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Graphical Abstract

Schematic of a Schirmer strip inserted into the tear prism of the lower fornix of a closed
human eve, Wetted strip is colored. Curved lines with arrows indicate tear evaporation
Dark parallel lines indicate a size-scale change. Drawing is not to scale.

Abstract

A Schirmer tear test (STT) is commonly used to gauge human tear
production, especially when dry-eye symptoms present. In an STT, the
rounded tip of a standardized paper strip is inserted into the lower fornix of
the eye, and the wetted length extending out from the lower lid is recorded
after 5 min of eye closure. Longer wetted lengths suggest higher tear
production rates. To date, however, there is no methodology to transform
STT transient wetting lengths into basal tear- production rates. We develop a
physical model to elucidate wetting kinetics in a Schirmer strip. Tear
evaporation from the exposed portion of the strip and gravity are accounted



for. Careful consideration of the initial depletion of tear in the closed-eye tear
prism reveals an initial fast increase in wetted length followed by slower
growth. Excellent agreement of the proposed model is achieved with
experimental observation. When evaporation is negligible, the slow-growth
regime exhibits a linear increase of wetted length in time. The linear-length-
growth time regime permits simple calculation of quantitative tear-
production rates. We suggest measuring several dynamic wetting lengths
along a sheathed Schirmer strip and near the 5-min insertion duration
followed by fitting to a straight line. The slope of the length-versus-time data
gives the basal lacrimal-supply rate.

Keywords: Capillary imbibition, Tear evaporation, Human lacrimal-production
rate, Schirmer-tear test

1. Introduction

Accurate assessment of tear production is critical to diagnosing eye health. A
simple, clinical test for measuring human tear production dates back to
Schirmer in 1903 [1]. As now practiced in a Schirmer tear test (STT) [2], a
0.2-mm thick paper strip (Standard Schirmer Tear Test Strip, Whatman
standard filter paper # 41, Alcon Laboratories, Fort Worth, TX), 5-mm wide
and 35-mm long, is folded at a notch located 5 mm from the rounded end of
the strip and gently inserted into the inferior fornix (Table 1 lists pertinent
properties of a standard Schirmer strip [2-15]). After 5 min of eye closure, or
until the patient’s tear fills the entire strip, the Schirmer strip is removed,
and the wetted length beyond the notchis recorded [2]. Tear productionis
classified as “normal” when the wetted length is more than 10 mm, as
“deficient” or “dry eye” if less than 5 mm [2,16,17], and “equivocal” when
lying between 5 and 10 mm. Translation of STT wetting lengths into
quantitative tear-production rates, for example in uL/min, presents several
challenges. First, physical insertion of the strip initiates reflex tearing and
irreproducibility, both of which cloud assessment of basal tear production
[18]. Local anesthesia improves reproducibility of the measurement [2]. Fig.
1 shows an average of STT wetted lengths and variability for 50 subjects
under local anesthetic [18]. Here, all subjects’ lacrimal production is healthy
according to STT. Second, evaporation of tear from the strip into the
environment slows liquid penetration [19] and adds to variability unless
evaporation is prevented [19]. We find that a simple analysis to obtain
lacrimal-production rate is precluded when evaporation cannot be neglected.

Even though STT has been used for over one hundred years as a common
clinical test to diagnose dry eye, physical underpinnings are poorly
understood [19-26]. To provide clinicians with insight into whatis actually
measured [18-30], itis essentialto understand the physical foundations of
STT. Elucidation of the wetting kinetics in a Schirmer strip is particularly
important when attempting to obtain quantitative lacrimal-production rates.

Holly and coworkers [19,22-24] were apparently the first to evaluate
volumetric tear-production rates, Q,, from STT. These authors observed that



the wetting length increases rapidly at short times but slows at longer times.
Fig. 2 for canine eyes illustrates the effect [25]. At first, wetting length
extends rapidly, followed by a slower, approximately linear increase in time.
Holly and colleagues argue that the initial fast-time regime is due to reflex
tearing that later slows exponentially to a normal basal rate [19,22-24].
Unfortunately, Holly’s picture leads to an exponential approach in time of the
wetted length to a final constant value, and, thus, only approximates
measured behavior in Figs. 1 and 2. A pivotal assumption of Holly et al.
[19,22-24] is that lacrimal production directly supplies the Schirmer strip (so-
called limited supply) with no influence of capillary suction [19,22-24].
Capillary-driven wicking [31,32] by a Schirmer strip occurs faster than does
lacrimal supply. However, from the Young-Laplace [33,34] and Darcy laws
[15,32,35], wicking wetted length scales as the square root of time [19,32-
34]. It is not straightforward to explain the measured linear time dependence
of penetration lengths seen in Figs. 1 and 2.

This work presents a physical model to describe selfconsistently the
observed kinetics of liquid wetting of an inserted Schirmer strip including
evaporation and gravity. We investigate conditions necessary for measured
wetting lengths to be linear in time and whether quantitative lacrimal
volumetric-production rates may be ascertained. Numerical evaluation of the
proposed physical model captures the wetting kinetics in a porous paper
strip.We then apply model results towards measuring reliable tearproduction
rates. Our effortis based on the extensive work of Starov on wetting
dynamics [32]. By explicitly accounting for capillary suction from the closed-
eye tear lake into the Schirmer strip, we expose three time regimes. First,
the strip very quickly depletes tear swept into the tear lake during eye
closure. Depletion local to the inserted strip, however, is not complete. Very
small arc menisci remain in the corners of the tear prism with small radii of
curvature that almost match the menisci curvature in the Schirmer strip.
Thereafter, in the second time regime, tear penetration into the strip
dramatically slows because the curvature-induced-driving pressure
difference approaches zero. Consequently, in the second time period, tear-
lake menisci adjacent to the strip establish nearly constant curvature;
lacrimal supply then dominates flow into the Schirmer strip. Since the
wetting front emerges from the fornix slightly before the second time
regime, tear evaporation further slows progression of the wetted length
depending on the rate of tear evaporation relative to that of lacrimal
production. Gravity, conversely, enhances front progression. If evaporation is
precluded [20,23,25], a linear time-dependent wetting length arises in
regime 2. A third time period appears when the strip hydrodynamic
resistance to imbibition increases enough at longer wetting lengths that
lacrimal supply refills the tear lake. This third time period, however, is
beyond the time scale of clinical experiment. Our analysis of Schirmer-strip
dynamics including evaporation and gravity predicts exponential-length
imbibition dynamics in the second and longest time regime. When



evaporation is minimal, linear-length imbibition dynamics emerges. There is
no need to invoke transient decay of reflex-induced tear supply to explain
the observed kinetic slowing of the Schirmer-strip wetted length.
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Fig. 1. Schirmer-strip average wetted length and standard deviation for 50 human
subjects under local anesthetic as a function of time. Solid line connects datum

points. (From Clinch et al. [ 18] with permission).
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Fig. 2. Schirmer-strip uptake length in a normal canine eye (open symbols). Solid
line illustrates linear regression in the last 1 min of test (from Williams with per-

mission [25]).

Table 1

Physical Parameters of Schirmer Strip and Closed-Eye Tear Prism.
Parameter Symbol Value (common) (Sl units) Source(s)
Tear surface tension b 45mN/m 0.045 N/m [3]
Tear viscosity i 1.5¢P 0.0015Pa s [4]
Lid-margin perimeter s 30mm 0.03m [5]
Blink-filled tear-lake volume Vi 25pL 25x109m? [6-8]
Tear-lake inscribed radius Rine 0.233mm 233x10*m Calculated
Tear-lake height hy 0.70 mm 70x104m [9]
Tear-lake side length Lu 0.81 mm 81x10%m Calculated
Tear-lake volume Vi 85uL 85x10%m? Calculated
Schirmer-strip porosity 3 0.7 0.7 [10-12]
Schirmer-strip thickness 1] 0.2mm 22x10%m [2,13]
Schirmer-strip width w 5mm 5%x1072m [2,13]
Schirmer-strip pore size Rp 11 pm 1.1x10-5m [2,13]
*Schirmer-strip permeability K 0.41 pm? 4.1 x10-13 m? [10,13,14]
Schirmer-strip notch length Ln 5mm 50x10>m [2]

* From measured Herzberg filtration time of 54s [10,13,14]. Also, pore-size-squared scaling of the Carman-Kozeny expression [15] from the measured permeability
(#=0,062 wm? [10]) and pore radius (RBp=4um|[10,13,14]) of Whatman 40 filter paper gives a value of 0.45 wm?,

2. Physical model

Figs. 3 and 4 illustrate lacrimal supply to the inferior tear-lake prism during
closed eye following Schirmer-strip insertion. As the superior eyelid closes
after strip insertion, tear film and upper and lower-lid tearmenisci are swept
into the tear-lake prism. For ease of analysis, the tear-prism cross section is



approximated as an equilateral triangle with an apex height, hr, located at
the gray line (i.e., at the wetting transition [9]), about 0.7 mm above the
cornea [9]. For a tear-prism margin of about 30 mm [9], approximately 2-3
KL of tear are gathered into the prism after each blink [7-9]. Anterior-eye
anatomy and physiology are outlined elsewhere [9].

Fig. 3. Schematic of a Schirmer strip inserted into the tear lake shown in cross
section as an equilateral triangle that extends a distance A = 30 mm out of the plane
of the paper. Curved lines with arrows indicate tear evaporation. Two dark parallel
lines indicate a size-scale change. Lr is the distance from the tear-prism corner to the
invading front, shown dashed. Ly is the distance from the tear-prism corner to the
strip notch, and L is the clinically measured distance from the notch to the invading
liquid front. The exposed portion of the strip makes an angle # with vertical. Drawing
is not to scale.

Some of the initial-collected tear along with tear from the papebral and
bulbar conjunctiva surfaces immediately soaks into the liquid-contacted
portion ofthe inserted strip. Figs. 3 and 4 illustrate that remaining blink-
swepttear over thatinitially absorbed resides in the arc menisci of the tear
prism. In Figs. 3 and 4, we attribute the remaining tear-prism liquid volume
to that in the corners. As illustrated in Fig. 3, creasing of the Schirmer strip at
the notch sets an angle 6 with the vertical. 8 is taken as constant at
approximately 20°.



line of Marx

Fig. 4. Expanded cross-section schematic of the tear prism accentuating the arc
menisci and inserted strip in Fig. 3. The tear-lake extends a distance A =30 mm out
of the plane of the paper. Two parallel lines correspond to those in Fig. 2 and indicate
a size-scale change. Tear-lake cross-section size is scaled by the inscribed circle of
radius R;,;. Distance from the cornea to the gray lines is hy ~0.7mm [9]. Transient
corner-menisci radius is Ry, (t). Drawing is not to scale.

Tear in the arc menisci is the source for impregnating the Schirmer strip.
Lacrimal glands supply tear to the superior and inferior 30-mm long
cylindrical corner menisci at volumetric production rate, Q.. These, in turn,
feed the 5-mm wide strip. Compared to the flow resistance in the strip, we
invoke unhindered lateral flow along the cylindrical arc menisci. As sketched
in Fig. 3,tear evaporation commences from both the top and bottom of the
strip once the wetted portion of the strip emerges from the inferior fornix.
Evaporation slows progression of the wetting front, whereas gravity
increases that progression.

Holly et al. [19,22-24] invoke a reflex-induced lacrimal supply that at first is

large but then settles to a constant normal rate. In our current analysis, Q. is
constant. Conversely, tear volumetric flow rate into the Schirmer strip, Qs(t),
is a strong function of time.



For constant liquid density, mass conservation of liquid in the arc menisci
reads

dVam
dr

= Q; — Qs(t) corner menisci (1)

where Vay is the volume of tear in the corner arc menisci (see Figs. 3 and 4).
In Eqg. (1), we neglect possible lacrimal flow into expanding fornixes upon
continuing eye closure [8]. Geometry gives the tear volume in the two arc
menisci

Vam = 2(v/3 — /3)R%,). = 1.370R2 ) (2)

where A is the length of the lid margin [7,9] and R, is the transient arc-
menisci radius in the tear prism defined in Fig. 4. Table 1 gives typical
anatomical dimensions of the tear lake [9].

Likewise, mass conservation in the Schirmer strip demands that

qbwﬁ% = Qs(t) for Lr < Ly (3a)
and
pwd TE = 0s ~ TRV (1 1) for Ly = Ly (3b)

where w is the width and 0 is the thickness of the Schirmer strip, respectively
(i.e., wb is the Schirmer-strip channel cross-section area), ¢ is the porosity of

the paper strip, P is the mass density of tear, and J: is the evaporation flux
of tear from each side of the strip (i.e., mass loss per unit time per unit
exposed strip area). The second term on the right of Eq. (3b) accounts for
evaporation from both sides of the Schirmer strip (i.e., giving rise to the
factor of 2). Evaporation does not occur until the wetting front reaches the
strip notch and increases as the wetted length increases. As shown by the
dashed line in Fig. 3, Lr is the distance from the rounded end of the inserted
strip to the dynamic wetting front. After the imbibition tear front reaches the
strip notch, Li(t) = Ly + L(t), where Ly is the distance between the strip notch
and the rounded end of the strip (i.e., 5 mm) and L is the clinically measured
wetted-front distance.

Evaporation of tear (taken as that of pure water) from the Schirmer strip is
mass-transfer controlled [15,35-37] or

PO (Ts) _ p PE3(Tao)

Jg = kyyM .k Tk
JE ¥ RETS H RCT1

(4)




where k,, is the mass transfer coefficient, M, is the molar mass of water, Rg is

the ideal gas constant, Ry is ambient relative humidity, and Pt(T) is the
saturation vapor pressure of water at temperature T. Wet-bulb temperature
of the strip is Ts, and ambient temperature is T.. Appendix A outlines
calculation of the strip wet-bulb temperature for a given ambient relative
humidity and ambient temperature of 23 °C.

To quantify tear uptake into the Schirmer strip, we treat the paper strip as a
fibrous porous medium [10,14]. Darcy’s law describing flow in a porous
medium reads [15,32,35]

AP

K
=wd— i for I <L 5a
= - bR T S
And
0s =w3£IﬂP + Apgcost (L = Ly)] T N (5b)

e [LF([] VﬁRrrr[[]I
where u is tear viscosity, k is the hydraulic permeability of the Schirmer strip,

AP is the mass-density difference between tear and air, and g is
acceleration of gravity. The arc-menisci-radius correction to the wetted-strip
length in the denominator of Eq. (5) accounts for the changing wetted-flow
length as the arc menisci recede into (or much later expand from) the prism
corners. As arcmenisci recede into the corners of tear lake, R, decreases,
thereby increasing the wetted length over which the suction pressure acts:

Le(t) = v3Rm(t) Gravity proves negligible compared to imbibition curvature
forces before the penetration front reaches the notch. However, after the
advancing liquid front reaches the notch in Eq. (5b), gravity contributes to
the penetration kinetics. Fluid inertia in the strip is neglected.

AP in Eq. (5) represents the imbibition-suction pressure difference equal to
the liquid pressure in the arc menisci of the tear prism, Py, minus that of the
wetting front, P.. Arc-menisci liquid pressure, Pu(t) is that at the three-phase
contact line. Upon assuming complete water-wetting of both the Schirmer-
strip and the palpebral conjunctiva below the wetting lines of Marx [9], the
imbibition pressure difference is given by Young-Laplace [32-34]

AP = Py(t) P;_:}r(% ﬁj) (6)

where R, is the average pore radius of the fibrous porous strip. Absence of a
factor of 2 for the arc-menisci curvature in EQ.(6) arises because tear-lake
menisci are cylindrical. As tear in the arc menisci imbibes into the Schirmer
strip, the menisci radius R, decreases. Accordingly, Eq. (6) predicts a smaller



pressure difference for liquid suction into the Schirmer strip. This observation
explains the slowing of the strip-uptake rate seen in Figs. 1 and 2.

Egs. (1)-(6) lead to two, coupled ordinary differential equations to specify the
arc-menisci radius, Rn(t), and the wetted length of the Schirmer strip, L(t).

dRm 1 ~ 208yx [1-0.5R, /Rm(1)] )
dt ~ 2.74kRpy(f) URy  [Le(t) = vV3Rm(D)] |
dly 2y [1—0.5R, /Ri(1)] .
Gt = SuR, |0 — VaRa(t)] O ¥ N s
and
dlp 2y [1 D~5Rpr;r1[[}] { Apgi cos
dt — PURp [Le(t) — v3Rm(1)] Pu (8b)

eltd Tl Al agsrgeags

[Le(t) — v3Rm(t)] 8P

Initial conditions for Eqgs. (7) and (8) depend on the volume of tear in the tear
lake immediately after insertion of the Schirmer strip. We assume that the
initial arc-menisci radius is close to that of the inscribed radius of the tear
prism

Rm{m = Rr’ns (9}

Since Rins = hn/3 = 0.233 mm, Eq. (2) sets the initial tear volume in the arc
menisci as 2.25 pL, close to that swept into the tear lake after a blink. In
addition, the portion of the strip manually inserted into the inferior fornix
gathers tear immediately from the papebral conjunctiva and partially from
the bulbar conjunctiva. Thus, most of the Schirmer strip below the notch is
wetted prior to commencement of wicking. Therefore, we set the initial
wetted length as

Lr(0) = By (10)

where B is a constant, close to unity, specifying the fraction of the strip that
is pre-wet during insertion. As demonstrated below, details ofthe initial
conditions do notimpact clinically measureable wetting dynamics in the STT.

To enhance physical understanding, we recast the governing equations in
dimensionless form. Let

_<
2.74).R?

Ins

R = Rm/Rins: A = Lg/Rips;and T = (11)

Substitution of these definitions into Eqgs. (7) and (8) gives



1 dR? (1-p/R)
S e [Mesigpet g Y 12
[ Q(AF-JER]] S

dAr _ (1-p/R)
dr (Af —V/3R)

forAr < Ap | (13a)

and

dAp _  (1-p/R) L g Ar = AN)

- —E(Ar - Ay) for Ap > A
3= (AF—ﬁR) (AF—J@R) (Af n) for Ap > Ay

(13b)

where

2ywdk YAK
= ————;v=548 v 0 =0.5Rp/Rins ;
e Ju-QLRPR:m v tplLQLRP p ]'-“.l'Jr mns

g _ 5:48ARu Je

ApghkRy, cosf
—-andG=2.74
0 p PpQe

(14)
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Fig. 5. Reduced wetting length of strip as a function of reduced time for var-
ious dimensionless gravity numbers, G. With # =20° and Table 1 parameters,
G=4.13. Increased gravitation numbers increase rate of tear penetration into the
stip. A dashed line indicates dimensionless location of the notch at Ay =21.4.
Q=1 plL/ min.

The evaporation number, E, controls the influence of evaporation on strip
wetting dynamics while the gravitation number, G, controls the importance
of gravity in enhancing imbibition rate. Initial conditions now read

R(0) = 1and Ag(0) = BAN (15)

where Ay = Ly/Rins = 21.4 and we set B = 0.99. Eqgs. (12) and (13) are solved
numerically by the stiff differential equation solver, odel5s, in Matlab
[Mathworks, Inc. Natick, MA] subjectto the initial conditions in Eq. (15). Table
1 lists necessary parameters. Knowing the wetted-strip length, Lg(t), the
clinically measured length, L(t), is easily found by subtracting the inserted
distance to the notch, Ly(= 5mm).



120 v | : |
a =575
r=157TE4 ) o
100 p=0.0236 ___.--"'H :
G=0
- E=0.1
80
s E=05 |
N i R B
40 |
___________________ et Ll L il st al L =]
20F ]
0 L 1 | g
0 0.5 1 1.5 2 25 3

Fig. 6. Reduced wetting length of strip as a function of reduced time for various
dimensionless evaporation numbers, E. Increased evaporation slows tear penetra-
tion into the stip. A dashed line indicates dimensionless location of the notch at
AN =21.4. QL =1 p.L;'min.

3. Results

Figs. 5 and 6 explore the roles of gravity and evaporation, respectively, in
strip wetting dynamics. Dimensionless total-strip wetting length is plotted as
a function of reduced time for gravitation numbers up to 5 with no
evaporation (Fig. 5) and for evaporation numbers between zero and unity
with zero gravity (Fig. 6). Dimensionless parameters a, v, and p are
calculated from the physical constants listed in Table 1 with 8 = 20° and with
Q. set nominally at 1 pL/min. Horizontal dashed lines in Figs. 5 and 6
accentuate the dimensionless location of the strip notch at Ay = 21.4. Before
reaching this length, the wetting front resides inside the inferior fornix and is
not visible. Both figures reveal a fast early-time imbibition (regime 1)
followed by a slower penetration time regime (regime 2). Early-time behavior
is not clinically accessible.



Table 2
Calculated Evaporation Number as a Function of Relative Humidity at Ambient.
Temperature (23 °C)

R (%) Je(g/m?[s) "Ts (°C) 'E

25 0.184 19.9 0.35
50 0.105 20.0 0.20
75 0.027 20.1 0.05

2 From heat and mass transfer correlations for natural convection in Appendix A

With zero evaporation in Fig. 5, the second time regime gives essentially
linear-length wetting dynamics. Increasing gravitation numbers increase the
rate of liquid penetration, as expected. For a Schirmer strip, typical
gravitation numbers are about 4 and are insensitive to the strip angle. For G
= 4, there is approximately a 10% increase in strip-penetration rate over
that when gravity is neglected.

Depending on the value of E, Fig. 6 reveals that evaporation can exert a
major effect on wetted-length dynamics. Increased E slows tear penetration
into the strip, especially at later times. Wetting dynamics in the slow-time
regime deviates from linear-length kinetics. For nonzero evaporation
numbers, a steady state is reached at long time where tear supply to the
strip balances evaporative loss. Table 2 reports evaporation numbers at
three relative humidities and at ambient temperature (23 °C). Values are
calculated in Appendix A from heat and mass-transfer theory for evaporation
by natural convection. Theory values for E lie somewhat below 0.5
depending on environment humidity and reinforce the possible important
role for evaporation at low humidity.

Results in Fig. 6 are in general agreement with those of Buckmaster and
Pearce, including their in-vivo measured wet-bulb temperature of a Schirmer
strip [20]. Williams, however, reports no effect of sheathing Schirmer strips
against evaporation for canine eyes [25]. Evaporation rates are not known
precisely for a Schirmer strip hinged on a human eyelid. Actual evaporation
rates are likely curtailed compared to those from theory for an isolated plate.

Fig. 7 displays corresponding dimensionless arc-menisci radii as a function of
dimensionless time for a range of gravity and evaporation numbers. To
uncover early-time behavior of the proposed model, a base-ten logarithmic
time scale is adopted. As opposed to wetting dynamics, there is no
discernable effect of gravity or evaporation on arc-menisci radii kinetics.
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Fig. 7. Reduced arc-menisci radius a function of base-ten logarithmic reduced time.
Tear quickly recedes into tear-prism corners until r--0.025 and slowly increases
thereafter. Three time regimes appear: 1. initial decreasing R; 2. nearly constant k;
and 3 final increasing R. 8 = 20°; Q; = 1p.L/ min.

Fig. 7 exposes three time regimes. In the fast-time regime for values of
reduced time less than about T* = 0.025, arc-menisci radii diminish very
rapidly. The initial time regime is seen as a near step change of wetting
length in Figs. 5 and 6. Zero-time evaluation of Eq. (12) near R~1 reveals
that R? decreases linearly in reduced time with a negative slope of

2[1 “";AF{DJ]. This result provides an estimate of the transition

' 1
time or % = (2la/Ar(0)—1]1"" =0.019 4, good agreement with the

numerical results in Fig. 7. Thus, duration of the initial fast induction period
depends on tear and Schirmer-strip properties and also on the initial filling of
the strip up to the notch. In Figs. 5-7, the initial filling fraction is 0.99. Less
initial filling of the strip below the notch gives a shorter induction time
because the length of the wetting strip is smaller which reduces strip viscous
resistance (see Eq. (5)).

Up to the transition time, T%, tear volumes in the corner menisci quickly
deplete because of fast capillary suction into the porous Schirmer strip. From
Fig. 7, the transition time corresponds to the corner-menisci radii of
curvature diminishing close to those in the Schirmer strip (i.e., to 0.5R,/Rins =

magnitude



0.0236). Accordingly, the suction-driving pressure difference approaches
zero in Eq.(6) choking capillary imbibition. Following initial fast wicking in the
first time region, Fig. 7 reveals that the arc menisci effectively stay near a
constant radius of curvature. Consequently, in the second time regime, only
lacrimation supplies the Schirmer strip. Tear production feeds both the strip
lengthening wetting front and evaporation into the environment. Eventually,
at very long times, the lengthening wetting front evolves an ever increasing
hydrodynamic flow resistance; the corner menisci adjacent to the strip
eventually begin to fill. This effect is seen at reduced times near 10 in Fig. 7.
This third time regime is well beyond clinical measurement times and does
not appear in Figs. 5 and 6.

Fig. 8 highlights the first two time regimes for wetting dynamics by graphing
the abscissa on two time scales: one at short time confirming the initial fast
induction time, 0 < T < 0.1, shown on the upper abscissa and one at longer
time corresponding to experimental time, 0 < T < 3, shown on the lower
abscissa. Wetting-front dynamics in time-regime 2 is characterized by nearly
constant arc-menisci radii or dR?/dT << 1. The reason for the near constancy
of R? is the slow lacrimal supply relative to the capillary-uptake rate of a
Schirmer strip. Once the initial high suction rate of the strip reduces the arc-
menisci radii adjacent to the strip down to a curvature close to those in the
fibrous strip, the two terms on the right of Eq. (7) (or (12)) closely balance or

(1-p/R)

¢————~1 forTt=r1*

(Ar — v3R) 2 2
Substitution of this result into Egs. (12) and (13b) explains both the slow
change in arc-menisci radius and slowing of the imbibition rate after the
initial induction period. In particular, Eq.(13b) beyond t* reduces to

dAF G P
—_— t+ |[E- — | (A Ay)=— fort=1* 17
o [ A 34’?}]{ F N) = (17)

To obtain a conservative estimate of the importance of gravity, we

(Af — An) /(A - 3VR)

approximate the ratio as unity. Integration of Eq. (17)

then gives
o (v/a +G) (Af — An)E .
Ap - Ay = ——— [1 (1 e )Exp{ E(t-t n]
T=T" (18)
A

where Ar evaluated at T* equals F. Because the induction time is fast, small
changes in the initial conditions have no effect on wetting behavior in time-
regime 2. That is, on a clinically accessible time scale, the fast initial period



occurs over a step change in wetting length reflecting the almost immediate
shrinkage of the arc menisci (see Figs. 5 and 6). Per Eq.(18), slowing of the
wetted length beyond the induction time in Fig. 6 is exponential. At long
time, Eq. (18) demands a steady wetted length of Ay + (v/a, + G)/E where
tear supply and evaporation rate balance. Fig. 6 is consistent with this
demand.

In the limit of small evaporation numbers, Eq. (18) specifies linear-length
dynamics for tear penetration into the strip

Ap=Ap+(v/a+G)(t-1*) fort>1" Ex 1 (19)

No steady wetted length occurs. Rather, lacrimal supply continually
increases the wetted length of the Schirmer strip. Linear-length kinetics in
Figs. 5, 6 and 8 demands minimal tear evaporation. A constant slope of
wetting length versus time forms the basis for clinically determining
quantitative lacrimal production rates. For this to occur, however,
evaporation must be minimal.

If we accept a reasonable tear-production rate of Q. = 1 uL/min [6,7,9], the
0.025 dimensionless induction time corresponds to about 6 s in real time.
Zero clinical time is difficult to assess precisely since strip insertion is not
exactly reproducible. Consequently, a 6-s induction time until establishment
of the second slower growth regime is in good agreement with those
clinically documented (https://www.youtube.com/ watch?v=SCJ6n41Vmpc;
see also Fig. 2).

4. Discussion

Results in Figs. 5-8 confirm the assertion of Williams [25] that Schirmer-strip
dynamics consists of two stages: a fast regime where tear initially in the
closed-eye tear lake depletes followed by a slow regime in which tear supply
limits the imbibition rate. The model-predicted third time regime, where arc
menisci refill, lies beyond the 5-min measurement interval of a STT. When
evaporation is negligible, the second slower regime exhibits linear-length
growth kinetics. As observed in Figs. 5-8, transition between the two regimes
is abrupt [25], not exponentially smooth as suggested by Holly [19,22-24].
Our physical model, however, does not confirm the suggestion of Williams
that the intercept of the linearlength growth line (see Fig. 2) reflects the
initial volume of tear in the tear lake [25].

Linear-length kinetics in Figs. 5, 6 and 8 provides a simple means to garner
quantitative tear-production rates. From Eq. (19), the slope in these figures is

dAp/dt = v/a +G. Rewriting this result in dimensional quantities gives

AL Q. | Apgkcosb
At ¢pws D

(20)



Thus, lacrimal volumetric-production rate is available from the measured
slope of the wetted-length-versus-time data and the known parameters of a
Schirmer strip provided evaporation is insignificant. As an example, the slope
of the last three time points in Fig. 1 is about 1.7 mm/min. If gravity is
ignored, a tear-production rate of 1.19 uL/min emerges from Eq. (20), an
acceptable value [6,7,9]. Conservative correction for gravity in Eq. (20) gives
a tearproduction rate of 1.04 uL/min. Including gravity in the estimate of Q,
results in a downward adjustment of about 10%, in agreement with Fig. 5.

To determine quantitative clinical tear-production rates, we suggest that the
Schirmer strip be sheathed [20,23,25] or evaporation otherwise precluded.
Next, we recommend utilizing Schirmer strips with mm markings and
recording at least three wetting lengths at, for example, 3, 4, and 5 min. A
best eye-fit gives the linear slope and, hence, a quantitative tear-production
rate from Eq. (20). This procedure replaces that of recording a single length
datum at 5 min, but is no more time consuming or inconvenient to the
subject or clinician.

Our proposed methodology applies only to the linear-length time regime,
which is established very soon after the wetting front of the Schirmer strip
becomes visible. Details of the initial fast capillary-wetting dynamics do not
impact of behavior in the linear length time domain. However, significant
evaporation in a low humidity environment does impact wetting kinetics
[20,23,25] and abrogates simple assessment of tear production. Clinical
evaluation is required to establish the quantitative validity of the proposed
methodology.

5. Conclusions

A Schirmer tear test (STT) establishes the sufficiency of human tear
production. For insufficient lacrimal supply, dry eye is a possible diagnosis.
As practiced, however, a STT reports a wetting length 5 min after strip
insertion, not actual tear-production rates. We present a physical model
including evaporation and gravity but focusing on wetting dynamics in a
Schirmer strip when first inserted into the lower fornix. The strip is treated as
a fibrous porous medium that wicks tear at a high rate compared to lacrimal
production rate. Accordingly, the strip quickly imbibes tear from the closed-
eye tear lake. When tear volume in the lake diminishes to such an extent
that the radius of curvature of the arc menisci adjacentto the strip
approaches those in the fibrous paper, capillary suction chokes. Tear supply
to the Schirmer strip is then furnished only by the lacrimal glands with tear-
lake volume remaining static. In comparison to wicking rates, lacrimal supply
is slow leading to a slowing of tear penetration along the Schirmer strip.
Provided evaporation is minimal, a linear increase in transient wetting length
arises when the driving pressure difference per unit wetted-strip length is
close to constant. Our proposed physical model explains all reported
experimental findings without invoking non-constant lacrimal supply and
with no adjustable parameters.



We establish that the linear-length time regime gauges lacrimal supply rates.
We suggest a simple extension of current practice in which the Schirmer
strip is sheathed against evaporation and the wetted length of a distance-
marked strip is measured at three time points near 5 min of insertion.
According to Eq. (20), the slope of the resulting best-fit straight line gives
basal tear production after a small correction for gravity. The proposed
procedure is simple and time efficient. Clinical evaluation is necessary to
establish its accuracy and usefulness, especially for distinguishing between
evaporative dry eye and aqueous-deficient dry eye [28-30].
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Appendix A. Evaluation of evaporation number

Knowledge of the evaporative flux is necessary to ascertain the evaporation
number. Thus from Eqg. (4), we require the mass transfer coefficient, k., and
the temperature of the evaporating strip surface, Ts. Energy conservation
specifies the strip temperature. As warm tear penetrating the strip emerges
from the lower fornix, evaporation into the environment cools the advancing
tear [20]. Tear temperature in the strip falls eventually reaching the wet-bulb
temperature governed by the expression [15,35-37]

JeAH, = h [T - Ts] (A1)

where AHv s the mass enthalpy of water vaporization (2.453 kJ/g), h is the
heat transfer coefficient [15,35,37], and T. is ambient temperature (23 °C).
We estimate heat transfer to the Schirmer strip by natural convection at a
horizontal planar surface [15,35,37,38]

Nu = % —0.96Ra'® 1 < Ra < 200

where Nu is the Nusselt number, k[=2.58x10"*W/m/K] is the thermal
conductivity of air, L. is the characteristic length for evaporation defined as
the ratio of the Schirmer-strip surface area to its’ perimeter: L. = 0.5wL/(w +
L) with L estimated as an average 10 mm, and Ra is the heat-transfer
Rayleigh number defined by

 [palT) — PulTo)lel2
(Pa) Ve

Ra (A3)

where Pa is the mass density of humid air, (Pa) = [ﬂ”(T“J * P“[TSJ] ;2,

of=2.14x10°m2/s] 4o thormal diffusivity of air, V= 1:52X1072m?/s] o



the kinematic viscosity of air, and g is gravitational acceleration. The mass
density of humidified air in Eqn. (A3) is estimated by

,ﬁ’u[T]RET = MWRHP%H [T} 1 Mulpﬂfrn RHPﬁm [T}] where M,, and M, are the

molar masses of water and dry air, respectively, and P.n is atmospheric
pressure. Accordingly, there is a small dependence of Ra, and ipso facto of h
and k,, on environment humidity. Unless otherwise noted, all physical
properties are evaluated at the film temperature Tr = (T.. + Ts)/2. Properties
of air are conveniently tabulated in Appendix | of [37]. We obtain Ra~1.53
and h~15.9W/m?/K. The mass transfer coefficient of water vapor in air
appearing in Eg. (4) must also be calculated to complete assessment of the
wet-bulb temperature. Since heat and mass-transfer mechanisms are
analogous, the mass transfer coefficient follows Eqg. (A2) with the Sherwood
number replacing the Nusselt number and the mass-transfer Rayleigh
number replacing the heat-transfer Rayleigh number [15,35,37]. Thus, we
find that

Kin Dywa ( C 18
—_— e [ Ad
h K\ Dwa ) (A4)

where Dy, [= 2.56 x 107> m?/s] is the molecular diffusion coefficient of water
vapor in air. Evaluation of Eqn. (A4) gives k,»,~0.0153m/s. Given the heat and
mass transfer coefficients, Eqgs. (4) and (Al) are solved iteratively using a
Newton-Raphson algorithm. Resulting wet-bulb temperatures are listed in

Table 2 along with : and E values (based on Q. = 1 pL/min) at three relative
humidities.
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