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| LIGHT SCATTERING‘FROM LIQUIDS AND LIQUID CRYSTALS
Hal J. Rosen
Department of Physics; University of California
o v and _ . o
Inorganic Materials Research Division

Lawrence Berkeley Laboratory:
Berkeley, California 94720

ABSTRACT

In this thesis three sepafate'inVestigationsfusing the
light scattering technique will be presented. In Section II
results of Raman measurements on Ié_complexes>in various

solutions are reported. Emphasis is on the variation of

the Raman spectrum of 12 in mixtures of n-hexane and benzene

or methylated benzenes.  Our results indicate that each 12

" molecule can prbbably interact with more ihan one donor

and the effect of inert moleculeé inbthe solution should bev

‘taken into account. In Section IIIwe present a Raman study

~of the phase tranéitibns of the nematic liquid crystal, Para-

Azoxydianisdle.-f 'The intensities of several-Réman modes

were shown to éhange abrubtly at the phase transitions, but

-no detectable frequency shift of any mode was observed. Our

résults suggest that the Raman spectrum of Para—Azoxydianisole
is oniy affected by short range ordering. Qualitative_inter-
pretation of the results is'giVen;’ Finally, in Section IV,

we present our Brillouin scattéring'measurements of the
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propagatlon of hypersonlc waves 1n a cholesterlc medlum ;->

at: the llquld to—llquld-crystal trans1t10n Contrary to e'

the results obtalned by others we.have found~no
» anomalous change 1n elther the veloc1ty or the attenuatlon

§ of'the hypersonlo waves_at_the transition.
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‘studied. ’ﬁhese excitations range in frequency from a few Hertz to lOl.
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I. INTRODUCTION
Light scattering is a spectroscopie technique for investigating low

frequency éxcitations. Although this.technique'has peeﬁ known for almost

_60.years most of the work in this field has been done since 1961 when the

‘laser was invented. Such diverse excitations as: . rotational, vibrational

and electrohic energy levels,‘phonons (acoustic and optic); entropy and

pressure fluétuations, magnons, plasmons, polaritons and rotons have been

L

Hertz.

It is instructive to make a!comparison between the ligﬁflécattering 
technique and the infra-red absorption technique. 'first consider an .
absorptiqn procéss. One can:cause transitions bétwéénvtwo_enéygy levels
a and b by éhining ih radiation whoseifreqﬁency maféhes the‘eneréy spacing,

2. The cross-section for this process is calculated‘from first order

21

perturbatioﬁ fhéory dnd isytypically 10 émz. In a light scattering

experiment one causes transitions by a second order or Raman process.

‘For such a process a photon of ffequency w-is absorbed and a scattered

photon‘of frequency.w—ﬂ is emitted with the material system méking a
ﬁransitioh.frbm a to b. By détecting the scattered radiation one can
detefmihe'the'énergy spacing Q.of the two levels of the system. Oof
course, fhe:crossesection_for this second_Ofder'prdcess is:mhch smaller‘
than the.absorptioh cross—section and is typigally'lo_3ovcm2; Hoﬁéver,.

with a laser source one can easily detect such modes. The light scatter-

ingvteéhnique has a major advéntage over the infraFred absorptiQn tech-

nique in that one does not have to match the frequency of the'sou;ce to

the energy spacing. In principle, one can measure ahy low frequency:
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excita#ioﬂ ﬁfth a single fréquenéy’Sburce. Aqtually?the'tWO téghniques
are compleméﬁtary in the sense that the two prbceSSes-have complementary
sélection ruies. lSoﬁe modes ¢an be détected via Réﬁah proceéses'(fensor_
seiection.ruiés) while othgrs éfe only‘iﬁfra—red #dtive (vector selection
rulés)._ |

In.thié thesis i will report on three'éeparate investigations using
thé liéht écattering technique. In the fifét invéstigation the inter-
action between iodine and benzené (methytated benzénes) waé studied by'
carefully monitoring the vibrational frequency ofiie as the beﬁzene |
(méthylatéd benzene) concentration was changed. The results of this
investigation‘are brésented in Sec. II.  In Sec. iII a Raman study of the
nem;tic liQuid crystal Para-Azoxydianisole at its phése transitiohs'is
presented; Finally, in Sec. IV an inveStigation‘of the propagation of
sbund.at the.liquid Crystal—liquid ?hase transition:uSihg the Brillouin

scattering teéhnique will be presehted.
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*This is particularly true for weak I
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SECTION II o
RAMAN STUDY OF IODINE COMPLEXES IN SOLUTTONS.
1. Introtuction |
Forithé past two~decades,vtﬁébsubject of éhargeftransfér interaction
bétween'molecules'has attracted much attention. In‘pafﬁiculargicharge—

transfer complexes of iodine have been investigated by many research

‘workérs.l Among the many'pr0perties of charge~transfer complexes,

the uv absorpl.ivity has been investigated most thoroughly. Results are

often analyzed using the Benési-Hildebrand equation.2 They are generally

. in qualitative agreement with the charge-transfer theory proposed by

) 3 _ E _ ‘ o .
Mulliken.” - However, for weak complexes, the results often show anomalous

behavior. .For example, since the charge-transfer interaction between

2

- I, and methylated benzenes increases with methylation, one would expect

the uv extinction coefficient of the complex also to increase'with
méthylation, but the oppoSi'te’was'found.5
In order_to explain the anomalies, various authofé'have modjfiea

6-1

the Benesi-Hildebrand thecry 1in a variety of ways. In particular,

Orgel and MquikenlO poinfed.out that there is no & priori reason tc

assume the existence of only . 1l:1 stable complexes in sclution. The

observed properties o¢f complexes in solution should be statistical
averages'over all attainable complex configurations in thermal equilibriux

5 complexes in which_the charge-

.transfer interaction is of fairly long'range.ll

There has also been criticism on the uv absorption measurements. ..
The measurements were usually carried out at a single frequency ‘in the

charge-transfer band, ignofing the possible snift and change. of profiie

To be published in J. Molecular Phys1¢s

"

10
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of the absorption band. As Mulliken and Perso&*‘ pointed out, the
eitinétion coefficient which goes into any theory of éomplexes should SR |

be the one integrated over the entire.éharge—transfer,bénd._ Unfbrtunat¢ly,

there are technical difficulties in making absorption measurements over
the whole band to a good degree of accuracy. It is therefore important
‘to perform measurenients on other properties of complexes to offer an

independent test of the theories. Infréredvahd_Raman studies serve this

purpose. '
There have been several reports of infrareéis;and Rama&ﬁ’ls-g

experiments on charge-transfer complexes. Ram2n measurements on 12

1h

complexes, however, have been limited to the case of ' I, in pure

2

donor solution. No systematic investigation of the changes in the

as a function cf donor concentration

Raman spéctrum of 12 complexes
’,has teen repbrted yeﬁ.
16 - L L . e
In this paper,  we would like to report our recent experimental
studies con I2 complexes in solution with modern Raman spectroécopic
technique.. Fmphasis is on the change;of the Rarnian spectrum'of 12
due to charge-transfer interaction between I_ and various donors.

2 .
The results indicate that T, can simultaneousiy interact with more than

. 2 _ 4 .
one donor. ‘In-Sectibn II, a brief theoretical discussion on o . - A

the average propeftiesvof‘complexes'in solution is given.. Then'f E i
in Section III, we describe the experimental setup and procedﬁre | b
briefly.» Finaily, in-Section IV, the experimental resultsvafe

presented and interpreted.
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II. Theoretical Discussion

Properties.of afnoleCulc are genefa11y~affected by:molecular'interf'
action.with its surrounding molecules.v Eor_comple;es in solution, the
observed prope;ties' T the cOmplcxcs shoulad corrcsponahto statistical
averapes chrsal] possible compiex configurations, as.snggested by
Orgel and Mu]llkcn.lo 'Consider a sblution of-compiekes, with a small
amount of acceptors d:ssolved in s mlxture of donors’and inert solvent.~
molecules.. The COncentration of acceptOrs is so low that the inter-
action betwecnjacceptors can he neglected; 'Therefore,.the properties of
_.an acCeptor in.the solntionvare.affected only by its interactions with
the nelghborang donors and 1nert morecules;, We shall not nake any pre-
Judgment on what types of 1nteract10ns they are, although 1t is belleved
that the interactlon betveen acceptors and denors 1s_ma1nly due to charge—
transfer interaction. Let p(h) be the statistical distribution function
for a partlcular conflguratlon (denoted by ) of-donors and inert molecules
around the acceptor. Then, for a certaln property X of the acceptors,

such as the uv absorption coeffic1ent, Raman scattering cross-section,

etc., the'cOrresponding observed quantity is given by

(x)=J

v 'X(B)Q(B) QB', o h': o ()

o
where.the volume>of,integration Voﬂis chosen large enough.tO’include all
moiecules'interaCting with the acéépﬁdr, _fhe expressron'for p(R) can be.

,'obtained-fron simple statistical mechanics. |

If ﬁe:aliowvah:acceptor to:interact_simnitaneouslyxwith sé&éra13sur;
vrounding molecules, then ve can show from statisticai.treatment (see Appendii.

I for details) that Eq. (1) takes the form

o : S ‘ - A

+ +
a,78,Pptasly

(X)= =2
l+blpB+b2pB +




where pB is the dongr.cqncentrétion-in the sclution, add anvand bn

>

are conatanu COELuICIEHt

'In experlmeLucl investig tlon, 1t is more 1nterest1r~b to ccumpare
the Obaeerd Pz opezuv of accepuorg at flnlte denor concentrations with e
‘the sane prdperty'at zero donor-éoqcentration.(correspondingfto pure.

linert_sdlveht). Therefore,‘thé.quantity of interest is

AL SEERS SUERS SIS (3)
_ B .
From Eq.‘(2); we obtain . o ‘_ R ';
. : 5
: : c,p,tc 0, +... ) “
(axy = —28B 232 R ')

) ;fblpB+bng +...

-

where ¢, and bn are constant coefficients.
When 6hly the linear terms are kept in both the numerator
and the denominatcr, the above equation reduces to the well-knowm

 .Beneéi—Hildebfand equation,2
1/8x) = (176X )R /epg). o (5)

where AX and K are constants dependlng on the propertles of the com-
vplexes. In the Bene81-H11debrand model, K represents the_equlllbrlum
constant,xbut this is not true here as is seen from the.dérivation'of

Eq. (5).
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If_the'térms’quadféﬁfc in p, are also kept; then the quation;has the

_ - ‘ : g
form derived by Deranleau.”
We now consider the case of Raman scattering from cemplexes in

solution. Because of interaction between doncrs and

acceptors . (mainly due to charge-transfer interaction), Raman scattering

from avvibrétional modé'of tﬁéiaécéptor is chgngéd'thrqﬁgh changés of
:energiés and,wavé fﬁnctions ofAthéheiéénstétés'of thé:accéptor.‘vThé
scattering é;dss—séction.coﬁld either incréasé'or.décreasé; but if_th?
'ﬁewly c;eatéd, stfong chargé—transfer band‘happens'tp b¢ near thg.fre_
quency of tﬁe excifing field, it is likéiy to haYe‘é noticeable eﬁhance_
mént‘18: Wi£h X replaced by (do/dﬂ) in the above equations, we then
havé the fgnctidnal depenaegce_éf fhé'observed differeﬁtiai scattering:
crossfsection(dﬂ/dﬁ ) on the donor concentration pé.. |
Interaction'bgtweén aonors.and:accéptors-alsovlépsens up the inter-
atomic'bonding in an accéptor. As a résulﬁ,'the Vibrational'fréquencies
| g | 19,20 _ |

“of the'acceptOr'usuallyushift’to lower velues. For cdmplexes in

solution, the observed spectral distribution for a Raman mode is given'by

sl) = [, elww (0) (w0(R)/ad) plR)ar - 6)
o o S : | C

‘where g(w—wv) is the linmeshape function.  Normally, the.diétributiohiof.

donors and inert molecules has a faw most favorable configurations .

R 82,_eﬁc.v If the corzespond:nU W, (Bl),‘wv(:2)i gtc.vare separ t,§ e

by more than & linewidth, then sevcral distinct peaks.would be cbscrved
~ for the same mode in the spectrum. This happens, for example,.in the

. 0

s o et
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case of stron«,l:l comnlexes in soluhion; There, two wel]- eparated

. N - :
Raman lines cou1d be ob>erved for an acceptor xode, one for complccwd

and one for-unccmpxexedvaccoptor molecules.

Ve céh.als¢'méasure the mean vibrational frequency defined as S ' Jﬂf'
-
: : o : , : : : i
. o : . }
ﬂ(mv )y = f S(w)w’ dw/f S(w)dw. ' o (1) :
. - ) -

From‘Eq.v(6),>we.q5n’readilf'find

._(_u_sv ) T.j;oj_‘wv'(-g)(‘ac(g)/ao) Q(E)dB)IVOCdo:(E»)/fIQ) p(g)dg | | "'(e)

. which can also be expressed in the form of Eg. (2). -The mean vitvrational

'frequency shift is then given by

. }
(Mo Y 24w ) =Cuw b
vl T TR T om0 | |
_CaPgteoPy Fee o R
- -
1+b pB+b2 B .

where b and c-iare cbnstants : Agaln, in spec1al cases, the above -

.equatlon reduces to the simple form of the Bene51 Hlldebrand equatlon,

Eq. (5), although the phy51cal meanlngs of the coeff1c1ents would be
different. ' v ‘

We shalJ aooly these reﬂults to the case of Raman scétteriho from

12 complex:s in oolutlon in Sectlon IV,



- ITI. Experimental Arrangement

The eenstfuction of the Raman spectrometer~was the same as that of
Landon and Porto.el"The eutput of a He—Ne:laeer (Spectre Physics quelv
7125), after passing through an interference filter, was chused on the
sample with a;micrdscope objective. Scattered radietioﬁ from the sémple'
“in é'directiot pefpendiculaf to the incoming beambwasxéollected.with .
projectof lens and focused on the entrance slit ofta double menbchromator;
(Spex Model 1400) For'detectioh, the_photonICOunting technique was
adopted. (See Appendix II fof details). A photomultiplier (EMI 9558.QA),
cooled to -70°C with dry hitrogen was'used to detect single thotons in
the form of eurrent pulses. These pulses were then ampllfled, shaped
and flnally reglstered on a multichannel analyzer /

‘This setup proved to be both.convenient and sensitive, Excellent
Raman spectfe dvaé in solutioné were obtained Qith-little effort. For
rexample, wlth a scan speed of 1. A/mln and a slit w1dth of h en ! on the
monochromator the fundamental Paman line of 12 in & 0.06 molar solution
appeared yith a Signel-td—noise ratio greater than 50. A typical
spectrum'is,ehowniin Fig. 1. TIodine absorbe rather strongiy at the
laser frequency (6328 A“). To avoid heating effects,tlt is necessary
not to focus the laoer ‘bedam too strongly 1nto the I solutlon. One

2

must also properly choose the concentratlon of 12 and the dlstance the
uscattered radiation travels through the solutlon in order to optlmlze
the signal- to~n01se_rat10. ‘In our»experlmeqts,,the IQ concentratlon was
Auéually.takeﬁfto be 0.06 M; ahdvthe laeef wes feCu sed at approxlmately |
1 mm away fromvthe cell window throug 2h whlch the. sca*tnred radldtlon

was collected. For frequency calibratlon, spectral lines from a Ne lamp

were used.
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”A maJof”difficultyvin.ogr7Ramgn studies'oh’iQ'cqmpléxes is that
tﬁ?‘Rgman lines:of 12 sométimes overlap with Raman 1ihes‘of the solvent
moiéculés.  De¢oﬁposition of the:line;_introduces efrOr and hakes the
.expcrimcnt51 datavmuch less accuraté. HFor examples, the Ié fundamontal
0verlapé slightly with a toluene 1ine.at 21% cm-l, and the first over-
tone of i2_d§erléps_with a ﬁéék benzene line at boh em L, “In principle,
the abové diffnglty can be avoided-by'measuréments at»two_different_

' 12‘q0ncéntfatiohs_ so that the éart due to solvent molecules in the
‘opSefved Spectfﬁm'cahﬂbe subtracted out . No.such-COrreéfibn procedure
was madé in ourbéxpéfiméﬁté.

Thé chemicals uséd vere éli of fhévReaggnt.gfade. High‘purity of
thé solvénfs:is not importeant here; since the effect of impurities on
iodiné Shoﬁid»Bé small; We saw no obsérVable effects frdm the small
qﬁanfitiés of impuritie$ iﬁ our'experiménts; 'Solutiéns'were.prepared
the same day they were measured. . Errors in the cQﬁcenfratiéné.of‘
sdluﬁidns wg?e estimated fo bé t 27. 'ﬁnless spécifiéd; all ﬁéasUremenfs

vere made at 25°C.

V. Experimental ReSﬁlts}and_Discussion'-

A.  Raman Spectra. of I, in Various Solvents

In ‘an iodine solution, interaction of I

5 with solvent moiecules
élWaysileads to a'éhift in the frquencj of the.Ié étretching vibration.
We can ﬁsualiy diyideztﬁe intermqlecular'interaction into two types:
the long—fghge Qan_der Waals interaction22 aud-the.shért—range‘chémical
'interacfibn;?3 In the case 6ffI2 gomplexes, the chémiéa1 ihteraction
is prgﬁumaﬁl& domina#ed by the chafée—transfef:interactign?:115 many_.

cases,'itjis.importunt»to separate the'effcgt of the chargé-transfef'

- interaction from that of the van der Waals interaction.

e —— —— L S——
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. 1In order.tohestimate the cffectfofIVad der Waals interaotion, ve
have measured tﬁe Raman soectra'of ie'dissolvcd in various solvents.
While a true mlc“oscoolc theory for the vibraticnal frequency shifts
due'to uan der Waals 1nteractlon 1s not avallable, 1t is generally
assumed from Oneager 'S reactron field model that the frequenCJ shift
Aw,, for a solute molecule is a function of n2 where n is the refractive

v

'1ndex of the solvent 2 “For & narrov range of n2, ve would then‘exoect
that Aw (n ) can be approx1mated by a. stralght line. The results of
our Rawan measurement% on the fundamenta] vibration of 12 in various
solvents are:given‘in Table'I. Here, the mean vibrational‘frequency
(wvn) is defined'as the cenﬁer'of grauityvof the Rauan'liue>wifhe
respect'to the excitiug ieser.frequeney. Curimeasurementé'on’this
meanffrequency‘could be es-accurate‘ée + 1 cm—l.b In"Fié. 2, the mean

-1

1

s Ny Cas o g ' .y '
A e L. . -— . A \ = 'Q v
frequ ncy shlfte, deflned as (AwﬂV ) Wy (mv ) uhere Yo 213.3 en
is the vibrational frequenoy;of 12 in the-vapor‘p'ha.se,'e-5 are plotted _ i
Ly 26 , : o - o :
). !

: . 2 . _ . ‘
against (n =1 From uv absorption measurements, we know that 12 : i
- : : . !

has essentially no charge-transfer interaction with n-hexane; n-heptene,

2.

three_solvents are small, and the three respeotive points'iﬁdéed fall

and CClh;27 Figure 2 shows that the frequency shifts for I, in these

on a straight line. ”he frequency shlfts in the other solvents are

partly due to charge—transfer lnteractlon,'and,wlg 2 1nd1cates th@t

,the charge—transfer 1ntcractlon between 12 .d‘solvent molecules

,'1ncreases 1n the'fOIIOW1ng order: chloroform, cyclohexane, nitrobenzene,

ch]orobenzene bromobenzene “benzene, toluene, m—xylene, and mesitylene./_.u

L e ® - et i -y e

whis resu]t on the zelative strenvth of the. chaxre traaner 1nfe"act10n

i dsan S . . . 2
between 12 and different donors 'is consistent with thes uv mnubuvementv 25 7
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in Mixtures of n-hexane and Benzenc or

.

'B. Ramar Spectra of I,

- Methylated Renzenes

[

e

“For a better understanding of charge-treasfer complexes in solu-

tion, we huve mado 2 sysbemabic investigetion of the Roman spectrunm

2y

of Iz*in mixtures:of n-hexans and benzene or methylated benzenes.
_In pure n-haxane, the I_ Raman line hes & mean vibrational frequency

e
: 1 | . - . : -
of 210.1 cm ', end en apparent full width at half maximum of 6.0 cnm ~.

{The corresﬁéhﬂing true full width is 5.1 cm~1, thainedifrom
dééonvolufioﬁ_of thé line.witﬁ the slit function.) With increasing
benzene cdnceniration in the mixture, the lihe»gradu;lly shifts to
lower freqﬁeﬁpies'(see Fig. 3) with little change in the line profile,

' .. ] o -1 .. :
end finally reaches a mean fraquency cf 20L.6 cm = in pure benzene.

.
This shift is primarily: due to charge-transfer iunteraction between

I, and benzena, sincce we recall that there is no> charge-trsnsfer

2

" interaction between I and n-hexrane and that the van der Weals shifts estimated

2

P

for 12 in ptre n-hexane and in pure benzene Aiffer only dy 0.4 cm
., 28 ' o

as seen from Fig. 2. v R -

This observation cannot be explained by the model of I, and bénzene

2

forming 1:1 ccmplexe32 (allowing each-I2 to interact with only one donor).
Such a model would predict two discrete Raman lines of’Ig in the mixed:

2

, unassociated with benzene, and the other for I

solutién, oné.for I
-complexed witﬁfﬁenzene. As the.bénzéné‘concentration incfeaSes,;ﬁhe,

frequehci¢s.of thé two lines would'remain uncﬁanged; but their.rélafive
in:pufe Bénzene, oﬁly'6b% of T

intensity>wQuid change., Even for I

2 2.

would have formed 1:1 complexeé;2 and the uncomplexed I, line vthd be

2
easily detectabie, Our spectra show that, with increasihg;benzéné concen-
tration, ﬂhéflé»line shifts as a whole tO'lOWer fréquénciés.._The shift
from pure hahéxane-to:pure bénzene is greater than the'half'width'of the

line. It is impossible to decompose the line into two lines, one for
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éomplexed.Iguand one for_uncomplexed_ig,-as reqﬁi?ediby tﬁe above model.
We did bbserve.a §ma11 change (< 25%) in the.lineﬁidth as shown in Fig. h,
but it;does?not affect our‘conclusién; Simiiar resultsiwere obtained

for I, in;miXtﬁres of n-hexane and toluene or mexyiené. - Our reéults
>sqggest'that tﬁe charge4transfér interaction between.I2 and the donors

is weak,'and c;evach';[2 molecule”can ihteract éimultaheoﬁsly with more than

one donor. The observed spectrum S(w) is a statistical average over

all complex configurations as_indicated by Eq. (6).
>Microscepic pidturés also seem to suggest that,an I-2 wolecule

could intera t effectively w1th more thaﬁ ohe donor. Mulliken

- - e

to hlm, the nost conpﬂcv'and most Drobable model has the iodine molecule

. ‘ - - 3. .
has discusssd various models of a 1:1 I »benzene ccmplex. Lecording

-

fresting on the benzene molecule with its aiis paréliel_to the plane of
‘the benyene rln; anl 1t° center‘on the 51Kfola axis of the benzena2. In
all the models it seéms obvious thau we cannot rule out the pOSS;bllity.
-.of having =2 ‘second beﬁvene molecule 1nuefaﬂt5np with t héviodine'from
the other-slde,_élthouvn the 1nt;rac ion. could be shlelaed cor51ierab.f
by the ijn’f;éraction of the ifodine wit‘h -t;_he first benzene molecu_le.
"This .sh;eldlng "i should be.mﬁ;e?effective fér strohwer:chérge;trahéfer"

“.inte“a”tlon, since th° I molecule is morve negatlvelj charggi in the

' complex-formaticn with the first donor,'and'therefore reduces its

) ~
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ability to interaqt with other donors. We then expecf that for'snfficiently
complexes, 1, and donor molecules would actually form 1:1 complexes

2 2

w1th a more or 1ess definite conflgurailon a* low donor concentratlons

strong I

Correspondingly; two Raman lines should appear with thelr'relatiVe' -
‘intensity changing with donor concentration. This is -indeed the case
for 12 in mixunres nf n-hexane éndfnesiﬁylene.gg At low éonCentraﬁions’
of neéitylene?:two iines-at 210.1 cm * and 202.5 cn-l}éan be observed.
With'innféasing mcsityleneICOnéentrétion, the complexed 12 line =
(202.5 cm_lj\increases in intensity and the nnéomblexéd line (210;i cm_l)'
diminishes. .Fof meéityiene concentration highef than 40%, only the
complex line rémains and gradnally shiftsvas'a;whdlexto lower frequencies
with inéreaéing mesityléne concentfation. Tnis gradual shiffvagain

indicates that each I, molecule now starts interacting effectivély

2
with mqre.thén one donor although the interéction isvShieided:to some

extent'by the charge-transfer interéction between 12 and the first donor.

One can also regard the Ig-mésitylene complex as a unit which
now intgragts wéaklylwith éuironnding donors to form nigner—order
complexes in various attainable configurations.
Since nhé charge—nransfer interaction betweenvl2 and'pyfidine is

_supposed'ﬁo bé even étronger,vwe would expect to observe the sane.
vphenomenon for 12 in.mixtures of.n—hexane and pryidine.. We found that
theré are.indéed'twd lines at 210.1 cm"l and 185-cm_1 for pyridine
"concéntranions less tnan 0.2%. With increasing pyrlalne concentratlon”

above O, 2%, the uncomplexed llne dlsappears and the complexed llne

gradually shlfts to lowcr frequenc1ea with 1ncrea51ng llnew1dth

[Ny,
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 Finally, in pufe pyridine, the line appearsvat'lThfcm-; with a linewidth
of 15 cm—l. Infrared measurements on I2—pyridine (Py 12) éomplexes in

inert solvents with small concentrations of I? and pyridine have also

-1.13

revealed‘ah absorption band around 184 cm In addition, Plyler and

Mullikenl3 have observed two infrared absorptlon bands for 12 and'

pyfidine in benzene, one at 204 cm -1 and one at 174 em 1.. they 1dent1fy

the 20h:§m_l'1ine as_due to'Ié—beAZ¢né compleies.' They.also suggest
that the 17k cm-l_liﬁe‘could~b¢ dué'tb,the.fofmation of double complexes
Bénzéne—fyig of donor-acceptor character, or due to»P_yI2 in "contact"
donorfaccéptéf inter#ctioh &ith the benzéne moleéulgs around it. _Our

observation of a gradual Shiff of the'Complexedglé line from 185 cm-l

to l7h-cm~l, which has also been observed in’the infrared-work of Ginn

13

and Wood leads us to belleve that the shift is the result of inter-

‘action betveen the PyI como1ex and nelghbo "ing mo]ecules in the
statistiqal sense. . The lnte;cCulOn'COUId be of donoreacceptor character,

buﬁ sincé thevaI complex has a large pormﬁncnt dlpole moment ,

2

van der Waais inte actlon between Pan and surroand1nc mol;culeo could

also be appreciable,' Further studLes of the PyI complax in different

.

'solven£s could help.dete rmine which tjpe of 1n+eractlon.1s nore imp ortant.
Our remérk!hgré aléo applies to the casg of Py12 in benzen~. | =
;As ve méﬂtio&ed earliér, méasuréments of thévmégn Qibfaﬁional
fréquency shift (Aw ) in the Ramen séectrum can be very accurate, and
can be used to test quantitatively the theories on comp]eAes in. solutlon
In Flg. 3,' l/(Amv Y, the 1nverse of tﬁe.mean frequency sh1f£_of‘the".
I fundameutal vibration-ffomiits value in pﬁné ﬁmhekanei.is plotﬁéd
against 1/(03/980) tﬁé invérse of thé nérmﬁlizé&:Eoncéﬁﬁfafionvqf 

benzene or mnthylated bcnzonc, where OB Is the concentraticid of benzene
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or methylated benzene 'in the mlxture, and pBO the‘concentratlon of pure
benzene or methylated benzene The results look very much the same
as those'obtained from the uv measurements‘with the_extincbion |
'eoefficient feplaced'by the mean frequency sbift;v This is not
unexpeoted since both the average uv extinction coeffioient (integrated
over the'entire charge*tfansfer band) and the mean frequency shift
should have,tne form of Eq. (&) in‘Secbion II. 1In feet, if we use the
BenesiAHildebfAnd equation, or Eq. (5), to fit the experimental data
by bhe leasbfequare method, we find that the constant K deduced from )
our measurements is-within 25%'of the value of K Ly deduced from uv
absorption measurementss’ 30’31 (see Table II). This'gives us further
assurance that the v1bratnonal frequency shifts of I in these mixtures
from its value in pure n—hexane is prlmarlly due to charge?transfer
| interaction. | |
In Fig. -3, while thevBenesi-Hildebfend eouation yields a straight
line, the'experimentel daba'show some'evidence‘of eufvature. ’Fromv
(.9),.we-realize“tha£ a better approximation should bev
1Ay = (140 X+a,32)/ (8. X+8,X2) o)
g : R e 1 T2 _ . O
where Xiﬁ_oé/pBo.end dl, % 81} and 62 are constént peramefers. In
Fig. 3,vthe theoretical curves obtained from a least-square
fit of both Eq. (10) and the.Benesi-Hiidebrand_equation a?e
shown. - Iﬁ is seen that Eq. (10) appears to give a better

desoription'of the experimental data. The ?eiues'of :
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dl; ae, Bl; gﬁd‘BQ ére giveﬁ_in_Tablé TII. .ﬁqweyerg the unceftainty inv
detgrmininé:these_pérdmetors is quite largé,32 as suggésted by the
small'diffefehce between the two ée#s of curVgs in‘Fig. 3. (The»
paramgter Bl'can, hovéver, be-détermiﬁed Quite.éccurétely from the

')_32

gsymptotlc slope of 1/(A_wv VS_pBO/pB at small pB : 1h§ least

square error in the fitting could of course be greatly improved ifvare

experimental data points are available,

C. Teﬁperature Depenaence of Raman_Spegtra of i2 in Mixtures -
| | of Benzene ana n-Hexane -
Genefally, thermal agifation decreases the probébilityjbfAinter-
~act;onlbetﬁeen molecules. .Therefore, the vibfationalzfreQuency shiff.
of Iz_in ;olution should be sméller atrhighef temperatures. In Fig. S,
we show thé7variatioh of ‘the frequency shift as‘a’function of the
vbehzene concentration in mixtures of benzené'and;ﬁ—hexanévat 25°C and
55°C. TFor a given benzene concentration, the shift is‘indeed;smallef
" at the higher temperature. |
D. Variation.of Raman Scattering Iptensity with
Benzené.Canenﬁration in Mixtures of BenZéneland CClh
Fér‘cdmblexes in solution, the variation of thé Ramanvscattering

cross—-section I

5 should have the same functional depehdéncevon the
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‘with the results of Bahnick and Person.
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donor concentration as the extinction coefficienl for charge-transfer

.l . P A . ._.". ."
absorptlon.-S “Thus, measuremenls of Raman scattering intensity of 12

‘Bs & funétion.of the donor concentration shouldfprovidé enother test’

on the theories of complexes in solution. Bahnick and Person Srhaye
: ‘ :

in fact made'Such-measurements-on several.charge—transfer complexes.

' The equlllbrlum constants dgduced from their results by assuming 1:1

complexes agree with those obtalned from uv- measurements We have

" measured the integrated Raman cross-section of I, in mixtures of

2
benzene and CClh.: In order to eliminate possible variations of
collection efficiency, change of absorptivity with benzene concentration,

-,

long-term instability of the Raman spectrometer, etc., we need an

-“internal intensity calibration for scattering cross-section measurements.

This is provided by the strong Raman line of CClh at 217 ém—l. We»k
always measured the Raman line of 12 together with the 217 cmf; line of

CClh. We then considered only the relative scattering cross-section
of the 12 iiné with respect’to_the'CClh line. .We found experimentally

that in the absence of I, the scaﬁtering intensity of the 217:'cm—'l
cc1, line is proportional—to.the concentration of CClﬁ/in agreement

15 .

error, the:scattering cross—seétioﬁ of the CClhiline should be unaffected

by the CClh—benzéne interaction; Our experimental results in Fig. 6

show that the relative Raman cross-section of I, increases with -the

2
benzene concentration.  This-behaviorlggrees-qualitativély with

what we would prednct 51ncc a strong charge-tranufcr band appears

in the near uv (sec Section I1). Unfovyunately, there is lnherentﬂ
'inaccuracy Jn the wodou”em ‘nts of Jntevratcd 1ntcnt1ty The same -

d)fflculty clearly exists also in. tho mcasuxtment of Bahnick qnd-Pérson.lsr

Therefore, within experimental.

, ..
© et o - s e
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In our case, the accuracy is worse since the cCl, line overlaps slightly

with the I. line. Consequently, the results in Fig. 6 cannot be used

2

for a quantitative test on the different theories‘of éomplexes in
“solution. .

‘E. First Raman Overtone of I, in'Mixtures of Benzene and n-hexane.

e
We have also measured the relative scattering cross-section of

the I2 first overtone with respect to the fundamental as a function of

benzene concentration. Usually, one would expect the overtones to be

muqh weaker . than the fundamental. However, we found in pure nZhexane

that the first overtone is onlyzh_times less intense than'the fundamental.

. This aﬁomaly'is pfobablyaue to reédnaﬁée énhancemeﬁt, since fhe exciting
_]asér frequenqy is.at the»loWér'edge_of’thé visibie'abébrétion band]of
IQ' Beéause‘of this resonance Ramap efféét,‘thé 12 Raman’linevis
exceptionally strong.(lOO times‘more.intehse than the 217 cm—l CClh

line), and it would hot be sufprising even if the first overtoﬁe

' happened to be more intenée than the fundamental.33"As the 5enzene

concentratioﬁ increases, the felative cross-section bécomesAsmaller,

and finally in pure beniene, the overtone is approkimately 8 times

weaker than the fundamentaer This is presumably because the visible

' absorptibn'band Of.I?vhas a blue shift resulting from the charge-transfer

interactlon“betweenl2 and benzene. ” Here again, the results are

not accurafé'enough for a more détailed>quantitative'discussiohf
Anhéfmohicityjih & molecular vibration shoﬁld be réflected in

the overtone spectrum'of,the vibration. Thus,'measurements of .the
overtone spectrum of 12 complexcs in solution should yield information
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about how the anharmonicity of the I-I intramolecular_potential is
chanéed By fhe‘chargeftransfer interaction. We have measured the

first Raman overtone of I, in mixtures of benzene and n-hexanc. Just

2
as for the'fUndumehtal, the mean frequency of tﬁe overtone Shifts‘to
lbwef_frequedcies as the benzene céncentration is increaéed (seé Fig. 7).
The overtone line is roughly symmetric; with a linewidth of about 18 em™t
which increéses.slightly with.higher'benzene éoncentratiéns; Qualitatively,
these results are expected if we take into accoﬁnt the_sfatistical
distributioﬂ of%éomplex configurations in solution, and cogs%der the

fact that the overtone line ié usually broader than‘tﬁe fundamentai.

Té show éxplicitly the change of anhérmoniciiy, we havé plotted in

Fig.‘B the differénce between éwice the mean fundaheptal frequencyvand
the mean—overfone frequency as a function of thé.benzene éoncentration.

In pure n-hexane the anharmonicity isb2.5 times greater'than the value
found in Vap0r25 and as the benzene'concentrationvincreasés, thé

"average" anharmonicity of the vibration decreases, épproaching zZero

for benzene ééncentrations greater than SO%; The difference betﬁeen

the anhafménicityAin pu?e n—hexane:and’in vapor is presumably due to

van der Waals interaction between I, and n-hexane which enhances .the

2.

' aﬁharmonicity; On ‘the other hand, the charge-transfer interaction

5 vibration more harmonic.

épparentithehd$ to make the I

F. Intermolecular Mode of I  Complexes

2

29

the Chargef
and the donor could also induce a new .

In addition to a change in the Ranan spectrum of I
'traﬁsfer‘intéraction between 1,

intermolecular mode. Frequencies of intermolecular modes are generally

low, higher for stronger interaction. Thé charge-transfer interaction
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between 1. and pyridine is‘exéeptiona11y strong.  From the infrared

2
: . N ' . e 13 . S e s
absorption specctrum, Lake. and Thompson ™ have indecd found the inter-
molecular mode at 9% em ~ in the 12~pyr1d1nc complex.  We have tried
to observe the zame intermolecular rode from the Raman. spectrum.
However, from the charge’configufatiCn of the szpyridine complex, this
intermolecular mode is prdbably mere infrared-active than Raman-active.
Because of this and also because of the-relatively large scattering
background near the exciting laser line, we have not been successful-

a8 g > :
in detecting this intermolecular mode.
V. Conclusions

It is demonstrated that Raman‘spectroscopy can be used to

~investigate charge-transfer complexes in solution. By measuring the

. mean frequencies of the I2 stretching vibration in various solvents,

.

the frequency shift due to van der Vaals inﬁeraotioh can be separated .
from. that due to charge-transfer interaction. Iﬁvestigatiohfdf the

2

benzene .shows that eacn T

I, Raman spectrum in mixtures of n-hexane and benzene or methylated

o molecule can prooably interact simultaneously

with more than one donor in the statistical sense. We have also
measured, for various donor concentrations, the temperature variation,

—fundamental

the linewidth, and the scattering cross-section of the I2

and, in addition, the 12 overtone spectrum; Results agree qualitatively
with what the theory would predict.

~
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Table I. Mean frequencies of the 12 fundamental vibration in

various solvents.

Solvents - ' ' - Freguency (em™)
vapor o - 213.3

n—hexané ' ' v 210.1 * 0.1
n—heptanevv : ‘ 210.0 * 0.1
carbontegrachloride o : 209.7'i70.3 *
‘chloroform - . 209.6vt'0;h
cyclohéxane ' | o | 208.9 * 0.4
nitrobenzené» , e 208.1.# 0.k '
chlorobénzene | v 207.1 *+ 0.4
bromobenzene ' | 205.9 * 0.4
bénzene  :’¥A ‘ _ 20h:6.t 0.1
toluene o ' 203.6_i¢0.2v
m-xylene . 202.1 '+ 0.15
mesitylene - T 200.0 £ 0.3
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bv'“TabieviI;;dValues of (Aw )o and K in Eq (S)idefiﬁed}fyo@ £he‘béef‘fit

‘ ’“;'5of the experlmental data to Eq.. (5) as shown in'Fig- 3. The
i:_equlllbrlum constants K wv: deduced from the uv absorptlon
'-{,ﬂmeasurements are. obtalned from (a) R M. Keefer and L. J.

'”:Andrews Ref 30 and (b) L. J. Andrews and R. M. Keefer Ref 5.
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“‘.Tqigehe:eef.ﬁd 19;3_Cmt1'f.“wd 'df:b,gidfe'T?id_ :;fd3*le6f';Hf(b)l:j\

Cmexylene 105 ewl oo . 03 (@)

Mesitylene ~ 12.8 ew T . 0.62 . .53k (a)
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Tsble III. Values of o, Gy, B, snd B, in Eq. (10) derived from the
best fit of the experimental data_t_b Eq. (10) as shown in

Fig. 3.
al a2 Bl 82
Benzene 2.66 .53 13.20 3.7
Toluene 3.2k .05 22,0 1426
_m-xylene 3.0 3.6 30.6 _' 29.37

Mesitylene 3.68  0.72k 53.11  2.72
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FIGURE CAPTIONS

Fig. 1. A typical Raman spectrum (theecentral.line) of the I, fundamen-
tal fibration in pufe benzene at SSOC. The dots correspond to
the number of counts in the ChannelsAof the.mdiiichannel analyzer.
The two side lines are Ne calibration lines at 6402.25 A and
6L421.71 A, - The instrumental linewidth isvh cm—l. Note that only

one'spectrai line of I shows up, while the model of a 1-1 eOmplex

2
would predict two.

Fig, 2f Meen frequency shift of the I2 fundamental.vibration from its
value in vapor in verious solvents ve_ng - 1, where n is the
refractive'index of solvent. |
1l - n—ﬁexane; 2 —-n—heptane; 3 - carbon'tetraghloride;

L - Chloroformé ? - cyclohexane; 6 - nitrobenzene;

T - chlorobenzene; 8 - bromobenzene;VQ - benzene;

10 - toluene; 11 - m-xylene; 12 - mesitylene}

Fig. 3. Comparison of the theoretical curve of Ee; (10) aﬁd tﬁe

Benesi-Hildebrand curve of Eq. (5) with the experimental data.

The inverse mean vibrational frequency_shifts l/(AwV ) of 12 in
solutions of benzene or methylated benzene end-n-hexane; with
respect to the frequencylip'pﬁreeh—ﬁexane, are plotted as a function
of inverse normalized concentreéion ef benzene or methylated benZene
pBo/pB’ where pBo is the den31ty of pure benzene or. methylated

benzene ‘and Py is the density of benLene or methylated benzene in

the mixtures.
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Fig. 4. Apparent Ramaﬁ linewidth of thg i2 fUndaﬁental Vs the normaiized
benzene.concentration. The inétrumental,linewidth ié h cm_l.- The
true width of the 12 line in n-hexane obtainéd by deconvolution.of
the line with the slit function is’'5.1 cm™t -

Fig. 5. Me=n frequencyvshift of the 12 fundamenﬁal as a function- of.

normalized benzene concentration atvtwo temperatures’25°c and 55°C.

Fig; 6. :Variaticn of the Raman scattering c;ossesectioﬁ of_the 12

fuﬁdamentai (normalizedbagainstbthéiRaman_scattéring cross-section
of the 217 cm ' line of cc1y ) .as a function of the normalized |
benzenc concentratién. |

Fig.‘T; -Mean freguency of the 12 first dvertoﬁe Vs the normalized

bénzéne concéntration.

Fig. 8. Variation‘of'wa - wo as -a fﬁnction of the normelized bengene

concentration, where w

- .

P and W, are the mean frequencies of the

. N AY
fundamental and the first overtcne of the 12 vibration respectively.
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: SECTION IIZX : .
 RAMAN STUDY OF PARA~AZOXYDIANISOLE AT THE PHASE TRANSITIONS -

Using'Raman scattering technique, we han investigated the phase
‘transitions of the nematic liquid;crystalline sﬁbsténce p—azoxydianisole
(PAA).-JAithough Raman spectra of this»substancé‘have pfeviously been
obt‘,za.ined,l’2 no systematic investigation of the temperature dépendence of
the Rdﬁaﬁ’modes has bgen reported. Furthermore, ﬁo our knowledge, no
investigation of the low—ffequency Raman modes has'éver been made. In
this ﬁofe} we would like to report the results’of.our meaSurements_of
theltempéféture dependence of the Raman modes in two spéctral regions:
_30—100:and 1225—1300 cm—l. The intemnsities of these modes change
significaﬁtly dgring the.phase transitions. Our results indicate that
_the_Ramah spectrum of PAA is affected mainly by short-range interaction
betweénvnéighboring'molecules, and that Raman scéttering, in general,‘
can be used to probe the chahge ofyshort-rangé-drdgring during -the phase
transitians.

Thé expefimental setup was the same as that_described by Landon:
and Port_o;3 with a ho,ﬁw He-Ne laser as the excitihg source. The PAA
sample was recrystallized three times for burify.‘~For better temperature
céntrpl,-the sampie cell waé inserted in a copper Elock and then immersed,
in an oil bath. The sample temperatﬁre was monitored constantly, and
temperatﬁre fluctuations were less than 0.035°C. |

HA spectral range of *1900 cm—l about the laser line was investigated.
There;gfe'around 30 strong Raman lines (of the same order as’the 992.cm-l'
line-of bure bénzene) in that\range.r As the subsfance.chgnges.phéSeé
from sblid'to nematic‘and intd isotropic liQuid,.some ofvthe_lines.dis—

appear,fbut,most of them decrease in intensityland become broader. Three

* S
Published in Phys. Rev. Letters 24, 718 (1970).
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of the iines, however, show little change (<10%) iﬁ their integraféd;
intensities. In particular,ithebline at 1095 cm_l élso shows esseﬁtially
no chaﬁge in ££s linewidth., It was ,. therefore, chosen as the intefnal
caiibrétién line in our intensity measurements. -Generally speaking,
the spéétravof the nematic phase resemble those of the isotropic liquiad
more‘thah tﬁose of the solid. None of the observed Raman lines show
any détécfable frequency shift in tﬁe-phase transformation. For the
high~frequency haman modes, our spectra have éeﬁéral resemblance to those i
obtained by.othéisl’2 but the detailed structure is quitexdifferent,
especially for nematic end liquid phases. The-différenée may be aftfi-
buted to the better quaiity of our'spectra.u - ,'

de spectral regions show more significant:éhanges under phase.
transforﬁation (see Fig. l), The first region from 1225 to 1300 cm-l
was first investigated by Freymann and Servant.l They reportea observing
two lines at 1247 and 1276 en™ in the solid and nematic phases and
that the,line at 1247 cm—l disappearéd in thé liquid phase. Our speé—
.trum for solid PAA in Fig. la, howe;er, indicatéS'that the composiﬁé'
spectrum of this region can be decomposed into fdur'symmetric lines
at 1246 (t?), 1252, 1261, and 1276 ém—l, with the respective intensit&
ratio of 3.7:1:4.2:6.3. The étrongest line is~rouéhly 1/2\as strong . '
as the 992 cm.-l line of benzene. :As the tempefatgre increases thiough
thé solid—nematic transitibn, the threé linés at 1owér fréquencies
decreése.sharply in -intensity and merge into a single broad
beak.- However, assuming that thé lines are always symmetric, we
caﬁ still‘décompose the spectrum into four lines at. approximate-

ly the’Same frequencies as before. In figﬁré 2a, we
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plotted the norﬁalized iqtegrated intensity of the 1246 cm_; (calibrated .
against the intensity of the 1095 em — line) as e»function of temperature.5
It is seenlthat the curve has the-characteristlc.quasidiscontinuity at
the solidfﬁematic phase.transition; However, no'sﬁch discontinuity.
occurs af the nematic-isotropic transition. The iﬁtegrated intensity‘

of thell276 emt line remains unchanged through the phase transitions,
. but the linewidth changes as shown in Fig. 2b. Again, the varietion

of the linewidth with temperature has a quasidiscontinuity at the solid-.
nematic trensitioh;
The low~frequency region from 30 to 100 cm“l is also of interest.

The specfrum of so0lid PAA shows three Raman medes‘at ho (z2), 5?, and

T2 cmfl lébated en the tail of the.central scattering componene, es

shown in Fig. l. The intensity ratio is l:l.h;?.;, respectively, the

T2 cmf-l mode being 1/4 as intense as the l276icm;lvmode. In transition
froﬁ ;olld to the nematic phase, the T2 cm_l mode venished compleeely;
ané/the intensities of the modes af hd and 52,em;l drop sharply with
their intensity ratio becoming b1, .The latter fWO modes also disapbear
suddeﬁly at the ﬁematic;to—liquid transition. 'Whlle the intensities.
vary,'the frequencies and the linewidths of_the three modes remain un-
changed, Figure 3 shows the variation of the normalized integrated '
intensities of the three modes with temperature.'.Here again, the curves
' exhibit the chareeteristic discontinuities at the phase transitions.'
To explaln our fesults qualitatively, we can use the simple model

suggested for PAA. 6,1

In the solid phase, the molecules CH 0 (c 6 h)
-N 0- (C6 h) CH 0 are all allgned and fixed in regular positions. . Two

nelghborlng molecules are half overlapped, w1th the benzene rlngs fac1ng



oo

each cher‘and the CH3O groups in close contact with the N_O groups.

2

In the nematic‘phase, the long axes of the molecules are still essentialiy'

.  valigned, but the molecules are no longer rigidly‘fixed'in position‘and
'they'can rdtate more or less freely about their own long axes.7. The
fotation.of the benzene~ring groups is presgmabiy;less hindered because

no permanent dipole moment is attached to the benéene ring. Finally;
in thé_liquid phase, disordering in the molecglar alignment sets in.

As suggested by Freymann and Servant,l the Raman lines around
1260 cmf%fshould arise from tﬁe vibrational modes of the CH3O_(C6Hh)—
NQO grqup. These modés are likely to be strongly affected by inter-
molecular interaction when neighboring molecules are overlapping in a
manner_déscribed above for the solid phase. rIn the nematic phase, since
the mélecules can move -and can rotafe about their iong axes, the pro-
bability of finding two neighbofing molécules”with this particularf
relativé positién and orientation is smaller than that of the solid
phase. Cdnsequently, the intensities of these modes drop sharply. That‘
the modé frequenciés remain unchanged suggests that here only the optical
excitéd states are modified by the intermolecular interaction. The
suddén increase in the linewidth of the Raman mgdes at the phase tfan-
sitioﬁ indicates the onset of roataional freedom the molecuies acqui?e
in going to the nematic phase.

The same model cén be used to exPlain_thétbbservation of the low-
frequency modes. Uﬁlike the soft lattice modeé in ferroelectrips,8
thesevﬁodés do not_change in frequency during the'phase transition.

They are most likely the intermolecular modes arising from interaction

between the CH3O-(C6HM)—N20 groups of two néighbdring molecules and
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- should be éffécted.primarily by short-range ordering. The 72 cm._l mode
may de?eﬁd’strongly, and the other-two less stréngiy, on the relative
posifion aﬁd orientation of the neighboring moleéuies. As a result,
the L0 and 52 em™ T modes persist in the nematicbphase although their
intensities decrease. It is interesting to note from Fig. 3 and the
modes'withﬁhiéher frequencies show more drasticiéhanges at the solid-
nematid transition. This seems'io suggests that the modes yith higher
freéuénqies have deeper but narrower ihtermolecuiér'potential wells.:
These intermolecular modes do not have sidebands due to rotation or
libratidn of individual molecules. Coﬁsequently, little change in
'their'liﬁéwidths should be expected at the phése'transition.

In an attempt to study the inflﬁencevof magnetic field on ordering
in PAA, ve applied a field of 4.0 kOe on the sample and varied the
temperafufe. The field is strong enough go induce macroscopic alignment

9

and, hehce, saturation of the dielectric constant in PAA. We have,

howevef, seen no effect of the field on the phase~-transition temperatures
of PAA. The Raman spectrum, after calibration against the 1095 emt
line, also showed no field dependence at any temperature. The field is
apparehtly not gtrong enouéh to modify the short-range interaction
between mdlecules. ‘This is in agreement with the conclusion dréwn.by
othersbth;t in nematic substances a magnetic field has effect only on

a macroscopic scale but not on local individual molecules.lo

'We.also observed in our experiment abrupt broadening of the central
Rayleigh~wing component at both solid-to-nematic and nematic-to-liquid
phase transitions. This is clearly due to the onset of rotation and

libration of the molecules at the phase‘transitidns. However, systematic

investigation on this Rayleigh-wing scattering is yet to be performed.
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We have shown here that Raman scattering can be used to probe phase
transitiohé and short-range ordering in.liquid ér&étaliine'materialsf
Cémbination of Ramén studies with other methods of'investigation, such
as NMR, etc. ﬁay yield avbetter pict#re df intérmblgcular interaction

.in theée materials. - We are extending our‘study to the other members

of the homologous series of the 4, 4'-bis (alkoxy) azoxybenzenes. Pre-
liminafy'resulfs indicéte thét, in general, thg‘témperature dependence
of both the low-frequency and the high-freQuehcy Raman modes conform
with the fésults obtained from PAA.' A full réport of the inveétigatioh

will be published elsewhere.
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FIGURE CAPTIONS

'Raman spectra of PAA from 30 to 100 cm-l,aqd from 1225'to.l300

'Cm_lvin‘the three phases a) solid phase at T = 113.9°C;.b) nematic

phase at T = 116.8°C; c¢) liquid phase at T = 134.8°C. The slit
width is 2 cm .

a) Normalized integrated intensity of the 12h6‘cm_l line as a

function of temperature. b) Variation Qf.the linewidth of the

1276 cm—l Raman mode with temperature.
~Normalized integrated intensity of the lbw—frequency Raman modes

~as a function of temperature.
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3 » SECTION IV

BRILLOUIN SCATTERING FROM A CHOLESTERIC :
MEDIUM AT ITS LIQUID-TO~LIQUID CRYSTAL TRANSITION ' T

I. INTRODUCTION
There have. been many investigations of the acoustic properties
of substances in the phase transition region. Such diverse transi-

tions as the liquid-vapor, order-disorder, superconducting, ferroelectric

and ferrémagnétic have been studied rather thoroughly over a wide range
of fngﬁéncies.l These studies have yielded‘a great deal of information
abéut the dynamical properties of these syéteﬁs in the transition region. i
One woqid hope that(similaf investigations bf‘the liquid crystal-liquid o S
tranéitipn could be just as fruitful. However, éo far, there have been ;
only & few reports in existence on the subjéct,2f6
Hoyer and Nollez, using the standard ultrasonic technique have i
investkgated the liquid crystal-liquid transition of p-azoxyanisole
(P.A.A.) and cholesteryl benzoate in a frequéncj fange of .5 to 6 MHz.
TheyvdbSérved almost a two érder of magnitude increase in the attenua-
tion and a 10% dip in Fhe velocity of the sound Waves at the transition.
Hoyerréﬁd Nblle attributed these effects to structural felaxation7'
and wéfe able to quantitatively interpret their feSults. Zvereva aﬁd

‘Kapustin obtained similar results in the same frequency range for

p,p'-nonoxybenzaltoluidine,3 cholesteryl capfatey and cholesteryl

caprinéﬁe.5 o _ o -
Durand and Rao6 have extended the ihvestigation of the liquid ' _ 

crystal—liquid transition to hypersonic freqdencies,(lo GHz) using o | : 'g

the Bfillouin“scattering techniqué.~ Their iﬁvéstigation of- cholesteryl J

2-(2 ethoxy ethoxy) ethyl carbonate (CEC) showed that the sound

wave became highly damped (large broadening of the Brillouin line) in

the transition region, and that its velocity changed by approximately
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5%. These effects appear similar to those observéd at lower frequencies.

'However, since in this case, the liquid crystal had domain sizes compar-

able fo‘thé wavelength of the acoustic exéitaﬁion; we suspect that

these:éffects could be due to an increase of écaﬁtering loss induced

by the small domains at the tranéition father th;ﬁ structural relaxation,
In order to minimizé the scattering loss, wé should therefore

choose a sample with sufficiently large domains. Iﬁ this paper, we

would like to report on our Brillouin scattering measurements at the

liquid crystal-liquid phase transition of a thin film sample which has

domein sizes approximately one hundred times greater than the wave-

length of the hypersonic waves. Contrary to the results obtained by

S 6 ‘ - v .
Durand and Rao, we have found no anomalous behavior in the attenuation

or in the velocity of the hypersonic wave at the transition.
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II. EXPERIMENTAL METHODS
Figufé 1 shows éur experimental set-up whiéﬁ ié similar to

that ofCDufand and Pine's.a A coherent Radiation Model 52 argon
l;éét with a 100 mW single-mode output at Sth A %as used as the'light
séurée. The laser béam was focused on the sampleAby a condensing leﬁs
Ll Qié a sma}l reflecting mirror (4 x 3 mm). -Thé‘sample was surrounded.
by a copper block which acted like a thermal réséfvoir and was tempera-
ture coﬁtrblléd to * .01°C. The back—scattered_radiation from the
sample.waélspectraily anélyzed»by a combined éé£ of.a Fabry—Perot and
a doub;é‘monochromator. It was collected by the lens L2, and focused

9

_on a 500 U pinhole after passing through an I_ absorption cell.

2
The pinhoie was located at the focus of the third lens L3. Then, the

parallel rays from L were incident on a piezedelectrically scanned

3 .
Fabry4Pérot interferometer whose plates were A/100 flat and had a 97.8%
reflectivity. The output froﬁ the Fabry-Perot was.focused by the lens

Lh on the'slit of a Spexvdoubie monochromator wiih a bandpass of

20 cm‘l;céntered at S145A. Détéction wasfaccbmplishéd-u;ing the
photéﬁ counting method in conjunction with a multichannel analyzer.

In this experiment the Fabry—Pefot was used in a multiscanning mode

to improve the sigﬁal-to—noise'ratio. A‘sawtéoth voltage applied to

the pigzéoelectric disks periédically scanned the mirrors, in synch;oni-
zation with the scan of the multichannel analyzer. A typical spectfum

was tgk%n in about é minutes and consisted of 20 scans. The'integration— , -
time per chanﬁel was 0.4 seconds which yieldéd a signal to noise ratio |

of 20:1. The Fabry-Perpt was alligned before eagﬁ run and typically had

a finesse of 70 over its 1.85 cm aperture. After 20 scans the effective

fines$¢ was degraded to approximately 60 ﬁhich'corresponded to a
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resolﬁtion)of 0.016 cm ™t forvthe free spectral rahge of 0.960 cm
usedvin oUr'ékperiments.‘ | | |

The majo% difficulty'oftén éncounfered in Brilléuin scattering
experiﬁents is in the;disériminatidn against elastié'scattefing from
the éample} >Fofv¢lean ligquids and'homogéneous cfystéls, théielastic
'scattering.is abéﬁt 100 timés sfrongéf than inélééticbséattering and
© hence the ﬁypical discrimination factdfiqf 1000 of a Faﬁry-Perot
intefferométer ié.sﬁfficiént. vHowever, in our casé the elastic_
scattéring fiom the liquid crystal was aboﬁt'séven orders of magnitude
stronger than the inelastic scattering and detéctioﬁ of the Brillouin
signal WOﬁld have been impossible without much higher discrimination.)

9

Reéently; Devlin et al.” found that the argbn laser frequency at

5145 A can be tuned to coincide with a strong, but narrow (0.05 cm—l)

absorption line of I vvapor.v One can therefore use an I_ cell as a

2 2

very'effeCtivé filter for the elastically scattered light. Using
such a cell at a temperature of 67°C we were able to attenuate the |
elastiC'séatteringvfrom ouf samplé by five orders of magnitude.

Unfortunately I_ has other absorption lines nearby which may distort

2
the Brillouin lines and make-the spectral analysis more difficult.
We shall diséussvin detaii hoﬁ the observed Brillouin spectra were
ana;yzed in the next section. ,

The liqqidvcrystal'sample used in our exﬁeriments was a mixture;
of 3h% cholésteryl nonanoate, 3&%‘ch61esteryl oleyl carbonate and 32%
cholestefyl chldride (by weight). This mikture was ‘in ﬁhe cholesteric phase
from_j20°C.to.56QC with COrrespondihg pitch in the infrared vérying> :

from l;hu to 2.8 u. With thiS'mixture it was felative;y easy to
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make thin film samples 250 'u thick which éppeared homogeﬁebus and trans-
parent to the naked eye. - Under a polarizing mibrdécépe, ve could -
hqﬁéver séé Pomains of about 30 u in size. Thg samples wére preparéd
by;pressiﬁg;avfew drops of thé mixture betwéen fwo glass slidési |
Initialiy;vﬁhe sample wés ﬁazy; but it became.trahSPafent éftér a
few-days. The chemicals weré obtained from Eastman Kodak_ahd were

used without further purification.
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III.RESULTS AND DATA ANALYSIS
In a liquid medium, the spectrum of Brillouin scattering has two

oomponents}ofshifted_on either side of the exciting frequency w, by the

frequency of the h;y.personic.excita.tion'll
Q = (2wonv/c) sin(6/2) : (1)

ﬁhere vtis tne acoustic velocity, n 'is the refractivetindex, ¢ is the .
light Velooity in vacuum, end 0 is the angle between thevdirectiOns of
incident endeCattered radiation. 1In obtaining Eq.‘(l), we have assumed
."that each wate propagating in the medium is chafacterized by a single
 wave vectoft "This is notiquite‘trne in cholesteric 1iquid cryetals.
There, even for waves propagatlng along the hellcal axis, each eigenmode
is a linear comblnatlon of waves with wave vectors k and k + hﬂ/p where
| P is the helical pitech of the liquid crystal.lz. However,»if the wave-
‘ lengths involved are fer from the pefiodicity'p/2;ltnen the oomponent
with the wave vectoi k + Un/p in each eigenmode has a negligibly small
ainplitude.l2 "In that limit, Eq. (1) is e very good-aﬁproximation.‘ This
is the case for our experiments. |

We cnose'to investigate Brillouin scattering in theobackward
direction (6 ;ﬂ), corresponding to an’acousticvencitation'with a
frequency of appnoximately'lo GHz. By vafying 9. we can alsotstudy
the characterlstlcs of the acoustic exc1tat10ns at lower frequenc1es
We have not yet.carrled out such an experlment completely |

'In Fig. 2 we show a typical Brillouin spectrum'of the liquid
orystal.taken\at roon temperature. The Stokes component is dietorted
. by'tne'i2

hand, is in a flat region of the absorptlon spectrum and is undlstorted

absorptlons, but the antl Stokes component on the other
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As the température increases, the distortion of the Stokes component’

becomes greater while distortion of the anti—Stokes‘compbnent remains

small. We therefore chose to analyze only the anti-Stokes component

and wére»abie.ﬁo'determine iﬁs frequenCy to * 14 and’its.linewidth to
+ 10%. i | | |
We have ﬁeasured tﬁe téﬁpérature dependénce 6f2the Brillouin
shift, Q, and the Brillouin linéwidth; T, iﬁvthe cholesteric liqﬁid
cryétalline.phasé and through the liquid'crystal;iiquidiphase transi-
tion. Tyﬁiéal valﬁes foer ghd F,afé .375 ém—%.énd..06_cm_l. .The
correSponding‘valﬁe for the‘acoustic'veiocity,v deduced from Eq. (1)

is 1.9 leOS cm/sec. As the. temperature of the liquid ecrystal

increased from 20°C and through the phasé transition in steps of 0.1°C.

Q gradually decreased (see Fig. 3) and I' remained constant within the

experimental erfor. ‘Contrary to the results of the ultrasonic

2-5

measurements and those of Durand and Rao,6 no anomalous change

in either vor I was observed in the transition reéion (see Figs. 3
and 4).
In‘order to determine ‘the frequency shift and the'linewidth of

the Brillouin mode accurately, it was necessary to take into account

the effects of the I absorption cell which we used to eliminate the

2

elastic scattering. Let G(w) be the true Brillouin spectrum and

T(w) is the transmissivity of the I_ cell. Then, the observed

2

Briliouin'spectrum SB(w) is given by

sge) = [ T -e) Tug) ele) (@

00
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' where'iB(w);is the iné£fhmehtal function of the FabryQPerot spectrometer set-
uP, éné.was:obiéinéd"iﬁ our'ékperiment By using a single-mode laser
beam as ﬁhe‘incoming sourcé.' |
We are interestéd in knowing G(w). To find G(&); we ‘must first

obtain the transmissivity T(w) of the I2 cell. This was done by

, cell with broadband radiation

measuring the transmission of the i
sﬁihihg on the Fabry—Perot—spectrémeter setup. The spectrometer
limiﬁed the radiation to a baﬁd narrower'fhan tﬁe free spéctral

rangé of the Fabry—Perot. If'IT(w) is thé instrumental linewidth in
this méaéurement; the measured transmissivity ST(w)‘is rélated to

!

the true transmissivity T(w) by the equation

%

sp(0) = [ Iplu —u)) 2w du,. o | (3)
Then, thfough deco,nvolution of Egs. (2) and (3), we ca.n find T(g)) and
el S _ : .

The standard technique of Aecqnvélution is to'substitute . known
functional form for thebspectral fﬁnctién and vary the parameters in
the function until the integral gives a spectrum vhich fits well with
the ﬁeasured~spectrum. In our casey this would be_quite'difficuit
since T(w) ddes ﬁot have a/known functional form. Here, we used the
FOurier.frdﬁsform_fechnique»to decoﬁvolvé our spectra. It is well
known that the Fourier.transform of a éonvdlutiqn’integral

o . : :
fki(X ;Xél B(XO) dX is'the product of fhe;FOurierrtransforms'of

- ; 13

A(X) and_B(X). Therefore,‘by”Fourier;transforming>Eqs{l(2) and'(3); E

we can find the Fourier transforms_pf G(w)T(w) ahdvT(w), if the
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Fourier transforms'of the instrumental funétions are kﬁoﬁn. Then, the
inverse Fourier transfdrms énabie'us to.determine the spectrél functions
G(w’raﬁd T(w) seﬁérately.

In our anglysis, the instrhmental functions we}e approximated by -
Airy funcfions. The fast Fourier transform technique was used to cérryi_
out the Fourier'transformations on a 6600 Contro1vData.computer. ( See
Appendix III for détails.')ln order to reduce réndom fluctuations_in'
the spectfa,'aﬁ observéd spectrum was first apprdkimatedAby the best
polynomial fit (typically a‘20th—¢rder polynomial) and then used in the
. 5 absgrption spectfum .

coincides with-the Bfillouin—Stokes frequency, the accuracy of our

analysis. - Since the-sharp structure of the I

.analysis for the Stokes component was much worse than that for the ‘anti-
:StOkes component. We therefore chose to analyze only the anti-Stokes
component . Wé were able to determine its peak position to * 1% and

its linewidth to * 10%. g
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- IV. DISCUSSION
Except for the gradual décreaée in Q or V"with_ihcreasing
temperatur§ ﬁhich is presumaﬁly dﬁe,to thermal expanéibn, our results
aré Quite'differeht from thoée obtained in'thé Briliouin-ﬁeasureménts
of buréhd'aﬁd Rao6 or .the ultrasonic studies éf'Héyér and Noile;2 and

35

Zverera énd.Képustin. Ali;thesé workers obserVed inténse acoustic
attenuatién as weli as Changés in thé vélocity of‘fhe souﬁd wave in
the transition region. |

.We believé that the differenée between sur results and.those éf
Durand'énd Rao6*c§n be.éxpléined By'the différénce in the domain sizes
vof the sampléé in the two cases. We realize that scatteringvof‘acoustic
waves by doméin walls increases»the‘damping constant of the acoustic

‘waves . If'fhe domain‘size is muchilargér than the mean free path'or'
the attenuation ;eﬁgth zd of.the aéoustic'wayes; thén.most of thé_
_aéoﬁstic wéves exéited in a démain décay avay béfore hitting_the
doméin_wails, and hence the éffect of the domain walls can be neglectedg
Ir ﬁﬁe domain sizevié cémparable with la, then,thé efféctive damping
coﬁstant.increases as the domain size decreaées., Wé'have_observed

“that at the liquid—érystal-to—liquid transition,‘the domain size of
liquid:cryétalschanges.répidly. "It decreases by a.factor larger than
2 in a pfé-transit10n51 region of asbout 3°C and then wifhin.o.1°c of the
tfansitidn,éuddenly disappears. This behévior is similar to that of the
order’paramefer.lu In our case, thé'doﬁain éiie in the liquid cfystalv
ﬁiase was about'30 um, and the attenuation length bbtéined from
~2a = V/T was sbout 0.2 pm. _Thereforesvif is clear that we shdgid,nqt..>
expect to obsérve.aﬁy changé in the acoustic damping constant dué to

scattering by domain walls in the preétransition region. Since in our
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experiment? fhé femberature waé'faiSedlin steps of Q.l°C, we werevaléo'f
- .unable to resolve any changé which héppened within O;l°C of the
trahsitionf In the:case of Dﬁrand and Rao;6 the domaih size of théi;
éaﬁple waé about 0.2 ﬁm,zwhiChvwas cohpa#ablé toﬁla, VThen;'in the
pre-transition region, the acoustic damping éonstént shgﬁld increase as
the domaiﬁ size decreased. Finally, after the trénsition,.fhe‘domains
disappearéd‘in‘the liquid phase; and the écoustic dampiﬁg returned to
its normal value. This‘explains whvaurand and Ra66’observed the
anomalous increase of acoustic damping and the corresponding dispér—
sion‘of acoustic ?elbéit& at the transition. |

' The difference bétween‘our resglts.ﬁnd those of éhé»ultrasonic

2-5

studies can be ekplained by the differencé.infthe acoustic frequencies

in the twé cases. The ulfrasonic studies have been1carried ouﬁ in the
fréquency fange.of OfS'to 15 MHZ. 'Theyntypically show_almost a two
order—bfemagnitﬁde inérease iﬁ the ultrasonic attenuatioh in the’transif
vtion regiong Away from the tranéition thé reSults of.Hoyer aﬁd Nolle

5

fit the classical absorption coefficientl which has an>w2 fréquency

dependence. However, in the transition region the acoustic attenuation

2 2,16
)

appears tb-have.a_ffequency dependence of .w2/(l+Q which.is'

characteristic of a relaxatidnallprbcess with T beiﬁg'the relaxation

tiﬁe. Hoyer and Nolle suggested that this attenuation was due to - . ) S

structﬁra; felékationT and uéiﬁg Frénkel's hefrophase_fluctuation ﬁhedf&,}?

were ablevto explain‘theirvrésﬁlts fairly well. | | H
Thefmodel of structural relaxation is based:on.the suppqsition'that

an increasenof'preSSure can convert a fluid to a more compéct'local '

molecular arrangement (1argerorder parameter) which has a smaller spécific>
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volume. Thie induced change.is more pronounced at‘the phase transition
since the pressure affects the equilibrium between the tﬁp phaées. How-v
ever, the fespoﬁse ef this-structuralechange to the‘pressure cannof,be
instantaneous,.but has a finite relaxation timevT. Therefore, as a sound
. wave Dropagates in the medium, the induced change in the order parameter
or in the volume lags in phase behind the pressure wave, and consequently,

causes attenuation of the sound wave. The acoustic attenuation constant

£ (= I'/y) due to structural relsxation can be written as |2
, 2. ® '
AR _ -
v - .
el =t gy el G
T vV l+wrT ' :
ow
5 i+w2T}2 : : C .
, = : v )
v (w) L 2+(E192 ‘ | - (»b)
v A
(o] «©

Here vm.is the sound velocityAat very high frequencies and has no cen- ;
tribution frem structural relaxation since the structure or &olume chaﬁge
can not fespond to a high—freqqency-pressﬁre wave# &o is the sound
velocity at_very low frequencies and its Value depends on how the strucf
ture responds to the pressure weve. Since Q is not Qery different
from v_, the frequency dependence of v(w) is weak and hence £/w” is
proportional to T/(1+w™T ) approximately. As. the medium approaches the
liquid crystal-to-liquid transition, the decrease of v_ with temperature

due to structural relaxation becomes large. This leads to the large
acoustic attenuation and the corresponding dip in the velocity v(w) at
the transition as Hoyer and Nolle have observed From their results,

they found T = 3.5xI10: ~ sec at the transition..
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In our:case;ifhe hypersonic wa§evpfobed by’thevBrillouin.3cat£ériﬁg
wésﬂat about 16 GHz.b At such a higﬁ ffeqﬁency,,&(mz.éhould.neariy.vaniSh'
since we do not expect the structural*relaxation;timé,fo vary much witﬁ |
frequency. .fhen, the classicai acoustic aﬁtenuation; which is ﬁropor;l
tional to.wg, should dominate. .Thié-was indééd the case. Using_eq
(L) with’values‘of_vb’ V., and T given by.Hoyervand'Nolle,z we.fodnd‘that_
in our case fhe_lineﬁidth of the Brillouin’mode due to stfuqtural re-
laxation should be about 3Xl0’5 cm-I; and the change df acoustic\veloéity'
at the trdnsitioh is less than one.ﬁart_in 105. These effects aré of -

-

- course too small to be observed in the Brillouin scattering measurements.
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'CONCLUSIONS
We ha§e>ﬁééd Brillouin ééattering.to study the hyﬁersonic properties
'of a éhoiésteric mixture in the liquid crystal;liquid phase transition
region. Conprary to the resulfs of similar méasurements by Durand aﬁd[

Rao6ﬁand the results of the ultrasonic studies,z—5

weuhave'fouﬁd no -
anomaious chénge in either the veloéity or the atténuétion of theb
hypersbniqiwaves at the £raﬁsition. We realize thatiin the case éf
_Durand ahd Raé, the anomaloué change is due to acoustic écattering

by the small aomains in their sample, and in the Ease of the uitrasonic

studies, it is due to structural relaxation. Neither of these mechanisms

has any'appreciable effect in our case.
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1. : Schematic of ex@erimental setup. S- sample, L
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. FIGURE CAPTIONS

l,L 3!Lh—
lenses Wlth respectlve focal lengths of 8, 8, 31 and 15 cm;

M- small mirror; I ‘— iodine absorption cell- P —‘SOOu plnhole'

2
FP - Fabry—Perot 1nterferometer, SPEC- SPEX Double monochrometer,
PM -~ EMI 9558 photomultipller, PCE - Standard photon counting
electrons; MCA'- multichannel analyzer; SCAN - sawtooth generator
for scanning the Fabry-Perof. |

2. A‘typicai Brillouin spectrum of the cholesteric mixture of:
34% cholesteryl nonanoate,'3h% cholesteryi oleyl‘carbonate and
32% cholesteryl chloride taken at 20°C. ‘The Stokes component

5 absbrptions hut the anti-Stokes

is somewhat distorted by the I
cbﬁpbnent is almost undistorted. The structure in the background

isvdue to 12 absorptlon lines.

3. Brlllouln frequency Shlft of the cholesterlc mlxture of 3h7

'cholesteryl nondnoate, 34% cholesteryl oleyl carbonate and 32%

cholesteryl chloride as a function of temperature in the llquld
crystal phase and through the liquid crystal—to-llquld phase
transition. The insert shows the Brillouin frequency shift in
the.transifion region. ”

L. Brillouin linewidth ef the_cholesfericvmixture of 34%
cholesteryl nonanoate,h3h%'cholesteryl oleyl cafbohate end'32%' -
cholestefyllehloride as avfuncfion ofrtempefeture in the liéuid

crystal-to-liquid transition region.
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APPENDIX I

Statisticai.Theory'Cogplexes in Solution
| ABSTRACT |
A statistical theory éf complexes in solution is presented. It
. | . o .
takes into account the statistica; distribution of all attainable
complex éonfigurations aﬁd'thé effect of inert éplﬁeﬁtvmdlecules‘in
avsolution. .The formalism should be»genérally applicable'to problemé

involving physical and chemical reaction in solution.



I. INTRODUCTION R

Wﬁeﬁ diffefént molecular speciés‘are bfbught in contact with eaéh‘
other; molécuiar cémplexes may appear as & reéultvof intermolecular |
interaction, This often happens in the process of physicél or chemical
feactidnkof'the species. The subject of moleéuiér compléxes iﬁ solution
has glways been of great interest to manyvresearéﬁ workers. In pgrticu-
iar, charge-tranSfer complexes in solution have been th¢ subject of h
‘active research in recent/y'ears.l

_While experimental‘reports on the'subject of complexes in solufion
have been. numerous, n§ satisfactory theory has yet;been developed. “ The
usual apprpaéh is to gssﬁme reaction equilibriuﬁ fér complex formation, '
and then use the mass-action'law to find the concentrétions of complex
and uncomplexed molecules. There areutwo obﬁipus'shortcominés of.this. 
approach. First, one usually assumes that onlj'g:feQ definite complex
configurations exist in a sélution. fof"each compléx configuration,
there is'g.corrésponding r;action rate equation. Howé#ér, it is conceivable
that in a general case, many attainable complex.configurations could
appear with comparable probabilities. .This happ%ns-particularly with
weak complexes. Only in special cases, Where_the.interaétion energy is much
stronger for a few complex configurations than for the othef§, é§n'we
consider.it'as a_goéd apéroximation to assume the existence of only
these few complex'configﬁrations. Second; oﬁé usually assumes that thev
equilibrium‘constént in the mass-actién law ié a'cbnstght.independen§ 
of the‘molecﬁlar'cbncentrations, but this is true only invthe’égse of
”

ideal guscs.“ Furthermore, one usually neglects, in the abdve.approach,‘

the efféct.pf inert molecules present in the solution in ofder to'simplify
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the calcﬁia#ions.

From what we have diséussea here, it is cléaf that the usual
equilibrium approach is certainly_unsatiéfactory fdr describing weak .
complexéé in solution, although it might be_sufficient for describing
strong complexes in‘some cases, A correct theéry:must take in£o accouﬁt
the stafisticél distribution.of~ail attainable bqrﬁ;;lei,configuratioris3
and the effect of inert molecules if presgnt. ‘It is the purpose of this
paper to cohstruct such a statistical theory, and to show that ihlﬁhe
ideal limiting caée our fesults agree with those obtained fromuﬁhe
equilibrium appfoach. We present the géneral formalism in Sec. II. We
then apply thé formalism to the special cases of 1:1 complexeskih'solution
and 1:1 and 1:2 complexes in solutiqn respectively in Secs. III and
IV. The theory ié uéed to interpret the'experimental‘results of Raman
scattering'frém‘ioding complexes in solutioné in ﬁhe following paper.

‘II. GENERAL FORMALISM

Consider a solution composed of a smail amount of "A" molecules
dissolved in a solvent mixture of molecular species "B" ;nd "C"; In 
general, all the three moiecular species can interact with one another,
and our formalism developed in the following can account for this.
Howevepj‘in order to restrict our discussién to mblecular complexes,
we assume that only"A" molecules interact with "B" molecules to forﬁ
complexes, with "C" molecules present as inert molecules interacting
only weakly with both "B" and "C" molecules. Fof charge-transfer.
complexes in solution,‘we may have "A" molecules.écting as écceptors,
"B" as.dénors, and "C" as inert solvent moi;culés;

Thus, in a solution, each "A" molecule may interact with zero, one,

o
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or more‘*Bﬁ'ﬁolecules.depending'on the réiative poéitioné and oriehtatioh§
of the "A" @olecule.with the surrounaing "g" moieéules.h The strength
of interaction between an "A" molecule and a "B" molécule should also-
be a fﬁnction of the rélative pdsition and.orientatioﬁ of the twd'
molecules. Thevinért "C" molecules, although ineffeétive in intefécting
with other molecules, may still affect the interacﬁiqn of "Ah>and "B"
mblecuieé By shielding one from the other; This is particularly ﬁrue ‘
for solutions of weak complexes, where around an "A" molecule, no
specific'éonfiguration of "B" and "C" moleculés'dominates. Our formalism
must theréforéltake ihto account all possible configurations a?ound an
A" moleéﬁle,with proper Statistical.average. |

Let us imaginé that at any instant the region around an'"A" molecule
can be»dividéd into cells of equal volumes. Each'celi.is normally |
filled witﬁ:zérb or -one molecule. The proﬁébility of .a cell being
occupied_by'more than one molecule can bglneglectéd.v Let V  be SOﬁe
volume thch covers the entire effective intefaction‘volume around fhe
"AM moleéule‘and coqtains anvinteger number.of‘cei;s 6fvvolume Vc' Theﬁ,
the n "B" molecules within‘ Vet T, "".’.-.fn with res.pect to the "A"
molecule could interact with the "A" molecule and the mb"C" moleculés ‘-y

at R, ~--R

1 | within V_ could affect the interaction between the A"

molecule aﬁd‘the ﬁB" molecules. (Here, the notations r and R are generalized
to indicéﬁevnot only the positions but also the relative orientatioﬁs';"
‘fo "B" ana "C" molecules with respect to the "A" molecule.). if X
represénts a.certain‘physical pfoperty of the "A"™ molecule, e.g.; the
oscillatdr_strength of a certain uv ébsorption band, then sihce the "A"

molecule is under the influence of both the "B" and "C" molecules, the




quantity X should be a function of the positions and orientations

of "B" and "C" molecules in Vo;

(n m) (r. --—= r 3 R., —=-R )y, ' | (1)
: m

X = X ~1 - ~Nn fl,

The corrésponding observed quantity should, however,.be given by the
statistical average over all possible cdnfigurations‘of "B" and "C"

molecules in'Vé,

. (n m) . S
. ( ) ’ ——— .- - — x
X X I ~l _ Tn’ Bl Bm)
(n’m) (r, -c-r 3 R, -=-R ) dr —-aR_ (2)
e § ~n’ =1 ~m’ <1 m .
where p( )(rl ——-rn; R, —-—Rm) is the probability distribution function
for the n "B" molecules at ry ==-T s and m "C" molecules at R, , ——--— Rm,‘

12

and we have the normalization condition

¥ (n,m) =
1 J, 0 dr, -——dz ofBy --dR, = 1.

From statistical mechanics, the probablllty dlstrlbutlon functlon

(N M)( 1 Ty R -——RM) for N "B" molecules and M "C" molecules in the

entire solutlon is glven by

p(N,M)(rl — "'RM)
(,) e (3)
- i gy ) enel-at ey mrn e mg)
wheré o : ' B = l/kT

QNaM_ - (HN!M) fV exp[-gq)(N,m] dr, f--dr dR - dRM
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--- 1 By —4-R ) is the potential function for_thé particular
vdlstrlbutlon of "B" molecules at rl'——~'rN and M "C" molecules at Rl SO RM
The normalization condition for p<N’M) in a solution of'volume V is
f (NM)dr e Ar AR e dR = 1. ()
yP N Ry - | .,
Then, the function p(n,m? can dbe derlved from. p(N M) ass_
p("”")(r meer ; R ;--R ) = [1/(Nen)1 (Mem) armt]
_ 1 ~n’. <1 ~m . ) R .
x | p(N M)dr ecdr AR .. ---dR,. - (5)
vy T4l 7T TN R T R

As avsimplifying assumption, we nheglect the correlation between the

 éystem-of,mo1ecules inside Vo and the system of molecules_outside Vo,

(N,M)

Then, the potential & can be written as

(n,M) _ (n,m) s . = (n,m) o
¢ = U ey x5 Ry ---R ) + @ (r 41 — Iy R1~""Ry) (6)

(n,m)(r ———rﬁ; R -—-R') is the interaction potential for the particu- -

where UJ Ry

m==ar and'm "C" molecules at

(N)

lar dlstrlbutlon of n "B" molecules at rl,

R ———,Rm_ih Vo’ and 9' _ 1s the remaining part of &

-1’

only on coordinates of molecules outside the volume Vo. We then‘have;

depending

from Eq. (5),

'p(n’mIL [l/(N—n)! (M-mﬁ n! m!] (l/N!M!QNM)exp[ BU(“ )
x IV;V exp[—B‘P‘(n’m')]d{n --dr_dR -dR A7)
o - j -

17 _~N~+l_-~M

where QNM;cah also be written'in'the form
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= (“/nmr) [/(N—n) (M-m)! n! m']
o (o) 1, o o
X f exp[ BU(n’m)]dr ———d{ dgl—--dR - S -
x IV V exp| Bé'(n’m ]dr —-dr 4R -=dR,. ( 8)

~nv+1. ~N -~ +l

With.Eqé.7(7)'and (8), we can now'obtaih from Eq. (2) an expression

(n, m) and interaction

for Lhe oBserved quaniity (X)) in terms of X
potentials. For a spééified Vo;.thé'maXimumbvalue of (n+m) is giVenv
by (Vé/Vc).~ The expression for (X f can be gfeatly simplified if
(h+m)méx'is.é small number. Inaliquid SOiutions'whiéh are nearly
incompfessible, we can assume tﬁaf.eéch.céll is occupied by one and
only one molecule, the probablllty of being otherw1se shou1d be
negllélble. Then, for a spec1f;c Vo, the number (n+m) is always‘qual
to (VO/V;). In the fblIOWiﬁg Sectiéns,_we consider thg.special cases
of (n+m)max peing 1 and 2..'They appear as'good approximation'to many
ﬁhysical cases one encounters in practice.
III. ONE-TC-ONE COMPLEXES.IN>SOLUTION

" Let ﬁs first consider’ the special case where the volume Vé is of

one cell volume V, (or.(n+m)max;l). Each' "A" molecule can interact

with at most one "B" molecule. This is the case for l:l'complexes

in solution. Note, however, that our picture is quite different from

the usual picture of 1:1 complexes/@ften assumed in the literature.

Here, the_l:l.complexes*haVe no:defiﬁite configuration in general. The
relative poéition and orientation of the two molecules in . a complex may
- o R R

) : [ ’ : . . . . .
~vary. Only in the limiting case,"would a particular complex configuration,

dominate.
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" From Eq. (7), we find

o0 (r) < (Mr2) expl-gu 1 (r)) | .
I : - . () |
| p(O,l)(B) - (M?a/%)-e*b[_su(o,l)(gjl . ,;. .
where
A =;Clv+:NfV° exp[-BU(l!O)]4§£ +'¢2vao exp[-BU(?3l)]d§

0y = Lyy, oxet-per Oyl erol-00 o e,

- (0.)y, . o).
Co = fv-vo exp[-Bo' _]dfl“‘dfnd§g”‘"d§M/fv_v° exp[-Bo’ lar ,---dR,,.

To find C. and 02’ we notice that in _t-he'ébsence of the b"A"_molecule, we would

1
(2,0),,

expect U_(l’o)_(r) ~ U(O’l)(R) = Ad and we should have f(l/Vo)_ IV‘ p
= Pp= Y/v ana (l/vo) fv p(o’l)d},} =Pc= M/v. Using Eq. (9) together .
o ) ) . ‘ . - .

with these conditions N we find readily

Q
"

V(]f-pBVO-pCVO) exp’[_-B(.A¢ >} . |
c =1 (10)

where

Cexp(-8 €800 ] = (1/v ), exp(-BAb)ar.

We therefore 6btain; from Eqs. (2) and (9)

(x = {ofy x0 explopu®) - (a0 djar +
. . A ,
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(0,1)

0 .

exp[-B(U -(ad >Hd§}

1 { '
x - - .
/5(1 PBVO pcvo) +

+ prv ,exp_[—B(‘_U(lv’O)

- (AQ‘))]dE +'pCjV bexplfﬂ(U(o’l) - (A ))]dR}.
0 . “ o -

(11)
In the case of liquid solution of constant volume V, there exists
p  (Pera Y = . i
the relation ("B/pg,) +-(FC/py ) = 1, with P a?g Peo Deing the
‘densities of pure donor and pure inert solvents respectively. If we
recall that the liquid is‘neariy incompressible, then we expect that
in the cell model every cell in the liquid should be occupied, and hence
1 - (pB'+ pC)Vo ~ 0 in Eq. (11). Physically, we are often interested
in the #ariation of the quantity
(AX) = (X) - (X)) - (12)
as & function of pB, where ¢ XC) is the value of ( X)in the case of
pure inert solvent (pB = O). In the present case, we have

e _ o -
' _(13) B
and hence from'Eq; (11), we can write
. : o»BfV'-lx-(l’” ¢x,01 expl- pu‘1+0) jar
(Ax) = = — o
prv eXP(—BU(l’O)]dr + [l~p£/o ]p f “expl - BU(O l)]dR
. o) . ~ | |
(b))

P S - v

benomes equal to K q'

The usual equilibrium constant, Keo, is obtaihed from the maSSsactibn
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\ .

Inversion of the above equation leads to the form

t

e« () v G g ) Proley)  as)
where

Avxo.v- IVO [.x(l,O) A (X0 ] exP[-BU(l’O)]d{‘-

o l/fv {exp[—BU(l’o)] —‘(pCo/de) exp[-BU(Ofl)]}dz

_ o |
K = IV {exp[—BU(l’Q)].— (pCo/oBo) exp[—BU(Q’l)]}dg
: 0 :
x l/pCO [y éxp[—BU(o’l)]d{-
) o

Eqﬁation (15) is in the form of the Benesi-Hildebrand equation.
The quantitiés (AX ), AXO, and K in Eq. (lS)icbrresponds respectivély
to the observed uv extinction coefficient (¢ >,_tﬁé uv extinction |
coéfficiént for‘comp%exes EC; and the equilibfiuﬁjconstanﬁ Keq in
<their,eQuation. However, the physical meanings'of AXO and K in ouf.. |
case are rather different from those of EC ana Keé. ThévBenesi-Hildgbrané,
equation'was originally derived using the méss;aétion law for 1:1 |
stable complexes and neglecting the éffeéﬁ of inert molecules. Here,
from our more general model,_AXo corresponds to‘éome kin@ of averaée
. uv extinction coefficient for éomplexes over fhefinteraction volume;f -
with the effect of inert molecules taken into account. Thé quantity‘K
also depends on the presence of ingrt molecules; and is clearl& différeht
from'Kéqg We can, however, show that in the ide?i limiting case,'K
bécopeé_éQual to K, -

The usual equilibrium constant, Kéq, is @btéihed from the mass-action
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law, assuming absence of inert molecules (pC = O),
K =P _ . S .
K/(py - pyloy : | (16)

€q
for the case where the density of "B" moleculés, Pgs isvmuch larger than
the density of "A" molecules,.pA.‘ Thé.density of complex molecules is
pK; From our piéture, a 1:1 complex is defined as an "A" molecule with

jts interaction volume V

I

concentration can be written as

filled by a ?B".moleculé. Then the complex'

D(l’o)dg.‘ - - (1)

b =0, [
kAT

With the help of Egs. (9) and (10) (with p, = 0), we can now find from

Eqs. (17) and (16)

PP IVI'eXP[-B(U.

(1 - pBVO) + [VH exp[;B(U(l’o) - (AD )ﬂd{ :
S o ’ :

(1,0) _ (0 ) )lar

Py

(1,0)

Keq = IVI exp[-B(U - (80 )lar/(1 - pgvp). (18)
On the otherlhand, if we let p,= 0 in Eq. (11), we still have Eq. (15), but

(1,0)

with : ; . . _
o, a9 - ¢80))lar
© fv {exp(-B(U™ ™77 - (A®) )] - 1}dr
o v .

exp[-ﬁ(U

K = Iy {exp[—e(u(13°) -(a0))] - 1dar. ag N

From Eqs. (18) and (19), we find

.Keq = (K+V))/Q-pgVy) (20) -
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we then recognize that in the limit V + 0, the-equilibfium}constaht Keq

T
reduces to K. Thlo is Just the limit of 1deal gases For. non—ideai'gases,

VI # 0, the mass action law leads to an equlllbrlum constant which depends .
on py a&s shown in Eg. (20). | |

In gaS’mixtures,vwe‘can also have pc = constant, but vary pB. For
this case, Eq. (15) still holds if we define (Xz) =1(x )DB;O. The
eﬁpressiop for AX and K would of course, change accordlngly

IV. ONE-TO-ONE AND ONEeTO-TWO COMPLEXES IN SOLUTION

We now apply our formalism to the case ﬁhere.éach "A" molecule
can interact wifh two moleéules.- WeAcoﬁsiderAhere oﬁly complexés in
liquid solution.b With n+m=2 in Eq. (7) and (8). »An-“A" molecule can
interact with zero (n=0), one (n=1), or two (n=2) "B" molecules. The
n=l and n=2 cases correspond to 1:1 and 1:2 compléxeé feépectively, buf*

again the complexes here do not have definite configurations in general.

With two molecules in Voo Egs. (7) and (8) yield

(2,0) ]dr ---dr dRr ———dRM.

. L
‘exp[-B® rydRy

o(?’o)=[N(N—l)/222]exp[“BU(2’O)]fv v,

p(l’1)=[NM/22]éxp[—BU(l’l)]fv_voéxp[—BQ'(? l)]dr ~-—d£Nd§2—-—dRM
(0’2)~[M(M 1)/22, Jexp( U(o’e)]f xpl o1(0 2)] 4 a
p = - olexp -8 V— -B dr --—dr R —— RM \
(215. -
. where .

= w2 |
'-(N!M') QNMln+m=2.

Again, we are often interested in the quantity
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(AX ) =(X ) - (XC )

¥
“FJ f.' [x(“’m) <X >]p(n’m) dr.———dr dR.-—-dR. (22)
n‘m Vo : ~1 . <n ~; -~m

n+m=2

with

o ‘ : -

x 3/}? exp[—BU(Q’?)]deR'
o ' T
we can obtain frém Eq. (2 ), after some straightforward manipulation,

| 3 e : B
Laxs = 11+ a (Pe/pg ) + 0(PB/py) 1/0e(Pe/og ) +a (PB/0g )

" where.

?‘ -
b= [, 3( Bo/bg, )exp[ B(U(2 O) 0(0’2? ?)]

-2("130/9.C ) pr[ e(u(? 1) <U(°"2).> el fd’;dr'
c = 2!v 3("30/50 [x(l 1) <‘x ] exp[ a(ultL: 1) ~(uf0:2) )]idrdr'::

I IV ;(pBo/pCo) [X(2 0) ( X )] exp[ B(U(2 0) (o 2) ))]

22(PBo o/Pgq [ (2, l) - ¢ X)) eXP[ B(U(1 1) (U(OFQ) >)]:d£d£f :v

V(ZQ)
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w1th ( U(o 2)

. . . . . . 5

? defined by the relation

Cexpl-80(0 B )= (v )2 [ expl-gu®) Jarart.
o C -

We recall that in the present. case, Vo contains two cells. It may

happen that the "B" molecule in the second cell is shiélded from

-

interaction with the "A" moleculevby'eithér "B" or.ﬁC" molecule' in the -
first cell. One would expect that 1f the shieldlng is strong, then the
"B" molecule in the second cell cannot interact effectlvely with the "A"
molecule, aﬁd'our Eq. (23) should approach the Benesi-Hildebrand form |

of Eq. (15). 1In the limit where the shielding is perfeét Eq. (23):'

should reduce to Eq. (15). ‘This can be seen by lettlng U(2 O) (lso)’

u(0:2) 5 y(0.1) (2,00 | (3,00 4 g0 ok, ana u(PM)s U(l’o),

x(11) 4 x (31,00 ¢ fre "BY molecule is in the first cell.

- In the"other limit, we assume no shielding,fso that X(2’O) ='2X(l’l)

(2,0) _ U(l;l).7'

and U We also assume that the interaction potential

_betWeen'"Aﬁ and "B" is much larger thén "A" and "C"

(U(2 0) 55 U(l’l) >> U(O 2)) This is equivalent ﬁo neglecting tbe_  2

effect of inert molecules. By keeping énly the léading terms in the

expressionélip Eq. (24), we can again show that Eq. (23) reduces to

the Bénési—Hildebrand form of Eq. (15). Physicaliy,_fﬁeseAassumptiops >_ ' o

mean thét the two molecules in the two cells are uncorrelated. |
If we plot l/(AX ) vs pBo/pB,’then'Eq;v(iS) &ields‘dvstraight N

line, but Eq (23) gives a curve with deflnlte curvature. However,

-~ in practice, experlmental errors of /(AX ) at small Py are often.

large, so that with the least-square fit, the discrimination between

. (1) and g, (03) is difficult, unless the curvature of Eq. (23)
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is large; bThis,happens, for example, whép‘a and‘é‘in Eq. (23) are
sufficieni}y small. |

Recen£ly, Deranieau8 has deriVed gh equatidn siﬁilar ﬁo our Eq..(23)
for ;hargthransfér'complexes in solutionvusing thé‘usual équilibrium'
approach. Hevassumeé that an ﬁcceptor can interact with one of‘
two differenfisit;s. He then sets up three rate éduations for the
formation of'ihé three possibie complex configuratioﬁs. This enables

him to calculate the average uv extinction coefficient as a function

of donor concentration. His apprbach, however, has not taken into

. account the statistical distribution of .complex configﬁrations and

, the effect of inert solvent molecules.

V. DISCUSSION AND CONCLUSION
The main assumption in our derivation is thét thé molecules’
within theroiumé Vb éround an "A" mol¢¢Qle are'unéorréléted.with
moléculeé'outside the.vdlume.' We belieﬁe that this is a reasonable
approximétion invmost.cases. ‘The approximation would, of cburse, be
better if phe:volume V& contains more mqlécules.
We have derived from our general formalism the reéults of two

special. cases where an "A" molecule can interact with at most one and .

- two "B" molecules respectively. We can, of course, extend the calcu-

lations to the more general case where an "A" molecule can interact with

at most p "B"'moleéules.v The general expression for l/(AX )‘with,p

molecule; in Vobshould be a quotient'with pth—order polynomiéis of
(pB/DBO)_ihfboth thé’hu@ergtor and the dendminaﬁor. -

What wve should eméhasiie'in our statisﬁical-theory is thét we"‘
have takéniinto account both the statistical disﬁributibn-of éémplex
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vlppnfigﬁrationS-and the effect of iher£ sdlvent‘moleéuies. Whilé oﬁi
 -é§uations_for }/<AX)1 vs 'OBO/QB appear to be ihe same és, of close to
those bf dihers;.the phyéical pictures are quité different. .Thus, for
exampie, if the spectrum for a compiéx depends on the complex configura-
fibn, then by assuming only one complex configuration; we should find
for complekés'iﬁ ;olﬁtion twb spectra, one for uﬁassdciated molecﬁles
and one for‘cbmplexes. However, if there is é distribution of complex

_ configurafidns; then we should find a group of spectra, one for each
complex coﬁfiguration, suﬁerimposed oﬁ one another'éccording to the
statistical distribution of cpmplex configurations. A préctical example
is given in Séc. I, whe;e we apply our theory to Raman scattering from

iodine complexes in solutions.

i
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APPENDIX II

. Photon " Counting Electrongcs

In this appendix I will give a detailed description of the photon . . -
counting'el'ectr'onicsl used in my experiments. The current pulses |
produced by the photon pulses from an EMI 95584 photomultiplier2’3
cooled to dry ice temperatures were sent to amplifier which had an
input impeaance of 50 2. The negstive VOltage pulse developeo across
this.impedance ranged between -1 mv to -30 mv end.was=approximately
25 nanasec uide; The positive output of this amplifier ranged in volt—
age from 100 mV to 3V and had the same width as the 1mput pulse This
output pulse Was passed through an 1nverter (transformer) and then into
a constant delay discriminator.' The dlscrlminator'produced'a constant "
negative output pulse which was —O,S v high and 25 N5 wide whenever the
imput pulse was above a preset threshold. The threshold_was chosen to
optimize signal to noise (i.e. the dark current and amplifier noise'had.

a different pulse height distribution than the signal). TYpically the'e'

threshold Wasichosen to be 200 mv which corresponds to a Setting of

600 on thepdiscriminator dial. With this setting approx1mately 30% of

the signal counts are lost. The output of the discriminator goes to an-

‘inverter and then to another_amplifier. The positive 10 V, SOpns output | L
of the smplifier then goes to a Delay Gate. The width of the _4y output}.

~pulse of the Delay Gate can be adjusted from 1 us to 1 s. - For weak " - -
signals 100 counts/sec or less the delay gate Can.be used to improve | |

signal to noise. For a cooled photomultiplier the dark current pulses;

tend to.come in groups uhich sre less than‘O.l‘ms_long.' By choosing the

output pulse.of the delay gate to be 1 ms or greater one‘can'count this
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vgroup_of pulses as a single pulse and therefore improve'signal tg noise.
For exampie; if one choses a 1 ms setting rather than a 1 usec sefting_
the dark currént goes. down épproxima£ely by a factof pf three and is
typically‘6.qqunts/sec.._For»normalrgperation; however,.the 1 us setting
should bé_usgd so that one can measﬁré count.rates_over a larée dynamic
rénge. Th§ output of ‘the delay gate goes fo én amplifiér whose =12 V

output goes into the data input of the multichannel analyzer.

’Refefénceé

1. _For a deécription of pﬁoton'counting technique see G. A, Morton,
Applied“Optics 1, 1 (1968); J. K. Nakémura and S. E. Schwarz, !
Applied Optics T, 1073 (1968); R..G;vTull, Applied Opticé T, 2033
(1968). .

2. For a comparison of phofomultipliérs for use in photon counting
technique seé R. Foord, R. Jones, C. J. Olivef and E. R. Pike,
‘Applied Opti'cvs‘ 8, 1975 (1969). | |

3. For Merits of phofomultiplier cooliné see Y. D.vHarker,’Joﬁ D.

Masso and David F. Edwards, Applied Physics 8, 2563 (1969).
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APPENDIX III

".Computer Programs for»Déconvolviﬁngpeéfia

"{infthis epéendix the computer programs used in my.analysis'of the .
Brillouin scatterihg meesurements:ﬁill be presented and.describedf' In:
order to ﬁse the Fourier_transform technique_to decohﬁoive a spectrum_it _
is first ﬁecessary to smooth fhe data;: This wes dOhe ﬁsing Program |
CRSFIT. For a given'order Legendre pelynomial (1-ho) Program CRSFIT finds
the polynomlalrcoeff1c1ents whlch minimize Chi- Square for thls order of
fit. Chl—Square_ls_deflned as ‘ |
Z (FIT(I)-ARG(1))?/(DARG(1))?
=1 | : -
where ARG(I) is the value of the th data Pbint, FIT(I) is the value er
the polynomlal f£it for the It data poiﬁt. bARG(I) is the error~in.the,
Ith data p01nt and IMAX is the number of data p01nts. In practice-one'
s1mply reads in ARG(I) DARG(I), IMAX, MAXP which the maximum'order of e
the polynomial to be fit ard NCAS tﬁe number of epectra to be fi£ and
the program will print out the polynomlal coeff1c1ents which minimize
~ Chi- Square for each order of fit up to MAXP. For'the best.ilt at each ;:
order it will also prlnt out Chl-Square and FIT(I) One-can:then eithert
use Chl—Square tables»or-one 's own Judgment tO'determihe which order of .
‘fit should 5e_used. |

Once the spectrum is fit to a polynomiel one.ean,ﬁée_Program BRILL

to deeonvoive_it. For Program'BRILL'one reads in.ﬁhe_polynomial
coefficinets, C(I), the order of the polynomial fit wlhic_:h is called MAXP

in this program, the free spectral range of the'Fébry—Perot;'TCHA, and



: or

the full widtﬁ at 1/2 max of the Fabfy-Perdt instruméntél fuﬁction; WA.
The oufput'of this program:will be a Cal‘Comp plotvof fhe deéonvolution'
of the poiynomiai fit. | |

‘ Program BRILL works in thebfollowing way-. The_Real Fast Foufier _
Tranéform subroutine is used to fihd fhe real and'imaginary ﬁarts'of
“the Fouriér trénsform.of the polynomial fit and of}an_ Airy Function
with a fineSse'given'by TCHA/WA. Using the fact that the Fourier
transform of a cbnvolﬁtion integral is ﬁhe product of the Fourier trans-
form of the integrands Wg can noﬁ detérmine the real.and imaginary
parts of.the Fourier transform of the déconvoiutibn>of the p@lyhomial

fit. They are given respectively'by:

6, (1) = (8, (DT, (1) + 80T, (/1 5(0) + 1,2(1))

: v ) ' o 2 ' 2
G, (1) = (8,(0)I (1) = 8, ()T (t))/ (1,7 (1) + 1,7(1))
where Sl(T), SZ(T) are the real and imaginary parts of the Fouriér

transform of the polynomial fit and Il(T), IE(T) are - the real and
imaginary parts of the Fourier transform of the ihstfﬁmental function.

We can now use the inverse Real Fast Fourier Transform Subroutine to

determine the deconvolved spectrum.
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PROGRAM CRSFIT

PROGRAM CRSFIT (INpUF,NUTFUT ,PUNCH,PAPE 2=INPUT,TAPE 2=CLTPUT,
TAPE 4=PUNCH) .
DIMENSION CHI50(40).F[T(SC),CRSEC180).DrRSEC(so)
COMMIN/FIT/ARG(81),DARG(BC), X(8C), 0(40),c22(40)
READ N3, CF CASES TO BE FIT
2EAD 20,4CAS
FORMAT(IZ) : : ' ) .
READ MAX CRDtR JF KNOWN CLEFF. MAX NC. OF PTS. TO FIT ANC MAX
CKNEQ CF POLYFIT : i
READYL ,NMAX, [uaX, NAXP,IFIX
FOARMAT(412)
READ 2, (ARG(l)v I=1, IMAX)
FORMAT(16F5.1)
DC 99 I=1,IMAX
CARG(I}=1.CC
DC 4 I=1,IMAX
X(I)==1.042.04(1- l)/(IVAx -1)
CONTINUE
JJd=1 :
KK=1
KM=IMAX
FIND CHI SQUARE AND PRINT RESULTS
DO 40 J=1,MAXP
IF(20-J140,11,40
CALL PCLYFIT(KK,J,I¥AX)
CALC. CHI SCUARE FOR THIS ORDER FIT
CHISQ(J)=0.0
0014 [=1,KM
FIT(I)=0.0
NOL8 N=1,J . : )
FIT{I) IS THE VALUE OF THE LTF CROER FITTED FN AT PT X(1)
AP=POLYNCMIJ ) yNyX(1)})
FITCI)=FITUI)+C(N)*AP
CONTINUE
CHISQUJII=CHISQ(II +((EIT(TI=ARG([)}%%2)/(DARG(I)#%2)

‘CONTINUE

%*

PRINT 25,PIMIM

FORMAT(/14H LAB MOMENTUM=,F10.4)
PRINT15,J -

FORMAT(L9H CROER CF THIS FIT=,12)
IDF=IMAX-J

PRINT1G, CHISQ(JI'IDFyKM,NF[CT FUJFACT

12,5%,TH NFICT=,12,5Xy9H FUJFACT=,F10.5)

D362 L=1,4

62

17

103

61

AB=C22(L)

C2Z(L)=SIRT(AE)

CONTINUE
ORIMT1IT,(LsC(L),C2ZILY,L=1,U)
FORMAT(/3H L=91244X+6H C(L)-oFlo 4910Xy8H ZCZ(L)=1FIC 4)
PUNCH 103, (C(L),L=1,MAXP)
FORMAT(8F9.5)

DI 10 L=1,IMAX

XSEC=C.C

D0 61 K=1,J
Z=-1.C+2.C*(L-1)/(IFAX-1)
XSEC=XSEC+C(K}1*PULYNCMIKK, Kyl)
CONTINUE



e

000241
00C252
0cc252
0C0255
0C0260
006261
000262

000262

000264

0C0005
0000C5
0CC005
00010
6Cow12
000013
00920
0con27
000032

0C0045

060052
00C0S53.
0C00€1l
000065
0cCco70
0006072
006073
060111
0Q0l1le
0Col131
Q00123
000133

000135
0C0150
000153
00C154
000164
00Cl66
000173
0CC174
0Co175

00C176

000177
000213

0C0216
0C0220
00c221
000232
0C024¢C
000242

000242

&0
1¢
40

102

o
b
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PRINT 60y X{L)yXSEC,ARG(L) ~

FURMAT(/%X=%F10e4 910Xy *XSEC= *F1C. 4,10Xv‘ARb *FIO 4)
CGNTINUE )

CONTLNUE

NCAS=NCAS-1

IF(NCAS)LI0Z,1C241C0

CONTINUE - -~

CoSTOP

co00000;

11
10

14
15
20

.30
1030

29

END

SUBRIUTINE POLYFITCITYPE, ICRDER,NMEAS )
SeRe POLYFIT FITS A SET OF #EASURE“ENTS TGC-A SERIES EXFANSIGN
OF NRDER ( IORDER) USING (LEGENDRE,ASSOC. LEGENDRE) PCLYNOMIALS
IF ITYPE=(1,2). ) .
THERE ARE NMEAS MEASUREMENTS-- QMEAS+/-IGMEAS AT ABCISSA X
TEE FITTEC CNEF. ARE CIN)#/- ZCIN)...ZC2(N) ARE ERRCR SQUARE
ARRAYS AyB,0 ARE USEC IN THE SOLUTICN--SEE NQOTES
FIN,I) IS THE VALUF CF THE N-TH PCLYNOMIAL AT X=X(1)

COMMIN/FIT/QUEAS(R0), ZQMEASIAC) ,X(80),C{4G)»2C2(40)
DIMENSICN C(40).3(40.40),SCRAICH(SOAO),A(ao.aC),F(ac.au)
[F(IQRCER.GT.40) INRDER=40
NO3 [=1,NMEAS
NC3 N=1,{CRCER
GO T (142),1TYPE
FANyT)=POLYNCM(ITYPE NeX (1))
GaoTa 3
FONyT)=PCLYNIMUITYPE |N41,X(1))
CONTINUE
FORM DRIVING TERMS AND MATRIX TC BE INVERTED
DC 10 N=1,ICRDER
DC 11 K=1,ICRCER
BANyK) =0,
n(N)  =C.
D0 2C I=1,NMgAS
DO 15 N=1,I1CRCER
DC 14 K=1,1CRCER
BIN,KI=BIN,KI+{F(N, ll*F(K.I))/(ZQNEAS(I)**2)
DIN)= D(N)+(F(h.l)*QNt£S(ID)/(ZQNEAS([)*#Z)
CONTINUE
L =40
4=1 : :
INVERT MATRIX EQN B%C=D TO GET EXPANSION COEFFICIENTS C
CALL LINIT(B,DsC,ICPOER,M,DETIEXCNR,SINGUL) L) SCRATCH)
IF(SINGUL) GC TO 30
G5 T0 31
WRITE(3,1030) [QRCER, ITYPE
FORMAT(25H FUUND SINGULAR MATRIX IN, I3,15H TH FIT QF TYFE,12)
DO 29 N=1,40
C(N)=C.
7C2(NY=0.

" RETURN

31

40
45

CALCULATE EQRRQORS Uk COEFFICIENTS C
INVERT MATRIX ECN  B(N,LI2ALL,I)=F(N,I)

L=4GC
CALL LINIT(B, F.AplURCERyNPEAS.DET,IEX,CNR,S[NGUL:L.SCRATCH)
IF(SINGUL) GO TO 30

FORM ERPOR SQUARED. ZIC2

D0 45 N= lyerCER

ZC2{(N)=Q.

00 40 I=1,NMEAS

ZC2UN)=ZC2U{N)+AIN,IV1*%2 7IOMEAS(I)*%2
CONTINUE

RETURN

END



00COG5
acecacs

00¢012
000013
006014
€00415

3Ccole

000017
0cco20
0cco27
0C0031
0€C032
000033
006025
. 000036
00an40
0€0047
NCLV62
‘00CN63
0CCoE4
00006¢
CCcoes

AN

000015

0GC015°

00002¢C
000022

000023~

060033
0C0034
0C0036
0CC043
000057
0C€006C
0CCN66
000075
acclce
0coio0

0C01é62
. occlez

gl

FUNCTITN PCLYNIMUITYPE,HORDER 4 X)
DIMENSICN PGLY(2)
NORDER=1 FCR-L=0 ETC
GO TO (1,2),1TYPE
LEGENDRE FUNCTION

S 1 PaOLY(1)=1,

n=0
POLY(2)=X
60 TQ 25
2 PCLY(1)=C.
M=1
L PCLY(2)=SCRT(1,-X**2)

<25 DO 26-Jd=1,2

IF(NCRDERLEC.J) GC TG 27
60 TO 26
27 PCLYNCM=POLY(J)
2ETURN
26 CONTINUE
DO 39 L=3,NCRCER
P=((24L-3 ) X¥POLY (2)-(LeM-2 )3 POLY (1) I/ (L=M=-1)
PULY (1Y =PGLY(2) :
30 PCLY(2)=P
PCLYNCH4=D
AETURN
END

SUBROLT INE LINIT (4, B,X.N.M.DET.EX'CNR.SINCULyL,SCR)
DIMENSITE AfLs1)+B(Ls10sX(Ls2),SCRTL,1)
MOVE B ANC B TG SCRATCH APEA
N=MINC(N,L)
TIF (N LLT. 1) 6D TR 4
NG 3 I=1,N
DR 1 JFLN
TSCRIT,, H=A(1,I)
1 CSNTINUE
OIF (M JLT. 1) GJ T3 3
DO 2 J=1,¥
K=2#N+4+J
SCRIT,K)=B{1,J)
2 CONTINUE
3 CGNTINUE
4 CONTINUE
CALL LINLAR(SCR(lyl)ySCR(l.Z*N*E).X.h,M,DET.EX CNRy SIAGUL L
X, scz(1,wo1n.scatl,2tN*1).scqt1.2:N«2).scc(1.2¢N¢3).scn(1.z¢~f4))
RETURN
END

coct
nog2
acc3
0C04
2005
Q30¢&
aGC?
ccce
0cCs
0010
GC11
0012
oGl
GG1l4
2G15
QClé
Q017

oc18 .

2cl1s

Soc2c



000021
000021
000021
000021

0Goo21
ocecn2l
0ceoz21l
000023
00C024
0006025
0000136
oecn1?
0ccna

0CC037
00C043

000051
000053
0CC063
0Cov64
002071

0C0074

00016C

0CC1C6
0cc117
000121

000123
0CccL37
000141
000143

000144
0CC154

C
C
C
[

Conee

OO0 O

1009

[a¥aXs)

1001.

1<n2

1603
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SUBRCUTINE LINEAR{A,ByXyNsM,CETsEXsCANRySINGUL 1_L '
XosLUyPIVOT,Y,NES,MULT) : S

PROCEDUPE #LINEAR SYSTEM?Z

6600 €€CC 66C0 6€60C €600 6600 6600 £6Ce
N=0RDER, R=KkH SINDES, M=ND GF RH SIDES, X=ANSWERS,
(DET*1C**EX)=DFTERPMINANT, CMR=CCNOITIGN, SINGUL=.FALSE. IF CK.
INTEGER EX,PIVOT - ’

REAL LU »MLLT

LORICAL SIANCUL )

OIMENSICN A(Ly1)sB(Ls1)yX{Ls1)otUL,1) : ’
XpPIVOTIL) y Y1) RES(1)yMULT(L) ; .
<LINEAR IS RASED NN ALGORITHM 135, CACM NuVEMBER 1962 DAuE 553,
AS CJRRECTED CACM JULY 1964 PAGE 421. . .

IT USES CROUT#S METHCD WITH RCW EQUILIBRATICN, ROW INTERCHANGES,
ANG ITESATIVE [APRIVEMENT FCR SCLVING THE MATRIX EQUATION Ax=8,
WHE2E A IS & BY My X AND € ARE N BY M., IN CASE M .LE. Gy CNLY THE
DETERYINANT NF A IS EVALUATED. FCR M=1, THE SUBRCUTINE SOLVES A
SYSTEM 7IF LINEAR EQUATIONS IN N UNKNOWNS. FOR M=N ANC 8=(THE
IDENTITY MaT IX),y X IS SET T THE INVERSE IIF A,

IF A IS HEAILY SINGULAR, #SINGUL# IS SET TC .YRUE.

DATA EPS / C 164C7777177777777777 7
SINGUL=.FALSE.

CNR=1.,0 - -

DET=C.0

FXP=0

IF ((N .GE. 1) LANp. (N LE. L)) GO TO 100C
SINGUL=4TRUE.

PETURN

CINTINUE

PEMIIVE AFPRIPRIATE FACTARS FRCM THE ROWS CF A.
CALL tEQUILTIBRATES
CALL FQUILI(ASN,MULT,SINGUL,L)
IF{SINGUL) RETURN
SAVE THE RESULT FCR CCMOUTATION OF RESIDUALS DUR ING ITERATINN.
NO 1CC2 1=14N
DLO1001 4=140
LUlT,J)=A(1,J)
CUNTINUE
CONTINUE,
DECIOMPISE THE MATRIX INTD TIIANGULAR FACTORS.
CALL #CRNYT#
CALL CROUT(LUN,PIVIT,DET,SINGUL,L)
I[F (SIMGUL) RETURN
EVALUATE THE DETERMINANT -IN THE FCRM (DET#*10. c#tEx)
N 1003 =1,
YOIY=LUCT, I ®NMULT (D)
CUNTINUE
£ORONLCT2
DET=DET*PRCNUC(Y o 1yNsEX) o
NOw BEGIN TC PRICESS PIGHT FANC SIDES,
IF (M LT, 1) RETURN
D0 10C4 K=1,M ~
RK=FLCAT(K)
SCALE THE RIGHT HANC SIDES
N3 10CS5 Il=1,N
KES(I1)=R{IL,K)/MULT(IL)

2021
0022

0023

c024
Qc25
cC26
0c27
cczs
ac2s
003¢C
aGc31
0G32
0Cc33
0034
0035
Ca3é
0637
cn38
0039
ut4eQ
ccal
Qu42
CC44
0045
CL4é
2ca7
Q048
GL49
nasc

‘nesl

GCS2
CCs3
0054
0C55
ocseé
qCs7
0cs58
ccs5g
(-3¢
0661
ng62
dC63
0064
0CéS
0066
aueT
3668
2C68
2670
ucTl
nn12
ac 72
CC74
0g75
ac76
90177
ac78:

Q€79



CCClte
0Ccy1s7?

0CCle0

0CClel
000171
0C02C5
00¢210
0co210

0co211

000216

noc2ié
000225

000236
00C244
000245
0060251
065254
000255
0002¢1

0002262
Qcau27¢
00C273
000274
00C274
000274

0CC310 .

000310
0¢0320
000322

000323
0C03258
000333
006333
00336
000336

1CCS
[«

1C06

[aX gl

1C12

oo

[aN el

'_n(tl,x)-wfstli)

CONTINUE

STIRE -THE FIRST APPROXIMAT!ON ANC lTS NIRM,
YN IRM=0.0C

CALL eSTLVES

CALL STLVE(LUN,RES,PIVIT,Y,L)

NO 10Cs T1=1,N ’
YNORM=YNGRM+ABS(Y(I1))

X(IlyK)=Y(I1)

CONTINUE

"BEGIN THE ITERATIAN LUGOP. THE NUMBER CF ITEQAT[HNSVIS DETERMINED

DURING THE FIRST ITERATICN.

TKEUNT=1

CIONTINUE
CCMPUTE THE RESIDUALS UF THE SULUTIGN Y.

"CALL- #RESICUALS®

CALL QFSIQUCA N B 9K 9 X ¢RES,HL)

FIND NEXT IMCREMENT TC THE SULUTICN
_CALL #SOLVE®# '
“CALL SELVE(LUSNyRES,PIVAT,Y,L}

SET UP TERMINATICN CONDITIONS
IF (KCUNT .NE. 1) GC TC 1co7
DYNORM=G,.C '

' 03 1008 12=1,N

1CC8.

IaXaks

1Cla

1007

[}

1¢11

1069

1C04

NYNTRNZDYNDEM4ABS(Y(I2))
CONTINUE

SIF (BYNTYM (B0, 0.0) GO TG 1009

T=YNGRV/OYNCRM

CNR IS AN APPRIXIMATION TO THE SPECTRAL NCRM CF A,
PRUOUCT OF THE NCORM CF A AND THE NCKY¥ OF A-INVEASE.

WILKINSON, JACY JULY 1961 PAGE 281.
CNR=((RK=1.0)#CNR -+ L.0/(EPS#T1)/RK
1F (T .3E. 2.0) G6C T 101C

SINGUL = .TRUE.

RETURN

CONTENUE
LIMIT=LFIX(ALCGCEPS)/ALOG(1,0/T))
CONTINYE

STORE THE NEW APPROXIMATICN

DO 1011 f2=14N°
X{I2,K)=X(12,K)+Y(12)

CONTINUE

KOUNT=KQUNT+1 :

IF (KCUNT LLE. LIMIT) GO T3 1ClL2
CONTINUE :
CONTINUE

"RETURN

END

WHICH IS THE

ccac
oG8l
c82

cCes
0CcAa4
ucas
0Gas

QG687

088
0c89
¢Gse

380s1

0692
€as3
gesa
GGS5
0CsSé
0097
0698
cCs9

Q1QC -

0101
n1g02
5103
01lC4

0105

0l1G6
cic?
0l1c8
51C8

o110
o111

0112

0113

ol1l4
0115

0l11¢&°
cli?

o118
0119
cl2¢
0121
0122
0122
0124
0125
c12¢

0127



0000C7
06gooc?
06CoC7

‘

0CcouCT
0609¢7
0ccolo

000011
0C0012
QC3020
00C025
0CC0o23
000033
0C2034

0000324
6CCO4C
000042
000056
000057
000n63
\ 006c0¢&3
00066

00C0¢6.

0C0010
0ccole

acnota

0C0011
000013

0CCol4

0C0016
acuoa0
0GCo22
000032
000034
0C0041
000041

000043

000045
000047
00G051
060053
0C0054
0G0357
0CCOeT?
030071
0C0076
000076
cco1c¢3
0C0106
0C0106

SN Y w S /g PR
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SURRCUTINE EQUILI{ASN,MULT,SINGUL,L)
C PRUCFENURE #EQUILTERATE:
C N=02DER, MULT=NMULTIPLIERS

" PEAL MULTMX,MASK

L3GICAL SINGUL

DIMENSICH Al(L,1)

XeMULTILY
CuooasSCALING THE RCWS OF THE - ¥ATRIX (A) TO RLUGHLY THE SAME Vaxtwuyw
MAGNITUDE ALLCWS THF PROCEDURE (CROUT) TH SELECT EFFECTIVE
PIVITAL ELEMENTS FIF GAUSSIAN DECUMPCSITION oF THE MATRIX, A
"PIAWER GF 2 IS USED INSTEAD OF THE ACTUAL LARGEST ELEMENT TG
REDYCE ROUNDING ERRNOR IN THE OIVISION. ) )
SEE WILKINSONy JACM JULY 1961 PAGE 284,
CATA MASK ©/ 3 77774CCLGOCCOCSCOCON /
DT 2JC1 1=1,N
MX=0.¢ ) ' :
c’ FINND THE LARGEST ELEMENT

DN 2002 J=1l9N

IF (ABS(ALT,J)) LCGTa. MX) MX=ABS(A{I,J))

2002 CIONTINUE )
o TR MMX WG6Te Uen) GO TC 2003

SINGUL=.TRUE.

FETURN ’
20C3 COMNTINUE

[z¥aNeNalal

C MOW STORE THE MULTIPLIER AND SCALE THE RNW,

MULTC D) =AND (X, YASK) . :
TF (MULTII) JEQ. 1.G) GC TH 2C04
DC 2905 J=1,0
S ATy =AU Y /MULTED)
2G05 CONTINUE
2004 CONTINUE
2CCL CONTINLE
RETURN
END

_ SUBRNMUTINE SCLVELA,N,V,PIVOT, Y, )

C PRCCEDURE #SILVE# .

c N=QROER, V=RH VECTOR, PIVCT=PERMUTATION VECTUR, Y=ANSWER,
"INTEGER PIVCT,? o
DIMENSIIN AlL,1)

Xy PIVITILY VL), Y(1) i
CeeessPROCESSES A GH VECTCR AND THEN BACK-SCLVES FOR Y USING THE L*U
C DECO"PISITION PROVIDEC BY (CRCUT). i : )

N7 6001 K=1yN .

"J=PIVCTIK)

T=v(I)
VIJI=V(K)
KM1=K=-1
IF (KMl .LT. 1} GO 7O 61C2
D 6GL2 P=1,KM} . .
: T=T~A(K,P)3V(P) : ’ =
6662 CONTINUE
6102 CONTINUE
VIK)=T
c HAVING MOCIFIED V BY L-INVERSE,..
6001 CONTINUE
C MOW THE BACK SOLUTICN FRR Y.
0 .6783 NK=1,N
_K=N+1-NK
T=V(K)
KP1=K+1 .
IF (KP1 +GT. N} GC TO 6005
D3 60C4 P=KP1,n
T=T-A(K,P)*Y(F}) .

6004 CONTINUE ¢

6025 CONTINUE : :
YAKY=T/ALK,K)

t

[

. 6303 CONTINUE

RETUPN
END

1
i

’

c128
0129
Gl3c
0131
0132
9123
134
¢c135
0136
0137
G138
0139
0la0
0141
0142
n143
0144
C145
Ul4é
0147
0148
‘0149 -
0150

0151
9152 -
c153

C154

£155 -
0156

C157.
0158
0159

0160

c16l

c284
0285
0286

0287
0288
c289
c29¢

0291
€292 -~
0293
€284
255
Cc266
6267
c2s8
0269
Qa¢c
G3c1
0302
03C32
0304
03C5
0306
-3307
a13Ce
0309’
G31C
22311~
0312
G317 .
0314
G315

cile,
317

c318.



0C001C
"0CC016
0ccolc
0CG010

'0c0n10

000011
000012
000013

000015
000016
000031
006033
000035
000074
00CO76
0C0076
ocol11
nG6Gl20
000121
060122
000122
0cor25
060127
0cg127
0CUlL30

000130
00C121
00C133

000134

060146
000147
0CC150

000151 -

0C0156

000162

000163
0COoLrE4
0G017¢G
oce177
gccaac

¢oo2c1
000207
0cCo0221
000223
0gc225
0C02¢4

[aRel
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QUBRCUT[NE CRIUT(AIN,PIVOT, SG,S!NGUL,L)
C. PRNCENDURE #CRCUT=#
C M=CRDER, PIVOT=PIVITS, SG=INTERCHANGES.
" INTEGER PIVCT,P
- DOURLE PRECISIUON O
TLOGICAL SIAGUL
DIMENSICN A{L,1)
X 2IVGT(1)

CeeeesCROUTES METHOD WITH RCH INTERCHANFES FJIR A=L=*U H[TH L(KvK’ 1.0,

C (PIVOT) STORES THE PERMUTATICN MATRIX,
S6=1.C °
C K IS THE STAGE 0OF THE ELIMINATICN.
©7 D3 3001 K=1,.N
T1=0.0
. DD 30C2 I=K4N
c OMPUTE L.
‘ KMl K=-1
D= DBLE(A(I,K)I
IF (KML.oLTe 1)-GC TO 3002
00 30C4 P=1,4KV1
0= D~DBLE(A(IvP))*DBLE(A(DyK))
3004 CONTINUE
"3003 CONTINUE
ALI,K)=SNGL(D) -
IF (ABS(ALL,K)} LLE. T) GC TG 3045
T=ABS{A(L,K)) :
IvAX=1
30C5 CONTVINUE
3062 CONTINUE
IF (7 .GT. C.C) GO TO 3105
SINGLL =4 TRUE,
: RETURN
31C5 CONTINUE

INTERCHANGE RCWS IF NECESSARY,
PIVIIT(K)=INMAX- ~ )
- IF (IMAX LEQ. K} GO TC 39C6
‘SG=-SG )
De 36C7 J=1,i
CT=A(K,J)
A{KyJ)=ALIMAX, J)
CACIMAX, I =T
3307 CIONTINUE
3006 CONTINUE
C - CCMPUTE A COLUMN OF FULT[PL]ERS.
"QUOT=1.0/A(KsK) ’
 KP1=K+1
IF {(KP1l .GT. N) GO .TQ 3109
DO 30G8 I=KP1,N
ALT,K)=A{T4K)*CUQT
3608 CONTINUE
C. AND CCMPUTE A RCW QF U
B0 3009 J=KPL1,N
D=NRLE(ALK,J))
IF (KM1 LT, 1) GO TR 301C
DO 3011 P=1,KML
D=D-0BLECA(K,P) Y *DBLE(ALP,J) )
3C11 CONTINUE

ACIMAX,K) IS LARGEST ELEMENT IN REMAINCER (OF CCOLUMN K,

0162
o163

Cléa
0165

L0166

c167
0168
5169
[ I {]
g171
cl72
0173

0174
0175

0176
0177
0178
c179
Q18¢

0181

0182
o182
0184
c185

0186
‘c197

2188
189
Cc19¢
cl191
c1s2
Cc193

C194,

Cc185

0196 -

3197
c1s8
Cc199
0200
02C1

0202

0203
G204
0205
02Ce
ga2ct
0208
n209

0210
L0211 -

0212
0213
0214
0215
0216
c217

0218
0219



0C0266
0C0266
gcc3ct
0003¢13
gQo3ca
acC3ce
GCO306

000006
00C006

000006
0C00Cs
000007
000012

000014

000015
000021

000022
0C0023

000023
0€0025
060026
000026
0cco27
00co27
060033
000034
QCcCo35
000036
000036
0C0042
000043
000044
000045
000045
0C005¢C
000050
00C052
000052

000011

000011

000011

0C0011
000012
000025
00co027
_ocoo30
“060070
000072
0€0072
000101
0colc3
0ccClo3

3C10
13065

31¢9
3001

CONTINUE
A(K,3)=SNGL(D)
CONTIANUE
CONTINLE
CONTIRUE
PETURN

END

.

REAL FUNCTICN PROODUC(FACTCRSsFEX)

C PROCEDURE #PRCCUCT?

C

C.....MULTIPLIES FACTOR(S) THRCUGH FACTOR(F), CORRECT!NG TO PREVENT
QOVERFLOW. THE ABSOULTE VALUE OF THE RESULI IS BETWEEN Q.1 AND 1.0

C'

4002

4003
40C4

4005
4006

4007
4001
4008

S=START, F=FINISH, EX=EXPCNENT
INTEGER S,F,EX ’
DIMENSICN FACTOR(1)

AND THE EXPONENT APPEARS IN (EX).
‘EX=0.C

P=1.0 _ '

IF (S .GT. F} GN TO 4008

DO 4001 I=S,F

PL=FACTOR(I)

IF (ABS(P1) .GE. 0.1) GO TG 4C02
P1=10.0%pP1 :
EX=Ex-1

CONTINUE

p=pepl

TF (P .NE, G.C) GG 10 4003 » .
EX=0 S ‘
GO TO 4008

CONTINUE

[F {ABS{P) .3E. 0.,1) GO TC 40C5
P=pP%1C.0

EX=EX-1

GG T 40C4

CONTINUE ‘

IF (ABS(P) .LT. 1.0) GO TC 40C7
P=P/1C.0 ' :
EX=EX+]

GO TO 4006

CONTINUE

CONTINUE
CONTINUE

PRODYC=P

RETURN

END

1

SUBRAUTINE RESIDU(A,NB Ky XyRESL)

C PROCEDURE #RESICUALS#

C
[

Cavas

5002
5003

5001

N=0RDER, B=RH SIDES, K=COLUMN OF B, X=APOROXIMATE -SOLUTICN,
RES=RESIDUALS ’ ’
DIMENSION ACL 1) ,BtLy1),X{L,1)
XsRES(1) -

INTEGER P

DOUBLE PRECISION D
«COMPUTES BlasKI-A®X{.,K)

D0 50CL I=14N

D=DBLE(B(I,4K))

IF (N .LT. 1) GO TN 5CC3

DO 5002 P=1,N

D=0~-DBLECALL,P))=DBLE(X(P,K))

CUNTINUE

CONTINUE

RES(T)=SNGL(D)

CONTINUE

RETURN

. END

c22¢
0221
0222
0223
C224
0225
0226

0227

.c2248

0229
0230

0231

0232
0233
0234
0235 .
C236
0237
0238
Q239
0240

0241

0242
€243
0244
0245
0246
0247
0248
c249
9250
€251
6252
0252
0254
0285
0256
0257
0258
0259
0260

6261

0262
0263

0264
0265
C2¢6
0267
02¢8
0269

0270 -
0271 -

0272

0213 .

0274

0275 .
0276

€217
02718

0219
0280

0281 -
g2ea .
0283



000092

000002

000002
000002
000002
000014
000016
000016
000024
000026
000033
000033
000043
000043
000044
000046
000067
000051
000057
000070
000072
000074
000074
000106
000115
000121
. 000126
000130
000134

000140

000146
000147
000154
000164

000171

000202
000207
000211
000215
000221
000225
000236
000244
0002453
000246
000250
000252
000255
000261
. 000262

000272
000274
000277
000304
000304
000305
000306
000310

000113
000113
000113

000113
000113

000125
000125

000127
000135

000135 .

000144

000144 .

000154
000154
000155
000157
000160
000162

000170 .
000201

000203
000205

000205

000215
000226
000232

000237

000241
000245
000251
000257
000260
000265
000275

000302

000313

000320

. 000322

000326
000332

000336

000347
000355
000356
000357
000361

000363

000366

000372 -

000373
000403
000405
000410
000415
000415
000416
000417

000421

10

~100- -

PROGRAM BRILL - P o L

PROGRAM eRlLL(tupur.ourpur.PUNcn.TApe 99.9;0! TAPE99=PLOT)
OIMENSION. c(63).Al]oo)orﬁA(IOZG)oXA(loze).AM(!oZb)oAT(1026)v
12(1026) s Y(100) 4 AK(1026) ¢ ATP (120) + INV (300) + SA(300)
coﬁMONICCPoOL/xMIN.anX.YMIN.VMAxoCCKMINoCCXHAXoCCVHlN.chMAx
COMMON/CCFACT/FACTOR

CONTINUVE

READ 1,KPURs IMAXMAXP N : .
FORMAT(312) . . . . ‘ |

IF (IMAXGLE0sQ)GO TO 18 ‘ : : h y

READ 3, (A(1)eInm)oIMAX)
FORMAT (16FSe1)

READ z.(C(I)-I-loHAXP)
FORMAT (8F9,5)

READ 44 TCHAowA
FORMAT (2F104s2)

KKs]

DO 75 I=1,1026

76
15

13

100

99

16

73

77

80
78
18

AM(1)=0.0
DO 76 LsliMAXP
Z(I)®a),e002e00(]=1)/1023
AM(I)-AM(X)°C(L)'PDLVNOM(KKoLvZ(1))
CONTINUE
DO 13 I=1,512
Alni
lA(!)uSolAl&O(AI—I.o)O(IMAX-I)I(1023-0'TCHA) '
FPA(I)=1,0/(), ooo.boSpBO(YCHAOSIN(xA(l))/HA)O(!CNA.SIN(xA(l))/wA))
FPa(1025=1)=FPA(])
DO 100 I=l,1026
AK(T) =]
CALL RFFT(9eFPA  +INVeSaslsIE)
CALL RFFT (9¢aM s INVeSAL191E)
D0 99 I=1y1026
AMIN®BQ,01%AM(])
IF(ABS(AM(I)).LE.A"IN)lH(I)'O-O
DO 16 1=1,250
AT(2%]s 1)-(An(zox-1)orPA(201-1).AM(201)-FPA(2013)/(Fpn(zux-l)
19FPA(2¢]=l)oFPA(2®*]) *FPA(24]))
AT(2%]) s (AM(28])#FPA(2%]]) =AM (2®]~ 1)0FPA(201))/(FPﬂ(2¢I 1)
1*FPA(281=])+FPA(2%]) *FPA(2%]))
0o 73 Il501'1026
AT(1)=0e0
CALL RFFT(9¢AT s INVySAs=141E)
[of YR W GRAP"(AK.AT 210249 1SHTRUE ABSOR SPECv6Hx-AXISo6HV-AXIS)
CaLL RFFT (90AN.INV.SAo-loIE)
DO 77 1sl,IMAX
Y(I)l-loOoZoO'(!-l)l(lMAx-l)
XMIN=al,0
XMAXm] ,0
YMIN2=10,0
YMAX2¢60,0
CALL CCPLOT(ZoAMo1024,4HJOIN)
CALL CCPLOTI(Y, All"‘XQ6NN°J01NOBOll)
CALL CCNEXY
00 80 I=1y103°
Kul0®]a9
ATP(])®mAT(K) ~
PUNCH 78.(ATP(I)oI-lolo3)
FORMAT (13F6e1) ' )
GO TO 10 L
CALL CCEND
SToP : : :
END - ' -




000005

000005

- 000017

000013
000016
000015

000016

000017
000020
000027
000031

" 000032
. 000033

000035

000036
000040
000047
000062

-000063

000064
000064
000066

000010

000010
000010
000010

. 000020

000021
000022

- 000022

000026
000030

1000031

0060033
000035
000037
000044
000046
000047
000050

© 000052

000053
000056

- 000063

000064
000070
000073
000075
000103

000106

030746
030746
030753

030754
03075%
030756
030757
030760
030761
030770
030772
030773
030774
030776
030777
031001
031010
031023
03j024
031025
031027
031027

032743
032743
032743
032743
032753
032754
032755
032755 -

032761

032763
032764
032766
032770
032772
032777
033001}
033002
033003
033005
033006
033011
033016
033017
033023
033026
033030
033036

- 033041

000110

000112
000115

© 000117

000122
vo0127
000130

0330643
033045
033050
033052
033055
033062
033063

25

‘27

10

26

30
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FUNCTION POLYNOM(IYYPE-NORDER.X)
DIMENSION POLY(2)
NORDER=1 FOR L=z0 ETC:
GO TO (1+2)e1TYPE
LEGENDRE FUNCYION
POLV(I)-l.

Ms0 ’

POLY (2)=X - \

GO0 TO 25

POLY (1) =0,

Mx}
POLY(2)=SQRT(1.-XOOZ)
00 26 Jml,s2

IF (NORDER.EGeJ) GO TO 27
GO TO 26
POLYNOM=POLY (J)
RETURN

CONTINVE

00 30 L=34NORDER

P-((2'L-3).X'P0LY(2)-(LON-Z)’POLY(I) )/ (LeM=1)

POLY (1) =POLY (2)
POLY (2) =P
POLYNOM=P
RETURN -

END -

SUBROUTINE RFFT(MeAgINVeS,IFSETsIFERR)
DIMENSION A(1) oL (3) o INVI1)9S(})
DATA PI/1721 6220 7732 Sp42 0S50 B/
IFERR=] .

IF (MeGTe15.0R ML Te3) RETURN
L(l)=M

L(2)80

L(3)=mg

Nm2##M

NT=20N -

NYMaNe2

PaP/FLOAT(NT)

IF(IFSET.LY40) GO TO 20

CALL CFFT(LsasINVeSyIFSET.IFERR)
IF(IFSET.EQe0) RETURN

DO 10 Im24NTM,2

Jslel

KeNT=]e]

JimJey

KKuKel

AlRa,5# (A(J)eA(K))
AllaeS8(A(JJ) A (KK))

A2RE .58 (A(JJ) +A (KK) )

A218,58 (A(K)=A(J))
ARGSFLOAT () #p

CaCO0S (ARG)

DaSIN(ARG) : f
TAsAZRoeC+A2]#D

TBaA2[6C=A2R®D

A(J)=ALReTA o . C
A(JJ)a=(ALIeTB) ‘
A(K)=AIR=TA

A(KK)=All=TB

CONT INVE

TAmA (1) +A(2)

T8=A(1)*A(2)
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000131 033064 -A(l)-TA

000132 033065 A(2)=0, :
000133 - 033066 " A(NTe1)aTB

000135 033070 A(NT+2)=30,

000137 033072 RETURN :
000137 - 033072 20 00 30 I=2oNTMo2‘
000141 - 033074 Jzlel

000142 033075 JiasJel

000143 033076 ' KaNT=1+¢]}

000144 033077 KKzKey _

000145 033100 A(J)a,5%A(J) .
000150 033103 A(JJ) me(S®A(JY)
000153 033106 A(K)=,5%A(K)
000155 033110 A(KK) 2w ,50A (KK)
000157 033112 AlR=A(J)+A(K)
000162 033115 A11=A(JJ) =A(KK)

- 000166 033121 ARG=FLOAT (1) #pP
000171 033124 C=COS (ARG)

000172 033125 D=SIN(ARG) .
000210 033143 TAmsA(J) =A(K)
000212 033145 TBeA (JJ) ¢A (KK)
000214 033147 APR=TA®C~TB4D
000220 033153 . A2IaTAeDeTB®C
000221 033154 A(J)=A1R=A2I
000223 033156 A(JJ)sA]leA2R
000225 033160 A(K)zAJReA2]
1000226 033161 . A(KK)=A2R=A] 1
1000230 033163 30 CONTINUVE

000237 ~ 033172 A(1)=,5%A(])
000240 033173 A(NT+1)Be5®A(NTe1)
000242 - 033175 : A(2)3A(1)=A(NT+)) )
000243 033176 A(l)=A(1) *A(NTeY) '
000244 033177 _ CALL CFFT(L+A, INVoS.IFSET.IFERR)
000246 033201 - RETURN

000247 033202 : END



000010

000010

000010

000010
000013
000022
000024

000027 .

000031
000033
000042
000043
000044
000045

000046

000047
000051

000055

000061
000068
000067
000972
000074

000107

000110
000116
000120
000122
000124
000126
000130
000132
000133
000136
000136
000137
000141
000143
000144
000146
000147
000150
000160
000161
000162
000163
000165

000166

000170
000202
000204
000205
000206
000207
000210

P
LR

033277

1033277

033277
033277

033302

033311
033313
033316
033320
033322
03333)
033332
033333
033334
033335
033336
033340
033344
0333590
033354
033356
033361
033363
033376
033377
033405
033407
033411
033413
033415
033417
033621
033422
033425
033425
033426
033439
033432
033433
033435
033436

033437

0336447
033450
03365}
033452
033456
033455
033457
033471
033473
033474

© 033475

033476

033477

11

15

16

it

.

LT Y o \ B .
/20 D B
RS R
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SUBROUTINE CFFT(MeA9INV,S,IFSET, IFERR)

" DIMENSION A(l)oINVll)vS(l)oN(3)uM(3)|NP(3)oN(2)OH2(2)oHS(Z)

10
12

13

14

18

19
20

-30

40

S0

52

60

EQUIVALENCE (Nl'Ntl))v(NZcN(Z))o(NBpN(3))
DATA PI/1721 6220 7732 5042 0550 B/
IF( TABS(IFSET) « 1) 9009900412
MTTEMAXO (M(1) yM(2) oM(3)) <2
IF(MTT=1) 13s11,11
MSUMEM(1) oM (2) oM (3)

IF (MSUM«]15) 15,15913
ROOT2 = SQRT(2,)

IF (MTT=MT ) 1l4,1¢, 13
IFERR=]

RE TURN

IFERR=Q

MlsmM(])

M2a3M(2)

M3=M(3)

Nls2®aM)

N2m2eaM2

N332#0M3

IF(IFSET) 20018.15

Nxs N1#N2eN3

FN = NX

D0 19 I = 1eNX )
A(2%]=]1) = A(28]1=])/FN
A(2e]) = «A(2e1)/FN i
NP (1)aNlw2

NP (2)s NP(1)®N2

NP (3) aNP (£) #N3

Do 250 IDal,3

IL = NP(3)=NP(1D)
ILl = TLed

M] = M(10)

143 (HI)250v250v30
IDIFanP (1D)
KBIT=sNP(1D)

MEV = 20 (MI/2)

IF (MI = MEV )60+60940
K8ITskBIT/2

KLaKBITe2

DO 50 I=1sIL)1,IDIF
KLAST=KL ]

DO 50 KsI.KLAST,?2
KO=KeKBIT

TaA (KD)

A(KD)mA(K)eT
A(K)SA(K)eT

TeA (KDe)) ‘
A(KD#1)mA(Kel)oT
A(Kel)mA(Kel)oT

IF (MI = 1)2504250+52
LFIRST =3

JLASTe)

G0 TO T0

LFIRST = 2

JLAST=0



000211
000213
000214
000215
000216
000220
000221

000232 _
000233

000234
000235
000236
000237

000240

000241
000246
000246
000247
000251
000252
000253
000256
000261
000262
000263
000266
000265
000270
000272
000273
000275
000277
000300
000303
000320
000321
000323
000325
000326
000327
000340
000341
000342
000343
000344
000346
000350
000351
000353
000355

000357
000361
000364
000366
000371
000373
000376
000401
000402

000403

000404
000405

033500

033502
033503
033504
033505
033507

033510 -
033521 -

033522
033523
033524
033525
033526
033527

033530

033533
033535
033536
033540
033541

033542

033545

. 033550

033551
033552
033553
033554
033557
033561
033562
033564
033566
033567
033572
033697
033610
033612
033614
033615
033616
033627
033630
033631
033632
033633
033635
033637
033640
033642
033644
033646
033650
033653
033655

033660.

033662
033665
033670

033671

033672
033673
033674

RT

70

8o

a2

oo 240 = FIRST n! 2
Wotrexgiy oM
KBIT=KBIT/64 .

KLRKBIT=2
00 80 IslyIll, IDIF

KLASTale+KL

0O 80 KBIOKLﬂSTOZ
K1sKeKBIT e
K28K1eKBIT
K3sK2+KBIT
T=A(K2) o
A(K2)mA(K) =T .
A(K)mA(K)eT
TaA(K2e1)

A(K241) A (Ko)) =T

A(Kel)mA(Kel)oT.
T=mA(K3)
A(K3)aA(K])=T
A(Kl)lA(Kl)*T

TmA(K3e1)
‘A(K3e1)3A(Kle]1)aT

A(Kle1)mA(K1®]))oT
TwA(KY) : E
A(K))mA(K) T -
AtK)mA(K) T '

-TeA(Kyel)

A(K1¢))sA(Ke)) =T

“A(Ke))mA(Kel) T,

Ra=A (K3¢l)

T = A(K3)

A(KI)mA (K2)=R
A(K2)=sA(K2) R
A(K3e1)BA(K2¢1)eT
A(K2¢1)mA (K2e])) oY
IF (JLAST) 235,235,882
JJsJJOIF ¢l
ILAST= IL +JJ

DO 85 I = JJyILASTHIOIF
KLAST =z KLel .
DO 85 K=l KLAST,?2
K1 = KeKBIT

K2 = K1+KBIT

K3 = K2+KBIT

R s=A(K2¢1)

T = A(K2)

A(K2) & A(K)eR
A(K) = A(K)eR
A(K2¢1)mA(Ke]l)eT
A(Kel)sA(Kel)eT
AWRzA (K1) =A(K1e])
AWl = A(Klel)sA(K])
RawA (K3)=A (K3e1)

'TiA‘K3)-A(K3‘1)

A(K3)=(AWR=R) /R0OT?2
A(K3el)a(AW]=~T) /ROOT?2
A(K1)= (AWR+R) /ROOT2

" A(Klsel)=(AWleT)/RO0T2

Ta A(Kl)
A(K1)sA(K)eT
A(K)mA(K) *T
TeA(Klel) .
A(klel)zA(Kel)eT




000410

000412
000413

000418

000417
000420
000423
000440
000442
000444
000445
000447

. 000451 -

000452
000454
000455
000455
000457
000461

000463

000464
000465
000467
000467
000471
000471
000473
000475
000477
000500
000502
000504
000506
000507
000510
000512

000512 -

000514
000515
000516
000520
000522
000523
000524
000525
000526
000530

© 000530

000532
0005358
000537
000540
000541
000552
000553
000554
000555
000560
000564
000566
000567
000571

033677
. 033701

033702

033704 .

033706
033707
033712
033727
033731
033733
033734

033736

033740
033741
033743
033744
033744
033746
033750
033752
033753
033754
033756
033756
033760
033760
033762

033764 - -

033766
033767
033771
033773
033775

033776

033777
034001
034001
034003
034004
034005
034007
034011
034012
034013
034014
034015
034017

034017

034021
034024
034026
034027
036030
034041
034042
034043
034044
034047
034053
034055

- 034056
- 034060

85
90

96
98

100
110

120

130
140
150
160
170
180

190

200

A(Kol)-A(K01)¢f
Re=A(K3el) -
TeA(K3)

A(KI) 2 (K2) =R

A(K2)=A(K2)*R
A(K3el)3A(K2¢])eT
A(K2¢1)BA(K2+]))eT
IF(JLAST=1) 235,235,490
JJdz JJ ¢ JJUDIF ' :
DO 239 J=2.JLAST
I=INV(Jel)

ICaNTal

W(l)as(IC)

W(2)as(D)

[2z24]

12CaNY=]2
IF(12C)12041104100
w2(1)=aS(12C)

w2 (2)=S(I12)

GO TO 130

“2(1’30{.

w2(2)=1,

GO TO 130

I2CC = 12CeNT .

_l2Cs=12C

w2(1)==S{12C)
w2(2)=s8(12¢cC)
I3=]e12
13CaNT=13

:IF(I3C)16001500140

W3(1)aS(13C)
W3(2)sS(13)
GO TO 200"

w3(1) =0,

W3(2) a1,
60 TO- 200
13CC=13CoNT

TIF(I3CCY19091800170

13C==13C
wW3(1)==S5(13C)
w3(2)ss([3CcC)
GO TO 200 -
W3{l)zele
W3(2)=0,

GO T0 200

-13CCCaNT*13CC

13¢C = -13CC
W3(1)==S(13CCC)
W3(2) =5 (13CC)
ILAST=IL+JJ

D0 220 I=JJsILASTyIDIF
KLASTaKL el

D0 220 K=I.KLASTy2

KleKexBIT

K2sK1+KBIT

K3sK2+K81T
RBA(KZ)’UZ(I)-A(KZOI)’“Z(Z)‘

'TaA(KZ)’HZ(Z)OA(KZOI)'Na(l)

A(K2)=A(K)eR
A(K)=A(K) R
A(K2e1)mA(Kel)eT
A(Ke1)3A(Kel)oT



000573
000576
000602
000605
000611
000613
000615
000617
000621
000622
000623

. 000624
<4 .000625
000630

- 000632

000633
000635
000637
000640
000643

000660 .

000664
000666
000671
000673
000675
000677
000701
-000702
000705
000706
000707
000710
000711
000714
000715
000720
000722
000724
000725
000730
000731
000732
000733
0007346
000737
. 000740
000743
000745
000747

. 000750

000753
000754
000755
000756
000757
000762
000763

000766

000767
000770
000771

034062

034065
036071
034074
034100
0364102
034104
034106
036110
034111
034112
034113
034114
034117
034121
034122
036124
036126

034127

034132
034147
034153
03415S
034160
034162
036164
0364166
034170
034171
034174
034175
0364176
034177
034200
034203
034204
034207
034211

034213

034214
034217
034220
034221
034222
034223
034226
034227
034232
034234
034236
034237
034242
034243

036244

0342645
034246
034251
034252
034255
0364256
034257
034269

-106-

REA (K3) #W3 (1) =A(K3e1) #uw3(2) -

TuA(K3I)OW3I(2)eA(K3+1)®WI(])
AWR=ZA (K1) #W (1)eA(Klel)®W(2)
Aul:A(Kl)“w(Z)0A(Kl¢l)“w(l’
A(K3) sAWR=R

A(K3e1)mAWl=T

A(K])=AWReR -

CA(Klel)zAW]eT

220
230
235
240
250

350
360

370

38y

450
460

470

T=zA(K))
A(K1)=A(K)eT
A(K)=A(K)oT
TzA(K)el)
A(K1+1)=A(Kel) =T
A(Kel)mA(Kel)aT
RawA (K3¢1)

"TeA(K3)

A(K3)-A(K2)-R
A(K2)=A(K2)*R
A(K3e])mA(K2¢]1)=T
A(Kaol)-A(KZOI)oT
JJIsJJDIFeJY
JLAST:QOJLASYO3
CONTINUE

CONTINUE
NTSQaNT#NT
M3MTEM3=MT

IF (M3MT) 37093609360
1603=)

_ N3VNT=N3/NT

MINN3aNT

GO TO 380
1603=2

N3VNT=)
NTVN3sNT/N3
MINN3aN3

JJD3 = NTSQ/N3
M2MTaM2eMT )
IF - (M2MT) 47094609660
1602=}
N2VNTaN2/NT
MINN2aNT )

GO Y0 480.
1602 = 2

- N2VNTe}

480

550
560

570

. 580
600

NTVN2aNT/N2
MINN2aN2

-JJD2aNTSQA/N2

MIMTEM]l =MT
IF(M1MT)S70-560.560
1601s=]

NIVNTaN1/NT
MINNLaNT

GO TO 580

160182

N1VNT=)

NTVNIsNT/N]
MINNl=N1
JJUD1aNTSQ/N]

JJIx]

Jel

DO 880 JPP3s1,N3VNT
IPP3I=INV (JJUI)



R . =
i} . )
B '(,j L b

©.000773
000774

001002

- 001006
001006

. 001012
. 001016
- 001017

00lo021

001023
001025
001033
001037
001037
001043
001047

001050 -

.001052

001054

001056
© 001064

. oolo7o

001070
001074
001077
001113
001116
001115
001117
001120
001121
001122
001122

ooll2é -

001135
001143
001147
001151
001157
" 001165
001166
001175

001177

voleo3
001206
0ol207
001210
001211
001214
001215
001217
0o0l221
001231
001233
00l234
001235

001237

001240
001242
001250
0012951

001256

G 4 i

034262
034263

034271

. 034275
034275
034301
034305
034306
034310

- 036312
034314

036322

036326

034326

034332
034336
034337
03636}
034343
034345
034353
036357
034357
034363
034366
036402
036403
034404

034406

034407
034410
0344]1]
03441)
034415
034424
036432

034436

0364440
034446
034454
. 034455
034464
036466
036472
036475
036476
034477
034500
034503
034506
036506
034510
034520
036522
034523
- 036526
036526
036527
034531
034537
034540
036543

S el

_107-

- Do 870 JP3=lyMINNI.

610

620
630
To0

Tio.

GO TO (610¢620)+1603
IP3=INV (JR3I) #N3VNT-
GO TO 630
IP3aINV(JP3) /NTVN3
13s(IPP3+1P3) eN2
JJa=}

DO 870 JPP2=1,N2VNT
IPP2RINV(JJ2) o123

DO 860 JP2m1sMINN2
GO .TO (7104+720) 41602
IP2alNV (JP2) #N2VUNT

- 60 TO. 730

120
730
800

810

820
830

840

845
850
860
879
889

890
89)
892
895
S00

903
204
905

906

950
960

970

IP2=INV (JP2) /NTVN2
I2s(1PP2+1P2) #N]
JJlsl

‘00 860 JPP13]4NIVNT

IPPI=INVIJJL) o]2

DO 850 JPlslyMINNI
GO TO (810+820),1601
IP1=INV (JP1) #N1VUNT
GO TO 830
IP1SINV(JP1) /NTVN]
1229 (IPP1¢IP1) ¢

IF (J=1) 84018454845
T=A(])

A(f)=a(d)

ArJ) =T

TeA(le1)

A(I+l)mA(Jel)

A(Jel)aT
CONTINUE
Jelde2
JU13JdJ]1+JUD1
NNFINNFONNLFE

JJ3 = JJ3eJJD3

IF(IFSET) 895.995.991

00 892 [ = 1yNX

A(2%]) = =A(2e])

RETURN
MT-MAxo(M(l)vM(Z)oM(3)’ -2
IF (MT=1) 90519903+903

MT = MAX0(29MT)

IF (MT=13)906,9064905
IFERR = 1
GO TO 895 .

IFERRa0
NT=2eaMT
NTV2eNT/2
PFNTZ:PI/FLOAT(ZONT)
DO 950 L®1eNT
S(L)®SIN(FLOAT (L) *PFNT2)
CONTINUE '
MTLEXP=NTV2
LMIEXP=]

INV(1)=0
DO 980 LalMT
INV(LMIEXPe1) & MTLEXP
DO 97 J22,LMIEXP
JJsJeLMIEXP .

'INV(JJ)-INV(J)QMTLEXP

MTLEXPBMTLEXPIQ K



001260
001264

001266

: _108— .

03645647
034553
034555

980 LM1ExpsLM1EXpe2

982 IF (IFSET)
END

12+1895,12

-
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