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DIFFERENTIAL CROSS SECTIONS FOR ELASTIC SCATTERING 
OF POSITIVE PI MESONS ON PROTONS 

IN THE ENERGY REGION 500 TO 1600 MeV 

Jerome A. Helland 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

August 15, 1962 

ABSTRACT 

Differential cross sections for the elastic scattering of positive 

pi mesons on protons were measured at the Berkeley Bevatron at lab

oratory kinetic energies of the pion between 500 and 1600 MeV. Fifty 

scintillation counters and a matrix coincidence system were used to 
' 

detect the recoil proton and the pion, both before the latter reachid a 

liquid-hydrogen target and after scattering. Various corrections were 

applied to the data, and the results were fitted with a power series in 

the cosine of the scattering angle in the center-of-mass system. Total 

elastic cross sections were obtained by integrating under the fitted 

curves. The coefficients of the cosine series are shown plotted vs the 

laboratory kinetic energy of the pion. The most striking features of 

these curves are the large positive value of the coefficient of cos6 c/', 
and the large negative value of the coefficient of cos 4 e':', both of which 

peaked in the vicinity of the 1350-MeV peak in the total cross section. 

These results indicate that the most predominant state contributing to 

the scattering at the 1350 MeV peak has t·:>tal angular momentum 

J = 7/2, considering that the coefficients for terms above cos 
6e':' are 

negligible at this energy. One possible explanation is that the 1350-MeV 

peak is the result of an F 7 ; 2 resonance lying on the same Regge- pole 

trajectory as the famous ( 3, 3) resonance near 195 MeV. 
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I. INTRODUCTION 

In this experiment the differential cross sections for the e 1 ast !.C 

scattering of positive pi mesons (pions) on protonE were measured at 

incident pion laboratory kinetic energies between 500 and 1600 MeV. 

Although considerable work has beeh don,~ in the study of ,. -p scatter

ing, 
1 

little has been done on TI +_.p sc;tter~~1g in this energy ran:~t Sev

eral bubble-chamber experiments have been performed with111 thE. p::; !::t 

few years to measure the 1T+-p differential cross sectwns (doc.~, )o 

Bidan et al., using the Saclay propane bubble chamber. measured the 
2a 

d. c. s. at 1000 MeV. Barloutaud et al., us"i.ng the Sac lay hydrogen 

bubble chamber, measured the d. c. s. at 820, 900. and 1050 MeV Zb 

Kopp et al., using a hydrogen bubble chamber at the Br ookha.ven 

Cosmotron, measured the d. c. s. at 990 MeV. Zc Roelb g and G~.a s e r 

using a propane bubble chamber at Michigan, measured thE- d.c o ". c.t 

ll 00 MeV. 
2

d This work is ~lso discus sed in refereqce Ze 0 Wtll ito. 

using a hydrogen bubble chamber at Brookhaven, mea.sur~d the d c :-. 
2f + · 

at 500 MeV. In most of these experiments the TT -pd. c. s. 1s b3.sed 

on 200 to 1200 events per energy. 

This experiment was performed as a more deta1led study of 

various phenomena that were originally observed 1n the total cross 

sections, as measured by several experimental groups w:th1n the past 
3 

few years. The first phenomenon that was du:~covered was thE' famous 

(3, 3) resonance, which has a total energy of about 1238 MeV 1:1 the 

center-of-mass (c. m.) system. Th1s resonance has beCcn ::-tud1ed qu.ite 

thoroughly and the quantum numbers associated w1.th the resor:c,nt state 

are well known. The (3, 3) resonance has isotop1c sp::.n T = 3/Z. t,Jta! 

angular momentum J = 3/Z., orbit<d angular mornentu.m P. = l, and 

positive parity. i.e., the par:ity of the nucleon. 

Several interesting phenomena have been observed at en·~rg-.r·s 

above the (3, 3) resonance (see F1g. 1). ln the tot.:d cross sect:.•.:m for 

1T -p scattering there are two definHe peaks; one 1s near 600 MeV r,rd 
+ the other is near 900 MeV. For 1T -p scattenng there IS a broc.d pc ak 

in the total cross section near 1350 MeV. and also a "s}:o ... lder ne;:;r 

850 MeV. 
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It is possible that some of the peaks are elastic resonances 

superimposed on a normal elastic plus inelastic background, and that 

others are merely the result of a rapidly rising inelastic cross section • which suddenly reaches the limit imposed on it by the unitarity condi-

tion at the energy of the peak. The last mechanism is discussed in more 

detail in reference 4. 

Regardless of how the peaks are produced, it is desirable to 

learn as much as possible about them. At present there are no theories 

that correctly predict cross sections in this energy region. It is hoped 

. that the data from this experiment will be an aid in the formulation of a 

theory which not only will correctly predict cross sections, but will 

also explain the nature of strong interactions in general. 

Since all strong interactions are interrelated, a thorough knowl

edge of pion-proton interactions will be very helpful in explaining the 

various phenomena that occur in other types of strong interactions, such 

as the K meson-proton interactions, and the pion-hyperon interactions" 

It is reasonable to hope that all strong interactions may someday 

be explained in terms of just a few basic interactions, such as the ( 3, 3) 

resonance, the various rr-rr resonances, etc. Some of the rr-rr reso

nances ar.e the p meson, a T = 1, J = 1, metastable 11 partic1e 11 of mass 

M = 750 MeV, which decays into two pions; the w meson, a T = 0, 

J = 1, three-pion resonance "particle'' of mass M = 780 MeV; and the 

T] meson, aT = 0, J = 0, "particle" of mass M = 550 MeV. 

At the present time it is conventional to characterize rr-p scat

tering in terms of phase shifts, which are discussed in Sec. V. However, 

with only differential- and total-cross-section data it is extremely dif

ficult, if not impossible, to determine uniquely all of the necessary 

scattering phase shifts. The reason for the difficulty is that numerous 

orbital angular-momentum states participate in the scattering in the 

energy region of this experiment; hence, it is necessary to determine 

a large number of phase shifts. In addition, these phase shifts are 

complex quantities, because inelastic scattering is allowed at these 

energies. In order to make a complete phase-shift analysis it is neces-
• . 

sary to obtain additional data from experiments such as the measurements 
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of the polarization of the recoil proton in rr -p elastic collisions, 
5 

the 

total and differential cross sections for charge-exchange scattering 

(
- 0 )6. h d.. . 7 rr -p-+ rr -n, p1on p otopro uct1on cross sect1ons, etc. 

In Sec. V qualitative arguments are presented for the assignment 

of quantum numbers to the state that is responsible for the 1350-MeV 

resonance. The "shoulder" near 850 MeV in rr +_p scattering is also 

discus sed. 

Because total isotopic spin is conserved in strong interactions, 

it is desirable to examine pion-nucleon scattering in terms of states of 

well-defined isotopic spin, rather than in terms of definite'"'charge states. 

In order to obtain the cross section for isotopic spin T = 3/2, we can 

use the rr+-p cross section alone. A linear combination of the cross 

sections for rr + -p and rr--p scattering (including charge exchange) may 

be used to calculate the T = l/2 cross section. In this report the 

T = 3/2 (rr +-p) scattering is examined. 
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II. EXPERIMENTAL METHOD AND EQUIPMENT 

A. Experimental Method 

A beam of positive pions of selected momentum was focused 

with small angular divergence on a liquid-hydrogen (LH2) target. Then 

the differential cross sections for the elastic scattering of the pions was 

measured by detecting the scattered pion and the recoil proton in the 

proper time relationship with the incident pion. Scintillation counters 

were used as detectors. 

The detection of inelastic scattering events in the elastic

scattering channels was minimized by the geometrical restrictiOns of 

the pion and proton counters. This method was used rather than one 

involving Cerenkov counters, or range telescopes, etc., because it 

accomplished its purpose adequately and it avoided the difficult correc

tions due to Cerenkov-counter inefficiencies or scattering 1n the range 

telescope, which must be applied when using the other methods. A 

measure of the Inelastic scattering was made in order to correct the 

elastic data for inelastic events-this is explained in more detall in 

Sec. IIIB. Other corrections to the data are also discussed in Sec, IIIB. 

Differential cross sections at laboratory scattering angles smaller 

than about 20 deg could not be measured, because for those events the 

recoil proton did not have enough energy to reach the proton counter 

and be counted. 

The advantage of using a scintillation-counter array around the 

LH
2 

target is that 1t is possible to obtain much better statistics 1n a 

shorter interval of time, as compaDed with Itethods using bubble 

chambers, spark chambers, etc. The statistics in this experiment 

averaged about 3 to 4o/o. 

Figure l shows the total cross sections for rr-p scattenng. 

with vertical lines at those pion laboratory kinetic energies at which 

this experiment was performed: 533, 58!, 698, 873, 990, 13 ll, and 

1555 MeV. 

. .\ 
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Scattering from the empty hydrogen target was measured so as 

to correct for extraneous scattering from material in the beam, other 

than liquid hydrogen. 

The pions incident on.~tpe liquid-hydrogen target were counted by 
" t 

using a monitor telescope consisting of three scintillation counters. 

The positions of these three counters are shown in Fig. 2, which is a 

plan view of the experiment. The number of monitor counts was cor

rected for muon-electron contamination in the beam, as measured by 

a gas Cerenkov counter. 

B. Equipment 

1. Source of Pions 

The pions were produced when an aluminum oxide ceramic 

target was struck by protons in the circulating beam in the Bevatron. 

The target was specially made to have f higher relative density (::::: 4) 

than most aluminum oxide ceramics. The number of pions produced 1n 

such a target is nearly proportional to the number of nucleons that are 

effective in contributing pion-producing collisions, per em 
3 

of target. 

The total number of nucleons per cm
3 

is n = N
0
p, where N

0 
is 

Avogadro's number and p is the density of the target material. Since 

some of the nucleons in an atom of target material are "shadowed'' by 

other nucleons, the equation for the effective density of nucleons be-

comes 

where A is the total number of nucleons 1n each target atom. There

fore, in order to maximize the pion flux, it is necessary to maximize 

p /A l/3 . Positive and negative electrons are produced in t,.he target 

when a neutral pion decays into photons and the photons create electron 

pairs. In order to minimize the electron contamination in the pion 

beam, it is necessary to minimize the conversion of the photons into 



• 
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Fig. 2. Plan view of the experimental arrangement. The 
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electrons. This conversion rate ie p-roportional to z 2 

i.e. the square 

of the charge of each target nucleus. For this reason it is de suable to 

have a target with low z. A ceramic target was chosen as a c01npromise 

between these two requirements. 

When viewed in the direction of the secondary beam of p:ions, the 

target was 1/2 in.wide by 1/8 in. high. Some of the p:ions produced in 

the ceramic target were "collected" by an 8 .. ·in. -bore quadrupole placed 

at a. 28 -deg angle from the primary beam of protons. Because the 

1/2-in. -wide ceramic target was also placed a.t a 28-deg angle with 

respect to the proton beam, it had an effective length of about 1 in. along 

the proton beam. 
1 l 

Approximately l 0 protons were ,: spilled'~ onto the ceramic 

target during each Bevatron pulse, thus producmg approx1mately 20 000 

pion counts per pulse in the monitor system. The pions were distrib

uted as uniformly as possible over a t1me interval of 200 msec. The 

pion pulse was produced every 5 to 6 sec during the experiment. 

2. Beam Design 

The overall beam layout is shown in F1g. 2. The pions were 

transported from the. Bevatron target to the liquid-hydrogen target by 

means of a.n optical system, shown schemancally (not to scale) in F1g. 3. 

The optical system consisted of four 8--in .... bore quadrupoles, two bend

ing magnets, a velocity spectrometer, and a copper slit. The pnmary 

purpose of the quadrupoles was to focus the p1on beam on the hydrogen 

target, and also to produce an intermediate focus. The bending magnetE-. 

determined the central momentum of the pion beam and, a long w1th the 

copper slit, determined the momentum spread of the beam. The ve!ocity 

spectrometer deflected protons out of the p1on beam, The protons tha.t .. . 
were deflected a sufiicient amount by the spectrometer collided w1th thP 

copper sht and therefore did not reach the hqmd-·hydrogen target. 

The fout quadrupoles are designated as 0
1

, 0 2 , 0 3 . and 0 4 
(listed from the Be'' at ron target t:o the liquid-hydrogen target). All of 

thes~ qua.drupoles were triplet quadrupole~, convergent in the end ~ec 

tions and divergent in the center section (CDC) i.n the honz.ontal pl;:_ne, 

,. .. ,, 
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Fig. 3. Schematic dfagram of optical sy<::tem showint-! 
extreme rays of pion bcan1, various magnets, 
targets, slit, and velocity spectrometer. The 
dashed lines illustrate how the protons were 
stopped by the slit. 
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Each quadrupole was placed such that its pole face at one end was 

104 in. from either a focal point in the bea1n or the Bevatron target. 

All quadrupoles rendered (or received) the beam nearly parallel in both 

planes at their other end. In the case of 0
1 

and 0
4

• the beam was not 

quite parall.e l in the vertical plane -in orne r to compensate for a slight 

vertical focnsing by the bending magnets B 
1 

and B 2 . Although 0
1 

subtended a solid angle of approximately 4 msr from the Bevatron 

target, the effective solid angle was only abou,t L t msr, because approx

imately 40% of the pions that entered 0
1 

could not enter the velocity 

spectrometer VS. The reason for this was that: the horizontal plates 
I 

in VS were only 4 in. apart, rather than 8 in., the diameter of the bore 

of 0
1

. 

The first bending mat~ net, B 
1, was a 16- by 36 -in. C -magnet 

with a 6-in. gap. 1\.. C-m.agnct w.:=ts used in order to keep the pion beam 

as close to the Bevatron as possibh: and thereby minimize the "takeoff'' 

angle (28 deg) of the pions. The pion flux increases as the takeoff angle 

is decreased. Because of its proximity to the Bevatron, the magnetic 

field in B 
1 

tended to fluctuate (6 H/H ~ ± 0.6%) in phase with the 

Bevatron's varying magnetic field. This problem was overcome by in

corporating a voltage feedback circuit into B 
1

. A search coil was used 

in B 1 to verify that the feedback drcuit actually stabilized the magnetic 

field in B 1 (6H/H ~ ±0.16%). The pion beam was bent 10 deg in B
1 

and 

another 10 deg in the same direction in B 
2

. 

The various momenta in the pion beam were dispersed by B 
1

, 

a momentum band of ± 3% was selected by a copper slit at tlre inter

mediate focus, and then these momenta were nearly recombined by B 2 , 

an• .. 18- by 36-in. H-magnet with a 6-in. gap. It was B
2 

that "defined" 

the central momentum at which each set of data was taken. Bending 

magnet B
2 

was carefully "wire-orbited" (floating-wire technique) three 

times prior to the collection of data, in order that the field strength 

needed for each nwmentum would be accurately known. The three 

wire-orbit measurements agreed very well with each other. In order 

to adjust the rest of the optical system so as to get a maximum pion 
8 • 

flux, a computer program, OPT IK, was used to calculate the field 
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strengths in all of the components of the optical system, 1n relation to 

a given field in B 
2

. Upon completion of the experiment, an elaborate 

study was made of the values of the momenta of the experiment. They .. 
are now known to an accuracy of ± 1.1 o/o. This momentum determination 

1s discussed in Appendix A. 

In addition to determining the width of the momentum band used 

in the experiment, the copper slit also served to stop protons that were 

deflected downward by the velocity spectrometer. The copper slit is 

shown in Fig. 4. For the sake of clarity, the vertical scale is ten times 

as large as the horizontal scale. The slit was designed so that the 

copper was always positioned above and below the locus of the vertical 

focal points of the various momenta. Figure 4 shows t:lje specific points 

where the central momentum, + 3% momentum, and - 3% momentum 

are focused; as well as the locus of the focal points in both the vertical 

and horizontal planes. Notice that the + 3o/o and - 3% momenta have 

their horizontal focal points a.t the centers of the faces of the side jaws 

of the slit. Therefore, one side jaw was positioned about 2 8 in. 11 down

stream" from the other side jaw. The effective length of the copper 

along the beam was 14 in. for all parts of the slit. The slit was set on 

several inches of lead, which stopped those protons that were deflected 

below the slit by the spectrometer. The height of the copper slit and 

the lead was adjustable so as to vary the number of protons and the 

number of pions that were stopped by the slit. F1gure 5 shows both the 

relative number of pions and the ratio of protons to pions plotted vs sl1t 

height. The arrows indicate the position of the slit at which data were 

taken at this energy (873 MeV). The slit was made of copper, because 

it has such a high stopping power for protons per unit length of materiaL 

The velocity spectrometer was designed to deflect protons down

ward, and yet leave the pions nearly undeflected, by means of a vertical 

electric field and a horizontal magnetic field. Figure 6 shows a cross,_ 

sectional view, looking downstream along the pion beam, of the spec-
-+-

trometer, including the electric field vector E and the magnetic field 
-+- -+-

vector B. Since the force due to the electric field is FE= qE, where 

q is the charge of the particl.e, this force is the same for both the pion 
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Fig. 4. Copper slit. The pion-beam focal points in the 
vertical and horizontal planes for the central momentum, 
+ 3o/o and - 3o/o momentum are also shown. 
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Fig. 5. Curves showing ratio of protons to pions (before 
protons were eliminated by time of flight), and relative 
number of pions plotted vs slit height for an incident 
pion lab kinetic energy of 8 7 3 MeV. 
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and the proton, and is in a downward di rcct ion The force due to the 

ma~netic field is F B = q(~/c)XB, where; is the velocity of the parti

cle and c is the velocity of li:;ht in a vacuum. Althou;;h the p10n and 

proton both have the same momentum, they have different velocitles, 

and hence the upward force due to the ma:_;netic field is different for the 

pion and the proton. For example, if the momentum is 1000 MeV /c. 

v / c for the pion is 0. 99. whereas v / c for the proton is 0. 7 3. Therefore 

the upward force on the proton is only about 3/4 as large a.s the upward 

force on the pion. By adjusting the magnetic and electric fields such 
,. 

that the force on the pion due to the ma'3netic fie~d is equal and oppos1te 

to the force due to the electric field, the pions will be undeflected, but 

the protons of the same momentum will be deflected in the di recuon :Jf 

the electric field. Equations relating to the amount of deflection of the 

protons are prese11ted in Appendix B. By us:;,.ng the veloc :ity spectrometer 

the ratio of protons to pions at 1555 MeV was reduced from ::::. 15 to:::: '3. 

At 533 MeV the final proton-to-pion ratio was 0.02. Those protons that 

physically got through the monitor telescope were eliminated by ''t~me

of-flight. 11 (Tr_is system is discussed in Sec. IIB5.) 

The spectrometer used in this experiment was 20ft long. The 

distance between the electric plates was 4 in. , and the voltage across 

them was usually 450 kV. At the lower pion ener~:es the volta~~e was 

sometimes reduced to 400 kV, and at other t1mes the voltage was ra1sed 

to nearly 500 kV. In order to maintain such a hi:_;h volta:;e across the 

plates, it was obviously necessary to put the electric plates in a vacuum 

Actually, it was easier to maintain the high voltage by flowm:~ argon .. 
through the spectrometer at a pressure of about l 1-1· This n.ea.r-,JaC'.lum 

was extended upstream through B 
1 

and Q 
1

, so there was vt-r{ h ttl e 

air in the beam line between the Bevatron target and the downstrf:"am 

end of the spectrometer. From this point to the liquid-hydrogen targP.L 

helium bags were put in the beam line to exclude the air, anci hence 

reduce the scatteTing of the pions on an molecules. Tr,e helium ba·~s 

were about 9 in. in diameter and about 20ft long. 

The velocity spectrometer (VS) was sh)(~~d from the magneo:1c 

field of the Bevatron by a 3- by 5-.ft by 10-in piece of non mserted • 
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between the Bevatron yoke and that end of VS nearest to the Bevatron. 

Quadrupol(~ Q
1 

was shielded by placing it inside an open-ended iron 

box with l 1-in. -thick walls. 

All of the beam components were carefully surveyed into place, 

and were positioned within 1/16 m. of their correct positions. 

3. Liquid-Hydrogen Target 

The liquid-hydrogen target used in the experiment is sho\vn in 

Fig. 7. The target vessel was a Mylar cylinder 2 1 in. 1n diameter and 

4 in. long. The vessel was enclosed in a vacuum and surrounded by 

radiation shields of aluminized Mylar to minimize heat transfer to the 

liquid hydrogen. The target vessel was filled by graVity feed from a 

reservoir above it. The liquid-hydrogen reservoir was surrounded 

• by a liquid-nitrogenjacket, and the ent"ire .assembly was enclosed in a 

vacuum jacket. The target vessel was emptied by closing its boil-of£ 

valve, thereby building up a slight gas pressure in the target and fon~

ing the liquid hydrogen out the bottom. The density of the gaseous 

hydrogen left in the target 9 was 0.00136 g/cm
3

, whereas the density of 

the liquid hydrogen is only 0.0702 g/cm
3

; this required a 2% correction 

to be applied to the amount of liquid· hydrogen. 

The effective number of protons per cm
2

, nx, v.tas calculated 

to be 4.196X 10
23

. This value inclydes the Zo/o density correction, and 
- ' ~ ' ! ~ 

takes into consideration the shape 6£ the:'target vessel, and the bearn 

profile (relative inte·nsity of the pion beam for positions off the central 

beam axis). 

The hydrogen target was designed so as to minirnize the nurnber 

of supports and other obstacles between the target vessel and the scin

tillation-counter arrays (see Fig. 7). The 5/8-in. -wide 0.020-in. -thick 

stainless steel band was used to attach the fill tube at the bottorn of the 

target vessel, and the boil-off tube at the top. The vario1Js thicknesses 

of Mylar used to contain the hydrogen and the vacuum around the tar get 

vessel are show1i in Fig. 7! 



-17-

Main support 

• 

Vacuum jacket wall 
----/ (0.026" Mylar) 

.... 
' ' ' ' ' ' ' '\ 

\ 
\ 

, ...... ~ 

\ 
\ 

' \ 
\ 

\ 

' 

Pion beam 

\ 

' \ 
\ 

\ 

\ 
\ 

\ 
\ 

\ 
\ 

'\ 
I \ 

' ' ' ' ' ' ' 

·I 

..... 
..................... _ 

/Boil-off lube 

\Target vessel 
(0.0075" Mylar) 

------------
__ .... ....-- / 

/ 
/ 

/ 
/ 

/ 

/ 
/ 

/ 

/ 

I 
I 

/ 

Fig. 7. Plan view of liquid-hydrogen target vessel and 
surrounding vacuum- jacket wall. 

\ 
\ 

I 
I 

I 
\ 

I 
I 

I 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

I 

MUR-IlJ8 



- 18-
0 • 

The various gauges and operating controls associated with the 

hydrogen target were located in the counting area, so it was not nec

essary to go into the actual target area very often. 

4. ScintilLition Counters 

Figure 8 shows the entire counter array schematically. Three 

counters (M 
1

, M
2

, and M
3

) were used to count those pions, incident on 

the liquid-hydrogen target, th~t co\.ild contribute to the scattering data. 
ft i 

There were 21 counters, labeled n counters, placedat various lab

oratory angles between 16 and 145 deg to the right of the beam, as 

viewed looking downstream. The purpose of these counters was to 

detect the scattered pions. Twenty-five counters, labeled p counters, 

were placed to the left of the beam at laboratory angles between 4 and 

82 deg. These counters detected the protons as they recoiled from the 

TI-p elastic collisions. The p counters were added together electron

ically in overlapping groups of three to six counters. These groups of 

p counters were call1d P counters. For each n counter there was 

a cor responding P counter. The P counter -.was very slightly larger 

than necessary to detect the proton recoiling from any elastically 
' 

scattered pion that was detected in the corresponding n counter. 
I 

All of the counters used in this experiment, except the gas 

Cerenkov counter, were scintillation-type counters made of a solid 

solution of terphenyl in polystyrene plastic. Photons, produced when 

a charged particle passed through one of the scintillators, were trans

mitted through a lucite light pipe to a 681 OA photomultiplier tube, where 

the light pulse was converted to an electrical pulse. High-capacitance 

tube bases were used on all counters. Those in or near the pion beam 

required extra-high-capacitance bases, because of their high singles 

counting rate. 

Counter M 
1 

was located at the downstream end of the slit, and 

was 4.5 in. wide, 2.5 in. high, and 0.25 in. thick. Counter M
3 

was 

located directly in front of the liquid-hydrogen tar3et vessel; i.e., 

upstream from the target. This counter was a 1/8 in. -thick disk, 
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Fig. 8. Pl'an view of scintillation-counter arrangement. 
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1.5 in. in diameter. Since M
3 

was smaller than the target vessel, it 

served to define the beam diameter at the target. Counter M
3

, along 

with 0
4

, limited the amount of beam convergence at the hydrogen 

target to ± 1.5 deg. Counter M
3 

is also shown in Figs. 9 and 10. The 

distance between M
1 

and M
3 

was approximately 4 7 ft. Counter M
2 

was 

located halfway between M 1 and M 3 , and was rectangular in shape, 

0.25 in. thick by 6 in. high by 8.5 in. wide. Counters M 
1 

and M
2 

were 

both large enough to detect all of the particles in the beam. 

The rr counters, which detected ssattered pions, were all de

signed to subtend an angle of 18 deg in ¢, the azimuthal angle in a 

spherical-coordinate system. Table I lists the angles at which each 

TT counter was placed, the counter width, and the solid angle it sub

tended. The angles and solid angles are given in the lab system. The 

solid angles and the cosines of the pion scattering angles, both in the 

c. m. system, are listed in Tables II(a) and II(b), respectively, for 

each energy. 

The 25 p counters, which detected the recoil protons, were all 

3/8 in. thick and 4 in. wide. _.rMoS>ti\' of them were rectangular, some 
. I 

being as long as 22 in. The p counters were all designed to subtend 

an angle <P;:::: 22 deg, so that the p counters that were closer to the pion 

beam were shorter in length. In the extreme cases where the p counters 

were placed at smaller angles to the beam, the side of the p counter 

that was closer to the beam was shorter than the other side, so these 

p counters were trapezoidal in shape. The shortest side of the shortest 

p counter was 4.2 in. long. 

Figure 9 is a photograph showing most of the rr counters, and 

M 3 with its curved~ light pipe. Figure 10 shows the p counters and the 

outside of the LH 2 target vacuum jacket w~th M
3 

in front. Figure 11 

is an overall view of the experimental area, showing the backs of the 

TT counters, the downstream end of 0
4 

on the left, and the <upper portion 

of the LH2 target in the center. Those rr counters directly in front of 

the hydrogen target in Fig. 11 have 0.5 in. -thick rectangular scin

tillators that are 10 in. wide and 20 in. high. These counters have a 
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Fig. 9. Some of the rr counterf. 
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ZN - 33 09 

Fig . 10. Liquid-hydro gen target with p counters on left . 
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Table I. Pion - c ounter data : l a b a n gl es 

Counter Angle of C ounter ScJ1d 
number scatter widt h a r.g e 

(de g) (in) (m s ) 

1 16 4 .20 4 , 534 

2 22 4 .52 6 . 16 i 

3 26 4 . 81 7 , 210 

4 30 5.1 9 8 . 224 

5 34 5 . 66 9 .197 

6 38 6 .27 -o.L .. 6 

7 43 . 00 11 . 492 

8 4 7 5 . 00 13. 19" 

9 52 5. 00 5 . 40~ 

10 5 7 5 . 00 1 .467 

11 62 5 . 00 19. 327 

12 68 5. 00 2 ... . 38 

13 7 4 5 . 00 23 . 1 12 

14 80 5. 00 ... 3. 9 J 8 

15 91 5 . 00 '- ~, 20R 

16 99 10 . 00 48 . 75 ~ 

17 110 10 . 00 4 3.7 3 

18 120 10 . 00 3 .34q 

19 129 10.00 30. 0 12 

20 137 10 . 00 23. -~ 43 

21 145 7.6 9 12. 5 7 8 

I 
'' . : 



-24-

Table II(a), Pion s o1id angles , c m . system. 

Solid angles (msr) 

f 

Counter 
Incident pion lab kinetic energy (MeV) 

number 533 581 698 873 990 1311 1555 

1 10 "546 10 . 949 11 90 2 13 . 298 14 ~ 20 7 16 . 6 20 18 . 365 

2 13 .684 14. 160 15 . 2 7 3 16 . 871 17 . 889 20 . 509 22 . 329 

3 15.417 15 . 912 17 . 058 18 674 19 ,685 22 . 220 23 . 922 

4 16 . 846 17 . 337 18.460 20 . 010 20 . 960 l3 . 26 7 24 754 

5 17 ' 96 7 18.433 19.485 20 . 901 2L 747 23 . 7 26 24. 935 

6 18. 789 19 . 213 20 . 156 21.387 22. , 100 23 688 ~4 . 593 

7 19 . 898 20 , 262 21.048 22 . 025 22 , 562 23 . 658 24. 19 5 

8 2L550 21.86 7 22 . 535 23 , 321 23.7 25 24,452 24 , 720 

9 23 . 305 23 . 546 24 , 026 24. 525 24. 7 39 24 . 974 24.905 

10 24. 426 24. 574 24 . 831 25 ,012. 25 . 027 24 , 773 24 , 392 

11 24 . 934 24. 980 25 . 004 24 867 24 .6 92 23 . 997 23.352 

12 25 . 198 25 . 123 24. 877 24 387 24, 009 22 . 865 2"1. 96 9 

13 24. 5 20 24, 336 L3 . 856 23 , 076 22 , 540 21.078 20 . 025 

14 23 . 037 22 . 76 7 22 , 110 21 128 2.0 . 491 18. 850 1 7 . 7 30 

15 20 . 41:9 20 . 079 19 . 206 I 7 .999 17 261 l 5.480 14 340 

16 35 . 184 34. 3 81 32 . 576 30 . 166 2.8,733 25 . 3 81 23 . 301 

17 27 234 26 , 478 24 816 22 .. 667 21.425 18. 606 16 . 913 

18 20 . 604 19. 956 18 ?53 16 . 778 15 .7 70 13 . 530 1 2. 21 3 

19 15 ,065 14_ 551 13 . 449 12. 07 5 11,304 9 61 4 8 . 63 5 

20 10 . 808 10 . 418 9 588 8 . 564 7_ 994 6 7 .57 b . 048 

21 5 528 5.320 4 . 8 79 4 , 340 4 .042 • 3.400 3.03 5 
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Table II(b). Cosines of pion scattering angles , c.m. system. 

Cos e * 

Counter 
Incident pion labo ratory kinetic energy (MeV) 

number 533 581 698 990 1311 555 

1 0.907 0. 904 0.895 0.88 2 0.873 0 . 8 50 0 .832 

2 0.830 0.823 0.808 0. 785 0 . 77 0 0 . 731 0 , 702 

3 0. 768 0 . 759 0. 739 0 . 709 0 .6 90 0 . 640 0.603 

4 0. 700 0 . 689 0 . 664 0.6 27 0 . 604 0 .543 0 .5 00 

5 0.626 0 . 613 0 . 583 0. 540 0. 513 0.443 0 .394 

6 0.547 0.533 0 . 499 0.450 0 .420 0.34 2 0 .289 

7 0.446 0.429 0 .391 0 . 336 0 . 303 0. 2 18 0 . ] 6 1 

8 0.363 0.345 0.303 0.246 0 .2 10 0.1 21 0.063 

9 0.259 0 . 239 0 . 195 0.134 0 . 09 7 0.006 -0.053 

10 0.155 0.135 0.089 0.027 - 0 .. o 11 - 0 . 101 - 0.160 

11 0.054 0 . 034 -0.013 =0 ,075 - 0 .112 - 0 .201 - 0.257 

12 -0.062 -0.083 -0.129 - 0 .19 0 - 0.226 - 0.310 - 0 .363 

13 -0.173 -0.193 - 0 .2 37 - 0. 295 -d. 329 - 0.40 7 - 0.456 

14 -0.276 -0.295 -0.336 - 0.391 - 0.422 - 0.494 - 0 .53 7 

15 -0.445 -0.461 - 0.497 - 0 .542 - 0 .568 - 0 .627 - 0 .662 

16 -0.551 -0.565 - 0.596 - 0 .635 - 0. 657 - 0.70 5 - 0.734 

17 -0.675 -0 . 686 -0.710 - 0. 740 - 0. 756 - 0 .7 93 - 0.8 14 

18 -0.768 - 0 . 776 -0.794 =0 . 816 - 0.828 -·0 . 85 .5 - 0 .870 

19 -0.836 -0.842 -0 . 855 - 0.87 1 - 0.880 - 0 . 899 - 0 . 910 

20 -0.885 -0 . 890 - 0.899 - 0 .91 0 - 0 . 91 7 - 0 . 9 30 - 0 . 93 8 

21 -0.925 -0.928 - 0 . 934 - 0 . 94 2 - 0.946 - 0 . 955 - 0 . 96 0 
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Fig. 11. Overall view of counter arrangement showing 
backs of rr counters. 

ZN-3308 
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tapered light p i pe and shielded phototub~ at the bottom. In order to 

shield the counters from some o f the external radiation , the walls of 

the experimental block house were 4-ft - thick concrete , and the roof 

was 2-ft-thick concrete . 

A special counter, S
0

, was used in this experiment (shown 

schematically in Fig. 8) . Its use is described in the n ext section .. A 

straight line from any point in the liqui d -hydro gen t a rget to any pomt 

on any iT counter would pass through the S count e r . P i ons jn the ma1n 
0 

beam that were not scattered by the LH
2 

target m1 ssed thE: S
0 

count er . 

The gas Cerenkov counter is d iscussed :in Se c. IIB6 . 

.5. Electronics 

Figure 12 1s a photog r aph show1ng a portion of the e l ect ron1c s 

Figure .13 is a schema t i c diagram of the electromcs . Some of t he ele 

ments in Fig . 13 are numbe red from one to eight . Thi s l abeling system .. 
is explained in Table III. Most of the e l ectronics used is d esc nbed ~n 

either reference 10, 11, or 12 . 

Two types of scattering events, elastic and inelastic , were mea s

ured in this experiment. The number of elas1:ic events 1n the nth elast1c 

channel was measured by counting coincidences between counter "IT , 

n 
the corresponding P n counter , a nd the moni tor system, M 

1
M

2
M

3
. ]n 

elastic events were measured as coinc1dences between counte r "IT 
n 

a p counter which was not common to P , and the moni tor syst e m 
n 

The signal from the P counter was inverted and calle d P Thi s P 
n ~ n n 

signal was added to the coincidences measuring inelastic events so as 

to put the P counter in anti-coincid ence ~ith the r es t of the counte rs 
n 

The reason for this was to d i scard any Inelastic events assoc jated w1th 

counter Tin that o ccurred simultaneously with a coinc1 de nce In the nth 

elastic channel. This was done because the storage E:.ystem co uld only 

store one event at a time . This is di scussed in mor e d eta1l below The 

p counter that was put in coincidence with the iT counter 
n 

ine lastics was labeled I so as to facihtate r e numbe nng . 
n 

to measure 

Actua lly th ere 

were two inelastic channels for each 1T counter 
n 

and the corresponding 

tw o p counters were labele d InA and InB · 
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Fig. 12. A portion of the electronics. 

• 
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Symbols used in Fig. 13 and their explanation. 

Description 

Tunnel-diode pulse discriminator and shaper. 

Fast amplifier, Hewlett- Packard 460B. 

Fast coincidence circuit, Lawrence Radia.ticn 
Laboratory Wenzel tube. 

, 
Gate circuit, turned off by + ZV input. 

Pulse -amplitude discriminator, Lawrence 
Radiation Laboratory Model III Jackson. 

Pulse splitter. 

I 

Lawrence Radiation Laboratory scalc..r gate and 
beam monitor with modified output. 

Special gate circuit used to turn off prescalars 
during time data storage syste1n is busy. 
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There were three main sections of elec trom.c E the monitor 

section, the matrix coincidence system, and the storacre sect1on. The I ~ . 

monitor section measured coincidences between counters M
1

, M
2

, and 

My and coincidences between the S
0 

counter and the output of tbe first. 

concidence. The output from the latter coincidence was used to t ngge r 

the matrix coincidence system. The coincidences for the 21 eia.stlc 

channels and the 42 inelastic channels were formed :n the rnc.t r;x co-· 

incidence syste1ll· The output from the 63 channel!' of the matrix coln

cidence system were fed to the magnetlc -·core storage of. a pulse -he.ght 

analyzer. This represented the storage section. 

The pulses from the mon1tor counters M
1

, Mz., a.nd M
3 

were 

synchronized at the coincidence cncuit by using p1onE in the p~on b.::an1. 

The phototube voltages were also 2djusted while the countere were 1n 

the beam, by observing the output pulses on a Tektronix 517A cathode·· 

ray oscilloscope. 
10 

The voltage was incre;a.sed until the output pulse 

was large enough, i.e., -3V, to reliably operate the tube.,type Wer:zel 

coincidence circuit. 
12 

Since not aJl of the protons. in the pion be a.m. 

were eliminated by the velocity spectrometer and the copper s ht. the 

rest of them were eliminated electron1cally by time-of-fhght . .:f ~- pwn 

and a proton of the same momentum passed through M
1 

together, th'3 

proton would reach M
3 

at least 7 nsec after the pi.on. Seven nanoseconds 

corresponds to the delay time for the highest experi1nental energy. At 

lower energies this time difference would be even gre'3ter T 1:-:: monuor 

coincidence circuit had a resolution time of 2 nsec and was timed for 

pions; hence, the protons reached M
3 

at least 7 nse<t too l:::.te to be 

counted reliably. Less than Ool% of. the total monitor count::: re::oulted 

from protons. 

If two charged particles traversed the beam l1ne w.!tr. less th;on a 

40-nsec time separation, a.. double-pulse-reject10n system wa..s acuvc..ted, 

and the pulses from both particles were rejected. Thc..t 1s, they r:P.ither 

counted in the monitor system nor triggered the rest of the electromu: 

Consequehtly, in order for a pion to count 1n the monitor syste1n it n-:::>t 

only had to travel from M
1 

to M
3 

w:.th:n about 2 nsec of the correct 

time, but it also could not be followed or preceded by another charged 
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particle within a 40-nsec time interval. There were three reasons for 

using this.double-pulse-rejection system. First, it was imperative 
.. ;0 

that there was only one scattering event for each "cycle" of the matrix 

coincidence system. If more than one scattering event had been allowed 

in a cycle, the sy$tem would have tried to store both events simultane~ 

ously and, since this could not be done, both events would have been 

lost. However, the two particles would still have counted in the mon

itor system. The effective time for the pulses from any scattering 

event to enter the matrix coincidence system was the length of the gate 

to the matrix. This gate was 35 nsec long. A 40-nsec time resolution 

was chosen for the double-pulse -reJection system, so that it would be 
1 I· " ' '-J 

slightly lange r than the gate to,the rhatrix. 

The second reason for using the double-pulse-rejection system 

was to keep the number of counts in the monitor system equal to the 

number of pions that had an opportunity to scatter. If, for example, 

two pions had been allowed to count as they simultaneously traversed 

the beam line, they would have produced only one count in the monitor 

system. However, the two pions together would have had twice the 

probability for scattering, even though one of the pions may have missed 

M 3 , but still had ente~ed the hydrogen target. Because M 3 was smaller 

than the bea~, the doti.ble-pulse-rejection system was activated by 
-counters M

1 
and M

2 
only. Counters M

1 
and :M

2 
were both large enough 

to detect all of the particles in the beam. 

A third reason for using the double-puilse-rejection system was 

to reduce the number of accidental counts in the monitor system to a 

negligible amount. This is discus sed in Sec. IIIBZ. 

Actually, all three of these reasons amount to maintaining a 

correct monitoring of the beam in relation to the data accepted by the 

matrix system. 

As mentioned above, counters M
1 

and M 2 were used to activate 

the double-pulse-rejection system. The pulses from each of these 

counters were "stretched" to about 45 nsec in length. If two pulses 

from one of the counters were within about 40 nsec of each other, they 

... 
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would overlap a sufficient amount and result in a pulse with twice the 

amplitude. By feeding these pulses into a discriminator it was possible 

to determine if there was such an overlap of the pulses. The output of 

the discriminator associated with M
1 

was put in coincidence with the 

discriminator output from M
2

. If the double-pulse occurred in both 

counters, this coincidence put out a pulse that was shaped and used as 

a gate' for the output of the M
1

M
2

M
3 

coincidence .. 
/ 

The output M from the M 
1 

M
2

M
3 

coincidence was put in coinci-

dence with the S counter. 
0 

was 20 nsec. The output T 

coincidence matrix system. 

Th~ resolution time of this MS
0 

coincidence 

of the MS
0 

coincidence used to trigger the 

By using S
0 

in this way the duty cycle of 

the matrix system y.ras reduced by a factor of about 50 with respect to 

triggering on Malone. In order for pulses from the rr and p counters 

to enter the matrix system, they had to occur within 35 nsec of the 

trigger T, which effectively was the gate to the matrix· coincidence 

system. This gave a reasonable assurance that the rr and p pulses 

were related to the beam particle that initiated the trigger. The gate 

to the matrix coincidence syste~ was 35 nsec long because it was 
. I 

essentially a, coincidence between two 35-nsec pulses. One of these 

pulses was generated by the trigger T, and the other came from one 

of the tunnel-diode limiters on one of the rr or p counters. Once the 

rr and p counter pulses entered the matrix system, they encountered 

·coincidence circuits with long resolution times. The reliability of the 

system was thereby increased. At certain times, e. g., when the rr 

and p pulses associated with a particular pulse from T were being 

che·cked for the proper coincidences, the matrix system was unable to 

accept any additio~al pulses. During these times the monitor pre scalers 

and scalers were gated off, so that the cor,rect relationship between the 
' 

number of monitor counts and the rest of tlie data was maintained. This 
1 

gate varied in length from 7 to 100 f.Lsec, depending upon how long the 

matrix system was busy. The average lehgth of the gate was approx

imately 2 0 f.! sec. 
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If on_ly one of the 63 coincidences in the coincidence matnx 

system occurred for a given .triggE;:,r, the event was stored in the mag-. ~u --
netic cores of a pulse.-height ·1:tnalyz.er. If there was no coincidence for 

. a given trigger, the trigger was counted in a scaler labeled11 zero in-· 

valids!' If there was more than one coincidence for a given trigger, 

the trigger was recorded in a scaler labeled"> l inva.lids," and the 

coincidences were not stored in the pulse-height analyzer. The > l 

invalids did not occur very frequently, and it is believed that essentially 

no elastic data were lost as a result of this type of invalid event. After 

an appropriate length of running time, the number of counts in each of 

the 63 channels was read out of the pulse-height analyzer by being both 
' 

typed on an electric fypewriter and punched onto IBM cards· 

A test system was used to test all of t'he electronics as a unit. 

The test systemused light pulsers attached to 1each counter. All pos

sible !f-p counter pairs were pulsed in a syrtema.tic manner, along 

with M 3, 5
0

, and another counter L, which replaced M 
1 

and M
2 

in the 

monitor coincidence. Therefore, each time the light pulser wa.s trig

gered, five counters received pulses. They were L, M
3

, S
0

, ;rk' and 

p £, where k ranged from l to 21, and £ ranged from. 1 to 2 5 for each 

value of k. It required 525 pulses to check all of the TI and p counter 

pairs. Therefore, a complete check cycle required 525 pulses. The 

electronics was checked for malfunction by running the test system 

through N cycles, and then examining each of the 63 pulse-height ana

lyzer outputs to see if it was the correct multiple of N. For conven

ience in reading the pulse-height analyzer outputs, the test system was 

usually operated for ten cycles. 

The light-pulser system was used to time the rr and p counters 

with respect to the trigger T. The counter voltages were set by hr st 

standardizing the light-pulser lamps in a standard counter, then.using 

these standardized lamps to set the counter voltage so as to obtain the 

correct size output pulse. 

Some of the electronics leading to the matrix system was du

plicated as a safety check to make sure it was working properly . 

• 
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A master gate, controlled by the Bevatron magnetic cycle, 

caused the electronics to be operative only during the 200-msec Interval 

that the pion beam was produced. 

6. CerenkovGounter 

i 

The gas Cerenkov counter shown in Fig. 14 was used to measure 

the muon and electron contamination in the p10n beam. The counter was 

filled with sulfur hexafluoride (SF6) gas, and 1s described in deta1l in 

reference 13. 

During the measurement of the muon· electr"Jn contamina.t1on, 

and only then, the Cerenkov counter, C, was placed 1n the pion beam 

immediately downstream from the hqmd-hydrogen target. A 2-in.-d:ianl 

counter, M
4 , was placed 1n the beam at the downst rea.m end of C. 1t s 

purpose was to insure that all particles detected by the counters trav

eled completely through C. The coincidences M 
1 

M
3

M
4 

and M
1 

M
3

M
4 

C 

were counted. The ratio M 1M 3 M 4 C/M
1

M 3M 4 gave a measure of the 

fraction of the beam that counted in C. Figure 15 iS a plot of thJs rat10 

vs gas pres sure (psig) in C. Three ph:.teaus are shown m this Hgure 

The plateau at the lower pressures is the result of only pos1t~ve elec

trons counting. The next plateau JS the result of both posJt:ive electrons 

and muons counting. The highest plateau 1s the result of ,:, ll pa rt1cle s 

counting; i.e., positive electrons, muon e., and p1ons. The'" curve 1n 

Fig. 15 gives a measure of the number of muons produced between the 

Bevatron target and the last bending magnet. B
2

. The number of muons 

produced downstream from B
2 

had to be calculated, These muons were 

not momentum-analyzed and hence did not have a def1mte pree-sure 

threshold. Therefore they would only contnbute a slope to the muon 

plateau. Curves similar to the one shown in F1g. 15 were determ1ned 

for pion kinetic energies of 533, 698 990, and 1555 MPV. The deter· 

ruination of the beam contaminabon IS d1scussed 1n more dete:1l 1n 

• Sec. IIIB4. 
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III. ANALYSIS OF DATA 

A. General Analysis 

The intensity, L of the transmitted beam of pions after trav

er sing the liquid hydrogen target is 

where 

I = I e xp ( - <Ynx) , 
0 

( l) 

I
0 

is the original intensity of the pion beam before entering the 

hydrogen target, 

and 

x is the average path length through the liquid hydrogen, 
3 

n is the number of protons per em , 

a is the total cross section. 

As was mentioned in Sec. IIB3, r,:>, .:: 4. 196 X I 0
2 3 

protons/ em 
2 

The 

intensity of the transmitted pion beam can also be expressed as 

I=I-I -I, o s r 
(2) 

where I is the intensity of the fraction of the beam that is elastically 
s 

scattered, and I is the intensity of the fraction of the beam that under
r 

·goes a reaction. Solving Eq. ( l) for a, and using Eq. (2) to eliminate 

I, we obtain 

- l a = -- £ n( l - R - r); 
nx 

( 3 a) 

where R: = Is/ I
0 

and r = Ir/ I
0 

• Since the liquid-hydrogen target was 

only 4 in. long, R and r are both small compared to 1. Therefore 

Eq. (3a} reduces to 

R •r <7=--+ --nx nx 
(3b} 

Since the first term on the right side of Eq. (3b} includes all of the 

elastic scattering and nothing more, this term is obviously equal to 

the total elastic cross section. 

In this experiment a contribution R. was measured in each 
1 

'TT. counter. Each counter 'TT. was placed at an angle e.':' with respect 
1 1 1 

i 
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to th~ incident pion beam, and subtended a solid angle n/'. The aster

isks refer to quantities in the c. m. system. This gave a measure of 

the differential cross section dcr/dn':'. rather than total elastic cross 

section, where 

= 

-·-

R. 
1 

nxr2. 
1 

-·.,. 

The denominator includes n··· to normalize the differential cross 

sections to unit solid angle in the c. m. system. 

( 4) 

In this experiment there was scattering in the beam from ma.

terial other than liquid hydrogen. This extraneous scatteri~ had to 

be subtracted from the scattering by the full hydrogen target in order 

to obtain the scattering due to the liquid hydrogen alone. In terms of 

an equation, 

where R represents the scattering from the liquid hydrogen alone, 

Rfull represents the scattering from the full hydrogen target, and 

(5) 

R t represents the scattering from the empty target. All these 
emp y 

R 1 
s are ratios of the counts in the n counter to the counts in t!-le mon-· 

itor system, or, in terms of coincidences, 

R. = 
1 

Ml M2M3Sor:i pi 

MlM2M3 

(6) 

The subscript i stands for the ith elastic channeL Counter is a.t 
-·-

an angle e :·· in the c. m. system. 
1 

For convenience, the n>~merator 

in Eq. (6) will be replaced by the symbol rr. s 
]. 

and the denomir..ator by 

M; that is, 

R. 
1 

1T. 
1 

M 
(7) 

Many separate runs were made at each energy; some runs were made with 
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the target full, and the remainder with thr~ target empty. The data fr;)m 

all full runs at each energy werie added together to obtain 

n 
\. 

L 1'". 

j=l J 
Rfull = ( 8). 

n 

2:: M. 
J 

j=l 

where j represents the run number, and the summation 1s over full 

runs only. The channel number has been om:itted for the sake of clarity. 

Similarly, R t was calculated. The value of R for each :ndiv}dua!. 
emp y 

run k was also calculated, by using th.e equat10n 

( 91 

Another ratio, similar toR, was calculated: 

2:: rr. 
J 

R.k 
'lk = _J ___ ( ': 0) 

I M. 
j/k J 

This is the average: R with the kth r:m left out. The errors associated 

with R, Rk' and Rk are 

[ n 

AR = J.~l 
r.j rz 

n 

2:: M 
j 

j=l 

• 
[ .. J liz l!k + ~ ' 

= -"------.::. il2) 
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\ - 2 
L, M.(R.-R.) 

= j/k J J J 

(n-2) ). M. 
jlk J 

1/2 

• ( 13) 

respectively. The errors Ll.R and Ll.Rk are statistical, whereas Ll.Rk 

is a measure of the reproducibility of repeated runs. The error in 

R associated with reproducibility was also calculated by using the 

equation 

(Ll.R) = 
rep 

n 

L: 
j=l 

-2 M. (R. -R) 
J J 

n 

(n- 1) L 
j=l 

1/2 

(14) 

This error was always nearly equal to or less than the statistical error 

Ll.R, and hence was never used. 

The residual of a run is defined as 

Res = Rk - R ( 15) 

This is the deviation of the kth run from the average. Another type 

of residual was calculated by using the equation 

( 16) 

This is the deviation of the kth run from the average of the rest of the 

runs. The data for a particular run and a particular elastic channel 

were rejected if 

( 17) 

Less than O.lo/o of the data was rejected because of this criterion. 

The statistical error associated with the differential cross 

section do/ drl':' is 
0 .. 
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1 /::,. =---
s nxn':' 

where /::,.R is as defined in Eq .. ( 11). 

' 1• 

(l8) 

Combining Eqs. (4) and ( 5), we obtain the basic; equati')!l for 

the differential cross section: 

( l 9) 

where R is as defined in Eq. (8). Various corrections were appUed 

to Eq. (19) to get the final data.. The statistical error from Eq. 08) 

was combined with the other errors resulting from the applied correc · 

tions to get the final errors in the data points. These correctior:s an.d 

their errors are discussed in the next sectiov. 

... 

B. Correct:ions to Data 

1. Inelastic Scattering 

An inelastic pion-proton scattering event j s dehned as a. sca.tter .. 

ing event for which the final state consists of something other tl-.2.n a 

single pion and a single proton. The counter system used :\.n t::-.i s e.>> 

periment was designed to minimize inelastic~ a.nd Et:E get roufhci-:::n: 

elastic data. However it was not possi.ble to e~.i.P-'lin&.te ir,el2.st, .. -.f' 

altogether, so they did occasionally contribute to the elast:c l<.A:-::>mat:c 

chan:r.el s . 

A measure of the charged inele:stlc events wa& made dunr.g the 

experiment by recording coincidences between :r and p co-..1nter pa.Jrs 

for which no elastic events could contribute counts. 

Figure 16 shows the kinematical relationship bGtween the pion 

lab angle and the proton lab angle, both for the pion g•')ing to the right 

(heavy solid line), o.nd for the pion going to the l<2ft (lig:ht soLd l:..ne). 

In this experiment elastic events were measured with tl~e p~Cln gou:g L') 
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Fig. 16. Pion-proton elastic kinematic curves showing band 
where elastic data were collected, two of the 4Z regions 
where inelastic data were collected, and region where 
reverse-elastic band overlaps elastic band. 
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the right. Because of the finite size of both the n and P counters, 

these kinematic curves are spread out into bands, as indicated by the 

dashed curves in Fig. 16. Areas A ,slnd B in i'ig. 16 are examples of 

n-p counter pairs that are outside the elastic bands. Inelastic events 

were measured in 42 areas, such as A and B, all of which were in 

fairly close proximity to the heavy dashed elastic band. The data from 

these 42 inelastic channels were normalized by dividing Rd' the ratio 

of counts in the inelastic channel to monitor counts, by the lab solid 

angles of both the 1T and the p counter. The re suiting quotient Z d,· 

is the number of inelastic counts per unit monitor count per unit solid 

angle, both left and right. Let the Z axis be normal to the plane de

fined in Fig. 16. A surface Z(x1y) w~s least-squares-fitted 
14 

to the 

data points Zd by using an equation of the form 

where X = cos e right andy = cos eleft. A sufficient number of terms 

was used to obtain a reasonable fit. Usually, it was only necessary to 

use those terms up to and including A
3 

(x
2 + y

2
). An equation that is 

symmetric . in· x and y was used, because the inelastic scattering is 

symmetric with respect to scattering left and right. Powers of cos fJ 
I 

were used, rather than powers of e, in order to make the surface for 
I 

the region 0 deg < e < 180 deg agree with the sufface for the region 

360 deg > e > 180 deg. 

The value, Zk' of Z at the coordinateis corresponding to the 

kth elastic -channel point (lying on the heavy solid curve) was determined, 

and then multiplied by the lab solid angles of both the rrk and the Pk 

counters .. The resultant product ICk is the inelastics correction for the 

kth elastic channel. Equation ( 19) then becomes 

dcr (8,~) _ 

dn·:· 

for each elastic channel. 

1 

·~ nxn 
(2 0) 
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The statistical error m Rd' as calculated by us111g E-:-1- ( 11.l 

of the previous section, was normalized to unit solid angle, both left 
4 

and right. The resultant errors in Zd were used to make the lea.st-

squares fit. The error matrix determined in the least- square!" method 

was then used to get the errors in zk. These errors were multiplied 

by the appropriate solid angles to obtain the errors .6IC, in the variou,, 
K 

ICk. The errors .6ICk were then combined with .6R.f ll and .6K 
.u ..:·o1pty 

in Eq. ( 18) by taking the sum of the squares of the errors (Eq. 2 i). 

The error in the differential cross section for each elast1c che>.nne). tben 

becomes 

!::..a = 1 
~., l/2 

[( "-1.., ) 2 ( " -R· ) 2 ( ·" • ~ \ t:. ! 
.w. :'\.£ 11 + .w + <-.:<.!C I u . empty · J · ( 2 lJ ----~ .. 

nxn''" 

Figure 17 shows the relative magnitudes of the elastic data 

(solid curve) and the average charged inelast.:.c background ( dash<~d 

curve) as measured at a pion lab kinetic energy of 990 MeV, 

2. Accidentals 

A coincidence circuit being fed by two counters w1ll put out an 

accidental count whenever the two coincidence inputs each snnuitane

ously -receive a random pulse, whe're these two random pulses are un · 

related in every respect except for being caine ident in tin1e. Ac c ~.den

tals in coincidences which are more than two-fold are also pos!:>ible, but 

these occur much less frequently.· Usually the most predorruno.nt typ~:. 

of accidental in a three-fold coincidence is one where two of the pulses 

are definitely related, and the third is random. This type of ac ndental 

could have resulted in a considerable (~ 4%) correcti:)n to the J.TI.)mtor 

counts in this experiment, except for the fact that the 1nonitor sy~teni 

was "protected'' against this type of accidental by the doubl e-pu:.s e

rejection system. Because· M
1 

and M
2 

were large comparr.:d to the 

size of the beam, the worst type of accidental wo1.lld have been caused 

by one beam particle_ giving M
1 

and M
2 

,;related po:lses, but m1 E sing M 3 
and a second beam particle giving M

3 
a random ti.n1e--correlat.c:d pulse. 
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Fig. 17. Differential-cross -section curve for an incident pion 
lab kinetic, energy of 990 MeV, including corrected data 
pQint\s with-errors, data points before reverse-elastics 
correction was applied, and average inelastic background. 
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This type of accidental could not have been counted, hr)we·"·<:-r be-:-c.u:;·~ 

both particles, being clo'sely spaced 1n the. beam, would ha,,e -.::alJsed 

the double-pulse--rejection system to reject th1s acctdental count 

Other types of a.ccidentals 1.n the monitor sy:otem were est~nlatecl 

to be negligible. 

Accidentals in the elastic and ine lastlc channels were measured 

in several cases, includ1ng those channels fed by the 1T and p COLu~rt rs 

with the highest si~gles counting ra.te .. c ... :nd i11 a.l:l cases 1t 'o~vas J.\..;\.J.1lri. tlTc:t 

these accidenta.ls were also neJligible. 

... 0 

3. Reverse Eia.stic.s 

As was previously mtcnt:onea the hec..v-,· da.£,hed l:nc-s 111 F:g !t) 

indicate the re:gionwhere ('.., 1.~t!C d<J.ta Vlt'l'C tak(•l) at?. pa.rtlCUlar <::CPr~~\·· 

The region bounded by the hght dashed lines 1s callc:d the rev-::r''•:"-

elastics region, because the pion scatters toward th~ pror.un couni.,;r:-, 

and the proton recoils toward the p1on counters. In the rdat1vPly sn1z,.:1 
' 

area where the reverse-elastic band overlaps the elasuc band, re·.;e;r::.r.· 

elastic counts are recordEd in those elastic ch::;.nnels. in tlus over lap 

area, the pion counts in a prot&~ counter say Pk. and the reco1l proton 

counts in the corresponding "k counter. 

Pulses, ·from 1T and p counters .. that resulted fron1 rever~e

elastic events had the proper time relat1onship. just c...s the pulses from 

true elastic events did. This was bec;.us~ of the relat~',·ely vnde (35 -nsF-c. 1 

gate to the coincidence ma.trix system and the "slow· <: .)~ncjd<-:nce cJrcu:t.s 

in the rnatrix system. 

In order to determine the fraction of reverse -elc:.suc coum.E re-

corded in the kth elastic channel, 1t is nece E sary to dete rm~ ne the 

following quantitie~ in the c.m. system: 

(a} the effective solid angle QR for acqeptmg a p1on in cocmt<.~r Pk 

when the recoil proton als·o enters counl"'r .,. · 1 e., the =-ffc:ctive sohd - . i'k' 

angle for a reverse-elastJ.c event 

(b) the effective solid a.ngle QF 
I 

oi cou'nt E: r 

(c) the average scatten.ng angle IJR :>f the n~verse,. scatter~d pons 

that are counted in counter Pk 
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(d) the angle of scattering eF to the center of counter 'Tfk 

(e) the values of the differentiaJ cross section at the reverEe 

scattering angle 8R and the forward scattering angle 8F. 

The quantities r2F and 8F were determined by the placement 

and size of counter rrk. 

The quantities nR and 8R were determined with the a1d of an 

IBM 7090 computer, by using the following information: 

(a) the sizes and positions of counters :rk and Pk 

(b) the size and position of the hydrogen target. 

(c) the kinematics of the scattering 

(d) the momentum distribution across the 6% momentum spread 

(e) the amount of convergence of the pion beam 

(f) the beam profile 
... e 

(g) the shape of the LH
2 

target vessel. This informat10n was fairly 

well known, hence the quantities nR and eR were determined Wlth 

reasonable accuracy. 

After the reverse-·elasHc correction 1s applied. we obt.a1n the 

values of the differential cross sections at the angles 8F and eR as 

final results. A difficult situation is created. because we need to know 

the final result in order to obta1n the correction. which precedes the 

final results. The problem is made less difficult by the fact that only 

a few of the elastic channels neJed tP,f,s type of correct1on. Because of 

the 11 bootstrap11 nature of this ~orre~·tion. it was the final correction 

that was applied to the data. 

After all of the other corrections have been applied, the total 

counting rate R
0 

in a particular elc.st::c channel 1s equal to the surn 

of the contribution from forward elastic events RF and the. contribu

tion from reverse-elastic events RR. By usmg Eq. (4) 'Jf Sec. :i:rJ.A 

we obtain 

(22) 

where <r(8) is the differential cross section .corrected for reverse elas-

tics, i.e ... d<r(8)/dn, and <T (8) is the uncorrected d:ifferent1al cross 
. 0 4 

section. 
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Rearranging terms, we obtain 

(! 3) 

•• 
where '"' 

(24) 

the last term in Eq. (23), i.e., H multiplied by the corrected cross 

section at the reverse angle, is the reverse-elastics correction This 

correction must be subtracted from the uncorrected cross sect1on <J 

in order to obtain the corrected cross section cr((;lF) at the forward 

angle. 

0 

It would be desirable to use Eq. (23) 1n an iterative procedure; 

however, in its present forn: 1~he i't~ration would diverge whenever H 
;; ' 

is greater than one, which frequently occurs. By a suitable manipula-

tion it is possible to rearrange Eq. (23) into the following form: 

(2 5) 

where G::: l/( ltH). The cr((;l) on the left side of Eq. (25) can be con

sidered as the 11 new' 1 approximation. which is calculated by putting the 

"old" approximation in the right-hand side. An iterat1on procedure 

using Eq. (25) will converge for any positive value of H .. because 1n 

this case it is equivalent to a power series in (GH), where (GH) is less 

than one whenever H is positive. The rate of 'convergence is enhanced 

by the fact that the last term in Eq. (25) is very small, becauE>e 

cr((;lR)::::: cr((;lF). Equation {25) was used to corrfct the cross sections 

for reverse-elastic events, although Eq. {23) was also satisf1ed a.t the 

end of the iteration process. 

The final error on cr(BF). c.s gl\·en in Eq {23). 1s 

{!6) 

where 6.a0 (t3F) (Ol'.t2ins all of tlw other errors, (6.H) is the error on 

H, and 6.cr{8R) is the error on the fitted curve at the angle GR. With 
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H
2 

being larger than two 1n some cases, the middle term on the right

hand side of Eq. (26) can be a sizeable'" contribu1ion to the error. 

Figure 17 shows the data at 990 MeV both before and after cor

rection for reverse elastics. 

4. Beam Contamination 

Positive muons were produced in the pion beam by the decay of 

pions. Those muons produced between the Bevatron target and B
2 
we~e 

momentum-analyzed by the effects of B
1

, B
2

, and the quadrupoles, and 

were measured with a gas Cerenkov counter as de scribed in Sec. IIB6. 
' !· 

The number of muons produced be'twe~~ B 2 and the LH
2 

target was 

calculated by dividing this part of the beam into small segments, cal

culating the number of pions decaying in each segment, determining 

the number of the resultant muons that went through counter M 3 , and 

summing the contributions from each segment. Consider a segment 

extending from X l to x2 , where X is the distance from the Bevatron 

target along the beam. The number of muons produced in such a seg

ment is 

n = n0 [:xp ( -:J- exp (:~ )] (2 7) 

where XL is the distance the pions travel during their mean life; how

ever, not all of these muons pass through M
3

. l 

Neutral pions produced in the Bevatron target predominantly 

decayed into photons before they emerged from the target. These 

photons often produced electron pairs in the Bevatron target. The re

sulting positive electrons having the correct momentum and heading 

in the correct direction contributed to the electron contamination in the 

beam. This was the major source of electron contamination. The 

electron contamination was also measured with the gas C erenkov 

counter. 

The proton contamination was less than O.lo/o at the highest 

energy, and much less than that at lower energies. (This is dis.cus sed 

in Sec. IIB5.) 

.. 
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Contam.ination from K+ mesons was negligible because the K 

1nesons decayed before they reached the LH 
2 

target. 

The beam at the LH2 target thus essentially consisted of pions, 

muons, and electrons. Figure 18 shows the fraction of the total beam 

comprised of electrons, muons produced before B 
2

, and muons pro

duced after B 2 . The total muon and electron conta1nination varied from 

5.6% of the total beam at the highest energy, to l5.3o/o at the lowest 

energy. 

Since the cross sections for muons and electrons interacting in 

the LH
2 

target are so small, the only appreciable effect they had was 

to cause the monitor syste~n to count too high. This was corrected 

for by reducing the number of monitor counts so as to include only 

pions. 

5. Miscellaneous Corrections and Errors 

Several small corrections were applied to the data in addition 

to those already 1nentioned. 

The S
0 

counter was 11 dead11 0.5% of the time; however, the 

rnonitor syste1n had no corresponding dead time. Therefore, the num

ber of monitor counts had to be reduced 0.5o/o to compensate for this 

effect. 

The number of monitor counts was also reduced by about l o/o, 

because approximately l o/o of th~ pions w""'ere scattered out of the beam 

by the liquid hydrogen before they reached the center of the LH2 target, 

i.e., the effective center of scattering. This correction factor de

pended upon the energy of the incident pion beam. 

The values of the rneasured differential cross section data 

points were increased about 1%, because either the scattered pion or 

the recoil proton could rescatter before they reached their appropriate 

counters. The magnitude of this correction factor depends on the en

ergies of the scattered pion and recoil proton, the scattering cross 
. ': 1~ 

sections, the solid angles cfl the ;'rr and P counters, and the amount 

of rnate rial on which the pion and proton might scatter. 
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Another correction to the data points was applied to compensate 

for the fact that the data for a given angle were actually collected over 

a finite angular range, where the given angle is the center of the angula.•· 

range. The magnitude of this multiplicative correction factor is 

A= 
a( e ) 

c 
(28) 

where a(8 ) 1s the value of the differential cross section at the central 
c 

angle, and (a(B)) is the averagc':value of the differential cross 
av 

section across the finite angular range. Both a(8 ) and (a(8)) \Vcre 
c av 

determined from a fitted curve that ~vas essentially identical to the hna: 
! 

fitted curve. If A = l there is no correction; :if A = 0 or A = Z a lOOr;:'o 

correction is applied. 

when the magnitude of 

The:: tc~rrn A can easily be quite different fron1 l 

(J(fJ ) is very small. 
c 

In this experi1nent, A was usually about 1. However, n1 sorn.e 

cases A was quite different from l. In one particular case A was equ.,ll 

to 0.42; in this case the value of a(8 ) was nearly zero. The actual 
c 

magnitude of the change of da/dS"i'J when this correction was applied, 

was always small. 

The largest contributions to the errors quoted on the data points 

carne from the statistical errors (Eq. ( 18) in Sec. IliA] and from the 

reverse-elastics error. Equation (26) in Sec. IIIB3 shows a typical 

example of how the errors on the various terms in Eq. (23) are com

bined. Contributions to the errors resulted from each of the various 

corrections to the data, and from the uncertainty in the angles to the 
• 

centers of the rr counters and the uncertainties in the solid angles of 

the rr counters. 
•'• 

At 990 MeV the data point at cos e···::::: +0.3 (Fig. 1 I) might he 

considered a typical point that includes reverse elastics. With 

91.3X 1.0
6 

pions incident on the full LHS target, 1363 events were re-

corded in this channel. With 50.4 X l 0 pions incident on the empty 

target vessel, 142 events were recorded in this channel, indicating 

that approximately l9o/o of the 1363 "target full" events came from the 

• 
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target vessel. The remammg 1105 events were LH2 scattering events. 

Approximately 7o/o of these 1105 events were inelastic events, and 

approximately 32% were reverse-elastic events, leaving 672 true 

elastic events for this channel. Approximately 16 000 true elastic 

events were recorded for the 19 channels at 990 MeV. 

The final data, including errors, are quoted in the next section . 

• 
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IV. EXPERIMENTAL RESULTS 

A. Differential-Cross -Section Data 

The elastic differential cross sections are listed in Tables 

IV through X, together with the errors (standard deviations), and the 

cosines of the scattering angles in the c. m. system. The values 

listed for case*= I.O were calculated by using dispersion relations. 
15 

Although data were taken at 21 different angles at each energy, 

the data at some of these angles were rejected. At small angles of 

scattering, the recoil protons did not have enough energy to reach the 

proton counters. This eliminated the first 5 angles at 533 MeV, 4 at 
• Cl 

581 MeV, 3 at 698 MeV, 2 at 873 MeV, and 1 at both 990 and 1311 MeV. 

The data from channel II seemed to have a systematic error of un

known origin in them. As a result, the differential cross sections for 

this channel were significantly too large at all energies. The prob

ability of such a phenomenon occurring naturally is extremely small, 

and hence the data from channel 11 were also rejected. 

B. Cosine Fits 

A curve having the equation 

* N da(G ) = L: 

dn* n=O 

n * a cos e 
n 

(2 9) 

was least-squares-fitted to the data points, 
14 

The fitted curves, along 

with the data points, are shown in Figs. 19 through 25. The disper

sion-relations point was used to make the final fit at all energies. A 

fourth-order fit; i.e., N = 4, was used at the lower three energies of 

this experiment; a seventh-order fit was used at the higher four ener-
' 

gies. 



-56-

Table IV. Differential~cross-section data and errors 

in standard deviations for 

* Cos 8 

1.000 

0.547 

0.446 

0. 363 

0.259 

0.155 

-0.062 

-0.173 

-0.276 

-6.445 

-0.551 

-0.675 

-0.768 

-0.836 

-0.885 

-0.925 

T = 533 MeV. 
Tr 

da (8 ':') 

dn':' 

4.800±0.648 

2. 389±0.064 
' 

1. 906±0.074 

L482±0.074 

1.202±0.075 

0. 7 9 3 ±0. l 2 2 

0. 3 4 8 ±0. 0 3 1 

0.156±0.023 

0.071 ±0.020 

0.054±0.019 

0. 0 6 0 ±0. 0 1 8 

0.090±0,021 

0.142±0.022 

0 0 21 7 ±0. 0 2 9 

0. 1 57 ±0. 0 3 5 

0.145±0.035. 
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Table V. Differ~ntial-crd"ss-section data and eYr<:)T3 

in standard deviations for T :::. 5.81 MeV 0 

TI 

Cos () 

1.000 

0,613 

0.533 

. 0.429 

0.345 

0.239 

0,135 

-0.083 

-0.193 

-0.295 

-0,461 

-0.565 

-0.686 

-0.776 

-0.842 

-Oo890 

-0.928 

~:< 

I,{'; 
/ , . 

I 

·'-c. a (8 ... } 
-----

3,470±0. 742 

.: .. 163±0.056 

?..032±0.054 

l. !; 12 ±0 0 0 7 1 

1 . 0 1 9 ±0. 0 8 ~ 

0. 807±0. 091 

0, 589±0. l 31 

0 " 2 59 ±0. 0 2. 2 

0, 086±0.0 1 9 

0 . 0 z. 0 ±0 0 0 1 9 

0. 0 46 ±0. 0 t 8 

00090±0.0 17 

0. 1 2 7 ±0. 0 1 8 

Ool.':,td:0.019 

0 0 l l3 ±0. 0 ~ 2 

0. J t; hO . 0 ;~ 3 

0. 0 79±0. 0 2.8 
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• 
Table VI. Differential-eros s- section data and errors 

in standard deviations for T = 698 MeV. 
lT 

* ··-
Cos e da (8 .,.) 

dn,:< 

1.000 2. 250±0. 542 

0.664 1.426±0.050 

0.583 1.221±0.044 

0.499 1.041±0.046 

0.391 0.694±0.048 

0. 303 0.607±0. 049 

0.195 0 . 3 7 5 ±0 0 0 50 

0.089 0.156±0.07 2 

-0.129 0.130±0.026 

=0.237 0.113±0. 021 

-0.336 0.115±0.023 

-0.497 0.208±0.025 

-0.596 0.264±0.022 

-0.710 0.267±0.023 

-0.794 0.272±0.027 

-0.855 0 0 1 9 5 ±0. 0 3 2 

-0.899 0. 2 3 9 ±0. 0 3 5 

-0.934 0.186±0.045 

• 
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Table VII. Differential-cross- section data anC. errors 

in standard deviations for 

Cos 8 

LOOO 

0. 709 

0.627 

0,540 

0.450 

0_336 

0.246 

0.134 

0.027 

-0.190 

-0,295 

-0.391 

-0.542 

-0.635 

-0.740 

-0.816 

-0.871 

-0.910 

~·0. 942 

:::;: 

T = 873 MeV" 
TT 

:;;; 

da (G ) 
'~ ds-2 

3. 800±0' 453 

2. 3 3 9 ±0. 0 8 1 

1. 78S±o.o72 

l. 549±0. 06 5 

1.279±0.066 

0.854±0, 103 

0 . 55 1 ±0 . 1 0 3 

0. 278±0. 090 

0.254±0.116 

0. 1 4 1 ±0. 0 3 9 

0.095±0. 041 

• 0.17 2±0.042 

0,265±0.046 

0. 3 9 7 ±0. 0 4 7 

0. 385±0. 045 

0.44 7±0, 053 

0.413±0. 06 3 

0. 57 5 ±0. 0 6 9 

0. 854±0.1 00 
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Table VIII. Differential-cross-section data and errors 

in standard deviations for T 'TT = 990 MeV . 

• -·-, .. da (e..,,) 
Cos e ~ 

>:< 
drl 

1.000 4. 780±0.41 0 

0. 770 2.934±0.090 

0.690 2.4 70±0. 079 

0.604 1.838±0.070 

0.513 1.518±0.061 

0.420 1.265±0.078 

0.303 0. 777±0.092 

0.210 0.407±0.086 

0.097 0.268±0.085 

-0.011 0.238±0.146 

-0.226 0. 24 7±0.046 

-0.329 0.423±0.043 

-0.422 0.502±0.046 

-0.568 0.485±0. 052 

-0.657 0.532±0.04i 

-0.756 0.495±0.047 

-0.828 0.596±0.049 

-0.880 0.688±0. 065 

-0.917 1.068±0. 07 8 

-0.946 1. 308±0.1 24 

• 0 
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Table IX. Differential-cross--section data and erro:rs 

in standard deviations for T - 1311 MeV. 

>:C 
Cos e 

loOOO 

0.731 

0.640 

0.543 

0.443 

0.342 

0.218 

0.121 

0.006 

-0.101 

·~0.310 

-0.407 

-0.494 

-0.627 

-0.705 

-0.793 

-0.855 

-0.899 

-0.930 

-0.955 

t. 

~ f. 
A H 

I' 

TT 

14. 0 3 0 ±0. 81 8 

l . 7 9 6 ±0 o 0 8 I 

Oo 879 ±0. 063 

Oo5l2±0.053 

0.254±0<056 

0. 466±0.091 

0. 40 '5±0. 097 

0. 1 9 0 ±0 0 0 9 0 

0. 36 2±0.076 

0. 386±00 075 

L 182±0.065 

1. 355±0. 06 8 

1.288±0.076 

l. 0 9 1 ±0 0 0 7 6 

0 . 9 1 7 ±0' 0 6 5 

0. 702±0.0?1 

0 0 7 5 7 ±0 0 0 8 5 

1 0 l 6 2 ±0 . 1 0 :~ 

L504±0. 131 

L 927±0. 180 
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Table X. Differential-cross-section data and errors 

in standard deviations for T = 1555 MeV. 

>',c 
Cos e 

1.000 

0.832 

0. 702 

0.603 

0.500 

0.394 

0.289 

0.161 

0.063 

-0.053 

-0.160 

-0.363 

-0.456 

,-0.537 

-0.662 

-0.734 

=0.814 

~o. 870 

-0.910 

-0.938 

. -0.960 

Ti 

... 

da (e ,:,) 

dn 
~~~ 

11. 1 8 0 ±0. 7 7 6 

3. 53 7 ±0. 1 2 0 

1.155±0.071 

0.458±0.056 

0.302±0.062 

o. 395±0. 07 3 

0.464±0.075 

0.382±0.076 

0. 337±0. 074 

0. 2.5 7±0. 071 

0.260±0.070 

0 .496±0. 061 

0.582±0.065 

0.419±0. 06 7 

0. 266±0.073 

0. i 78±0.079 

0.005±0:033 

0.085±0. 076 

0.098±0.12.4 

0.152±0.1 77 

0 . 6 7 9 i=O. l 9 5 

• 

----
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Fig. 19. The 1/-p differential-cross-sect:ion curve for ~r' 
incident pion lab kinetic energy of 533 :vieV. 
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Fig. 21. The 1T +_p differential-cross- section curve for an 
incident pion lab kinetic energy of 698 MeV. . ~ .. 



·.; 

• 

-66-

• 

3 

2 

0~~~~--~~~-?~~~~--~--L-~ 
1.0 0.4 0.2 0.0 -0.2 -w 

Cos e7T* 
MU.27310 

Fig. 22. The 1T +_p differential-cross-section curve for an 
incident pion lab kinetic energy of 873 MeV . 
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Fig. 2.3. The 1/-p differential-cross-section curve for an 
incident pion lab kinetic energy of 990 MeV. 
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Fig. 24. The 1T +_p differential-cross- section curve for an 
incident pion lab kinetic energy of 1311 MeV. 
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MU-27309 

Fig. 25. The rr +_p differential-cross-section curve for an 
incident pion lab kinetic energy of 1555 MeV. 
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The determination of the correct order of fit to be u10ed is ::;. 

rather difficult problem. One criterion that was used is that 1£ a kth 

order fit is needed at some particular energy, then at higher energies 

the order of fit should never be less thank. The basis for this cnterion 

is that if a specific ,.~th partial wave is needed at a certa~.n energy, 

this ith partial wave should also be present at all higher energ:>::s - ~ 

even though its contribution may be very small. As used here, 1. js 
1 

the orbital-angular-momentum quantum number. 

Another criterion used was to choose1 that order of fit which 

gave the best agreement between the curves fitted wlth and w1thout th<: 

dispersion-relations point. 
15 

This was probably the most 1mportant 

criterion. 

At 873 MeV the data could statistically be fitted w:th a thi.rd

order fit. However, a third-·order fit did not produce the shc:; .. rp nse 
-·-

at cos e··- = -1, as indicated by the data points" A se',-er.th-order fit 

was the lowest-order fit, made without the di.spersi.on relations pornt 
-·.,-

that both produced the sharp rise at cos() = ·-1, and also h::>.d the 

correct value at cos e':' = + l. This sharp rise at cos() = -· l. becomes 

more pronounced at 990 MeV, very pronounced at 13ll MeV, and 

starts to diminish again at 1555 MeV. 
2 

Naturally, the standard stat:istic.a..l tests, such as tl:e X test 

and the Fisher "F" test, 
14 

were taken into cons;.dera.t1on, but thr.y 
2 i/Z 

were sometimes misleading. Figure 26 shows the values of ()t /d) . 

the "goodness-of-fitli parameter, plotted vs the order of Lt N. Thes~ 

plots are for the lowest energy, 533 MeV, a.nd the highest energy. 

1555 MeV, where d is the number of degrees of fra..edom; i.e ... 

d = P - (N + l), ( 3 0) 

where P 1s the number of data points to which the curve ~ s fitted . 

• 
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of the experiment. 
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Figure 26 seems to indicate that a sixth-order fit is sufficient at 1555 

MeV; however, a seventh-order fit was chosen because that is the 

order of fit needed at a 16wer energy, 873 MeV. 

Table XI gives the values of x2 
and (x 2

Yd} I/
2 

for the chosen 

fit at each energy. 

The values of the coefficients a and their errors are listed 
n ! 

in Table XII, and are shown plotted in Fig. 2 7 with pion laboratory 

kinetic energy as the abscissa. 

C. Total Elastic Cross Sections 

The total elastic cross sections, obtained from the differential 

elastic cross section data by integrating under the fitted curves, a.re 

listed in Table XI, along with their errors. Figure 28 shows the total 

elastic cross section plotted vs pion lab kinetic energy. Also shown in 

this figure are the total cross section
3 

and the total inelastic cross 

section; i.e., the difference between the total cross section and the 

total elastic eros s section. 

• 
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Table XI. Valuer of x2
, (x2 

/d) 1/
2

, the number of data points,a 

the number of degrees of freedom, '{ind the total elastic 

cross section with its error at each ~nergy of the exper-

iment. 

Energy 
2 (X2 I d) 1/2 Number Degrees X Elastic 

of data · of cross 
(MeV) points freedom sechon 

533 7.89 0.85 16 11 15.32±0.47 

581 25.26 1.45 17 12 12.17±0.57 

698 9.28 0.84 18 13 8.02.±0.2.2 

873 13.96 l. 13 19 11 12.05±0.45 

990 11.33 0. 97 20 12 14. 54±0. 31 

1311 16.92 l. 19 20 12 19. 3 1 ±0. 6 l 

1555 8.36 0.80 21 13 13.04±0.28 

aThe dispersion-relations point, having been used in the curve fitting, 

is included in the number of data points. • 

• 



Table XII. Coefficients of powers of cos 8 
~~ 

Coefficientsl Incident pion lab kinetic energy (MeV). 

I 533 581 698 873 990 1311 1555 

ao 0 . 4 3 6 ±0. 0 1 7 0.336±0.026 0.173±0.0 14 0.190±0.053 0.184±0.046 0. 337±0.052 0.308±0.031 

a1 2.042±0. 070 1.745±0.121 0.692±0. 049 1.108±0.213 0. 528±0.1 75 -l. 266±0. 290 0.467.,:!;0.175 

a2 2.869±0.101 2. 6 7 9 ±0 . 1 3 9 1. 960±0.092 3.004±0.621 4.583±0. 508 5.272±0.626 1.642±0. 397 

a3 0.250±0.250 - 0 . 0 5 1 ±0 . 3 77 0.432±0.141 -0. 932±1.688 0. 920±1. 335 -1.235±2.248 -6. 322±1. 326 

a4 -0.868±0. 239 -1.303±0.369 -0. 940±0.174 -2.219±1.820 -6.515±1.430 -17. 364±1. 970 -7.837±1.286 

a5 4.4 76±3. 939 3.607±2. 998 10.548±5.072 16.012±2.990 I 
-J 

a6 1.480±1.387 5.237±1.111 20.410±1. 764 12.252±1.140 ,j:>. 
I 

a7 -3.301 ±2.611 - 3.682±1. 978 -2.614±3.415 -4. 971±2.068 

• 
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V. DISCUSSION 
" . 'r 

One of the objectives of this experiment was to determine the 

quantum numbers of the state that appears to be in 11 resonance 11 near 

1350 MeV, and the quantum numbers of the state that is the major con

tributor to the "shoulder'' near 850 MeV. 

It is difficult to draw any conclusions regarding quantum. nurnbers 

from a cursory inspection of the differential-cross- section c:uve s 

(Figs. 19 through 25). However, several aspects of these curves are 

noteworthy.· One point is that the curves at the lower three energies 

all have similar shapes, an<;f the curves at the higher three energies 

have a different characteristic shape. The shape of,tthe curve at 873 

MeV seems to be a coxnbination of the first shape and the second shape, 
• 

with probably more characteristics of the higher-energy curves. Th.::: 
I 

fact that the 873-MeV curve seems to be in a transition region n:1ay be 

the reason that such a high (seventh) order fit was needed. 

The interesting feature of the higher-energy curves is the sharp 
~:~ 

rise in the cross sections at cos e = -l. This sharp rise is most pro-

nounced in the energy region of the 1350-MeV peak, and les;s· pronounced 

at energies on either side of this peak. The shape of the curve at 
2 ·'· 

1311 MeV (Fig. 24) is somewhat suggestive of a-plot of P
3 

(cos e···), 

where 
.. , ' 3 .. , .. , 

P
3 

(cos e''') = (S/Z)cos e'·· -(3/2)cos e-·· ( 3 l) 

2 ,:, 
is the third-order L:;_gendre polynomial. A plot of P 3 (':_os 8 ) vvould 

have a bump at cos e''' = +0.4, as well as the one at cos e'•' = -0.4, and 
.. , 

the forward rise at cos e-·· = 1 would be the same height as the ri$e at 
* ~ cos 8 = -1. As will be shown below, P

3 
(cos 8''') is related to the par-

tial-wave state with orbital angular momentum i = 3. 

Much additional information can be learned concerning the as

sigmnent of quantum numbers by looking at the plots of the coefficients 
,,, 

of the powers. of cos e-·· as shown in Fig. Z 7. In order to fully under-

stand the infonnation that is available in these plots, it is first nec

essary to examine the expansion of the n-p differential cross section 

• 

.. 
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in terms of the partial-wave scattering amplitudes, 

du(e'~) _ 

dQ~:' 

L 

L (A_/ -Ap-)P_/(cos e':') 2 

.R=l 

(32} 

Here A/ is the scattering amplitude for the parti~l wave w1th orbital 

angular momentum - i. and total angular momentum ·J = i. ± l/2 o The 
* 1 ~ functions Pi. (cos 8 ) and Pi. (cos 8''') are the Legendre polynomial c..nd 

the first associated Legendre polynomial, respectively, of order i. o 

The symbol L represents the maximum value of i. that ie needed .1n the 

sums; i.e., Ai. +and Ai.- are both essentially zero if 1 is greater tha.n 

L. The partial-wave amplitudes can be written as 

bi. ±exp(2i6i. ±) -1 

2ik 
(53) 

where k is the wave number in the c. m. system, 6 i. ± is the real 

part of the phase shift, and 

± ± 
b 1 = exp(-2131.. ) ( 34) 

is the absorption parameter, 13 i. ±being the imaginary part of the phas-e 

shift. 

In expanding E q. ( 32) it is convenient to use the standard symbols, 

S .. P, D, F, and G, for the scattering amplitudes with i. ::: 0, 1, 2, 3, and 4, 

respectively. As an example, if£ = 3, then A
3 

+ = F 7 ; 2 and A 3 -= F 5; 2 · 

With this notation the expansion of Eq. (32) becomes 

• 
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( 35) 
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Since the scattering amplitudes are complex quantities, complex 

multiplication must be used in this equation. For example, F
7 

;
2 

2 

means I F 7 ; 2 \
2 

and F 5; 2 F 7 ; 2 means the real part of F 5; 2':'F 7 ; 2 . 

Equation (35) does not include any terms for .R. greater than three. 

Although the curve fitting (Sec. IVB) seems to indicate that terms through 

cos~(/' are needed at some energies of the experiment, it is believed 
7 ,,, 

that the cos e··· term results from the superposition of a large F wave 

and a very small G wave. Therefore, the inclusion of G waves 111 

Eq. (35) would only serve to further complicate the situation. In ad-
7 ,:, 

clition the errors in the coefficients, a
7

, of cos e ( showr. in Table 

XII) are relatively large, being of the same order as the coefficients 

themselves. .. 

One might wonder why it is not possible to set the terms in 

Eq. (35) equal to the seven corresponding coefficients in Table XII and 

solve f_or the seven scattering amplitudes. The reason is that the 

scattering amplitudes each have both a real and imaginary part, so there 

are acutally 14 unknown quantities. This i.s one of the reasons, as 

mentioned in the Introduction, that additional information. e. g., polar

ization data, is needed in order to fully analyze pion-proton scatter~ng 

As mentioned before, some information can be gained by exam-

* • ining the coefficients of the powers of cos e , as plotted in Fig. 2 7. 

The most interesting features of this figure are the large positive peak 

in a 6 and the large negative peak in a
4

, both peaking in the vicinity 

of the 1350-MeV resonance. By referring to Eq. (35) we see that th•:

large value of a
6 

could either come from the F 
7 

;
2
2 

term or the 

F 5; 2 F 7 ; 2 term. These same terms also appear with the opposite s1gn 

in the coefficient of cos 
4 e':'. On the basis of the small magnitudes of 

the lower four coefficients, a
0 

through a
3

, we might assume that the 

rest of the terms in the coefficient a
4 

are neglig1ble, and thereby 

determine the relative magnitudes ofF 7 ; 2 
2 

and F
5

; 2 F 7 ; 2 at 1350 MeV 

Taking a 6 = 21 mb/sr and a 4 = -18 mb/sr from Fig. 27, WP. can cal

culate that F 7 ; 2 
2 

is approximately twice as large as F 5 /Z F 7 ; 2 . This 

seems to be good ev-idence for saying that the 1350 -MeV r':!sonanc e is 

an F 7 ; 2 resonance. 
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Unfortunately, the Minami ambiguity 
16 

must be cons ide red· 1 e. 

with differential-cross-section data alone, one cannot tell whether the 

resonance is really an F 7 /z resonance or whether it might be a G 7 /Z 

resonance. In essence, the Minami ambiguity says that if the values 

of the two scattering amplitudes for the two i. values with a particular 

J value are interchanged for all values of J, then the different1al cross 

section will be unchanged. This means that the simultaneous utter-

change of sl/Z with pl/2' p~/2 with D3/Z' D5/2 with F5/~~- Fl/2 Wlth 

G 7 /Z, etc. will leave da/ dr.l''' unaffected. 

There are at least two reasons for favoring the F 7/
2 

assignment 

over G 7 ; 2 . First, if the 1350-MeV resonance is a true elast1c res

onance analogous to the (3, .3) resonance', i e., there is an ]ntern1e::dEtte 

state consisting of a single particle, it is reasonable to assurne that 

this intermediate particle is an excited nucleon, and hence should have 

the same parity as the nucleon. lt is the F 
7 

;
2 

pion-proton state wh1cl1 

has positive parity. Another reason for favoring the F ~;-) assignment 
I '-

iS that it agrees with the Regge-pole formalism as presented by Chew 

and Frautschi. 
17 

They seem to believe that the 1350-MeV resono.nce 

has the same parity as the (3, 3) resonance, which again is posn1ve. 

In summary. it can be concluded that the resonance near 13SO 

MeV has J = 7/Z, 1 = 3, isotopic spin T = 3/Z, and positive parity The 

mass of the resonant- state particle is approximately 192 0 MeV. 

There does not appear to be any sing1~ state w~ch is very prr)m

inent at the shoulder near 850 MeV. Looking at Fig. 27 we see c.' ery 

small bump in a
5 

near 850 MeV, but the errors on the data points a.re 

so large that it is questionable whether or not this bump really ex:sts 

The total elastic and inelastic cross sections are plotted in F~g 28 

The behavior of the total inelastic cross section near 850 MeV 1s s,In

ilar to that needed in the Ball-Frazer 
4 

explanation of peaks in tota.t 

cross sections. In view of these facts, it can be suggested that the 

shoulder near 850 MeV is the result of an inelastic enhancement ra.t}wr 

than an elastic resonance. It is quite p.robaple that this inelast1c prnc 
~ - . 

ess, which produces the shoulder near 850 MeV in the T = 3/2 (TI+·p) 

total cross section, is the same inelastic process that contributes to 

the rr- -p peak at 900 MeV.l, 
3 

since rr -p scattering 1s a 1nixtLtre of 

T = 3/2 and T = 1/Z interactions. 
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APPENDICES 

A. Momentum Determination • 
Several different methods were employed in determining the 

momenta of the experiment and a least- squares average of the results 

was calculated; i.e. , a curve having an equation y = constant was least

squares -fitted to the data. (An arbitrary number as signed to each 

method was used as the abscissa.) The various methods and their 

numbers are: 

(l) First wire-orbit momentum determination 

(2) Second wire-orbit momentum determination 

(3) Third wire-orbit momentum determination 

(4) Time-of-flight measurement 

(5) OPTIK8 

(6) Velocity-spectrometer magnetic-field values 

(7) Gas Cerenkov counter pressure curves. 

The ratios of the momenta determined by each method to the 

average momenta are listed below, along with the associated errors. 

Number of 
method 

1 

2 

3 

4 

5 

6 

7 

Average 

Determined momenta 
average momenta 

1.004±0.0085 

l. 0 0 1 ±0. 0 0 6 1 

0. 999±0.0061 

0 0 9 9 3 ±0. 0 0 5 2 

1.036±0.0233 

1.046±0.1412 

l. 05 7±0. 0429 

l. 0 0 0 ±0. 0 1 1 0 

• 
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The first wire orbit differed from the second and third be

cause a large block of iron had not yet been put in place between B.!. 

and Q
4 

for the first wire orbit (see Fig. 2). Although th~s block of 

iron had a large hole for the beam to pass through, the eff.ec:<:.ive field 

strength of B
2 

was reduced by about 2.2o/o. This additional corrcctior. 

factor increased the error in the first wire-orbit determino.tio!: .. f:i 

compared to the error in the second or third wire orbit. Tbe rnaic:. 

errors in the wire orbits are based on repeatability of measuren1ent~ 

with1n each of the three wire- orbit momentun1 dete rmina.tions. 

The time-of-flight 1nethod was based on measuring the dif[e l ,,,~,-

1n time of fligl1t bet\Vef.":~n pior1s an.d. protons in tl1e beam. WJ tl1 a .~.-ll( -

menturn of about 700 l\-1e V/ c the d1ffe :renee in tirne of flight from c,Y•J rltt· 

M 1 to counter M 3 was about 30 nsec. By accurately measuring tL.e 

time difference, the n1on1entum of the bea1n can be calculated. TJ-.e 

difficulty in this method is in determining the velocity of the signal i•i 

the cable that was used, The errors in this method reflect t:he un.c~·· r · 

tainty in this velocity. 

The fifth method used the 
8 

IBM 7090 program OPTJ.K. In t JlJ s 

method the settings of the magnets at which the pion beam flux was 

maximized were fed into OPTIK along with various rnomenta. By 

examining the corresponding positions of the final focal points in both 

planes the m01nentun1 corresponding to the best overall focus v..;.1s c1v 

termined. The errors are related to the fact that with the g;·..:en 1.np· .' 

OPTIK was unable to produce a focus in both planes sim.ult aneously, 

hence there was a range of rnomenturn tha.t was acceptable. 

In tb.e sixth method, the velocity-spectron1f~ter rnethoe, tt w,1,, 

necessary to know the ratio of the magnetic field stTengtlJ lll:'eded .ft· r 

undeflected pions to the magnetic field strength needed for 1l•1de.' '\_.,.: ,.,: 

protons in the velocity spectron1eter, assuming con~;ti.J..nt clt::ctnc Lc,•i 

strength. This ratio is equal to the ratio 'of the veloclty ot the pror.cw 

to the velocity of the pion. By knowing the ratio of vcl.ociuc::; it is 

possible to calculate the m.ornenturn Thi::; rnethod is U1.c !.ed.:ot ~tccnr . .i'.:. 
Ill 
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method, due to large uncertainties in the magnitudes of the nca.gnet:c 

field strengths. 

In the last method the pressure thresholds for count:::1g muc.r.s 

and pions were determined from the Cerenkov curves {see F~g. 1.5). 

By knowing the index of refraction of the gas at these p::-ess·.1~es i.t was 

possible to determine the momentum of the muons and p:0nB 1n the ~learn. 

Large uncertainties came from both the location of the pzessure tr.resl

olds and the index~of- refraction determinations. 

B. Velocity-Spectrometer Equation_ 

When the velocity spectrometer is properly adju.sted, '-' •:.c 1 

that the pions are undeflected as they pass th:-ough U, :he ':Jearn oi p-:-- ·" r-.:' 

is bent an angle a. 'the straight-line backward extenEiG::l of tl'e p~ctcn 

beam, after being bent, intersects the pion beam at the cente: c:f. •.re 

spectrometer. The equation for the ang1 e of bend of the p:: oH r._ ~•earn 1~; 

where 

and 

a is in radians, 

V is the voltage across the electr:ic pJ.at.::s in kV. 

m is the rest mass of the p:roton in keV, 
p 

"PmPis the relativistic mass of th.e proton. in keV, 

L is the effective length of the fields in the spect:rcm~ter 

in inches, 

d 

13TT 

is the gap width in inches, 

is (the velocity of the pion/velocity of ligt:;t ~n a. v2.cn•-J_m \ 

• 
13 p is (the velocity of the proton/velocity of ligl-:,t in a ,_.a.c:;cm ) . 

. 
" 
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