. (2009). Unsmoothed data withheld from

the training set are projected onto the leading EOFs from the smoothed data to

produce out-of-sample hindcasts, which do not utilize any future data and are

therefore valid as daily predictions. These smoothing techniques were selected to

attenuate unpredictable (high-frequency) signals that can corrupt LIM dynamics

through aliasing, but in this case MJO hindcast skills are largely insensitive to

these filtering choices since EOF shapes are dominated by large-scale and low-

frequency variability even in daily fine-grid data. LIMs constructed directly from

unfiltered data EOFs provide similar predictions and corroborate the results of

this study.

Four-week tropical hindcasts were initiated for each day Jan 1, 1999 - Dec

31, 2012, for each combination of [4, 8, 12, . . . , 40] EOFs of W, [4, 8, 12, . . . , 40]

EOFs of O, and τ0 = [2, 4, . . . , 14], resulting in 700 models. LIM hindcasts are

cross-validated by excluding the data during the year in which the hindcast is

constructed when fitting the model. Model hindcasts were transformed back into

physical space and then projected onto the WH04 RMM indices (which only involve

zonal winds and OLR) for skill verification.

2.3 Results

The lowest complexity model is chosen as a baseline for comparison with

a training lag time of eight days: four wind EOFs and four EOFs of OLR in the

25N-25S belt are included, summarized as 4-W 4-O, and τ0 = 8. Figure 2.1 shows

bivariate correlation (left column) and RMSE (right column) for the Jan 1, 2000

- Dec 31, 2009 interval. Overall, the all-season ten-year MJO hindcast skill is

quite consistent across all our models. Decorrelation times, measured as the time

when correlation falls below 0.5 (Gottschalck et al., 2010), are about 14-16 days.

Similarly, RMSE skill, as measured by the lead-time at which the RMSE crosses
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2 (Lin et al., 2008; Vitart et al., 2010) across all models is also about 14 days.

Figures 2.1a,b show MJO skill sensitivity to OLR truncation. All conclu-

sions are consistent in both the correlation and the RMSE skill metrics. Hindcast

skill improves slightly by increasing the number of OLR predictors included in

the model (Fig. 2.1a,b) until the skill level saturates at a high complexity. Sim-

ilarly, including more W modes increases model skill essentially monotonically,

particularly after about 7 days of hindcast (Fig. 2.1c,d), but with similar fore-

cast skill prior to 7 days (when lower complexity therefore suffices), again before

the skill level saturates at a high complexity. MJO hindcast skill is insensitive to

τ0 (Fig. 2.1e,f), indicating smoothly and exponentially decaying lag-covariances,

as assumed in the LIM theory (Penland and Sardeshmukh, 1995). These results

suggest that there is little linear MJO predictability (about 1-2 day skill exten-

sion) associated with non-leading EOFs, and that under this model construction,

prediction skill is independent of the training lead-time. Sensitivities for models

composed of unfiltered EOFs are slightly increased, however, the main conclusions

remain consistent with those presented here.

Figures 2.2a-d show the structure of the first four EOFs of OLR used in the

model. The first two EOFs show similar equatorially symmetric patterns roughly

phase-shifted from each other. The first pattern shows a pattern of low OLR in the

central Pacific region when the principal component is positive while the second

reveals a pattern with lowest OLR in the Western Pacific region corresponding to

a positive PC value. The third and fourth EOFs of OLR have both equatorial

and off-equatorial structures in the West Pacific and reveal patterns with higher

wavenumbers (wavenumbers 2-3) in the equatorial region.

Spatial patterns of the first four EOFs of the combined 850mb and 200mb

winds are shown in Figure 2.3a-h. Shading indicates regions of convergence and

divergence with blue indicating regions of divergence and red indicating regions of

convergence corresponding to a positive PC value. The first EOF of the winds at

850mb and 200mb (Figures 2.3a-b) show regions of strong high-level convergence

and low-level divergence over the Western Pacific Ocean region. This region also

corresponds to the concentrated variability in OLR highlighted by the first pair of
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EOFs of OLR. The second, third and fourth EOFs of winds reveal off-equatorial

regions of increased variability in divergence especially in the region of the Inter-

Tropical Convergence Zone.

Leading EOFs of both OLR and the combined winds have broad spectral

peaks in the intraseasonal and interannual bands (not shown). Interactions of these

modes, as quantified by the matrix of interaction coefficients G(τ) (demonstrated

in Figure 2.4 as ||G(τ = 7, 14, 21)||), confirm that the magnitudes of the interac-

tions between the leading EOFs (Figure 2.4, α− δ) are dominant in comparison to

interactions between the non-leading EOFs, which tend to decay toward zero for

lesser modes of variability particularly for large τ . Interestingly, interaction coef-

ficients Gi<j(τ) for the OO matrix block are generally of greater magnitude than

coefficients Gi>j(τ), indicating that the upscale interactions from modes of lower

variability to those of higher variability play a more dominant role than those of

downscale interactions in intraseasonal forecasts.

Figures 2.5a,b show bivariate correlation and RMSE for multiple hindcast

intervals from the best-performing model (24-W, 32-O, τ0 = 6) based on bivariate

correlation after 10 days over the whole 2000-2009 period. Results are compa-

rable to the numerical model scores for the YoTC hindcast period of Oct. 10,

2009-Nov. 25, 2009 and Dec. 10, 2009-Jan. 25, 2010 (Klingaman et al., 2014)

and the DYNAMO hindcast period of Sept. 1, 2011-Mar. 31, 2012 (Zhang et al.,

2013a, Figure 2b). Useful bivariate correlation skill ranges during YoTC for nu-

merical models are approximately 8-15+ days, and approximately 8-20+ days for

DYNAMO. LIM hindcast skill for each comparable time period is on the low end

of the dynamical model intercomparisons, but within the model spread, for both

correlation and RMSE. This is particularly true during the DYNAMO period,

where LIM skill is 18 days. MJO skill scores are broken out for periods where

the hindcast initialization date has a combined RMM amplitude of < 1 (weak),

1 < ||RMM|| < 2 (moderate), and 2 < ||RMM|| (strong). LIM underperforms

compared to overall hindcast skill during weak MJO conditions as indicated by

rapidly decorrelating hindcasts, however performance is markedly improved for

moderate and strong MJO hindcasts (Figure 2.5a) for each time period relative to
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hindcasts initialized from weak MJOs. Figures 2.5c,d show bivariate correlation

and RMSE separated by MJO phase at model initialization for the 2000-2009 pe-

riod. LIM performance is relatively poor during phases 1, 2, and 6, with prediction

skill to 14 days. Prediction during other phases is extended to between 15-19 days

for bivariate correlation.

Figure 2.6 shows MJO hindcast propagation for the YoTC E case, Oct 10,

2009-Nov 25, 2009 for the best-performing model. The YoTC E case is selected

since both the behavior of observations and its hindcasts most clearly illustrate

the essential performance features of LIM, which are common across many MJO

events, as well as the inability of LIM to capture (perhaps nonlinear) deviations

from a smoothly propagating MJO evident in this particular event. Figure 2.6a

shows multiple 3-week hindcasts initialized every 7 days over the same MJO event.

Model initialization RMM values do not perfectly coincide with observation RMMs

due to our EOF truncation and filtering choices. LIM forecasts are poor during the

weak and moderate stages of MJO initiation, which correspond to times preceding

amplitude errors that grow rapidly. Figure 2.6a shows rapidly intensifying am-

plitude errors during MJO initiation, which are consistent with information from

Figures 2.5c and d that highlight the relatively poor performance of MJO hindcasts

during phases 1 and 2. This result indicates that rapid MJO initiation depends on

either non-linear phenomena (e.g. Straub, 2013; Kemball-Cook and Weare, 2001)

and/or processes, such as air-sea interaction in the Indian Ocean (Yoneyama et al.,

2013) perhaps, with no linear projection on the set of current model variables in the

historical training data. Once the MJO has reached a mature amplitude, however,

hindcasts performance improves both in propagation speed and amplitude.

Figure 2.6b shows a series of one-week lead-time hindcasts. The nature of

this plot is that each hindcast day is initialized one-week prior and the hindcast

plot responds as it “learns” of MJO initiation information. In this sense, the LIM

hindcast tends to mimic MJO behavior when it incorporates the observed MJO

state at the constant lead-time lag. For example, the LIM produces a stalled MJO

around October 30 (index date 20 on Fig. 2.6b) since during the initiation day,

October 23 (index 13 on Fig. 2.6b), the MJO was stalled. The failure of LIM
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to capture the stalling MJO behavior indicates that this YoTC E specific MJO

initiation feature is inconsistent with linearized historical observations. Model

behavior in these hindcast plots is typical and is similar for other MJO events

observed during the YoTC and DYNAMO time periods (not shown).

2.4 Concluding Remarks

This paper presents hindcast skill specific to MJO for a suite of LIMs com-

posed of OLR and 200mb and 850mb winds over multiple intervals from 2000 to

2012. Results show that LIM skill is on the low end of current full-physics numer-

ical models, but is within the model spread for bivariate correlation and RMSE

during two comparison periods. This study highlights that these extremely simple

empirical models perform competitively with GCMs at the low-end of the skill

spread in MJO hindcasts. The LIMs presented here also perform competitively

with other MJO statistical forecasting techniques, but are designed to reproduce

full spatial fields of tropical variability, making them more comparable to numer-

ical model output. We have chosen here to focus on skill related to the RMM

indices to maximize the relevancy in the MJO community. Very little additional

prediction skill is gained through the inclusion of more modes of variability, which

in this case suggests that the simplest LIMs are likely most appropriate for MJO

prediction, however the more complex LIMs may be useful toward achieving other

goals, such as forecasting higher wavenumber features. This study also provides

a forecast performance baseline for comparison with other forecast methodologies,

particularly if only a short hindcast or observation period is available. Lastly, the

analytical noise solution ε provides the statistics of an infinite-member ensemble

forecast that may be used for uncertainty quantification at a much lower com-

putational cost than producing large GCM ensembles to sample the uncertainty

space.

The LIM performs particularly well during mature stages of the MJO. This

suggests either that the LIM formulations presented here are missing key com-

ponents of MJO initiation and amplification that are not linearly related to x or



19

that MJO amplification marks a period of dominantly non-linear deviation from

an otherwise more linear system which may be captured by better performing nu-

merical models. Alternately, smoothly propagating mature MJO events, whose

amplitudes and phase speeds are well captured by LIM, suggest that at maturity,

MJO propagation behaves as a more linear system of traveling waves. Predic-

tion skill during the YoTC events is lower than that during the DYNAMO and

2000-2009 validation periods, however this behavior may be a product of the short

YoTC validation period.

There are many possible extensions to the LIMs presented here. Kondrashov

et al. (2013) investigated the use of a quadratic inverse model of RMMs for MJO

forecasting, which produce similar hindcast skill to our models. This is perhaps

because the dominant quadratic terms are two orders of magnitude smaller than

the linear coefficients (Kondrashov et al., 2013, Supplementary material) and that

there is at least some predictability beyond the RMMs which is captured by our

models. That same study, however, achieved large hindcast skill improvements by

training the model noise component only from time periods when the historically

observed dynamics were similar to those observed at the hindcast initiation with

so called past-noise forecasting. Another possible extension is to add a season-

ally cyclostationary time-dependence, originally proposed by OrtizBevia (1997),

by conditioning L and ξ on the time of the year either as piecewise linear or sub-

ject to a continuous empirical model. Previous studies have constructed seasonal

LIMs (e.g. Winkler et al., 2001; Newman et al., 2003; Pegion and Sardeshmukh,

2011) and have achieved marginal skill increases over an all-season LIM. Ocean-

atmosphere coupled LIMs may also add realism, but are unlikely to yield additional

MJO hindcast skill due to the nearly uncoupled nature of the ocean and atmo-

sphere at subseasonal timescales (Newman et al., 2009). Since our all-season LIM

does not perform equally well at all amplitudes and phases of the MJO, it is pos-

sible that an MJO behavior-, amplitude- or phase-dependent LIM, resulting in

a piecewise-stationary linear model, could yield large increases in MJO forecast

skill, provided any hindcast stitching procedures do not produce amplifying errors

and that the observed model skill deficiencies are not merely manifestations of the
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intrinsic predictability of the tropical atmosphere itself.

Lastly, it is well known that linear stochastic models with Gaussian white

noise produce Gaussian forecasts, whereas high-frequency climate statistics are

markedly non-Gaussian (Perron and Sura, 2013). An alternative mode reduction

strategy, strategic choice of additional independent observable inputs containing

MJO precursor and dynamics information, and/or augmentation of the system with

correlated additive and multiplicative noise, suggested by Sura et al. (2005), may

improve forecasts by accounting for more aspects of variability, while maintaining

the simplicity of a linear stochastic framework.
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Figure 2.1: Bivariate correlation (left column) and RMSE (right column) for LIM
suite hindcasts over the 2000-2009 validation period. Subplots a-b show MJO skill
sensitivity to OLR truncation. Subplots c-d and e-f are the same as a-b except for
winds and τ0 sensitivity, respectively.
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Figure 2.6: (a) Multiple 3-week hindcasts for the YoTC E MJO initialized at
multiple days over the MJO event. (b) Constant one-week lead-time forecast of
the YoTC E MJO. Models are initialized with the EOF truncated observation
data at hindcast-day 0 and trained with EOF truncated observation data which
does not include the year in which the hindcast was made. Numbers located near
plotted lines indicate days into the forecast period.



Chapter 3

Northern Hemisphere

Climatology and Trends of

Statistical Moments Documented

from GHCN-Daily Surface Air

Temperature Station Data from

1950-2010

The first four statistical moments and their trends are calculated for the

average daily surface air temperature (SAT) from 1950-2010 using the Global His-

torical Climatology Network Daily station data for each season relative to the

1961-1990 climatology over the northern hemisphere. Temporal variation of daily

SATs probability distributions are represented as generalized linear regression co-

efficients on the mean, standard deviation, skewness, and kurtosis calculated for

each 10-year moving time window from 1950-1959 to 2001-2010. The climatology

and trends of these statistical moments suggest that daily SAT probability distri-

butions are non-Gaussian and are changing in time. The climatology of the first

four statistical moments has distinct spatial patterns with large coherent structure

27
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for mean and standard deviation and relatively smaller and more regionalized pat-

terns for skewness and kurtosis. The linear temporal trends from 1950-2010 of the

first four moments also have coherent spatial patterns. The linear temporal trends

in the characterizing statistical moments are statistically significant at most loca-

tions and have differing spatial patterns for different moments. The regionalized

variations specific to higher moments may be related to the climate dynamics that

contribute to extremes. The non-zero skewness and kurtosis make our detailed

documentation on the higher statistical moments useful for quantifying climate

changes and assessing climate model uncertainties.

3.1 Introduction

Weather related damage often occurs on the timescales of days or shorter.

As such, understanding and quantifying climate risk requires consideration of daily

variability as well as variability on longer timescales. For temperature, damages

at (sub-) daily timescales often concern human health (e.g., heat stress; Sherwood

and Huber, 2010) and agriculture (e.g., frost days; Meehl et al., 2004). Historically,

most climate variability studies focus on either timescales of months or longer

(e.g., Parker et al., 1994; Michaels et al., 1998; IPCC, 2007; Hansen et al., 2012),

or on spatial averages over regions, such as individual countries or over an entire

hemisphere (e.g., Karl et al., 1995; Gong and Ho, 2004; Shen et al., 2011). While

these analyses deduce useful results that can aid in the understanding of global

climate changes, finer space-time scale details for not only the mean but also

higher statistical moments relevant to high-frequency geophysical dynamics and

regional climate risk still require careful documentation as climate data and models

improve. The purpose of this paper is to document the higher statistical moments,

their seasonal climatology, their regional structure of temporal trends, and their

associated non-Gaussian probability density functions (PDFs).

It is known that statistical moments can determine a PDF via a Taylor series

expansion and Fourier transform (Wackerly et al., 2008). Perron and Sura (2013)

used the third and fourth statistical moments to capture the non-Gaussian nature
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of daily atmospheric variables. They compiled a climatology of non-Gaussian at-

mospheric statistics from the NCEP / NCAR Reanalysis I dataset, which includes

925 mb temperature. Petoukhov et al. (2007) examined the ECMWF ERA40

reanalysis dataset, focusing on skewness and mixed third-order moments for a

variety of atmospheric variables, also including temperature. Shen et al. (2011)

examined changes in the higher-order moments of surface air temperature (SAT)

of the contiguous United States from 1901-2000 and found decreasing second and

third order moments and increasing fourth order moments. Donat and Alexander

(2012) calculated the differences between the moment statistics (up to skewness) of

two 30-year climatologies, 1951-1980 and 1981-2010, for the daily maximum and

minimum temperatures in HadGHCN-D (Hadley Global Historical Climatology

Network - Daily), a gridded dataset interpolated from the station data used here.

Quite often, approximate Gaussianity is assumed for simplicity in studies

of geophysical systems (e.g., in independent EOF analysis for physical interpreta-

tions and the independent data and model errors in Kalman filter data assimila-

tion). However, non-Gaussian variability in observations and its prediction from

ensembles of nonlinear dynamical systems perturbed with Gaussian white noise

(Palmer, 1993, and references therein) has been known for quite some time. Prin-

cipally, non-Gaussian ensemble statistics necessarily arise from nonlinear determin-

istic dynamics or a non-Gaussian noise term when considering a stochastic forcing.

Recent theory in empirical stochastic-dynamic modeling has adapted to capture

non-Gaussianity through the form of multiplicative noise (Berner, 2005; Sura et al.,

2005) and has been shown to spatially approximate statistics from idealized atmo-

spheric models (Sardeshmukh and Sura, 2009). Non-zero skewness measures the

asymmetry of a PDF and is sufficient to demonstrate non-Gaussianity, and the

non-Gaussian structure of climate data has been documented for several climate

datasets as aforementioned.

Two major pitfalls are detrimental to the study of high-frequency prob-

abilistic climate variability. First, temporal averages asymptotically approach

Gaussian anomaly distributions due to the central limit theorem. For many vari-

ables and locations, monthly or longer time averages are approximately Gaussian
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(Stephenson et al., 2004). Second, spatial correlation scales vary globally, necessi-

tating that close attention be paid to the aggregation of data over homogeneous

regions. Averaging or aggregating data over large scales can sully the underlying

statistics.

The current paper studies not only the first two statistical moments of

SAT variability, but also the higher order moments, whose changes may imply

deviations in the structure of the governing dynamical system. These changes of

higher statistical moments, which impart PDF changes, can help diagnose dynamic

variability and quantify variations of many applications-oriented indices including

frost days, heating and cooling degree days, corn-heat-units, and heat stress index.

Our work provides a comprehensive documentation of non-Gaussian structure for

Northern Hemisphere SAT using the ground station observations of the Global

Historical Climatology Network Daily (GHCN-D) from January 1, 1950 - Decem-

ber 31, 2010. Information on non-Gaussianity can help explain why certain EOF

modes are not independent and/or have little physical meaning (Monahan et al.,

2009). The climatology may practically be used as benchmark distribution char-

acteristics for validating model output mean, variance and extremes. They can

also be used for a method of moments estimation for chosen distributions and to

derive inferences about the probabilities of specific climatic extremes (e.g., Rahm-

storf and Coumou, 2011). While this dataset suffers from incomplete spatial and

temporal coverage, no a priori spatial or temporal averaging has been performed,

which reduces the chance of systematic statistical bias and increases the chance of

the results obtaining fidelity to truth. No attempt at assessing field significance

about the spatial average of a large region is made since any demarcation would be

inherently arbitrary without a more complete assessment of climatic regions based

on daily PDFs or other high-frequency regime measures.

This paper is organized as follows. Section 3.2 discusses the observational

dataset and its preprocessing steps, followed by a thorough explanation of further

processing methodology. Section 3.3 describes data quality measures, statistical

characterizations, regression methods and PDF approximations. Section 3.4 in-

cludes topical regional analysis of results derived directly from GHCN-D data for
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both the climatology and trends. A discussion regarding the spatial patterns of

climate change is supplemented with two examples to facilitate understanding and

to demonstrate the use of these metrics for regional risk analysis. Section 3.5

concludes with a summary of findings and suggestions for future work.

3.2 GHCN-D Data and Preprocessing

GHCN-D contains in situ observational data from over 80,000 stations in

180 countries and territories worldwide (Menne et al., 2012). Recorded variables

commonly include daily maximum (Tmax) and minimum temperature (Tmin), to-

tal daily precipitation, snowfall, and snow-depth. In this study, Tmax and Tmin

records from approximately 4,000 stations distributed across the Northern Hemi-

sphere are analyzed. Each of these station records must pass both the GHCN-D

consistency and quality assurance (QA) measures, outlined below, as well as record

completeness measures from 1950-2010, outlined in Section 3.

The GHCN-D source data have been compiled with the goal of maximizing

spatial coverage. Records from numerous agencies have been collected and quality

controlled, but not homogenized. Before new data are added to the dataset, they

are first cross-checked with included data to confirm record uniqueness, spatial

consistency, and temporal consistency, as outlined by Menne et al. (2012), which

reduces the chances of redundancy. Each record is then subject to 19 QA measures

and flagged with an appropriate tag so that data can be utilized or discarded as

necessary by a user (Durre et al., 2010). Toward the goal of capturing trends

in the moments of daily anomalies aggregated over many seasons, each flagged

temperature datum is viewed as questionable and removed from the analysis. It

is assumed that each seasonal daily distribution is not under-sampled over a 10-

year period, obviating the need to retain questionable data for the sake of robust

statistical moment estimation.

The daily mean SAT anomaly, denoted by Tavg, for this study is defined

as the average of Tmax and Tmin. First, a running average of five days is per-

formed on Tmax and Tmin, and seasonal cycles are computed from the 1961-1990
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smoothed values, producing the 30-year daily Tmax and Tmin climatologies, which

are then removed from the GHCN-D Tmax and Tmin data to produce Tmax and

Tmin anomalies. Only stations that include at least 20 years of data (7,300 days)

over the 1961-1990 period are included in this study. This anomaly calculation

procedure follows Alexander et al. (2006) and Caesar et al. (2006) to facilitate

intercomparison with other works. The station density per 3.75◦ longitude by 2.5◦

latitude grid cell is shown in Figure 3.1 for stations that are at least 75% complete

(i.e., 15 years of data in each 20-year period).

3.3 Methodology

3.3.1 Record Completeness Measures

Before each station’s Tavg anomaly record is analyzed, it is subject to record

completeness checks to ensure robust statistical moment estimation for each 10-

year period as well as for completeness over the 1950-2010 regression period. As a

preliminary measure, each station record is required to span the entire regression

period; in general, for a given station, data quality and completeness (inferred by

number of missing days) improves nearer to present, so each record is required to

include data for Jan 1, 1950 or before, but not explicitly required to include data

for Dec 31, 2010 or after, since many stations lack the most recent values (likely

due to unreporting) but are otherwise of high quality for the most recent decade.

To ensure an adequate sampling of the regression period, each station record that

is less than 75% complete is removed.

It is assumed here that SAT anomalies are approximately inter-seasonally

piecewise stationary, but maintain inter-annual non-stationarity (following Shen

et al., 2011). The data from each station Tavg anomaly record is thus divided into

four seasonal records, Dec-Jan-Feb (DJF), Mar-Apr-May (MAM), Jun-Jul-Aug

(JJA), and Sep-Oct-Nov (SON). Each seasonal record is then subject to a running

10-year data-aggregating moving time window so that the first bin contains the

1950-1959 days, the second bin the 1951-1960 days, and so forth. Thus, we have

used 52 bins, beginning with 1950-1959 and ending with 2001-2010. A 10-year
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bin is selected to smooth the fluctuations of yearly anomaly statistics arising from

the El Niño Southern Oscillation (ENSO; see Stefanova et al., 2013), to yield

an adequate sample size for robust estimation of summary statistics, to enable

a robust trend detection over the relatively short regression period, and to help

satisfy the statistical assumptions associated with the regression method.

The first four statistical moments for each 10-year data bin that contains

at least a 75% complete record, for each season and each station are calculated.

Out of these seasonal records, only records that contain summary statistics for

75% of the regression period (i.e., at least 39 out of the 52 binned 10-year periods)

are included in the trend analysis. This regression period completeness measure

is in addition to the completeness measure applied to the daily data. The 75%

completeness measures were selected as an intermediate level of strictness and for

simplicity. The results are insensitive to this choice with values from 50-90% tested.

3.3.2 Statistical Moments

Data in the binned 10-year periods are used to calculate the first four mo-

ments, as follows. The expectation of each 10-year seasonal distribution is charac-

terized by the biased arithmetic sample mean

µ̂j = X̄j =
1

τ

τ∑
t=1

Xj,t (3.1)

for the jth station for time index t with non-missing Xj,t contained within the

10-year distribution. The biased estimator, a simple average, is used since the

sample size τ is over 600, large enough so that the bias is effectively reduced. In

comparison, the sample size for monthly or yearly data may be small and the

unbiased estimator may be more appropriate.

To assess changes in the second moment, the sample standard deviation

σ̂j =

[
1

τ

τ∑
t=1

(Xj,t − µ̂j)2
]1/2

(3.2)

for the jth station for time index t contained within the 10-year distribution is

used. The standard deviation is chosen so that the units of the first two moments

are comparable.
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The third and fourth moments are characterized by the sample skewness

and sample (excess) kurtosis, respectively:

Skew(X) =
1

τ

τ∑
t=1

(Xj,t − µ̂j)3

σ̂3
j

(3.3)

Kurt(X) =
1

τ

τ∑
t=1

(Xj,t − µ̂j)4

σ̂4
j

− 3 (3.4)

For a Gaussian distribution, both the skewness and excess kurtosis are zero. It

is customary to leave out excess in discussions of kurtosis (as will be done in this

paper).

Skewness and kurtosis are considered descriptors of extreme probabilistic

behavior in that they help define the tail behavior of a PDF. Skewness is a measure

of the degree of asymmetry in a distribution. Positive (negative) skewness indicates

the presence of a long right (left) tail; for a unimodal distribution this manifests

itself as a more positive (negative) mean than mode, and generally indicates that

equally probable high-valued (low-valued) events are more extreme than low-valued

(high-valued) events. Conversely, this implies that equally extreme high-valued

(low-valued) events are more (less) probable than their low-valued (high-valued)

counterparts.

Kurtosis is a measure of the peakedness of a distribution relative to a Gaus-

sian distribution. Simultaneously, kurtosis is also a measure of the tail thickness

relative to a Gaussian distribution, since the area under a PDF must integrate to

unity. Geometrically, distributions with positive kurtosis (and zero skewness in

this case) will show greater density around the mean and tails than a Gaussian

and are commonly considered fat-tailed, indicating higher probabilities for very

large anomalies.

3.3.3 Generalized Linear Regression Model

For dynamic systems, non-zero autocorrelation structure leads to a reduced

effective number of observations. In this case, mid-latitude atmospheric degrees

of freedom can be considered largely controlled by the propagation of atmospheric

Rossby waves (Perron and Sura, 2013). Oceanic variables and climate oscillations
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are more complex with decorrelation times on the order of years to decades. The

methodology described above introduces another form of autocorrelation in that

each binned moment observation is a function of each seasonal-daily observation

of the previous 10 years. For the mean, this autocorrelation is analogous to that

induced by a low-pass running mean filter. Within the context of the simple lin-

ear regression model, this leads to over-confident estimates of the slope, β (Wilks,

2011). Common methods to estimate confidence intervals in autocorrelated time-

series trend analysis involve the estimation of a decorrelation time and subsequent

adjustment of confidence intervals, bootstrap sampling methods, non-parametrics,

and/or assumptions of a particular autocorrelation structure such as an autore-

gressive (AR) model. In this analysis, moments are assumed to have an AR(1)

structure of the form

Mj,t+1 = αj + βjt+ uj,t (3.5a)

uj,t = ρjuj,t−1 + εj,t (3.5b)

εj,t ∼ N(0, σ2
j (3.5c)

for the seasonal moment M at station j for year t, with M -intercept α, slope β,

error term u, AR(1) coefficient ρ, and random normal noise ε of zero mean and σ

standard deviation. Further details are discussed by Box et al. (1994).

3.4 Results

3.4.1 Seasonal Climatology of Non-Gaussian Tavg Statistics

The left panels of Figures 3.2-3.5 show each station’s 1961-1990 moment

climatology for MAM, JJA, SON, and DJF, respectively. The mean is presented

as the seasonal mean over the climatology period, and the higher moments are

calculated from the distribution of daily anomalies. Each moment subplot from

each season can be analyzed individually to assess the effect of regional geography

on that particular distribution characteristic. Seasonal dependence of regional

distribution characteristics can be assessed by comparing the appropriate subplots

from each season, and the four moment subplots from each individual season can
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be taken in conjunction to draw conclusions about the behavior of Tavg variability

relative to regional geography. Grid cells corresponding to 3.75◦ longitude × 2.5◦

latitude bins on skewness and kurtosis plots are hatched if at least 50% of the

stations contained within that particular grid cell are significantly different from 0

at a 5% significance level, based on the standard errors of skewness (eq. 3.6a) and

kurtosis (eq. 3.6b) (Brooks and Carruthers, 1953),

SE(skew) ≈
√

6/Neff (3.6a)

SE(kurt) ≈
√

24/Neff (3.6b)

where Neff is the effective number of sampled days. Perron and Sura (2013) show

that these standard errors are approximately valid for the weakly non-Gaussian

distributions observed in the atmosphere. We assume here that Neff = N/7 based

on the reasoning put forth by Perron and Sura (2013), that mid-latitude Rossby

waves traverse the globe in approximately one week. For all stations, we take N

equal to 20 years worth of seasonal data, the minimum to be considered in the

climatology.

The most profound (and possibly most subtle) observation is that for each

moment that characterizes an aspect of probability distributions in each individ-

ual season, the spatial structure is smooth at the synoptic scale, but the emergent

patterns over the Northern Hemisphere in each of the moments are different. The

implications of this are twofold. First, for any particular region the contained

stations’ anomaly PDFs are the same or similar regardless of local elevation or

other geography. This is another justification for using anomalies to assess climate

changes. Second, each climatological statistical moment has its own coherent spa-

tial pattern and the direction and magnitude of the trend of each moment also has

a coherent spatial pattern. These coherent spatial patterns provide the potential

for skill in both spatial and temporal interpolation (and perhaps temporal extrap-

olation). Moment interpolation, as opposed to time series interpolation, has the

benefit of preserving probability distribution characteristics and hence extremes.

Comparing the patterns in moments contained within each season, the negative

linear relationship between mean and standard deviation noted earlier by Robeson
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(2002) is evident (see Fig. 3.6). Cloud cover, cloud type, humidity, and wind

speed are key controllers of SAT, and their variability in time is impacted by the

variability of synoptic conditions. Robeson (2002) suggests generally that regions

with higher average temperatures are less likely to experience highly variable syn-

optic scale conditions, for example the frequent passage of cold fronts, which lead

to increased standard deviations in SAT. While a parabolic relationship between

skewness and kurtosis is expected for a diffusive system, a quite precise inequality

for a random variable governed by a Fokker-Planck equation forced by multiplica-

tive noise is kurt ≥ (3/2)×skew2+constant (Sura and Sardeshmukh, 2008), which

is also valid for our data as shown in Figure 3.7. This suggests that Tavg might

also be modeled by such a stochastic system. The offset by a small negative con-

stant is discussed in detail by Sura and Perron (2010). The dynamical generator of

these higher order moments in the climate system is thought to be local adiabatic

turbulence (Sardeshmukh and Sura, 2009). These relationships do not hold over

coastal regions where near-shore stations have a strong marine influence.

Unsurprisingly, climatological means of the raw field (Figs. 3.2-3.5a), as

opposed to the anomaly, exhibit a strong meridional gradient where higher (lower)

latitudes are colder (warmer) which can be explained simply by top-of-atmosphere

(TOA) insolation; deviations from the TOA insolation pattern are dynamically

induced, and mirror to a large extent the climatological jet stream path. Winter

months produce colder means nearer to the pole, while the tropics remain rela-

tively constant year-round. Regions with a more maritime influence (e.g., Western

Europe), whose temperature fluctuations are strongly damped, exhibit much lower

standard deviations relative to other areas within the same zone. MAM, SON, and

DJF (Figs. 3.2c, 3.4-3.5c) show a similar standard deviation pattern with slightly

elevated values above 45◦N during DJF. Seasonal cycles of standard deviations are

evident over the entire NH with maxima in DJF (Fig. 3.5c) and minima in JJA

months (Fig. 3.3c), which is consistent with our understanding of the mean and

standard deviation relationship.

Although the large spatial patterns of the mean and standard deviation in

panels a and c in Figures 3.2-3.5 are not surprising, the smaller spatial scales of
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skewness and kurtosis seem striking (panels f and h). Skewness is phase shifted

from the locations of semi-permanent low-level high and low pressure systems,

as originally proposed by Loikith and Broccoli (2012), suggesting that large-scale

circulation patterns may play a role in modulating the likelihood or magnitude of

asymmetrical temperature extremes. For example, during DJF (Fig. 3.5e), the

areas east (west) of the Canadian and Siberian Highs show positive (negative)

skewness, and areas east (west) of the Aleutian and Icelandic Lows show negative

(positive) skewness. These results are largely consistent with those of Perron and

Sura (2013). In other areas and at different times, more local effects appear to be

at play. These effects include modulation of extreme distribution characteristics

by large bodies of water, and perhaps in some places, atmospheric conditions at

elevation. Coastal areas, particularly near the west and north sides of continents,

exhibit positive skewness which becomes both more prominent and extends further

poleward during the warmer months. Skewness is most prominently negative along

the Continental Divide in the Americas during cold seasons (Fig. 3.5e). Similarly,

kurtosis values are most prominently positive in these areas at the same times.

It is unknown exactly how the synoptic-scale wave-like patterns of skewness are

dynamically linked to nonlinear atmospheric dynamics (i.e., Chapters 6-7, Holton,

2004). Northern Hemisphere kurtosis reaches a maximum in MAM and SON

months (Figs. 3.2g and 3.4g) and is predominantly positive below 30◦N year-

round. Soil moisture levels regulate surface air temperature extremes (Durre et al.,

2000, and references therein), and seasonal precipitation (see the GPCP monthly

climatology: http://jisao.washington.edu/data/gpcp/#climatology) qualitatively

appears to play an important role in the extremes and contributes to skewness and

kurtosis values (particularly in the American North West and Southeast Asia), but

the exact relationship is unclear and left to future research.

3.4.2 1950-2010 Temporal Trends of Statistical Moments

The right panels of Figures 3.2-3.5 show trends of the first four moments

for each season in a 61-year period from 1950-2010. Each station’s trend is plotted

individually. Grid cells corresponding to 3.75◦ longitude × 2.5◦ latitude bins are
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hatched if at least 50% of the stations contained within that particular grid cell

are significant at a 5% significance level. At this p value, hatched regions will be

termed ”robust.”

Positive trends in the mean for the 61-year regression period are widespread

over the northern hemisphere, with many regions exhibiting coherent robust trends,

particularly over Eurasia during MAM (Fig. 3.2b). One notable exception is the so

called warming hole located over the central southwest United States (Portmann

et al., 2009) which shows robust weak cooling and is observable predominantly

during JJA and DJF (Figs. 3.3b, 3.5b). Warming trends are strongest over Eurasia

during MAM and DJF at about 0.4◦C/decade (Figs. 3.2b, 3.5b). During MAM

(Fig. 3.2b), there is also a weak cooling trend over northern Mexico.

Trends in standard deviation are seasonally variable, although broadly, most

of the robust and regionally coherent trends tend to be negative over the northern

hemisphere. During MAM (Fig. 3.2d), the dominant robust features include

positive trends over the Iberian Peninsula and negative trends over the southeast

United States, the Pacific Northwest regions of the United States and Canada,

Europe, western Russia, Central Asia, and non-coastal Siberia. During JJA (Fig.

3.3d), robust trends include positive trends over Western Europe and negative

trends over the United States (except in the NW), western Canada, Alaska, and

inland Siberia. During SON (Fig. 3.4d), there are no coherent, robust, regional,

positive trends in standard deviation, but negative robust trends are observed

over the contiguous United States (except the Rocky Mountains region), Canada,

Alaska, Great Britain, Eastern Europe, and Central Asia. During DJF (Fig. 3.5d),

robust positive trends are over the Ural Mountains and robust negative trends are

over most of the contiguous United States (except the mid-west region), Canada,

Europe, Siberia, and Central Asia.

During MAM (Fig. 3.2f), positive robust trends of skewness are observed

over the Ural Mountains and Central Asia, with negative robust trends over the

Iberian Peninsula, Eastern Europe, much of Siberia, and Mexico. During JJA (Fig.

3.3f), robust positive trends exist over parts of Eastern Europe, with widespread

robust negative trends over Alaska, central Canada, the Pacific Northwest, Ap-
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palachia, Western Europe, the Ural Mountains, Central Asia, and most of Siberia.

During SON (Fig. 3.4f), robust trends include localized positive trends over much

of Russia and negative trends over the west coast of the United States and Canada

and in eastern Siberia. During DJF (Fig. 3.5f), positive robust trends are ob-

served over Western Europe, eastern Siberia, and the Ural Mountains, with neg-

ative robust trends over Central Asia, central Siberia, Northern Canada, Alaska,

California, and Mexico. It remains to be investigated whether these trend patterns

can be linked to changing climate dynamics.

Robust trends for kurtosis over each season also tend to be predominantly

negative. During MAM (Fig. 3.2h), negative robust trends are observed over the

western United States and Canada, Alaska, the Iberian Peninsula, Eastern Europe,

Russia and Siberia, and Central Asia. During JJA (Fig. 3.3h) negative trend re-

gions include central Canada, the United States (except for the west coast), West-

ern Europe, the Balkans, Central Asia, the Ural Mountains, and eastern Siberia.

During SON (Fig. 3.4h), negative trends are observed over the United States (ex-

cept the Midwest), Eastern Europe, Russia and Siberia, and Central Asia. There

are no robust positive trend regions over MAM, JJA, or SON. During DJF (Fig.

3.5h), robust positive trend regions are observed over central Canada and Siberia,

with negative trends over the United States (except the Midwest), mainland Eu-

rope, the Ural Mountains, and western Russia.

3.4.3 Discussion of the Results

As shown previously in Sub-section 3.4.1, the climatological moments, and

thus the PDFs that they describe, are spatially coherent and smoothly transition at

synoptic scales (left columns of Figs. 3.2-3.5). This suggests that after removing a

seasonal cycle, the underlying anomaly PDFs of individual GHCN-D stations over

large areas are remarkably similar. The spatial patterns of each moment for each

season, however, are different. There is a markedly negative linear relationship

between the mean and standard deviation and a quadratic (parabolic) relation-

ship between skewness and kurtosis, as shown in Figs. 3.6 and 3.7. This observed

skewness-kurtosis relationship is predicted through moment closure in stochastic-
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dynamic theory (Sura, 2011) and suggests that surface temperature may be appro-

priately modeled with a linear stochastic-dynamic system with correlated additive

and multiplicative noise.

The climatological mean and standard deviation exhibit a strong meridional

gradient, which has been widely discussed in existing literature. Contour lines of

250mb geopotential height (Z250) are shown in Figs. 3.2-3.5a and c, and appear to

be conspicuously aligned with zonal waves of mean and standard deviation. These

zonal waves are particularly prominent over DJF (Figs. 3.5a,c) and are coincident

with the locations of the greatest zonal circulation gradients. Northern hemisphere

extratropical circulation gradients are smaller and exhibit weaker wave formation

during JJA (Figs. 3.3a,c), resulting in reduced zonal fluctuations in mean and

standard deviation during these months.

Recent studies have investigated the linkage between Z500 and surface tem-

perature extremes and suggest that persistent Z500 anomalies project strongly

(Meehl et al., 2004) and, particularly in DJF, linearly (Loikith and Broccoli, 2012)

on SAT extremes. Loikith and Broccoli (2012) also suggests that regional variations

in skewness may point to regions where temperature extremes are dominated by lo-

cal or regional circulation dynamics. During DJF, when semi-permanent high and

low pressure systems are strongest, geographical skew patterns are coherent on syn-

optic scales suggesting that DJF extremes are dominated by large-scale dynamic

regimes, consistent with Loikith and Broccoli (2012). During JJA, geographical

skew patterns are much more regional and resemble climatological relative humid-

ity (Dai, 2006) suggesting that JJA temperature extremes are dominated by local

conditions such as soil moisture content (e.g., Hirschi et al., 2010), also consistent

with Loikith and Broccoli (2012). During transition months, it is clear that there

is a mixture of both synoptic and regional impacts on Tavg. Patterns in kurtosis

may result by the linear mechanism suggested by Loikith and Broccoli (2012) from

distributions of Z500 whose DJF kurtosis climatologies (Perron and Sura, 2013)

resemble the kurtosis climatologies here or may also result from local nonlinear

interactions, exemplified by the strong positive kurtosis region in the NW United

States during DJF.
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We additionally investigate the trends of these moments over a 1950-2010

regression period against an AR(1) model. Trends in the mean show familiar

global warming trend patterns for each season that are compatible with estimates

of recent climate change (IPCC, 2007). Warming trends during MAM are the most

suggestive, particular over Eurasia. Robust trends in the standard deviation are

predominantly negative globally, which is also consistent with recent research (Karl

et al., 1995; Michaels et al., 1998; Shen et al., 2011). Although standard deviation

trends during MAM and JJA are more positive overall relative to the other seasons

and show spatially coherent positive trends over large areas, the positive standard

deviation trends tend not to be robust at grid-scale, while the negative trends are.

Trends in skewness and kurtosis show robustness at grid-scale and exhibit spatial

coherence as well. Over the United States, trends in skewness are predominately

positive while kurtosis trends are predominantly negative, which is in agreement

with the literature (Shen et al., 2011). Here we include regional details, which

make the results more useful as benchmark data for climate change assessment

via other means, such as remote sensing and mathematical modeling. There is no

other comparable literature for other regions.

Karl and Katz (2012) briefly discussed how sampling Gaussian distributed

variability over non-stationary time periods when means and standard deviations

have changed can in fact lead to non-zero, biased estimates of skewness. If such

non-stationary time series have nonlinear trends in the first two moments, it could

also lead to biases in the estimates of higher moment trends as well. We investi-

gated this possibility briefly through Monte Carlo simulation (not shown). Biases

in skewness and kurtosis estimates arising from linear trends in the mean and stan-

dard deviation of the order of magnitude of those observed in the atmosphere are

at least an order of magnitude smaller than observed Tavg skewness and kurtosis.

Additionally, nonlinear trends in the mean and standard deviation lead to trends

in skewness and kurtosis which are also at least an order of magnitude smaller than

those observed for all reasonable mean and standard deviation temporal trends.

No attempt to quantitatively assess trend significance at larger than grid

scale is made here, since it is unclear which stations can be appropriately considered
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homogeneous representations of a climate (trend) region. For example, a previous

study by Shen et al. (2011) estimated higher moment trends over the contiguous

United States; however it is apparent from this station-scale analysis that both

the climatological PDFs and moment trends for stations within the United States

are not a homogeneous sample. It is also clear, though, that taken individually

there is strong regionalization for trends in each moment (whose regions may or

may not coincide with the trend regions for other moments), suggesting that the

underlying dynamic mechanisms responsible for these PDF characteristics also

have changes on regional scales, globally. One exceptional note is that, in general,

during winter months, skewness trends tend to oppose their climatological values

which is perhaps an indication of weakening or shifting climatological high- and

low-pressure systems which manifest themselves in skewness statistics.

Information regarding entire distributions, both the bulk of observations

and the extremes, is critical for understanding and adapting to regional climate

change, and high-frequency variability (e.g., daily statistics) driven by low-frequency

climate modes (e.g., ENSO phase) is increasingly in the public interest. Recent

climate extremes, such as the Russian heat wave/European blocking event of 2010,

has piqued interest in regional climate extremes and global teleconnections (e.g.,

Trenberth and Fasullo, 2012; Rahmstorf and Coumou, 2011), as well as the role

of natural variability in the context of high frequency extreme events (e.g., Dole

et al., 2011; Matsueda, 2011). In Figure 3.8, we choose weather stations located

near Moscow, Russia during JJA to illustrate how changes in moment statistics

are manifested through shifts in entire PDFs. Figure 3.8 shows that the PDFs of

Tavg from each station located within the grid cell for the climatological period

are nearly identical, as suggested by the smoothness of climatological moments

in space. During JJA, the climatological anomaly PDFs are nearly Gaussian, as

indicated by skewness and kurtosis near zero (Figs. 3.3e, g). Over the 1950-2010

regression period, this region shows positive trends in mean and skewness (Figs.

3.3b, f), which are indicated in Fig. 3.8 as a positive shift of the bulk of the

distribution as well as a lengthening and thickening of the positive anomaly tail,

which is particularly noticeable at the extremes. The cumulative probability den-
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sity of large positive anomalies over JJA have noticeably increased each decade for

the last 4 decades, indicating that the probability of large positive anomalies has

increased, particularly during the 2001-2010 period.

Similarly, recent reduction in water levels in the Colorado River basin have

prompted concern regarding recorded and projected climate change over the west-

ern United States. Studies have shown that while business-as-usual climate projec-

tions show slightly decreased precipitation levels (Christensen et al., 2004), temper-

ature changes and the early onset of spring conditions, which result in an increased

rain-snow ratio and contribute to early season snow melt, have the largest impact

on the basin (Cayan et al., 2001; Stewart et al., 2004). Examining the climato-

logical PDFs of stations in the region (Fig. 3.9) again reveals similar PDFs for

each of the stations contained in the same grid cell. The Colorado stations have a

slightly elongated negative anomaly tail, which is manifested in the climatologial

statistics as negative skewness over the region (Fig. 3.3e). Over the 1950-2010

regression period, the Colorado region exhibits a non-robust warming trend, with

a robust negative trend in kurtosis. Neither trend is particularly distinguishable

in decadal PDFs (Fig. 3.9) as shifts in kurtosis are subtle and difficult to discern;

however, the most recent decadal PDF does display a distinct linear, positive shift,

and PDFs for the last two decades have become less peaked, which is consistent

with a negative shift in kurtosis.

3.5 Conclusion

We present non-Gaussian 1961-1990 climatology statistics for GHCN-D sta-

tion Tavg data in the Northern Hemisphere for each season, as well as trends in

these statistics over a 1950-2010 regression period. The relevant climatology re-

sults for gridded data mentioned in the introduction resemble those derived from

station data in this paper. Non-Gaussian probability functions of SAT reflect

strongly on the probabilities of both high and low temperature extremes (Ruff and

Neelin, 2012), and proper assessment of climate distribution tail behavior is critical

for proper model and reanalysis verification and climate risk assessment under cli-
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mate change. Climatological moments show coherence on regional to synoptic scale

and are seasonally dependent, suggesting that anomaly PDFs are quite similar at

regional scales but exhibit a strong seasonal dependence. Mean and standard devi-

ation show synoptic coherence and a strong meridional gradient and are modulated

zonally by circulation patterns, while skewness and kurtosis fluctuate on smaller

scales, implicating regional dynamics in the modulation of temperature extremes,

particularly for summer months. Trends in moments show large regionalization

with robust changes at grid-scale for all moments and all seasons. For mean and

standard deviation, trends are coherent on synoptic scales and show robust warm-

ing in most areas during each season and reduced variability in most areas during

most seasons. Trends in skewness and kurtosis vary on smaller regional scales and

suggest changes to the regional dynamics that modulate higher order statistics at

those scales. We further present as case studies the climatological and decadal

PDFs for the regions around Moscow, Russia and Colorado, USA to illustrate the

homogeneity of regional station PDFs and how shifts in moments are represented

in entire PDFs over the regression period.

Further works on the mechanisms of these shifts are needed to gain a phys-

ical understanding of the (changing) processes that manifest themselves in the

(changing) statistical moments. If explicit dynamical links can be made to clima-

tological moments, either through stochastic dynamics (e.g., multiplicative noise

discussed previously) or through numerical models (e.g., the specific contribution

of extreme weather events to variability statistics), trends in these moments might

provide further insight regarding local, regional, and global climate change. Ad-

ditionally, a greater understanding of the spatial correlation structure of station

time series is needed so that biases in the moments arising from averaging can be

anticipated and potentially corrected or avoided. Spatial averaging and/or inter-

polation results in reduced standard deviations, as well as skewness and kurtosis

values closer to zero, as is expected by the central limit theorem. Finally, further

work on assigning regions of climate change with respect to daily variability (e.g.,

through cluster analysis; Loikith et al., 2013) is needed so that spatial correlation

in moment trends can be appropriately accounted for to provide regional estimates
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of climate change statistical significance.

Our moment method can be used to assess climate changes, diagnose cli-

mate dynamics, and validate models in terms of probability distributions. Toward

the specific ends of examining extremes in observational data, Donat et al. (2013a)

have compiled the GHCN-DEX, a global database of extremes indices compiled

from GHCN-D. As for daily-observed data, we are also aware of the existence of

the gridded version of GHCN-D data: HadGHCN-D. A detailed assessment of the

differences between the station GHCN-D and gridded GHCN-D will be made in

another study, which will particularly facilitate climate model validations when

regarding climate model output at a grid point as a grid box average.
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Figure 3.1: GHCN-D station density (number of stations/grid cell) over the
regression period, separated into 20-year intervals. Stations accounted for are
those that are at least 75% complete over the 20-year interval.
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Figure 3.2: Climatological moment statistics (left column) and trends over the
1950-2010 regression period (right column) for MAM. The mean (a) is calculated
from the seasonal climatology, whereby the variability statistics (c,e,f) are calcu-
lated from the anomalies. Individual subplots for each season are plotted on the
same color scale to facilitate seasonal inter-comparison. Skewness and kurtosis grid
cells are hatched if at least 50% of the contained stations are significantly different
from 0 at a 5% significance level using standard error formulas (eqs. 3.6a,b). Trend
grid cells are hatched if at least 50% of the contained stations show a significant
trend at 5% one-tailed significance level, taken here to be robust. Contours on
a and c show climatological 250mb geopotential height with 200 meter spacing;
contours on e show climatological sea level pressure with 5mb spacing, both from
the NCEP-NCAR reanalysis I (Kalnay et al., 1996). Extremes and outliers are
truncated slightly to enhance interpretability.
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Figure 3.3: Same as Figure 3.2 for JJA.
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Figure 3.4: Same as Figure 3.2 for SON.
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Figure 3.5: Same as Figure 3.2 for DJF.
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Figure 3.6: 1961-1990 climatological mean and standard deviation for DJF for
GHCN-D stations included in the climatology. Other seasons are qualitatively
similar. An empirical linear fit is plotted in red.
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Figure 3.7: 1961-1990 climatological skewness and kurtosis for DJF for GHCN-D
stations included in the climatology. Other seasons are qualitatively similar, except
with varying levels of vertical shift. The kurtosis-skewness inequality is plotted in
blue. An empirical parabolic fit is plotted in red.
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Figure 3.8: 1961-1990 climatological PDFs for each station contained in the grid
cell covering Moscow, Russia (grey) overlaid with decadal PDFs determined by
aggregating data from each station in the contained grid cell for each interval
(colored). Decades are marked as the last year in the decadal period (e.g., 2010
represents the 2001-2010 interval).
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Figure 3.9: Same as Figure 3.8 for the region over central Colorado, USA.



Chapter 4

Spatial Scaling Effects on the

Statistical Moments and Their

Trends of Global Daily Surface

Air Temperature

This paper explores the effects of weather station data aggregation on the

first four statistical moments of daily minimum and maximum surface air tem-

perature (SAT) anomalies over the entire globe. The Global Historical Clima-

tology Network-Daily (GHCN-D) and UK Met Office Hadley Center’s GHCN-D

(HadGHCN-D) datasets from 1950-2010 are examined. The GHCN-D station data

exhibit large spatial patterns for each moment and statistically significant mo-

ment trends from 1950-2010, indicating that SAT probability density functions are

non-Gaussian and have undergone characteristic changes in shape due to decadal

variability and/or climate change. Comparisons with gridded data show that grid-

scale data underestimates climate variability and has altered moment trends that

are in some cases opposite in sign over large geographic areas. A statistical me-

chanics approach is taken to explore SAT’s higher-order moments and correlations

and several critically important and intrinsic relationships are identified among the

statistical moments affecting variability at grid-scale. The higher-order and nonlin-
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ear spatial correlations up to fourth-order demonstrate that higher-order moments

at grid-scale can be determined by functions of station pair correlations that de-

pend on regional decorrelation length scales. The applicable scaling functions are

identified and discussed. These results can aid in the development of constraints

to reduce uncertainties in climate models and have implications for studies of at-

mospheric variability, extremes, and climate change using geographically smooth

variables across spatial scales.

4.1 Introduction

Understanding climate variability from a probabilistic distribution point

of view requires detailed information about various orders of statistical moments.

Owning to spatial heterogeneity, various orders of spatial correlations are also

critical information. A variety of gridded data and spatiotemporal resolutions

are needed in the climate sciences, and numerous gridded observation data prod-

ucts focused on the first and second moments, i.e., the mean and variance, have

been produced to facilitate the objective validation of climate models and stud-

ies of global climate change, e.g., NOAA OI SST (Reynolds et al., 2002), GPCP

(Huffman et al., 2009), and NASA GISS (Hansen et al., 2010). These gridded

datasets are convenient for many applications, such as model forecast validation

and studies of large-scale climate variability. It is, however, still unclear exactly

how grid-scale variability is quantitatively related to weather variability observed

at one point in space. To quantify station-level variability, Cavanaugh and Shen

(2014) documented the Northern Hemisphere climatology and trends of higher-

order statistical moments from the Global Historical Climatology Network-Daily

(GHCN-D) surface air temperature (SAT) station dataset. A comparable study

of grid-scale variability is also needed to facilitate climate model validation and

climate risk analysis when higher moments are important, such as when studying

high-frequency variability and climate extremes.

The importance of research on climate extremes and higher-order moments

cannot be overstated. Changes to climate extremes, as a manifestation of non-
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stationary low-frequency variability, are an important aspect of climate change and

impact many facets of peoples lives. The reliable quantification of high-frequency

variability and a precise description of the relevant physical mechanisms are critical

in order to improve numerical weather and climate model predictions. However,

these tasks are known to be both challenging and elusive in the climate community.

While monthly and longer averages are approximately Gaussian (Stephenson et al.,

2004), the non-Gaussianity of daily data adds another facet of complexity. Non-

Gaussian high-frequency climate processes require that more care be taken towards

understanding the relevant probability distributions, higher-order moments, tail

characteristics and the probabilities of certain extremes, as well as how they scale

in space. The main purpose of this paper is to examine these properties for daily

SAT anomalies over the entire globe.

Numerous gridding algorithms have been developed to translate observed

point data through weighted averaging to grid-scale approximations; canonical ex-

amples include kriging-based optimal interpolation (Gandin, 1963) and angular

distance weighting interpolation (Shepard, 1968). Considering that each observa-

tion can be thought of as a realization of a random variable (RV) at a given time

and location, it is possible that the distribution of the resultant interpolated RV

might be altered compared to those of the contributing RVs defined at point-scale.

However, when using interpolated geophysical data, it is commonly assumed that

the gridding effects on variability distributions are of second-order compared to the

variability of the underlying mean signal and thus that the resulting gridded data

can be routinely used for studies of climate variability. This paper will demonstrate

that this assumption can be violated in some cases and that cautions need to be

taken when dealing with higher-order moments and non-Gaussian variability.

Daily SAT is a smooth spatial anomaly field with large decorrelation dis-

tances. Cavanaugh and Shen (2014) examined the climatological moments of daily

SAT anomalies (Tavg) up to fourth order and demonstrated that in most locations

and seasons Tavg distributions are non-Gaussian and that their spatial patterns

in moments are highly coherent on regional scales, implying that the SAT vari-

ability distributions of nearby weather stations are (nearly) identically distributed.
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Caesar et al. (2006) investigated the decorrelation distances for daily maximum

and minimum SAT (Tmin and Tmax, respectively) and showed that e-folding cor-

relation distances are approximately 1000km globally, with variations of up to

a couple hundred km according to the variable, location, and season. Caesar

et al. (2006) also discussed the compilation of the UK Met Office Hadley Centers

GHCN-D (HadGHCN-D) dataset, the only currently available daily gridded obser-

vation SAT dataset derived from the Global Historical Climatology Network Daily

dataset (GHCN-D; Menne et al., 2012). This study further examines the moments

of HadGHCN-D SAT up to fourth order through the lens of statistical mechanics to

demonstrate the effects on variability distributions resulting from data aggregation

and interpolation. We aim to reveal the relationships between variability observed

at point-scale by weather stations and that estimated or simulated at larger scales,

i.e., gridded data. We also aim to highlight parallels between methods common

to statistical mechanics and those common to climatology in order to provide a

new perspective on climate variability. To accomplish these tasks, we first develop

the basic mathematical theory necessary to understand non-Gaussian variability

distributions across spatial scales. We then compare the moment statistics and

trends from the gridded dataset, HadGHCN-D, with those taken directly from the

GHCN-D stations themselves to illustrate our results. As a byproduct of these

goals, we present both station and gridded SAT datasets of mean, variance, skew-

ness and kurtosis for the entire global land (where observations are available) for

Tavg, Tmin, and Tmax.

In Section 4.2, we derive the mathematical theory by moments for weighted

sums of dependent RVs and interpret its meaning from the perspective of statisti-

cal mechanics. Section 4.3 discusses the GHCN-D weather station dataset and the

general form of gridding algorithms commonly used in practice. We also briefly

describe our methodology for calculating climatological moments as well as trends

over 1950-2010. Section 4.4 evaluates the (higher-order) correlation terms origi-

nally identified in Section 4.2. Section 4.5 describes climatological moments for

the gridded dataset and their comparisons to station data. We present trends in

moments over 1950-2010 and show how gridded variability trends can deviate or
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oppose those estimated directly from station data. Section 4.6 explains our findings

in the broader context of multi-scale climate variability, and Section 4.7 contains

conclusions and discussion.

4.2 Higher-Order Moments and Their Relations

to Higher-Order Covariances

4.2.1 A Central Limit Theorem by Moments

SAT at a given location or grid cell can be treated as a RV with realizations

in time indexed by t. For any discrete RV X, its first moment, µ1, is the expected

value

µ1 = E[X] =
∑
t

ptxt = X (4.1)

where xt is a random outcome with uniform probability pt in the X’s sample space

(see any introductory statistics textbook, e.g., Ross, 2010). The overbar represents

an arithmetic ensemble mean or expected value and is equivalent to E[·]. The nth-

order moments of X, µn for n ≥ 2, are defined as

µn = E[(X −X)n] (4.2)

The 2nd-order moment is commonly referred to as the variance and has the same

units as X2 (and its square root is the standard deviation with the same units

as X). The 3rd- and 4th-order moments are directly related to the skewness and

kurtosis, which are suitably non-dimensionalized by the standard deviation (see

eqs. (4.10) and (4.11) below, also Cavanaugh and Shen (2014), Wilks (2011), Ross

(2010)). The skewness measures the asymmetry of a distribution and is usually

sufficient to demonstrate non-Gaussianity since Gaussian RVs necessarily have zero

skewness. The kurtosis measures the tail thickness and peakedness of the distribu-

tion, with higher values indicating increased probabilities of large deviations from

the mean in symmetric distributions. Gaussian distributions have kurtosis equal

to 3.
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The transformation of station data into data on grid cells using weighted

averages leads to a grid cell based RV, Ẋ, which is the weighted sum of any number

of station RVs from the set i = [1, 2, . . . , s] (which are now defined as the zero-

centered anomalies without loss of generality) with weights wi and a total number

of stations s. We wish to explore how the moments of Ẋ, denoted as µ̇, are related

to higher-order covariance terms.

For the mean, the expectation of the grid box RV remains zero, unchanged

from those of the station RVs, i.e.,

µ̇1 =
∑
i

wiXi =
∑
i

wiXi = 0 (4.3)

The nth-order moments, µ̇n, when n ≥ 2, are much more complex and are functions

of the weights as well as various higher-order polynomial covariance terms. The

mathematical expressions for the second through fourth moments are displayed

below:

µ̇n = (
∑
i

wiXi)n

µ̇2 =
∑
i

w2
iX

2
i +

∑
i 6=j

wiwjXiXj (4.4a)

µ̇3 =
∑
i

w3
iX

3
i + 3

∑
i 6=j

w2
iwjX

2
iXj +

∑
i 6=j 6=k

wiwjwkXiXjXk (4.4b)

µ̇4 =
∑
i

w4
iX

4
i + 4

∑
i 6=j

w3
iwjX

3
iXj + 3

∑
i 6=j

w2
iw

2
jX

2
i x

2
j+

+ 6
∑
i 6=j 6=k

w2
iwjwkX

2
iXjXk +

∑
i 6=j 6=k 6=l

wiwjwkwlXiXjXkXl (4.4c)

Equation (4.4a) defines the variance for the weighted sum of RVs and is equal

to the weighted sum of all of the terms in the 2-dimensional covariance matrix

of dimension s × s. Similarly, eq. (4.4b) defines the third-order moment for the

weighted sum and is equal to the weighed sum of all the terms in the 3-dimensional

coskewness matrix of dimension s×s×s. Lastly, eq. (4.4c) defines the fourth-order

moment for the weighted sum and is equal to the weighted sum of all the terms

in the 4-dimensional cokurtosis matrix of dimension s × s × s × s. If µ̇3 and µ̇4

are normalized by µ̇2 to be dimensionless, they define the skewness and kurtosis of
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the weighted sum, respectively. The last terms in eqs. (4.4a-c) are worth special

attention as they are related to the collinearity among the measurements. The non-

zero values of these terms make it apparent that weighted aggregation is needed

to form gridded data from station data. A traditional simple average using equal

weights is the optimal average only for the case of a spatially white noise field since

the high-order covariances are all zero. Climate researchers have noted collinearity

in climate data for a long time. Empirical orthogonal functions (EOFs) are a way

to remove the collinearity in the EOF spectral space (North, 1984; Wilks, 2011)

and to formulate optimal averaging and optimal gridding algorithms for globally

inhomogeneous and correlated random fields, such as SAT and precipitation (Shen

et al., 1994, 1998, 2004, 2014). While second-order covariances are familiar to the

climate research community in the usual definition, the higher-order expectation

matrices, termed co-skewness and co-kurtosis, are uncommonly used in climate

research and were coined in the field of financial mathematics in the 1970s for

the purpose of valuing risk portfolios. Additionally, their contained higher-order

covariance terms are routinely used to examine the properties of random fields in

the study of statistical fluid mechanics. For convenience, we will employ the simple

notation Bo(i),o(j),o(k),o(l) to denote correlations terms of their respective order (e.g.

B2,1 = X2
iXj, B2,1,1 = X2

iXjXk, B1,1,1,1 = XiXjXkXl, etc).

Since we will see that the moments of Tmin and Tmax are nearly equal

over large spatial areas, we can consider the RVs Xi in eqs. (4.3) and (4.4) to be

identically distributed. In the case of independent RVs, B2 is the only contributing

term to µ̇2, B3 is the only contributing term to µ̇3, and B4 and B2,2 are the only

contributing terms to µ̇4, with the dominance of B2,2 increasing as the number of

weighted RVs increases. In the special case when all Xi are perfectly dependent,

then µ̇n = µn and the probabilistic distribution of the weighted sum is perfectly

preserved. With regard to SAT, this would imply perfectly homogeneous weather

stations with identical time series. However, in practice, station SAT correlations

usually decrease with distance (Caesar et al., 2006) when the teleconnection range

is not yet reached. As such, the Cauchy-Schwarz inequality implies that µ̇2 ≤ µ2,

or more simply that the variance of the interpolated data is less than that of the
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contributing stations (Shen et al., 2012). Although not rigorously proven, it might

be reasonable to also claim that |µ̇3/µ̇
3/2
2 | ≤ |µ3/µ

3/2
2 | and |µ̇4/µ̇

2
2−3| ≤ |µ4/µ

2
2−3|

will hold for finite s.

4.2.2 Quasi-Gaussian Random Fields

Time series of SAT anomaly measurements are assumed piecewise-stationary

for each season. According to moment generation function theory (Wackerly et al.,

2008), the probability density function (pdf) of an RV can be determined by its

moments. Some pdfs can be determined by finitely many moments. For example,

a Gaussian RV’s distribution can be determined by the moments up to the second

order. However, for some RVs a non-zero third-order moment (as is the case for

SAT) is important, and even higher-order correlation terms are non-negligible and

can require more simultaneous means, such as triplets and quadruplets (see eq.

(4.4)). We will truncate the terms at quadruplets in this paper.

Millionshchikov (1941) proposed that quasi-normal or quasi-Gaussian fields

are characterized by vanishing fourth-order cumulants, leading to closure of the

fourth-order moments of the following form,

XiXjXkXl = XiXl ·XjXk +XiXk ·XjXl +XiXj ·XkXl (4.5)

implying that fourth-order correlations can be decomposed into functions of pair

correlations. A thorough treatment of this theory is given by Monin and Yaglom

(1971).

By combining the Cauchy-Schwarz inequality with the quasi-Gaussian ap-

proximation (eq. (4.5)), André et al. (1976) demonstrated analytically that bounds

on the third-order correlations that prohibit the nonphysical development of neg-

ative energy spectra take the form

|XiXjXk| ≤ min


[X2

i (X2
jX

2
k +XjXk

2
)]1/2

[X2
j (X2

iX
2
k +XiXk

2
)]1/2

[X2
k(X2

iX
2
j +XiXj

2
)]1/2

 (4.6)

and provide the criteria for the clipping approximation of numerical simulations

of turbulent inhomogeneous flows (Andre et al., 1976). Eq. (4.6) implies that the
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triple correlations are bounded by functions of the smallest of the squared pair

correlations for standardized variables. The relationships in eqs. (4.5) and (4.6)

will be utilized in Section 4.4 to structure the parallels between statistical fluid

mechanics theory and climatological observations, and Sections 4.5 and 4.6 will

further discuss their relevance to the study of multi-scale climate variability.

4.3 Data and Methodology

4.3.1 Station GHCN-D Data

GHCN-D contains in situ observational data from over 90,000 weather sta-

tions in 180 countries and territories worldwide (Menne et al., 2012). The GHCN-

D source data have been compiled with the goal of maximizing spatial coverage.

Records from numerous agencies have been collected and quality controlled, but

not homogenized. Before new data are added to the dataset, they are first cross-

checked with included data to confirm record uniqueness, spatial consistency, and

temporal consistency (Menne et al., 2012), which reduces the chances of redun-

dancy. Each record is then subject to 19 quality assurance (QA) measures and

flagged with appropriate tags so that data can be utilized or discarded as neces-

sary by a user (Durre et al., 2000).

Our study leaves out any data that have been QA flagged. In order to define

our anomaly time series, a running average of five days is first performed on the

Tmax and Tmin records in order to fill in the holes of a few days in the climatology

period 1961-1990, and seasonal cycles are computed from the 1961-1990 smoothed

values, producing daily Tmax and Tmin climatologies for each station. Each station’s

Tmax and Tmin climatology is then subtracted from the raw Tmax and Tmin data to

produce Tmax and Tmin anomalies. Only stations that include at least 20 years of

data (7,300 days) over the 1961-1990 period are included in this study.
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4.3.2 Gridded GHCN-D Dataset

HadGHCN-D is a recent attempt at producing a gridded surface observation-

based climate database at daily resolution focused on providing information rel-

evant to temperature and precipitation extremes and climate model evaluation

(Caesar et al., 2006). It is comprised of GHCN-D stations which have been in-

terpolated to a grid based on an angular distance-weighting algorithm (Alexander

et al., 2006; Caesar et al., 2006). The goal of performing weighted average interpo-

lation is to leverage shared information summarized by the dependencies between

nearby stations so that weighted combinations of data sources contribute to a more

spatiotemporally complete record. Often in station records incompleteness and

inconsistencies arise from equipment malfunctions, human error, and systematic

changes, which manifest themselves in the record as unbelievable or missing data,

instrumental drift, and discontinuous jumps, among other imperfections. Weighted

interpolation seeks to aggregate stations contained within some distance scale D,

in the case of HadGHCN-D an e-folding correlation distance, which are thought to

contain at least some component of the information that should represent a grid

cell centered at a certain longitude-latitude location, φ′ and θ′, and weight those

stations as a function usually of their distance from the grid-cell, di (favoring closer

stations), and their geographic location, φi and θi.

X ′(φ′, θ′) =
∑
i

wi(di, φi, θi)Xi ; di < D ,
∑
i

wi = 1 (4.7)

Since varying station density near a grid-cell can bias this interpolation procedure,

it is common to require a minimum number of stations (3 for HadGHCN-D) and

also to limit the maximum number of contributing stations (10 for HadGHCN-

D). Fig. 4.1 shows a general diagrammatic representation of the HadGHCN-D

gridding procedure. Other optimal or variogram-based interpolation methods do

not explicitly impose a D scale, but rather utilize the covariance structure between

stations to implicitly define this limit by giving lower weights to uncorrelated

stations (Gandin, 1963). The relationship of eq. (4.7) to the theory outlined in

Section 4.2 is immediately evident.
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4.3.3 Methods for Calculating Higher Moments and Their

Trends

Following Cavanaugh and Shen’s (2014) approach, we calculate higher sta-

tistical moments over the climatological period 1961-1990 and over the moving time

window of each decade during 1950-2010 for both station and gridded data. We

also calculate the moment trends over the 1950-2010 period. We include only the

Tmax and Tmin data streams with at least 20 years of data over the climatological

period 1961-1990. The data streams are separated into four seasons, Dec-Jan-

Feb (DJF), Mar-Apr-May (MAM), Jun-Jul-Aug (JJA), and Sept-Oct-Nov (SON).

These seasonal records are then decomposed into their first four moments. The

arithmetic mean measures the first moment

X =
1

τ

τ∑
i=1

xt (4.8)

with time index t for non-missing datum xt contained in the 30-year distribution

for each season. We use the standard deviation to represent the second moment

σ̂ =

[
1

τ

τ∑
t=1

(xt −X)2

]1/2
, (4.9)

so that the units of the first two moments are equal. The third and fourth stan-

dardized moments are characterized by the sample skewness and sample kurtosis,

respectively,

Skew(X) =
1

τ

τ∑
t=1

(xt −X)3

σ̂3
, (4.10)

Kurt(X) =
1

τ

τ∑
t=1

(xt −X)4

σ̂4
, (4.11)

which are scaled by the standard deviation to be dimensionless. Note that X = 0

in our case, since anomaly time-series have zero mean for the entire climatology

period.

To examine trends in the moments over a 1950-2010 period, the same mo-

ment decomposition methodology described above is applied to decade-length mov-

ing bins, the first being 1950-1959, then 1951-1960, and so on, for a total of 52
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bins. Each decade is required to be at least 75% complete for its moments to be

computed. The resultant 52-year time-series for each moment are then fit with a

generalized linear regression model with a first order autoregressive (AR) process,

Mj,t+1 = αj + βjt+ uj,t (4.12a)

uj,t = ρjuj,t−1 + εj,t (4.12b)

εj,t ∼ N(0, σ2
j ) (4.12c)

for the seasonal moment µ at for year t, with y-intercept α, slope β, error term

u, AR(1) coefficient ρ, and random Gaussian noise ε of zero mean and σ standard

deviation. Thus, for each moment and for each season, the slope parameter β

summarizes the change rate per year for that moment.

4.4 Relationships Between Higher-Order SAT Cor-

relations

Each station i that has at least 20 years of climatological data is used in this

study, both at the station level and in the gridding procedure. A maximum search

radius of 4000km is used to identify which other stations are within the proximity

of the station i in question. From the subset of stations identified for station i, all

possible combinations of stations are used to estimate the expectation terms that

arise in eqs. (4.4a-c) using the definition of the expectation in eq. (4.1), including

the higher-order terms that contribute to the coskewness and cokurtosis matrices.

This process is repeated for each contributing station (about 8200 in total) for

both Tmin and Tmax. The third- and fourth-order expectations are sub-sampled

in order to make the problem computationally tractable, resulting in about 36-38

million estimates for each covariance term. Station records are first normalized by

their standard deviations to ease interpretation.

4.4.1 Pair Correlation

Figure 4.2 displays elements contributing to the second term in eq. (4.4a),

i.e., the station pair correlations B1,1, as a function of the distance between stations
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normalized by an interpolated e-folding correlation distance for station i, λi (see

Fig. 4.3). Following Hansen and Lebedeff (1987), we separate correlation plots

into 30◦ latitude bands. Due to the very large number of data points, station

correlations are plotted here as a probability density estimated from station pairs

that fall within each 0.1-width bin spanning d/λ = [0, 4]. Solid and dashed lines

represent the mean and uncertainty bounds estimated for each bin and thus can

be interpreted as a continuous box-and-whisker plot.

In agreement with Hansen and Lebedeff (1987), Caesar et al. (2006) and

others, our station pair correlations for Tmin and Tmax decay smoothly to zero as

a function of the distance separating the stations. Also, when normalizing by a

locally-determined e-folding correlation distance, the decay rates globally collapse

to the same functional form for both Tmin during DJF and Tmax during JJA, as

well as for other seasons. Uncertainty bounds increase as station density decreases

and the magnitude and shape of the uncertainty envelope is similar across each

latitude bin and for both Tmin and Tmax.

Figure 4.3 shows the e-folding correlation distances for each station esti-

mated by spline interpolation from the subset of stations within 4000km plotted

geographically. The e-folding correlation distances vary globally largely in response

to regional geography, particularly for Tmin. SAT decorrelation distances tend to

be larger during each station’s respective synoptically active seasons (fall, winter,

spring), which is indicative of more pronounced large-scale meteorological condi-

tions affecting or determining SAT at those times.

4.4.2 Coskewness

Figure 4.4 displays eq. (4.4b)’s elements that contribute to the coskewness

matrix, scaled by the third moment of station i to facilitate understanding; station

pairs/triplets whose scaled higher-order correlations are between -1 and 1 indicate

that the third moment of the weighted sum of those stations is closer to zero

than the third moment of station i; this might also imply that the skewness of

the weighted sum is closer to zero since the B3 term in eq. (4.4b) decays faster

than the B2 term in eq. (4.4a). Only stations whose standardized third moment
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is significantly different from zero, based on the standard error of skewness (see

Cavanaugh and Shen, 2014) are plotted. Figs. 4.4a,b show B2,1 correlations plotted

against their respective B1,1 correlations. B2,1 scales approximately linearly with

B1,1, where higher B1,1 indicates that B2,1 is nearer to observed third moment for

station i.

Figs. 4.4c,d display the B1,1,1 correlations plotted against the minimum

pair correlation between each of the three stations. Plotting against the minimum

pair correlation is inspired by the inequality in eq. (4.6), which is satisfied by our

observations. B1,1,1 scales approximately linearly with the minimum pair corre-

lation, where higher average pair correlations indicate that triple correlations are

nearer to the observed third moment for station i.

In all cases, normalized third-order expectation distributions are unimodal

and appear to be approximately symmetric about the mean (solid line). Uncer-

tainty bounds for third-order terms are large relative to those of the other moments

and are proportional to increasing pair correlations. Some portion of this is due

to the method of scaling the observed third-order correlations by the third mo-

ment of station i. Third moments close to zero may inflate the ratio between the

third moment and the higher-order correlation in question, thereby amplifying the

uncertainty bounds.

4.4.3 Cokurtosis

Figure 4.5 shows the elements of the cokurtosis matrix defined in eq. (4.4c)

plotted against functions of the pair correlations predicted for a quasi-Gaussian

random field (see eq. (4.5)). Cokurtosis terms are scaled by the fourth moment

of station i; a scaled fourth-order correlation less than 1 indicates that the fourth

moment of the weighted sum of those stations is closer to 0 than the fourth moment

of station i; this might also signify that the kurtosis for the weighted sum is closer

to that of a Gaussian distribution since the B4 term in eq. (4.4c) decays faster than

theB2 term in eq. (4.4a). In all cases, scaledB3,1 (Figs. 4.5a,b), B2,2 (Figs. 4.5c,d),

B3,1,1 (Figs. 4.5e,f) and B1,1,1,1 (Figs. 4.5g,h) have a one-to-one relationship with

their respective pair correlation function for a quasi-Gaussian system and have
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very small error bounds relative to the equality signal. This result signifies that

SAT constitutes a nearly quasi-Gaussian system with fourth-order moment closure

(see eq. (4.5)).

4.5 Observed Multi-Scale SAT Variability

In light of the observed dependence measures documented in Section 4.4, we

examine the climatological SAT moments estimated from GHCN-D seasonal data

during 1961-1990 and compare these distribution characteristics to those computed

using HadGHCN-D. The trends of these moments over 1950-2010 computed from

GHCN-D and HadGHCN-D datasets are compared. Significant disagreement be-

tween trends and/or trend patterns exist between the two datasets. This paper

only shows the results for Tmin during DJF and Tmax during JJA to maximize

interest among the climate community.

4.5.1 Climatological Tmin and Tmax

Figures 4.6 and 4.7 illustrate the spatial distribution climatological moments

for Tmin during DJF and Tmax during JJA, respectively. The left columns of Figs.

4.6 and 4.7 are the moments computed from GHCN-D station data, and the right

columns are the moments computed from the gridded HadGHCN-D data minus

those from the GHCN-D data. The station anomaly pdfs for both Tmin and Tmax

are regionally approximately identical, as evidenced by the smooth and coherent

spatial structure of moments at regional scales (Figs. 4.6-4.7a,c,e; discussed in

detail by Cavanaugh and Shen, 2014). Additionally, distributions of these SAT

variables are non-Gaussian and have somewhat complex spatial structures that

are influenced by regional geography and land/atmosphere characteristics.

Immediately evident from Figs. 4.6-4.7b is that the standard deviations

estimated from gridded observations are greatly reduced from those estimated

directly from station data. Globally, reductions in standard deviations are largest

in regions where station density is low, and lowest where station density is high.

The clearest example of this can be observed at the border of the United States and
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Mexico where station density goes from high to low when crossing the border going

south. This effect is due to the contribution of the B1,1 terms in eq. (4.4a); in areas

with high station density, only stations that are geographically close to the center

of the grid cell are used in interpolation, and thus their pair correlations are close to

one (see Figs. 4.2a,b). Large reductions in standard deviation arise in large-scale

regions where the standard deviations are highest in the climatological record, e.g.,

for Tmin (Fig. 4.6a), in Northern Europe and Russia and for Tmax (Fig. 4.7a), in

the North West United States, Northern Europe, and Russia. These reductions

occur resultant from the B1,1 terms in eq. (4.4a), where the magnitude of the

reduction should arise proportionally to the climatological standard deviations of

the contributing stations. There are also more localized regions where there are

large reductions in standard deviation, e.g., for Tmin, along the west coast of North

America, and for Tmax, on the Iberian Peninsula and in Mexico. These reductions

result from reduced B1,1 terms in eq. (4.4a) arising from the short decorrelation

distances in those areas (Figs. 4.3a,b).

In some relatively rare cases, the climatological standard deviation from the

gridded data is slightly increased relative to the station record. These increases

might arise do to local-scale station inhomogeneity (for example those arising from

variable station exposures or wind-chill effects, see Fall et al. (2011); and/or land-

scapes and land cover variability, see Montandon et al. (2011)), weighting effects

of the chosen interpolation algorithm (which might occur, for instance, in the case

where poorly sited stations are isolated in space), and/or from non-static observa-

tion records or recording techniques, all of which are likely the major contributors

in the United States and Western Europe. In other areas that are less station-

dense, station inhomogeneity within a large decorrelation length scale is the more

likely contributor, as is probably the case, for example, near Afghanistan (see Fig.

4.6b).

At large-scale, skewness values in the gridded dataset for both Tmin and

Tmax (Figs. 4.6-4.7d) tend to be closer to zero than in the station observations

(i.e., the deviations are negatively correlated with the station observations of skew-

ness illustrated in Figs. 4.6-4.7c), indicating that gridded variability is more sym-
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metric than in the stations themselves. Spatial correlations between Figs. 4.6c,d

and 4.7c,d are -0.435 and -0.502, respectively. Similarly, kurtosis deviations (Figs.

4.6-4.7f) also tend to be negatively correlated with observations (Figs. 4.6-4.7e),

indicating that the peakedness of gridded variability is closer to that of a Gaussian

distribution than the stations themselves, as one would expect from the CLT. Spa-

tial correlation between Figs. 4.6e,f and 4.7e,f are -0.532 and -0.559, respectively.

Both of these effects can be anticipated from Figs. 4.4 and 4.5. As can be deduced

by comparing the broad distributions of third-order moments (Fig. 4.4) to the

narrow distributions of the fourth-order moments (Fig. 4.5), the magnitude of the

anti-correlations between station skewness and gridded skewness are smaller than

those of kurtosis, indicating that convergence to distribution symmetry is less-

strict than convergence to symmetric exponential tail-decay. Gridded skewness

and kurtosis biases tend to be largest both where the magnitudes of the station

moments are the largest and where the decorrelation distances are the shortest.

It is difficult to ascribe which contribution is dominant, since these regions tend

to overlap when comparing the station climatologies (Figs. 4.6-4.7c,e) to the e-

folding distances (Figs. 4.3a,b). These results can be expected from Figs. 4.4 and

4.5. Third- and fourth-order correlations scale as functions of the pair correlations

of the contributing stations and are thus related to the distances separating the

stations used for interpolation. Since we have chosen to normalize the higher-order

correlations by the third and fourth moments of station i, in each instance where

the normalized third- or fourth-order correlation is less than one (which is where

the bulk of the observations lie), we can expect from eqs. (4.4) and (4.5) that

the higher-order moments of the gridded observations should be more Gaussian.

Similar to the explanation of results regarding the second moment, gridded data

are most Gaussian both where station density and/or local decorrelation distances

(Figs. 4.3a,b) are low.

Area averaging over homogeneous stations minimizes bias with respect to

the mean at the cost of changes to the distribution around it. While it is common-

place to use gridded data in studies of extremes, reductions and modulations to

the observed variability resultant from area averaging have the largest impacts on



71

the tails of pdfs that dictate extremal probabilities. In the least biased scenario of

approximately Gaussian station distributions with very high station density (e.g.,

over parts of the United States), the probability of exceeding two standard devi-

ations at the station level is generally about twice that estimated from gridded

data located over the same region (not shown). By contrast, in greatly skewed

regions with low station density (e.g., over parts of Russia), these probabilities can

exceed five times those estimated from gridded data located over the same region

(not shown). It is thus quite important to stress that caution must be taken when

utilizing gridded data to study climate extremes.

4.5.2 Moment Trends 1950-2010

The observed climatological distributions of SAT are non-Gaussian; addi-

tionally, the differences in moments between station and gridded SAT data are

of the same order of magnitude as the moments themselves (Figs. 4.6-4.7). The

first result necessitates the inclusion of higher-order moment effects in studies of

non-stationary high-frequency climate variability. The second result suggests that

trends in the moments of gridded data might also differ from those of the sta-

tion data, potentially polluting inferences concerning the effects of climate change

on weather variability. This section describes linear trends in the moments of

Tmin during DJF and Tmax during JJA from 1950-2010 for both station data and

gridded data using the methodology recapitulated in Section 4.3.3 (for details see

Cavanaugh and Shen (2014)). We would like to explore what effect a gridding

algorithm may have on trends compared with station data.

Figures 4.8 and 4.9 illustrate trends in moment statistics in the left column

and biases in these trends caused by interpolation to a grid in the right column.

Both Tmin and Tmax show large-scale spatially-coherent trends in moments. For

Tmin, the standard deviation trends are largely negative over the Northern Hemi-

sphere, indicating less variability in winter nighttime temperatures. Surprisingly,

trends in standard deviations for gridded data are mostly more positive than the

trends from the station data; in many cases (particularly over Russia, Western

Canada, and Alaska), the directions of the trends oppose each other. Standard
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deviation trends from Tmax are more mixed globally, although again, in many cases

(particularly over the Northern United States and Western Russia), gridded trends

oppose those taken from the stations directly.

SAT trends in the skewness and kurtosis from gridded data are mixed glob-

ally, but are largely spatially coherent, and are in many regions significantly non-

zero. For Tmin, the largest-magnitude trends in skewness tend to be positive (over

the Northwest and Southeast of the United States and in western Europe), and also

tend to coincide with the areas of dominant negative trends in kurtosis. For Tmax,

higher-order moment trends are variable at the regional level, and in some regions,

areas with large trends in skewness and kurtosis tend to coincide. Under these cir-

cumstances, this may indicate a particularly large change in the structure of SAT

extremes at these locations over decadal timescales. Similar to standard devia-

tions, biases in the gridded data higher-order moment trends are mostly regionally

coherent, and in some cases contribute to trends that oppose those observed in the

station records themselves. These differences in moment trends are obviously of

practical significance when considering the likelihood of events in a non-stationary

climate.

While it is possible that intrinsic variability at grid-scale could have differ-

ent trends than variability at point-scale, this possibility is unlikely. As such, the

opposite signs of the trends observed in station data and gridded data in some

regions make it necessary to identify the mechanisms responsible for those differ-

ences, although pinpointing specific mechanisms is a very challenging task because

many factors can contribute simultaneously. A few are listed below:

1. The number of stations contributing to the area average increases (decreases)

over the trend period. Trends in gridded standard deviations are more neg-

ative (positive) than in the stations themselves. Trends in higher moments

are biased toward becoming more (less) Gaussian than in the stations them-

selves. Both changes are resultant from an increased (decreased) contribution

of off-diagonal terms in eqs. (4.4a-c).

2. The distances from the center of the grid to the stations contributing to the

area average increases (decreases) over the trend period, resulting in greater
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station heterogeneity (homogeneity). Trends in gridded standard deviations

are more negative (positive) than in the stations themselves. Trends in higher

moments are biased toward becoming more (less) Gaussian than in the sta-

tions themselves. Both changes are resultant from a decreased (increased)

magnitude of off-diagonal terms in eqs. (4.4a-c), assuming stations are uni-

formly distributed.

3. The distances between stations contributing to the area average increases (de-

creases) over the trend period. Trends in gridded standard deviations are

more negative (positive) than in the stations themselves. Trends in higher

moments are biased toward becoming more (less) Gaussian than in the sta-

tions themselves. Both changes are resultant from a decreased (increased)

magnitude of off-diagonal terms in eqs. (4.4a-c).

4. The weighting scheme between stations contributing to the area average changes

over time as a result of changing station locations and data availability. Grid-

ded moment trends can be biased in either direction.

5. (Higher-order) correlations between stations contributing to the area average

are non-stationary. Gridded moment trends can be biased in either direction.

Forcing the interpolation scheme to be constant in time can alleviate these arti-

facts; however, it may come at the cost of reducing accuracy with respect to the

probabilistic mean and sacrificing some potentially useful information.

4.6 General Implications for Multi-Scale SAT Vari-

ability

While weather station observations from the GHCN-D dataset are taken at

one point in space and time, the moment statistics presented in Section 4.4 can

shed additional light on multi-scale SAT variability across both space and time.

Specifically, the observed moment statistics, which describe a quasi-Gaussian ran-

dom field, suggest that the first four moments are sufficient in order to characterize
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all observable or estimable SAT distributions at any scale via eq. (4.4). The de-

scriptive moment climatologies presented in Figs. 4.6 and 4.7 quantify the upper

bounds on the degree non-Gaussianity for any SAT distribution since averaging

results in distributions that are increasingly Gaussian. As explicitly discussed in

Section 4.4, spatial averages over homogeneous areas, which by the law of large

numbers should approximate the means in probability over those areas, are merely

weighted sums (or integrals with a weighting function) of quasi-Gaussian RVs. The

resulting distributions will in fact be closer to Gaussian than the distributions at

point locations in space. Analogously, atmospheric autocorrelations decay in time,

and moments for temporal averages follow the same functional form as in eq. (4.4),

implying that the distributions for temporal averages will also be more Gaussian

than those of the contributing instantaneous observations.

Additionally, observed SAT distributions are closed at the fourth moment,

indicating that moments for gridded data can be estimated from B1,1 pair correla-

tion terms (see Figs. 4.4 and 4.5) and the moments of the stations that contribute

to the grid cell approximation. The implication is that by keeping track of which

stations contribute to averages in gridding algorithms, their respective assigned

weights, and their higher-order correlations, a mapping between the averaged vari-

ability and variability at a point in space can be deduced (this, again, analogously

applies in time as well). For spatial averages, this of course can practically be

accomplished (approximately) by merely keeping track of the distances between

contributing stations. This result is critical for understanding statistical downscal-

ing and helps explain its success when applied to SAT since it is now clear how

spatial variability is related to variability at a point.

The extreme characteristics of area-averaged SAT variability, which are de-

ducible by the skewness and kurtosis statistics, are dependent only upon character-

istic length scales related to spatial pair-correlations, and take either a linear (for

skewness) or quadratic (for kurtosis) functional form. Taken to a more abstract

level, this may indicate that explicit mappings could be made between the gridded

variability of numerical simulations and the unobserved and intrinsic subgrid-scale

variability smoothed over by the model simulation, particularly if characteristic
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length scales for model grid cells can be deduced either from models or observa-

tions. Additionally, the correlation terms presented in Section 4.4 could be used as

evaluation criteria or constraints in climate model development. Future research

on this topic would be of great importance toward understanding the local-scale ef-

fects of decadal variability and climate change, particularly pertaining to extremes.

4.7 Conclusions and Discussion

We have taken a bottom-up approach toward understanding the multi-scale

variability of SAT in weather station observations through an examination of the

first four statistical moments. We focus on observations of Tmin during DJF and

Tmax during JJA as examples of random fields observed at points in space and in-

stantaneously in time. We first derive the moments for weighted sums of dependent

RVs, which contain both linear and nonlinear correlations up to fourth order. We

then examine these (higher-order) correlations through the lens of statistical fluid

mechanics and identify SAT observations as approximately locally homogeneous

quasi-Gaussian random fields whose third- and fourth-order correlations are func-

tionally related to the pair correlations of contributing stations. We also report

on station pair correlation decay with distance, and illustrate the spatial distribu-

tion of pair correlation e-folding distance, globally. These results are particularly

important as they provide a bridge into the relatively well-developed field of sta-

tistical mechanics and may help to elucidate useful applications to climate-related

disciplines.

Changes to moment statistics when moving from point-scale to grid-scale

are expected from observed (higher-order) correlations. We compare a gridded

observation dataset with station data as a point of reference to examine these

effects. The second moments of gridded observation data are greatly reduced

globally compared to the second moments of contributing stations. Higher-order

moments become closer to those of a Gaussian distribution than the contributing

stations themselves. It is shown that these changes can be expected from mathe-

matical theory, and that they are physically related to the distances between the
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contributing stations.

We also examine trends in moments over a 1950-2010 regression period and

show that gridding algorithms that change over time can contribute to trends in

moments, which can deviate from (or even oppose) those estimated from station

data directly. These results in particular have large impacts on assessments of

weather risk and the study of extremes within the context climate change. As

an example, wintertime trends in SAT standard deviation are in fact significantly

negative over much of the world and appear to be driven by reduced variability in

nighttime temperatures (which also has significantly negative trends in standard

deviation). This result is consistent with climate change theory due to increased

downwelling long-wave radiation for a moister atmosphere and potentially reduced

baroclinicity in the tropics, however, observed trends at station-level are underesti-

mated by gridded data. It is uncertain at this time whether these differences arise

from biases due to gridding algorithms, discussed in Section 4.5.2, or if distribution

trends should be fundamentally different across spatiotemporal scales.

Lastly, we discuss the general implications of this research on multi-scale

SAT variability. Through a careful examination of moment statistics up to fourth-

order, we are able to shed light on the SAT variability potentially observable or

estimable at any spatial or temporal scale, which may have even further implica-

tions for the study of variability and extremes using numerical simulations. Pro-

vided a method for deducing characteristic spatial length scales for grid cell based

model output, quantitative inference concerning the effects of climate change on

temperature extremes could be greatly improved.

This article aims both to shed light on SAT variability and to demonstrate

some potential pitfalls in the analysis of high-frequency climate variability in gen-

eral, particularly when studying extremes. Further research is needed in identifying

robust and unbiased methods for studying high-frequency climate variability and

extremes, particularly in the context of climate change. For example, a recently

proposed distribution-preserving gridding algorithm, the hybrid interpolation tech-

nique (Shen et al., 2001), is well supported by these analyses, particularly if it is

extended to include the higher moments. This study highlights that it is perhaps
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particularly important that gridding algorithms be consistent both spatially and

temporally in order to study the statistics of daily variability, since algorithmic

choices and data aggregation have first-order effects on observed variability. An

overview of current gridding methods for daily data is available in Shen et al.

(2001); however it may be important to modify current or innovate new methods

in order to optimize the study of high-frequency variability. Index-based gridded

datasets for extremes, such as the recently released GHCNDEX (Donat et al.,

2013a), also provide a promising avenue for distributionally consistent examina-

tions of high-frequency climate variability.
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Figure 4.1: Diagrammatic depiction of the HadGHCN-D gridding algorithm.
The solid rectangle indicates the grid cell being interpolated to, with the small
solid circle indicating the grid cell center whose longitude and latitude are φ′ and
θ′. The large dashed circle indicates the furthest extent of the search radius D,
inside of which stations may be used for interpolation. Xi indicates the locations
of weather stations being aggregated for interpolation whose distance to the grid
center is di ≤ D and whose longitude and latitude are φi and θi.
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Figure 4.2: Pair correlations XiXj between weather station data time series
Xi and Xj for (a) Tmin during DJF and (b) Tmax during JJA as a function of
station separation distance di normalized by a local e-folding correlation distance
λi given in Figure 4.3. Shading corresponds the spread of observations and can be
interpreted as the uncertainty. The solid black line indicates the mean correlation.
Dashed lines represent the 5% and 95% percentiles estimated from observations
and can be interpreted as uncertainty bounds. Means for latitude-bands are further
broken out by colors: (red) 60N - 90N, (magenta) 30N - 60N, (yellow) 0 - 30N,
(green) 30S - 0, and (blue) 60S - 30S.
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Figure 4.3: Spline interpolated local e-folding correlation distance λ for each
GHCN-D station according to daily data for (a) Tmin during DJF and (b) Tmax

during JJA. The color scale is limited to 200km and 2500km.
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Figure 4.4: Higher-order correlation terms in coskewness matrices for Tmin during
DJF (left column) and Tmax during JJA (right column) normalized by the third
moment X3of station i plotted as functions of pair correlations. Figure shading
and lines are as in Figure 4.2. Figures 4a,b document B2,1. Figures 4c,d document
B1,1,1.
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Figure 4.5: Higher-order correlation terms in cokurtosis matrices for Tmin dur-
ing DJF (left column) and Tmax during JJA (right column) normalized by the
fourth moment X4 of station i plotted as functions of pair correlations for a quasi-
Gaussian field. Figure shading and lines are as in Figure 4.2. Figures 4.5a,b doc-
ument B3,1. Figures 4.5c,d document B2,2. Figure 4.5e,f document B2,1,1. Figures
4.5g,h document B1,1,1,1.
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Figure 4.6: Station-level climatological moments (left column) and the bias of
gridded data (right column) for Tmin during DJF. The biases at each station are
represented as the moments of the HadGHCN-D grid cell minus the moments
from station data inside the same grid cell. Grid cells in c and e are marked if at
least 50% of the contained stations have moments which significantly differ from
0 based on the standard error of skewness and kurtosis at a 95% confidence level
(a,b) standard deviation. (c,d) skewness. (e,f) kurtosis.
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Figure 4.8: Trends in moments over the 1950-2010 time period for Tmin during
DJF computed from GHCN-D data (left column). Trends in moments for stations
differenced from the trends in moments estimated from the HadGHCN-D dataset
(right column). The trend biases at each station are represented as the moment
trends of the HadGHCN-D grid cell minus the moment trends from station data
inside the same grid cell. Grid cells for a,c,e are marked if at least 50% of the
contained stations have statistically significant trends estimated against an AR1
at 95% confidence. Grid cells for b,d,f are marked if the direction of the trend for
the gridded data opposes the direction of the average trend of each station within
the same grid cell.
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Figure 4.9: Same as Figure 4.8 for Tmax during JJA.



Chapter 5

On the Probability Distribution

of Daily Precipitation Extremes

Standard statistical approaches to modeling daily precipitation cannot ac-

count for observed volatility and typically underestimate the probability of extreme

events. This can result in dangerously incorrect risk assessment for practical ap-

plications as well as obstruct climatic studies of extreme meteorological events.

Stochastic theory and a unique test are used to quantify volatility of daily precipi-

tation amounts at over 22,000 weather stations globally and to identify mathemat-

ically and physically consistent models for the probability of daily precipitation

extremes. Results indicate that, at most stations, precipitation volatility can be

explained by heavy-tailed probability models, but not typically by the customary

distributions with exponential tails. Moreover, by examining geographical and sea-

sonal structures in extreme precipitation behavior, the authors illustrate that the

degree of volatility, as well as the fundamental probability tail structure observed at

specific locations, is determined by the diversity in precipitation-producing mech-

anisms. These results represent progress in stochastic modeling of high-frequency

precipitation extremes and a better understanding of the climatic reasons for their

observed geographic behavior. They also have important practical implications for

deducing the probabilities of high-magnitude precipitation events.
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5.1 Introduction

A correct parametric approach to modeling the probability of high-frequency

hydrologic extremes is required to appreciate weather in the context of climate vari-

ability and change as well as for accurate estimation of extreme event probabilities

necessary for important practical applications. The urgency of this problem is

amplified by the prospect that global hydrologic change may disproportionately

manifest itself in increased frequency and intensity of extreme precipitation. This

view is supported by theoretical reasoning (Allen and Ingram, 2002; Trenberth

et al., 2003; Karl and Trenberth, 2003) and a host of climate model projections

(e.g., Kharin et al., 2013; Toreti et al., 2013; Zhang et al., 2013b; Chen et al.,

2014; Polade et al., 2014; Wuebbles et al., 2014) as well as empirical evidence

for increasing trends in the frequency of extreme daily precipitation worldwide

(e.g., Tsonis, 1996; Easterling and Evans, 2000; Groisman et al., 1999, 2004, 2005;

Alexander et al., 2006; Donat et al., 2013b). It is difficult, however, to account

for high-frequency precipitation extremes without a reasonable probability distri-

bution model. Distinguishing likely distributions through extreme value analyses

is becoming increasingly popular; however, large-scale attempts at distribution

classification still rely on the subjective selection of parametric distributions (e.g.,

Papalexiou et al., 2013).

A plethora of theoretical probability distribution functions (PDFs) is avail-

able for modeling any type of environmental data, including rainfall. The correct

choice of PDF is not trivial. At best, it can be determined from a combination of

physical reasoning and a careful examination of the connection between data and

mathematics. At worst, it is dictated by convention and involves no thorough inves-

tigation of the reasons why a particular PDF should fit the data. Needless to say,

the two approaches can lead to significantly different results. The latter paradigm

seems to be the typical approach to modeling daily rainfall with exponentially-

tailed PDFs. This approach, however, often leads to discarding extremely large

events as outliers. If the extreme events are of primary importance, a more flexible

approach is needed to encompass them into the body of the statistical model.

An alternative is provided by heavy-tailed distributions, such as the Pareto
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(Johnson et al. 1994) or the stable laws (Samorodnitsky and Taqqu, 1994). The

stable laws arise naturally as approximations to sums of random quantities such as

total precipitation accumulated over a time period. The Pareto distribution, via

the Peaks Over Threshold theory, is also a natural model for excesses over high

thresholds. Alternatively, we can say that heavy-tailed distributions have power-

law or fat tails. The most important, essentially qualitative, difference between

the heavy- and exponentially-tailed random quantities is in the size of their large

percentiles relative to the majority of the data. The heavy-tailed distributions have

much larger high percentiles than the exponentially-tailed laws, which reflects their

higher volatility.

Heavy-tailed behavior has been documented in precipitation and stream-

flow data measured at specific locations or regions for time series of extreme values,

e.g. annual peak record streamflow (Smith, 1989; Katz et al., 2002) and precipita-

tion (Katz et al., 2002), as well as threshold exceedances for streamflow (Ander-

son and Meerschaert, 1998). Heavy tails have also been suggested as reasonable

models for daily precipitation amount at a large number of U.S. stations (Smith,

2001; Panorska et al., 2007) and globally (Papalexiou and Koutsoyiannis, 2013).

However, in climate and hydrology research, exponentially-tailed PDFs are still

most-often used to model daily rainfall, including extremes (e.g., Tsonis, 1996;

Groisman et al., 1999; Zolina et al., 2004; Wilson and Toumi, 2005; Katz, 2010;

Chen and Brissette, 2014).

Below, we describe an innovative statistical test derived from probability

theory developed to distinguish between heavy and exponential precipitation tails

(Panorska et al., 2007; Kozubowski et al., 2009). Further, we apply this test to

thousands of weather stations distributed globally and show with high statistical

confidence that daily precipitation tails are predominantly heavy. In other words,

daily precipitation extremes at a large majority of the stations are not exponen-

tial, but more closely follow a power law. This means that statistical distributions

traditionally used to model daily rainfall (e.g. exponential, Weibull, Gamma, log-

normal) generally underestimate the probabilities of extremes. The degree of this

distortion, i.e. volatility, depends on regional and seasonal climatic peculiarities
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over the globe, in agreement with North American results of Panorska et al. (2007).

It is most severe in regions that experience precipitation from a variety of mete-

orological systems producing wildly different precipitation rates. However, even

at many stations that experience precipitation almost exclusively from consistent

synoptic sources, heavy-tailed models may be superior to exponential ones and can

lead to more realistic and safer estimates of extreme event probabilities, return pe-

riods, n-year events, and design limits (Panorska et al., 2007). The correct choice

of the distribution function is therefore essential to safe engineering design, hazard

assessment and other applications. It will also facilitate further investigations of

extreme weather events and climate.

Our methodological focus is on distribution classification, rather than prob-

ability estimation. We classify the entire distribution of precipitation excesses as

one of two (Pareto or exponential) possible models. Additionally, we note the

theoretical connection between the distribution of the excesses and the statistical

distribution of all precipitation at a given location. This broadens the impact of our

results and sheds light on how the volatility of precipitation varies geographically

and how extreme daily event probability structure is related to local climatology.

5.2 Methodology

We now review the methodology that was developed by Panorska et al.

(2007) and described in theoretical detail by Kozubowski et al. (2009). Aiming

to do a probability tail classification, we are immediately confronted by the fact

that many choices exist for the specific form of the PDF with exponential and

heavy tails. We consider a random variable X to be heavy tailed if P (X > x) ∼
cx − α for large values of x, where c and α are positive constants. Note, that

according to this definition, none of the distributions traditionally used to model

precipitation (e.g. Gamma, lognormal, Weibull, double, stretched or extended

exponential, etc.) are heavy-tailed. Examples of heavy-tailed distributions include

Pareto, Cauchy, Frchet, and stable laws. To resolve the problem of distributional

multiplicity, i.e. to avoid having to choose specific PDFs from the exponential and
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heavy-tailed families, we apply the peak-over-threshold (POT) theory. Since our

primary interest is in estimating probabilities of large (extreme) events, the POT

method helps focus the search for the reasonable models and provides a rigorous

mathematical foundation for the results.

The POT method involves examination of the data falling above a thresh-

old. For any data value X and threshold u, X[u] is the exceedance, that is the

(conditional) value of X given that X exceeds u. We consider excesses over the

threshold u, i.e. X[u] − u. The Balkema-de Haan-Pickands theorem (Balkema

and Haan, 1974; Pickands III, 1975) provides the limiting distribution of excesses.

The theorem states that when the threshold (u) increases, the distribution of the

excesses (X[u] − u) converges to a Generalized Pareto (GP) distribution. Any

GP distribution has to be one of the following three kinds: exponential, Pareto or

beta. The importance of this result for practical applications is: no matter what

the specific original distribution of X is, as long as the limiting distribution of

excesses over threshold u exists, the excess X[u] − u has (approximately) one of

only three distributions. The three distributions of the excesses correspond to the

tails of the original distribution of X. If X has an exponential tail, then X[u]− u
will have an approximately exponential distribution. If X has a heavy tail, then

X[u] − u will have an approximately Pareto distribution. The Beta distribution

has finite support and thus it is not considered. The problem of finding the correct

PDF for describing daily extreme event probabilities reduces, therefore, to clas-

sifying excesses at a particular station. We seek a decision rule, ideally a formal

statistical test, for classifying the precipitation excesses over threshold into either

exponential or Pareto models.

Panorska et al. (2007) approached this problem using ideas from the theory

of likelihood ratio tests (Lehmann, 1997). Formally, the procedure seeks to test

data against the null hypothesis H0: data come from an exponential distribution

with the survival function

S(x) = P (X > x) = exp(−x/σ) (5.1)

versus the alternative H1: data come from a Pareto distribution with the survival
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function

S(x) =
(

1 +
x

σα

)−α
(5.2)

The approach is to consider the ratio of the maxima of the likelihoods

of the observed sample under the Pareto or exponential (in the numerator) and

exponential (in the denominator) models. The logarithm of the likelihood ratio,

the L statistic, is:

L = log


max

(
sup

α>0,σ>0
LPareto(~x|α, σ), sup

σ>0
Lexp(~x|σ)

)
sup
σ>0

Lexp(~x|σ)

 (5.3)

where ~x is the observed sample of excesses and LPareto and Lexp are the likelihood

functions of the sample under Pareto and exponential models, respectively. In the

Pareto case, the α parameter determines the thickness of its tail and is of primary

importance. The scale parameter σ is of secondary importance. As α decreases to

zero, the tail of the Pareto distribution becomes heavier (larger volatility) causing

the probabilities of extremes to increase. In the exponential case, σ is the scale pa-

rameter. Statistic L is scale invariant. Note that as the tail parameter α increases,

the Pareto survival function converges to the exponential one, and thus that the

Pareto is able to seamlessly model both power-law and exponentially-distributed

tails. The distribution and appropriate critical values of L can be obtained through

Monte Carlo simulation for finite sample sizes, while the limiting distribution of

L consists of an atom at zero and a continuous distribution over L > 0. More

specifics of the test and numerical procedure can be found in Kozubowski et al.

(2009).

5.3 Data

We have computed L for a subset of over approximately 90,000 available

station records of daily rainfall distributed across the globe taken from the Global

Historical Climatology Network Daily (GHCN-D; Menne et al., 2012) dataset.

Over 22,000 best-quality stations were selected that pass both our quality con-

trol and temporal completeness standards. Each datum that has been flagged as
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having failed one of the GHCN-D quality control tests (Durre et al., 2010) was

first removed from the dataset (although this strictness has little qualitative nor

quantitative effect on the results of this paper). At least 30-years worth of data

were required to be present at each station for the common observational time

period: January 1, 1950 to December 31, 2013. Here, we present results based on

the 90th percentile threshold, although reasonable deviations in threshold choice

do not substantially affect the results in most regions. The problem of choosing

the optimal threshold is recognized as a difficult and still open one (e.g., Smith,

1987; Davison and Smith, 1990; Smith, 1994; Gross et al., 1994).

5.4 Results

Figure 5.1 shows the log likelihood ratio statistic (L, eq. (5.3)) at each sta-

tion over the entire year and is color-coded according to the heaviness and type of

the local precipitation tail. This result illustrates a spatially coherent dependence

of tail type on geographical location with respect to climate. First, we see that

the vast majority of local tails are, strictly speaking, non-exponential at the 95%

confidence level (64.9% of stations in the Northern Hemisphere and 60.2% of sta-

tions in the Southern Hemisphere). We see additionally that an even larger portion

of these stations (91.1% and 86.6%) are more likely power-law than exponential.

The degree of departure from the exponential model depends on the peculiarities

of regional climatic regimes. Precipitation at stations with a large variety of me-

teorological influences (i.e., frontal, thunderstorm, tropical cyclone, intense and

organized convection) tends to display highly non-exponential tails (near to black

in color). This occurs where extreme weather interacts with noteworthy topogra-

phy (e.g., the Mexican Gulf coast, sections of Coastal Brazil, Southeast Coastal

Australia, Japan), regions of hurricane and tropical cyclone landfalls (e.g., Gulf and

East Coasts of the U.S., East Asian Coasts), and in the Taiga where volatility may

be enhanced by a blend of precipitation types across seasons. By contrast, predom-

inantly exponential behavior occurs where precipitation is preferably of one type

(i.e., generated by similar types of systems), for example, the exclusively convective
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summer precipitation along the central Mexican high plateau, the Brazilian High-

lands, and the East African Highlands west of the Afromontane. Regions of almost

exclusively frontal-system-generated precipitation (e.g. California) tend to display

more exponential tails, although topography appears to complicate this picture.

So, over the North American mountainous West, Scandinavia, the Iberian Penin-

sula, as well as in regions of mixed frontal and convective precipitation (France,

the U.S. Southwest) tails are mixed.

A simple although rough way to categorize precipitation by frontal and

convective types is to consider seasonal data separately. Figure 5.2 presents L

computed for each season independently, i.e. for each season’s daily excesses over

the 90th percentile determined from the Dec-Jan-Feb (DJF, Fig. 5.2a), Mar-Apr-

May (MAM, Fig. 5.2b), Jun-Jul-Aug (JJA, Fig. 5.2c) and Sep-Oct-Nov (SON,

Fig. 5.2d) seasonal data. Tail thickness is generally heavier over each hemisphere’s

respective summer, and ranges from 20.3% (during DJF; Fig. 5.2a) to 30.3% (dur-

ing JJA; Fig. 5.2c) heavy-tailed in the Northern Hemisphere and 25.4% (during

JJA; Fig. 5.2c) to 31.7% (during DJF; Fig. 5.2a) heavy-tailed in the Southern

Hemisphere. Increasing (decreasing) the exceedance threshold tends to decrease

(increase) the percentage of significantly heavy-tailed stations, consistent with the

scaling power of the test relative to the sample size (see, Kozubowski et al., 2009);

compounding this effect, increasing (decreasing) the exceedance threshold also has

the tendency of decreasing (increasing) the diversity of sampled precipitation types,

which corroborates one of our main findings: that precipitation diversity leads to

volatility. The spatial patterns for L and the fraction of Pareto-leaning stations,

however, are less affected by threshold choice.

During DJF, power-law tails are observed over the Cascade Mountains,

coastal Alaska, Northern Europe, and Japan, and are likely associated with variable

precipitation types from orographically enhanced mid-latitude storms dominant in

winter mixed with less variable stratiform precipitation (Fig. 5.2a-i). Light-to-

moderate snowfall mixed with occasionally warmer wintertime precipitation mod-

ulated by descending fronts from the north contribute to heavy tails observed in

the northern plains and Midwest US (Fig. 5.2a-ii), while moisture drawn in from
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the Pacific and the Gulf of Mexico by the subtropical jet contributes to volatil-

ity in the southern States (Fig. 5.2b-iii). Occasionally, post-frontal high-pressure

systems establish over the southern States resulting in a cold-air damming effect

and a redirection of the moist subtropical jet to further south. This condition

promotes strong winds and heavy precipitation along the eastern Sierra Madre

Mountains in Mexico and contributes to power-law tails along the Mexican Gulf

Coast during the cold season (i.e., the Nortes, Hurd, 1929, see Fig. 5.2b-iv). Along

the South African, and Australian coasts, power-law tails most likely result from

orographically enhanced precipitation driven by moist sub-tropical air contributing

to spurious coastal convection (Fig. 5.2b-v).

By MAM, midlatitude storm frequency has diminished, reducing the mag-

nitude and variability of precipitating events along western midlatitude coasts

and Japan, which largely persists until SON. The beginning of tornado season is

signaled by increased heavy-tails throughout the central plains in the US that con-

tinues through the warm season before diminishing in SON (Fig. 5.2b-vi). The

boreal forests of Russia, the Taiga, move into their wet season characterized by

a variety of rainfall producing events derived from Arctic, Atlantic, and Mediter-

anean fronts and local convection, yielding mostly power-law tails through to the

following cold season (Fig. 5.2b-vii). Australia begins a trend toward less heavy

tails resultant from decreased rainfall variability and magnitude in the cold season.

JJA brings convective precipitation to the US Northeast (Fig. 5.2c-viii)

and marks the beginning of hurricane season (Fig. 5.2c-ix), resulting in increasing

power-law tails for the Gulf and Atlantic Coasts which continue till the cold season,

peaking in SON. Increased regional convective variability in Europe produces a

popcorn-like effect in power-law tail pattern (Fig. 5.2c-x). The onset of seasonal

summer monsoons in Southeast Asia is marked by extremely heavy power-law tails

over much of the region (Fig. 5.2c-xi). SON brings the gradual return of DJF-

like conditions. Most tropical island nations experience power-law tails year-round

(marked in Fig. 5.2d-xii).

The most general comparison of Figures 5.1 and 5.2, however, indicates that

daily precipitation tails are heavier when all-season data are considered compared
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to individual seasons, clearly illustrating the idea that the diversity of precipitation-

producing systems is essentially responsible for precipitation volatility. Moreover,

all-season heavy tails tend to occur preferentially in regions where heavy tails are

found in at least one of the contributing seasons. In the warm season, when rainfall

is produced by a larger variety of storm types, precipitation tends to exhibit heavier

tails than in the cold season when mostly frontal systems are active.

Notably, strong spatial gradients in volatility are particularly visible along

or near significant topographic gradients. As discussed above, this is likely due to

the greater variety of precipitation producing mechanisms along preferred slopes

of major topography where interactions between orography and atmospheric cir-

culation leads to precipitation of different intensities being produced by various

circulation/storm types on one side of the mountain range, but not on the other.

5.5 Summary and Conclusions

Here, we aim to investigate the heaviness of the daily precipitation PDF tails

for thousands of globally distributed stations and to examine the spatial structure

of the results. We introduce and utilize the approach of Panorska et al. (2007) and

Kozubowski et al. (2009) for differentiating between exponential- and heavy-tailed

distributions of precipitation. The elegant part of the statistical methodology

adapted here is that it allows us to simply evaluate whether the tails of an empirical

distribution are exponential or heavy, regardless of the specific form of the PDF

from the exponential or heavy-tailed families of distributions. So, it is not necessary

to test whether the data is or is not exponential, Gamma, Gumbel, Weibull, Double

(or sometimes stretched or extended) exponential or any other exponentially-tailed

PDF commonly used to model daily rainfall. These are accepted or rejected under

the broad umbrella of the exponentially-tailed family of distributions.

The test requires numerical optimization to compute only one parameter

(scale) and we have a theoretical bound on the interval in which to perform this

optimization. Thus, our search for the maximum likelihood estimates is mathe-

matically rigorous and the numerical routines are tightly managed, which results
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in robust conclusions with accompanying significance levels. Results reported here

confirm that most of the precipitation exceedance probabilities follow the Pareto

law and therefore, most precipitation PDF tails are power-law distributed, not

exponential. Threshold exceedances at stations that may have approximately ex-

ponential tails can also be thought of as limiting, special cases of the Pareto model,

i.e. the Pareto with a very large tail parameter, α. As α increases, the Pareto dis-

tribution gets close to the exponential and the L statistics may not be sensitive

enough for high values of α. Such cases appear to be atypical and, in practice, the

heavy tail is superior at most locations.

A visual examination of the geographic and seasonal distributions of this

measure leads to inferences about regional climatic processes that give rise to spa-

tial patterns of precipitation volatility and heavy vs. exponential tails in general.

The divergence from exponential is a matter of degrees. The most closely expo-

nential tails are found at stations where similar systems and consistent processes

produce virtually all of the precipitation. This also accounts for seasonal differences

in the probability tail. During DJF, when most Northern Hemisphere extratrop-

ical precipitation is produced by midlatitude cyclones, exponential tails are just

about as common as heavy tails across North America and Eurasia. However,

even stations that receive precipitation from almost exclusively similar systems

can exhibit heavy-tailed behavior. This may be due to variations in dynamics (e.g.

position, intensity, moisture content) of the circulation systems themselves and

will be investigated further in a more focused geographic and specific topographic

context. How far from exponential the tails are depends strongly on location.

Places that receive precipitation from a variety of systems tend to exhibit severely

non-exponential precipitation tails; diversity leads to volatility. Topographic di-

versity also plays a role. Major topography, via its interaction with atmospheric

circulation, appears capable of dominating precipitation tail shape on preferred

slopes of mountain ranges.

The question as to whether heavy tails can result from mixing exponentially-

tailed distributions is an obvious and important one. In theory, this is not possible;

at least one of the distributions must be heavy-tailed. Our consideration of the four
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seasons separately is only a rough general attempt to limit storm type diversity.

From this exercise, it appears that the all-season tail (Figure 5.1) tends to be heavy

only where heavy tails are found in at least one of the seasons (Figure 5.2). This

observation supports theory. In order to provide a more rigorous practical answer,

we would need to perform the classification on precipitation amounts classified by

storm type. That exercise is beyond the scope of the present work. A practical

significance of this work is that when all precipitation is considered, heavy-tail

models are appropriate to model the entire precipitation distribution at a great

majority of stations. Applying the customary models with exponentially decaying

tails will result in gross underestimation of extreme event probabilities (e.g., Katz

et al., 2002; Panorska et al., 2007).

The present work is a rigorous attempt to simply and efficiently relate

hydrologic weather extremes to climate. It is based on a physically and math-

ematically consistent attempt to choose a correct model for describing the en-

tire probability distribution and extreme precipitation events in particular directly

from the stochastic properties of the data. Our empirical results strongly suggest

the superiority of heavy tails to the traditional exponential on the global scale.

We believe that the spatial structure and coherence of our results and their solid

grounding in climate and weather patterns demonstrate the benefits of our sim-

ple approach based on letting the data show us the nature of its tails. Limiting

the distributional possibilities based on the stochastic properties of the data is a

positive step forward because the scientific potential and practical implications of

classifying precipitation probability tails into heavy or exponentially-tailed families

are considerable.

The real prospects of climatic change impacting precipitation regimes (e.g.,

Polade et al., 2014) emphasize the need for mathematical models of extremes con-

sistent with reality and easy to apply in practice. The choice between heavy-tailed

and exponentially-tailed models is of a qualitative nature. The heavy-tailed dis-

tributions have much larger high percentiles relative to the rest of the data values

than the exponentially-tailed ones. This implies that in places where heavy-tailed

models are appropriate, and especially if observed and modeled trends continue,
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future large events may be much larger than those observed to date. We need to

be prepared for such possibilities. The exponentially-tailed models of precipita-

tion will not be able to predict very large (relative to the observed data) events,

because their mathematical properties do not allow such extremes. Addressing

precipitation under climate change would have to involve analyzing precipitation

produced by climate models; however, it is not clear at this point that climate

models realistically simulate high frequency precipitation probability tails. Before

comparing observed and modeled tails, the question of whether and how spatial

scale is related to tail structure must be answered. This will be our next focus of

investigation.
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Chapter 6

Probabilistic Tail Dependence of

Extreme Precipitation on

Spatiotemporal Scale in

Observations, Reanalyses, and

GCMs

Daily precipitation variability as observed from weather stations is heavy-

tailed at most locations around the world. It is thought that diversity in precipitation-

causing weather events is fundamental in producing heavy-tailed distributions, and

it arises from theory that at least one of the precipitation types contributing to

a heavy-tailed climatological record must also be heavy-tailed. Precipitation is

a multi-scale phenomenon with a rich spatial structure and short decorrelation

length and timescales; the spatiotemporal scale at which precipitation is observed

is thus an important factor when considering its statistics and extremes. In this

study, we examine the spatiotemporal scaling behavior of precipitation extremes

from point-scale to large grid cells and from one day to four weeks over the entire

globe. We go on to validate the current generation of historically-forced climate

models and reanalyses against observational data at consistent spatial scales. Our

102
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results demonstrate that the prevalence and magnitude of heavy tails in observa-

tions decrease when moving to lower spatiotemporal resolutions, as is consistent

with stochastic theory. Reanalyses and climate models generally reproduce large,

synoptic scale distribution classifications, but struggle to reproduce the statistics

in regions that are strongly affected by mesoscale phenomena. We discuss these

results in relation to physically consistent atmospheric conditions. We conclude

with a global view of precipitation distribution type at daily resolution as calcu-

lated from the best-performing renalysis, the Climate Forecast System Reanalysis.

6.1 Introduction

Weather estimated or simulated at grid-scale exhibits less variability than

weather observed at point-scale, which can lead to inaccurate estimates of ex-

ceedance probabilities and n-year events. To account for this, many statistical

downscaling methods have been developed with the objective to transform the

data so that the variability observed at larger spatial scales matches the statistics

observed by weather stations at point-scale (see Wilks, 2010, 2012). This can be

accomplished either through the direct estimation of point-scale time series (e.g.,

regression-based approaches) or through the estimation of variability distributions

through either stochastic (e.g., Monte Carlo simulation) or empirical (e.g., para-

metric downscaling, quantile-mapping) statistical methods.

Although it is generally accepted that grid-based datasets derived from ob-

servations, reanalyses, and numerical weather or climate models are meant to be

representative of an areal average of the weather in that region, it is less well under-

stood what the variability at grid-scale should be since it is impossible to observe

weather everywhere simultaneously in an unbiased manner. If we consider ob-

served weather variability at the surface to be a continuous random field spanning

space and time, then grid-scale data should approximate the double integral of the

random field over the desired spatial and temporal bounds. Since we are unable to

observe the entire random field, it often suffices in practice to treat station-based

observations as discrete random variables and utilize some form of weighted aver-
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aging to estimate the mean (in probability) over the area in question; canonical

examples of weighted average interpolation algorithms include the kriging-based

optimal interpolation (Gandin, 1963) and the angular-distance weighting method

(Shepard, 1968). These algorithms all take the common form

x′(φ′, θ′) =
n∑
i=1

wi(φi, θi)xi ;
∑
i

wi = 1 (6.1)

where the x represent the i = [1, . . . , n) station-based observations taken at longi-

tudes φ and latitudes θ with weights w, and x′, φ′ and θ′ are their grid-cell based

counterparts. From eq. (6.1), it is evident that the variability at grid-scale, X ′

estimated by the sample space x′ defined over time, is distributed as a weighted

sum of the point-scale distributions Xi, estimated by the sample space of each xi

defined over time. For independent random variables, the asymptotic distribution

of X ′ is Gaussian and is determined by the central limit theorem. For correlated

random variables, the properties of X ′ can be determined by the higher-order

cross-covariance terms of the Xi (Cavanaugh and Shen, 2014).

In this paper, we examine the statistics of daily precipitation. Daily precipi-

tation has a relatively short e-folding correlation distance (about 200km, depending

on location and season; Wilby et al., 2003; Hofstra and New, 2009). As such, while

the results from the central limit theorem do not hold exactly, the distribution of

X ′ should converge to a Gaussian once the degree of spatial smoothing exceeds the

decorrelation threshold. A particularly important characteristic of the Gaussian

distribution is that it falls into the exponential family of distributions, that is, it

is characterized by tail probabilities that decay exponentially.

As discussed in depth in previous papers (Panorska et al., 2007; Cavanaugh

et al., 2014), the Balkema-de Haan-Pickands theorem (Balkema and Haan, 1974;

Pickands III, 1975) states that sufficiently large samples from any distribution

(i.e., excesses over a high threshold), can be categorized as approximately one of

only three distributions: the bounded Beta distribution, the thin-tailed exponen-

tial distribution, and heavy- or fat-tailed Pareto distribution which decays as a

power-law. This theorem leads to the particularly elegant result that classifying

entire-sample precipitation distribution families relies only on classification of the
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extreme values. Cavanaugh et al. (2014) utilized a novel statistical test developed

by Panorska et al. (2007) and Kozubowski et al. (2009) to determine that, globally,

most daily precipitation records observed from weather stations are heavy-tailed

and that their tail thickness is related to regional climate factors. However, when

we consider grid-scale precipitation, it is expected that at some spatial scale, the

distribution of precipitation extremes should become indistinguishable from the

exponential due to the effects of area averaging.

Accurately classifying the distribution of multi-day precipitation accumula-

tions is also of practical importance in the hydrology community since stakeholders

can be affected by a variety of temporal scales. In addition to spatial correlation

length scales, daily precipitation is also characterized by decaying autocorrelation

functions (Wilks, 2011) and is usually modeled using a low-order autoregressive

model. When aggregating precipitation values over time, it is then expected that

multi-day precipitation extremes should also become exponentially decaying af-

ter some temporal threshold has been reached; determining the spatiotemporal

scaling behavior and the thresholds for the exponentiality of precipitation rates is

the first goal of this study. Only beyond this threshold can the exponential-type

distributions traditionally used to model precipitation be considered appropriate.

Our approach in this paper is to incrementally upscale precipitation rates

observed at weather stations, first to a high-resolution 0.25◦ × 0.25◦ global grid

using area-weighted interpolation, and then to lower-resolution grids through con-

ventional area averaging, examining the extreme value statistics at every step.

Second, we incrementally test our set of station (see Cavanaugh et al., 2014) and

gridded data at increasing degrees of temporal smoothing, probing the extreme

value behavior as a function of temporal scale as well. We present our results

both spatially to increase regional interpretability and to maximize their useful-

ness within the climate, weather, and hydrology communities, as well as through

summary statistics to enhance the clarity and interpretability of the fundamen-

tal conclusions. Our results indicate a clear spatiotemporal threshold where the

majority of observations become approximately exponential; at high-resolutions,

observations become 75% exponential at two-to-three week accumulations, while
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at lower-resolutions, observations become 75% exponential at less than one week

accumulations. Our results also suggest that at high temporal resolutions, the

modal maxima in the fraction of Pareto-tailed observations varies as a function

of spatial resolution; high spatial resolution observations exhibit a modal maxima

with no temporal smoothing; however at lower spatial resolutions, observations

show a peak at about three days.

Equipped with the data and methodology necessary to examine the prob-

ability structure of high-frequency precipitation extremes at multiple scales, we

then focus on the validation of available gridded reanalyses and climate models

which have complete spatial coverage over the entire globe. Seven publicly avail-

able reanalyses and 40 historically-forced climate models from the climate model

intercomparison project (CMIP5; Taylor et al., 2012) are examined. We validate

each dataset against one of our observationally-derived datasets at a comparable

spatial resolution in the regions where station data are available. Our goal is to

determine if the available gridded datasets both recreate the broad spatial fea-

tures of precipitation distribution type, as well as observed regional volatility at

the appropriate scale. Reanalyses and climate models show a broad range in skill,

with reanalyses generally outperforming climate models in both large-scale spatial

structure and simulated volatility. Finally, we present a global picture of precip-

itation volatility derived from the best-performing global reanalysis, the Climate

Forecast System Reanalysis (CFSR; Saha et al., 2010).

Section 6.2 contains documentation about the station, model, and reanalysis

data used in this study, as well as our methodology for interpolating station data

to a high-resolution global grid. Section 6.3 briefly describes the statistical test

used for distribution classification. Section 6.4 presents the observational results

and dataset intercomparison. In section 6.5, we summarize and conclude.
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6.2 Data and Gridding Methodology

6.2.1 Point-Scale

Weather station data for this study comes from the Global Historical Cli-

matology Network Daily dataset (GHCN-D; Menne et al., 2012), which includes

approximately 90,000 quality controlled precipitation records from weather sta-

tions distributed globally. As in Cavanaugh et al. (2014), all data that have been

flagged as having failed one of the GHCN-D quality control tests (Durre et al.,

2010) have been first removed from the station records; however this choice does

not impact the results presented here. Over 22,000 records that include at least

30-years worth of daily data over the common observational time period of January

1, 1950 to December 31, 2013 are included in the study of point-scale precipitation

variability. These same station records are also used in the creation of the gridded

station datasets described in the next section.

6.2.2 Grid-Scale

We follow closely the methodology of Hofstra and New (2009), scaled glob-

ally using the 22,000 station records described in Section 6.2.1. This methodology

uses the angular-distance weighting methodology of Alexander et al. (2006) and

Caesar et al. (2006), which was adapted from the original manuscript of Shepard

(1968). Angular-distance weighting is a popular scheme for interpolating irreg-

ularly spaced data to regularly spaced points or grid-cells and has been demon-

strated to yield accurate results for daily precipitation (Hofstra et al., 2008). One

major benefit to using angular-distance weighting, a deterministic-type weighting

scheme, for this task is that the computational overhead required is much smaller

than it is for variogram-based methods (such as Kriging), which proved to be

computationally intractable with available resources.

Angular-distance weighting follows the functional form of eq. (6.1). The
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weights wi take the form

wi = δi

1 +

∑
k

δk (1− cos(θk − θi))∑
k

δk

 , i 6= k (6.2)

where δ is a distance-weighting function for station i

δk = (e−di/D)m (6.3)

In eq. (6.3), di is the distance of station i from the center of the grid-cell, D is

a correlation length scale, and m is a positive constant taken here to be 4. The

minimum and maximum number of contributing stations to any one grid cell at any

time is 3 and 10, respectively, chosen as closest stations to the center of the grid-cell

with recorded observations for that day. The length scale D is usually taken to be

an e-folding correlation distance, as is done in Hofstra and New (2009), however

here we will take D to be approximately half an e-folding correlation distance

(100km) so that the minimum correlation between any two contributing stations

is approximately e. We modify the methodology of Hofstra and New (2009) in this

way since our goal is to accurately estimate and study grid-scale extremes rather

than maximize the spatial coverage of the gridded dataset.

We use the angular-distance weighting methodology (eq. (6.2)) to produce

a global 0.25◦ × 0.25◦ gridded dataset of daily precipitation variability, which

generally includes observations where station density is moderate. From this

highest-resolution gridded dataset, we upscale using simple area averaging with

equal weights to grids of 0.5◦, 0.75◦, 1◦, 1.25◦, 1.5◦, 2◦, 2.5◦, and 3◦. We require all

of the 0.25◦ subgrid-scale data to be present in order to estimate an average for a

lower resolution grid-cell so that no additional interpolation is performed at each

upscaling step; as a byproduct of this strict requirement, spatial coverage decreases

with decreasing resolution.

6.2.3 Model-Derived

We compare and validate data taken from seven publicly available reanal-

yses and 40 global climate model runs archived in the CMIP5 model database; we
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analyze one ensemble member for each CMIP5 model that includes precipitation

rate at daily resolution as a model output. Models are forced with historically

observed greenhouse gas concentrations, and we utilize the data spanning January

1, 1950 December 31, 2013. The specifics of models can be found in Taylor et al.

(2012), as well as from model-specific references included therein. The reanalysis

datasets aim to be a recreation of historical variability; for each reanalysis, we uti-

lize its entire span of data included within the 1950-2013 observation window; the

specific years included in testing differ by reanalysis. Summaries of the reanalyses

and climate models used in the study are presented in Table 6.1 and Table 6.2,

respectively.

6.3 Statistical Testing Methodology

In this study, we follow the methodology and testing procedure described

by Cavanaugh et al. (2014). We present results based on exceedances of the 90th

percentile of rain days in both station data and gridded data. We define rain days

as those in which rainfall exceeds 0.5mm. We utilize the likelihood ratio based

test of Panorska et al. (2007) and Kozubowski et al. (2009) for testing the null

hypothesis H0: data come from an exponential distribution (and are thin-tailed),

versus the alternative hypothesis H1: data comes from a Pareto distribution (and

are heavy-tailed). We present results based on the L statistic

L = log


max

(
sup

α>0,σ>0
LPareto(~x|α, σ), sup

σ>0
Lexp(~x|σ)

)
sup
σ>0

Lexp(~x|σ)

 , (6.4)

which is simply the log of the likelihood ratio between a Pareto distribution with

parameters α and σ and an exponential distribution with the single parameter σ,

or zero (whichever is greater). Additional formal details and critical values can be

found in Kozubowski et al. (2009).

In order to examine extremal dependency on temporal scale, we use a run-

ning sum over the observational time period with a window size equal to the desired

temporal scale. This technique has the effect of smoothing variability and reducing
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the degrees of freedom in the data. When testing smoothed data with temporal

scales greater than one day, the likelihood ratio test is corrected so that the critical

values based on an effective number of samples are used, calculated by dividing

the number of observations by the temporal scale. This adjustment, however, has

little effect on the outcome of the test, since L is scale invariant and we retain a

large (effective) number of samples at all temporal scales.

6.4 Results

6.4.1 Spatiotemporal Scaling of Observations

As a baseline for the comparison of gridded daily precipitation extremes

derived from station data to the extremes from stations at point-scale, we present

the L statistic estimated from the 0.25◦ × 0.25◦ observation-based dataset in Fig-

ure 6.1 plotted spatially. At this high-resolution, the spatial patterns in volatility

match those, to a large extent, observed in station data at point-scale (Cavanaugh

et al., 2014, Figure 5.1). Mesoscale features become better defined, making the

topographical effects on precipitation extremes even more pronounced. Many re-

gions with local-scale heterogeneity in station classifications are smoothed out by

the interpolation procedure. In addition to the conclusions about volatility derived

from station data in Cavanaugh et al. (2014), we note that the largest geographic

regions of exponentiality occur both on the windward foothills of major mountain

regions (e.g., west of the Cascades, Sierra Nevada, and Rockies in North Amer-

ica, along coastal Norway and Spain, and in Georgia and Central Asia) where

orographically enhanced frontal precipitation is the dominant regime and where

mesoscale convective complexes account for the majority of precipitation (e.g., east

of the Rockies, Jiang et al. (2006); the Brazilian Highlands, Rasmussen and Houze

(2011); South Africa, Blamey and Reason (2012)). These results further confirm

previous findings that exponentiality is observed only in regions that experience

only one extremal precipitation type.

Next, we investigate how classification behavior responds as a function of

spatiotemporal resolution. In Figure 6.2, we present 20 plots of L estimated over
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North America arranged from highest spatiotemporal resolution (point-scale, daily

accumulations) in the bottom left to lowest spatiotemporal resolution (2◦, two week

accumulations) in the top right. We choose to illustrate only North America since

spatial coverage, data quality, and station density are all considered to be relatively

high. Our analysis of features and trends, however, hold globally, and this choice

does not effect our qualitative or quantitative results. In Figure 6.3, we summarize

Figure 6.2 and map the percentage of heavy-tailed observations as a function of

spatiotemporal scale.

The general trend is toward the increasing prevalence of exponential tails

when moving toward lower spatiotemporal resolutions, which is consistent with

the theory outlined in Section 6.1. At high temporal resolutions (i.e., daily accu-

mulations), mesoscale patterns in L become more defined until spatial smoothing

nears the decorrelation distance, which is at about a 2◦ resolution. At 2◦ spatial

resolution and daily temporal resolution, the majority of grid-cells are approxi-

mately exponential (Figure 6.3). Interestingly, at this scale, many regions that

can be considered exponential at higher-resolutions become heavy-tailed (e.g., in

the U.S. South West over Southern California, Arizona, and New Mexico), point-

ing to the influence of diverse larger-scale precipitation regimes on extremes in

these locations. Specific to the southwest coastal United States, this result may

be attributable to the effect of atmospheric rivers that produce peak precipitation

rates over relatively large areas at roughly three-day accumulations (Ralph and

Dettinger, 2012). At high spatial resolution (i.e., point-scale or 0.25◦), the degree

of exponentiality monotonically increases when moving toward lower temporal res-

olutions (Figure 6.3). Areas that retain their heavy-tailed behavior at low temporal

resolutions tend to be regions that experience extremely heavy and large-scale pre-

cipitation events, for example, tropical cyclones along the Gulf and Atlantic coasts

and heavy orographic frontal precipitation in the mountains, such as from atmo-

spheric rivers along the windward slopes of west-coast mountain ranges (Ralph

and Dettinger, 2011). These same regions retain their heavy-tailed behavior at the

lowest spatiotemporal resolutions.

A deeper inspection of Figure 6.3 indicates that at low spatial resolutions
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(i.e., 1◦ and 2◦), a modal maximum in the percentage of heavy-tailed observa-

tions exists at about the 3-day accumulation rate. With this fact in mind, an

examination of Figure 6.2 reveals very heavy tails along the continental divide and

across the southern and eastern states, which may be indicative of the influence of

persistent synoptic conditions on high-frequency precipitation rates.

6.4.2 Model-Derived Precipitation

Armed with a suite of observation-based datasets at multiple resolutions

and with spatial coverage over a broad range of locations and climatic regions

globally, we seek to investigate whether patterns of precipitation volatility in grid-

ded reanalyses and climate models match those observed in the climate record at

the appropriate spatial scale. In Figure 6.4, we present summary statistics for 40

CMIP5 climate models and 7 reanalyses, again validated over North America. We

match each model-derived dataset with its comparable observation-based dataset

by selecting the closest resolution from among the subset of observation-based

datasets with higher-resolution than the model-derived data. We restrict our com-

parable datasets to only those that have higher-resolution so that any bias among

the model-derived data validations is consistent across datasets; in this case, we

expect that all model-derived data should be slightly biased toward thin tails since

we are validating against a less-smooth (higher-resolution) dataset, however this

bias is likely small. We choose to compare each model-derived grid-cell with the

closest observation-based grid-cell, rather than interpolating to a common grid, to

minimize the effects of interpolation on precipitation variability and L statistics.

In general, most climate models and reanalyses recreate the synoptic scale

features of precipitation volatility as that estimated from the observational record.

Reanalyses tend to outperform CMIP5 models at recreating both the observed

large-scale patterns in distribution type as well as domain averaged volatility.

CFSR performs best among the reanalyses and scores a false classification rate

of 33% and an average L bias of about 2.5, which is to say that CFSR produces

heavier tails on average than those in the 0.25◦ observation-based dataset. CFSR

also has the highest resolution among our reanalysis comparison, 0.31◦x0.31◦.
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Among CMIP5 models with less than 2◦ resolution, CCSM4 (#8), two of the

CESM1 models (#9, #11), and BCC-CSM1.1(m)(#4) all yield false classification

rates of less than 40%, but are all biased toward heavy tails as well. At between

2◦-3◦ resolution, the NASA GISS models (#23, #24) and MIROC-ESM models

(#34, #35) all yield false classification rates of 35% or less, but are all biased

toward light tails. HadCM3 (#25) performs best at the lowest resolution rung,

although L statistic heterogeneity at 3.75◦ resolution is minimal since most re-

gions are exponential. We note that volatility in model-derived data that succeeds

in recreating the large-scale distribution patterns is generally biased in the same

direction (either all too light or all too heavy, if there is any bias) globally.

Both climate models and reanalyses struggle to emulate the statistics, and

thus the precipitation rates, observed over areas affected by mesoscale convective

complexes (not shown) which act on subgrid scales and tend to produce exponential

tails in observational data (Figure 6.1). The difficulty in simulating these multiscale

convective systems is a noted deficiency in climate models (Pritchard et al., 2011).

These regions have the largest negative impact on model misclassification rates,

since in general models and reanalyses otherwise tend to produce similar large-scale

features to observations.

In Figure 6.5, we present a global picture of precipitation distribution clas-

sification at daily resolution computed from the best performing reanalysis, CFSR.

Areas marked in white have insufficient data to reasonably estimate the extremal

dependence structure, and are thus left out of the analysis. We caution explic-

itly that while CFSR does tend to recreate large scale features most consistent

with observations, there are noted differences and this documentation should not

be taken as absolute truth. Immediately evident from Figure 6.5 is the striking

difference between the tropics and extratropics in distribution classification; the

tropics in general are predominantly heavy-tailed except in instances of signif-

icant land-ocean-atmosphere interaction. To the contrary, the extratropics are

predominantly exponentially-tailed, particularly over the Northern and Southern

Hemisphere storm tracks. Topography clearly impacts precipitation extremes and

has the effect, in most cases, of yielding exponential tails along the windward sides
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of major mountain ranges; this is most visible along tropical mountain ranges in

South America and Indonesia, but is also visible elsewhere. Polar regions, partic-

ularly those covered by land, appear to be almost exclusively exponential-type as

well.

6.5 Summary and Conclusions

In this paper, we build on work of Cavanaugh et al. (2014) and Panorska

et al. (2007) to examine how spatiotemporal scaling effects the probability tail

thickness of high-frequency precipitation, and thus the classification of precipita-

tion distributions as either exponential or power-law. We use the statistical test

of Panorska et al. (2007) and Kozubowski et al. (2009) which utilizes a likelihood

ratio based approach to determine whether exceedances of a high-threshold (i.e.,

the extremes), taken here to be 90%, can be considered as heavy-tailed Pareto-

type or thin-tailed exponential-type. Results indicate that at high-spatiotemporal

resolution, the bulk of observations are power-law distributed, except in regions in-

fluenced by orographically enhanced frontal precipitation or mesoscale convective

complexes, which tend to be dominated by that one homogeneous precipitation

type. Results also indicate that when transitioning to lower spatiotemporal res-

olution, the bulk of observation shift toward exponentiality, as is expected from

theory. At high temporal resolutions, dependence between distribution type and

spatial scale is indicated by the maximum amount of observed power-law tails shift-

ing from 1-day accumulations at high spatial resolution to 3-day accumulations are

low spatial resolutions.

We use these results to determine whether current generation climate mod-

els and reanalyses reproduce the same types of extreme statistics as are observed in

comparable resolution observation-based datasets. In general, both climate models

and reanalyses are skillful at recreating large-scale spatial features in distribution

classification, but struggle to correctly classify regions influenced by mesoscale con-

vective precipitation. On the other hand, climate models and reanalyses succeed

in classifying precipitation regimes as heavy-tailed over most of the observation
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domain, and generally recreate the patterns observed at synoptic scales, including

areas of topographic interaction. Lastly, we present a global picture of precip-

itation distribution type estimated from the best performing reanalyses dataset,

CFSR. This global summary indicates a higher prevalence of extremely heavy-tails

over the tropical oceans, exponentiality along the mid-latitude storm tracks and

over polar land, and mixed distribution types over landmasses, which is largely

consistent with observations.

The implications of these results for the climate and hydrology communities

are broad reaching. The L statistic is both a measure of tail-thickness (or volatility)

of precipitation extremes, as well as a means for classifying the distribution type

or family of the entire precipitation distribution, including the higher-probability

events. The first perspective on L signifies that it can be used as a summary

statistic across all high-level quantiles, since they are all distributionally related

to each other. As such, this analysis expands on the more common method of

determining certain event probabilities since it examines all extremal probabilities

simultaneously. From the second perspective, the classification of distribution type

can be helpful in drawing conclusions about the underlying physical mechanisms

which wholly contribute to precipitation variability. In theory, at least one of the

contributing precipitation regimes for a heavy-tailed observational record must

also be heavy-tailed, and thus the failure of a climate model or reanalyses to

correctly classify the distribution type points to a deficiency in the simulation of

the contributing precipitation events. This study constitutes an initial step toward

a more thorough investigation of precipitation-influencing parameterizations in

climate models and their intercomparison, however, the full investigation is beyond

the scope of this paper.

It is certainly a promising result that the more recent reanalyses and climate

models tend to reproduce precipitation volatility more faithfully. With this fact in

mind, the logical next question to ask is whether high-value precipitation volatility

is stationary in time or if fundamental changes in the distributions of precipitation

can be detected conditional on low-frequency climate variability or in response to

changing concentrations of greenhouse gasses in the atmosphere. The answers to
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these questions could profoundly impact our understanding of hydrologic extremes

and could help in producing informed decisions about variability across forecasting

timescales.
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Table 6.2: Historically-forced CMIP5 models used in precipitation inter-
comparison.

# Name Center Lon. Res. Lat. Res.
1 ACCESS1.0 CSIRO-BOM 1.88 1.25
2 ACCESS1.3 CSIRO-BOM 1.88 1.25
3 BCC-CSM1.1 BCC 2.81 2.77
4 BCC-CSM1.1(m) BCC 1.13 1.11
5 BNU-ESM GCESS 2.81 2.77
6 CanCM4 CCCMA 2.81 2.77
7 CanESM2 CCCMA 2.81 2.77
8 CCSM4 NCAR 1.25 0.94
9 CESM1(BGC) NSF-DOE-NCAR 1.25 0.94
10 CESM1(CAM5) NSF-DOE-NCAR 1.25 0.94
11 CESM1(FASTCHEM) NSF-DOE-NCAR 1.25 0.94
12 CMCC-CESM CMCC 3.75 3.68
13 CMCC-CM CMCC 0.75 0.74
14 CMCC-CMS CMCC 1.88 1.85
15 CNRM-CM5 CNRM-CERFACS 1.41 1.39
16 CSIRO-Mk3.6.0 CSIRO-QCCCE 1.88 1.85
17 EC-EARTH EC-EARTH 1.13 1.11
18 FGOALS-g2 LASG-CESS 2.81 2.79
19 FGOALS-s2 LASG-CESS 2.81 1.65
20 GFDL-CM3 NOAA GFDL 2.50 2.00
21 GFDL-ESM2G NOAA GFDL 2.50 1.52
22 GFDL-ESM2M NOAA GFDL 2.50 1.52
23 GISS-E2-H NASA GISS 2.50 2.00
24 GISS-E2-R NASA GISS 2.50 2.00
25 HadCM3 MOHC 3.75 2.50
26 HadGEM2-AO NIMR/KMA 1.88 1.25
27 HadGEM2-CC MOHC 1.88 1.25
28 HadGEM2-ES MOHC 1.88 1.25
29 INM-CM4 INM 2.00 1.50
30 IPSL-CM5A-LR IPSL 3.75 1.89
31 IPSL-CM5A-MR IPSL 2.50 1.27
32 IPSL-CM5B-LR IPSL 3.75 1.89
33 MIROC5 MIROC 1.41 1.39
34 MIROC-ESM MIROC 2.81 2.77
35 MIROC-ESM-CHEM MIROC 2.81 2.77
36 MPI-ESM-LR MPI-M 1.88 1.85
37 MPI-ESM-MR MPI-M 1.88 1.85
38 MPI-ESM-P MPI-M 1.88 1.85
39 MRI-CGCM3 MRI 1.13 1.11
40 NorESM1-M NCC 2.50 1.89
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Figure 6.1: Log likelihood parameter (L) plotted geographically for the
0.25◦x0.25◦ dataset. Grid-cells marked in green are indistinguishable from an
exponential distribution. Grid-cells marked in yellow-orange can be considered
Pareto-leaning with confidence levels 50-95%. Grid-cells marked in red-black are
significantly power-law at (over) 95% confidence.
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Figure 6.2: Log likelihood parameter (L) plotted geographically for multiple
spatial resolutions and temporal scales over North America. Other geographical
regions exhibit similar scaling behavior. Colors as in Figure 6.1.
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Figure 6.3: Percentage of observations over North America (as shown in Figure
6.2) that reject exponentiality at over 95% confidence plotted as a function of
spatial and temporal resolution. The percentage of stations are plotted along the
x-axis and marked as 0◦ spatial resolution.
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Figure 6.4: Performance of each reanalysis and CMIP5 climate model relative
to the closest comparable gridded observation dataset. CMIP5 models are plotted
in black. Reanalyses are plotted in red. Numbers correspond to datasets des-
ignated in Tables 6.1 (reanalyses) and 6.2 (models). The x-axis is the average
grid-cell deviation in L from the model or reanalysis compared to the equivalent
grid-cells in the comparable observation-based dataset and can be considered as a
relative performance measure of degree of tail thickness (volatility). The y-axis is
an averaged binary measure where 1(H1) is an indicator function, which is true if
exponentiality is rejected at 95% confidence and false otherwise; the metric takes
the value 1 if the datasets agree and 0 if not. This measure is equivalent to a false
classification rate and can be considered as a relative performance measure of the
large-scale spatial structure of observed power-law tails.
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Chapter 7

Concluding Remarks

This dissertation constitutes an extensive examination of weather and cli-

mate statistics through the lens of stochastic dynamical systems. The results of

this work can be applied in a theoretical setting toward understanding how high-

frequency climate variability manifests itself within the scope of the entire climate

system, but also in a practical setting for model validation and by those seeking

physically consistent methods of determining the probabilities of weather events

at some time in the future. This section summarizes the results of the dissertation

and their implications for theoretical and practical science moving forward.

In Chapter 2, we considered the forecasting problem of Section 1.1.2. We

utilized the simplest version of a reduced stochastic dynamic climate model (eq.

1.2), the Linear Inverse Model (LIM; eq. 2.1), to examine the structure of dynamic

and stochastic variability and make forecasts of the Madden Julian Oscillation. Our

results suggest that at grid-scale and daily resolution, the dynamics contributing

to predictability in the atmosphere are predominantly linear, since our hindcasts

proved nearly as skillful as fully nonlinear numerical models in prediction. This

result has since been validated by other works for the tropics specific to the predic-

tion of the Madden Julian Oscillation (Kondrashov et al., 2013) which concluded

that the quadratic prediction terms (the last term of eq. 1.2b) are negligible com-

pared to the linear terms (eq. 1.2a). Linearity may also hold for the extratropics

based on previous studies (Winkler et al., 2001; Newman et al., 2003; Pegion and

Sardeshmukh, 2011).
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In Chapter 3, we provide an in depth study of the moments of daily sur-

face air temperature (SAT) as recorded by weather stations at point-scale. The

statistics of SAT variability are significantly non-Gaussian and follow the skewness-

kurtosis inequality predicted through moment closure for a linear stochastic system

with correlated additive and multiplicative (CAM) noise of the form in eq. (1.2d).

This result suggests that the coefficients of eq. (1.2d), and simultaneously the

cubic terms of eq. (1.2c), are non-zero. The cubic coefficients manifest themselves

as additional damping on the system (Majda et al., 2009); however, they are likely

small compared to the coefficients in eq. (1.2a) for daily resolutions, since the

statistics of the LIM in Chapter 2 are (usually) already stable and yield skillful

predictions and recreations of climatological variability.

SAT statistics show spatially coherent climatological moment patterns con-

sistent with our physical understanding of the atmosphere. In particular, anomaly

distributions are nearly identically distributed over synoptic-scale regions, impli-

cating the dominant role of large-scale dynamics in the modulation of weather

statistics on smaller spatial scales. SAT moment statistics also show significant

and spatially coherent trends over the last 60-years which imply that low-frequency

variability and/or climate change has had a measurable and significant impact on

the probability distributions of daily weather events as well as the probabilities

extremes. These results might be interpretable as external forcing (Fi, eq. 1.2b).

Practically speaking, these results mean that deducing the probability of weather

events from the climatological record requires the use of non-Gaussian distribu-

tions. The role that climate change plays in the modulation of high-frequency

weather statistics has numerous open problems. Our results from this study sug-

gest at the very least, that they are measurable and significant for temperature

and precipitation.

In Chapter 4, we investigate the spatial scaling of SAT variability. We deter-

mine that SAT constitutes an approximately locally homogeneous quasi-Gaussian

field with fourth-order moment closure. We also determine that the moments

of SAT anomalies at scale can be determined by higher-order correlation terms,

which in turn are related to pair correlation length scales that vary geographically.
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These results form the quantitative backbone of statistical downscaling and have

practical implications for determining the likelihoods of events at scale.

In Chapters 5 and 6, we examine the tail structure of multi-scale precipita-

tion extremes. We determine that high-frequency precipitation rates more closely

follow a power-law than an exponential-law, and thus that the underlying phys-

ically consistent distributions necessary to model precipitation variability come

from the Pareto family of distributions. We also investigate the fidelity with

which the current generation of numerical climate models and reanalyses recre-

ate observed precipitation volatility patterns globally. The current generation of

available gridded datasets do correctly classify precipitation distribution types in

most cases, except where mesoscale convection is the dominant contributor to pre-

cipitation extremes. These results suggest that the fundamental distributions of

precipitation are heavy-tailed, and thus that heavy-tailed distributions must be

used to model precipitation extremes in order to capture and correctly predict the

probabilities of high-valued events. It is an encouraging result that the current

generation of specific climate models correctly simulate precipitation extremes at

the appropriate spatial scales; the next logical step is to examine the stationarity of

precipitation volatility within the context of low-frequency climate variability and

climate change. The outcome of that study could have very important implications

for water resources management such as flood risk management and hydrological

engineering.

This body of research constitutes only the first steps toward the consistent

treatment of high-frequency variability in the climate system. The upper bounds on

climate predictability remain uncertain, and it is still unclear whether the fidelity of

numerical predictions using conventional climate models will continue to increase.

The study of stochasticity in the climate system is a relatively new concept and

may provide effective alternate avenues for the study of multi-scale variability and

weather-climate interaction.
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