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Abstract

Strategic Mechanisms in Multi-Agent Coordination
by

Rahul Chandan

Strategic interactions in multi-agent systems can be conveniently modeled, manipulated
and characterized within the analytical framework provided by game theory and mechanism
design, and used to extract engineering insights regarding systems of interest. Accordingly, in
this dissertation, we adopt such a framework and pursue research directions aimed at under-
standing how information and externalities impact the strategic outcomes that can emerge in
systems with multiple, non-cooperative decision makers. We consider two types of mechanisms:
decision-based mechanisms and preference-based mechanisms which respectively manipulate
either the players’ action sets or the players’ utilities — the two major building blocks of a
game. We conduct our analysis of decision-based mechanisms on Colonel Blotto games which
are popular models for competitive resource allocation in adversarial environments. Within
this framework, we first consider settings where the information to a competitor is obfuscated,
and quantify the value of information relating to competitive objectives and the opponent’s
strength. We then consider the role of pre-emption under this framework, and show that —
perhaps surprisingly — revealing information to competitors can also offer strategic benefits
in competitive interactions. Our results on preference-based mechanisms focus on the design
of taxes in congestion games to optimize the system performance. In our study, we consider
three performance measures corresponding with the worst-case equilibrium efficiency (Price of
Anarchy), the best-case equilibrium efficiency (Price of Stability), and the transient system per-
formance (Price of Urgency). Within this context, our first set of results focus on optimizing
the Price of Anarchy; we derive tractable methodologies for computing the optimal taxes within

this setting. We then investigate the consequences of optimizing for the worst case on the other

vil



performance measures: we show that the taxes that optimize the Price of Anarchy necessarily
have Price of Stability equal to the Price of Anarchy, and that optimal Price of Anarchy guar-
antees can correspond with arbitrarily poor Price of Urgency. We supplement this last set of
results by proposing techniques for characterizing the respective trade-off curves. We conclude

with a discussion on future directions for both decision- and preference-based mechanisms.
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Chapter 1

Introduction and Overview

Over the past century, the classical discipline of control theory has evolved from its humble
beginnings in regulating oscillations in engines and the establishment of control stability cri-
teria for linear systems, to PID control and nonlinear control, and, more recently, to adaptive
control, hybrid control and optimal control. The classical approach is extremely successful in its
application to systems operated under the authority of a single decision maker (DM), including,
for example, power converters, refridgerators, automobiles, and HVAC systems. Though imple-
menting such a control approach is often the most straightforward and efficient, it is impracti-
cal when deploying large-scale systems that must satisfy imposing communication and security
constraints, and generally inadmissible when considering systems involving human DMs. It is
unsurprising, then, that as the engineered systems around us continue to grow larger, more
complex and more human-centric, we are seeing research in control theory trend away from
the classical discipline toward relatively new and unexplored fields. Consider, for example,
the increasing popularity of non-traditional disciplines such as machine learning, human-robot
interaction and game theory at control theory conferences such as the IEEE Conference on
Decision and Control (CDC) and American Control Conference (ACC).

In this dissertation, we pursue the study of control theory using models and analytical

tools borrowed from game theory. While the field of game theory originates from mathematics
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and economics, it has received significant interest in engineering and beyond, for example, in
biology and medicine [I} 2], computer science [3}, [4], and philosophy and political science [5], [].
Game theory is well-suited to the study of large-scale systems as well as systems with human
DMs since it allows us to represent a system, its DMs and the DMs’ interactions under the
abstraction of a set of players (or agents) in a game, each with a set of actions describing her
decision space and a utility function describing her preferences. This abstraction allows us to
study the set of system outcomes that emerge from the DM’s strategic behaviour (in other
words, we assume that the DMs act rationally).

Under the abstraction provided by game theory, influencing the set of emergent system
outcomes amounts to altering the agents’ action sets and/or utility functions, which is the cen-
tral focus in the discipline of mechanism design [7]. In our application of mechanism design to
engineering, we treat established game models for systems of interest as the baseline/nominal
settings, and study how the emergent system outcomes change in response to designed perturba-
tions on the agents’ action sets and/or preferences. Accordingly, we refer to such perturbations
as mechanisms. By selecting the appropriate mechanisms and identifying the differences be-
tween the nominal and perturbed systems’ outcomes, we hope to develop engineering insights
that inform how one should — or, perhaps more importantly, should not — design such systems
in practice.

In this work, we propose the study of mechanisms under two classifications:

— Decision-based mechanisms: Mechanisms that modify the agents’ action sets.

— Preference-based mechanisms: Mechanisms that modify the agents’ utility functions.
Observe that applying either class of mechanism to a game model may lead to dramatically
different strategic outcomes. We study decision-based and preference-based mechanisms under
well-studied game theoretic models respectively known as Colonel Blotto games and congestion
games. Interestingly, the original versions of both these game models pre-date game theory
itself: though the foundation of game theory as a field is widely attributed to John von Neu-

mann’s On the Theory of Games of Strategy in 1928, while the original Colonel Blotto game was
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proposed by Emile Borel no later than 1921 and Arthur C. Pigou studied a form of congestion
game as far back as 1920.

The goal of this dissertation is to further the applications of game theory in engineering
(especially in control theory) by providing novel perspectives and methodologies for analyzing
multi-agent interactions and coordination. Although some of the forthcoming insights may
appear to be prescriptive — in other words, they may seemingly apply directly to practical
problem settings — it is important to note that our insights only hold under the multitude
of modeling assumptions that make up our analytical framework. If there is any truth to our
results, it is that the emergent behaviour in multi-agent systems — particularly in those involving
human DMs — is even more complex than it appears in our analysis, as even the simple models
studied within this dissertation are rich with performance trade-offs, mis-directions and counter-

measures, among other fascinating phenomena.

1.1 Why game theory?

On page 2 of their 1998 book Dynamic noncooperative game theory, Bagsar and Olsder [§]
attribute to game theory “the development of suitable concepts to describe and understand
conflict situations.” Indeed, game theory may be used as a catch-all term for any study of
systems with multiple DMs. Consider, for example, that any control theory problem can be
posed as a game where the controllers are the players, the output spaces are their action sets,
and the control objectives encode their utilities.

Nevertheless, a variety of well-established analytical techniques have already been proposed
and used within control theory for the study of systems with multiple DMs. This prompts
the question: “Why should we study game theory when other techniques already seek to ad-
dress multi-agent coordination?” The simple answer is that game theory offers an alternative
perspective on multi-agent coordination that these other perspectives cannot provide. A more
complete answer is that game theory uniquely studies the set of stable outcomes (i.e., equilibria)

that emerge under any form of decision making, and offers convenient models and analytical

3
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methodologies for studying the design of multi-agent systems around this set of outcomes.

To the authors’ best knowledge, the most popular alternatives to game theory for the control
of multi-agent systems are stochastic and robust control, dynamical systems, and distributed
optimization. In the following, we summarize these approaches, and discuss how game theory

offers complementary perspectives on multi-agent interactions and coordination:

Stochastic and robust control. In the disciplines of stochastic and robust control, we seek
to design controllers that guarantee that a given system operates within a desired performance
regime under noisy (stochastic) or worst-case (robust) disturbances. Often, these disturbances
can be said to model interactions between the system and an added DM (either nature or an
adversary) in the system. For example, a robust control approach assumes that the added DM
is purely adversarial toward the system. Though games can and sometimes do possess purely
adversarial DMs, with game theory we can also model systems with nuanced DM preferences

that are neither purely adversarial nor pure uncorrelated with the preferences of the other DMs.

Dynamical systems. Dynamical systems is the study of any system governed by a set of
dynamics [9]. As the name suggests, the study of systems from this perspective attributes
significant importance to the underlying system dynamics. In the case of multi-agent systems,
dynamical systems have been extremely successful in modelling phenomena such as the synchro-
nization of oscillators [10] and their applications to the electric power grid [11], social networks
and biological systems [12] 13]. Although dynamics, especially dynamics that converge to equi-
librium, are an important topic of study within game theory (see, for example, [I4] [15]), the
focus in game theory is also on the outcomes of strategic decision making and, thus, the system
dynamics are not a necessary component of the system analysis. This is an especially desir-
able property when the system dynamics are too complex to be modelled (for example, human

decision making).
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Distributed optimization. Another approach is distributed optimization which captures
the objective and constraints of a given multi-agent system as an optimization problem and uses
structural properties and/or relaxations of this optimization problem to formulate distributed
control protocols [16]. Such approaches are often associated with (near-)optimal approximation
guarantees and are especially useful for designing distributed algorithms for systems with pro-
grammable DMs [I7, [I8]. The study of game theory differs with this approach in spirit in that
we are often interested in studying and contrasting the strategic outcomes in different systems
without ever posing the optimization question.

A final, additional benefit to studying game theory is that it is inherently a multi-disciplinary
field. Thus, when posed as a game theory problem, a seemingly new research direction within
control theory may already be extensively studied in computer science, economics, operations

research, etc.

1.2 Summary of contributions

This dissertation is divided into two parts corresponding to the two classifications of mech-
anisms proposed in the previous sections. Part [l] presents our work relating to agent-level
mechanisms and their applications in Colonel Blotto games and variations thereof. Part ]|
presents our work relating to system-level mechanisms and their applications in congestion
games. In this section, we outline the research agenda and summarize our contributions for

each of these two parts.

1.2.1 Part [I Decision-based mechanisms

In the first part of this dissertation, we focus on decision-based mechanisms and their
application to competitive resource allocation settings. Specifically, we adopt the framework of
Colonel Blotto games and variations thereof (especially General Lotto games) that model the
competitive interactions of budget-constrained players over valuable battlefields, and investigate
the role that information plays in the emergent strategic behaviour of such games. First, we

5
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aim to identify the value associated with knowing the opponents’ budgets and knowing the
battlefields’ values. Second, we wish to understand whether a competitor can strategically

reveal information to her opponents to improve her competitive position.

Outline. In Chapter [3| we introduce the Colonel Blotto and General Lotto game models
considered, and provide a discussion on possible applications and related works. In Chapter [4]
we introduce Bayesian formulations of the General Lotto game with asymmetric information on
either the values of the battlefields or players’ budgets, and identify the value of information on
these pieces of information to a competitor. In Chapter |5, we identify the strategic benefits of
pre-emption both in the form of battlefield and value concessions in three-player General Lotto
games (which we review in the chapter) as well as pre-allocated resources in General Lotto

games.

Contributions. The main contributions in Part [[] are discussed in Chapters 4 and [5] and are

summarized as follows:

1. In Section we propose the General Lotto game with incomplete value information,
which permits us to study the value of battlefield information in the General Lotto game.
We provide a complete equilibrium characterization in the setting with completely asym-
metric information (i.e., one player can see the realized system state while the other
only has access to the prior distribution governing the system state), the various system
states are all the permutations of a given vector of battlefield values, and the prior dis-
tribution is uniform (Theorem . We also characterize how the players’ equilibrium
payoffs change as we transition from the completely asymmetric information to complete

information settings (Theorem [4.1.2)).

2. In Section we propose the General Lotto game with asymmetric budget information,
which permits us to study the value of budget information in the General Lotto game.

First, we provide a complete equilibrium characterization of the class of games where the
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informed player’s budget is governed by a Bernoulli prior distribution (Theorem 4.2.1)).
We then compare the players’ equilibrium payoffs in the setting under Bernoulli prior

distribution against the complete information setting, and the setting where the informed

player selects the optimal prior distribution (Corollaries and [4.2.2]).

3. In Section [5.1], we propose the three-player General Lotto game with budget concessions
and the three-player General Lotto game with value concessions. First, we show that
budget concessions never offer strategic opportunities to any player (Theorem .
Then, we establish that value concessions can strictly improve a player’s equilibrium
payoff and fully characterize the set of pure strategy Nash equilibria for any given three-
player General Lotto game with value concessions (Theorem. Finally, we show that
neither concession format offers strategic opportunities in the (two-player) General Lotto

game.

4. In Section [5.2] we propose the General Lotto game with pre-allocations. First, we fully
characterize the players’ equilibrium payoffs to both players within such games (Theorem
5.2.1) which allows us to identify the level sets within the parameter space (Theorem
5.2.2). Based on these results, we establish that regular resources are at least twice as
effective as pre-allocated resources (Corollary , and solve the optimal investment

problem when these two types of resources have linear costs (Corollary [5.10).

1.2.2 Part [[I: Preference-based mechanisms

In the second part of this dissertation, we focus on preference-based mechanisms and their
application to non-cooperative multi-agent systems such as selfish routing in congestible net-
works and distributed resource allocation. Specifically, we adopt the framework of congestion
games that model the noncooperative interactions of self-interested decision makers whose lo-
cal utilities are distinct from an overarching system objective, and investigate how taxes can
be used to improve the system performance associated with the emergent strategic outcomes.

First, we consider a robust design approach in which we propose tractable methodologies for
7
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computing the taxes that optimize the worst-case equilibrium efficiency. We then consider
the consequences of the worst-case design approach on the best-case equilibrium efficiency and
transient system behaviour, identifying and characterizing the trade-offs between the worst-case

equilibrium efficiency and both these performance measures.

Outline. In Chapter [6] we introduce the congestion game model, taxation mechanisms and
relevant performance measures, and provide a discussion on possible applications and related
works. In Chapter [7, we review and draw connections between existing analytical techniques
for characterizing bounds on the equilibrium efficiency in games including smoothness and
primal-dual techniques, and propose game parameterizations that balance the tractability and
tightness of these bounds. In Chapter [§], we consider the design of taxes to optimize the worst-
case equilibrium efficiency, and provide tractable methodologies to accomplish this. In Chapter
[ we study the consequences of optimizing the worst-case equilibrium efficiency on the best-
case equilibrium efficiency and transient system performance, identifying and characterizing

performance trade-offs corresponding with both these directions.

Contributions. The main contributions in Part [T are contained in Chapters[7 [§ and [9] and

are summarized as follows:

1. In Section we introduce a novel smoothness notion — termed generalized smoothness
- that represents a slight modification of Roughgarden’s smoothness notion. Neverthe-
less, we show that generalized smoothness applies to a broader class of problems, and
offers improved bounds on the equilibrium efficiency when compared to Roughgarden’s

smoothness (Proposition [7.2.1]).

2. In Section [B:I], we consider the problem of designing taxes that optimize the worst-case
equilibrium efficiency in congestion games. We derive a methodology based on tractable
linear programs for computing the optimal taxes and the corresponding equilibrium effi-

ciency guarantees (Theorem|8.1.1). We then show that, for nondecreasing, convex resource
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cost functions, these linear programs can be further simplified, and that the equilibrium

efficiency guarantees can be written in closed-form (Theorem [8.1.2]).

3. In Section [8.2] we seek to identify universal performance guarantees on the equilibrium ef-
ficiency without relying on linear programming. For the class of resource allocation games
with nonnegative, concave nondecreasing welfare functions, we show that there exist util-
ity mechanisms that guarantee that the equilibrium efficiency is no lower than 1 — ¢/e
where ¢ is the curvature of the welfare function and e is Euler’s constant (Theorem .
Perhaps surprisingly, this efficiency guarantee matches the best-achievable approximation

ratio among all polynomial-time centralized algorithm for this class of problems.

4. In Section [9.1] we seek to characterize the tension between the worst- and best-case
equilibrium efficiency in congestion games. In this context, we identify the existence of
two separate trade-offs between these two performance measures. First, we show that the
taxes that optimize the worst-case equilibrium efficiency have corresponding best-case
equilibrium efficiency guarantees equal to the worst-case equilibrium efficiency (Theorem
. We then propose techniques for characterizing upper and lower bounds on the
trade-off curve in the joint optimization of the worst- and best-case equilibrium efficiency
(Theorems and . Next, we consider the existence of an inner trade-off between
the worst- and best-case equilibrium efficiency pairs that are jointly achieved within the
same game. Though such an inner trade-off does not exist under the taxes that optimize
either the worst- or best-case equilibrium efficiency (Theorem , we show that it does

in general (i.e., in the setting without taxes) (Theorem [9.1.2)).

5. In Section [9.2] we study the transient system performance in resource allocation games
with nondecreasing, concave resource welfare functions. We consider the setting where
agents perform k > 1 round-robin best response sequences before arriving at the solution
of interest. We first derive a linear program for computing the utility mechanism that

optimizes the system performance guarantees after a one-round walk (k = 1) (Theorem
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9.2.1). Using this result, we show that the best-achievable system performance after a
one-round walk is 1 — ¢/2 where ¢ is the curvature of the resource welfare function, and
that the best-achievable system perofrmance after x > 1 is no better (Theorem .
Finally, we show that a trade-off exists between the system performance guarantees after a
one-round walk and at equilibrium (Theorems and . Notably, the performance
guarantees after a one-round walk can be arbitrarily poor under the utility design that

optimizes the worst-case equilibrium efficiency.

10



Chapter 2

Mathematical preliminaries

2.1 Game theory and strategic decision making

In this section, we review several important concepts from game theory. However, this
section is not intended to provide a complete introduction to game theory. For more complete

introductions to this topic, we refer the interested reader to [3] [4].

2.1.1 Formal game definition

Formally, a game consists of a set of n players, which we denote as N = {1,...,n}. Each
player ¢ € N has a set of permissible actions, which we denote as A;. During play, each player
selects an action a; € A;, resulting in an action profile a = (ay,...,a,) at the end of play. We
use A =1II"" ;| A; to denote the set of all possible action profiles of the game.

Each player in a game associates a degree of satisfaction with each possible action profile of
the game, imposing a (possibly weak) preference ordering over the set A. In the definition of a
game, it is critical that each player i’s preference ordering be over the action profiles a € A and
not simply over actions a; € A; to ensure that i’s satisfaction is dependent not solely on her
own action, but on the other players’ actions as well. In general, the preference ordering over A
is different for each player. In this dissertation, we will specify the preference ordering for each

player by assigning a value to each possible action profile. Depending on what is appropriate

11
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for the application we consider, this value will represent either the payoff or cost experienced
by the player under the corresponding action profile. We will use m; : A - R and ¢; : A — R
to denote player i’s payoff and cost functions, respectively. Note that payoffs and costs can be
used interchangeably, since 7;(a) = —c¢;(a) preserves the preference ordering. Accordingly, we
can denote any game as a tuple G = (N, {A; }ien, {mi } ).

Before our discussion on strategic outcomes of games, it is important to explore the various
models of interaction in game theory. As we will see, the model of interaction will inform the
solution concepts that we consider. In this dissertation, we focus on simultaneous, sequential,

and incomplete information games, which we define below:

Definition 2.1.1 (Simultaneous game). A simultaneous game — also known as static or one-
shot game — are games where each player selects her action without access to information on
the other players’ actions. Therefore, these games are useful in modelling systems in which the
decision making takes place simultaneously. The classic example of a simultaneous game is
rock-paper-scissors, while other practical examples include the interaction between offense and

defense before each down in American football.

Definition 2.1.2 (Sequential game). A sequential game — also known as, Stackleberg or turn-
based game — is any game that is not simultaneous. In other words, at least one player has
access to information on at least one other player’s action. Naturally, such games model systems
in which the decision making has a strict temporal ordering. The classic example of a sequential
game is tic-tac-toe. Other practical examples include board games like chess and backgammon,

and card games like bridge and hearts.

Definition 2.1.3 (Incomplete information game). An incomplete information game is a game
in which at least one player does not possess all the information about the game parameters.
Thus, a player without complete information must select her action, for example, by reasoning
about her utility or cost in expectation if a prior distribution over the possible game parameters
is available. The classic example of an incomplete information game is an auction, as players

must select their bids without knowing the other players’ payoff functions.
12
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2.1.2 Nash equilibrium and other solution concepts

In any analytical framework, we would like to define solution concepts that we use to
represent the set of system outcomes within our model. In the case of game theory, the standard
assumption is that the players are self-interested in that each player i € N will select from the
actions that she most prefers if we fix the actions of the other players, i.e., given any action

profile a € A and payoff functions m; A — R for all ¢ € N, player ¢ will select an action

af € arg maxm;(aj, a_;), (2.1)
al€A;

where a},a_; denotes the action profile wherein player ¢ selects the action a} € A;, and every
other player selects her action in a. We will refer to any action a; € A; that satisfies as
player i’s best-response strategy to action profile a. Since the preference ordering specified by
the payoff functions can be weak, a given player’s best-response strategy to a given action profile
need not be unique in general. If a given action a] € A; is player i’s best-response strategy
for any action profile a, it is additionally termed a dominant strategy. The definition of best-
response strategies immediately prompts our first equilibrium notion: A pure Nash equilibrium
of a given simultaneous game G is any action profile a™® € A under which each player i’s action
a;® is a best-response strategy to a™°.

In general, a simultaneous game can have one or many pure Nash equilibria, but can also
have no pure Nash equilibria as well. Consider, as a simple example, the rock-paper-scissors
game. If player 1 selects the action “Rock,” then player 2’s best-response strategy is the
action “Paper,” which then makes player 1’s best-response strategy “Scissors,” making player
2’s best-response strategy “Rock,” and so on. Of course, anyone who has played rock-paper-
scissors knows that it is best to mix between “Rock,” “Paper” and “Scissors,” or to randomize
one’s strategy. When players have mized strategies, i.e., each player ¢ € N can choose a
probability distribution over her actions o; € A(A4;), then we assume that they act to maximize

their expected payoffs under the joint probability distribution over action profiles o = II'"_; o;

13
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where 0 € A(A). Here we have implicitly assumed that the players’ mixed strategies are
independently distributed. If we augment a game G by endowing each player with the choice
of any mixed strategy over her action set, a mired Nash equilibrium is a joint probability

distribution sigma™® = 1I7"_; o}'°

such that each player ¢’s choice o; is a best-response mixed
strategy to . One of the most important results — if not the most important result — in game
theory was John Nash’s proof that every game with a finite number of players, each with a
finite set of actions, has a mixed Nash equilibrium.

In certain scenarios, we may wish to drop the assumption that players’ mixed strategies are
independently distributed, for example, if the players share communication channels or there is
a game coordinator that chooses the players’ strategies on their behalf. Under such correlated
joint probability distributions o € A(A), we may consider the notion of correlated equilibrium
as the solution concept, which is any distribution o € A(A) such that the marginal distribution
o is a best-response mixed strategy to o for each player ¢ € N. For any given game, observe
that the set of pure Nash equilibria is a subset of the set of mixed Nash equilibria, which is
itself a subset of the set of correlated equilibria.

Observe that sequential and incomplete information games naturally give rise to their own
set of solution concepts akin to those defined above for simultaneous games. First, an action
profile in a sequential game is termed a subgame perfect Nash equilibrium if each player’s action
at each stage of the game is her best-response strategy given the actions played at earlier stages
as well as the current stage of the game. Finally, we will assume that players with incomplete
information use Bayes’ rule based on given priors distribution over the possible game parameters
to compute their expected payoffs. This leads to Bayes Nash equilibrium as the relevant solution

concept.

2.1.3 Mechanisms

Classically, a mechanism is defined as a mapping from the set of all possible action profiles

A to the set of players’ utility or cost values [19]. In this sense, a mechanism defines a game

14
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upon a given set of players N = {1,...,n} with action sets {4;}?_,. For this reason, the study
of mechanisms and mechanism design — which refers to the design of a mechanism to induce a
desired set of solutions — is also referred to as game design and reverse game theory.

In this dissertation, we propose a modified definition of mechanism which we believe re-
tains the original spirit of the study of mechanisms while broadening its applications within
engineering. In our definition, a mechanism is a mapping M : G x © — G’ from a nominal
family of games G and some parameter space © to a family of modified games G’. The idea
is to compare the players’ equilibrium payoffs in a given nominal game G € G against their
equilibrium payoffs in the modified game G' = M(G,0) corresponding to parameter vector
0 € © to characterize the impact of this modification. Thus, under this definition, a mechanism
can be used to modify a complete information game to study the effect of withholding some
information from a player, to modify a simultaneous game to study the strategic outcomes in

a sequential counterpart, among other interesting engineering perspectives.
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Chapter 3

Introduction

3.1 Model: Colonel Blotto games and variations

A Colonel Blotto game consists of two players A and B. Each possesses an amount X; > 0,
i € {A, B}, of resources to distribute among a set of B > 2 battlefields. Each battlefield
b € {1,...,B} has an associated value v, > 0. Each player i € {A, B} selects a vector
a; = (a;1,...,a;p) from the set of vectors A; = A(X;) := {a € R"s.t. a > 0,15a < X,}.

Given action profile (a4, ap), player i’s utility is given by

B
wi(ai,a_;) = vy Ulaip, aip) (3.1)
b=1
where
1, ifx>y
Ulz,y) :=1/2, ifz=y- (32)
0, ifex<y

Observe that a mixed strategy for player i is any B-variate distribution F; on A(X;). Hence, any

pure strategy a drawn from the distribution F; satisfies the budget constraint with probability
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one. Each player ¢’s expected utility under distributions F; and F_; is evaluated as
EainiEa,in,i u’i (ai7 a—i)' (33)
We will refer to a particular instance of the Colonel Blotto game as CB(X 4, Xp, w).

3.1.1 General Lotto game

A General Lotto game is a popular variation of the Colonel Blotto game. The two models are
identical in their definitions except for the players’ action sets. In the General Lotto game, each
player i € {A, B} selects a B-variate distribution F; from the set of distributions A; := £(X;),
where we let £(X;) denote the set of all distributions F' on Rf that satisfy the following budget

constraint:

B
ZEabNF[ab] < Xz (34)
b=1

Note that this relaxes the budget constraint from the Colonel Blotto game that is satisfied
with probability one to a budget constraint that is satisfied in expectation. Players’ expected
utilities under distributions F; and F_; are evaluated as in . It is important to note that the
players’ utility structures in the Colonel Blotto and General Lotto games define constant-sum
games, since the players’ utilities always sum to 25:1 vp. It is well known that the players’

equilibrium payoffs are unique in General Lotto games, as summarized in the following theorem:

Theorem 3.1.1 (General Lotto payoffs[20]). Consider the General Lotto game with player
budgets X4, Xp > 0 and battlefield values v > 0 with cumulative worth ® = 17v. Player
i € {A, B} has unique equilibrium payoﬁﬂ

®- 2?((, if Xi < X4,

o (1-3%) #Xi>Xo

!Candidate equilibrium strategies are characterized in [21), 20], and consist of non-trivial probability distri-
butions over R%,. However, unlike the players’ equilibrium payoffs, the equilibrium strategies in General Lotto
games are not generally unique.
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Observe that the players’ equilibrium payoffs in the General Lotto game are independent of
the specific values in the vector of battlefield values v, and only depend on the cumulative value
® = 17v, and the players’ relative budgets. Thus, we will denote an instance of the General

Lotto game as GL(X 4, Xp, ®). Figure depicts the two-player General Lotto game.

3.2 Applications

Resource allocation decisions in adversarial environments are central to the design and oper-
ation of networked multi-agent systems. Adversarial models are especially prevalent in studies
of cyber-physical systems control (e.g., perimeter defense [22] 23], attack identification [24 25],
data protection [26] 27]), and robust network control under disturbances (e.g., economic dis-
patch [28], leader-follower control [29]). The common objective in these settings is to ensure the
best performance under strategic interference by the adversary. In adversarial contexts, zero-
and constant-sum game models (like Colonel Blotto and General Lotto games) are particularly
popular, as the gains of a given player necessarily come at a cost to the others. Such mod-
els have been applied to pursuit-evasion [30, B31]], threat detection [32, B3] and secure control

[34, [35], among other problems in cyber-physical systems.

3.3 Related work

The primary line of research in Colonel Blotto games focuses on characterizing the equilibria
for a given competitive environment. Since Borel’s initial study, many works have advanced this
thread (see, e.g., [36] 37, 20} 38, [39] [40), 41]). However, analytical solutions to the most general
settings remain as open problems. As such, there are several variations of Colonel Blotto games
that have been studied extensively. Of these variations, General Lotto games [42], 21, 20} [43] are
the most popular. Notably, the players’ equilibrium payoffs in General Lotto games have been
fully characterized [21] 20]. Due to its tractability, the General Lotto game is often adopted

in studies of more complex adversarial environments, including engineering domains such as
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network security [44], [45] [46] and the security of cyber-physical systems [47, [48], [49].

Our work on pre-emption relates to recent threads in the literature on two-stage General
Lotto game models, where players have the option to publicly announce their strategic intentions
ahead of play. Relevant to our study of concessions in Section are [48, 49| [50], in which the
authors propose game models in which players facing a common adversary have the opportunity
to negotiate an alliance that takes the form of a pre-emptive, unilateral budget transfer between
the players. However, mechanisms requiring mutual coordination — including alliances — are
often not practical, as the necessary channels for coordination between the players may not be
available, or players’ budgets may not be directly transferable. This further motivates our study
of concessions, as they model decisions that do not require mutual coordination. Our study
of pre-allocation in Section draws significant inspiration from the General Lotto game with
favoritism (GL-F) proposed in [51]. Favoritism refers to the fact that pre-allocated resources
provide an inherent advantage to one player’s competitive chances over the other’s. Their work
establishes existence of equilibria and develops computational methods to calculate them to
arbitrary precision. However, this prior work considers pre-allocated resources as exogenous
parameters of the game. In contrast, we model the deployment of pre-allocated resources as a
strategic element of the competitive interaction. Furthermore, we provide the first analytical
characterization of equilibria and the corresponding payoffs in GL-F games. Finally, our study
of strategic concessions and pre-allocations falls under a larger research thread on the potential

benefits associated with revealing information to an adversary (see, e.g., [52], 53| 54]).
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Chapter 4

Obfuscating mechanisms: The value

of concealing information

Beyond the results presented in this chapter, few contributions in the Colonel Blotto literature
characterize equilibrium solutions in incomplete information settings [55) 56, 57, [58]. Moreover,
the study of incomplete, asymmetric information in the literature is largely unavailable.

In this chapter, we investigate General Lotto games with incomplete and asymmetric in-
formation about battlefield values and about players’ budget endowments. There are many
motivations for considering problem settings with informational asymmetries. From an ana-
lytical perspective, characterizing equilibria and the corresponding equilibrium payoffs in such
scenarios directly identifies the “value of information” pertaining to these vital pieces of infor-
mation. That is, how does knowledge (or lack thereof) about the strategic objectives or about
an opponent’s strength impact the viable strategies and resulting performance? On the other
hand, this characterization can also be leveraged to inform how one should obfuscate informa-
tion in competitive scenarios. For instance, what is the return on investment for concealing

information related to the value of the various strategic objectives and one’s overall strength?
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4.1 The value of battlefield information

4.1.1 Model

We define the following Bayesian framework for General Lotto games with incomplete value
information: Before play, the vector of batttlefield values v € R} is drawn from a distribution
p that is common knowledge. The distribution is over a finite collection of vectors V, where
v € V is drawn with probability py > 0, and ., pv = 1. We will call an element of V' a state,
and V the state space.

The information available to each player i € {A, B} about the realized state v can be
represented by a mapping from states to types, 7; : V — 7T;. Here, 7; is the set of types for
player i, where 1 < |7;] < |V|. The mapping 7; describes how well i can distinguish between
different realized states. For example, if 7; is a bijection (i.e., player i has a unique type for
each state), then player i is informed about the state. Otherwise, if 7;(v) =t (i.e., player i has
one type for all the states), then player ¢ is uninformed, i.e., cannot refine its posterior from
the common prior p. As is standard in Bayesian games, the mappings are common knowledge.

Each player is tasked with allocating her resources over the n battlefields. An allocation
is a vector x; = (l‘i7b)bB:1 € R’}. Given type spaces 7;, an admissible strategy for player 7 is a

tuple of n-variate distributions F; = {F!}e7: € L£(X;)ITil, where F! € £(X;) means that
it [Z xb] < X;. (4.1)
beB

In words, player ¢ in type ¢ € 7; can randomize over any allocation in R’} as long as its budget
is not violated in expectation. Given state v € V is realized, the type of player i is t; = 7(v),

and the resulting payoff to both players is given by

o0
VP Fv) = 3o [ ) (42)
beB

where Fit"b is the univariate marginal distribution on player ¢’s allocation to battlefield b. The
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Figure 4.1: Left: The game BU(X 4, Xp,«). Each row is a state v € V that represents one
equiprobable set of battlefield values. Each state is a permutation of n underlying values
(a;)™_;. Player A observes the realization, whereas player B does not. In this example, there
are four underlying values, and there are 4! = 24 states. Middle: The game PB(X 4, X5, a,1).
Given there are only two distinct underlying values, 1 and «, and hence there are only four
distinct permutations (states). In this depiction, player B can observe the first two battlefields

(of four) from the realized state. It thus refines its posterior belief on the state realization.

Right: Percent increase in payoff, 100 x (% — 1), for player B from observing

r = {0,1,2,3} battlefields when n = 4. Here we fix X4 = 1 and a = 0.1. The percent
increase is explicitly given in Corollary for smaller budgets Xp < X4.

integral term is the probability that player ¢ allocates more resources to b. The ex-ante expected

payoff to player ¢ is thus given by

IL;(F3, F_) - va- f ZT’(V),FI;i(V);v). (4.3)
vey

An equilibrium is a strategy profile (F}*, F**,) such that
IL(F7, FZ) = ILi(F, FZy) (4.4)
for each i € {A, B} and any F; € £(X;)!T:l.

4.1.2 Completely asymmetric information

While an analytical characterization of equilibrium is desirable for arbitrary state spaces V,
prior p, and information structures 74, 75, such a task proves difficult to accomplish. Nonethe-

less, we provide complete analytical equilibrium characterizations given that the following as-
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sumptions hold.
Assumption 4.1.1. Player A is informed and player B is uninformed.

Thus, we consider the completely asymmetric information setting. We will also consider

state spaces with the following structure.

Assumption 4.1.2. Given n underlying values o = (o, ..., ) with a1 > ag > -+ > ap,
the state space V is comprised of all possible permutations of the elements in a. Moreover, the

prior p is uniform.

Assumption asserts that the players always compete over the same set of n values,
but their orientation is different in each state of the world[] Such scenarios can arise when a
defender (player A) attempts to obfuscate the location of its valuable assets, which are targeted
by an attacker (player B). An illustration of our setup is depicted in Figure (left).

We refer to this class of games as General Lotto games with asymmetric value informa-
tion (GL-V), and denote an instance with GL-V(X 4, Xp, a). We will denote the equilibrium
payoff to player i as 7;(X4, Xp, ), where it holds that 7p = ;" ; & — m4a. A complete char-
acterization of the players’ equilibrium payoffs in the GL-V game is given in the main result

below.

Theorem 4.1.1. The unique equilibrium payoff mp(Xa, Xp,a) to player B (uninformed) in
the game GL-V(X 4, Xp, ) is given as follows. If Xp € [0, X 4), it is

n
Xp o

25 2 (2i—1). (4.5)

! Assumption is also equivalent to considering the state space with n states, where the elements of o are
simply shifted one position to the right (modulo n) in each subsequent state. This equivalence holds because
each battlefield b is still equally likely to hold the value a. Setups where the type mappings are arbitrary, the
values do not have the permutation structure of Assumption or the distribution on states is not uniform,
prove difficult to analyze with the methods developed in this paper. Such generalizations are left for future work.
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If Xp € [%, %) (k € [n]), then it is

n X k—1 o k—1 a
B i J
= ~ 1142 s
ity > 1Tz o
i=k i=1 j=i+1 (4.6)
nopXa k—1Xg\?
2XB n XA

The unique equilibrium payoff to player A is ma = Zie[n] o —TR.

Comparison with complete information. We compare the players’ equilibrium payoffs
mA(G), 7p(G) in the GL-V game with their payoffs in the nominal, complete information game,
where players A and B play the General Lotto game GL(X 4, Xp,«). Player A’s equilibrium
payoff in the nominal game is provided in Fact where ® =, o. We show in the next
result that the uninformed player can receive n times more payoff in the complete information

game.

Corollary 4.1.1. Player B can experience an n-fold performance improvement by acquiring

complete information about the battlefield values. Specifically, for Xp < X4,

751X 4, Xp)
max ————— =
acR?, m(Xa, Xp, a)

Proof. Player B’s complete information payoff is 78! = ;(Ti o, oy (see Fact . When it
CI
has incomplete information, the payoff is given by (4.5). The ratio % takes its highest value

of n when all value is concentrated at a; > 0, i.e. ag = -+ = a,, = 0. L]

4.1.3 Partial battlefield uncertainty

We next consider scenarios where player B is partially informed about the state — it can
observe r € {0,1,...,n — 1} of the realized battlefield valuations, while player A remains fully

informed. Note that Assumption does not hold if r #£ 0. To formulate such a scenario,
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we consider a simplified setting with two underlying values: one priority typeﬂ of value a; =1,
and n — 1 non-priority types each with value &« = a3 = -+ = «a, € [0,1]. Considering all
permutations of the values, there are thus n distinct and equiprobable states of the world.
Each state of the world, i € [n], takes the form v’ = (a,...,1,...,a) where the 1 is in the i-th
component (see Figure b.

Formally, player B has r + 1 types Tp = {t1,...,tr,tr+1}. The type mapping 75 is given
by

) ti, if i € [’I“]
(V') = . (4.7)

tre1, ifie{r+1,...,n}

In words, if the priority valuation belongs to one of the first r battlefields (w.p. ), player
B is fully informed about the state (it is one of {v!,...,v"}), and the General Lotto game
becomes one of complete information. In the event that the r valuations player B observes
are non-priority (w.p. 1 — =), player B holds a uniform posterior belief on the n — r states
{v*t1 ... v"}. A strategy for player A belongs to £(X4)" ", and a strategy for player B
belongs to £(Xp). Their payoffs are thus evaluated according to (4.3) with {v"*! ... v"} as
the state space with a uniform prior.

We refer to this class of games as General Lotto games with partial value information, and
denote an instance as GL-PV(X 4, Xp,a,r). A diagram of this setup is given in Figure
(middle). Note the class of BU games from the previous section covers the case r = 0 for a
wider range of possible battlefield values. We completely characterize the equilibrium payoffs

(X4, XpB,a,r) in the main result below.

Theorem 4.1.2. The unique equilibrium payoff ng(Xa, Xp,a,1) to player B in the game

GL-PV(X 4, X, a, 1) is given as follows. If Xp € [0, X 4], then it is

%wg‘u”_’” <¢_ra+(n—1)a>. (4.8)

2vn n—r

2The value of 1 is without loss of generality. If there are only two distinct values, e.g. 8 > «, then one can
always normalize by (.
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where v := Xa/Xp. If Xp € (Xa,(n —1)X4], then it is

n—r

If Xp > (n—1r)Xa, then it is

T o . M—T
—Tg +
B

(6-(n-(-am3). (4.10)

Here, we denote ¢ := 1+ (n — 1)ae. The unique equilibrium payoff to player A is Ty = ¢ — 7p.

For low budgets, we can analytically characterize player B’s payoff improvement compared to

when it observes no battlefields (also see Figure (right) for a numerical plot).

Corollary 4.1.2. For Xp < X4, the performance improvement factor for player B as a result

of acquiring information about r < n — 1 battlefield valuations is

WB(XA7X37Q7T>:1+,’A' l—«
7TB<XAaXBaa7O) (1 - Oé) + anQ‘

(4.11)

For each additional battlefield observed, the improvement increases by a constant linear factor.
Figure (right) also suggests that the improvement factor decreases to 1 as Xp grows large.

In other words, it appears that battlefield information is less valuable to stronger players.

4.2 The value of budgetary information

4.2.1 Model

In our formulation of the General Lotto game with asymmetric budget information (GL-B),
player A’s true budget is drawn from a common (Bernoulli) prior probability distribution, where
player B has knowledge of the prior distribution but does not observe the realization of player
A’s budget. Specifically, player A’s budget is of the high type (X4 = Xp) with probability
p, and of the low type (X4 = X ) with probability 1 — p, where Xy > X > 0. Player B’s

27



Obfuscating mechanisms: The value of concealing information Chapter 4

budget Xp is fixed and is common knowledge. Additionally, the games we consider have a

single battlefield of value 1| A formal definition is given below.

Definition 4.2.1. An instance of the GL-B game is specified by four parameters: Xg > 0, X >
0,Xp >0, and p € [0,1], such that Xg > Xr. Here, ty indicates the “high” budget type,
occurring with probability p, and ty, is the “low” budget type, occurring with probability 1 — p.
A strategy for player A is a pair of distributions Fa := (Fa(ty) € L(Xpg),Fa(ty) € L(Xp)). A
strategy for player B is a single distribution Fp € L(Xp). The expected payoff to each player

18 given by
HA(FA, F):=p-Ua(Fa(ty), Fp)+ (1 —p) - Ua(Fa(tr), Fp) (412)
Up(Fp,Fa) :=p-Up(Fp, Fa(tn)) + (1 —p) - Up(FB, Fa(tr))
where it holds that Ig(Fp,F4) = 1 — l4(Fa,Fp). We will often refer to player A as the
informed player, and to player B as the uninformed player. Let the tuple G = (X, X1, XB,p)

represent one instance of this game, which we will sometimes refer to as GL-B(Xg, X1, Xp,p)

(or as GL-B when the context is clear).

4.2.2 Complete characterization of equilibrium payoffs.

Our goal is to evaluate the equilibrium payoffs for any given GL-B game. Throughout the

paper, we will denote the budget ratios as v; := ;((;, i € {H, L}, and define 5 := pyg+(1—p)vz,

when convenient.
Our complete characterization of the players’ equilibrium payoffs in the GL-B game is given

as follows.

Theorem 4.2.1. Consider a GL-B game G = (Xpg, X, Xp,p) with a single battlefield with

3Recall that a General Lotto game over a single battlefield with value 1 is mathematically equivalent to any
General Lotto game with n battlefields that have cumulative value of 1.
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value 1. Player A’s equilibrium payoff is

1, if (v, ) € Ra
1- &, if (Yva,7L) € R
ma(@) = 4p+(1-p) (154 ) if (i, y) €Rg (413)
p+(1-p)¥%, if (v, 7L) € Ra
2
p+(1—p)lt+ ﬁ(z;mH) - (@Jrﬁ) , if (e, 7L) € Rs

where Ry, k=1,...,5, are disjoint subsets of R := {(vu,vr) € R% : yu > vy}, given by

={(vu, ) ER: <1} \Rs

1
{’YH’YL )ER: ’y>1and’yL>2_§}
1—

=) ER:vm =22+ andlngSJWH (4.14)

1 P 2—p

p

=3 (vu,L) ER:ym =2+ and gfngl}
{ 1 p (1 =p)(ye —2)

={(vu,7L) ER:vL < G(vu)}

with G(vg) defined as

07 Zf’YH € [07 1)
p(yr—1)? if
— — ) YH € [172 _p]
Gly) =4 P (4.15)
CERl if’yHG(Q—pﬂJrﬁ

TGy v >2+15

In the proof of Theorem we establish a connection to two-player all-pay auctions with
asymmetric information, and leverage solutions to such auctions to derive a system of non-
linear equations associated with the Lotto budget constraints . Note that such solutions
can only be applied to the sub-region R5. The equilibrium characterization for the remaining

29



Obfuscating mechanisms: The value of concealing information Chapter 4

four regions is then done ad hoc.

Comparison with complete information. We identify the effect of asymmetric budget
information by comparing the players’ equilibrium payoffs m4(G), 7p(G) in the GL-B game
with their payoffs in the nominal, complete information game, where players A and B play the
(complete information) General Lotto game GL(Xg, Xp,v) with probability p and the game
GL(X, Xp,v) with probability 1 — p. Player A’s equilibrium payoff in the nominal game is
provided in [21]:

7U(G) =@ - pL(Xy, Xp) + (1 — p)L(XL, X)) (4.16)

where ® = "7 [1y] = 1 and

LX,Y) = {X/(2Y) ifX <Y, 1-Y/(2X) if X >V. (4.17)

Corollary 4.2.1. Given any GL-B game G, we have that TA(G) = 7{H(G) when (ym,v1) €

RiN{(var,vL) € RE st vp < vy < 1}, or when (v, 1) € Re N {(vm,72) € RY s.t. vy >

y1, > 1}. Otherwise, we have that w4(G) > n§/(G).

Comparison with other prior distributions. Previously, we identified the value of budget
information when player A’s budget is governed by a Bernoulli prior distribution. We may also
consider the setting where player A is endowed with some budget X4, and may choose any
prior distribution fs € A(R4) such that E;op, [z] < X 4. It is straightforward to show that an
optimal prior distribution is simply player A’s equilibrium strategy from the General Lotto game
GL(X 4, Xp, V). Therefore, player A’s equilibrium payoff under her optimal prior distribution
is 10'(G) = ® - L(Xa, XB), where X4 = pXg + (1 — p)Xp.

From the characterization of the equilibrium payoffs in Theorem we observe that
player A does not benefit from further obfuscating her budget (i.e., 74(G) = 7P"(Q)) if
(Ye,7L) € R1UR2. Otherwise, player A’s equilibrium payoff under the optimal prior distribu-

tion is strictly greater than under the Bernoulli distribution. We formally state this observation
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in the following:

Corollary 4.2.2. Given any GL-B game G, we have that mA(G) = %" (G) when (ym, L) €

RiURy. Otherwise, we have that m4(G) < 7%'(Q).

4.3 Chapter proofs

This section contains the proofs of the main results in this chapter.

4.3.1 Proofs from Section 4.1

Proof of Theorem Let s € [n!] be an indexing of the state space V, which is all
permutations of the vector a (Assumption . Also, denote v; as the value of battlefield
b in state s and Fj, as A’s marginal distribution on allocations to battlefield b in state s.
We will consider strategies for player A that satisfy F , = FA v Whenever v = vlf,/ = oy
(for some ¢ € [n]). That is, it applies the same marginal distribution for the battlefields
identified with the underlying value a;. We will henceforth refer to such strategies as symmetric,
denoting Fiq € S4(X4). Such a strategy is thus represented as a tuple of n univariate marginals
{Fj{}ie[n] € L(X4)", where player A employs F on the battlefield identified with ; in any
state s.

Similarly, we will consider symmetric strategies Fp € Sp(Xp) for player B that satisfy
Fpy = Fpy for every b,b' € [n], i.e. it uses the same distribution for every battlefield. It
is represented with a single univariate distribution Fp (i.e. without explicitly referring to

marginals Fp). The following result provides a method to find an equilibrium of BU games.

Lemma 4.3.1. Consider the game BU(Xa, Xp, ). Suppose A = (Aa,Ag) € R% solves the

following system of equations

nARB nAa
Xa= E / 1 g / 1 xdx (4.18)
1+ 7,+

’L
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where

F() = ' (4.19)

and T; are defined as follows. If k € [n],

SRl e gk () MED) e e (g
T, .= 7T M ( Ao ) (4.20)
0, ifi >k

Ifk =n+1, T, .= Y .52 Then an equilibrium (Fa,Fg) € Sa(Xa) x Sp(XB) of

J=i nAp’

BU(X 4, Xp, ) is given as follows. For player A, F'y (i € [n]) is given by

(

Unif(Tiy1,T), ifielk—1]
(1 - ”A;T%) oo+ 22 Unif(0, T;), ifi =k (4.21)
do, ifi >k
and Fp is given by
iy M Unif( T, T)), ifk € [n)
' (4.22)
(1-32) do+ 30y MO Ui Ty, Ty), if h=nt1
The equilibrium payoff to player A is
a; i o(a; — ay)
AaX — — )M\ T; —— 4.2
AA+'Z (aE )AkJrZ - (4.23)
i€lk—1] k=i+1
where o 1= :\\—B. The equilibrium payoff to player B is
ABXB + ag — TL)\BT]*€ + Z Q. (4.24)

i=k+1
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Before proceeding with the proof, a few remarks are in order. The system of equations (4.18])
corresponds to the expected budget constraints for both players , where each term in the
sum is the expected allocation to the battlefield identified with «; under the strategies Fiu, F'p
, . For a solution \, player A competes on the most valuable k(\) battlefields.

The marginals of F4, Fp are precisely the equilibrium bidding strategies of a two-player
all-pay auction with asymmetric information [59]. It can be shown that the necessary condition
for equilibrium in the BU game coincides with that of n independent all-pay auctions — each
corresponding to one of the n battlefields [60]. The connection between all-pay auctions and

the equilibria of General Lotto games is often utilized in the literature [39, 20} 60, 51]. Lastly,

the sum of the equilibrium payoffs ([4.23)), (4.24) is > ;" ; @ (constant-sum game).

Proof. We show that the marginals and constitute an equilibrium profile for
BU(X 4, X, «). For space concerns, we provide the proof for the case that a solution X exists
when k € [n] (the case k = n + 1 follows similar arguments). The approach is to show that F4
is a best-response to F, and then vice versa. Suppose F4 € Sa(X4) is another symmetri(ﬁ

strategy for A. Player A’s expected payoff against Fp then becomes identical regardless of the
state. We can thus write I14(Fa, Fg) ([4.3) as

S =Y o /OOO Fp(x) dF. (4.25)

1€[n] 1€[n]

The approach is to derive a universal upper bound of the above expression for any Fa € Sa(X4),
and then show that F4 (4.21)) meets the upper bound with equality. Using (4.22), and denoting

o= f\‘—g for compactness, we can write C; as

o Aacs (TR _. 0o

Cl = AO"/ xdFjl—ka,-/dFjl
& Jo T

A

k-1 T; . .
+ai2/ (1—%0+;(x—:rjﬂ))dpj4
j=1 !

(4.26)

Tj+1

“Here, deviations can be restricted to Sa(Xa) in place of the more general space £(X4)™, without loss of
generality. Intuitively, this is due to the symmetry in the arrangement of the battlefields in our setup, and
because Fp itself is a symmetric strategy for B.
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We can write C* as

)\A/ cdFy 4+ ;| dF}y
0

T1
T min(i,k) . T; o
+Z 7—1 AA/xdF,g— Z(l—,)AA/ zdFy (4.27)
j=it1 @ Tyt j=1 Y Tt

k-1 j v T _
i(1—20) — —AaT; dF"
# 31 = o) = Lo 1) [ aF

J Tj11

It will be instructive to collect the terms above with respect to each interval [Tj;1,7}]. For

. . . j AaTj ) ; —
je{1,... i}, the term is a;((1—20) — M)f dFy —(1— %)AAijjﬁf dF. Tt can be upper

a; Tj+1
bounded by
- k—1 ‘I
(EE T+ 2 Y (o — ) / dF (4.28)
% " kS Ti+1

The upper bound is due to an application of Markov’s inequality, i.e. — ff xdF < —a ff dF for
any interval [a,b] and distribution F. Let us denote the upper bound above as B;. A similar

bound can be derived for the [Tj41,Tj] terms when j € {i + 1,...,k}:
T
(Cvi - Odk) / ClFA (4.29)

Let us denote b}, j € [K], as the coefficient in the upper bounds (£.28)),(#.29). Additionally, we

can write the first two terms of (4.27), A4 fOTl dF + o f;lo dF, as

AAX};+ai/ dF —AA/ zdFY
h h (4.30)

S/\AXf;l—i-(ai—/\ATl)/dF’ﬁl
T
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where X := [;% dF?. The expression d' := a; — XT1, i € [n], can be written as

(aic JAAT + 2 Zk;ﬁz( —ay), if j € [K] (4.31)

ai—a,;—I—%Zﬁ;i(a,;—ak), if >k

Player A’s expected payoff I14(F4, Fg) can then be upper bounded by

MXa+ Y di/ dFA+Zb’ /Tde};, (4.32)
icln] gl j=1  7Tin

where we used Z - fo RdFY = X4 — ?:1 f:,?fx dF%. For any i > k, we have b; < 0 and
d' <0,V j € [k]. For i € [k], we observe that b} = max; (g bé, and that d; < b} with equality if
and only if ¢ = 1. Therefore, the expression is maximized to Ag X4 + Zie[}é] bt if the mass
of F', i € [k], is contained in the interval [T;;1,7;], and each F represents a point mass at
zero for i > k. Note that F4 satisfies all of these properties. One can then show after algebraic
steps, that with F4 = F4 coincides with . Lastly, F4 satisfies the budget constraint

because (A4, Ap) satisfies the first equation of (4.18).
The proof is completed by showing that serves as an upper bound for Ilg(F4, Fi) for
any Fp € S(Xg), and that Fg = Fp achieves the upper bound. The arguments are similar to
the procedure when deriving the upper bound for IT4(F4, F), and hence we omit the details

due to space concerns.

O]

Proof of Theorem [{.1.1, From the system of equations (4.18), we can immediately deduce
that o = :\\—;‘ = ))%B' Also, note that k(\) depends only on o. Thus, k € [n] is equiva-
lent to the budget conditions

({19 is A = <5 | Ds

Dy = Zf;ll % (O" + ZJ —it1 oz]> The expressions for equilibrium payoff in the statement of

Theorem can be recovered from these solutions and Lemma and (| -

€ [% ). When k = k € [n], the unique solution of

73
Xa
( >< —i—%)] and A\g = yAa, where v := % and
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Proof of Theorem In the game PB(X 4, Xp,a,r), player B is informed about the

state of the world with probability . 1In this event, its equilibrium payoff is ﬂgl. With

n—r
n

probability , player B holds a uniform posterior distribution on the last n — r states, while
player A remains completely informed. In this event, we say player B has partial uncertainty.
The first r battlefields of the state are common knowledge (non-priority «), while player B
does not know the location of the priority value 1 among the last n — r battlefields. We thus
observe that the first r battlefields are contested with “complete information”, and the last
n —r battlefields are contested with asymmetric information precisely described by a BU game.
Our approach to deriving an equilibrium to the PB game is to generalize the system of
equations to the scenario when player B has partial uncertainty. Let us define

k(A) T Tl)\,g
Gi(\a) =) wdr, (€{A, B} (4.33)

im1 T i

where n is the number of elements in «. Recall in BU games (Lemma [4.3.1), an equilibrium
corresponds to the solution A € R% of the system X4 = Ga(\;a) and Xp = Gp(\;a). For
any A, «, let us also denote Ff({\’a) = {FZ(’\’Q)}iE[n} as the set of player A’s marginals given in

(4.21]) and Fg"a) as player B’s marginal given in (4.22)).

Lemma 4.3.2. Consider PB(Xa,Xp,a,1). Suppose A € Ri is a solution to the system of

equations

Xa=Ga(\;al,) +Ga(X;vp—y)
(4.34)

Xp= GB()\; alr) + GB()\; Vn—r)

where 1, is a vector of r ones, and v,_, = (1,al,_,_1). Then given player B has partial

uncertainty, an equilibrium strategy for A is to deploy the marginals {Fi"()"a1

T)}ie[r] on the first
r battlefields, and marginals {FZ(/\’V"*T)}Z»E[”_T] corresponding to the last n — r battlefields. An
equilibrium strategy for B is to deploy the marginal F](B’\’MT) on each of the first r battlefields,

and the marginal Fg’v"”‘) on each of the last n — r battlefields.

Proof. We note the expression G 4(A,al,) depends on whether ¢ > 1 or ¢ < 1, and the
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expression G 4(\;vy,—,) depends on whether 0 < 1,1 < 0 < n—r, or 0 > n —r. Hence,
a solution falls into one of the three latter cases. Moreover, we can deduce from (4.34) that
o= :\\—B = %. We can also calculate player A and B’s equilibrium payoffs from the equilibrium

marginals generated in the statement of the lemma. We omit the details of the proof because

the structure follows similar arguments and calculations from the proof of Lemma [4.3.1 O

4.3.2 Proofs from Section [4.2]

This section is devoted to the proof of Theorem — the characterization of equilibrium
payoffs in the Bayesian Lotto game (Definition . To do so, we derive the equilibrium
strategies for player A and B in any game instance G € G. First, we establish a connection
between the necessary conditions for equilibrium in two-player all-pay auctions with asymmet-
ric information and the BL game. Second, we leverage equilibrium solutions to such all-pay
auctions, provided by [59], to formulate a system of non-linear equations in the Lagrange multi-
pliers A associated with the players’ Lotto expected budget constraints . Finally, we solve
this system of equations, and show that a solution can take one of three different forms, which
correspond to disjoint regions in the multiplier space. Hence, solutions to this system are not
only algebraic, but also case-dependent.

We completely characterize solutions to these equations in Proposition finding they
exist only for a subset of BL games we are interested in (region R5). Indeed, the algorithm in
[59] constructs equilibrium strategies to the auctions when certain monotonicity conditions are
met — players’ types are required to be somewhat correlated to their valuations. While these
informational requirements hold in the BL games we are interested in, we find the structure
of the auction strategies cannot accommodate all possible combinations of budget parameters
X1, X2, Xp, limiting the applicability of [59] to the sub-region R5 C G. Nonetheless, we prove
that solutions to the system of equations, when they exist, correspond to equilibria of the BL
game (Proposition .

We then identify the remaining regions R;, i = 1,...,4 to have distinct equilibrium struc-
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tures that cannot be calculated from the aforementioned system of equations. For these equilib-
ria, we combine features of the equilibrium strategies from complete information Lotto games
with those that were computed through the system of equations. These details and proofs are
given in the Appendix, thus completing the proof of Theorem

We first review all-pay auctions with asymmetric information, as studied by Siegel in [59].

All-pay auctions with asymmetric information and valuations. In an all-pay auction,
two bidders (A and B) compete over a single item. Before bids are submitted, player A privately
observes one of two possible types: t1 (type 1) with a probability p and ta (type 2) with 1 — p.
Here, it is assumed p is common knowledge and p > 0. Player B always observes the same type
tp. Hence, there are two possible type proﬁleeﬂ corresponding to whether A observes t1 or to.
In type i € {1,2}, the players’ valuations for the item are v4; and vp; for player A and B,
respectively.

A (pure) strategy for player A is a pair x4 = (z1,x2) € Ri, where x; is its bid for the
item contingent on receiving type i. A strategy for player B is a non-negative bid zp > 0. The
resulting payoffs are given by

p(vag - Walzr,2) — 1) + (1 —p) (vaz - Wa(za,2p) —x2) (Player A)
(4.35)

D (1)371 . WB(:L'B, xl) — QZB) + (1 —p) (0372 . WB(Q)B,Z’Q) — acB) (Player B)
where Wy, £ € {A, B} is defined in (3.2)). A mixed strategy for player A is a pair {Fa(t;)}i=12,
where F4(t;) is a univariate probability distribution on Ry. A mixed strategy for B is a single
univariate distribution Fp on R,. The payoffs are calculated as the expected payoffs with re-
spect to the distribution p and the mixed strategies. We refer to this auction as APA(v4,vp,p).

Note that we have adapted this model to the information structure of our BL game. In

general, Siegel’s model allows for arbitrary, finite type spaces 74 and 7 with a joint probability

®Siegel’s model is general, allowing an arbitrary, finite number of types for each player. We review the model
here with two types, since it pertains to our BL game, and for simpler exposition. Indeed, some of our forthcoming
results can be generalized to situations where player A has any number of types, while player B still only has
one. In particular, systems of equations can be derived with this generality. We can prove their solutions,
when they exist, correspond to Bayes-Nash equilibria of BL.
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distribution p on the type profiles. Siegel shows equilibria can be computed algorithmically,
provided the following monotonicity condition is met for some ordering of the players’ type

spaces.
For any t_y € T_y, vg(te,t_g) - p(t_¢|te) is non-decreasing in t; € Ty, £ € {A,B} (WM)

where p(t_s|t¢) denotes conditional probabilities associated with the joint distribution p, and
vg(te, t_p) is player £’s item valuation in type profile (¢g,t_y). When holds, a monotomcﬂ
equilibrium in mixed strategies to APA can explicitly be computed through an iterative pro-
cedure [59] (we refer to as “Siegel’s algorithm”), where the number of iterations is at most
|74l + |7TB|. When a strict version of holds, the constructed monotonic equilibrium is
the unique equilibrium of APA. Observe that is always satisfied if player B only has
a single type tp, and the types of A are ordered according to the valuations v4(t;,tg). The
informational structure of our BL game belongs to such “informed-uninformed” settings.
Equilibria of APA have been characterized when (WM)) is not met. In fact, [61] provides an
algorithm that generalizes Siegel’s algorithm to calculate such non-monotonic equilibria. When
(WM) is not met, this algorithm can become quite complex. In the “informed-uninformed”

scenarios, this algorithm reduces to Siegel’s algorithm.

Connection between APA and Bayesian General Lotto games. We now present some
informal intuition that suggests a connection between the equilibria of APA and BL. These
insights are analogous to those drawn between two-player all-pay auctions with complete infor-
mation and the Colonel Blotto and General Lotto games [62), [39] 20].

Consider a game instance G = (X1, X2, p, Xp) € G. The Lotto budget constraint must

hold for the strategies associated in each type. Player A’s ex-interim constrained optimization,

6 An equilibrium is monotonic if any best-response bid for player £ in type t, against the equilibrium strategy of
player —/ is not lower than any best-response bid in a lower type t <¢ t,. When is not met, non-monotonic
equilibria to APA have been characterized in [61I]. However, for the central case of interest in this paper for which
one player is informed and the other uninformed, is always met. We leave the characterization of Lotto
equilibria when is not met as an open problem, e.g. players have partial and different information.
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given type ¢ is realized, can be written as

max Z / [0 FBj(xa;) — Niwaj] dFa;(ti) + XX, (4.36)
{Fa,iti)}jem et

where )\; is the multiplier on player A’s expected budget constraint for type ¢, and we denote

p1 = p and p2 = 1 — p. Player B’s constrained optimization is written as

)
max Z Z pi/ [UjFA’j(ti,fL‘BJ) — )\B$B,j] dFB’j + ApX5B. (4.37)
{FB,jtjem jen]i=12 0

where Ap is the multiplier on player B’s budget. The necessary first-order conditions for equi-

librium are

d
| D pi(viFa(tiwn;) — Aprpg) | =0
L (4.38)
d .
dz [viFB(zAj) — Niwag] =0, i=1,2

Dividing by the associated (positive) multiplier in each condition, this coincides with the nec-
essary first-order conditions for (Bayesian) equilibrium of n independent two-player all-pay
auctions with incomplete information for which the item valuation in auction j for player A in
type i is va; = %, and the valuation for player B when player A’s type is ¢ is vp; = ;\)—;.

The equilibria to each of the n APA games can be computed using Siegel’s algorithm,
as long as is satisﬁedm However, since we do not know the actual ranking of player
A’s types, i.e. whether Ay < X9 or vice versa, we must proceed by first imposing such a
ranking. For the sake of demonstration, let us suppose A1 < A2, so that type 1 is “higher”
than type 2, for instance. This allows us to proceed with Siegel’s algorithm, which generates
bidding distributions {Ff{,j(ti)}i:l,z and F§7 ; for each j € [n]. Here, the superscript indicates
the expressions are in terms of the (still) unknown multipliers. These distributions must be

consistent with the Lotto expected budget constraints (3.4)), yielding a system of three equations

"As discussed earlier, the algorithm of [6I] can handle APA when (WM) is not met. We do not detail this
algorithm here, however, because of its complexity and because Siegel’s algorithm suffices for the problems of
interest in this paper.
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in A= (A1, A2, \g).

Z ExA,jNFﬁ,j(ti)[xAvj] =X;, 1=1,2
Jj€ln]

> E,, ~rle5] = Xp (4.39)
J€ln]

such that 0 < A1 < A\g

Hence, we seek to find a solution to (4.39). In the next sections, we detail the distributions
{F)(t;)}i=12 and F3 constructed from Siegel’s algorithm and apply them to (4.39) to explicitly

derive the system of equations.

Equilibrium strategies of APA. In the following, we summarize the resulting equilibria

from applying Siegel’s algorithm to the APA setup of the previous part.

Define )
. VB,1
1, lf pm Z 1
E e . VB,1 _ UB,2 UB,1 440
2, 1fva1 +(1 p)vA2 > 1 and Poay <1 (4.40)

3, ifpBl 4 (1-p)B2 <1

VA, VA,2
In brief, k is the iteration at which Siegel’s algorithm terminates. Denoting p; = p and

p2 =1 — p, define

0, ifE=1
VA1, ifk=1 -
L= , Ly= UAQquﬂRﬁ, if k=2 (4.41)

pupa, ifke{2,3) s

(1 —-p)upa, itk=3

The Ly are lengths of intervals for which the equilibrium marginals have support. Below, we

provide expressions for the equilibrium strategies that result from applying Algorithm 1.
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Lemma 4.3.3. The equilibrium mixed strategies for APA are given as followﬂ:

. L L
Ifk=1: FA(tl) = <1 — ! ) oo + ! Um'f(O,Ll), FA(tz) = 0o
pbuB.1 pbuB.1

Fp = Unif(0,Ly)
Ifk=2: FA(tl) = Unif(LQ,LQ + Ll)

L L )
) = (1 (i) o (g 0. 2) (1.42)

L L
Fp = —2Unif(0, Ly) + —— Unif(La, Ly + L1)
VA2 VA1

Ifk

I
w

Fy(t1) = Unif(La, Ly + L1),  Fa(tz) = Unif(0, L)

2
L; L L
Fp=(1-3" %) 6o+ 2 Unifl0, Ly) + —- Unifi Lz, Ly + L)
VA,i VA2
i=1

) )

In summary, the marginals for player A are uniform distributions with shifted supports,

and player B’s marginal is a piece-wise uniform distribution.

Equilibria in the Rs; region. We are now ready to apply the methods outlined above to
explicitly state the system of equations . We then completely characterize the solutions
to these equations in Proposition In doing so, we identify the subset of game instances
of G for which solutions to exist. Recall this subset was identified as the Rj region in
Theorem m (Figure . We also prove that such solutions and their associated strategies
(constructed from Siegel’s algorithm) constitute Bayes-Nash equilibria of the BL game. This
serves as the proof of Theorem in the Rj5 region.

The item valuations in one of the n APA games are given by va; = vj/A; > 0 for player A
and vp; = vj/Ap > 0 for player B, in type i € {1,2}. Since the high budget X; is associated
with type ¢1, we naturally impose the ranking A; < Ag. Indeed, the distribution Fa(t1) (4.42)
will have a higher expected budget expenditure under this ranking of types.

The value of k is not known a priori, as it now depends on the multipliers. The values it

8To simplify exposition and notation where convenient, we sometimes explicitly write CDFs as a mixture of
uniform and point mass distributions. Here, we denote Unif(a,b) := 1(z > a) min{;%;, 1} as the CDF of the
uniform distribution on (a,b) and dp := 1(z > 0) the CDF of a point mass centered at zero.
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can take, k € {1,2,3}, correspond to transformed multipliers ¢ = (01, 02), with o; :=

4
AX2
Player A equilibrium payoff
1 : : ‘
deterministic assignment = X
0.8 N 1
x=x/ = S B -y
1t 0.6 X
o _ | randomized _ X-pXy ]
\ ! - 0.4 assignment Xy = 1-p
- »
l=pp R}5 X =g @ =2 02}
Ri a1 ‘ ‘ ‘
Ta-pe-X) 02 25 3 35 4
1 2-p 2ty X X

Figure 4.2: Left: Distinct parameter regions that encompass the entire class of Bayesian Lotto
games (Definition [{.2.1)), which are specified by the quadruple (X1, X2,p, X). Shown here is
the space X7 > X5 for a fixed p = 0.5. We fix X = 1 here, though these regions are defined
in general by the ratios X;1/Xp and X5/Xp. The dashed black line segment indicates all
instances of the game corresponding to randomized assignments of a fixed expected endowment
X =pX; + (1 — p)Xo = 2. Right: Player A’s equilibrium payoff in the instances with fixed
expected endowment X = 2 (indicated by the dashed black line in the left panel). Here, the

AP with X, € [X, 5.
X1 = 3.5, the randomization (X7, Xs,p) is given by (3.5,0.5,0.5). Randomized assignments

do not improve player A’s payoff over deterministically assigning the expected endowment 2.

low endowment is parameterized by Xo = For instance, when

A
AB

and are given below.

k=1,if poy>1
k=2 if poy<1andpoy+ (1—pog>1
k=3,if poi+ (1—plog <1

>0

for i € {1,2}, lying in three disjoint regions of R?. These regions result directly from (4.40)),

(4.43)

Let us denote these regions as Fq, Fo, F'3, whose union is ]R%_. The constructed strategies take

three different forms described in Lemma contingent on the value of k. Thus, there

are three cases the system of equations (4.39) can take. They are given below, where we

seek to find multipliers (01,092, Ag) that satisfies one of the three cases for a given instance
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(X1, X2,p, Xp) € G — note that we can uniquely recover (A1, A2, Ag) from a tuple (o1, 092, Ap).

Case 1 Case 2 Case 3
. 1 p  1—po D
= \gX = A\gX ~—+1—-—p=XgX
(1) 2}?0’% BX1 5 + = BX1 9 + p BAX1
(1 - poy)® 1—p
=X =X =X
(i) 0 9 20 —p)U% ApXo 5 ApXo

(iii) pO’le = XB

po1 X1+ (1 —p)oaXe = Xp

po1 X1+ (1 —p)oeXo = Xp

such that such that such that
(iv) o€ By o€ by o€ FEs
(v) o1 <09 o1 < 02 o1 < o9

A solution (01,092, Ap) to @ cannot satisfy two cases simultaneously, due to the F; being
disjoint. Observe that the individual battlefield values v; (whose sum total is one) do not
appear in these equations. In fact, one would arrive to the system @ when considering Lotto
games with any number n > 1 of battlefields whose total value is normalized to one — the
individual battlefield values do not play a role in the analysis. For simplified exposition, we will
henceforth consider players’ strategies as allocations to a single battlefield of value one (F4 and
Fp with no j dependence), noting this is mathematically equivalent to any arbitrary set of n
battlefield valuations v that sum to one.

Also, note the multiplier oo does not appear in the system of Case 1, but does appear in
the condition (v). Here, o2 can be set to co to satisfy (v), without affecting other variables.

We detail the complete solutions to @, and prove their associated strategies (from (4.42))

constitute Bayes-Nash equilibria in the result below.

Proposition 4.3.1. The set of game instances in G for which a solution to (ED exists and their
corresponding equilibrium strategies and payoffs are given as follows.

Case 1: Suppose ))(% <1 and Xo = 0. The solution to (ED s given by A\ = ﬁ, A = ;’XL%,
B
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and Ao > ﬁ. The equilibrium strategies are
FA(tl) = (1 - ’)/1)50 + Y1 Um'f(O, QXB), FA(tg) = (50, FB = Umf((), 2XB) (4.44)

and the (ex-ante) equilibrium payoffs are

_ pX1
2Xg’

TA )+ (1—p) (4.45)

Case 2: Suppose 22 < H (%), where H is defined in (4.15). The unique solution to (ED 18

XpB
(\/(1—p)X2+\/pX1+(l—p)X2)2

X /(1—p) X Xp—(1-p)oa X
o= (1= %) p+1(/1‘(—(;)§)2/)2()17 o1 =7 (;X‘]f) =, and Ap = 2X7 - The
equilibrium strategies are
1-— 1-
Fa(t1) = Unif (Lo, Lo+ L1),  Fa(ts) = (1 - p"l) 8o + 7oL Unif (0, Ly)
(1=pos (1=p)os (4.46)
Fp = (1 — po1) Unif (0, L2) + poy Unif (L2, La + L)
where L1 = % and Ly = %. The equilibrium payoffs are
o 1 —po
™A :p(l—pal) <1—O_;>+)\BXB, TI'B:ABXB— O'f 1+(1—p) (447)

Case 3: Suppose % = 5; and 2 —p < <5

2— X
)\B:2X}17,0'1€<

strategies are

+ %. A solution to (ED is of the form

2
), and o9 = %. The equilibrium

Fy(t1) = Unif(La, Ly + L1), Fa(t2) = Unif(0, L2)

(4.48)
Fp(z) = (1 — po1 + (1 — p)o2)do + (1 — p)o2 Unif (0, L) + po1 Unif (Lo, L2 + L)
where L1 = % and Lo = 1)\_—;’ = 2Xs. The equilibrium payoffs are given by
T4 =1-AgXg, 3 = ApXB. (4.49)
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Proof. We divide this proof into two parts. In the first part, we detail the steps used in each
Case to calculate the algebraic solution to (ED and the set of game instances for which it is
valid. In the second part, we provide a proof that the corresponding strategies recovered from
do in fact constitute an equilibrium to the BL game. We will rely on shorthand notations

vi = X;/Xp when convenient.

Case 1: The solution to (E[) can directly be found to be \; = ﬁ, A = 5))%, and any
Ay > 2X (to satisfy (v)). Such a solution must also satisfy (iv), po; = 1/X; > 1. Combined
with (ii), the set of valid game parameters is X1 <1 and X9 = 0: player A’s budget in type 1
is smaller than player B’s budget, and has a budget of zero in type 2. Since Ao does not appear

in the algebraic equations of (ED (only in the constraints), this is essentially unique. Plugging

these values into (4.42)), we obtain the resulting strategies.

Case 2: To solve for Ag, we have 1 — pjo1 = \/2 1 —p)Aeo2Xo from (ii). Substituting into
(i), we obtain a quadratic equation in \/Ap > 0. Its (positive) solution yields the expression for
AB.

Multiplying (ii) by , the RHS of equations (i) and (ii) become equivalent. From (iv) of (4,

. . -1 . —1 1—
we use the substitution 1 —poy =1—7;" + (1 —p)oa22 to obtain o3 = |1 -, %.
The condition (iv) requires po; < 1. Using the substitution o; = % from (iii), we

deduce that v; > 1:

-1 —1 )
o1 = 1—(1=p)yll -
po1 =] ( (1 —p)el I\/er 1—p 72/%>

P)v2/M 4.50
:’71 ’1—711| / <1 (4:50)
P-l— (I1-p 72/71

=1-—y'>—l-y=mn>1

We can also deduce from (iii) and X; > Xy that ))(% < 1. The condition (iv) also requires

po1 + (1 — p)og > 1. From this, we obtain

1-p
X, < —2X,. 4.51
25— % (4.51)
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Furthermore, the positivity of o9 is trivially satisfied. However, positivity of o; requires that
1 — (1 —=p)oays > 0. Plugging in the expression for oy, we obtain (1 — p) (2 —v1) > —p.

Hence, the positivity constraint o1 > 0 is equivalent to

v1 <2, 0ory >2and vy < (4.52)

p
(1=p)(m—2)

Lastly, the constraint (v) requires o; < o9. Plugging in the expression for o2, we deduce
that y2 (1 — (11 = 1)?) < (m1 — 1)271%. The term in parentheses on the LHS is positive when

v1 < 2, and negative otherwise. Hence, we obtain

2= (n—1)?

Skpg_ivla ifl<y <2

V2 (4.53)
>0, if Y1 > 2

The intersection of conditions (4.53)),(4.51)), and (4.52)) on the budget parameters X; and X,
derived directly from (iv) and (v), yields 7o < H (1), where H was defined in (4.15)). This
establishes the set of games for which the system (ED has a solution in Case 2.

Case 3: We can directly obtain A\g = 222. Note that A\g = 132 as well, from which we

2X1° 2Xo
obtain Xy = %Xl. From (iii), we have o9 = %. Substituting this in the condition
. . w ) .
(iv), po1 + (1 — p)oy < 1, we obtain o1 > 1—p> Similarly, constraint (v), o1 < o9,
p +1Tp

7t (2+525)

yields o1 < <. A feasible 01 exists within these constraints if and only if v; >
Pt 5)
1+ﬂ
1+ m = 2 — p (upper bound must be larger than lower bound), and v; < 2 + 1’%}3
-Pp P

(lower bound must be positive). Subsequently, (4.42)) recovers the strategies (4.48]). The union
of characterized parameter sets in all three cases constitutes the R5 region in Theorem
Part 2: We prove the strategy profile (Fa, Fg) recovered from (4.42)) is an equilibriurrﬂ We

can immediately deduce the strategies in Case 1 are equilibria to the BL game by observing

9This proof can be extended to scenarios where player A has an arbitrary number m endowment types. That
is, if one can derive a solution to the system of m + 1 equations (instead of just 3 in ), the profile (Fa, Fi)
one constructs using Siegel’s algorithm (in analogous manner to that used above) is an equilibrium to the BL
game. Characterizing solutions to a system of m + 1 equations, however, is a non-trivial extension that we leave
for future study.
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that player A has zero budget in type 2, and (F4(¢1), Fig) forms the unique equilibrium to the
complete information General Lotto game [21] with a single battlefield of value p. We will focus
on the strategies produced from Case 2, as the proof for Case 3 follows analogous arguments.

We first calculate the (ex-interim) payoffs from the strategies (4.46)).

oo Lo+Ly
UA(FA(t1),FB)=/O FB(x)dFA(tl):/L ’ [Lg)\z—i-)q(a:—Lg)]);fdx

2

= (1 - poy) (1 - Z;) X (4.54)

0o Lo A
Ua(Fa(tz2), F) 2/ Fp(x) dF4(t2) =/ Aot - 5 del’ = A2 X
0 0 -

The expected payoff (4.12)) to player A is then 74 = p(1 — poq) ( — %) + ApXp (using (iii)).
The payoff to B is 1g =1 —m4. We need to show F4 is a best-response to Fz, and vice versa.

For any F’(t1) € L(X1), the payoff in type 1 is

o

LQ L2+L1
UA(FA(tl), FB) = / Ao dFA(tl) + / [LQ)\Q + )\1($ — LQ)] dFA(tl) + / dFA(tl)
0 Lo Lo+Ly

— (= A1) </0L2 2 dFy(t) — Lo /0L2 ng(tl))

Lo+1+ Lo+Ly
h <<L2 s [ ari) - | xdF,wl))
L2 L2

+ )\1X1 + LQ()\Q — )\1)

A
<MXi+Lo(Ae— A1) =X+ (11— )\*;)(1 — po1).
(4.55)

In the second equality, we used the identities

Lo+1L+ Lo [e%¢]
/ rdF)y(t) = X1 —/ rdFy(t1) — / xdFy(ty),
Lo 0 Lo+

and

Lo+1L1 Lo [e'e]
/ AP (1) =1 — / dF) (1) — / dF)(11).
L 0 L

2 2+L1
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The inequality follows from two applications of Markov’s inequality:

LQ L2
/ rdF)(t)) < LQ/ dFy(t1),
0 0

and

Lo+1L+ Lo+1Lq
—/ 2 dF () < —(L2+L1)/ AF (1),
Lo Lo

Hence, the payoff in type 1 is upper-bounded by A X7+ (1— :\\—;)(1 —po1), which can be attained
whenever supp(F"(t1)) C [La, Ly + L1] (for which the Markov inequalities hold with equality).

We provide analogous calculations for any F/)(t2) € L(X2):

Lo Lo+1+ [e%e]
UA(FA(tQ),FB) = / Ao dFA(tQ) + / [LQ)\Q + )\1(5[3 — Lg)] dFA(tQ) + / dFA(tQ)
0 Lo Lo+L4
Lo+1+ Lo+Ly
= ()\2 — )\1) <L2/ dFA(tQ) — / l‘dFA(tg))
L2 L2
+ (/ dFA(tQ) — )\2/ dFA(tQ)) + A Xo
Lo+1L1 Lo+L1q
< —p(Ug — 01)/ dFA(tQ) + Ao Xo
Lo+L1
< A Xo

(4.56)
The first inequality is similarly obtained from two applications of Markov’s inequality. The
second inequality follows from the condition (v), o2 > 0. Hence, the payoff in type 2 is upper-
bounded by A2Xs, which can be attained whenever supp(F(t2)) C [0, La]. The strategy Fa

satisfies these properties, and hence is a best-response to Fg.
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For any F; € L(Xp), player B’s expected payoff (4.12) is

Lo+L1 )\B 9]
HB(FIB,FA) —p[/ p(x—LQ)dFlB—i-/ dF/B:|
L

Lo 2+1L1
L AL Ap o0
[ (80 5 e o
Lo+Ly Lo+14 00
= Ap (/ xsz'g—Lz/ dF]’3> +p/ dF% + (1 —p) (4.57)
0 0 Lo+L1

:)\BXB—)\BLQ—F(l—p)—F)\B <(L1+L2)/ dF,B—/ l‘dF/B>
Lo+1L+ Lo+Ly

<ApXp—ApLla+ (1—p) =75

Player B’s expected payoff is upper-bounded by mp, which can be attained for any strategy

with supp(Fg) C [0, Ly + L;]. Because Fp is one such strategy, it is a best-response to Fy. U

Equilibria in regions R; - R4. Here, we provide all derivations of Bayes-Nash equilibria
corresponding to the payoffs in regions R;, i = 1,...,4 (Theorem . As shown in Propo-
sition such equilibria cannot be generated through the standard method using Siegel’s
algorithm.

To first give some informal intuition, we provide some descriptions of the equilibria in
these regions. The equilibrium strategies in R; and Ro are convex combinations between an
equilibrium strategy on the bordeﬂ of R5 and equilibrium in its corresponding benchmark
complete information game GL(X, Xp,v). As a result, the equilibrium payoff for any G in R
or Rg coincides with the equilibrium payoff of its corresponding benchmark game. In regions
Rs and Ry, the “high” budget X is disproportionately higher than the “low” budget X,. We
find an equilibrium strategy for the uninformed player is to not compete against the high budget
at all, thus giving up a payoff p to the obfuscating player. In the forthcoming proofs, we make
extensive use of Markov’s inequality: ff xdF <b f; dF for any distribution F.

Region Rj3: Suppose G € R3 = {(71,72) ER:vm>2+ 1% and 1 < o < ;%271}. The fol-

10Gince equilibria on the border are not necessarily unique, i.e. Case 3 parameters of Proposition the
equilibria in the regions R and Rz are not unique. However, all equilibria in one game instance yield identical
payofls, since it is a constant sum game (in ex-ante payofs).
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lowing is an equilibrium.

Fa(t1) = Unif (2X2,2(X1 — X3)), Fa(tz) = Unif (0,2X,),
(4.58)

Fp = (1—75")30 + 75 ' Unif (0,2X>)

The equilibrium payoff is given by 74(G) =p+ (1 —p) (1 — ﬁ)

Proof. First, we show Fy4 is a best-response to Fp. For any {F/(t;) € £L(X;)} player A’s

i=1,2)

expected payoff is

2Xo ,y—l fe’e)
p| [ (1t Bee) arie + [ arsie)
0 2X5 2X,

+(1—p) [/Om (1 — 5t 272;21;> dF)y(t2) + /OO dF/g(tg)] (4.59)

2Xo

2X2 -1 00
<p+(l-p) [/ (1 — ;§(x> dF(t2) +/ dFA(tQ)]
0 2 2Xo

The inequality follows by selecting any F”, (¢1) such that supp(F’(¢1)) C [2X2, 00), which awards
player A the payoff p from state 1 outright. This is possible because v; > 2 + 1%}) > 2, from

the assumption. The expression above can be re-written and upper-bounded as follows:

2Xo ,Y—l [e) ’7_1 [e)
p+ (1 —p) [(1 - %) / dFy(to) + 27 + dF'y(t) — 22/ xng(tz)]
0 2

2X5 Xo
—1
<p+(1-p) (1 722>

The inequality holds with equality if and only if supp(F’(t2)) C [0,2X>]. We have thus estab-
lished an upper bound on A’s payoff to Fz that is achieved by Fjy.

Now we show Fp is a best-response to Flq. Let K := (1 —p) — 717’_72272 > 0, which is
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non-negative due to the assumption o < ;%Z'yl. For any F; € L(Xp), player B’s payoff is

2(X1—X2) T — 2X2 00 2Xo T 00
dF/-i—/ dFg| + (1 — [/ dF/—l-/ dF/]
b [/2)(2 20X1-2X2) P yixyy (1-7) o 2Xs P fox, P

= rdFyg + / xdF
2X, /0 BT o(X, —2X) Jox, B
pX2 2(X1—X2) , /oo ,
s > / dFY, + dF
<X1 —2Xy ( ) 2X5 & 2(X1—Xa) b
(4.61)
Applying the identity f02X2 rdFp = Xp — 22)(()2(1_)(2) rdFy — fQO(OXl_ x,) T dF, 7%, we then obtain
1 2(X1—X2) , 2(X1—X2) , 7271
=K —/ xdF +/ dFg | +(1—p)—=—
2X9 Jox, B Jox, b ( ) 2
00 1— 00
+ / )y — / x dF),
2(X1—X2) 2X2 Ja(x,-X2) (4.62)
-1 o)
S(l—p)%+(p+(1—p)<2—%>>/ dFg
2 72 2(X1—X2)
-1
T2
<(1-p) 2
< (-9

The first inequality results from applying Markov’s inequality to the expressions f22)(()2(17X2) zdFp
and f;(er X5) xdFy. The second inequality follows from non-positivity of term in paren-
theses (from assumption of the Lemma). This inequality holds with equality if and only if
supp(F5) C [0,2X3]. We have thus established an upper bound on B’s payoff to F4 that is

achieved by Fp. O

Region R4: Suppose G € Ry = {(71,72) ER:m >2+ 1f¥p and (1_17)1('#_2) <y < 1}.
The following is an equilibrium: Fa(t1) = Unif (2Xp,2(X1 — XB)), Fa(t2) = (1 — v2)d +
~v2Unif (0,2X ), Fp = Unif (0,2Xp), and the equilibrium payoff is given by 74(G) = p + (1 —

p)%-

Proof. First, show Fj is a best-response to Fp. Player A’s payoff for any {F (t;) € L(X;)},_ 5
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is

2Xp , 00 , 2Xs , 00 /
o[ s+ [ arien| v a-n [ 5 arie + [ ar)]
0 2XpB 2X 5 0o 2XB 2Xp
2Xo T 00

<pr-n|[ iRy + [~ arie)]

0 2XB 2Xp
_ V2 / 1 > /

2Xp B J2Xp

72
<p+(1 —P)?~

(4.63)
The first inequality follows by selecting any F”(¢1) such that supp(F’y(¢1)) C [2Xp, 00), which

awards player A p outright. This is possible because 1 > 2, from the assumption. The second
inequality follows by applying Markov’s inequality to fQO;B x dF(t2). This inequality holds if
and only if supp(F(t2)) C [0,2Xp].

Now we show Fp is a best-response to F4. For any Fp € L(Xp), player B’s payoff is

1_ 2Xp 2Xp
W iy -p - [ arp
B 0 0

D 2(X1—Xp) ) ) D 2(X1—Xp) ) ) )
—i—/ xdF —l—(l—p'yg— )/ dF —|—/ dF
2(X1 —2XB) 2Xp b ( M =2/ Jaxp o 2(X1—XpB) b
2(X1—XB) ) 1 2(X1—Xp) ,
=K / dFg — / zdF
2Xp B 2XvB 2Xp b
oo 1— o
+(p+(1—p)’Y2)/ dFjla—i( p)fyz/ rdFp + (1-p) <1—B)
2(X1—XB) 2Xp 2(X1—Xp) 2
Y2
< _ P —
<(1-p) (1 5 )
(4.64)

where K := (1 — p)y2 — Mp 5 > 0, from the assumption. In the equality, we substituted

I 2X5 0 dF! n = Xp — 2(X1 zdFy — )7 (X1 xdFB The inequality is due to applying
Markov’s inequality and noting the expression p + (1 — p)y2 — (L —=p)ye (1 —1) = p+ (1 —
p)y2 (2 — 1) < 0 holds from the assumptions. This holds with equality if and only if supp(Fj;) C

[0,2X5]. O

Regions R; and Ra:
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Consider the set of (v1,72) € R1 U Ry that have a fixed average budget 7. Define

(7/p,0) € R, ify<p
7= (2—p/7,H2—-p/7)eR, ifp<y<1 (4.65)

((2 - p)iyv (1 - pﬁ) € R? if 1< gl

where H is defined in ([@.15). The points 74 specified above for 4 < 1 are on the border of R,
whose equilibria are given in Proposition The points for 1 < 7 are on the upper border
of R3, where a equilibrium is given in (4.58]). Define

(
given by [£.44) at 4>, if 5 <p

FRti= given by ([#.46) at 4P, ifp<y <1 (4.66)

. bd . —
| given by (4.48) at v°¢, if 1 <75

Here, F}jd is an equilibrium strategy for player A at the boundary point 4d. Let us also
define (F4, F) as the Nash equilibrium at (3,7) € R, which is simply the equilibrium in the

corresponding complete information game. That is,

)
B (1 —7)d + 7Unif([0,2Xp]), ify <1
Fy= ,
Unif([0, 2X), if y>1
) (4.67)
B Unif([0, 2X5]), if <1
Fp=
(1 —75"YHd + 7 'Unif([0,2X), ify>1
\

Let o € [0,1] be the appropriate scaling that gives ay®d + (1 — a) - (3,7) = (71,72). We

claim the strategy profile (aFBd + (1 — a)Fa, Fp) is an equilibrium for (y1,v2) € R1 U Ra.

Proof. Since we know that (F4, Fg) is an equilibrium, it will suffice to show that (F{4, Fp) is

also an equilibrium for all 7. After lengthy calculations, we see that the payoffs from (Fﬁd, Fp)
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coincide with the payoffs from (Fa, Fp).

For 4 < p, the equilibrium at "4 is given by Case 1 , where player B’s strategy is
precisely Fg. For p < 4 < 1, the equilibrium at "¢ is given by Case 2 , where it is
also true that B’s strategy is Fz (on these border points, o1 = 03). For 1 < 7 < ﬁ, the
equilibrium at "4 is given by Case 3 . We note that although player B’s equilibrium
strategy here is not unique, Fp is one such strategy.

Lastly, for ﬁ <7, (FAbd, Fp) is an equilibrium at v*¢, where F}l’d is player A’s equilibrium
strategy at the border of R3 (4.58]). This strategy is also identical to the monotonic equilibrium
strategy from Case 3 . Hence, the proof that (ng, Fp) is an equilibrium follows from the
analysis in Proposition Note that player B’s R3 equilibrium strategy written in (4.58])
is not Fig. Indeed, Fp in general is not an equilibrium strategy in the interior of R3. At the
border however, we know of at least two equilibria (giving the same payoffs), one of them being

(FR4, Fp). O
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Chapter 5

Pre-emptive mechanisms: The value

of revealing information

As we explored in the previous chapter, the conventional wisdom suggests that an agent im-
proves her competitive position by increasing her resource budget and investing in more accurate
information in adversarial resource allocation scenarios. By extension, an agent would prefer to
face an adversary with fewer resources and less information, as this should sway the strategic
outcomes in her favour. Note that these insights have been applied across a spectrum of prob-
lem settings in cyber-physical systems security [63, [64] [65] and beyond in, e.g., airport security
[66, [67], wildlife protection [68], market economics [69], and political campaigning [70].

In this chapter, we challenge the conventional wisdom by explicitly considering pre-emption
as a viable, alternative component in an agent’s strategic decision making: In Section [5.1} we
study General Lotto games with concessions. Here, we consider concessions under two formats:
budget concessions, in which the agent willingly reduces her own budget; and, value conces-
sions, which involve voluntary non-participation on a specified subset of the battlefields. As
such, concessions contradict the conventional wisdom, as the conceding agent weakens herself
while providing the adversary with more information. Our goal in this work is to understand

whether these concession formats represent valid strategic options in adversarial resource allo-
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cation. Then, in Section we study General Lotto games with pre-allocations. Under this
model, one of the players can strategically decide how to deploy resources before the actual
engagement takes place. The placement of the pre-allocated resources thus has an effect on
how the allocation decisions are made at the time of competition.

Our goal is to understand the effect of including such pre-emptive mechanisms into an
agent’s decision space on the emergent strategic outcomes of the game. In other words, we
wish to understand if and when a strategic agent will leverage these additional opportunities,

or whether these never offer strategic advantages as the intuition suggests.

5.1 General Lotto games with concessions

5.1.1 Model

In the Colonel Blotto literature, researchers have proposed generalized game models in-
volving more than two players [50} [71], [48], 49]. One such class of models, termed Coalitional
Lotto games [50], examines a scenario where two self-interested entities compete against a com-
mon opponent. More formally, consider a three-player, constant-sum Stackleberg game where
players 0, A and B, have respective budgets Xy > 0 and X4, Xp > 0. Players A and B are
simultaneously engaged in independent General Lotto games against player 0 over the disjoint
sets of battlefields B4 and Bp, respectively. For each i € {A, B}, let ®; > 0 denote the cu-
mulative value of battlefields in the set B;. The game is played over two stages, defined as

follows:

e Stage 1: Player 0 allocates its budget as Xy 4, Xo,g > 0 such that X 4 + X5 < Xo.

Then, player 0’s selection becomes common knowledge and binding;
e Stage 2: The games GL(Xo;, X, ®;), ¢ = A, B, are played.

Players’ final payoffs are their equilibrium payoffs from the General Lotto games in Stage 2.

We assume that player 0’s Stage 1 allocation is made to maximize her final payoff, i.e., given a
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Xy Xp

(a) Two-player. (b) Three-player.
Figure 5.1: Illustration of the two- and three-player General Lotto game models. (a) In the
two-player General Lotto game, players A and B with respective budgets X, Xp > 0 si-
multaneously compete over n battlefields with cumulative value ® > 0. (b) In Stage 1 of the
three-player General Lotto game, player 0 allocates her budget X, between the two (two-player)

General Lotto games against players A and B. Subsequently, in Stage 2, the two General Lotto
games are played simultaneously.

three-player General Lotto game, player 0’s Stage 1 allocation (X 4, Xj 5) € ]R2>0 satisfies

(XS,A,XS,B) € arg max E ug(Xo,i, Xi, @i).
Xo0,4,X0,820, .
Xo,4+X0,8<X0 i€{A,B}

Furthermore, for each player i € {A, B}, we let
Hi(X07 XA7 XB7 q)Aa @B) = ur(Xw XS:'LW (pl)

denote her final payoff under player 0’s optimal Stage 1 allocation. For ease of notation, we use
the shorthand II; = II;(Xo, X4, Xp, P4, Pp), i € {A, B}, when the dependence on the game
parameters is clear. Figure depicts the three-player General Lotto gameE

The authors of [50] investigate when players A and B can cooperate to change the outcome
of the three-player General Lotto game in their favour. Specifically, they focus on unilateral
budget transfers, where the following preliminary stage is played prior to Stages 1 and 2 of the

nominal gameﬂ

1One can easily verify that any two-player General Lotto game can be recast as a three-player General Lotto
game.

2Though we model player 0’s selection of her budget allocation, and of players A and B’s alliances or conces-
sions (defined in the forthcoming section) as sequential under our proposed framework, we note that the players’
strategic interactions still occur simultaneously in Stages 0 and 2.
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e Stage 0: Players A and B select a unilateral budget transfer § € [-Xp, X 4], to be made
from A to B. Then, the transfer § becomes common knowledge and binding, and the

players’ resulting budgets are X’y = X4 — 0 and Xj; = Xp + §, respectively.

Accordingly, under a unilateral budget transfer 6 € [—Xpg, X 4] selected in Stage 0, each player

i € {A, B} receives as her final payoff:

12 (8) := I1;(Xo, X4 — 0, X5 + 6, D4, Bp).

We will refer to these unilateral budget transfers between players A and B as alliances. Observe
that players’ payoffs under no alliance (i.e., 6 = 0) are the same as their payoffs in the nominal
game.

Interestingly, [50] shows that there exist scenarios under which alliances are mutually ben-

eficial to A and B, i.e., there exists § € [-Xp, X 4] such that

I12(8) > 112(6), for each i € {A, B}.

This implies that a player i € {A, B} can improve her payoff by making herself weaker, and
making her competitor, player —i, stronger. Figure depicts the three-player General Lotto

game with alliances.

5.1.2 Budget concessions

Recall that an alliance (as defined in [50]) consists of a unilateral budget transfer between
players A and B, meaning one of the players i € {A, B} becomes weaker, while player —i
becomes stronger. For an alliance to be mutually beneficial, note that even the weaker player’s
payoff must improve. The existence of mutually-beneficial alliances [50] suggests that player i
may improve her payoff simply by weakening herself without making player —i stronger, i.e.,
by making a budget concession.

To study the strategic role that budget concessions play in three-player General Lotto games,
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we introduce a modified three-player General Lotto game model, where we add the following
preliminary stage that is played prior to Stages 1 and 2 of the nominal three-player General

Lotto game:

e Stage 0: Each player i € {A, B} selects a portion of her budget z; € [0, X;] to concede.
Then, the concession profile (z4,xp) € [0, X4] x [0, X] becomes common knowledge and
binding, and the players’ resulting budgets are X’y = X4 — x4 and X = Xp — zp,

respectively.

For ease of exposition, we define the three-player General Lotto game with budget concessions
as the one-shot game played between players A and B in Stage 0, where each player i € {A, B}
selects an action x; € [0, X;] and the players’ payoffs coincide with their Stage 2 payoffs assuming
that all players 0, A and B play according to a subgame perfect equilibrium (SPE) in Stages
1 and 2E| i.e., under a concession profile (x4, zp) € [0, X 4] x [0, Xp] selected in Stage 0, each

player i € {A, B} receives a final payoff
P (i, 2—;) = (X0, Xa — 24, Xp — 25, P4, Op).

In the event that there is more than one SPE in Stages 1 and 2, we may choose an SPE

selection rule to ensure the functions IT*, i € {A, B}, are well-defined, e.g., the SPE with

i
lowest resulting payoff to player A. Nevertheless, our results for the three-player General Lotto
game with budget concessions in the forthcoming Theorem (i.e., the weak dominance of
the action z; = 0 for both players i € {A, B}, and the payoff equivalence of all pure strategy
Nash equilibria) hold regardless of the chosen SPE selection rule.

Note that the players’ payoffs under no budget concession (i.e., (xa,zp5) = (0,0)) are
equivalent to their payoffs in the nominal three-player General Lotto game. For a given nominal

three-player General Lotto game, we can represent the corresponding three-player General Lotto

game with budget concessions as the tuple G = ({Xi,HEC})Z-E{A’B}. Figure depicts the

3The notion of subgame perfect equilibrium extends the notion of Nash equilibrium to multi-stage games,
and represents a sequence of player strategies that satisfy the Nash equilibrium condition in within each stage.
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Figure 5.2: Illustration of the three-player General Lotto game model with alliances proposed in
[50], and our proposed variants for studying budget and value concessions. (a) In the alliances
model, player A makes a unilateral budget transfer of 6 € [-Xp, X 4] forces to player B. (b)

In our budget concession model, each player i € { A, B} concedes some budget x; €
In our value concession model, each player ¢ € {A, B} concedes some value y; € [0,

[0, X;]. (¢)
®;]. Any

alliances and concessions are selected, and become binding and common knowledge before the
subsequent three-player General Lotto game is played.

three-player General Lotto game with budget concessions.

Our first result demonstrates that budget concessions are never advantageous under our

three-player General Lotto games with budget concessions game model.

Theorem 5.1.1. Given any three-player General Lotto game with budget concessions and any

SPE selection rule, the choice x; = 0 is a weakly-dominant strategy for each player i € {A, B}.

That is, for any (va,xp) €

Futhermore, all pure strategy Nash equilibria are payoff equivalent, i.e.,

[O,XA] X

I1°(0, ;)

[0, Xg], it holds that

EHZbC(xiax—i)7 ’L:A7B

receives payoff equal to T1°¢(0,0).

each player i € {A, B}

Observe that the above result establishes that each player i € {A, B} prefers not to concede any

budget, regardless of player —i’s selection in Stage 0. This implies that the payoff improvement

in mutually-beneficial alliances stem from the transfer of budget between players A and B, and
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that one of the players i € {A, B} cannot simply weaken herself to achieve similar benefits. In
other words — and perhaps surprisingly — the benefits that the weakened player reaps from an

alliance rely on making the other player stronger.

5.1.3 Value concessions

As with budget concessions, we propose a variation on the three-player General Lotto game
model to study the strategic role of value concessions, which we term three-player General Lotto

game with value concessions. This variant has the following preliminary stage:

e Stage 0: Each player i € {A, B} selects a portion of the value y; € [0, ®;] to concede.
Then, the values y4 and yp are awarded to player 0, and the concession profile (y4,yp) €

[0,P4] x [0,Pp] becomes common knowledge and binding.

Once again, we define the three-player General Lotto game with value concessions as the one-
shot game played between A and B in Stage 0, where each player i € {A, B} selects an action
y; € [0, ®;] and the players’ payoffs coincide with their Stage 2 payoffs assuming that all players
0, A and B play according to a subgame perfect equilibrium (SPE) in Stages 1 and 2, i.e., under a
concession profile (ya,yp) € [0, P 4] x [0, ] selected in Stage 0, each player i € {A, B} receives
a final payoff

I (yi, y—i) == 11;(Xo, X4, XB, P4 —ya, P — yB).

As with budget concessions, in the event that the players’ SPE payoffs in Stages 1 and 2 are non-
unique, we can choose one of many SPE selection rules to ensure the functions II¢, i € {A, B},
are well-defined. Nonetheless, we show that our main results for the three-player General Lotto
game with value concessions in the forthcoming Theorem (i.e., the existence of beneficial
value concessions, the uniqueness (or non-existence) and special structure of the pure strategy
Nash equilibrium) hold regardless of the chosen SPE selection rule.

Observe that the players’ payoffs under no value concessions (i.e., (ya,yp) = (0,0)) are
equivalent to their payoffs in the nominal three-player General Lotto game. For a given nominal
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three-player General Lotto game, we represent the corresponding three-player General Lotto
game with value concessions as the tuple G = ({®;,11}°})icia,8y- Figure depicts the
three-player General Lotto game with value concessions.

In the previous section, we showed that a player cannot improve her payoff by making a
budget concession in three-player General Lotto games as the choice x; = 0 is a weakly-dominant
strategy for each player ¢« € {A, B}. This supports the conventional intuition that concessions
cannot represent a valid strategic option in adversarial interactions. In contrast, our next result
shows that this intuition is false, as in certain instances there do exist concession profiles of
the form (ya,yp) # (0,0) that correspond with pure strategy Nash equilibria of the game. We
restrict our attention to pure strategy value concessions due to the information structure of
the interaction, i.e., the players’ Stage 0 choices become common knowledge and binding in the

subsequent stages.

Theorem 5.1.2. Consider the family of all three-player General Lotto games with value con-

cessions G under any SPE selection rule. The following statements hold:

1. For either player i € {A, B}, there exist games G € G in which IIY°(y;,0) > I1Y°(0,0) for

yi € (0,9,], i.e., a non-zero value concession strictly improves player i’s payoff; and,

2. In every game G € G, either there is a unique pure strategy Nash equilibrium either of the
form (0,0), (ya,0) or (0,yg) with y; € (0,®;], i € {A, B}, or there are no pure strategy

Nash equilibria.

Given any two-player General Lotto game with value concessions, the choice y; = 0 is a

weakly-dominant strategy for each player i € {A, B}.

Observe that the SPE payoffs of players A, B and 0 always sum to ® 4 + ®p in the three-player
General Lotto game with value concessions, and the SPE payoffs of players 0 and ¢ both increase
after i makes a beneficial value concession from the nominal game (i.e., in Stage 0, i € {A, B}

selects y; € [0, ®;] such that IIY°(y;,0) > H}’C(O,O))H It follows that if a player i € {A, B}

“For any value concession (ya,ys) # (0,0), it is straightforward to verify that player 0 can secure strictly
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Figure 5.3: Comparing the existence of mutually-beneficial alliances and beneficial concessions
for player A. We identify the parameters for which player B has a mutually-beneficial alliance
(in red), a beneficial value concession (in blue) or both (in green) under normalized player
budgets (i.e., Xg = 1), for X4, Xp €[0,1.2], 4 =1 and (a) 5 = 3/8, (b) &5 = 3/4, and
(¢) @5 = 3/2. The white area indicates where player A has no mutually-beneficial alliance
or beneficial value concession. Observe that mutually-beneficial alliances exist in regimes
where the ratio ®4/X4 is much greater than ®5/Xp, whereas beneficial concessions occur
in regimes where the two ratios are sufficiently close. Furthermore, our plots suggest that
beneficial alliances and concessions co-exist when ® 4 is less than, equal to or only slightly
greater than ® g, but cease to co-exist when ® 4 is much greater than ®p.
makes a beneficial value concession from the nominal game, then player —i’s payoff suffers a
loss (i.e., IIY(y;,0) < I1¥%(0,0)). Thus, the existence of pure strategy Nash equilibria of the
form (ya,0) and (0,yp) with y4,yp > 0 is interesting, since the non-conceding player’s best

response strategy is simply to do nothing and suffer the loss in her payoff.

5.1.4 Comparison with alliances

In the previous sections, we analyze the strategic viability of budget and value concessions
in the three-player General Lotto game model examined in this work. Next, we position our
results against the results in [50] on mutually-beneficial alliances. This permits a comparison
between the settings where mechanisms based on coordinated decision making (e.g., alliances)
are strategically advantageous, and those where unilateral mechanisms (e.g., concessions) are.

Recall that the authors of [50] identify cases in which alliances (i.e., pre-emptive, unilateral
budget transfers) are mutually beneficial to players A and B in the three-player General Lotto

game. The intuition provided in [50] is that mutually-beneficial alliances occur in instances

more payoff than in the corresponding nominal game even if she continues to use her optimal allocation from
Stage 1 of the nominal game.
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where the difference between the ratios ®4/X4 and ®p/Xp is sufficiently large. In contrast,
our findings show that beneficial concessions only exist when the ratios ®4/X4 and ®5/Xp
are close (see Lemma in Section . This comparison suggests that, if there are sig-
nificant asymmetries in the players’ strengths relative to the values of their respective contests,
then mechanisms based on centralized decision making, such as alliances, provide strategic
advantages; meanwhile, if differences in players’ relative strengths are small, then unilateral
mechanisms such as concessions prevail.

We confirm this intuition by plotting the parametric regions corresponding to the existence
of mutually-beneficial alliances (in red), beneficial concessions (in blue) or both (in green) in
Figure The player budgets are normalized (i.e., Xg = 1), X4,Xp € [0,1.2], 4 = 1 and
(a) ®p = 1/3, (b) ®p = 1, and (c) Pp = 3. We immediately observe that it is possible for
the two regions to overlap, i.e., there are parameters under which player A has both mutually-
beneficial alliances and beneficial pre-commitment. We further observe that this overlap exists
only when ® 4 is lower than, equal to or only slightly larger than ®p, e.g., as in Figure [5.3p,c.

When ® 4 is much greater than ®p, e.g,, as in Figure [5.3ph, then the two regions are disjoint.

5.2 General Lotto games with pre-allocations

Another possible perspective on strategic pre-emption is that of a heterogeneous allocation
of resources, where the agent has access to either pre-allocated and real-time resources. Observe
that such a setting can also be viewed as revealing strategic information about the minimum

amount of resources that a player will allocate to a given battlefield.

5.2.1 Model

The General Lotto game with pre-allocations (GL-P) is a two-stage game with players A and
B, who compete over a set of n battlefields, denoted as 3. Each battlefield b € B is associated
with a known valuation wy, > 0, which is common (symmetric) to both players. Player A is
endowed with a pre-allocated resource budget P > 0 and a real-time resource budget R4 > 0.
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Figure 5.4: (a) The two-stage General Lotto game under consideration. Players A and B
compete over n battlefields, whose valuations are given by {wp}y ;. In Stage 1, player A
decides how to deploy P pre-allocated resources to the battlefields. Player B observes the
deployment. In Stage 2, the players simultaneously decide how to deploy their real-time
resources R4 and Rp, thus engaging in a General Lotto game with favoritism. (b) A contour
map of player A’s equilibrium payoff in the Stage 2 game under the optimal deployment of
her pre-allocated resources S in Stage 1. The dashed lines indicate level curves, i.e. the
set of resource pairs (P,R4) € R% that achieve a given desired performance level II > 0
(Theorem [5.2.2)). Here, we have normalized the battlefield values and player B’s budget such
that >, w, = 1 and ¢gRp = 1. (c¢) This table shows the relative effectiveness of pre-allocated
to real-time resources, P*1/R 4. Here, P°? is defined as the endowment (P°%,0) (i.e. without
real-time resources) that achieves the same performance II as the endowment (0,R4) (i.e.
without pre-allocated resources) for a given R4. We find that real-time resources are at least
twice as effective as pre-allocated resources, and can be arbitrarily more effective in certain

settings (Corollary |5.2.1)).
Player B is endowed with a real-time resource budget Rp > 0, but no pre-allocated resourcesﬂ

The two stages are played as follows:

— Stage 1: Player A decides how to allocate her P pre-allocated resources to the battlefields,
ie., it selects a vector p = (p1,...,pn) € Ap(P) == {p’ € R} : ||p’|1 = P}. We term the
vector p as player A’s pre-allocation profile. No payoffs are derived in Stage 1, and A’s choice

p becomes binding and common knowledge.

— Stage 2: Players A and B compete in a simultaneous-move sub-game G over B with their
real-time resource budgets R4, Rp. Here, both players can randomly allocate these resources as
long as their expenditure does not exceed their budgets in expectation. Specifically, a strategy

for player i € {A, B} is an n-variate (cumulative) distribution Fj over allocations x; € R”} that

®Recent computational advances (see, e.g., [51]) permit the study of the scenario where both players are
endowed with pre-allocated resources. In this work, we seek to provide analytical characterizations of equilibrium
payoffs, and, thus, consider the simpler, unilateral pre-allocation setting.
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satisfies

<R (5.1)

EXiNFZ' [Z aji,b

beB

We use L(R;) to denote the set of all strategies F; that satisfy (5.1]). Given that player A chose

p in Stage 1, the expected payoff to player A is given by

uA(p. Fa, F) i=Exynrs, | > wy - I(xay + Py, qrB,) (52)
*6~Fs pep

where I(a,b) =1if a > b, and I(a,b) = 0 otherwise for any two numbers a,b € ]R+E| In words,
player B must overcome player A’s pre-allocated resources p, as well as player A’s allocation
of real-time resources x4 in order to win battlefield b. The parameter ¢ > 0 is the relative
quality of player B’s real-time resources against player A’s resources. When ¢ < 1 (resp.
g > 1), they are less (resp. more) effective than player A’s resources. The payoff to player B is

up(p, Fa, Fg) = W —ua(p, Fa, Fp), where we denote W = 3,z ws,.

Stages 1 and 2 of GL-P are illustrated in Figure [5.4dh. We denote an instance of GL-P
as GL-P(P, R4, Rp,w), and note that the Stage 2 sub-game (i.e., the game with fixed pre-
allocation profile) is an instance of the General Lotto game with favoritism [51]. For a given
GL-P instance G, we define an equilibrium as any joint strategy profile (p*, F'}, Fj;) € Ap(P) X
L(R4) x L(Rp) that satisfies

ua(p*, Fi, Fj) > ua(p, Fa, F) and .

up(p*, F3, Fig) > up(p®, Fi, Fp)
for any p € A, (P), Fa € L(R4) and Fp € L(Rp). Notably, player A’s strategy consists of
her deterministic pre-allocation profile p in Stage 1, as well as her randomized allocation of

real-time resources F4 in Stage 2. It follows from the results in [51] that an equilibrium exists

in any GL-P instance G, and that the equilibrium payoffs 7} (G) = w;(p*, F'}, F5), i € {4, B},

5The tie-breaking rule (i.e., deciding who wins if x4, + p» = ) can be assumed to be arbitrary, without
affecting any of our results. This property is common in the General Lotto literature, see, e.g., [20] 51].
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are unique. For ease of notation, we will use 7} (P, R4, Rp), i € {A, B}, to denote players’

equilibrium payoffs in G when the dependence on the vector w is clear.

5.2.2 Main results

Theorem 5.2.1. Consider a GL-P game instance with P,Rs,Rp > 0, and w € Rt . The

following conditions characterize player A’s equilibrium payoff 7% (P, Ra, Rp):

1. If qRg < P, or qRp > P and Ry > % then 7% (P, Ra, Rp) is

2
\/ 2P
2RA \ P+ Ra+ +/Ra(Ra+2P)

2. Otherwise, (P, Ra, Rp) is
Ra

w.———-—:.
2(qRp — P)

(5.5)

As a consequence of the above result, we are able to characterize expressions for the level
curves of the function 7% (P, R4, Rg). That is, for a desired performance level IT > 0 and fixed

Rp, we provide the set of all pairs (P, R4) such that 7% (P, Ra, Rp) = II.

Theorem 5.2.2. Given any Rp > 0 and w € R}, fix a desired performance level II € [0, W].
The set of all pairs (P,Ra) € R% that satisfy 74 (P,Ra, Rg) = Il is given by the following

conditions:

IfO<I <, then

H(grp—P)  ifPe |0, Uyl

Ry = (5.6)
(qRpW — (W —I1) P)? . (W—=2I)gRg WqR
Ry (W =TIV if P e [ i e Wq—rﬂ
IfY < <W, then
(qREW — (W —II)P)? WqRp
Ry = P 0 5.7
A 2qkpv w7 6[’W—H} (5.7)

68



Pre-emptive mechanisms: The value of revealing information Chapter 5

If P > VVI{/q_Rr?, then 74 (P, Ra, Rg) > 11 for any Ra > 0.

We can use the result in Theorem to obtain an expression for the relative effectiveness
of pre-allocated and real-time resources when these are deployed in isolation. In the following
corollary, we provide this expression, and observe that real-time resources are at least twice as

valuable as pre-allocated resources, and can be arbitrarily more valuable in specific settings:

Corollary 5.2.1. For given R4, Rp > 0, the unique value P°Y > 0 such that 7% (P®4,0, Rp) =

740, Ra, Rp) is characterized by the following expression:

2R if Ra > qRp,
P = (5.8)
2
By if Ry < qRp.

Notably, the ratio P®4/R 4 is lower-bounded by 2, and P*4/Ry — oo as Ra — 0.

5.2.3 Optimal investment decisions

In this section, we consider a scenario where player A has an opportunity to make an
investment decision regarding its resource endowments. That is, the pair (P,R4) € Ri is a
strategic choice made by A before the game GL-P(P, R4, Rp,w) is played. Given a monetary
budget X4 > 0 for player A, any pair (P, R4) must belong to the following set of feasible
investments:

Z(Xa):={(P,Ra) : Ry +cP < X4} (5.9)

where ¢ > 0 is the per-unit cost for purchasing pre-allocated resources, and we assume the per-
unit cost for purchasing real-time resources is 1 without loss of generality. We are interested
in characterizing player A’s optimal investment subject to the above cost constraint, and given
player B’s resource endowment Rp > 0. This is formulated as the following optimization
problem:

opt *
= P, R4, Rp). 5.10
Ty (P,R$3§(XA)WA( A, RB) (5.10)
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In the result below, we derive the complete solution to the optimal investment problem

(5.10).

Corollary 5.2.2. Fix a monetary budget X4 > 0, relative per-unit cost ¢ > 0, and Rg > 0
real-time resources for player B. Then, player A’s optimal investment in pre-allocated resources

for the optimization problem in (5.10) under the linear cost constraint in (5.9) is

(1-5%)24, ife<t
Pr=qel0,1-5%)%a], ife=t- (5.11)
0, ifc>t

where t := min{1, q‘%‘g}. The optimal investment in real-time resources is R} = X, —cP*. The

resulting payoff " to player A is given by

)
—%0(2—0), ife<t

W - qR . X . .
X . X
k2q1§3’ zchtand(ﬂT“;<1

The above solution is obtained by leveraging the level set characterization from Theorem
and the fact that the level sets are strictly decreasing and convex for IT € (0, W). The
budget constraint Z(X4) is a line segment in R2, and we thus seek the level curve that lies
tangent to the segment. In cases where the cost c is sufficiently high, no level curve lies tangent

to Z(X 4), and, thus, player A invests all of her budget in real-time resources.

5.3 Chapter proofs

5.3.1 Proofs from Section [5.1]

Many of the proofs depend on player 0’s optimal allocation ( 5‘7 A 8‘, ) € ]RQZO in Stage 1

of the three-player General Lotto game, which was derived in [50]. Observe that this represents
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Figure 5.5: The optimal investment (P*, R%) € Rf_ subject to the linear cost constraint in
(5.9). Here, we consider the optimal investment problem when X4 = 4/3, ¢qRp = W = 1,
and ¢ € {0.423,1.333}. Observe that the set of feasible investments Z(X 4) is the line segment
connecting (0,X4) and (X4/c¢,0). The optimal investment lies on the level curve tangent
to this line segment. For example, when ¢ = 0.423, the optimal investment is (2.309,0.357)
(unfilled circle), as Z(X4) (dotted, black line) is tangent to the level curve with IT = 0.750
(solid, orange line). For sufficiently high cost ¢, Z(X 4) will not be tangent to any level curve,
and the optimal investment is (0, X 4). For example, when ¢ = 1.333, observe that Z(X4)
(dashed, black line) is not tangent even to the level curve with IT = 0.625 (solid, blue line),
and the optimal investment is (0,4/3) (filled square).

a sub-game perfect equilibrium decision of player 0 in Stage 1 given the budgets and values
arising from the Stage 0 choices of players A and B. We detail their result in the following fact

for the reader’s convenience:

Fact 5.3.1 (Optimal Stage 1 Allocation [50]). Consider the three-player General Lotto game G
with normalized player budgets (i.e., Xo = 1). Let R1;(G), R2i(G), R3:(G) and Ry, i € {A, B},

denote the following regions:

R1i(G) =
{(Xi,X_i) s.t. (I)Z‘/(I)_Z‘ > max{(Xi)2, 1}/(XZX_l)}

U {(XZ‘,X_Z‘) s.t. X; <1 and @i/(ﬁ_i = 1/(XZX_Z)}
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Roi(G) == {(X;, X_;) s.t. ©;/P_; > X;/X_;
and0<1—\/m§X_i}
Rai(G) == {(Xi, X_i) s.t. /D > Xi/X_;
and 1 — /O, X; X _;/®_; > X_;}
Ru(G) = {(Xi, X_i) s.t. ;/D_; = Xi/X_;

Player 0’s optimal allocation (X 4, Xj g) in Stage 1 is determined in closed-form as follows:

o If (Xi, X i) € Ru(G), then X5, =1;

o If (X, X_;) € Raoi(Q), then

o If (X;, X_;) € R3i(G), then

5X;,
VO Xi + O X

* —
Xo,i =

o If (X;, X_i) € R4(G), then select any X§; € [max{0,1 — X_;}, min{1, X;}];

where Xj _;

;i =1- X()'"Z- in all the above cases.

Though the indices of players A and B are permuted in the region definitions, observe that

the expressions for player 0’s optimal allocation — as well as the players’ payoffs — are identical

in R3p(G) and R3¢ (G). Thus, we simplify the notation with R3(G) := Rap(G) U Rac(G).

Recall from the previous section that our proposed models for budget and value concessions

are normal-form games under the assumption that players 0, A and B play according to an

SPE in Stages 1 and 2. In particular, observe that the players’ payoffs at the end of Stage

2 are uniquely determined by player 0’s allocation decision in Stage 1, since the equilibrium

payoffs in the General Lotto games are unique (Theorem [3.1.1). Crucially, as we summarize in
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Fact [5.3.1] player 0’s optimal allocation in Stage 1 — and, thus, the players’ corresponding SPE
payoffs in Stages 1 and 2 — is unique except for when (X4, Xp) € R4(G). Accordingly, in the

forthcoming proofs, we treat the setting when (X4, Xp) € R4(G) (i.e., the setting when 0 has

multiple optimal allocations) explicitly, and show that the results in Theorem [5.1.1| and |5.1.2|

hold irrespective of the imposed SPE selection rule.

Proof of Theorem [5.1.1] For any three-player General Lotto game with budget concessions
G, the proof amounts to showing that player A’s payoff is nonincreasing in x4 for any con-
cession profile (za,zp) € [0,Xa] x [0, Xp] when (X4, Xp) is in any of the regions R;(G),
j € {1A,1B,2A,2B,3,4}, identified in Fact This is sufficient as the same reasoning
applies symmetrically to player B. Throughout, we denote the nominal three-player General
Lotto game (i.e., the game without any budget concessions) as GG, and the three-player General
Lotto game with budget concessions corresponding to G under a given budget concession profile
(xa,2p) as G'(za,2R).

We begin with our treatment of settings where players 0, A and B have non-unique SPE
payoffs in Stages 1 and 2, corresponding with settings where player 0 has more than one possible
optimal allocation in Stage 1.

— Non-unique SPE payoffs: Recall from Fact that players’ SPE payoffs in Stages 1
and 2 are non-unique only when (X4 — x4, Xp—2p) € R4(G'(z4,x5)). For any of these SPEs,
we show that — regardless of the SPE selection rule — A prefers to concede x < x4 if z4 > 0
and prefers to concede x4 if 4 = 0. According to Fact when (X4 — x4, Xp —2p) €
R4(G'(z4,7p)), any allocation satisfying Xg 4 € [max{0,1 — (Xp — zp)}, min{l, X4 — z4}]
and Xgp = 1— Xj 4 is an optimal allocation for player 0. We show that (i) if A concedes z
with 0 < & < x4, then 0 allocates at most max{0,1 — (Xp — xp)} to the battlefields in front
By, and (ii) if A concedes = > x4, then 0 allocates at least min{l, X4 — z} to front B4. It
follows that A prefers to concede = < x4 since A’s Stage 2 payoff is nonincreasing in the ratio

X5 a/(Xa — ) (Theorem 3.1.1).

In scenario (i), observe that any budget concession x with 0 < x < x4 would satisfy
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either (X4 — 2, Xp — ) € Rip(G'(z,zp)) or (X4 —x,Xp — ap) € Rap(G'(z,xp)), since
Xa—2a+Xp—xp > 1must hold if (X4—z4, Xp—2p) € Ra(G'(z,25)). f (Xg—z, Xp—1p) €
Rip(G'(z,2p)), then X5 p =1 and X 4, =1— Xgp = 0. Moreover, if (X4 —z,Xp —2p) €
Rop(G'(z,xp)), then Xop > Xp—op and, thus, Xj, <1-— (X —zp).

Likewise, in scenario (ii), x > x4 satisfies either (X4 — 2, Xp — zp) € R1a(G'(x,2p)),
(Xa—z,Xp—12B) € Roa(G'(z,2B)), or (Xga—2,Xp—2xp) € R3(G'(x,xp)). If (Xqa—z,Xp—
xg) € R1a(G'(z,2p)), then X 4 = 1. Furthermore, if (Xa—2,Xp—2B) € Roa(G'(z,25) U
R3(G'(z,2p)) then X 4 > X4 — .

Next, we consider the setting when player 0’s optimal allocation in Stage 1 is unique, and,
thus, the players’ corresponding SPE payoffs in Stages 1 and 2 are unique.

— Unique SPE payoffs: We begin with the scenario (X4 —x4, Xp—125) € R15(G'(xa,zB)).
Recall that, in this scenario, player 0 commits no budget to the battlefields in front B4. Thus,
player A’s payoff before the concession is ®4, the highest possible payoff. Furthermore, if

(Xa—2za,Xp—28) € R1(G'(x4,24)), then (X4, Xp—2xp) € R15(G'(0,2p5)) must also hold,

since the expression 1 — \/®5(X4 — 2)(Xp — x)/®4 is increasing in z.
In all other regions, we show that player A’s payoff HB‘C (z,xp) is strictly decreasing in x by
checking the first partial derivative with respect to x > 0:

If (Xqa—2,Xp—25) € Ria(G'(z,zp)) and X4 —x > 1, then

1 ®
}— A <o

I 1oL | %2
or 2Xa—2)| 2(Xa-2)2
If (Xqa—2,Xp—25) € R1a(G'(z,2p)) and — conversely — X4 —x < 1, then

9 Pa(Xa—z)  Pa

If (X4 —2,Xp —2p) € Roa(G'(z,2p)), then
0 (I)A(XA — .%') Dy
% Py(Xa—2z)(Xp—zp) - PA(Xa—2x)(Xp—2B) <0
2\/ op 4\/ 5
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If (Xa —2,Xp —2B) € Rep(G'(2, 7)), then

1— \/‘I)B(XA—x)(XB—wB)

0 Dy
o, 1=
ox 2(Xa—x)
D4 [2 - \/‘@B(XA—;)AFXB—ZB)]
T 4(X4—2)2 ’

which is strictly negative as the condition

1—/®p(X4—2)(Xp—x5)/Pa >0

must hold if (XA — .’B,XB — xB) € RQB(G/). Finally, if (XA — x,XB — l'B) € Rg(G/(.%',J}B)),
then

0 (I)A(XA—QJ) __%_‘I)A\/(I)B(XB—(EB)

Ox Pa(Xa—1) 2 4/ Py(Xy — x)
\/CPA(XA—I)-‘F\/CDB(XB_xB)

9

which is strictly negative. Since there is no payoff improvement associated with making a budget
concession in any of the regions (including R4), it follows that making no budget concession

maximizes player A’s payoff. This concludes the proof. ]

Proof of Theorem [5.1.2| The proof is presented as two lemmas, which we summarize below:

1. In Lemma we provide necessary (under mild assumptions on the SPE selection rule)
and sufficient conditions on the three-player General Lotto games in which either player

i € {A, B} can improve her payoff by making a value concession; and,

2. In Lemma we use the result in Lemma to show that there is at most one pure
strategy Nash equilibrium that coincides with a pure strategy concession profile of the

form (0,0), (ya,0) or (0,yp) in the General Lotto game with value concessions.

Observe that the claim in Theorem follows after combining these two lemmas, as there

exist instances in which value concessions can improve a player’s payoff (Lemma [5.3.1]), and —
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if there exist any pure strategy Nash equilibria — the unique pure strategy Nash equilibrium in
the game with value concessions is of the form (0,0), (ya,0) or (0,yz) (Lemmal5.3.2).

The claims of the forthcoming lemmas, and several arguments within the proofs, are depen-
dent on a parameter € — 0T that we use to place the point (X 4, Xp) strictly in the interior of a
particular region R; to take derivatives and make payoff comparisons. Note that, typically, the
use of such an argument would require a definition of approximate best-response strategies, and
approximate equilibrium to formally establish convergence and the solution concept. However,
we only use these arguments to rule out the existence of certain equilibrium structures. In fact,
from the proof of Lemma we find that the only emergent pure strategy Nash equilibria
do not require such arguments at all. For this reason, and for conciseness, we omit any further

discussion on this topic.

Lemma 5.3.1. Consider any three-player General Lotto game G with normalized player bud-
gets (i.e., Xo = 1), and (Xa,XB) € Rj(G) such that j € {1A,1B,24A,2B,3}. Let yif =
Py — OpXa/Xp, 3 = Pa— PpXaXp/(2—4X4)?, yi = ®4 — PpXaXp and y} = P4 —
®pXaXp/(1 — XA)%. Further, let € — 0. It holds that player A can improve her payoff by

unilaterally deviating from the value concession profile (0,0) if and only if

I (v, 0) > I1%(0,0),

where the value yzpt € [0, ® 4] is defined according to the following conditions:

(i) If (X4, XB) € R1A(G) UR9A(G) and Xp > 1, then y¥*' =y +¢;
(ii) If (X4, XB) € R1aA(G) UR24(G), Xp <1, Xq4+ Xp >1 and

0
y Y=y +e

then ylept =y +€;
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(i5i) If (Xa,XB) € R1A(G)UR24(G), Xp <1, Xa+ Xp>1 and

0 e
a*HA (y,0) > 0,
Yy y=yj +e

then y%" = min{y;, y3};

(w) If (X4,XB) € R14a(G) UR24(G) UR3(G), Xp + Xc <1 and

D mew0| >0
Py y=y;+e
then yoApt = min{y3, y3};
(v) If (X4, Xp) € Rap(G) and
S 3.0) ey

then yo* = min{ys, v5};

(vi) Otherwise, yor* = 0.

The same conditions hold symmetrically for player B.

Proof. Throughout the proof, we will use G to denote the nominal three-player General Lotto
game (with no concessions), and use G’(y) to denote the three-player General Lotto game with
value concessions under the concession profile (y,0). We divide the proof in two parts. In Part
1, we demonstrate if and when player A can use a value concession to improve her payoff when
the point (X4, Xp) falls in each of the regions R;(G), j € {14,1B,2A4,2B,3,4}. Then, in Part
2, we identify the optimal value concession value y°P' # 0, and thus the maximum payoff that
player A can achieve under a value concession. Thus, the necessary and sufficient conditions
in the claim amount to verifying that player A’s maximum achievable payoff using the value
concession y°Pt # 0 is strictly greater than player A’s payoff under no concession (i.e., in the

nominal game).
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Part 1. Observe that, for sufficiently large value concession y € [0, ® 4], the point (X4, Xp)
can “transition” from R;(G) to Rx(G'(y)), for j # k € {14,1B,2A,2B, 3,4}, as the median line
Xp = ®pX4/(®4—y) which divides regions R15(G’(y))UR25(G"(y)) and regions Ric (G’ (y))U
Roc(G'(y)) rotates counter-clockwise about the origin as y is increased, and the value 1 —
V(@4 —y)XaXp/Pp (resp., 1 — \/PpXaXp/(P4 —y)) is increasing (resp., decreasing) in y.

For example, a point (X4, Xp) € R14(G) UR24(G) will transition to R4(G'(y)) and then to

Ris(G'(y)) UR2p(G'(y)) as y is increased. However, note that a point (X4, Xg) € R3(G'(y))
will never transition to or from R4(G'(y)) as y is increased since X4 + Xp < 1 in R3, and
Xa+Xp>1in Ry.

As in the proof of Theorem [5.1.1] we first resolve the setting where players’ SPE payoffs
in Stages 1 and 2 are non-unique, i.e., (X4, Xp) € R4(G'(y)) for some y > 0. We show that
we need not explicitly consider the transition of the point (X4, Xp) through the region R4 in
our study of unilateral best response strategies, since player A either has a different concession
strategy y’ # y such that (X4, Xp) ¢ R4(G'(y')) and her payoff is improved, or the A’s payoff
I1¥(y, 0) is continuous in the transition from R4(G'(y)) to R1p(G'(y)) UR2p(G'(v)).

— Non-unique SPE payoffs: We begin by showing that player A achieves at least the same
payoff by conceding ¢ = y + ¢, ¢ — 07, when (X4, Xp) € Ra(G'(y)), y > 0. Recall that
the players’ payoffs are only ever non-unique when (X 4, Xp) is in the region R4, because any
allocation that satisfies max{0,1 — Xp} < X§ 4 < min{X4, 1} and X 5 =1— X{ 4 is optimal
for player 0. When Xp > 1, observe that max{0,1— Xp} = 0 and thus X 4 > 0. Additionally,
if (X4,Xp) € Ra(G'(y)) and Xp > 1, then it follows that (X4, Xp) € R1p(G'(y')). Recall
from Fact that X&A = 0 when (X4, Xp) is in the region Ry1p. Since the allocation
X4 when (X4, Xp) is in R4(G'(y)) is at least the same as in Rip(G(y)), it immediately
follows that IT'Y(y’,0) > II'Y(y,0). Similarly, if (X4, Xp) € Ra(G'(y)) and Xp < 1, then
Xga > max{0,1 — Xp} =1 — Xp and (X4, Xp) € Rop(G'(y)). Since X5z > Xp — and,
thus, X§ 4 <1— Xp - in Rop, it immediately follows that ITY(y',0) > II'Y(y, 0). Thus, when

(Xa,XB) € Ra(G'(y)), the function II'f(y,0) is either continuous in y as the point (X4, Xp)
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transitions from R4 (G’ (y)) to R1p(G'(v))UR2p(G' ('), or it is discontinuous in this transition
and IT%(y, 0) strictly increases.

From the above, it follows that we need not consider (X4, Xp) € R4(G'(y)) for the remain-
der of the proof (i.e., we need not consider the setting where players’ SPE payoffs in Stages
1 and 2 are non-unique), since — depending on the SPE selection rule — either player A can
strictly improve her payoff by conceding y' = y+e¢, € — 07, such that (X4, Xp) € R1p(G'(v/))U
Rap(G'(Y')), or the transition is continuous in A’s payoft, i.e., II'Y (y,0) = IT'{(y/, 0). Addition-
ally, we have shown that Conditions (i)—(iii) in the claim hold for when (X4, Xp) € R4(G).

— Unique SPE payoffs: We continue by making some important observations about the
first and second partial derivatives in the regions R;, j € {14,1B,2A,2B,3}. The first partial
derivative of player A’s payoff with respect to y > 0 is always strictly negative when (X4, Xp)
is in the regions R14(G'(v)), Ris(G'(v)), Rea(G'(y)) or R3(G'(y)):

If (X4,Xp) € R1a(G'(y)) and X4 > 1, then

0 1

7HVC O -
ay A(y7 ) 2XA7

else, if (X4, Xp) € R14(G'(y)) and X4 < 1, then

0 _ve B X4
%HA (y,0) 5
If (Xa,XB) € Rig(G'(y)), then
0
LI (y,0) = -1
ay A(y7 )
If (Xa,XB) € Roa(G'(y)), then
0 Xa
Iy, 0) = — .
oy W0 = T R
op
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If (X4,Xp) € R3(G'(y)), then

0 X4 1y/(Pa—y)Xa
e (y,0) = —2A |1 4 - V2ATY) 24

Furthermore, the second partial derivative of player A’s payoff with respect to y > 0 is always
negative when (X4, Xg) € Rop(G'(y)):

PpXaXp
? V ®a-y

2 qqve - _
A (y’ O) 8((I)A _ y)XA

57 <0.

Now we are ready to examine the possible transitions between the regions following a value
concession, and the corresponding impact on player A’s payoff.
Consider the scenario when (X4, Xp) € R3(G). Observe that from region R3(G), the only

possible transitions as we increase y are to regions R15(G’(y)) and Rap(G'(y)) since the values

1-— \/(<I>A —y)XaXp/Pp and 1 — \/q)BXAXB/(@A —y) are increasing and decreasing in y,
respectively. Furthermore, the players’ payoffs in the transition from region R3(G) to region
Rop(G'(y)) are continuous but not necessarily smooth, i.e., the first partial derivatives with
respect to y need not be continuous. Since the first partial derivative of player A’s payoff
with respect to y is always negative for (X4, Xp) € R3(G'(y)), it follows that all beneficial
value concessions in this setting must involve a transition of (X4, Xp) to either R15(G'(y)) or
Rap(G'(y)).

Next, consider the scenario when either (X4, Xp) € R1a(G) or (Xa,XB) € Roa(G). As
we increase y in this setting, note that if X4 > 1 then (X4, Xp) must be in R14(G) and will
transition to either R15(G’(y)) or Rop (G’ (y)) without first transitting through Re4(G'(y)), and
that if Xp > 1 then (X4, Xp) will transit to R15(G’(y)) without passing through Rap(G'(y)).
Further note that, in the scenarios where either (X4, Xg) € R14(G) or (X4, XB) € Roa(G) and
the point (X4, Xp) transitions through R3(G'(y)) as we increase y (i.e., when X4 + Xp < 1),
the partial derivative of player A’s payoff with respect to y must remain negative at least until

it reaches the boundary between R3(G’(y)) and Rap(G'(y)). Thus, there can be no beneficial
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value concession such that (X4, Xp) transitions from either R14(G) or Roa(G) to R3(G'(y)).
Likewise, there is no beneficial value concession such that (X4, Xp) transits from R14(G) to
R24(G'(y)). Thus, for a value concession y to improve A’s payoff when (X4, Xpg) is in either
R14(G) or Roa(G), if Xp > 1, then (X4, Xp) must transition to R15(G'(y)), and, if Xp <1,
then (X4, Xp) must transition to either R15(G’(y)) or Rap(G'(y)). Furthermore, for a value
concession y to improve A’s payoff when (X4, Xp) € R3(G), (X4, Xp) must transition to either
R1p(G'(y)) or Rap(G'(y)).

Finally, consider the scenarios when either (X4, Xp) € R1p(G) or (X4,Xp5) € Rap(G).

Note that if (X4, Xp) € Rip(G), then (X4, Xp) remains in R15(G'(y)) as y is increased

since 1 — \/@BXAXB/(q)A —y) is decreasing in y. Similarly, (X4, Xp) € Rop(G) will either
remain in Rop(G’(y)) or transition to R1p(G’(y)) as y is increased. We showed above that the
first partial derivative of player A’s payoff with respect to y when (X4, Xp) € R1p(G'(y)) is
negative, and so there can be no beneficial value concession if (X4, Xp) € R15(G).

Part 2. In the previous part of the proof, we observed that transitions between regions
can occur following value concessions. In particular, we demonstrate that a value concession
y cannot improve A’s payoff if (X4, Xp) is in either R14(G'(y)), Roa(G'(y)), or R3(G'(v)),
or (Xa,XB) € Rip(G). We will use further insights garnered from the previous part in the
remainder of the proof.

Consider the scenario where Xp > 1 and (X 4, Xp) is in either R14(G) or Ro4(G). Observe
that in this setting, the value concession yi + € satisfies (X4, Xp) € R1c(G'(y;+¢€)). Fory < yj,
(X4, Xp) remains in either R14(G'(y)) or Roa(G'(y)) and, thus, player A cannot derive any
benefit by the previous part of the lemma. Further, player A receives strictly lower payoff for
the concession of y > yj + € than the concession of y] + € because the partial derivative of
her payoff with respect to y is strictly negative in R15(G’'(y)). Since Xp > 1, it must be that
X4+ Xp > 1and so (X4, Xp) cannot transit to R for any y. It follows that the optimal value
concession value is yzpt = yj + € in this setting, as in Condition (i) and (iv) of the claim.

Next, consider the scenario where (X 4, Xp) is in either R14(G) or Roa(G), Xp < 1 and
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X4+ Xp>1 (ie., (Xa,Xp) still cannot transit to Rg for any y). Here, the value concession
Yt + € satisfies (X4, Xp) € Rop(G'(y; + €)). Once again, (X4, Xp) remains in R14(G'(y)) or
R24(G'(y)) after a concession of any value y < yf, which cannot provide payoff improvements
to player A. Next, recall from the proof of the previous part that the second partial derivative
of player A’s payoff with respect to y is strictly negative in Rop(G'(y)) (i.e., player A’s payoff
is concave down in y). This means that if the first partial derivative of player A’s payoff
with respect to y is strictly negative or zero at y = y] + €, then the optimal value concession
value is y°P* = y} + € as the derivative will remain nonpositive in Rop(G'(y)) as well as in
R15(G'(y)). Observe that this outcome corresponds with Condition (ii) of the claim. However,
if the first partial derivative of player A’s payoff with respect to y is strictly positive when
y = yi + ¢, then there are two possibilities: (1) that there is a value y for which player A’s
payoff is maximized (i.e., partial derivative with respect to y is zero) in the interior of region
Rap(G'(y)), or (2) that the first partial derivative remains positive at the boundary between

Ri1p(G'(y)) and Rop(G'(y)). The first partial derivative of player A’s payoff with respect to y

is zero after conceding the value y > 0 that satisfies 4X4 = 2 — \/<I>BXAXB/(<I>A — y) which
isy=®4 — PpXaXp/(2 —4X4)?, precisely the definition of y5. Furthermore, (Xpg, X¢) is

at the boundary between Rip(G’(y)) and Rap(G'(y)) after conceding the value y > 0 that

satisfies 1 — \/<I>BXAXB/(<I>A —y) = 0 which is y = &4 — X 4 Xp, precisely the definition
of y3. Thus, if the first partial derivative of player A’s payoff with respect to y is strictly
positive when y = yi + ¢, then the optimal value concession value is y°P' = y5 if y5 < v}
(Possibility 1), or y°P* = y3 if y5 > yi (Possibility 2). Observe that this is equivalent to writing
y%' = min{y3, y5} as in Condition (iii) of the claim.

Next, consider the scenario where X4+ Xp < 1 and (X4, Xp) is in either R14(G), Roa(G)

or R3(G). Observe that the point (X4, Xp) is at the boundary between Rop(G'(y)) and

R3(G'(y)) after conceding the value y > 0 that satisfies 1 — \/<I>BXAXB/(<I>A —y) = X4 which
isy=®s—PpXaXp/(1-X4)? precisely the definition of 3. Since the point (X, Xp) transits

through R3(G'(y)), the partial derivative of player A’s payoff with respect to y remains strictly
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negative for all y < y;. Furthermore, since the players’ payoffs are continuous as we transit
from R3(G'(y)) to Roc(G'(y)), there can be no benefit to transitting only to the boundary
between R3(G'(y)) and Rac(G'(y)). Recall that the second partial derivative with respect to
y of player A’s payoff in Rop(G'(y)) is strictly negative. Thus, if the first partial derivative of
player A’s payoff with respect to y is nonpositive after conceding y = y; + €, then the partial
derivative will remain nonpositive in Rop(G'(y)) as well as in R1p(G’(y)). However, if the
derivative is strictly positive after conceding y = y; + €, then we consider Possibilities 1 and 2
as in the above paragraph, and obtain an optimal value concession value of y5 = min{y3, y3}
as in Condition (iv) of the claim.

Finally, consider the scenario where (X4, Xp) is in Rep(G). Here, if the first partial
derivative of player B’s payoff with respect to y is strictly negative or zero when y = 0,
then there is no beneficial value concession as the partial derivative will remain nonpositive
in Rop(G'(y)) as well as in R1p(G'(y)). However, if the first partial derivative of player A’s
payoff with respect to y is strictly positive when v = 0, then we consider Possibilities 1 and 2
once again, an optimal value concession value of yfj‘pt = min{y;,y3 } as in Condition (v) of the

claim. O O

Lemma 5.3.2. The three-player General Lotto game with value concessions has at most one
pure strategy Nash equilibrium that coincides with a pure strategy concession profile. If such an

equilibrium exists, then it must be of the form (0,0), (y4,0) or (0,yp).

Proof. This result draws heavily from the necessary and sufficient conditions for the existence
of beneficial value concessions identified in Lemma [5.3.11

We begin by considering scenarios where the players’ SPE payoffs in Stages 1 and 2 are
non-unique, and show that — regardless of the SPE selection rule — no pure strategy Nash
equilibrium can exist in these scenarios.

— Non-unique SPE payoffs: Recall from the analogous discussion on “Non-unique SPE
payoffs” in Part 1 of the proof of Lemma that one of the players i € {4, B} can strictly

improve her payoff when (X4, Xp) € R4 under a given concession profile (y4,yp) € [0, P4) %
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[0,®p) by conceding y, = y; + €, € — 0T, if either X_; < 1, or X_; > 1 and the player 0’s
allocation in the selected SPE for Stages 1 and 2 satisfies X{j; > 0. This leaves only the setting
where X_; > 1 and X, = 0 as a possible scenario for candidate equilibria when (X4, Xp) € R4.
However, applying the same reasoning symmetrically, it follows that the concession v’ ; = y_;+e

is a strictly better response for the player —i in this case, since Xj _; = 1 > 0 must hold. Finally,

i
note that neither player i € {A, B} can improve her payoff by conceding y; = ®;, and so an
appropriate € — 07 must exist. Thus, there can be no pure strategy Nash equilibrium where
(X4, Xp) € Ry under any concession profile (y4,yg) € [0, P4] x [0, Pp].

As we have resolved the scenario where the players’ SPE payoffs in Stages 1 and 2 are
non-unique, we only consider scenarios where the players’ SPE payoffs in Stages 1 and 2 are

unique for the remainder of the proof.

Before continuing, we make two observations that will aid in proving the claim:

O1) If (X4, Xp) falls in any of the regions R, j € {14,2A4,3}, (resp., j € {1B,2B,3}) under
a pure strategy Nash equilibrium (y%,y}%), then it must be that y% = 0 (resp., y5; = 0),
since we showed that 0/(0ya)II'f (ya,yn) (vesp., 9/(0yr)Y (ya,yn)) is strictly negative
in R;. This implies that at most one player ¢ € {A, B} will make a non-zero concession
in any pure strategy Nash equilibrium, i.e., any pure strategy Nash equilibrium is of the
form (0,0), (y%,0) or (0,y};) where y% and yj are the optimal concessions identified in

Lemma when (X4, Xp) is in each region R;, j € {14,1B,2A,2B, 3}.

0O2) By Lemma [5.3.1} if player A (resp., B) has a beneficial unilateral deviation from the
profile (0,0), then her optimal such deviation places the point (X4, Xp) in one of the
regions R;, j € {1B,2B} (resp., {14,2A}). Since at most one player ¢ € {A, B} can
make a non-zero concession in a given pure strategy Nash equilibrium (Observation O1),
if y7 > 0 in a given pure strategy Nash equilibrium, then the player —i’s best response
must be not to concede. By contrapositive, if player —: has a concession y_; > 0 such
that ITYS (y, y—i) > I1¥%(y}, 0), then there is no pure strategy Nash equilibrium associated

with player ¢’s optimal unilateral deviation.
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Following Observations O1 and O2, the remainder of the proof amounts to showing that
any given instance of the normal form game has at most one pure strategy Nash equilibrium.
To do so we demonstrate that when the point (X4, Xp) falls within any of the regions R,
j € {1A,1B,2A,2B, 3}, identified in Fact it must either be that at most one of the
players i € {A, B} has a beneficial unilateral deviation from the nominal concession profile
(ya,yB) = (0,0), or that if both players have a beneficial unilateral deviation, then for at least
one of the players i € {A, B}, the player —i has a concession y_; > 0 such that IIY (v}, y_;) >
I, (47, 0).

— Unique SPE payoffs: We consider the remaining regions in Parts (i) and (ii), below.

Though we may focus on the proof from player A’s perspective, we stress that completeness of
the proof is contingent on applying the same reasoning symmetrically to player B.
Part (i). In this part, we consider the instances with X4 + Xp > 1. By Lemma [5.3.1] when
(X4,XB) € R1A(G) UR24(G) and Xp > 1, if player A’s optimal unilateral deviation from the
nominal profile is non-zero, then it must be yzpt =yj +¢€ e — 0", such that (X4, Xp) € Rip
under the concession profile (y%*,0). Similarly, when (X, X5) € R14(G) UR24(G), Xp < 1,
X4+ Xp>1and 9/(0ya)Il(ya,0) < 0 at ya =y} + ¢, if player A’s optimal value unilateral
deviation is non-zero, then it must be yzpt =yi+e, e — 0", such that (X4, Xp) € URop under
the concession profile (yoApt, ). In either case, player B can best respond to such a concession
by conceding yp = €’ — for sufficiently small €’ > e — such that (X4, Xp) € R14UR24 under the
concession profile (y7%", ¢') and IT%s (y5*, €) > T (y5*, 0). Thus, by Observation 02, it follows
that when (X4, XpB) € R14(G) UR24(G) and either Xp > 1, or Xp < 1 and X4 + Xp > 1,
if player A has a beneficial unilateral deviation, then there can be no pure strategy Nash
equilibrium corresponding to A’s optimal unilateral deviation from the nominal profile. Hence,
only one pure strategy Nash equilibrium — corresponding with B’s optimal unilateral deviation
from the nominal profile — can exist in this setting.

Next, consider the region (X4, X5) € R14(G) UR24(G), Xp <1 and X4+ Xp > 1, when

9/ (0ya)II (ya,0) > 0 at ya = y] + €, € = 07. We show that if both players A and B have a
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beneficial unilateral deviation from the profile (0,0), then player A’s optimal value concession
is Yo' = yi +e (ie., /(Qya)I(ya,0) < 0 at y4 = y} +e¢) and, thus, results in a contradiction.
First, observe that 0/(0ya)Il'{ (ya,0) > 0 at y4 = yj + € if and only if Xp < 2—4X 4. Further,
when (X4, XB) € Roa(G), player B has a beneficial unilateral deviation from (0, 0) if and only

if 0/(0yB)I(0,yc) > 0 at yo = 0, from which it follows that:

1 [®
0< —1— 2 f2aXa 1
1\ opxp " 2Xp
1 1 [®.X,X5
= | —2Xp— o A2AE 1}
2XB[ B9 o,

1 -3 1
< - [Z2x 7}
[2 BT

where the first inequality follows from 9/(0yp)II} (0,yc) > 0 at yo = 0, and the last inequality
holds by the necessary conditions for (X4, Xg) € R24(G). This means that when player B has a
beneficial unilateral deviation from (0,0) and (X4, Xp) € R24(G) it must hold that Xp < 1/3.
Note that the set of (X, Xp) € RE, with X4+ Xp > 1 and Xp < 2 —4X, is strictly disjoint
from the set of (X4, Xp) € Rzzo with X4+Xp > 1land Xp < 1/3. Thus, if (X4, XB) € Roa(G),
X4+ Xp > 1 and both players A and B have beneficial unilateral deviation from (0,0), then
0/(0ya)II%f(ya,0) < 0 which is a contradiction. Thus, B cannot have a beneficial unilateral
deviation from the nominal concession profile when (X4, Xg) € R14(G) U R24(G), Xp < 1,
Xa+Xp>1,and 9/(9ya)IIf(ya,0) >0 at ya =y} +€, € — 0T

Part (ii). In the final part of the proof, we consider (X4, Xp) € Roa(G)UR2p(G)UR3(G) with
0< X4+ Xp < 1. For any pair X4, Xp > 0 in this regime, we show that at most one player
i € {A, B} has a beneficial unilateral deviation from (0,0). For (X4, Xp) € R24(G) U R3(G)

with 0 < X4 + Xp < 1, a necessary condition for player A to have a beneficial unilateral
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deviation from (0,0) is 9/(0ya)II'{(ya,0) > 0 at ya = yj + €, from which it follows that:

1 V=X = XaP?

0< - -1
2X 4 2X 4 + 4X 4
1 1-X 1-X

_ _ AL A
2X 4 2X 4 4X 4

1 3

44X, 4

where the first inequality follows from 0/(0ya)IT%{(ya,0) > 0 at ya = yj + €, and the equality
in the second line follows from 0 < X4 + Xp < 1 and X4, Xp > 0. Thus, when player A
has a beneficial value concession and (X4, Xp) € Roa(G) UR3(G) with 0 < X4 + Xp < 1,
it must hold that X4 < 1/3. We showed in Part (i) that X4 < 1/3 must also hold whenever
player A has a beneficial unilateral deviation from (0,0) and (X4, Xp) € Ro B(G)E Thus, when
0 < X4+ Xp < 1, we have shown that if both players A and B have beneficial value concessions
simultaneously, then X4, Xp € [0,1/3] must hold.

Player A’s optimal value concession when 0 < X4+ Xp < 1 is yf’qpt = min{y;,y5}. It
immediately follows from the definitions of y5 and y3 that yzpt = y; for X4 € [1/4,3/4] and
y %' = y5, otherwise. We divide (X4, Xp) € [0,1/3] x [0,1/3] into three subregions as follows:
~X4,Xp €[1/4,1/3]: For each i € {A, B}, it is straightforward to verify that after her optimal
value concession U;)pt =®;—d ;X4 Xp/(2—4X;)?, it holds that (X4, Xp) € Ry(—i) and player
i receives payoff ®_; X_;/(4 —8X;). If (X4, XB) € R3(G), then player i € {A, B} has nominal
payoff:

IL =0, X, + /O 4PpX 4 X5.

If both players’ optimal value concessions are beneficial unilateral deviations from (0,0) in this

case then it must hold that:

e a— 1

"We actually showed that Xp < 1/3 whenever player B has a beneficial value concession and (Xa, Xp) €
R24(G), but this statement follows by symmetry.
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However, for « € [1/4,1/3], it holds that 4 — 8z > 4 —8/3 > 1 and, thus, the right-hand side is
strictly less than zero, which is a contradiction. This implies that both players A and B cannot

simultaneously have beneficial value concessions in this case. If (X4, Xp) € Rap(G), player

by, 1 [P PpXp
My=dy— 2 442 B2B
A=PA 55 T3 X,

A’s nominal payoff is

and player B’s nominal payoff is

1 [®,05X5
Mp= -/ 2528
2 X4

If &4 < ®p, then player B’s optimal value concession is a beneficial unilateral deviation only if

$485X5 _ BaXa

VT X, 2 iXg
X5 X4

N Y S AP .

M X, S %9 Tax,

:>3<1
4 "2

where the second line holds because ®4 < ®p, and the third line holds because X4, Xp €
[1/4,3/4]. This is a contradiction, which means player B’s optimal value concession is not a
beneficial unilateral deviation from (0,0) in this case. If &4 > ®p, then player A’s optimal

value concession is a beneficial unilateral deviation only if

P 1 [P4PpX dpX
B, — —A L [2A®BAB OB
ox, 2V x4 4—8X,4

where the second line holds because 0 < 1 — \/®PpX 1 Xp/P4 < X4 holds when (X4, Xp) €
Rop(G) and &4 > Pp, and the third line holds because X4, Xp € [1/4,3/4]. This is a

contradiction, which means player A cannot have a beneficial value concession in this case.
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This reasoning holds symmetrically for (X4, X5) € R2a(G).

~X4,Xp €]0,1/4]: For each i € {A, B}, it is straightforward to verify that after her optimal
value concession y;™" = ®; — &_;X 4 Xp, it holds that (X4, Xp) € Ra(_i)(G'(y™")) and player
i receives payoff ®_; X, Xp. If (X4, Xp) € R3(G) and both players A and B have beneficial

unilateral deviations from (0,0), it must hold that
2/ PP X4 Xp < (I)AXA(XB — 1) + (I)BXB(XA — 1).

However, the right-hand side must be negative since 0 < X4, Xp < 1 which means there is a
contradiction and both players cannot have unilateral deviations simultaneously. If (X 4, Xp) €

R2p(G), then player A has a beneficial unilateral deviation only if

b, 1 [3.05X5
By A 1 [2A%BAB g XX
AT ox, e\ T x, SOBtads

P
— 7A < O, XaX5,

where the second line holds because

0<1—+/PpXsXp/Ps< Xy

in Rap(G). This is a contradiction since X4 Xp < 1/16 < 1/2 for X4, Xp € [0,1/4] which
means A has no beneficial unilateral deviations in this case. This reasoning holds symmetrically
for (X4, XpB) € R2a(G).

-X4€1/4,1/3],Xp €[0,1/4) OR X4 € [0,1/4], Xp € [1/4,1/3]: We only consider the former,
as the proof follows symmetrically for the latter. Observe that yzpt =P PpXaXp/(2—-4X4)?
while y%' = ®p — ®4X4Xp, and that players A and B’s payoffs after their optimal value
concessions are ®pXp/(4 —8X4) and ® 4 X4 Xp, respectively. If (X4, Xp) € R3(G) and both
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players A and B have beneficial unilateral deviations from (0,0), it must hold that
24/ P 4P XX < (I)AXA(XB — 1) + —— — PpXp.

As in the above, this leads to a contradiction since Xp < 1 and 4 — 8X4 >4 —8/3 > 1 imply
that the right-hand side is negative. Thus, both players cannot simultaneously have beneficial
unilateral deviations in this case. If (X4, Xp) € R2a(G), then B has a beneficial unilateral

deviation from (0,0) only if

dp 1 [ PgdPsXy
bp — — + - ———— = <P Xp X
B 2XB+2V X5 < PypXpXB,

which we know leads to a contradiction from the above. If (X4, Xp) € Rop(G) and &4 < $p,

then B has a beneficial value concession only if

1 [®,PpXp
) ——— < P4 XpX
9 XA AANAAB

— XB<XAXB,

where the second line holds because 4 < ®p and X4 € [0,1/4]. This is a contradiction as
0< Xa,Xp <1/3. If (Xa,XB) € Rop(G) and &4 > Pp, then A has a benificial unilateral

deviation from (0,0) only if

o 1 /P4PpX dpX
o, 24 1 4®pXp _ ®pXp

2xa 2V xa 48X,
Dy P Xp

2 4—-8X4’

where the second line follows because 0 < 1 — /®PpXsXp/P4 < X4 holds when (X4, Xp) €
Rop(G) and because @4 > ®p. This leads to a contradiction since Xp/(2 —4X4) < 3/8 < 1.
Observing that we have exhausted all possible points (X4, Xp) € ]RQZO concludes the proof.

O O
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5.3.2 Proof of Theorem [5.2.1]

Method to derive equilibria of second-stage subgame The recent work of Vu and
Loiseau [51] provides a general method to derive an equilibrium of the second stage subgame
from the GL-P game, which is termed a General Lotto game with favoritism (GL-F). In a
GL-F game, the pre-allocation vector p is an exogenous parameter. We denote an instance
of as GL-F(p, R4, Rp). The method to calculate an equilibrium involves solving the following

systenﬁ of two equations for two unknowns (rk4,rp) € R2 ,:

[ho(Ka, kB) "\ h2(ka,kB) — P}
R4 E E .
2qwa€B — 2qupk A (5.13)

where hy(ka, kp) := min{qupkp, wpka + pp} for b € B. The above equations correspond to the
budget constraint (5.1]) for both players. There always exists a solution (k%, k};) € ]R%_ , to this

system [51], and corresponds to the following equilibrium payoffs.

Lemma 5.3.3 (Adapted from [51]). Suppose (r%, k%) € R%, solves (5.13)). Let By :={b € B:
hy(K%,Kk5) = qupkp} and By = B\By. Then there is a corresponding equilibrium (F}, Ff) of

the game GL-F(p, Ra, Rp) where player A’s equilibrium payoff is given by

ma(p, Ra, Rp) : Zwb[ g f (1_ (qwfiBV)]

beBy

T w

beB2

(5.14)

and the equilibrium payoff to player B is mg(p, Ra, Rg) =W — wa(p, Ra, RB).

The equilibrium strategies are characterized by marginal distributions detailed in [51].

Proof of Theorem [5.2.1] The proof follows two parts: In Part 1, we establish that, for given

P,Ry,Rp >0 and w € R, p* Pw is player A’s optimal pre-allocation profile in Stage

8The problem setting considered in their method is more general, admitting possibly negative pre-allocations
py < 0 (i.e. favoring player B), asymmetries in players’ battlefield valuations wy > 0, and different resource
effectiveness parameters ¢, for each battlefield. However, exact closed-form solutions under heterogeneous values
w, arbitrary pre-allocations p, and effectiveness parameters ¢, are generally unattainable.
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1 of GL-P. Then, in Part 2, we derive an explicit expression for player A’s payoff in Stage 2
under the optimal pre-allocation profile p* derived in Part 1. Throughout the proof, we use
mi(p, Ra, Rp), i € {A, B}, to denote the players’ payoffs in the Stage 2 sub-game for fixed pre-
allocation profile p € A, (P). Recall that the Stage 2 sub-game amounts to a General Lotto

game with favoritism GL-F(p, R4, Rp).

— Part 1: The proof amounts to showing that p* = %w is a global maximizer of player

A’s equilibrium payoff 7% (p, Ra, Rp) for p € A, (P). For the following analysis, we define
T, :={z € R": >, ;2 =0 as the tangent space of A,(P). The lemma below first establishes

that p* is a local maximizer when either By = B or By = B.

Lemma 5.3.4. The pre-allocation p* = %w is a local mazximizer of ma(p, Ra, Rp) over p €

A, (P), for any P,Ra,Rp > 0.

Proof. From Lemma and the definition of hy(k4, kp) in (5.13)), we observe that the solution
to (5.13)) under the pre-allocation s* is always in one of two completely symmetric cases: 1)

By = B; or 2) By = B. Thus, we need to show s* is a local maximizer in both cases.

Case 1 (By = B): For p € A,(P), the system ([5.13]) is written

n n

_ 2 2 .2
R — Z (qupkB — po) and Ry — Z (qupkB)® — p})

= 24weeB = 2qwera (5.15)
where 0 < qupkp — pp < k4 holds Vb € B.
It yields an algebraic solution

* 1 2 2

akh = o [P+ Ra+ V(P + B2’ = WpIR,
5.16
. (Pt Rayary — ol (10)

Raq = .

qRp

2
where ||p||%, = Yy Z—’;. This solution needs to satisfy the set of conditions 0 < qupkp — pp <
k4 Vb € B, but the explicit characterization of these conditions is not needed to show that s* is

a local maximum. Indeed, first observe that the expression for gx} is required to be real-valued,
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which we can write as the condition

(5.17)

n P+ Ry)?
pert = {pear): bl < T

w

We thus have a region R for which the expression of player A’s equilibrium payoff (derived

using Lemma |5.3.3) is well-defined:

(e _ _4Rp [ Wipll%
A (p) "W<1 f<||puw><1 <P+RA+f<Hpuw>>2)> (5.18)

where f(||pllw) := /(P + Ra)? — W|p||%. The partial derivatives are calculated to be

or|\™ P 2W2qRp
—2—(p) = > (5.19)
Opy wy f(Ipllw) (P + Ra+ f(lpllw))

A critical point of 7r1(41n) must satisfy ZTVﬂ'Sn) (p) =0 for any z € T,,. Indeed for any p € ROn)

we calculate

P n P
(0= 2w Ve ) = gl - (10l ~ 17
(5.20)
>0
2W2qR

where g(||p|lw) := f(||p||w)(P+RA+Bf(HP||w))2 > 0 for any p € R™. The inequality above is met
with equality if and only if p = p*. This is due to the fact that minpea,, (p) [PII% = [P*[1% = PW2.

Thus, p* is the unique maximizer of WSn)(p) on R,

Case 2 (By = B): For p € A,,(P), the system is written as

n

" (wpkia)? (wpka — pp)? — (pp)?
Ry = ~—~ and R =
A=) and Rp =) | TR

where qupkp — pp > wpk 4 holds for all b € B. This readily yields the algebraic solution:

2 (qRp — P)?

N 2
W i and K} = W<qRB — P). (5.21)

E3
qRp =

For this solution to be valid, the following conditions are required:
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e k%, qrp € Ry This requires that gRp — P > 0.

o quykp — Py > wypk’y for all b € B: This requires that

2 (qRp—P)* 2 Db
= MEBTT) 2 (qRp — P) —max{22} > 0.
W Ra gy (afts = P) —max{ -} >

The left-hand side is quadratic in ¢Rg — P, and, thus, requires either

2/W = \ /3 +4maxe{ 2} %

Rp— P
qIp < 4/(WRA) , or
- 2/W+\/%+4maxb{%}W%A
e = 1/ (WRy) |

The former cannot hold since the numerator on the right-hand side is strictly negative, but
K%,qrp € Ryy requires ¢gRgp — P > 0. Thus, the latter must hold, which simplifies to the

condition

R
gRp — P> -4
2 w,

2
1+ \/1 42 max{pb}] . (5.22)
Ra b b

Clearly, ([5.22)) is more restrictive than ¢Rp — P > 0, and, thus, dictates the boundary of Case
2.

For any p € A,(P) such that all battlefields are in Case 2, the expression for player A’s
payoff in ([5.14)) simplifies to

n

7a(p, Ra,Rp) =Y
b=1

K W Ry

gk~ 2 qRp— P’

where we use the expression for gk and % in . Observe that player A’s payoff is constant
in the quantity p. Thus, for any p that satisfies , it holds that all battlefields are in Case 2,
and that player A’s payoff is the above. We conclude the proof noting that, for given quantities
R4 and P, if there exists any p € A, (P) such that is satisfied, then p* = w - (P/W)
must also satisfy (5.22), since ||p||oc > ||P*||co and the right-hand side in is increasing in

||P|]oo- O
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Next, we prove that the function 74 (p, R4, Rp) is maximized by p* = %w. We showed in

Lemma that p* is a local maximizer over p € A, (P) when either By = B or By = B. It
remains to be shown that player A cannot achieve a higher payoff for p € A, (P) that results
in both sets By and By being nonempty. Throughout the proof, we will use the short-hand
notation W = Zbij wy, Pj = Zbij py and pj = (pp)bes;, J = 1,2, for conciseness.

For p € A, (P), we have that

=3 (qupkp — pp)? 'y (wpra)?

vep,  24werB bep, 2dWoNB
Xp = Z (quykp)? — (py)? I Z (wpka + pp)? — (py)?
- bl
beB, 2qupkia beBs 2qupkia

where 0 < qupkp —pp < wpk 4 holds for all b € By, and qupkp — pp > wpk 4 holds for all b € Bs.

The system of equations readily gives the expression:

Wi(grp)? + Wa(ka)? = 2g55(Xa + P2) — [Ip1ll5, (5.23)

=2k4(qXp — P2) + ||p1][2,

where recall that [|p12, = >ycp, [(p5)?/ws]. The solution to the above system of equations is

ClHQ + \/ (02)2H1H2

Ky = ,
B W1(02)2 + Wg(ol)Q (5 24)
o CoHy £+ +/ (01)2H1H2
W=

W1(Cy)2 + W (Ch)2 '’

where we introduce the short-hand notation C; = Ra + Py, Cy = qRp — Py, H; = (C1)? —
Whllp1l|2, and Hy = (C2)? + Wa||p1||3, for conciseness. We consider only the scenario where
+=+1in , since the expression for % is strictly negative when + = —. Simply observe
that C; > 0, (C1)? > Hy, 0 < (C2)? < Hy and, thus, that either (i) H; > 0, Co > 0 and
0 < CoHy < C1y/HiHa, (i) Hy <0, C2 < 0 and 0 < CoHy = |Ca||Hy| < C1+/|Hi|[Ha], or (iii)

only one of Hy or (5 is negative, in which case CoHy < 0.
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Substituting (5.24)) into ([5.14)) and simplifying, we obtain

VH1Hy — C1C
7"'A(paRA,RB) =W+ 1HP1”2 : 27 (5'25)
w

and the partial derivatives of m4(p, R4, Rp) with respect to py, for b € By and b € By, respec-

tively, are:

0 —Pb/We I ST \2
A = (Cl Hy — 02 Hl)
s loes,  (IP1l[3)?vH

HpHQFC“/E Cxv/H) (5.26)
2 (1~ CoV/H).

Ope beBy leHQV

We first consider critical points p strictly in the interior of A, (P), and resolve the points on

the boundary later. One necessary condition for a critical point is that Omw4/(Opy) —0ma/(Opc) =
0 for all b € By and ¢ € By. Firstly, observe that C; > /H; and v/Hs > C5, and, thus, it must
be that C1y/Hy — Coy/H; > 0. We can thus divide the expression dma/(0py) = Oma/(dpe) on
both sides by C1+/Hy — Coy/H; and rearrange to obtain

(po/wy)(Crv/Ha — Con/Hy) = ||p1[2,(v/Hy — \/H1) > 0

Observe that the left-hand side is strictly greater than zero, and, thus, the right-hand side must
be as well. This immediately requires v/Hy — v/H; > 0, since ||p1||2, > 0. Re-arranging the

above expression, note that we also require

VH[Copy/ws) — |Ip1ll2] = VH2[CL(ps/ws) — |[p1]l5]-

Since we have just shown that v/Hs > +/H; must hold, it follows that each b € 31 satisfies either

(i) Calpo/wy) — lIP1llZ < Crlps/ws) — |IPallZ, < 05 or (ii) Ca(ps/ws) — [IPullZ, > Cr(ps/wp) —
llp1l|2, > 0. Observe that Cy(py/wp) > ||p1]|? must hold for &' € arg maxyep, py/wp, and thus o’

must satisfy scenario (ii) and Co > C; (or, equivalently, gRp — P > R4). This last inequality
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then implies that scenario (ii) must be satisfied for all b € B;.
We have shown that, in order for 0w /(9py) — Oma/(Op.) = 0 to hold for all b € B; and

¢ € By, a critical point p must satisfy

g VHi-vH || I
wey Cl\/H —02\/ v

for each b € B;. Expanding this expression, and solving for p explicitly, we obtain the following

two possible (real) solutions for p:

where we use P, = Wip, P, = P — Py, and ||p1||12u = W1(p)?2. As p = 0 is inadmissible, we
consider the latter expression for p. After inserting this expression for p into the right-hand

side of (5.22]), where maxy{py/wy} = P, we obtain

14 ]
R4 7,4

= takg—P -

Ra

=qRp — P,

which follows since we showed above that gRp — P > R4 must hold. Thus, the only critical
point sits at the boundary of the region where all battlefields are in Case 2, since decreasing p
even slightly will satisfy the condition in . We can further verify that the payoff at this
critical point is equal to the constant payoff in the region where all battlefields are in Case 2,
but omit this for conciseness.

We conclude the proof by resolving the scenario where p lies on the boundaries of A, (P).
Observe that the conditions on ¢k} and % immediately imply that py/w, > p./w. for any
b € By and ¢ € By. Thus, on the boundaries of A, (P), it must either be that all battlefields
with pp = 0 (and possibly more) are in Case 2, or that all battlefields in B are in Case 1 (which

is covered by Lemma [5.3.4). In the scenario where all battlefields with p, = 0 are in Case 2
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note that the necessary condition (0/(dp;) — 9/(0p;))ma > 0 for i € arg minyep, {pp/wp} and
J € arg maxpep, {py/wp } only holds with equality if p,/wy = P1 /Wy for allb € By. If Py/Wp < p,
then the inequality in is satisfied implying that all battlefields are in Case 2, and Lemma
shows that p* = w(P/W) must correspond with the same payoff to player A. Otherwise,
if P/W; = p, then we showed above that the global maximum sits at the boundary where all
battlefields are in Case 2 and p* = w(P/W) achieves the same payoff. Finally, if P,/W; > p,
then, from , we know that 0m4/(0py) —Oma/(0p.) < 0 must hold for all b € By and ¢ € Bo,
since the choice pp/wy, = p satisfies Oma/(Opy) — Oma/(Ope) = 0, and Oma/(Opy) is decreasing
with respect to pp/wp while 0w 4/(9p.) is constant. This violates a necessary condition for a
critical point, and implies that A’s payoff is increasing in the direction of decreasing p, and

increasing p., as expected. ]

— Part 2: In the proof of Lemma we provide the closed-form solutions to the system
of equations for the symmetric case By = B (resp. Bz = B) in (resp. (B.21)).
In the following analysis, we derive conditions on the underlying parameters for which these
closed-form solutions of exist and satisfy the corresponding constraints on %, gk > 0,

and find that these two cases encompass all possible game instances GL-P(P, R4, Rp, w).

Case 1 (B; = B): Substituting p = (P/W) - w into (5.16) and simplifying, we obtain

1
4w = 7= |P+ Ra+ VRa(Ra +2P)]
w (5.27)
o _ (P Ragry = P/W
4 qRp '
Next, we verify that this solution satisfies the conditions 0 < gxj; — P/W < k%.
e gk — P/W > 0: This holds by inspection.
e grjy — P/W < k4: We can write this condition as
PR
qRp — P < Ra+ 4 (5.28)

Ry+ \/Ra(Ra +2P)

We note that whenever gRp — P < 0, this condition is always satisfied. When qRp — P > 0,
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this condition does not automatically hold, and an equivalent expression of ([5.28) is given by

2(¢Rp — P)?

e~ ) (5.29)

RAEP

_ 2
Observe that Ry = % satisfies ([5.28]) with equality, and is in fact the only real solution
(one can reduce it to a cubic polynomial in R4).

When these conditions hold, the equilibrium payoff 74 (P, R4, Rp) (computed from Lemma

5.3.3)) is given by the expression (|5.4)).

Case 2 (By = B): Substituting p = (P/W) - w into (5.21]) and simplifying, we obtain

2(qRp — P)
w

2(qRp — P)?

and grp = W (5.30)

Ky =

The solution satisfies the condition 0 < k% < gkj; — P/W if and only if gRp — P > 0 and R4 >

%. When this holds, the equilibrium payoff (from Lemma |5.3.3)) is 74(P, Ra, Rp) =

R
W srs—p- =
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Chapter 6

Introduction

6.1 Model: Congestion games with taxes

A congestion game (also known as, atomic congestion game) consists of a set of players
N = {1,...,n} and a set of resources R. Each player i € N selects an action a; from a
corresponding set of feasible actions A; C 2. The cost that a player experiences for selecting a
given resource r € R depends only on the total number of players selecting r, and is denoted as
C,:{1,...,n} — R. Given an assignment a = (a1, ..., a,) € A, where A = II)Y | A;, each player
i € N experiences a cost equal to the sum over costs on resources r € a;. Correspondingly, the

system cost is measured by the sum of the players costs, i.e.,

SC(a) = 33" Colal) (6.1)

i€EN re€a;

where |al, denotes the number of players selecting resource r in assignment a. Observe that a
congestion game can be represented as a tuple G = (N, R, {A;}ien, {Cr}rer)-

We denote by G™* the family of all congestion game instances with a maximum number
of players n, where all resource cost functions {¢,},cr belong to a common family of resource
cost functions £. To ease the notation, we will use G" to refer to the family G™L when the

dependence on L is clear.
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6.1.1 Taxes

In the study of taxes, each resource r € R is associated with a tax function 7. : {1,...,n} —
R (positive or negative). In this case, each player i € N incurs a cost involving both the resource

costs it experiences and the imposed taxes:

Cia) = Y [t(lalr) + 7+ (lal,)]. (6.2)

rea;

We consider taxes that only influence the players’ costs and do not factor into the social cost.
Scenarios where taxes are incorporated into the social cost have also been studied in, e.g.,
[72, [73].

When players selfishly choose their actions to minimize their incurred costs, an emergent
outcome is often described by a pure Nash equilibrium. A pure Nash equilibrium is an assign-
ment a™ € A such that C;(a™) < Cj(a;,a™) for all a; € A; and all i € N, where a}, a_; denotes
the assignment obtained when player ¢ plays action a, and the remaining players continue to play
their actions in a. Observe that a system designer can influence the set of pure Nash equilibria
through the choice of tax functions 7., 7 € R. Accordingly, with abuse of notation, we augment
the tuple representation of a congestion game as G = (N, R, {A;}ien, {4 }rer, {7r }rer) which
incorporates the imposed taxes on the resources.

We consider the use of local taxes to improve the equilibrium performance. Local taxes
only use information about the resource cost function ¢, to compute the tax function 7. on
any given resource r € R. The restriction to local taxes is a natural requirement, especially in
settings where scalable and computationally simple rules are desirable. This structure is also
commonly utilized in the existing literature, e.g., Pigouvian taxes [74]. Accordingly, we define
a local taxation rule as a map from the set of admissible resource costs £ to taxes, i.e., under
a given local taxation rule T, the tax function associated with each resource r € R is given by
7, = T(¢,). For any given family of congestion games G without taxes, we denote by Gr the

corresponding modified family of congestion games with taxes 7, = T'(¢,) on each edge r € R.
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When convenient, we will use the notation of agent cost generating functions F,(k) =
l-(k) + 7.(k), k = 1,...,n, to denote the cost experienced by an agent on a given resource
r € R. Under this modified notation, we may also refer to the family of games Gp which
contains all congestion games induced by a (possibly infinite) set P of admissible system-cost,
agent-cost function pairs, i.e., Gp is the set of all games G that satisfy {C,, F,.} € P for all
r €R.

6.1.2 Performance measures

For any given family of congestion game instances G, we may choose to measure the equi-
librium performance using two commonly-studied metrics that we term Price of Anarchy and

Price of Stability, respectively defined as

_ __SCa)__
PoAE) = B LX) MinCost (@) (03
PoS(G) = sup min SC(a) (6.4)

Geg aeNE(G) MinCost(G)’

where MinCost(G) denotes the minimum achievable social cost for instance G as defined in
and NE(G) denotes the set of all pure Nash equilibria in G. It is important to note that the set
NE(G) must be non-empty for any congestion game G, and, thus, that the Price of Anarchy and
Price of Stability are well-defined. This holds since all congestion games are potential games

[75]. A potential game is any game G for which there exists a function ® : 4 — R such that
®(a) — ®(aj,a—;) = Ci(a) — Ci(a},a—;), Va; € A;,Vi e N,Va € A. (6.5)

In particular, congestion games admit the following potential function [75]:
|al-

Ola)= > Y [b(k) + 7 (K)). (6.6)

rela; k=1
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Observe that the Price of Anarchy provides guarantees on the performance of any equilibrium
in the set of games while the Price of Stability offers performance guarantees for the best
equilibrium of any instance in the set. By definition, the metrics must satisfy PoA(G) >

PoS(G) > 1 for any family G.

6.1.3 Welfare maximization games

We may also consider distributed welfare games [76], which are the welfare maximization
analogue to generalized congestion games. In these games, there is a set of agents N = {1,...,n}
and a finite set of resources R, where each agent i € N has an associated set of admissible
actions A; C 2™ and each resource r € R is associated with a resource welfare function W, :
{1,...,n} — R>¢ and a utility generating function F, : {1,...,n} — R. The system welfare
and agent utility functions under a given collective action a € A are defined as

W)=Y Wellal),  Ui(a)=)_ Us(lal;).

rela; rea;

As with congestion games, we will consider families of distributed welfare games Gyy 4 which
contain all distributed welfare games that satisfy W, € W and U, = U(W,) for all r € R, where

U : W — R" is referred to as the utility rule.

Definition 6.1.1 (Basis). The set of welfare rules W is spanned from a set of basis welfare

rules {w!,... w™} E| if W can be characterized by any non-negative combination of the basis
welfare rules {w', ..., w™}, i.e.,
m . .
W:{w:w:ZaJw], val,...,a™ > 0}. (6.7)
j=1

We remark that the performance guarantees are identical regardless of if we consider the

welfare set W = {wl, ... w™} or consider W to be the set spanned from the basis {w!, ..., w™}.

We assume, without loss of generality, that w’(1) = 1.
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Furthermore, we will restrict attention to welfare rules that are submodular, or informally,
welfare rules that admit a notion of decreasing marginal-returns that are commonplace in many

objectives relevant to engineered systems.

Definition 6.1.2 (Submodularity). A welfare rule w is submodular if w(j + 1) > w(j) for all

je€Nand w(j+ 1) —w(j) is non-increasing in j.

Note that in distributed welfare games, the Price of Anarchy and Price of Stability are
respectively defined as the minimum and maximum ratio between the social welfare W (-) at
a pure Nash equilibrium, and the maximum achievable social welfare in the game. Thus, in
contrast with congestion games, the Price of Anarchy and Price of Stability of any distributed

welfare game satisfies PoA(G) < PoS(G) < 1.

6.2 Applications

Congestion games suitably model systems that involve the interactions of strategic users
and an underlying shared infrastructure. The typical example is that of drivers sharing a
road network. A major difficulty in designing such systems is that one must account for each
user’s decision making process in order to guarantee good overall system performance. The
detrimental effects of selfish user behaviour on the performance of these systems have been
observed in a variety of contexts, including unfair allocation of essential goods and services
[T7, [78], overexploitation of natural resources [79, [80] and congestion in internet and road-
traffic networks [R1), 82]. A widely studied approach for influencing the system performance is
the use of taxes, which can come in the form of rewards or penalties. Examples of taxes include
taxes levied on users whose decisions have a negative impact on the system performance, and

rebates given to users for making decisions aligned with the greater good.
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6.3 Related work

The Price of Anarchy was first introduced by [83] as a performance metric to characterize
the equilibrium efficiency in games. The first exact characterization of the Price of Anarchy
in congestion games was derived independently by [84] and [85] for affine congestion games
without taxes. These results were later generalized to all polynomial congestion games without
taxes by [86].

Characterizations of the Price of Anarchy without taxes naturally led to the study of taxes to
improve worst-case efficiency guarantees. The design of taxes to optimize equilibrium efficiency
guarantees falls under the broader literature on coordination rules introduced by [87]. Within
the context of congestion games, [88] derive local and global congestion-independent rules that
minimize the Price of Anarchy for linear resource costs. For polynomial congestion games, [72]
consider the class of rules that use only information about a social optimum of each instance.
Among taxation rules of this specialized class, they derive the best achievable Price of Anarchy
guarantees in polynomial congestion games, as well as a methodology for computing the optimal
taxes. [89] generalize these results beyond polynomial congestion games and show that the
efficiency of optimal, polynomially-computable taxes (using global information) matches the
corresponding bound on the hardness of approximation. [90] derive local taxes that minimize
the Price of Anarchy in any class of congestion games, which are shown to have similar efficiency
guarantees as the rules using global information from [72] [88] [89]. [91] derive upper bounds on
the Price of Anarchy associated with the marginal cost rule in polynomial congestion games,
which were later refined and generalized in [90].

Aside from the Price of Anarchy, another interesting metric that has been the subject of
extensive analysis is the Price of Stability. The Price of Stability was defined by [92] (though
its study dates back even earlier to, for example, [93]), who provide an exact characterization
of this metric for a specialized class of congestion games. The exact Price of Stability for linear
congestion games without taxes was derived by [94] and [95], followed by an exact characteriza-

tion for all polynomial congestion games without taxes by [96]. [97] study the Price of Anarchy
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and Price of Stability in affine congestion games under various taxation rules (for example,

altruism, congestion independent taxes).
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Chapter 7

Smoothness and primal-dual

methods

7.1 Roughgarden’s smoothness

Though it is a powerful performance metric, direct computation of the PoA is extremely
difficult. In fact, even the problems of computing the minimum achievable system cost and
of computing a pure Nash equilibrium for a given congestion game are both associated with
pessimistic hardness results even in restricted settings [98, [99, [89]. For this reason, researchers
have developed analytical techniques aimed at tractably characterizing the PoA over various
classes of games. One such technique that is widely used in the existing literature is Rough-
garden’s (\, u)-smoothness argument, formally defined in [I00]. A cost minimization game G

is termed (\, p)-smooth if the following two conditions are met:

(i) For all a € A, we have > "' | Ji(a) > C(a);

(ii) For all a,a’ € A, there exist A > 0 and p < 1 such that

> Jiaf,a-i) < AC(d) + pCla). (7.1)

1EN
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If a game G is (A, p)-smooth, then the PoA of game G is upper bounded by

A

< .
PoA(G) < T

Observe that if all the games in a class G are shown to be (A, )-smooth, then the PoA of the
class PoA(G) is also upper bounded by A/(1 — u). We refer to the best upper bound obtainable
using a smoothness argument on a given class of games G as the Robust Price of Anarchy

(RPoA), i.e.,

RPoA(G) =

inf subject to:
A>0u<t 1 —p

(71) holds VG € G.

(7.2)

Observe that, given a family of games G, the RPoA is the optimal value of a fractional program
(which can be reformulated, in this case, to a linear program). It is important to note that the
RPoA represents only an upper bound on the PoA. More specifically, for any class of (A, u)-
smooth cost minimization games G, it holds that PoA(G) < RPoA(G), where it could be that

PoA(G) < RPoA(G) as we show in the examples below:

Example 7.1.1 (Congestion games without taxes). For the family of all congestion games G
with affine resource cost functions (i.e., in each game G € G, each r € R has {,(x) = a, -z + b,
with ar,b, > 0), the optimal smoothness parameters are A\ = 5/3 and pu = 1/3, such that
RPoA(G) = 5/2, which is equal to PoA(G) [84, [85].

Example 7.1.2 (Congestion games under Pigouvian taxes). For the family of all congestion
games G with affine resource cost functions under Pigouvian (marginal cost) tazes (i.e., 7.(x) =
l(x)-x—Lp(x—1)-(x—1) for allr € R), the optimal smoothness parameters are A = 17/5 and
w=2/5, such that RPoA(G) = 17/3. However, using the techniques provided in the forthcoming
Theorem|[7.4.1, we compute the true PoA to be PoA(G) = 3 which is nearly 50% smaller. Thus,

(A, p)-smoothness does not give a tight characterization of the PoA in this case.

The above examples establish that the RPoA and PoA do not always match. Crucially, it
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immediately follows that any analytical approach for quantifying and/or optimizing the PoA
that is based on smoothness (see, e.g., [86, [101], [102]) is inadequate for settings where the
corresponding smoothness bounds are loose. Based on this observation, in the forthcoming
section, we introduce a novel notion of smoothness that improves upon the PoA bound provided

by the RPoA.

7.2 Generalized smoothness

In this section, we provide a generalization of the smoothness framework, termed generalized
smoothness. We will then proceed to show how this new framework provides tighter efficiency
bounds and covers a broader spectrum of problem settings than the original smoothness frame-

work.

Definition 7.2.1 (Generalized smoothness). The cost minimization game G is (A, p)-generalized

smooth if, for any two allocations a,a’ € A, there exist A > 0 and p < 1 satisfying,

n

3 [Ji(a;, a_;) — Ji(a)| + C(a) < AC(a') + uC(a). (7.3)

i=1

Note that we maintain the notation of (A, u) as in the original notion of smoothness for ease
of comparison. In the specific case when ) " | Ji(a) = C(a) for all a € A, observe that the
smoothness conditions in are equivalent to the original smoothness conditions in . As
with , we define the Generalized Price of Anarchy (GPoA) of a class of cost minimization

games G as the best upper bound obtainable using a generalized smoothness argument, i.e.,

GPoA(G) := _inf {A 5. holds VG € g} . (7.4)

A>0u<l | 1—p

With our first result we show that (i) PoA bounds under the generalized smoothness frame-
work follow in the same way as the original smoothness framework without the restriction
that > | Ji(a) > C(a) for all a € A, and (ii) the generalized smoothness framework provides
stronger bounds on the PoA than the original smoothness framework whenever both are de-
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fined. For clarity, the proof of (i) follows trivially from [I00]. The novelty of the result is in

(ii), which establishes an ordering between RPoA, GPoA and PoA.
Proposition 7.2.1. For any (A, u)-generalized smooth game G, the following statements hold:
(i) The PoA of G is upper bounded as PoA(G) < \/(1 — u).

(11) If the game G is (A, p)-smooth, then RPoA(G) > GPoA(G) > PoA(G). Furthermore, if
Yoy Ji(a) > C(a) holds for all a € A, then RPoA(G) > GPoA(G) > PoA(G).

Further comparisons between the RPoA and GPoA can be made, as summarized by the

following observations:
— Observation #1: The PoA and GPoA are shift-, and scale-invariant, i.e., for any given v > 0

and (01,...,0,) € R™,

PoA((N, A, C,{Ji})) = PoA((N, A, C, {vJi + bi})),

GPoA((N, A, C, {Ji})) = GPoA((N, A, C, {7J; + 6;})).

Neither of these properties hold in general for the RPoA, i.e., for any given v > 0 and
(51> s 75n) € Rn’

RPoA((N, A, C,{J;})) # RPoA((N, A, C,{~vJ; + 6:})),

except when v =1 and (d1,...,d,) = 0.

— Observation #2: The RPoA is optimized by budget-balanced agent cost functions, i.e.,
> ien Ji(a) = C(a) for all a € A. In general, this does not hold for the PoA and GPoA.

— Observation #3: For a given cost minimization game GG, we define an average coarse-correlated

equilibrium as a probability distribution o € A(A) satisfying, for all a’ € A,

N
> Ji(d, ai)] . (7.5)

=1
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Note that the set of average coarse correlated equilibria contains all of the game’s pure Nash
equilibria, mixed Nash equilibria, correlated equilibria and coarse correlated equilibria [100].
The GPoA tightly characterizes the average coarse correlated equilibrium performance of any
cost minimization game G, and, thus, of any class of cost minimization games G. The proof
follows identically to the result by [I03] that proves this claim for the RPoA under an alternative
definition of average coarse correlated equilibrium. Unsurprisingly, these two definitions of

average coarse correlated equilibrium match for games with Y ;" | Ji(a) = C(a), for all a € A.

The above observations are stated without proof for brevity, but can easily be verified by the
reader.

So far, we have presented two different smoothness bounds aimed at quantifying the PoA:
(i) RPoA, and (ii) GPoA. The result in Theorem shows that, though the generalized
smoothness conditions amount to a minor variation on the original smoothness conditions, the
GPoA always provides better (i.e., tighter) bounds on the PoA than the RPoA. Recall that our
primary reasoning for considering smoothness bounds like RPoA and GPoA is that computing
the PoA directly is a difficult problem, so we wish to consider a surrogate metric that is both
simpler to characterize and sufficiently representative of the PoA instead. Though we show
that the GPoA is more representative of the PoA than the RPoA, it remains to be shown that
either one of these bounds is actually simpler to compute than the PoA. To resolve these two

concerns, we wish to address the following questions:

1. Does optimizing the GPoA ever coincide with optimizing the PoA?; and, if so, then

2. Are there tractable techniques for optimizing the GPoA?

In the next chapter, we will identify a broad class of games for which we can answer both these

questions in the affirmative.
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7.3 Smoothness from a primal-dual perspective

A recent and interesting perspective on smoothness examines such arguments from a primal-
dual perspective [104, [103]. More specifically, if we formulate the computation of the Price
of Anarchy (or any other performance measure of interest) as an optimization problem, the
relevant smoothness conditions correspond with the constraints of the dual problem. Adapting
an example from [I03], observe that the worst-case coarse-correlated equilibrium efficiency
of a cost-minimization game can be exactly computed as the optimal value of the following

optimization problem:

. SC(a) : )
maxtljmlze GEZ'A |:O'(a,) . W SU.bJeCt to:
> o(a)-[Ci(a) - Ci(aj,a_;)] <0, Vaj € A;, Vi € N, (7.6)
acA
> ola)=1, o(a)>0, Vac A
acA

Observe that the objective in the above optimization problem is the ratio between the expected
social cost under the probability distribution ¢ and the minimum-achievable cost in the game
G and that the constraints in the second and third lines ensure that o is a coarse-correlated
equilibrium and a valid probability distribution, respectively. Note that we can equivalently

write the above optimization problem as the following linear program:

maximize Z[a(a) -SC(a)] subject to:

acA
Y o(a)- [Ci(a) — Ci(aj,a;)] <0, Vaj € A;, Vi € N, (7.7)
acA
) " o(a) =1/MinCost(G), o(a) >0, Va € A.
acA
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where we normalize the distribution o with MinCost(G) to simplify the objective. The dual of
the above linear program is

minimize p subject to:
215,20 20,p

n
SC(a) — p- MinCost(G) + Z [z - [Ci(a},a—;) — Ci(a)]] <0, Vaj€ A;, Vie N, Va e A.

- (7.8)
Note that the optimal value of the above dual program exactly characterizes the worst-case
coarse-correlated equilibrium efficiency of the game G. This follows from the equivalence of the
original optimization problem and the primal linear program and from strong duality in linear
programming. Note that the optimal value of the above dual program is already an upper
bound on the Price of Anarchy, since any pure strategy Nash equilibrium of the game G is also
a coarse-correlated equilibrium of GG. After applying several restrictions to the above dual prob-
lem — namely, setting z; = --- = 2, = z, considering only those games with } ;" | Cj(a) > SC(a)
for all a € A and replacing MinCost(G) with SC(a’) — and after the change of variables ..., the
objective of the resulting program is to minimize A/(1 — p), and the constraints are identical to
Roughgarden’s (A, )-smoothness conditions in . Similarly, after applying the restrictions
z1 = --- = zp = z and replacing MinCost(G) with SC(a'), and after the change of variables ...,
the constraints in the above dual program are identical to the generalized smoothness condition
in . From this perspective, it is unsurprising that generalized smoothness offers improved
bounds on the Price of Anarchy than Roughgarden’s smoothness since it relies on only a subset
of the restrictions to the dual program for computing the worst-case coarse-correlated equilib-

rium efficiency.

From the above line of reasoning, several important observations can be made:

1. Under the appropriate restriction to cost minimization games that satisfy » . C;(a) >
SC(a) for all a € A, Roughgarden’s (A, u)-smoothness conditions in (7.1)) character-
ize a strict upper bound on the Price of Anarchy for cost minimization games with

Y, Ci(a) > SC(a) for all a € A. This is because all the constraints in the dual program
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above will be loose, and the optimal value of the dual program is itself an upper bound

on the Price of Anarchy.

2. Following a similar line of reasoning to the one above, we can leverage primal-dual argu-
ments to obtain smoothness conditions for various other performance measures, including
the Price of Stability. The general recipe is simple: First, formulate a primal program
that characterizes an upper bound on the performance measure of interest; then, take the

constraints of the dual program as your smoothness conditions.

3. For a given family of games G, an upper-bound on the equilibrium efficiency can be charac-
terized by applying the same smoothness condition to every game G € G simultaneously,
as in (7.2]) or (7.4). In other words, the constraints in the dual program must now be

satisfied for every game G € G.

The final observation above on computing equilibrium efficiency guarantees for a family of games
is only helpful if the family of games in question has a modest number of games. For example,
in the extreme case, a family of games may have infinitely many games, such as the family of
affine congestion games in Example In such a case, we cannot solve a linear program
with infinitely many constraints. In the next section, we show how game parameterizations can
be used to tractably obtain equilibrium efficiency guarantees, even for arbitrarily large families

of games.

7.4 Balancing tightness and tractability

In the previous sections, we saw that applying a smoothness condition to a family of games
G, especially families containing infinitely many games, can be difficult, and that introduc-
ing game parameterizations can help reduce the computational burden of characterizing the
corresponding efficiency guarantees. In this section, we present several popular game param-

eterizations that will be used in the proofs. The best game parameterization for a particular

115



Smoothness and primal-dual methods Chapter 7

application will balance the tightness of the provided bounds with the tractability of the cor-
responding optimization problem.

For the purposes of this section, we restrict our attention to the family of congestion games
G with a maximum number of players n, each with up to k actions. Each resource has resource-
cost function equal to a non-negative linear combination over m basis cost functions; formally,

every resource r € R has m coefficients a},...,a™ > 0 such that C,(z) = Z;”Zl[ai - (x)] for

1

every game G € G, where ¢',...,c¢™ are basis cost functions.

7.4.1 Tightest but not tractable

Given the maximum number of users n, consider a game parameterization corresponding
with a (2¥%) x (kn) table R whose rows are all the unique permutations of kn-long binary
vectors r € {0,1}*". Under this parameterization, each row r € R corresponds with a different

resource in the parameterized congestion game, and, collectively, the rows encode the users’

w-ne ,b-ne GOPt

actions aj™¢, a; "¢, a; " as follows:

(K)

Consider the resource e corresponding with the row r € R, and let a;” ’ denote player i’s
K-th action. For any i € {1,...,n}, if rg,y; =1, then e € a,l(-K), else e ¢ aEK). The coefficients
in the basis representation of the 2*" resource cost functions will be the decision variables of
our final linear program (i.e., there are (2¥") x m decision variables). This means that we can
represent any game with (2%") x m parameters where n is the maximum number of users, and
m is the number of basis cost functions m. Thus, any linear program formulated under this
parameterization is not tractable for large n. Nonetheless, lower bounds for small n can be
computed within a reasonable amount of time, as provided in Figure 9.3

Under this parameterization, observe that we retain the granularity required to indepen-
dently identify each player, and each of that player’s actions. With that granularity, we can
encode elaborate linear programs. However, this granularity comes at the cost of tractability; a

primal program based on this parameterization has 25" x m decision variables, which generally

coincides with the number of smoothness conditions.
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7.4.2 Looser but tractable

For a given congestion game G' € G (p), our game parameterization is defined as follows for
allocations a,a’ € A: For every resource r € R, we define integers z,, Y., 2, > 0 where z, = |a|,
is the number of agents that select r in a, y, = |d’|, is the number of agents that select r in
a and z, = [{i € Ns.t. r € a;} N{i € N s.t. r € a}}| is the number of agents that select r in
both a and a/. Note that 1 < z, +y, — 2, < n and 2, < min{x,,y,} must hold for all r € R.
For all z,y,2 > 0 such that 1 < 2+ y — 2z < n and z < min{z,y}, and all j = 1,...,m, we

define the parameters

9((L’,y,2,j) - Z 04:7 (79)

reR(z,y,z)
where R(z,y,2) = {r € R s.t. (#r,yr,2) = (z,9,2)}, and o} > 0, j = 1,...,m, are the coef-
ficients in the representation of the resource-cost, agent-cost function pair {C,, F,.}. Although
the parameterization into values 6(z,y, z,j) > 0 is of size O(mn?), we show in Step 2 of the
forthcoming proof of Theorem that only O(mn?) parameters are needed in the compu-
tation of the PoA. Furtheremore, in Step 3 of the proof of Theorem we show that this
parameterization is still sufficiently tight to be used for characterizing the Price of Anarchy of

any family of games Gp under any set of function pairs P

7.4.3 Tight, tractable PoA in generalized congestion games

The broader literature on congestion games is often interested in characterizing the PoA
associated with the family of all congestion games, Gp, under a specified set (possibly infinite)
of admissible resource-cost, agent-cost function pairs P. Recall that for each game G € Gp, it
must be that each r € R satisfies {C,, F,.} € P. For ease of notation, we may choose to denote
the family Gp simply as G when the dependence on the set P is clear. Our next result shows
that the GPoA provides a tight bound on the PoA associated with any family of generalized

congestion games Gp.

Theorem 7.4.1. For any set of resource-cost, agent-cost function pairs P and positive integer
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n, let G denote the family of all generalized congestion games with a maximum of n agents in

which each resource r € R satisfies {Cy, F,.} € P. It holds that PoA(G) = GPoA(G).

Theorem highlights that the GPoA represents a tight bound on the PoA for the family Gp
under any set of resource-cost, agent-cost function pairs P. Therefore, for this broad class of
problems, there is no loss in characterizing the PoA using the generalized smoothness bound.
However, it remains to be shown whether GPoA(Gp) can be quantified efficiently.

In many commonly studied settings, we can leverage the structure of the set P to efficiently
quantify the GPoA of the family of all generalized congestion games under P. For instance, in
the forthcoming proof of Theorem we show that the GPoA(Gp) in can be computed
efficiently when the number of resource-cost, agent-cost function pairs in P and the maximum
number of agents are finite. Moreover, the GPoA may be computable even when the size
of P is not finite. Specifically, let P = {{C!, F'},...,{C™, F™}} denote any (finite) set of
m resource-cost, agent-cost function pairs, and let A(P) denote the set of all resource-cost,

agent-cost function pairs {C, F'} that can be represented as

Clk)y=) o -Ci(k), k=1,...,n,
j=1
F(k)y=> o -Fi(k), k=1,...,n,
j=1
with al,...,a™ > OE| In the proof of Theorem we establish that the GPoA of the family
Ga(p) is equal to the GPoA of Gp, and, thus, can also be computed as the solution of a tractable

linear program. We formally state this observation in the following corollary, where we define

CI(0) =FI(0)=FI(n+1) =0, for j =1,...,m, for ease of notation:

Corollary 7.4.1. For any set of resource-cost, agent-cost function pairs P and positive integer
n, let Gp and Ga(py denote the families of all generalized congestion games with a mazimum of n

agents under their specified sets of function pairs. Then, it holds that PoA(Gp) = PoA(Ga(p))-

'For example, the family of affine congestion games (studied in, e.g., [84] [85]) is equivalent to the family G A(P)
with m = 2, where {C(k), F'(k)} = {k, 1} and {C%(k), F2(k)} = {k*,k}, k=1,...,n.
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Further, let p°P* be the optimal value of the following (tractable) linear program:

P —mazimi bject to:
p %%lz‘lgglezﬂg p SUu ]66 (0]
C(y) — pC(x) + v|(z — 2)F(z) — (y — 2)F(x +1)] > 0, (7.10)

H{C, F} e P, V(z,y,2) € Ir(n),

where Ir(n) is defined in the forthcoming (7.14). Then, it holds that PoA(Gp) = GPoA(Gp) =

1/p°Pt.

The linear program in (7.10) has two decision variables and O(mn?) constraints. Thus, for
m and n finite, there are computationally efficient approaches for characterizing the PoA of

generalized congestion games.

7.5 Chapter proofs

7.5.1 Proofs from Section [7.2]

Proof of Proposition [7.2.1] For the proof of statement (i), observe that, for all ™ € NE(G)

and a°Pt € A,

P (7.11)
< AC(a®PY) + p C(a™).

The inequalities hold by the Nash equilibrium condition and , respectively. Rearranging
gives the result.

The remainder of the proof focuses on statement (ii). Since the condition } ;" | Ji(a) > C(a)
for all a € A implies that any pair of (\, u) satisfying necessarily satisfies , we note
that the GPoA is less than or equal to the RPoA, i.e., RPoA(G) > GPoA(G) > PoA(G).

Note that for any game G = (N, A,C,{J;}) with > | Ji(a) > C(a) for all a € A there
must exist a uniform scaling factor 0 < v < 1 such that Y ;" ; vJ;(a) > C(a), but for which the

PoA remains the same, i.e., for G’ = (N, A, C,{J!}) where J/ = ~J;, it holds that PoA(G’) =
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PoA(G). The PoA remains the same despite the rescaling, because the Nash equilibrium
condition for each player is unaffected by a positive scaling factor (i.e., NE(G) = NE(G")),
and because the optimal cost remains unchanged since the scaling does not impact the system
cost. Further, one can verify from that RPoA(G) > RPoA(G’), and thus RPoA(G) >
RPoA(G’) > PoA(G’) = PoA(G). Finally, we know that GPoA(G’) is less than or equal
to RPoA(G’) and can verify from that GPoA(G) = GPoA(G’). Thus, RPoA(G) >
RPoA(G’) > GPoA(G') = GPoA(G) > PoA(G). O

7.5.2 Proof of Theorem [7.4.1]

The following informal outline of the proof is directly followed by the formal proof, which
follows a similar structure:
— Step 1 : We define our game parameterization, which represents any generalized congestion
game G € G with O(mn?) parameters 6(z,y, z, j) > 0 corresponding with basis pairs {(C7, F7)},
j=1,...,m, and triplets z,y,z € {0,...,n} such that 1 <z +y — 2z <n and z < min{z, y}.
— Step 2 : For any family of generalized congestion games G, we observe that an upper bound
on the GPoA can be computed as a fractional program with O(mn?) constraints under the
game parameterization presented in Step 1.
— Step & : Following a change of variables, we observe that the linear program in
is equivalent to the fractional program from Step 2. We then provide a game G € G with
PoA equal to the upper bound on the GPoA, implying that PoA(G) > GPoA(G). Since
PoA(G) < PoA(G) < GPoA(G), it must then be that PoA(G) = PoA(G) = GPoA(G) for the

family of generalized congestion games G, concluding the proof.

Proof. 1t is straightforward to show that any game in the family Ga(p) is (strategically) equiv-

alent to a game in Gp (with potentially a much larger resource set), and, thus, that PoA(Gp) =

PoA(Ga(p)). For example, consider a game G € G (p) with rational coefficients a}, ..., a* > 0,
r € R. Let LCD denote the lowest common denominator across all coefficients a%, m>0,
r € R, and observe that LCD - o, is an integer for each j € {1,...,m} and r € R. Thus, G
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is equivalent to the game G’ € Gp where we replace each resource r in game G with LCD - ol
resources with function pair {C7, F7}, for each type j € {1,...,m}. As this amounts to a uni-
form rescaling of the resource-cost and agent-cost functions, the PoA remains unchanged. In
the case of irrational coefficients, we can approximate these from above or below (as required)
to arbitrary precision using rational numbers, and then use the above approach to obtain an
equivalent game in Gp. The above reasoning is further elaborated in [90, [100].

For any given set P, the remainder of the proof shows that PoA(Ga(p)) = GPoA(Ga(p))-

The proof is shown in three steps, as summarized in the informal outline.

— Step 1 : For a given game G € Ga(p), our game parameterization is defined as follows for
allocations a,a’ € A: For every resource r € R, we define integers .., y,, 2z, > 0 where x, = |a|,
is the number of agents that select r in a, y, = |d’|, is the number of agents that select r in o’
and z, = |[{i € N s.t. r € a;} N{i € N s.t. r € a}}| is the number of agents that select r in both
a and o’. Note that 1 < z, + y, — 2, < n and z, < min{x,,y,} must hold for all r € R. For
all z,y,z > 0 such that 1 <z +y — 2z <n and z < min{z,y}, and all j =1,...,m, we use the
parameterization in to represent the coefficiencts of the resource-cost, agent-cost function
pair {C,, F,.}. Although the parameterization into values 6(z,y, z,j) > 0 is of size O(mn?), we

show in Step 2 that only O(mn?) parameters are needed in the computation of the PoA.

~ Step 2 : For any generalized congestion game G € Ga(p), we denote an optimal allocation
as a®P’ and a Nash equilibrium as a™, i.e. a"® € NE(G) such that PoA(G) > C(a™®)/C(a®").
We observe that using the above definitions of (2., ¥, ) for a = @™ and o’ = a°', it follows

that

S i@ a) = 3 [(yr ) Fp(ze £ 1)+ ZTFT@;T)] .

i=1 reR

Informally, if an agent i € N selects a given resource 7 € R in both a?® and aj™, then by

opt

. . t .
deviating from a® to a;"", the agent does not add to the load on r, i.e., |a;*", a™|, = |a"®|, = z,.

However, if r € a?® and 7 ¢ a2, then [a™, a®|, = [a*®|, + 1 =z, + 1.
Recall that for all r € R, it must hold that z, < min{z,,y,}, and 1 <z, +y, — 2, < n. We
121



Smoothness and primal-dual methods Chapter 7

( Voph , popt )

Scenario (1) Scenario (2) Scenario (3)

Figure 7.1: The three different scenarios in which optimal solutions (v°Pt, p°Pt) to can
exist. We illustrate the reasoning behind each of the three scenarios for optimal solutions
(vOPt, p°PY) to the linear program in . Since the objective of is to maximize p,
the optimal values will be at the (upper) boundary of the feasible set, illustrated with a solid,
bolded line in each of the examples above. Additionally, the optimal solution (v°P!, p°P) is
marked by a solid, black dot in the illustrations above. In Scenario (1), on the left, (v°Pt, p°Pt)
lie on the intersection of a boundary line with positive slope and a boundary line with non-
positive slope. In Scenario (2), centre, (v°P*, p°Pt) lie on the intersection of a boundary line
with positive slope at v = 7, which is defined in . In Scenario (3), on the right, there
exists a halfplane boundary line with nonpositive slope and p-intercept equal to zero, and
so (P p°Pt) = (0,0). Using the parameters corresponding to the halfplanes on which the
pair (v°Pt, p°PY) lays, we can construct games G € G with PoA(G) = 1/p°P* in each of these
scenarios.

define the set of triplets Z(n) C {0,1,...,n}3 as

Z(n) := {(z,y,2) € N}|1<z +y — 2<nand z< min{z, y}}, (7.12)

and 7(Ga(p)) as the value of the following fractional program:

A
— inf  —2— subject to:
Y(Gacpy) NG P subject to

(z=2) F () +(y—2) F? (z+1)+C7 (x) < AC? (y)+pC (@), (7.13)

Vi=1,...,m, ¥Y(z,y,z)€Z(n).

Observe that, by ([7.9), the generalized smoothness condition in (7.3) can be rewritten for a
given generalized congestion game as

Z Z [(:z:—z)Fj(w)—(y—z)Fj(:I:+1)+Cj(x)] 0(x,y,2,7)

Z(n)j=1

<D Y [ACi(y) + uCi ()] 6(x,y, 2, 5)
Z(n)Jj=1
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It must then hold that for any pair (\, i) in the feasible set of the fractional program in , all
games G € G (p) are (A, p)-generalized smooth, i.e., 7(Ga(p)) = GPoA(Ga(p)). This is because
the generalized smoothness condition for generalized congestion games can be expressed as a
weighted sum with positive coefficients over a subset of the constraints in .

To conclude Step 2 of the proof, we show that it is sufficient to define y(Ga(p)) in over
the reduced set of constraints corresponding to j € {1,...,m} and triplets in Zg(n) C Z(n),

where Z(n) is defined as in ([7.12]) and

Ir(n) :={(z,y,2) € Z(n) st. x +y — z =n}
(7.14)

U{(z,y,2) € Z(n) s.t. (z—2)(y— 2)z =0}.
For each j € {1,...,m} and any (z,y,z2) € Z(n), observe that the constraint in is
equivalent to yF7(z +1) — xFJ(x) + 2[Fi(z) — Fi(z +1)] < ACY(y) + (u — 1)CI (x). If FI(x+
1) > FJ(x), the strictest condition on A and u corresponds to the lowest value of z. Thus,
z = max{0,z + y — n}, and either (z — 2)(y — 2)z = 0 or x + y — z = n. Otherwise, if
Fi(z + 1) < FI(z), then the largest value of z is strictest, i.e., z = min{x,y} which satisfies

(x —2)(y—2)z =0.

— Step 3 : In order to derive the game instances with PoA matching v(Ga(p)), it is convenient
to perform the following change of variables: v(\, u) := 1/A and p(A\, ) := (1 — pu)/A. For ease
of notation, we will refer to the new variables simply as v and p, respectively, i.e., v = v(\, p)
and p = p(A\, u). For each j € {1,...,m} and each (x,y,2) € Zr(n), it is straightforward to

verify that the constraints in ((7.13|) can be rewritten in terms of v and p as

CU(y) = pC7 (@) + vl(z — 2)F (2) = (y — 2)F/ (z + 1) > 0.

opt

Thus, the value y(Ga(p)) must be equal to 1/p°P", where p°Pt is the value of the following linear
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program:
p°P" = maximize p subject to:
VERzo,pER
G (y)—pC? (@) +v[(w—2) F (2)—(y—2) FI (w+1)] > 0, (7.15)

Vi=1,...,m, VY(x,y,2) € Ir(n).

It is important to note here that while 7(Ga(p)) is the infimum of a fractional program (see,
e.g., ), the value p°P! can be computed as a maximum because the feasible set is bounded
and closed. Firstly, since 7(Ga(py) is an upper bound on the PoA, its inverse (i.e., p) must be in
the bounded and closed interval [0,1]. Additionally, one can verify that v is not only bounded

from below by 0, but also from above by the quantity

. L C(y)
V.= min minimaize n -
J€{L,.m}(@y.2)eTr (n) (Yy—2) FI(z+1)—(z—2) FI(x) (7.16)

st. (x—2)FI(z) — (y — 2)F/(x +1) < 0,C%(z) =0,

which comes from the constraints in corresponding to triplets (x,y, z) € Zg(n) such that
Ci(z) = 0 and (x — 2)FI(z) — (y — 2)F’(x + 1) < 0. Such a value must exist, as we define
C7(0) = 0. One can verify that any j € {1,...,m} and (z,y,2) € Zr(n) such that C7(z) = 0
and (z — 2)F/(z) — (y — 2)F’(x + 1) > 0 correspond to constraints that are satisfied trivially
in since v > 0, by definition, and C7(y) > 0 for all y = 0,1, ..., n, by assumption.

We denote with H7(x,y, z) the halfplane of (v, p) values that satisfy the constraint corre-

sponding to j € {1,...,m} and (z,y,2) € Zr(n), i.e.,

H(z,y,2) = {(V, p) € R>p x R s.t.

Cily) , 1
Ci(z) Ci(x)

p< v [(z—2)F/(z) — (y—2) F (z+1)] }

The set of feasible (v, p) is the intersection of these m x |Zx (n)| halfplanes. Since the objective is
to maximize p, any solution (v°P!, p°P) to the linear program in (7.15) must be on the (upper)
boundary of the feasible set. We argue below that a solution (v°P) p°P') can only exist in one

of the three following scenarios: (1) at the intersection of two halfplanes’ boundaries, where
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i ae ar

7
R1 Ri  Ra

K
Ro
VO
S e O SO OO0
Fo(@) = (1— n)F' (k).
for all r € Ro
n |33

Figure 7.2: The game instance construction G consisting of n agents, and two disjoint cycles
R1 and R, as described in the proof of Theorem Step 2 for Scenarios (1) and (2).
Consider the family of games Ga(p), where n is the maximum number of agents and P is
the set of basis functions pairs, and suppose that (v°P% p°Pt) satisfy the conditions of Sce-
narios (1) or (2). Further, suppose that the parameters for which and hold are
C,F,C',F' eP, (z,y,2) = (4,2,0), (z',y/,2") = (3,4,2) € Zr(n) and n € [0,1]. In the above
figure, we illustrate the game G € Ga(py such that PoA(G) = PoA(G’) = 1/p°P* according
to the reasoning for constructing game instances in Scenarios (1) and (2). Observe that each
resource € Ry has C.(k) = nC(k), and F,.(k) = nF(k), whereas each resource r € Rs
has C.(k) = (1 — n)C'(k), and F.(z) = (1 — n)F'(k), for all k € {1,...,n}. Each agent
1 € N has two actions a}® and a?pt, as defined in the table on the right. Observe that every
resource in R4 is selected by 4 agents in the allocation a™® = (a}®,...,al¢), and 3 agents in
a®®t = (af®,. .., a%"), where no agent i € N has a common resource between its actions a®
and afpt, ie,x,=4=uz,vy.=3=y,and 2, = 0=z for all r € Ry. Similarly, z, = 3 = 2/,
yr =4 =1, and 2z, = 2 = 2/, for each resource r € Ras.

one halfplane has boundary line with positive slope, and the other has boundary line with
nonpositive slope; (2) on a halfplane boundary line with positive slope at v°P* = u; or (3) at
(VP §P%) = (0,0).

We denote with OH7(z,y, z) the boundary line of the halfplane H’(x,y, 2), i.e., the set of
(v,p) € Rsp x R such that the inequality in the definition of H/(x,y, z) holds with equality.
Observe that the boundary lines of halfplanes corresponding to the choice y = z = 0 have
p-intercept equal to zero and slope xF7(x)/C?(z). If FI(z) < 0 for any j € {1,...,m} and
z € {1,...,n}, then an optimal pair (v, p) is trivially at the origin, i.e., (1°Pt, p°P*) = (0, 0) (i.e.,
Scenario (3) above). Note that the p-intercept of any halfplane boundary cannot be below 0, as
we only consider cost functions such that C7(k) > 0 for all k and all j. Otherwise, the maximum
value of p occurs at the intersection of a boundary line with positive slope and a boundary line
with nonpositive slope (i.e., Scenario (1) above) or on a boundary line with positive slope at

v = (i.e., Scenario (2) above). We illustrate this reasoning in Figure
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Observe that for Scenarios (1) and (2), the pair (v°P%, p°P*) is at the intersection of two
boundary lines, which we denote as M’ (x,vy, z) and dH? («/,4/,2'). The parameters j,j

{1,...,m} and (z,y, 2), (2/, v/, 2') € Zr(n) satisfy the following:

PP (2) — O (y) = voP*[(x—2) F (2) — (y—2) F (2z+1)], 717
PO (a) =7 (y) = v (o' =2 ) FT (2) = (y =2 ) F7 (@' +1)),

because (v°P!, p°Pt) is on both boundary lines. Further, there must exist n € [0, 1] such that

0=n [(x—z)Fj(x) — (y—z)Fj(ac—H)]
(7.18)
+ (1-n) [(:U’—z')Fjl (') — (y’—z')Fj/(:L"—i-l)} .

holds in Scenario (1) because one of the boundary lines has positive slope, i.e., (z —
2)FI(x) — (y — 2)F7(x + 1) > 0, while the other has nonpositive slope, and in Scenario (3)
because one boundary line has positive slope while the other is the vertical line v = 7 which
corresponds to a particular choice of j € {1,...,m} and (z,y,2) € Zr(n) such that (z —
2)FI(z) — (y — 2z)FI(z + 1) < 0 by (7.16).

Next, for the parameters j,j’ € {1,...,m}, (z,y,2),(2',y,2") € Zr(n), and n € [0,1]
obtained above, we construct a game instance G' € Ga(p) such that PoA(G) = 1/ p°Pt. Let
Ri = {r1,...,mn} and Ry = {rp41,...,72,} denote two disjoint cycles of resources. Every
resource r € R1 has cost function C,.(k) = nC’(k), and agent-cost function F,(k) = nF’ (k) for
all k. Meanwhile, every r € Ry has cost function C,.(k) = (1 — n)C9'(k), and cost generating

function F, (k) = (1 — n)F7 (k) for all k. We define the agent set N = {1,...,n}, where each

ne ,Opt
i

agent ¢ € N has action set A; = {a }. In action a}®, the agent ¢ selects x consecutive

resources in Ry starting with 4, i.e. {7i,7( mod n)+1, - - - » T((i+2—2) mod n)+1}, and z’ consecutive

opt

resources in Ro starting with resource 7,4;. In a; ', agent i selects y consecutive resources

in Ry ending with resource T((i+2—2) mod n)+1> Le. {T((iJrzfyfl) mod n)+15 « + + 5 T'((i+2—2) mod n)+1}’
and 3’ consecutive resources in Ro ending with resource Tt ((i+2/—2) mod n)+1- We provide an
n

illustration of this game construction in Figure Observe that a™ = (a}®, ..., a)°) satisfies

the conditions for a Nash equilibrium,
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Ji(a™) = nxFI (x) + (1 — n)a;'Fjl(x’)
= n[zF () + (y — 2) F/(z + 1))
+ (=) F (@) + (y — ) FT (2 +1)]

=J (a’(i)pt7 allei) y

which holds by (7.18)). Then, by the above equality and ((7.17)),

+n-(1=n) [P0 (@) + W) |

= o PP O) — cm],

Vopt

where a°®* = (a®P")? ;. Thus, PoA(G) = 1/p°P*. For Scenario (3), observe that p°P* = 0,
and so 1/p°P' is unbounded. Recall that, in this scenario, there exist j € {1,...,m} and
x € {1,...,n} such that F7(z) < 0. We use the basis function pair {C7, F/} to construct
a game G with unbounded PoA. Consider a game instance with z agents and resource set
R = {r1,m2}, where z € {1,...,n} is the value that minimizes the function F(z), i.e., F’(x) =
mingeqr,. ny F/(k) < 0. Every agent ¢ € {1,...,2} has action set A; = {{r1},{r2}}. The
resource 71 has cost function C,(k) = nC7?(k) and agent-cost function F,(k) = nF7(k) for all
k. Similarly, the resource 72 has cost function C,(k) = (1 — 1)C’(k) and agent-cost function
F.(k) = (1 —n)F (k). It is straightforward to verify that, for n approaching 0 from above, the

allocation in which all agents select r; is an equilibrium and the PoA is unbounded. O
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Optimizing under the worst-case

perspective

Considering system performance from the worst-case perspective is natural, as we would like

to take a robust perspective on efficiency guarantees.

8.1 Optimizing the Price of Anarchy

8.1.1 Optimal taxation rule

First, we develop a methodology to compute optimal local tolling mechanisms through the
solution of tractable linear programs. To ease the notation, we introduce the set of integer
triplets Z = {(z,y,2) € Z%o st. 1 <z +y+ 2z <n and either zyz = 0 or = +y + z = n}, for

given n € N.

Theorem 8.1.1. A local mechanism minimizing the price of anarchy over congestion games
with n_agents, resource costs {(x) = >, a;bj(z), a; > 0, and basis functions {bi,... by} is

given by

TP () =Y oy -7, where TP {1,...,n} >R, 7P(x) = () —bi(x)  (8.1)
j=1
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and pqpt

;i ER, f;-)pt :{1,...,n} = R solve the following linear programs (one per each b;)

mazximize p subject to:
fER™, peR (8.2)

bj(x+2)(x+2) = pbj(z+y)(z+y)+ fe+y)y— fle+y+1)z>0 V(v,y,2) €T,

where we define b;(0) = f(0) = f(n+1) = 0. Correspondingly, PoA(T°P") = maxj{l/p;?pt}

These results are tight for pure Nash equilibria, and extend to coarse correlated equilibria.

The above statement contains two fundamental results. The first part of the statement
shows that an optimal tolling mechanism applied to the function £(z) = > ", a;bj(z) can

be obtained as the linear combination of 7°P*

7 (z), with the same coefficients a; used to define

£. Complementary to this, the second part of the statement provides a practical technique
to compute T;pt(.%‘) for each of the basis bj(x) as the solution of a tractable linear program.
Python/Matlab code to design optimal tolls can be found in [105].

We solved the latter linear programs for n = 100 and polynomials of maximum degree
1 < d < 6. The corresponding results are displayed in Table (one can show that these
results hold identically for arbitrarily large n using similar techniques as in Section . In
the case of d = 1, the optimal price of anarchy is approximately 2.012, matching that of un-
tolled load balancing games on identical machines [94), [106]. We observe that, in this restricted
setting, the price of anarchy cannot be improved at all through local tolling mechanisms. In
fact, no matter what non-negative tolling mechanism we are given, we can always construct a
load balancing game on identical machines with a price of anarchy no lower than 2.012E|

We conclude observing that the decomposition of resource costs as linear combination of
basis functions is, strictly speaking, not required for Theorem to hold. Nevertheless,

pursuing this approach would require to solve a linear program for each function in £, a task

that becomes daunting when £ contains infinitely many functions, e.g., in the case of polynomial

'If we require tolls to be non-negative, an optimal mechanism is as in (8-I)), where we set 5 P(z) = f;’pt (z) -
PoA°P" — b (z).

2To do so, it is sufficient to utilize the instance in [I06}, Thm 3.4], where the the resource cost x used therein
is replaced with z + 7(x). The Nash equilibrium and the optimal allocation will remain unchanged, yielding the
same price of anarchy value.
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d No toll Global toll Optimal local Optimal constant Marginal cost
[86] from [88] [72] | toll (this work) | local toll (this work) | toll (this work)

1 2.50 2 2.012 2.15 3.00

2 9.58 5 5.101 5.33 13.00

3 41.54 15 15.551 18.36 57.36

4 267.64 52 55.452 89.41 391.00

5 1513.57 203 220.401 469.74 2124.21

6 || 12345.20 877 967.533 3325.58 21337.00

Table 8.1: Price of anarchy values for congestion games with resource costs of degree at most d.
All results are tight for pure Nash and also hold for coarse correlated equilibria. The columns
feature the price of anarchy with no tolls, with global tolls from [88] [72], with optimal local
tolls, with optimal constant (i.e. congestion-independent) local tolls, and with marginal cost
tolls, respectively. Columns four, five, and six, are composed of entirely novel results, except
for the case of constant tolls with d = 1, which recovers [88]. Note that i) optimal tolls relying
only on local information perform closely to optimal tolls designed using global information,
with a difference in performance below 1% for d = 1; ii) congestion-independent tolls result in
a price of anarchy that is comparable to that obtained using congestion-aware local tolls for
polynomials of low degree. The code used to generate this table can be downloaded from [105].
congestion games. In this case, Theorem allows to compute optimal tolls by solving

finitely many linear programs.

8.1.2 Explicit solution and simplified linear program.

Next, we derive a simplified linear program as well as an analytical solution to the problem
of designing optimal taxation rules. We do so under the assumption that all basis functions are

positive, increasing, and convex in the discrete senseﬂ

Theorem 8.1.2. Consider congestion games with n agents, where resource costs take the form
l(z) = Z;"Zl a;bj(z), a; >0, and the basis functions bj : {1,...,n} — R are positive, convez,

strictly increasmgﬁ

i) A tolling mechanism minimizing the price of anarchy is as in (8.1), where each ffpt :

3We say that a function f: {1,...,n} — R is convex if f(x + 1) — f(x) is non-decreasing in its domain.
“The result also holds if convexity and strict increasingness of b; (1) are weakened to strict convexity of b; (z)x
and bj(n) > bj(n —1). One such example is that of b;(z) = /x.
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{1,...,n} = R solves the following simplified linear program

opt _opt L .
; . €maximize p subject to:
(f7 03 nazgimize p subj

by (0)v — by (wyu+ f(wu — fu+ 1w >0,
Vu,v € {0,...,n} s.t. u+v <mn, (8.3)
bj(v)v — pbj(u)u+ f(u)(n —u) — f(u+1)(n —u) >0,

Vu,v € {0,...,n} s.t. u+v > n,

with f(0) = f(n+ 1) = 0. The corresponding optimal price of anarchy is max]-{l/p?pt}.

it) An explicit expression for each f;pt is given by the following recursion, where f;pt(l) =b;(1),

P u+1) = min Blu,) P (w) + y(u,v) — (u,0)p,
ve{l

J
)

: (8.4)
_ min{u,n — v} B b(v)v B b(u)u
Blu.v) = min{v,n —u}’ 7(u,v) = min{v,n —u}’ ou,v) = min{v,n —u}’
opt ) (nf"vn) (Ilz;jiﬁubj(1>‘+'§:z;? (IIZ;J+1/%> 7u‘+’7n71) *’b(vn)vn
pi = min — — ;
v s (n = va) (3023 (TS0 B:) 0w+ 0t ) + b)n

(8.5)

where we use the short-hand notation (3, instead of B(u,vy), and similarly for v, and d,.

Before delving into the proof, we observe that the key difficulty in designing optimal tolls
resides in the expressions of p?pt arising from . Nevertheless, for any possible choice of
p; that approximates p?pt from below, i.e., p; < p?pt, one can directly utilize the recursion in
to design a valid tolling mechanism. The resulting price of anarchy would then amount

to max;{1/p;} > maxj{l/p?pt}. This follows from the ensuing proof.
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8.2 Universal guarantees on the optimal Price of Anarchy

Recall that a guarantee on the Price of Anarchy for a taxation/utility rule translates directly
to an approximation ratio of the underlying set of equilibria. Though several works provide
tight bounds on the approximation ratio of polynomial-time centralized algorithms for the class
of problems we consider (see, e.g., [107, 108, [109]), there is currently no result in the literature
that establishes comparable bounds on the best achievable Price of Anarchy, aside from the
general bound put forward in [I10] that is provably inexact. Our main result in this section
is an efficient technique for computing a utility mechanism that guarantees a Price of Anarchy
of 1 — ¢/e in all resource allocation games with nonnegative, nondecreasing concave welfare

functions with maximum curvature c.

Definition 8.2.1 (Curvature [I11]). The curvature of a nondecreasing concave function W :

N —R s

W(n) —W(n— 1)'

70 (8.6)

c=1-—

In the literature on submodular maximization, the curvature is commonly used to compactly
parameterize broad classes of functions. The notion of curvature we consider was originally de-
fined by Conforti et al. [IT1] in the context of general nondecreasing submodular set functions.
In our specific setup, this reduces to the expression in Definition Observe that all nonde-
creasing concave functions have curvature ¢ € [0, 1]. Thus, ¢ = 1 can be considered in scenarios

where the maximum curvature among functions in the set W is not known.

Theorem 8.2.1. Let G denote the set of all resource allocation games with nonnegative, non-
decreasing concave welfare functions with mazximum curvature c. An optimal utility mechanism

achieves PoA(G) = 1 — ¢/e and can be computed efficiently.

A significant consequence of this result is a universal guarantee that the best achievable
Price of Anarchy is always greater than 1 — 1/e &~ 63.2% for resource allocation games with
nonnegative, nondecreasing concave welfare functions. Note that since 1 — 1/e is the optimal

Price of Anarchy in general covering games [112], it cannot be further improved without more
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information about the underlying set of welfare functions. Our guarantee improves to 1 — ¢/e
if the curvature ¢ of the underlying set of welfare functions is known.

Observe that the result in Theorem also implies that one can efficiently compute a
“universal” utility mechanism, in that it would guarantee a Price of Anarchy greater than or
equal to 1 — 1/e with respect to any game with nonnegative, nondecreasing concave welfare
functions. This follows from the observation that ¢ < 1 always holds for nondecreasing concave
welfare functions. Of course, if more information is available about the underlying set of welfare
functions (e.g., the maximum curvature), then this lower bound can be improved. In the case
where the entire set of welfare functions W is known a priori and |[W)| is “small enough”, then
the optimal utility mechanism can be computed using existing methodologies (see, e.g., [I 13])E|

Consider the sets represented in Figure 8.1l From our reasoning, it holds that as the size
of the set of welfare functions considered is reduced, the prices of anarchy of the corresponding
optimal utility mechanisms increase. The set of games induced by welfares in the green ellipse,
for example, coincides with the vehicle-target assignment problem, as described in [114], where
pr = p € [0,1] for all ¢ € T. Note that the welfare function W; of each target ¢ € T in this
problem is nonnegative, nondecreasing concave (i.e., the green ellipse is a subset of the dotted
red box). Thus, we can immediately observe that the best achievable Price of Anarchy in the
corresponding resource allocation game G satisfies

POA(G) > 1 -,
(&

which is achieved by the universal utility mechanism from Theorem Since there is only a
single welfare function in this setting (ignoring uniform scalings) the optimal utility mechanism
can be computed for a modest number of agents, as aforementioned.

In Figure [8.2] we plot the price of anarchy corresponding to the optimal utility mechanism

within this setting (labelled “Optimal”), the price of anarchy achieved by the universal utility

°In this case, the optimal utility mechanism can be found as the solution of |[W)| linear programs with number
of constraints that is quadratic in the maximum number of agents n, and n + 1 decision variables. For this
reason, we say that the optimal utility mechanism can only be computed for modest values of |[WW| and n.
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Figure 8.1: The set of games induced by the set of all nonnegative, nondecreasing concave
functions contains the set of all nonnegative, nondecreasing concave functions with maximum
curvature ¢, which in turn contains the set of all vehicle-target assignment problems with

Pt = D-

——  Optimal
—— Universal
-------- Lower bound

[
T
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Price of Anarchy
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Figure 8.2: The price of anarchy of the universal utility mechanism obtained in this work
and the optimal utility mechanism in the vehicle-target assignment problems with p; € [0, p]
for all ¢ € 7. Note that this utility mechanism is designed for the set of all nonnegative,
nondecreasing concave welfare functions but its price of anarchy is close to the best achievable
within this particular setting.

mechanism (labelled “Universal”) and the 1 — 1/e lower bound from Theorem (labelled
“Lower bound”). As expected, the optimal utility mechanism corresponds with the best price of
anarchy as it was designed specifically for the underlying welfare function. However, knowledge
of the set of welfare functions corresponds with only a small increase in the price of anarchy;
the price of anarchy achieved by the universal utility mechanism is surpisingly close to the
best achievable by any mechanism for all values of p € [0,1]. Note that the universal utility

mechanism is only guaranteed to achieve a price of anarchy of 1 —1/e.
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8.3 Chapter proofs

8.3.1 Proofs from Section R.1]
Proof of Theorem [8.1.1]

Proof. We divide the proof in two parts for ease of exposition.

Part 1. We show that any local mechanism minimizing the price of anarchy over all linear
local mechanisms, does so also over all linear and non-linear local mechanisms. We let T°P be
a mechanism that minimizes the price of anarchy over all linear local mechanisms, i.e., over all

T satisfying
m m
T aby | = oT(by),
Jj=1 J=1

for all aj > 0. We intend to show that PoA(T°P') < PoA(T') for any possible T' (linear or non-
linear). Towards this goal, assume, for a contradiction, that there exists a tolling mechanism T
such that

PoA(T°Pt) > PoA(T). (8.7)

Let Gy be the class of games in which any resource e can only utilize a resource cost ¢, €

{b1,...,bm}. Since G, C G, we have

PoA(T) > sup sup SC(a)

MinCost((?) 8.8
GeG, aeng(q) MinCost(G) (88)

Additionally, let G(Z>o) C G be the class of games with a; € Z>q for all j € {1,...,m}, for all

resources in R. Construct the mechanism 7' by “linearizing” the mechanism T, ie., as
m m
TWO) =T (> ajb; | =D aT()).
j=1 j=1

We observe that the efficiency of any instance G € G, to which the tolling mechanism T is

applied, coincides with that of an instance G' € G(Z>¢) to which T is applied, and vice-versa.
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Thus,

SC(a) SC(a) _
sup Ssup ———————— = Ssup sup ——————— = PoA(T), 8.9
GeG, aeNE(q) MinCost(G)  Geg(z.,) aeng(q) MinCost(G) @) (8.9)

where the last equality holds due to Lemma Putting together (8.7)), (8.8]), and gives

PoA(T°P") > PoA(T). (8.10)

Since T°P' minimizes the price of anarchy over all linear mechanisms, and since 7 is linear by
construction, it must be PoA(T°Pt) < PoA(T), a contradiction of (8.10). Thus, 7°P* minimizes

the price of anarchy over any mechanism.

Part 2. We will derive a linear program to design optimal linear mechanisms. Putting this
together with the claim in Part 1 will conclude the proof. Towards this goal, we will prove that

any mechanism of the form

T(t) =) oyr® with 79 (x) = A« £ (z) — bj(2) (8.11)
j=1

is optimal, regardless of the value of A € Ryg. While this is slightly more general than needed,
setting A = 1 will give the first claim. Additionally, setting A = PoA°P" will give the second
claim as this choice will ensure non-negativity of the tolls.

Before turning to the proof, we recall a result from Chapter [7] that allows us to compute
the price of anarchy for given linear tolling mechanism 7'(¢) = Z;”:l a;7;. Upon defining
fi(x) =bj(x) + 7j(x) for all 1 <2 <nand j € {1,...,m}, the authors show that the price of
anarchy of T' computed over congestion games G is identical for pure Nash and coarse correlated
equilibria and is given by PoA(T) = 1/p°P, where p°P! is the value of the following program

maximize p subject to:
PER,VGRE()

bi(z+ 2)(x + 2) — pbj(z +y) (@ +y) + V[fi(x +y)y — filz +y+1)2] >0, (8.12)
V(z,y,2) € Z,Vj e {1,...,m}.
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We also remark that, when all functions { fj};ﬂ:l are non-decreasing, it is sufficient to only
consider a reduced set of constraints, following a similar argument to that in [I15, Cor. 1]. In

this case, the linear program simplifies to

maximize p subject to:
pGR,VGRZO

bj(v)v — pbj(u)u + v[fj(w)u — fj(u+1)v] =0,
Vu,v € {0,...,n}st. u+v<n, Vje{l,...,m}, (8.13)
bj(v)v — pbj(u)u + v[fj(u)(n —v) = fij(u+1)(n —u)] =0,

Vu,v €{0,...,n}st. u+v>n, Vje{l,...,m}.

We now leverage to prove that any mechanism in is optimal, as required. Towards
this goal, we begin by observing that the optimal price of anarchy obtained when the resource
costs are generated using all the basis functions {b1, ..., b, } is no smaller than the optimal price
of anarchy obtained when the resource costs are generated using a single basis function {b;} at
a time (and therefore is no smaller than the highest of these optimal price of anarchy values).
This follows readily since the former class of games is a superset of the latter. Additionally,
observe that a set of tolls minimizing the price of anarchy over the games generated using a
single basis function {b;} is precisely that in . This is because minimizing the price of

anarchy amounts to designing f; to maximize p in (8.12)), i.e., to solving the following program

maximize max  p subject to:
fER™  peR,veER>

bj(z+2)(x +2) — pbj(z +y)(x +y) +v[f(z+y)y — fx+y+1)2] 20, V(v,y,2) €T,
(8.14)
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which can be equivalently written as

maximize max p subject to:
fern pER

bi(x+2)(z+2)—pbjlz+y)z+y)+ fle+y)y— fle+y+1)z2>0, V(zr,y,2) €T,
(8.15)
where we defined f = v - f. While f;-)pt is defined in precisely as the solution of this
last program, resulting in a price of anarchy of 1/p}” ' note that A - f;}pt is also a solution
since its price of anarchy matches 1/ p?pt (in fact, it can be computed using for which
(p,v) = (p?pt, 1/)) are feasible).

The above reasoning shows that the optimal price of anarchy for a game with resource costs
generated by {b1, ..., by} must be no smaller than max;{1/ p?pt}. We now show that this holds
with equality. Towards this goal, we note, thanks to , that utilizing tolls as in for
a game generated by {b1,..., by} results in a price of anarchy of precisely max;{1/ ,o?pt}. This
follows as (min; {p?pt}, 1/) is feasible for this program for any choice of A > 0. This proves, as
requested, that any tolling mechanism defined in is optimal.

We now verify that the choice A = PoA°"" = max;{1/ ,o;’pt} ensures positivity of the tolls,
which is equivalent to fj(-)pt(:c) —bj(z)/X > 0 for all z € {1,...,n}. This follows readily, as
setting z = 2z = 0 in results in the constraint f(y) — pbj(y) > 0 for all y € {1,...,n}.
Since f](-)pt and p(;pt must be feasible for this constraint, we have f;pt(y) - p?ptbj(y) > 0. One
concludes observing that f;pt(y) —bi(y)/A > f;pt(y) — p;?ptbj(y) > 0, since A > 1/p§pt. We

conclude remarking that all results hold for both Nash and coarse correlated equilibria, as they

were derived from ({8.12)). O

Lemma 8.3.1. Consider the class of congestion games G. For any linear tolling mechanism

T, it is
SC(a)
PoA(T) = sup sup ——Y
GEG(Z>0) a€NE(G) MinCost(G)
where G(Z>0) C G is the subclass of games with aj € Zxo for all j € {1,...,m}, for all resources
m R.
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Proof. We divide the proof in two steps. First, we show that

SC(a)
PoA(T) = sup sup —n L 216
o GeG(Q>0) aeNE(G) MinCost(G) ( )

where G(Q>0) C G is the subclass of games with o; € Qx¢ for all j € {1,...,m}, for all
resources in R. Towards this goal, observe that holds trivially with > in place of the
equality sign, as R>g D Q>¢. To show that the converse inequality also holds, observe that
the price of anarchy of a given linear mechanisms 7' (computed over all meaningful instances
where SC(a®) > 0) can be computed utilizing the linear program reported in (8.12)). By strong

duality, we have PoA(T') = 1/C*, where C* is the value of the dual program of (8.12), i.e.,

C* =minimize bj(z+ 2)(x + 2)0(z,y, 2,7) (8.17)
0@yzg)
> i@ +yy— filw+y+1)2]0(z,y,2,5) <0, (8.18)
x’y7z7j
> bilr+y)(+ )0y, 2 4) =1, (8.19)
x’y7z7j
0(z,y,2,j) 2 0,¥(x,y,2,j) € T, (8.20)

where we define b;(0) = f;(0) = fj(n+1) = 0 for convenience, Z = {(z,y,2,j) € Zéo st. 1 <+
y+z <n, 1 < j < m}, and the minimum is intended over the entire tuple {0(x, y, 2, ) } (z,y,2,j)eT-
Let {0*(2, 9, 2,) }(2,y,2,j)ez denote an optimal solution (which exists, due to the non-emptiness
and boundedness of the constraint set, which can be proven using the same argument in [115]
Thm. 2]). If all 6*(x, y, 2, j) are rational, then consider the game G defined as follows. For every
i €{l,...,n} and for every (x,y,z,j) € Z, we create a resource identified with e(zx,y, z, j, 1),
and assign to it the resource cost «o;b;, where o = 6*(x,y,2,75)/n. The game G features n
pt

players, where player p € {1,...,n} can either select the resources in the allocation a,’" or in
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a,®, defined by

gpt Uity Uity {e(z,y,2,5,9) + *+y > 1+ ((i — p)modn)},

= U ULy {e(®,,2,4,1) » 2+22>14((i —p+ 2)modn)}.

Note that the above construction is an extension of that appearing in [I15] to the case of

multiple basis functions. Since G has

sup SC Z b $+y)($+y)9*($7yaz7]) :17
aeNE(G) z,y,2,]
MinCost Z b I‘ + 2)0*(56’ Y, Z7j) = C*,
7y7 7]

(see [115, Thm. 2] for this), its price of anarchy is no smaller than 1/C*. Observe that G
features only non-negative rational resource costs’ coefficients (i.e., G € G(Q>¢)), therefore
follows readily.

If at least one entry in the tuple {6*(x,y, 2, J)} (2,4,2,j)ez is not rational, we will prove the
existence of a sequence of games G* € G(Q>0) whose worst-case efficiency converges to PoA(T)
as k — oo. This would imply that holds with < in place of the equality sign, concluding

the proof. To do so, let us consider the set

S = {{e(xayazaj)}(.t,y,z,j)ez s.t. ' ; and " hOld}

Observe that S is non-empty, and that for any tuple belonging to S, we can find a sequence
of non-negative rational tuples {{6*(2,y, 2, )} @y.2.jyeztizs (€., 0%(z,y,2,j) € Qxo for all
x,y, z,j and k), that converges to it.

Let {{Gk(:r,y,z,j)}(x,y,m ez 172, be a sequence of tuples converging to 6*(z,y, z,j) such

that (x,y, z,j) € Z, which belongs to S. For each tuple {6*(z,y, z s J)} (w,y,2,5)ez In the sequence,

7y7 7
define the game G* following the same construction introduced above with 8% (x,, 2, j) in place

of *(x,y, z, j). Following the same reasoning as above, it is sup,eng(ar) SC(a) = >, . ; bj(z+
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y)(z +y)0%(z,y, 2, ), and MinCost(GF) < 3" bij(x + 2)(x + 2)0%(z,y, 2, j). Therefore

:I/.?sz’j ‘7

>z bi + ) (@ +y)0F (2, y, 2, §)
Zx,y,z,j b](x + Z)(IL’ + Z)Hk(l’, Y, Zaj) ’

PoA* =  sup SC(a)

>
aeNE(GF) MinCost (Gk) -

from which we conclude that

bi(z+y)(x+y)0F (2, y, 2, ]
hm POAk 2 hm Ea},y7z,] j( y)( y) k( Yy J)
ko0 koo D45 bi(@ + 2) (@ + 2)08 (2, y, 2, )
S @ T W@+ 00 @ d) 1
Dayny bil@ +2) @+ 2)0%(x,y,2,5)  CF

as 0%(z,y,2,7) — 0*(x,vy, 2,j) for k — co. This completes the first step.

The second and final step consist in showing that

sp sup W s 0@
GEG(Qs0) aeNE(@) MInCost(G)  geg(zs,) aeNE(q) MinCost(G)

Towards this goal, for any given game from the above-defined sequence G* € G(Qx0), let dgx
denote the lowest common denominator among the resource cost coefficients o, across all the
resources of the game. Define &; = «a; - dgr € Z>q for all j € {1,...,m}, for all resources
in R. Since the tolling mechanisms T is linear by assumption, the equilibrium conditions are
independent to uniform scaling of the resource costs and tolls by the coefficient dx. Therefore
any game in the sequence G* with tolling mechanism T and resource cost coefficients {aj };”:1
has the same worst-case equilibrium efficiency as a game G* which is identical to G* except
that it has resource cost coefficients {d;}7",. Observing that G* belongs to G(Zsq) concludes

the proof. 0

Proof of Theorem [8.1.2, Before delving into the proof, we observe that the key difficulty
in designing optimal tolls resides in the expressions of p?pt arising from (8.5)). Nevertheless, for
any possible choice of p; that approximates p?pt from below, i.e., p; < p;-)pt, one can directly

utilize the recursion in (8.4)) to design a valid tolling mechanism. The resulting price of anarchy
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would then amount to max;{1/p;} > max;{1/p;" “}. This follows from the ensuing proof.

Proof. As shown in Theorem [8.1.1) computing an optimal tolling mechanism amounts to uti-
.. t . . .

lizing (8.1]), where each 73" has been designed through the solution of the program in (8.2).
In light of this, we prove the theorem as follows: first, we consider a simplified linear program,
where only a subset of the constraints enforced in (8.2) are considered. Second, we show that
a solution of this simplified program is given by (p Opt, fOPt) as defined above. Third, we show

that f;” " is non-decreasing, thus ensuring that (p Opt, fOPt)

is also feasible for the original over
constrained program in . From this we conclude that (p Opt, fOpt) must also be a solution of
, i.e., the second claim in the Theorem. We conclude with some cosmetics, and transform
the simplified linear program whose solution is given by (p?pt, fj0 P t) in , thus obtaining the
first claim. Throughout the proof, we drop the index j from b; as the proof can be repeated
for each basis separately.

Simplified linear program. We begin by rewriting the program in , where instead
of the indices (z,y, z), we use the corresponding indices (u, v, x) defined as u = z+y, v = x + 2.
The constraint indexed by (u, v, x) reads as b(v)v—pb(u)u+ f(u)(u—z)— f(u+1)(v—2x) > 0. We
now consider only the constraints where x is set to = min{0,u+v—n}, and u,v € {0,...,n},
Such constraints read as b(v)v — pb(u)u + min{u,n — v} f(u) — min{v,n —u}f(u+1) > Oﬁ
Finally, we exclude the constraints with v = 0, uw € {1,...,n — 1} and obtain the following
stmplified linear program

I]Icleaﬂ%%n;é% p subject to:

b(v)v — pb(u)u + min{u,n — v} f(u) — min{v,n —u}f(u+1) >0, (8.21)

V(u,v) €{0,...,n} x{1,...,n} U (n,0).

Proof that (p°P! f°P') solve (B.21). Towards the stated goal, we begin by observing

that (p°Pt, fP') is feasible by construction. For u = 0 this follows as the tightest constraints

5Note that considering all these constraints with u,v € {0, ...,n} results precisely in (8.3). To see this, simply
distinguish the cases based on whether u +v < n or u+v > n.
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in read as fOP'(1) > b(1) and we selected foP*(1) = b(1). Feasibility is immediate to
verify for w € {1,...,n — 1}, v € {l1,...,n} as applying its definition gives foP'(u + 1) <
B(u,v) foPY(u) + vy(u,v) — 6(u,v)p°Pt. Using the expressions of 3,7, d, and rearranging gives
exactly the constraint (u,v) in . The only element of difficulty consists in showing that
also the constraints with u = n, v € {0,...,n} are satisfied. Towards this goal, we observe
that utilizing the recursive definition of f°P' we obtain an expression for f°P'(n) as a function

opt

of p°P' with a nested succession of minimizations, which can be jointly extracted as follows

Un—1 Un—2 Un—1VUn-2

fOPY(n) _min{---+min{---+r%iln{...}}} :minmin...mviln{...}.

This holds as foP'(u+1) = min,, [, ming, | (Bu—1fP (u—1)—06yu—10P +yu—1) —6up°P'+7.], and
since 3, > 0, the latter simplifies to f°P*(u+ 1) = min,, min,, , BuBu—1°P (v —1) — (Budu—1 +

8u) PPt + Buyu—1 +Yu- Repeating the argument recursively gives the desired expression. Hence,

n—1 n—2 n—1
o (n) = min 1850+ ( 11 Bz) (Yu = 6up™) + (Y1 — Sn1p™)

(v1yeeesn—1)€{1,...,n} 1

u=1 u=1 \i=u+1
. . . -opt
= min VlyeooyUnp—1;
(01,0 0n—1)E{ 1,1 a(vr, ne1; P,
where we implicitly defined g(v1,...,v,—1;p°?"). The constraints we intend to verify read as

b(v)v — pb(n)n + (n — v) fP(n) > 0 for all v € {0,...,n}, and can be equivalently written
as min,, c(o,..n}[0(vn)vn — pb(n)n + (n — v,) fP*(n)] > 0. We substitute the resulting expres-
sion of fP'(n), extract the minimization over v, as in the above, and are therefore left with
MiN () v ) efLn}r 1 x (0,0} [0(Vn)Un = pb(n)n + (n — v)q(v1, . .., vp—1; p°P")] > 0, which
holds if and only if b(v,)v, — pb(n)n + (n — vy,)q(v1, . .., vp—1; p°P*) > 0 for all possible tuples
(vi,...,v,). Rearranging these constraints and solving for p°P* will result in a set of inequali-
ties on p°P' (one inequality for each tuple). Our choice of p°P! in is precisely obtained by
turning the most binding of these into an equality. This ensures that (p°P!, f°P') are feasible
also when u = n.

We now prove, by contradiction, that (p°Pt, f°P!) is optimal. To do so, we assume that there
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exists f , that is feasible and achieves a higher value p > p°Pt. Since ( f ,p) is feasible, using the
constraint with u = 0, v = 1, we have f(1) < b(1) = f°P*(1). Observing that min{v,n —u} > 0
due to v > 0, u < n and leveraging the constraints with v = 1 as well as the corresponding
specific choice of v = v} (for given u € {1,...,n — 1}, we let v} be an index v € {1,...,n}
where the minimum in is attained), it must be that f(2) satisfies

o bt = pb(1) +mind1,n — o }F(1) b} —pb(1) + min{1,n — o]} (1)

2) <
12) < min{v},n — 1} < min{v},n — 1}

which is equal to f°P%(2). Here the first inequality follows by feasibility of f , the second is
due to p > p° and f(1) < foPt(1). The final equality follows due to the definition of foPt(2).
Hence we have shown that f (2) < f°PY(2). Noting that the only information we used to move
from level u to u + 1 is that p > p°* and f(u) < f°P*(u), one can apply this argument

recursively up until u = n — 1, and thus obtain f(n) < f°Pt(n). Nevertheless, leveraging the

*
n

constraints with « = n and v = v* gives b(v:)v: — pb(n)n + (n — v*) f(n) > 0, or equivalently

p < (b(v})vs + (n —v3) f(n))/(b(n)n). Thus

b(v)vs + (n— i) f(n)
b(n)n

b(vp)vp + (n— o) fP(n) o
b(n)n P

[ <

where we used the fact that n —v* > 0 and f(n) < f°°%(n). Note that p < p°* contradicts the

°Ptthus concluding this part of the proof.

assumption p > p

Proof that f°P!' is non-decreasing. By contradiction, let us assume f°P! is decreasing at
some index. Lemma in the Appendix shows that, if this is the case, then f°P' continues
to decrease, so that foP*(n) < f°P'(n — 1). Note that it must be foP*(n) > 0, as if it were
foPt(n) <0, then by definition of p°P* we would have

L MO0 0
" ve{0,...m} nb(n) b(n) T

opt

p

since the minimum is attained at the lowest feasible v due to b(v)v and —v f°P*(n) non-decreasing
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and increasing, respectively. This is a contradiction as the price of anarchy is bounded already
in the un-tolled setupﬂ It must therefore be that the price of anarchy is bounded also when
optimal tolls are used. Additionally, as we have removed a number of constraints from the
linear program, the corresponding price of anarchy will be even lower. Therefore it must be
that 1/p°P* is non-negative and bounded, so that p°P* > 0 contradicting the last equation.

Thus, in the following we proceed with the case of f°P*(n) > 0. It must be that

b(v)v + (n —v) f(n) b(v)v + (n —v) f(n)

opt _ . < .
P veg)l,l.?,n} nb(n) - ug?ll,l..r.l,n} nb(n)
— opt () —
C o MO0 -1
ve{l,...,n} nb(n)

where the first inequality holds as we are restricting the domain of minimization, the second
because fPt(n) < fP'(n — 1) and n — v > 0. Let us observe that f°P*(n) is defined as f(n) =
min,eqq,.p} [0(V)v + (0 —v) fP%(n — 1)] = p°P* (n — 1)b(n — 1). Substituting min,egq, 3 [b(v)v +

(n—0)fP(n —1)] = fP%(n) 4+ p°P*(n — 1)b(n — 1) in the former bound on p°P*, we get

vt IP0)+ P (0 — Db(n — 1)

p b(n) = pP'< S (n)
nown

~nb(n) —(n—1)b(n—-1)

We want to prove that this gives rise to a contradiction. To do so, we will show that

() B ) U GtV )

nb(n) — (n—1)b(n —1) = ve{0,..n} nb(n) (8.22)

As a matter of fact, if the latter inequality holds true, the proof is immediately concluded as

bo)u + (0= )P n)

0 foPt(n) :
P nb(n) — (n— Db(n—1) ~ vefor ) nb(n)

popt < popt7

where the first inequality has been shown above, the second is what remains to be proved, and

"To see this, consider the linear program used to determine the price of anarchy in the un-tolled case, i.e.,
(8-13) where we set fj(z) = b;j(z). When v = 1, it is always possible to find p > 0, so that the corresponding
price of anarchy is bounded.
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the latter equality is by definition. Therefore, we are left to show ({8.22]), which holds if we can

show that Vv € {0,...,n} it is

h(v) + (n=v)fP*(n)  fP(n)
h(n) h(n) —h(n —1)

g(v) = > 0,

where h : R — R3¢ is a function such that h(v) = b(v)v for v € {0,...,n}. We choose h to
be continuously differentiable, strictly increasing, and strictly convex; one such function always
existsﬁ We first consider the point v = 0. Observe that g(0) > 0 when n > 1 as

) )
b(n) mnbn)—(n—1)bn—1)

9(0) >0 = [Pn)[(n—1)b(n)—(n-1)b(n—1)] > 0,

which holds as f°P*(n) > 0, n > 1, and b(n) > b(n — 1) strictly.

If ¢'(v) > 0 at v = 0, the proof is complete as g is convex and due to ¢’(0) > 0 it is
non-decreasing for any v > 0 so that the constraint will be satisfied for all v > 0.

If this is not the case, then ¢’(0) < 0, which we consider now. Note that, at the point

v =n — 1, the derivative ¢’(n — 1) = [h/(n — 1) — f°P%(n)]/h(n) satisfies
h(n)g'(n —1)=h(n—1) — fPn) >~k (n—-1)— (h(n—1)—h(n—2)) >0

where the last inequality is due to convexity, while the first inequality holds as foP'(n) <
h(n —1) — h(n — 2) thanks to Lemma and n > 2[7| Therefore since ¢/(0) < 0, ¢'(n—1) >0
and ¢ convex, there must exist an unconstrained minimizer v* € (0,n — 1]. We will guarantee

that g(v*) > 0 so that for any (real and thus integer) v € [0,n] it is g(v) > 0. The unconstrained

minimizer satisfies f°P*(n) = h/(v*), which we substitute, and are thus left with proving the

8Observe that the function b(v)v is positive, strictly increasing, and strictly convex in the discrete sense in its
domain due to the assumptions.

In fact, either n is the first index starting from which f°P* decreases (i.e. fP*(n) < f°P*(n — 1)) in which
case fP'(n) < p°P'b(n—1)(n—1) —b(n—2)(n—2)] < b(n—1)(n — 1) — b(n — 2)(n — 2) due to p°** < 1, or the
function starts decreasing at a u + 1 < n in which case Lemma [8.3.2] also shows that
() < - < P ut1) < pPb(u)u—blu—1)(u—1)] < b(w)u—blu—1)(u—1) < b(n—1)(n—1)—b(n—2)(n—2),

opt

where the inequalities hold due to p°®* < 1 and the convexity of b(u)u.
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final inequality

h(v*) + (n —v)h'(v*) B (v*)
o) W) —hin—1) =

which is equivalent to

[(n) = h(n = 1)]A(v*) > B (v*)[(n — v*)(h(n — 1) = h(n)) + h(n)],

where we recall 0 < v* < n — 1. As the left hand side is positive due to h increasing and
v* > 0, the inequality holds trivially if the right hand side is less or equal to zero, i.e., if
h(n) < (n—v*)(h(n)—h(n—1)). In the other case, when (n—v*)(h(n—1)—h(n))+h(n) > 0, we

leverage the fact that h'(v*) < (h(n) —h(v*))/(n—v*) by strict convexity of h(z) in z = v* > 0,

so that
@~ o) (hn — 1) b))+ hm)] < = 1) b)) + )
= nhinz* [h(n) = h(v*)]+[h(n) — h(n — 1)][A(v*) — h(n)] < [h(n) — h(n — 1)]h(v*),

h(n)—hEv*)

where the last inequality follows since [h(n) — h(n —1)][h(v*) — h(n)] < 0 and from <
h(n) — h(n — 1), which holds for 0 < v* < n — 1 by convexity. This concludes this part of the
proof.

Proof that (p°P', f°P') is feasible also for and final cosmetics. Recall from the
first part of the proof that the constraints in can be equivalently written as b(v)v— pb(u)u+
fw)(u—x)— f(u+1)(v—=2) > 0. Since f°P! is non-decreasing, following the argument in [115],
Cor. 1] one verifies that the tightest constraints are obtained when z = min{0,u + v — n}.
These constraints are already included in our simplified program of , with the exception
of those with v = 0 and u € {0,...,n — 1} which we have removed. To show that also these

hold, we note that the constraint with v = 0 reads as uf°P*(u) > p°P'ub(u), and is trivially

satisfied for u = 0. We now show that also the constraints with v = 0, u > 0 hold. To do so,
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we consider the constraint corresponding to v =1
b(1)1 — pb(u)u + ufP(u) — fP%(u + 1) > 0.

Since f°P' is non-decreasing as shown in previous point then fOP'(u + 1) > fOPY(1) = b(1).

Hence,
0 < b(1)1 — pb(u)u + ufoP* (u) — foP(u+ 1) < b(1)1 — p°Pb(u)u + wfP*(u) — b(1).

Thus, from the left and right hand sides we obtain the desired result ufoP*(u) > p°Ptub(u).
We conclude with some cosmetics: the simplified linear program in is almost identical

to that in (8.3)), except for the constraints with v = 0 and u € {0,...,n — 1}, which we have

removed in . Nevertheless, we have just verified that an optimal solution does satisfy

these constraints too. Hence, we simply add them back to obtain ({8.3]). O

Lemma 8.3.2. Let b: N — R>( be a nondecreasing, convex function, and let 0 < p <1 be a

given parameter. Further, define the function f:{1,...,n} — R such that f(1) = b(1) and

f(u + 1) = min mln{u’ n-— UU} f(u> - b(u)u P+ b(“u)”u
vu€{1,...,n} min{v,,n — u}

, (8.23)

forallu € {1,...,n—1}. Then, for the lowest value 1 < 4 <n —1 such that f(a+1) < f(a),

it must hold that f(u+1) < f(u) for allu € {a,...,n—1}.

Proof. The proof is presented in two parts as follows: in Part 1, we identify inequalities given
that f(a+ 1) < f(u), for 1 < 4 < n — 1 as defined in the claim; and, in Part 2, we use a
recursive argument to prove that f(u + 1) < f(u) holds for all 4 + 1 < u < n — 1, using the

inequalities derived in Part 1.
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Part 1. We define v} as one of the arguments that minimize the right-hand side of (8.23)) for

each u € {1,...,n —1}. By assumption, it must hold that f(u + 1) < f(u), which implies that

. . min{a,n—v} ,, b(a)a b(v)v
J(@) > ue?,l..r.l,n} min{v,n — 4} J(@) min{v,n — 4} * min{v,n — 4}

min{a — 1,n — v}

_ min ™M L fla—1)— b(u - 1)(uA— 1) ' b(v)qu
ve{l,..,n}min{v,n —a + 1} min{v,n — a4+ 1} min{v,n — 4+ 1}
min{a,n —v} ., .. min{at—1,n—v} ,, b(a)a
min{v,n — 4} J(@) min{v,n — 4+ 1} Jla=1) min{v,n — 4}

b(a—1)(a—1) b(v)v b(v)v
min{v,n — a4+ 1}

min{v,n —a} min{v,n —a+ 1}’

where the strict inequality holds by the definition of f(@ + 1). Recall that

f@) = min min{d — 1,n — v}

ve{l,..,n} min{v,n — 4 + 1}

) b(a —1)(a— 1) b(v)v
fla—=1) - min{v,n — 4 + 1}p min{v,n — a4+ 1}’

Thus, if v; < n — @, the above strict inequality with f(u4) can only be satisfied if

b@)i bli—1)(i— 1)
< [n —4 n—a+1 p
. [n Lo J ((n — v2) £() + b(vt)ol] < [Z@Z b(ﬂn‘_lg(iz D

where the first line implies the second line because f(u) > f(u — 1), by the definition of 4 in

the claim, and the second line is equivalent to the third by the definitions of f(u + 1) and v}.
This concludes Part 1 of the proof.
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Part 2. In this part of the proof, we show by recursion that if f(a+1) < f(@), then f(u+1) <
f(u) for all uw € {a+1,...,n—1}. We do so by showing that, if f(u) < f(u—1) <--- < f(a+1)
for any w € {4+ 1,...,n — 1}, then it must hold that f(u+ 1) < f(u). Thus, in the following

reasoning, we assume that v € {a +1,...,n — 1}, and that f(u) < f(u—1) <--- < f(a+1).

We begin with the case of v},_; < n —wu+ 1, which gives us that v}_; <n —u. Observe that

) , min{u,n — v, } b(u)u b(vy ) vy
1) = et . 1) —
JlutD) vuer{ril,.r.l.,n} min{vy,,n — u flut1) min{v,,n —u} + min{v,,n — u}
—  min m?n{u —1,n— vu}f(u - b(u —1(u—1) . b(vy,)vy,
vu€{l,...,n} min{vy,,n —u+ 1} min{v,,n —u+ 1}  min{v,,n —u+ 1}
min{u,n — vy, min{u — 1,n — vy b(u)u
minfen — o)y, gy - 0 O

min{v,,n — u} min{v,,n —u+ 1} min{v,,n — u}

b(u—1)(u—1) b(vy)vy, B b(vy ) vy
min{v,,n —u + 1} min{v,,n —u} min{v,,n —u+ 1}
< flu) e pu) - o gy - M DD
u—1 u—1 u—1
< ) 1) bl b~ D= 1) < Fu),

where the first inequality holds by evaluating the minimization at v, = v_;, the second in-

equality holds because f(u) < f(u — 1) and f(u) < f(@ + 1), by assumption, and the final

inequality holds by the result showed in Part 1 and because b(-) is nondecreasing and convex.
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Next, we consider the scenario in which v;_; > n —u + 1. Observe that

T L A | | i e LA

n—u n—u+1l
buw)u  blu—1)(u—1)

_n—up+ n—u-+1

<t | = = = 1)+ 8
B b(u)up N b(u—1)(u—1)

n—u n—u-+1

= )+ | = g 00w D) b= D= 1))

e

< )+ (1) -

[bu)u — bu — 1)(u — D)o

n—u

< f(u),

ES
u—1»

where the first inequality holds by evaluating the minimization at v, = v the second in-
equality holds because f(u) < f(u — 1), by assumption, the equality holds by the definitions
of f(u) and v} _,, the third inequality holds because f(u) < f(u + 1), by assumption, and the
final inequality holds by the identity we showed in Part 1 and because b is nondecreasing and

convex.

Finally, we consider the scenario in which v}_; =n —u 4+ 1. Observe that

flu+1) < f(u)+ Z:if(u) - nﬁ;}rlf(u— 1) — i(li)Zer b(un—_li(iz 1)
* [niu_n—i+1]b(n_u+1)(n_u+1)

]Kn—wz])ﬂu—1>+bwzlw:L
B b(u)up N bu—1)(u—1)

n—u n—u-+1
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*

»_1, the second in-

where the first inequality holds by evaluating the minimization at v, = v
equality holds because f(u) < f(u — 1), by assumption, and the final inequality holds by the

same reasoning as for v)_; >n —u+ 1. O

8.3.2 Proofs from Section [8.2]

In this section, we prove the claim in Theorem [8:2.1] by constructing a utility mechanism that
achieves the best achievable price of anarchy of 1—c¢/e with respect to the set of all nonnegative,
nondecreasing concave welfare functions with maximum curvature ¢ € [0, 1]. In scenarios where
a more specific set of welfare functions is considered, we outline how the techniques used to
prove Theorem [8.2.1| can be generalized to derive tighter a priori bounds on the best achievable
price of anarchy.

Before presenting the proof of Theorem [8.2.1] we provide an informal outline of the three
steps underpinning the result. These steps correspond with the three parts of the formal proof,
but are listed in a different order for sake of clarity. For the reader’s convenience, we include
the part of the proof that corresponds with each of the steps in our informal outline. The proof

is summarized as follows:

-Step #1: We demonstrate that any concave welfare function can be decomposed as a linear
combination with nonnegative coefficients of a specialized set of basis functions. [Section m

Part ii)]

-Step #2: We derive optimal basis utility functions for each of the basis functions in the

specialized set. [Section [8.3.3] Part i)]

-Step #3: We construct local utility functions as linear combinations over the optimal basis
utility functions from Step 2 with the nonnegative coefficients derived in Step 1. Finally, we
demonstrate that this tractable approach for constructing resource utility functions provides

near optimal efficiency guarantees. [Section m Part iii)]
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8.3.3 Proof of Theorem [8.2.1]

Here we consider the class of games induced by the set of all concave welfare functions with
maximum curvature ¢ € [0,1]. The proof of Theorem proceeds in the following three

parts:

i) Given a value ¢ € [0,1], we derive explicit expressions for the local utility functions that
maximize the price of anarchy relative to a restricted class of nonnegative, nondecreasing
concave welfare functions with curvature ¢. Among the optimal price of anarchy values

obtained for the functions in this restricted class, the lowest is equal to 1 — ¢/e;

ii) We show that any nonnegative, nondecreasing concave welfare function W with curvature
less than or equal to ¢ can be represented as a linear combination with explicitly defined

nonnegative coefficients over this restricted class; and,

iii) We demonstrate that using the local utility functions computed as a linear combination
over the optimal local utility functions from i) with the nonnegative coefficients from ii)
guarantees that PoA(G) = 1 — ¢/e within the set of resource allocation games G induced by

all nonnegative, nondecreasing concave welfare functions with maximum curvature c.

The above parts successfully prove Theorem as we argue here. Note that, by part i),
the lowest optimal price of anarchy among welfare functions in the restricted class considered
is equal to 1 — ¢/e, for given curvature ¢ € [0,1]. By part iii), this implies that all resource
allocation games induced by nonnegative, nondecreasing concave welfare functions with max-
imum curvature ¢ have optimal price of anarchy equal to 1 — ¢/e. This is because, by part
ii), any such welfare function can be represented as a nonnegative linear combination over the
restricted class of welfare functions we consider. Since the best achievable price of anarchy for
at least one of the functions in the restricted class is also 1 —c¢/e, one cannot further improve the
price of anarchy within the set of games considered. In addition, parts i)—iii) combine to prove

that a corresponding utility mechanism that maximizes the price of anarchy entails computing
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nonnegative linear combinations over a class of functions with explicit expressions. Thus, the

computation of optimal local utility functions is polynomial in the number of players.

Part i). In this part of the proof, we provide explicit expressions for local utility functions
that maximize the price of anarchy with respect to a restricted set of welfare functions, as well
as the corresponding optimal price of anarchy. To that end, given parameters a € [0, 1] and

B € N>1, we define the (a, 8)-coverage function as
Vil(z) == (1 - a) -z + a - min{z, 8}. (8.24)

It is straightforward to verify that every («, /3)-coverage function is nonnegative, nondecreasing
concave. In the lemma below, we derive a local utility function that maximizes the price of
anarchy of the set of resource allocation games induced by any given («, 3)-coverage function.
We use this result to derive the optimal utility functions for a broad range of local welfare

functions in Part iii).

Lemma 8.3.3. Consider the set of resource allocation games G induced by the («, B)-coverage
function

Vi) = (1=a) -z +a minfz, 5},

where o € [0,1] and B € N>q. Let p = (1—a-B%P/(8)7L, and define Fg as in the following

recursion: Fg (1) := W(1),

Fg(r+1) = max{;[a:Fﬁo‘(x) = Vi'(x)p] + 1,1 - a}, Ver=1,...,n— 1 (8.25)

Then, the local utility function F g‘ maximizes the price of anarchy and the corresponding price

of anarchy is PoA(G) = 1/p.

According to the result in Lemma the maximum achievable price of anarchy in
resource allocation games induced by a (a,)-coverage function with « = 1 and g > 1 is

1 — pPeB/(B)). Surprisingly, Barman et al. [I09] show that that the optimal approximation
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ratio of any polynomial-time algorithm for the same class of resource allocation problems is also
1 — pBe=P/(B). Similarly, the optimal price of anarchy for the (c, 3)-coverage function with
a € [0,1] and S =1is 1 — a/e, which matches the best achievable approximation ratio of any

polynomial-time algorithm for this problem setting [107].

Part ii). In the next result, we show that any nonnegative, nondecreasing concave welfare func-
tion with maximum curvature ¢ € [0, 1] can be represented as a nonnegative linear combination

over the set of (¢, k)-coverage functions with k =1,...,n.

Lemma 8.3.4. Let W : N — R denote a nonnegative, nondecreasing concave function with

curvature less than or equal to ¢ € [0,1]. Then, the nonnegative coefficients ny,...,n, satisfy
n
W(x) = an -Vi(z), Vr=0,1,...,n, (8.26)
k=1

where ny = 2W (1) — W (2)]/c, ng := 2W (k) = W(k —1) = W(k+ 1)]/c, fork=2,...,n —1,

and n, =W (1) = Y321 mi

Proof. The proof is by construction. Define coefficients 1, := 2W (1) =W (2)]/¢c, n; == 2W (j) —
WE-1)-W(G+1D]/c,j=2,...,n—1, and 7, := W(l)fzgl;ll nj=W(Q)—[W(1)+W(n-—
1) — W(n)]/c. It is straightforward to verify that n; > 0 for all £ = 1,...,n recalling that
W(0) = 0 and W(z) is nonnegative, nondecreasing concave for x > 0. We defer the proof that
W(z) = p_ym - V(x) for all = 1,...,n to the proof of Corollary where one need

only substitute W (z) = x and W (x) = V¢(x), for > 0. O

8.3.4 Proof of Lemma [8.3.3

Proof. We first dispense with the situation where n < 5. In this case, the local welfare function
is identical to W (z) = =z, and thus the price of anarchy is 1 for choice of F(z) = W (x)/z. For
the remainder of the proof, we only consider n > .

The remainder of the proof is structured as follows: (i) we introduce a relaxation of the

linear program in Equation (8.2)); (ii) in this relaxed linear program, we determine what are the
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most restrictive constraints for each = € {1,...,n —1}; (iii) we show that a feasible solution to
the relaxed linear program is nonincreasing, i.e., F(x + 1) < F(x), for every x € {1,...,n — 1}
such that F'(x) > 1—a, and F(z+1) = 1 — o otherwise; (iv) we show that (F, p) as defined in
the claim is a solution to the relaxed linear program for n — oo; and (v) we observe that (F, p)
as defined in the claim is feasible in the linear program in Equation and thus a solution

to this linear program as well.

Relazed linear program. First we consider a relaxation of the linear program in Equation (8.2)).
In this relaxed linear program, only the constraints where z = min{0,z +y — n} and z,y €
{0,...,n} are retained. Finally, we exclude the constraint with y = 0, for all z € {1,...,n—1},

resulting in the following relazed linear program:

max p subject to:

FeR" peR
W (y) — pW (z) + min{z, n — y} F(z) — min{y,n — 2} F(z + 1) <0, (8:27)
V(z,y) €{0,...,n} x{1,...,n} U (n,0).
Tightest constraints on p. We characterize what value y € {1,...,n} parameterizes the tightest

constraint for each x € {1,...,n—1}. Foranyz =1,...,n—1,if 1 > F(x),F(z+1) > 1 — «,

we observe that the constraint with y = § is strictest. For y < (3, it holds that

pW(x) > 4+ min{x,n — f} F(x) — min{fB,n — x}F(z + 1)

>y +min{x,n — y} F(z) —min{y,n — 2} F(z + 1),

where the final inequality holds when z < n — 8 because 8 —y > (8 — y)F(x + 1); when

n—pf<x<n-—ybecause f—y—(x+ L —n)F(z) >n—x—y>(n—x—y)F(zr+1) since
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x4+ —n > 0; and when n —y < x because § —y > (8 — y)F(z). For constraints with y > 3,

pW (z)
>af+ (1 —a)f+min{z,n — f}F(z) — min{fB,n —z}F(z+ 1)

>af+ (1 —a)y +min{z,n — y}F(z) — min{y,n — z}F(z + 1),

where the final inequality holds when x < n —y because (y —3)F(x+1) > (y— 5)(1 — «), when

n—y <z < n—pf because (1—a)(B—y)+(z+y—n)F(z) > (1—a)(f+z—n) > (f+x—n)F(z+1)

since x +y—n>02>f+x —n, and when n — § < z because (1 — a)(8 —y) > (8 —y)F(zx).
Foranyz =1,...,n—1,if F(x) >1—a > F(x+ 1) and n — x > (3, then the constraint

with y = n — x is strictest among all constraints as, for any y # n — «x, it holds that

pW (z)
>af+(1—a)in—z)+zF(x)— (n—a)F(x+1)
>af+ (1 —a)y+min{z,n —y}F(zr) — min{y,n — z} F(zx + 1)

> W (y) +min{z,n — y} F(z) —min{y,n — z}F(z + 1),

where the inequality holds because (1 —a)(n —z —y) > (n—z —y)F(x + 1) when x <n —y
and (1 —a)(n—2z—y) > (n—2—y)F(x) when 2 > n—y. Forany z = 1,...,n — 1, if

Fz)>1—a>F(zx+1)and n —x < (8, then y = (3 is strictest as for any y # £, it holds that

pW(x) > 4+ min{zx,n — B} F(x) —min{f8,n — x}F(z + 1)

> W(y) + min{z,n — y}F(z) — min{y,n — 2} F(z + 1),

where f—y+ (n — f — 2)F(z) > (8 — y)[1 — F(@)] + (n— 2 — y)P(x) > (n— 5 — ) F(z + 1)
when z <n—ysincey<n—z<f, (—y)[l—F(x)]>0whenz >n—yandn—z <y < g,
and (1 —a)(8—y)+ (y— B)F(x) > 0 when y > 3 since F(z) > 1— a.

For any x = 1,...,n — 1, if F(x + 1), F(z) < 1 — «, then the constraint with y = n is
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strictest among all constraints as, for any y < n, it holds that

pW (z)
> af + (1 — a)n+ min{z,0}F(z) — min{n,n — z}F(x + 1)
>af+ (1 —a)y+min{z,n —y}F(z) — min{y,n — 2} F(x + 1)

>W(y) + min{z,n — y} F(z) — min{y,n — x}F(z + 1),

where the second last inequality holds because (n — y)[1 —a — F(x + 1)] > z[F(z) — F(x + 1)]
when x <n—yand (n—y)(l —a) > (n—y)F(z) when z > n — y.

Thus, if F(x) > F(x+1) > 1— «, it is sufficient to consider only the constraint with y =
and z = max{0,z 4+ f —n}. If F(z) >1—a > F(x+1) and n —x > (3, it is sufficient to
consider only the constraint with y = n — x and z = 0. Otherwise, if F(z) >1—a > F(z+1)
and n —x < (3, then we consider only the constraint y = 8 and z = max{0,x + y — n}. Finally,

ifl —a > F(z) > F(x+ 1), then the constraint with y = n and z = x is the strictest.

Proof that a solution to Equation has F' ‘nonincreasing’. For this portion of the proof,
consider a function F' defined for any given p > 1 as follows: F(1) = W(1) and, for all

ze{l,...,n—1},

Pt )= e M M)~ W+ W)
ye{l,...,n} min{y,n — x}

min{z,n—y*} W (z)

For conciseness, we will use the shorthand k, = min{y -zl M = mm{y =z} and p, =
W) where y* € {1 n} maximizes the above expression for each x € {1 n}
Y TR Yy b p RN 3

Thus, F(z 4+ 1) = kg F(x) — Agp + pp for each z € {1,...,n}.

We assume, by contradiction, that we are given p such that F' is increasing at some index,
ie, F(x+1) > F(z) for x € {1,...,n}. The forthcoming Lemma shows that, if this is
the case, then F' must continue to increase, so that F(n) > F(n —1). We wish to show the

following: (i) if F' first increases at a point « € {1,...,n — 1} where F(x) > 1 — «, this leads to
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a contradiction for the value of p; and, (ii) if F' first increases at a point x where F'(z) <1 — «,
then either F(j) < 1— « for all j > x is feasible or (F, p) is infeasible. It is important to note

that the value nF'(n)/W(n) must be bounded, otherwise

>  max > — Q.
 ye{0,....,n} W(n) -

This is a contradiction as the price of anarchy will be at least 0.5, even if we use the marginal
contribution utility [I10]. Since we are optimizing for the price of anarchy (i.e., 1/p), we need
only consider values of p no greater than 2.

Observe that if F' first increases at some point = € {1,...,n} such that F(z) > 1 — «, then

F(n)>F(n—-1)>1—«and

W(y) + (n—y)F(n)

P= ye%?fn} W(n)
Wiy)+ (n—vy)F(n
> max (y) Vg/ - y)F(n)
- x| W(y) +ngn(;) y)F(n)
> _max W(y) + (7;[/—(3))17(% - 1)7

where the first inequality holds because we reduce the domain of maximization, the second
equality holds because W(n — 1) + F(n) > W(n) since n > 8 and F(n) > 1 — «, and the final
inequality holds because F(n) > F(n —1). Since y < # < n — 1 corresponds with the strictest
constraints when F'(n), F(n — 1) > 1 — «, we can substitute

L max | () + (1= 9)F(n = 1) = Fln) + pW(n — 1)
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in the former bound on p to get p > [F'(n) + pW(n —1)]/W(n). Since n > (3, this implies that

F(n) <0 ifa=1,

P> W(n)lj(v;)(nq) = 11?572 if  €0,1)

For a = 1 this is a contradiction, since we have that F'(n) > 1 — o = 0. For the remaining

a € [0,1), we want to prove that this also gives rise to a contradiction. To do so, we show that

F(n) W(y) + (n—y)F(n)
T—a = yeld o W(n) -

Observe that y =  maximizes the right-hand side if 1 — a < F((n) < 1, and y = 0 maximizes
the right-hand side if F'(n) > 1. For F((n) € (1 — a, 1] and y = $3, it holds that
Fn)  W(B)+(n—-pB)F(n)

_ >
1—« W(n) 20

= F(n)W(n) -1 -a)[W(p)+ (- pB)F(n)] =0
W(n) —W(p)
n—p

— F(n) = (1—a)F(n)

where the first and second line are equivalent because o € [0,1) and the third line implies the
second because F'(n) > 1—a. The final inequality holds because [W(n)—W(5)] = (n—8)(1—«a)
and n > . For F(n) > 1 and y = 0, it holds that

>
1 -« W(n)_o

since W(n)/n > 1 — a by definition. Thus, in the above reasoning, we have shown that, if

F first increases at a point z € {1,...,n} and F(z) > 1 — «, then, if & = 1, it holds that
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l—a< F(z)<---<F(n)<1—a;and, if « € [0,1), it holds that

which is a contradiction.

Now we consider the scenario where we are at a point x such that F(z) <1 — « and F is
monotonically nonincreasing before . We show that either selecting F'(z) = --- = F(n) = 1—«
is feasible for p or that the value p is infeasible. We first consider the case where the strictest
constraint on the value of F(z+1) has y < n—x and show that F'(z+1) cannot be greater than
F(z) <1— a. In the proof of Lemma[8.3.5] we showed that if y < n—xz, F(z+1) > F(z) and
F(z) < F(z—1), then it must hold that F(x) > [W(x)—W (z—1)]p > 1—a. As we have assumed
F(z) <1—q, it must be that F(x+1) < F(z) < 1—aif y <n—2z. We complete our reasoning
for the case when y > n —x corresponds to the strictest constraint on the value of F(z+1). We
showed above that if F'(z) <1—a«a and > n—y, then the strictest constraint is parameterized
by y = n. For any = > (3, it must hold that F(x+1) > —W(x)p/(n—z)+W(n)/(n—x). Since
—W(x)p/(n—xz)+W(n)/(n—x) < 1—« the constraint is satisfied for choice of F(z+1) < 1—a.
Else, if x < 8, since f < n, F(z + 1) > 1 — « implies that F'(n) > F(n —1) > 1 — a, since
n— 1> . We already proved above that this scenario leads to a contradiction on the value of
p. Repeating this reasoning for all j > z such that F(z) < 1 — «, we argue that F(j) =1 — «
is feasible. Since the strictest constraint for each F(j), F(j + 1) < 1 — « has y = n, there is no
recursion and the optimal value p has no dependence on the values of F(z),..., F(n), even if
it begins increasing. We have also shown that the lower bound on F' is lower than or equal to
1 — « for any feasible p, and so, F with F'(j) =1 — «a, for all j € {x,...,n}, must be feasible.

For any feasible p, we have successfully shown that F'(x) must be nonincreasing when it is
greater than 1 — a, and that F(z) =--- = F(n) = 1 — « is feasible otherwise. This concludes

this part of the proof.

Proof that (F, p) solves Equation . We begin by showing that (F, p) as defined in the claim
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are feasible. For z = 0, the constraints in Equation (8.27) read as F'(1) > W (y)/ min{y,n —z},
for all y = 1,...,n, which is satisfied for F'(1) = W(1). Now consider (z,y) € {1,...,n— 1} X
{1,...,n}. In the above reasoning, we showed that a feasible (F,p) within Equation
will have F' nonincreasing while F(x) > 1 — « and F(z) = 1 — « otherwise. Furthermore, we
showed that when F(z) > F(x+1) >1 -« or when F(z) >1—a > F(zx+1)and n — z < f3,
then the strictest constraint has y = 3. Observe that x, = min{x,n — f}/min{s,n — =},
Az = W(z)/ min{8,n — z} and p; = f/min{S,n — x} correspond with the recursive definition
of F(x +1).

We showed above that F(z +1) = 1 — a when k. F(z) — Azp + e < 1 — «, is feasible as
long as p is feasible, since the values of F' less than or equal to 1 — ¢ have no impact on the
optimal value of the relaxed linear program. Consider the expression for p that can be obtained

by completing the recursion as follows,

l—a=F@+1) > _ 1k F(1) + Y (4 150) (e — Aup) + pz = Xap.

Rearranging this expression, we obtain,

o Ik P(1) + S m (o) + s+ 00— 1
B Zi:i(nizuﬁ-lﬁv)/\u + Az

Observe that for n — oo, min{z,n — f} = x and min{B,n — 2} = 5. Thus, the above

expression for p simplifies to

%+Zi%§lﬁm+1+a—1

P 2 ol ol B+(1—a)j
Z j1BE—3 5 + Z] =6+1 lﬁxa‘c?j w
B 1+ Z;C 11 ’?f ﬂ _ e
R 53 B 5+(1* ) Bs "
D Z] BHJ'a Ba] eﬁ_aﬁ

Noting that PoA = 1/p concludes this part of the proof.

Feasibility of (F,p) in Equation . To conclude the proof, we simply observe that since
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F(x) is nonincreasing for all z, the strictest constraints in the linear program in Equation ({8.2])
correspond with the choice of z = min{0,x + y — n}. Thus, since (F,p) is a solution to the
relaxed linear program and feasible in the original linear program, it must also be a solution to

the original. O

Lemma 8.3.5. Let W be a nonnegative, nondecreasing concave function, and let p > 1 be a
given parameter. Further, define the function F such that F(1) = W (1) and
min{j, n — (}F() = W(i)p + W(0)

FUTD=, g, min{/, n — j} ’ 529

forallj=1,...,n—1. Then, for the lowest value j =1,...,n — 1 such that F(j +1) > F(}),

it must hold that F(j +1) > F(j) for all j=7,...,n — 1.

Proof. The proof is presented in two parts as follows: in part (i), we identify an inequality that
must hold given that F(j+1) > F(j) for 1 < j < n—1 as defined in the claim; and, in part (i),
we use a recursive argument to prove that F(j + 1) > F(j) holds for all j +1 < j < n — 1,

using the inequality we derived in part (i).

Part (i). We define £} as one of the arguments that minimizes the right-hand side of Equa-

tion (8.28)) for each x = 1,...,n— 1. By assumption, it must hold that F(j +1) > F(j), which
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implies that

F(j) < max —mln{],n—@»F 7) — W) - W0) -
1<(<nmin{l,n — j} min{/,n — j} min{¢,n — j}
- G-1-— V=1
1<¢<nmin{l,n —j + 1} min{/,n —j +1}
W(¢ min{j,n — ¢ A
. ()a : 1 e}PTJ)
min{l,n —j+ 1} min{l,n — 7}
A W(j
G-1-—)__,
min{l,n — j}

. ’2_1 _g
min{j- L6

B min{j — 1,n—€}F
min{f,n —j + 1}

W —1) W()
min{¢,n —j+1}"  min{f,n — j}
W (¢)

- min{l,n — j + 1}’
where the strict inequality holds by definition of F(j 4 1). Recall that

wi-1)
min{¢,n —j 4+ 1}

F(}) = max min{j — 1’7} _ E}F
1<t<nmin{l,n — j + 1}
W)

min{l,n —j + 1}

-1~

Thus, if E}f < n — j, the above strict inequality with F'(j) can only be satisfied if

~

F(j+1)> F(j) > jF(G) - (G- 1DF(G -1) > W) - W(G - 1)]-p.
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Similarly, if £5 > n —j 41, then it must hold that

(n—@f‘)[:(j} - :(—j;rﬂ + [nij - n_;ﬂ w(e;)
ik
— [ni] - n_;ﬂ}[(n—f}f)F(JHW(Q)]
W () W1
] [n—ﬁ n—j‘+1}

where the first line implies the second line because F(j) < F(j — 1), by the definition of j in
the claim, and the second line is equivalent to the third by the definitions of F(j + 1) and E;‘

This concludes part (i) of the proof.

Part (ii). In this part of the proof, we show by recursion that if F(j + 1) > F(j), then
F(j+1) > F(j) forall j = j+1,...,n—1. We do so by showing that, if F(j) > F(j —1) > --- >
F(}'—l—l) for any j+1 < j < n—1, then it must hold that F(j+1) > F(j). Thus, in the following
reasoning, we assume that j +1 < j < n — 1, and that F(j) > F(j —1) > --- > F(j + 1).

We begin with the scenario in which ¢;_; < n — j + 1, which gives us that £;_; <n —j.

Recall that

D)y MGG WG
PO = ity 9 w5y
W)
min{¢;,n —j}
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Thus, it must hold that

F(j+1)
B min{j —1L,n -4} . W(j—1)
o 12%?;(71 min{¢;,n —j + 1}F(] 2 min{/;,n — j + 1}/)
W (¢)) min{j,n —¢;} .
F 1
min{/;,n —j+1}  min{f;,n — j} G+1)
min{j —1,n —¢;} W)
_ B R W &
min{Ej,n—j—Fl}F(J ) min{¢;,n — j}
WG —1) ) W (¢;)
min{/;,n —j+ 1} min{¢;,n — j}
3 W (¢;)
min{l;,n — j + 1}
A S TS B W) - W@ —1
j—1 j—1 J—1
) 1 N 1 .
>F()+ 57— F0+1) ——[WG -W(iE-1lp
Ej—l Ej—l

> F(7),

where the first inequality holds by evaluating the maximization at ¢; = E;Ll, the second in-
equality holds because F(j) > F(j — 1) and F(j) > F(j + 1), by assumption, and the final

inequality holds by the identity we showed in part (i) and because W(-) is concave.
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Next, consider the scenario in which €§—1 >n — 7+ 1. Observe that

FG+1)

zF(j)+(n—f?—l>[:(—j; - :(—jj_+1)1]
N L WG WG -
+[n—j n—j-i-JW( : |

> P+ | = i 6 PG - D WG
W) WG
n—j n—j7+1

ZNﬁ+[1 !

n—j mn—j+1
WG, W=D
n—j n—j7+1

> () + =P+ 1)~ =W () WG = lp

hm—j+wFuvag—nm

> F(5),

where the first inequality holds by evaluating the maximization at ¢; = ¢7_,, the second in-

Jj—1
equality holds because F(j) > F(j — 1), by assumption, the equality holds by the definitions

of F(j) and %

1, the third inequality holds because F'(j) > F (j + 1), by assumption, and the

final inequality holds by the identity we showed in part (i) and because W (-) is concave.

Finally, we consider the scenario in which £7_; =n — j + 1. Observe that

F(j+1)
N, -1 J—1 , W(j) W(-1)
>F F(j)— ———F(—1)—
> (])+n_j () p———— -1 L e
1 1
- W(n—j+1
+{n—j n—j—i—l] (n=j+1)

) 1 1
>F(])+{n—j_n—j+1
WG, WG

n—j n—j+1

hm—@Awo—u+w«;m

> F(j),
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where the first inequality holds by evaluating the maximization at £; = £;_;, the second in-
equality holds because F'(j) > F(j — 1), by assumption, and the final inequality holds by the

same reasoning as for £7_; >n —j+ 1. O

Part iii). We begin by describing a utility mechanism parameterized by the maximum curva-
ture and maximum number of players. Let G denote the set of resource allocation games induced
by all nonnegative, nondecreasing concave functions with maximum curvature ¢ € [0, 1] with a
maximum of n players . Consider any resource allocation game G € G and assign the following

local utility function to each r € R:
n
F.(z) = an -Fi(x), VYx=1,...,n,
k=1

where 71 1= 2W,(1) = W, (2)] /¢, ni := 2W, (k) =W, (k—1) =W, (k+1)]/c,for k=2,... ,n—1,
and n, := W, (1) — ZZ;I Nk, Wy : N — R is the welfare function on the resource r and each
function F : N — R, k = 1,...,n, is the optimal local utility function for V{(z) defined
recursively in Lemma In this part, we show that PoA(G) > 1 — ¢/e holds for this utility
mechanism.

Given maximum curvature ¢ € [0,1], Lemma [8.3.3] proves that among the (c, k)-coverage
functions with £ = 1,...,n, the (¢, 1)-coverage function has best achievable price of anarchy
1 — ¢/e which is strictly lower than the best achievable price of anarchy for any (e, k)-coverage
function with & > 1. This implies that the best achievable price of anarchy must satisfy
PoA(G) < 1 — c¢/e, since any game G in the set of resource allocation games induced by the
(¢, 1)-coverage function must also be in the set G, i.e., G € G, and there is at least one such
game with PoA(G) = 1 — ¢/e. We now show that PoA(G) > 1 — ¢/e also holds. Recall from

Lemma that the nonnegative coefficients 71, ..., 7, defined above satisfy

Wy (x) = an -Vi(x) Vr=0,1,...,n.
k=1
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It must then hold that, for any r € R, (F,, (1 —c/e)™!) is a feasible point in the linear program
in Equation for any n and the corresponding W,. Observe that each constraint in the
linear program must be satisfied since, by Lemma [8.3.4] it can be represented as a nonnegative
linear combination of the constraints in the n linear programs for V¢ and (F¢, (1 — c/e)™),

k=1,...,n,ie., for all r € R and all (z,y,2) € Z(n) it must hold that

k,—k
(I1—c/e)” >Z77k [1—0 kk ]V,f(x)
> an Vi) + (2 = 2) Fi (@) — (y — 2) Fig(z + 1)]
=Wr(y) + (z = 2) () — (y — 2) Fr(z + 1),

where the first inequality holds because 1 —c/e < 1 —c-kFe™*/(k!) for all £ > 1 and since W,
VE(x), k =1,...,n, and the coefficients 71, ...,n, are nonnegative, and the second inequality
holds because (F7,p’) = (F¢,1 — c- kFe */(k!)) is a feasible point in the linear program in

Equation (8.2) for W7 = Vi¢, by the result in Lemma m

8.4 Proof of Corollary [8.4.1]

Corollary 8.4.1. Let VW denote a set of nonnegative, nondecreasing concave welfare functions
and n be the mazimum number of agents. Let W' and W' be two nonnegative, nondecreasing
concave functions that satisfy the following for all W € W: (i) W(z 4+ 1) — W(2) < [W(x +
D—=W(2)]/W(1) < W"(z41)-W¥(z), forallz = 1,...,n—1; and, (i) [W(z+1)—2W (z)+
Wi(x—1)]/W(Q) < W (zx+1)—2W(z) + W (z —1) < W (x+1) —2Wh(2) + WP(x - 1),

forallz=2,...,n—1. Finally, define the candidate functions W) k=1,... n, as follows:

Wub fl1<az<k,
w®) (z) = ) Jlses (8.29)

Wu(k) + Wi(z) — Wh(k) ifx > k.

Then, for any welfare function W € W, there exist nonnegative coefficients n1,...,n, that
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satisfy

:an-W(k)(a:), Ve =0,1,...,n

Proof. First, observe that there must exist functions W% and W'. Simply observe that
Wu(z) = x and W®(z) = V() = min{x, 1} are valid for any set of nonnegative, nonde-
creasing concave functions.

The rest of the proof follows by construction. Define the coefficients n;, j = 0,...,n, as

follows:
O WE(2) — WU (1) — W(2) + W (1)
T Wb (2) — W (1) — W(2) + Wh(1)’

_ WG A1) - W) WG+ )
N = Wub(j + 1) — Wub(j) — Wh(j + 1) + Wlb Z”’f’

forj=2,...,n—landn,=1-> ;" 177k;

First, we prove that the coefficients ny,...,n, are nonnegative. It is simple to see that
m > 0 since W¥0(2) — W¥0(1) > W(2) — W(1) > W¥*(?2) — W®(1). Similarly, 7, > 0 since
N = 1= W9 (n) =W (n—1)—W(n)+W(n—1)]/[W*(n) - W (in—-1)-Wh(n)+WPe(in-1).

Finally, for any j € {2,...,n — 1},

Wub(j_|_1) W“b(]) W(+1)+W()
Wub(j 4+ 1) — Wub(5) — Wh(j + 1) + Wk(j)
W) = WG - 1) = W) + WG - 1)
WHb(j) = Wub(j —1) = W (j) + Wh(j — 1)
Wub(] + 1) _ 2wub( ) vvub(‘7 _ 1)
~ W) — Web(j — 1) = W(j) + W(j — 1)
WD) - 2WHWE) + WG - 1)
Wub(j) — Wub(j — 1) — W(5) + Wk(j — 1)

njy =

>0,

where the equality holds by definition, the first inequality holds because W (j +1) — 2W*(5) +
Wh —1) > W + 1) — 2W™(5) + W¥(j — 1) and the final inequality holds because
Wub(j +1) = 2WU(j) + W™(j —1) = W(j +1) = 2W(j) + W(j — 1).
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We conclude the proof by observing that, for all z =1,...,n,

z—1 z—1 n
Do mW @)+ W (k) = WER)] + Y i (@)
k=1 k=1 k=x

W (z) — W (x —1) — W(z) + W(x —1)

T Web(z) — Web(z — 1) — W(z) + Wih(z — 1)Wlb(£f)
rx—1
+ 3 W (k) = W (k)]
k=1
Wb (a) = W (a—1) = W(z) + W(e=1) ] .,
" {1 T W) — W a—1) — Wh(a) + Wha—1)| '

= W(z) — W (z) - W(x —1) = W(z) + W(z —1)

r—2
+ > W (k) = WP(k) = W (2 — 1) + W(z — 1))
k=1
r—2
=W(2)+ Y m[W™(k) - W(k) = W (z — 1) + W (2 — 1)]
k=1

+ W (z—1)—W(x—1)

= W(z),

where the final equality holds once the expression is simplified for the remaining 7 values. [
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Chapter 9

Unintended consequences of the

worst-case perspective

A number of recent results — including those in the previous chapter — focus on deriving taxes
that optimize the Price of Anarchy as a surrogate for optimizing the system performance [72,
88, 90]. Naturally, this raises concerns about the consequences of optimizing for the worst-case
equilibrium efficiency on other performance metrics. In this chapter, we seek to understand
the impact of optimizing the Price of Anarchy on other performance metrics. In particular,
we consider its consequences on the Price of Stability, and on the system performance within

transient states which we term Price of Urgency.

9.1 Trade-offs with the Price of Stability

In this section, we demonstrate that there exists an inherent trade-off between the Price
of Anarchy and the Price of Stability in congestion games, and put forward techniques to
study this trade-off. We study this trade-off from two distinct perspectives: an outer trade-off
corresponding with the joint optimization of the Price of Anarchy and Price of Stability of a
family of congestion games using taxes; and, an inner trade-off corresponding with the jointly

achievable Price of Anarchy and Price of Stability pairs for a family of congestion games under
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a given taxation rule.

Figure 9.1: The Pareto frontier between the Price of Anarchy and Price of Stability in con-
gestion games with affine and quadratic resource costs. The Pareto frontier lies within the
region below the upper bound curves (solid black) and above the lower bound curves (dotted
black), which were derived with the techniques put forward in Theorems and The
joint Price of Anarchy and Price of Stability values for the mechanism that minimizes the
Price of Anarchy (in red), no taxes (in green), and the mechanism that minimizes the Price
of Stability (in blue) are reported in the table on the right. Note that all joint performance
guarantees in the region above the upper bound curves are suboptimal, in the pink region
below the lower bound curves are unachievable by any local mechanism and in the grey region
are inadmissible as PoA(Gr) > PoS(Gr) must hold. Although the upper and lower bound
curves do not always match, we show that they are tight at the endpoints for any family of
convex, nondecreasing resource costs. Similar bounds on the Pareto frontier can be derived
for any family of resource cost functions using the techniques outlined in Theorems and

Chapter 9

2.1 Minimum PoA

Mll’llml‘lm PoA | — Upper bound POA(gT) POS(gT)

2.012 S e Lower bound || 2.012 2.012
No Taxes

1.577 ,,,,,,,,,,,,,,,,:"‘;,{‘., | PoA(Gr) | PoS(gr)

2.500 1.577

Minimum PoS

| RN PoA(Gr) | PoS(Gr)

Price of Stability (PoS)

l o
1 2.012 2.5 3 3.000 1.000

Price of Anarchy (PoA)

(a) Congestion games with affine resource costs.

Price of Stability (PoS)

Minimum PoA
Minimum PoA — Upper bound PoA(Gr) | PoS(Gr)
5101~ X e Lower bound | | 5.101 5.101
No Taxes
POA(gT) POS(QT)
No Taxes 9.583 2.361
2361~ R AR 0 : —
Unachievable " Minimum PoS Minimum PoS
1 l i ‘ o PoA(Gr) | PoS(gr)
1 5.101 9.583 13 13.000 1.000

Price of Anarchy (PoA)

(b) Congestion games with quadratic resource costs.
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9.1.1 The existence of a trade-off

We first seek to investigate how the efficiency of the best-case equilibria is affected when we
optimize for the worst-case equilibrium efficiency. In the next result, we prove that any local
taxation rule T that minimizes the Price of Anarchy has corresponding Price of Stability equal
to the Price of Anarchy in congestion games with convex, nondecreasing resource cost functions.
Additionally, we show that linear taxation rules (i.e., local rules 7" that satisfy T'(3 7L, a;b;) =
> jt1 @;T(b;)) are Pareto optimal over all possible local taxation rules, i.e., for any (possibly
nonlinear) local rule 7', there exists a linear rule 7" such that PoA( Tiin) < PoA(GT) and
PoS(G2i.) < PoS(G7).

Theorem 9.1.1. Consider the family of resource cost functions £ = span(bi, ..., by) corre-
sponding to convex, nondecreasing basis functions by, ..., by, and mazimum number of users n.

The following statements hold:

i) Let T'"™ denote a Pareto optimal rule in the set of all linear taxation rules. Then, T is

Pareto optimal over all (possibly nonlinear) local taxation rules.

ii) Let TT°? denote the rule that minimizes the Price of Anarchy as defined in Theorem
where (FjPOA, p?OA), j=1,...,m, are solutions to the m linear programs in (8.3)) (one for each
bj). It holds that PoS(G}pos) = PoA(Glpos). Furthermore, the functions FjPOA, j=1,...,m,

are nondecreasing and unique up to rescaling.

The proof is presented in Section We highlight that the performance guarantee PoS(Gp, ) =
PoA(g,?PD 4 ) in Theorem i) is achieved by the same game instance G € GJpos. Moreover,
the instance G is a simple, n-user game in which each user has 2 single-selection actions and
there is a unique pure Nash equilibrium. We depict the structure of the worst-case game in-
stance as a graph in Figure [0.2] where the users are represented by the edges, and the resources
are the nodes.

Alternatively, one might wish to understand how unilaterally minimizing the Price of Sta-
bility impacts the Price of Anarchy. Here, we show that the marginal cost rule is the unique
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ne

opt
aP

@./‘

Figure 9.2: The worst-case game structure satisfying
PoA(G) = PoS(G) = PoA( TPQA) = PoS(G}roa) in Theorem (9.1.1,  Consider the lo-
cal taxation rule 77°4 that minimizes the Price of Anarchy as described in Proposition
As shown in Theorem the resulting Price of Stability is equal to the minimum Price of
Anarchy, i.e., PoS(Glroa) = PoA(GFpoa). We depict the worst-case game structure with the
graph above where the n edges are the users and the 1 < n —y* +1 < n + 1 nodes are the
resources. Each resource e € £ has resource cost function ¢.(z) = a. - bj(x), where o > 0 is
the value of the node (either 1 or Fj(n)) and b; is one of the basis functions. Each user i € N
has two single-selection actions, i.e., A; = {a}®,a{*"}. In the above deplctlon the arrow (resp.
round) tip of each edge i € N mdlcates the resource i selects in a® (resp. aP"). Observe
that all n users select the left resource in the joint action a™® = (a}®,..., ‘;Le) Wthh is the
unique equilibrium action since the functions FJO PPg are nondecreasing (by Theorem 1))
In contrast, y* users select the left resource and the remaining n — y* users select individual
resources in the joint action a®®* = (a$™", ..., a%") which is the optimal action. To obtain the
result, we select y* € {0,1,...,n} and b; € {b1,...,by} that maximize SC(a"®)/MinCost(G).

local rule that achieves the minimum Price of Stability of 1 in congestion games.

Proposition 9.1.1. Consider the family of resource cost functions L = span(bs, ..., by,) corre-
sponding to positive, nondecreasing basis functions by, ..., by, and mazimum number of users

n. Then, the marginal cost rule

T (0) = Zaﬂjmc, where ;" “:AL...,n} =R, ijc(x) = (z - 1D[bj(z) — bj(z — 1)]

is the unique local taxation rule (up to rescaling) with PoS(Gme) = 1.

Proof. We prove the claim in two parts: (i) show that any local taxation rule 7' # T™¢ has
PoS(G}) > 1; and (ii) prove that an optimal assignment is an equilibrium under 7™¢.

Part (i): Assume, by contradiction, that there exists a local taxation rule T with PoS(G}.) =
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1 with T'(¢)(k) > T™(¢)(k) for some integer 1 < k < n and resource cost function ¢ € L.
Consider the game G with user set N = {1, ..., k} and two resources £ = {eg, €1 }. The resource
eo has resource cost ¢(x) and resource e; has resource cost [((k)k — l(k — 1)(k — 1) + €] - (x)
forz=1,...,k where 0 < e < T(¢)(k) — T™°(¢)(k). Every user i € {1,...,k — 1} has only one
action, a; = {eg}, while user k has action set Ay = {ax,a},}, where ar = {eo} and a) = {e1}.
Observe that if T'(¢)(k) > T™°(¢)(k), then the unique pure Nash equilibrium corresponds with
when user k selects aj, resulting in social cost £(k —1)(k—1)+¢(k)k —¢(k—1)(k—1)+e. Thus,
the Price of Stability in this game is [¢(k)k + €]/[¢(k)k] > 1, which contradicts PoS(G}) = 1.
We conclude this part by observing that a similar argument holds for T'(¢)(k) < T™¢(¢)(k),
when the resource cost of e; is [((k)k — l(k —1)(k — 1) —¢] - l(z) for z = 1,...,k and 0 <
e < T™(l)(k) — T(¢)(k). In this case, user k’s Nash action is a; and the Price of Stability is
Uk)k/[L(k)k — €] > 1.

Part (ii): Consider an optimal assignment a°P* in a given game G. It is straightforward to

show that this assignment must be an equilibrium under 7™¢:

Ci(a*™) - Cilas,a™) = 37 [t o). — te(a®]. = 1)(a™|. — 1)]

opt

eeai
=37 [l a1, ae — tellai, a e — 1) (i, ] ~ 1)
eca;
= Z Ce(|a®P]e)|aP e + Z ee(’aha(ip@'t’e_1)(’aiaaipit’e_1)
eEa?pt\ai eEai\a?pt
Yo Lelja®e =) (|ae 1) = D Lellai, a%le)|as, ]
c€ag™\a; eEozz\alpt
:ZE ’aopt| |aopt’ _ZE ’al’ opt ‘a“ Opt‘e
ec& ecf

= MinCost(G) — SC(as, a®®"),

where the third equality holds because we add and subtract £.(|a°Pt|.)|a°Pt|. for all e € & \

(a® by a;) and all e € a;-)pt M a;. The final line must be nonpositive for all actions a; € A; and
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all users ¢ € N by the definition of MinCost(G), concluding the proof. O

In Corollary we provide a tractable linear program that can be used to compute
the Price of Anarchy in congestion games under the marginal cost rule. To do so, one simply
computes the agent-cost function corresponding to each basis resource-cost function and the
marginal cost taxation rule. Thus, we have established that the local taxation rules that unilat-
erally minimize the Price of Anarchy and Price of Stability are linear and unique (Proposition
and Theorem , and have provided characterizations of the corresponding Price of

Stability and Price of Anarchy, respectively.

9.1.2 The outer trade-off between anarchy and stability

In the previous sections, we showed that the unique local taxation rule that minimizes the
Price of Anarchy has corresponding Price of Stability equal to the Price of Anarchy (Theorem
9.1.1). Furthermore, the well-known marginal cost rule is the unique local taxation rule that
minimizes the Price of Stability, always achieving a Price of Stability of 1 (Proposition .
Since the minimum achievable Price of Anarchy is strictly greater than 1 for all nondecreasing,
convex resource costs (except constant) [89], it immediately follows that the taxation rule that
minimizes the Price of Anarchy is distinct from the taxation rule that minimizes the Price of
Stability and, thus, there must exist a trade-off between these two metrics. In this section,
we develop analytical techniques for deriving upper and lower bounds on the Pareto frontier
between the Price of Anarchy and Price of Stability in congestion games, which permit us to
better understand the trade-off between these two metrics. Though the results in this section
depend on an upper-bound, n, on the number of users, we discuss how these techniques can be

extended to remove the dependence on n in Section [9.3

An upper bound. Before presenting our upper bound, we introduce a modified version of the
smoothness argument in [96] that provides upper bounds on the Price of Stability of congestion

games. Recall that all congestion games are potential games and admit the potential function
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<I>:A—>]Rin.

Proposition 9.1.2. Let G denote any family of congestion games, and suppose that there exist
(>0, X>0and u <1 such that, for every game G € G and any two assignments a,a’ € A, it

holds that

SC(a) + Z[Ci(ag, a_;) — Ci(a)] + ¢[®(a’) — ®(a)] < ASC(a’) + uSC(a). (9.1)
1EN

Then, the Price of Stability satisfies PoS(G) < A/(1 — p).

Proof. Consider any game G € G and let a®® € A denote an optimal assignment, i.e.,
SC(a°P') = MinCost(G). Thus, let a™ € NE(G) denote a pure Nash equilibrium that sat-
isfies ®(a™) < <I)(a°pt) Since C;(a™) < C;(aP,a™) for all i € N and ®(a™®) < ®(a®P), it

follows from (9.1)) that
SC(a"®) < ASC(a°P*) + uSC(a™).

Rearranging the above inequality gives us that SC(a™)/SC(a’') < A/(1 — u). Since a™ is
not necessarily the pure Nash equilibrium in NE(G) with minimum social cost, it holds that

PoS(G) < A\/(1 — p), and it could hold that PoS(G) < A\/(1 — p) in general. O

The smoothness argument in Proposition [9.1.2] provides an upper bound on the Price of
Stability by bounding the efficiency of all pure Nash equilibria with potential lower than the po-
tential at the optimal assignment. Our next result shows how one can leverage this smoothness
argument to optimize an upper bound on the Price of Stability under a maximum allowable

Price of Anarchy constraint.

Theorem 9.1.2. Consider the family of resource cost functions L = span(by, ..., by) corre-
sponding to basis functions by,..., by, and maximum number of users n. Further, consider

a mazimum allowable Price of Anarchy TI > MinPoA(n, L£). Let {F{",... EP'}, voPt, popt

1Observe that such a pure Nash equilibrium must always exist since any potential minimizer is a pure Nash
equilibrium.
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~OPt KkOP be solutions to the followingﬂ

mazimize vy subject to:
{Fihv=tpyp=te

1/*1/) > ﬁflvfl, v > 0, k>0

V_lbj(y)y — V_lpbj(a:)x + (x —2)Fj(z) — (y — 2)Fj(x + 1) > 0,

(9.2)
V(z,y,2) € I(n),Vj € {1,...,m},
bj(y)y —bj(w)z + (x = 2)Fj(w) = (y — ) Fi(w + 1) + 5 | Y Fi(k) = Y Fj(k)| >0,
k=1 k=1

V(a:,y,z) GI(’I’L),V] € {L'”»m})

where we define b;(0) = F;(0) = Fj(n+ 1) = 0. Then, the local tazation rule T°P* defined as
TP (b;)(x) = Ffpt(x) —bj(x), j =1,...,m, achieves Price of Anarchy PoA(Gl o) = 1/p°P* <

I and Price of Stability PoS(Gloy) < 1/7°PL.

The proof is presented in Section [9.3] and amounts to reformulating the problem of com-
puting the local taxation rule that optimizes the smoothness bound in Proposition [9.1.2] as a
tractable optimization problem. The optimization problem in is a bilinear program with
a single bilinearity, since x is multiplied with F' in the final set of constraints. Such programs
can be solved efficiently using, e.g., the method of bisections, which involves solving a finite
number of linear programs for appropriate guesses of the value x°P.

A possible interpretation of the above result is that the local rule T°P' guarantees that every
game G' € Gl has at least one pure Nash equilibrium with social cost at most 1 /~°Pt times
greater than MinCost(G). Recall from the proof of Proposition that this equilibrium may
not represent the best performing equilibrium of G, so this represents an upper bound on the

Price of Stability, in general.

In and forthcoming optimization problems, we reformulate the decision variables and constraints to
ensure they follow a (bi)linear program structure for the reader’s convenience. For example, v~ 1p is a decision
variable in . Note that the corresponding optimal values {FP*, ..., FoP'}, voPt p°Pt etc. are uniquely
determined by solutions to these problems.
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A lower bound The following theorem states our corresponding lower bound on the best

achievable Price of Stability for a maximum allowable Price of Anarchy II:

Theorem 9.1.3. Consider the family of resource cost functions L = span(by, ..., by) corre-
sponding to basis functions by, ...,by,, and mazimum number of users n. Further, consider a
mazimum allowable Price of Anarchy II > MinPoA(n,L). Let F;pt,yj,pj be optimal values

that solve the following m linear programs (one for each j):

n

mazimize F(x) subject to:
Fy—1pv—1

=1

pr P>t vi>0, F(1) =1,

vLby(g)y — pr (2o + (@ — 2)F (@) — (y — F (0 +1) > 0,¥(z,9, 2) € T(n),
(9.3)

where we define bj(0) = Fj(0) = Fj(n+1) = 0. Then, the Price of Stability of any local taxzation

rule T with PoA(GF) < II must satisfy PoS(G%) > maxj{l/y;)pt}, where

b(v)v + S0y FY (k)

A%P" = min
J 0<v<un b(u)u ’
where Fj(u’v)(k) = maXyk<z<u F;pt(x) fork=1,...,u—v.

We highlight some important observations regarding the above result in the discussion
below:

Note that the linear program in must be feasible for all values IT > MinPoA (n, £)
as there exists at least one set of feasible values F), v, p by Theorem [8.1.1] and Theorem [9.1.1
Furthermore, the linear program must provide a (tight) lower bound of PoS(G%) > 1 for any II
greater than the Price of Anarchy of the marginal cost rule, PoA(G%mc ), since the Price of Sta-
bility of the marginal cost rule is 1. When the basis functions are convex and nondecreasing, the
linear program must also provide a (tight) lower bound PoS(T) > II when IT = MinPoA (n, £),

since we showed in Part (ii) of the proof of Theorem that a worst case game in this setting
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has the same structure as the construction we use to obtain this lower bound | Additionally,
the game construction from which we obtain this lower bound on the Price of Stability has a
unique pure Nash equilibrium a™® where each user ¢ € N strictly prefers to play a}° when users

€ is also

1,...,7 — 1 play their respective actions in a"®. It is straightforward to verify that a"
the unique coarse-correlated equilibrium of the game and, thus, our lower bound extends to the

best case coarse correlated equilibrium efficiency.

9.1.3 The inner trade-off between anarchy and stability

In the previous sections, we study the Price of Anarchy and Price of Stability of a given
family of instances Gr as independent, worst-case measures of the equilibrium efficiency, i.e., we
summarize the equilibrium efficiency of all game instances under a given taxation rule T with
only two numbers, PoA(Gr) and PoS(Gr). Note, however, that the values PoA(Gr), PoS(Gr)
may not be achieved within the same game instance. Specifically, there need not exist a game
instance G € Gr such that PoA(G) = PoA(Gr) and PoS(G) = PoS(Gr). Rather, it could
be that there exist two distinct games G, G’ € Gr satisfying PoA(G) = PoA(Gr) > PoA(G')
and PoS(G’) = PoS(Gr) > PoS(G). This motivates our investigation — in this section — of
those Price of Anarchy and Price of Stability pairs that can be achieved within the same game
instance, where we wish to understand if considering such attainable joint performance measure
offers more refined insights on the joint optimization of the worst and best equilibrium efficiency.

More specifically, for a given family G, we aim to capture the dependence of the Price of
Stability of an invidual instance on its Price of Anarchy. To that end, for given 7 € [1,PoA(G)],
we define G” as

G" :={G € G s.t. PoA(G) =1}. (9.4)

Our goal is to characterize how the value PoS(G") evolves with 7 € [1, PoA(G)].

Our next result establishes that the tension between the Price of Anarchy and Price of Sta-

3Though the game construction we consider to obtain the result in Theorem is of the same structure as
in Figure the selection of the resources’ coefficients is more nuanced in general since we have no guarantee
on the monotonicity of the resource cost function F' in this setting. See Section for more details.
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bility persists under the attainable joint performance measure. This is based on the observation
that the independently measured Price of Anarchy and Price of Stability corresponding with
taxes that minimize either the Price of Anarchy or the Price of Stability are in fact attained

within the same game instance.

Corollary 9.1.1. For any family of nondecreasing, convex latency functions L, and mazimum

number of users n, the following statements hold:

e Let TTOA denote a tazation rule that minimizes the Price of Anarchy of the corresponding
family of instances, i.e.,

TP°A ¢ arg min PoA(GR). (9.5)
T

There exists an instance G € GZpoa such that PoA(G) = PoS(G) = PoA(Glpoa)-

e Let TT°S denote a tazation rule that minimizes the Price of Stability of the corresponding
family of instances, i.e.,

TP°S € arg min PoS(G%). (9.6)
T

There exists an instance G € Glp.s such that PoA(G) = PoA(Glpes) and PoS(G) =

POS(Q;’L—,Pos) = 1.

Corollary 0.I.T] establishes that the extreme points of the Price of Anarchy, Price of Stability
trade-off curve coincide whether we consider the independent, worst-case performance measure,
or the attainable joint performance measure. It remains to be seen whether these two coincide
in general, i.e., that the independent, worst-case performance guarantee is always attainable by
the same game instance for any family of instances under any taxation rule. To that end, we put
forward a modified smoothness condition and game construction to characterize the relation
between the Price of Anarchy and Price of Stability under the attainable joint performance
measure. We show that there can be a significant separation between the independent, worst-

case performance guarantee and the attainable joint performance guarantees.
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An upper bound. We obtain an upper bound on the attainable joint performance guarantees
using the following smoothness condition, which applies to any family of potential games, where

each game has corresponding potential function ¢ : A — R:

Proposition 9.1.3. Given any family of congestion games G and parameter T € [1,PoA(G)],
suppose that there exist parameters k, A1, Ao > 0, and p,v € R such that, for every game G € G7

and actions a,a’,a” € A, it holds that

> | MCild),as) — Ci(a)] + A2[Ci(al, a—i) — Ci(a)]| + K[®(a") — ®(d)]
i=1 (9.7)

<v-SC(a) —SC(a") + p - SC(a").

Then, the Price of Stability satisfies PoS(G™) < pu+ 7.

Proof. Consider any game G € G7 and let a°®® € A denote an optimal assignment, i.e.,
SC(a°?') = MinCost(G). Let each a"®! a"®? € NE(G) denote a pure Nash equilibrium of
G, not necessarily distinct. We let a®®? be a pure Nash equilibrium that satisfies ®(a"®?) <
®(a°Pt). Since C;(a™!') < C’i(a?pt,aliei’l) and Cj(a™!) < C’i(a?e’2,arj’1) for all i € N, and

P (a">?) < ®(a°P?), it follows from ([9.7)) that
SC(a"*?) < v -SC(a™') 4 p - SC(a°PY).

Dividing both sides of the above inequality by SC(a°P'), we obtain

SC(a"e2)
SC(a°pt)

Sc(ane,l)

<y 22\
=" "SC(aoPt)

+u<p+Ty,

where the final inequality holds since SC(a™*!)/SC(a°?) < PoA(G) = 7 by the definition of G”
from (9.4). Following the same reasoning as in the proof of Proposition it follows that

PoS(G) < p+ 7. O

Observe that by using this smoothness condition, an upper bound on the attainable joint

performance guarantees can be obtained for the family of instances corresponding to any class
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of latency functions and any taxation rule. In our next result, we use this smoothness argument
to derive an upper bound on the attainable joint performance guarantees in affine and quadratic

congestion games without taxes:

Corollary 9.1.2. Consider the family of affine resource cost functions, i.e., L = span(bi, bs)
where bi(z) = 1 and by(z) = x, and let Gy represent the family of affine congestion games

without taxes. It holds that

PoS(G7) < min {T, PoS(Go), %47 + 133} , (9.8)

for all T € [1,5/2], where PoS(Go) == 1++/3/3 ~ 1.577. Neat, consider the family of quadratic
resource cost functions, i.e., L = span(by, by, b3) where by(z) = 1, ba(z) = = and bs(z) = 22,
and let Gy represent the family of quadratic congestion games without taxes. It holds that

PoS(Gj) < min {7‘, PoS(Go), %17' + 13561} , (9.9)

for all T € [1,115/12], where PoS(Gy) ~ 2.361.

Proof. The proof follows from the smoothness condition in ((9.7)) by showing that the smoothness
parameters A\ = Ao = 1, k = 3, p = 13/3 and v = —4/3 are feasible for all affine congestion
games without taxes, and that the smoothness parameters A\; = 1/8, Ao = 29/72, k = 35/9,

= 151/36 and v = —1/3 are feasible for all quadratic congestion games without taxes. O

In Figure [9.3] we plot the upper bound on the attainable joint performance guarantees
for affine congestion games without taxes provided in (solid black line). Observe that the
upper bound demonstrates that the independent, worst-case performance guarantee, (PoA(Gr),
PoS(Gr)) — which is (2.500,1.577) for the family of affine congestion games without taxes —
cannot be achieved by any instance. Additionally, and perhaps surprisingly, the upper bound
guarantees that any affine congestion game without taxes with worst case Price of Anarchy has

Price of Stability equal to 1. Note that these two observations do not necessarily hold for every
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rule T', as we show in Corollary

A lower bound. Next, we wish to characterize a lower bound that complements the upper
bound that we obtained using the smoothness condition in . We provide such a lower bound
by means of a game construction: Let a¥ "¢, aP™¢ Pt € A respectively denote the worst-case
pure Nash equilibrium, best-case pure Nash equilibrium, and optimal joint allocation of a game.

Observe that, for a™¥™° to be a pure Nash equilibrium, the following constraints must hold:

Ci(a" ") < Ci(ai,a™;"°),Va,; € A;,Vie N

b—ne

Furthermore, to ensure that a is a pure Nash equilibrium, it is sufficient to impose the

constraints:

Cl-(a}i";ne, Ait1m) < Ci(a]f;f‘;, ain),Va #£a" " e Aji € N,

Note that a¥ "¢ and aP™¢ are the only pure Nash equilibria of the game under the imposed
user cost structure.

The game construction belongs to a subset of the family of instances Gr that only contains
instances with at most two pure Nash equilibria (a¥ ¢ and a”~¢), of which a®~"¢ is the game’s

bfne)

potential minimizer. Observe that by maximizing SC(a wene) =

while requiring that SC(a
7-SC(a°P"), we can obtain a lower bound on PoS(GT.). Since the constraints we consider impose
a particular user cost structure on the games we consider, this lower bound may not necessarily
be a tight characterization. Nonetheless, the advantage of this lower bound is that — under
an appropriate parameterization — it can be computed via linear programming methods for a
given maximum number of users n. We provide the details on such a parameterization and
corresponding linear program in Section [0.3] for ease of presentation. In Figure[0.3] we plot the
lower bound on PoS(G7.) for affine congestion games without taxes computed for a maximum

of n = 4 users (solid orange line).
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Simulation results We provide a simulation example to compare the independent, worst-case
performance guarantee and the attainable joint performance guarantees for the Price of Anarchy
and Price of Stability. In our simulation example, we consider the family of affine congestion
games without taxes, for which the independent, worst-case guarantee is (2.500, 1.577).

Consider an affine congestion game with n = 4 users and |£| = 10 resources. To each of the
edges e € &, assign the resource cost function /. (x) = a. - x, where «, is sampled independently
from the uniform distribution between 0 and 1. Further assign to each user ¢ € N three actions,
each action consisting of the unique resources among two resources drawn (with replacement)
uniformly from the set of resources.

We generate 10° such random instances of affine congestion games without taxes. For each
of these instances, we compute the system cost at all the pure Nash equilibria, as well as the
minimum achievable system cost. From these values, we obtain the Price of Anarchy and Price
of Stability of each instance. In Figure [09.3] we plot the Price of Anarchy, Price of Stability
pair for each of the 10° random instances as navy blue ‘+’ marks. Observe that the joint
performance of each of the generated instances falls within our bounds on the attainable joint
performance guarantees. Furthermore, though the attainable joint performance guarantees of
the instances are well below the theoretical worst-case, the distribution of the instances mimicks
the shape of our bounds, i.e., games with high Price of Anarchy have low Price of Stability, and

vice versa.

9.2 Trade-offs with the Price of Urgency

So far in our discussion of congestion and resource-allocation games, we have considered the
efficiency of equilibria either from the worst-case or the best-case perspective as measured by
the Price of Anarchy and Price of Stability, respectively. Note, however, that these efficiency
guarantees correspond with asymptotic solutions in the sense that convergence guarantees to
Nash equilibrium are fairly pessimistic. In fact, in the class of games that we consider, arriving
at equilibrium can take an exponential amount of time [99], rendering the resulting approxima-
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Figure 9.3: The attainable joint performance guarantees in affine congestion games without

taxes. We plot our upper bound (solid, black line) and lower bound (solid, orange line) on the

set of feasible (PoA, PoS) pairs in the family of affine congestion games without taxes. We also

plot the (PoA, PoS) of 10% randomly generated instances from this family (navy ‘+’ marks),

which all fall within the bounds (details on how these instances were generated are provided in

the main text). Observe that the upper bound rules out any instances with joint performance

equal to, or close to, the independent, worst-case performance guarantee (2.500, 1.577) (red

star). Furthermore, our upper and lower bounds coincide at the point (2.50, 1.00), which

implies that any worst-case affine congestion game without taxes G from a PoA perspective

must satisfy PoS(G) = 1. Finally, although examples of worst-case instances do not arise in

the randomly generated instances, their distribution mimicks the shape of our bounds, i.e.,

high PoA corresponds with low PoS, and vice versa.
tion guarantees irrelevant in many realistic multi-agent scenarios. For example, there may be an
extremely large number of agents in the multi-agent system or the relevant situational parame-
ters may be time-varying and volatile or there may be computational and run-time restrictions
on the agents. In these instances, it is important to consider the system performance in the
transient (i.e., within the time before a Nash equilibrium is reached), which is a perspective
that is especially relevant in control theory.

To study the transient performance, we must fix the model of the agents’ transient be-
haviour. One classic distributed algorithm for computing pure Nash equilibria is the best-
response algorithm, where the agents are ordered sequentially, and at each step of the execu-
tion, a single agent best responds (i.e., optimizes her local utility unilaterally given the previous

agents’ decisions in the sequence). In general, the best-response algorithm is not guaranteed

to find the globally optimal solution, but is guaranteed (under mild conditions) to converge
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to a pure Nash equilibrium in any congestion or resource allocation game if the sequence is
repeated a sufficient number of times. Interestingly, in certain well-structured domains, re-
searchers have derived guarantees on the approximation ratio of such algorithms; including
set covering problems [I16], extendible problems [I17] and submodular maximization problems
[118].

In this section, we study the transient behavior of the best-response algorithm in resource
allocation games by imposing limitations on the time complexity of the sequential process.
Specifically, we consider the agents’ learning process to follow the x round-robin best-response
algorithm and study the approximation guarantees that result from various designs of utility
functions in the context of the well-studied class of resource allocation games. We also compare
the approximation guarantees achieved against the corresponding Price of Anarchy guarantees.
This comparison is warranted because the set of pure Nash equilibria contains all globally at-
tractive, reachable states of the k round-robin best-response algorithm in any resource allocation

game.

9.2.1 Model

We consider the class of resource-allocation games, and wish to measure the transient per-
formance under the class of (round-robin) best response processes, where a certain agent (out
of n agents) performs a best response in a round-robin fashion. For a given joint action a € A,
we say the action a; is a best response for agent ¢ if

a; € BR(a—;) = arg max U(a;,a—;), (9.10)

a;€EA;

where BR may be non-singleton. We also assume that the best response process begins with
none of the resources being utilized by any of the agents, denoted by the agents selecting the
null joint action () at time 0. The underlying algorithm is formalized in Algorithm

To arrive at non-trivial efficiency guarantees, we define a x-round walk as a best response

process in which Algorithm [I]is run for T' = k - n steps. Here, the set of agents perform best
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Algorithm 1 Best Response Process
Require: a(0) «+ 0, 7+ 0, T
while 7 < T do

i<+ (T+1) modn > Next agent is selected.
ai(T +1) < a; € BR(a—(7)) > i best responds.
a_i(T+1) < a_i(7) > No other agent moves.
T+ T1+1

end while

responses in succession x times. We assume that during a s-round walk, agent i selects its
best response a;(7 + 1) arbitrarily from BR(a_;(7)) if it is not unique. This induces a set of
possible action trajectories of the form (a(0) = 0,a(1)...,a(kn — 1),a(kn)) selected by the
agents throughout the best response process. The potential solution set that occurs after the

agents run a x-round walk is denoted by sol(k) C A with

sol(k) = {a(kn) for each trajectory starting at a(0) = 0}.

The worst achievable efficiency at the end of the x-round walk with respect to the best achievable

system welfare is defined by the following competitive ratio, which we term Price of Urgency:

minaesol(n) W(a)

PoU(G; k) = € [0,1]. (9.11)

maXgeA W(a)

Note that Price of Urgency closer to 1 implies the worst case efficiency after x rounds is closer

to optimal. We additionally extend the efficiency measure to a set of games G as
PoU(G; k) = inf PoU(G; k). 9.12
oU(G; k) = inf PoU(G; k) (9-12)

We wish to derive agent utility rules that optimize the Price of Urgency. More specifically,

for a given class of welfare rules VW and number of rounds x > 1, the main goal is to characterize
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optimal performance guarantees of the form

PoU*(W;k) = sup PoU(G;k). (9.13)
UW—RY,
We will explicitly address how these optimal efficiency guarantees change as a function of the

set of possible welfare rules W as well as the number of rounds «.

9.2.2 Optimal transient performance

Our first set of results characterizes the attainable performance guarantees for a single round
of best response process. We focus on the performance of such “one-round walks” to describe
the quickest non-trivial guarantees that can occur under the round-robin best response process,
as each agent is required to perform only one best response to arrive at the resulting joint action
a € sol(1). Thus, we derive the one-round guarantees through a linear program construction
that is a function of both the set of allowable welfare rules VW and the utility rules &/. Moreover,
we will restrict attention to welfare rules that are generated by the span of a given set of basis
welfare rules.

Our characterization of the best achievable efficiency guarantees for a one-round walk

through a utility design U is as follows:

Theorem 9.2.1. Suppose that W is spanned from a set of welfare rules {w',... w™} where
each w’ is submodular. Then the optimal efficiency quarantees achievable with a one-round best

response process is given by
1

PoU*(W;1) =  in 5 (9.14)
where B9 € Rxq is the solution to the following program.
(w/,07) € arg min B subject to: (9.15)

5,U€R§0

Bu (y) > Zu(z) —zu(y 4+ 1) +w’(2) Vy,z>1,
i=1
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where we take v (1) = 1 and y, z € N. Furthermore, a utility design U that achieves this optimal

efficiency guarantee is linear and of the form

m m
u w:Zajwj :Zajuj, (9.16)
j=1 j=1

where u? is the corresponding solution in (9.15)).

The above theorem sets forth a prescriptive process by which to characterize the optimal
efficiency guarantees achievable within a one-round best response process. E| Acquiring 37
through the program in may be computationally infeasible in general; however, by con-
sidering certain structured classes of welfare rules, we can derive closed form expressions for the
one round performance guarantees. We therefore consider a natural restriction of submodular

welfare rules centered around the idea of curvature, which is defined below.

Definition 9.2.1 (Curvature). A submodular welfare rule w has a curvature of ¢ € [0,1] if

c=1-limyoo(w(n+1) —w(n))/w(l).

In this sense, curvature characterizes the rate of diminishing returns associated with a welfare
rule w.With this, we can arrive at a tight, closed-form characterization of the optimal one-round

performance guarantees, as shown below.

Theorem 9.2.2. Let the set W comprise of all welfare rules w such that w € R§0 has a
curvature of at most c. Then the optimal efficiency guarantees achievable with a one-round best
response process satisfies

c 1

PoU"(W;1) =1- (2 2) . (9.17)

The optimal utility design that achieves the above efficiency guarantee also has a closed form

expression, which can be found in the proof. The results in Theorem [9.2.2| suggests that, under

the optimal utility design, running best response processes for these classes of games can result

4While we mostly focus on the class of submodular welfare rules in this paper, the linear program in (19.15)
can be extended to consider other classes.
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in the agents coordinating to a high quality joint action very quickly. If the curvature c is close

to 0, we can even arrive at an approximation guarantee of nearly 1 after only a one-round walk.

Efficiency Frontiers Over Curvature
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Figure 9.4: In the top figure, we visually depict the efficiency guarantees of Theorem[0.2:2] with
respect to the optimal asymptotic guarantees. Additionally, the fractional gains in the perfor-
mance when moving from the greedy solution to the optimal one-round and the asymptotic
solutions are depicted in the bottom figure.

9.2.3 Muliple round walks

We now extend to k-round walks, and study the resulting efficiency guarantees. Allowing
the best response process to continue for more than £ = 1 rounds may appear to be a natural
avenue to increase the performance guarantees. However, in the next theorem, we show that
further rounds do not increase the relative efficiency guarantees. Specifically, with regards to
the set of welfare rules of a certain curvature, we derive an upper bound for the efficiency of

k-round walk that exactly matches the efficiency guarantee of the one-round walk.

Theorem 9.2.3. Let the set W comprise of all welfare rules w such that w € R§O has a

curvature of at most c. Then the efficiency guarantees of the optimal utility design with a
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k-round best response process, for any k > 1, is respectively upper bounded by

PoU*(W;k) < 1 — g (9.18)

Notably, for any curvature ¢ € [0, 1], the above efficiency guarantees suggest that running
the best response process for more than one round does not necessarily increase the performance.
We also remark that the results in Theorem [9.2.3] is not endemic to the specific dynamics we
consider in this paper. Allowing for different order of play apart from round-robin does not
affect the resulting upper bounds. This is further elaborated on in Section [9.3] Therefore, in
general, this suggests stark diminishing returns for running the best response process for further

rounds.

9.2.4 The tradeoff between anarchy and urgency

In the next resut, we characterize the Price of Anarchy and Price of Urgency of the utility

designs that maximize the Price of Anarchy and Price of Urgency.

Theorem 9.2.4. Let W denote the set of all possible submodular welfare rules, Upoa denote
the utility design that maximizes the Price of Anarchy, and U] denote the utility design that
mazimizes the efficiency guarantees of the one-round walk. Then the efficiency guarantees with

a one-round best response process for both utility designs are

1
POU(QW,UPOA; 1) =0 PoU(QW,Ul*; 1) = 5 (9.19)

Furthermore, the Price of Anarchy guarantees of both utility designs are respectively

1 1
POA(gW,UPoA) =1- g PoA(gW,Ui«) = 5 (920)

We observe that while the asymptotic guarantees of U} are equivalent to the corresponding

transient guarantees, the transient guarantees of Upya unexpectedly degrade to 0. Interestingly,
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optimizing for asymptotic performance does not necessarily translate to good transient perfor-
mance in our setting. To clarify the interplay between the transient and asymptotic guarantees,
we would like to characterize the exact Pareto optimal frontier for these guarantees. While cal-
culating this trade-off frontier is difficult to do in general, we restrict our analysis to the specific
subset of resource allocation games known as set covering games [112] to arrive at an exact
trade-off curve. Set covering games are characterized by the following welfare rule.

1, forj>1

Wee(j) = : (9.21)
0, forj=20

With this, we arrive at the following Pareto frontier characterization, depicted in Figure [9.5

Note that the end points of the trade-off curve matches (9.19) and (9.20]) exactly.

Theorem 9.2.5. Let W = {W*°}, where W*°, defined in (9.21), is the set covering welfare

rule and U = {U} is the corresponding utility rule. Under the constraint that PoA(Gyse i) =

Q € [3,1— 1], the optimal maxy PoU(Gwse y; 1) is

-1

> max {j!(l—l_QQZTl'),O}+1 : (9.22)
j=0 '

T=1

Notably in Figure [9.5] we see a stark drop-off in transient guarantees when the Price of
Anarchy is close to 1 — 1/e. This extreme trade-off prompts a more careful interpretation of

asymptotic results, especially in the setting of resource allocation games.

9.3 Chapter proofs

9.3.1 Proofs from Section [9.1]

Proof of Theorem We prove Statements i) and ii) of the claim separately, below:

Proof of Statement i). Given any rule T' (not necessarily linear), we show that there exists some

n

linear rule 7"» satisfying PoA( Tlin

) < PoA(G}). The linear rule we consider is generated from
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Tradeoffs in Set Covering Games
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Figure 9.5: We depict the Pareto-optimal frontier of the one-round efficiency (PoU(Gyw= ;1))
versus the asymptotic efficiency guarantees (PoA(Gyys 7)) that are possible with regards to
the class of set-covering games. We note that the severe drop off in transient efficiency that
results from optimizing the asymptotic efficiency.

the taxes T'(b;), j = 1,...,m, as follows: Tlm(zgn:l ajb;) =377 ayT(bj). As the same set of
arguments also hold for the Price of Stability, the statement follows.

Let g‘% and Q_gilm be the restricted families of congestion games with a maximum of n users
in which every resource e has resource cost . € {by,...,by}. Within this restricted class of
games, the Price of Anarchy of the local rule 7' must be equal to that of T"™ since the resulting
taxes are equivalent. For linear rules such as T, one can show that for any congestion game
G € Gy, there is another game G' € Q:’ﬁlin (possibly with many more resources) that has
arbitrarily close Price of Anarchy following the proof of Theorem 5.6 in [I00]. In other words,
the Price of Anarchy of G7;, is equal to the Price of Anarchy of g’;hn. Meanwhile, for general
local rules such as T, we observe that the Price of Anarchy achieved within the restricted class

of games G can only be less than or equal to the Price of Anarchy achieved within GZ. It

immediately follows that PoA(Gr,) < PoA(G}).
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Proof of Statement ii). Consider the following m linear programs:

maximize p
Fp

subject to:  b;(y)y — pb(x)r + min{z,n — y} F(z) — min{y,n —z}F(z+1) >0 (9.23)

V(z,y) €{0,...,n} x {1,...,n} U (n,0).

Observe that the above linear program is a relaxation of the linear program in (8.3) where we
only consider the constraints (x,y, z) € Z(n) such that (z,y) € {0,...,n} x {1,...,n} U (n,0)
and z = max{0,z +y —n}. Reference [90] provides an expression for a set of optimal solutions

(F](.)pt, p?pt), j=1,...,m, to the m linear programs above and show that these are also optimal

solutions of the m linear programs in (8.3). As part of their proof, they show that the functions

t .
F;”" must be nondecreasing.

The rest of the proof is shown in two steps: a) we show that for the solutions (F' ;)pt, p?pt),

j =1,...,m, to the m linear programs in (8.3)), the functions F{™,... FoP* are unique (up
to rescaling); b) leveraging the fact that the functions F} Pt . FP" are nondecreasing, we

construct a congestion game G that has PoS(G) = max;{1/ p?pt}.

Part iia) — Proof that F](.)pt is the unique optimal solution. We must show that there is no other

function F' that yields a value of p = p°Pt.

By contradiction, let us assume that there exists
a function F' different from F;’pt that also achieves p°P'. Let k + 1 be the first index at which
F(k+1) # Fj9pt(k +1). If £ = 0, due to the constraint corresponding to (z = 0,y = 1) in the
linear program in ([9.23), it holds that F'(1) < b(1) = F{**(1). Since F(1) # F{P'(1), it must

hold that F'(1) < Fj(.)pt(l). A similar argument holds for k£ > 0, since

R _ _opt : o n
Fh+1)< max b(y)y — p°P*b(k)k + min{k,n — y} F'(k)

— FOPY(L 41
ye{l,...,n} min{y,n — k} j (k+1),

where the equality holds since F(k) = F;’pt(k), by assumption. In short, at the first k+1 where
F' does not equal Ffpt, the former is always strictly lower than the latter or else a constraint

in the linear program would be violated. The contradiction follows from the constraints with
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(x=n,y=y;):

*Y), % *\ opt
vt < bR+ (n =y Fn) D)yt (0 =y F7 () o
- b(n)n b(n)n 77

where the strict inequality holds since n — y;; > 0. Observe that if n —y = 0, it holds that

p(;pt = 1, which violates the stated conditions for uniqueness in the theorem statement.

Part iib) — Game construction. Here we show that for each function in {F;’pt}, we can construct

opt

a congestion game that has Price of Stability equal to 1/ pj - Without loss of generality, we

assume that that all basis functions b1, ..., by, are scaled such that Fj(1) = 1. Consider the
active constraint correponding to xz = n for each F;’pt, which — after some rearrangement —
appears as follows:

1 bj(n)n

o ' 9.24
PPt yelodin) (n— y)FEP (n) + bi(y)y -

Define y} € {0,1,...,n} as an argument that maximizes the right-hand side in the above
expression. Consider a congestion game G with a set of n users N = {1,...,n} and n —
yy + 1 resources £ = {eg,e1,...,€,_y: }. The users’ action sets are defined as follows: Each
user i € {1,...,n — ¢} has action set A; = {a}®,a?"} where a® = {eo} and a?pt = {e;};
and, each user i € {n —y! +1,...,n} has A; = {a; = {eo}}. The cost on resource e
is bj, whereas each e € {e1,...,en_y} has cost [F;pt(n) + €| - bj for some € > 0. Since
F;pt(l) = 1 and FJO P' is nondecreasing, it is straightforward to verify that the assignment
(aye, ... PR ey An—yr i1, - ,ap) is the unique pure Nash equilibrium of the game. Simply
observe that for any assignment a € II;A;, any user i € {1,...,n — y;} selecting its action
opt

a;”" can decrease its cost by selecting its action a}® instead, since F}th(|a|eo) < F}P “(n) + e

Thus, the constructed game has a unique pure Nash equilibrium, with system cost b;(n)n. The
assignment (a$P", ..., aflp_tyz, Un—ys+1,-- -, 0n) has system cost (n — y,";)[Ffpt(n) + €] + b (vl )y
Thus, taking the limit as € — 07, the Price of Stability of the constructed game satisfies
PoS(G) > bj(n)n/[(n—yp)F(n)+b;(y})ys] = l/p;.’pt. Since the function F;pt has corresponding

Price of Anarchy guarantee of 1/p3" ® the Price of Stability must also be upper-bounded by
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1/p§pt. Thus, PoS(G}) = man{l/p?pt} = PoA(G}), concluding the proof.

Proof of Theorem Observe that the optimal upper bound achievable from the smooth-
ness argument in Proposition [9.1.2] can be computed as the solution to the following fractional

program:

A
inf { s.t. (¢, A\, p) satisty (9.1) Va,a’ € A,VG € ggk} .

020 |1 —p

To reduce the number of constraints, we introduce the following parameterization of any
pair of assignments a,a’ € A in a game G € GI: Consider each resource e € £ and recall that
le(x) = 300 @ej - bj(x) with ae; > 0 for all j. Let ze = |ale, ye = |a/[c and 2. = |{i €
N:eca}n{ie N :eecda}| Itfollows that (z.,ye,z) belongs to the set Z(n) of all
triplets (x,v,2) € N3 that satisfy 1 <z +y — 2 < n and z < min{z, y}. We define parameters
0(x,y,2,7) = Zee&,y,z ae,j where &, . = {e € £s.t. (ze,Ye,2) = (2,y,2)}. Under this

parameterization, observe that the inequality in (9.1) can be rewritten as

Y |bi@a+ (y—2)Fi(z+1) = (z— 2)Fj(x) + ¢ | > F(G) — Y _Fi(k) || 0(2,y,25)
]:1 T,Y,%2 k=1 k=1

<N )y + pbj(@)a] 0(x, y, 2, ).
j=1lzy,z

We note that any ((, A, ) that satisfies the above constraint for each individual summand
corresponding with the triplets (z,y,z) € Z(n) and j = 1,...,n must satisfy the smooth-
ness definition in Propositon [9.1.2] since we have shown that the inequalities governing the
smoothness definition are a linear combination over the |Z(n)| x m summands with nonnegative
coefficients 0(x, vy, z,j). Based on this observation, we obtain the following linear program for

computing an upper bound on the Price of Stability after the change of variables v = (1 —pu)/A,
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v=1/Xand k = (/A

maximize < subject to:
7,v20,620

bj(y)y — ybj(@)e +v((@ — 2)Fi(e) — (y — 2)Fj(x + D] + 5 | D Fi(k) = Y Fi(k)| 20,
k=1 k=1

V(z,y,2) € I(n),Vj € {1,...,m}.

Under this change of variables, it holds that PoS(G%:) < 1/~4°P* for optimal solutions (y°P!, v°Pt,
k°PY). We note that the ‘inf’ objective can now be written as a ‘maximize’ since v € [0, 1] must
hold.

We are interested in obtaining an upper bound on the best Price of Stability that can be
achieved by introducing taxation rules. By including the functions F}, j = 1,...,m, as decision
variables in the dual program, we obtain the following bilinear program for computing a local

taxation rule that minimizes the upper bound on the Price of Stability:

maximize < subject to:
{Fj}v,k20

bi(y)y — bj @)z + (z — 2)Fy(z) — (y — 2)Fj(w + 1) + 5 | Y Fj(k) = Y Fi(k)| >0,
k=1 k=1

V(z,y,2) € Z(n),Vj e {1,...,m}.

Y

Then, for optimal solution ({F;’pt}, PPt KOPY) | the taxation rule T°P' defined as T°P'(b,)(x) =
F;pt(@ — bj(z) for all j and z satisfies PoS(T°P*) < 1/4°Pt. In the above bilinear program,
we have imposed v = 1, which removes one bilinearity in the constraints. The only remaining
bilinearity involves the decision variable x and the functions Fi, ..., Fj,.

To obtain the local taxation rule 7°P* that guarantees a particular Price of Anarchy II while
minimizing the upper bound on the Price of Stability, we add the constraints for the Price of

Anarchy from (8.3) to the bilinear program. We require that II be greater than or equal to

MinPoA(n, £) for feasibility. We can then simultaneously minimize the upper bound on the
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Price of Stability while guaranteeing the desired Price of Anarchy. After some rearrangement

of decision variables, we obtain the bilinear program in the claim.

Proof of Theorem Consider the set of games G7 with at most n users, family of
latency functions £ = span(by, ..., b, ) under basis functions by, ..., by, and local taxation rule

T. Define Fj(x) = bj(x) + T'(bj)(x) for  =1,...,n, j =1,...,m. Without loss of generality,

we normalize such that Fj(1) = 1 for j = 1,...,m. Define a game G € G with u users and
u — v + 1 resources for v such that 0 < v < u < n. We denote the user set as N = {1,...,u}
and the resource set as &€ = {ep,e€1,...,ey—p}. The users’ action sets are defined as follows:

?e,afpt} with a}® = {eg} and a;-)pt = {e;},

Each user ¢ € {1,...,u — v}, has action set A; = {a
while each user i € {u — v + 1,u} has action set A; = {a;} with a; = {ep}. Resource ey has
resource cost function £y(x) = b;(z), while each resource ey, k = 1,...,u — v, has resource cost

function ¢4 (z) = agb;(z) where oy, = maxy4p<g<y Fj(x) + € for € > 0.

Next, we prove that the game G as defined above has a unique pure Nash equilibrium which

corresponds with the assignment a™® = (a}°,...,ah% ,, Gy—v+1,--.,ay). Consider the choices of
user k € {1,...,u — v} with respect to any assignment in which all users i € {1,...,k — 1}
play the action a}°. The remaining users i € {k + 1,...,u — v} play either of their actions in

A;. Observe that user k& must select either the resource ey which is currently selected by at
least k 4+ 1 — 1 users, or the resource e; which is currently not selected by any other user. It
follows that user k selects a}® = {eg} in this scenario, since Fj(y) < max,r<z<y Fj(x) + € with
e >0, fory =v+k,...,u. Note that, starting from any assignment a € A, one can repeat
this argument from user £ = 1 to user £ = u — v to show that any sequence of best responses
will settle on the assignment a™® and, thus, that this is the unique pure Nash equilibrium.
Note that the system cost associated with this assignment is SC(a"®) = bj(u)u. Meanwhile,
the system cost of the assignment a®* = (a™, ... a2, Gu_vi1, -, ay) is SC(a®Pt) = b;(v)v +

S op i max,k<z<u F(z) + €]. Furthermore, it holds that MinCost(G) < SC(a°P*). Thus, for

200



Unintended consequences of the worst-case perspective Chapter 9

€ — 0T, the Price of Stability satisfies

PoS() > bilwu _bj(uu '
MinCost(G) ~ bj(v)v + 32477 [maxyp<o<u Fj(2)]

We have shown that within the family of games G, there exists a singleton game with a
unique pure Nash equilibrium for any b;, j = 1,...,m, and any pair (u,v) such that 0 <v < u <
n. We also derived the lower bound on the Price of Stability for each of these games. Observe
that the maximum value of this lower bound over all b; and all valid pairs (u, v) represents a

lower bound on the Price of Stability, i.e.,

PoS(GF) > max max u_fj (1)
7 0sv<usn bi(v)o + 3 gy [maxyp<a<u Fj(2)]
= max max b] (U)u (w,v) )
oS o) + S F )

where we define Fj(u’v)(k) = maXytk<z<u Fj(z), for k=1,...,u—v, for conciseness. It follows
that, given a family of congestion games G corresponding to maximum number of users n,
basis functions by, ..., b, and local taxation rule T, a lower bound on the Price of Stability can
be computed as PoS(G7.) > maxj{l/fy;?pt}, where vypt, j=1,...,m, is the optimal value of the

following linear program:

maximize < subject to:
v
Ybj(w)u < bj(v)v + Z FU (k) Y(u,v) € {(u,0) e N? sit. 0< v <u<n},
k=1

FOv)(k) = v+r’1€f1<a;(<qu(:p), VEk e {1,...,u—v},Y(u,v) € {(u,v) € N?s.t. 0 <v<u<n}

It is critical to note that we assumed Fj(1) = 1, for j = 1,...,m in the derivation of this
program.
By including the functions Fj, j = 1,...,m, as decision variables in the above linear pro-

gram, we obtain a (not necessarily convex) program for minimizing the lower bound on PoS(G7.).
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We can then write the following m programs (one for each b;) for computing the minimum lower
bound on the Price of Stability achievable for a maximum allowable Price of Anarchy II greater
than or equal to the minimum achievable Price of Anarchy in G, where we include the Price
of Anarchy constraints from the linear program in (8.3|):

;f},%}l{}p%li%% v subject to:

prt>0"wt F(1) =1,
V_lbj(y)y - pl/_lbj(l’){E +(x—2)F(z)—(y—2)F(z+1) >0, VY(z,y,2) €Z(n),

u—v
ybj(u)u < bj(v)v + ZF(“’“)(k‘), V(u,v) € {(u,v) € N? s.t. 0 <wv<u<n},
k=1

FOY (k)= max F(z), Vke{l,...,u—v},Y(u,v) e {(u,v) eN?st. 0<v <u<n}
v+k<z<u

(9.25)

Let F;pt,u;?pt,p?pt,v;’pt be the optimal values that solve the above program. The Price of

Anarchy achieved by the corresponding local taxation rule is PoA(G7,,:) = max;{1/ p;’pt} and
the resulting optimal lower bound on the Price of Stability is PoS(Gl.,.) > max;{1/ ’y;)pt}.

Note that the above program is not a convex program because of the equality constraints

for the values F(“’“)(k). Next, we show that solving the above program is equivalent to the

problem of maximizing . _, F(z) subject to the Price of Anarchy constraints. First, for each

basis function b;, observe that maximizing the value of v is equivalent to maximizing the sum

over values F(%) (k), for k =1,...,u—w, for all (u,v) such that 0 < v < u < n. Second, observe

that the upper bound on F'(x + 1) imposed by F(x) and p in the constraints corresponding to

the Price of Anarchy is increasing in the value of F(z), i.e.,
(y—2)F(z+1) < (z — 2)F(z) — pr~bj(x)a + v~ 'bi(y)y,
V(y,2) € {(y.2) € N? s.t. (2,9.2) € Z(n)},

since it always holds that z — z > 0 since z < min{z,y} in the definition of Z(n). Thus,

maximizing the value of F(z + 1) corresponds with maximizing the value of F(z). Finally,
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maximizing the sum over values F(“’”)(k:), for k=1,...,u—wv, for all (u,v) such that 0 <v <
u < n, is equivalent to maximizing the sum over values max,r<gz<y F'(2), by definition. We

showed above that maximizing the feasible value of any given decision variable F'(%), 1 < & < n,

corresponds with maximizing the values of F(x), for z = 1,...,Z2 — 1. Thus, maximizing
max, 4 g<g<y F(x), for k =1,...,u — v, for all (u,v) such that 0 < v < u < n, is equivalent
to maximizing F'(k), k = 1,...,n, which is equivalent to maximizing > ;_, F'(k). It follows

that the nonconvex program above yields the same solution as the linear program in (9.3)),

concluding the proof.

Arbitrary number of users. Here, we seek to investigate the system performance that can
be obtained using a local taxation rule in settings with an arbitrary number of users. We first
observe that a lower bound on the Pareto curve follows immediately from the linear program
in Section[9.1.2] as the Price of Anarchy and Price of Stability metrics are both nondecreasing
in the maximum number of users n. As the same argument does not apply to upper bounds
on the two metrics, we develop a method for computing an upper bound on the Pareto curve
between the Price of Anarchy and Price of Stability in polynomial congestion games with any
number of users.

Before presenting our next result, we define several parameters that are necessary for ex-
tending the solution of the upcoming finite dimensional bilinear program to an arbitrary number

of users. Given integer d € N1, even integer 7 € N>g, optimal values voP', poPt ~°Pt 1OPt and

function F°P*: {1,...,n} — R, we define:
FoP () if0<a</2,
F>(x) :=
Blxdtt — (x — D)4 if 2 > n/2
7 9\ d+1 BUoP R 2 \d+l 14+1/d (9.26)
®© . mi opt opt ¥ 1_(1_7) :| _d{ 7(<f 1) _1>} }
P mm{p Bv 2[ 7 dir1a\\7 "
7% = min{y°P, y1, 92 + B, 3}
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where 3 := F°P'(7/2)/[(n/2)"! — (7/2 — 1)),

min
zef{l,...,a/2—1}

n/2 _
1 ~ n\ d+1
prES] yiiﬂ(:v) +F0pt( ) FoPt(x + 1 y1 optz Fopt ,BI{Opt [yd—&-l(x) _ (§> ”
k=z+1
(9.27)
where §1(z) = max{n/2 + 1,[F°P*(z +1)/(d + 1)/(1 — Br°PY)]'/},
9 1= min min
ye{0,...,in/2—1} r>n/2
1 d+1 d+1 d+1 d+1 opf/Qi1 opt opt n d+1
By+ [y B — (=)™ — By RN F ) - B (5—1) |
k=y+1
(9.28)

and,

43 := min BrP'+

x>n/2 pd+1 [( 5/<;Opt) Ad—i-l( )+ B[z d+1 _ (x— 1)d+1]gg —Bl(z+ 1)d+1 _ xd+1]y3($)]

(9.29)

where j(x) = max{i/2, [8((z + 1)#! — 29+1)/(d +1)/(1 — BroPt)| 1/},
The following theorem presents our upper bound on the Pareto frontier between the Price
of Anarchy and Price of Stability metrics in polynomial congestion games for any number of

users:

Theorem 9.3.1. Consider the family of resource cost functions L = span(by) corresponding
to basis function by (x) = 2¢, of order d € N>1. Further, consider a maximum allowable Price

of Anarchy TI71 > sup,,>1 MinPoA(n, £). Let FOPt 0Pt 40Pt~ 0Dt 0Pt e ontimal values that
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solve the following bilinear program for some even integer n € N>o and € > 0:

mazimaize v subject to:
F>0,0=1>0,v—1p,v,k>0

vlp > (PoA*) "1yt (9.30)

F(z+1) > F(x), Vee{l,...,n—1}
(9.31)

) =) ()] o

d+1)(n/2 +1)% n n d

F(1) + (ﬁ/(Q)jH)E (/ﬁ/;_)l)dHF(z) <(d+1) (5 + 1) (9.33)

L= G =t (3) 2 (9.34)

vyt e d L g B () — yF(x + 1) > 0, V(z,y) € Z<n(n) (9.35)

x y
Yyl () — yF(z 4 1) + /1[ Flk) - F(k)} >0, V(z,y) € I<n(n) (9.36)
k=1 k=1

where Z<y,(n) is the set of all pairs x,y € {0,...,n} such that 1 < z +y < n. Then, for
F* :N = R, p® and ¥ defined as in (9.26)), the local tazation rule T with T™(z%)(x) =

F>(z) — 2 satisfies PoA(Gre) < 1/p> and PoS(Gr=) < 1/4°.

In the study of polynomial congestion games, we are often interested in the setting where
resource cost functions have the form ¢(z) = Z;'l:o ajx? for aj > 0 for given order d > 1. As
it is stated, the result in Theorem [9.3.1] can only accommodate resource cost functions corre-
sponding to a single monomial basis function. However, consider the scenario where we solve
the bilinear program program in Theorem for each monomial basis functions b1, ..., by,
under the same values k = k*, v = v* and II~! greater than or equal to sup,,>; MinPoA(n, £ =
span(by,...,bm)). Then, the values PoA(Gr) < max;{1/p5°} and PoS(Gr) < max;{1/7;°}
must be valid upper bounds on the Pareto frontier between the Price of Anarchy and Price of
Stability in G, where p?° and 77 are derived as in for all j = 1,...,m. We state this

consequence of Theorem [0.3.T]in the following corollary:
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Corollary 9.3.1. Consider the family of resource cost functions L = span(by, ..., by) cor-
responding to basis function bj(x) = 2% of order d;j € N>q. Further, consider a mazimum
allowable Price of Anarchy II > sup,,>1 MinPoA(n, £). Given even integer n € N>a, & > 0,
v >0 and € > 0, for each basis functions b;, j = 1,...,m, let F;’pt,p;pt,y;pt denote opti-
mal values corresponding to a solution of the corresponding bilinear program in Theorem|9.3.1
under additional equality constraints k; = Kk and v; = v. Then, for F° : N — R, p7° and
v;° defined as in (9-26), the local tazation rule T with T™(b;)(z) = F(x) — x% satisfies

PoA(Gre) < max;{1/p3°} and PoS(Gre) < max;{1/77°}.

Proof of Theorem We first provide an informal outline for the reader’s convenience.
A similar approach can be used to compute upper bounds for any class of congestion games.
For congestion games with resource costs in £ = span(z?), d € N>1, and any number of users

OPt kOPt from the bilinear program

n, the proof amounts to showing that the values v*°, p>°, v
in Theorem [9.3.1] satisfy the constraints of two linear programs governing upper bounds on the
Price of Anarchy and the Price of Stability, respectively. The constraints of these two linear

programs are parameterized by each pair z,y € {0,...,n}. We divide the proof as follows:

— Upper bound on the Price of Anarchy: In the first part, we show that the values p>°, v°P* are
feasible points of the linear program in for the function F'*° and n users. We first focus
on the values z,y such that 1 < x + y < n. We show that the constraints parameterized by
0 <z <n/2andy > 0 are equivalent to constraints from the bilinear program in Theoremm
leveraging the fact that F>°(z) = F°P*(z) and F>®(x+1) = F°P'(x+1). Then, for x > i1/2 and
y > 0, we prove that all the constraints are satisfied if p°° is less than or equal to the second
expression in the minimum that governs the definition of p> in (9.26)). Finally, we show that the

constraints with x 4+ y > n are redundant, as they are less strict than those with 1 <z +y < n.

opt are feasible

— Upper bound on the Price of Stability: Next, we show that the values v, &k
points of the linear program in Section for v = 1, the function F*° and n users. We

first focus on the values x,y such that 1 < z 4+ y < n. We show that the constraints with
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0<z<n/2and 0 <y <n/2 and the constraints with x = 0 and y > n/2, are equivalent to
constraints from the bilinear program in Theorem Then, we prove that v>°, k°P! satisfy
the constraints with 1 < z < /2 and y > /2 because 7> < 71, the constraints with > n/2
and 0 < y < n/2 because 7*° < 79, and the constraints with x,y > n/2 because 7> < ~3, for
Y1, Y2, vs defined as in 7. Finally, we show that the constraints with = +y > n are

less strict than those with 1 <z +y < n.

It is important to note that F'*° is a nondecreasing function by the constraints in and
by its definition in . Furthermore, there is always a feasible point in the bilinear program
since II is greater than or equal to the minimum achievable Price of Anarchy and because
monomials of order d > 1 are all convex and nondecreasing. One feasible point corresponds
with kK = 0, v = 1, and F' and p solving the linear program in Theorem for n users.
Observe that all the constraints in the bilinear program are satisfied because the function F
is unique and nondecreasing by Theorem p > II-! since 1/p is the minimum achievable
Price of Anarchy (which is strictly greater than 1 for polynomials [72]) and because the tax
T(x%) must be lower (pointwise) than the marginal contribution. The last statement can be
shown by virtue of our result on the best achievable lower bound on the Price of Stability in
Theorem which showed that the lower bound decreases for larger F. Since the Price of
Stability of T" according to the lower bound will be 1/p > 1 for n > 2 and the Price of Stability
of marginal contribution is 1, our statement must hold.

The following inequalities are useful for the proof:

Observe that, for any = > n/2; it holds that

d

@+1)?=)" (Z) 2k < a4 mdlé (Z) (

k=0

>k:—1 :xd—kxd*lg{(%"‘l)d_l}' (9.37)

NS

We will also use the following two inequalities for sums of polynomials with d > 1 and
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z>y>0:
~ 4 Voari_ ary Loa 4
Z k Zm(x -y )4‘5(95 - y) (9.38)
k=y+1
Z k< (z—y)a? < @t — gt (9.39)
k=y+1

The remainder of the proof is divided into two parts as in the informal outline above:
— Upper bound on the Price of Anarchy: Consider the following linear program for computing

the Price of Anarchy for any arbitrary number of users n given a nondecreasing function F":

maximize p subject to:
p,v2>0

Yyt — pr®tt 4 y[eF(z) —yF(z4+1)] >0, Va,ye{0,...,n}st. 1<z+y<n,

y ™ — pr p vl(n —y)F(x) — (n —2)F(z+1)] >0, Va,y€{0,...,n}st. x+y>n.
(9.40)

First, we show that the above linear program is identical to the linear program in (8.3)) for F'

nondecreasing. Observe that the constraints from the linear program in Section [9.1.2] are

y™ = 4 (2 = 2)F(2) — (y — 2)F(a + 1)

=y — 2@t g F(2) — yF(x +1) + z[F(z + 1) — F(2)).

Since F(z + 1) — F(x) > 0, the above expression is minimized for the smallest value of z. If
follows that 2z = 0 when x +y < n and z = x +y — n when z + y > n, since the triplets
(z,y,2) € I(n) satisfy 1 < z+y — 2z < n and z < min{z,y}. Thus, for z,y € {0,...,n},
r—z=zandy—z=ywhenz+y <n,whilerxr—2=n—yand y—2z=n—=z when x+y > n.

We show that the values (p,v) = (p>,v°P') are feasible in the above linear program for
F = F*° as defined in the claim and arbitrary n. We dispense with the case where x = 0 as,
in this case, the strictest constraint on F*>°(1) = F°P*(1) is at (x,y) = (0,1), which is already

included by the constraints in (9.35). We first consider the constraints with 1 <z 4y < n.
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— In the region where 1 < x < n/2 and 0 <y < n/2, observe that z +y < n, F*(z) = F°P*(z)
and F>®(z + 1) = F°P'(z + 1). Then, the values (p™,v°P') are feasible in the linear program in
for F' = F> because (F°P', p°P' 1°Pt) satisfy the constraints in (9.3F), F>°(z) = F°P!(z)
for x < n/2 and p> < p°Pt.

— Observe that, in the region where 1 < z < n/2 and y > n/2, the constraint are less strict

than when y = n/2 if it holds that

n\ d+1 n
(g) — gVOPtFOPt(:C +1) < ydtt — yr P FOPY (1 4 1)
A+l (= /o\d+1
= y (7/2) > VOptFOPt(;U +1).

y—n/2

The left-hand side of the last line is minimized for y = n/2 + 1 by convexity and is most
constraining for x = n/2 — 1 since F°P' is nondecreasing. Observe that this condition on
F°Pt(71/2) holds by the constraint in (9.32).

— Consider the region where x > 7/2 and y > 0. In this scenario, the constraints read as

yd+l _ pooxd+l + 5yopt[xd+1 _ (x _ 1)d+1]$ _ 5V0pt[(x + 1)d+1 _ derl]y > 0.

Observe that the left-hand side in the above is convex in y and that it is minimized over the
nonnegative reals y > 0 at § = [Bv°P(z 4+ 1)4t! — 291]/(d + 1)]"/¢. Thus, it is sufficient to

show that the following holds:

p> < proPt {x (@ _;l)dﬂ] _ d(d - 1)1+; [Bv°Pt[(z + 1)4H! — $d+1”1+% xd1+1
=< amalie (1) (B ) )

where the implication holds by the identity in . The above inequality is strictest for
z =n/2 and is satisfied by the definition of p> in ([9.26)).

Note that, in the above, we have shown that for any x,y > 0, the linear program constraints
corresponding with 1 < z + y < n are satisfied, without ever explicitly using the fact that
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1 <z +y < n. Here, we show that (p>°,v°P) is feasible for the constraints with z +y > n by
observing that these are less strict than the constraints we have already shown to be satisfied.

Observe that this amounts to showing that
veF>®(x) —vyF>*(x+1) <v(n—y)F>*(x) —v(n —2)F*(x + 1)
<~ v(x+y—n)[F(z)—-F(z+1)] <O0.

This must hold, since v > 0, x +y — n > 0 and F'* is nondecreasing.
— Upper bound on the Price of Stability: We continue by proving that (v,v, k) = (v, 1, k°P")
are feasible in the following linear program for F' = F'*° as defined in the claim and arbitrary

n:

maximize < subject to:

v,v2>0,>0
Yy — ™ 4 vpF(2) - yF(z+ 1)) + & Z F(k) =Y F(k)| >0,
k=1 k=1
Y(z,y) € T<n(n), (9.41)
y" =gz 4 y[(n—y)F(z) — (n—2)Fz+ 1))+ | > Fk)= Y _F(k)| >0,
k=1 k=1

V(x,y) € Zspn(n).

where Z<,(n) and Z-,(n) are the sets of pairs x,y € {0,...,n} such that z +y < n and
x4y > n, respectively. Following an identical set of arguments as the ones we used to show the
equivalence of the linear programs in and for F' nondecreasing, one can verify that
the linear program in Section [9.1.2]is identical to the above linear program for F' nondecreasing.

We first show that that (v, v, k) = (v°°, 1, k°P!) is feasible for constraints with 1 < z+y < n.
— In the region where 0 < x < /2 and 0 < y < 71/2, observe that z +y < n, F®(z) = F°P*(z)
and F'>°(z + 1) = F°P*(z + 1). Then, the values (7*°, 1, k°P*) are feasible in the linear program

in (9.41]) because (F°Pt, 4°Pt 1, k°Pt) satisfy the constraints in (9.36]) and > < ~°Pt,
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—In the setting where z = 0 and y > n/2, the following must hold:

n/2
( ,BIQOpt) d+1 Fopt _ yopt Z Fopt + B/iom ( 2)d+1 >0

Since 1—[k°Pt > 0, it follows that the left-hand side is convex and is minimized over nonnegative

real values y > n/2 by

b= max{%’ [(d+ 5: El)ﬂﬁopt)r/d}'

By Constraint it holds that § = n/2, and the corresponding linear program condition is

covered in Constraint [0.36]

—Consider the scenario where 1 <z <n/2 —1 and y > n/2 + 1, where we require that

/2 B
(1 - 5K0pt)yd+1 _ ,yooxd—i—l + FOpt(l‘):L‘ _ FOpt(x 40Pt Z FOPt + ,B&Opt(;L)CHl >0
k=x+1

Observe that the left-hand side is convex since 1 — 8k°P* > 0 by the condition in ([9.34)) and is

minimized for nonnegative real values y > n/2+ 1 at

n OPt (g /
o0 g )

Observe that the resulting linear program conditions are satisfied for y = ¢ and for all 1 < x <

n/2 since v*° < 4y, for ; as defined in ((9.27).

~We now consider the setting where x > n/2 and 0 < y < /2. Here we require:

,yooxd+1 < yd+1 + B[l,d—i-l _ (:E _ 1)&!—#—1]$ _ ﬁ[(fb + 1)d+1 _ xd+1]y
/21 D d+1
opt Fopt opt( d+1 (ﬁ _ 1) )
+ kK Z (k) + BrP" 5

k=y+1

Observe that the resulting linear program constraints are satisfied for all 0 < y < 7n/2 since

v < 75 as defined in ((9.28]).
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—For x,y > n/2, we require

,yool,d+1 < yd+1 + 6[xd+1 _ (:L‘ _ 1)d+1]l‘ _ ,6[(% + 1)d+1 _ derl]y + ﬁlﬁom(l‘d+1 _ derl)‘

The left-hand side is convex in y as 1 — 8k°P* > 0 and is minimized over the nonnegative reals

y >n/2 by

7 - d+1 _ gd+1)L
Pk [ﬂ([il ++1121 — Bropt) w }

4 = max {

The resulting linear program constraints are satisfied as 7> < -3 as defined in (9.29)).
Observe that in the above, we have not explicitly used the fact that 1 < z + y < n. Thus,
as we did for the upper bound on the Price of Anarchy, here we prove that the constraints with

x +y > n are less strict that the constraints with 1 < z +y < n for (gamma®®, 1, k°P'). In

fact, this amounts to showing once more that

veF*(z) —vyF*(z+1) <v(n—y)F>®(x) —v(n —x)F*(zx + 1)

— (e +y—n)F(z) - Fla+1)] <0.

This must hold, since, v =1> 0, x +y — n > 0 and F* is nondecreasing.

Computing a lower bound on the attainable joint performance guarantees. Given
the maximum number of users n, consider a game parameterization corresponding with a
(8™) x (3n) table R whose rows are all the unique permutations of 3n-long binary vectors
r € {0,1}%". Under this parameterization, each row r € R corresponds with a different re-
w-ne _bne 0

pt .
707" a; " as follows:

source, and, collectively, the rows encode the users’ actions a
Consider the resource e corresponding with the row r € R. For any i € {1,...,n},ifr; =1,
then e € a}'™, else e ¢ a™; if rpq; = 1, then e € a?‘nc, else e ¢ al?‘nc; and, if ropy; = 1,

opt opt
, then e € a;"", else e ¢ a;".

The coefficients in the basis representation of the 8" resource
cost functions will be the decision variables of our final linear program (i.e., there are 8" x m

decision variables).
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Recall that a lower bound on the Price of Stability of G7. can be computed as
maximize SC(a®™) subject to:
Gegr
SC(a®*) =1, SC(a™™) =1,
Ci(a¥™°) — Cy(a},a™ ) <0, Va, € {aP™ a®}, Vie {1,...,n},

C; (a?zne,ai_i_l n) — Ci (a]fznel,a;n) <0, Vd €A\ {a"™}, Vie{l,...,n}
(9.42)

Recast under the above parameterization, we observe that the problem of computing the lower

bound in ((9.42) can be formulated as the following linear program:

m
maximize Z Za&j - |aPm|.b;(JaP™|,)  subject to:

R j—l
Zzaeg |aopt| bj (|a0pt| Zzae,] aw—ne|ebj(|aw—ne’e) =T,
ecf j=1 ecf j=1
m
S Y fos- Bl ] = XY [oe - Bl +1)] <o,
eca¥\a} j=1 e€al\a¥ e j=1

Va, € {aP™® a™}, Vie{l,...,n},

? "

m m
Z Z |:a€,_7 |a11)zne’ Ajqq; n| )] - Z Z [Oée,j : FJ lljznel’a;n| )j| <0,

e€a E’“e\a’ Jj=1 eEa;\aE”“e Jj=1

K3

Va' € A\ {a"™}, Vie{l,...,n},
(9.43)

where we use £ to denote the set of resources corresponding with the rows of R, and a} \ a; =
a’\ (a;Na;) denotes the resources that user i selects in a} and not in a;, e.g., if e € a}™¢\ ab™°,
then the corresponding binary vector r must have r; = 1 and r,4; = 0. For given joint action
a, observe that the quantity |a|. is simply the number of 1’s in the appropriate columns of the
binary vector r corresponding with e, i.e., |ale = > i ryj,+; where j; =0 if a; = a}™¢, j; =1
ifa; = a?‘“e and j; = 2if q; = af;pt. Note that the objective and constraints in and

coincide for games with a maximum number of users n.

As mentioned, the number of decision variables in ((9.43)) grows as 8" x m in the maximum
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number of users n and number of basis functions m, and, thus, the linear program is not
tractable for large n. Nonetheless, lower bounds for small n can be computed within a reasonable

amount of time, as provided in Figure[9.3

9.3.2 Proofs from Section [9.2]

Notation. Given a set S, |S| represents its cardinality and 1s describes the corresponding
indicator function. (ls(e) = 1 if e € S, 0 otherwise). We denote the index of the j’th
component of a vector v with v; or v(j) interchangeably. We use 1 to denote a vector of all
ones and 0 to denote a vector of all zeros. We sometimes use the denotation w(0) = u(0) =0

for any welfare or utility rule.

9.3.3 Linear Program Formulation of One Round Walk

We first give a linear program that computes the efficiency PoU (G yn; 1) that is based on
a search for a worst case game construction G' € Gyy yyn that achieves the worst efficiency ratio
for one-round. Here, Gyyyn denotes the set of games with a fixed n number of agents, set of
welfare rules W and utility design &/. A comparable primal-dual approach was also explored in
[115] and [104] for different settings. We note that it is possible to extend the linear program
for PoU(Gw yn, k) for k > 1 rounds, but the program becomes intractable in general.

First, we apply a key observation that for a game G, truncating the action set of each agent
i to A; = {a?,aP",a®"} does not affect the efficiency metric PoU(G;1). Here, a? is the null
action that does not select any resources, a}“ is the action that agent i plays after the one-round
walk is completed with a"" € sol(1), and a?pt is the action that agent ¢ plays in a joint action

that optimizes the welfare a°P* = arg max,c 4 W(a)ﬂ Therefore, we can restrict attention to

the class of games Q)T/L\’,g’u where agents only have these three actions available without loss of

W(abr)

generality. Furthermore, scaling W uniformly does not affect the ratio PoU(G;1) = W(aopt)»

and we can assume that W (a"") = 1 without loss of generality. So we aim to find a game that

®Note that a?* and afpt may be the same action, but using separate denotations does not affect the game
structure. Additionally, if ® is not unique, then the one that performs the worst with respect to W is selected.
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maximizes the optimal welfare W (a°P?) to provide the lowest ratio. Consolidating the previous

observations results in the following optimization problem

PoU(Gyyn; 1)t = (9.44)
max W (a®"") subject to: (9.45)
Gegy,
W(ab") =1, (9.46)
b t .
Uiaj%;,afs;) 2 Uilasy, ™ afl;) VieT, (9.47)
The constraint inequality in ([9.47) maintains that the joint action a’* is indeed the joint
action that results after a one-round walk, where each agent i’s best response is a?* (over aom)

given that the previous j < i agents have also played a;?r. To formulate the linear program from
the optimization problem in (9.44)), some necessary definitions are introduced. The possible

resource allocations is enumerated by the following product set
b ¢ b t
P:H{@,{air}7{a?p } zrv ;)p }}
i€l
where each resource is classified with the set of actions that select it by each agent. Then some

corresponding vectors in {0,1}" can be defined.

b = {1 if a™ € p;, 0 otherwise},

)

of = {1 if af® € pi, 0 otherw1se}

where p € P describes a resource type. We define the norm of b to be [bP| = >, 7Y and
denote the number of nonzero elements before index i as [0P|<; = 2, <Z-bp (similarly for

|oP| = >",e7 0F). With this, we describe the linear program in the following lemma.

Lemma 9.3.1. Consider the welfare set W = {w',...,w™} with w*(1) = 1, and the corre-

sponding utility design U(w’) = u® with u’(1) = 1 for all £. For n agents, the one-round walk

215



Unintended consequences of the worst-case perspective Chapter 9

efficiency is PoU(Gyy yn; 1) = minj<j<p, é ﬂ where B¢ € R is the solution to

BY= min B subject to:
{Nitiez.B

Bu(07]) > w'(|o”]) + (9.48)

Z)‘i [(bf - 0?)“£(|bp|<i +1)| VpeP

€L

A >0 Viel.

Proof. First we show the equivalence of the optimization program proposed in (9.44) and the
primal linear program described below. We later show that the dual of the program below
is exactly the linear program described in the lemma. Here, we use 8 = PoU(Gyyn;1)~! to

denote the efficiency guarantee.

f = max Z wh(|oP|) - nﬁ subject to: (9.49)
{ﬁf;}z,pep 1<€<m,
pEP
> w(pr) -y =1 (9.50)
1<t<m,
peEP
{(bf—of)ué(\bpki—i-l) l>0 VieT (9.51)
1<<m,
peEP
n,>0 VpeP, 1<L<m. (9.52)

Here, each decision variable nf; € R is a real non-negative number. We define a vector label
for each resource r as ¢,(i) = {a; € A; : if r € a;}. This function describes in what actions is
the resource selected by each agent ¢, with ¢, € P. Furthermore, we denote the specific partition

of the resource set with Rsub = {r € R : £, = p,w, = w'}. Now we show that W (a°P!) in

SHere, we assume that W is a finite set for ease of exposition, but it is straightforward to extend the efficiency
result to an uncountable set.
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(19.45)) matches (9.49).

W (a) = w(la];)

reR

- X T e

1<l<m, reRsub
peEP

= > w'(?])

1<4<m,
peEP

where np |Rsub| € N. The first equality is from the definition of the welfare function. The
second equality results from partitioning the resource set. The third equality occurs by the fact
that |a°Pt|, = djer ]la;;pt (r) = |oP| if r € Rsub; additionally, the value w’(|oP|) is constant for
any r € Rsub. A similar argument can be made about the welfare of the best response action

W (aP"), so (9.46)) matches (9.50) as well.
Now we show the utility constraint in (9.47)) matches the constraint in (9.51]). For concise-

1 _ (,br br @
ness, let a* = (aj<i,ai NG

) and a® = (a2~ as®, a7.;). The utility difference can be written

as

Ui(a') = Ui(a®) = > ue(la'ls) = Y ur(ja®],)
T’Ea?r Tea;)pt

_ Z (1(1? (r)uy(|at],) — L jovt (T')Ur(’a’2|7'))

reR

= > Y (L @urla'ly) = Lo rur(la?,))

1<t<m, reRsub
peEP

= > Y (@ -+ )]

1<t<m, reRsub
peEP

= 3 [ =) (¥l + D)

1<e<m,
peP

The first equality is from the definitions of the utility functions. The second and third

equalities comes from rewriting the sum using indicator functions and partitioning the resource
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set along P. The fourth equality is a result of three facts: that 1,u:(r) = bY; that 1 ot (r) =of;

that |al|, = Y., Lee(r) +1 = |WP|<; + 1 if r € af* (similarly for |a?|,). The fifth equality
J

7<1
comes from sliding out the relevant terms of the first sum.

The constraint in (9.52)) ensures a well-defined non-degenerate game parametrization. Ob-
serve that in the primal program in (9.49)), we have relaxed nf; € N to nfg € R, where we have
normalized the number of resources in each partition so that W (aP") = 1. This is done without
loss of generality, since we can scale up the optimal arguments {Ug}gmep uniformly and round
to derive a corresponding valid game construction that achieves an efficiency ratio PoU(G; 1)
that is arbitrarily close to the solution of the primal program.

We now verify that the dual of the program in (9.49)) is the one in (9.48]). Note that primal

program in ({9.49)) can be concisely written as

max ¢’y subject to:

where 7 is the vector of {nf;}gmep, Iy.4n corresponds to the identity matrix of dimension m -
4" x m - 4", and ¢, A, H are the compactly written vectors in equations (9.49), (9.50)), and
(19.51]) respectively. Writing the dual linear program gives

max —pB subject to:
AZ0, £20, B8

T A
AZ/B_ |:HET,I471:| _CEZO V1 SESm,
3

where 0 is a vector of zeros, and ¢ = (cl,... ¢l )T associated with each 1 < ¢ < m (likewise

A
for A and H). Observing that AZTﬁ — [Hﬁ [4n] — ¢y = 0 is equivalently written as
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AZTB — HZT)\ — ¢y = € and as AKT/B + HKT)\ + ¢¢ = 0 and substituting back ¢, Ay, Hy gives the

result. O

While we have an exact characterization of the one-round walk efficiency, we cannot use
this program directly to derive efficiency bounds tractably. However, by reasoning about the
tight constraints in dual program, we can arrive at a more tractable program when the number

of agents is not fixed.

Lemma 9.3.2. Consider the welfare set W = {w', ..., w™} with w*(1) = 1, and the corre-
sponding utility design U(w®) = u® with u®(1) = 1 for all £. The one round walk efficiency is

PoU (G ;1) = minj<p<p, é, where B¢ € RU {oo} is the solution to

Bf=min B subject to: (9.53)

Buw'(y) > H (Z u‘(i) —z min uf(i)> +w'(2)
i=1

1<i<y+1

forallzy;yeNs.t. 2>0andy>1,

and H® = sup; wt(i) /i.

Proof. The dual program in provides a solution for ¢ for fixed n agents. We first show
the solution is upper bounded by 8¢ < 3¢ for any n, where 8¢ is the solution to the program in
(19.53]).

Let n be the number of agents. For a given p € P, we denote y, = |b”| and 2, = |oP| for ease
of notation. Additionally, to convey which indices the resource type p are non-zero in and in
what order, we define vectors BP for a® and OP for a°P*. Formally, B? : {1,... Jypt — {1,...,n}

and OP : {1,...,2,} = {1,...,n} with

Bp(j):iifbleand |bp|§i:j,

Op(j):ZlfO?:land |0p|§Z:]

219



Unintended consequences of the worst-case perspective Chapter 9

Considering the dual program in ([9.48)), we add the constraint \; = H = max;<j<, w*(j)/j
explicitly. Since we shrink the feasible region, the optimal solution to (9.48|) potentially in-
creases. We verify that the resulting feasible region is nonempty. Consider the constraints

according to p such that b» = 0. The corresponding dual constraint takes the form
Zp
0> w(zy) — Z )\op(j)ue(l).
j=1

Simplifying the expression gives Zj”: 1 Aor(j) = w’(z,), which is always satisfied if \; = H for
all 4. If the constraints according p are such that b” # 0, then ﬁwe(y) is present and strictly
positive in the inequality and 8 can be taken as high as needed to satisfy the constraint.
Therefore the feasible region is nonempty.

For any p € P such that b” # 0, we can simplify the dual constraint in (9.48) to

Yp
Bu'(y,) > w'(z,) + > Hu () = > HeoPu(bP|< +1).
i=1 ieZ

Furthermore, for any p € P, we observe that Y. 7 oPu’(|bP|<; + 1) > 2z, minj<;<y +1 u’(i).
Thus, for any p € P, we can replace the corresponding dual constraint with a more binding
constraint

Yy
Co) > ot ") — ST HY : 0
ul) > w'(2)+ W) = 'z, min '),
1= 1

for some 0 < 2z = 2z, <n and 1 <y =y, < n. Therefore, replacing the dual constraints gives
an upper bound for 8¢ < Be. Limiting the number of agents n — oo results in the program in
(19.53)).

Now we show that the solution is lower bounded by 3¢ > Be , where Bf is the solution to the
program in . We show that when we remove dual constraints, we arrive at the program in
. Since the feasible region expands, the optimal solution potentially decreases. Let the set
of agents be Z = N and j¥ = arg minj<;<y, +1 u’(j). We remove all the dual constraints barring
the constraints that correspond to p € P with either (a) y, = 0 and z, = z* = arg max w*(j)/j
or (b) y, > 0 and BP(j7 — 1) < OP(1) and OP(z,) < BP(j7). The first property refers to all
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br

resource types where a” is never selected but a°P! is by z* agents. The second property refers

to all resource types where the indices of the agents selecting a®P* are between the agents with
index BP(jP — 1) and BP(5P).

Assume property (a). Then the corresponding dual constraint in (9.48)) can be written as
Z*
0> w'(z") = Y Aorgyu‘(),
j=1

for any resource type p € P that satisfies property (a). Therefore, for any j € N, except for at
most z* — 1 values, observe that \; > H¢ must hold.

Now assume property (b). With respect to a resource type p € P that satisfies property
(b), we observe that u(|b’|<; + 1) = u(jP) for any agent with index i = OP(j) for some j.

Therefore, under the two previous observations, we can rewrite the relaxed dual program as

i bject to: 9.54
r/\nég B subject to ( )

Yp Zp
But(yp) > > Ape(yu' () = D Aowgyu' (57) + w(2)

for all p € P/,

N > HY for all i € N but at most z* — 1 values,

where P’ = {p € P : p satisfies property (b)}. Assuming that the optimal dual variable is
i = HY for all i € N, observe that we recover the proposed program given in . To show
this claim, we confirm that the binding constraint for § in is larger when considering a
different sequence of lambdas X % H’1. In other words for a given y > 1 and z > 0, we show

that for the resulting dual variables,

1 Yp “p
= ;Pe%:}/({wé(yp) (]Z; Apr(jyu (1) = ]Z; Aow ()t (]p))}
¢ Y ad
> [ ) - ) | = e (9:55)
wi(y) \ = et
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For any A # H*1, consider two cases where either ) is a divergent sequence, or it is bounded
above. In the first case, since A must satisfy A\; > 0 for all j € N, the limit lim; ;o A\; = oo.
If u(j) = 0 for all j, note that By, = 0 for any y > 1 and z > 0. Since ) must also be
greater than 0, the inequality in holds in this case. If u’(.J) > 0 for some J € N, consider
a constraint with p such that y, > J and 2, = 0. For any M > 0, we can choose B?, such
that Agp(jy) > M for all 1 < j < y,. Thus ) > m ?’;1 Mu(j). Since M is arbitrary,
Bx =00 2> . for any y > 1 and 2z > 0 as well.

In the second case, since X is also bounded below by HY, for all but a finite set of values,
there exists a convergent sub-sequence \,s that converges to a value V' > H by the Bolzano-
Weierstrauss theorem. Let M{ = maxi<j<,+1u’(i), * = max(y,z), and ¢ > 0. Since A
converges, there exists a J € N such that for any j > J, [Ass(j) = V| < ﬁ

For a given y and z, consider any constraint with p € P’ such that y, = y and z, = z.
Additionally, B? and O can be chosen to ensure that [Agp(;)—V| < % and|Aop(j—V| < %

for all j. Therefore

1 & i
B)\ > wﬁ(yp) (;)\Bp(])u (2) — jz::l)\op(])u (]p))
> 4 ~ ~ D €
> iy (0 - L) =5
Z 5y,z — £

Since ¢ is arbitrary, we have that 8y > 3, . for any y and z and we show the claim. Therefore

the proposed program is an upper bound and we have shown the equality 5¢ = BZ . O

9.3.4 Proof of Theorem [9.2.1]

Given a set of welfare rules and utility rules, Lemma provides an exact characterization
of the one-round walk efficiency through a linear program. We modify the linear program in

(9.53)) to compute the utility rules that optimize the one-round walk efficiency. If a given
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welfare rule w is submodular, note that sup; w(i)/i = 1 and so H® = 1. Furthermore, if the
utility rule u is assumed to be non-increasing, then minj<;<y41 u(i) = u(y + 1). Additionally,
w(l)—1-u(y+1) >w(0) —0-u(y+1) =0 for any y > 1, so z = 0 is a nonbinding constraint.
We lastly note that the values {u(7) };cz can be established as decision variables for the program

in (9.53) to produce the linear program in (9.15]), rewritten below.

*,u*) € arg  min subject to: 9.56
(8%, u) g, nin B ] (9.56)

y
Zu —zu(ly+1)+w(z) Vy,z>1

where B* is a tight characterization of the efficiency guarantee only if the resulting optimal
utility rule u* is non-increasing and a lower bound if not. We now verify that the optimal
utility rule u* is indeed non-increasing. First, rearranging the terms in the constraint in (9.56))

gives that for any y > 1,

u*(y+1) >Sup< Zu — Brw(y ))) (9.57)

z>1

We verify u*(y + 1) is well-defined. Note that since u* is optimal, the efficiency bound
B* < oo is nontrivial (as upy. guarantees an efficiency guarantee greater than 1/2). Then, by

( ) <1 for all 2, there exists a solution for u *(y + 1) such that

recursion and the fact that “
holds with equality and the resulting value is finite for all y > 1. Additionally u*(y)
must be non-negative for all y > 1, since limiting z — oo in gives that u(y +1) > 0.
Now we show that the solution u* is non-increasing. Suppose for contradiction that for
some y > 1, that u*(y) < u*(y +1). Let zy41 € argmax.>1 w(z) — zu(y + 1) be the number
that achieves the maximum.
We verify that z,1 is well-defined. Suppose for contradiction that w(z)—zu*(y+1) is always

increasing in z, so zy41 is not well defined. Since f* < oo, the limit lim, o w(2) — zu*(y + 1)

must converge and therefore u*(y 4+ 1) must be equal to @ = lim,_, o, Aw(z), where we denote
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Aw(z) = w(z) — w(z — 1) for conciseness. From the original contradiction assumption then
u*(y) < u*(y + 1) = Q. Then taking the constraint in (9.56)), with y — 1 and z — oo gives
Pw(y —1) > lim, o w(z) — zu*(y) > oo, which is a contradiction.

Now, substituting z,4; into (9.57) for y and y + 1 produces the following expressions

Y
(1) = —— (Y 0) + ) - Ful)
fytl o
w (@) 2 —— (Y ut )+ w(zgn) - Bwly - 1)),

z
y+1 =1

Inputting these expressions into the assumption v*(y) < u*(y + 1) reduces to the inequality
u(y) > B*Aw(y). Similarly, for some j > 1, substituting z,; into (9.56) for y+j and y+j+1

gives

y+j
Wy g1 2 (D) + wleye) - Bl + )
vyt =1
1 y+j—1
wy+d) = ——( D wi) +wlzy) — Bruly+j - 1),
y+J i=1

Thus by substituting the second expression into first, the following inequality holds

u(y +7) — FrAwly +j)

wy+i+1) = (y+5)+ (9:58)
Zy+j
We show, by induction, that the following expression holds for any j > 1,
wlyty) - Frawly+j) S wly+l) - fAw+l) (9.59)

“y+j “y+1

The base case holds for j = 1, since

u'(y+1) = frAw(y +1) > u'(y) — B Aw(y) > 0.

This comes from the assumption that v*(y+1) > u*(y), Aw(y+1) < Aw(y) by submodularity
of w, and that u*(y) — f*Aw(y) > 0 from the previous argument. For the inductive case
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for J > 2, assume that the inequality holds for all j < J. Then, by applying the induction

assumption to (9.58)) and subsequently to the definition of z,, s, we have that

vy+J)>u (y+J—-1)>--->u*(y+1)

Zy+J < Zy+J—1 <-.- < Zy+1-

Therefore the statement in (9.59) holds due to the aforementioned inequalities and the fact

that Aw(y + J) < Aw(y + 1) due to submodularity of w. Therefore (9.59) holds and we

have that u*(y +j + 1) > u*(y + j) + D, where D = u*(yﬂ);f:fw(yﬂ) > 0. Following this,

wy+j) = u(y+1)+ DG —1)

Now consider the constraint in (9.56) where y — oo and z = 0. Since w(y) < y,

| 00, 9.60
yggloyzu > (9.60)

where the last inequality results from the fact that u*(y) ~ y is of linear order by the previous
argument. Since 8* must be finite, contradiction ensues and the solution u* must be non-
increasing and the efficiency guarantees are tight for each linear program.

Thus, so far, we have shown the statement in with regards to the welfare set W =
{wl,...,w™}. We lastly show that the results extend linearly to a span of welfare rules as
claimed in . Note that for the welfare set wwspan spanned from {w?, ..., w™}, the resulting
optimal guarantees PoU*(W;1) > PoU*(wwspan; 1), since wwspan is a larger set of welfare
rules. We show that the utility design as in achieves PoU* (wwgpan; 1) = PoU*(W; 1) and
therefore is optimal with respect to wwspan. Consider w = > ;)" « twt for any non-negative
{ae}lggm. Let the corresponding utility design be Uy (w) = > 0 la ut, where u! is the
corresponding solution to for w? and g* = minlggmﬁ = PoU*(W;1). From the

characterization program in (9.53|) with respect to wwspan and Uiy, the dual constraint for any
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y>1,2>0,1<{<m,and {ae}lggm can be rewritten as

ZO/ . [ *w(y) — Zue(j) +zul(y +1) — wg(z)} > 0.

m Yy
=1 j=1
This constraint will always be satisfied for any non-negative {O/}lgegm, as the inner terms is

non-negative by definition of * and u’. Therefore, we have that under the linear utility design

Unin, we have that PoU(Guw,pan 14:,) > PoU*(W; 1) and is optimal.

9.3.5 Proof of Theorem [9.2.2]

Given a curvature C, let W be the set of welfare rules that have curvature of at most C.
From Lemma [8.3.4] we know there exists a basis set of welfare rules, such that for any w € W,
we can come up with a decomposition w = Y, .y a’w®, with a® = (2w(b) —w(b—1)—w(b+1))/C

and

Js if0<j<b
b/ -
w'(j) = (9.61)

b+(1-C)-(j—b) ifj>b.

We refer to these welfare rules as b-covering welfare rules. We note that for any b € N, the
welfare rule w® has a curvature of C. For each welfare rule w®, we claim that the corresponding

optimal utility rule from running the program in (9.15) is

(L= o) (ML=t 480 ifj<b+1

u(j) = (9.62)
(1-0)p if j>b+1,
p o (BELp . : . : .
where and ° = e is the resulting optimal efficiency. Taking the minimum across b, we

have that minyey ﬁ =1-C/2 for b = 1. Therefore, using Theorem the optimal efficiency
guarantee is PoU*(W;1) =1 —C/2.
Now we verify that u® and % are indeed the optimal solutions. We first remove all con-

straints in (9.15)) apart from the ones that satisfy z = b for any y > 1. This results in a lower
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bound for B° that we claim later to be tight.
Rearranging the terms in the constraint in (9.56) gives that for any y > 1, the optimal

solution satisfies

wy+ 1) =swp (0 ) 4 wiz) - 5uly))- (9.63)

221 i=1

Substituting in for w and the binding constraint z = b, the recursive equation for u’ is then

J
Z i)+ 1- ﬁw()

for some optimal £* > 1. To solve for the closed form expression for u’, a corresponding linear,

time-invariant, discrete time system is constructed as follows.

:L'l(t + 1) = ."L‘l(t) + ."L‘Q(t)
waft+1) = 2 (m1(0) + w(0)) + 5(1)

s(t)=1— %ﬂ*wb(t).

For the initial condition (x1(1),22(1)) = (0, 1), the corresponding solution xo(¢) = u®(j). Then

using the state transition matrix, we can solve for the explicit solution for xs(t) as

2s(1) =1 (9.64)
t— 2
x2(> ll)Bt 2+Z bBt 2— 7'( _B*U)b('r))
+ (1 =g uwt—-1) t>1,

where B = b“'Tl. Simplifying the expression for zy(t) for t — 1 > b and substituting w®(t) =
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(1 = C)t+ Cmin(t,b) results in the following

b
;mu>:%3*4(y+§23—m1_5nq
T=1
t—2
+ 3 B0+ Cb)))
T=b+1

L (1— Bt —1—C(t—1)+Cb)).

d—1 . _ d+1 d+2
p=p d . j _ p=(d+1)p® +dp
and Zj:l i =

Now we can use the series identities Z;lzl P = s 1=p)2 an

simplify the terms to
z9(t) = B72(B*(CBY" -~ B)+ B) + (1 — C)3*.

Thus, the above expression is the closed form solution for u® when j — 1 > b. We have already
shown that the optimal utility rule u® must be non-increasing in the proof of Theorem

> B

> zv—- Therefore the optimal solution must be §* = gt =

This is only possible when (5*
BJE;EC‘ Substituting for 8* in the expression in and simplifying results in the closed form
expression in for ub. It can be seen that u® defined in is indeed non-increasing.
We lastly verify that the binding constraint for u’ is indeed when z = b for any y > 1 and
so % is tight. In (9.17), we examine the terms w®(z) — zu’(y + 1) for any y > 1. Note that
1 =wbz) —w’(z—1) >u’(y+1) when z < band (1 -C) = wb(z) —w’(z — 1) < uP(y + 1)
when z > b for any y. Thus the maximum max, w’(z) — zu®’(y + 1) occurs when z = b, and we

have shown the claim.

9.3.6 Proof of Theorem [9.2.3

In this section, we first provide upper bounds on the efficiency metric PoU*(W; k). To do
this, we construct a game G such that for any utility design i, rounds x > 1, and curvature C,
we have that PoU(Gwy; k) < PoU(G;k) < 1—C/2. Let C be the curvature and consider the
b-covering rule w? with b = 1 as in with w®(2) = 2 — C. Additionally, let u = U (w®) be
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the corresponding utility rule for a given utility design. A two-agent game G is constructed as
follows. Let the resource set be R = Rq1UR2UR3, where R; is a set of resources such that the
ratio of resources satisfies |Ri| = |Ra| = u(2) - |R3|. If u(2) is not a whole number, we can scale
up |R;| uniformly and round u(2) - |R3| to get arbitrarily close to the given ratio. Let x = |R4].
The action sets for the game construction the agents will be determined by u according to the
following three cases: (a) 0 <wu(2) <(1—-C), (b) (1 -C) <wu(2) <1, and (c) u(2) > 1.

For case (a), Agent 1’s actions are A; = {a7,a] = R1,a3 = Ro}. Agent 2’s actions are
Az = {a5,a} = R3,a3 = R1}. The optimal allocation is a®?* = {a?, a3} resulting in a welfare

br — fal al} resulting in a

of 2z. An allocation that can occur after a one round walk is a
welfare of (1 4+ u(2))x. Therefore, PoU(G;1) < % <1- % by assumption of u <1 —C.
Additionally, observe that aP" is a Nash equilibrium and therefore is still the resulting allocation
after any number of additional rounds x > 1. Therefore PoU(Gw ;%) < PoU(G;k) <1 - &
for this case of utility design.

For case (b), Agent 1’s actions are A; = {a?,al = Ri,a} = Ra}. Agent 2’s actions are
Az = {a5,a} = R3,a3 = R1}. The optimal allocation is a®”® = {a?, a3} resulting in a welfare of
2z. An allocation that can occur after a one-round walk is a” = {al, a3} resulting in a welfare
of w®(2) - . Therefore, PoU(G;1) < %i)x =1- % For k > 2, there is a best response path
that leads to the end state a*. This is achieved by reaching a’ = {al,al} in the first round.
As o' is a Nash action, the best response process can remains at a’ for k — 1 rounds and in the
last round, switch to a®*. Therefore PoU(Gyy y; k) < PoU(G;k) < 1 — % for this case.

For case (c), Agent 1’s actions are A; = {a,a} = Ri,a] = Ra}. Agent 2’s actions are
Az = {a5,a} = Ry,a3 = R3}. The optimal allocation is a®?* = {a?, a3} resulting in a welfare
of (1 +u(2))x. An allocation that can occur after a one round walk is a® = {a},al} resulting
in a welfare of w®(2) - x. Therefore, PoU(G;1) = % <1- % by assumption of u(2) > 1.
Additionally, observe that aP" is a Nash equilibrium and therefore is still the resulting allocation

after any number of additional rounds. Therefore PoU(Gw 15 k) < PoU(G;k) <1 — % for this

case.
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Since u = U(w®) was chosen arbitrarily, we have that the upper bound holds for any
utility design and we have shown that PoU*(W; k) < 1 —C/2. Furthermore, based on our game
construction, the efficiency bounds hold even when we relax the class of best response dynamics
that we consider. Since the game construction comprises of only two agents, allowing agents to
best respond multiple times during a round or best respond out of order of round-robin does
not improve the efficiency guarantees that result from the given game G.

Now we show that the upper bound PoU(Gw cr;k) < (1 +C)~'. As before, a game G
is constructed such that under the common interest design CI, x > 1, and curvature C, we
have that PoU(Gyy cr; k) < PoU(G;k) < (14 C)~!. Let G have n players with a resource set
R = ROPt U RPN U {7} with |[R°P| = n and |RP°*"| = n — 1. Each agent i has three actions
in its action set A; = {a? , a?r, a?pt}. The resources are selected by the agents in the following
manner: each resource r?pt € R°P! is selected by agent j in action a?pt e r?pt forall 1 <j <mn;
each resource r}?"th € RPoth is selected by agent j + 1 in action a?itl > r;?Oth and by agent j in
action a}“ ) r}?Oth for all 1 < j < n — 1; agent n selects the resource in action a2 € . Given
a curvature C, consider two b-covering welfare rules wb,wg € W with curvature C such that
w?(1) =1 and w®(2) =1 —C, and wh(1) = C and w}(2) = C(1 — C). For any r € R U {r"},
let the corresponding welfare rule be w, = w® and for any r € R°P!, let the corresponding
welfare rule be w, = wg. Under this game construction it can be seen that under P, each
resource 7 € RP°'M U {r"} is selected by exactly one agent, resulting in a welfare of W (a"") = n;
also, under a°P!, each resource r € RP°h U RP is selected by exactly one agent, resulting in a
welfare of W (a"") = (n —1)(1+C) +C. Assuming that " is the joint action that results after
x rounds, we have that PoU(G, k) < m Limiting the number of agents n — oo to
infinity gives the result. To verify that a" can result after x rounds, observe that for agent 1

P

selecting alfr over aj * results in a higher system welfare. After that, agents 2 through n — 1

are indifferent between a?" and a?pt given that the previous ¢ < j players have selected a?r.

J

br

Therefore, a* is the resulting allocation after one round. Additionally, a® can be seen to be

Nash equilibrium for the common interest utility, so after any number of rounds &, aP" is still
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a possible joint allocation that can result.

9.3.7 Proof of Theorem [9.2.4]

We show the trade-offs in Theorem that result from considering utility designs that
maximize the one-round walk efficiency versus the price of anarchy. That PoA(Gw 14p,,) = 1 —%
comes from Theorem and PoU(Gwyz;1) = % comes from setting C = 1 in Theorem
We show that PoU(Gw tp,,51) = 0 in Lemma [9.3.3] From Lemma we have that
PoA(Gwyr) > PoU(Gw ;1) = %, since U] must be a non-increasing utility design, as shown

in Section [9.3.4L To show that this lower bound is tight, consider the set covering welfare

wsc. As seen in Theorem the price of anarchy guarantee is %, and so PoA(Gwuz) <

POA(Guwse it (wse)) = % as well. Now we outline Lemma and Lemma below.

Lemma 9.3.3. Suppose that W is the set of all possible submodular welfare rules and consider

the utility design Upoa. Then PoU(Gw p,,51) = 0.

Proof. We construct a game G € Gy 4, to upper bound the one-round walk efficiency such
that PoU(G;1) = 0. Since PoU(Gw 4,3 1) is defined to be greater than 0, we have equality.
Consider a game with n players as follows. We partition the resource set as R =, <j<nt1 R;.
Every resource r € R is endowed the local welfare rule w, = w® as the b-covering welfare rule
with curvature of C = 1 for some fixed b > 1, as defined in . The corresponding utility

rule is upop = L{poA(wb) is the following recursive expression from Lemma m,

UPoA(l) =1

. 1. ) .o
upoa(j + 1) = 7 [jupoa(s) - p’ min{j, b}] + 1,

with p® = (1—%)*1. The number of resources in each set is |R1| = v and |R 41| ~ v-upoa(j)

for 1 < j < n and for some v > 0. If upoa(j) is not a whole number, we can scale v up and

br

round to get arbitrarily close to the correct ratio of resources. Agent i selects R = a;* and

pt

Rit1 = a;® in each of its actions. It can be verified that aP" is a joint action that can result
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after a one round walk. Therefore, the efficiency is upper bounded by

W (aPr) vb
PoU(G; 1) < — _
R TS SN )

Now we show that as we increase n, the series ;. upoa (i) diverges, and the efficiency
can get arbitrarily bad as the number of agents increase. To construct the closed form expression

of upoa(j), we construct the following LTV state space system with upea (7) := z(t)

x(t+1) = A(t)z(t) + s(t) At) =

Solving for the solution z(t) using the state transition matrix with the initial condition z(1) =1

results in the following expression

t - t—1 pb t—1 -
H 3 + [(1- " min(¢, b)) H 5]
T=1 T:l T=T+1
t t pT b

=

: (1 3 = (1= & mine, b)))

=1

If t > b, then

The first equality results from splitting the summation and the second equality will be shown
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later. Since z(t) is on the order of 1, the series Zf\;l upoa (7) diverges and the claim is shown.

Now we verify the equality

b
bl pP(b—T
Yt =@ e
T=1
b
rOb-T) 1, 4,4 4
> :E(ep_e_p)
T=1
b b
bT bel b b bbefb
Zﬁ_Z(T_l)u_(e_l_e(l_ bl )
T=1 T=1
b b

The last equality results from recognizing the terms on the left hand side as a telescoping

suim. O

Lemma 9.3.4. Let W = {w!,... w™} be a set of welfare rules and U be a utility design such
that u* = U(w") is non-increasing for any 1 < £ < m. Then PoU(Gwu; k) < PoA(Gw ) for

any k > 1.

Proof. We show this claim by a game construction, where a Nash equilibrium with the effi-
ciency arbitrarily close to PoA(Gyy ) is reachable by a one-round walk. Let €1 > 0. Note that
PoA(Gyy yn) is non-increasing in n and lower bounded by 0. Therefore PoA(Gyy ) is a conver-
gent sequence in n and for any 1, there exists an N1 € N such that PoA(g)]/VV{u) —PoA(Gwu) <
£1.

Generalizing [I15, Theorem 2] to a set of welfare rules provides a characterization of the
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price of anarchy as POA(Q{/\GM) = minj</<m, & with

Q' = max w(z + 2)0(y, z, 2) (9.65)

0(y,z,z) e

s.t. Z yul(y +z) — 2u'(y + .+ 1)]0(y, z, 2) >0

Y,x,z

Z w'(y + )0y, x,2) = 1

y’z7z

O(y,z,z) >0,

where y,z,z,€ N with 1 < y+ 2+ 2 < Nj. For the ¢* = argminlggm& that achieves

the minimum, we refer to w = w’, u = u’ for ease of notation and refer to O(y,z,z) to

denote the corresponding optimal variables for 6(y,x, z) of the linear program. We construct
a matching game G as follows. Let Ny > N; be the number of agents in the game and
D = No+y+x—1. For each y, x, z pair and 1 < k < D, we construct a set of resources Raxb

@ _mne 0Pt
7 a, an

with |Raxb| = O(y, z, 2)/D. Each agent ¢ has three actions in its action set A; = {a;, a}'°,
Each agent i selects {Raxzb}i<ip<ytati—1 in a} for each pair y, z,z. If y+2+2 < i < Ny, agent
i selects {Raxb}i_,<k<zti—1 in a?pt for each pair y, z, z. Otherwise for 1 <i<y+z+4+x—1,

pt

t . .
P = a? and agent i doesn’t select any resources in a;"".

a;

We first confirm that the action a™® is indeed a Nash equilibrium. Showing this for the first

y+ x4+ z — 1 agents is trivial, since no resources are selected in a?pt. For the rest of the agents,

234



Unintended consequences of the worst-case perspective Chapter 9

opt

the utility difference of a unilateral deviation to a;,"" from aj° is

Ui(ane)_ ( Opt’a )

> > wlla™) = Y u((af™ )l

7"6(11- re Opt
> [y +z)ulla™l,)-
y"’r7z

zur(y + ) — zu(y + z + 1)] - |Raxbd|

> £ S lyuly +2) — zuly + 2 + )]0, 7, 2)
y,fE,Z

> 0.

The first inequality comes from the definitions of the utility function. The second inequality
comes from counting the resources that are selected in the either al® or a;” i by the agent in
each set of resources in Razb. The third inequality arises from the fact that |a"¢|, < y+ z, and
since u is assumed to be non-increasing, u(|a"®|,;) > u(y+x). The fourth inequality comes from
the fact that since O(y,x, z) has to satisfy the inequality constraint in to be feasible.
Similarly, in a one-round walk, the best response for the first y + 2 + 2z — 1 is a;j°. The best
response for the other agents during the one-round walk is also a}°, since

(ne ne o (,ne opt o
Ul(aj<iaai 7aj>7j) - Ul(aj<z"ai va’j>i)

y+o
= Z Z —zu(y + x) — zu(y + = + 1)]|Raxb|
Y,x,z j=1
1
25 2 lyuly +2) —zu(y + 2 +1)18(y, 2, 2)
Y, T,z
> 0.

Therefore, the Nash equilibrium a™® is reached from an empty configuration in one-round.
Additionally, since a™® is a Nash equilibrium, the resulting action state after x rounds can also

be a"°. Therefore in this game, PoU(G; k) < PoA(G). Now we calculate the efficiency of the
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Nash equilibrium W (a™®) with respect to W (a°P"). We have that

Ny — 2 -1
2 —2(y+z )+
Ny

W(a™) =Y wy+=)- O(y,x,z)
Y, T2
y+x—1

22 y’xz)_1+0( ),

Ny

where, since ©(y, z, z) is feasible, then it satisfies the equality constraint that Zy o WY +

x)O(y,z,z) = 1. O(N%) reflects that the rest of the terms are on order of 1/Ny. Similarly,

No—3(z+z—1
2 —3(ztr—1)

W (@) = Y w(z+) - O(y,z,2)
Y,T,z N2

z4+x—1 y 2 z)
2 Z ’ = PoA(Gyyy) +0( ),

No

where, since O(y, x, z) is optimal, then ) w(z+x)0(y,x,z) = POA(Q{X}M)_l. For any &9,

y?‘r7Z

we can choose Ny, such that O(N%) < g9, 50 POA(G) < POA(Q,J/\(}M)_1 + e2. To put everything

together, we have that

PoU(Gwu; k) < PoU(G; k) < PoA(G)

< PoA(Gh,) ! + g2 < PoA(Gwu) + 1 + €2,
and since €1 and €9 are arbitrary, we have the result for any rounds x > 1. O

9.3.8 Proof of Theorem [9.2.5]

To characterize the Pareto optimal frontier in (9.22)), we first simplify the linear program

in (9.53)) with respect to the set covering welfare rule.

Lemma 9.3.5. Let W = {wsc}, where wsc is the set covering welfare rule defined in (9.21]),

and U = {u} be the corresponding utility rule. Then the one-round walk efficiency guarantee is
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PoU(Guseu; 1)L = iEZNu(z') — minu(i) + 1. (9.66)

Proof. Examine the dual program in (9.53) with substituting the set covering welfare defined
in (9.21)). Under the substitution, the dual constraint for a given z, y simplifies to

B> Zu(z) — 2z min u(i) + min(1, 2).

; 1<i<y+1
=1

We have applied the fact wsc(j) = min(1,j) = 1 when j > 1 and H = maxjenwsc(j)/j = 1
to the dual constraint. Observe that the binding constraint occurs when we limit y — oo and
set z = 1 (and not z = 0 since u(1) = 1, the term 1 — min; u(j) > 0). Under those binding

constraints, PoU(Gyscu; 1) ™! = 3, where 8 matches the given expression in . O

Set Covering Game

IDn Pl P2 I:)3 I:)n—l
f— e —\
x x xu(2) xu@B) - xum)

Figure 9.6: The worst case game construction achieving the one-round walk guarantee dictated
by Lemma In this game, all the agents can either stack on the first resource set or spread
out.

To characterize the trade-off, we now provide an explicit expression of Pareto optimal
utility rules, i.e., the utility rules w that satisfy either PoU(Guscu;1) > PoU(Gysewrs 1) or

POA(gwsc,u) > POA(Qwsc,u’) for all u’/ # u.

Lemma 9.3.6. For a given X > 0, a utility rule u that satisfies PoA(Guwseu) > 1/(1 + X)

while mazimizing PoU(Gyscu; 1) is defined as in the following recursive formula:

u¥(1) =1 (9.67)

u¥ (j + 1) = max{ju® (j) — X,0}.
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Proof. According to [I15, Theorem 2], the price of anarchy can be written as

1

PoA(Guson) Lt max {(j+Du(+1) -1,

ju(j) —u(i +1),ju(j + 1)} (9.68)

We first show that if u is Pareto optimal, then it must also be non-increasing. Otherwise,
we show that another u' exists that achieves at least the same one round efficiency, but a
higher price of anarchy, contradicting our assumption that u is Pareto optimal. Assume, by
contradiction, that there exists v that is Pareto optimal and not non-increasing, i.e., there exists
a J > 1, in which u(J) < u(J + 1). Notice that switching the value w(J) with u(J + 1) results
in an unchanged one round efficiency according to in Lemma if J > 1. We show
that v/ with the values at J and J + 1 switched has a higher price of anarchy than w.

For any 1 < J <n — 1, the expressions from (9.68)) that include u(J) or u(J + 1) are

Ju(J), (J+Du(J+1), (J—Du(J—-1)—u(J)+1,
Ju(J)—u(J+1)+1, (J+Du(J+1)—u(J+2)+1,

(J—Du(J)+1, Ju(J+1)+1.
After switching, the relevant expressions for v’ are

Ju(J+1), (J+Du(J), (J—1Du(J—1)—u(J +1)+1,
Ju(J+1)—u(J)+1, (J+Du(J)—ulJ+2)+1,

(J-Du(J+1)+1, Ju(J)+1

Since u(J) < u(J+1), switching the values results in a strictly looser set of constraints, and the
value of the binding constraint in ((9.68]) for u’ is at most the value of the binding constraint for
u. Therefore PoA(u) < PoA(u'). Note that if J = 1, switching J and J + 1 and scaling down

appropriately so 4/(1) = 1, then PoU(u) > PoU(u) as well. This contradicts our assumption
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that u is Pareto optimal.
Now we restrict our focus u that are non-increasing. Under this assumption, the price of
anarchy is

pOA(i,W =1+ Kr]r.lgggl{ju(j) —u(j+1),(n— u(n)},

as detailed in Corollary 2 in [115]. Let

Ay = max {ju(j) —u(j+1),(n—Lu(n)}. (9.69)
Sjsn

For u to be Pareto optimal, we claim that ju(j) —u(j + 1) = &}, must hold for all j. Consider
any other v’ with X, = X,/. It follows that PoA(u) = PoA(v') = 1/(1 + X,). By induction, we
show that u(j) < u/(j) for all j. The base case is satisfied, as 1 = f(1) < f’(1) = 1. Under the

assumption u(j) < u/(j), we also have that
ju(j) = Xu = u(j +1) <'(j+1) = ju'(j) — &, (9.70)

where X7, = ju/(j) — «/(j + 1) < X, by definition in (9.69), and so u(j) < u/(j) for all j.
Therefore the summation ), u(i) —min;ey u(7) in is diminished and PoU(u) > PoU(u/),
proving our claim. As u must satisfy u(j) > 0 for all j to be a valid utility rule, u(j + 1) is set
to be max{ju(j) — &,0}. Then we get the recursive definition for the maximal u*. Finally, we

note that for infinite n, X < L+ is not achievable, as shown in [112]. O

With the two previous lemmas, we can move to proving Theorem We first characterize a
closed form expression of the maximal utility rule u?, which is given in Lemma We fix X

so that PoA(u?) = % = (. To calculate the expression for u? for a given X, a corresponding
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time varying, discrete time system to (9.67)) is constructed as follows.

z(t+1) =tx(t) — X,

y(t) = max{xz(t), 0},
z(1) =1,
|

where y(t) = u*(j) corresponds to the utility rule. Solving for the explicit solution for y(t)

using the state-transition matrix gives

y(1) =1
t—1 t—2 t—1
y(t):max[He—x(Z z)—x,o} t> 1.
=1 T=10=1+1
Simplifying the expression and substituting for u?(j) gives
Jj—1 1
w¥ (§) = max [(j 1) - Xzﬁ),O} j>1.
T=1

Substituting the expression for the maximal u? into gives the one round efficiency.
Notice that for X > -, lim; o u¥(j) = 0, and therefore min;u?*(j) = 0. Shifting the

variables j' = j + 1, we get the statement in ((9.22)).

9.3.9 Supermodular welfare rules

In this section, efficiency of one-round walks are examined for classes of supermodular games.
Supermodular games are an important sub-class of resource allocation games, in which there is a
surplus of added system welfare when a resource is covered by more than one agent. Applications
of supermodular games include clustering and power allocation in networks [I19]. A welfare rule
w is deemed to be supermodular if w(j) —w(j — 1) is increasing and non-negative for all j > 1.
Interestingly, for supermodular games, the utility designs that both maximize the one-round

efficiency and price of anarchy include the constant utility design U (w) = wuq in which uq(5) =1
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for all j € N, and the Shapley utility design U(w) = Ughap in Which ughap(j) = w(yj)/j for all
j € N. Furthermore, the optimal one-round and price of anarchy guarantees are equivalent, as

seen below.

Proposition 9.3.1. Consider a set of supermodular welfare rules W = {w',... ,w™} with
w'(1) = 1. If the number of agents is fized to n, then the optimal one-round and price of

anarchy guarantees are as follows

n

sup PoU(Gyy yn; 1) = sup PoA(Gyy yn) = min (9.71)
u u

1<e<m wt(n)’

Furthermore any utility design in which u* = U(w") is non-decreasing and satisfies u*(1) = 1

and Zgzl ul (i) /w(j) <1 for all 1 < j < n achieves the optimal one round efficiency guarantee.

Proof. The fact that sup, PoA(Gwyn) = minj</<p, w%(n) comes from applying the result in

[119, Theorem 4] to a class of welfare rules. Thus, we first show that sup;, PoU(Gyyyn;1) <

ming</<m w%(n) through a game construction that is valid for any utility design . Let w* =

arg minj<y<m, wa(n) be the welfare rule that attains the minimum. Let the game G have n

agents with agent i having the action set A; = {a?, a’" aP*

2 a;",a;" }. There are n+ 1 resources which

are all endowed with the welfare rule w, = w* for all r € R, with agent i either selecting

b

a;t = {riq1} or a?pt = {r1}. Under any utility rule u, each agent i is indifferent to choosing

ab’

;. or a?pt if no other agents j # ¢ have selected ry through a;pt. Thus aP" can result after

a k-round walk with a welfare of W (aP) = n. The welfare of the optimal allocation a°P! is

W (a®"*) = w(n). Therefore, for any utility design u = U(w*), the efficiency is bounded by

PoU(Gwun;1) < PoU(G;1) = wfzn). We remark that PoU(Gy yn; k) < PoU(G; k) = —— as

w* ()

bris a Nash equilibrium.

well, since a

Now we show that for a utility design U, such that the utility rule u* = U (w") is non-
decreasing and satisfies g:l ub(i)/w(j) < 1 and uf(1) = 1 for every j and ¢, the one-round
efficiency is lower bounded by PoU(Gy yn;1) > minj<i<p, w[L(n) To do this, we can use a
modified version of the linear program in in which PoU(Gyy yyn; 1) > minj<p<,, é, where
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B¢ € R is the solution to

B =min B subject to:

y
Buw'(y) > H* (Z u‘(i) —z min ué(i)> + w'(z)
i=1

1<i<y+1

foral0<z<nand 1<y <n,

where the linear program is a lower bound since we consider tighter constraints that allow y

14

and z to to range from 1 to n. Since w’ is supermodular, H* = w’(n)/n and assuming u’ is

non-decreasing, minj<;<,+1 u‘(i) = u*(1) = 1. Thus, we can simplify the constraint as

n n

1 we(n) 5 7 U’E(”) ¢
But(y) > > (i) 2+ w'(2) (9.72)
i=1

With this, we observe that w’(z) — z - w%(n)/n is convex in z. So the binding constraint
for z occurs at either the end point z = 0 or z = n and the terms can be cancelled out.
Additionally, max, Y 7, ut(i) /w’(y) = 1 occurs at the binding constraint y = 1, by assumption
that Zgzl ul(i)/w(j) < 1 for all 1 < j < n. Therefore, 3 = H’ = w’(n)/n under the
binding constraint of y = 1 and z = 0 (or n) and we indeed have that PoU(Gyyn;1) >

minlgggm r;Zn) . D

We remark that the utility rules u; and ugnap, both satisfy the assumptions in Proposition
9.3.1] Furthermore, we remark that the optimal one-round guarantees match the optimal x-
round and price of anarchy guarantees, and so running the best-response process for further

rounds does not increase the resulting efficiency guarantees.
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Chapter 10

Conclusions and future outlook

10.1 Decision-based mechanisms

In the first part of this dissertation, we considered mechanisms that modify the decision
space in multi-agent systems. Our main focus was on understanding the role that information
plays in competitive interactions, particularly its impact on the strategic behaviour of the
competitors. We based our analysis on variations of the Colonel Blotto game [120], a popular
framework for studying competitive resource allocation in adversarial settings. The majority of
our results treat a player’s equilibrium payoff in the nominal game model as the benchmark and
compare against the player’s equilibrium payoff in a perturbed model to analyze the impact of
such perturbations on the strategic outcomes of the system.

In our first set of results within this context, we sought to identify the intrinsic value that
competitors should associate with information on different parameters of the game, namely
the battlefield values and the opponent’s budget. We did so under the framework of General
Lotto games by comparing a player’s equilibrium payoff in the complete information game,
and in an incomplete information game where the player only knows the prior distribution
of either the battlefield values or the opponent’s budget. Our analysis offers the following
intuitive observations: first, that information on battlefield values is more valuable to the

weaker competitor than the stronger one; and, second, that in several parameter regimes we
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characterize information on the opponent’s budget offers no benefit to a competitor.

Our second set of results consider whether a competitor can strategically use information
to shift the strategic outcome in her favour. We do so by studying two-stage formulations
of two- and three-player General Lotto games where players have the opportunity to pre-
emptively announce strategic information to their opponents. Such opportunities contrast with
previously studies of pre-emption in the literature on General Lotto games in that they are
viable even in the absence of mechanisms for coordination between players like alliances. We
first studied concessions, and showed that a player can improve her equilibrium payoff by
conceding battlefields to her opponent in three-player General Lotto games. We then considered
pre-allocations, and observed that pre-allocated resources are never more than half as effective

as real-time resources in two-player General Lotto games.

10.1.1 Future directions

Networks of conflict. Our analysis of three-player General Lotto games in which two com-
petitors face a common adversary prompts the study of more general networks of conflict. A
possible representation of such a conflict could be a graph where the nodes are the competitors
and edges represent conflicts between competitors. Already, preliminary studies of networks
of conflicts have been considered, e.g., in []. An interesting study of such problem settings
should analyze the importance of coordination between allies in such networks, by comparing
the strategic outcomes and resulting cumulative payoff across members of an alliance under
coordinated and uncoordinated decision making. Such a study would be at the intersection of
Colonel Blotto games and network games |].

Another important direction related to networks of conflict examines the effect of overlap-
ping responsibilities in the coordination of teams against a common adversary. Existing results
in Colonel Blotto games [] show that the decision space is complex, as — contrary to the intuition
— the team’s equilibrium payoff is non-monotonic in the team members’ endowment, and the

probability distribution of the team’s overall allocation is a convolution over the probability
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distributions selected by its members. Future studies of tractable game models may allow for

a more nuanced study of this problem setting.

Heterogeneous resources and conflicts. As previously discussed, another interpretation
of our results on General Lotto games with pre-allocations compares the effectiveness of fized
and mobile resources, i.e., those resources that cannot move freely at the time of engagement,
and those that can. Future work should explore other models of resource heterogeneity (e.g.,
rock-paper-scissors forces that vary in effectiveness against one another, decoy or “paper tiger”
forces that are only revealed during the time of engagement), and heterogeneous battlefields

(e.g., simultaneous conflicts with different contest success functions).

Beyond Bayesian formulations. Any study based on Bayesian formulations and Bayesian
outcomes must consider the complexity of the emergent solution concepts. Indeed, it is strongly
debated whether human reasoning and Bayesian reasoning is consistent. Furthermore, Bayesian
formulations rely on known prior distributions over the system state, which may be unrealistic
in many relevant problem settings. Future work should seek to relax the Bayesian assumption,
perhaps exploring prior-free, Stackleberg formulations as in [|, or examining more tractable

equilibrium notions as in [].

10.2 Preference-based mechanisms

In the second part of this dissertation, we considered mechanisms that modify the prefer-
ence structure in multi-agent systems. Our main focus was on studying how the system-level
performance can be optimized through structured interventions that influence the agents’ util-
ity functions. Our analytical framework for this research direction was based on the congestion
game model [75] (as well as the analogous resource allocation game model). We considered taxes
implemented at the resource level that are anonymous and depend only on locally available in-

formation (i.e., the resource cost function and the number of agents selecting the resource).
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Our first research direction within this context was to optimize the worst-case equilibrium
efficiency (Price of Anarchy) across families of games. Inspired by established smoothness
arguments and primal-dual techniques, we derived a methodology based on tractable linear
programs to compute the optimal taxation mechanism and its associated Price of Anarchy
guarantees. We also provided techniques to move beyond linear programming to more tractable
methodologies while retaining near-optimal Price of Anarchy guarantees. This last set of results
also provides universal guarantees on the optimal Price of Anarchy, which — for the problems we
consider — are competitive with even the best achievable approximation ratios among polynomial
time, centralized algorithms.

The second research direction in this part explored the potential consequences of optimizing
for the worst-case equilibrium efficiency. We considered the impact of such a design approach
on the best-case equilibrium efficiency (Price of Stability) and the transient efficiency (Price
of Urgency). In the respective settings considered, our results show that the taxes that opti-
mize the Price of Anarchy have corresponding Price of Stability guarantees equal to the Price
of Anarchy, as well as arbitrarily poor Price of Urgency. We then proposed techniques for

characterizing the Anarchy-Stability and Anarchy-Urgency trade-off curves.

10.2.1 Future directions

Global, local and other levels of information. Parallel research efforts have investigated
the design of global taxation rules where the design of tax functions is conditioned on all
parameters of a game instance. Interestingly, our results suggest that transitioning from local to
global taxation rules may not provide significant reductions of the achievable Price of Anarchy.
Future work should seek to establish whether local taxation rules remain competitive under
other performance metrics including the Price of Stability and Price of Urgency. Furthermore,
analyzing whether a tension between the Price of Anarchy and other performance metrics
persists under global taxation rules is an open and interesting problem. Finally, global and

local information represent only two extreme perspectives on the design of taxes. A fruitful
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direction for future study is in understanding the value of different pieces of information under

this paradigm.

Persistence of trade-offs beyond congestion games. [12I] and [122] also investigate
trade-offs between the Price of Anarchy and Price of Stability, albeit in distinct classes of
problems. However, they all report findings analagous to ours: When the Price of Anarchy is
optimized, the Price of Anarchy and Price of Stability are equal. While it is immediate that the
Price of Stability can never exceed the Price of Anarchy, it is unclear whether these two metrics
must always be in tension with one another. A relevant research direction is to understand
the broader class of problems for which the Price of Anarchy can only be optimized to the

detriment of the Price of Stability, and likewise for the Price of Urgency.

Beyond worst-case analysis. Many of the results in this part represent analyses that ven-
ture beyond the worst-case perspective, and ask whether designing systems under such a pes-
simistic approach is advisable. A recent and significant thrust in computer science advocates
for more analyses beyond the worst case, as worst-case examples can often be esoteric and non-
representative of the underlying problems of interest. To date, numerous positive results exist in
this direction, including the canonical result on the run-time of the simplex method for solving
linear programs. Further thrusts beyond the worst case in our context might include restrict-
ing the family of games to measure equilibrium efficiency guarantees under “realistic” network
structures, measure-theoretic analyses of equilibrium efficiency (e.g., smoothed analysis) and

introducing data-driven techniques into the analysis (e.g., Monte Carlo methods).
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