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MATHEMATICAL MODELS FOR EXCHANGE OF SUBSTANCES
IN REGIONAL VASCULAR BEDS--MEASUREMENT OF THE
RATES WITH IN VIVO COUNTERS

Howard G. Parker, M.D., Ph.D.,

Ernest L. Dobson, Ph.D.

Donner Laboratory and Lawrence Radiation Laboratory,
University of California, Berkeley, California

J. Robert Hippensteele, Ph.D.
Department of Anatomy and Physiology,
University of Indiana, Bloomington, Indiana

Abstract. Sangren and Sheppard developed a mathematical mod-
el for first-order processes taking place in the regional circula-
tion, applicable--for example--to tracer studies of potassium
transport. It permits calculation of specific activity at any point
along a "tube of flow" or in the cuff of tissue surrounding it as a
function of time following a spike injection of tracer. In efforts

to relate to the exchange rate curves obtained with in vivo count-
ers pointed at the region of interest, we developed a cofnpartmenf—
system model of the process. In investigating the properties of
the Sangren and Sheppard model integrated over an entire circu-
latory bed, as the in vivo counter would see it, we found that when
the.distribution of transit times of the "tubes of flow' can be ap-
proximated by an exponential sum, the solution reduces to that of
the compartment system model. This results in an important |
simplification in the calculation, and insight into the assumptions
underlying the two different models. A curve-fitting computer
program for the compartment model has been written and applied
to double-isotope studies of potassium transport in the hind leg of

" the dog.
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Introduction. In a series of double-isotope experiments involv=
ing radioactive sodium and potassium injected simultaneously into
the femoral artery of dogs, an effort is being made to interpret
data from in vivo counters and femoral venous blood in terms of
the kinetics of these ions in the hind leg of the dog (Hippensteele
et al., 1969). One line of thought in modeling such a process is
that developed by Dobson and Warner (1957), who initiated in vivo
monitoring of extremities following intra-arterial injection of ra-
dioactive tracers. They fitted exponential sums to such curves,
after correction for the recirculated radioactivity, and interpreted
them in terms of the size and flow rate of a group of parallel uni-
formly mixed ""compartments, ' each of which is Awashed out ac-
cording to an exponential process. There is evidence that this
conception is adequate for sodium, which can leak out of the blood
vessels into extracellular space, as well as for materials that can-
‘not leave the blood vessel. This appears to be the case because
blood flow is a rate.- limiting step, so the effect of diffusion rate
cannot be seen in such curves. In working with potassium, how-
ever, with the cell membrane .known to be a significant diffusion
baz;rier, and active transport of potassium taking place, a further
elaboration of such models to account for diffusion or transport
seems necessary. The problem of mo'deling potassium transport
in and out of the circulation has been considered by many, but not
in a form directly applicable to in vivo counting. A natural elab-
oration of the Dobson and Warner model that appears to have the
requisite properties is a multicompartment system such as that
shown in Figs. 41 and 2. In this conception, the sodium can enter
only the compartments labeled A, whereas the potassium can en-
ter both A and B. The B compartments can be conceived of as the
potassium pool within cells. A single pair of compartments will
not suffice to explain the multiexponential curves for the sodium as

well as potassium in the dog hind leg. Hence the parallel com-






partment pairs, or parallel '"flow beds." The differential equa-
tions for this model and their solutions are presented.

One alternative approach involves a modification of the
treatment by Sangren and Sheppard (1953) and Sheppard (1962) of
a capillary bed as parallel "tubes of flow'" from which the ions
can leak and return along the length of the tube according to first-
order kinetics (see Figs. 3 and 4). They derived an expression
for the specific activity of a substance as a function of time and
distance along a tube following a spike injection. Their expres-
sion can be applied to in vivo counting-rate data by modification
to.fepresent the fraction of the injected dose present per unit tra-
versal time, rather than specific activity, followed by integration
over tube transit time and over the distribution of transit times in
parallel tubes. There is a striking resemblance between the par-
tial differential equations and the ordinary differential equations
of the '"parallel compartment'' model proposed here. If we fur-
ther assume that the transit time distribution function is an expo-
nential suim, the equations and solutions for the total content of
tracer in and surrounding the tubes reduce to those resulting from
the parallel-compartment model.

It has been widely appreciated (Zierler, 1962) that for a
nondiffusible substance, an exponential distribution of transit
times through a circulatory bed is equivalent for some purposes
to a well-stirred compartment. The present result extends this
notion to another type of substance: one that can leak from and re-
turn to the paths followed by nondiffusible substances. This per-
mits an important simplification in calculation of such transport
rates, and puts the result in a form directly applicable to fitting
curves from in vivo counters. It suggests greater validity of the
results of the compartment-system calculation than one might at
first expect if thinking in terms of discrete well-mixed gross re-

gions within the circulatory bed.






The equations for a reference tracer (such as radioactive
sodium ion) that cannot enter the cells, as well as for the tracer
that can ''leak' (potassium), are developed here because our inter-
pretation of the invivo curves requires use of the double-isotope
experiment and the particular interrelationship of the kinetics of
the two tracers. This is explained in the Discussion. The com-
partment model is presented first, followed by the ''tubes of flow"
model.

Either of these models might find application to any sub-
stance introduced into the regional circulation that undergoes a
first-order process of removal, or removal and return. It has
been preferred to present them here, however, in the phraseology
of the more restricted case of steady-state exchange or transport
of substances and the first-order processes undergone by the trac
ers used in studying the exchange.

In each model, the reference tracer can be handled simply
as a degenerate case of the diffusable tracer, with zero rate of
diffusion and return. For purposes of exposition, however, it ap-
pears desirable to develop the subject for the simpler case of the
reference tracer before taking up the complications of the diffus-

ible one.

I. .The Compartment-System Model. The steady-state
trahsport of substances such as sodium and potassium can be con-
ceived as indicated in Figs. 1 and 2. Figure 2 is an arbitrarily
chosen pair of compartments, or "flow bed,!, " from the complex
of beds with varying volumes and perfusion shown in Fig. 4. The
reference tracer (Na+) enters only the compartments labeled A,
directly accessible to the circulation. The "diffusible' tracer
(K+) is being transported from A to a compartment B and back.
(For K+, B is many times as large as A.) It is assumed that the

rate constant )\"i', determined by blood circulation to the ith flow
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bed, applies equally to reference and diffus;ﬁole tracer. Note that \l”\
X and X', the fractional turnover rates indicated, are the same
for all flow beds (see Discussion), whereas )\'i' is different in each
flow bed. The fraction fi of the arterial blood flow to each bed is
arbitrary and not necessarily related to the volume of the bed.
If QA,i is the amount of K' in the ith A compartment and
Q. . the amount in the corresponding B compartment, the steady-

B,1
state assumption implies

= !
)\QA,i =X QB,i'

This permits determination of relative compartment sizes from

the ratio of the rate constants, or vice versa. We are otherwise \)

not concerned here with the nontracer material, s or with spe- ( 7&
cific activities. The equations are presented in terms of quanti-

ties q of tracer substances, all as a fraction of the injected dose. 2/\l~—~

A "'spike' injection is assumed, where a fraction fi of the injected

dose appears in compartment Ai instantaneously at time zero.

A. The reférence tracer. The differential equations for

this simpler of the two tracer cases take the form

dqg, .
AL 1
& T M Y, (1)
with the boundary conditions
qp,:(0) = £

The total amount of reference tracer in the system is
9roT © Z 9Q%,i
i
Although this is a case of simple exponential processes in parallel,

the solution is presented in Laplace transforms, for comparison

with later results. The equations in transform space are
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— o =
S94a,4 qA,i(O) M 9p,i°’

where s is the variable in transform space corresponding to t,
and a symbol with a bar over it indicates the Laplace transform of

the corresponding unmarked symbol (Carslaw and Jaeger, 1959;
Churchill, 1958). Then

1y -
(s +N) q,,; =f,
9a,i “Fqr (2)

_ | f.
QroT ~ z sTA

Using a standard inverse transform, we obtain/§

_ -\t 3
droT —42 e | (3)

i

B. The diffusible tracer. The pair of simultaneous differ-

ential equations for each flow bed in this case is

29,1 X A+ A 4
& - Mag,i - (VFN ) a, o (4)
dq, .
B,i _ )
T - M “Mag, g (5)

with boundary conditions

o
S
"
o

g, ; (
The equations in transform space are
— ) = i -

__— ==
Sag,; “9g,i (0 " ra, ;- Map ;-
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Substituting the above boundary conditions and solving for EA i

and EB ;» we let

A, = s+ (NHEN £ NT) s 4 NN
1 ) 1 1
then
FAs+N) £ £ (5NN
97,i- " d  r 9B,i"q %%,it9,i° 4
1 1 1
and
_ £, (s+AHNY)
9ToT =z d. . (6)
| .

Factoring di by means of the quadratic theorem and using standard
inverse transforms, we obtain the following, where bi and c; are

convenient intermediate variables and Tyd and r, ; are the roots
of the auxiliary equation di = 0;

If we let b. = A+ A+ AV - and c. = AV,
i i i i

the_ roots are

-1 2 _1 2
T4i 2 [“bi A '4“1}’ Ty i~ 2 l'bi ’«/bi ‘4°i]’

and

b4

f. ot o
= -——-——}——— t - 1,1 _ 1 rz,].
droT § [ri e {U\+N+r1,i) e N+, e }]
1 4

(7)
For purposes of comparison of this result with a later one
from the second model, note that if a variable c¢(s) is defined as

AN!

c(s)=s+)\-w—,

then equation (6) can be changed by algebraic manipulation into the

form
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: f.
aroT :(”'s":\i"i')Z?f‘x’.”' (8)

: i

i
Inverse. transformation of this expression could be done by means
of standard transforms, resulting in a very complicated expression
in exponentials, Bessel functions, and their integrals, resembling
the general result from the ''tubes of flow'" model. The previous
result in closed form, equation (7), is greatly preferable for most

purposes.

II. The Model Based on '""Tubes of Flow'. In this model
the exéhange process takes place in a regional circulatory bed con-
sisting of '"'tubes of flow' or trajectories along which the refer-
ence tracer (Na+) can pass, and from which the "diffusible' tracer
(K+) can leak (or be transported) and return. For Na+ the trajec-
tories are limited to blood and interstitial fluid. Figure 3 indi-
cates a general conception of the multiple trajectories available,
and shows that in the case of greafes’c interest to us, fhere are \-J
many short trajectories and few long ones, such that the 4ransit U( \*_'
distribution of transit times might be fitted by an exponential sum. V
('The identical distribution could be visualized for pathlength only l_' \[\
if linear velocity were constant throughout the bed). Figure 4
shows a detailed view of one of the tubes. It indicates that "A"
refers to tracer within the tube and ""B' to tracer in the cuff of
fluid surrounding the tube. Nothing akin to laminar flow takes
place in this' model, but merely bulk transfer down the tube, with
a risk N of leaking out of the tube per unit time, together with a
probability A' of returning from the surrounding cuff per unit time.
An important restriction of this model, in order to obtain any an-
swer with known methods, is that in the cuff around_ the tube, no
diffusion of tracer is allowed in the direction along the axis of the

tube. Since most of the space in this cuff consists of many indi-
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vidual cells fairly close to one or another capillary, this assump-
tion seems not unreasonable.

Sangren and Shepf)ard (1953) have treated a single tube from
this model in some detail, deriving an expression for specific ac-
tivity at any length x along the tube with flow having velocity v,
as a function of time. They also point out the close relationship
of such equations to those for heat transfer in heat exchangers,
as presented by Carslaw and Jaeger (1959). For detailed presen-
tation of this model and justification of the assumptions, the
papers by Sangren and Sheppard (1953), Sheppard (1962), and
Carslaw and Jaeger (1959) should be consulted.

Although the initial part of our derivation is closely pat-
terned on those of Sangren and Sheppard (1953) and Carslaw and
Jaeger (1959), it differs in the following respects:

1. A notation more in keeping with one for compartment sys-
tems is used, to aid in presenting the parallels between them.

2. We present virtually the same equations, with small but im-
portant differences in order to account for the amounts of tracer
as the fraction of injected dose per unit tube length, the latter
given in units of tube-traversal time. We assume the same rela-
tionship between relative size of tube A and B as was assumed in
the discussion of Model I for relative compartment size:

)\Q = N\! QB’ where Q is the amount‘of nontracer diffusible sub-
stance per unit tube -l-eﬂ-g&h—

3. Since tube length x and velocity v are never measured and
need never be explicitly considered in application of the model,
we preferred to omit them. This simplifies the appearance of the
equations, and emphasizes the fact that one need—%-gknow dis-
tances, areas, or velocities. Instead, the model is derived by
using tube traversal times and transit time distributions. A var-
iable T indicates the time to reach any point along a tube, and is

rclated to distance and assumed uniform velocity within that tube



-14.

by the equation T = % . The closely related variable T is used
for the transit tirme of any particular tube, the time for complete

traversal of its length:

T = tube length .

v

A. The reference tracer. With t=timeand T and Tdefinedas

above, let a(t,7) = @ qA/a 7, where q, is the fraction of injected

tracer in the tube; a is then the fraction of injected dose traveling
at velocity v present per unit tube-traversal time. The partial
differential equation governing travel of the reference tracer (Na+)
is

da _ da
Bt - T or (9

The boundary condition of interest in the case of spike injection at

zero time is

a(0,7) = 0 if 7>0

= 41if 7 =0.
In transform space, _
' — _ Jda

sa —a(O,'r)————-—aT.

Rearranging, we have

9a = -
—8-—,17 + sa = a(O, T) = 6(7‘)
Integration of this ordinary first-order equation with respect to 7
yields '
—_— -sT .
a = e . (10)

This is a particular solution that is of interest to us for spike in-
jection at the beginning of the tubes at time zero. (For more de-
tailed consideration of the boundary conditions giving rise to this

solution see Sheppard, 1962.) Its inverse transform is

2 a,
oT

=a = 8(t- 1), (11)
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which represents merely a spike of reference tracer, unattenuated,
coursing down a tube. The amount in a whole tube whose transit

time is given by the variable T is

T
qA(’c,T)=S‘ adT 1 whenT =2t (12)

0 0 when T <t,

indicating that a tube contains either all or none of its reference
tracer, depending on the position of the wave relative to the length
of the tube. The amount in the whole circulatory bed, assuming a

distribution of transit time for the tubes F(T), is given by

©0
droT = S‘ F(T) A dt.
0

Substituting the results for q’A, we get

‘ [ e]
ApoT = g‘ F(T) at. ' v (13)
“t
N T
In the case of special interest to us when F(T) = Z )\'i' e ', a
i

multi- exponential sum for the frequency function of tube transit

times for the reference tracer, substitution and integration yield

4 —)\;:" t .
droT = Z fi e , (14)
i

or, in transform notation,

£

— _ i

qTOT“Z SN (15)
i

These solutions are identical with those obtained from the differen-
tial equations of the compartment system model, equations (2)
and (3). The correspondence is obvious for the reference tracer,

but the result is needed in general form for the double-isotope
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comparisons to be made later.

B. The diffusible tracer. Closely following the foregoing

exposition, let

9q
. A
a(t,7) = 5T
and
_ fap
b(t,7) = TRk

where A and a refer to diffusible tracer in the tube and B and b
refer to diffusible tracer in the cuff around the tube. The partial

differential equations for our case are

da _ da

=5 = Mb-la- ==, (16)
ob _ . :

?)T = Aa - A'b; (17)

a and b are functions of t and 7.

Boundary conditions are

a(0,7) =0 if 7>0
=4 if T =0,
b(0,T) =0 for all T.

Closely following Sangren and Sheppard's solution,

9a

sa - a(0,7) = \'b - \a - 5T °

sb - b(0,T) = \a - \'b.

Eliminating b, we obtain

da -
ST + ca = a(0,7),

where
AN

C:S+)\+m'.

A particular solution of this ordinary first-order differential equa-

tion that pertains to our problem is
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a =e . (18)

Consult Sheppard for justification of the use of this particular solu-
tion following spike injection. Using standard transforms in the
manner indicated by Sangren and Sheppard, and defining two con-

venient variables p = AT and q = \'(t- 7), we have

9q
A - -
5o = alt,7) = Me P {6(q) +e 1, (2pa) Np/a b, (19)
where I, is a standard Bessel function of imaginary argument.

1
Following Carslaw and Jaeger (1959), who explicitly con-

sidered the case of the B region, but for different boundary condi-

tions, we have

8qv ‘
w2 = bit, 1) = Ao PTV1 (2n5g). (20)
Then
| E 99541 T,
qp plts T) = —5— 47 = {a +Db)dr. (21)
0 . 0

For computational purposes, a and b as derived above in terms
of exponentials and Bessel functions (as series) can be substituted
in this expression and integrated by approximate means. If we as-

sume a frequency function of tube transit times F(T), as was done

for the reference substance, then ‘ ;
’ ,(/’ Qn
. k-
et (£) dowry o5main b © = T

qTOT(t) "S‘ F(T) qA+Bdt1§ F(T)S‘ (a+b)d7dT.  (22)
0

This equation can be programmed for an approximate solution with
arbitrary F(T). When that is done, a particularly important sim-
plification is possible for the double-isotope case. For all tubes of

length T greater than t, must be equal to 4. This is ac-

da+B
complished by integrating equation (22) from 0 to t instead of 0 to

o, and letting the integral from t to « be given by the sodium-
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retention curve defined by equation (13). Since f;(a+b)d7, that is
dp 4B’ must be 1 for all tubes where T>t, [;o F(T) f(;r(a+b)d'rdT
must equal f,:o F(T)dT. The F(T) in question is a distribution that
we assume is shared by reference and diffusible tracers. Hence

for K+,

t T
9roT, K = S‘ F(T) S‘ (a+b) d7dT + 4dTOT, Na* (23)
0 0 .
That equation (22) reduces to e)c\quation (7) of the compartment-
-~ AL T
1

system model when F(T) = Z )\'i' f.1 e , the multiexponential fre-
quency function, can be shown with the Laplace transforms of the

above solutions:

q ~ — =

TOT = S' F(T) g (a+b)dTdT. (24)
0 0 )

But q = e-CT, and it can readily be shown from equation (17) that

N o= re €7
stN 2T TsEN ¢

Substituting the values of a, b, and F(T) into equation (24) and

b=

evaluating the integrals (now all in terms of simple exponentials),

we arrive immediately at the result

- A !
dtoT ~ (1 +“ST>Z CERYE
i

which is identical with that for the total quantity in the compart-
~ ment model, equation (8). The result can readily be shown for the
integral of A or B separately, as well as for the total. Therefore,
in the "tubes of flow' model (Figs. 3 and 4), when tube lenglth is
multiexponential in distribution, total quantities of tracer occupy-
ing the sum of all A or of all B portions of the regionare described

by the ordinary differential equations (1), (4), and (5).
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A simplification in computation based on equation (22) could
also result if F(T) were a frequency function approximated by sums
and differences of exponentials, rather than sums alone, but the or-
dinary differential equations (1), (4), and (5) and the model visual- .
ized in Figs. 1 and 2 would then not retain any physical significance;
negative quantities of tracer in some of the compartments would be
involved. A group of two-compartment flow beds partly or entirely
linked in series rather than parallel can be shown to produce a sys-
tem of differential equations with appropriate properties, but finding

the particular model is irrevelant to the estimate of X\ and \!'.

Discussion. Curve fitting with the above equations depends
on some further assumptions. Since an in vivo counter records
something merely proportional to the amount of radioactive tracer
in a region, the fitting can be done by noting that for equations in </
which we left q refer, for example, to counting rates rather than \’——
quantities, we have ?fi #1. The additional degree of freedorn
thus introduced suffices to make the transition. It must be assumed
that the counting efficiency of either of the tracers is unchanged by
its.being in one or another of the different flow beds, or in the A or
B parts of the region, an assumption often easy to make because of
the anatomic nature of the region, such as the dog hind leg. The
methods of standardization and correction for recirculation in exper-
iments of this type have been presented by Dobson and Warner (1960)
and by Hippensteele (1967). In the double-isotope experiment we
have not assumed that an adequate standardization can be done to re-
late counting rate to quantity. Instead it is assumed that the stand-
ardization is adequate to correct for the relative counting efficiency
of the two tracers. A further reasonable assumption is that the re-
gions occupied by the two tracers are so intermixed anatomically
that from the point of view of the counter they occupy essentially the

same volume, whatever that may be. Hence, when the reference
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tracer curve is multiexponential with n component exponentials,
the 2n parameters fi and X;' are shared by the equations for the
two tracers, and the diffusible tracer curve has 2n components,
but only two additional degrees of freedom A and \'. _
A program has been written for the CDC 6600 computer, fit-
ting equation (7) to potassium data. It uses the minimization pro-
gram " VARMIT" (written by Eric Beals, Lawrence Radiation Lab-
oratory, University of California, Berkeley) to determine a weight-
ed least-squares fit to X and \', given the fi and Ni' from a pre-
vious weighted sum of exponentials fitted to the sodium data. To
do this one supplies the sum of least squares, readily determined
from equation (7), together with its partial derivatives with respect
to X and N'. The calculation of the partial derivatives was pro-
grammed in simple piecewise fashion patterned step by step on the
programming of equation (7) rather than written as a single expres-
sion prior to programming, as this was most economical of effort
and easiest to check. Given this information at each step in its
search, VARMIT takes a pair of initial estimates for X and A' and
finds optimum values for them simultaneously.

‘ Simple programming in a few lines of a conversational lan-
guage "FOCAL'" on the PDP-8 computer has provided curves for
equations (3) and (7) that have helped verify the calculation. The
results obtained for the compartment-model fit have been checked
against the FOCAL result and against a program "MIMIC" on the
large computer. The latter program provides a language to solve
ordinary differential equations directly, but only for given param-
eters, lacking the ''fitting"' feature. The FOCAL programming
conveniently provides outflow rate for the two tracers as well as
quantities present. With this conversational language it is easy to
calculate a number of additional results such as ratios of the two
isotopes as a function of time.

When equation (23) from the more complicated ""tubes of flow'"
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model is programmed in FOCAL language, with F(T) a multiex-
ponential, it checks againsf equation (7). It takes a very much
longer time to calculate each point, however, and with less accu-
racy. It does an approximate double integration, and for each step
it must calculate Bessel functions and exponential sums for the in- |
put.

The models with multiexpone.ntial F(T) have been fitted to
data for sodium and potassium ions (Fig. 5). The general nature
of the fit is satisfactory, giving rise to a potassium leak rate \ of
about the same order of magnitude as the average perfusion rate
for sodium, and to a cellular potassium space very much larger
than the extracellular potassium space, as one would expect. We
have not completely worked out all technical problems in standard-
ization, but the general result obtained here would appear to have
intrinsic interest and potential applicability to a number of similar
problems. |

The two models that are presented here share certain as-
sumptions, and not others, as a close review of the differential
equations and boundary conditions shows. The fact that the '"tubes
of flow" model reduces to the compartment model in the circum-
stances outlined helps complete a clearer picture of what assump-
tions are made when these models are used, and what alternatives
might be considered among their variants. One can consider the
use of exponential sums merely an émpirical device to approximate
transit-time distributions and make the solution more tractable.
Existence of discrete anatomic regions with uniform mixing in the
ordinary sense is not an assumption essential to employrhent of the
equations of the compartment-system model. The mere existence
of trajectories of various lengths through a circulatory bed gives
rise to a type of mixing indistinguishable from it for our purposes.
In either model, there also remains the assumption that a tracer

ion is at a fixed risk of undergoing a first-order process removing
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it from the flow while it is in the'region, and with a fixed probabil-
ity of returning to that flow.

In the compartment model, restrictions were placed on X\
~and AN more or less arbitrarily at first, in order to keep the num-_
ber of parameters to 2 minimum. A number of alternative ways to
assign X and \' for each flow bed, relate them to perfusion, or
give them a distribution of values readily suggest themselves.

With the tubes of flow, on the other hand, it is necessary to con-
sider N and \' constant along any tube in order to derive the above
result. An ai'bitréry relationship of A and \' to tube transit time
would not be‘_particularly hard to incorporate. In the simpler c'ase'
in which \' is zero (first-order removal without return), Sheppard
(1962) has shown that the method gives a mean value for A even
though it may vary along.the length of the tube.” (Use of this latter
model, incidentally, may offer a way to make a simplified fit to ‘
‘o,hly the initial portions of curves, in order to estimate \ alone.
We have restricted the presentation here to the more general case.
The simplified one should be most applicable when \' is known to
be much smaller than \, as for potassium transport.) Though the
cohstancy of X and \' assumed in these models was arbitrary, and
for purposes of simplification, as one thinks about alternatives it
soon appears that this simplel approach is hard to improve on with-
out further arbitrary assumptions that cannot now be checked. Also,
potéssium transport may be a function of cell surface or volume,
and the ratio of cellular to extracellular potassium can probably
best be assumed at present to be constant over the various flow
beds. Hence it appéars that the particular models presented here,
with their restrictions on X and \', may presently be the most rea-
sonable approach to finding average values for them.

One further result from the above models: When the refer-
ence tracer curve is multiexponential, the probability that a dif-

fusible tracer ion enters a B compartment (enters a cell) one or
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From data of the type shown in f%gpp;?5 the parameter P can be measured.
It is the fraction of the diffusible substance entering the cells on
passage through the tissue. When the intracellular pool is very large,

P corresponds to the approximate notion of the "fraction of the injected
tracer trabped iq}he tissué“j\which has been of particular interest iﬁ the
use of radioactive pofassium in circulatory studies. In the dog leg it

appears that only about one-fourth of the K*'is so trapped.
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more times on single passage through the region of interest is

M,
P= Z NN
1

Trnsert A '
continves Fo.m«&mfa

Acknowledgment. The authors gratefully acknowledge the

given by

expert technical assistance of Mrs. Jean Lynch and Miss Laurie
-Craise. Also much appreciated are the assistance and consulta-
tion of the Mathematics and Computing Group of Lawrence Radi-
ation Laboratory, Berkeley, particularly by Mr. Mark Horovitz,
Mr. William Hogan, and Mr. Kenneth .Wiley. '
This work was done under the auspices of the U. S. .Atomic

Energy Commission.

BIBLIOGRAPHY

Carélaw, H. S., and J. C. Jaegef. 1959. Conduction of Heat in
Solids, 2nd Ed. Oxford, Clarendon. 391-394.

Churchill, R. V. 1958. Operational Mathematics, 2nd Ed. New
York, McGraw-Hill, N. Y.

Dobson, E. L., and G. F. Warner. -4957. '"Measurement of Re-
gional Sodium Turnover Rates and Their Application to the'
Estimation of Regional Blood Flow.'" Am. J. Physiol. 189-
2176. | ' |

Dobson, E. L., and G. F. Warner. '1960. "Clearance Rates Fol-

lowing Intra-Arterial Injections in the Study of Peripheral Vas-

"cular Beds.'" In Methods in Mediéél Resea.rAc.h, Vol. 8, gd.

H. D. Bruner, Chicago Year Book Publishers. N
Hippensteele, J. R. 1967. '""Tracer Kinetic Studies of the Dynam-

ics of the Microcirculation in Peripheral Vascular Beds' (Ph.D.
thesis). Lawrence Radiation Laboratory Report UCRL-17774,



-25-

Aug. 1967, University of California, Berkeley, California.

'Hippensteele, J. R., H. G. Parker, E. L. Dobson, and. J. J.
Lynch.. 1969. "Potassium Exchange from the Sodium Space in
the Dog's Leg.'" Fed. Proc. 28, 824-(abstract).

Sangren, W. C., and C. W. Sheppard. 1953. '"A Mathematical
Derivation of the Exchange of a Labelled Substance between a
Liquid Flowing in a Vessel and an External Compartment. "

~ Bull. Math. Biophys. 15, 387-394. A

Sheppard, C. W., 1962. B‘a‘si‘c Principles of the Tracer Method. "
New York, Wiley.

Z.ierler,l K. L., 1962. '"Circulation Times and the Theory of In- .

'dicator-Dilution Methods for Determining Blood Flow and
Volume. " Handbook of Physiology, Sec. 2; Circulation, Vol.1
Chapt. 18, p. 585, American Physiological Society. '



FIGURE CAPTIONS -

Figure 1. Compartment-system model of a region of the cir-
culation consisting of parallel sets of two-compartment flow
beds.

Figuré 2. Enlargement of the ith flow bed from Fig. 4, indi-
cating the relationship of the parameters and compartment

labels as they appear in the equations. The reference tracer
can enter only A, whereas the diffusible tracer enters both A

and B.

Figure 3. The regional circulatory bed visualized as com-
poundedlof a- number of ''tubes of flow' of varying length,
from each of which "leakage” and return of diffusible tracer

are possible along its length.

Figure 4. Enlargement of a portion of one of the "tubes of
flow'" in Fig. 3, indicating the "A'' region within the tube,

- occupied by both tracers, and the "B'" region or cuff of fluid
around the tube, into which only diffusible tracer can leak and

return.

- Figure 5. Equations (3) and (7) fitted by weighted least squares
to in vivo counter data from the dog hind leg, with radioactive
Na\+ and Kt injected. simultaneously in the femoral artery.

The counting rate has been corrected for counter cros.s-'calk,
radioactive decay, and recirculation, and normalized for in-

jected dose.
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MATHEMATICAL MODELS FOR EXCHANGE OF SUBSTANCES
. IN REGIONAL VASCULAR BEDS--MEASUREMENT OF THE
RATES WITH IN VIVO COUNTERS

Howard G. Parker, M.D., Ph.D.,
Ernest L. Dobson, Ph. D. :

Donner Laboratory and Lawrence Radiation Laboratory,
University of Cahforrua, Berkeley, Cahforma

J.. Robert Hippensteele, Ph.D. ,
Department of Anatomy and Physiology,
University of Indiana, Bloomington, Indiana

Abstract.. Sangren and Sheppard developed a mathematical mod-
el for first-order processes taking place in the regional circula-
tion, applicable--for example--to tracer studies of potassium
transport. It permits calculation of specific activity at any point
along a ''tube of flow' or in the cuff of tissue surrounding it as a
function of time following a spike injection of tracer. In efforts

to relate to the exchange rate curves obtained with in vivo count-
ers pointed at the region of interest, we developed a compartment-
system model of the process. In investigating the properties of
the Sangren and Sheppard model integrated over an entire circu-
latory bed, as the in vivo counter would see it, we found that vyhen
the distribution of transit times of the ''tubes of flow'' can be ap-
proximated by an exponential sum, the solution reduces to that of
the compartment system model. This results in an‘ important
sirnplificaﬁon in the calculatioﬁ, and insight into the assumptions
underlying the two different models. A curve-fitting compute-r
program for the compartment model has been written and applied
to double-isotope studies of potassium transport in the hind leg of

'~ the dog.

\\\}
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‘Introduction. In a series of double-isotope experiments involv-
ing radioactive sodium and potassium injected simultanébusly into
the femoral artery of dogs; an effort is being made to interpret
data from in vivo counters and femoral venous blood in terms of
the kinetics of these ions in the hind leg of the dog (Hippensteele
et al., 1969). One line of thought in modeling such a process is
that developed by Dobson and Warner (1957), who initiated in vivo
monitoring of extremities following intra-arterial injection of ra-
dioactive tracers. They fitted exponential sums to such curves,
after correction for the recirculated radioactivity, and interpreted
them in terms of the size and flow rate of a group of parallel uni-
formly mixed '"compartments, ' each of which is washed out ac-
cording to an exponential process. There is evidence that this
conception is adequate for sodium, which can leak out of the blood
vessels ian extracellular space, as well as for materials that can-
not leave the blood vessel. This appears to be the case because

‘ blood flow is a rate-limiting step, so the effect 6f diffusion rate
cannot be seen in su'ch -curves. In working with potassium, how-
ever, with the cell membrane known to be a signiffcant diffusion
barrier, and active tranSpdrt of potassium taking place, a further
elaboration of such models to account for diffusion or transport |

. seems neéessa_fy. The problem of modeling potassium transport
in and out of the circulation has been considered by many, but not
in a form directly applicable to in vivo counting. A natural elab-
oration of the Dobson and Warner model that appears to have the
'requisite ‘propertieé is a multicompartment system such as that
shown in Figs. 1 and 2. In this conceptic;n, the sodium can enter
only the compartments labeled A, whereas the potassium can en-

E ter both A and B. The B compartments can be conceived of as the

potassium pool within cells. A ‘single pair of compartments will

not suffice to explain the multiexponential curves for the sodium as

well as potassium in the dog hind leg. Hence the parallel com-
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partment pairs, or parallel '"flow beds.' The differential éﬁua-
tions for this model and their solutions are presented.

One alternative approach involves a modification of the
treatment by Sangren and Sheppard (1953) and Sheppard (1962) of
a capillary bed as parallel ""tubes of flow'" from which the ions
can leak and return along the length of the tube according to first-
order kinetics (see Figs. 3 and 4). They derived an expression
for the specific activity of a substance as a function of time and
distance along a tube following a spike injection. Their expres-
sion can be applied to in \_f_ii/_(_) counting-rate data by modification
to represent the fraction of the injected dose present per unit tra-
versal time, rather than specific activity, follow.ived by integrétion
over tube transit time and over the distribution of transit times in
parallel tubes. There is a striking resemblance between the par-
tial differential equations and the ordinary differential equations
of the ''parallel compartment' model proposed here. If we fur-
ther assume that the transit time distribution function is an expo-
nential sum, the equations and solutions for the total content of
tracer in and surrounding the tubes reduce to those resulting from
the parallel-compartment model.

It has been widely appreciated (Zierler, 1962) that for a
nondiffusible substance, an expohential distribuﬁon of transit
times through a circulatory bed is equivalent for some purposes
to a well-stirred compartment. The present result extends this
notion to another type of substance: one that can leak from and re-
turn to the paths followed by nondiffusible substances. This per-
mits an important simplification in calculation of such transport
rates, and puts the result in a form directly applicable to fitting
curves from in \__r_i_-v_o counters. It suggests greater validity of the
results of the compartment-system calculation than one might at
first expect if thinking in terms of discrete well-mixed)gross re-

gions within the circulatory bed.
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The equations for a reference tracer (such as radioactive
sodium ion) that cannot enter the cells, as well as for the tracer’
that can '"'leak' (potassium), are developed here because our inter-
pretation of the invivo curves requires use of the double-isotope
experiment and the particular interrelationship of the kinetics of
the two tracers. This is explained in the Discussion. The com-
partment model is presented first, followed by the 'tubes of flow"
model. |

Either of these models might find application to any sub-
stance introduced into the regional circulation that undergoes a
first-order process of removal, or removal and return. It has
been preferred to present them here, however, in the phraseology
of the more restricted case of steady-state exchange or transport
of substances and the first-order processes undergone by the trac
ers used in studying the exchange. | ‘

In each model, the reference tracer can be handled simply
as a degenerate case of the diffusable tracer, with zero rate of
diffusion . and return. For purposes of exposition, however, it ap-
pears desirable to develop the subject for the simpler case of the
reference tracer before taking up the complicatiohs of the diffus-

ible one..

I. The Compartmeﬂt-System‘Model. The steady-state
transport of substances such as sodium and potassium can be con-
ceived as indicated in Figs. 1 and 2. Figure 2 is an arbitrarily
chosen pair of compartments, or "flow bed,' from the complex
of beds with varying volumes and perfusion shown in Fig. 1. -The
reference tracer (Na+) enters only the compartments labeled A,
directly accessible to the circulation. The ''diffusible'’ tracer
(K+) is being transported from A to a compartment B and back.
(For K+, B is many times.as large as A.). It is assumed that the

rate constant )\'i', determined by blood circulation to the ith flow
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Bed, applies equally to i'eférence and diffusible tracer.. Note that
X and \', the fractional turnover rates indicated, are the same
for all flow beds (see Discussion), whereas )\'i' is different in each
flow bed. The fraction fi of the arterial blood flow to each bed is
arbitrary and not necessarily related to the volume of the bed.

If QA, ; 18 the amount of Kt in the ith A compartment and
Q_ . the amount in the corresponding B compartment, the steady-

7 B,1
~state assumption implies -

| MQp,i T MOpi-

This permits determination of relative compartmenf sizes from
the ratio of the rate constants, or vice versa. We are otherwise
not concerned here with the nontracer material, or with spe-
cific activities. The equations are presented in terms of quanti-

ties q of tracer substances, all as a fraction of the injected dose.

A '"'spike'' injection is assumed, where a fraction fi of the injected

" dose appears in compartment Ai instantaneously at time zero.

A. The referencé tracer. The differential equations for

this éimpler of the two tracer cases take the form

'd q, .
— A1
; dF& T M 94, )
with the boundary conditions -
ap,3(0) = £

" The total amount of reference tracer in the system is
9roT T z Q,i-
i
Although this is a case of simple exponential processes in parallel,

the solution is presented in Laplace transforms, for comparison

with later results. The equations in transform space are

)
<
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_—_ I
S9p,i %, =M ap e

where s is the variable in transform space corresponding to t,
and a symbol with a bar over it indicates the Laplace transform of
the corresponding unmarked symbol (Carslaw and Jaeger, 1959;
Churchill, 1958). Then

S M q =
- fi
9a,i “s+q | (2)

- f;
AroT ~ Z ST
K

Using a standard inverse transform, we obtain
' ‘)‘it :
droT = Z fi e - (3)
T :

B. The diffusible tracer. The pair of simultaneous differ-

ential equations for each flow bed in this case is

dqgq, .
A1 _ t _ 1"
G - Mag,; - MEN ) ay g (4)
dq., .
B,i _ .
| & - Ma,im Mg,y - (5)
with boundary conditions
dp,; (0 = £
ag ; (0) = 0.

The equations in transform space are

_—_— s -
Sdp,1794,1(0 = Mag s ~(AF N q, .

__— =
5ap,; "9g,i(0 Fra, 3 - Mag ;-
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Substituting the above boundary condltlons and solv1ng for qA

and qB ., we let

2

d. = s+ (N+ N+ A') s AN
! i o1
then
f(s+X') _ £A_ o f.(s+N+\1)
9Q,i° T d * 9B,i T4, " 94,1 T 9,7 T q
1 1 1
and
_ © f (s -
dror ° Z i | (6)

3 i
Factoring di by means of the quadratic theorem and using standard
inverse transforms, we obtain the following, where bi and c, are

convenient intermediate variables and ri,i and r, ; are the roots
_of the auxiliary equation di = 0: -

If we let b. = A+ N+ A' - and e, = A,
i i A i i

the roots are

1 2 ‘ 1
r1,i i{ b + b1 4Ci}, 1'2,. 7! Jb }

and

- f. : r -t r5 -t )
aroT = Z —_— {()\+)\'_+r1 Je 11 -(MAr, e 2,1 } .
S AR B - ’ T .

(7)
For purposes of comparison of this result with a later one
" from the second model, note that if a variable c(s) is defined as

'.. . —.. XK, .
c(s)—s+)\--——s+)\, ;
then equation (6) can be changed by algebraic manipulation into the

form
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' ' f.
ETOT=“+§%7—\')Z'ETI'W' (8
- i
i -
Inverse transformation of this expression could be done by means
of standard transforms, resulting in a very complicated expression
in exponentials, Bessel functions, and their integrals, resembling
the general result from the ''tubes of flow'' model. The previous
result in closed form, equation (7), is greatly preferable for most

purposes.

II. The Model Based on '""Tubes of Flow'. In this model
the exchange process takes place in a regiohal circulatory bed con-
sisting of ''tubes of flow' or trajectories along which the refer-
ence tracer (Na+) can pass, and from which the "diffusible' tracer
(K+) can leak (or be transported) and return. For Na® the trajec-
tories are limited to blood and interstitial fluid. Figure 3 indi- -

“cates a general conception of the multiple trajectories available,
and shows that in the case of greatest interest to us, there are '

A many short trajectories aﬁd few long ones, such that the
distribution of transit times might be fitted by an exponential sum.
(The identical distribution could be visualized for path length only
if linear velocity were constant throughout the bed). Figure 4
shows a detailed view of one of the tubes. It indicates that "A"
refers to tracer within the tube and ”B'; to tracer in the cuff of
fluid surrounding the tube. Nothing akin to laminar flow takes
place in this model, but merely bulk transfer down the tube, with
a risk X of leaking out of the tube per unit time, together with a
probability A' of returning from the surrounding cuff per uiﬁt time.
An important restriction of this model, in order to obtain any an-
swer with known methods, is that in the cuff around the tube, no
.diffﬁsion of tracer is allowed in the direction along the axis of the

tube. Since most of the space in this cuff consists of many indi-
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vidual cells fairly close to one or another capillary, this assump-
tion seems not unreasonable. o . ' ‘

Sangren and Sheppard (1953)' have treated a single tube from
this model in some detail, deriving an expression for specific ac-
tivity at any length x along the tube with flow having velocity v,
as a function of time. They also point out the close relationship
of such equations to those for heat transfer in heat exchangers,
-as presented by Carslaw and Jaeger (1959). For detailed presen-
tation of this model and justification of the assumptions, the
papers by Sangren and Sheppard (1953), Sheppard (1962), and
~Carslaw and Jaeger (1959) should be consulted.

Although the initial part of our derivation is closely pat-
terned on those of Sangren and Sheppard (;1953) and Carslaw and
Jaeger (1959), it differs in the following respects:

1. A notation more in keeping with one for compartment sys-
tems is used, to aid in presenting the parallels between them.

2. We present virtually the same equations, with small but im-
portant differences in order to account for the amounts of tracer
as the fraction of injected dose per unit tube length, the latter
given in units of tube-traversal time. We assume the same rela-
tionship between relative size of tube A and B as was assumed in
the discussion of Model I for relative compartrﬁent size:

A Q) = MQg, where Q is the amount of nontracer diffusible sub-
stance per unit tube traversal time.

3. Since tube length x and velocity v are never measured and
need never be explicitly considered in application of the model,
we preferred to omit them. This simplifies the appearance of the
equations, and emphasizes the fact that one need no't know dis -
tances, areé.s, or velocities. Instead, the model is derived by
usiﬁg tube traversal times and transit time distributions. A var-
iable 7 indicates the time to reach any point along a tube, and is

related to distance and assumed uniform velocity within that tube
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by the equation 7T = }—: - The closely related variable T is used

for the transit time of any particular tube, the time for complete

traversal of its length:

T = tube length’.

v

A. The reference tracer. With t=timeand T and T defined as
above, let a(t, 7) =0 qA/a T, where qQp is the fraction of injected
tracer in the tube; a is then the fraction of injected dose traveling
at velocity v present per unit tube-traversal time. The partial
differential equation governing travel of the reference tracer (Na+)
is

. da _ Ja
Bt - T BT (9)

The boundary condition of interest in the case of spike ihjecfion at

zero time is

a(0,7) = 0 if 7>0
= 11if 7=0.
In transform space, - _
— _ da
sa -a(O,'T) = -'—aT.
Rearranging, we have
a2y 3 = a(0, 7) = §(7)
' oT ' P Ty
Integration of this ordinary first-order equation with respect to 7
yields
' - -sT »
a = e . (10)

This is a particular solution that is of interest to us for spike in-
jection at the beginning of the tubes at time zero. (For more de-
tailed consideration of the boundary conditions giving rise to this

solution see Sheppard, 1962.) Its inverse transform is

9 q,
oT

=a = §(t-T), o (11)
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which represents merely a spike of reference tracer, vunattenuafed,

coursing down a tube. The amount in a whole tube whose transit
time is given by the variable T is
: T
qA(t,T)=S‘ adT
0

it

1whenT?t.

(12)
0 when T < t, ~

indicating that a tube contains either all or none of its reference
tracer, depending on the position of the wave relative to the length
of the tube. The amount in the whole circulatory bed, assuming a

distribution of transit time for the tubes F(T), is given by

0
droT = g F(T) qp dt.
o .

Substituting the results for qpr We get

o0
dpoT = S‘ F(T) dt. ' (13)
t
=N T
In the case of special interest to us when F(T) = =z )\'i‘ e , a

i
multi-exponential sum for the frequency function of tube transit

times for the reference tracer, substitution and integration yield

. -)\:'i.‘ t - )
Ao = Z fi e ) (14)
T .

or, in transform notation,

droT * z s+;\”1 . . (15)
. i
These solutidns are identical with those obtained from the differen-
tial eéuations of the compartment systermn model, equations (2)
and (3). The correSponden;e is obvious for the reference tracer,

but the result is needed in general form for the double-isotope

- = e oy -
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comparisons to be made later.

B. The diffusible traéer. Closely following the foregoing

exposition, let

_ A
a(t:'r) = 5T
and
n , B BqB
b(tsT) = ST

where A and a refer to diffusible tracer in the tube and B and b
refer to diffusible tracer in the cuff around the tube. The partial

differential equations’ for our case are

22 - np-onra- 22, (16)
-g-%’- = Na - \'b; | (17)
a and b are functions of t and T.
» Boundary conditions are ‘
a(0,7) =0 if 7>0
=41 ifT=0,
b(0,7) =0 for all T.

Closely following Sangren and Sheppéfd's solution,

d9a

A'b - Na - 5T !

sa - a(0,T)

\a - \'D.

1l

sb - b(0, 7)
'Elimina"cing b, we obtain

9a _

'a—; + ca = a(O, 'r),
where _
AN
s+A

A particular solution of this ordinary first-order differential equa-

c =st+tA+

tion that pertains to our problem is
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2 = e . ‘ (18)
Consult Sheppard for justification of the use of this particular solu-
tion following spike injection. Using standard transforms in the
manner indicated by Sangren and Sheppard, and defining two con-
venient variables p = AT and q = M\ (t-T), we have

9q - - .
S22 = a(t,7) =Me P {5(q) + "YU, (2Vpa) Np/q ), - (19)

where I’1 is a standard Bessel function of imaginary argument.

Following Carslaw and Jaeger (1959), who explicitly con-
sidered the case of the B region, but for different boundary condi-

tions, we have

9q : '
5= = b(t,7) = Ao PT D 1 (24Dq). (20)
Then - : T T
- 8ap4p N
qA+B(t, T) = 5T dr = (a +b) dr. (2‘1)
0 0

For computational purposes, a and b as derived above in terms

" of exponentials and Bessel functions (as series) can be substituted
in this expression and integrated by approximate means. If we as-
sume a frequency function of tube transit times F(T), as was done

for the reference substance, then N
' 0 ) oo T

Aot = S F(T)a, . .p dt‘.=.S‘ F(T)S‘ (a+b)dTdT.. (22)
* o 0 0

This equation can be programmed foff:”an'approximate solution with
arbitrary F(T). When that is done, a particularly important sim-
plification'is possible for the double-isotope case. For all tubes of

length T greater than t, must be equal to 4. This is ac-

9A+B
complished by integrating equation (22) from 0 to t instead of 0 to

o, and letting the integral from t to « be given by the sodium-
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retention curve ~defined by equation (13). Slnce f (a+b)d'r that is
95 1B’ must be 1 for all tubes where T>t, Lc F(T) fo (a+b)dTdT
must equal f F(T)dT. The F(T) in question is a distribution that
we assume is shared by reference and diffusible tracers. Hence

for K

. t T
%Oangiﬂﬂy(ﬁﬂdMT+%omNi (23)
0 .

That equation (22) reduces to equat1on (7) of the compartment-

3 , the multiexponential fre-

system model when F(T) = )\”f e
i
quency function, can be shown w1th the Laplace transforms of the

above solutions:

q = PPER ,
TOT S‘ F(T) S (a+b)d 7dT. (24)
' 0 0
But q = e-CT, and it can readily be shown from equatidn. (17) that
Fo_X_ 7.
T T SN

Substitﬁting the values of a, b, and F(T) into equation .(24) and
evaluating the integrals (now all in terms of S1mp1e exponentials),

we arrive immediately at the result

. —1+)\ _fl.__
droT * SN  CE AT

i
which is identical with that for the total quantity in the compart-
ment model, equation (8). The result can readily be shown for the
integral of A or B separately, as well as for the total. Therefore,
" in the "tubes of flow'' model (Figs. 3 and 4), when tube length is
multiexponential in distribution, total quantities of tracer occupy-
ing the sum of all A or of all B portions of the regionare described

~ by the ordinary differential equations (1), (4), and (5).
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A simplifiéation in computation based on equation (22) could
also result if F(T) were a frequency function approximated by sums
and differences of exponehtials, rather thah sums alone, but the or-
dinary differential equations (1), (4), and (5) and the model visual-
ized in Figs. 1 and 2 would then not retain any physical significance;
negative quantities of tracer in some of the compartments would be
involved. A group of two-compartment flow beds partly or entirely
linked in series rather than parallel can be shown to produce a sys-
tem of differential equations with appropriate properties, but finding

the particular model is 1rrevelant to the estimate of A and \',

Discussion. Curve fitting with the above equations depends
on some further assumptions. Since an in vivo counter records
something merely proportional to the amount of radioactive tracer
in a region, the fitting can be done by noting that for equations in
which we let q .refer, for example, to counting rates rather than
quantities, we have Ef #1. The additional degree of freedom
thus introduced sufflces to make the transition. It must be assumed
that the counting efficiency of either of the tracers is unchanged by
its being in one or another of the different flow beds, or in the A or
B parts of the region, an assumption often easy to make because of
the anatomic nature of the région, such as the dog hind leg. The
methods of standardization and correction for recirculation in exper-
iments of this typé'have been presented by Dobson and Warner (1960)
and by Hippensteele (1967). In the double-isotope experiment we
have not assumed that ain_ adequate standardization can be done to re-
late counting rate to quantity. Instead it is assumed that the stand-
ardization is adequate to correct for the relative counting efficiency
of the two tracers. A further reasonable assumption is that the re-
gions occupied by the two tracers are so intermixed anatomically
that from the point of view of the counter they occupy essentially the

same volume, whatever that may be. Hence, when the reference



-20.

tracer curve is multiexponential with n 'component exponentials,
the 2n parameters fi and X;’ are shared by the equatione for the
two tracers, and the diffusible tracer curve has 2n components,
but only two additional degrees of freedom X\ and \'.

A program has been written for the CDC 6600 computer, fit-
ting equation (7) to potassium data. It uses the minimization pro-
gram ""VARMIT" (written by Eric Beals, Lawrence Radiation Lab-
oratory, University of California, Berkeley) to determine a weight-
ed least- squares fit to X and \', given the f and )\" from a pre-
vious weighted sum of exponentials fitted to the sod1um data. To
do this one supplies the sum of least squares, readily determined
from equation (7), together with its partial derivatives with respect
to A and \'. The calculation of the partial derivatives was pro-
grammed in simple piecewise fashion patterned step by step on the
programming of equation (7) rather than written as a single expres-
sion prior to programrning, as this was most.economical of effort
and easiest to check. Given this information at each step in its
search, VARMIT takes a pair of initial estimates for \ and \' and
finds optimum values for them simultaneously.

Simple programming in a few lines of a conversational lan-
guage '"'FOCAL'" on the PDP-8 computer has provided curves for
equations (3) and (7) that have helped verify the calculation. The
results obtained for the compartment-model fit have been checked
against the FOCAL result and against a program "MIMIC'" on the
large computer. The latter program provides a language to solve
ordinary differential equations directly, but only for given param-
eters, lacking the 'fitting'' feature. The FOCAL programming
conveniently provides outflow rate for the two tracers as well as
quantities present. With this conversational language it is easy to
calculate a number of additional results such as ratios of the two
isotopes as a function of time.

When equation (23) from the more complicated ''tubes of flow"
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model is programmed in FOCAL language, with F(T) a multiex-
ponential, it checks against equation (7). It takes a very much
- longer time to calculate each point, however, and with less accu- ‘
racy. It does an approximate double integration, and for each step
it must calcﬁlate Bessel functions and exponential sums for the in-
put. ' ,
The models with multiexponential F(T) have been fitted to
data for sodium and potassium ions (Fig. 5). The general nature
of the fit is satisfactory, giving rise to a potassium leak rate M\ of
about the same order of magnitude as the average perfusion rate
for sodium, and to a cellulér potassium space very muAchllarger
than the extracellular potassium space, as one ;\:vould expect. We
have not completely worked out all technical problems in standard-
ization, but the general result obtained here would appear to have
intrinsic interest and potential applicability to a number of similar
problems. '
The two models that are presented here share certain as-
sumptions, and not others, as a close review of the differential
equations and boundary conditions shows. The fact that the "tubés L
of flow'" model reduces to the compartmeﬁt model in the circum-
stances outlined helps complete a clearer picture of what assump-
tions are made when these models are used, and what alternatives
might be considered among their variants. One can consider the '
use of exponential sums merely an empirical device to approximate
transit-time distributions and make the solution more tractable.
Existence of discrete anatomic regions with uniform mixing in the
ordinary sense is not an assumption essential to employment of the
equations of the compartment-system model. The mere existence
of trajectories of various lengths through a circulatory bed gives
rise to a type of mixing indistinguishable from it for our purposes.
In either model, there also remains the assumption that a tracer

ion is at a fixed risk of undergoing a first-order process removing
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it from the flow while it is in the region, and with a fixed probabil-
ity of returning to that flow. h
In the compartment model, restrictions were placed on A

and \' more or less arbitrarily at first, in order to keep the num-
ber of parameters to a minimum. A number of alternative ways to
assign X and X' for each flow bed, relate them to perfusion, or
give them a distribution of values readily suggest themselves

With the tubes of flow, on the other hand, itis necessary to con-
sider N\ and \' constant along any tube in order to derive the above
result. An arbitrary relationship of X\ and \' to tube transit time
would not be particularly hard to incorporate. In the simpler case
in which ' is zero (first-order removal without return),’ Sheppard
(1962) has shown that the method givées a mean value for \ even
though it may vary along the length of the tube. (Use of this latter
mode'l,~'ihcidenta11y, may offer a way to make a simplified fit to
only the initial portions of curves, in order to estimate \ alone.
'We have restricted the presentation here to the more general case.
The simplified one should be most apphcable when \' is known to
be much smaller than \, as for potassium transport.) Though the
constancy of X and A' assumed in these models was arbitrary, and
for purposes of simplification, as one thinks about alternatives it
soon appears that this simple approach is hard to improve on with-
out further arbltrary as sumpt1ons that cannot now be checked. Also,
potassium transport may be a function of cell surface or volume,
and the ratio of cellular to extracellular potassium can probably
best be assumed at present to be constant over the various flow
beds. Hence it appears that the particular models presented here,
~with their restrictions on \ and A', may presently be the most rea-
sonable approach to finding average values for them.

One further result from the above models: When the refer-

ence tracer curve is multiexponential, the probability that a dif-

fusible tracer ion enters a B compartment (enters a cell) one or
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more times on single passage through the region of interest is

)\fi
P=Zﬁ>\—;-

i

given by

From data of the type shown in Fig. 5 the parameter P can bé
measured. It is the fraction of the diffusible substance entering
the cells on passage through the tissue. When the intracellular
pool is very large, P corresponds to the approximate notion of
the "fraction of the injected tracer trapped in the tissue,' which
has been of particular interest in the use of radioéctive potassium
in circulatory studies. In the dog leg it appears that only about

one-fourth of the K¥ is so trapped.
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FIGURE CAPTIONS

Figure 1. Compartment-system model of a region of the cir-
culation consisting of parallel sets of two-compartment flow
beds.

Figure 2. Enlargement of the ith flow bed from Fig. 1, indi-
cating the relationship of the parameters and compartment
labels as they appear in the equations. The reference tracer
can enter only A, whereas the diffusible tracer enfers both A
and B.

Figure 3. The regional circulatory bed visualized as com-
pounded of a number of 'tubes of flow'" of varying length,
from each of which ""leakage'" and return of diffusible tracer

are possible along its length.

Figure 4. Enlargement of a portion of one of the "tubes of
flow" in Fig. 3, indicating the "A' region within the tube,
occupied by both tracers, and the "B'" region or cuff of fluid
around the tube, into which only diffusible tracer can leak and
return. '

Figure 5. Equations (3) and (7) fitted by weighted least squares

to in vivo counter data from the dog hind leg, with radioactive

Nat and K* injected simultaneously in the femoral artery.
The counting rate has been corrected for counter cross-talk,
radioactive decay, and recirculation, and normalized for in-

jected dose.

o





