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ABSTRACT OF THE DISSERTATION

The graded module category of a generalized Weyl algebra
by

Robert Jeffrey Won
Doctor of Philosophy in Mathematics

University of California San Diego, 2016

Professor Daniel Rogalski, Chair

The first Weyl algebra, A; = k(z,y)/(xy —yx —1) is naturally Z-graded by
letting degx = 1 and degy = —1. In [Sie09], Sierra studied gr-Aj;, the category
of graded right A;-modules, computing its Picard group and classifying all rings
graded equivalent to A;. In [Smill], Smith showed that in fact gr-A; is equivalent
to the category of quasicoherent sheaves on a certain quotient stack. He did this
by constructing a commutative ring C', graded by finite subsets of the integers,
and giving an equivalence of categories gr-A; = gr-(C, Zgy ).

In this dissertation, we generalize results of Sierra and Smith by studying
the graded module category of certain generalized Weyl algebras. We show that
for a generalized Weyl algebra A(f) with base ring k[z] defined by a quadratic
polynomial f, the Picard group of gr-A(f) is isomorphic to the Picard group of
gr-A;. For each A(f), we also construct a commutative ring whose graded module
category is equivalent to the quotient category qgr-A(f), the category gr-A(f)

modulo its full subcategory of finite-dimensional modules.

x1i



Chapter 1
Introduction

Throughout this dissertation, fix an algebraically closed field k of charac-
teristic zero. All vector spaces and algebras are taken over k and all categories

and equivalences of categories are k-linear.

1.1 Overview

Noncommutative rings are ubiquitous in mathematics. Given a commuta-
tive ring R and a nonabelian group G, the group ring R[G] is a noncommutative
ring. The n x n matrices with entries in C or, more generally, endomorphism rings
of modules are noncommutative rings. Noncommutative rings also arise as differen-
tial operators: the ring of differential operators on k[t] generated by multiplication

by t and differentiation by ¢ is isomorphic to the Weyl algebra,

A =k(z,y)/(zy —yzr —1).

The Weyl algebra is a fundamental example in noncommutative ring the-
ory. As A; is a differential polynomial ring, it can be viewed as an analogue of a
commutative polynomial ring in two variables—in particular, it is a noetherian do-
main of Gelfand-Kirillov dimension 2. However, in contrast with any commutative
ring, the Weyl algebra is a simple ring which is not a division algebra.

As noncommutative rings are a larger class of rings than commutative ones,

not all of the same tools and techniques are available in the noncommutative set-



ting. For example, localization is only well-behaved at certain subsets of noncom-
mutative rings called Ore sets. Care must also be taken when working with other
ring-theoretic properties. The left ideals of a ring need not be (two-sided) ideals.
One must be careful in distinguishing between left ideals and right ideals, as well
as left and right noetherianness or artianness.

In commutative algebra, there is a rich interplay between ring theory and
algebraic geometry. One can associate to an N-graded k-algebra R = @, R;
the projective scheme Proj R, the space of homogeneous prime ideals of R not
containing the irrelevant ideal R>;. Localizing R at the homogeneous prime ideals,
one can then construct the structure sheaf on Proj R. Algebraic properties of the
ring R can be translated to geometric properties of the space Proj R and vice versa.

In the noncommutative setting, there are obstructions to generalizing this
idea. Therefore, in noncommutative projective geometry, rather than generalizing
the space of homogeneous ideals of a ring, one approach has instead been to study
the module category over the ring. This idea is due to a theorem of Serre: if a
commutative graded k-algebra R is generated over k by elements of degree one
then coh(Proj R), the category of coherent sheaves on Proj R, is equivalent to
qgr-R, the category of finitely generated graded R-modules modulo torsion.

Previous work in noncommutative projective geometry has largely focused
on N-graded rings. While the Weyl algebra A; is not N-graded, it admits a natural
Z-grading given by letting degz = 1 and degy = —1. In [Sie09], Sierra studied
gr-Aj, the category of finitely generated graded right A;-modules. She determined
the group of autoequivalences of gr-A; and classified all rings graded equivalent to
A;. The simple modules of gr-A; can be pictured as follows. For each A € k \ Z,
there is a simple module My = A;/(xzy + X\)A;, while for each n € Z, the module
Ay /(zy + n)A; is the nonsplit extension of two simple modules X (n) and Y (n).
We can therefore represent the simple modules as the affine line with integer points
doubled. Sierra gives the following picture:

Sierra studied the Picard group—the group of autoequivalences—of this
category. She showed that there were many symmetries of this picture. There is an

autoequivalence of gr-A; induced by a graded automorphism of A; which reflects
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Figure 1.1.1: The simple modules of gr-A;.

the picture, sending A, /(zy+n)A; to Ay /(zy — (n+1))A; for all n € Z. The shift
functor 4, is an autoequivalence of the category which translates the picture,
sending A, /(zy +n)A; to Ay/(zy+n+1)A; for all n € Z. Hence, Pic(gr-A;) has
a subgroup isomorphic to D.,. Further, Sierra constructed autoequivalences ¢, of
gr-A;, which permute X (n) and Y (n) and fix all other simple modules. Let Zg,
denote the group of finite subsets of the integers, with operation exclusive or. The

subgroup of Pic(gr-A;) generated by the ¢, is isomorphic to Zgy,.

Theorem 1.1.1 (Sierra, [Sic09, Corollary 5.11]). The group Pic(gr-A;) is isomor-
phic to Zgy X Do .

In [Smill], Smith showed that in fact Gr-A;, the category of graded right
Ai-modules, is equivalent to the category of quasicoherent sheaves on a certain

quotient stack, y. He constructed a commutative ring R graded by Zg,:
R:=k[z|][Vz—n|n € Z],
where degy/z —n = {n}. Smith then proved:

Theorem 1.1.2 (Smith, [Smill, Theorem 5.14 and Corollary 5.15]). There is an

equivalence of categories
Gr-A; = Gr-(R, Zg,) = Qcoh(x).

In this dissertation, we generalize results of Sierra and Smith by studying
the graded module category over certain generalized Weyl algebras (GWAs). We
study GWAs A(f) with base ring k[z] defined by a quadratic polynomial f € k[z]
and an automorphism o : k[z] — k[z] mapping z to z + 1. The GWA A(f) has

presentation
k[z](z, y)

(xz =o(2)r yz= a‘l(z)y) '

zy=f  yr=o0""(f)

A(f) =




When the defining polynomial f is clear from context, we use the notation A to
denote A(f). We assume, without loss of generality, that f = z(z + «) for some
a € k. The properties of A(f) are determined by the roots of f. When a = 0,
we say that f has a multiple root, when a € Z \ {0}, we say that f has congruent
roots, and when « € k \ Z, we say that f has non-congruent roots.

In the non-congruent root case, the picture of gr-A(f) can be thought of

as a doubled version of the picture of gr-A;.

a—3 a—2 «oa-1 Q a+1 a+2 o+3

-3 -2 -1 0 1 2 3

Figure 1.1.2: The simple modules of gr-A(f) when f has non-congruent roots.

In this case, for each integer n, A/(z + n)A is a nonsplit extension of two simple
modules which we call X{(n) and Y (n) and additionally, A/(z + n + a) is a
nonsplit extension of two simple modules which we call X/(n) and Y,/(n). Each
pair of these simple modules behaves in the same way as the pair X7/ (n) and Y/ (n)
in gr-Aj.

In the multiple root case, the picture of gr-A(f) is the same as for gr-A;.

-3 —2 -1 0 1

Figure 1.1.3: The simple modules of gr-A(f) when f has a double root.

For every integer n, A/(z 4+ n)A is a nonsplit extension of two simple modules,
X7 {n) and Y/(n). However, although the picture is the same, the category is
not—the simple modules X/ (n) and Y/ (n) also have nonsplit self-extensions.
Finally, in the congruent root case, there exist finite-dimensional simple
modules: the shifts of a module we call Z/. For each integer n, A/(z +n)A has a
composition series consisting of X7/(n), Y/(n), and Z/(n).
In this case, let fdim-A(f) be the full subcategory of gr-A(f) consisting of

finite-dimensional modules. More concretely, the objects of fdim-A(f) are given
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Figure 1.1.4: The simple modules of gr-A(f) when f has congruent roots.

by finite direct sums of shifts of Z/. We consider qgr-A(f) = gr-A(f)/fdim-A(f),
the quotient category of gr-A(f) modulo its full subcategory generated by finite-
dimensional modules and prove that qgr-A(f) is equivalent to the category in the

multiple root case.

Theorem 1.1.3 (Theorem 6.4.5). Let o € Nt. There is an equivalence of cate-
gories

qgr-A(z(z 4+ a)) = gr-A (2%).

In all three cases, we construct autoequivalences of gr-A(f) which are anal-
ogous to Sierra’s involutions ¢,. For all quadratic f € k|z|, we determine the

Picard group of A(f), showing that Pic (gr-A(f)) = Pic (gr-4;).
Theorem 1.1.4 (Theorem 5.2.4). For any quadratic polynomial f € k|z],
Pic(gr-A(f)) = Zgn X Dy

We also construct commutative rings similar to those in [Smill] whose
categories of graded modules are equivalent to qgr-A(f). In the non-congruent

root case, we define Zg, X Zg, graded-ring

O klcn,d, | n € Z]
S (2 -n=c —m,2=d:—a|mncZ)

where deg ¢, = (n, () and degd,, = (0,n) and prove

Theorem 1.1.5 (Theorem 6.5.2). Let « € k\ Z and f = z(z + «). Then there is

an equivalence of categories
gr-A(f) = gr-(C, Zgn X Zgn).

In the multiple and congruent root cases, we define the Zg, graded ring
k[z][b, | n € Z]

=y nen

where degb, = {n} and prove



Theorem 1.1.6 (Theorem 6.4.5 and Corollary 6.4.6). Let o € N*. There are

equivalences of categories
gr-A(2%) = qgr-A (2(z + @) = gr-(B, Zgy).

We then prove some basic results about the ring B, characterizing its min-
imal prime ideals and showing that B is a non-noetherian, reduced ring of Krull

dimension 1.

1.2 Structure of this dissertation

In the remainder of the introduction, we briefly summarize the contents
of this dissertation. In Chapter 2, we establish notation and give background on
graded rings, categories of graded modules, and generalized Weyl algebras. In
Chapter 3 we study the category gr-A(f). We study the finite length modules
of gr-A(f) in sections 3.1 and 3.3. In section 3.2, we introduce the important
concept of the structure constants of a graded right A-submodule of Qg (A(f))
and in section 3.4, we investigate the rank one projective modules of gr-A(f).

In Chapter 4, we develop some technical tools which allow us to define a
functor on gr-A by first defining it on the full subcategory of rank 1 projective
modules. We use these tools in Chapter 5, where we construct autoequivalences
of gr-A(f) which are analogous to the ¢; of [Sie09] and compute the Picard group
of gr-A(f). Finally, in Chapter 6, we study the quotient category qgr-A(f) and

construct commutative rings whose graded module categories are equivalent to

qgr-A(f).



Chapter 2

Background

2.1 Graded rings and modules

We begin by fixing basic definitions, terminology, and notation. We follow
the convention that 0 is a natural number so N = Zso. We use the notation N*
to denote the positive natural numbers.

A k-algebra R is a ring with a multiplicative identity which is a k-vector
space such that for all ;s € R and A € k, A(rs) = (Ar)s = r(As). All rings in this
dissertation are k-algebras. If ' is an abelian semigroup, then we say a k-algebra

R is I'-graded if R has a k-vector space decomposition

R=ER,

vel

such that R, - Rs € R,;s for all 7,6 € I'. For a Z-graded Ore domain R, we
write Qg (R) for the graded quotient ring of R, the localization of R at all nonzero
homogeneous elements.

A graded right R-module is an R-module M with a k-vector space decom-
position M = P, M, such that M, - Rs C M, for all 7,6 € I'. If M and N
are graded right R-modules and § € I', then a I'-graded right R-module homomor-
phism of degree § is an R-module homomorphism ¢ such that ¢(M,) C N, for all
v el If § =0, then ¢ is referred to as a I'-graded right R-module homomorphism.
Define Hom (M, N)s to be the set of all graded homomorphisms of degree § from



M to N and define

Hompg (M, N) = @HO_THR(Ma N)s.
ser

The category of all I'-graded right R-modules with I'-graded right R-module
homomorphisms is an abelian category denoted Gr-(R,I'). When I' = Z we use
the notation Gr-R in place of Gr-(R,Z). We follow the convention that if Xyz-R
is the name of a category then xyz-R is the full subcategory of Xyz-R consisting
of noetherian objects. Hence, gr-(R,I") is the category of all noetherian I'-graded
right R-modules. The category of all right R-modules with module homomor-
phisms is denoted Mod-R.

When we are working in the category gr-R, we denote the I'-graded R-

module homomorphisms by
Homyg, r(M, N) = Homp (M, N)y.

We write Ext, and Extg,_g for the derived functors of Hom and Homy,_g, respec-
tively.

For a graded k-algebra R, the shift functor on gr-R sends a graded right
module M to the new module M(1) = @,., M(1);, defined by M(1); = M;_;.
We write this functor as Sg : M +— M (1). Similarly, M(i); = M;_;. This is in
keeping with the convention of Sierra in [Sie09], although we warn that this is
the opposite of the standard convention. For a graded k-vector space V', we use
the same notation to refer to the shift of grading on V: V(i); = V,_,. For right
R-modules M and M’, note that as graded vector spaces,

Horyy(M (d), M'(d)) = Hom (M, M')(d — d).

Given two categories C and D, a covariant functor F : C — D is called
an equivalence of categories if there is a covariant functor G : D — C such that
GoF Z1Idc and F oG = Idp. We say that C and D are equivalent and write
C = D. An equivalence of categories F : C — C is called an autoequivalence of C.
Given a category of I'-graded modules, gr-(R,T"), let Aut(gr-(R,I")) be the group

of autoequivalences of gr-(R,I') with operation composition. Denote by ~ the



equivalence relation on Aut(gr-(R,I")) given by natural isomorphism. We define

the Picard group of gr-(R,T)
Pic(gr-(R,T")) = Aut(gr-(R,I'))/ ~ .

Following [Siellb], we define a Z-algebra R to be a k-algebra without 1,

with a (Z x Z)-graded k-vector space decomposition
R=EP R,
ijET

such that for any 7,5,k € Z, R, jR; C R;) and if j # j' then R, ;R = 0.
Additionally, we require that each of the subrings R;; has a unit 1; which acts
as a left identity on all R;; and right identity on all R;;. If R and S are Z-
algebras, we say that a k-algebra homomorphism ¢ : R — S is graded of degree d
if (R, ;) € Sitdj+da- A Z-algebra isomorphism is a degree 0 k-algebra isomorphism
¢ : R — S such that ¢(1;) = 1, for all i € Z.

For a Z-graded ring R, we define the Z-algebra associated to R

E=MF,
1,JEL

where R;; = R; ;. A degree 0 automorphism of R is called inner (see [Sie09,
Theorem 3.10]) if for all m,n € Z, there exist g,, € Emym and h,, € Emn such that
for all w € Ry,

V(w) = gmwhn.
In [Sie09] and [Siellb], Sierra studies the relationship between R and gr-R.

In particular, Sierra proves the following:

Theorem 2.1.1 (Sierra, [Siellb, Theorem 3.6]). Let R and S be Z-graded k-

algebras. The following are equivalent:
1. The Z-algebras R and S are isomorphic via a degree-preserving map.

2. There is an equivalence of categories ® : gr-R — gr-S such that for all
n € 7Z, ®(R(n)) = S(n).
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A functor ® satisfying condition 2 in Theorem 2.1.1 above is called a twist

functor. Sierra further gives the following result on twist functors.

Theorem 2.1.2 (Sierra, [Sie09, Corollary 3.11)). Let R be a Z-graded ring and
suppose that all automorphisms of R of degree 0 are inner. If ® : gr-R — gr-R is

a twist functor, then ® is naturally isomorphic to Idg,_g.

2.2 Category theoretic preliminaries

The category of modules over a ring is the prototypical example of an
abelian category. In this section, we establish category theoretic definitions that we
will need in chapters 4 and 6. If C and D are abelian categories, a functor F : C — D
is called additive if F(f + f') = Ff + Ff for any morphisms f, f': X - Y. A
biproduct diagram for objects X,Y € Cis a diagram

XSze2y

P2
T

such that pyt; = Idx, pate = Idy, and i1p; +19p2 = Idz. The object Z is a biproduct

of X and Y, as the projections p; and p, make Z a categorical product while 7,

and i, make Z a categorical coproduct. A nice property of additive functors is

that they preserve biproduct diagrams.

Proposition 2.2.1 (See [Mac78, Proposition VIII.2.4]). A functor F : C — D is
additive if and only if F carries each binary biproduct diagram in C to a biproduct

diagram in D.

We will also need the concept of the generator of a category. A set of objects
{G; | i € I} in C is said to generate C if for any two morphisms f,g: X — Y in
C such that f # g, there is some ¢ € [ and some morphism h : G; — X such that
foh # goh. If the set consists of a single object GG, then G is called a generator
of C.

A subcategory D of an abelian category C is a Serre subcategory if for every

short exact sequence

0O— M —M-—M —0
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in C, M is an object of D if and only if M’ and M” are objects of D—that is, D is
closed under subobjects, factor objects, and extensions.

The quotient category C/D of an abelian category by a Serre subcategory
was first defined by Gabriel in his thesis [Gab62] as follows. The objects of C/D
are the objects of C. If M and N are objects of C, then

Homep(M, N) := @Homc(M’, N/N'),

where the direct limit is taken over all subobjects M’ C M and N’ C N where
M/M' € D and N’ € D. Composition of morphisms in C/D is induced by
composition in D. There is also a canonical exact functor, the quotient functor
m: C— C/D. For an object M, 7M = M and for a morphism f, 7 f is given by
the image of f in the direct limit.

We state properties of morphisms in C/D as summarized in lecture notes

of Paul Smith [Smi00].
Proposition 2.2.2 (See [Smi00, Proposition 13.7]). Let f € Homc(M, N). Then
1. the kernel and cokernel of wf are w(ker f) and w(coker f) respectively;
2. wf is zero if and only if im f € D;
3. wf is monic if and only if ker f € D;
4. wf is epic if and only if coker f € D;

5. wf is an isomorphism if and only if ker f € D and coker f € D.

2.3 Dimension in noncommutative rings

For a commutative ring S and an S-module M, the Krull dimension of M
is defined to be the maximal length of a chain of prime ideals in S/ ann M. How-
ever, the relative scarcity of two-sided ideals makes this definition less useful for a
noncommutative ring. Hence, there are several notions of dimension in the non-
commutative setting. Of course, for a k-algebra R, we can consider the dimension

of R as a k-vector space. We refer to this as the k-dimension of R and denote it
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dimg(R). We now discuss three different dimension functions for noncommutative
rings.

The first notion of dimension we introduce is called the Gelfand-Kirillov
dimension or GK dimension of R. A full treatment of GK dimension can be
found in [KL0O]. Let R be a finitely generated k-algebra R and let V' be a finite-
dimensional k-subspace of R containing 1 and generating R as a k-algebra. We

define the GK dimension of R to be

GKdim R = lim sup log,, dimy V".

n—oo

This definition is independent of the choice of generating subspace V.

Example 2.3.1. The first Weyl algebra A; = k(z,y)/(xy — yx — 1) has GK
dimension 2. We can choose the generating subspace V' = {1, x,y}. Then for any
monomial w in x and y of degree n, we can use the relation xy — yxr — 1 to write
w as a sum of monomials of the form 'y’ with i + j < n. Since there are exactly
n + 1 such monomials of degree n, and V" is spanned by the monomials of length
at most n, we see that dimy V" = (n + 1)(n + 2)/2. Hence,

GKdim A; = limsup log, (n+1)(n+2)

n—oo 2

=2.

We can also generalize the definition of Krull dimension to modules over
noncommutative noetherian rings. A detailed discussion of Krull dimension can be
found in chapter 6 of [MR&7]. Let R be a noetherian ring and M a finitely generated
right R-module. We define the Krull dimension of M, Kdim M, inductively as
follows. If M = 0 then Kdim M = —oo, otherwise if M is artinian, then Kdim M =
0. For n € N, we say that Kdim M = n if (a) for each m < n, Kdim M # m and
(b) in any descending chain of submodules of M, all but finitely many factors have
Krull dimension less than n.

The (right) Krull dimension of R is the Krull dimension of R as a right
module over itself. This definition coincides with the usual Krull dimension in the
case that R is commutative. For n € N, we say that a right R-module M is n-
critical if Kdim M = n and for each nonzero submodule N C M, Kdim M/N < n.
Therefore, a O-critical module is a simple module and any factor of a 1-critical

module is artinian.
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The last kind of dimension we consider here is global dimension. For a right
R-module M, the projective dimension of M, denoted pd M, is defined to be the
minimal length among all finite projective resolutions of M. If M does not admit
a finite projective resolution, then pd M = co. The (right) global dimension of R,
denoted gldim R, is defined to be

gldimR = sup {pdM}.

Méemod-R

2.4 Noncommutative projective schemes

In recent years, the field of noncommutative projective algebraic geometry
has generalized the techniques of commutative algebraic geometry to the study of
noncommutative rings. We begin by recalling some classical algebraic geometry.
The necessary scheme-theoretic background is developed in detail in Hartshorne’s

text [Har77]. Throughout this section, let R = €, R; be a commutative N-

ieN
graded algebra, generated in degree 1 over Ry = k.
From the commutative ring R, we can construct the projective scheme
Proj R. As a set, Proj R consists of the homogeneous prime ideals of R not con-
taining the irrelevant ideal R>;. We make Proj R a topological space under the
Zariski topology: the closed sets are of the form V(a) = {p € ProjR | p 2 a} for a
a homogeneous ideal of R. We then construct the structure sheaf O on Proj R by
localizing at homogeneous prime ideals. Specifically, let Rz, be the localization of R

at the set of all homogeneous elements of R not in p. For an open set U C Proj R,

define O(U) be the set of functions f : U — H Sy such that f(p) € S, and f is

peU
locally a quotient of elements in S.

As this construction of Proj R shows, in classical algebraic geometry, the
technique of localization and the abundance of prime ideals are important. A
naive generalization of this technique to noncommutative rings has at least two
obstructions. First, in noncommutative rings, localization is well-behaved only at
certain multiplicatively closed subsets called Ore sets. A more basic difficulty is

the scarcity of two-sided ideals. Let g € k* be a nonroot of 1. The quantum plane

ko[, y] = k{z,y)/(zy — qyx)
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is a noncommutative analogue of the projective line Projk[z,y] = P'. However,
while k[z, y] has many homogeneous prime ideals, k,[z, y] has only four: (0), (z),
(y) and (z,y).

Rather than attempting to generalize directly the construction of a pro-
jective scheme, one successful approach has instead been to generalize the study
of sheaves over a scheme. This idea is motivated by a theorem of Serre. Let
tors-R be the full subcategory of gr-R consisting of finite-dimensional modules.

Let qgr-R = gr-R/ tors-R.

Theorem 2.4.1 (Serre, see [Har77, Ex 5.9]). There is an equivalence of categories

coh(Proj R) = qgr-R.

Therefore, studying the coherent sheaves Proj R is the same thing as study-
ing the category of R-modules. Noncommutative rings with few two-sided ideals
can have rich (right) module categories, so this approach has been fruitful. In
[AZ94], Michael Artin and James Zhang defined the noncommutative projective

scheme of a noncommutative ring purely module-theoretically.

Definition 2.4.2 (Artin-Zhang, [AZ94]). Let A be a right noetherian graded k-

algebra. The noncommutative projective scheme of A is the triple
(qgr-A,mA, S)
where S denotes the shift functor on qgr-A.

Much of the literature on noncommutative projective schemes has focused
on connected graded k-algebras—N-graded k-algebras with Ag = k. Since the
commutative polynomial ring under its usual grading satisfies these hypotheses,
connected graded k-algebras are analogues of (quotients of) commutative polyno-
mial rings. For a connected graded k-algebra A of GK dimension 2, we call qgr-A
a noncommutative projective curve. If A has GK dimension 3, we call qgr-A a
noncommutative projective surface.

The noncommutative projective curves were classified by Artin and Stafford,

who showed that every noncommutative curve was equivalent to the category
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of coherent sheaves on a commutative curve. The classification of noncommu-
tative projective surfaces is an active area of current research. The noncom-
mutative analogues of klx,y, z] (so-called Artin-Schelter regular algebras of di-
mension 3) are well-understood (see [AS87, ATV91, Ste96, Ste97]) and many
other examples of noncommutative projective surfaces have been studied (see
[Van01, Vanll, Rog04, Siellal).

2.5 Generalized Weyl algebras

Fix f € k[z], let 0 : k[z] — k[2] be the automorphism given by o(z) = z+1,

and let
k[z](z, y)

(:pz =o(2)r yz= al(z)y) .
zy=f yr=0"'(f)
Then A(f) = k[z] (0, f) is a generalized Weyl algebra of degree 1 with base ring

A(f) =

k(z], defining element f and defining automorphism o. Generalized Weyl algebras
were introduced by Vladimir Bavula, who studied rings of the form A(f) for f of
arbitrary degree [Bav93, BJO1]. Timothy Hodges studied the same rings under the
name noncommutative deformations of type-A Kleinian singularities [Hod93]. By
results in [Bav93], for all f, A(f) is a noncommutative noetherian domain of Krull
dimension 1.

By a theorem of Bavula and Jordan, A(f) = A(g) if and only if f(2) =
ng(T £ z) for some n, 7 € k with n # 0 [BJO1, Theorem 3.28]. Hence, by adjusting
7 we may assume f is a monic polynomial and by adjusting 7 we may assume
that 0 is a root of f. We may also assume that 0 is the largest integer root of f.
Results of Bavula and Hodges show that the properties of A(f) are determined by
the distance between the roots of f. In general we say that two distinct roots, A
and p are congruent if A — p € Z. The global dimension of A(f) depends only on

whether f has multiple or congruent roots, as follows.

Theorem 2.5.1 (Bavula and Hodges, [Bav93, Theorem 5] and [Hod93, Theorem
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4.4]). The global dimension of A is equal to

oo, if f has at least one multiple root
gldim A= q2  if f has no multiple roots but has congruent roots;
1, if f has neither multiple nor congruent roots.

In this dissertation, we study generalized Weyl algebras A(f) for quadratic
polynomials f. Without loss of generality, f = z(z + a). When a = 0, since f has
a multiple root, we say we are in the multiple root case. When o € N, we say we
are in the congruent root case. Finally, when « € k\ Z, we say that f has distinct
non-congruent roots and refer to this case as the non-congruent root case.

Like the first Weyl algebra, the rings A(f) are naturally Z-graded by letting
degz =1, degy = —1, degz = 0. Note that every graded right A(f)-module is
actually a graded (k[z], A(f))-bimodule; for any ¢ € k|z]|, we define its left action
on a right A(f)-module M by

p-m=mo"(p)

for any m € M;. This gives M a bimodule structure by the relations zz = o(z)x
and yz = o 1(2)y.

Bavula and Jordan [BJO1] call a polynomial ¢g(z) € k[z] reflective if there
exists some € k such that g(8 — z) = g(z). They observe that every quadratic
polynomial is reflective. Indeed, if f is quadratic, there exists an outer automor-
phism w of A(f) such that w(z) = y, w(y) = z, and w(z) = 1 — @ — z which
reverses the grading on A. More specifically, there is a group automorphism of Z,
and the k-algebra automorphism w respects this automorphism. The group auto-
morphism, which we denote @, is given by negation and w(A,) = Ag). Together,
we call (w,w) a w-twisted graded ring automorphism of A.

For any group automorphism 6 of Z, any O-twisted graded ring automor-
phism (0, §) of A induces an autoequivalence of gr-A, denoted 6,. Given a module
M € gr-A, .M is defined to be M with the grading (6. M), = Mg,,. We write
6,.m to regard the element m € M as an element of 6, M. The action of an element

a € A on an element 0,m € 0,M is given by

0.m -a=60,(mb(a)).
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We suppress the asterisk in the subscript and simply refer to the autoe-
quivalence induced by (w,w) as w. We also define w on a graded k-vector space
as the functor that reverses grading, i.e. (wV), = V_,. Then, as Sierra notes
in [Sie09, (4.2)], if M and N are right A-modules, then w gives isomorphisms of
graded k-vector spaces

Hom ,(wM,wN) = wHom 4 (M, N)

(2.1)
Ext} (WM, wN) = wExt} (M, N).



Chapter 3
The graded module category gr-A

In this chapter, we carefully study the graded right modules over generalized
Weyl algebras A(f) defined by quadratic polynomials f. We determine the simple
modules and classify some of the finite length indecomposable modules. We then
turn our attention to the rank one projective right modules and the morphisms

between them.

3.1 Simple modules

We first describe the simple modules of gr-A(f).
Lemma 3.1.1. Let f = z(z + «).

1. If a« = 0, then up to graded isomorphism the graded simple A(f)-modules

are.

o X/ = A/(x,2)A and its shifts X' (n) for eachn € Z;
o Y/ = (A/(y,z—1)A) (1) and its shifts Y/ (n) for each n € Z;
o M| =A/(z+ NA for each ) € k\ Z.

2. If o € Nt then up to graded isomorphism the graded simple A(f)-modules

are.

o X/ = (A/(z,z+ a)A) (—a) and its shifts X/ (n) for each n € Z;

18
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o Y/ = (A/(y,z —1)A) (1) and its shifts Y/ (n) for each n € Z;

o 7/ = A/(y*, x,2)A and its shift Z/(n) for each n € Z;

o M| =A/(z+ NA for each ) € k\ Z.

3. If a € k\ Z, then up to graded isomorphism the graded simple A(f)-modules
are:

o X = A/(x,2)A and its shifts XI(n) for each n € Z;

o Y/ = (A/(y, 2z — 1)A) (1) and its shifts Y (n) for each n € Z;

o X! = A/(x,z+ a)A and its shifts X[(n) for each n € Z;

o Y/ = (A/(y,z +a—1)A) (1) and its shifts Y,/ (n) for each n € Z;

o M{ =A/(z4+ NA for each A € k\ (ZUZ+ a).
Proof. We do, as an example, the case that a = 0. The other cases follow similarly
from [Bav93, §3]. In [Bav93, §3], Bavula studies the simple k[z]-torsion A-modules,
that is, modules for which tor(M) := {m € M | m - g = 0 for some 0 # g € k|[z|}
is equal to M. Every graded simple right A- module is isomorphic to A/ for some
homogeneous right ideal I of A. Further, every homogeneous element of A can be
written as gz’ or gy’ for some g € k[z] and i € N. Hence, for every element a of

A/1, there exists h € k[z] such that a - h = 0, so A/I is k[z]-torsion. By [Bav93,

Theorem 3.2], up to ungraded isomorphism, the simple k|[z]-torsion A-modules are
o A/(x,2)A
e A/(y,z—1)A
e One module A/(z + M)A for each coset of k/Z.

For each A € k\ Z, observe that M{H = M{<1> via the isomorphism mapping
1 to 3. Further, by Bavula’s theorem, if A\ — p ¢ Z, then ]\4)]\c and M/f are not
even ungraded isomorphic. Hence, if A\ # p then M /{c > M;{ in gr-A. Finally,
we see that there are no other graded isomorphisms between any shift of X/, Y7,
or M /{ simply by looking at the degrees in which these modules are nonzero (see

Remark 3.1.2 below). Hence, we conclude that the graded isomorphism classes of
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graded simples correspond to the shifts X/ (n), Y/(n), and one module M/ for
each element of k \ Z. O

When there is no danger of confusion, we will make two changes in notation
for convenience. When it is clear which case we are in (multiple, congruent, or
distinct roots), we will suppress the superscript on graded simple modules and
refer to them as X, Y, Z, and M,. Also, for a right ideal I, we will often refer to
the element a + I € A/I simply as a.

Remark 3.1.2. We also remark that for each integer n and each simple module
S, dimy S < 1. We explicitly give the degrees in which each simple module is
nonzero. Additionally, by using the explicit description of the simple modules as
quotients of A, we can also determine the action of the autoequivalence w on the
graded simple modules. In all cases, for A € k\ (ZUZ + «), dimy(M,),, = 1 for
all n and w(My) = M, for some p € k\ (ZUZ + «).

1. If @ =0, then

e dimy X,, = 1 if and only if n <0,

e dimy Y, =1 if and only if n > 0,

e W(X(n)=ZY(—n—1)and w(Y(n)) = X(—n —1).
2. If « € NT, then

e dimy X,, =1 if and only if n < —q,

e dimy Y, =1 if and only if n > 0,

e dimy Z, = 1 if and only if —a <n <0,

e wX(n)) Z2Y{a—n—-1), wY({n) 2Y(a—-—n-—1), and w(Z(n)) =
Z{a—n—1).

3. If a € k\Z, then

o dimy(Xy), = dimy(X,), =1 if and only if n <0,

o dimy(Yp), = dimy(Y,), = 1 if and only if n > 0,
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e W(Xo(n) = Ya(-—n—1), w(¥o(n)) = Yo(-n - 1),

o w(X,(n)) Z2Yy(—n—1), and w(Y,(n)) = Yo(—n — 1).
Lemma 3.1.3. Let v € N and letn € Z. Then (z+n)(X(n)) = (z+n)(Y(n)) = 0.
If a # 0, then (z+n)(Z(n)) = 0. As graded left k[z]-modules, we have

klz]
(z+n)

(A/24)(n) = (A/(z = )A)(n +1) = P

JEL
Proof. Recall that there is a left action of k[z] on an A-module. If degm = i

then for p € k[z], p- m = mo~%(p). This result follows from the fact that in
X(n)=(A/(zx,z+ a)A) (—a+n), degl =n — «a and

(z4n)-1=10"""(2+n)=24+a=0.
Similarly, in Y (n), deg1l =n+1 so
(z4n) - 1=1lo" Y z4+n)=2-1=0,
and in Z(n), deg1 =0 and
(z4n)-1=2=0.

For each j > n, ((A/2A)(n)); is generated as a left k[z] module by 277"
Further, for all g € k[z], g- 29 = 27 """ I(g) = o™(g)x’™™. Hence, as a left
k[z]-module the annihilator of ((A/zA)(n)); is given exactly by the ideal (z + n).
For j < n, ((A/zA)(n))

argument, the annihilator is given exactly by the ideal (z 4+ n) so

; is generated as a left k[z] module by y" /. By a similar

k(2]
(z+n)

(A/=4)(n) = D

JET
The same proof shows that

k2]

(z+n)

(A/(z=DA)n+1) =P

JEZ
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Lemma 3.1.4. Let a € k\ Z and let n € Z. Then (z + n)(Xo(n)) = 0 =
(z+n)(Yo(n)) and (z + a+n)(Xa(n)) =0 = (2 + a+n)(Ya(n)). As graded left
k[z]-modules, we have

klz]
(z+n)

and

(AfzA)(n) = (A/(= — DAY n + 1) = D

jJET

(4/(z + a)A)(n) = (A/(z+ 2 = 1)A)(n+1) = D %.

Proof. This follows from the same proof as that of Lemma 3.1.3. m

Since M, = P

the previous lemmas, any finite length graded A-module, when considered as a

ez K[2]/(2 + A) as a left k[z]-module, when combined with
left k[z]-module, is supported at finitely many k-points of Speck[z]. We restate
[Sie09, Definition 4.9].

Definition 3.1.5. If M is a graded A-module of finite length, define the support
of M, Supp M, to be the support of M as a left k[z]-module. We are interested in
the cases when Supp M C Z or Supp M C Z — . When Supp M C 7Z, we say that
M is integrally supported. We are also interested in cases when Supp M = {n} or

Supp M = {n — a} for some n € Z (we say M is simply supported at n or n — «).

Lemma 3.1.3 shows that in the case that @ € N, X(n) and Y (n) are the
unique simples supported at —n. In the case that o ¢ Z, Lemma 3.1.4 shows that
Xo(n) and Yy(n) are the unique simples supported at —n and X,(n) and Y, (n)
are the unique simples supported at —(n+ «). For A € k\ (ZUZ + «), the simple

module M, is the unique simple supported at —\.

3.2 The structure constants of a graded submod-

ule of the graded quotient ring of A

We seek to understand the rank one projective modules of gr-A(f). Since
A(f) is noetherian, A(f) is an Ore domain, so we can construct Qg (A(f)), the
graded quotient ring of A(f). Every homogeneous element of A(f) can be written
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as z'g(z) or y'g(z) for some i > 0 and some g(z) € k[z]. Since in the graded

quotient ring y = x 71 f, we see that Qg (A(f)) embeds in the skew Laurent poly-

1 1

nomial ring k(z)[z,2"; o]. Finally, since every element of k(z)[z,z~'; 0] can be
written as a quotient of elements of A(f), therefore Qg (A(f)) = k(2)[z,z™1; o).
To understand the rank one projective modules, we begin by considering
submodules of Qg (A(f)). Let I be a finitely generated graded right A-submodule
of Qg (A(f)). Recall that o(2) = z + 1 and every graded right A-module is a

graded left k[z]-module with

prm=m-o"(p)

for ¢ € k[z] and degm = i. We will examine I as a graded left k[z]-submodule of
Qgr(A). As a left k[z]-module,

Qur(A) = P k(2)z".

i€z
Suppose [ is generated as an A-module by the homogeneous generators
mi,...,m,, with degm; = d;. Then for each n € Z, I,, = > m;A,_4, where I, is
the degree n graded component of I. Since each graded component of A is finitely
generated as a left k[z]-module, so is I,,. If we clear denominators and use the fact
that k[z] is a PID, we deduce that I,, is generated as a left k[z]-module by a single
element a,z" where a, € k(z). Denote by (a,) the left k[z]-submodule of k(z)

I= GB(CLz)xZ

€L

generated by a,. Then

Because [ is a right A-submodule, we have for each i € 7Z
(a;)r" -z C (ai41)2™"  and
(aip)z™ -y = (ai1)o’(f)a' C ()2’

Therefore, for each ¢ € Z, we have (a;) C (a;11) and (a;10%(f)) C (a;). Define
¢; = a;a;;y. We then have 1 | ¢; and ¢; | o?(f), so ¢; € k[z]. By multiplying by an

appropriate element of k, we assume that ¢; is monic so

¢ € {1,0'(2),0'(z + ), 0 ()}
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Definition 3.2.1. We call the elements of this sequence {c;}icz the structure
constants of I. The lemma below shows that a finitely generated graded right
A-submodule of Qg (A) is determined up to graded isomorphism by its structure

constants.
As an example, we compute the structure constants of the ring A.

Example 3.2.2. For n € Z, A, is generated as a left k[z]-module by ™ when
n > 0 and y~n when n < 0. Also, for n > 0, y"2" = o' (f)---07"(f), s0 as a
graded left k[z]-module,

1, i >0,

A= (a;)x" with a; =
ge? o Y f)---ol(f), i<O.

The structure constants {c;} of A are therefore given by

1 i >0,
C;, =
ol(f) i<0.
Lemma 3.2.3. Let I and J be finitely generated graded submodules of Qg (A)
with structure constants {c¢;} and {d;}, respectively. Then I = J as graded right

A-modules if and only if ¢; = d; for all i € Z.

Proof. As argued above there exist {a;}, {b;} C k(z) such that
I = @(ai)xi and J = @(b )z
i€z i€Z

Then by definition, for each i € Z, ¢; = a;a;); and d; = b;b . Let g = ag'by €
k(z). If ¢; = d; for all i € Z, then (a;g) = (b;) for all i. Hence, I = J via left
multiplication by g.

Conversely, suppose ¢ : I — J is a graded isomorphism of A-modules.
Since, for each ¢ € Z, ¢ : I; — J; is an isomorphism, we must have, up to a scalar

in k*, p(a;x") = b;z'. Then, up to a scalar,

b = 90( ) Sp(ale—l) 90<az+1cz$ +1) (,O(GH_l.CE i (Z—H)(Cz))

Qp(az-l-lajﬁ_l) (H_l)(cl) = bz 137 i+ _( +1)( ) - bH—lCz +1a
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so up to a scalar d; = bib;rll = ¢; for all 7. Since we assumed that structure

constants were monic, ¢; = d; for all © € Z. O

Lemma 3.2.4. Suppose I = @, ,(b;)x" is a finitely generated graded right A-
submodule of Qg (A) with structure constants {c;}. Then for n > 0, ¢, =1 and

cen=0"(f)

Proof. Since I is finitely generated as an A-module, if n € Z is greater than the
highest degree of all generators, we have I, - = I,y1. Then (b,) = (bys1) so
¢, = 1. On the other hand, if n is less than the least degree of all generators, then

I, -y=1,_1. That is,
(bn-1)z" " = (by)a"y = (b)a" ' f = (b)o™ ()2,
50 ¢p_1 = 0" H(f). Hence, for n>> 0, ¢, =1 and c_,, = o "(f). o

We remark that for any choice {c¢;}iez satisfying (i) for each integer n,
cn €4{1,0™(2),0"(z + «),0"(f)} and (ii) ¢, = 1 and ¢_,, = o "(f) for n > 0,
we can construct a module with structure constants {c¢;}. Let by = 1 and for all
integers ¢, define b; such that bib;rll = ¢. Let [ = @iez(bi)xi. Since bz’ - x €
(biy1)z"™ and bz’ -y € (bi—1)z" !, therefore I is a graded submodule of Qg (A).
Further, there exists NV € N such that for all n > N, ¢, =1 and ¢_,, = o7 "(f).
Thus, the elements {b;z* | —N < i < N} generate I as an A-module, so I is a
finitely generated graded right A-submodule of Qg (A).

Hence, isomorphism classes of finitely generated graded right A-submodules
of Qg (A) are in bijection with such sequences of structure constants, {c¢;}. One
reason taking this point of view is useful is that we can now state properties
of a graded submodule I C Qg (A) in terms of its structure constants and vice
versa. First, we show that the simple factors of I are determined by its structure
constants. We have the two following lemmas, one in the case that f has congruent

or multiple roots (o« € N) and one in the case that the roots of f are distinct
(aek\Z).

Lemma 3.2.5. Let o« € N. Let I = @, ,(a;)x" be a finitely generated graded right
A-submodule of Qg (A) with structure constants {c;}. Then
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1. I surjects onto X (n) if and only if c,—q € {1,0"%(2)},
2. 1 surjects onto Y (n) if and only if ¢, € {o™(2),0™(f)},

3. If a >0, I surjects onto Z{n) if and only if c,—q € {o" (2 + ), 0" *(f)}
and ¢, € {1,0"(z + a)}.

Proof. Suppose I surjects onto Z(n). Then there exists a graded submodule J =
@D,z (bi)x" of I such that

0—J—1—2Z(n)—0

is a short exact sequence. Let {d;} be the structure constants of .J.

Because Z(n); = 0 for all ¢ > n and all i < n — «, we must have b, = q;
for all ¢ > n and all i < n —a. Now by Lemma 3.1.3, as a left k[z]-module,
forall n —a < @ < n, Z(n); = k[z|]/(z +n). Hence, b; = (2 + n)a; for all
n—a < i < n. Therefore, for all i # n,n—a, ¢; = d;. However, (z+n)d,_o = ¢r_q
and d,, = (z+n)c,. Since we know d,,_, € {1,0"7%(2),0" (2 +«), 0" *(f)}, this
forces ¢,—q € {0" (2 + @), 0" *(f)}. Similarly, ¢, € {1,0"(z + a)}.

Conversely, if ¢,_o € {0" (2 + ), 0" *(f)} and ¢, € {1,0"(z + )}, then
we can construct J = @,,(b;)k[z] C I by setting b; = a, for alli > n and i < n—o
and b; = (z +n)a; for all n — a < i < 0. If we define d; = bib;ll to be monic (by
multiplying by the appropriate scalar), then because ¢,,_,, € {o" *(z4a), 0" *(f)}
and ¢, € {1,0"(2+a)}, therefore d,_, € {1,0"*(2+a)} and d,, € {o"(2),0™(f)}.
For all other integers ¢, d; = ¢;. Therefore, the {d;} are the structure constants
of a finitely generated graded submodule of Qg (A) which is isomorphic to J. By
[Bav93, Theorem 2.1], A is l-critical. Hence, the factor module I/J has finite
length. Also, I/J is simply supported at —n, and is nonzero only in degrees
n—a <i<0. Hence, I/J = Z(n) so I surjects onto Z(n).

The cases of I surjecting onto X (n) or Y (n) are similar but give a condition

on just one structure constant each. ]

Lemma 3.2.6. Let a € k\ Z. Let I = @, ,(a;)z" be a finitely generated graded
right A-submodule of Qg (A) with structure constants {c;}. Then
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1. I surjects onto X°(n) if and only if ¢, € {1,0™(z + )},
2. I surjects onto X*(n) if and only if ¢, € {1,0"(2)},
3. I surjects onto Y°(n) if and only if ¢, € {o"(2),0"(f)},
4. I surjects onto Y*(n) if and only if ¢, € {o" (2 + «),™(f)}.
Proof. This follows from essentially the same proof as Lemma 3.2.5. n

Observe that in the cases of distinct roots or a multiple root, whether
a simple module is a factor of a finitely generated graded right A-submodule of
Qgr(A) or not depends on only a single structure constant. In the case of congruent
roots, each simple factor of the form Z(n) is determined by two different structure
constants. Additionally, as a consequence of the constructions in Lemmas 3.2.5
and 3.2.6, we obtain the following two corollaries, the latter of which is an analogue

of [Sie09, Lemma 4.11].

Corollary 3.2.7. Let I be a finitely generated graded right A-submodule of Qg (A)
and let S be a simple graded A-module. Then for each each n € Z

dimy Hom 4 (1, S),, < 1.

Proof. We claim that there is a unique kernel J C [ for any surjection / — S. If §
is supported at ZU(Z— «) then this follows from the construction in Lemmas 3.2.5
and 3.2.6.

If S = M, for some A € k, A ¢ ZUZ+ «, then notice that we can construct
J = (z+ AN)I such that I/J = M,. Further, since M), is simply supported at —\
with degree 1 in each graded component, J is the unique kernel for any surjection
I — M,.

Hence for any simple module S, if there is a surjection I — S, we have
Hom ,(7,S) =2 Hom 4(I/J,S) = Hom,(S,5).

Since all graded simple modules have k-dimension 0 or 1 in each graded component,

we conclude that for each n € Z, dimy Hom 4 (7, 5),, < 1. O
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Corollary 3.2.8. Let I be a finitely generated graded right A-submodule of Qg (A).
If o € N, then for alln > 0,

Homyg, 4(1, X (n)) = Homg, 4(1,Y(—n)) = k.
If « € k\ Z, then for all n > 0,
Homg, 4(1, Xo(n)) = Homg_a(1, Yo(—n)) = k and
Homyg, 4(1, Xo(n)) = Homg, a(1, Y, (—n)) = k.

Proof. The result follows from Lemmas 3.2.4, 3.2.5, 3.2.6, and Corollary 3.2.7. [

3.3 Finite length modules

We now seek to understand the finite length modules of gr-A(f). We will
see that the extensions between graded simple modules are few: if M and M’ are
graded simple modules, then Ext’, (M, M) is either 0 or k. For clarity, we consider

the three cases (congruent, multiple, and non-congruent roots) separately.

3.3.1 Multiple root

Let o = 0 so that f = 22 and we are in the multiple root case. We record

the Ext groups between simple modules.

Lemma 3.3.1. 1. As graded vector spaces, Ext}(X,Y) = Ext} (Y, X) = Lk,

concentrated in degree 0.

2. As graded vector spaces, Exth (X, X) = Ext4(Y,Y) = k, concentrated in
degree 0.

3. Let A\, ;i € K\Z. If X\ # p, then Exty,_,(Mx, M,) =0, but Exty,_,(My, M) =
k.

4. Let \€ k\ Z. Let S € {X,Y}. Then Ext!(M,,S) = Ext}(S, M,) = 0.
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Proof. Recall that X = A/(z,2)A and Y = A/(y,z — 1)A(1). Let Ix and Iy be
the ideals of A defining X and Y respectively, that is, Ix = (x,2)A and Iy =
(y,z — 1)A. Now for S € {X,Y}, we have the exact sequence

0— Ig(d) - A{d) = S —0 (3.1)

where if S = X then d = 0 and if S = Y then d = 1. For any graded simple
module S’; we then apply the functor Hom ,(—, S") to yield

0 — Hom, (S, §") — Hom 4 (A, S'){(—d) — Hom, (15, S')(—d) (3.2)

— Ext}y(S,5") — 0.

We know that Hom 4(S,S") = k, concentrated in degree 0 if and only if S = 5,
otherwise Hom 4(5,5") = 0. We also know that as a graded k-vector space,
Hom (A, S")(—d) = S'(—d). Additionally, based on Lemma 3.2.5 and Corol-
lary 3.2.7, we can compute Hom,(Ig,S")(—d). Hence, we will able to deduce
Extj(S,5").

1. Let S = X, 8 =Y, and d = 0 in the exact sequence (3.2). Notice that
by the construction in Lemma 3.2.5, A and Ix have the same structure
constants except in degree 0, where A has structure constant 1 and Ix has
structure constant z. Hence, Hom ,(A,Y) and Hom ,(Ix,Y") differ only in
degree 0 where Homy,_4(A,Y) = 0, Homy,_a(Ix,Y) = k so Ext}(X,Y) =k,
concentrated in degree 0. By applying the autoequivalence w as in equation

(2.1), we deduce Ext} (Y, X) = k.

2. Let § =5 = X and d = 0 in the exact sequence (3.2). In this case,
Hom , (X, X) = k. Again, by the construction in Lemma 3.2.5, A and I
have the same structure constants except in degree 0, where A has structure
constant 1 and Ix has structure constant z. Notice then that Hom 4 (A, X),, =
Hom ,(Ix, X), for every degree n € Z. By considering the exact sequence
in each degree, we conclude @h(X ,X) = k, concentrated in degree 0.

Applying w yields the result Ext}(Y,Y) = k.
3. Apply Homg, 4(—, M,,) to the short exact sequence

0= (z+AMNA—A— M,—0 (3.3)
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to yield

0 — Homyg,_a(M), M,) — Homg, 4(A, M,,) — Homg,_a((z + N\)A, M,)
— Bxty, 4 (M, M,) — 0.

Since dimy(M,)o = 1, Homg 4(A,M,) = Homg a((z + N)A,M,) = k.
Hence, it follows that Exty, _,(My, M,,) = Homg,_4 (M, M,) which is k when
A = p and 0 otherwise.

4. Let A € k\ Z and apply Hom ,(—, M) to the short exact sequence (3.1).
This yields

0 — Hom 4 (A, My){—d) — Hom 4 (Is, My){—d) — Ext!(S, My) — 0.
Now by Corollary 3.2.7, in every graded component
Hom 4 (A, M) = Hom 4 (15, M)

so BExt!, (S, My) = 0.

Now let S € {X, Y} and apply Hom 4(—, S) to the short exact sequence (3.3)
yielding

0 — Hom 4(A4,S) — Hom 4 ((z + A\ A, S) — Ext!(My, S) — 0.

But since z + A has degree 0, each Hom 4((z + M)A, S) = Hom (A, S) so

This lemma allows us to characterize all length two indecomposables in
gr-A. Since Ext)(X,Y) = k, there is a unique (up to isomorphism) nonsplit
extension of X by Y. We denote this module Exy and similarly we denote by
Ey x, Ex x and Eyy the extensions of Y by X, X by X, and Y by Y, respectively.

We record these modules explicitly:

Lemma 3.3.2. Let « = 0. The length two indecomposable modules of gr-A whose

simple factors are X or'Y are precisely the modules
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1. Exy = AJzA;

2. BEyx =2 A/(z—1)A(1);
3. Exx = AlzA;

4. BEyy = A/yA(1).

Proof. We record the nonsplit exact sequences. To show that A/zA is an extension
of X by Y, we consider the natural quotient map A/zA — A/(z,2)A = X whose
kernel is the submodule (zA + zA)/zA. We can construct an isomorphism Y —
(xA+2zA)/zA mapping 1 to x. This map is clearly surjective, and is injective since
yA+ (z — 1)A is the right annihilator of  in A/zA. Similar arguments apply in

the other cases. All four nonsplit exact sequences are recorded below.
0—Y "5 A/zA — X —0

0— X L5 (A)(z—1DA)1) — Y — 0
0— X 5 A/zA— X —0
(z—1)-

0—Y — (A/yA){1) — Y — 0

These short exact sequences do not split. As an example, in the first case,
any nonzero element of non-positive degree generates A/zA so there does not exist

a nonzero map X — A/zA. O

3.3.2 Congruent roots

Let o € NT so that we are in the congruent root case.
Lemma 3.3.3. 1. As graded vector spaces,
Ext!,(X, 7) = Ext}(Z, X) = Ext} (Y, Z) = Ext},(Z,Y) = k,
concentrated in degree 0.
2. Let S € {X,Y,Z}. Then Ext!(S,S)=0.

3. Exty(X,Y) = Exty (Y, X) = 0.
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4. If X# p, then Exty,_,(My, M,) = 0, but Ext,, _,(M,, M,) = k.
5 Let \€ k\Z. Let S € {X,Y, Z}. Then Ext}(M,,S) = Ext}(S, M,) = 0.
6. Exty(Z, A) = 0.

Proof. We will use similar arguments as in the proof of Lemma 3.3.1. Let Ix =
(x,z+a)A, Iy = (y,z—1)A, and I = (y*, x, z) A be the right ideals of A defining
X, Y, and Z, respectively. Now for S € {X,Y, Z}, we have the exact sequence

0— Is(d) - A(d) - S—0 (3.4)

where if S = X thend = —a,if S=Y thend =1, and if S = Z then d = 0. For
any graded simple module S, we then apply the functor Hom ,(—,.S") to yield

0 — Hom 4(S,5") — Hom 4(A, S")(—d) — Hom ,(I5, ") (—d)

(3.5)
— Ext}(S,5") — 0.

We will use Lemma 3.2.5 and Corollary 3.2.7 to compute Hom 4(/g, S")(—d) from
which we will deduce Ext},(S,5").

1. Let S = X and S’ = Z in the exact sequence (3.5). Since Hom 4 (X, Z) =
0, we need only determine in which degrees Hom (A, Z)(«) differs from
Hom 4 (Ix, Z){«). By the construction in Lemma 3.2.5, observe that A and Ix
have the same structure constants except in degree 0 where A has structure
constant 1 and Ix has structure constant z + . Again, by Lemma 3.2.5, I'x
surjects onto exactly those shifts of Z that A does except [x additionally
surjects onto Z({«a). That is for each n € Z,

Hom (A, Z)(a), = Hom,(Ix, Z)(a)y,

except when n = 0. In degree 0, we have that Homg, 4(A, Z)(e) = 0 and
Homg, 4(Ix, Z){a) = k. Hence, Ext},(X,Z) = k, concentrated in degree 0.
Applying the autoequivalence w implies that Exth (Y, Z) = k.

Now let S = Z and S’ = X in the exact sequence (3.5). By Lemma 3.2.5,

A and Iz have the same structure constants except in degrees 0 and —a.
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In degree 0, A has structure constant 1 and I, has structure constant z
whereas in degree —a, A has structure constant o~*(f) while I, has structure
constant o~%*(z). Again, by Lemma 3.2.5, I; surjects onto exactly those
shifts of X that A does except [y additionally surjects onto X. Hence,
@z(Z,X ) = k and by applying the autoequivalence w, we also see that
Exty(Z,Y) = k.

. This follows by a similar argument.
. This follows by a similar argument.
. This follows by the same argument as in Lemma 3.3.1.
. This follows by the same argument as in Lemma 3.3.1.

. Suppose for contradiction that for some n € 7Z, there exists a nonsplit ex-
tension of Z(n) by A. That is, there exists a graded right A-module I such
that

0—-A—I1—Z(n)—20

is a nonsplit exact sequence.

We claim that [ is isomorphic to a submodule of the graded quotient ring
of A, so is isomorphic to a right ideal of A. We first show that A C [ is an
essential extension of modules. Suppose for contradiction that A C I is not
essential so there exists 0 C J C I such that J N A = 0. Observe that we

have the inclusion
J+A

A
so J+A/A is a submodule of Z(n). Since Z(n) is simple, and since JNA = 0,
this implies that J + A/A = Z(n) so we have the isomorphisms

gé’ﬁ’Z(m

J o LJ+A_ I
JNA~ A A4

1%

J = Z(n).

Tracing these canonical isomorphisms gives us a splitting //A — I, which is

a contradiction since I is a nonsplit extension of A by Z(n).
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Now since A — [ is an essential extension, we can embed in the injective hull
of A, which is Qg (A), proving our claim. Let {d;} be the structure constants
of A. By the construction in Lemma 3.2.5, since A is the kernel of the
surjection I — Z(n), therefore d,_, € {1,0""*(2)} and d,, € {6"(2),0"™(f)}.
But by the computation in Example 3.2.2; this is impossible. Hence, there
are no nonsplit extensions of Z(n) by A and Ext}(Z, A) = 0. O

The preceding lemma allows us to characterize all length two indecompos-
ables in gr-A. There is a unique (up to isomorphism) nonsplit extension of X by
Z. We denote this module Ex » and similarly we denote by Ez x, Ey 7z and Ezy
the extensions of Z by X, Y by Z, and Z by Y, respectively. We record these

modules explicitly:

Lemma 3.3.4. Let a € NT. The length two indecomposable modules of gr-A

whose simple factors are X, Y, or Z are precisely the modules
1. By x = A/(z,2)A;
2. Exyz = A/(x*T 2 4+ a)A(—a);
3. Ezy =2 A/(y,z+a—1)(1—aq);
4. By z = A/(y*t 2 — 1)A(1).

Proof. We will show that Ez x is a nonsplit extension of Z by X. There is a

natural projection

— =7 (3.6)

P =G 0A T o

whose kernel is given by

(z,y%,2)A y*A
(z,2)A  y*AnN(z,2)A

It is easy to check that there is a well-defined homomorphism

A yrA

X = (x,z + a)A<_a> — y*AN(z,z)A
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mapping 1 to y®. Since X is simple and this map is a surjection, therefore the
kernel of (3.6) is isomorphic to X.

To see that Ez x is a nonsplit extension of Z by X, we will show that
Homg, 4(Z,Ez x) = 0. If ¢ is a homomorphism Z — Ey x, then ¢(1) = g for
some g € k[z]. Then p(y**1) = gy®™. But since y*™ = 0 in Z, therefore g = 0
in Iz x so ¢ is the zero map. The remaining computations are done analogously.
By Lemma 3.3.3, these modules represent all length two indecomposable modules

of gr-A. m

We will also need some understanding of indecomposable modules of length
3. While we will not characterize all such modules, we will show, for various lists of
simple modules, that there is a unique indecomposable module with those ordered
Jordan-Holder quotients. This will allow us to name these modules by specifying

their Jordan-Holder quotients, in order.

Lemma 3.3.5. Let a € NT.

2 (
(xott (z+ @)z, (z + a)?) A
module which is a nonsplit extension of Ex z by X.
A

E = 1
MY (e Ty (DA
which is a nonsplit extension of By z by Y =.

1. Exzx = —a) is the unique indecomposable

18 the unique indecomposable module

3. Ezyx = AJ/zA is the unique indecomposable module which is a nonsplit

extension of Ezy by X and a nonsplit extension of Ez x by Y.

Proof. We will prove the first claim. The other two follow from similar arguments.

There is a natural surjection

A (—a) — A
z et (z+ o)z, (z+ a)?)A “ (xotl z 4+ a)A

Exzx = ( (—a) = Exz

whose kernel is given by

(zt 2+ a)A
(zotl (z 4+ @)z, (2 + a)?)A

(z4+a)A
(xtl (z 4+ @)z, (2 + a)?)A

1%

(—a) (=a).

This kernel is isomorphic to X via the homomorphism mapping 1 to 2+ «. There-

fore, Ex 7 x is an extension of Fx z by X.



36

To see that this is a nonsplit extension, suppose ¢ € Homg, 4(Ex 2z, Ex.z x)-
Then ¢(1) = g for some g € k[z]. To ensure that ¢ is well-defined, p(z + a) = 0,
so z+ «a | g. But then ¢(z) = gxr = 0 so ¢ is not an isomorphism onto its image.

Finally, we show that Ex z x is the unique module that is an extension of

Ex 7z by X. Apply Hom ,(—, X)) to the exact sequence
0—=+Z2Z—=FExz;—X—=0
to obtain the sequence
oo Bxt) (X, X) - Ext) (Ex 7, X) — Bxt}(Z, X) — Ext3 (X, X) — -

Now by [Bav93, Theorem 5], X has projective dimension 1 so Ext? (X, X) = 0.
Then by Lemma 3.3.3, Ext) (Ex.z, X) = k, concentrated in degree 0. So there is

a unique extension of Ex 7 by X, namely Ex z x. ]

3.3.3 Non-congruent roots

Let o« € k \ Z so that we are in the non-congruent root case. We again

begin by careful analysis of the extensions between graded simple A(f)-modules.

Lemma 3.3.6. 1. As graded vector spaces, Ext!(Xo,Yy) = Ext!(Yy, Xo) =
Exth(Xq, Ya) = Ext! (Ya, Xo) =k, concentrated in degree 0 .

2. Let S € {Xo, Yo, Xa,Ya}. Then Ext}(S,S) =0.

3. Let Sy € {Xo,Yy} and S, € {Xa,Ya}. Then Ext!(Sy, So) = Ext}(Sa, So) =
0.

4. If X\ # a, then Extér_A(MA, Myu) =0, but Extér_A(MA, M) = k.

5 Let \ € k\ (ZUZ+ a). Let S € {Xo,Yy, Xa, Ya}. Then Extl(M,,S) =
Ext (S, My) = 0.

Proof. We use the same techniques as in our proofs of Lemmas 3.3.1 and 3.3.3. Let

Ix, = (2,2)A, Iy, = (y,2— 1A, Ix, = (z,2+a)A, and Ix, = (y, 2+a—1)A be the
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ideals of A defining Xy, Yy, X, and Y, respectively. Now for S € {Xy, Yy, Xa, Yo},

we have the exact sequence
0— Is(d) - A{d) - S —0 (3.7)

where if S = X or X, then d =0 and if S = Yj or Y, then d = 1. For any graded
simple module S’ we then apply the functor Hom ,(—, .S") to yield

0 — Hom, (S, 5") = Hom (A, §')(—d) — Hom 4(Is, S')(~d)

(3.8)
— Ext}(S,5") = 0.

Based on Lemma 3.2.6 and Corollary 3.2.7, we can compute Hom 4(/g, S")(—d).
Hence, we will able to deduce Ext(S,S").

1. Let S = Xy, S = Yy, and d = 0 in the exact sequence (3.8). Now
Hom , (X, Yy) = 0 and Hom4(A,Yy) = Y) as graded k-vector spaces, so to
compute Ext!,(Xo,Yy) we need to compute in which degrees Hom , (Ix,, Yo)
is nonzero. By the construction in Lemma 3.2.6, A and Ix, have the same
structure constants except in degree 0, where A has the structure constant
1 and Ix, has the structure constant z. Hence, by Lemma 3.2.6 and Corol-
lary 3.2.7, A and Ix, surject onto exactly the same shifts of Yj except that Iy,
surjects onto Yy while A does not. Therefore, Ext’, (X0, Yy) = k, concentrated

in degree 0. Applying the autoequivalence w shows that @L(Ya, X.) =k

An analogous argument shows that Ext!, (Y5, Xo) = Ext}(X,,Y.) = k, con-

centrated in degree 0.
2. This follows by a similar argument.
3. This follows by a similar argument.
4. This follows by the same argument as in Lemma 3.3.1.

5. This follows by the same argument as in Lemma 3.3.1. [
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We now know that there is a unique extension of Xy by Y, Yy by Xo, X,
by Y, and Y, by X,. We classify these extensions explicitly. We leave the proof

to the reader, since it is similar to the other cases.

Corollary 3.3.7. Let o € k\ Z. The following nonsplit ezact sequences in gr-A
represent all length two indecomposables of gr-A whose simple factors are supported
at ZJZ — a:

0— Yy 25 A/zA — Xy — 0,
0 — Xo 2 (A)(z — 1)A)(1) — Yy — 0,
0— Y, — A/(z+a)A — X, — 0,

0— X0 2 (A)(z4+a—1)A) 1) — Y, — 0.

3.4 Rank one projective modules

3.4.1 Structure constants and projectivity

We now seek to understand the finitely generated graded right projective
A-modules of rank one. Since every rank one graded projective A-module embeds
in Qg (A), we may use the results of section 3.2. For a finitely generated rank one
graded projective A-module P, if we have a graded embedding P C Qg (A), then
there exists some g € k[z|, such that gP C A. Since gP = P, we can view P as
a graded right ideal of A. We will see that the projectivity of a finitely generated
right A-submodule of Qg (A) can be determined by its structure constants.

By Theorem 2.5.1, the global dimension of A(f) depends on the roots of f.
In the non-congruent root case (« € k\Z), gldim A(f) = 1, i.e. A(f) is hereditary.
Hence, the isomorphism classes of right ideals of A are the same as the isomorphism
classes of rank one projective right A-modules. However, in the multiple root case
(v = 0) gldim A(f) = oo and in the congruent root case (o € NT), gldim A(f) = 2.
In these cases, it takes some work to determine whether a finitely generated graded

right A-submodule of @, (A) is projective. Eventually we will give conditions on
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structure constants (or equivalently, conditions on simple factors) that determine
the projectivity of a right ideal. We begin by stating two standard results on
projective dimension. For a right R-module M, let pd(M) denote the projective

dimension of M.

Proposition 3.4.1. [Rot08, Proposition 8.6] Let R be any ring. For a right R-
module M, pd(M) < n if and only if Ext%(M, N) = 0 for all right A-modules N
and all k > n+ 1.

Corollary 3.4.2. If0 — L — M — N — 0 is an ezact sequence of right

A-modules then
1. pd(L) < max{pd(M), pd(N) — 1} .
2. pd(M) < max{pd(L), pd(N)}.
3. pd(N) < max{pd(L) + 1, pd(M)}.

Proof. This follows from the long exact Ext sequence induced by Hom 4,(—, P) over

all A-modules P and Proposition 3.4.1. O

In the congruent root case, by [Bav93, Theorem 5], the finite-dimensional
simple module Z is the only simple module with projective dimension 2. We begin
our study of the projectivity of a right ideal by seeing that an ideal P is projective

if and only if there is no extension of Z by P.

Lemma 3.4.3. Let o € N* and let P be a right ideal of A. Then the following

are equivalent:

(i) P is projective;

fii) Ext!(Z, P) = 0;
(1i1) Hom 4(Z, A/ P) = 0;

(iv) A/P has projective dimension at most 1.
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Proof. By Corollary 3.4.2, (i) and (iv) are equivalent. Now apply the functor

Hom ,(Z, —) to the exact sequence
0—P—A—A/P—0 (3.9)

to obtain

0 —s Hom ,(Z, A/P) —s Ext4(Z, P) — 0,

because by Lemma 3.3.3, Ext!;(Z, A) = 0. Hence, (ii) and (iii) are equivalent.
We now prove that (i) implies (iii). Suppose for contradiction that Z is a

submodule of A/P for a projective right ideal P. Then we have the exact sequence
0—2—A/P—C—0,

where C'is the cokernel of the morphism Z — A/P. Consider any right A-module
N. By applying Hom ,(—, N) we have the long exact Ext sequence

since A has global dimension 2. By the equivalence of (i) and (iv), A/P has
projective dimension 1, so by Proposition 3.4.1, Ext}(A/P,N) = 0 and hence
Ext%(Z,N) = 0. Since this holds for all N, again by Proposition 3.4.1, Z has
projective dimension at most 1. But this is a contradiction, for in [Bav93, Theorem
5], Bavula shows that Z has projective dimension 2.

Finally, we show that (iii) implies (iv), completing the proof. We prove
the statement by induction on the length of A/P. For simple modules, [Bav93,
Theorem 5] shows that all simples except Z have projective dimension 1. Now
suppose for all modules M of length at most n, Hom ,(Z, M) = 0 implies M has
projective dimension 1. Suppose A/P has length n + 1 and Hom 4(Z, A/P) = 0.
Then A/P has a submodule S isomorphic to either X(n), Y (n) or M, for some
A € k\ Z. The quotient (A/P)/S has length n, so by the induction hypothesis, as
long as Hom 4 (Z, (A/P)/S) = 0, both S and (A/P)/S have projective dimension
1 and thus A/P will have projective dimension 1.

So suppose that Hom,(Z, (A/P)/S) # 0, that is, that (A/P)/S has a

submodule isomorphic to Z(n) for some n. Since this Z(n) is not a submodule of
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A/P, in fact A/P must have a submodule that is a nontrivial extension of Z(n)
by S. By Lemma 3.3.4, the only such extensions are Ez x(n) or Ezy (n). Call this
submodule T'. By [Bav93, Theorem 5], T" has projective dimension 1, so as long as
Hom ,(Z,(A/P)/T) = 0, we are done by the induction hypothesis.

Suppose for contradiction that Hom ,(Z, (A/P)/T) # 0. Arguing as above,
A/P must now have a submodule that is a nontrivial extension of Z(m) by T for

some integer m. Now the exact sequence
0—X —E;x —2Z—0
induces the long exact Ext sequence
0 — Hom,(Z, Z) — Ext4(Z, X) — Ext4(Z, Ezx) — 0,

since Ext!(Z, Z) = 0 by Lemma 3.3.3. Again, by Lemma 3.3.3, Ext!(Z, X) = k
and since Hom 4(Z, Z) = k, we conclude that Ext!,(Z, Ez x) = 0. Hence, there is
no nontrivial extension of Z(m) by Ez x(n), which is a contradiction. A similar

contradiction arises if 7" is a nontrivial extension of Z by Ezy (n). O

Corollary 3.4.4. Let o € N* and let P be a graded right ideal of A with structure
constants {c;}. Then P is projective if and only if for each n € 7Z, it is not the
case that both c,— € {1,0"%(2)} and ¢, € {o™(2),0™(f)}.

Proof. Suppose P = @, (a;)z" is a projective right ideal of A and suppose for con-
tradiction that for some n € Z, both ¢, € {1,0"%(2)} and ¢,, € {o"(2),0"(f)}.
Let

P'=(z+n)P = @@P((z + n)a)klz]

i€z
and note that P’ is graded isomorphic to P. We will construct an ideal I of A
which is an extension of Z(n) by P'.

Let I = @, (b;)x" where

(z+n)a;, i1<n—a«
bi = 1 a;, n—a+1<1<n

(z+n)a;, i>n+1.
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This is a well-defined ideal of A as long as d; = b;b,; € {1,0%(2),0'(z + a),0'(f)}
for all @ € Z. But for all i # n,n — «, by construction d; = ¢;. Further, since
Cn—a € {1,0"%(2)} therefore d,,—o = (2 +n)cp—o € {z +n,0""*(f)}. And finally
cn € {0"(2),0"™(f)} implies that d, = (z + n) ‘¢, € {1,6"(z + a)}.

Now note that P’ C I and /P’ has finite length, is simply supported at
—n, and is nonzero precisely in degrees between n — o + 1 and n, inclusive. So
I/P" = Z(n) and I is an extension of Z(n) by P’. Clearly, such an extension is
nontrivial, since Z(n) is not a submodule of A. But since P’ is projective, this
contradicts Lemma 3.4.3.

Conversely, suppose P is not projective. By Lemma 3.4.3, there exists a
nontrivial extension

0— P—1— Z{n) — 0.

By an argument identical to the one in part 6 of Lemma 3.3.3, I is isomorphic
to a submodule of () (A). By clearing denominators we may assume that / is a
right ideal of A, say I = @,.,(b;)z". But now as in the proof of Lemma 3.2.5, we
can construct P as the kernel of the morphism I — Z(n), and so conclude that
Cn-o € {1,0"%(2)} and ¢, € {o"(2),0™(f)}. O

In the multiple root case (« = 0), we get an analogue of Corollary 3.4.4,
though we use a different technique as there is no analogue of Lemma 3.4.3. Indeed,

the following lemma is the same result as if we let a = 0 in Corollary 3.4.4.

Lemma 3.4.5. Let « = 0. Let P be a graded right ideal of A with structure
constants {c;}. Then P is projective if and only if for eachn € Z, ¢, # o"(2).

Proof. First we show that if, for all n € Z, ¢, # ¢"(z), then P is projective. Note
that both xA and yA are projective, so Ex x = A/xA and Eyy = A/yA(1) both
have projective dimension 1. Hence, if () is any rank one projective that surjects
onto Ex x or Eyy, the kernel of this surjection will also be projective. Since P
is finitely generated, by Lemma 3.2.4, there exist N1, Ny € Z such that for all
n > Ny, ¢, =1 and for all n < Ny, ¢, = o™(f).

We will construct P by constructing a finite sequence of projective modules

{P;} until we arrive at a module with the same structure constants as P. Let
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Py = A(Ny). Clearly P, is projective. If the structure constants of P, are {d;}
then since P is a shift of A, we know that d,, = 1 for all n > N; and d,, = ¢"(f) for
alln < Nj. Let iy be the largest index where d;, differs from ¢;,. Since d;, = o (f),
then ¢;, = 1 (since we are assuming for all n that ¢, # 0"(2)). We construct P, by
letting (Py), = (Fy), for all n < 4y and letting (P)),, = (2 +1i0)*(Py),, for all n > 4.
Then P is a submodule of Qg (A) with structure constants equal to those of F
except in degree i, where Py has structure constant 1. Further, the quotient Py /P
is supported at 75 and has k-dimension two in each graded component of degree
greater than 4. Hence, /P, is isomorphic to Eyy (ig) or Y (ip) & Y (ig). There
is a unique submodule of P, containing P; (the module where P, is multiplied by
z + 14y in all degrees greater than iy), and therefore Py/ P, = Eyy (ip). Therefore,
P, is projective.

We continue this process for the finitely many indices where ¢; differs from
d; until we reach a module Py such that Py/Py has composition series consisting
of only distinct shifts of Eyy. By Corollary 3.4.2, P,/ Py has projective dimension
1 so Py is projective. Further, since they have the same structure constants,
Py = P, so P is projective.

Conversely, suppose there exist some indices n such that ¢, = 0" (z). Con-
struct a module @ with structure constants {d;} such that ) has the same structure
constants as P except if ¢, = ¢"(z) then d, = 1. By the above argument, @ is
projective. Now we construct a finite sequence {Q;} of submodules of ) such that
Qn = P, and we can show @ is not projective. Let Qg = Q). Let ig be the largest
index where Qg differs from P. Construct @; by letting (Q1), = (Qo), for all
n < iy and (Q1), = (2+10)(Qo)n for all n > 4. Then @) is a submodule of Qg (A)
(with structure constants equal to those of @)y except in degree iy, where )7 has
structure constant 1). The quotient Qy/Q); is supported at iy and has k-dimension
one in each graded component of degree greater than or equal to ig. Hence, Qy/Q
is isomorphic to Y (ig).

Continue this process for the finitely many indices where @) differs from P
to reach a @ such that QQg/Qx has composition series consisting only of distinct

shifts of Y. Since there are no extensions between any distinct shifts of Y, Qo/Qn
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must be a direct sum of shifts of Y, and since Y has infinite projective dimension,
so does (QQy/Q . But since )y was projective, this proves that )y is not projective.

Further, Qn = P, proving that P is not projective. O]

As a corollary, we see that a graded rank one projective module has a unique
simple factor supported at n for each n € Z. As a further corollary, we see that a

rank one projective is determined by its integrally supported simple factors.
Corollary 3.4.6. Let P be a rank one graded projective A-module. Let n € Z.
o Ifa=0, then P surjects onto exactly one of X(n) and Y (n).
o Ifa € NT, then P surjects onto exactly one of X{(n), Y(n), and Z{(n).

o [faek\Z, then P surjects onto exactly one of Xo(n) and Yo(n). Likewise,
P surjects onto ezxactly one of X,(n) and Yq(n).

Proof. If a« = 0 or a € k \ Z, then this result follows immediately from Corol-
lary 3.4.5, Lemma 3.2.6, and Lemma 3.2.5.

If « € Nt then let {¢;} be the structure constants of P. First, by
Lemma 3.2.5 if P surjects onto X (n) or Y(n), then ¢, € {o™(z),0"(f)} or ¢,_o €
{1,6"%(2)}, so P cannot surject onto Z(n). Similarly, if P surjects onto Z(n), it
cannot surject onto either X (n) or Y(n). And by Corollary 3.4.4, it is not possible
that P surjects onto both X (n) and Y (n). Hence, P surjects onto at most one of
X(n), Y(n), or Z(n).

Now we show that P surjects onto exactly one of X (n), Y(n), or Z(n). If P
does not surject onto Y (n), ¢, € {1,0™(z+a)}. If, additionally, P does not surject
onto X (n) then ¢,—, € {6" (2 + @), *(f)}. In either case, by Lemma 3.2.5,
P then surjects onto Z(n). O

Definition 3.4.7. For a rank one projective P we have shown that for each j € Z,
P has a unique simple factor supported at —j. We use the notation F;(P) to refer
to this simple factor. Similarly, if « ¢ Z, for every j € Z, P has a unique simple
factor supported at —j — . We use the notation Fy*(P) to refer to this simple

factor.
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Corollary 3.4.8. A rank one graded projective A-module is determined up to

1somorphism by its simple factors which are supported at Z U Z — .

Proof. Let P be a rank one graded projective A-module with structure constants
{¢;}. In all cases, the integrally supported simple factors determine the {¢;} and
therefore determine P. In the non-congruent root case, the result follows from
Lemma 3.2.6. In the multiple root case, this follows from Lemma 3.2.5 and Corol-
lary 3.4.6. In particular, if P has a factor of X (n) then ¢, = 1 and if P has a
factor of Y (n) then ¢, = o™(f).

In the congruent root case, note that by Corollary 3.4.6, for each n € Z,
P surjects onto exactly one of X(n), Y (n) or Z(n). Now, for each j € Z, we can
determine ¢; by using Lemma 3.2.5. In particular, whether or not X (j + «) and
Y (j) are factors of P completely determine ¢;. If both X (j + «) and Y (j) are
factors, then ¢; = o?(z2). If X(j + «) is a factor but Y (j) is not then ¢; = 1. If
X (j+ ) is not a factor but Y (j) is, then ¢; = ¢?(f). And if neither X (j + ) nor
Y (j) are factors of P, then ¢; = ¢(z + o). We make this explicit in Table 3.4.1,
below. O

Table 3.4.1: The structure constants of a rank one projective module.

Fi(P) = X{j) Fi(P)=Y(j) F;i(P)=2(
Fjia(P) = X(j +a) ¢ =1 ¢j =07(2) ¢ =1
FiioP)=Y{j+a) |¢j=0d(z+a) ¢ =0(f) ¢=0(z+4aq)
FiooPY=Z(+a) |¢j=0d/(z+a) ¢ =0d(f) ¢ =0d(z4a)

Lemma 3.4.9. 1. Leta € N. For eachn € Z choose S,, € {X(n),Y(n), Z(n)}
such that forn >0, S, = X(n) and S_,, = Y (—n). Then there exists a rank
one graded projective P such that F,(P) = S, for all n.

2. Let a = 0. For each n € Z choose S, € {X(n),Y(n)} such that for n >0,
Sn = X(n) and S_, = Y(—n). Then there exists a rank one graded projective
P such that F,,(P) = S,, for all n.
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Proof. First, let @ € N. We can construct a module P C (QQ,(A) that surjects onto
Sy, for all n. We do this by specifying the structure constants {c¢;} of P: for each
n, ¢, is determined by S, and S,,., as described in Table 3.4.1. By the remark
following Lemma 3.2.4, P is a finitely generated graded right submodule of Q,,(A).

By Corollary 3.4.4, P will be projective as long as, for each n € Z, it is
not the case that both ¢, € {1,0"(2)} and ¢, € {0""%(2),0"(f)}. But if
¢, € {1,0"(2)}, then by the first row of the table, P surjects onto X (j + «).
If P surjects onto X (j + ), then by the first column of the table, we see that
Cnra € {1,0"*(2 + a)}. Therefore, in fact P is projective. By construction,
F,(P)= S, for all n € Z.

The case o = 0 is analogous. In this case, if S,, = X (n), then let ¢, = 1

and if S,, = Y(n) then let ¢, = o7"(f). O

3.4.2 Morphisms between rank one projectives

In this section, we describe the morphisms between finitely generated rank
one projective A-modules. We again make use of the fact that every right A-
module is also a left k[z]-module. The fact that k[z] is a PID leads to a nice
characterization of the morphisms between rank one projectives. We first note
that if P and @) are finitely generated rank one projectives, then any morphism
f € Homg, 4(P, Q) is either 0 or else an injection. This is because A is 1-critical
and therefore P/ ker f is a finite length module, but @ has no nonzero finite length
submodules. Hence, either ker f = P or else ker f = 0. We define a maximal

embedding between right A-modules.

Definition 3.4.10. Let P and @ be finitely generated right A-modules. An A-
module homomorphism f : P — (@ is called a maximal embedding if there does

not exist an A-module homomorphism ¢ : P — @ such that f(P) C g(P).

We will prove that in fact, if P and @) are finitely generated rank one

projectives, there exists a unique (up to scalar) maximal embedding P — Q.

Proposition 3.4.11. Let P and Q be finitely generated graded rank one projective
A-modules embedded in Qg (A). Then every homomorphism P — @ is given by left
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multiplication by some element of k(z) and as a left k[z]-module, Homg, (P, Q)

1s free of rank one.

Proof. Since P and () are finitely generated graded submodules of Qg (A), we may
multiply by some element of k[z] and assume P and @) are right ideals of A. Let
f € Homy, 4(P, Q). Now since Py, Qo C Ay = k[z]|, Py and Q) are actually left
k[z]-submodules of k[z] and hence ideals of k[z]. Because k[z] is a PID, we can
write Py = (pg) and Qo = (qo) for some pg, qo € k[z]. Let fo be the restriction of
f to Py. Since f is a right A-module homomorphism, it is also a left k[z]-module
homomorphism. Therefore, fj is given by left multiplication by some ¢ € k(z)
such that (¢po) C (qo) in kz].

We claim that fy determines f. Define m,, = 2™ for n > 0 and m,, = y"
for n < 0. Now in each graded component, we have that P, = (p,)m, and
Qn = (¢n)m, where p,, g, € k[z]. Let f, be the restriction of f to P,. Note that

(po)m,, is a nonzero submodule of (p,)m,,, and

f(pomn) = f(pO)mn = @PoMn,

so on the submodule (pg)m,, C P,, f is given by left multiplication by ¢. Viewing
fn as a left k[z]-module homomorphism, we conclude that f, is given by left
multiplication by ¢ for each n, so f is simply left multiplication by ¢. Conversely,
left multiplication by ¢ € k(z) will be an element of Homy, 4 (P, @) if and only if
(opn) C (¢n) for all n.

Now Homg, 4(P, Q) is a left k[z]-submodule of Homg, k[.j(P, @) which the
above shows is isomorphic to some left k[z]-submodule of k(z). Since in addition
multiplication by ¢ is a homomorphism only if ¢ € k[z]qg/po, we can clear denom-
inators so that (pg) Homg, 4 (P, Q) is actually a left k[z]-submodule of k[z]. Since
k(2] is a PID, (po) Homg,_4(P, Q) = (g) for some g € k[z]. Finally, we see that
Homy, 4(P, Q) is generated as a left k[z]-module by ¢g/py € k(z). Let 6 = g/po.
Then all homomorphisms Homg, 4 (P, Q)) are given by left multiplication by some

k[z]-multiple of 6. O

The above proposition tells us that a Hom set between rank one projective

A-modules is generated as a left k[z]-module by a unique (up to scalar) maxi-
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mal embedding. Note, however, the element 0 € k(z) as in the previous lemma
depends on a fixed embedding of P and ) in A. As an example, zA = A, but

1 while

Hom,, 4(2A, A) is generated as k[z]-module by left multiplication by 2~
Homyg, 4(A, A) is generated by left multiplication by 1.

Given rank one projectives P and () we would like to have canonical rep-
resentations of P and @) as submodules of the graded quotient ring Qg (A). This
would also give us a canonical representation of the maximal embedding P — Q.
We will do this graded component by graded component. Suppose P has structure

constants {¢;}. We will give a canonical sequence {p;} such that

P= P € QulA).
i€z
By Lemma 3.2.4, there exists an integer N such that for all n > N, ¢, = 1. Now

recalling that p; = ¢;pi41, for any n € Z, let p, = [[.~,, ¢;. Observe that p, € k[z]

Jjzn
since all but finitely many of the factors are 1.

Definition 3.4.12. Given a graded rank one projective module P, the represen-
tation of @(p;)x" C Qu(A) given above is called canonical representation of P.

We call @ (p;)x" a canonical rank one projective module.

Now given canonical graded rank one projective modules P = @ (p;)z* and
Q = P(¢:)z', we can compute the maximal embedding of P into Q, which is

unique if we require that # be monic.

Lemma 3.4.13. Let P and Q) be rank one graded projective A-modules with struc-

ture constants {c;} and {d;}, respectively. As above, write
P @i =@ ([T )« o0 - B~ @ (T14 )
1E€EZL 1€Z \j>1i 1€ i€Z \j>i

Then the mazimal embedding P — @) is given by multiplication by

0 - ( qi ) . szi d;
po = lem (| ——— | = lcm
€L ng(pz, Q'L) i€Z ng (H]‘Zi ¢, H]‘Zi d])

where by lem we mean the unique monic least common multiple Op g € kz].
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Proof. As we saw in Proposition 3.4.11, the maximal embedding P — @) is given
by multiplication by some 6pg € k(z) such that (pgp;) C (g¢;) for all i € Z.
Because, for large enough i, p; = ¢; = 1, we see that 0pg € k[z]. In fact, that
(0pop:i) C (g;) implies that 0pg must be a k|z]-multiple of ¢;/ ged(p;, ¢;) for all 7.

The minimal such 0p is given by

HRQ = lem (L)
i€z \ ged(pg, ¢;)

Since the structure constants of a graded submodule of Qg (A) were defined to be
monic, 0p¢ is monic. Because there exists some N € N such that for all n > N,
¢, = d, and c_,, = d_,, therefore ¢;/ gcd(p;, ¢;) = q;/ ged(p;, q;) for all 4,5 > N
and all 7,7 < —N, so the least common multiple can be taken over finitely many

indices. L

Corollary 3.4.14. Suppose @ € k\ Z or o = 0. Assume the hypotheses of
Lemma 3.4.13. Then there exists an N € Z such that

qn HjZN dj HjZN dj

Opq =

Proof. If &« € k\ Z or « = 0, we can compute the maximal embedding P — @
without taking a least common multiple, as follows. The irreducible factors of p ¢
are all 0'(z) or o%(z + a) for some ¢ € Z. If « € k\ Z or a = 0, then ¢*(z) and
o'(z + a) can only appear as factors of the structure constant in degree i. Thus,
if 7 # j, then ¢; shares no irreducible factors with p; or g;. Hence, if n < m, then
Im/ gcd(Pm, @) divides g,/ ged(pn, ¢,). By Lemma 3.2.4, there exists an N € Z
such that for all i < N, p; = ¢;. For this N, we can write

9 gqn . HjZN dj . HJZN dj
P,Q = =

~ ged(py, qn) ged (szN ¢ Lo dj> [1sngcd (e, d;) -

We now show that the cokernel of a maximal embedding has a special

structure.

Lemma 3.4.15. Let P and Q be graded rank one projective A-modules and let
f: P — @ be a maximal embedding. Then the module Q/f(P) is supported at
7ZJUZ7 — «.
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Proof. Let N = Q/f(P). As A has Krull dimension 1, N has finite length. By
Lemma 3.1.1, N has a finite composition series whose factors are either supported
at ZUZ—« or isomorphic to some M) with A € ZUZ—«. Suppose for contradiction
that M, is a subfactor of N. Then we have f(P) C @1 C Qs C @ with Q/Q1 =
My, and so Q; = (z + A\)Qs. But now (z + A\)71f(P) C (z +A)7'Q1 = Q, C Q,

contradicting the maximality of f. O]

Finally, we give necessary and sufficient conditions for a collection of pro-

jective objects in gr-A to generate the category.

Proposition 3.4.16. A set of rank one graded projective A-modules P = {P,;}ics
generates gr-A if and only if for every graded simple module M which is supported

at ZUZ — «, there exists a surjection to M from a direct sum of modules in P.

Proof. One direction is clear. Now suppose P is a set of graded projective A-
modules that generates all graded simple modules supported at ZUZ — «. We will
show that every shift of A is the image of a surjection from a direct sum of modules
in P, and so P generates gr-A. Let P € P and choose a maximal embedding
¢+ P — A(n). It suffices to construct a surjection ¢ : P, P; — A(n)/P for
some J C [. This is because, by the projectivity of the P;, there exists a lift
IR ®D,c; Py — Aln) and because im ¢ + im 1) = A(n).

Since A has Krull dimension 1, the quotient A(n)/P has finite length. By
Lemma 3.4.15, it is supported at Z U Z — «. We induct on the length of A(n)/P.
Now there exists some integrally supported simple module M, which fits into the

exact sequence

0— Koy — A/P — My — 0.

Again, it suffices to give surjections onto M, and K. By hypothesis, P generates
M. By induction, P generates K, completing the proof. O



Chapter 4

Functors defined on subcategories

of projectives

The results of section 3.4 suggest that much information about the category
gr-A is contained in its rank one projective modules and the morphisms between
them. We will therefore develop the machinery necessary to define a functor on
gr-A by first defining it on the full subcategory of direct sums of rank one projective
modules. We remark that a dual statement to Lemma 4.0.1 is stated in [Van01,

Proposition 3.1.1 (3)] (in terms of injective objects), but no detailed proof is given.

Lemma 4.0.1. Let C be an abelian category with enough projectives. Let P be a
full subcategory consisting of projective objects in C such that every object in C has
a projective resolution by objects in P. Given an additive functor F : P — C, there
is a unique (up to natural isomorphism of functors) extension of F to an additive

functor F : C— C which is right exact.

Proof. We begin by defining F on objects. For each M € C, fix a partial projective
resolution

PP —M—0
where Py, P, are objects in P. Then apply F to yield

F(P) Y F(Ry)

o1
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and let F(M) = coker F(dy) so there is a right exact sequence
F(da) 7
F(P) — F(P) — F(M) — 0.
For P € P, we always fix the resolution
0—P—P—0

so that F(P) = F(P).

Next we define F on morphisms. Let g : M — N be a morphism and
let P, - Py — M and (); — @y — N be the partial projective resolutions of
M and N, respectively. Because Fy and P; are projective, there exist lifts of g,

homomorphisms hqy and h; such that

Py Py M——0 (4.1)

hll hOL gL
(1 Qo N 0

commutes. Although hg and h; are not necessarily unique, they do induce unique

maps on homology (i.e. any choices for hg, h; are chain homotopic). Then applying

F to this commutative diagram yields

F(P) —= F(Py) — F(M) —=0
f(hl)l f(ho)l
F(Q1) —= F(Qo) — F(N) —=0

which induces a unique map F(g) : F(M) — F(N) such that

F(P)) — F(Py) — F(M) —=0
.7-'(h1)l J-'(ho)j ﬁ(g)l
F(Q1) —= F(Qo) —= F(N) —=0

commutes. Further, since homotopic maps stay homotopic after applying a functor,
and since any choices of hg, hy were homotopic, therefore F(hg) and F(h;) are also
unique up to homotopy. Hence, the induced map on zeroth homology, F (9), is
well-defined. Note also that clearly F extends F and since F is additive, F is
additive.
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Again, since any choice of lifts hg, h; induce the same map on homology,
in particular, we get unique maps on zeroth homology. Thus, if g : M — M is
the identity, we may choose ho, hy to be the identity also. Then clearly F (9) :
F(M) — F(M) is the identity. Given ¢’ : L — M and g : M — N, the uniqueness
of the induced maps on homology gives F (gog') = F (g)o F (¢') so F is functorial.

We now show that F is independent of the choice of projective resolution.
Suppose that we had fixed a different choice of projective resolutions leading to
a functor 7. Let P, & Py — M and P % Py — M be the choices of partial
projective resolutions of M in defining F and F' , respectively. Choosing lifts of

the identity M — M as before, we obtain the commutative diagram

Py R M 0 (4.2)
jll jol Id]\{l
P ! M 0

0

P P, M 0

and since kg o jo is the identity on Py/imdy, therefore j, gives an isomorphism

Py/imdy — P}/imdj. Applying F to this diagram yields

F(P)) — F(Py) —= F(M) —=0

J"(j1)j f(jo)l

F(P) —F(Py) —=F'(M) —=0

from which we get a map F(M) — F'(M) induced by F(jo). Since jo was an iso-
morphism on homology, therefore F(jo) induces an isomorphism F(M) — F'(M).

Suppose that Q; =% Qo — N and Q) i Q) — N are the choices of partial
projective resolutions of N in defining F and F' respectively. Let g : M — N
be given. Construct hy and hj lifting g as in diagram (4.1) and construct maps

Jo: Py — Pjand () : Qy — @ as in diagram (4.2) to obtain the diagram

P -2-p. (4.3)
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A diagram chase shows that this square commutes on zeroth homology. That is,
Py/imdy —2~ P!/imd), .
hoj hal
Qo/imeg R Qp/ im ey
commutes (the maps are well-defined on homology). Applying F to (4.3) yields
F(Py) 2 F(R)
F (ho)l F(hg)
F(Qo) T F(@Q)
which again commutes on zeroth homology. Therefore, we conclude that the iso-
morphisms 7y : F(M) — F/(M) and ny : F(N) — F'(N) induced by F(jo) and

F(ly) give a commuting square

F(M) "% F'(M)
f(i)t f:"(g)l

F(N) - F(N)
and so F and F' are naturally isomorphic via 7.
Finally, to check that Fis right exact, let

0—L-%5M-L5N—0

be an exact sequence in C. Let P, —» Py — L and Q; — Qo — N be partial
projective resolutions for L and N respectively. Now the Horseshoe Lemma gives

the commutative diagram

0 0 0
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in which the columns are exact. Since F is additive, by Proposition 2.2.1 it pre-

serves finite direct sums so

commutes. A diagram chase then shows the right column is exact at F (M) and

that F(M) ) F(N) is a surjection. Hence, F is right exact. O

As a corollary of the above lemma, we prove that we can check if two
categories are equivalent by checking if they are equivalent on a full subcategory

of projective objects.

Corollary 4.0.2. Let C and C' be abelian categories with enough projectives. Let
P (respectively P’) be a full subcategory of projective objects such that every object
of C (respectively C') has a projective resolution by objects of P (respectively P’).
Then if F : P — P’ is an equivalence of categories, then there exists an equivalence

of categories F : C— C which extends F.

Proof. Suppose F : P — P’ is an equivalence of categories with quasi-inverse
G : PP - P. We may regard F as a functor F : P — C' and G as a functor
G : P’ = C. Now by Lemma 4.0.1, there exist functors 7 : C — €' and G : ¢’ = C
which extend the functors F and G.

Now G o F : P — P is naturally isomorphic to the identity functor Idp.
Consider the composition QN oF :C — C. Then 5 o F is an extension of GoF

to the category C so by Lemma 4.0.1 is the unique such extension up to natural
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isomorphism. Since Idc¢ is an extension of Idp, we conclude that é o F = Idc.

Similarly, GoF ~Ide and hence, C = C'. O

We have shown that in order to define a functor on a category, it suffices
to construct a functor on “enough” of the projective objects in that category. In
the next chapter, we will construct autoequivalences of gr-A in this way. We
now show that, in fact, the subcategory consisting of only canonical rank one
projective modules is “big enough”, as additive functors defined on these objects

extend uniquely to direct sums.

Lemma 4.0.3. Let C be an abelian category. Let R be the full subcategory of gr-A
consisting of the canonical rank one projective modules and let P be the full subcat-
egory of gr-A consisting of all finite direct sums of canonical rank one projective
modules. If F : R — C is an additive functor, then F extends to an additive
functor F:P—C.

Proof. We begin by defining F on objects. For P € P, choose canonical rank one
projective modules P; and write P = @, P;. Define F(P) = @, F(P)).

We now define F on morphisms. Let P,Q, R € P and write P = @, P,,
Q=@D,., Qj, and R = P;_, Ry. First we observe that

Homg; (P, Q) = Homy;: 4 <@ P, Qj) =~ (D P Homya (P, Q))
=1 j=1

i=1 j=1
so we can represent ¢ € Homg, 4(P, Q) as a sum ¢ = > " | Z;n=1 ©; j where ¢; ; €
Homyg, 4(P;, Q;). Define

n m

Flp) = > Flow):

=1 j=1
Now we can write Idp = Y | Idp, and use the fact that F is a functor to

deduce that

n

F(1dp) = F(ldp) =Y Tdg(py = Idz
1=1

i=1
We now check that F preserves compositions. If 1) € Homg, 4(Q, R), then we can

write

n m T

vop =" (Wo@hix=)_ > > Yixopi

i=1 k=1 i=1 j=1 k=1
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so, since F is an additive functor,

¢O<P ZZF (Yop)ix) = ZZ F (Yjx 0 piyg)

=1 k=1 i=1 j=1 k=1
= ZZZF(¢]k)OF(@1])
=1 j=1 k=1

<
3

Hence, F preserves compositions of morphisms and so F : P — C is a functor

extending F. O]

The remaining results in this section give the technical tools used to con-

struct autoequivalences of gr-A switching X and Y.

Lemma 4.0.4. Let C be an abelian category with enough projectives, let P be
a full subcategory of C consisting of projective objects, and let D C C be a full
subcategory which is closed under subobjects. Suppose that for every M € P, there
exists a unique smallest subobject N C M such that M/N € D. Write N = F(M).
Then there is an additive functor F : P — C where for each projective P, F(P) is

as defined above, with the action of F on morphisms being restriction.

Proof. Let P and @ be projective objects and f € Homc(P, Q). If we can show
that f(F(P)) C F(Q) then f|zpy : F(P) = F(Q) is a well-defined restriction,
and it is easy to see the functor F : P — C defined as above is additive.

Now Q/F(Q) € D by the definition of F(Q) and P/f~}(F(Q)) embeds
into Q/F(Q). Since D is closed under subobjects, P/f~'(F(Q)) € D. Then
F(P) C f~YF(Q)) because F(P) was defined to be the unique smallest N C P
such that P/N € D. Hence, f(F(P)) C F(Q), as desired. O

The preceding lemma is the main tool we will use to construct our autoe-
quivalence. We will construct a full subcategory D of gr-A and a functor ¢y that

maps a rank one projective module to the smallest kernel of morphisms to elements
of D.
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Proposition 4.0.5. Let C be an abelian k-linear category. Let T = {I1,...,1,}
be a finite set of indecomposable objects in C and let D C C be the full subcategory
consisting of all finite direct sums of elements of L, possibly with repeats. Suppose
further for every C' € C and every D € D that Homc(C, D) is finite-dimensional
and that D s closed under subobjects. Then for each M € C, there exists a unique

smallest N C M such that M/N € D.

Proof. Let M be an object in C. By hypothesis, for each 1 < i < n, Homc(M, I;)
is finite-dimensional, say spanned by ¢;,,...,¢;,. Note that for 1 < 5 < d,
M/ ker p;; C I; is an object in D, because D is closed under subobjects.

Define J; = NY_, ker ¢; . First, since M/.J; € &7_, M/ ker ¢; and D is closed
under direct sums and subobjects, M/J; € D. Further, for any ¢ € Homc(M, I;),
J; C ker .

Now consider the intersection N = N?_,J; C M. Again, since each M/J; €
D, we have M/N € D. To show that N is the unique smallest such object,
let L = @}_,1,, be an object in D and let 1 € Homc(M, L). Because C is an
abelian category, Homc(M, L) = Homc (M, ®_,1,;) = @}, Homc(M, I,;). But

J
as N =M, N9, ker ¢; , therefore N C ker1). O



Chapter 5
The Picard group of gr-A

In this chapter, we determine the Picard group of gr-A. Let Zg, be the
group of finite subsets of Z with operation @ given by exclusive or. For the first

Weyl algebra, A;, in [Sie09, Corollary 5.11] Sierra computed that
Pic(gr-Ay) = Zgn X Dy.

The subgroup of Pic(gr-A;) isomorphic to D, is generated by the shift functor
S4, and the autoequivalence reversing the graded structure of A;. For quadratic
polynomials f, gr-A(f) is still equipped with both a shift functor Sy as well as
the grading-reversing autoequivalence w. We therefore expect D, to appear as a
subgroup of Pic(gr-A(f)).

The subgroup of Pic(gr-A;) isomorphic to Zg, is generated by autoequiv-
alences that Sierra calls involutions of gr-A;. In section 5.2, we will construct
analogous involutions of gr-A(f), and so we will show that for any quadratic poly-

nomial f € k[z],

Pic(gr-A(f)) = Zgn X Do = Pic(gr-Ay).

5.1 The rigidity of gr-A

In this section, we will show that gr-A exhibits the same sort of rigidity as

gr-A;. The general structure of our arguments parallel [Sie09, §5]. In particular,

29
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we will first prove that an autoequivalence of gr-A is determined by its action on
only the simple modules supported at Z U Z — a. We will then prove that any
autoequivalence of gr-A must permute the simple modules in a rigid way.

We begin by proving an analogue of [Sie09, Lemma 5.1]. Recall from sec-

tion 2.1, that for a Z-graded ring R, we defined the Z-algebra associated to R
R=F,
i,jEL
where Ri,j = R;_;. Recall also that an automorphism v of R is called inner if for
all m,n € Z, there exist g,, € Em,m and h,, € Rm such that for all w € Emn,
We will first study the automorphisms of A. Following the notation of
Sierra, define m;; € Zz-j = A,_; to be the canonical k[z]-module generator of A;_;;

that is, m;; is 277 if j >4 and "7 if i > j.
Lemma 5.1.1. Every automorphism of A of degree 0 is inner.

Proof. Let v be an automorphism of A. Since 7 is an automorphism, for all i, j € Z
there is a unit (;; € k[z| such that y(m;;) = (;;m,;. Thus, (;; € k*. Further, for
all n € Z, we have (,,,, = 1. Denote by 7, the restriction of v to A,, = k[z]. Since
Yn 18 an automorphism of k[z]|, we know it is of the form z — a,z + b, for some
an, by € k.

Applying ~ to the identity

Myt 1Myt 1,0 = 2(2+ ) - 1,
yields
Crmi1Cnt M 1M1 = (@22 + an(2b, + )z + b, (b, + a)] - 1,,.
Since, in addition
Cnnt1CnttnMnnt1Mni1n = (Cunt1Cnt1n?” + CGont16nrin@z) - 1,

by comparing coefficients, either b, = 0 or b, = —a. If b, = 0, then a, =

2 . . .
Cnnt1Cnt1n = @ Since Gy pi1Cnt1,n 18 a unit, therefore a,, = ¢y n41Gup1n = 1. On
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the other hand, if b, = —a, then —a,, = (unt1Grr1n = a%. In this case, a, = —1.
In either case, Gy pnt1Cnt1n = 1.

Now, apply v to the identity
Mt 1Mnt1n — Mppn1Mp—10 = (22 +a—1) -1, (5.1)
to obtain
Mt 1Mnt1.0 — Crn—1Cn—10Mnn-1Mn—1n = (20,2 +2b, + v — 1) - 1,,. (5.2)

Subtracting these equations yields
(Crn-1Cn-1m — DMypn1mp_1n = (22 — 2a,2 — 2b,) - 1,
and so
(Crm-1Cnoim — Dz =D (z+a—1) -1, = (22 — 2a,2 — 2b,,) - 1,.

If Gon—1Cn—1,n — 1 # 0, then the left-hand side is quadratic in z, but the right-hand
side is linear z. Hence, (,,—1(,—1,,» = 1. But now, comparing equations (5.1) and
(5.2) means

l(z-1,) =z 1,.
So for all n, v, is the identity on A,,. Hence, for any g € k[z] = A;; and 7,5 € Z,
we have
V(g - miz) = Gijg - mij.-
Now, for all i, j,l € Z, m;jm; = hm; for some h € k[z] = A;;. By applying v, we
conclude (;;¢; = Cu. So if v € A;5, we have v(v) = (v = (v, S0 7 is inner by

[Sie09, Theorem 3.10]. O

This technical result allows us to prove an analogue of [Sie09, Corollary
5.6]. As in the case of gr-A;, we can check if two autoequivalences of gr-A are

naturally isomorphic by checking on a relatively small set of simple modules.

Lemma 5.1.2. Let F and F' be autoequivalences of gr-A. Then F = F' if and
only if F(S) = F'(S) for all simple modules S supported at Z U Z — «.
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Proof. Suppose F(S) = F'(S) for all simple modules S supported at ZUZ—«. By
Corollary 3.4.8, since any rank one projective is determined by its simple factors
supported at Z UZ — «, we have that F(P) = F'(P) for all rank one projectives
P. In particular, for all integers n, (F')"'F(A(n)) = A(n). Hence, (F')"'F is a
twist functor. Finally, by Lemma 5.1.1 and Theorem 2.1.2, (F')"'F = Id,, 4 and
so F =2 F'. O

The proof of the preceding lemma also demonstrates what we noticed in
section 3.4—that the structure of gr-A is largely determined by its subcategory of

rank one projective modules. We now prove analogues of [Sie09, Theorem 5.3].

Theorem 5.1.3. Let o € N and let F be an autoequivalence of gr-A. Then there

exist unique integers a = +1 and b such that for alln € Z
{F(X(n)), F(Y (n))} = {X(an +b),Y {an + b)},

and for all A € k\ Z,
F(My) = Maxys.

If a > 0, then additionally
F(Z(n)) = Z{an + ).

Proof. The proof is essentially the same as Sierra’s. First, let & = 0. Since F is
an autoequivalence, for any integer n there exists an integer n’ such that F maps
the pair {X(n),Y(n)} to the pair {X(n'),Y (n’)} since by Lemmas 3.3.1, these
are the only pairs of simple modules with both nonsplit self-extensions as well as
nonsplit extensions by each other. Now let a > 0. In this case, for any integer n
there exists an integer n' such F(Z(n)) = Z(n') since the shifts of Z are the only
simple modules that have projective dimension 2. Then we also see that F maps
the pair {X(n), Y (n)} to the pair {X(n'), Y (n')} since these are the unique simple
modules which have nonsplit extensions with Z(n').

For any o € Z, for any A € k\Z, there exists a u € k\Z such that F(M,) =
M, since these are the only simple modules whose only nonsplit extensions are self-

extensions. Altogether then, there exists a bijective function ¢ : k — k such that
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(i) If A € Z, then g(\) € Z and F({X(\),Y (M) }) =2 {X(g(N)),Y{g(N\)} (and if
a>0, F(Z(\) = Z{g(\)).
(ii) If A ¢ Z, then g(\) ¢ Z and F (M) = My).

Now consider the functor Fy = F(— ®xp.] A)o : mod-k[z] — mod-k[z].
Notice that Fy(k[z]) = k[z]. Further, for all A € k, we have that Fy(k[z]/(z +
A) = Kk[z]/(z + g(N\)). If X € Z, this follows from Lemma 3.1.3, otherwise it
follows from the definition of M) and Mg). The functor Fy gives a k-algebra
homomorphism ¢ : Homyg.j(k[2], k[2]) — Homyp)(Fok[z], Fok[z]). Identify k2]
with Homyg,(k[z], k([2]), where h € k(2] corresponds to left multiplication by h.

The functor Fy takes the short exact sequence

0 — k[2] TV K[2] — K[2]/(z £ A) — 0

to
0 — Foklz] — Foklz] — k[2]/(z + g(N\)) — 0,

so ¢ maps multiplication by z+ A to multiplication by ¢(z + g())) for some ¢ € k*.
Therefore, ¢(z) must be linear in z, i.e. ¢(z) =yz + 0 for some 7,6 € k. Then

vZ24+0+A=p(z+ ) =c(z+g(N))

and so g(\) = (A+0)/7. Since g maps Z bijectively to Z, we conclude that v = +1
and 0 € Z. Take a = v and b = ad. m

Theorem 5.1.4. Let « € k\Z, and o« ¢ Z+ 1/2. Let F be an autoequivalence of
gr-A. Then exactly one of the following is true:

1. There exists a unique integer b such that for all n € Z
{F(Xo(n), F(Yo(n))} = {Xo(n +b),Yo(n + )},

{F(Xa(n)), F(Ya(n))} = {Xa(n +0),Ya(n + b)},

and for all A €e k\ (ZUZ + «)

.F(M)\) = M)\_,_b.
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2. There exists a unique integer b such that for alln € Z
{F(Xo(n)), F(Yo(n))} = {Xa(=n+b),Ya(=n+b)},

{F(Xa(n)), F(Ya(n))} = {Xo(=n+0),Yo(-n+ )},

and for all A €e k\ (ZUZ + «)

F(My) = M_xiats-

Proof. This proof is quite similar to the previous one, although the details are
slightly messier.

From Lemma 3.1.1 and Lemma 3.3.6, for any A € k\ (ZUZ + «), there
exists a p € k\ (ZUZ + «) such that F(M,) = M,, since these are the only
simple modules with nonsplit self extensions. Further, by Lemma 3.3.6, for all
n € Z F must map the pair {Xo(n), Yo(n)} to either a pair {Xo(n'), Yo(n')} or a
pair {X,(n),Y,(n')} for some integer n’, since these pairs form the only nonsplit
extensions of two nonisomorphic simples. Likewise for the pair {X,(n), Y, (n)}.

That is, there is a bijection g : k — k such that
(1) If XA € Z, then either

e g(A) € Z and F({Xo(A), Yo(N)}) = {Xo{g(N)), Yo(g(A))} or else
e g(A) € Z+ aand F({Xo(A), Yo(N}) = {Xa(g(A) — a), Ya(g(N) — )}
(2) If X € Z + «, then either

* 9(A) € Z+aand F{Xa(A—a), Ya(A—a)}) = {Xa(g(A) —a), Ya(g(N) —

a)} or else
e g(A) € Z and F({Xa(A = a), Ya(A —a)}) = {Xo(g(N)), Yolg(A) }-
(3) fXN€(ZUZ+ ), then g(\) ¢ (ZUZ+ «) and F(My) = Myy.

As in the proof of Lemma 5.1.3, consider the functor Fy = F(— Q] A)o :
mod-k[z] — mod-k[z]. Just as in the previous proof, there exist d,v € k such that
g(A) = (A +6)/v. Since g maps Z U Z + « bijectively to itself, we conclude that
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v = £1. Since we assumed « ¢ Z + 1/2, if v =1 then § € Z, and if y = —1 then
VEZ— .
If y=1,1let b =0 € Z. In this case,
{F(Xo(n)), F(Yo(n))} = {Xo(n +b), Yo(n + b)} and
{F(Xa(n), F(Ya(n))} = {Xaln +0),Ya(n + b)}.
If y=—1,let b= —a —¢. In this case,

{F(Xo(n)), F(Yo(n))} = {Xa(—n+b),Yo(—n+b)} and

{F(Xa(m), F(Ya(n))} = {Xo(=n+b),Yo(—n+b)}.
O

Definition 5.1.5 ([Sie09, Definition 5.4]). If F is an autoequivalence of gr-A, we
call the integer b above the rank of F. The integer a above is called the sign of F.
If a = 1, then we say F is even and if a = —1, we say F is odd. If F is even and

has rank 0, we say that F is numerically trivial.

Example 5.1.6. As was the case for autoequivalences of gr-A;, §% is an even

autoequivalence of rank n and w is an odd autoequivalence of rank —1.

Notice that if & € Z + 1/2, then there are potentially extra symmetries of
gr-A. In the proof of Theorem 5.1.4, the function g : k — k could be of the form
g(A) = A+ 1/2, as this maps Z + « bijectively to itself if & € Z 4+ 1/2. We show

that in fact, in this case, there is an autoequivalence which acts in this way.

—5/2  —=3/2 —1/2 1/2  3/2  5/2  7/2

Figure 5.1.1: The simple modules of gr-A(f) when a = 1/2.

Proposition 5.1.7. Let o € Z + 1/2. There exists an autoequivalence F of gr-A
such that for all n € Z,

F(Xo(n)) = Xo(n+1/2 — a), F(Yo(n)) 2 Yy(n+1/2 —a),
F(Xa(n)) = Xo(n+1/2 + ), F(Ya(n)) = Yon+1/2 + ),
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and for all A\ € k\ (ZUZ+1/2)

Proof. We will construct an autoequivalence F that translates Figure 5.1.1 by 1/2.
By Lemmas 4.0.3 and 4.0.1, it suffices to define F on the full subcategory R of
gr-A consisting of the canonical rank one projective right A-modules. Let P be a
rank one canonical projective module with structure constants {c¢;}. By the work
in section 3.2, we know we can write each structure constant as ¢; = a;b; where
a; € {1,0%(2)} and b; € {1,0°(z + a)}. Let ¢/? be the automorphism of k[z] with
ol (2) =z +1/2.

Define F(P) as the canonical rank one projective module whose structure
constants {c;} are defined as follows. If a1 o_1/2 = "> 1/2(2), then ¢/, has a factor
of 0"(z+a). If by_n_1/o = 0" V2(2 + ), then ¢, has a factor of 0™(z). Overall,
the irreducible factors of the {c;} are given by {¢'/?(a;)} and {c'/2(b;)}, where the
factors appear in the structure constant of the appropriate degree. Since, for all
n, ¢, € {1,0"(2),0"(z +1/2),0"(f)}, and for n > 0, ¢, = 1 and ¢, = o7 "(f),
these structure constants define a canonical rank one projective module.

Let P and @ be canonical rank one projective modules with structure con-
stants {¢;} and {d;}, respectively. Let the structure constants of F(P) and F(Q)
be {¢;} and {d.} respectively. By Lemma 3.4.13 and Corollary 3.4.14, there is an
N € Z such that Hom,(P, @) and Hom ,(F(P), F(Q)) are generated as a k[z]-
module by multiplication by

H >N dj
‘gp’ = = and
¢ szN ged (¢j, dj)
HjZN d;
Orp)F@) =

[T ged (¢, d5)”
respectively. Notice that by the way we defined the structure constants of F(P)
and F(Q),

Orp) @) = 0" (0rq).-

Let ¢ € Hom,(P,Q), so g = plpg for some ¢ € k(z]. Define F(g) to be left
multiplication by 0/2(plp0) = o'/%(0)0x ) 7(Q)-
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Since every morphism in R is given by left multiplication by an element
of k[z] and F acts on morphisms by applying o'/ to this element, clearly JF
is functorial. Since the identity morphism is just multiplication by 1, we have
F(Idp) = Idzpy. Hence, F is a functor. It is also easy to see that F is essentially
surjective on canonical rank one projective modules. Given a rank one projective
module P’, we reverse the structure constant construction to construct a canonical
rank one projective P such that F(P) = P’. Since ¢'/? is an automorphism of

k([z], it gives an isomorphism
Hom, (P, Q) = Opkle] = o'/*(0p,qk[2]) = Hom , (F(P), F(Q)).

Hence, F is full and faithful and so is an autoequivalence of R, which extends
uniquely to an autoequivalence of gr-A by Corollary 4.0.2 and Lemma 4.0.3.
We need only show that F has the claimed action on simple modules. For

each A € k, F maps the exact sequence

0— ATV A 5 A/(z+ 1A — 0

to the exact sequence

Z4A+1/2)-
—

0 — F(A) F(A) — F(A/(z + NA) — 0.

Hence, F(A/(z + A\)A) is supported at —(\ + 1/2) so if A ¢ Z + 1/2, F(M,) =
My11/2. The pair of simple modules {X((n),Yy(n)} which are supported at —n
must map to the pair {X,(n+1/2—a),Y,(n+1/2—a)}, as these are the simples
supported at —(n+1/2). Similarly, the pair {X,(n), Y,(n)} must map to the pair
{Xo(n —1/2+a),Yo(n —1/2+ a)}.

Now consider the short exact sequence
0 — (zA+ zA)(n) — A(n) = Xo(n) —> 0.

Using the construction in Lemmas 3.2.5 and 3.2.6, we can explicitly compute the
structure constants of tA + zA. Since in each graded component of degree i < 0,
(xA+2A); = 2(A); and for i > 0, (xA+2zA);, = A;, therefore A+ 2 A has structure

constants which are the same as that of A, except in degree 0 where A+ zA has a
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structure constant of z. Multiplying structure constants to compute the canonical
representation of A + zA, we observe that xA + zA is itself a canonical rank one
projective module. Since maximal embeddings of canonical rank one projectives
are given by multiplication by elements in k[z], the inclusion zA + zA — A in
(5.1) is a maximal embedding.

Since F of multiplication by 1 is again given by multiplication by 1, F maps

(5.1) to the exact sequence
0 — F((zA+ zA)(n)) = F(A(n)) — F(Xo(n)) — 0.

Hence, F(X(n)) is zero in sufficiently large degree, so F(Xo(n)) = X, (n+1/2—a).
This then implies F(Yy(n)) = Y,(n + 1/2 — a). A similar computation for X, (n)
completes the proof. O

Remark 5.1.8. The autoequivalence constructed in Proposition 5.1.7 translates the
picture of the simple modules by 1/2. Since the square of this autoequivalence is

isomorphic to S, we call it S'/2.

For completeness, we can extend Definition 5.1.5 to the case o € Z + 1/2
in a natural way. If F is an autoequivalence of gr-A(f), and for all g € k, F
maps the simples supported at 3 to simples supported at § + n/2 for some n € Z,
we say that F is even and has rank n/2. If F maps the simples supported at g
to simples supported at —f5 + n/2 for some n € Z, we say that F is odd and has
rank n/2. If F is even and has rank 0 then we say F is numerically trivial. The

autoequivalence S'/2 is even and has rank 1/2.

Corollary 5.1.9. Let Picy(gr-A) be the subgroup of Pic(gr-A) of numerically triv-
ial autoequivalences. Then Pic(gr-A) = Picgo(gr-A) X Dy.

Proof. By Lemma 5.1.2, each autoequivalence in Pic(gr-A) is determined by its
action on the simple modules supported at ZUZ — «. Let o ¢ Z + 1/2. By
checking their action on the simple modules supported at Z U Z — «, we observe

that wS4 = S;'w and so the subgroup

(w,84) C Pic(gr-A)
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is isomorphic to D.

Again, by considering the action of numerically trivial autoequivalences on
the simple modules, we observe that Picy(gr-A) is a normal subgroup of Pic(gr-A).
If F is a numerically trivial autoequivalence in (w,S4), then we can write F = 84w’
for some 4,j € Z. Since F is numerically trivial and w? = Idg,_4, in fact F = S

which then implies ¢ = 0 so F = Idg_4. Therefore,
Pico(gr-A) N (w,Sa) = {Idg_a}-

By Theorems 5.1.3 and 5.1.4, any autoequivalence can be written as the
product of an autoequivalence in (w,S4) and a numerically trivial autoequivalence.
Therefore, Pic(gr-A) = Picy(gr-A) x Do, as desired.

In the case o € Z + 1/2, Pic(gr-A) contains a subgroup isomorphic to
Do generated by the autoequivalences S'/? and w. This is a finer copy of De,
containing (w,S4) as a subgroup. The remainder of the proof is identical to the

previous case. 0

5.2 Involutions of gr-A

Having shown that gr-A(f) has the same rigidity as gr-A;, we now show
that Pico(gr-A(f)) is also isomorphic to Picy(gr-A;). We construct autoequiva-

lences which are analogous to the involutions ¢; of Sierra.

Proposition 5.2.1. Let « € N. Then for any j € 7Z, there is a numerically
trivial autoequivalence v; of gr-A such that v;(X(j)) = Y (j), ;(Y(j)) = X (),
and 1;(S) = S for all other simple modules S. For any i,j € Z, Syt; = 1;4;SY,

and 13 = Idg 4.

Proof. First, suppose a € NT. It will suffice to construct ¢, for if o exists then
we may define ¢; = SQLOSZj . Let P be the full subcategory of gr-A whose objects
are direct sums of canonical rank one projective modules and let R be the full
subcategory of gr-A whose objects are the canonical rank one projective modules.

Note that since every finitely generated graded right A-module has a projective
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resolution by objects in P, by Lemma 4.0.1, we can construct ¢q by defining it on
P, then extend to gr-A. By Lemma 4.0.3, it suffices to define ¢y only on R.
Let

S = {07 XJ }/7 ZJ EZ,XJ EZ,Y7 EX,Z7 EY,Z7 EZ,Y,X7 EX,Z,X7 EY,Z,Y}

and let D be the full subcategory of gr-A whose objects are exactly the elements
of S. It is clear that D is closed under subobjects. Let P be a graded rank one
projective module. By Corollary 3.4.6, P surjects onto exactly one of X, Y, and
Z, a module that we call Fo(P). Suppose Fy(P) = X. Since P is projective, the
surjection fp : P — X lifts to a morphism f; : P — EXx z. Since f; is a lift of a
surjection to X, fi is surjective, as E'x z has no subobject isomorphic to X. Again,
since P is projective, f; lifts to a surjection fo : P — Ex zx, as Ex z x has no
subobject isomorphic to Ex 7.

Given the structure constants {¢;} of P, we can in fact construct the sub-
module of P that is the kernel of f,. We construct this submodule in three steps.
First, we construct Ky, the kernel of f,, which is unique by Corollary 3.2.7. Follow-
ing the construction in Lemma 3.2.5, K is the submodule of P that has structure
constants equal to ¢; for all ¢ € Z except when ¢ = —a, where Ky has structure
constant zc_,. We then construct ker f; = K; as a submodule of K. Note that
since (P/Ky)/(Ko/ K1) = P/Ky, we must have that K is the unique submodule
of Ky which is the kernel of the surjection Kqg — Z. Again, by the construction
in Lemma 3.2.5, K; has structure constants ¢; for all i € Z except when or ¢ = 0
where K has structure constant zcy. Finally, we can construct ker fo = K5 as a
submodule of K7, by constructing the unique submodule such that K;/K, = X.
Observe that K, has structure constants ¢; for all i € Z, except when i = —a,
where K5 has structure constant zc_, and when ¢ = 0, where K5 has structure
constant zcy.

Similarly, if Fy(P) = Y, there is a unique submodule of P which is the
kernel of a surjection P — By zy. If Fy(P) = Z, then Homg, (P, Ezy x) = k so
there is a unique submodule which is the kernel of a surjection P — Ezy x. In any
case, there exists a unique smallest submodule N of P such that P/N € D. Define
toP = N. By Lemma 4.0.4, ¢y gives an additive functor R — gr-A such that ¢
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acts on morphisms by restriction. By using Lemma 4.0.3 and Proposition 4.0.1,
we extend ¢ to a functor ¢g : gr-A — gr-A.

We now show that ¢y has the claimed properties. Suppose P has structure
constants {¢;}. Above, we computed the structure constants, {d;} of (oP. By
Lemma 3.2.5 and Corollary 3.4.4 if Fy(P) = X, then ¢, € {1,07%(2)} and
co € {1,z + a}. We showed that d_, = zc_, and dy = zcy € {z, f}. For all
i # 0, —a, we saw that ¢; = d;. Hence, we can find ¢o(P) explicitly as a submodule
of P as follows:

2P, ifi< —a
(WP)i=S 2P if —a<i<0
P it i > 0.
Similarly, if Fo(P) =Y, then ¢y € {2z, f} and ¢_, € {07%(z + «),07*(f)} and

do = 2z7'cy and d_,, = 27 'c_,. We can explicitly construct ¢oP as follows:

P, ifi<—a
(toP)i =< 2P, if —a<i<0
2P, ifi > 0.

Finally, if Fy(P) = Z, then P surjects onto Ezy x = A/zA, and (1oP); = 2P, for
all i € Z, so ¢; = d; for all i € Z.

We can describe the action of ¢y on P purely in terms of its structure
constants, as follows. If both ¢q and ¢_, can be multiplied by z (i.e. for i = 0, —a,
zc; € {1,0%(2),0' (2 4+ ), o' (f)}) then (o P has dy = z¢y and d_,, = zc_,. Likewise,
if both ¢ and c_,, can be divided by z, then ¢oP has dy = 2 ¢y and d_, = 27 te_,.
Otherwise, dy = ¢y and d_, = ¢_,. Observe that by Lemma 3.2.5, if Fy(P) = X
then Fy(oP) = Y and vice versa. Hence, by repeating the above process once
by taking the kernel to Ex zx and next the kernel to Ey zy we compute that
2P = 2%P.

So for any rank one projective, P, (2P = z?P = P. Additionally, if P’ is
another rank one projective, Proposition 3.4.11 tells us that Homg, 4 (2P, 22P’") =
Hom,, 4 (P, P') is given by left multiplication by a k[z]-multiple of some 0 € k(z).

Since ¢ is defined on morphisms to be restriction, this shows that 3 also gives
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an isomorphism Homg, 4(P, P') = Homg, 4 (3P, (3 P’). Since ¢ is additive, it pre-
serves finite direct sums, so for a direct sum of rank one projectives, 7 is given by
multiplication by 2% in each component. Hence, (2 is naturally isomorphic to the
identity functor on the full subcategory of finite direct sums of rank one projec-
tives. Extending to all of gr-A, this shows that ¢y is an autoequivalence of gr-A
(with quasi-inverse ¢g).

Now, because for any rank one graded projective module P, the structure
constants of 1o P differ from those of P only in degrees 0 and —«, ¢oP has the same
integrally supported simple factors as P except possibly X, X(a), Y, Y(—a), Z,
and Z(+a«). But if F,(P) = X{«), then by Table 3.4.1, ¢y € {1,z}. By the
construction of ¢oP (multiplying ¢y by 1, z or 27! to compute dy), this means d, €
{1, z} as well, so F,,(toP) = X (). Similarly, if F'_,(P) = Y (—a) then F_,(,cP) =
Y (—a) as well. If Fy(P) = Z, then we observed above that «P = P so Fy(,oP) = Z.
If F,(P) = Z{a) then ¢y € {z+«, f}. Again, since (P acts on structure constants
only multiplying by 1, 2z, or 27!, this means dy € {z + «, f}. Since (oP does
not affect the structure constant in degree «, by Lemma 3.2.5, F,(1oP) = Z{a).
Similarly, if F_,(P) = Z(—a), then F_,(1oP) = Z{(—a). Altogether, all of the
integrally supported simple factors of 1o P are the same as those of P, except that
if Fy(P) = X then Fy(,oP) =Y and vice versa.

We will now show that ¢( fixes all simples modules other than X and Y. Let
S ¢ {X,Y} be an integrally supported simple module. Suppose for contradiction
that 1S 2 S. By Lemma 3.4.9, we can construct a canonical rank one projective
module P such that S is a factor of P but ¢S is not. Note that (¢S is a factor of
toP. But by the discussion above, P and (o P have the same integrally supported
simple factors except possibly X and Y, so S is also a factor of tgP. Applying ¢
again, we conclude that both (oS and (25 are factors of (3P, but since (3 = Idg, 4,
this is a contradiction, as ¢oS is not a factor of P. Hence, ¢o fixes all integrally
supported simple modules other than X and Y.

Since ¢ fixes all integrally supported simple modules other than X and Y,
Lo is numerically trivial. By Theorem 5.1.3, 1o M) = M, for all A € k\ Z. Further,
for a projective module P, if Fy(P) = X then Fy(1oP) =Y. Therefore, 10X =Y.



73

For the case that a = 0, we use the same argument, letting D be the full
subcategory of gr-A whose objects are in the set S = {0, XY, Ex x, Eyy}. In
this case, for a rank one projective P, we can again explicitly construct (P C P.

If Fy(P) = X, then

2P, ifi<0
(LP)i =
P; if7>0
and if Fy(P) =Y, then
P, ifi <0
(toP)i =
22P, ifi> 0.

Let {d;} be the structure constants of 1oP. In this case, if ¢y = 1 then dy = 2°.
If cp = 2% then dy = 1. The remainder of the proof is analogous to the previous

case. O

In the case that o € N, we have thus constructed analogues of Sierra’s
autoequivalences ¢; [Sie09, Proposition 5.7]. These autoequivalences, which we
also call ¢; share many of the same properties as Sierra’s. First notice that since
we defined ¢; = SALOSEJ' , we construct ¢; by shifting all the modules of S by j and
repeating the same construction. This also that means that for a rank one graded
projective module P, 1P = (z + j)*P, by the same argument as in the previous
proof. Also, reviewing the construction above, it is clear that for any integers ¢ and
J, tit; = tji; and so the subgroup of Pic(gr-A) generated by the {¢;} is isomorphic
to (Z/27)®).

We identify (Z/27)%) with finite subsets of the integers, Zg, with operation
given by exclusive or. We often denote the singleton set {n} € Zg, as simply n.

For each J € Zg,, we define the autoequivalence
Ly = H Ly
jeJ
As we noted in the previous proof, ¢; has quasi-inverse ¢; so ¢; has quasi-inverse

ty. For completeness, define ¢y = Idg, 4.
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Having constructed involutions in the case o € N, we now turn our attention
to the case o € k '\ Z. In this case we will also be able to construct generalizations

of Sierra’s autoequivalences.

Proposition 5.2.2. Let a« € k\ Z. Then for any j € 7Z, there is a numerically
trivial autoequivalence (g of gr-A such that v¢;0)(Xo(j)) = Yo(4), tG0(Yo(s)) =
Xo(j), and v(;9)(S) = S for all other simple modules S. For anyi,j € Z, S\i(p) =
L(i+j7@)83;1, and (L(j7q)))2 = Idgr_A.

Similarly, for any j € Z, there is a numerically trivial autoequivalence v ;)
of gr-A such that 19 j)(Xa(j)) = Yals), t0.)(Yali)) = XalJj), and ¢, (S) =S for
all other simple modules S. For any i,j € Z, Stnj) = v@,i+)S4, and (1)) =
Idgy-a-

Proof. The construction is similar to that in the proof of Proposition 5.2.1. We
construct ¢y and define ¢ ;) = SilL(@7O)S;j. Let R be the full subcategory of
gr-A whose objects are the canonical rank one projectives. We define ¢(y 0y on R,
then use Lemmas 4.0.3 and 4.0.1 to extend to a functor defined on all of gr-A.
The construction of ¢ g) is completely analogous.

Let S = {0, X,, Y.} and let D be the full subcategory of gr-A whose objects
are the elements of S. Clearly D is closed under subobjects. Let P be a graded
rank one projective module. By Corollary 3.4.6, P surjects onto exactly one of
X, and Y,, a module that we called F§*(P). Hence, there exists a unique smallest
submodule N C P such that P/N € S. Let N = ygoP. By Lemma 4.0.4,
L(p,0) gives an additive functor R — gr-A whose action on morphisms is given by
restriction.

Focusing now on structure constants, let {¢;} and {d;} be the structure
constants for P and ¢p,0) P, respectively. We can compute dy by constructing the

unique kernel to the surjection P — F§'(P). If F§*(P) = X,, then

(om P) (z4+a)P, ifi<0
Lo )i =
P; ift1>0
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and if F§'(P) =Y, then

P; ifi <0
(L(Q),o)P )i =
(z+ )P, ifi>0.
In particular, If ¢y € {1,2} then dy = (2 + a)cy and if ¢y € {z + a, f}, then
dy = (z + o) 'cy. By repeating this construction, we see that L%(D’O)P =(z+a)P
and so gr-A is an autoequivalence of gr-A with quasi-inverse ¢ ).

Because for any rank one graded projective module P the structure con-
stants for ¢(g,0) P differ from those of P only in degree 0, where they differ only by
a factor of z +a, by Lemma 3.2.6, ¢(y0) P has the same integrally supported simple
factors as P except if F§'(P) = X, then F§(¢90)P) = Y, and vice versa. Again,
examining the action of ¢(g o) over all rank one projectives PP, we deduce that ¢ )P

has the claimed action on simple modules, fixing all but X, and Y. O]

We have therefore also constructed analogues of Sierra’s ¢; in the case that
a € k\ Z. The subscript on the ¢ keeps track of which of the simples modules is
being permuted: the first coordinate corresponds to the shifts of X, and Y, while
the second coordinate corresponds to the shifts of X, and Y,,. Observe that in this
case the subgroup of Pic(gr-A) generated by the {¢(;g), )} is isomorphic to the
direct product Zg, X Zg,. For every J, J' € Zg, X Zg, we define

vy = [T wow T wos-
jet jes

For completeness, define ¢(p ) = Idg-a.

Finally, we are able to determine Picy(gr-A) and therefore Pic(gr-A).
Lemma 5.2.3. Let a € N. Then the map
O : Zg, — Picg (gr-A(f))
J—=uy

1S a group isomorphism.

Let « € k\ Z. Then the map
U : Zgn X Zgn — Pico (gr-A(f))
(4, ) = v
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1S a group isomorphism.

Proof. First let a € N. For any i € Z, we saw that ¢ & Idg,_a. Hence, tjry = vygp
so @ is a group homomorphism. It is clear that ® is injective. To show surjectivity,
suppose F € Picg(gr-A). Since F is numerically trivial, by Theorem 5.1.3, F fixes
all shifts of Z.

By Lemma 3.4.9, we can construct a canonical rank one projective P such
that F,(P) = X(n) for all n > 0 and F,(P) = Y(n) for all n < 0. Note that
since F is numerically trivial, for any j € Z, F(F;(P)) = F;(F(P)). Now by
Corollary 3.2.8, F(F;(P)) can only differ from F;(F(P)) for finitely many j. Let
J be precisely those indices at which they differ. By Lemma 5.1.2, t; = F, so ®
is surjective.

The case a € k \ Z follows from the same argument, doubling the number

of indices where necessary. [l

Theorem 5.2.4. Let f € k[z] be quadratic. Then
Pic(gr-A(f)) = Zgn X Do.
Proof. This follows from Corollary 5.1.9, Lemma 5.2.3, and the fact that

Zﬁn X Zﬁn = Zﬁn' O

Finally, we are interested in when the collections of modules {¢;A | J € Zg, }
(in the case o € N) or {v(,0) | (J,J') € Zgn X Zgyn } (in the case o € k\ Z) generate
gr-A(f). In the cases of a multiple root or non-congruent roots, then just as in
the case for the first Weyl algebra, these collections of modules generate gr-A(f).

However, in the case of a congruent root, we see that {¢;A | J € Zg, } does not.
Lemma 5.2.5. Let [ = z(z + «).

1. If a =0, then {t;A | J € Zsn} generates gr-A(f).

2. Ifa e k\ Z, then {vnA | (J,J') € Zgn X Zgn} generates gr-A(f).

3. If o e NT, then {t;A | J € Zgn} does not generate gr-A(f).
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Proof. In the first two cases, this follows from Proposition 3.4.16, Proposition 5.2.1,
and Proposition 5.2.2. In the case that « € N7, for all J € Zg,, the shifts
of Z that are factors ¢;(A) are exactly those that are factors of A. Namely,
Homyg, 4(ts(A), Z(n)) =0 for n < 0 and n > a. Hence, no ¢;(A) has a surjection
to Z(—1), and so {¢;(A) | J € Zg,} does not generate gr-A(f). O

Lemma 5.2.6. Let a € NT. The action of Picy(gr-A) on the set of graded rank

one projective modules has infinitely many orbits, one for each finite subset of Z.

Proof. By Lemma 3.4.9, if for each n we choose S,, € {X (n),Y (n), Z(n)} such that
for n >0, S, = X(n) and S_,, = Y(—n), then there exists a rank one projective
whose integrally supported simple factors are precisely the S,,. By Theorem 5.1.3,
an autoequivalence F € Picg(gr-A) will have F(Z(n)) = Z(n). Also, by Propo-
sition 5.2.1, there exist numerically trivial autoequivalences permuting X (n) and
Y (n) for any n. Hence, for each finite subset J of Z there is an orbit consisting

of all rank one graded projective modules that surject onto exactly Z(j) for each

JEJ. O

Remark 5.2.7. In the case « = 0 or o € k \ Z, it is easily checked that the action

of Picy(gr-A) is transitive on the set of graded rank one projective modules.



Chapter 6

Constructing a homogeneous

coordinate ring for gr-A

The main result in this chapter is that for a generalized Weyl algebra A(f)
defined by a quadratic polynomial f, there exists a commutative k-algebra B(f),
graded by a group I' such that qgr-A(f) = gr-(B(f),['). We will construct the
graded ring B(f) explicitly in all cases. The main tool in proving this equivalence

of categories is a theorem of Angel del Rio [del91, Theorem 7].

6.1 Notation

In order to use del Rio’s theorem, we will use essentially the same notation
as found in the discussion before [Smill, Theorem 5.13]. Let R and S be k-algebras
graded by the abelian groups I and G, respectively. Following the definition of del
Rio in [del91], we define a bigraded R-S-bimodule to be an R-S-bimodule P with

a k-vector space decomposition

P = @ Ply.g)

(7,9)€T'xG

that respects the graded structure of R on the left and S on the right. That is, for
any v,0 € I' and any g,h € G,

By - Bopy - Sg © Plytogrh)-
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When we want to specify the degrees of an element p € F(, 4, we use the notation
1.
For any v € ' we have the G-graded right S-module

Py = @ Py,g)-

geG

Note that if r € Rs, then left multiplication by r is an S-module homomorphism

Py ) = P45+ that preserves G-degree and hence we get a k-linear map
s — Homge (5.6)(Ply)s oo (6.1)

We now define a functor Hg(P,—) : gr-(S,G) — gr-(R,I"). if M is a
G-graded right S-module, let

Hg(P,M) = @ Homgr-(s,G)(P(f%*)’ M).

vel

First, note that Hg(P, M) is I'-graded. The right R-module structure is given
as follows : given h € Homg, (s6)(P—4), M) and 7 € R, recall that as in
equation (6.1), multiplication by r gives a G-graded S-module homomorphism

o(r) : P_y—54) = P~y 4. Then
h-r=hoy(r) € Homg_(sa)(P—y—5+, M).
We obtain a functor
Hg(P,—) :gr-(S,G) = gr-(R,T) (6.2)

by defining Hg(P, —) on a morphism h : M — N to be composition with h. In his

discussion before [del91, Proposition 2], del Rio notes that Hg(P, —) is naturally
P

isomorphic to the functor he denotes (—); .

In the subsequent sections we will attempt to construct a graded com-
mutative ring B and a bigraded B-A-bimodule P, and then use del Rio’s theo-
rem to prove that Hyup (P, —) is an equivalence of categories. In the cases of a
multiple root or distinct non-congruent roots, we will be able to construct such
a ring and bimodule. In the case of congruent roots, we will pass to the quo-

tient category qgr-A(f) obtained by taking gr-A(f) modulo its full subcategory
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of finite-dimensional modules. We then show that qgr-A(f) = gr-(B, Zg,) for a
commutative ring B. In the next section, we develop machinery which constructs

[-graded rings R from autoequivalences in the Picard group of gr-(S, G).

6.2 Defining a ring from autoequivalences

Suppose we have an abelian subgroup I' C Pic(gr-(S,G)) and for each
v € I, choose one autoequivalence F, € Aut(gr-(S,G)). Since Pic(gr-(S,G)) is
the group Aut(gr-(R,I")) modulo natural isomorphism, we have, for all v,§ € I’

FoFs & FsFy = Fypys.

Let ©, 5 be the G-graded S-module isomorphism F, FsS — F,455 (i.e. ©,5 is the
natural isomorphism at S). Motivated by Paul Smith’s construction in [Smill,
§10], we can define a I'-graded ring R if the isomorphisms ©,, 5 satisfy the following
condition: for all ,d,e € I' and for all ¢ € Homg,_(5,¢)(.5, t45)

@e,'eré o fe(®5,’y) © fefé((p) = @§+e,'y o f5+5<90) % @e,é- (63>
Morally, this says that the map Aut(gr-(S, G)) x Aut(gr-(S, G)) — Aut(gr-(S,G))

mapping (F,, Fs) to F,4s is associative, although it is a weaker condition, since

the isomorphisms ©,, 5 are only at the module S.

Proposition 6.2.1. Assume the setup and notation above. If the autoequivalences
{F, | v €T} and isomorphisms {©,s | 7,6 € I'} satisfy condition (6.3) then
R = @ Homgr_(&g)(S, ‘FWS)
vyel
is an associative I'-graded ring with multiplication defined as follows. For ¢ € R,
and ¥ € Rs
Y =050 Fs(p) 0 v,
Proof. We need to check that the multiplication defined above is associative. It

suffices to check on homogeneous elements, so let ¢,1, & € R be homogeneous

elements of degree v, §, and ¢, respectively. Then, by definition

(p-9)- &= Ocyt+5 0 Fe(Os4) 0 FeFs(p) o Fe(h)o&
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and
0 (V&) = Os1ery 0 Fspe(p) 0Oc50 Fe(1) 0.

Since we assumed the isomorphisms satisfied condition (6.3), R is associative. [

If, for example, S is a Z-graded ring and we take I' = Z generated by the
shift functor on gr-S, then S"S™ = S™™™ so the isomorphisms O, ,, are trivial and
condition (6.3) is automatic. By the construction in Proposition 6.2.1, we recover
our original ring as R = S. Since we found that for a GWA A, gr-A has many
autoequivalences, we can choose a more interesting subgroup of autoequivalences
to define such a ring.

Given rings R and S as in Proposition 6.2.1, condition (6.3) also allows us

to define a bigraded R-S-bimodule P. Let

P=pFs

vyer

The G-graded right S-module structure on each F.S gives P a G-graded right
S-module structure. Let ¢ € R, and p € P, = F55. Then P has a I'-graded

left R-module structure given by

Y-p= [@5,7 © ]:5(90)] (p) € P('y+5,*)- (6'4)

For o € R, ¥ € Rs,

(V-¢)-p= [66,"/—1—5 0 Fe(B54) 0 FeFs(p) o Fe(¥)] (p)

while
(UK (QO 'p) = {@5—1-5,7 © f5+6(90) o @6,5 ° fe(wﬂ (p)

and since we assumed condition (6.3), therefore equation (6.4) gives P a I'-graded
left R-module structure. Since Fj is an autoequivalence of gr-(S,G) and Oy,
is a G-graded S-module isomorphism, it is easily checked that this makes P a
bigraded R-S-bimodule. This extra left R-module structure makes Hg(P, P) a
bigraded R-R-bimodule.
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As a graded ring, R has its usual bigraded R-R-bimodule structure. We
define the bigraded R-R-bimodule

R=D D Reo = DD R+s = P P Homye(s.6) (S, Fo459)

~yel' §el’ ~yel' 6el’ vyel' 6el

and note that there exists a canonical homomorphism of bigraded R-R-bimodules

o : R — Hg(P, P) = @ Homg, (s (}"WS, @ﬁgs)
vyel oel
where of maps the element 79 to the homomorphism which maps p € Py =
F_.,S to ¢ -p € FsS where ¢ acts as in equation (6.4) and maps all other homo-
geneous elements to 0. This map ek is the same as the one del Rio calls of in
[del91, Lemma 5], though del Rio’s bigraded bimodule’s module structures are on

opposite sides.

Proposition 6.2.2. Assume the setup and notation above. If P is a generator of

gr-(S,G), then Hg(P,—) gives an equivalence of categories
gr-(R,I') — gr-(5,G).

Proof. This follows immediately from [del91, Theorem 7(c)] as long as P is a
projective generator of gr-(S,G) and pk is an isomorphism. Since each F, is an
autoequivalence, F,S is automatically projective so if P is a generator then it
is a projective generator. Hence, we need only show that ¢f is an isomorphism.

Assuming the setup above, recall that for an element
7906 € 'yR6 = Homgr—(S,G)(S7 ‘F’y+5s)

ok () is given by the homomorphism ©;,, o F5(¢) : F_,S — F55. Now since F,

is an autoequivalence it gives an isomorphism
Hmﬂg{&gﬂS“FHﬁS)gIkmkpwgﬂflﬁijiﬁ}QMS)

and ©_, 45 gives an isomorphism F_.F,.5S — S. Hence, o} is an isomorphism

and Hg(P,—) is an equivalence of categories. O
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With this framework in place, we need only find subgroups of Pic(gr-(S, G))
such that the autoequivalences {F, | v € I'} satisfy condition (6.3) and the F.S
generate gr-(S,G). Cranking the machinery yields a I'-graded ring R such that
gr-(R,T') = gr-(S,G). For a generalized Weyl algebra A(f), we will see that
the autoequivalences {t; | J € Zg,} constructed in Chapter 5 often satisfy these

conditions.

6.3 Multiple root

Let @ = 0. We saw that in Chapter 5 the autoequivalences {¢, | n € Z}
formed a subgroup of Pic(gr-A) isomorphic to Zg,. By Lemma 5.2.5, we know that
the set {¢;A | J € Zgn} generates gr-A. We will show that these autoequivalences
satisfy condition (6.3), and hence we can construct a Zg,-graded commutative ring

B such that gr-(B, Zg,) = gr-A. For each J € Zg,, we define the polynomial

hy =[]+

jed
For completeness, define hy = 1. Recall that in Proposition 5.2.1 we showed that
for a projective module P, (2P = (z 4+ n)*P and so (2 2 Id,_4. We denote by o,
the isomorphism (2 A — A. Since A is projective, o, is given by left multiplication

by h;t. Similarly, for J € Zg,, we define
orii5A— A
given by left multiplication by h}l. Now, for I, J € Zg,, we define
@I,J = LI@J(UmJ) = @J,I
Or:titgA= L[@]L%QJA — e g A.

Lemma 6.3.1. The isomorphisms {©;; | I,J € Zgs,} and the autoequivalences

{ti | K € Zgn} satisfy condition (6.3).

Proof. We must show that for all I, J, K € Zg, and all ¢ € Homg,_4(A4, ¢/ A),

Ok ey 0tk (©s1) 0 trty(p) = Oryri 0 tyir(p) 0Ok g
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or equivalently that
LI@J@K(U(I@J)mK) © LKLI@J(UmJ) © LKLJ(SO)
=1 jok (OnaK)) © tiok () © Liok (0ink)

Recall that by Proposition 3.4.11, the homomorphisms between rank one
projective modules are all given by multiplication by an element in the commuta-
tive ring k(z). Since the autoequivalences ¢;, act on morphisms by restriction, we

need only check that multiplication by h;? Jh(}l@ 7 1s the same as h;t Kh;nl( JOK)"

This is true since

(InH)nIe))NnK=JNK)NIN(J&K)=10
and
INnJyulaeJ)NK=IUNJJUINK)U(JNK)=(JNK)U(IN(J®K)).

Therefore, we conclude that the isomorphisms {O; ; | I, J € Zg,} and autoequiv-

alences {tx | K € Zgy,} satisfy condition (6.3). O

As in Proposition 6.2.1, we can define the Zg,-graded ring

B = @ By = @ Homy, 4(A, t/A).

JE€Zgn JE€ZLgin

To be explicit, the multiplication in B is defined as follows. For a € By and b € By,
a-b e Homg, 4(A, t1esA) is defined by

a-b=tigs(omns)oty(a)ob.
Theorem 6.3.2. There is an equivalence of categories
gr-A = gr-(B, Zgn).

Proof. This is an immediate corollary of Propositions 6.2.1 and 6.2.2 together with
Lemma 6.3.1. ]
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Our next results describe some properties of the ring B which will allow us
to give a presentation for B. We first establish some notation. For J € Zg, let ¢;
be the map

@y (1jA)o — Homg, 4(A,1sA)

which takes m € (1;A)p to the homomorphism defined by ¢ (m)(a) = m - a. It
is clear that ¢ is an isomorphism of k[z]-modules, and we will use ¢ to identify

By with (t;A)e. For J € Zg,, define by := p;(hy) € By with by := ¢g(1).
Lemma 6.3.3. Let a =0 and let I,J € Zg,.

1. (1jA)o = hjk[z] so by freely generates By as a right By-module.
2. brby = bisbres 50 by = 1;c,b;-

3. Foralln € Z, b2 = py(hy,).

4. B is a commutative k-algebra generated by {b, | n € Z}.

Proof. This is an analogue of [Smill, Lemma 10.2]; we use similar arguments to
Smith, altering them slightly when necessary. Though these results are similar, we
will see later in this section that, interestingly, the ring B exhibits properties that

are rather different those of from Smith’s ring C.

1. Recall that in Proposition 5.2.1, for each n € 7Z and for each rank one
projective P, we constructed ¢, P as a submodule of P, in particular the
kernel of a nonzero morphism P — Ex x(n) or P — Eyy(n). We also saw
that (:2P)y = (2 + n)*Fy. Therefore, (z + n)*Ay = (12A)y C (1, A)o. But
since ¢, A is the kernel of the nonzero morphism to Ex x(n) or Eyy(n), and
these modules have k-dimension 2 in all graded components where they are

nonzero, so (t,A) has k-codimension 2 in Ay. Hence,
(tnA)o = (2 +n)2 Ay = h,Kk[z2].

Now, since the autoequivalences ¢, commute, (t;A)g C (¢;A)o = hjk[z] for

each j € J. Additionally, (t;A)¢ has k-codimension 2|J| in Ay. Therefore,

(LJA)O = h(]]k[Z]
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Identifying (1;A)o with B via ¢, we see that by = ¢;(h,) freely generates
Bj as a k[z]-module. Now since ¢y = Idg_4, multiplication By x By — By

sends (f,g) to fog. Since By = k[z], the result follows.

. This result follows from a proof identical to the proof of [Smill, Lemma
10.2.(5)-(6)]. For convenience, we summarize it here. By the definition of

multiplication in B,

biby = tigs(0rng) o ti(pr(hr)) o wi(hy).

Recalling that the involutions {¢; | I € Zgy,} act on morphisms by restriction,
we see that bjby : A — 1157A is given by left multiplication by h;u;, and

therefore

brby = ¢I@J(h1uj)-

Now note that

bfmjbl@J = bins(brnsbres) = bins(erus(hius)) = brnsbros
= SO(ImJ)ea(IuJ)(h(mJ)u(IuJ))

= ¢res(hus) = brby.

Induction on |J| yields by =[], b;.

jed
. Fora € A,
(bp-bp)(a) = 0, (h2)(a) = (z +n)"2h2a = h,a.
Hence, b2 is given by multiplication by (z + n)?, that is,
b, = wo((z +n)?).
. Notice that
bt — by = wo((z +1)* = 2%) = (22 + 1)

SO

aul) = 5 (5~ 8 — au()
Hence, the b, generate By as a k-algebra, and combined with parts 1 and 2,

the b, generate B as a k-algebra. By part 2, b,b,, = b,,b, for all n,m € Z,

and the result follows.
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Proposition 6.3.4. The Zg,-graded ring B has presentation

K[2][by, | n € Z]
(b7 = (z+n)* | n€Z)

B =
where deg z = () and degb, = n.

Proof. By Lemma 6.3.3, the elements {b, | n € Z} generate B as a k-algebra and
satisfy the relations b2 = (z 4+ n)? for all n € Z. Hence, we need only show that
the ideal generated by these relations contains all relations in B.

Let » = 0 be a relation in B. Since B is graded, we may assume that r is

homogeneous of degree I. By Lemma 6.3.3, we can write
r = b[ﬁ =0

where (5 is a k[z]-linear combination of products of b?’s for some integers j. By
using the relations b? = (2 +j)? for each j, we can rewrite 3 in B as a polynomial
g(z) € k[z]. Hence

r=brg(z) =0

but since By is freely generated as a right By = k[z]-module by b;, this implies
that g(z) = 0, so the relation r was already in the ideal (b2 = (2 +n)* | n € Z),

completing our proof. O

We use this presentation to prove some basic results about B. While the
construction of B was analogous to that of Smith’s ring C' in [Smill], the two
rings are different enough to warrant closer examination. Smith proves that C'
is an ascending union of Dedekind domains. In contrast, since b? — (z + n)* =

(by + z+n)(b, — 2 —n), B is not even a domain.

Lemma 6.3.5. The minimal prime ideals of B are of the form
(bp+ (=) (z+n)|neZ)

for some choice of €, € {0,1} for each n € 7Z.
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Proof. We work in the polynomial ring S = k[z][b, | n € Z]. The prime ideals
of B correspond to prime ideals of S containing (b2 = (2 +n)? | n € Z). For each
n € Z, choose ¢, € {0,1}. Viewing S as a polynomial ring with coefficients in k|z],
we see that

p=(bp+ (=1)"(2+n)|nez)

is the kernel of the map evaluating a polynomial g(b, | n € Z) at the point
((=1)**(24+mn) | n € Z) and so p is a prime ideal of S. To see that p corresponds
to a minimal prime, we observe that for every n € Z, a prime ideal containing
b2 — (24 n)? must contain either b, + (z +n) or b, — (2 +n). Hence p corresponds

to a minimal prime. O

For J € Zg, we write R; for the k-subalgebra of B generated by the ele-
ments {1,z} U {b, | n € J}. By the same argument as in Proposition 6.3.4, R,

has the presentation
k[z][b, | n € J]

(0 = (z+n)* [neJ)

We will use the fact that B is an ascending union of the subrings R; for any

R;=

ascending, exhaustive chain of subsets J € Zg,.
Proposition 6.3.6. B is a non-noetherian, reduced ring of Krull dimension 1.

Proof. We showed in Lemma 6.3.5 that B has infinitely many minimal prime ideals,
so B is not noetherian. Further, the quotient of B by a minimal prime is isomorphic
to k[z], and hence B has Krull dimension 1. We will show that the intersection
of all minimal primes is (0), so the nilradical n(B) = (0). Let a be an element
in the intersection of all minimal primes. We can write a as a sum of finitely
many homogeneous terms, so a is an element of the subring R; for some J € Zg,.

Suppose j € J. Since

a€bj+(z+7)+ (bn—(z4+n)|neJ\{j}) and
a € (bj—(z+7))+ (o= (z+n)[neJ\{j}),

we can write

a=(bj+(z+j)r+s=(bj—(z+j)r'+5, (6.5)
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for some 7,7’ € R; and some s,s" € (b, — (2 +n) |n € J). Setting b, = (z + n)
for all n € J, the right hand side of (6.5) is identically 0 and hence

re€(b,—(z+n)|nej
a=(bj+(z+j))r+se (b?—(z+j)2)+(bn—(z+n)|n€J\{j}).
Since (b7 — (2 4 j)?) = (0) in B, therefore
a€(by,—(z+n)|neJ\{j}).

Inducting on the size of J, we conclude that a = 0 and since a was an arbitrary

element in the intersection of all primes, we conclude that n(B) = (0). O

6.4 Congruent roots and the quotient category
qgr-A

Let o € N so that we are in the congruent root case. The fact that the
set {tjA | J € Zg,} does not generate gr-A is a significant difference from the
other cases. In particular, we are unable to use Proposition 6.2.2. One of the main
obstructions is that there are infinitely many orbits of rank one graded projectives
under the action of numerically trivial autoequivalences since numerically trivial
autoequivalences fix the finite-dimensional simple modules, Z (7).

To deal with this obstruction, we will take the quotient category of gr-A
modulo its full subcategory of finite-dimensional modules. This is the same con-
struction that Artin and Zhang [AZ94] use in their definition of the noncommu-
tative projective scheme associated to an N-graded ring R. However, as A is
Z-graded, the details are somewhat different. We will investigate this quotient
category fairly explicitly.

Let fdim-A denote the full subcategory of gr-A consisting of all finite-
dimensional modules. The only finite-dimensional simple modules are the shifts of

Z so each object in fdim-A has a composition series consisting entirely of shifts of



90

7. By Lemma 3.3.3, therefore every object in fdim-A is a direct sum of shifts of

Z. Since fdim-A is a Serre subcategory, we can define
qgr-A = gr-A/ fdim-A.

The next lemma allows us to write down a Hom set in qgr-A in a very concrete

way.

Lemma 6.4.1. 1. For every finitely generated graded right A-module M, there
exists a unique smallest submodule k(M) C M such that M/k(M) € fdim-A.

2. For every finitely generated graded right A-module N, there exists a unique
largest submodule T(N) C N such that 7(N) € fdim-A.

Proof. 1. Since M is finitely generated, Hom 4 (M, Z) is finite-dimensional over
k and is nonzero in only finitely many degrees, say di,...,d,. Letting T =
{Z{dy)...,Z{(d,)} and D be the full subcategory of gr-A consisting of all
finite direct sums of elements from Z, by Proposition 4.0.5, there exists a
unique smallest submodule M’ such that M/M' € D. Let k(M) = M’'. Note
that in fact k(M) is the unique smallest submodule such that M/k(M) €
fdim-A because M/k(M) € fdim-A and any factor of M in fdim-A is also
in D.

2. Since N is finitely generated and A is noetherian, N is noetherian. Since the
sum of two objects in fdim-A is again an object in fdim-A, there exists a
unique largest submodule of N that is a direct sum of shifts of Z. Call this
largest submodule 7(V). O

The preceding lemma allows us to describe Homgg,_4(M, N) without any

reference to a direct limit. In particular,
Homgg, a(mM,mN) = Homg, 4 (k(M), N/7(N)).

Further, for a module M, Proposition 4.0.5 not only gives the existence of x(M),
it also gives the construction. Indeed, we can construct x(M) by taking the inter-

section of all kernels of maps M — Z(i).
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Proposition 6.4.2. Let P be a projective graded right A-module. Then wP is
projective in qgr-A if and only if K(P) = P.

Proof. Suppose P is projective in gr-A and x(P) = P. Let M and N be graded
A-modules and let g € Homgg,_4(7M, 7N) be an epimorphism. We show that for
any morphism h : 7P — wN, there exists a lift j : 7P — wM so that 7P is
projective.

To show projectivity of m P, we are only concerned with these morphisms in
qgr-A, so we may replace M by (M) since tM = mr(M) and similarly we may
replace N by N/7(N). Then g is represented by a morphism g € Hom , (M, N)
such that coker(g) € fdim-A. But since coker(g) € fdim-A, 7N = wimg, so we
may replace N with img and assume that g is surjective.

Now note that since x(P) = P, we have Homgg, (7P, 7N) = Hom 4, (P, N).
So h is represented by a morphism h : P — N, which by the projectivity of P in
gr-A lifts to a morphism j : P — M. Let j = ().

Conversely, suppose that k(P) # P. Then s(P) fits into the exact sequence

0— K(P) — P — P Z(i) —0
icl
for some finite set of integers /. Note that by Lemma 3.4.3 this exact sequence
shows that x(P) is not projective. By Lemma 3.4.2, k(P) has projective dimension
at most 1, and since k(P) is not projective, it has a projective resolution in gr-A
of length 1:

0— P -2 Py 2% k(P) — 0. (6.6)

Suppose for contradiction that 7P = 7k (P) is projective in qgr-A. Since

7 is an exact functor, we have the following exact sequence in qgr-A:
0— 7P ™% 7Py I mk(P) — 0.

Since we assumed 7k (P) is projective, there exists a splitting h : 7x(P) — 5
such that wdy o h = Id.p). The splitting h is represented by a morphism h €
Hom ,(k(P), Py), since Py has no finite-dimensional submodules. Now h gives a

splitting of (6.6), since m(hody) = Id,,(p) and since x(P) has no finite-dimensional
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submodules, we know that Homg, 4 (7&(P), 7k(P)) = Hom 4 (x(P), k(P)). Hence,
hody=1Id.p). But a splitting of (6.6) shows that x(P) is projective, which is a

contradiction. O

Corollary 6.4.3. If P is a rank one projective in gr-A then w(P) is projective in
qgr-A if and only if for each n € Z, P surjects onto exactly one of X{n) or Y (n).

Proof. This follows immediately from Proposition 6.4.2 and Corollary 3.4.6. [

Note that in particular, the previous corollary says that A is not projective

in qgr-A.

Proposition 6.4.4. Let P = {P,;}icr be a set of projective modules in gr-A. If P
generates every shift of X andY then nP = {mP;}ic; generates qgr-A.

Proof. Suppose P is a set of projective modules in gr-A which generates every
shift of X and Y. Since the shifts of A generate gr-A, likewise the shifts of 7A
generate qgr-A. Since mA = wr(A), we will show that P generates every shift of
k(A) and hence 7P generates every shift of mx(A).

Let P € P and choose a maximal embedding ¢ : P — k(A)(n). It suffices
to construct a surjection ¢ : @, ; Pj — £(A)/P for some J C I. This is because,
by the projectivity of the P;, there exists a lift ¢ : @@
im +im = k(A)(n).

Since A has Krull dimension 1, the quotient x(A)(n)/P has finite length.

ics Pj = 1(A)(n) and because

Further, since Hom 4 (k(A), Z) = 0, so k(A)(n)/P is a direct sum of indecompos-
ables, none of which has a factor of Z. It thus suffices to show that P generates
every such indecomposable.

Without loss of generality, suppose k(A)(n)/P is an indecomposable with
a factor of X (7). We induct on the length of the indecomposable. By hypothesis,
some Py € P surjects onto X (i). By the projectivity of P, this surjection then
lifts to a map ¢g : Py — k(A)(n)/P. If this is a surjection, then we are done.
Otherwise, Py surjects onto a proper submodule of x(A)(n)/P. Again, it suffices
to give a surjection onto the cokernel of g. But now note that since x(A)(n) surjects

onto (k(A)(n)/P)/im(g), then (k(A(n)/P)/im(g) again has no factor of Z and
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has shorter length. By induction, P generates (k(A)(n)/P)/im(g) and thus P
generates k(A)(n). O

Theorem 6.4.5. Let o« € N*. There is an equivalence of categories
gr-A(2%) = qgr-A(2(z + @) .

Proof. Let f = 2% and g = 2(z + ). Let P be the full subcategory of gr-A(f)
consisting of direct sums of the canonical rank one projective A-modules (as de-
scribed in Lemma 3.4.13). Let P’ be the full subcategory of qgr-A(g) consisting
of the images in qgr-A(g) of direct sums of the canonical rank one projectives of
gr-A(g) that remain projective in qgr-A(g). We will define an equivalence of cat-
egories G : P — P’. We will then use Lemma 4.0.2 to extend this to an equivalence
gr-A(f) = qgr-A(g).

First, we define G on objects. Let P be a canonical rank one projective A(f)-
module. By Corollary 3.4.6, for each n € Z, P surjects onto exactly one of X7/ (n)
and Y/ (n). Define P’ to be the canonical projective object of gr-A(g) with simple
factors corresponding to those of P, that is, for all n € Z, if F,,(P) = X/(n) then
F.(P") = X9(n) and if F,,(P) = Y/(n) then F,(P') = Y9(n). Such a projective P’
exists by Lemma 3.4.9. By Corollary 6.4.3, P’ is a projective object of qgr-A(g).
Now define G(P) = w(P’). By abuse of notation, we will also refer to the object of
gr-A(g) as G(P). For a direct sum of canonical rank one projectives, P = @, ., B,
define G(P) := @,,; G(F).

Suppose now that P = @, ., (p;)2" and Q = @,,(¢;)x" are canonical rank
one projectives of gr-A(f) with structure constants {¢;} and {d;}, respectively.
By Lemma 3.4.13, Homg, _4(5)(P, Q) is generated as a k[z]-module by left mul-
tiplication by 0pg = lemyez(qi/ ged(pi, ¢;)). Since G(P) and G(Q) are the im-
ages under 7 of projectives P’ and @' in gr-A(g), they have no finite-dimensional
submodules, x(P’) = P', and k(Q') = @Q'. Hence, Homgg _a(g) (G(P),G(Q)) =
Homg,_4(g) (G(P),G(Q)) is also generated as a k[z]-module by some maximal em-
bedding. We will show that in fact this maximal embedding is given by multipli-
cation by the same 0p.

By Lemma 3.2.5 and Corollary 3.4.5, for every i € Z, ¢; = 1 if and only if
Fy(P) = X7(i), and ¢; = (z+1)? if and only if f;(P) = Y/(i). The same is true for
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the structure constants {d;} of Q. Now let [ = {iy,...,4,} C Z be precisely those
indices i; such that F; (P) = X/(i;) and F;;(Q) = Y/(i;). These are the indices
ij such that ¢;; = 1 and d;; = (24 1i;)*. Observe that for distinct integers n and m
then ¢, and d,, are relatively prime to ¢,, and d,, so that

Orq = lz'Ce%l ged ((zi, i) N 2]1_6[](2 * Z’j)?

Let {¢/} and {d;} be the structure constants for P’ = G(P) = @,,(p})’
and Q" = G(Q) = @,,(¢))x". As in Corollary 3.4.8, for each n € Z, we can
calculate ¢, from the simple factors of P’. Specifically ¢/, depends only on F, (P’)
and F,,o(P’"). For any integer n, the polynomial z 4+ n is only possibly a factor
of ¢, or ¢,_, and these structure constants depend only on the simple factors at
n, n+ a and n — a. We use Table 3.4.1 from Corollary 3.4.8 and the fact that no
shift of Z is a factor of P’ to construct the following table:

Table 6.4.1: The structure constants of P’ in terms of its simple factors.

F.(P")=X%n)  F,(P)=Y9%n)
Foio(P)=X9(n+ ) d =1 c=o"(z)
Foa(P) =Y+ a) | ¢, =0"(z+a) ¢, =0"(f)
Fo o(P)=X9n—«) ad =1 A _o=0""%z+ )
FooP)=Yn—a) | ¢, o=0""%2) ¢ o=0""f)

Observe from the table that either

(i) Fn.(P") =Y9(n) in which case z 4+ n is a factor of both ¢, and ¢,__, or else

n—ao’

(ii) F,.(P’") = X9(n) in which case z + n is not a factor of either ¢, or ¢, .

Now when we calculate the maximal embedding P’ — Q'

/
(9p/ Q = lcm %
’ iz ged (pf, q;)

we see that for i; € I, ¢;;_o has a factor of (z + z'j)2 while p;,_ has no factor of
(z +1;). For all other integers n, the factor (z +n) appears either only as a factor
of p, and p,,_,, or else as a factor of p,, Pn_a, ¢n, and ¢,_. Hence,

QP/,Q/ = H(Z + ij)z = HP,Q.

i€l
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So the maximal embeddings P — @ and G(P) — G(Q) are both given by multipli-
cation by the same element 0pq. If f € Homg,_a(p) (P, Q) is given by multiplication
by 0pq then define G(f) € Homgg,-a(¢)(G(P), G(Q)) to be multiplication by 0p g3
also. By our definition of G on morphisms, it is clear that G(Id) is the identity and
G respects composition.

Altogether, we have defined G on the canonical rank one projectives of
gr-A(f). By Lemma 4.0.3, we can extend G to a functor G : P — P’. It is easily
seen that G is an equivalence on these subcategories. To see that G is full and
faithful, notice that for canonical rank one projectives P and @ of gr-A(f) our

construction of G gave an isomorphism

Homgr_A(P, Q) = Homqgr-A(f) (g<P)7 g(Q))

Now given direct sums of canonical rank one projectives @,.; P; and e Qj, the

construction in Lemma 4.0.3 gives an isomorphism

Homg, 4 (@ P, @C%) & @ @Homgr-A (P, Q])

iel jeJ iel jeJ

>~ P P Homgge-a() (G(P), G(Q;)) = Homgge_ay) (g Pr.sp Qj) :

iel jeJ iel jeJ

To see that G is essentially surjective, notice that given P’ in P’, we can construct
a module P of gr-A(f) such that G(P) = P’ by constructing a direct sum of

canonical rank one projectives in gr-A(f) with corresponding simple factors.
By Proposition 3.4.16, every object of gr-A(f) has a projective resolution
by objects of P. Similarly, by Proposition 6.4.4, every object of qgr-A(g) has
a projective resolution by objects of P’. Hence, by Corollary 4.0.2, there is an

equivalence gr-A(f) = qgr-A(g). O
Corollary 6.4.6. Let o € NT. Then there is an equivalence of categories
qgr-A (z(z + «)) = gr(B, Zg).

Proof. This follows immediately from Theorem 6.4.5 and Theorem 6.3.2. [
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6.5 Non-congruent roots

Let o € k \ Z, so we are in the distinct, non-congruent root case. Recall
that this case bore similarities to the case of the first Weyl algebra, A;. We saw
that the category gr-A looked like a “doubled” version of gr-A;. In particular,
we indexed our autoequivalences (s ) by Zgn X Zgyn, and many of the properties
of these autoequivalences were the same as Sierra’s ¢y, with indices doubled. For
notational convenience, let I' = Zg, X Zgn.

This case also bears resemblance to the multiple root case. By Lemma 5.2.5,
we know that the set {t,A | v € I'} generates gr-A. We will show that the
isomorphisms between these autoequivalences satisfy condition 6.3, so we can use
Proposition 6.2.1 to define a ring C' with an equivalent graded module category.
We will then show that C' is commutative, and give a presentation for C'.

For each (J, J") € I', define the polynomial

hoay = [G+0) [[G+7 +a). (6.7)

jeJ j'ed’

For a projective module P we showed L2 0P = (z+n)P and L2 P = (z+n+a)P
and so L% 0 = = Idga & L( . We denote by o, ) the 1somorphlsm L A — A
and by o) the 1somorphlsm L A — A. Since A is projective, o, ) is given
by left multiplication by h( 0) and O(@gn is given by left multiplication by h(@n

Similarly, for (J,J') € T', we define

o = [Louo 1 e : tlpmA— A

jeJ jleld’

and note that oy is also given by left multiplication by ht (L)
Now, for (I,1'),(J,J") € I, we define

@(I,I’),(J,J’) = L(I@J,I'@J')(U(mJ,l'mJ')) = @(J,J'),(I,I')

@(I,I/),(J,J/) : L(I,I/)L(J,J')A = L(I@J,I/EBJ/)L%IQJJ’QJ/)A — L(I@J,I/@J/)A-

Lemma 6.5.1. The isomorphisms {©,5 | 7,0 € I'} and the autoequivalences
{ty | v € T'} satisfy condition (6.3).
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Proof. This result follows from the same proof as Lemma 6.3.1 with doubled in-
dices. O

Having checked that our autoequivalences satisfy condition (6.3), we use

Proposition 6.2.1, to define the I'-graded ring

C=PC, =P Homya(A,,4)= @ Homg a(A,1unA).

vyel vyel (J,J")EZLgn X Zgin

Theorem 6.5.2. There is an equivalence of categories
gr-A=gr-(C,T).

Proof. This is an immediate corollary of Propositions 6.2.1 and 6.2.2 together with
Lemma 6.5.1. O]

Finally, we describe properties of and give a presentation for the ring C'.

For v € I' let ¢, be the map
@y (1yA)y = Homge_a (A, 14 A), @ (m)(a) =m - a.

We use the k[z]-module isomorphism ¢, to identify C, with (1,A4),. For v =

(J,J') € I we also define

0

cy = @ (hug) € Cup and
dy = @, (o) € Cao.m.

For completeness, define ¢y = dy = 1.
Lemma 6.5.3. Let a € k\ Z and let v = (I,I') € T.
1. (t,A)o = hyk[z].
2. cidp = dpey .
3. The element crdp freely generates C, as a C(pgy-module.

_ 2 —_ ]2 —
4. CrCy = CinjCiJ and d[dJ = dldeI@J and so C[d[/ = Hie] C; Hilell dir.
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5. Foralln,m e Z

2 _ 2
C,—n=c¢, —m

2 —n=d, —m

n_

2 _ 2
c, =d, —a.

6. C is a commutative k-algebra generated by {c,,d, | n € Z}.

Proof. The arguments in this proof are similar to those found in Lemma 6.3.3 and

therefore [Smill, Lemma 10.2].
1. For each n € Z, we constructed ¢, A by taking the kernel of the nonzero
morphism to Xo(n) or Yy(n). Since
(z+n)Ag = (iAo € (Ao
and (u(,,0)A)o has k-codimension 1 in Ay, therefore
(tnmA)o = (2 +n)Ag = (2 +n)k[z].

By an analogous argument, (¢pn.A)o = (2 +n + a)klz]. And since the

autoequivalences commute
(t4A)0 € (Lo A)o = (2 +1)k[z] and (1,A)0 C (t@,i)A)o = (2 + i + a)k[z]

for each i € I and i’ € I’ Since (1,A)y has k-codimension |I| + |I'] in Ay.
Therefore,

(14 A)o = hyk[z].

2. This follows since the ¢, act on morphisms by restriction. Both c;d; and

dycy are given by multiplication by hsph,y = ooy

3. Since ¢(pp) = Idg-a, multiplication C, x C(y gy — C, sends (g, h) to goh. By
part 1, C, = ¢ (h,k[z]). Since Cpg) = k[z] it follows that C, is generated
as a right C(pg)-module by ¢, (h,), or left multiplication by h,. Now by the

definition of multiplication in C,

crdy = vy (e(hag)) ¢ (o) -

and since ¢(7,9) acts on morphisms by restriction, c;dp is given by multipli-

cation by h(rgyh,rry = hy.
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4. This has the same proof as part 2 of Lemma 6.3.3.
5. Fora € A,
(cn-cn)(a) = o@mg ((z+n)?) (a) = (z+n)""(z+n)*a = (2 + n)a.
Hence, ¢ is given by multiplication by z + n, that is,
¢ = Pz +n).

Similarly,
a2 = oo (z +n+a),

from which the claim follows.

6. This follows from parts 2, 3, and 4. O

Proposition 6.5.4. The I'-graded ring C' has presentation
ke, d, | n € Z]

(2—n=c —m,2=d?—a|m,neZ)

I

C

where deg ¢, = (n,0) and degd,, = (0, n).

Proof. By Lemma 6.5.3, the elements {c,} and {d,} generate C' as a k-algebra
and satisfy the relations ¢2 —n = 2, —m and 2 = d?> — « for all n,m € Z. We
need to show that the ideal generated by these relations contains all relations in
C.

Let » = 0 be a relation in C. We may assume that r is homogeneous of

degree (I,1'). By Lemma 6.5.3, we can write
r = C]d]/ﬁ =0

where (3 is a lk[z]-linear combination of products of ¢;’s and d3’s for some integers
j. By using the relations ¢} = (z 4 j) and d7 = ¢} + « for each j, we can rewrite

fin C as a polynomial ¢g(z) € k[z]. Hence

r=crdpg(z) =0
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but since By is freely generated as a right Bgg = k[z]-module by c;d/, this

implies that g(z) = 0, so the relation r was already in the ideal

(2—n=c,—m,c; =d:—a|mmnez),

n n

completing our proof. O



Chapter 7
Future questions

Noncommutative algebraic geometry has made much progress in under-
standing the geometry of connected N-graded k-algebras. These rings are nat-
ural to consider, as they are analogues of quotients of commutative polynomial
rings. The work of Sierra ([Sie09]) and Smith ([Smill]) on the first Weyl alge-
bra suggested that there might be interesting geometry hiding within Z-graded
k-algebras which are not necessarily connected. In this dissertation, we have gen-
eralized some of these results to certain generalized Weyl algebras. Like the Weyl
algebra, the GWAs A(f) studied here are Z-graded domains of GK dimension 2
with (A(f))o = K[z].

These results are especially interesting in light of Artin and Stafford’s clas-

sification of noncommutative projective curves in [AS95].

Theorem 7.0.1 (Artin-Stafford, [AS95]). Let A be a connected N-graded domain,
generated in degree 1 with GK dimension 2. Then there exists a projective curve

X such that qgr-A = coh(X).

Might there be an analogue to Theorem 7.0.1 for Z-graded domains of
GK dimension 27 In this final chapter, we propose directions for future work in
understanding noncommutative Z-graded rings.

The rings B and C' in Theorems 6.3.2 and 6.5.2 would be interesting objects
for future study. One would like to know the properties of B and C' and of the

schemes Spec B and Spec C'. Their algebro-geometric properties are important for

101
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the following reason. For a I'-graded commutative ring R, there is an action of
the affine algebraic group Spec kI on Spec R corresponding to the grading on R.
Therefore, we can form the quotient stack [Spec R/ SpeckI|.

Question 7.0.2. What are the properties of the stacks [Spec B/ Spec kZg,| and
[Spec C/ Spec k(Zgy X Zgn)|?

Question 7.0.3. For a Z-graded domain R of GK dimension 2, under what con-
ditions is there a stack x such that qgr-R = coh(x)?

One generalization of the work in this dissertation might be to begin with
the study of other GWAs of GK dimension 2: those defined by non-quadratic poly-
nomials or different base rings. Many interesting rings are GWAs. The quantum
Weyl algebra A, = k(z,y)/(zy — qyz — 1) and, more generally, ambiskew polyno-
mial rings are GWAs (see [Jor00]). The universal enveloping algebra of s[(2) and
similar algebras studied by Smith in [Smi90] can also be constructed as GWAs.

One could also consider Z-graded rings of higher dimension. In [BR16], Bell
and Rogalski classified certain simple Z-graded rings of arbitrary dimension. They
proved that in GK dimension 2, all of these rings are graded Morita equivalent to
GWAs. It would be interesting to study the higher-dimensional simple Z-graded
rings studied by Bell and Rogalski.

For all of these Z-graded rings R, it would be interesting to study gr-R. It
is particularly important to understand the Picard group Pic(gr-R).

Question 7.0.4. For the Z-graded rings R above, what is Pic(gr-R)?

Understanding Pic(gr-R) is an important first step in constructing a com-
mutative ring whose graded modules are equivalent to gr-R. Recall the construc-
tion used in section 6.2. For an abelian subgroup I' C Pic(gr-R), we choose
autoequivalences {F, | v € I'}. If these autoequivalences satisfy condition (6.3),
then we can define an associative I'-graded ring

S = P Hom,, (R, F,R) (7.1)
~er
The category gr-(S,I') is equivalent to gr-R if @
of gr-R.

~eT F, R is a projective generator
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In some sense, we would like to find “small” subgroups I' of Pic(gr-R). If,
for example, I' = Z is the subgroup of Pic(gr-R) generated by the shift functor,
then we recover the ring R = S. Hence, if I' contains S, then S contains R as a
subring and so S’ is noncommutative. However, I' must be large enough that F, R

generates gr-R.

Question 7.0.5. For a noncommutative Z-graded ring R, how can we choose
subgroups I' C Pic(gr-R) and autoequivalences {F, | v € I'} satisfying condi-
tion (6.3)¢7 When does . Fo R generate gr-R? When is S commutative?

We can also take an opposite view of (7.1). That is, given a stack x, a
quasicoherent sheaf O on y, and an autoequivalence S of coh(x) of infinite order,

we can consider the Z-graded ring

D Homaeon(y) (0, S™0) . (7.2)

nel

Question 7.0.6. Under what conditions on the stack x and the sheaf O does (7.2)
gwe a Z-graded domain of GK dimension 27

The study of the geometry of connected N-graded rings has led to a deeper
understanding of these rings. In exploring the questions posed in this chapter, we

hope that a more complete theory of the geometry of Z-graded rings is developed.
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