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A Non-Normality Result

D.H. Bailey∗

September 12, 2007

For an integer b ≥ 2 we say that a real number α is b-normal (or normal
base b) if, for all m > 0, every m-long string of digits in the base-b expansion
of α appears, in the limit, with frequency b−m.

Consider the constant

α =
∞∑

n=1

1

3n23n .

This constant was originally proven 2-normal by Stoneham in 1973 [3]. More
recently (in 2002) it was proved 2-normal using a different approach by Bai-
ley and Crandall [1], and (in 2006) using a third approach by Bailey and
Misieurwicz [2]. Here is a related result:

Theorem 1 α is not 6-normal.

Proof: Let the notation {·} denote fractional part. Note that the base-6
digits immediately following position n in the base-6 expansion of α can be
obtained by computing {6nα}, which can be written as follows:

{6nα} =


blog3 nc∑

m=1

3n−m2n−3m

 +


∞∑

m=blog3 nc+1

3n−m2n−3m

 .

Now note that the first portion of this expression is zero, since all terms of
the summation are integers. That leaves the second expression.
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Consider the case when n = 3M , where M ≥ 1 is an integer, and examine
just the first term of the second summation. We see that this expression is

33M−(M+1)23M−3M+1

= 33M−M−12−2·3M

= (3/4)3M

/3M+1. (1)

We can generously bound the sum of all terms of the second summation by
1.00001 times this amount, for all M ≥ 1, and by many times closer to unity
for all M ≥ 2, etc. Thus we have

{63m

α} ≈
(

3
4

)3m

3m+1
,

and this approximation is as accurate as one wishes (in ratio) for all suffi-
ciently large m.

Given the very small size of the expression (3/4)3m
/3m+1 for even moderate-

sized m, it is clear the base-6 expansion will have very long stretches of zeroes
beginning at positions 3m + 1. For example, by explicitly computing α to
high precision, one can produce the following counts of consecutive zeroes
Zm that immediately follow position 3m in the base-6 expansion of α:

m 3m Zm

1 3 1
2 9 3
3 27 6
4 81 16
5 243 42
6 729 121
7 2187 356
8 6561 1058
9 19683 3166

10 59049 9487

In total, there 14,276 zeroes in these ten segments, which, including the
last segment, span the first 59049+14276 = 68536 base-6 digits of α. In this
tabulation we have of course ignored the many zeroes in the large “random”
segments of the expansion. In any event, the fraction of the first 68,536 digits
that are zero is at least 14276/68536 = 0.20839, which is significantly more
than the expected value 1/6 = 0.166666 . . ..
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This reckoning can be made more rigorous by noting that for any ε > 0,
there is some M such that for all m > M we have

3m[log6(3/4)− ε] < Zm < 3m[log6(3/4) + ε]

Thus, the fraction of zeroes in the first n base-6 digits of α must, infinitely
often, exceed

4

3
· log6(3/4)

1 + log6(3/4)
≈ 0.18446111 . . . ,

which is clearly greater than 1/6. This means that α is not 6-normal.
This result is easily extended to the following:

Theorem 2 The constant α is not b-normal for any base b of the form 2m3n,
where m ≥ n ≥ 1.
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