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It is known that in various random matrix models, large perturbations create outlier eigen-
values which lie, asymptotically, in the complement of the support of the limiting spectral
density. This thesis studies fluctuations of these outlier eigenvalues of iid matrices X,, un-
der bounded rank and bounded operator norm perturbations A,, namely the fluctuations
)\()\j—% + A,) — A(A,)). The perturbations A, that we consider belong to a large class, where
we allow for arbitrary Jordan types and almost minimal assumptions on the left and right
eigenvectors. We obtain the joint convergence of the normalized asymptotic fluctuations of

the outlier eigenvalues in this setting with a unified approach.

i



The dissertation of Anand Bharathwaj Rajagopalan is approved.
Rowan Killip
Dimitri Shlyakhtenko
Sudip Chakravarty

Terence Tao, Committee Chair

University of California, Los Angeles

2015

1l



TABLE OF CONTENTS

1 Introduction . . . . . . . . . . 1
1.1 Background . . . . . .. 1
1.1.1  Outlier fluctuations of Wigner matrices . . . . . . . . . .. ... ... 4

1.2 Outlier eigenvalues of iid matrices . . . . . . . . . . .. ... ... ... 6

1.3 Model and statement of results . . . . . . . ... 7
1.4 Discussion and related works . . . . . . . ... 11

1.5 Notation . . . . . . o . 15

2 A central limit theorem . . . . . . . . . . . . 16
2.1 Motivation and statement . . . . . . .. 16
2.2 Proof of Proposition 1 . . . . . . . . . . ... ... 18
221 Step 1 . . . e 20

222 Step 2 . ... 22

2.3 Proofof Lemma 5. . . . . . . . s, 28

3 Proof of Lemma 7 . . . . . . . 34
3.1 Proofof Lemma 9. . . . . . . . 37

4 Proof of Theorem 5. . . . . . . . . s, 43
Appendix A Deterministic perturbations . . . . . .. ... ... ........ 45
Appendix B Truncation . . . . . . . ... ... 50
References . . . . . . . s, 53

v



1.1

1.2

3.1

LisT OoF FIGURES

Ilustration of circular law with outliers . . . . . . . . . . . . . . . . ... .. 7

Comparison of empirical and theoretical outlier distributions for non-Gaussian

and Gaussian atom distribution x. . . . . . . . ... 13

Anexampleof Fe Pwithk=4. . . . ... ... ... ... .. ....... 38



ACKNOWLEDGMENTS

First of all, I thank my advisor, Terence Tao, for his constant guidance, support, and
feedback throughout the research process, and for suggesting my thesis topic. I also thank

David Renfrew for the many helpful discussions.

I thank Maggie Albert, Martha Contreras, and Maida Bassili for their help with all

matters administrative.

I thank my friends and housemates here who have contributed to an enjoyable experience,

in particular I thank Ashay Burungale, Sam Miner, Pietro Carolino and Shagnik Das.

Finally, I thank my parents, Lakshmi Venkatesan and Raghu Rajagopalan, and my sister,

Daksha Rajagopalan, for their love and support.

vi



ViTA

2009 B.S. (Mathematics) and B.S. (Physics), MIT, Cambridge, Massachusetts.

2011 M.A. (Mathematics), UCLA, Los Angeles, California.

vii



CHAPTER 1

Introduction

1.1 Background

In this thesis, we study the fluctuations of outlier eigenvalues of additively perturbed iid
matrices for a general class of perturbations. We begin by describing some models of random
matrices, all of which are characterized by independence of their entries (up to certain

restrictions).

One of the earliest studied random matrices models was introduced by John Wishart
([Wis28)]) in the field of multivariate statistics. We define the model in a specialized setting,
in order to simplify the presentation. Let Y = (Y},),>1 be an m X n matrix with m/n —
a € (0,1] such that the columns of Y,, are iid centered Gaussians with covariance matrix
>, = I,. Letting

1
S, ==Y, YT (1.1)
n

we refer to S := (S,)n>1 as a Wishart ensemble.

One of the main focuses of random matrix theory is to understand the eigenvalues (and
singular values) of the various models, in the limit as the size of the matrix tends to infinity.
Given a square random matrix X, let A = A(X) denote the set of eigenvalues of X, or its

spectrum. We then define the empirical spectral measure(ESM) of X,, by
X
Hx, ‘= n -
AEA(Xn)

Thus the ESM is a random measure on the complex plane with delta masses (of size 1/n) at

the eigenvalues. One of the remarkable discoveries of random matrix theory is that for many



ensembles, the ESM converges, under suitable normalization, to a limiting spectral measure

and that this limiting measure is universal within a given class of matrices.

The first such result is due to Eugene Wigner ([Wigh5]) for a Hermitian matrix model.

We again define a specialized version of the ensemble. Let W,, = (w;;)ij<n be a sequence

of symmetric matrices with the @ real valued random variables (\%wii)?:l and (w;;)i<;

being iid. Normalizing the atom distribution w := w5 to have mean zero and variance 1, we
refer to W = (W,,),>1 as a Wigner matriz. The first proof of the semicircular law was for

convergence in expectation; we state the almost sure version.

Theorem 1. (Wigner Semicircular Law) Let W be a Wigner matriz. Then

,UWT% = Use @.S.

with

1
ditse(x) == 2—\/4 — 22dx.
T
Thus the ESM of W,,/y/n converges in distribution to ps. almost surely. That is,

P {/ fdu% = /fdusc for all f € BC(R)| =1,

where BC(R) denotes the set of bounded continuous functions on R.

Finally, we define an itd matrixz, which is the underlying model of our investigations.

Definition 1. An iid matrix is a sequence X = (X,,)n>1 with X, having (complez-valued)

iid entries (x; j)1<ij<n and whose atom distribution v = 1, satisfies BEx = 0 and E|z|* = 1.

We have, in analogy with the semicircular law, the circular law for iid matrices.

Theorem 2 (Circular law). For an iid matriz X, we have

Xn = HC @.S.
,Uﬁ o

with
1
duc = ;H{ZG(C:|Z|§1}dZ-

2



Here dz denotes Lebesgue measure on the complex plane. The circular law has a long

history and is the work of many authors (see [TV10] and references therein).

Once one has an understanding of the limiting spectrum, there are many other questions
one can ask about the eigenvalues of a random matrix. One relatively recent line of research
has focused on understanding the spectra of random matrix models under perturbations
of various types. This is the context in which our study takes place and we now turn to

exploring the relevant literature in this area.

The works of [BBP05] and [BS06b] were one of the first to study perturbed random
matrix models. Consider the Wishart ensemble S = (S,),>1 as defined in (1.1). The
limiting spectral measure is then given by the Marchenko-Pastur law (see [MP67]) ump (),
defined by

1 e o —a)

27 ox

dpnp (o) () - Lia_ o, de
where ax = (1 £+ +/a)?.

Baik, Ben Arous and Péché consider a multiplicative perturbation of this model, with X,
having all but finitely many eigenvalues equal to 1. The resulting S,, (referred to as a spiked
population model), while having the same limiting spectral measure, now has eigenvalues

located outside supp(ump()). These are the outlier eigenvalues of the perturbation. The

central questions are then:
1. What are the asymptotic locations, 6; of these outliers, \;?
2. What are their (normalized) fluctuations? Namely,

(a) At what rate do we have the convergence \; — 6,7

(b) After normalizing, what is the limiting distribution of \; — 6; (if it exists)?

In [BBPO05], the limiting fluctuations of the outliers are shown to follow a phase transition
depending on the largest eigenvalues of XJ,; thus the limiting distribution changes as the

largest eigenvalues of ¥, change over a small scale.

We study the fluctuations of such outlier eigenvalues for the iid matrix ensemble, under

a general class of perturbations (those having bounded rank and bounded operator norm).
3



Before presenting the details of this model and the outcome of our investigations, we first

turn to the situation in the Wigner setting.

1.1.1 Outlier fluctuations of Wigner matrices

Following the work of [BBP05], the outlier eigenvalues of various perturbed matrix models
have been studied. In this section, we review the literature of outlier eigenvalue fluctua-
tions in the Hermitian setting. The works of [CDF09], [CDF12],[PRS13],[RS13],[KY13], and
[KY14] build up to an essentially complete picture of the fluctuations for a certain class of

perturbations.

We first state [CDF09, Theorem 2.2], which we have specialized to the case of real entries
with unit variance for simplicity. Let W,, be a symmetri Wigner matrix as defined above,
and let A = A, be the deterministic perturbation matriz given by a;; = 00(;j—1). Let
M, = %2 + A,. It is known (see [Bai99]) that the limiting spectral measure of M, is also
given by the Wigner semicircle law with support [—2,2]. Under the additional assumption
that the atom distribution w is symmetric and satisfies a Poincaré inequality, Capitaine,

Donati-Martin, and Féral show that M, has an outlier eigenvalue A, which converges to

0+ %. Furthermore, they determine the limiting distribution of the normalized fluctuation

N (SO0 ST

where g is a (real) centered Gaussian independent of w with variance

of this outlier, namely

Elw|* -3 2
W= e

We remark that the dependence of the limiting fluctuation on the law of the atom makes
it non-universal. While this non-universality is also a feature of such limiting fluctuations in
other models, it should be noted that in random matrix theory as a whole, non-universality

is more an exception than the rule.

We next describe the generalizations of [CDF09, Theorem 2.2] in works that have fol-

lowed. In [CDF12], the authors extend the result to finite rank matrices A, of the same
4



symmetry class as W,,, with eigenvectors belonging to two cases - local and delocal types,
defined below. A local perturbation A, is supported in a finite X x K box in the upper left
corner. The fluctuations corresponding to an eigenvalue 6 of multiplicity k are given by the
eigenvalues of a k x k random matrix of the form U*(W}, + Hy)U, where Hj, is a Hermitian
Gaussian matrix (with specified covariances) independent of W and U is a matrix of appro-
priate size that encodes the relevant eigenvectors of A. A delocalized perturbation matrix is
one whose outlier eigenvectors u; have uniformly small entries, thus max; ||u;]|« — 0, where
the maximum is over eigenvectors associated to the outlier eigenvalues. In this case, the
authors shows that universal limiting fluctuations are obtained, which are eigenvalues of a
random matrix of the form U*Hj,U. Finally, we note that [CDF12] requires the technical

condition that the eigenvectors of A, corresponding to the outlier eigenvalues have supports
of size O(y/n).

In [PRS13] and [RS13], the assumptions that w is symmetric and satisfies a Poincaré
inequality are removed. Instead, the authors show that it suffices to assume ! E|w|*™¢ < oo.
Furthermore, the restriction on the support of the eigenvectors is also removed. In the
delocalized case, the (suitably normalized) limiting fluctuations then become the eigenvalues
of U*(Ms + H)U, where Mj is a deterministic matrix that is zero on the diagonal and is a

multiple of the third moment E[|w|*w] off the diagonal.

Finally, in [KY13] and [KY14], Knowles and Yin extend the model further in two direc-

tions. They allow for outliers #; that satisfy
‘01 — 1‘ % n*1/3,

and they do not require any hypothesis on the eigenvector of the perturbation. They require,

however, that the atom distribution w has subexponential decay.

In the next section, we introduce prior results for iid matrices in the context of outliers
which are relevant to our work. Then, in Section 1.3, we define the class of perturbations

we study and state our theorem for the joint limiting distribution of the outlier fluctuations.

'In fact, they prove that it suffices to assume certain weaker Lindeberg conditions for the diagonal and
off-diagonal entries



Finally, in Section 1.4, we look at some special cases of our results, and compare these with

results from related works, namely from [RB13] and [BC14].

1.2 Qutlier eigenvalues of iid matrices

Without perturbing an iid matrix X, one might still ask if there are outliers in the limit. It
turns out that this is not the case, as we now proceed to show. Denoting the spectral radius
of X/v/n by p(X/y/n) := maxyea(x)|A|, the circular law shows that limsup p(X/y/n) > 1
almost surely. The following is a complementary result (stated in [Taol3]) proven using the

truncation method and the moment method (see e.g. [BY86]).

Theorem 3. Let X,, be an 1id matrix with atom distribution having bounded fourth moment.

()]

converges to 1 almost surely as n — oo. Moreover, for | > 1, ||(%)ZH converges to | + 1

Then
11

almost surely as n — o0o.

Now let A = A, be a deterministic matrix of rank O(1) and operator norm O(1). Next,
let © =0, :={\ € A(A,) : |\| > 1}. In the interest of simplicity, we will state the following
result assuming © is independent of n for n sufficiently large, though this can be relaxed.
Finally, we let my denote the multiplicity of #. Then the following theorem due to [Taol3]
(with generalizations to other models in [OR14], [RB13] and [BC14]) shows that outliers in

the spectrum of \% + A appear, in contrast to the situation in Theorem 3.

Theorem 4. Let X be an itd matriz with bounded fourth moment and let A and © be as

above. For each 8 € © there exists

A C A(% + A)

with |A%] = mg and for A € A?,
A— 0

almost surely.



Figure 1.1: Eigenvalues of X/v/n+ A with X having iid N'(0, 1)c entries, A = 2I,® Jy 5112®

0996 and n = 1000. The smaller circles have radii n=%2 and n=/4.

To illustrate Theorem 4, in Figure 1.1 we have plotted the eigenvalues of a perturbed
Gaussian matrix X//n + A, with x having distribution N'(0,1)c and n = 1000. The two
outliers near 2 correspond to the block (39) and the two outliers near 1.5 + 7 are from the
block (1% 1,;) of A. Observe that the fluctuations from the Jordan block are larger; this
phenomenon will be discussed later. It does not occur in the Wigner model with symmetric

perturbations.

1.3 Model and statement of results

The objects we study are the fluctuations A — 6. More precisely, we obtain the joint limiting
distribution of the (suitably normalized) fluctuations when A is allowed to have arbitrary
Jordan type and left and right general eigenvectors satisfying a mild restriction. After intro-

ducing the main definition and theorem, we will discuss simpler special cases in Section 1.4.

We now define the perturbation matrices we will consider in this work, along with asso-

ciated notation. To unify expressions involving mixed second moments, we will employ the

7



following notational convention throughout this thesis. For any complex vector z, we let

PALEES ' (1.3)

]
SH
I

—_

where Z denotes the (component-wise) conjugate of z. We will write 27 for the transpose of

z and z* for the conjugate transpose of z.

Definition 2. A perturbation matrix A = (A,,),>1 is a sequence of (complex) n xn matrices
with rank O(1) and operator norm O(1). For § € © = {0 € A(A,) : |0 > 1}, let Jy be
the Jordan block in the Jordan decomposition of A corresponding to 6 with blocks written
in nonincreasing order. We will assume that © and (Jy)geco are independent of n for n
sufficiently large. Let

5 &P
m
Jo = @ Jp o where Jpp = < . )
) 1
k=1

0

is the Jordan block of size k occuring with multiplicity mgy in Jy. To index the eigenvectors

and generalized eigenvectors, we introduce the following notation. Let
I:={(i,j,k,0) i € [k],j €[moi], k € [Ky|,0 € O}
and for s € I, we write s = (i, js, ks, 0s). Let
Iy={sel:0,=0}.

For fized j, k,0, let (vs)k | be the generalized eigenvectors corresponding to the jth block
of Jox, and let vy i be the eigenvector for that block. Similarly define (u%)f_ | to be the
generalized left eigenvectors with the Uy i k) 's being the corresponding left eigenvectors. To

index the left and right eigenvectors, we let

I ={sely:i, =k}
and
I ={tecly:i,=1}.

Finally, we let
L= 1) x 1] x {6}

0cO

8



and for r € I, we write v = (S;,t,,0,). For (s;,t;,0;) € Iy, 1 = 1,2, we assume that the

limits of the following inner products exist and define, for dy,dy € {0, 1}, the scalars

UL = Tim (,,) ) (1.4)
VB = im (v, )T (1)), (1.5)

n—o0

We also assume the following convergence and define (G, )rer, by

(U:Tthr>7‘€]2 = (GT)TGIQ' (16)

Lastly, we require the following technical assumption. Fix § > 0 and let
L = U {(7/7]) < [n]2 : ‘usr,ivtr,j‘ Z n—1/4+6}.
rels

Then we assume

D U iir, = (G)rers- (1.7)
(.5)€eL rels

Remark 1. The eigenvectors satisfying the convergence criteria of (1.4)- (1.7) are quite
general, and are allowed to be of local, delocal and mixed types (see Remark 4). These

eigenvector requirements are similar to those of [KY13] and [KY1/)].

We denote the Schur complement of A in the block matrix (4 2) by
SC(A,(48)):=D—-CA'B. (1.8)

Recalling the notation of Theorem 4, we denote the elements of A’ by A for s € Iy. We now

state our main theorem.

Theorem 5. Let X be an uid matriz and A a perturbation matriz. We will assume the

moment hypothesis E|x|™ < oo, with m defined as follows. First define 0 < ¢ <1 through

c=sup{d >0: max il oo |0i]loe < 77} (1.9)
1€|p
Then fiz € > 0 and set
m = min(max(2/c,4),8) + €. (1.10)

9



Recalling (1.6), (1.4) and (1.5), we define the random variables (F,)cr, by
Fo= G+ g (1.11)

where (g,)rer, 18 a collection of centered complex Gaussians independent of (G,)rer, with
mixed second moments specified by

(d1) n(d2))2
(d1) (d2) _ (Ez'®z'?2)) (d1),(d2) 7/ (d1),(d2)
Egrll gT’QQ - 07«107«2 _ E.Z‘(dl)l'(dz) (]srll,sw2 ‘/trl itrg . (112)

For § € ©, let F¥ := (F,)g,—g be the I? x I matriz of random variables and for k € [Ky), let

FOF = SC(F?| (s )b bushinys F2 (s ko kesk})

be the my X mgy matriz that is the Schur complement of the indicated submatrices of F,

Denote the eigenvalues of FO* by (:\?k);nzelk whose kth roots we denote

£ = (GO agwen oo (1.13)

where (, = . Then for each 6 € ©, we can label the eigenvalues in A as (A, )i jmers

such that the normalized outlier fluctuations

X
L = nt/CP (Af,jk (% + A) - 9) (1.14)

converge to (f£j7k)ge@7(i,j,k)e[9 in the following sense. Define the subgroup S of the permutation

group Sy by
S ={m e Sr:m(s)g = s9,7(s)r = s and
n(s); =m(t); < s; =1t; for all s,t € I}.

Let BC(C!)® denote the set of bounded continuous functions on C! invariant under the action

of S. Then for f € BC(CT)S, and writing (f,)ier for (1.13) and (f))ier for (1.14),

/fdu(fl)lel - \/\fdl’b(fl)lej

Remark 2. The moment hypothesis we require seems to be a technical limitation of the
moment method that we have employed. While we need at most 8 + ¢ moments in all
cases, we conjecture that 4 moments always suffice. In the delocal case with ¢ = 1 (i.e.,
| |loos ||[Villoo € 1/4/1, we require 4+ € moments which almost matches the conjectured opti-
mal. On the other hand, under the assumption of 4 moments, [BC14] obtains the fluctuations

of certain types of local matrices (with ¢ = 0) as described in the next section.

10



1.4

Discussion and related works

We now provide examples of different types of behavior for the fluctuations that illustrate

Theorem 5. The first two examples are of rank 1 fluctuations.

(i)

(iii)

If A has a single non zero entry 6 in the top left with || > 1, the limiting normalized
fluctuation of the outlier is the law of x + ¢ where x is the atom distribution and g is
a centered complex Gaussian with Eg? = 0 and E|g|? = N(0, |9|2;—1)C' Note the non

universality of the fluctuations, and their similarity to (1.2) from the Wigner case.

In Figure 1.2, we demonstrate this non-universality. Figures (a) and (c) are 500
samples of the normalized fluctuations \/ﬁ(/\out(% + A) — 2) of a single outlier with
n = 100 and A given by a;; = 20 j)=1,1).- In Figure (a), the atom distribution x is
distributed uniformly over the square [—[,1]> C C with [ = 1/3/2 so that E|z|> = 1
(outlined in figure). In Figure (c), x is the standard complex normal N (0, 1)c. Figures
(b) and (d) are 500 samples from the corresponding limiting distributions as predicted

by Theorem 5.

If A = Qvu* is of rank 1 with |8] > 1 and ||ul|c||v]lc = 0(1), then the normalized

fluctuation y/n(A — ) converges to the law of a centered complex Gaussian gy with

0|2 Ex?

2 _ . *— T
B9 = o —Eaz om0
and
2 |9|2 : * *
E|go|” = lim v uv*v.

B |9|2 — 1 n—oo

In particular, if Ex? = 0 and A is normal (thus u and v are unit vectors), then gy is a
circularly symmetric Gaussian with variance Ib’IP—'il'

Suppose A = UDU* is normal of rank k, with ||u;||cc = o(1) for i = 1,2,... k. For a

fixed eigenvalue 6 € © of multiplicity m, the covariance formula (1.12) reduces to

’Ex? T
lim w)u.uy, ug

Egabgea = m L

11



and

2

Egabgea = 71 nh_g)lo Uy U Uy U
92
= ——— 040
gz — 1 acObd

Note that fluctuations of different eigenvalues are still correlated in general. We obtain

asymptotically independent fluctuations for distinct eigenvalues in the following cases.

(a)

If A is real, ull, = 64, ulug = 0pq and the entries of F¥ = (gab)yp—y are inde-
pendent Gaussians. Depending on the Jordan structure Jy, the normalized fluc-
tuations converge to the appropriate roots of eigenvalues of Schur complements
of submatrices of F? as specified in Theorem 5.

If Ez?2 = 0, F? = (9ab)yp=1 18 a scaled complex Ginibre ensemble with atom

distribution ¢ satisfying Eg = 0, Eg> = 0 and El|g|> = |9‘f‘211. If we now suppose

further that Jy = 61,,, then the m fluctuations associated to 6 are given by the

eigenvalues of the complex Ginibre ensemble specified above. By the circular law,
6]

o1 for large m.

they lie approximately uniformly in a disk of radius

So far, the fluctuations have been of order O(\/Lﬁ) Suppose again that Ex? = 0
but that Jy is a single Jordan block of size m. Then as remarked below Proposi-

m—1

2m) are given by (e*™/ mg;/ ")y where

tion 2, the m fluctuations scaled by n'/(
go = (F?),n1 is the lower left entry of F. Hence the fluctuations are distributed
uniformly around a circle of radius n="/ (2T)gé/ " This dependence of the rate
of convergence on the size of the Jordan block is illustrated by the outliers in

Figure 1.1.

In [RB13], the outlier eigenvalues of perturbations of the single ring model are studied

and their locations and limiting fluctuations are obtained ([RB13, Theorem 2.9]) for finite
rank and finite operator norm perturbations of arbitrary Jordan type. Note that the special
case of the Ginibre ensemble, which is an iid matrix, is contained in this model as well.

Our approach to dealing with perturbations of various Jordan types is similar and relies

12
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Figure 1.2: Comparison of empirical and theoretical outlier distributions for non-Gaussian

and Gaussian atom distribution z.
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on a deterministic perturbation result known as the Lidskii-Vishik-Lyusternik perturbation
theorem (see [Lid66], [VL60], [MBO97] and references therein) which we have reproduced in

Appendix A.

In [BC14], Bordenave and Captaine study asymptotic outlier locations and fluctuations
for perturbed iid matrices. The perturbations considered there are of the form A = A’ +
A" where A” is of bounded rank and A’ (with possibly unbounded rank) satisfies a well-
conditioning property. In the case of local perturbations, where A has a finite nonzero block
A" at the top-left, [BC14, Theorems 1.7 and 1.8] obtain the limiting normalized outlier
fluctuation when A” = 0l,4) and when A” = Jy 4y under the hypothesis of bounded
fourth moments. In the case when A” = vu* is of rank 1 and is delocalized (|||so, ||V]]cc =
O(n~1/?)), they show that the outliers exhibit macroscopic fluctuations and demonstrate a
convergence of these fluctuations to the zeros of a Gaussian analytic function. While this
phenomenon does not occur with finite rank perturbations, some techniques of the proof are

similar to the ones in our proof.

In the setting of finite rank perturbations of iid matrices, when Theorem 5 is specialized
appropriately, our results coincide with [RB13, Theorem 2.9] for the Ginibre ensemble and
with [BC14, Theorems 1.7 and 1.8] for local perturbations of the specified Jordan types. All
other cases however, with X having a non-Gaussian atom distribution and A having general
eigenvectors (see Remark 1), including the delocalized cases of (ii) and (iii), do not appear

to have been explicitly addressed in the literature.

The main technical result of this thesis is Proposition 1 which we prove using the moment
method. We require a bounded number of moments in all cases and are able to obtain the

limiting fluctuations in a more general setting with a unified approach.

The organization of the rest of this thesis is as follows. In Chapter 2 we prove Propo-
sition 1 which characterizes the joint asymptotic distribution of certain random variables
arising from powers of X,, appearing in the Neumann series of (X,,/y/n — A)~'. In Chap-
ter 3 we prove Lemma 7, which determines the joint limiting distribution of random variables

related to a normalized resolvent of X,,, namely of the form /nu*[(X,/v/n —A)~!' + A7 v.

14



Using Lemma 7, Theorem 5 is proven in Chapter 4, with the help of Proposition 2 from
Appendix A, a deterministic perturbation result needed to understand the effect of Jordan
blocks in perturbations. Appendix B presents the truncation argument that allows us to

prove Proposition 1 and Lemma 7 under weaker assumptions.

1.5 Notation

In this section we detail the notation used in this thesis.

Asymptotic notation: n will always be used to denote a parameter going to infinity and
many quantities will be implicitly understood to depend on n. We will use the asymptotic
notation X = O(Y) and X < Y to mean there is a constant C independent of n, but possibly
dependent on other parameters, such that X < CY for sufficiently large n. Similarly, we
write X = Q(Y) or X > Y to mean for some C and sufficiently large n, X > CY. We write
X =o(Y) and y = w(x) to mean lim,_,o X/Y — 0.

Probability and combinatorics: For a sequence of events £ = FE,, we say F occurs
with high probability (w.h.p.) if P(E,) = 1 — o(1). We use = to denote convergence in
distribution (and occasionally to denote logical implication) and — p to denote convergence

in probabiltiy. Finally, we write [k] for {1,2,...,k}.

Vector and matrix notation: ||X|| will denote the operator norm of X, rk(A) will denote

the rank of A and (v, u) will denote the inner product u*v = > | Ww;.

15



CHAPTER 2

A central limit theorem

2.1 Motivation and statement

To obtain the limiting fluctuations of the outliers in Theorem b5, we will have to derive the
joint asymptotic distributions for certain bilinear averages of the recentered and normalized

resolvent, namely for
Sy = = Anut(X/v/n = A)7H+ A, (2.1)

with u and v ranging over the generalized eigenvectors of the perturbation matrix A. To
this end, in this chapter we prove Proposition 1 which obtains the limiting joint distribution
for a bounded number of terms of the Neumann series of (2.1). In Lemma 7 we will control

the tail of (2.1), thus obtaining its limiting distribution.

Recall the notation introduced in (1.3) which we reproduce here for convenience. For

any complex vector z, we let

Syl

SH
I

—

For S C [n] x [n], we define Xg = (X)) through

S
X7 = 03i,5)esTij-

Proposition 1. Let X be an iid matriz and (u;,v)_, = (u\™,0\"Y_, be a sequence of
vectors in C".  We assume the hypotheses of Theorem 5 with (u;,v;)5_; in the place of
(us,., V1, )rer,- Thus, in the place of (1.4) and (1.5), we assume the following limits and

define the scalars

16



O d2) (uil)(dl)*<u' )(d2)

i1,92 n—00 ‘2

(v3) @7 (3,) ). (2:2)

We will assume E|z|™ < oo with m defined via (1.9) and (1.10). Define
" X\’
Zij = Zi(,j) = Vnu; (_) Ui

where we have suppressed the n dependence for X, ™ and vi("). Also, for

L:= U{(k:,l) € [n] x [n] : Jugpvig] > n~ 40}
iclp]
and L := (|n] x [n])\L, define
Lo.—  /nu* ﬁ jv
Zig = v <ﬁ> Z

and

zZE =g X ]U
i = i\om ) o

For 7 =1, we will assume that the following joint convergences in distribution and define

the independent families (GF)_, and (GL})}_, through
(Z£1>§:1 = (Gz‘l:l)le

and

(Zi)i = (G

Also define Giy := G}y + GI so that

(Zin)izy = (Gin)izy- (2.3)

p?m

Then for any fixed m > 1, the pm random variables (Zm-)i:l’j:1 converge jointly in distri-

bution to the law of random variables (G ;)i ;= with (G ;)i\ j—o specified by

(1) The G;;’s are centered complex Gaussians for j > 2 with mized second moments given

by
EG) xd2) _ 5jk(Ex(d1)x(d2) )jC(dl)’(dQ)_ (2.4)

t1,J 2,k 11,02
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(i)

The collections of random variables (Gi1)i—; and (Gi ;)70 j_o are independent.

Note in particular that for j # k, Z;, ; and Z,, 1, are asymptotically independent.

Remark 3. We note that the case p = 1 and ¢ = 1 is a generalization of [Taol3, Section

4] to the complex case with weaker moment assumptions, and is a special case of [BC1/,

Theorems 6.3, 6.4].

Remark 4. The assumption of the joint convergence of Zfl and fo is satisfied under

various conditions. We describe some of these below.

(i)

(i)

(iii)

(iv)

2.2

If each w; and v; have finite support in [C] independent of n, we have the case of a

local perturbation and the G;1’s are finite linear combinations of the x; ;’s.

If each w; and v; is uniformly delocalized in the sense that ||u;||.c = o(1) and ||vil|e =
o(1) fori € [p], then by the classical central limit theorem, the G,1’s are joint centered

compler Gaussians with mized second moments given by

EG(dl)G(d2) _ ]Ex(dl)x(dz)cgdl)’(@).

11,1 “ig, 1 T 11,12

Fach u; and v; can be allowed to have a local and a uniformly delocalized part. Namely,
we suppose that for some C' independent of n and all i € [p], sup,sc |wil, sup;sc |[vi| =
o(1). In this case, the G;1’s are a sum of a finite linear combination of the x;;’s and

an independent Gaussian.

Finally, we mention an example that is not contained in the above cases. Let p = 1,
fix 0 <r <1 and set w1 = v1 = r¥c, with ¢, chosen such that u*v = 0 := 2 say.
Then G, ts an infinite linear combination of the x; ;’s with exponentially decreasing

entries.

Proof of Proposition 1

Instead of assuming (1.10), via a truncation argument presented in Appendix B, it suffices

to prove Proposition 1 under the stronger assumption that the atom distribution x satisfies

18



the bound |z| < K := o(n™) with M = 2/m given by
M = max(min(c, 1/2),1/4) — e, (2.5)

with ¢ defined by (1.9). Furthermore, by decreasing c slightly (and decreasing €), we may
assume

max [|u; || oo [|vi][ o < 07
i€[p]
instead. We will also assume without loss of generality that (u;,v;)cjp are unit vectors.

In step 1, we show that (Z},)?_, is asymptotically independent of

(ZH ) U (Zig)hiy

i=1,j=2"

p,m

In step 2, we derive the joint asymptotic distribution of (Z/])}_; U (Z;;)7} ;_,. A key part

of the proof is contained in Lemma 5, whose proof we postpone to the end of this chapter.

Step 2 employs the moment method which, together with the truncation method (see
Appendix B), contributes to the moment hypothesis. The moment hypothesis decays when
the random variables (Zfl)le are dealt with using the moment method; thus we deal with

them separately.

We will need

Lemma 1. Let A® = (A™ .. A™), B®™ = (B ... B™) and ™ = (¢, ... c!™)

be sequences of complex vector valued random variables such that
(A C™) = (A, C) and B™ —p 0.

Then (A™ + B CM)Y) = (A,C). In particular, if A™ and C™ are independent, then

AP+ BM gnd C™ are asymptotically independent.

Proof. This follows from the Cramér-Wold device (see [Bil99, Chapter 1.7]) and appears in
[Bil99, Exercise 1.4.2]. O
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2.2.1 Step 1

For j > 2, define
Zl=n" U0y (X = X ).

and 7/

12,J2

Note that Z%

e are functions of disjoint subsets of {z,.s : ;s € [n]} and hence,

(Zij)g)ep and (Z; ;) j)epe are independent. ZZ»LM»1 and Zng are independent for the same
reason.
By Lemma 1, it suffices to show that
E=E;:=nYY2(X — (X — X1))v; =p0 (2.6)

fori € [p] and 2 < j < m.
We will need the following result.

Lemma 2. Let v and v be unit vectors in C" and X be an tid random matrixz with atom

distribution having mean 0, variance 1 and bounded fourth moment. Then
2
1 \" 1
l—=X =0|— 2.7
' (ﬁ ) ’ (n) 20

Remark 5. Lemma 2 is a special case of Lemma 9 which establishes the same statement

E

for any fixed k > 1.

for k that is allowed to grow polynomially with n. We postpone the proof to Chapter 3,
where the result is needed in full generality. We remark that Lemma 2 can also be found in

[Tao13, Lemma 2.3].

Fix j > 2 and let 6,, = logn (any slowly growing function of n will suffice). By Lemma 2
and Markov’s inequality, for any k£ > 1,

ﬁ {um (%X)kvm < %} (2.8)

m=1

occurs with high probability for any finite set of 2M unit vectors (u,,)_; and (v,,)M_,.

Recall that

L = U{(kyl) S [n] X [n] . |ui7kvi,l| 2 n—1/4+§}
i€(p]
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where § > 0 is fixed. Since |u;|y = |v5]s = 1, we have |L| < n'/?72°. To control, || X[, we

will need

Lemma 3. Suppose S C A x B with max(|Al,|B|) < m. Then || Xs|| < O(logny/m) w.h.p.

Proof. Since || Xg|| is unchanged when restricting X¢ to an m x m submatrix containing
S, we may assume m = n. If S = (), Lemma 3 is a consequence of Theorem 3. Writing
X' := X1 — Xre, we have

X2l < (X0 + X))

from the triangle inequality. If the atom distribution x is symmetric, applying Theorem 3
to X and X'’ yields the desired bound. To prove the lemma for general z, we will need a
symmetrization argument from [Tao12, Section 2.3.2] that we reproduce here for convenience.

Letting X” be an independent copy of X', we have
EX' - X" X' = X".
Since the operator norm is a convex function, we may apply Jensen’s inequality to get
1X7)| < E[IX’ - X"[|X.
Removing the conditioning on X', we have
E|X'|| < E| X — X",

Now X’ — X" has iid entries, so applying Theorem 3, we have

E[X]

log ny/n
_E[X - x|

log ny/n
=o(1).

P{|X'|| > log ny/] <

1/2—26

Applying Lemma 3 with m =n gives

| X2|| < (logn)n'/*~% w.h.p. (2.9)
21



Now let
X :a=0

X, a=1

X% .=
Expanding (2.6), we have

J
B[ <> ST U xe Xy

a=1 ay,-,a;€{0,1}

a;=a
k
= Z E,.
a=1

For a > 2,

a—1

X

j—a

Xr
NZD

m< ()|
— o(1) w.hp.,

where we have used (2.9) and that a > 2.

To bound E;, we have

Jj—1 m j—1-m
X X
e ()5 ()
— Vvn Vn
Jj—1 m j—1-m
X X
< Z || |l (—) ekl le <—> v;
(k,l)eL m=0 \/ﬁ \/ﬁ
On
<L — |z | w.hop
n(k,l)eL

Note that if j > 2, then either m > 1or j —1—m > 1 for 0 < m < k — 1. Hence the last
line follows from (2.8).
Since E|zy| < 1, §, = logn and |L| = O(n'/?>=%), we have E; —p 0 by Markov’s

inequality, and (2.6) follows.

2.2.2 Step 2

We first state and prove the complex version of Wick’s theorem (also known as Isserlis’

theorem, see [Iss18]) which will be needed later.
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Lemma 4. (Complex Wick’s theorem)

Let (Zy, Za, ..., Zy) = (Xy+iY1, ..., X, +1iY,) be a centered complex Gaussian vector. Thus

the vector (X1,Y1, ..., Xy, Yy) is multivariate normal. Then for any I = (i1, ... i) € [n]?,
2% k
E1] 2. =>_1]®%,, %,
1=1 P j=1

where the sum is over all partitions P = Ule{pgj,l,pgj} of [2k] into pairs. Also, the left
hand side is O if I has odd length.

Proof. Wick’s theorem is the statement of the lemma for multivariate centered real Gaus-
sians. The complex version follows by expanding both sides of the equation into real and

imaginary parts and applying Wick’s theorem. Let

X, ta=1
Wi =
Y; ta=2
Then
2k 2k
s[lz- X 1w
=1 ai,...,a9€{1,2} I=1
while i i
Z H E[Zp2j—1Zp2j] = Z Z H E[ng—_ll WI?;JJ]
P =1 P ay,..,a0,€{1,2} i=1

Switching the sums and applying Wick’s theorem to EH?L VVZCZ” for each choice of the a;’s
yields the result.

We now prove Proposition 1 for the collection of random variables (Z{4)_,U(Z; ;)7 ;_,.

This part of the proof employs the moment method in a similar way to those in [Tao13] and
[BC14]. To avoid notational clutter on a first reading, one may set p = 1 to grasp the main

ideas of the proof.

To handle the j = 1 case uniformly, in the proof we will abuse notation by writing Z; ;
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for Z}| and G, for G};. When j = 1, we will denote X by X7 and finally, we define

Cin ™ j =2
o )(d2)(]) _ 1,43 (2.10)

.2 . (d1) (d2)
iy o0 DS pere (Wink)  (Uink) (Vi 1)) (v5,0) (%),

By Carleman’s theorem for the case of a complex vector of random variables (see e.g.

[BS06a)), it suffices to show that the multivariate mixed moments converge. Namely,

E [] 25Z;" =k [[ GiYGy +o(1) (2.11)
1<i<p 1<i<p
1<j<m 1<j<m

for (7i5)727 j=1s (8i4)il1 j=1 € NP
Let @, := —3 Z”( 1)(r;,; + si;). Then the left hand side of (2.11) is
nQE T (w0, (ul X 7). (2.12)
1555m
Expanding the product in (2.12) will yield terms corresponding to the union of directed
paths on the vertex set [n] with ). r; ;+s; ; of them having length j for each 1 < j < m. We
first introduce notation in order to write (2.12) as a sum n=% >~ W(F), with * and W (F)
defined appropriately. Next, we reduce the sum to terms with paths having multiplicity two
and disjoint interior vertices (see Lemma 5). Finally we apply the complex Wick theorem to

obtain the proposition.

Let
S :={(a,b,c,d):a € [pl,b€[m],de{0,1},c € [rap] if d=0and c € [s,p] if d =1}

be the index set for the Z; ;’s. For s € S we write s = (s, Sp, Sc, S4). Recalling (1.3), (2.12)
can be written as

n~OE [ J(uz, X, ). (2.13)
seS

We let
T:={(s,e):s€ S and e € [sp41]}

be the index set of terms within the Z; ;’s. For t € T', we write

t= (tSvte) = (tavtb7tcatdate)~
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By a slight abuse of notation, we will write u; for u;, and ug for u,,. We denote the index

set for terms in the expansion of (2.13) by
F={F:T—=1n]:t,=1= (F(t,1),F(t,2)) € L}.
Finally for s € S and F' € F' let

Sb
W (F) := (ug ps 1) Vs, F(s,5+1) Ly 2 or (Fs),F(s.2)ene] ) (B H Tr(se)Fsern) ™ (2.14)

e=1
=t Wi () (F)Wos o (F) (2.15)
and set
WU,U(F) = HWS,(u,v)<F)a (216)
ses
Wﬂc(F) = HWs,x(F)
s€S
and
W(F) = [[W.(F). (2.17)
ses
Now we can write (2.13) as
n”OE [ JuX0,) 00 = n=@ ) " W(F). (2.18)
ses FeF’

For each partition 7 = {T1,...,T,} of T, set
Fr={FeF:{F'6G):ien),F'(G)#0}={Ty...,T,}}

to be the set of terms F' whose preimages induce the partition {7y....,7,}. We can now

write

O WE) ="y > W(R).

FeF T={T\,...T,} FEFT
We now define notation for the edges of the graph induced by the terms F. First, let
E:={(tt)eT?: t, =1t =t.+1} and fix a partition T = {T; ..., T,} of T. For F' € Fr

s 7e

and i, j € [q] = [q(T)], let

El. ={e=(t,t)e E:teT,and t' € Tj}
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and let
o T . T
Er = {E” : ]E”] > 0}.

Note that (|e])cer, is independent of F' € F7 and that

Wo(F) = ] El=[*. (2.19)

ecEr

Since E|z| = 0, W,(F) =0 if |e] = 0 for any e € E7. Thus defining

F= J 7
T partition of T
le|>2Vec E

we have

n~ Y W(F) =00 ) W(F). (2.20)

FeF! FEF
Each F' € F can be interpreted as a union of paths on [n]. More precisely, letting
Ts:={t € T : t; = s}, we define 7p; := F|r, to be the path of F' corresponding to term

s € S. The interior vertices of mp are defined to be F({(s,e) : e =2,3,...,5}).

Lemma 5. Assume the hypotheses of Proposition 1 and recall the notation introduced above.
Let Fy be the set of terms I such that each path wps for s € S has multiplicity 2 and different

paths have disjoint interior vertices.
Then

O W(F) =n"% Y W(F) +o(1).

FeF FeFo
We will postpone the proof of the lemma to the end of the chapter. Assuming the lemma,

we now prove the proposition.

First suppose ), r;; + s;; is odd for some j. Then F; is empty and the left-hand side of
(2.11) is o(1) which matches the right-hand side by the vanishing of odd mixed moments of
a centered complex Gaussian. For the rest of the proof, we can thus assume that for each j,
> T+ sij is even.

We group the terms in Fy as follows. Let S; := {s € S : s, = j} and define P; to be
the set of unordered partitions of S; into parts of size two. Note that by assumption, |S;| is

even for all j.
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For F' € Fy, note by (2.14) and (2.17) that W (F) does not depend on the interior points
{f(s,e) :s€S,e= ., sp}. There are Y, .(j — 1)(ri; + si;) such points which occur in

pairs and can be chosen in n®! ways.

For F € Fy and j € [m], let Pr; € P; be the partition of P; induced by F. Then F
satisfies the condition that for each part {p,q} € Pr;, F(p,1) = F(q,1) and F(p,p, + 1) =

Summing over the choices for interior points and F' satisfying the above condition instead

of summing over F' € Fy incurs an o(1) error and we have

eSS wE) =11 11 > W,(FYW,(F) + o(1) (2.21)
FeFo J=1 Pi€Pj{p.atel;  Flp,1)=F(q,1),
F(p,j+1)=F(q,j+1)€[n]
where, recalling (2.14),
W, (F)W,(F) = (Ez*9 g o1
p q L U 7‘, ’I“F (r,j+1) [1>2 or (F(r,1),F(r,2))€Le]:

Te{p q}

Finally, using (2.2) and (2.10), (2.21) evaluates to

1> Il EaPozl)icra )+ o). (2.22)

J=1 P;€Pj {p,qtep;
On the other hand, we let P be the set of partitions of S into pairs and for s € S, we set
G, = ngdzb Note that for j # k, EG;, ;Gi,r = 0 and hence Gj, ; and G, i, are independent.
Applying Wick’s theorem to the right hand side of (2.11) gives

E ]] G’“”Gs” E]]G.

1<i<p seS

~1=]] e
ﬁz I] EGG,

=1 P;€P; {p.q}€P;
where we have used Wick’s theorem in the third line. Comparing (2.22) and (2.4) then

concludes the proof of the proposition.
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Note the following special cases of Proposition 1, where we write G;; for G7;.
(i) If Ez? = 0, condition (2.4) becomes
EGi1,j ik = (Sjkc(o)’(l)(il, Z2> (223)

and

]EGi17jGi27k - 0

(i) If we further assume that for p = d?, the vectors (u;,v;)}_, are of the form (uq,u)? ,_,

with (u4)9_, orthonormal, then (2.23) reduces to

EG (a,),iG ek = OjrbabOcd- (2.24)

2.3 Proof of Lemma 5

Fix a partition 7 = {T1,...,T,} of T with |e| > 2 for every e € Ey. We first rewrite the
sum n~%! ZFGIT W (F') as a product of terms over j € [q].

Define TV :={t €T :t. =1}, T*:={t €T : t. = t, + 1}, T° := T\(T* UT?) and let
T;:=T,NT" for 1 =1,2,3. Fort € T and i € [n], define the vertex weights

(

|ut,z’| 1t e Tl
w(t, i) =S vl :teT?> - (2.25)
n12.teT?

\

The w(t,i)’s account for the factors n=?" and W, ,(F) in (2.16) and (2.18) respectively.
Since E|z|* < K@%+ using (2.19) we have

q
ST wE) < S T e | I &0+
FeFir,..14} i1£i'..,ti.q€1[;n] Jj=11t€eTjy ecET
1stinc
q
< > (T wi ) JT 504+ (2.26)
1] 5eeey iqe[n] Jj=1teT; ecEr
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We would like to bound [[ .5 K K=Y+ by [T,ep K*(t, i) for some suitably defined K* in
order to bound the right-hand side (2.26) by

H Z H w(t, i) K*(t, ;).

§=1 i1 ,..nyig€[n] tET;
We do this first for the expression [], . By KK el in order to motivate some of the technical
definitions. Fix 4y,...,4, € [n] and assume for ¢t € T"and j € [q] that |u;,|, |ve,,| # 0. Recall
the parameter ¢ € [0,1] from (2.2). For t € T}, t' € T} and t* € T7, define

/

|Ut11 N teT

K(ti) =419 teT? : (2.27)

We first show that

I K< ﬁ I x(t.é)). (2.28)

ecEr Jj=1teTy
Fix s € S. Suppoes s, = 1. Then for ¢ and e sufficiently small,

H K t Zj(t)) > kmln ’utk’l)tl‘
teT ts=s (k.0

> nmax(1/475,c)(176)
> K. (2.29)

The last line follows from M < max(1/4,c) which is a consequence of (2.5), .

If Sp > 2,
H K(t,ij(t)) > K2pc—e) (HutHOOHthoo)_(l_e) o2
teT ts=s

> K (2.30)

where we have used ||u]|oo||vt]|oc <€ n7¢. Using (2.29) and (2.30) and taking the product
over s € S gives (2.28). We now define K*(t,7) in such a way that we have the analogous

bound

[] k0 < f[ [ & (ti)). (2.31)

ecEr Jj=1teTy
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First, order the elements of TJZ = {t}, ¢, ... I} arbitrarily for [ = 1,2, 3. We define the

t
9 |Tj

set C; C T} by the following conditions.
(i) 2 eC — k<2
(i) For 1 =1,2,t; € C; <= k+|T7| <2.
It is easy to verify that |[C;\T}],|C;\T7| < 2. We now define

1:te Cj
K*(t,i) =

K(t,i) : otherwise .

We now prove (2.31). Fix e € E7 and suppose e C T; x T;. Define €’ C e by
¢ :={(s,t)ee:seC;orteC}

Since |[CA\T?|, |C\T}| < 2, |¢/| < 4 and we have

[T K09+ < J] K.

ecT ecT

It thus suffices to show

[] &1 < f[ [ &5 i

e€T j=1teT;

As in the proof of (2.28), we fix s € S. Let C':= J;¢, C; and define
es = {((s,0),(s,0+1)): 1 <1 <spand (s,1),(s,l +1) ¢ C}

and

vs={(s,0): (s,1) ¢ Cand [ =2,3,...,8p}.

Since K (t,i) > 1 for t = (s,1) and t = (s, s, + 1), it suffices to show

Kl < T K(t,9).

tevg

If |es| = sp, this follows from (2.29) and (2.30). Now suppose |es| < s,. We first show that
les| < |us|. Choose I* such that (s,*) € C' and define the map f : e; — v, by
(s,l+1):1<1*—2

f((s,0), (5,1 +1)) :=
(s,0):1>1"+1
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We see that f is injective and hence |es| < |vg|. Since K(t,i) > K for t € vy, we have

completing the proof of (2.31).

We can now use (2.31) in (2.26) to write

Y W) < Z H vw(t,ij)K*(t,z’j)

FeFr,,. . 1} 1,005 €[n] J=1 t€T
q
=H Z l_thzJ K*(t,1;) (2.32)
J ij€[n] teTy

= ﬁW*(Tj). (2.33)

We now fix a part of 7, say 77 and consider W*(7T}). To prove Lemma 5, it suffices to prove
the following.

Lemma 6. (i) W*(T1) = O(1)

(ii) If | T3 > 1, then |W*(Ty)| = o(1) unless |T}?| = |T1| = 2.
(i) TT; W*(T;) = o(1) unless |e| =2 for every e € E7.
Proof. We first show that

O1):teT}UT?
w(t,i)K(t,1) = (2.34)
o(l):teT}
using (2.25), (2.27) and (2.5). Suppose t € T'. Then w(t,i)K(t,i) < |u;|® = O(1). We

have a similar bound for ¢ € T?. Finally, if t € T, then
w(t, i) K(t,i) = n~ Y2 max(K?n 179 K).

Since K = o(n™) and M < min(1/2, ¢), we have the desired bound. This implies in particular
that for any D C Cf,

WH(Ty) < Y [ w(ti). (2.35)

i€[n] teD
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We prove Lemma 6.(ii) first. For u and v unit vectors in C", we will need the estimate

> uilc < O(n'~/?) (2.36)
i€[n]
which follows from Holder’s inequality. Suppose |TP| = 1. Then, since each edge has

multiplicity at least 2, we must have |T}|,|T?| > 1. Applying (2.35) with D = C} =
{1,423}, we have that for some (u,v),
n
WH(Ty) <Y 0o

i=1

< O(n~Y?).
If |T?] > 3, then Cy = {#3,¢3} and

WH(Ty) < Y n HKU(8, )

i€[n]

=o(1)
by (2.34). Finally, suppose |T{| = 2. Suppose |T}| > 1. Then from (2.36), we have
WH(Ty) < Y gl = o(1),
i€[n]

We have a similar estimate if |TZ| > 1. We conclude that if [T?] > 1, W*(T1) = o(1) unless
|T3| = 2 and |T}'| = |TZ| = 0, in which case W*(T}) = O(1).

We now prove (iii). Assume first that e is an edge incident to distinct vertices, say
e C Ty x Ty, and that |e] > 3. By (ii), we may assume 77 = Ty = (). Since |T7}|, |T%| > 3,
we may choose (s;,t;) € e for i = 1,2,3 where s; € T} and t; € T% and let C; = {51, 52} and
Cy = {t1,t2}. Then bounding W*(T;)W*(T5) by the contribution from (s;,#;)?_;, we have

WH(Ih)WH(1z) < Z H|u8kzvtw||usuvtsj|

(i,j)EL® k=1

= max |u83 17}153]‘ Z ’usl 1Hu82 1’ Z |Ut1 JHUQJ’

(By)eLs i€[n] jJE€[n]
= o(1).
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We have a similar bound if e is a loop at say T;.

To complete the proof of the lemma, it remains to prove (i) in the cases not covered by
(i) and (iii). Thus, set |T?] = 0 and assume without loss of generality that |T}!| > 2. Then
with D = {#{,t3} =: {s,t} in (2.35) we have

WHT) <) [ gt

1€[n]

= 0(1).
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CHAPTER 3

Proof of Lemma 7

Recall the bilinear average of the normalized resolvent introduced in (2.1) in Chapter 2. In
this chapter, we control the tail of its Neumann series and, with the help of Proposition 1,
obtain the joint limiting distribution of such terms in Lemma 7. This is the main ingredient

in the proof of Theorem 5 which is presented in the next chapter.

Lemma 7. Fiz complex numbers 6y,...,0, with |6;| > 1 for j € [a] and suppose \; =
Anj —p 0 asn — oo. Let (u;,v;)t_, be p pairs of vectors satisfying the hypotheses of

Proposition 1. Let

Sz‘,j .

Il
el
I
g
N
R EY

k>1 J k>1 77

Recall the definition of (G;1)t_, from Proposition 1 and define centered complex Gaussians
(9i4)i%1 j=1 independent of (Gi1)i—, with mized second moments given by

(El‘(dl)x(d2) )2

Eg’(’djl)g%/) 0,0,(0,0 — Em(dl)x(dz))Ui(’?})(dﬁvile)’(@). (3.1
Then
(Si)iz1 =1 = (Fig\iZy =
where
Fpj = C;ijl + gije (3.2)

j
To prove the lemma, we split S;; into three sums as follows. Fix cutoffs m > 0 and

T, = log®n (T,, = w(logn) suffices) and define

m T, e
Zik ~ Zik Zik
S"J:Z N\ t Z A\ + Z N\
k=1 "1 k=m+1 " k>Tn —J

_. QA B C
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We define

“Nyes
A . 1,k
Iy = Z ok (3:3)
k=1 J

where the G, ; are defined as in the statement of Proposition 1. Note that Tf; is independent

of n.

By Proposition 1 and the multivariate version of Slutsky’s theorem (see [Bil99]),

((Zir), M) = (Gin), (6;)),

where the joint convergence is over all ¢ € [p], k € [m] and j € [a]. By the continuous
mapping theorem, (S;) = (T;}) jointly for i € [p] and j € [a]. By the definitions of T} in
(3.3) and of G, in (2.3) and (2.4), and by inspecting (3.1) and (3.2), we see that

T = Fig
jointly.
To prove Lemma 7, it suffices to prove
Lemma 8. (a) lim,, .o lim, o E|S?| =0 and
(b) lim,, o lim,,_,o E[S¢| = 0.

where we have suppressed the i and j dependence for Sf} and SS

Define the event

105 —

1
En = {|An, — 0,] < 6; := “L—— for all j € [a]}. (3.4)

By hypothesis P(E,) = 1 — o(1) so it suffices to prove Lemma 7 (and hence Lemma 8) on

E,. In the following, we fix an index j and set § := WIT—I' Note that we have
3
Al > 1+ Z(|0| —1). (3.5)

We prove Lemma 8b first.
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Proof. Recall that on E,,, [A\| > 1430 (see (3.4)). By Theorem 3, with probability 1 — o(1)
p(X/y/n) < 146 and we can choose [ such that ||( =)' < 1425, We may assume without

loss of generality that these events occur on E,,. By submultiplicativity of the operator norm,
X X\
vn

< Oy(1 + 26)*w.h.p.
By the Cauchy-Schwarz inequality, we have

7 =)
1Sel <> BL
k>Tn
k
<o0m % (175)

k>Ty,

max
0<i<l

[ula|v]s

= o(1)
where the last line follows from our choice of T}, = log® n. O

To prove Lemma 8a, we will need

Lemma 9. Let u and v be unit vectors in C" and set

2 = (%X)kv.

Fiz € > 0 and assume || < K = O(n'2"). Then there ezists ¢ = c(e) > 0 such that for
all k < nf,
E|Z.* = O(1). (3.6)

Assuming Lemma 9 we prove Lemma 8a on E,,. Since (E|Z])? < E|Z|?, we have

7|
E|SP| < E: E' ’“
k= m+1

<[1+7 (\9\ -

where we have used Lemma 9 and (3.5) in the last line. Lemma 8(a) follows from letting

m — 00.
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Remark 6. Note that by the truncation argument given in Appendix B, Lemma 9, and hence

Lemma 8a, is valid under the moment hypothesis E|x|* < oo for any fized € > 0.

3.1 Proof of Lemma 9

In this section we prove Lemma 9.

Proof. 1t suffices to show

E|u* X*v|* = O(nF7h). (3.7)
Let
T:={(a,b) :a=1,2b=0,1,...,k},
T :={(a,b) €T :b< k}
and

E = {((a,b), (a,b+1)) € T*: b < k}.

Let Tp :=T|qz1, Tg := T'|a—2 and for t € T", set t* := (a,b+1). We will designate the terms
in the expansion of (3.7) by
P ={F:T — [n]}.

For I' € P, let Fp := F|r, and F := F|g,. Let

Wauw(F) = [ura,0Ur2,0Vra e Veer)|

and

Wo(F) =B [] 2r@.ram-

teT!
Then we have

Bl X2 < 3 W, (F)Ws (F). (33)
Fep!
For FF € P'| let

Ep:={(F),F{t)) €n]*:teT'}.

denote the edges of F' and let

Ep={{teT - (F(t),F(t")) = (i.5)} : (i,5) € E"}.
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Figure 3.1: An example of F' € P with k = 4.

Then
Wo(F) = ][ Elz[*.

ecEF

Noting that E|z| = 0 and letting
P:={FcP :le]>2foralec &},

we have

Elu X o < W, (F)W.(F). (3.9)
Fep

Now, for a fixed F' € P, let
V=Vp:={F():teT}

be the set of vertices. For v € V let m(v) = |F~!(v)| denote its multiplicity. Let di,(v) :=
H{x € [n] : (z,v) € E}| and doy(v) := [{z : (v,2) € E}| denote its indegree and outdegree.
Finally, let d(v) := din(v) + dout(v) be the (total) degree of v.

Shown in Figure 3.1 is an example with k£ = 4 with the paths (1,2,3,4) and (2, 3,4, 1).

Each vertex has indegree 2 and outdegree 2.

We will first determine the main term from P and its contribution to (3.9).

Lemma 10. Suppose F' € P. Then |V| < k+1 and that equality occurs only when Fp = Fg
and |Fp| = |Fg| =k + 1.

Fix v € Vi and suppose d(v) = 1. Since each edge has multiplicity at least two, we have

the following.
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(i) If din(v) =1, v = F(1,0) = F(2,0).
(ii) If dows(v) =1, v =F(1,k) = F(2,k)
In particular, if two vertices of V' have degree 1, then one has outdegree 1, the other has

indegree 1 and the rest have both outdegree and indegree of at least 1. Since |e| > 2 for each

e € Ep, we also have |Er| < k. Thus

2k > 2|Ep| = d(v)

veV

>141+2(V]-2)
= 2(|V| - 1)

Thus, |V| < k + 1 with equality occurring only when two of the vertices have degree 1 and

the rest have degree 2. This proves the lemma.
We let Prain := {F € P: |Vp| =k + 1}. We also let
Py:={F €P:|Vp| =k, Fp=Fy, F(1,0) = F(2,0) = F(1,k) = F(2,k)}.

Then, the contribution of Puaim U P) to (3.9) is given by

Z |“F(1,0)|2|UF(1,1¢)!271]“71 =nkt

F(1,0)=F(2,0)€[n]
F(Lk)=F(2,k)€[n]

We partition the remainder of P in the following way. First let
T, :={(1,0),(2,0), (1, k), (2,k)} C T

be the terms corresponding to the starts and ends of the paths. For ¢t > 0 and P a partition
T, with |P| > 2if t =0, let

Ppr:={FeP:|Vp|=k—1t,F(s)=F(t) < s~pt,s,tecT}.

Note that we exclude the trivial partition P = {77} when ¢t = 0 since Pyry0 = Py. We let
Po = UP#TI} Ppy and for t > 0, we let P, = Jp Pry-

Lemma 11. For F € P, W,(F) < K*.
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Since E|z|* < K@=+

Wa(F) < ] Elef

eefp

< [ K=o+,

e€lp
It suffices to show that 3 . (Je] —4); < 2t. Since at most one vertex has no outgoing edge,
|Er| > k —t — 1. Also the |e[’s satisfy D o [e] = 2k and e[ > 2. If |e[ < 4 for all e € &F,
there is nothing to prove. If |e;| > 4 say, then

D (el =4 =lerf =4+ ) (el —4)+

eclp e#ep

<> (el —2) -2

eclp

<2%—20k—t—1)—2=2t

We now turn to controlling Sy := | Y pep,, Wun(F)|. To simplify notation, we will do
this for the specific case P = {{(1,0)},{(2,0)},{(1,%),(2,k)}}. We can bound Sp; by

> luiunvl [{F € Pr: F(1,0) = iy, F(2,0) = iy, F(1,k) = F(2,k) = i3}].
il,’ig,ige[n]
distinct
The cardinality of the last set is independent of the choice of indices i1, i, and i3, and in fact

only depends on size of the partition P. We denote it by N|p|. Removing the restriction to

distinct indices and using >, |u;| = O(y/n), we may bound the contribution as nNpj.

The case for a general partition is similar and we have the bound
Spi < ncp/2N|P|

where cp is the number of singletons in the partition P. To determine N|p|, we first choose

the remaining vertices of Vg in ( ways. We let Ny = Ny(t) be the maximum number

kftri\P\)
of ways to choose Er, over P and Vp. Similarly, we let N3 = N3(¢) be the maximum number

of ways to choose Ep, over P, Vr and Er. Since

n < nk_t_‘PIk‘Pl
k—t—|P|) = (k—t)

40



we have
k-t

(k—1)!
with |P| > 2 if ¢t = 0. Considering the possibilities for P and setting

Sy 1= Z SP,ta

P partition of T

Spy < (neP/2IPIIPY)

No(t)N3(t),

we have

k?2nk_3/2N2N3//{5! ct=0
S, < . (3.10)
k’nkitilNzNg/(k — t)' s t>1

We now estimate Ny = Ny(t), the number of ways to choose the set of edges Er for
F € P,. As observed earlier, at least k —t — 1 vertices have positive outdegree, and similarly
for the indegree. We need to assign at most k oriented edges to the k — t vertices such that
these conditions are met. Recall dyy (i) to be the outdegree of vertex i. We will allow for
repetitions when choosing the edges to include graphs with less than k£ edges. Hence we may
impose the constraint Zf:_f douwt (1) = k. For at least k — ¢t — 1 vertices, dou (i) > 1. This

) ways of choosing the outdegrees (dout(7))F=f. To assign the incoming edges of

gives' (, fl
the vertices, we partition the k edges into k& — ¢ nonempty parts (E;)¥=]. We first choose
k —t edges to belong to the different F;’s and then we choose parts for each of the remaining
edges. This can be done in at most (’:) (k—t)" ways. Finally, we assign the k — ¢ parts to the
vertices with positive indegree. If all k& — ¢ vertices have incoming edges, there are at most
(k —t)! ways to assign each of them an FE;. Now suppose only k —t — 1 of the vertices have
incoming edges. First, there are at most (k — t)* ways to choose 2 vertices and 2 parts, with

one vertex being assigned both parts and the other having no incoming edges. Next, there

are (k —t — 2)! ways of assigning the remaining parts to the remaining vertices. Hence

t+1 t

k2t+1
L —
=+
- /{33t+3(/{2—t)!
- (t+ 1)k

N, < ( g )(k) (k— ) ((k — ) + (k — )4 (k — t — 2)1)
K (k — 1)1k

(3.11)

1This follows from the standard stars and bars combinatorial argument; see [Fel50].
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We now estimate N3 = N3(t), the number of ways of choosing £ once Vi and Ep have
been chosen. Since each vertex has at least one outgoing edge, the maximum outdegree of
any vertex is at most ¢ + 1. On the other hand, since doy(1) 4 ... + dow(k — t) < k, at
least max(k — 2t,0) vertices have doy(i) = 1. At least max(2k — 4t,0) legs start from these
vertices so at most 4t legs begin at vertices with dyy(7) > 1. At each of these legs, we have

at most ¢t 4+ 1 choices to make when choosing the path. We thus have
Ny < (t+1)*, (3.12)

which is independent of the chosen vertices and edges.

For t =0, using (3.10), (3.11) and (3.12), we have

SO S nk_g/zkz/k"Nz(O)Ng(O)

< KOnh3,

Since W,(F) = O(1) for t = 0, the contribution to (3.9) is o(n*!).

For t > 1, we have

S, K < nF T Ny Ny K (ke — t))!
)4t

4. k—1
<k A

K+ 1)
nft(
< g0

where we have used the estimates ¢! > t * and ¢ t+1 < e. For k = o(n/?), the last expression

is decreasing for t < k and bounding each term by the bound for the ¢ = 1 term, we have
Z StKQt < k,?,nk—l—e _ O(Hk_l)
t

for k = o(n/7).
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CHAPTER 4

Proof of Theorem 5

Proof. We will work on the event
E=E,={p(X)<1+eA>1+2forall Ae | JA"}
0cO

which occurs w.h.p. Fix § € © and for A € A? let

- ()

denote the resolvent of X/v/n. On E, A > p(X), so we may expand R) as a Neumann series

1 1 X'
A \ ( + Jn ; n(z—l)/?Al)

=: —l (1 + L5’,\) .
A vn
We write the Jordan decomposition of A as A =V JU* where V (resp. U*) is the n x rk(A)
(resp. tk(A) x n) matrix of generalized right (resp. left) eigenvectors of A associated to
nonzero eigenvalues of A satisfying U*V = 1 and J is the Jordan matrix of A restricted to

nonzero eigenvalues with size rk(A) x rk(A). Starting with the eigenvalue equation det(\% +

A — ) =0 and using the determinant identity det(1 + AB) = det(1 + BA), we have

X
det<—+A—)\> =0=det(1+ R\A)=0
n

\/_

1

Let Jy be the block matrix of J corresponding to eigenvalue 6 and let U; and Vj be the

restrictions of U* and V' to the generalized left and right eigenvectors of 6 respectively. Recall
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Proposition 2 as well as the notation used therein. We apply Proposition 2 with M = Jy
and P = P? = \/LHUQ;*S,\Vng.
First note that for each column indexed by t € Ig, Jye; = Oe;, where e; is the coordinate

vector corresponding to t. Hence for s € I% and t € I?,

1
Pf = —0u:Syv,.

vn

Observe that the moment assumption made in Theorem 5 guarantees the applicability of

Lemma 7 to the collection
{VnPl .scll tcl’ gcol

By Lemma 7, (v/nP%)s19 = (F)rer, defined by (1.11), (1.6) and (1.12). Finally, apply-
ing Proposition 2 yields the procedure to determine the fluctuations as specified in Theorem

d. [l
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Appendix A

Deterministic perturbations

In this appendix we state the deterministic perturbation result referred to in the proof of
Theorem 5. It is originally attributed to Lidskii. See [MBO97] and references cited within.
We remind the reader that we denote the Schur complement of A in the block matrix (4 ),

D — CA™'B by SC(A, (A B)).

Proposition 2. Let M be a d x d deterministic matriz in Jordan form. For notational

simplicity, we will assume M has a single eigenvalue 6. Let

Jp =

denote the k x k Jordan block and write

K
M =P ™
k=1

Thus for each k € K], M has my, Jordan blocks Jy. Let P, be a sequence of dxd perturbation

matrices with entries of size o(1). Then M + P, has spectrum
AM + Py) = { e - k € [K],m € [mu],i € K]}
with Mg — 0 for all k € K, m € [my] and i € [k]. The fluctuations
frmi = Memyi — 0

are given by the following procedure.
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Let ¢y, = 2521 m; and set ¢ := cg. Decompose P = P, into ¢* blocks (By;)S ;_, with the

¢ diagonal blocks (B;;)5_, having sizes
1,...1,2.....2.. K, .. K

with k occurring with multiplicity my,. Let k; x k; denote the size of block B; ;. This block
decomposition is conformal with that of M induced by the Ji’s. Let R = R,, be the submatriz

of P of size ¢ X ¢ with entries given by
Rij = (Bij)ka-

Hence R is formed from the lower left elements of the blocks in the decomposition of P.

Let Ex, = R .« be upper left submatrices of R and let Fy, := SC(Ej_1, Ex) be the
my X my, Schur complement of Ey_1 in Ey, where we set Fy := Ey. Then, to leading order,
the fluctuations fi . are given by the k k-th roots of the my eigenvalues of Fy for each
k € [K]. If M has multiple eigenvalues, we apply the above procedure to each eigenvalue

separately.

We remark on a few special cases of Proposition 2. We denote the entries of P = P, by

pij and assume p = O(\/Lﬁ) (as will turn out to be the case in our applications).

1. Suppose M = diag(fy,...,0,) is diagonal with distinct eigenvalues. Let A; denote the

corresponding eigenvalues of M + P in the sense that \; — 6; as n — oo Then
fi =X = 05 = pj;(1+ o(1)).

2. Suppose M = 61;. Then {y/n(\; — 0)}9_, converge to the d eigenvalues of \/nP.

3. Suppose M = J,(6). Then {nﬁ()\j — 0)}9_, converge to the d roots of \/nP.

We now present a special case of the proof of Theorem 2. The presentation below is adapted
from the proof of [MBO97, Theorem 2.1] and illustrates the key features of Theorem 2. The

proof begins with a change of variables to arrive at the appropriately normalized fluctuation.
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One then pre- and post-multiplies the perturbed matrix by suitable diagonal matrices in order
to isolate the leading order terms. After performing some elementary operations, evaluating
the relevant determinant yields the result.

1/2

We set € to be a small parameter, e = n~"/* is sufficient for our purposes. We consider a

5 x 5 matrix A in Jordan normal form, with a single eigenvalue 6 defined by

_ . -
0
A= o 1 =J5* @ Jy.
0
0
Let B be a fixed complex matrix of same size, thus B := (b;;)1<; <5 € C>*°. Finally let

M = M(e) :== A+ €B be the perturbation matrix. For A = A(¢) an eigenvalue of M we have

the eigenvalue equation

det(\ — (A + €B)) = 0.

We first find the perturbations A — 6 to leading order in € that correspond to the eigenvalues

1/2

of JP2. Tt turns out that these 4 fluctuations are of order €'/2. Thus we make the change of

variables

1/2 A—0

z=e¢? =

z
and write A — (A +€B) = pz +60 — A — 22B =: P(u,z). The matrix uz + 6 — A has
entries pz on the diagonal and —1’s in some of the entries of the superdiagonal. We wish
to transform this to a matrix with u’s on the diagonal while preserving the property that
the entries of uz + 6 — A and 22B are polynomial in z. This we accomplish by defining
Ly :=diag(z71, 272, 271, 272 271), Ry = diag(1, 2,1,2,1) and setting F, = Ly PRy. We then
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have

4 1] 0 0o ]
by g | —byy 0| O
Buz)=|1 0 0| p —-110 |+0(2)
~by 0 | =byz p | —1
0 0| 0 0| pu
= G(p) +O(2)

To first order, the fluctuations p are given by the roots of det(Gz(1)). Denoting the columns
of Ga(i) by (C;)i_; and performing the operations C; < C; + Cy, C3 < C3 + C4, we arrive

at the matrix

[ 0 -1 0 0|0 ]
—bor + 2 —ba3 010
Q2(p) == 0 0 0 ~11/0
—ba1 0 | —byg+p* p |0

0 0 0 0 |pu |

Let By = (22 2:‘3 ); the notation is chosen to coincide with that in Theorem 2. Observing
that rows 1, 3 and 5 have a single nonzero element in positions (12), (24) and (35) respectively,

we have
det(Qs(n)) = pdet(® — By)
and thus p? is an eigenvalue of E}, to first order.

The procedure of finding the perturbed eigenvalue arising from the singleton J; block is

similar; we sketch the differences. We now make the change of variables

and let
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As before, we define

Setting

we have

Fy(p,e) == Li(ue+0 — A—eB)R;

0 -1 0 0 0
—bay o —Dbog | —baz  —boy —bys
0 0 0 -1 0
—by —bip | —biz p—ba | —bss
| —bs1 —bsa | —bsz  —bsa | pp—bss |
$Gi(p) + O(e).
ba1  baz bos
Ey = | by bys bys
bs1 bss bss

det(G (1)) = det ({

and p = SC(E}, Es) to first order.
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Appendix B

Truncation

In this appendix, we extend the results involving the moment method, namely Proposition 1
and Lemma 7 using a truncation argument (see [BS06a]). We consider the two assumptions
(i) Jo] < K = O(n™).
(ii) E|z|™ < oo, m =2/M.
We show that if Proposition 1 and Lemma 9 hold for (i) with M < 1/2, then they hold for
(ii).
Suppose we have (ii) with m > 4, corresponding to M = 2/m < 1/2. We first show that

the event

{|zi;] < n™ for all 4,5 € [n]}
occurs w.h.p. Indeed, we have
P [|zi;| > n™ some 4, j € [n]] < n’P [|z|™ > n?]. (B.1)

Since n21‘x|m2n2 < |z|™ and E|x|™ < oo, the last expression converges to 0 by the dominated

convergence theorem.

Now define the truncated random variables Z := x1;<,» and X = (X)z] by Xij = Ty

While 7 is bounded, it no longer has mean zero. On the other hand, for n sufficiently large,
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we have

[Ez| < Elalj>nu]

E|.T’m]1|x‘2nM

- n(m—1)M
< n—(m—l)M
<n732 (B.2)

By Schur’s test for the operator norm of a matrix, we have
IEX|| = O(n~V?). (B.3)

Now let 7 := 2 —E# and X := X — EX denote the truncated and centered random variables.

By construction, Ex = 0. Furthermore,
E|Z|? = E|2]* — [EZ]* = E|z|* = 1 (B.4)

by (B.2) and dominated convergence. Given (B.4), it is easy to check that under (i),
Proposition 1 is valid for X. Since E|Z|> < E|z|?, Lemma 7 also valid for Z. To prove the

validity of Proposition 1 and Lemma 7 for  under (ii), it suffices to prove the following.

Lemma 12. Suppose u = u,, and v = v,, are unit vectors in C". Then for every v > 0, the
event

A, = U {Ju* X*v — u* X*v| > yn*=1/2}
k<log?n

occurs w.h.p.

We first state a result that is a consequence of the proof in [BY86]. Following the notation
of [BY86] we define 6 := n™~1/2 5o that |#| < d/n. Fix z > k+ 1 and p a positive integer.

|

Then

> o] <o (1 () )

=: ;2P PkE

o1



In [BY86](pg. 561), it is shown that

kp+-3 o 2kp 2hep—20+2 6kp51/6 e kp—1
By <t 3 (537 )t 1) () g
=1 08 @kp)?

In our application, k < log*n and choosing p = 6~'/7 say, we have
6kpdt/S
: e i (B.5)
08 Ckp)?
In fact, the left-hand side of (B.5) is less than 1 for n > N(m).
For such n, following [BY86](pg. 562), it then follows that
p
k+1)\°
PR R, < ((Qk‘an)l/p(l + (k4 1)6Y/%)%* (L) ) :
z
Choosing z = 3k say, for any k < log®n we have
1 A\*
Pl|I[{—=X]) || >3k]| =0(™ B.6
[ (%) | 234 = o) (B6)

for some ¢ = ¢(m) > 0. We now turn to the proof of Lemma 12.

Proof. By (B.6), we may assume

<%)~( H < 3k for all £ < log2n which occurs w.h.p.
We will need the crude bound

Z Hai < n?". (B.7)

a1+...+ap=n i=1
CL,LZO

We then have

(kuﬂWX%—uX“4<nk1”WX+EX) - X
n

k +1
D= DS H
— (- 1)/2
=1 U'=0 a1+...4apy=k—1i=1
l I+1

<Y R
I'=0

IEX]

()

k=1

S () <o
1— - )
2 pT072 \ n

where we have used (B.7) and (B.3) in the third line.
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