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4 The term "electromagnetic field" refers to the static electric and magnetic 

fields discussed in this paper. 

Following the first sentence after equation (1) add: 

The x 0 and x" axes of Fig. 1 are normal toy' and y11 at 0 1 and 011 

respectively, directed outward, so that the ion just described ap-

preaches the field along the x 1 axis negatively and leaves along the 

x 11 axis positively. 

15 After equation (32) read: 

If the value ¢E = .rr/2 is substituted in (32) the following numerical 

values are obtained: 

21 The last term on the right of the second of equation (A4) should read: 

' 
-eH (f _ fl) . m1 m

1 
eH ( me m '~" not c f - fl) 

27 In the first equation in the middle of the page y is measured from the 

inner condenser plate, at potential -V 0 • 

The following equation is valid for y = _R~1~ __ R42, 
2 

than for y = 0. It should read: 

Figure 

that is for VE = O, rather 

5 The separation between magnet pole faces should be labeled Sv, not--SH• 
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~lec~r~n-Optical }r8pertisB of HomcGeneous Magnetic and Radial blectric Fields 

A . .iL Garren and Lloyd Smith 

Hadiation Laboratory, Department of Physics 
University of California, Berkeley, California 

February 8, 1950 

.F'or various r:urr,.:;ses it is often desired to change the direction or alter 

the c<na.,-:-c:.et,eristic.s of £, given beam of ions" This can be done with various 

combinations of m&gneti.c and electric fields, of which a homogeneous magnetic 

field and a re.diai · ele-::tric field, such as is found inside an electrostatic 

defle2t')r, are a:n:::>ng the easiest to produce. It is the purpose of this report 

to s1;:.rnmariz0 the optical properties of these two types of fields, .and of various 

C:JL1b~na ':oions thereof. It is always assumed that the electric and magnetic fields 

1.ITe pe:q:en~licular wher~"ver they are superimposed, are r:lane counded, and that the 

t:eum i3 irl\. 'iihat. shal::. te called the horizontal plane, which is defined as the 

pla.1:.e :per:;::end:i.cular.· :.o the maenetic field and/or parallel to the electric field. 

The disc·.ussion will be confined to effects of the first order in the deviations 

in po::;F.ion, directio:1, velocity, and mass of the ions from reference values. 

'!.'he theory of focussing effects in the horizontal plane is based on a paper 

by H. oerc.zog, 1 wbo wo.s interested chiefly in applications to mass spectroscopy. 

Parts of his discussion have l::een generalized somewhat; further ·the focussing 

effects in the vertical plane (th6 plane parallel to the magnetic field and/or 

porpe::1dicular to the electric field) are given. All optical properties are 

exyressod by· equations whicn snow tr.e analogy with thick lenses, and so far as 

pc•ssj.b::.e Her'\.::.s•g 1 s no·t.b.tion has been used" Lastly some d.isc1lssion of the appli-

cati~n of the theory ~o the preble~ of injection into the bevatron has been 

in:,luded. 

1 R H ··r.J. • ,, ·• .... ·::;: ',_~j_', -0}' 1-hys. o9, .447 (1934) 
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are the radii of curvature that would exist if the electric and magnetic fields 

were present alone, respectively.* If the curvatures are opposed the smallest 

of ae or am is taken positive, the largest negative. 

Consider now an ion with velocity and rest mass 

v=v0 {l+A) 

M M0 (l + y) 

whose path i!1 regions I and II, with respect to axes x ·~ 1 , and x"y 11 is 

Y" = y 2 + ct"x". 

(4) 

(5) 

(6) 

It is shown in Appendix I that the path of this ion in region III, to the 

v' first order in' fl, y, a 1 , ~' and z = r ; a, is given by 

r- a== e. [-f sinKq:J+ d{l- cosK<P) + ~lcosK<p] (7) 

where K and 6 are defined by 

(.!L)2 
( l - (32) ae o (8) 

(3~ ) : y + Bi\ 
l - (38 (9) 

and (3 0 
= Vo 
-0 

c 
Hence 

== a [- f sin K~ + c§ ( l - cos K~) + ~ l cos K~] (10) 

·- a. 1 cos K¢.+ c5K sinK~- .p. K sinK~ (ll) 

* If V (a) I 0 tl:e analysis is unchanged provided that in equations {2) and (3) 

.
v 0 is replaced ·ty ,]0 == v 0 [1 (1- f->8) 3/ 2 e V(a)], the velocity of the same 

M0 vg 
particle at potential V (a) . 



.•. 

... 

;::c. ~..,}:at from (b) 

y-. 
+ ::;_;_ cos 

0. 

+ x" [- a' cos K~ + 8 .K ' Kif~ - Y~_ K sln lj;l 
a 

3 .. Generalization to Arbitrarv Plane Boundaries 
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(12') 

Suppose now that the bounduries of region III* arf; not the y' and y" axes, 

but arP. inclined at angles E.' and €. 11 to tl':.ese axes, rcsrect:i.l ely, as shown in 

F:.g < 2; ·where X 10 i onxu again rE.presents tl:e reference or 'bit. 

n 1 and n" are the nurmals to the _rlar:es toundin£ the field. All quantities 

are to be tdcen as positive when the arrar.gement is as shown in Fig. l or Fig. 2 . 

.Q is the angle between t:te field-bound:.ng planes and is to be taken as positive 

when ti-:e intersection of tl::e planes is on the same side of the orbit as F, the 

center of the reference ray's circle 0'0". It is r8lated to ~' E.'' and en by 
I 

n = ~ - e.' - E". . (13) 

Furtter J if c 1 is the distance between 0' and t:te intersectipn of the field 

bc,tmding planes, then it may be shown geometrically that 

. C I ( ) s ~n t: 11 = - sin Il - sin Il + E. 1 • 
a 

(13!) 

An ion described by (4) w:tich passes ttrough the point x 1 J.l J y I b' 

wit.l1· angle a' will have a path in I given by 

y! : [.! + (xI - .Q_ I ) 0. I. (14) 

It will enter the field o.t the point ·~ 1 , leave it at Q11 , an(: will re'r.aYe as 

:i.f it hac~ entered a field bounded cy PQ 1 and PQ 11 • Hence its orbit is given v. Hh 

ar..li. (12), with b<.:.rs placed over all vo.rit;rles . 

The relations between bc..rred and ur.tE.rre~ varj_e_~:Jes, to fj.rst order, aret 

... 
The effect of tte fringing fields is discu:scd i~ rtfr~ndix C . 

t For brevity the nota1~ion Xn is used for tangent, insteai of tan. 



" 

UCRL-599 
Fage 7 

X :: X + 

y = y 

a ... a -

From (14) it is seen that 

a~~ ~ :: ~ - /..1~· 

1.1~ 

Ll~' = Yl :tn 
a 

1.1~11 = ~tn a 

y = b' - a.'J.'. 1 

- ~v~~ 

E-' (15) 

·c"· 

(16) 

§ubstituting equations (15) and (16) in (12), where all variables in the 

' 
latt~r are barred, and disc~ding terms of higher than first order, there is 

obtained for the path of the outgoing ion the equation 

y11 = b 1 f-x 11 co: K!ll ( K .tn K¢1 - tn E.' -in E. 11 - fn e.• in e 11• fnKK!ll) 

+ cos K~ ( l + .tn !' .tnKKil!)} 

+ al [ xn [ 1' co; KID (K tn KW - :tn t.. 1 -in t. 11 -in E. 1 fn f- 11 .inKKID) 

- cos K~ (1 + ±n t" tnKKID)J 

+ J { x" [ K sin K~ + (l - cos K~) fn E"] + a (l - cos K~) }· (17) 

~his is an important equation, since from it all the optical properties of 

the system may be deduced. 

4~ Optical Properties of the System 

The point (i 1 , b 1 ) is called the object point, and 1 1 the object distance. 

All ions from (.1 1 , b') with the same Swill converge at a point (111 , b 11 ), called 

the image point. The image distance 1.11 is that x 11 for which the dependence of 

}." _, a 
- .· J 1 ( K in K~ - fn E l - fn E. 11 - fn c: 1 tn E." 

\ 

The analogy with a cylindrical lens is facilitated by the introduction of 



'.: 

'· 

'h ~1 ... 8 fol10wing var.i&.bles 

.(' a [cos KID (K fn K~ J. -

gl - f cos KdJ (1 + ±n 
\ 

(l gil - f cos KID + tn 

f, g• and g11 are also related by 

r2 ~ gtgn = af. 

IE adliition is it convenient to introdu~ce 

1 
p" =· ~2 [K sin K\ll + (l - cos KV) in e."] 

a . 
q =: -

2 
(1 - cos K~). 

I\ 

The!l using equations (19) and (20), (17) can be rewritten 

g. n ~· xn a.' 
b!- +-

f f 

Hence the angular .deviation is 

"' dy~:; 
c~ 

a.' 1' ~· g' ') 

a'' + + aK"'p" 
dx" f f 

and the object and image points are related by 

U." - g") (ii - g i) = f2. 

UChL-599 
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(19) 

(19') 

(20) 

(21) 

(22) 

( 23) 

When 1 1 = g 1 , l" = oo and when _in = g", 1 1 = oa so g 1 and g 11 are the ar·scis-

sas of the first and second focal planes G' and G11 , respectively. 

T~1e principal planes H 1 and H 11 are defined hy the property that, for 8 = 0, 

th::;y form ime:.ges in each other without magnification. If their abscissas are 

called h 1 and h 11 , then 11 = h 1 , Jn h", b 1 = b 11 , so from (21) and ( 23) 

bl = bll = bl g" - h" 
f J 

(h" ·- g")(h' = g') = r2 

g 11 ~ h rl "' g. ~ h ~ =- f. (24) 

Since f. is the dist;:,:1ce between each focal r::lane and the corresponding principal 



~ .. 

plane it 

With 

The 

,., 

can be identified as the focal length of the lens. 

the help of (24) and (2:5) it can be shown that 

l l 1 + :::::-

.1' - hl J" ·- h'l f 

ordinate of the image, ('II 
' is given by (21) as 

b" b' 
gn - 1" 6K 2 (.Q 11p 11 q). - + + .co 

l. 
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(25) 

(26) 

Since the ra:ys are reversa.ble Hll cf the foregoi:1g equations are valid if 

primed anrl double primed varia.bles c;_;:e interchanged, In particular 

g' t n 1 ? 
b' = bfl ~ ; ..x. -~- ~K-U.'ri + q). (26) I 

.-
Hence all particles will i:'e focussed at J. ", 0 for which the relation between b 1 

and 6 is 
(26)" 

which is the condition for velocity--mass focussing. 

In ord?-r to have the emerging be&.m entirely 'parallel to the reference ray 

it is seen from (22) that 

1' :: g'' b' 2 -= 6K·p". 
f 

(27) 

If these conditions are satisfied the c•rdinate of the emergent parallel ray 

is, from (21) 

(28) 

5. Focussing Properties of tbe System in the Vertical Plane 

A description will now be sought for tne behavior of an ion which approaches 

, the field at a slight angle ct~ with the horizontal reference plane, and wr,ich is 

displaced from that plane a distance srno.ll compared with the dimensions of the 

system. S·J.ch an ion will te deflectea 'J.c;rtica.lly only at the edges of the mag-

netic field by the magneti::: fringir:r f:~e1c3.. Si.nce the deflections a~e :propor

tional t'J a,~ a:ld ~' where ~ is tl-;'3 verii•.::al uistance a'!-ove the horizontal 
"'- . 
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rlsne of the vertical so1rrce, tha first orde: horizontal deviations and mass and 

•.Jelodty devis.tions may be neglect.eci. in a first order theory. The situution is 

sLovm sc~hemc.. tic:ally in Fig, 3. 

F.ig .. ; is a vertical 0rvss section of the system along the curve :x~0 1 0"x'1 

of Fj_g. 2. It is shown in lq:rendix II that an ion which rasses through tLe 

poin"!-, x 1 C 1 1 I z "' ~:i at an ang e ctv, i.e., an ion whose vertical path in region 

wilJ te so deflected hy the fringing fields th&t its path in region II is 

A use~ul relation is 

ca ·- :xlf 
b·~ _b'_,_'J_, __ 

±\; 

fv 
(-! 

·=-' 
(D 

( -'- X~~: 
\ 

I 

a~ .j._ 

f ........ , 

tn til) 
\ m 

fv ~' l " -v-.. tn E' ) 
•~"'v 

.~ 
a 

(l4v) 

(2lv) 

(19v) 

Since (2lv) is identkal in form to ( 21) except for the absence velocity-

rr,c.ss rJ.ependence, equat-ions (2.2) to (28) are valid in the vertical rlane if sub-

::~·:.r.lp~,s v a.rs r laced on all variable:=-3 and 6v is set identically equal to zero~ 

b,j 
a· ~- i-

-v 

, ..e-v _ g~ 
av--

fv 

2 fv 

l 
fv 

(22v) 

(23v) 

(25v) 
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plonos, respectively, defined by 

gf - ~ ~ ~ - h~ • rv. 
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(24v) 

Again 1~ is the abscissa 'Of the vertical image ~hose height is related to that 

of the object by 
b~ • g~ - iv • __ r ... x_ (26v) 
~ fv g{ - 1~ 

If the beam is to emerge parallel to the horizontal plane it is necessary that 

~I : g I 
Av V' ~ .. 0 (27v) 

,.. .~·in nhich case the height of an ion which starts with angle ct..} ~ill be 

{28v) 

6. Compound Systems 

Suppose there are tl'Jo systems in series as shovn schematically in Fig. 4. 

The beam is assumed to approach from the left. 

(

X I and Y I ] , { X I and y I} _ • 
The 

1 1 
axes are the axes for the entire system. 

x" Y" x" Y11 

2 2 

Note that in Fig. 4, e2 is negative. To obtain the path of the emergent ion 

~hich passes through 1•, b' at angle a' equations (21) and (22) are used to 

calculate the ordinate and angle of the ion uhen it crosses the first focal 
0 

plane of system 2. ~e have 

so using (21) and (22) 

xi -• d - g' . 2 

b 1 • y" - b' §1 - (d - g~) 
2 1 fl [(d- g2- ~i)(i' - gi) - ff] 

+ c)lKf ((d .- g2) p]_ + ql) 

b 1 1' - g I 2 - a2 • ai .. - - + a' 1 + blK.l p]_ 
fl fl 

from (21) the equation of the outgoing beam is 

n ·- x" ; ... Y" • b2 g2 - a 1 r + b K2 (xnp; + q2J. 
f2 2 2 2 2 

0 

• Q 0 • • 

(29) 

{30) 

(31) 
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Substituting (29) and (:3o) in (31) gives 

y!' (g2 - x")- !2._1 
f2 fl 

a' {l(d-g2 (g2 - x'') Q' I 

f2) +T - g1)(Q' - g}) - ff] +-
- gl 

1.. f2 fl 

Kj' { [(d - g:/) ql] g" - x" 
pj' f 2 }+ •2K~ { x" + q2} Pl 2 11 

+ ~· + + P2 . l. 
f2 

(32) 

This rr:ay be }:lit in the form of (21), which can be rewritten, using (9): 

F 
(2lc) 

G n - xn 

b:1 means of the follovling substitutions: 

F fl d g + g ~ 

l 2 

G' I fl 
= g1 --F 

f2 
(l9c) 

G" g2 
f2 --F 
fl 

and 

P" 

(20c) 

' '1 B . t b + d t h. h h p 11 II • t wn::.. e lS o e cons urue as an opera or w .lc _ c anges v p2, ql, q2 ln o 

The B 1 s are defined by (9). 

V>'ith these definitions, (2lc) describes the rath of the outgoing ion &nd 

equations (22) throue;h (28) are valid for the system as a whole where, of course, 

• 
In case the s;ystems are or:cented witt: curvatures opr.osed, that is, so th&t 
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the y]_ and Y2 axes are opposite ir:. sense frcrn each othsr, the signs of t;2 anc1 a;2 :in 

(29) and (30) are reversed. The effect is to change every sign in (32) exce:t--t the 

last: This is equivalent to repl&cing f2 by -f2 in eyua-· 

tions (19c) and (20c). 

Similarly equations (19c), (20c), Wld (2J c) describe the vertical focussing, 

except that there. is no first order de:r:endence on y or "A, so in equation (2lc) tbe 

term (y + Bi\) [x 11 F 11 + Q] should be omitted. Naturc..lly the vertical f 1 s o.nd g 1 2. 

ci.efined in (19v) must be used in (lSc). 

The foregoing may be generQlizecl to the case in which the two systems a.re 

rotated relative to each ether. Thus sun:.ose the Y2 axis in Fig. 4 is rotated 

about the x;2 axis out of the plane of the paper thro1.1gh 

Y2 = Yl cos e + zn 
1 sin e 

z' 2 = - y)_ sin e + zn 
1 cos G 

if the notation is changed to 

yf 

Y2 

C1i = 

c21 = 

Then 

= Yl z]_ 

= Yl z' 2 

cos G c12 = 

- sin g C22 

Yrn = ~ Cmj Y j · 
J 

Y2 

Y2 

sin G 

:;; cos 9 

an angle eo Then 

The value of Ym when the beam crosses the first focal plane of 11 211 fer tl:e 

m direction, that is where x2 = g2m' x)_ = d - g2m' is 

b2m = 4=. Cmj Yj(d - g2m) 
J 

= f Cmj { bJ 
gf· - (d - g2m) ,) 

flj 

Its inclination in the m direction is 

a~ 
T _.oL,_ 

fl ~ 
-"-J 

~(d - g~m - glj) ~· ffj] 
! 

[ (d - g2ml rl + qlJ l 



dYm dYm I 
C;nj a 2m = ~ 

dx_2 ci.x 11 

1 

[-
I 

~ = - >-:: c . + at 
'-;" ffiJ 

flj 
J 

J 

_-:; ~- ' 

::LJ.. .. 
-:lx!l ·- 1 

0} 
~J ·- dj 

fl. ,] 

Cmj ctl_j 

+ dlj (y + Bl i\) PYl 

UC!.L-599 
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(30!) 

T!l (29') and (3on) the f:irst :in:iex on the fCs endg 1s refers to systen. "l"or'2,11 the second 

to the horizontc.:.l or vertical con-.p::.~cent. The outgoing ray has its mth ordinate 

given ty 11 xll 

b~ .. ~2m -
"'m f2m 

substi .. ~utj_ng (29 1 ) and (JQ I) 

2 { ,.n - L Cmj bj Jm -· 
j=l 

II 
Gmj = 

Fmj 

+ (y + 

Gn. 
mJ 

X 

~· a~ L + dlm (y + B2 i\) [xn p2" + q.::>l ~-~m ~m ~J (31') 

in (31') gives 

II a'· - F~jl} Uxn of- _J_ 
~· G~j) Uj - G~lj) 

Fmj 

E ?1) [ x" rn + Qm] m 

(2lc 1 ) 

(19c 1 ) 

Here Fmj refers to the outsoing mth comronent due to incoming '·th 
J component. Also 

Fl1 (d j \ 
p !' 

~l p .~ Cml 
= ~ Cml ~ g2m 1 _L + ~- ql m "' m e:: f2m .J.2m 

(20c ~) 

[(d 
gil -1 

t1 

Qm Cml dm) _1m * f II + g2m 
dlm = -

f2m 2m Pl cml r- ql + q2 
J 2m 

and B has the srune meaning as before. 

'7 o Ar::rlications to Bevatron Injector Sy~.tems 

a. The Berkeley 1/4 scale model bevatron. 

The injector system for this machine (see Fig. 5) consists cif a cyclotron 

wh:..cb a:::celcre.tes the proton.:: to 0. t,.25 ivJev, ejecting thel"' in a beam which apr ears 
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to have separate horizontal and vertical nodes, about 2 ft. fron, the cyclotron 

tank wall, the horizontal node being about 5 in. closer to the cyclotron than 

the vertica1 node. The beam then passes through a magnetic wedge with a 10 in. 

radius of curvature, by which it is directed to a 90° electrostatic deflector 

which brings the beam into the bevatron. 

How should this comround system of ma[met and deflector be designed to 

obtain a parallel beam for injection, with optimum definition? In the notation 

of Sec. 6, system 1 is tt.e magnetic wedge; 2 the electrostatic deflector. They 

are distinguished by subscripts M and E respecthely. As before, subscrirt v 

refers to the vertical Flane, h to the horizontal. Since the velocity of the 

protor..s is non-relativistic, and since there is no mass variation the following 

relations hold. 

n 1 n' .l!.h -.x.v -· 5" 

If the value IDE 

2 

IDE; = n/2 

n/2, then 

fE = .890 aE 

gE -.539 aE 

fEb 

' gEh 

PE 

0 em 

P E = • 563 

aE 
J2 sin J2 VE 

" aE 
/2 ~E gEh = gE =-cot 

!2 

}2 sin /2 diE 
(32) 

= 

= 
aE 

(1 - cos J2 ID£). 
2 

It is assumed that aE and aM are fixed, so that Jh (or 1~) E' c.", dlrvb and d 

remain to be determined. 

Now th = t\. = 0 and there is no velocity dependence in the vertical plane, 

so the conciitions for a parallel beam as given by (27) are 

lh = Gh 
.§ K2F 11 = ?., BP 11 0 

(3 3a) 

(33b) 

(33c) 
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Equations (33) determine three of the ~aramete~s in terms of the other two; 

for convenience they will be used to exrress E 1 , £ 11 , and ci in terms of i!.t and ~~· 

From (l9c), (33a) becomes 

j_' I f~ 
h = gNJ ~ gJt1 + -(--gE-., ---d) 

where the subscript h on the f's and g 1 s is Understood, or 

Uh- g~) ((d ~ gE) ~ gM) = r~ 

a com}-arison with (23) shows that d ~ gE is the image of 1-h by the magnetic 

wedge alone. Hence (18) ar.·plies with lh = d - gE, K = 1, ~ = lllM: 

1 f n E. n + 1 1}1 ( tn ID'rui ~ fn E 1 
) ~ aJVl 

aM -;; 2.~ (1 + fn £
1 :£n [)M) + aMfn IDM 

or 

From (20c) equation (33b) can be written as follows: 

_ _!3M qM = o 
fE 

(3.4.a) 

(34t) 

= 2 PE f E - CiM = __ a-::1:--=-a:::;.M_( 1_-_c_o-=:-s-~-:-=-:)~-
PM sin t'DM + (1 ~ cos itM) tn E. n 

(34b) i 

substituting this in (34a) gives 

sin ~!Vl 

BE ~ (1 - cos hi) 
aM 

Since all of the vertical focussing ta.kes rla.ce in the magnetic wedge, g~ 

so from ( l9v) 

(34ab) 



ai\IJ (l <~ rPM fn 
_Q~ 

Tn + Tn (l En t" --
or 

Xn aM ~ J.~ in 
sn = 

i,~ (l - illM "in E..l) 

Setting 

ar:d equu.t.ing (34c) and (34ab) :i.t. follows tbat 

l -- Lj tn c i 

Let. i-A-· and v be defined by th(:; equations 

1 
1-L 

1 
1) 

sin \IJM 

[ ,, ) 
~ tn c.!!) 

E: j 

+ aM iPM 
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(34c) 

(35) 

sin ilJM 
(36) 

(3?) 

(In case the yiJJ and YE axes g_re anti:r:;arallel~ AE should be rerlaced oy ~AE in 

\34b) and (J?))c With these definitions (3o) me.y be- vvritten 

1n2 E.l [tn !IJM + 
IDM ID!Vl fn WMj -
f.i, v 

[(~~ + dh 
\ 

+ fn c' + 1)v .(l _l_ -l) in WM - M-.--
v \ Lh T ~ "\) ;._,v 

( ;)] JJM I l (36 1 ) ! 
\ 

+ (-~- = _2_\ if''."--- :fr-:1 -·.' 1-~T " ) llv! lJ Lv V Il .. ~.,, } 

Then" substi-



, 
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u.na (UM re1r.ain t0 ba d.:l.st <:Bed ;:_;f and wiLi i "' C'.'K-sGn t0 g Lve as narrow a beam as 

:rossibl8. 

The hor:j_zc·ntal CJ.rlll vertico.:':. widtr,;-: cf t.he bearr. may 'te determined as follows. 

Frcm (28) tte horizc,ntal width due to &ngular divergence isJi 

From (19c) and (3Ja) F 

a~ f.t 

ft 
f ... l lv .. 

(Gh 

J( Q 0 

'\ 

-· -------(u ~· ;:;,.) r o.c,· M 

Thus 

f:':,,~'h ;' .:) .. ~.l. ... .l 

while th.:Jt due to velocity cledatiu:1 is 

since ern "" c by (3Jb) 

D.>. 
(' 

with the helr of (J4b) this can be written 

Finally the vertical heigtt is given by (26v) 

1 ~ 

g-if - gllilv 

il. BQ 

rrE 
.:.:;,_;_ () f~· + 
.p ""1.. i 

.~.E 

(JEa) 

(38b) 

(38c) 



, 

For a numerical example let 

, (ill 
J, ~ ' 9QO. 

Then the optimum values are aprroxirr,e.tely J.~ "' 35 11 , ¢l'lli,;; 19°. 

Aprlication of the above recipe then yields 

, inches 
Ctt~- -:;-----

d o.egree 

inches 
percent 

' inches . 411 U.,r -------
degree 

b, The fl;,2.l scale Berkeley bevatron" 

d 72.5 11 and 
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For this machine it is prorcsed to use a linear accelerator rather than a 

cyc:lot.ron in the injection system, since the former gives a beam of mueh smaller 

width and angular divergence than the latter. The rroblem then is to bring the 

beam from the linear accelerator into the bevatron without spoiling this good 

definition. Suppose a single electrostatic deflect.or is usedo Then from (21) 

and (22) 

Now. if ./2 \h: ( rr_h, then gE ) 0 and )~ n1ay te taken equal to i!.E, in which case 

these equations reduce to 

Us·) 

while in the vert~ca1 dir·f~ct:i.o::-1_, 



y'' ' I 
~ 

{ + 11 ' \ •V - 0\7 ~ \gE aE £..' 

~ = ~ a..S v 

si~ce there is n8 vertical deflection by the electric field. 
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(39v) 

It is estimated that the linear accelerator will give a beam about l/4 in. 

in diameter, with an angular divergence of about 1:500, and an energy srread of 

about 1:300, this means 

1 
500 

The f.igures :enta-t,ively adorted for the deflector are 

Thus at the end of the deflector the injected beam would be given by (39) and 

(39v) as 

rv.!l 
'""11 

- bh - + L 1.30 ?·. 
212.4 

The a Dove estin·,ates for the b 1 s aYJ.d a 1 s give 

i::.y:.! 
/ .. .1504 + .424e + .1876 -~.8" 

o 0012 + • 0023 ~ , 003:5 :r·ad 

y~; = b.~ - 284. 9 ~ 

tJ. ! ---·· .002. 
cty 

This should be sufficiently good definition fer the purpose. 



Appendix A 

PELth of the Ions Inside the Field Region 2 Horizontal 

The equation of motion in region III is 

d (mv) 
dt 

eE + e. V x H 
c 
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where m is the relativistic mass of the ion. Using polar cc,ordinates r, cp of 

Fig. 1 and the fields described in Sec. 2 there result from this vector equation 

the two scaler equations of motion 

d (m r2 cP ) = eH r r 
dt c 

d (m r) - m r $2 
dt 

1 e X eH = ~- --- ~- r cp. 
r n R1 c 
Jln-

R2 
Integrating (Al) gives 

where subscript 1 denotes the value of the quantity at cp = 0. 

r = a (l +f) 

. Y1 
f1 =-

a 

gives, to first order in f and f1 

~ 

cjJ2 = ( :1 ~1) 2 :1 + '4f1 - 4f) +~~~ (f ~ fl)· ~ tft 

Substituting (A4) in (A2) gives 

d ( . ) m1 1'1 I, · ( 4 ) 
dt m P - . m . t_llll Cf'l 1 + Pl - 3p 

= 

+ _2eE 
c 

(Al) 

(A2) 

Putting 

(A3) 

(A4) 

(A5) 



"' Now frurr1 ( .. 4.) the velocity auc. rest mhss i:u region I 

(3 :=. :!__ "' ,f30. ( 1 
c 

v·'t 
l ,. 
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(4) 

Let E be the total self energy (kinetic and rest) of the rarticle, and p 

its lineu.r morr.entum. By conservation of energy Ern (r) = E1 - eV (r), or 

w!i:Lle .. .rom 

rn (r) -
Enr (r) 

c2 
eV lr' ... m-. ~ --~...L 

.. _ c2 

Wt ( M0 (1 + Y) 

fl.~()~ (1 + f\)2 
'O • I 1 + "( 

/1 = ,')2 \ 
' 0 

(1) and (3) 

so to first order in Y, ?1, and.f 

m(p) = j Mo 2 [1 + '( + 
1 ~(3 0 . 

so that from (4) and (A6) 

lVlo f3o c ( 
p(p) = )1 -· (.?~ \l ... y + 

Combin:!.ng (Ab) and (A7) gives v ~ p/m: 

v(,o) 

(A6) 

(A7) 

(A8) 

~ It is sometimes more useful to use the energy ra~her than the velocity. It 

may be shown frorr. (4) and (b.o) that :.te kiGet.ic energy in region I 

r 
I 

'1' I l ,_ v 
.1. ·') i 

L 
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ffil Vl Pl -·~·.£;~~<?_._0_g_~~---· 
,-
I 

.~U: •'}'l ·----·-'" ·- ---(1 "' P1J "" I 1 + .... ~. + Jf' ') ,J. Tl a a ~ '' I () ,_ 

____ A___ ~- :n ( l +- L)l c~ f;) 
l ~ () 6 \a a 8 _ 

1 - (3~ 
.. c;., r.ow multi}lied by n.---- and (A6) ancl t:~9) 

Ivi~ 
~;.re substituted .intc it, By noting tl:at 

( 
v2 c~g,_ :: c /v2 ~:\ ' ~· •' .... I -·-;: 
a4::~ d.q:> \a.:: (~' I 

"<' I 

( • •,? V<~ ') 

pi~ ~ a< /' ~-, a c. 

c:rder, compared to f:j kee1 i.ng ~_;nly first order ter!ns, and 

•:!s~~"clls 11se of (3) t.o replace the field exrressions ty am and a 8 , &nd of (2 1) tc 

sln,r1ify rr:any terms, the following eqm~tion of r.cotlCl is obtabed: 

l + 
"? \'I 
r·: \'J 'I 

t- --·-·-·;;- ) 
., t1<:.. 
~ c::.;'iO I J 

,-
I 
ll + 
! 

i. 

. . (·c·/, ."<71"' .. ' (o_/_\, By use of th0 subst~tuticna u ~-~ , ' 

.,2 
o K2 r: ) , \d ~a. a2 i .. 

(.§_\2 
\ Be) 

:::-:ttegrat.ing (AlO) wHh the boundary -:ond.i-c.ions 

fo at t 0 

s1.r.:: K.t + , Vo · YJ vo_ 
0 ~l - cos Kt) ~ cos 

c a 

') -~~---·· 
' ''! 0 • 

. 
3erc S:tnce 11.1~ or1 the righ"... dNc 

~-,..:.::r r_,b~- vaJ.ue -:;[ +, -:;•:m h:. 12c;u.; 2n t,[_,:; l<_;~_.ve <::.qua":.5.<JnJ givint:; 

(8) 

(9) 



.. 1 

r - a Bf =a[-~· sin Kcp+ S (1- cos K<p) + ~l cos K<p J. 

Appendix B 

Vertic&l Focussing (See Fig. 5) 

UCRL·-599 
Page 24 

(7) 

The vertical motion is shown in Fig. 3, and in more detail in Fig. 5. In 

the latter figure light solid lines are in the yz rlane, the plane of the rarer. 

Dashed lines are in the xy plane. As befcre reference ray an:roaches the fiP.J d 

in the -x 1 G.irection. n1 is the normal to the plane bounding the fields, 

The force on the ion is 

F = e [E + ~ v x li] = 
~ 

m r 

so 

.. e 
(vx Hy - vy Hx) 

e 
Hy, z - "' me Vx me since Hx = 0 

but 

Vx = - Vy in E.' 

z :c .in £ 1 j Hy (y, z) ¥t dt l
y 

=- !cfn c.' .HY (y,z) dy + z0 . 

1-v cos c:' 

. 
It is desired to know z just inside the magnet, past the fringing field. Since 
·4 

B is irrotational 

f H · dr = JY~Y (y,z) dy 
-iv cos E..' 
actual Fath 

By symmetry Hy = 0 on the z 

for z, at y ~ 0 is 

l
_J..:, cos e.g 

+ y Hy (y,O) dy 0. 

0 rlane, so the integral in the exrression 

~tere z1 is the height at which the ion enters the wedge. Hence, 

_,, ... 



· . 
. -1 

eH +-- ;_n E 1 z1. me 
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:Jividing by v, and using the second of equations (3) gives, to first order-* 

where 

Kv 
am 
a . 

211n e:- 1 

If the ion fasses through the point x' = Q~, z' = ~ then z 

c,} + .Q I y ..J. tn C. I 

a ~ 

(Bl) 

(B2) 

~ + j_~ Y' 

The ion now goes a distance a~ (l + small correction) in the field, emerging with 

z2 = zl + (Y' + ~y 1 ) a~+ second order terms 

here it undergoes another deflection lly" 
2 2 fn f." · 

= - a -K-- so that the outgoing angle 
v 

is 

J.z a;= -= 
dx" 

Y' + fi.y' + lly" 

(BJ) 

Hence the .vertical path of the ion in region II is given by 

*This derivation has been given by L. S. Lavatelli, AEC Oak Ridge report NillDC-350 



• 

I 
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zi! z2 + x" a;~ = t>,;{ - x" 
(:tn c.' + Jn E." -.ill__ fn e:' in c") + ( l - j_ in = 

a Kv K ~ v 

r ~Jl_( fn <' + fn - _L ln 
\ ( e") ] +a.'lx" E. [I E' fn E" ) - \ l - ~ fn 

a Kv Kv 
(B4) 

- [ 1~ (l -Lin 
Kv c~ aw]} 

which goes into the standard form 

(2lv) 

with the definitions 

a Kv 
fv = --------------~~-----------

1 n E 1 + in E 11 ~ j)__ fn € 1 in E 11 

Kv 

I fv(l-tin&") gv = (19v) 

II fv (1 - j_ in E') gv 
¥ "V 

where 

fv, g~ and g~ are also related by 

f~ - g~ g~ = a~ fv· (19v)' 

Aprendix c 

~ffect of Fringing Fields (See Fig. 6) 

As the ion aJ:proaches the fields along the x 1 axif:l its r.ath is bent some-

what by the fringing fields, which exert a nGriJ.al force 

m v2 ~- He v Fn = -r- - e Ex sin f- 1 + e Ey cos t:: 1 + ---c--

Eut dx rdcp cos cp ~ rdp cos E.', where dcp is the change in direction in a distance 

dx 



~ = Ex .tn £ 
1 

+ Ey + Hz 

d..x E0 a.E H0 aM cos E: • 

Eo

1
ae l.tn c. 1 JEx dx + J[ Ey ctxjl + 

1 J H dx L H0 aM cos ~~ z 

_ fn c_l LWE + AUt + uUM 

Eo aE H0 aM cos € 1 
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(Cl) 

where Us and UM are the electric and magnetic stream functions, and VE is the 

electric rotential function, Whenever an electric field is rresent, c. 1 = 0, so 

the first term is always absento To calculate the addition to ~ due to the 

f-.:' inging fields the differences in Acp are taken with and without fringing fields. 

~u·, 2 
Thus in the ideal case, without fringing field V 1!. = R x R , where the condenser 

0 l ~ 2 

J.:lates are at r:otentials V0 and ~V0 . In the rel:l.l case, the fringing field is 

given by the field of two sem-infinite conducting planes, at potential V0 and 

=V 0 , This is given by Smythe, problem 24, Chapter IV: 

Z = X + 
R1 R2 n(VE + iDE) 

iy = ------- in sin 
n 2V

0 

With y ~ 0 it is found thct 

= R 2x + V o J-n 4. 
l = R2 n 

Thus the change in ID due to electric fringing field is 

2 Xn 4 R1 - R2 Rl ~ l~2 
A~E "' =' o88] (C2) 

TT aE aE 

For the magnetic field, if it is assumed that the magnet extends infinitely 

in the vertical direction, then it may be sl:Jown, b~y a suitable series of Schwarz 

transformations, that 

' 



.. 
" 

where Sv is the vertical separ&ticn cf th<:' magr:.et role faces: Thus 

_1_ [uM (x ---7 oo ) - UJYi (x~ - oo )1 
VoM 

whereas without the fringing field it is 2X Hence 
Sv 

Af = Sv 1:. (1 + _Q n ...!!.. ~). 
M cos E.' aM rr 4 Sv 
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(C3) 

ActuaJly the magnet is not vertically infinite, but has height A so that 

fer x 1 ) ) A the contribution to ij~JVI will be zero. Thus x 1 should te limited to 

the an:roximate dimentsions of the system, namely A, 

The exact value is 

l.I.~}Jj = lim l_ {sec o•[fxHz (x,xtn o') dx 
-X J 

X--+00 aM -ex> Ho 

+ sec £ 11 [L:Hz (x,x fn E II) 
dx- ~J} Ho 

(C4) 

Hence the fringing fields increase the turning angle ~ by 

(C5) 

where Sv is the vertical separation of the pole faces and A is of the order of 

the total height of the magnet. Thus, due to the fringing fields, both the 

electric and magnetic fields effectively extend an additional distance of ti1e 

orcJ.er of the gar width. 

lnf~rmation Division 
2-27-50 md 



.... 

.• 



\ 

'. 
1 



MU 2 5 
FIG. 3 



..; ....... 

I 

y ' 

FIG. 4 

MU 26 

... 



. ~ 

• i 

n' 

' 

I 
X 

FIG. 5 MU 2 7 



. ,. 
1 

•. 
" 

• 

/ 

i! (OUT OF PAPER) 

FIG. 5 MU 28 




