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ABSTRACT OF THE DISSERTATION

Semiclassical Theory of Fermions
By
Raphael Florentino Ribeiro
Doctor of Philosophy in Chemistry
University of California, Irvine, 2016

Kieron Burke, Chair

A blend of non-perturbative semiclassical techniques is employed to systematically construct
approximations to noninteracting many-fermion systems (coupled to some external potential
mimicking the Kohn-Sham potential of density functional theory). In particular, uniform
asymptotic approximations are obtained for the particle and kinetic energy density in terms
of the external potential acting on the fermions and the Fermi energy. Dominant corrections
to the classical limit of quantum mechanics are shown to be captured by the semiclassical
approximation everywhere in configuration space. As opposed to previous treatments, no
singular behavior arising from inappropriate choice of representation ever arises. Such con-
venient properties allow us to derive a number of universal limits for the particle density
and kinetic and potential energies in the semiclassical limit. Additionally, we study the

performance of the semiclassical approximations in a variety of one-dimensional potentials.

In the second part of this thesis, a Dyson-like equation is derived relating the Green’s function
of an isolated subsystem satisfying Dirichlet boundary conditions with that of an associated
infinite coupled system. We explain the relation to the Landauer model and quantum trans-
port. In particular an analytical form for the self-energy operator is obtained for a simple

model. The developed framework is illustrated with a semiclassical calculation.

xil



Chapter 1

Introduction and Outline

1.1 Fermionic Ground-State

It has been clear since the early part of the 1900’s that a complete understanding of the low-
energy microscopic phenomena of chemistry and physics can be obtained only by application
of the laws of quantum mechanics. However, it was also obvious then the impossibility of
obtaining exact descriptions of physical systems containing a macroscopic, e.g., O(10%),
number of atoms. In the words of Dirac: ”It therefore becomes desirable that approximate
practical methods of applying quantum mechanics should be developed, which can lead to an
explanation of the main features of complex atomic systems without too much computation”.
Despite much progress, and almost a century after such words were articulated, they remain

appropriate [30].

A large part of theoretical chemistry relies on approximate solutions to the quantum-mechanical
partial differential equations to describe molecular structure and dynamics [24, 48, 64]. As
is usual in the study of complex physical phenomena, suitable approximations may differ

depending on the relevant energy scale and property which is to be probed. In the first



part of this thesis we will only be concerned with the lowest energy phenomena of finite
systems. In other words, our main interest will be in the description of the ground-state of
a finite sample of fermions coupled to an external potential. This is exactly analogous to
the problem of obtaining the infimum of the spectrum of a molecular system in the Born-
Oppenheimer approximation, where the nuclei are fixed and the electrons are coupled to
the former’s electrostatic fields [17]. Relativistic or spin-dependent effects play no role in

forthcoming considerations so they will be completely ignored.

A variety of methodologies exist for the investigation of the electronic states of matter. The
most popular can be classified into two groups: that of wave function (WF) [48, 96|, and
density functional theory (DFT) methods [31, 35, 50]. These differ in the central variable
whence any other observable can (in principle) be obtained from. The main advantage of a
certain branch of wave function-based methods is that there exists a systematic method to
improve the accuracy of a given prediction by increasing the size of the approximate Hilbert
space. Its most unfavorable drawback concerns the computational cost usually required
to obtain results of chemical accuracy (that is, with an approximate error of 1 kcal/mol).
For instance, a well-reputed (though non-variational, and with poor accuracy for so-called
multireference systems [24]) wave function method is coupled cluster with single and double
excitations (CCSD). Its computational cost scales asymptotically as NY where N is the
number of dimensions of the approximate Hilbert space. Such a cost is prohibitive for systems
with more than 20 electrons, and therefore limits the application of CCSD to electronic states
including only a small number of particles. Density-functional methods provide a much
cheaper alternative. However, while DFT has been rigorously proved to exist, its practical
implementation (in the form of Kohn-Sham DFT) requires approximation of the so-called
exchange-correlation functional. Useful approximations exist, but there are neither rigorous,
nor systematic ways to improve their quality and applicability. This implies that questions
loom over the reasons behind the general accuracy of approximate exchange-correlation

energy functionals as well as on how to systematically correct for their known flaws [21, 95].



The modus operandi of Kohn-Sham DFT (KS-DFT) is similar to that of mean-field theory.
In particular, in its pure state formulation, it is conjectured that the particle density p(z)
of an interacting many-electron system is equal to that of a noninteracting fermionic system
coupled to the conventionally denoted Kohn-Sham potential vs[p] [35]. The latter is supposed
to include all of the effects of the electron-electron repulsion as well as the electronic coupling

to the external potential (e.g., due to the fixed nuclei present in the system), i.e.,

vs[pl(z) = / B2 2Ly [ol(2) + venlw), 7 €, (1.1)

where vy [p] is the exchange-correlation potential carrying all of the effects of dynamical and
statical electronic correlation, and ve(z) is the external potential acting on the electron
density. It follows that the orbitals {¢;(x)}en, of the noninteracting (Kohn-Sham) system

satisfy

@) =3 [6:(a) (1.2

g8+l 0,0) = 0,(0), (13)

2m

where €; corresponds to Kohn-Sham orbital energies, and ¢; < ¢;, V j < i. The ground-state
was assumed to be non-degenerate for the purposes of this basic discussion, and the spectrum
of the Kohn-Sham system was similarly assumed discrete (the foundational theorems of DFT

make no such requirement) [35, 50, 65, 66].

There exists no general mathematical proof of existence of a Kohn-Sham system for an
arbitrary interacting electron density ng(x) [35]. However, the many successes of the KS-
DFT approach (with approximate exchange-correlation potentials) suggest that at least for

a sizable fraction of the electronic ground-states of interest to chemistry the Kohn-Sham



system exists. Thus, the main focus of the field of developmental ground-state DFT is
directed at the construction of exchange-correlation functionals Ei.[p] [21, 86, 95]. These
give rise to the previously mentioned exchange-correlation KS potentials via application of

the functional derivative with respect to the particle density,

0 Exelp]

5 (1.4)

Uxc [p] =

Unfortunately, as already mentioned, there is no universal guiding principle for the construc-
tion of approximations to Ey.[p]. The most successful (first-principles) exchange-correlation
energy functionals were built by defining a class of functional forms with parameters that are
constrained so they satisfy universal exact conditions from the theory of many-body systems
(83, 88]. An important example of exact condition satisfied by adequate exchange-correlation
functionals is that they reduce in the limit where the system is infinite and homogeneous
to that of the homogeneous electron gas [21, 86, 95]. Notwithstanding the simplicity of the
discussed strategy, it has an obvious non-uniqueness problem, as there is an infinite number
of ways to satisfy a finite number of conditions. As a result, much remains to be learned

about optimal strategies for the design of exchange-correlation functionals [95].

Despite its drawbacks, DFT is the most popular approach to the study of molecular elec-
tronic structure theory. This is a fruit of its lower computational complexity and gen-
eral reasonable accuracy (assuming the choice of a well-established approximation to the
exchange-correlation energy functional). For example, if an exchange-correlation functional

of the form

Bl = [ #2 G (.19 (15)



(where GG is a map from some suitably defined space of particle densities to the real numbers
[35]) is employed, the asymptotic cost of a self-consistent Kohn-Sham computation scales
as N3, which is already inferior to that of the mean-field Hartree-Fock method (the cost of
the latter scales as N4 [24]). These factors have allowed electronic structure effects to be
included for example in a variety of liquid [72, 76] and solid-state [46] simulations of complex
phenomena in chemical biology [3, 16] and material sciences [78, 99]. Nonetheless, there is no
question that ground-state DF'T would greatly benefit from systematic developments in the
subfields of orbital-free i) exchange-correlation, and ii) kinetic energy density functionals [21,
87, 95]. The latter item’s importance resides on the fact that the computational bottleneck
of most ab initio molecular simulations consists of obtaining self-consistent solutions of the
Kohn-Sham egs. 1.3, the main purpose of which is to generate highly-accurate noninteracting
kinetic energies. Thus, a simple, accurate, orbital-free kinetic energy density functional would
be particularly useful to speed up large-scale ab initio simulations of chemical kinetics and

thermodynamics in abstruse environments.

It is however, even harder to build useful, i.e., reasonably accurate, orbital-free density
functional approximations to the noninteracting kinetic energy than it is for the exchange-
correlation energy [31, 105]. Therefore, in spite of their much lower cost (the cost incurred by
employing orbital-free density functionals tends to scale linearly with the number of particles
of a system [105]), because they provide dismal general accuracy, orbital-free approximations

to the kinetic energy density functional are not widely used.

Motivated by the central problems of ground-state Kohn-Sham DF'T, in this thesis, we will
only be concerned with orbital-free descriptions of noninteracting fermions coupled to generic

external potentials. This already presents formidable challenges.



1.2 Semiclassical Mechanics

In the first part of this thesis, semiclassical analysis of quantum mechanics will be the main
formalism employed in the construction of accurate, yet simple, descriptions of many-fermion

systems. Here we introduce some of its basic ideas.

Semiclassical mechanics has been historically associated to asymptotic expansions of quan-
tum mechanical properties in the limit where A — 07 [11, 18, 23]. This is considered a formal
limit for two reasons: a) A is a natural constant, so what should be understood as going to
zero is a dimensionless quantity involving A, and b) the semiclassical limit is generally sin-
gular, so it leads to divergent mathematical quantities, the interpretation of which is subtle
[11, 61, 110]. To illustrate point a), let V(x) denote a nonconstant, positive smooth function
on R? and define p(z, E) = \/2[E — V(2)], E > V(x), V « € R®. Then, the spatial rate of
change of the local de Broglie wavelength \(x, E') = h/p(z, E) of a quantum particle with
energy E provides a particularly useful dimensionless parameter which can be used to mea-
sure the relative importance of quantum effects and the breakdown of primitive semiclassical

approximations [11, 23]:

(1.6)

5o, B) = ‘dA(x,E)‘ _B[VV(a)]

dx Pz, E)

In particular, for a given V(x), semiclassical analysis shows that certain quantum effects
may be neglected when §(x, E) — 0 (which is equivalent to h — 0T except for = in a set
of measure zero which we describe below) [11, 23, 98]. For instance, if p(z) is arbitrarily
large, then local quantum oscillations will be of such short wave-length that the uncertainty
principle would only allow their resolution by experiments involving arbitrarily high energies.
A measurement of any local property would then yield an average expected to conform to that
of a classical description. Note that the interchangeability of the A — 0% and d(z, E) — 0%

limits breaks down entirely in a small neighborhood containing zeros of p(z, E) (generally



called turning points). This simple consideration begins to reveal certain intricacies of the

semiclassical limit, which we discuss in some detail in Chapters 2-4.

In the semiclassical limit, the properties of a system, such as expectation values of observables
or probability amplitudes, may be written as a series in powers of h where the zeroth order
term is given by the classical limit of the quantum system of interest (here and everywhere
else in this thesis assumed to be a pure state). For instance, if O is a linear self-adjoint
operator on a Hilbert space H, it corresponds to an observable quantity, the expectation

value of which on a system with density operator p is given by

O="Tr (/30) . (1.7)

In the semiclassical limit O generally admits the following formal asymptotic expansion,

O~ Og+Y O +0 ("), aeQ, AcRT, (1.8)

n=1

where O denotes the classical limit of the observable in question and the remaining terms

are corrections due to quantum effects.

While the singular nature of the semiclassical limit imply expansions such as that given by
Eq. 1.8 rarely converge, a variety of experiences with both elementary and complex systems
indicates that if only the first few terms of an expansion are retained, it generally provides
highly-accurate estimates of many quantum mechanical properties, even in regimes which

may be considered to be far from classical [9, 11, 18, 23, 34, 49]. A dramatic example is the



simple harmonic oscillator, for which the Schrodinger equation propagator

K(g,¢,t) = (¢, "), t e R*, ¢,¢ €R, (1.9)

is given exactly by semiclassical techniques [38]. This leads to well-known result that primi-
tive (WKB) semiclassical quantization also provides exact energy eigenvalues for this system.
While this is an exceptional case, it serves to demonstrate that semiclassical theories can be

much more accurate than expected on first thought.

As we shall demonstrate later explicitly for the case of fermions on a line, the appropriate
semiclassical approximations to the particle and kinetic energy densities of a fermionic sys-
tem do not admit global continuous power series expansion of the form shown in Eq. 1.8.
This happens generally for quantities which vary in space according to classical phase-space

structures which have singularities in isolated points.

Before concluding this section we make a connection to the study of many-electron sys-
tems. Notably, the first density functional method, discovered by Thomas and Fermi in the
early days of quantum mechanics [37, 101], can be interpreted as the classical limit of a

noninteracting fermionic system [18].

1.3 Molecular Transport

In the last part of this thesis we provide a reformulation of a problem related to the field
of molecular electronics [97]. The paradigmatic experiment of this interdisciplinary branch
of chemistry and physics can be roughly summarized as follows: a molecule with low-lying

electronic states, such as 1,4-benzene-dithiol, is coupled (e.g., by adsorption) to metallic



electrodes (also called leads) with different electrochemical potentials (e.g., gold wires con-
nected to a battery) and electric current is measured between the latter as a function of
initial electrochemical potential difference (also referred to as bias). This was the setup of a
famous experiment by Reed and Tour [89], though there exists plenty of variations, see e.g.,
[47]. At low temperatures, distinct phenomena is generally observed, e.g., the absence of
any appreciable current below a certain voltage threshold and the occurrence of steps in the
current-voltage I(V') profile indicating the opening of new channels for molecular electronic
conduction [54, 89]. Aside from the various technological advances which might be realized
in the future based on this simple idea [75, 97], this class of experiments provide a beautiful

view of the molecular electronic spectrum [80, 89].

A theoretical description of the phenomena of molecular transport is complicated by the
fact that electric current conduction is intrinsically a complex non-equilibrium process [27].
A complete microscopic description of all components and couplings involved in the single-
molecule transport experiment contains much more information than what is generally ex-
perimentally probed (e.g., the dynamics of the battery which provides the initial bias). Thus,
it is common to assume the effects of external degrees of freedom (e.g., those of the bat-
tery which is connected to electrodes) can be accounted for by imposing suitable boundary
conditions [26, 27]. The simplest approximations also neglect any process involving energy-
momentum relaxation and dephasing. This is acceptable in a variety of cases where the
mean free path and coherence length of the system is much larger than that of a typical path
traveled by a conduction electron. An additional assumption of a certain class of models is
that the molecular junction reaches a steady-state. This allows the application of methods
of time-independent scattering theory to the study of quantum transport [26, 27]. It also

defines the Landauer model [60], the framework investigated by this thesis.

In the Landauer theory a transmission map 7" : RT™ — [0, 1] contains all of the information

required to determine the average electric current I in a molecular circuit under an applied



bias V' [26, 27, 60]. In fact, the I(V') curve in the Landauer model is obtained from a simple

equation

1) =2 " awie) - ) TE), (1.10)

[e.9]

where e denotes the elementary unit of electric charge, h is Planck’s constant and f7,z(E)
gives the probability that a conducting electron prepared at the left or right leads has energy
in the interval [E, E + dE] C R. Generally, the free electron gas is assumed to provide a
reasonable description of the electrodes (since these are generally metals), so fr/r(E) is the
Fermi-Dirac distribution for noninteracting electrons at the temperature of the experiment
26, 27]. The map T'(FE) determines with what probability electrons will be transmitted to
the opposite electrode [26, 27]. It follows that the conducting electrons are described in
each lead by a scattering wave function obtained as a linear combination of an incoming

plane-wave and an outgoing scattered wave.

A steady-state description includes only the average effects of molecular time-dependent re-
laxation in the presence of electric current. Thus, the Landauer model can only be employed
in cases where electronic correlation is neglected or modeled by a single-particle effective po-
tential. Additionally, the distortion of the molecular environment by the presence of the leads
and the passage of a steady current is modeled (in the stationary regime) by a self-energy

operator 3. This satisfies the following operator equation

~

G(2) ﬁ0+2(z)—zi] ~1, (1.11)

where z € C — {spectrum [Hy + %(2)]}, Ho is the Hamiltonian operator for the isolated

molecule, and G(z) is the Green’s function for the time-independent Schrodinger equation
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with Hamiltonian H = Hy + Hy, + Hp + V, where V includes all of the couplings between
degrees of freedom of the molecule and the metallic leads and H; /r corresponds to the
isolated Hamiltonian for the left and right electrodes. A final assumption is that there is no
coupling between the left and right leads, so (z|V|2’) = 0 if  and 2’ correspond to positions

in different electrodes [26, 27].

The physical interpretation of fJ(E) can be obtained by considering its spectrum: the real
part of its eigenvalues provides the shift to molecular electronic energies provoked by the
coupling with the electrodes, while their imaginary part determines dissipative effects. They

induce a finite lifetime on the coupled states of the molecule and the electrodes [26, 27].

Even within the above model there exists a variety of different treatments which have been
pursued in the literature [27]. For instance, the self-energy matrix may be obtained from
tight-binding models, which may employ parameters obtained from molecular electronic
structure computations performed with open boundary conditions (sometimes the contact
regions between the electrodes and the molecule is also included in the description of the
latter so that electrode-molecule interface effects are described with improved accuracy).
Most of these prescriptions are guided by heuristic principles. The study of the Landauer
model in this thesis seeks to systematically construct the self-energy operator from first-
principles for a simple model, and perhaps shed light on some of the approaches which are

pursued in the literature.

1.4 Outline of Thesis

A variety of analytical techniques involving semiclassical analysis and singular perturbation
theory will be employed in this thesis. Therefore, Chapter 2 is dedicated to their discussion.

In particular, we provide the basics of the mathematical formalism which is later extensively

11



employed as well as the physical interpretation of the most important results. Chapter 2
ends with an application of the methods described in the previous sections to the simple
case of weakly-perturbed noninteracting fermions satisfying Dirichlet boundary conditions
in one-dimension. While this example has been recently studied in the literature with a
different methodology [33], the derivation presented here is new, and serves to illustrate the

priorly exposed ideas.

Chapter 3 presents a systematic construction of semiclassical approximations to the particle
and kinetic energy densities of fermions on a line. This contains novel phenomena such as
tunneling which are unseen in the Dirichlet case. In this problem, all of the ideas introduced

in Chapter 2 are taken to their limit.

The novel results of the chapter 3 are extensively investigated in chapter 4. Analytical
corrections to Thomas-Fermi observables are derived in different configuration space regions,
and the numerical behavior of the particle and kinetic energy densities of one-dimensional

fermionic systems coupled to different classes of external potentials is explored.

In Chapter 5 we provide a new formulation for a simple model of molecular conductance. A
systematic construction of the self-energy operator in real-space is presented as well as the

ensuing generalized Dyson equation which follows from it.

In the Epilogue we provide a global discussion of the main results of this thesis including

comments on promising future research directions.
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Chapter 2

Mathematical Preliminaries

In this chapter we explain the essentials of semiclassical theories of many-fermion systems
and the concepts of Poisson duality and uniform asymptotic approximations. We end with
the construction of a semiclassical approximation to the density matrix of Dirichlet fermions.
This gives a demonstration of the ideas described in the first sections and provides a warm-up
exercise to the problem discussed in the next chapter. Our presentation alternates between
formal and heuristic. In particular, we aim to expose some of the mathematical subtleties

of this work without losing sight of their physical significance.

2.1 Semiclassical Analysis for Many-Fermion Systems

The predictions of classical mechanics are supposed to emerge from the quantum theory in
some limit. This is what is expected based on the fact that the former explains the behavior
of most macroscopic systems. Semiclassical analysis is concerned with the mathematical
investigation of this idea [18, 23, 110]. The non-triviality of the classical-quantum interface

is revealed by the simple observation that the states and observables according to each
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theory belong to different mathematical arenas: quantum-mechanical (pure) states are rays
in the projective Hilbert space, while observables are self-adjoint linear operators; classical-
mechanical states are phase space densities and its observables are phase space functions.
The quantum and classical theories are qualitatively different (an obvious fact in light of
their completely different interpretation). This is not an unprecedented situation in the
theoretical description of physical phenomena (as for instance the case of geometric optics
arising as a short-wave length limit of wave optics reveals [52]). Nonetheless, there is a myriad
of interesting questions which could be asked about the correspondence (or lack thereof)
between the mathematical structures governing the quantum and classical theories. In this
thesis we focus only on those related to the development of non-perturbative approximations
to the quantum-mechanical theory of many-particle systems which are simple, accurate and
contain the classical limit as a reference upon which quantum effects are included. As will
be seen in chapters 3 and 4 this strategy gives rise to highly accurate description of many-

fermion systems in terms of properties of classical phase space orbits.

2.1.1 A First Look at Thomas-Fermi Theory

The classical limit of atomic systems containing many-fermions is as old as quantum me-
chanics. It was obtained originally by Thomas [101] and Fermi [37]. A quick derivation of its
main result for the case of one-dimensional noninteracting fermions coupled to an external
potential v(x) can be obtained by employing some simple assumptions: i) quantum states
accessible to fermions become in the classical limit equivalent to phase space cells of area
27h (this is justified by the old Bohr-Sommerfeld quantization theory), ii) at 0K all phase
space states with energy lower than the so-called Fermi energy Er (defined by the number
of fermions described by the model, see below) are occupied by a single fermion (due to the

Pauli exclusion principle). This implies that within this theory the fermionic particle density
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can be written as

pale. Br) = 5z [ dp 01Er — Hez.p) (2.1)

with the normalization,

—_ [ dadp 0Br — H(z,p) = N, (2.2)
27Th R2

where H(z,p) = % + v(z) is the classical Hamiltonian for a given fermion and 6(z) is
the Heaviside step function [53]. It follows that the classical limit of the one-dimensional
noninteracting fermionic particle density is given by

2[Ep — v(z)]
Th

pa(z, Ep) = O[Er — v(x)]. (2.3)

The classical limit of the expectation value of any observable O can also be quickly derived:

Oa(N) = /R dadp O, p)fIEr(N) ~ H(z,p)] (2.4)

Figure 2.1 compares the classical limit of the quantum-mechanical particle density as pre-
dicted by Thomas-Fermi theory to the exact for the case where the confining potential is a

harmonic oscillator.

Here one sees the distinctive feature of the classical limit: it can only describe the av-
erage/bulk behavior of quantum-mechanical systems. Oscillations arising from quantum
interference (see below) and barrier penetration effects are completely absent from Thomas-

Fermi theory. In the exceptional harmonic oscillator case, the quantum oscillations and
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Figure 2.1: Quantum-Mechanical particle density for a system containing 4 noninteracting
fermions. Exact results are given in blue, while the classical limit is given in red

tunneling which can be seen from Fig. 2.1 (any region where the Thomas-Fermi particle
density vanishes, but not the exact can only be populated in the quantum-mechanical the-
ory) conspire in such a way that the values taken by Thomas-Fermi observables, e.g., the
average kinetic and potential energies of the system, match the exact. Obviously, such per-
fect cancellation does not happen generically, so that if quantum effects are relevant to the
description of a particular system, it becomes important to unravel corrections to Thomas-
Fermi theory. It is not obvious how these can be obtained from the above construction. In
particular, the above derivation does not even provide much insight into how the classical

limit emerges from the quantum formalism.

In the next subsection the semiclassical limit of quantum mechanics is discussed from a
more general perspective. This will provide the necessary pre-requisites to the study of the

semiclassical limit of many-fermion systems which we present in subsection 2.1.3.

2.1.2 Semiclassical Limit with the Feynman Path Integral

There exists a plethora of methods which may be employed to describe the emergence of
classical behavior from the fundamental postulates of quantum mechanics. Here we employ
the Feynman path integral, for it provides a systematic approach to the semiclassical limit

which is transparent and insightful [39, 55]. The discussion is limited to the case of single-
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particle quantum mechanics (for the case of many-particle systems see the next subsection).

In the Feynman approach to quantum mechanics, the probability amplitude for a given
event to be measured is expressed as a sum over all possible histories of the system be-
tween its initial and final states. Each particular history has with it associated a phase,
and the event probability is obtained by application of the Born rule. In particular, the
quantum-mechanical propagator indicating the probability amplitude for a particle coupled
to a smooth external potential V' (x), first measured at ¢ to be encountered in ¢ after time

t can be represented by

(q’|U(t)|q) _ Z dﬂ[l’a]asa[q’q/’d/h, (25)

paths «
where U(t) denotes the (retarded) Green’s function for the time-dependent Schrodinger
equation, du[z,] is a measure on the space of histories, and S,[q, ¢, t] is the classical action

for the history (also commonly denoted by path) z, satisfying boundary conditions x,(0) =

q,z4(t) = ¢, ie.,
SalTa, Ta] = /0 drL[zo(7), Zo(T)], L(x, ) =T(x,2) — V(z), (2.6)

where &(7) = dz(7)/d7, and we assumed for simplicity that the Lagrangian has no explicit

time-dependence, and takes the conventional form given above.

Now suppose that the parameters defining the system (e.g., the particle mass) are sufficiently
large that a typical path x,(7) gives rise to an action S, which is much larger than A. Then
the phase difference of neighboring paths will likely be sufficiently large and uncorrelated
that a random neighborhood of paths will be irrelevant to the computation of the quantum-
mechanical amplitude. In this case, the dominant contributions to the quantum-mechanical

amplitude are given by by the neighborhoods of paths {z«(7)} which extremize the classical
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action. They satisfy the Euler-Lagrange equations deriving from the action functional S[q]

—2H = 0. (2.7)

This argument is justified with the observation that paths differing from x by a sufficiently
small amount give rise to an action which is different from that of the classical path only at
second order (in the path difference dx = = — x). Thus, from a macroscopic point of view
only classical paths (and those arbitrarily close to them) contribute to quantum-mechanical
probabilities (recall that % is O (1073%) in SI units, so the condition that the action is large

relative to £ is satisfied by essentially any macroscopic system).

While the argument given is far from perfect (starting with the notion of a path integral
that despite all successes can only be rigorously proved to exist in a very small number of
simple cases [98]), it serves two main purposes: i) to show that the study of the classical
limit of quantum mechanics can be formally accomplished by assuming that A is a very small
quantity, and ii) it demonstrates how corrections to the semiclassical limit maybe concretely
derived within the formalism of path integrals. Furthermore, a variation of the argument
given here may be employed to extract the semiclassical limit in a variety of other contexts

[42, 55, 109].

2.1.3 Semiclassical Scaling for Many-Fermion Systems

The discussion of the previous subsection was limited to the semiclassical limit of particle
motion. It is unsurprising much of the points presented there remain valid when more than
one particle is present. However, complications can be foreseen from the fact that if h — 0,

but the number of particles N is kept fixed, the energy of the highest-occupied state of a
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system will become arbitrarily small. This maybe undesirable. Additionally, because the
Thomas-Fermi density (Eq. 2.3) only depends indirectly on N through the Fermi energy
Er, the latter seems to be a natural parameter to be kept fixed in the limiting process which
takes i — 0 (as opposed to the particle number). This is particularly true if the limit being
sought is that where the predictions of Thomas-Fermi theory agree with those of quantum

mechanics.

With EF constant, a variation of & then necessarily implies change in particle number (see
Eq. 2.2)]. This modifies the normalization of the Thomas-Fermi particle density, albeit in a
simple way, as both Er and v(z) remain fixed. The simple qualitative argument just given
thus determines not only that the semiclassical limit of many-fermion systems should be
approached by varying Planck’s constant and the particle number, but also in what way this
should happen. In particular, it follows from 2.2, that the Fermi energy is invariant under a
scaling of A and N, in which N — oo and A — 0, but Nh remains fixed. This can be further
clarified by defining a small parameter v € Rt and the scaled particle number and Planck’s

constant, N, and h,, satisfying

N
P hy = hry. (2.8)
The semiclassical limit is now understood to arise when v — 0. A simple explicit illustration
of the above ideas is given by the harmonic oscillator. Let its frequency w be equal to 1.
Then, E}. = N"h" = Nh but Eni14 — En, = AE, = hy. The number of occupied states is

Er,/AE, = N/v as required.

While the discussion of the semiclassical limit above was somewhat heuristic, it finds rigorous
justification in the works of Lieb and Simon [67] and of Fournais, Solovej and Lewin [40].
The former showed that Thomas-Fermi theory becomes exact for atomic systems (including

molecules and crystals) as the total nuclear charge of the system goes to infinity, while the
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latter have recently generalized the Lieb-Simon approach to any class of non-relativistic
quantum-mechanical fermionic system, thus proving the universality of the Thomas-Fermi
limit for any class of external couplings. In the mathematical literature, the scaling given
here is justified by a Lieb-Thirring inequality. This bounds the kinetic energy of a fermionic
system in such a way that requires N to scale as A~ Y/¢ for the semiclassical limit to be
well-defined [40]. Notably, the semiclassical scaling we described above follows from the
requirement that all energy components scale with the same power of v in the limit where
v — 0. For the case of interacting systems it follows the mean-field (e.g., Hartree theory)

limit is coupled to the semiclassical [40].

Armed with these considerations, any formulation of quantum mechanics can be employed
to derive the semiclassical limit of noninteracting fermionic systems. We show in section
2.4 how the classical limit first derived by Thomas and Fermi arises from the full quantum
theory in the case of fermions constrained by Dirichlet boundary conditions. In chapter 3 we
discuss similarly the case where particles are confined only by a smooth external coupling.

For that the tools described in the next two sections will be of major importance.

2.2 Semiclassical Asymptotics for Observables

Observables of a system of noninteracting fermions can be evaluated by summing over the
contributions from each occupied quantum state (single-particle state), e.g., if O is a self-
adjoint operator in the Hilbert space of a single particle H, then in the N-particle sector of
the Fock space its expectation value on a noninteracting fermionic ground-state ¥ is given
by

o0

(U|ON|W) =D (%:lO:) 6 (Ep(N) = Ey), (2.9)

i=1
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where O ~ is the representation of O on ®Z]\;1 ‘H; and the Hilbert spaces H; are all isomorphic
(as the fermions are indistinguishable). It will be important for the derivation of the expecta-
tion value of observables in the semiclassical limit that it is understood how to approximate
sums such as that of Eq. 2.9. A hint on promising procedures is given by recalling that the
classical analog of Eq. 2.9 would not involve a discrete summation, but instead an integral

over a continuum set of occupied classical phase space states.

2.2.1 FEuler-MacLaurin Summation

The idea of estimating sums over discrete sets by integrals (and vice-versa) is an old one
[5, 53, 107]. For instance, the Euler-MacLaurin (EM) formula was discovered almost 300
years ago [36, 73, 82]. Tt is valid for any f(x) with continuous derivatives at any z in the
summation domain. For the case where f has at least m derivatives, it may be written

explicitly as,

3

$0) = [ dap)+ L)+ Fl+ 2 2 [ V0) = 5D (0] + B (210

where By denotes the k-th Bernoulli number [1], f(j) = &/ f(z)/dz? and R,, is a remainder

integral [5, 15].

The EM expansion is useful in a variety of contexts where f is a slowly-varying function or
has only a finite number of nonvanishing derivatives [15, 82]. However, as Eq. 2.10 shows, the
EM formula is expected to be problematic whenever the summand has any kind of singular
behavior in the complex plane. For instance, in cases where a function varies fast enough
in some domain (e.g., if it contains a pole), its derivatives become large and the coefficients

of the above expansion clearly go to infinity. We should note however that the EM formula
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was proven to be useful in demonstrating the connection between semiclassical WKB and

Thomas-Fermi theory [74]. This will be further discussed in chapters 3 and 4.

In any case, most of the interesting phenomena in the natural sciences arises from some
type of singular behavior. Therefore, generally speaking the Euler-MacLaurin formula finds
overall limited applicability. The next subsection provides an alternative method which will

serve as the basis for later developments.

2.2.2 Poisson Summation and Dual Representations of Sums

Our first hint towards the semiclassical limit of quantum-mechanical observables of many-
particle systems was obtained by considering their classical limit. Quantum corrections are
expected to introduce wave phenomena such as oscillations (see e.g., Fig. 2.1 and [38]). As
discussed, in this instance, the EM summation formula is expected to fail. Thus, in this
subsection we show an alternative method, that of Poisson summation, which, as will be

seen, is capable of generating the semiclassical behavior of the sums represented by Eq. 2.9.

Before introducing the Poisson summation formula we note that it is motivated by the ele-
mentary observation that functions may be represented in a variety of equivalent ways, some
of which are more useful than others in different contexts. For example, special functions can
be written as integral representations or as series expansions with the same domain. Integral
transforms provide a qualitatively different example as they map functions on some space to
another, so that while a function and its integral transform contain the same information,

they are not equal, but dual.
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Poisson summation provides a dual representation of discrete sums,

N-1 00

N+a-1/2 .
Gy => / dAf(N)eX™ A ol < 1/2, (2.11)

=0 k=—o0 Y @=1/2

where f(\) is assumed to fulfill the following two criteria: i) it matches f(j) when A = j € N,
and ii) it satisfies Dirichlet conditions in any subinterval of unit length of («—1/2, N4+-a—1/2)
[25]. Note that with a = 0, the £ = 0 term of the Poisson summation is equal to that of
the Euler-MacLaurin formula (in fact there exists a correspondence between the EM and

Poisson summation formulas which is explicitly shown in [15]).

The Poisson summation formula allows the conversion of a finite sum of known coefficients
into an infinite sum of Fourier integrals over those. Thus, it may seem to have made the
initial problem harder. The following semiclassical argument shows why this is not the case.
In particular, we shall see that the r.h.s of Eq. 2.11 has a beautiful physical interpretation
which also reveals why it is more amenable to an asymptotic treatment compared to its

original representation.

Let p(z, Er) denote the particle density for a system with Fermi energy Er corresponding

to N particles,

~1/2 '
o, Er) = Zm o) 5= Y [ L BmE@PET )

m=—00

where in accordance with the description above ¥,(x) is required to match the discrete

eigenstates ¢;(x), V j € Z*, and be continuously differentiable almost everywhere (i.e.,
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except at isolated points) in both A and x. Then, we can rewrite it as

p(z,Ep) = Y Bplx, Bp(N)|eOmtnrtl, (2.13)

m=—0Q

Now consider the expression of the particle density in terms of the Schrodinger equation
propagator [41],

T
dt
plx, Ep) = 7lim P
—oo J_p U — 1)

e Bt/ (g t)z,0), n— 07, (2.14)
By employing a semiclassical approximation to the quantum propagator we necessarily obtain
a corresponding approximate particle density. We find the former by recalling the discussion
of subsections 2.1.2 and 2.1.3. They imply the semiclassical limit of the quantum propagator

can be represented by

(z, |z, 0) ~ > Alga(z)]eSta O/ p s ot (2.15)

cl. paths,q(0)=q(t)=z

where A[qa] is proportional the density of classical trajectories in a neighborhood of ¢q.
Thus, it depends only on quantities evaluated at the classical orbit with boundary conditions

ga(0) = qu(t) = z [55, 98].

24



With the above result, a semiclassical approximation to the particle density is obtained

<o dt A
p(LEF)N/ " iERt/h Z Alga)eSlaa®/m | (2.16)

— 00 t— ”7 cl. pathS,q(O):q(t):x

The dominant behavior of the above integral in the limit where 7 — 0 can be obtained with

the method of stationary phase approximation [14, 28, 68]. It is given by

o B~ S Y Gl BN exp [h | P Er)ad + 35| . 3y € 2, 217

j=—o0 cl. paths J

where the classical paths being summed now correspond to to those which are closed and

along which a particle travels with energy Ep, irrespective of the elapsed time.

Here it is important to understand that because the ground-state particle density is a time-
independent observable, the classical paths appearing in Eq. 2.17 include a primitive path
gcl and an infinite number of repetitions of the latter which we have labeled by j, where
7 < 0 means that the path is travelled in the opposite direction relative to those paths with
7 > 0. The index j classifies topologically inequivalent classical orbits, that is, those which

cannot be deformed onto each other by a small local perturbation.

The clear resemblance between equations 2.13 and 2.17 indicates the interpretation that each
term of the Poisson summation formula may be associated in the semiclassical limit to a class
of topologically equivalent paths of the classical system which corresponds to the quantum-
mechanical. Because of this interpretation, Berry has described the Poisson formula as a

topological sum [12, 12]. We will make extensive use of it in section 2.4 and chapter 3.
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2.3 Uniform Asymptotic Approximations

In the previous section we have shown an approach towards the derivation of semiclassical
approximations to the observables of noninteracting fermionic systems. For this to be use-
ful, knowledge is required of the semiclassical limit of the eigenstates of the single-particle
quantum Hamiltonian characterizing the noninteracting system. In this section we present
those for the case of interest to this thesis, that of one-dimensional particles confined by a

smooth external potential v(x).

The most traditional way of studying the semiclassical limit (for this section, the only limit

that is relevant is & — 07) of the quantum states ¥ (z) of a Hamiltonian of the form
H=———+uv(x), z€R (2.18)
is via the WKB [19, 58, 106] approximation. In this method, an ansatz of the form
U(z) = erA@), A(z) = Ao(x) + hA;(x) + ..., (2.19)

is applied to the Schrodinger equation, and the coefficients A;(z) are obtained by solving
simple coupled differential equations [23, 55]. If & — 0, it is expected that the terms A;(z)
with 7 > 1 will become irrelevant in the expansion of A(z). Thus, retaining only Ag(x) and

A (z), we obtain the so-called WKB wave functions,

WCOS [foL v(z’)]dz’ — E] v << TR,
¢;NKB(33) ~ mexp [ me 2|E — U([L’l)|dl‘/] T <xp—1,
mexp [ ;R 2|E; — v(:v’)\da:’] T > TR+,

where n — 07, E; is obtained from the WKB quantization condition [11, 23] and z, and zg

denote the two turning points of the classical trajectory corresponding to E;.
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Figure 2.2: Left: harmonic Oscillator orbital densities |1 (z)
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|2 computed exactly (blue) and
with WKB (red). Right: harmonic oscillator orbital densities |15(z)|? computed exactly
(blue) and with WKB (red).

While WKB provides a quick avenue towards the semiclassical limit, a quick look at the
WKB wave function reveals two major problems: it is not defined at the turning points =,

and xg, and it is also discontinuous across them. Figure 2.2 illustrates these problems by

showing orbital densities obtained with WKB wave functions for the states j =1 and j =3
corresponding to v(z) = 1/222.

The singular behavior of the (primitive) semiclassical wave function is a manifestation of the
fact that that the classical probability density for a particle to be found in the configuration

space interval (z,z + dx) diverges exactly at those points where the speed of a classical

particle vanishes. In fact, let Py(z, E') denote the probability to locate a classical particle in
the aforementioned interval. Then,

E
P,y(z, E)dx = dt(dz, B)

— 2.2
T (220)
where T'(E) denotes the period of the classical orbit with energy E. It follows that
1 dx
Py(z,F) = —————, JE)=+/2|F — = —. 2.21
(0. B) = s pleE) = VAE )] = (2.21)
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Thus, the pathological behavior of WKB around turning points of the classical motion is
not an anomaly. It is a result of the singular nature of classical phase space motion when

projected to the configuration space.

The above discussion makes it clear that approximations to the particle density (and other
local observables) which are based on WKB will inherit its representation-dependent sin-
gularities [69]. To avoid this one may look for an alternative semiclassical wave function.
Because WKB works greatly in the bulk region which is far from turning points, this would
ideally reduce to WKB when it is appropriate but would also somehow include the smoothing
effect of quantum mechanics near the classical turning points. These characteristics might

be said to define a uniform semiclassical approximation.

Semiclassical uniform approximations are generally obtained in terms of canonical functions
which unfold the singularities intrinsic to primitive asymptotic treatments (e.g., WKB) [10,

11, 23, 98]. The Airy function

1 [~
Ai(z) = — / '3+t gy (2.22)

:27T

is the oldest and most popular of this group of special functions [2]. Its preponderance
is attributed to the ubiquity of the fold catastrophe which arises as a coalescence of two
non-degenerate critical points of a mapping [23, 98]. For example, the stationary WKB
wave function can only be written if the corresponding classical Hamilton-Jacobi equations
have known solutions. Each defines a critical point of the classical action functional. In
one dimension, for a generic classically-allowed position and energy, there exists two real
solutions corresponding to positive and negative momentum. However, at a turning point
there is a single zero momentum critical point of the action. As a result, the projection
of the constant energy Lagrangian submanifold on configuration space is singular and the

stationary spatial WKB wave function loses its validity [6] as we explicitly saw above. We
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will show below there exists a semiclassical Airy uniform approximation to the quantum-
mechanical wave function. It is also based on the solutions to classical equations of motion,
but it encodes this information in a way that avoids the aforementioned issues altogether

11, 23, 62].

In 1937 Langer proved that a semiclassical wave function existed which did not have any of
the singularities associated to the classical motion. Sufficient and necessary conditions for
its validity are that v(z) must be such that the corresponding zeroes of the squared classical
momentum p*(z, E) (turning points) are simple, and p(x, E) is analytic everywhere except
where it vanishes. From now on we assume these requirements are satisfied. Let E denote
the energy of a classical bound state, w(E) the classical frequency of the periodic orbit with
energy F, x_ the Lh.s turning point for a particle with energy FE and S(x,z_, F) the classical
action measured from z_, i.e., S(z,x_, E) = [ p(2’, E)da’. Then, the corresponding Langer

wave function can be written as:

2mw(E) [3S(x,xz_, F) Ve 3S(x,x_, E) 2/3
_(x, F) = - Al |— | =—————= 2.23
where Ai(t) is the Airy function evaluated at t [1]. To simplify notation, we define
2/3
(2, E) = waT‘E)} . (2.24)

An identical approximation can be made where x_ is replaced by x, and the action rewritten
as S(xy,z, F) so it remains positive semidefinite in the classically-allowed region. While the
Airy uniform approximation was originally built for probems with a single turning point,
it may be extended (non-uniquely) for the case where there are two such points [77]. In
this work we employ the following prescription: let z,, be defined such that S(z,,,z_, F) =
S(xy,xm, E) = S(xy,x_, F)/2. Then, for x < x,, one may employ the left Langer wave

function ¢_(z, E), while the right is used otherwise. Both will be denoted by ¢(x, E) from
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now o1m.

Note that for any smooth v(z) where E defines a classical bound state state with two
turning points, ¢(x, F) is defined for all real z. In the classically-forbidden region, the action
(and any quantities derived from it) must be analytically continued so that ¢(x, E') remains
real and well-behaved. For example, for x < z_, it follows that p(z, E) = €/?|p(x, E)|,
S(x, E) = e¥™/2|S(x,x_, E)|, and 2(x, E) = (3™/23/2|S(x_, z, E)|/h)*3, so

2mw(E)

¢z, FE) = (@ B)| |2(z, B)|Y*Ai (|2(z, B)|) 2 < 2_. (2.25)

In particular, ¢(x, E') is a continuous function of x across the transition region (between
that which is classically-allowed and forbidden). Its behavior is oscillatory in the bulk of the
classically-allowed region (zp(x) >> 0) [1]. For large negative values of zr(x), i.e., for z far
from turning points in the classically-forbidden regions, it decays exponentially as expected
for a bound finite system. Further, if the asymptotic forms of the Airy function are employed

where the WKB wave function is well-defined, ¢(x, F') is seen to be locally equivalent to that.

These remarks suggest the Langer wave function provides a promising starting point for
the construction of uniform approximations to the semiclassical particle and kinetic energy

densities. This will be verified to be true explicitly in chapter 3.

2.4 Warm-up Exercise: Dirichlet Fermions

This chapter is ended with a non-trivial example of the ideas exposed in the previous sections.

Define as Dirichlet fermions those which have zero probability to be located outside of a
compact interval, e.g., [0, 1], i.e., their wave functions satisfy vanishing Dirichlet boundary

conditions at x = 0 and z = 1. We consider noninteracting particles with the same spin, so
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they are only correlated by the Pauli principle. The single-particle hamiltonian governing
all properties of the system is given by

. 72 d2

H = —?@ +’U($>, WS [O, 1] (226)

where v > 0 is the semiclassical scaling parameter, v(z) is a smooth external potential and
we have set m = i = 1. The domain of H consists only of those functions which are square
integrable in [0, 1] and vanish at = 0 and = = 1. We only treat systems with ground-state
energy Ey > v(x), ¥V o € [0,1]. In the next chapter we lift the latter two requirements and

remove the Dirichlet boundary conditions.

First we derive the ground-state density matrix, then we take the limit where 2’ — x so the
particle density is obtained. A derivation of these results using completely different methods

can be found in references [22, 33].

2.4.1 One-Particle Density Matrix

The single-particle density matrix for a system of N noninteracting Dirichlet fermions is

given by
np(z,z') = (2)o;(2), z,2" €[0,1],6;(0) = ¢;(1) =0V j €N, (2.27)

where ¢;(z) denotes the eigenstate of H with energy E;, such that E; < E; for all j < i and

Z identifies the complex conjugate of z.

To find the limit of n},(z,z’) as v — 07, we can employ WKB orbitals adapted to Dirichlet
boundary conditions. They correspond to uniform approximations for the studied system

since we assume that the equations E; = v(z) have no solution on [0,1]. Then, it follows that
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primitive semiclassical wave functions are continuously differentiable for any energy £ > FEj.

By following the same idea given in our previous discussion of WKB one finds that,

STVER (1) = ,/%sm[ (@), (2.28)

where we employ the notation of the previous section. The WKB energies which should be

v,WKB

employed in the computation of w; and p; are obtained by requiring that ¢; satisfies

the appropriate boundary conditions for this problem:

1
:/ dx’\/Z [E;’WKB—U@]) = jT. (2.29)
0

The implication of the above quantization condition is that, as expected, the spectrum of
the Hamiltonian (and with it every other quantity in eq. 2.28) depends on ~y. For the sake
of simplicity, we adopt in the remainder of this derivation a simpler notation in which only
explicit v dependence is shown and any reference to WKB is removed, though it should
be kept in mind that y-scaled WKB energies are being employed to calculate any classical

property which is needed to construct the semiclassical Dirichlet density matrix.

From the above we have the WKB Dirichlet density matrix,

NY—1

2% sin[S sin[S; (2’
Z \/W x)/y]sin[S; (") /4],

(2.30)
which can be further simplified to

N

npea)= 3
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and rewritten as an infinite sum with the aid of the Poisson summation formula:

nl)(w’)=% > /N T D9 sl (S (@) — Sa(@)] — cosly M (Sa(x) + Sa(a))]] e,

e Vpa()pa(a’)

(2.32)

where Ny = —1/2 and N}, = N” — 1/2. As v — 0 the integrand above oscillates fast under
small variations of X\. This can be employed to obtain an approximation to each of the shown

integrals. In particular, if integration by parts is performed it is found that

Wr -
TLD(,I‘, l‘/) - (]1 - ]2) + O(ry)? (233)
T/ pF(x>pF(x,) mzzoo
where
1 N-1/2 ‘ / , )
=1 / O [N =S\ )y i3 25 2] (2.34)
~1/2
and
1 NT-1/2 ‘ ) , )
. / Lo [N 55 ) iS04 556 ). (2.35)
—1/2

Note that we have neglected contributions from the lower-bound of the integration domain
(it can be shown they are irrelevant in the semiclassical limit). The integrals in I; and I
are still not simple enough to allow for an exact evaluation. However, they may be again
approximated with the method of integration by parts. We work the following example in

detail as the prescription will be adopted for each of the integrals encapsulated by I and I5.
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Let

N7-1/2 O i eif
I = / d\ e/ = / df ——, 2.36
d -1/2 f(=1/2) df/d)\ ( )
where
fA) = 2mmA + S\(x) /v + Sa(2) /7, (2.37)

and f = f(N” —1/2). By employing the relations

AN 1 __0S\(2)
(ﬁ) 2mm e+ ax(x) + an(e) o) =7 20 239

we find to leading order in -,

eilSF () /v +Sp(a")/y]—mm

~ 2rm + ap(z) + ap(z’)

I +0(). (2.39)

After performing the same steps for the other integrals associated to I; and I we find the

result is
np(eal) et 3 [l (e (@) - Se())}S: - sinll/(Se() + Se(a/))S]
(2.40)
where we have only shown the leading terms in the limit where v — 07, and
S, = f: e_m,n; S, = i - e_zw,n; _ (2.41)
= w S e~ W .

Fortunately the above sums can be evaluated exactly, so the infinite number of terms which
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initially appeared in the Poisson representation of the density matrix have been reduced to

an almost unbelievably simple semiclassical approximation [33]:

nh(x,a') ~

WE (Sin[l/’y(SF(l‘) — Sp(@))] _ sin[1/y(Sk(z) + SF(x,))]> . (2.42)

)
TPr @)\ sin (2l an ) sn (2eleltar))

The semiclassical particle density is obtained from the one-particle density matrix by taking
the limit where x — 2’ [22, 68]. It can be written as a dominant term corresponding to the

Thomas-Fermi density and an oscillatory correction of lower-order in -,

- pr(v) _ wpcos[2Sp(x) /7]
™ pr(z)sinfap(z)]

oh(a) (2.43)

Here one is reminded again of the singular nature of the Thomas-Fermi density (the first term
on the r.h.s) as it arises from the part of the diagonal element of n},(x, ') which corresponds

to a removable singularity:.

Extensive discussion of the behavior of the Dirichlet density matrix and one-particle density

including their relevance to electronic structure can be found in [22, 33].
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Chapter 3

Semiclassical Approximations for

Many-Fermion Systems

3.1 Introduction

The present chapter focuses on the semiclassical limit of sums of quantum mechanical prob-
ability densities over the lowest N bound levels. In particular, we employ the methods
discussed extensively in chapter 2 to construct uniform semiclassical approximations to the

particle and kinetic energy densities of noninteracting fermionic systems in one dimension.

A literature review is given in subsection 3.1.1. In section 3.2 we introduce relevant definitions
and establish notation. Sections 3.3 and 3.4 contain the main developments of this chapter:

i) derivations of the uniform approximation to the semiclassical particle and kinetic energy

A portion of the text in this chapter is a reprint of the material as it appears in Corrections to Thomas-
Fermi Densities at Turning Points and Beyond Raphael F. Ribeiro, Donghyung Lee, Attila Cangi, Peter
Elliott, Kieron Burke, Phys. Rev. Lett. 114, 050401 (2015).
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densities, ii) a discussion of their analytic properties, and iii) their physical interpretation.
We conclude with a discussion of open problems. Appendices I and II provide further
comments on the smallness of higher-order terms neglected in the treatment employed in the

main text.

3.1.1 Literature Survey

In this section we provide a summary of previous research related to the problem solved later
in this chapter. It is important to recognize the priorly obtained limiting behaviors for the
particle and kinetic energy densities, as later we show the approximations derived in section

3.4 provide a unified description of all of them.

Primitive semiclassical approximations of limited range of validity have been obtained before
for both the particle and kinetic energy densities [22, 57, 63, 93]. For instance, Kohn and
Sham gave region-dependent discontinuous approximations to the one-dimensional fermionic
ground-state density [57] using semiclassical Green’s function theory. Lee and Light built
a similar approximation by heuristic generalization of some properties of the problem of a
particle in a linear potential, but had to resort to discontinuous ad-hoc corrections from a
different model to improve its accuracy [63]. More recently, Cangi et al. obtained a uniform
approximation to the particle and kinetic energy densities, but only in the case of vanishing
Dirichlet boundary conditions and Fermi energy above any critical point of the potential en-
ergy function [22] (see also section 2.4). Similarly, Roccia and Brack constructed semiclassical
approximations for the density and kinetic energy densities in a classically-allowed region by
employing the Van-Vleck-Gutzwiller [44, 104] semiclassical Green’s function [93, 94]. As a
result, their approximations are strongly singular at turning points and cannot be continued

to the classically-forbidden region.

Aside from the approaches just discussed, many variations are discussed in the older literature
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of a variety of subfields of theoretical physics and chemistry, e.g., [4, 7, 43, 81, 100]. Most
of the failures of older models can be either ascribed to a reliance on primitive semiclassical
methods (e.g., WKB) as a starting point or inadequate formalism upon which perturbation

theory is performed.

3.1.2 Definitions

For an isolated non-relativistic system of noninteracting 2N spin-1/2 fermions bound to a
smooth external potential v(z) with nondegenerate energy levels Ej, the ground-state wave
function ¥ can be written as the normalized antisymmetric tensor product of N single-
particle states (orbitals) ¥;(x), i = 1,2,..., N satisfying (fh/}l)(w) = Ei(z), where E; <
E;, Vi < j. The corresponding particle density p(z;2/N) = n(z) is defined as the expectation

value of the operator SN | §(z — ),

n(x) =Tr

pY o >] =23 W@l (3.1)

The kinetic energy of the same fermionic system can be obtained as the expectation value

of the kinetic energy operator T.Thus, we we define the kinetic energy density ¢(z),

t(z) =2 NZI V() (Tw) (). (3.2)

=0

The operator identity T=H-V may be employed so ¢(z) can be rewritten in a form that

will find use later:

Z ED )P, (3.3)

where m is the fermionic mass, and p*(z, E;)/2m = E; — v(z).
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Note that a nondegenerate fermionic ground state can be completely specified by its potential
energy function v(x) and number of particles N. Hence, we define the Fermi energy Er
so it lies between the energy of the lowest occupied and highest unoccupied orbitals, i.e.,
Ex_1 < Fr < Ey. In this way, we may characterize a one-dimensional fermionic ground
state by v(z) and Er. Assuming, without loss of generality, that each orbital is occupied by
a single fermion of unit mass, the particle and kinetic energy densities for N noninteracting

bound fermions may be rewritten as:

n(e) = 3 )P0 (B — ), (3.4
o) = 5 3 (o) o, )6 (B — B, (3.5

where the spectrum of H is assumed discrete for notational purposes.

3.2 Uniform Semiclassical Approximations

3.2.1 Particle Density

Our aim in this section is to obtain closed-form uniform approximations to the one-dimensional
non-interacting fermionic density which respect the leading-order asymptotics of n(x) every-
where in configuration space. As opposed to the derivation presented in section 2.4, the
semiclassical scaling parameter « is not explicitly shown, though it is implied that we work
in the limit where semiclassical asymptotics is reliable. We choose to retain A in all equations.
This is done to aid clarity (as y-scaling is omitted). Later we apply semiclassical scaling in the

Appendices to show that terms neglected in intermediate steps of the following derivations

39



are irrelevant in the semiclassical limit.

Without loss of generality we assume orbitals are singly-occupied and the fermions have
m = 1. The external potential v(x) is required to be analytic and to have non-vanishing
first derivative at the turning points of all classical orbits with F < Epr. Under these
conditions, the orbitals of non-interacting fermionic system can be uniformly and accurately
approximated by the Langer wave functions described in the previous chapter. It follows
from Eq. 3.4 that the same is true for n(z). Thus, our treatment has as its starting point Eq.
3.4 with Langer wave functions (eq. 2.23) employed as occupied orbitals. In what follows
Er will always be chosen so that the classical action (see below) S(Ep,x,x_) satisfies the

semiclassical quantization condition

S(Ep,x4,x_) = N7h. (3.6)

This choice enforces normalization of the associated Thomas-Fermi density (the leading
term in any asymptotic expansion of the particle density) to N particles [37, 74, 101]. Also
equivalent is to assume the Fermi level corresponds to the energy of a state with half-integer

quantum number j = N — 1/2 in the WKB quantization condition

- Al BG)] = (G +1/2). (3.7

For this reason every quantity evaluated at j = N — 1/2 will be denoted by a subscript F.
Note the above implies the Fermi energy defines a compact Lagrangian submanifold of phase

space, so that no states in the continuum spectrum of H are occupied.

In the first step of our derivation we employ the finite Poisson summation formula (see

previous chapter and [25]). It allows the rewriting of the particle density in a way that
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(despite appearances) is amenable to a semiclassical treatment:

-1/2
> / AN P, (3.9

N-1
>l =
7=0 k=—o00

where the conditions satisfied by () are described in section 2.2.2.

Using the finite Poisson summation formula and the Langer semiclassical uniform approxi-

mation to the wave function for each occupied energy level we obtain for the density n(z)

_ = N QW(A)Zlﬁ(%}\) 20 2mikA
@)=Y /_ L WA e, (3.9)

k=—o00

In the integrals above, physical quantities defined previously as functions of E are written as
functions of A via the mapping E = E()\) (e.g., w(F) = w(E(\)) = w(\)) which we assume
can be well approximated by Ewkgp(A). Because our assumptions imply non-degeneracy of
energy levels and dE/d\ # 0 for all F < Ep, the map E()\) is bijective in the integration

interval.

Our strategy consists of a perturbative evaluation of the integrals in Eq. 3.9, followed by
resummation of the dominant contributions to the asymptotic expansion of each. The terms
in Eq. 3.9 where £k = 0 and k # 0 are treated in different subsections, since their asymptotic
treatments and physical interpretations are of a different nature, though, as will be seen,

deeply connected.

Dominant Behavior

The leading asymptotic contribution to the density in the semiclassical limit is well-known
to emerge from the zeroth component of the Poisson summation formula [11, 18]. In other

words, Thomas-Fermi theory may be obtained by approximating the summation in the
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v(x)

x=2.2 Eg

— X
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(b) Typical v(z); the energies £y and Ey cor-
(a) Generic behavior of [p(A, z)| for fixed x. respond to those with turning points at the
two values of z indicated in Figure 1.

definition of n(z) by an integral over classical (or WKB) probability densities [11, 22, 74].

Thus, we expect

= e _w()\) 22 (x i2[—z(x
no(x)—2/_1/2 A (2, ) Ai2[—z(z, \)], (3.10)

to contain the classical limit of the one-particle density n(z). In what follows x will be
regarded as a parameter, so it will be assumed constant throughout all subsequent develop-
ments unless explicitly stated otherwise. For ease of notation we omit the spatial dependence
of physical quantities at intermediate steps of the derivation. Then, upon using the iden-
tity Aw(A)dA = p(A)dp(N), no(z) can be rewritten in a simpler form as a Riemann-Stieltjes
integral [108]:

N-1/2
mo(e) =207 [ S ) AR [PV .11

—-1/2

where f(p) = f(p(A\)) = p(A)/+/2(A). Both p(A\) and z(X\) are of bounded variation in any
compact interval of the (z, ) plane (see Figures 1 and 2). Additionally, the integrand is

continuous in the integration domain. Therefore, the integral is well-defined.

If f(p) were constant as is the case for the linear potential v(z) = x, a closed-form solution
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would exist for ng(x). For well-behaved v(z) we expect f(p())) to be a slowly-varying
function of A. In fact, as the semiclassical limit defined in Section 2.1 is approached, the
variation of f with respect to A tends to be small (see Appendix I). This suggests the following

zeroth order approximation, obtained under the assumption that f(p) is constant,

A=N—1/2

= 2 200 (A1) + AT+ (3.12)

1
z(A)

A=—1/2

To extract corrections to néo) we take partial derivatives of the above with respect to p (noting

that in this case d/0p = ON/Op 0/ON), change N to A, and then apply the integration
operator f_Nl;Ql /2 dp(\) to both sides. After rearranging terms we find:

_ (M) o -1 21 AENEE 1/2 of
o= PRVE) (AP + T AR | g [T g a0
N-1/2
i, WA, (3.13)

where f'(p) = 0f/0p. The identity 0f/0p = 0z/0p Of |0z allows us to rewrite the correction

to néo) (x) in a simple form:

(0) L of
no = n® 4 Lo+ 2 / d {Ai[— (V] A7 [—= ()]} 2L (3.14)
FL —1/2 82
where Lo corresponds to the first term on the r.h.s of Eq. 3.13 evaluated at A\ = —1/2.
Further integration by parts gives:
12 aieatien - [0 e L a0 2@ 19
ng = ”0 h |0z . i|—z2p|Ai |—2zp i 9.2 ) i —z xz). (3.
where L contains all previously integrated terms evaluated at A = —1/2 i.e.,
2 1 /2 of . -/
AL = | —p(A\)\/2(N) (Az [—z(A\)] + —=Ai [—Z(/\)]> - = Ai[—z(N)] A [—2(\)] . (3.16)
z(A) 0z | (0 A=—1/2
A hint that L(z) will turn out to be negligible under our assumptions is that A = —1/2
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corresponds in the WKB approximation to a classical system with zero action, i.e.,

}{ dap [z, E(—1/2)] = 0. (3.17)

In this case,the classical motion is supported on a minimum of v(z). In Appendix I we show
explicitly that both L(z) and the integral in Eq. 3.15 can be safely ignored under the scaling
given in Section 2.2. Hence, we find ny may be approximated under conditions of small A

and large N by:

br 2 —1 4.2 Wp PF 4 y
no ~ Sov/zr (AP [=2p] + 2t A% [=2r]) + (pFaF — 2h22/2> Ail—zp|Ai'[—2p], (3.18)

where ap(z) = 2}1;,/2(:76)82(:15, A)/OA x=N—-1/2-

Note that as x approaches a turning point corresponding to the Fermi energy, ap(z) —
2thzf;/2(:E)/p%(x). Thus, Eq. 3.18 reduces to Eq. 3.12 (minus the terms depending on
A = —1/2) in a neighborhood of each turning point. This is consistent with the assumption
that there exists a region near the turning points where the potential may be linearized and
where its properties become identical to those of the linear potential, a central requirement
of this work. Further, use of the Airy function asymptotic expansions for large positive zp

recovers the Thomas-Fermi limit for the density at leading order (see Appendix I).

Leading Corrections to Dominant Term

Let ny(z) denote the sum of the components of the Poisson summation formula with & # 0.

Then, using the integral representation of Ai*(—z) [71], ni(x) can be expressed as:

’

00 N-1/2 N2\ (2/12+2(\)t)
/ d)\w( ) Z( )627r7,k/\/dt€ (319>
C

ke -1/2 p()\) 42'71'3/2\/% ’

o0

n1:2
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(¢) The contour represents a closed curve starting at coe**/3 and ending at coe?™/3. The black dot
represents a branch point at ¢ = 0, and the branch cut is positioned at Re ¢ < 0. For details, see
Ref. [71].

where the primed summation implies that k£ # 0 and the contour C is given in Figure 3.
To obtain approximate forms for the integrals in Eq. 3.19 a choice of perturbative method
must be made. For that, we recourse to the following arguments. It is well-known that the
semiclassical limit of the fermionic particle density is expressed in terms of quantities that
depend only on the Fermi energy [22, 68, 70, 74]. Similarly, as consequence of the Darboux-
Christoffel formula the fermionic ground-state harmonic oscillator particle and kinetic energy
densities can be written exactly in terms of the lowest unoccupied orbital ¢y (x) [51], e.g.,

w0 N) = 5 () + G (3.20)

where units were chosen so h = m = w = 1, single-occupation of the orbitals {4y, ..., n_1}
was assumed, and for the harmonic oscillator pr(z) = /2(N — 1/222). These motivate our
assumption that the dominant contribution to each of the integrals in n;(x) originates from

a small neighborhood of A = N — 1/2 in the integration domain.

Define
F(X\) = 21kX —iz(A\)t, y(\) = a(V\) 22N, (3.21)

so OF/OX = F'(\) = 2nk — iy(A\)t. Then, upon switching the integration order in Eq. 3.19
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we obtain:

oo t3/12 N-1/2 ()\) ()\) A
e w z
ny =2 dt——— AF(\)—LY i) 3.22
! Zoo/c 57t ) YD 522
From integration by parts we further find
Qwp/7F £3/12 + zpt 1
ny = F\/ZF Z (_1)k/dtexp [( ./3/2 zrt)) ‘ — + R, (3.23)
Pr = c 4im3 12/t 2mik + zp ' apt

The first term in the r.h.s of the above may give a useful approximation to ni(x) as long as
the remainder R; is relatively small. In Appendix I, we show explicitly this is in fact the

case at the semiclassical limit.

The factor (2mik+art/ /zr) ' may be expanded as a convergent power series in ¢ /(2mikyy")
within the disk |t| < t, = |27ky,'|. While yr can be made arbitrarily small (but different
from zero) by the scaling defined in Section 2.2, no matter how large ¢, is, the integration
domain will contains regions where [t| > ¢,.. If term-by-term integration is performed, then
the resulting series will be divergent. Similar phenomenon arises in the case of many asymp-
totic expansions, such as the exponential and the Stieltjes integral [14, 28]. The behavior
of this class of asymptotic expansions is well-understood, see, e.g., [14, 28]. For instance,
the accuracy of estimates based on the leading term increases as the radius of convergence
of the associated geometric series is enlarged. In addition, approximations obtained by the
inclusion of higher-order corrections become progressively more accurate, but only until one
reaches the parameter-dependent optimal truncation point where the error made by the
asymptotic expansion is minimal, and beyond which the pathological behavior of the series

starts to show (the magnitude of higher-order approximations increases unboundedly).

For each value of k£ in Eq. 3.19, we are only interested in the lowest-order terms. Further,
as previously mentioned, the radius of convergence of the geometric series expansion of

(2mik+agpt/\/zr) ! is arbitrarily large in the semiclassical limit. Therefore, the pathological
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effects of the singularity in the integrand of Eq. 3.23 emerge only at high-order corrections

for which we have no use.

Thus, we expand (27ik + art/\/zr) "' as a geometric series in t/(2mikyz") and follow it by

changing the order of summation and integration to encounter:

P 2mmr)itl —Am3/2\/t

m=—00

ny ~ 2WFF JZO (apz;”)j 3 ((_i/cdte}(p (/124 2rt) i (3.24)

The expression above may be simplified by use of the identities:

S e 1 Te A VST R |

Z (2mm)i+i = %1 , for j odd, 0 otherwise, (3.25)
o’ )12+ zpt) O
o R = g A (3.26)
0zt Je 4im3/2:\/t 02,

where ((p) is the Riemann zeta function [1]. It follows that:

ny ~

WEVEE o (e (2ET = 1)C(2)) 96
e ;(—1) (anF ) i aZ%j_lAz [—zF]. (3.27)
This expression could be further simplified by using the binomial expansion for multiple
derivatives of a product and a recently discovered formula for the jth derivative of the Airy

function (so-called Airy polynomial [20]). The end result is:

2 00
wr

o~ = ST (—2p) T gy g () AT B ) A OO B [y, (3.28)

PF =50

where for u € Z,u/Z3; = u mod 3, and each of the {{;(ap)} is a different power series in ap,
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e.g.

£o(c) = ; (—1)k12 ((2%)' —1) sza%_17 (3.20)

_ 7ad 3lah 127a),  21127a%  32532971al

_ 3.30

§1l@) = 1220 T 17280 T 302200 T 27371520 | 2615348736000 (3:30)
3lad, 127  73ad  1414477ql

= 3.31

&) = 51792 T 345000 T 013760 T 11887948800 | (3:31)

where By identifies the 2kth Bernoulli number. The power series £;(«) seem to be related

to periodic functions. For example,

§o(a) = esc(a) — é (3.32)

This is an important feature of the leading term in the expansion given for n;(z). Recall
that ap(x) (restricted to z_(Er) < & < 2,(EF), or z,(Er) < o < x4+(Ep)) is the angle-
variable canonically conjugate to the Fermi action corresponding to the periodic orbit at
Er. Therefore, unless its image is restricted, ap(z) takes an infinite number of values which
differ by +27k, k € Z. It is an interesting fact that in the approximation obtained for n(z)
by summing the leading terms of ng(z) and n(z) such constraint is completely unnecessary.
When the dominant term of Eq. 3.28 (that with (¢,7) = (0,0)) is added to Eq. 3.18, we
obtain an approximation for n(x) where ap(x) only occurs as the argument of a periodic
function, as expected. Thus the approximation obtained by combining ny(x) and the first
correction coming from n(z) is single-valued and well-defined everywhere. Since the first

few terms of some of the &;(ap) also appear in series expansions of trigonometric functions
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of ap (around ar = 0), it is expected that the connection between the corrections of ny(x)

and n;(z) remains at higher-orders.
If only the dominant term in Eq. 3.28 is retained (see Appendix I), then

pr(z)

n(2) ~ g (ap(2)) Ai[—2p ()] A7 [ 2p(2)]. (3.33)
The addition of the above to Eq. 3.18 generates the following semiclassical uniform approx-

imation to the fermionic particle density:

nsc(l‘) _ pF(x)

h

( VEAR(—2) + Ai \/(;)) N (hw;;c([:;(x)} _ 2213/2) Ai(—z)Ail(—z)] . (3.34)

z=zp(x)

Discussion

Equation 3.34 expresses the quantum density of a fermionic system in one-dimension in terms
of quantities evaluated along the complexified Lagrangian manifold defined by H(x,p) = Er
where H(x,p) = p?/2m+v(x). It must be noted that while individual classical objects such
as the action or momentum become purely imaginary in regions where tunneling happens,
n*°(z) remains a real positive semidefinite function for all z € R as required for a probability
measure. In addition, n*(z) is continuous everywhere. It also has continuous first derivative
except at the matching point (defined in Section 2.3) z,,,(Er). However, in the limit of large
N, small h,and fixed Nh,

T=Tm —€ th
=0 n(x,) 9Nﬁ\/2[EF — (7)) ‘

(3.35)

Because wr and Er only depend on N and h via the Fermi action Ir = Nh the above indi-
cates that in the semiclassical limit (see Appendix I) the discontinuity in the first derivative

of the particle density at x,, is irrelevant.
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Higher-order corrections to the semiclassical density can in principle be included by ac-
counting for the contributions neglected to reach Eq. 3.34, e.g., the deviation of the Langer
uniform approximation from the exact single-particle states of H, the remainders of the var-
ious asymptotic approximations to integrals, etc. Nonetheless as will be shown in the next
chapter, the result obtained above is already of high accuracy for a variety of potentials even

when the number of occupied states is O(1) (see also[91]).

Towards a physical interpretation of the various terms in n%(x), we recall the particle density

can be expressed in terms of the propagator K (t) = e~iHt/h i the configuration space

representation, i.e.,

T
dt
n(z, Ep) = 2lim P——
- Jrl — Y

e BRI (1) 2 t), (3.36)

where time-reversal invariance guarantees the Green’s function is well-defined for negative
propagation times [55]. As we have shown in the section 2.1.2 the propagator K(z,z,t)
admits an interpretation in terms of an integral over the space of closed paths based on x
[39]. In the semiclassical limit, K (x, z,t) is expressed as a sum over amplitudes associated to
topologically inequivalent closed classical orbits [45, 69]. These are classified by the Morse
index p. In the case of interest to the system discussed in this chapter u is simply given by
the number of times the velocity vector of a closed orbit with z(0) = x(T") = = and energy
E changed its sign [6]. As we have shown in section 2.2.2; the same interpretation can be
ascribed to the different components of the Poisson summation formula (see also [12, 13]). By
using the asymptotic forms of Ai(—z) and Ai'(—z) in the allowed regions for classical motion
at Ep, it is therefore unsurprising that the leading terms terms of n*°(z) are decomposed
into the two expected classes: a dominant non-oscillatory density (Thomas-Fermi) arising
from the first two terms of Eq. 3.34, corresponding to the direct ¢ — 0 orbit with u = 0,
and an oscillatory correction obtained from the third term of Eq. 3.34 which stems from the

closed classical orbits with Morse index different from zero (see Appendices I and II).
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The uniform semiclassical approximation to the particle density simplifies in different regions
of configuration space. Classically-allowed: For zg(x) >> 1, the asymptotic form of the Airy

function applies, leading to

pr(z)  wrcos[2Sk(z)/h
hr 2mpr(x) sinap(z)’

n*(z) — (3.37)

(simplifying Eq. (3.36) of Ref. [57]; see also [63]). The dominant smooth term arises from
the direct short-time classical orbit[11, 68]. The oscillatory contributions are generated by
single- (in no(x)) and multiple- (in ny(x)) reflections from each turning point [11, 63, 68, 93].
FEvanescent: For x far outside the classically allowed region for the density, —zp(z) >> 1,

and

sc pF($) . Wr 672‘517(3”)‘/5
(. 3Sr(z)  pr(z)sinap(r) AT ’ (3.38)

generalizing the approximation of Ref. [57]. Turning point: At a Fermi energy turning point

xg, where v'(zg) # 0, we recover the known leading term for the particle density

n*(zo) = coli 23|dv/dx |3, (3.39)

where ¢y = (2/9)/3/T'?(1/3). As promised all of the limits which may be obtained from the

previous literature are recovered by n®.

3.2.2 Kinetic Energy Density

The kinetic energy density (KED) can be found by reasoning which is very similar to that
for the particle density. We start with the finite Poisson summation formula representation

for the KED defined in Eq. 3.3 with m = 1, singly-occupied orbitals and 1), replaced by
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Langer wave functions ¢(A) (Eq. 2.23):

1 & N-1/2 ‘
t=5 > / / dX pP(N)]|o(N) [Pe kA, (3.40)
—1/2

k=—o0
The dominant component can be rewritten as another Riemann-Stieltjes integral,

N—1/2

o=+ / dp(NP () L (p) A2 [~p2(N) 1 2(p)] (3.41)

1/2

Assuming f(p) is constant we again recover a result which is exact for a linear potential,

0 _ PP N
£ = £ (zl/g()\)Az'Z [—2(\)] + 272N A2 [—2(\)] + 2_3/2()\)Ai[—z()\)]Ai'[—z()\)]) . (3.42)

—1/2

Upon re-setting N — 1/2 — X in the above, following it by taking a partial derivative with
respect to p (for fixed z, but varying A as usual), integrating both sides from —1/2 to N—1/2,

and then rearranging terms it is found that:

o= 1)+ /Nl/de(A){P‘*(A)f’(p) 42 [_W)]_p?mf'(p) 42 [_pm]}

T () () 2h ()
_ i N-1/2 2 / i _p2(>‘) i/ _p2()‘)
20 J_1 NI p)f ()4 [ f2(p) ]A [ f2(p) } ' (3.43)

Each of the remaining integrals can be evaluated perturbatively. In particular, we change

variables from p to z so as to obtain for the first two:

1 N PN W) o[ PPV 1 N-1/2 20\) #/ (1) Ai"2 A

i [, R ol a L OO A B
LR 0P Of . ,

=), ¥Wam gt M EWATEN] - AFO]- (3.44)

As noted before, under the scaling discussed in Appendices I and II, % is small, so the
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dominant term of the above can be obtained by integration by parts:

Lo ) Of 5\ _ LOf o o

i [, AT AT 5hon = g oo
N-1/2

B 27171 ~1/2 4 {éi <p2(>\)g£>} A=A .

By the arguments discussed in Appendix I the latter term in the above equation, the last
of the integrals in Eq. 3.43 and all terms depending on A = —1/2 can be neglected. Hence,
the following provides the dominant component of the the defined kinetic energy density in

the semiclassical limit:

3
\/ 1
pFG;F AR [—2p] + — AP?[—zp] +

ZF

ty =

(3th _ L) Az Ai'[—zp]| . (3.46)

prap  22%
The above may be rewritten in a way that makes manifest its relation to the dominant term
in the semiclassical uniform approximation to the particle density given in eq. 3.18,

wppp ()

3ap(0) Ai]—z2p(2)] A [—2p(2)]. (3.47)

— Ny (Q?) +

The higher-order terms emerging from the k # 0 components of Eq. 3.40 are obtained by

performing essentially the same calculation done for the analogous terms of n(z),

B wrpr(T)

OCF(Z') AZ[—ZF(I')]Az’[—zF([L’)] (348)

ti(x) ~ B wrprp(x) csc(ap(z))
In fact, the relationship between n(z) and ¢;(z) is simple,

t1(z) = Mnl (x). (3.49)
Our final expression for the kinetic energy density can thus be written as:

#(z) = pFT(x)nSC(:c) + %M[—@(m)mi'[—@(@]. (3.50)
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As a result of its simple relation to n°¢ an analysis of neglected terms in the approximations
made in this section would be identical to that in the previous. Further discussion of this
point is given in Appendix II. In Ref. [91], the behavior of the semiclassical kinetic energy
density was illustrated with a Morse potential including 21 bound states. Chapter 4 includes

a variety of other numerical studies of the accuracy of t*°(x).

Discussion

Equations 3.46, 3.49, and 3.50 indicate a strong similarity between the uniform approxima-
tions obtained for the particle and kinetic energy densities. This is unsurprising from the
classical point of view, for a classical distribution of particles of unit mass pq(z, p) has kinetic
energy density given by

1 2

tala) = 515 [ domate. ) (3.51)

Thus, if the classical phase space distribution p.(x,p) = 20[Fr — H(z,p)| is employed,
then the Thomas-Fermi kinetic energy density given by p?./67h is obtained. Because the
one-dimensional particle density is given in the classical limit by nrr(z) = pp(z)/7h, the
Thomas-Fermi kinetic energy density can be rewritten as

P ()
6

trr(z) = nrr (). (3.52)

This in turn explains the factor of 1/6 in Eq. 3.50 as a manifestation of the classical limit

of the quantum mechanical kinetic energy density.
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3.3 Conclusion

We presented detailed derivations of uniform semiclassical approximations to the noninter-
acting fermionic ground-state density and kinetic energy density in one-dimension. Open
questions naturally emerge from our treatment. They may be classified into internal or
external. The former corresponds to inquiries that can be discussed within the framework
developed here, whereas the latter regard applications to different systems and further gen-

eralizations.

A simple internal question is whether there is a general relationship between the terms in
the expansions for ng(x) and n;(x) which would allow the generation of higher-order terms
in n; from those of ng. For example, Eq. 3.18 contains the factor a}l which is the leading
term in the Laurent series of csc(ap) around the pole at ar = 0. The remaining terms of
this series are obtained from n;. Because ap is an angle variable and csc(ap) is the simplest
trigonometric function which has a simple pole at zero, n; could have been conjectured from
ng without any of the extensive calculations done in Section 3.4. This is important because
ng contains the Thomas-Fermi term which can be easily calculated for any noninteracting
model, but n; is much less trivial as it includes non-perturbative effects due to an infinite
number of topologically distinct closed orbits in a complexified phase space. Note that we
do not comment here on the accuracy of our approximations for any given potential v(x).
In the semiclassical limit, as described by ~v-scaling in the Appendices, the derivation here
given guarantees that corrections to n*(x) vanish pointwise (though with different rates in
distinct regions of R), i.e, can be made arbitrarily small for sufficiently small v. But for a
fixed v(x) and number of particles, we have not explored the difficult question of predicting,

in general, the quantitative accuracy of the main results of this chapter.

The behavior of various expectation values for observables depending only on local operators

is also worth further study. For instance, the energy of a noninteracting fermionic system
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can be estimated with Eqs. 3.34 and 3.50 by adding the configuration space integral of
v(xz)n*(x) to that of t*°(z). As shown in Ref. [91] (and in the next chapter), a pointwise
comparison of n*(x) and ¢°°(x) with the corresponding TF approximations indicates the uni-
form approximations include all of the quantum effects missed by Thomas-Fermi theory. On
the other hand, the expectation values of configuration space observables O(Z) are obtained
by taking the integral of n(x)O(x) over all space. In some cases, e.g., the harmonic oscillator,
this averaging perfectly cancels out errors in the Thomas-Fermi approximation, so that TF
theory provides exact results. The effect would obviously be reduced for any system that
cannot be reasonably approximated by a harmonic oscillator, but it implies further study of

this issue is warranted. Such investigation is undertaken in chapter 4.

It would also be interesting to find alternative derivations of the uniform approximations
given here. Semiclassical formulas can often be derived in more than one way, emphasizing
distinct aspects of a result. For instance, Refs. [22, 33, 34] provide three distinct derivations
of the semiclassical approximation to n(z) with Er > v(z) V 2 € [0,1],n(0) = n(1) = 0.
Another example is Berry and Tabor’s derivation of the EBK density of states via the
Poisson summation formula [12], followed shortly later by an alternative which employed
the trace of a semiclassical action-angle variable propagator[13]. Each different methodology
brings a new light to previously obtained results. In the case of this paper, it would be
particularly beneficial to have an alternative systematic construction, since our derivation
employed various identities exclusive to Airy functions, making it far from obvious how to

extend the employed treatment to general systems in any finite number of dimensions.

The simplest extensions of the formalism developed here which would still be limited to
cases where classical dynamics is trivial are: a) the study of radial Coulomb problems, b)
the treatment of systems with multiple potential wells, e.g., a periodic potential or a simple

double well, and ¢) the development of uniform approximations to the density matrix.

It is unclear if the obtained semiclassical uniform approximations can be systematically
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amended to study radial Coulomb problems. For instance, the fast variation of the Coulomb
potential near its center would forbid the use of the results given here. However, only the
spherically symmetric s-states have substantial amplitude near the origin. Therefore, it could
be that except for such (which in any case will likely require a uniform approximation not

based on Airy functions [62]), our treatment remains valid.

Multiple potential wells in the weak coupling regime (high-energy barriers and/or large
separations) would pose no challenge to the approximations here utilized, as to leading order
in perturbation theory in the coupling constant each well can be treated independently and
so the uniform approximations here presented would apply immediately as long as the Fermi
energy is sufficiently below all local maxima of the potential energy function. However, it is
also uncertain whether there exists simple extensions of the formalism here presented which
would i) account for tunneling effects between regions separated by a barrier, and ii) provide
a non-singular description of the behavior of the particle density as the Fermi energy crosses

critical points of the external potential v(zx).

The one-particle density matrix can be employed to evaluate the exchange energy. Therefore,
there exists large interest in the development of semiclassical approximations to the density
matrix which contain the Thomas-Fermi limit and its dominant corrections. For instance,
Elliott et al. [33] have recently demonstrated the low cost and high accuracy of exchange
energies obtained from a semiclassical approximation to the density matrix. However, their
result only applies to systems which satisfy Dirichlet boundary conditions and for which
a particle with the Fermi energy would encounter no turning points in any of its possible
classical histories. Hence, another possibility for future research is the application of the
methods here used to obtain a uniform approximation to the density matrix. However, the
introduction of another degree of freedom poses additional technical difficulties, as a new set
of classical singularities is introduced to the problem and much less analytical results exist

for integrals of products of Airy functions with different arguments.
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3.4 Appendix I - Corrections to the Semiclassical Par-

ticle Density

In the derivations of ng(x) and n;(z), we neglected two types of terms: remainder integrals,
such as the last term of Eq. 3.15, and integrated quantities evaluated at the minimum of
the potential well Vj = E(—1/2), e.g., Eq. 3.16. In this appendix we show that under
the scaling h — hy, N, — N/~, the aforementioned quantities become negligible relative to

those included in Eq. 3.34 when ~ is small.

Before doing so, let us recall two basic facts about our choice of scaling: i) because the
limit where v — 0 implies A, = yh — 0, the local de Broglie wavelength associated to
the Fermi energy, |Ap, ()| = vi/|pry(2)| is almost vanishing outside a small neighborhood
of pz'(0). This condition also characterizes the regions where the WKB approximation
can be employed unrestrictedly [11, 23]; ii) as v — 0, the Fermi energy is preserved, but the
spacing between energy eigenvalues of the original system is reduced to enforce the condition
that N/~ states are occupied. This can be seen by examining the behavior of the scaled

quantization condition for the Fermi action,

1 N
e § i) = = (3.53)

whence it is seen that pp,(z) = pp(z), and so Ep, = Ep. The analysis that follows will shed

more light on some of these points.

First, note that under y-scaling, zr () — zp, () = 7325 (x), so

1/3 hew 1
oy = B |97 AP () + L= A1 (=2 44 <p%aFF - zr> A

(3.54)
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For any x different from a turning point, v can be chosen small enough that the Airy function
and its first derivative are arbitrarily close to the leading term of their asymptotic expansions.

Hence, in the classically-allowed region we find,

PF Wwr cos(2Sr/vh)
~vyhm 2Tprap

Moy ~ +O0(y) ,zr(x) > 0,7 — 0. (3.55)

The first term is the TF contribution, while the second is the leading, spatially-oscillating
correction. Note that the oscillations become infinitely rapid in the limit. On the other

hand, in the classically-forbidden region,

n Ne2|sp/m{ we __lprl +0 },z z) < 0,7 =0 3.56
. Wpellar] ~ Grisy] O] 0 <0 o

Here, no TF contribution ever arises, and every term vanishes exponentially with 1/-. Near

a turning point of the Fermi energy the semiclassical particle density is given by:

1 2
a3 L (2
Moy T PR3 <9h2

dv

1/3

At this point we pause to note that the above considerations explicitly indicate that just as
it occurs with other local observables, there exists no simple global expansion of the particle
density in powers of h. However, the local expansions shown above are all encapsulated by
the basic result expressed in Eq. 3.54 which will thus be used to determine negligible terms
as v — 0 without the necessity of examining the behavior of individual terms in each region

with qualitatively different behavior for the particle density.

We can now look at the remainder integral in Eq. 3.15:

T AP — / R iQ[—z]].

3
Z-1/2 —-1/2 0z

ZF o? 1 an
_ —1 e T -/ _ - e
Ry=h /Z dz 9.2 Ai[—z] Ai'[—Z] oF [822

—1/2

(3.58)
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Recalling that z € O (h=%3), we find Ry, is O (v*/*Ai*[—zp,]). Thus, as v — 0 it vanishes

relative to the terms included in Eq. 3.54.

In deriving ng we also neglected

where we added to —1/2 a small constant § — 0, for the Langer approximation requires
turning points to be simple zeros of the classical momentum. This is not the case when
A = —1/2. In fact, the classical region for the corresponding state is a point. Therefore, any

contribution to ng(x) from this term is exponentially small and can be safely ignored.

Our final approximation for n;(z) (Eq. 3.33) transforms under 7 scaling as:
w . _ . _
N1 (z) = p—jéo(aF)Az[—y 8 2p ()] Al [—y P zp(2)). (3.60)

As expected (based on the discussion in section 3.3) ny, is O (7°), i.e., of the same order in
v as the last two terms of Eq. 3.55. In the classically-allowed region for a particle at the

Fermi energy,

_wpéo(ar)

cos(2Sr/vh) + O(7) , zp(z) > 0,7 — 0. (3.61)
27TpF

7117 ~

Hence, the leading correction to the Thomas-Fermi term in Eq. 3.55 is of the same order as

the dominant term of ny(x). Similarly, in the forbidden region for the Fermi energy,

—2|SF|/vh
Ny, ~ WF;T (esch(lap|) = lap|™") + O(y), zr(x) <0,7 =0, (3.62)
F
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while near a Fermi energy turning point,

N1y ~ {m] (% + 2“1—(5:%)) [%(mo)] oL Oz — x0), & — w0 — 0. (3.63)

We also neglected two types of terms in the derivation of ny(z). The first is

o’ 6t3/12 N-1/2 eiF()‘) 0 W()\) Z()\)
R _ 9 df— dF (A — 3.64
1(2) kz_oo/c 4i73/2\/t —1/2 W; ( |

while the second consists of

oo

2

w _3j— . . J(1— ;

Rafa) ~ S5 37 5 (=20) ™77 Gapip A [ AT )
p=0 j=1
2
‘;—F > (=2p) P G (ap) AP | ] AP B [ ). (3.65)
F
p=1

That Ry(z) is of a higher order than Eq. 3.33 is easy to see because zp, is O(y~%3) and
apy = ap. Thus, all terms in Eq. 3.65 are relatively small compared to those in n(z) as

v — 0.

In the case of R;(z) the next-order term in integration by parts will contain factors of 1/F}?
and 1/F :\3. This will yield various power series in x if the argument on section 3.3 is followed.

Each contains terms in v that vanish relative to n;(x).
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3.5 Appendix II - Higher-order Terms and Limiting
Behaviors of the Semiclassical Kinetic Energy Den-

sity

From the equations defining our approximations to t, (Eq. 3.46) and t; (Eq. 3.49), it is clear
that except for the introduction of p% and rational factors, the expressions for the uniform
approximation to the kinetic energy density share the same structure of those corresponding
to ng and nq, respectively. Therefore, the considerations given in the previous Appendix can
be applied almost verbatim to explain the smallness of the terms neglected in the derivation
of t*°. In this appendix, we apply, for the sake of completeness, v-scaling to Eq. 3.50 in the
regions where the kinetic energy density behaves qualitatively different. This will provide
further insight into the distinguishing features of the semiclassical approximations to the

particle and kinetic energy densities.

In the classically-allowed part of the configuration space of a particle with the Fermi energy,

the kinetic energy density behaves asymptotically as:

N P _WFPFCOS(QSF/’YFL)
T 6yhr 4rsin(ap)

t ;v — 0, zp(x) >0, (3.66)

whereas in the evanescent and transition regions,

2pr|?  Bwrlpp|\ e ASrI/h
he - 0 <0 3.67
! (3‘SF‘ Slnh‘OéF‘ 247‘( Y — ’ ZF(Q?) ) ( )
|dv/dz|
b Otz = - 0. 3.68
T~ T or () W ) e w (3.68)

In comparison to Eq. 23 of ref. [91], Eq. 3.67 contains an extra factor of 2 multiplying |pr|>.
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The former has a typo.

The above equations illustrate for one last time: i) the relative dominance of the Thomas-
Fermi term p3 /67h in comparison to all others as v — 0, ii) the exponential smallness of
contributions to the kinetic energy coming from regions where the Fermi energy classical
motion is forbidden, and iii) the absence of a global power series expansion in any single

variable which is valid for all of configuration space.
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Chapter 4

Numerical and Analytical Studies of

Corrections to Thomas-Fermi

4.1 Introduction

It is the aim of this chapter to investigate the properties of the approximations derived in the
previous in a variety of situations of relevance to atomic systems. We employ the uniform
semiclassical approximations to obtain universal corrections to 1D Thomas-Fermi kinetic
and potential energies in regions of configuration space where the behavior of a system is
qualitatively different. We also establish a general result on the depletion of the particle
density in a classically-allowed region due to tunneling. Comparisons between semiclassical

and exact numerical data illustrate our results.
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4.2 Notation

In this chapter we will employ the main results of Chapter 3 (egs. 3.34 and 3.50) to obtain
information on energetic contributions emanating from different configuration space regions.
To make mathematical expressions simpler we introduce definitions which are only employed
in this chapter. For instance, the following provides a simple notation for products involving

Airy functions and/or their derivatives,

3—2/3

a(z) = Ai(—z), Ag=—ad, A =d® Ay=d"? ay=a(0)= F@/3)

(4.1)

Next we combine different products of Airy functions which appear repeatedly in this work:

Ko(2) = 7 [212A1(2) + 272 As(2)] . Ki(2) = mAo(2), Ka(2) = Ko(2) —

Asymptotic expansions and integrals of the above expressions which will be useful later are

summarized in Appendix I.

In the notation just given the semiclassical particle density can be written in a simple form:

Wr

pr(x)sinag(x)’

n*(x) = flpr(x), pr(z), Sp(x)], with pp(z) = (4.3)

and
[0,5,8) = La[a(5)) + L Ri[a(9)) (1.4

We also recall that 2(S) = [35/2]*%, and S(z) = [ p(a')da’. Similarly, for the semiclassical
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kinetic energy density it follows that:

2

£°(a) = hlpe(e) (), S ()], hip.S) =2 | L) + L ()| (4.5

4.3 Methods

We consider hamiltonians of the conventional type
~ 1 9
h = —EV +o(z),z € R. (4.6)

with smooth potential energy functions v(x) which either vanish or diverge positively at large
|z|. In the former case, we require the existence at least one bound state for the employed
methods to be valid. As in previous instances, here we will study the ground-state of N
noninteracting fermions at OK. Particle and kinetic energy densities are defined as in chapter
3. In situations where the semiclassical scaling is relevant it is explicitly shown. Otherwise,

not. We employ units where A = m = 1.

4.3.1 Numerical

One of the great features of the uniform semiclassical approximations for the particle and
kinetic energy densities derived in the previous chapter is that they allow us to evaluate
these quantities for a given x € R with minimal effort irrespective of the number of fermions
which live in the system. This is quite to the contrary of the general procedure of numerically
solving the Schrodinger equation for systems with a large number of particles, which involves
finding eigenvectors of large matrices for which the cost scales asymptotically as M3 (where
M is the dimension of the Hilbert space). Below we describe the numerical methods employed

in the computations we performed to compare semiclassical and Thomas-Fermi theory with
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exact results.

Accurate numerical solutions for the Schrodinger equation were extracted with the Matrix
Numerov method [84] whenever the studied potential gave rise to a Schrodinger equation
which we could not solve analytically. A grid spacing of 10~3 was chosen and the size L of the
system depended on the external potential and the Fermi energy. This choice of parameters
was guided by the requirement that kinetic and total energies were converged (relative to a
reduction in grid spacing and enlargement of L) up to the 4th decimal digit. In every case
we checked that both the exact particle and kinetic energy densities were at least of O(1079)

when ¢ = +L.

4.3.2 Analytical

Several potentials are employed to illustrate our results. Some of these have analytical
solutions for any choice of v (as defined in the previous section), e.g., the harmonic z?%/2
[59] and Morse oscillators D.[1 — exp(—ar)]? [79]. Therefore, these are the most amenable
for testing the behavior of semiclassical quantities as v — 0 (and N — 00). The Poschl-
Teller potential —uvg/ cosh? z with vy € RT also has analytic solutions, but only when vy =
A(A+1)/2, X € N [85]. An external potential we studied for which the associated Schrodinger
equation has no analytical solution is the quartic v(x) = z*. All listed potentials are infinitely

differentiable and, except for the Morse, symmetric around z = 0.

We always choose N = 1 as our original system, and take v — 0. In all cases, a larger initial
value of N makes convergence more rapid toward the semiclassical limit (except for the v(x)
which go to zero at infinity, in which case when N is large enough we expect the semiclassical
approximation to be less accurate - see below). In Fig. 4.1 we show the external potentials

studied in this chapter.
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Figure 4.1: External potentials employed for the quantitative analysis of the uniform semi-
classical approximations

Thomas-Fermi energies must be calculated numerically whenever the WKB quantization
condition cannot be solved analytically for the semiclassical spectrum. However, in case the
latter condition is satisfied, Thomas-Fermi kinetic and potential energies can be obtained
without much effort, i.e., without the need to perform complicated integrations over config-
uration space. This is the case for all of the external potentials we study here. Appendix II

provides the applied method.

4.4 Dominant Corrections to the Classical Limit

4.4.1 General Considerations

We start the analysis of leading corrections to TF theory by demonstrating in what way
the predictions of quantum mechanics approach those of its classical limit as vA — 07 and
N/~ — oo. Figure 4.2 illustrates the behavior of particle densities as v — 0*. In particular,

we show exact densities for the harmonic well with N = 1 and v = 1,1/4 and 1/16. In
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each case where v # 1 we multiply the density by v so all of them are on the same scale.
We also show the Thomas-Fermi density. We see the exact particle density approaches the
TF only in a weak or distributional sense as vy goes to zero(see e.g., [22, 40]). This simply
means that any expectation value obtained with Thomas-Fermi theory will agree with that
obtained with the quantum theory in the limit where v — 0%. Note that, pointwise, the
TF density does not everywhere have relative error approaching zero. For example, in the
evanescent region, the TF density is identically zero, leading to 100% error relative to the

exact density.

0.6

Figure 4.2: Harmonic oscillator particle densities with N = 1, for v = 1 (blue), 1/4 (orange),
1/16 (green); n™(z) (black) and n**(z) (dashed, red)

Figure 4.2 also gives the semiclassical particle density for N = v = 1. We only show its
behavior for v = 1, as, for all other values of v the semiclassical is everywhere indistinguish-
able from the exact curve. In order to emphasize this fact, we plot in Fig. 4.3 the ratio
of semiclassical and exact particle densities for different values of ~. It clearly approaches
1 everywhere, thus showing its relative error vanishes for sufficiently small v, for all values
of x. This shows that indeed the semiclassical particle density is a uniform asymptotic ap-
proximation and suffers none of the difficulties of previous works [57, 63, 93|, despite the
qualitatively different behavior of spatially-varying properties in the traveling, transition and

evanescent regions.

69



1.02

1.01}
~ 1.00} —
>

=
= 0.99]
= 0.08}

0.97¢

0.96% - : - :
-2 -1 0 1 2

Figure 4.3: n*(z)/n(zx) for the harmonic oscillator with v =1,1/2,1/4,1/8,1/16 (blue, red,
green, orange, black, respectively)

4.4.2 Pointwise Analysis

Figures 4.2 and 4.3 demonstrate the greater pointwise accuracy of semiclassical approxima-
tions relative to that of Thomas-Fermi theory. In this section we perform a quantitative

analysis of this point.

We begin our discussion with the harmonic well. Consider again a single particle in the unit
frequency harmonic oscillator. We use the density-error measure introduced in [91], which

1S:

Table 4.1 shows the pointwise error as a function of v for both the particle and the kinetic
energy densities (which we denote by nr). Even for v = 1, the error is far smaller than TF,
and vanishes much more rapidly with decreasing v, a result that we expected based on the

qualitative discussion of the prior subsection.

Another beautiful illustration of the pointwise accuracy of the semiclassical results is seen

by considering the particle and kinetic energy densities at the classical turning points of a
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Table 4.1: Semiclassical (n,n7) and TF (p¥ nLf) pointwise errors for the particle and
kinetic energy densities

v n n'" nr nr"

1 10.0118 | 0.6183 | 0.0321 | 0.1685
1/2 | 0.0026 | 0.5982 | 0.0080 | 0.0898
1/3 | 0.0015 | 0.5905 | 0.0037 | 0.0615
1/4 | 0.0007 | 0.5864 | 0.0020 | 0.0469
1/5 | 0.0005 | 0.5839 | 0.0013 | 0.0379

phase space Fermi energy orbit. The explicit formulas are [57, 90, 91]

-3
Co__—2/3 br v lp 2/3
Nyp — — - R A , 4.8
AP Upy/3n T 12v3r | (4:8)
where
co = (2/9)"*/T%(1/3), (4.9)

Ui

3

lF = (QF)_1/3, F = |U/F|(JTTP), and bF =

ot + 2] <pr>] | (4.10)

In Fig. 4.4, we plot v?31;n).»/co and (t*°/t)(wrp) for the harmonic and Morse potentials
(with N = 1). These show that as 7 — 0 the turning point particle and kinetic energy
densities rapidly approach the limits given by eqs. 4.8 and 4.10 irrespective of the external
potential. Thus, the universality of the small v limit is demonstrated. Corresponding TF

quantities are identically zero. Table I shows the high accuracy of the semiclassical uniform
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Figure 4.4: Left: v%31pn"(2rp)/co vs v?/? for harmonic oscillator (black) and left (blue) and
right (red) turning points of the Morse potential (all with N = 1). Continuous lines represent
the semiclassical behavior as v — 0 given by eq 4.8. Right: ¢*/t|rp vs 4%/ for harmonic
oscillator (black) and left (blue) and right (red) turning points of the Morse potential (all
with N = 1). The continuous line represents the semiclassical behavior as v — 0 given by

eq. 4.10

approximation for the case of the quartic potential.

Table 4.2: Error in quartic potential semiclassical turning point densities as a function of ~
(N =1).

v | n*¢/n(z) -1

1 | -38x107°
1/2 | =9.5x 1073
1/4 | =3.5x 1073
1/8 | —1.4x 1073
1/16 | =54 x 107*
1/32 | —2.1 x 107*

4.4.3 Regional Particle Number and Energies

The previous subsection demonstrated the far greater accuracy of the semiclassical uni-
form approximations relative to Thomas-Fermi theory when absolute pointwise errors are
employed as a comparison norm. In this section we employ the uniform semiclassical approx-
imations to obtain dominant corrections to Thomas-Fermi observables emanating from the
classically-forbidden and allowed regions (as determined by the Fermi energy). For example,

we will analytically determine the depletion in particle number in the classically-allowed
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region, i.e., the tunneling effect on the particle density in the semiclassical limit.

We will justify a variety of upcoming arguments with semiclassical scaling, so we recall that
according to the discussion of section 2.1, the semiclassical limit is obtained when v — 0.
This implies the particle number N, = N/vy — oo while i, = yA — 0. Because the Fermi
energy is invariant under these transformations (see Eq. 3.6), any other classical property
which depends strictly only on the phase space orbit defined by the Fermi energy e also

remains constant (e.g., the classical frequency at ep, etc.)

Let f(z) denote either n(x), v(x)n(z) or t(x). Then, we define the contributions from
different configuration space regions to the expectation value of the particle number N, and

total potential and kinetic energies V' and T by,

o = [ dof@), = [ def(a), (.11

FE i = / Cdef(z), flaa= / def(z). (4.12)

where L/R denotes left and right Fermi energy turning points and z,, is the Fermi mid-
phase point defined in section 2.3. Thus, it follows the expectation value of N, T or V can

be obtained with

/_OO daf(x) = Z (fiow + fiorbia) - (4.13)

0 S=L,R
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The above definitions allows us to discriminate average behavior of a system in different

regions and will prove useful in determining leading corrections to Thomas-Fermi.

Our strategy to analytically find the corrections to TF for observables in different spatial
regions relies on the following observations: corrections to TF particle density in the bulk
of the classically-allowed region (where zp >> 0) are oscillations of frequency O(1/v) and
amplitude O(7°) (see eq 3.37) while deep into the region which is classically-unaccessible for
a particle at the Fermi energy corrections to TF are exponentially small (see eq. 3.38). These
suggest that if there are corrections to TF of O(v%), with a < 1 (recall that TF energies
scale as 1/, so the next-order term is expected to be O(v)), they can only be due to a small
neighborhood of the turning point (at which zr — 0), where the behavior of the particle and
kinetic energy densities are qualitatively different relative to the prior mentioned regions (see
e.g., eq. 3.39). In particular, near turning points, classical quantities evaluated at the Fermi
level such as zp(x) and pp(x) are simply related so that the semiclassical approximations
become even simpler. This can be seen by noting that in the neighborhood of a turning

point xrp for a particle with the Fermi energy er, we may write

v(x) =v(zrp) + (x — 2pp)V5(xrp) + (2 — pr)QU?F + ... (4.14)
Defining,
y=(z—xrp)/lF, (4.15)
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it then follows that,

]' 14
pr— VY [1—gry+ O], gr = §Z4F'UF, (4.16)
2 3 9
5= 3077 1= 22 0| e =y [1- 22 1 0] (1.17
70 /lp = 2(1py)'/? [1 + % + O(yQ)] : (4.18)

This yields a semiclassical approximation to the particle density valid only in a small neigh-

borhood around turning points,

pseTP li (VEr Ky (26) + brKy(2r)] (4.19)

T

There are some interesting aspects to this formula. First, it agrees with that of a 1D Airy
gas [56]. Second, we see that the coefficient bp contains the second-derivative of the potential
at the turning point. Thus it vanishes if the Fermi energy is at a point of inflection of the
potential, and either adds to or subtracts from the linear contribution to br depending on
which side of that point x is located at. A similar approximation may be derived for the

kinetic energy density near one of the Fermi energy turning points.
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From Eq. 4.19 (and its analogous for the kinetic energy density) the dominant corrections to
TF energies will be derived in the classically-allowed and forbidden regions below. Numerical
confirmation will be presented by comparing analytical results to the exact for the cases of

the Morse and harmonic potentials.

Tunneling Effect on Particle Number

We start with some considerations on the number of particles in a given region. In the
classical limit it is obvious that all particles are located only in regions which are classically-
allowed, so TF predicts Niypiqa = 0 in any circumstance. To obtain the correction to the

classical behavior according to the uniform semiclassical approximation, define

ANajow = Y / dzAn(z (4.20)

S=L/R

where x; and zgr denote the left and right-hand-side turning points as usual. Inserting the

semiclassical particle density given in eq. 4.19 and using the relationship

pdx = \/zdz, (4.21)

which is valid everywhere in the classically-allowed region, we find ultimately:

AN = ANo+ Y bpagy™® + (4.22)
S=L/R

where

ANy = — (4.23)

1
3\/37‘['.
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Applying the same reasoning to the region that is not accessible classically we find

ANz’ = —ANG, (4.24)

allow

i.e., term-by-term in the y-expansion, the change in the particle number in the evanescent
region precisely cancels that of the allowed region. This is an explicit demonstration that
the semiclassical density, which is not exactly normalized in general, is normalized to this

order in the v expansion.

Additionally, since the TF density is entirely within the allowed region, we find that to
leading order, approximately 0.03 electrons leak out beyond each turning point into the
evanescent region. This is a universal result for all 1D potentials. It is illustrated in Fig.

4.5.

0.030f
0.028}
_£ 0.026}
Z
< 0.024}
0.022}

0028 ——02 ""02 08 08 10

VZJ’B

Figure 4.5: Average particle number in left or right classically-forbidden regions for the
harmonic oscillator (black) and left (blue) and right (red) turning points of the Morse po-
tential (all with V = 1); the straight lines correspond to the predictions implied by Eq. 4.24
decomposed into contributions from the classically-forbidden regions beside each turning
point
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Leading Corrections to the Thomas-Fermi Potential and Kinetic Energies

The next simplest observable we can address is the total potential energy. A similar analysis

yields:

AVSC’TPW/ — _EFANQ + Z (I%EF

allowed ] 72/3 T+ (425)
S=L/R

R —

(1015)% e
The first term is universal, again showing dependence only on the semiclassical Fermi energy,
determined by Eq. 3.6. In fact, we may write this as —epA Nanowed, 1-€., it is as if the fraction
of a particle that spills out of the allowed region has potential energy equal to the Fermi

energy.

But, just as before, we find the corrections in the classically-allowed region exactly cancels
that of the forbidden, leaving zero contribution to the total potential energy. This is true for
both the the contribution which is independent of v and for the O(7?/3) coefficient. Figure
4.6 illustrates how the behavior implied by Eq. 4.25 is approached in the case of the Morse

and harmonic potentials.

Finally, we repeat the calculation for the kinetic energy, finding

2
TP a

AT omed = Y 5(l§)272/3+-.- (4.26)
S=L/R ‘' F

In figure 4.7 we illustrate the emergence this universal limit as v — 0 (in the evanescent
region) for the Morse and harmonic oscillators. Here again, the leading correction to TF in

the classically-allowed region is cancelled by that of the classically-forbidden.
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Figure 4.6: Average potential energy in the left or right classically-forbidden regions for the
harmonic oscillator (black) and Morse potentials (for which left evanescent region results are
given in blue and right are in red) with N = 1; straight lines correspond to the predictions
implied by the appropriate decomposition of minus Eq. 4.25 into contributions due to each
each turning point

4.5 Global Analysis of Energies

In this section we explore the accuracy of semiclassical total potential and kinetic energies

for the harmonic, Morse and quartic oscillators.

Figure 4.8 illustrates the results for the harmonic well. As priorly mentioned, Thomas-
Fermi kinetic and potential energies match the exact for this system, so the performance
of the semiclassical approximation is necessarily worse relative to TF. Figure 4.8 includes
straight lines which indicate a small error of O(y) in the expectation values predicted by
the uniform semiclassical approximations. This is pertinent because Thomas-Fermi energies
scale as 1/74. Thus, leading corrections are expected to be O(q°), but they vanish (see
discussion of previous section). Because the semiclassical approximation only guarantees
that the leading correction to TF is given exactly, its error is necessarily O(v*) with a > 0.
This is consistent with the observations of the previous subsection: the leading energetic

corrections to TF from the classically-allowed and forbidden regions are either O (72/ 3) or
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Figure 4.7: Average [%~%/3 x kinetic energy from the left or right classically-forbidden regions
for the harmonic oscillator (black) and Morse potentials (for which left evanescent region
results are given in blue and right are in red) with N = 1; the straight line corresponds to the
predictions implied by the appropriate decomposition of minus Eq. 4.26 into contributions
due to each turning point

2/3

O (7°) in the classically-allowed and forbidden regions, but they have opposite signs in each
domain, and therefore, cancel yielding no net correction to the expectation value predicted

by Thomas-Fermi theory.

For the Morse oscillator TF potential energies are again exact, but kinetic energies are not.
In any case, it can be seen from Fig. 4.9 that the latter are accurately predicted by TF.
The semiclassical total kinetic energies do not show improvement relative to TF results. In
fact, the O(~) error of TF kinetic energies is 0.01 according to the least squares fit shown in
Fig. 4.9, while that of the semiclassical approximation is 0.05. As argued in detail for the

harmonic oscillator, these results in no way discredit the semiclassical approximation.

The quartic potential provides a case where all TF observables are inexact. In this case, the
semiclassical total potential energies are consistently more accurate than those predicted by

TF. However, the opposite trend is seen for the total kinetic energy.
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Figure 4.8: FErrors in N = 1 harmonic oscillator total semiclassical kinetic and potential

energies as a function of v; straight lines correspond to a least squares fit to the results for
all v < 1/32.
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Figure 4.9: Semiclassical and TF total kinetic (red and orange, respectively) and semiclassical

total potential energy (blue) errors for the Morse potential as a function of v; straight lines
correspond to a least squares fit to the points with v < 1.
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Figure 4.10: Semiclassical and TF total kinetic (red and orange, respectively) and potential
energies (blue and green, respectively) errors for the quartic potential as a function of ~;
straight lines correspond to a least squares fit to the points with v < 1.

4.6 Breakdown of Semiclassical Approximation?

Two basic assumptions of the semiclassical approximations are that i) wrp # 0, and ii)
vp(ap/r) # 0. If the latter is not verified, then the Langer semiclassical wave function fails
entirely to be a uniform approximation to the quantum-mechanical, thus invalidating the
starting point of the derivations in chapter 3. The former means that the Fermi energy is
located within the discrete part of the spectrum of a given potential (in other words the
corresponding classical motion is bound), which we assumed from the beginning. In this
section we look at the symptoms of a breakdown in n*¢ and ¢** when the potential well

described by v(x) is sufficiently shallow that both wp and v (21, r) are near zero.

We employ the Poschl-Teller potential described before with vy = 1 in which case there exists
only one bound state with energy equal to —1/2. The semiclassical Fermi energy is —0.086.
We compare this extreme case to that of vy = 3 and vy = 6 which give rise to two and three
bound states, respectively (Fig. 4.11). In every case, we choose N =~ = 1. Table 1 gives

numerical results while Figs. 4.12 and 4.13 compare semiclassical, Thomas-Fermi and exact
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particle and kinetic energy densities.

Figure 4.11: Poschl-Teller potentials (continuous lines) and lowest-energy states (dashed
horizontal lines); v(x) with vy = 1 corresponds to the black curve; vy = 3 to the red and
vg = 6 to the blue.

Table 4.3: Poschl-Teller percent errors in energies for N = 1, pointwise particle density error
and pointwise kinetic energy error/exact kinetic energy.

vo | AT | RATTE [ %AV | RAVTE | RAE® | RAETE | 5 [ 0TF [ np/T | nEF)T
1] 133 12.1 —4.1 —3.0 —9.9 —81 [0.07]0.20] 0.75 1.1
3 7.7 11.4 —~1.0 —0.5 —2.8 —2.9 1002023 0.33 1.0
6 2.4 8.8 —0.8 —0.2 -1.2 —1.4 ]0.01]0.24 | 021 0.9

Table 4.3 verifies our expectations. As the depth of the probed well increases, the semiclas-
sical approximations have their accuracy improved. This follows according to any measure
chosen to check semiclassical pointwise and/or global errors for the potential and kinetic
energies. Figures 4.12 and 4.13 illustrate the gradual reduction in accuracy of the uniform
semiclassical approximations as the ability of a potential to bind particles becomes weaker.
Significantly, while we see a systematic reduction in the efficacy of the predictions of the semi-
classical approximation it does not provide any egregious or qualitative incorrect behavior

for either the particle or kinetic energy density.
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Figure 4.12: Poschl-Teller semiclassical (dashed) and exact (continuous) particle densities
for N =1, vg =1 (black), 3 (red) and 6 (blue).

Figure 4.13: Poschl-Teller semiclassical (dashed) and exact (continuous) kinetic energy den-
sities for N =1, vy = 1 (black), 3 (red) and 6 (blue).
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4.7 Conclusions

In this chapter we have explored some properties of the uniform semiclassical approximations
to the particle and kinetic energy densities of noninteracting fermionic systems confined by
a smooth external potential derived in chapter 3. Both local and global behavior were exam-
ined. In particular, we have demonstrated the high pointwise accuracy of the semiclassical
approximations. These indisputably capture the dominant corrections to the classical limit
in the region where the quantum-mechanical particle density oscillates and also in those
where it decays exponentially. However, we found that dominant corrections to the energet-
ics given by the classical limit in these dissimilar regions cancel exactly. This leads to the
large accuracy of averages obtained with Thomas-Fermi theory, despite its poor pointwise
behavior. Further study is needed to determine whether there exists a given class of external
potentials for which total potential and kinetic energies predicted by the uniform semiclassi-
cal approximations are consistently more accurate relative to TF. Currently, we do not know
what factors determine whether semiclassical total energies are better or worse than those

given by TF.

We have also checked the behavior of the uniform semiclassical approximations in a situation
where vital assumptions required for their derivation are almost violated. The results only

indicated mild symptoms of a breakdown.

4.8 Appendix I - Relevant Properties of Airy functions

4.8.1 Asymptotic Expansions

Below we list the asymptotic expansions of z'/2A(z), 271/2A45(2), Ag(2) (see section 4.2) in

the three regions where they behave qualitatively different [103].
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In the traveling region,

1 +sin(25)  5cos(25)
1/2 N _ 2
217 A(2) o oG +0(1/5%), z>>0,
1 —sin(2 2
2 4,(2) ~ sin(25) _ Teos(25) | 0(1/8%), z >> 0,

27 727S

cos(2S) n 6 + sin(2.9)
2m 72mS

Ag(2) ~ — +0(1/5%), z >> 0.

(4.27)

(4.28)

(4.29)

In the classically-forbidden region (branches are chosen such that multiplication by p = iy/p

gives the correct signs in the density or kinetic energy density semiclassical approximations),

1 5
V24 (o) mo o281 (L
2 A(2) ~ e (47r 1447|S]

+ 0(1/52)) L 2<<0

1 7
~1/2 =28 2
272 Ay (2) ie (47r+1447r|5| +0(1/8 )), z<<0

1 1

s (L
Aofz) ~ —e (47r T Tad715|

+ 0(1/52)) , 2 <<0.
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In a small neighborhood of a turning point,

3/2

\/571' + 1271'2@%

5/2

2M2A(2) ~ad + +0(z"?), 2 =0 (4.33)

) a1z 32 5/2
22 A5(2) ~ 22 9 T 2vae  Isnial +0(z"%), 2 =0 (4.34)
1 2,2
Ag(z) ~ — - 0 4 O(z%),2 = 0

3 12ma 2

4.8.2 Integrals

To derive corrections to Thomas-Fermi in the allowed and forbidden regions (section 4.4) we
had to evaluate a variety of integrals containing products of Airy functions. Here we show
those which are needed to verify our results. Let,

Im = / dzz™ 2K, (2), (4.35)

p
0
then it follows that

1 Ta2
0= — [1="2 4.36
0 6\/§ 0 5 ( )
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1 1
I—1/2 _ - ]1/2 _ _ .
! 6v3 ! 12ma?

(4.37)

4.9 Appendix II - Basic Results of Thomas-Fermi The-
ory
In this appendix we collect some basic results of 1D Thomas-Fermi theory which are needed

to obtain some data shown in the main text (sections 4.5 and 4.6). The particle and kinetic

energy densities are given in terms of the potential v(x) and Fermi energy ez by

() = PE (j)e[EF @), () = T L@ [”%GF@)] 7. (4.38)

From these it follows that as expected both the TF kinetic and potential energies scale as

1/7.

The total kinetic and potential energies can be obtained by evaluating the integrals,

TTF = / T e 4T (), VTF — / e o(@)n™F (2), (4.39)

—00 — 00

where we have taken v = 1 (in view of the relations above, the generalization to arbitrary
v is obvious). However, in many cases it is possible to evaluate TF kinetic and potential
energies without having to perform the spatial integrations given above. Particularly, if the
semiclassical Fermi energy can be obtained analytically (as is the case for all of the potential

energy functions discussed in this chapter), then it is also the case for the total TF kinetic
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and potential energies.

Let EWXB(n; 3) be the energy given as a function of quantum number n for a system with
potential energy function v(z;3) = fv(x). Then, it follows from the Hellmann-Feynman

theorem [64] that,
%W = VVEB(n; ), TV P (n; 8) = EVNB(n; B) — VKB (n; ). (4.40)

After setting S = 1 to the above results, the procedure first given by March and Plaskett in

[74] to relate WKB and Thomas-Fermi theory can be employed to give TF energies:
N-1/2 N—1/2
VI = / dj VVEB(j), T™ = / dj TVEB(4). (4.41)
~1/2 —1/2

This reformulation of the problem still requires one to evaluate integrals to obtain the TF
kinetic and potential energies. However, these are generally much simpler relative to eq.

4.39. For instance, for the Morse potential:

1 1 1\?
EVEB(n: B) = a\/26D. (j + 5) — §a2 (j + 5) : (4.42)
It follows quickly that,

VWEB(j) = ay/D./2 (j + %) . (4.43)
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Because integrals over polynomial functions are simple, TF energies for the Morse system

(and any other studied in this chapter) can be obtained with no numerical effort.
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Chapter 5

A Model of One-Dimensional

Quantum Transport

5.1 Introduction

In this chapter we develop a novel mathematical treatment for a model of one-dimensional
quantum transport. In particular, we establish a formal relationship between the properties
of an idealized molecular junction and those of the corresponding isolated (conducting)

molecule.

Our model consists of two main ingredients: i) noninteracting one-dimensional fermions
prepared at featureless leads in the limit where the stationary bias goes to zero (we work
within the framework of the Landauer model [26, 27, 60]) and ii) a short-range (vanishing
outside of a finite interval of R) potential v(z) representing the effects of the molecular
coupling. Only basic principles are shown, so no discussion of feasibility or cost for realistic

computations is given.
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In section 2 we review the required background (scattering theory and Green’s functions),
while section 3 contains the theory first exposed in this work. In section 4 we illustrate the
main result of this chapter with a semiclassical approximation. The novelties introduced
by this work are put into context in section 5, which also includes general discussion. The
appendix contains intermediate results necessary for some derivations included in the main

text.

5.2 Background

This work is restricted to one-dimensional systems, but the principles illustrated can be
generalized to three dimension, e.g., with periodic boundary conditions in the other two

directions [26, 27]. We use atomic units throughout.

Molecular conductance can be interpreted with the tools of scattering theory [26, 27|, and
one-dimensional scattering has been extensively studied, e.g., in [8, 32]. In this section we

review some of these results and fix the notation that will be later employed.

Consider scattering off an external potential here denoted by v(x). We assume it is symmetric
with respect to a parity transformation, i.e., v(—z) = v(z). This is employed to simplify
some of the further considerations, but it is not necessary in principle. It is also assumed
that v(x) is of finite range, i.e., it vanishes for > a. This constraint can be weakened. In
particular, if the decay of v(x) as + — oo is exponential, then the errors induced by the

discussed formalism will be exponentially small.

Transmission (¢) and reflection (r) amplitudes completely characterize one-dimensional scat-
tering. These are obtained as functions of the incoming momentum & from the conditions
satisfied by a scattering wave function outside the range of influence of the external poten-

tial v(x). For example, if x(x) denotes a scattering state incoming from the left, then the
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transmission and reflection amplitudes can be defined by the asymptotic conditions,

6ik(x+a) + Tefik(era)’ z <a,
x(z) = } (5.1)
te”“(”"_“), T > a.

From r and ¢ transmission and reflection probabilities are obtained via the usual quantum-

mechanical prescription [29], i.e., T = |t|*, R = |r|*.

Parity and time-reversal symmetry simplifies the study of one-dimensional quantum scatter-

ing. In particular, in this case the scattering matrix admits the simple form,

VR T\ .
S = e, (5.2)

iWT VR

This implies knowledge of the transmission amplitude t = v/Te is sufficient to determine

the reflection amplitude r by using r = v/ Rei?=7/2).

Because later results depend on various properties of Green’s functions we also list here some
of their useful relations. Let Lj be a linear differential operator with a domain consisting of

generalized functions satisfying outgoing boundary conditions at infinity of the class,

d(x) — ce™l |z] = 00, c € C. (5.3)

If ¢r(z) and ¢r(z) = ¢r(—x) are the solutions of Lyp(x) = 0 satisfying the above given
boundary conditions at * = —oo and © = +o00, respectively, then the Green’s function

g(x,x'; k) can be written as

v(@)or(x)/W(k) x> x,
oy | @) > o

¢r(@)pr(x)/W(k) © >,
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where W (k) is the Wronskian determinant for the Schrodinger equation, i.e.,

W (k) = ¢r(z)  ¢r(z) | (5.5)

woL(x) or(x)
By using the basis formed by Eq. 5.1 and a corresponding scattering state incoming from
the right, we can find a Green’s function suitable for the study of one-dimensional scattering
in accordance with the above,
tettle=vl /ik, r < —a,y > a,

g (@, ys k) = (5.6)

eiklz—yl r etk(zl+lyl)
" T x>y >a>0,

where the + superscript reminds outgoing boundary conditions with Im(e(k) > 0) are em-
ployed. In particular, ¢**)(z,y; k) is simply related to the Green’s function defined in Eq.

5.4 via
g (@, y; k) = lim g(x,y; k + in). (5.7)
n—0+

From the previous results it follows that ¢ and r can be obtained in terms of Green’s functions

evaluated beyond the range where v(x) is effective:

t(k) =ik e 22 (q, —as k),
(k) A ) (5.8)
r(k) = e %% [ik ¢ (a,a;k) — 1],

where to obtain the second expression, the limit * — y — a, was taken.

As an example consider v(z) = —0(z)/a. Then,
1 1 ~
g(+) (aa a; k) = <1 —621ka) ) (59)

ik  dka + 1
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e2zkaa

1+ ika’

¢ (a, —as k) = (5.10)

whence (k) = —1/(1 + ika) and t(k) = ika/(1 + ika).

Note the transmission amplitude can also be directly obtained from the Green’s function

with

_t 0°9'"(a, —a; k) o—2ika.

th) = k 0xdy

(5.11)

A similar result for the reflection amplitude follows from consideration of the parametrization
for the S-matrix given in Eq. 1. Thus, the Green’s function can be used to directly obtain

the S-matrix.

5.3 Generalized Dyson Equation and Self-Energy

The main result of this work is derived in this section: a Dyson-like equation relating an
isolated molecule Dirichlet Green’s function go(x,y;k) to that of a system in which the
molecule is coupled to featureless leads with outgoing boundary conditions at infinity. In
particular, for the Dirichlet system we assume Hy = —1/2d?/dz?+v(x),¥(£a) = 0, whereas
for the coupled system the Hamiltonian is the same, though we denote it by H, for the
boundary conditions require the wave functions of bound states to be square integrable

whereas scattering states oscillate at long distances.

The following family of Hamiltonians will prove useful throughout the derivation:

Hpo = ———— +v(x) + f710(x +a) + o '5(z — a), (5.12)
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where 3, > 0, v(x) is of finite range 7, and |a| > r. Note that by varying (5, «) we can
interpolate between the systems defined by H and H, above. For example, it is obvious
that Heoo = H, and it can be shown that Hyy = Hy. For a given pair (f, o) the associated
Green’s function to Hg, will be denoted gg,. To simplify notation we will in this section
omit the dependence of the Green’s function on the energy, and also introduce the following
definitions: go = 900, Yoo = Goooos I = J0oo, aNd gro = goa- In fact these subscripts will be
employed whenever possible to identify properties of the system for which the Hamiltonian

is Hpg,. Then, for example, Hy = Hy, Hooo = Hp, etc.

The derivation can be summarized by three steps: in the first we relate gy and gr; the
second connects g, and g7, while the third gives a relationship between gy and g, which is

a generalized Dyson equation (the main result of this chapter).

The Green’s function for Hy, can be related to that of Hy by the integral equation:

gLa(xa y) = 90(35’ y) + /ngo(% Z)Ua(z)gLa(Z7 y): (513)

where v, = d(z — a)/«. By standard techniques it is written as:

1a(0.) = golary) + TAE0, (5.14)

where fr.(x) = gra(z,a), hro = fra(a).
With the objective of expressing go(x,y) in terms of gr,(z,y) we invert 5.14 to find:

1
o — hy

90(2,Y) = gra(z,y) — fo(x) fo(y) (5.15)

Note hro = gra(a,a) = hoa/(a — hg) and fro(z) = fo(z)a(a + hrs) (this follows from eq.
5.14). Note that as « — 0,hr, — —a. However, by defining K;,(z) = fro(z)/hra =

91a(T,a)/gra(a, a) this issue is resolved, since K, (z) = Koo(z) = go(z,a)/g0(a,a), so it is
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independent of «. From now on we will write K, (z) = K(z) unless we wish to emphasize

the value of o we are using to evaluate K (x). Hence, we rewrite the above as:

h  fol@) foly)
Oé—h() ho ho ’

90(2,Y) = gra(,y) — (5.16)

hg
Oé—h()

gO(xay) = gLa(x7y> - K(‘I)K(y) (517)

As a — 0 we find to leading order (and here we have to specify that e = k?/2 is not an
eigenvalue of the box hamiltonian otherwise the limiting process we take becomes undefined;

it is sufficient to set Im(k) > 0):

90(7,y) = gra(z,y) + hoK(2)K(y), a — 0. (5.18)

For o = 0, we evaluate K (x) with L’Hopital’s rule:

Ko () = Ly 9L a—m)
K(z) = Kp(x) HLO+9L(a_n’a_n), (5.19)

o) = ot B 520

It is important to note that in the denominator the limit is taken on the diagonal element

of the Green’s function (a single-variable function). It follows that:

go(z,y) = gr(x,y) + folK(z)K (y), (5.21)
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agL(z,a)

90(x,9) = gu(2,y) + foly) gy (5.22)
dx
Finally,
_ dgr(z,a
90(z,y) = gr(z,y) + ¢ " g0(y, a)% (5.23)

where ¢ = dg(a,a)/dx.
The identities derived in Appendix I allow us to rewrite the above as:

i 9g1(z,a) dgo(a, y)
2k Oy Ox

gO(xa y) = gL('I?y) - : (524>

By using the Green’s function integral equation we can additionally relate g, to g, and as
a result go, to go(z,y). This latter relationship is what we are after, since g..(x,y) is the
Green’s function for a system trapped by two hard-walls (thus corresponding to a model of
an isolated molecule), while gq is the Green’s function corresponding to a model of a molecule
coupled to featureless external leads. Introducing the relationship found for g, (x, y) in terms

of 90(1:7 y)a we ﬁl’ld,

09oo (z,—a) dgr(z,a)
0 I3}
gO(xa y) = goo(xa y) + m gL(_a> y) + dgL(?jz,a) gO<a7 y) (525)
dy dz

To get rid of any factor involving gz (x,y) or its partial derivatives in eq. 5.25, we employ

the results derived in Appendix I as well as the following identities:

1 Ogr(—a,a)

gr(—a,y) = go(—a,y) — 590(6% y>6—y’ (5.26)
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0gr(z,a) _ 0o (T, a) B 18900(3:, —a) dgr(—a,a)
oy dy 2 oy oy

(5.27)

where the first equation was obtained from 5.23 (after replacing ¢ by 2 as derived in Appendix
I), and the second from 5.25 (with the same priorly mentioned replacement). After applying
the above and additional results obtained in Appendix 1 we obtain

i 0goo(7,—a) Ogo(—a,y) i Ogeo(x, @) Igo(a,y)
2k oy Ox 2k 0y Ox

90(7,Y) = goo(T,y) — —a <,y <a.

This provides a partial differential equation equation relating the Green’s function of a system
modeled by the external potential v(z) satisfying open boundary conditions, in terms of the

Green’s function for the same system satisfying closed boundary conditions.

The self-energy may be read from the Dyson-like equation given above by recalling that it

can be defined by the integral equation,

o,y k) = gole, s k) + / dzdgo(, 2 k)2, 25 K)g (s k). (5.28)

Hence, it follows that for the model studied in this chapter, the self-energy operator is given

in real-space by:

S(a, 7' k) = —;—k5'($ —a)d(z —a) — ;—ké'(:zr +a)d (2 +a). (5.29)
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5.4 Quantum Transport Properties

While the derived Dyson-like equation relates the isolated and connected Green’s functions
for a model system in 1D, it is unlikely to be exactly solvable for any system of practical
interest. However, as shown in section 5.2, S-matrix elements and therefore, transport
observables, can be directly obtained from the mixed second derivative of the connected
Green’s function g(z,y) (go(z,y) in the notation of the previous section) evaluated at the
box endpoints x = a,y = —a. This quantity can be obtained without solving the Dyson-
like equation given above. To see that, let v denote the 2x2 Hessian matrix of any Green’s

function evaluated at the endpoints, i.e.,

i Pg(z,y)
= ———= . 5.30
Tt 2k O0x0y r=tay=ta ( )
Then, the generalized Dyson equation given above can be manipulated to give:
0
s
Y-+ - (5.31)

B dety9 + Tr 40 +1°

—2ika we explicitly see that the transmission can be obtained from the

Because t(k) = 2y_ye
isolated Green’s function Hessian matrix. In the next section we explore a simple approxi-

mations to Eq. 5.31.

5.5 Example: Semiclassical Approximation
In this section we illustrate the use of Eq. 5.31 by using a semiclassical approximation. For

simplicity we assume the energy of the incoming particle ¢ = k?/2 > v(z), V x € R. Then,

WKB applied to a system with Dirichlet boundary conditions gives the following Green’s
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function,

4O (. k) = cos|fr(x) — Or(y)] — coslfr(x) + HR(y)]’ (5.32)

VE(z)k(y)sin®

where —a <z <y <a,0.(z) = [ dz k(z), Or(x) = [ dz k(z), and © = 0,(a). From this

we can calculate the mixed second derivative Green’s function matrix -, . defined above,

0 cot(©) csc(O) | (533
cse(©)  cot(O)

It follows from Eq. 5.31 that

V-+(k) = (5.34)

whence we obtain the approximate transmission amplitude,
t(k) — O p2ika _ eiffa[k(z)—k]dx7 (5‘35)

so the semiclassical approximation to the one-dimensional scattering phase-shift emerges.
Note that semiclassical transmission above barrier has unit probability as the phenomenon
of reflection above barrier is exponentially small and cannot be described with primitive

semiclassical theory.

5.6 Summary

We have analytically constructed the self-energy operator in real-space for the case of a
conducting system connected to two featureless leads in the limit of zero bias. This can be

shown to be the long-distance limit for a tight-binding chain in which the leads are described
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by a nearest-neighbor hopping hamiltonian and the coupling to a central molecular system
only happens at their interface [92]. As such, our model is not realistic. However, it provides
an explicit example in which computations done for isolated subsystems may be employed

to understand the properties of a coupled infinite system.

5.7 Appendix I - Some Useful Identities

In this appendix we derive some results used in section III. For instance, the factors go(y, a)
and dgr (z, x)/dz|,—, can be rewritten by taking advantage that a is beyond the finite range
of the potential v(z). For this purpose we introduce a new Hamiltonian H{*® = —1/2d?/dz?,

defined on the real line, with
glree (g, ) = eFlevl /i, (5.36)

Some of the notation introduced before was employed since Hi corresponds to H,s with

v(z) =0, = f = co. The integral equation for the Green’s function of H reads:

gol, ) = g (x. ) + / dzglies(z, 2)u(2)go (2. y). (5.37)

Naturally, go here corresponds to Hyy(aw = = 0, the hamiltonian for the coupled system
which has v(z) # 0). Taking partial derivatives w.r.t « on both sides of the previous equation

and multiplying by —i/k gives

—i Ogo(r, etklz—yl
O] g0 g oy )
eik|a¢—z|
/R 4z 0(x — 2) 6z — 2)] " —o( (=), (5.38)
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Now set = a and note that because a is chosen so that it lies beyond the range of influence

of v(z), y <z =aand v(z) = 0,Vz > a. Hence,

—i0 7 ikla—y| a ikla—z|
ST

k ax = Zk Zk' U(Z)g()(Z’y)'

—00

We can extend the integration domain, for v(z) =0, V z > a. Thus,

v(2)go(2,Y),

—i0 ’ ikla—y| ikla—z|
om0
R

E or ik ik

which implies

—3 0 a, Tee ree
._JM_QZ% ww+/HWSWﬂW@%@W
R

k ox
as well as
go(a,y) = —%W, y<a,v(z)=0Vz>a

which is the identity we wanted. Now we show that

dgr(z,z)/dx|s=q = 2.

For this we need g'® which has hf*® = —1/2d?/d2? (with domain 1 (a) = 0}):

6ilc|aﬁfy| _ eik\2a7z7y|

free o
91" (x,y) = T
1 (ezkm _ eQikae—ik:c) (eik|y| _ €2ikae—iky)
TR : - , T,y < a.
ik ika=! + (1 — e?ika)
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We also note that dg'¢(z, ¥) /dx|,—, = 2. We use again the integral equation for the Green’s

function of gr(x,y):

g(,9) = gi (2, 9) + / dzgiee(z, 2)o(2)g1 (). (5.45)

Taking the derivative of the diagonal element g, (x, z) with respect to x and setting z = a, we

find the only contributing term comes from dg*(x, x)/dx|,—,.This happens because a > r

and v(z) vanishes for |z| > r.We find the desired relationship

dgr(z,x)/dx|sm. = 2. (5.46)
Similar identities follow at x = —a. For example,
i 0go(—a,y)
— =" 5.47
go(=a,y) = 7 =—5- (5.47)
Now let g™ correspond to the Green’s function of the free particle in a box with edges
T = *a,
2sink(z + a)sink(xs — a)
free < >
= A4
9o (2,Y) enOha , (5.48)
where x+ = max(z,y), and x. = min(z,y). It follows that
d free
dgc* (2, ) — 42 (5.49)
dz r=%a
For the integral equation relating g, and g, we find
e (.9) = 9°,0) 4 [ Ao 2)olE) g 0) (5.50)
R

Evaluating dg(z, ) /dx|,—+, gives as the only contributing term dg®*(z, ) /dx|,—+, which

[e.e]
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is equal to £2. This happens again because a > r where r is the range of v(x).
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Chapter 6

Epilogue

6.1 Semiclassical Fermions

A variety of novel results was given in this thesis for the nonrelativistic ground-state of
noninteracting fermions living on a line. In particular, in chapter 3 we solved a long-standing
problem investigated by researchers in fields as diverse as chemical, condensed matter and
nuclear physics: the unravelling of general semiclassical approximations to the particle and

kinetic energy densities of fermions coupled to an external potential in one dimension.

A large part of the fascination with the problems here solved is related to the quest for unify-
ing principles in theoretical chemistry and physics. For instance, the simple approximations
given by eqs. 3.34 and 3.50 are independent of particle number and may be applied to any
set of spinless fermions coupled to any generic potential v(x) (the generalization to spinful
fermions without spin-dependent couplings is obvious). Therefore, we were able in chapter
4 to uncover universal aspects of local and global properties of one-dimensional fermionic
systems. While we have limited ourselves in this thesis to the study of external potentials

consisting of a single well/center, a simple perturbative argument essentially guarantees the
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validity of the uniform semiclassical approximation in the weak coupling regime of a mul-
ticentered trapping potential. The case of strong coupling remains to be studied, but the

methods described in this thesis may be useful in this context, too.

From a methodological point of view the main novelty of this research consists of the par-
ticular blend of techniques of semiclassical analysis employed to obtain the main results.
Notably, we have shown that the Poisson summation formula is a powerful tool for the study
of the local behavior of finite fermionic systems in the semiclassical limit. In chapter 2
we showed that semiclassical arguments combined with application of Poisson summation
quickly led to the non-trivial density matrix for fermions confined to a box. Next, in chapter
3 we saw that the same device was equally effective in decoding the universal behavior of
particle and kinetic energy densities of fermions confined only by a smooth external poten-
tial, though intermediate steps were more convoluted as a result of the richer behavior of

quantum-mechanical particles in an unbounded domain.

Nevertheless, because the universe as we know consists of three spatial dimensions, one

cannot help but wonder about

e the establishment of similar results for general 3D systems, and

e what are the lessons learned from this project which could be applied to the field of

electronic structure theory.

It is hard to foresee generalizations of the results presented in the first part of this thesis to
generic 3D external potentials. This follows from the general non-integrability of classical
dynamics in the case of more than one dimension, and the richness of classical phase space

structures which then exist.

The question posed by item 2 is subtler. For example, chapter 4 shows in general that an ac-

curate local description of quantum effects on the particle and kinetic energy densities does
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not necessarily guarantee improved energetics. This follows from a strong cancellation of
quantum effects emanating from parts of configuration space where the particle density be-
haves in qualitatively different manners. The extent to which this phenomenon is generalized

to 2 or 3 dimensions remains to be investigated.

To conclude we list several directions which may be pursued with the methods and results

introduced by our research:
e adaptation of semiclassical uniform approximations to many-fermion systems coupled
to 2D or 3D isotropic external potentials, [102]

e development of semiclassical uniform approximation to the one-particle density matrix
(or equivalently, the derivation of semiclassical approximations to the one-dimensional

exchange energy density given some effective fermion-fermion coupling),

e application of the semiclassical approximation to one-dimensional systems with multi-

ple wells,

e analytical determination of next-order corrections to the semiclassical particle and

kinetic energy densities, and numerical study of the effect on energetics,
e derivation of semiclassical thermal particle and kinetic energy densities.
Thus, even in the modest context of one-dimensional system many challenges still lay ahead

towards a complete description of noninteracting fermionic systems in the semiclassical limit.

6.2 Quantum Transport

We have shown explicitly for a simple model of transport within a molecular junction the

general behavior of a coupled system (represented by knowledge of its Green’s function) can
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be determined from the properties of the corresponding isolated (central) conductor confined

to a compact domain by vanishing Dirichlet boundary conditions.

A few questions remain to be investigated, for instance:

e whether the chosen model can be generalized to accommodate a realistic coupling
between the leads and the central conductor, e.g., one that is not limited to occur only

between interface degrees of freedom,

e if accurate transmission coefficients may be obtained with computations involving a

finite/truncated Hilbert space (of the isolated system satisfying Dirichlet conditions).

It would also be interesting to analyze what changes would be incurred on the self-energy

operator if the leads are not assumed to be featureless.
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