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Abstract

>'A dynamical description of coliective quadrupole"motion is
given. Quantum mechanlcal fluctuations of nuclear shapes and
their effects on coupling between rotations and vibrations, and
between'B—vibrafions and y—vibrations'are investigated. These’
effects indicate the neediof a more complicated 8-, y-dependence
of the collective potentlal energy than that used in the past.
A potentlal functlon, which is an extension of the Myers- Sw1ateckl
‘potential, is suggested. On using this extended potential, good
agreement is obtained with the experimental energy levels and
‘B(E2) values of Sm154. The general nature of the potentiél is.
utilized to gain some gqualitative understanding of other nucl_eiT
A metastable band, which represents gquantum mechanical tunneling

and which can decay to the ground band only through a cascade

involving one of the excited_bénds, is predicted.
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1. Introduction

The Bohr-Mottelsonl’2 description of coliective quadrupole
motion, approximated by a vibrational model in.case of spheriéal
nuclei and by a rotational model in case ofrdeférmed nuclei, has
been widely usea for understanding low energy propérties of nuclei™.
The energyrleyels and transition probabilities of nuclei often
deviate from the predictions of these idealized models. For'
example, the two phonon triplet of spherical nuclei is usually
split4 and the excitation energies of deformed nuclei often deviate
from the I(I¥1) rules. The purpése of the p:esentAinvestigation,
of which this is a preliminary feport, is to understand these
deviations, as Qeli as the basic assumptions of the vibrational
and rotational models, by giving a dynamic description of nuclear
deformations.

Baranger and KumérG’7 have recently developed an exact, num-
erical method of calculating energy. levels, static moments, and
transition probabilities corresponding to a given Bohr's collective
Hamiltonianl. This method makes the adiabatic approximation that
the intrinsié motion follows the collective motion of a nucleus.
However, the shape and hence the intrinsic motion of the nucleus

is free to change from one nuclear state to another one.' In fact,

the collective wavefunction of each stationary state is in general
a linear combination of many different intrinsic wavefunctlons.

'Therefore, thlS dynamical adiabatic approx1matlon is an 1mprove—

ment over the approximation where the shape of a nucleus is con-
sidered to be static or capable of executing only harmonic

vibrations. This method does not make the usual assumptions
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about (a) the eeparation of rotations and vibrations or (b) - the
“separation of 3— and y- -motions. Thus, it is p0531ble to test
these assumptlons; of particular interest are gquantum mechanlcal
fluctuations in the shape of'a nucleus which can be different for ‘ .
different states of the same nucleﬁs. |
In the numerical method mentioned above, the kinetic energy
.and potential energy of Bohr's Hamiltonian can be any arbitrary
functions of nuclear deformafions, subject only to the symmetry
requirements'of the Hamiltonian. 1In the present paper, the
kinetic energy of deformation has the Bohr forml which can be
- expressed in‘terms of a single inertial parameter- However,l

the potential energy of deformation, V(8,Y), is given special

consideration.

In most of the analytic or perturbative methodsg’9 of solving

Bohr's Hamiltonian, the potential energy is a quadratic function

of deformation. The'eQuiiibrium point occurs either for a spherical
shépe or for"a deformed shape. However, with the probability

of large fluctuations in the deformation, the essumption,of
guadratic potential energy cannot expected to be good, one reason
among many - belng that, with a deformed equlllbrlum shape, it does_
not satisfy the proper symmetry requlrements of Bohr's Hamiltonian.

Myers and Sw1ateck1lo have recently suggested a semi- emplrlcal

formula for V(B,y). " They obtaln the values of the constants of
this function by fitting thevground state binding energies and - o
This

quadrupole moments, and fission barriers of all nuclei.

potential. function has several remarkable features. (1) It -

does not require i_priori'knowledge of the shape of a nucleus.
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The lowest minimum of the potentialjdetermihes whether the nuCIeus:
under consideratidn is spherical or deformed. (2) It satisfies
the symmetry requirements ofABohr's Hamiltonian. (3)' Additionel
terms can be ‘included withoutAaffecting the nuclear béhaviour at
large deformations which lead to fiseion;

In this paper, we take the MS_(Myers—Swiatecki) potential'
as our starting point and search for the potentiai energy of a

well-deformed nucleus like Sm154. Then, we study the effects

of various terms of V(g,f) on the energy levels. We try to

answer some of the usual questions. What terms of V are respon-

sible for anharmonicity or deviations from a pure phonon spectrum?
What is the role pla&ed by prolate—obléte differences? What are
the effects of lack of axial symmetry? What are the.effects of
coupling between (a) rotations and vibrations, and (b) the B—.and
y- motions of a nucleus?'hHOw big are the gquantum mechanical
fluctuations and how do they depend on nuclear states?

Quantitative results are given for Sm154. The general

nature of the method is then utilized to make some gualitative

conclusions about other deformed nuclei.

2. Theoretical Baekgreund
é.l Bohr's Hamiltonian
A phenomenologlcal treatment of quadrupole deformations lS
prov1ded by Bohr's collective Hamlltonlanl° This is a cla551cal.
Hamiltonian involving five coordlnates describing both the |
orientation and the shape of the quadrupole. The orientation is

specified by Euler angles &/¢,Y, while the shape is determined
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by two variables, @ and Y . The three intrinsic radii Rl‘Ré{R3
. ’

are given in te:ms of G.and‘x by
R = R L1+ @&/#m)* eos (3-120")]
R, = Ro ! CT% 9 cos (¥ +'|‘9_‘oc,’)jj

- .
R, = Ro[l+(5/l+r> poeosy |

Ry being the average radius of the nucleus. '

Then, Bohr's Hamiltonian is

.H'=1 V(@?X) +'_r%¢ V+v7;d&.

© (la)
(1b)

(1)

S (2)

The first term is the poténtial energy of deformation and will

be discussed in Sec. 3. The second is the rotational kinetic

energy o e ]

j;wt ::“élt-jl(%;§>Caﬁ#Ffﬂﬁ(pr>cquﬁ-£g ((j{)(Qéi&) vk35'. 
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Whereg1'41"43 are the three principal moments of inertia, and;__‘
u% ,ab,cygare the components of the angular velocity on the

intrinsic axes. The third term of H is the vibrational kinetic

energy.
—  _18,( 'X)QZ'B (p X —L‘B‘ ).';2‘
ol =% Ceet? T T %XQ?‘?’O@' T3 Py (WY @

In Bohr's formulation, the six inertial coefficients, g's

and B8's, have the forms
: B I
T T S S I e

Thus, the tqtél kinetic energy depends on a single inertial
parameter, B . " Even though,the numerical method wused (Séé. 2.2)
can handle any arBitrary forms of the six inertial coefficients,
we use Bohr's form because of the obvioué simplification and.low
number of parameters. In fact, we have done some experimentatién

by using a differentfafor’X—vibrationsll, as compared to the 3 for

%-vibrations and rotations.' However, it does not lead to any
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significant improvement of the results of.SmlS4.

2.2 Numefidal'Solutions of Bohr's'Hamiltonian

qulecﬁive energy E:*J:and‘wavefunction .Tﬁlllﬁt corresp§ﬁ§4
ing to a statiénary state with angular momentum I;'Z—componen§'<'
M, and other gquantum numberé}L; are'determined by solving the

equation

H e = Bax e oo

A ' ‘ . , 1, 6,7
"where H is Bohr's Hamiltonian. The wavefunction is written as’ 7t

’l:}:(' (QT 74 LV) .K fLIKﬁ} ) LS) Mk. H)%(E,’b’) (Ba)

- : o %,-.‘_1 .. 'Q:(_q: | f
jOIMK'CB;*,W)=[(1I+\)/'6W o)) L, (649 +6) obmy_KQU;+,‘tf)]; o)

where x is ﬁhe intrinsic wavefunction of the nucleus,

K isvthe projectioh of I on the k=3 axis of the intrinsic system
and takes even, positive values oniy [K#O(Z,...,I for even I;}_A
K=2,4,...,(I-1) for odd I],:andEB5s are the usual rotational‘
matrlceslza There is a summation over K in Eq. (aa) since

" rotation- v1brat10n 1nteract10n can lead to band m1X1ng and then

K is not a good quahtum number.'_Also, the usual separation'of;
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the wavefunction QLIK(@’Y) into. a % dependent part and a ¥~ depen—
dent part is not made since these two motlons are in general not
independent. _

The wavefunctlons A&IK(Q;X) are computed by u31ng KATIE,
a Fortran code written byvthe author. This code employs the
numerical metnod developed'bvaaranger and Kumar6’7 and the
details are given in the references cited. Examples of wavesi'

functions calculated by using KATIE are shown in Figures 4-7.

In these plots, § is the radial coordinate, and 7Y is the angular

coordinate which'varies from 0" to 60°. It can be seen from -

The

§—W’region consists of a large equilateral triangle which is

divided into 256 small triangles. Values of ﬁilK are computed

at all the points of this §-¥ mesh. The left hand corner of
the large trlangle corresponds to Q ©, while the rlght hand
corner and the uppermost corner correSpond'UJ% % Value of ﬁ‘
or the cutoff point for numerlcal integrations is determlned

by testing the convergence of the numerlcal solutions and is

0.65 for the Sm154 Wavefunctlons shown in Figures 4-7. The

method ofvcalculatlon_of these wavefunctlons W1ll be dlscussed

later. They'are'normalized'in accordance with the relation

/d_?f vim 3Y A&IK% 7() (9)

.

=aem 2, gt |
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2.3 Quantum Mechanlcal Fluctuatlons

_ Keeplng the symmetry prOpertles in mlnd we define

I

?0 <Il %2C36137]I> - <I } %ce& 3’1;’] i>2) (1"‘0)'- '.

= 411?’1%33’HI> — x| psinaT = l(m-‘

L = <3:\§311i> v~<i]%maﬂrj‘-43:]-654;#31(}3:77'(1"2_)V

%?LW\-S- = <= %LII}z s . aa

/L I.chps 37Y)I>,j_ 5 5 - H as)

where I denotes a statlonary, nuclear state (Eqs 8), and jf"
%r.m;s.,’X}.m.s refer to root mean square values ' USing thel;f'

‘relatibns
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ches 3( Y) = Qcass") B cesa (o 128) = 8 otz (16)

3 5»;»3(—'&) == %Sm 3y % sin 3 (6-1267) = §sin 3y, a7

the integrals over7f=(fto 3600 can be easily reduced to integréls
overjéoO to 60° only. In fact, the integral < T.f %SQ‘3W’L3£:?
is always zero, but <:IL| CRyRY Lg;>'vanlshes only if the
wavefunction is symmetrlc around%~30 . We also calculate the
separation parameter}L, defined by Davydovl3, which is written

in our notation as

,

/(k: (2{‘-)“\?:/ G‘k.mas . v.'(lB).

2.4 :Intrinsic Moments

Expectation values of the quadrupole operators for an
intrinsic state ly:(;%77ﬁ):> , obtained by assuming uﬂifotm
charge distribution and using Bohr's definitions (Egs. 1),

are found to'be
R = <x|(en/s)E 1y, | %>

-[%/Q r)'— 1 :7;R %Lm&”ﬁ+@/tlﬁ) f%va 7(_] | (1ga>
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2, = <XNGE (Yo a0 )] X

S[3EnE]ERS B s C1-GJien)* pees¥] (190
where Ro;is-the averagé puclear'radius given by

- VA 13 | o

R = L2 A7 Xlo™ em. (20

v}

Note that the expectation values of M=+l components of the quad-.
rupole operator vanish ahd‘thosé of M=+2 components are equalf
~in the intrinsic system. -When'(=OO,VGQ2=O and Eqg. (19a) reduces

" to the familiar form®.

3. Collective Potential Energy
3.1 Requirementsvof‘V(G/K) o
‘(a) The Collective Hamiltonian and hence the_potential

functidn; V(%J), mﬁst satisfy the invariance re-
quirémentsrdiscussed by Bohfl. In particular, the
nuclear shape and the corresponding potential eneréyi 
must be independent of the choice of the axes.. 1t
can be seen from Egs. (1) that the transformations .
'(‘B;K) -—> ('Q,—’K) andl (%,"5’) —> ('%,X—lzoo)correspond to -
a simple relabelling of the three axes and-hence
represent the same nuclear shape. Thercfore, we

/ must have

-
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'V(%vﬂ = \/({,)9'_.«) ;‘V(Q?#— 120°) R '.‘(;}‘1)5 j‘

‘Hence the only terme that can be used in an expan51on
of V(%,W) are %62‘37' % , Or some comblnatlons of -
these tWo 1nvar1ants,

(b) It can be shown‘freﬁ very general considerations, for
example the self- con51stency requlrementsl of a |

Hartree -Fock type of calculatlon, that the spherlcal
15 ‘

_shape__( %__0_)_should—always be a solutlon of the

-Hamlltonlan. Hence, V must satlsfy the condltlon
W/ =0 p=0.  22)

In other words, V should not have any linear terms in
%, Similar conditions on the ¥-dependence require

that

’aV/ae( =0 _a:t s = ’YL_W/E}. (m=o0,ly2,... ) (23)

Comblnlng these conditions w1th those dlscussed before, we flnd
3

that the lowest order allowable terms are e ﬁ 605‘3%' T }Mng’f5cb%3%

etc.
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(c) Accordlng to a Wilets- Jean16 theorem, any‘X—indepeudént'
potential leads to degeneracy of the first exc1ted
4+ state and ‘the second excited 2+ state. In the
rotational uuclei;‘the'former state belongs to the
ground band and the_later'to either a E-vibrational
band or a Y -vibrational band. 1In the vibrational
model, the two states belong to the two phonon triplet.
The two states are usually non-degenerate in actual |
nuclei. Therefore, it is essential that the porential
function must have an adequate'x—dependence.17

(d) The potential function should be suitable for spherical,
"as well as deformed nuclei since it would be desirable
to have a unifiedvpicture for.both kinds of nuclei.

This might also enable us to study transitions from

one kind of nuclei to another kind.

‘3.2 Parabolic Expansions of v
The usual parabolic expansion of V around a deformed shape8’9

\(@"9“‘) :'%‘Cgi}(?? %O>9"+ ’\:3.. Cy (Wﬁ T;,)Lv , ({éO #0) .‘ (24

has been a useful guide in our understanding of %— and’X—vibrations.'
However, such a potential does not satisfy the requirements: dls—

cussed in Sec. 3.1. Eq. (24) ylelds different potential values B
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forvthe‘same nucleat_shape depending upon how‘the.intrinsic.axes,
are labelled Also, this potential does not have the corteCt
' behavior at? =0 or atY¥ = mE/2 (C, -T‘O)

The parabollc expan51on of V around a spherical shape'; V?%iCiQfL
does satlsfy the requltements (a) and (b) of Sec. 3.1l. However,
it leads to a pﬁre vibrational spectrum with a degenerate,_twou
phonon triplet. Additidnal terﬁs are needed to obtain the

spectrum of a realistic nucleus.

3.3 The Myers-Swiatecki potential
From their considerations of binding enefgies,'quadrupole
moments, and fission barriers of all nuclei, Myers and Swiatecki

: : L
_obtainlO

V(%,x) te g -JJD@ ot B +C, ex}o( Q/of’)

They glve exten51ve tables of the values of C, g'(a andCL. These
values vary falrly regularly over the nuclear chart. The first’
two terms of Eq. (25) correspond to changes in the surface energy
and the Coulomb energy of ‘deformation of a lquld drop nucleus.

_ Thef:-term leads to fission:at'large deformetions. .The third

term of Egq. (25) . attribqted to shell effectslo, the fact that

the single particle shell model levels are not uniformly Spaoed.



14 - . UCRL-1676'8

'These shell effects disappear at large deformatlons and do not
affect nuclear fission. In case of nuclei near closed shells,

' C; £ 0and the nuclei are even more tlghtly bound than the z(i%
term would suggest. In case of nuclei away from closed shells,
(30>%Dand the lowest potential minimum corresponds to a deformed'

shape.

The MS potentlal has several remarkable features which have
been listed in Sec. l; However, as we shall see later, it is
'not enough. Since the}f—term is usually small, this potentiall
is practlcally'X 1ndependent and the 2' + state and the 4+ .

~state of a nucleus are almost degenerate Therefore, addltlonal

terms are needed.

3.4 Extension of the MS Potential

Keeping the requirements of the potential, dichssed in
' Section.3.l,_in mind, a searCh,is made for additional terms of
the potentlal function. The calculated energy levels and E3(E:2>'$
are compared with the experlmental data of Sm154. We find itf h

necessary to add two ¥ -dependent terms to the MS potential

and write the resulting potential function as
V(0) = CF - ] e +E%+%<%/f>rw

+ G, 7’/&)% %Xj exp ( (/oo)

(26)

Both the Gl— and G2— Gaussians vanish at large deformatlons

and hence do not affect nuclear fission. The Gl—term affects
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the relative positions of the prolate (¥=0) and.eblate (X=60§)
- minima of V. When'Gl is negative,‘the prolate minimum ;S_IOWered.
The reverse happens for p051t1ve values of Gl The Gz-term does .
not affect the ax1ally symmetrlc part ( % =0° or 60°) of v, but
creates a hill (G2> 0) or valley (G2<1O) at‘X—30°. Effects of
these terms on the collec¢tive properties are discussed in Sec. 4.
a. Discussion of Results
4.1 -Determination of Parameters

The colleetivebprbpertfes that are discussed in this paper
involve essentially low energies and small deformations.as
compared to the fissien barrier of a nucleua. Therefore,‘we‘t"'
have nothing new to say about the first two terms of Eq. (26)%
The coeff101ents(¢and:?are taken from the MS tables and are‘
conelderedvto_be fixed. However, we do need to modlfy the shell
function of the MS potential. in order,to get a reasonable‘agree—(
~ment with the'experimental;data; Therefore, we treat the Gaussian
coefficients q;, Gy, and G, of Eq;'(26) as adjustabie parametersd'
and determine them by fitting the known experimental data. The i
Gaussian range Q, is treated as a fixed parameter Since its‘
main effect is to determine the magnltude of nuclear deformatlon
and hence small changes in Qido not change the nature of the
nuclear spectrum. We use a value of Aw=0.3 for Sm154. Our
estimate'is considerably larger than that used by MS, but it .is .
probably more realistic because (1) the magnitude of experi-
mental deformation is about@ =0.3 in the region eensidered and

(2) a look at Nilsson levels18 reveals that the shell effects

do not disappear until after ?)}0.3.
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We have an addltlonal parameter, namely the 1nert1al para-
meter Bof the klnetlc energy (Egs. 3 to 6). An estimate off3can
be obtained as follows. Grodziris19 has given a sem1—emp1r1cal

relation for the traneition probability
T(En;2->0) = 3XI0" (EinM (2 St e
;2>0) = ¢ (Elw Mev) (7 | /A) see. 5 _

‘where E is the excitation energy of the first 2+ state. Combin-

ing this relation with the rotational modelz, one obtains (using

the notation whereﬁ;=c=l)

-3 7/3 - o ,
B = lo X A C Mev! , o (28)
This gives a value of B=127 (MeV)_l for smi’? and the same has

been used in our calculations.
4.2 PofentialvEnergy of Sm154
A comparlson of the calculated energy leveéls and B(E2)'s with
the experimental data20 is shown in Fig. 1l.- Good agreement 1544-
obtained. The collective potential energy used for these :esulﬁe
is shown in Fig. 2. Effects of various terms of V on the energy
154

levels of Sm are shown in Fig. 3. The column (a) corresponds

to the first term of Eq. (26) which leads to the welleknOWn7
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phonon spectrum with a ‘two pﬁonon triplet Of 0'+,2' +,4+. Columﬁ
(b) of Fig. -3 corresponds to the first two. terms of Eq. (26)
Comparison with column (a) shows that the effect of the 53? C¢§fyx
. term is negllglble at this stage. "Hence, this term is not: ‘the
main cause of anharmonlclty. It should be noted here that (l)A
the ‘g' term Could not be made arbitrarily large.otherw1se the
nucleus would fission at unusually low energies and deformatlons,.
and (2) additional terms in ‘the expansion of V become 1mportant:”
near the fissidn_barrierlo but are unimportant for our purposestl
Column (c) of Fig. (3) corresponds to the first three tefﬁet
of Eq. (26). This is the MSApetential except for the diffetent'
'mégnitude and fange of the Gaussian. This G, — GauSsian lowefél
all the energy leVelS dramaticaLly; The ioWest three leveiswi
: have’theurotétional sequence O+,2+,4+. Also,lthere is a dramatie
change in the value of B (E2,0»2) from 1.0 to 3.7 (not. shown in -
" the figure) whichvindicates that the nucleus has deformed. HOW" :
‘ever, similarity with the rotational pictufe ends there. The,u
energy levels of a rotational nucleus are cﬁaracterized by an
energy gap of about 1 Mev between the 4+ state of the ground
band and the'2'+ state which'should belong to a %—band or a
fK—band. (See, for example, the experimental spectrum shewn.at:
the.right of the figure.) Instead, in case Qf'thé spectrum ”
shown in column (c), the 4+ and 2'+ statee are almost degenerdte.
The reason is.that the MS potential is ptactically qlindependent
since the‘f—term‘is small. Therefore, there is guantum mechanical

tunneling between the prolate and oblate minima of the potential
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at rather low energies. Interaction between rotation and Vibration'
is strong’and‘K is not a good quantum nuﬁber:at all.

Column (d) corresponds'to the first four terms of V (EQ~:26)-
Comparlson with column (c) shows that the Gl—Gau551an, which has
a negative value in thlS case and lowers the prolate minimum as
compared to theloblate one, does create an appropriate gap ofethe
k ind mentioned above. However, the %—band and the ¥ -band are .
almost degenerate -- in fact, the ¥- band is lower -- in contra—
dlctlon with the experlmental data.

Column (e) shows the effect of adding the Gz-Gaussian to the
potential of column (c). This term separates the prolate and
oblate minima by creating a hill at’X=30 . This has the effect of
creating.an oblate band with its:bandhead 0'+ at an excitation
energy of 0.6 Mev only. It is perhaps not impossible that‘both
prolate and-oblate bands may exist at fairly low energies in some
154

nuclei. But this does not seem likely in case of Sm Therefore,

we conclude that it is essential to have a term of the type dis-
cussed in the previous paragraph which creates a substantial prolate—

- oblate difference. The,Gz—Gaussian also plays an essential role in

that it removes the near degeneracy of the Q—banddand the ¥ ~-band of

col. (4). ' The resulting spectrum is shown in col. (f) which is ln

-rather good agreement with the experiment. Since these calculations

require about 10 minutes of CDC3600 for each run, most of our

calculations are done for only the nuclear states shown in-Fig. 3.
Some additional states are also calculated and are shown in Flg 1.

154

Some of the collective wavefunctions, A L TK for Sm are

shown in Figs. 4 to 7.



19 | , ~ UCRL-16768

4.3 Comparison with the Rotatlonal Model

Here, our purpose is to understand some basic assumptlons of the
rotational modell'z.'“For a given Hamlltonlan, many quantltles can
be calculated by u51ng the standard techniques. For example, the

.exc1tat10n energles of the ground band of a prolate nucleus (T—O )

- are given by

(29)

T
where
_ 5 m_ O\ _d /5 = 52 o (30)
i= 9,(?,’2{_0)-32(*\:,%’-0)__386 3 |
and %)i:refet to tﬁe'lowest minimum of V(@;X). -Energies of the
Q—phonon ( EOH) and the ¥ -phonon ( E2y+_) are given by
S(31)

gy = L@ V/28) S

Ey = [(@"*V/“%‘Y?)/B§2] . '_(32‘)_'
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‘The B(E2) value ¢onnecting the lowest two states of the gréqhd'

band is given by

B(E2j0>2) = G/em) & . o

is the intrinsic qﬁadrupole'moment, defined by

where &l

. ' - . = 0 .
Eq. (l19a), and - calculated at.@= %,’b=ﬂx=0 . Branching ratios for

0

the intra-band transitions are given by15 the ratios of Clebsch-

Gordan coefficients:

B(E2; T K, > 1y K;z - <C . K K}_
' /! AN v . ‘ |
B(E2; T/ K/ ﬁlg Ke ) ~T 2 I > (34)
K KK

- The spectroscopic quadrupole moment of a state I,K is given by'2

2l

q__ . \ o ,.» - . B
L =[BT e R e
Values calculated according to the above formulae are compared
with the results of the dynamic metﬁod used in the present paper

‘and are given in Table 1. Agreement in the results of the two

methods of calculation is rather good. The main effects of. the
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dynamics are the follcwing. Energy of the first excited state is.
increased by 15%, or the effective moment of inertia is decreased
rby 10%. Energy of the g-phonon is decreased by 15% and that of the
-y-phonon by 20%. The branching ratio involving decay of the é+
state of the B-band is reduced by a factor of 2;

The main reason for the good agreement seems to be that K 1is
a‘rather gcod guantum number for the bands discussed-above. This
implies that coupling between rotations and vibrations is notvsigni-
ficant in this nucleus. The disagreements are probabiy due ﬁo
coupling between the B~moticn and the Y-motion of the nucleus.

This coupling is caueed by guantum mechanical fluctuations in the
shape of the nucleus. Magnitudes of these fluctuaticns and root
‘mean sqdare values of the deformation variables B8 and Yy are given
in Tacle 2. As the excitation energy is increased, the root mean
square values do noﬁ change significantly but thevfluctuaFions
become larger. Also, the‘separaticn parameter u (Eg. 18) becomes
larger. _Our calculated values of/L are always much larger than the
upper limit of 1/3 suggested'by Davydovl3 as a criterion for the
seperation of B—hotion and Yﬁmotion; o |

Large fluctuations at high excitaﬁion energies lead to quantum
mechanicaldtunneling between the prolate end the oblate minima of |
the potential and create a metastable band, denoted by m—band..
~ The presentrtheory predicte thevhead of this band to be a 0¥‘state
at an excitation energy of'l.879 Mev (Fig. 1). This pand is meta-
stable in the sense that direct E2 transitions from the states of
- this banad to those of the ground band are highly forbldden It

can be seen from Fig. 1 thatvthe most probable mode of decay of
thlS band is through the cascade PR 5270 a0 a2 40 424004
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involving states of the g-band.
o ‘

[

4.4 Detailed Study of Effects of‘V ‘
In this subseetion, We”present results‘of_variatien ef the'three'
Gaussian terms Of-Eq; (26).”‘Other pafameters are. the Same-as_those 
used for our smi®? calculation. fThe results are shown in_Fi§e¢'. N
8-10.. Fig. 8 shews'the effeetstof”the qj‘—term (Gl;62=05} ’for> 
B q)=0('we have a spherical nUcleﬁs with the ueﬁal phonon spectrum:
As G is given inereasingly negative{values,'tﬁe nucleus beeehes'g
morevtightly bound. Its coliectiﬁe wavefunction 1is mofe high1y 
concentrated arouhd§3=0 andfhence.the B(EZ)VValue decreasesﬂ The
two phonon triplet ie split;‘butithe 2'+‘ahd 4+ states remain de-
'generate,beceuse'of 7¥-independence of the potential. When Gd is
made positive,Athere is a general collapse of the phonon spectrum
and the B (E2) value increases sharply; The ntcleﬁs gets defermed
“but there is too much. coupling between the Varioue motions.
Effects of the Gl—term (G0=.1O Mev, G2:0) are showﬁ_in F%g.
é. Negative Vaiues.ef lelower‘the prdlate minimum relative to the
oblate one. ‘Positive=valuesiof.Gl héve the opposite effect.
Spectra on the two sides ef the Gl=0 column are almost the same
except for the‘slight difference due to the f—terh of the MS potential.
which favors prolate over oblate. Thus, one cannot distinguish
between prolate andvoblate.deformations on the basis of energy levels
alene. One has to determine the signs of auadrupole moments of
excited states. | |
Effects of the Gz-Gaussien (G&=lOMev,Gl:0) are shown in Fig.
10. Positive values of G2 create a hill ath=300 and hence.increase

tﬁe tendency towards axial-éYmmetry. The band starting at 0'+



23 "  UCRL-16768

state 1is not the usual B- Vlbratlonal band, but is an oblate band
51nce the correspondlng wavefunction (not shown'in the flg.)‘lS
concentrated around the y=60° axis. NegatiVe valuesch2 create a
valley at Y=30O and the nucieus becomes asymmetric or "non—axial"(
"and a DaVydoV—Filippov21 type of.Spectrum is obtained. The pre-
dlctlon made by Das- Gupta and Gunye23'about the lowering of»2'+‘
state below 4+ is conflrmed However, the B- band is pushed to -

\
very hlgh exc1tat10n energles.

It is hoped that these flgures will be useful in learnlng about
the y- dependence of the potentlal of a nucleus Howevery, 1t should
be kept in mind that each term of the. potentlal affects all. the
| energy levels and wavefunctlons and therefore only qualltatlve con-
clu51ons can be drawn without doing the actual calculatlen for a -
particular nucieus.v Aiso; it is necessary to have reliable data
about both the g-band and the y-band of a nucleus before one. can

arrive at any meaningful-conclusions.

5. Summary .and Conclusions

The 8-y—dependence cf ccllective potential energy of a weli—
deformed nucleus like Sm154 is investigated by using a numerical
method.of-SOlving Bohr's ﬁamiltonian. The potential function of
Myers.and Swiatecki is used as a starting point.-vao y ~dependent
Gaussians are added.to their potential. One of them increases the_
prolate-oblate difference, while.the other term separates the two
minima by creating a hill or a Valley‘at Y=300. The former term is

essential for preventing quantum mechanical tunnellng at unrewllstl—

cally low energies and thus providing an energy gap between the

ground band and the excited bands. The later term is needed to
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separate the B-band and tbe Y-band of the nucleus.

While the coupllng between low energy rotations and vibrations
of the»Sm154 nucleus is weak and K is a good quantum number, that
between R-motion and y-motion is not negllglble and lowers the
phonon states con51derably.‘ This coupling between’ 8- and Y motlon
comes from quantum mechanlcal fluctuations which are not neﬁ%gible:

even 1in case of a well-deformed nucleus like Sm154. These

fluctuations are cuite large at.an excitation energy of about 2 Mev
and lead to‘tunneling between tbe prclate shape (the ground state5
and the oblate shape of the'nucleus The correspondlng states
form a'metastable pand. The B(E2)'s connectlng this band to the
"ground band are'vanishingly small. ‘Therefore, states of this mete-
stable band would decay thrcugh the intermediary of either the B-band
(the more probable of the two possibilities) or the y-band, and
form a cascade of several y-rays. The formation of this band would
probably be more dlfficult than its detection. One possibletmethod
of formation is the process of double coulomb excitation Q—vprobably
a very difficult experiment. However, it would provide a test
of the present‘theory, as uell as that of the theory of Coulomb
excitation since mixing with the single or direct process woulélbe'
small. | |

Calculatione involving the=applicatiqn of the present methods’
to other deformed nuclei, ‘and to spherical nuclei arevin progress.
A more satlsfactory way of determlnlng the parameters of Bohr S
Hamiltonian is to. calculate them from a mlcroscoplc model of the

nucleus. Calculations of this type which employ the Pairing- Plus—

Quadrupole model are. being done22.
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Table 2.

Table 3.
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TaHle'Captions
Effects of Dynamlcs on the Results of Sm154. 'S.M.‘refers
to the statlc or Rotatlonal model method and D M. to the
present method. In ‘each case, parameters of the collectlvel
Hamiltonian are the same as those used for Fig. 1.
Methods of calculatlon are dlscussed in the text. 1The
ex01tat10n energxes E, are in Mev, the B (E2) values are

e

in e?)L\o” Cnm&},and the spectroscopic guadrupole

. (-2
moments élj: are in € X lo '+

2
C")T\/ ]
Fluctuations and Root Mean Sguare Values of the Nuclear
Shape of Sm154. The.symbols @,@/X,hlrefer to‘the groundw'
band,le—band,%'—band, and the metastable-band, respectively.
Other guantities have been defined in Section 2.3.  Para-

meters of the Hamiitonian are the same as those used for

_quig. 1.

B(E2) values connectlng @ band and ¥-band of Sm154.

Parameters of the Hamlltonlan are the same as those

used for Fig._l°
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t Table 1.

S.M D.M ‘EXPT.*%
E,, 0.072 0.082 -'5.082 
E4+/E2+ 3.33 - 3.21 3.26
Eors 1.28 1.09 1,;9
Eyury 1 éo‘ 1.42 1.44
B (E2;052) 4.5 4.7 4.6
B(E2;2'+0) 0.70 0.36 0.47
B(E2;2'»2) I
B(E2;2''~0) 0.70 0.65 0.65
B(E2;2"'~2)
Q, ~1.93 ~1.97
Quy - -2.45 ~ -2.54
0,0y ~1.93 -1.88
Qs -2.45 | . -2.46
Qé.,+ 1.93 1.94
Qg 0.00 - 0.00
Quiry  0.98 - -0.97
Qyvig -1.93 -0.54
Qurivg -2.45 ~0.59

* Y. Yoshizawa et. al., Nucl. Phys. 73, 273 (1965) .
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4"V+

0.051

-0.065

Table 2.

Bénd State <Bcos3y> fO f2 £ Br.m Yr.m.s. Rt
N 0.276 0.008 0.037 0.045 0.348 1114 0.86
2+ 0.281 - 0.008 0.037 0.045 0.352 ©11.03 ' 0.85

4+ 0.290 0.007  0.037 0.044 0.358 10.86 0.83

B 0"+ 0.248 0.022  0.035 0.057 0.344 11.03 0.98
2'+ 0.266 0.018  0.036 0.054 0.353 10.80 0.93

4'+ 0.281 0.017 - 0.038 0.055 0.366 10.72 0.91

Y 24 0.187 0.018 0.077 0.095 0.361 16.76 1.20
3+ 0.206 0.014.  0.079 0.093 0.369 16.57 1.17

4+ 0.214 0.015 0.078 0.093 0.373 ©16.23 1.16

m 0"+ 0.114 0.050  0.037 0.087 0.316 12.48 1.32
2"+ 0.117 0.052  0.052 0.104 0.342 13.89 1.33

0.98 0.116 0.354 15.38 1.36
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Table 3.

'Transition B(E2)
0'+2" ' 0.019
2iaan 0.030,
2'3 | 0.011
2'>4" 0.046
2maan . 0.002
3 »4? o 0.044

gregn - 0.014
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Fignre Captlons
Energyelevels and B (E2) Vvalues for Sm154{ The lowest

I=0 level is labelled 0+, the next one 0'+, and so on.

The energy levels have been: grouped into the conventlonal

'ground—band (k=0), Q—band (K=0) , ¥-band (K=2), and a

predieted metastable-band of mixed K-values. The energies

2 b8
.are in Mev and the[%(EZ) values are in units of e~ Xlo Om.
Known experlmental data are given in brackets and are

taken from Ref. 20. The starred values are uncertain.

Comparison with the experimental branching ratios

is given in Table 1.. The calculated B (E2) values connecting.l.

the p-band and the ¥ -band are listed in Table 3. Para-

-1

meters of the collective Hamiltonian are: B=127 (Mev) ~;

C=77 Mev,§-=9.7'Mev;CL=0.3,(30=9 Mev, G,=-3.5 Mev, and
G2=4.5_Mevl

. 154 . . R |
Potential Energy of Sm . This is a polar plot of V(Q,T)
used for the results of Fig. 1. The lefthand, the right-
hana, and the uppermost eorners of the triangle correspond
to (p=0), (Q 0.65 7—0 ), and (@ 0.65,%=60°), respectlvely.

Equlpotentlal-llnes are shown. Lowest minimum of thlS

pbtential occurs»at§=ﬁh33;7=0° (prolate), and v=5.1 Mev.

There is a second‘minimum at B=022)7=600 (oblate), and

V=8.0 Mev. There is a maximum at % 0 spherlcal) and v=9. Q
Mev, and a saddle point at %NO 24, ’X,4O ‘(non- ax1al), and

V=8.6 Mev.
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Fig. 3. Effects of Various Terms of V(8,y) on the Spectrum of Sm154,

" Columns (a), (b), (c), (d), (e), and (f) correspond to
the C; C and. £; C, f, and GO; c, f,'Go and Gl; c, £, GOf
G,, and G, terms of V(B,y) used

and G and C, £, G

27 0’ 1 2

for Fig. 1.

154. i=O=K. Values of

Fig. 4. Grqund State Wavefunction of Sm
| A rg are givén at each point.of the B-y mesh which

consists of a large equilateral triangie (with the same

dimensions as in Fig. 2.f aivided into 256 small triangles. °

This wavefunction ié concentrated in a small region near

the lowest minimum of V(B,Yf of Figs. 1 and 2. Ampli-

tﬁde of the largest magnitude has been underlined.

Fig. 5. g-band Head Wavefunction of Sm154.

I=0=K. Similar to
Fig. 4 except that this wavefunction is spread out
over a bigger area of the 8-y mesh.

Fig.. 6. Y-Band Head Wavefunction of Sm154.

I=2=K. This wave-=
function vanishes along the y=0° axis because of symmetry
properties of Bohr's_Hamiltohian° The K=0 component'is

practically zero and is not shown.

Fig. 7.. m-Band Head Wavefunction of Sm154. I=0=K. This wave-
function is spréad out over practically the whole tri-
angle and has about equal magnitudes for a prolate

shape, a sphericalfshape, and an oblate shape.



' Fig. 8.

Fig. 9.
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Variation of GO' Gl=G2=0. Other parameters are the

same as those used for Fig. 1.

Variation of G- G0=10 Mev (a typical value for a
deformed nuéleué),'Gzio.' Other parameters as in
Fig. 1. Note that the slight asymmetry around Gl=0 is-

due'to-the f term.

Fig. 10. Variation of G2.‘ GO=10 Mev, Gl=0., Other parameters as

in Fig. 1.
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, '"person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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