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' On Expansion of Exchange Kernels for Reactive Scattering

John E. Adams and William H. Miller*

Department of Chemistry and Materials and Molecular Research Division
of Lawrence Berkeley Laboratory, University of California,
Berkeley, CA 94720

Abstract

Two methods of-tfeéting the exchange kernel appearing in Miller's
formulation of reactive scattering are investigated, with the most promising -
being an improvement of the separable ekpansion used previously. On ;he
basis of results for the collinear H + H2 reaction, it appears that calcula-
tions within this formalism can be traCtablé for more genefal bimolecular

reactions.



I. Introduction

In a recent paper by Garrett and Miller,l the general férmulation of
reactive scattering pre&iously described by Miller2 has been appliéd to the
H + H2 collinear rgactiqn. Such a formalism, which avoids the use of methods
which must be explicitly matche& to each individual problem, has been shqwn
to generate reaction ﬁrébabilities with an accdracy comparable to that

obtained by the more specialized methods.3 It was noted, however, that the

talculation has a somewhat disquieting feature in that an expansion made

for the non-separable exchange interaction term necessitates the use of

a large number of expansion functions in order to adequately describe the
direct exchange'effect._ Thus one may ask if there is a better but'yet

still convenient way of handling such a non-separable exchange term. Once
such an improved characterization has been obtained, the application of tlis
general reactive scattering formalism to other bimolecular collisions should

become computationally tractable and thereby should provide an attractive

method for studyingmore chemically intereéting processes.

Two approaches to.the impfovement of the exchange kernel description
are presented in detail in Section III. The first involves an attempt 'to-
solve directly the integro-differential equations arising from the theory
by an iterative'procedure.’ However;'for physically realistic exchange
terms it appears that the magnitude of the kernel is sufficiently large
that theitération scheme will not converge in its present‘form. Thé
second.approéch concerns an alternate method for constructing avseparable

expansion of the exchange kernel which allows more knowledge of the

_interaction to be built into the description. As indicated below, we



shall show that this improved separable approximation does indeed do a very
good . job' of reducing the number of basis functions required for an adequate

characterization of the rearrangement process.
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II. Review of the Theory

Inasmuch as the details bf Miller's formulation of the reactive scatter-
ing problem are given éisewhere,l’2 we will merely note the important
features of the formalism here. For a.collinear reaétion of the gengral
form A + BC ~ AE + C for which the collision energy is such that only the
groﬁnd vibrational state$7of reactants and products are open, one writes
the wavefunctionvdescribing scattering‘from the initial channel ao(ao = a
or c) as

¥, (£:R) = ¢a(fa)f‘;_a

, (R) + 0o (rdfquy (R + ;cnxnu,m

0
where a(A+BC) and c(AB+C) label the two possible asymptotic arrangements

for which (ra,Ra) and (rc,RC) respectively are the appropriate Jacobi
coordinates, only two of the fbur coordinates being independent. Initially -
one presumes knowledge both of the wavefunctions which characterize the

asymptotic diatomic vibrational states, ¢a(ra) and ¢c(rc), and also of a

_ finite set of square-integrable functions {Xn} which describe the effect

of the energetically closed channels. Then, by application of a variational
principle, one determines the expansion coefficients {Cn} and thereby the

set of coupled equations to be solved for the unknown radial functions,

fa+a0(Ra) and fc+d0(Rc)'
If, however, the discussion is specialized to the H + HZ exchange

. reaction, one may take advantage of the symmetry of the resulting equations

and construct a set of decoupled equations for the functions f+(R) and

f (R) defined by‘”

?i(R) = fa*ao(R) * fc*ad(R) .
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Thus, by addition and subtraction of the coupled equations, the following'

independent integro-differential equations are obtained:

hz d2 ' ] ' :
[- ozt v, (R)-E(] £, (R) tde VxR £, R
+ 1 '
+ 2 z;n A (R QI )<A |£,> = 0 (2.1)
n,

where

VO(R) = fdr‘ ¢O(r)*[V-v0(r)] ¢0'(r)'

: ' 2 .2
1 ] — BI(R,R ) h_. d - 1 -
Vex(R,R ) = B [- o —dR'z + V vo(r ) EO]
* 9ol R,R1)] ¢ylr (R,RD]
M =

nom = X [E-EDG

AR = far 600 (B-E) (7,0)
bR = 6, (®) = ¢ _(®)
E0=E—'80

In the above equations H is the total Hamiltonian, V is the total potential
energy, VO(r) is the asymptotic ground vibrational potential function for

HZ’ and €4 is the vibrational eigenvalue corresponding to ¢O(r). Since the
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correlation functions {xn} arevchosenvtd have a dgfinite parity upon the
exchange (ra,Ra) ++v(rc,Rc) and furthermore since the matrix M does not
contaiﬁ matrix elements which connect states‘of differing parity, the
summation in Eq. (2.1) retains only the correlation terms of + or - parity.
Inasmuch as the term which describes the closédechannel effects is
expiicitly separable and hence is inhereﬁtly easier to handle, we shall
restrict our discussion which follows td a considératiph of the_nafure of
the.open—channel ekchahge effect. Thus; instead of examing Eq. (2.1) as

a whole, our study is based on the equation

hZ ‘d2‘ ' 1 N

which includes only the energetically open channels.



III. Treatment of the Exchange Kernél

a. Iterative Solution

As has been previously indicated,l there is an obvious analogy between
these scattering equations and the conventional Hartree-Fock expansions of
electronic structure theory. One is.tempted, therefore, to try to solve the
équations via an iteration scheme analogous to an SCF calculation:

2 2
h™ 4 : (0) oy = =far' 1y (n-1) ¢ ,
-5 S2 * ToWrEgl £ @ - ,:/&R v ®&H £V @RY @y

where n counts the iterations.
If fO(R) is the régular soluﬁion of the homogeneous differential

equation, i.e.,

n? 42

(0) -

then the iterative process is begun by taking £  "(R) = fO(R), substituting

the zeroth order solution into the right hand side of Eq. (3.1), integrating

(1)

this inhomogeneous equation to determine £,

(n)

+

(R), then repeating the cycle
until £ (R) = fin?l)(R) to the accuracy desired. Note aiso that such an
operation is equivalent to éumming a Born series;4 for example, a single
iteration yields the solution obtained via the usual distorted-wave Bdrn
approximation. |

The difficult with such an approach lies, of course, in the convergence
pfoperties of Eq. (3.1). To get an idea of the conditions under which a

solution may be obtained by iteration, consider a simple separable approxi-

mation to the exchange kernel,
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- ) 1
V_ (R,R) = Ag®R) gR)
where g(R) might, for exémple,'be a gaussian centered about the maximum of

Vex‘ For this case, Eq. (2.2) then reduces to

[» h2 d2

w2t Vo®)-E)l £, (R) =74 g(®) <g|f,> (3.3)

which is known to be solvable in a closed form,
- -1
£,(R) = £,(R) % Gog-A<g|f0>(l ¥ A<g|G0'g>)“ ,

where G0 is the Green's function corresponding to Eq. (3.2).. Once the
solution is in this form, one can identify the’convergence criterion by
noting that the second term on the right has the form of thebsum of a

geometric series, for whichlthe coﬁvergence properties are well known.5

Thus one sees that an iterative solution will be obtainable if and only

if
la<glogle>f<1 . | (3.4)

Unfortunately, our calculations have shown that Eq. (3.4) will not
gengrally be satisfied for realistic fits of the séparable form to the
actual Vex(R,R'j at collision energies for which ;he reaction probabilitiesv
are non-negligible. Conseqﬁently, one finds that inclusion of the
rearrangemént effectsvpfdduces a significant additional phase shift,
making fO(R) a poor approXimation,tO'ft(R), The higher terms in the Born
series will, therefore, make a significant contribution to the scattering,

so that a distorted-wave Born approximation is clearly insufficient.



One also notices that ﬁhe analogy between this development and Hartree~
Fock theory is not és close as might be hoped. 1In practice the exchangé
kernel, although maniféstly nonlocal, is confined to a relatively small
region of space (R,R' = [1.,5.] bohr) and as such does not produce the
average potential field which is charac;éristic of electron gxchange.-
Therefore one should not be too surpriséd that an SCF-like appfoach to

equations describing molecular rearrangement is not particularly successful.

b. Separable Expansion o-f-Vex
Garrett and Miller,l in-tﬁe initial complete'apﬁlication of the
exchange kernel formalism, made a separable approximation to_Vex, namely
Vex(R,R") = z u; (R) <ui|Ve'x|uj> u ®H (3.5)
i,j . :
where {ui} is a convenient basis set. Since their calcﬁlation was converged
withkrespect»to an\increase in the number of basis functions; Eq; (3.5)
represents an essentially exact treatment of the direct exchange contribu-
tion. Iﬁ addition, the use of a separable expansion greatly facilitates
computation in that all of fhe-inhomogeneous terms in Eq. (2.1) are then
separable. Consequently one can obtainva solution for.fi(R) in a closed
form. Howeyer, as mentioned previously, this "outer" expansion of the
kernel requires that a large number of functions be inclﬁded'if convérgence
is to be achieved, and hence this particular approach would likely prove
to be unwieldy for systems larger than H + HZ'
In order to make these calculations more generally applicable, we

have investigated a second separable approximation, an "inner" expansion

defined by

N
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L L
Vex(R’R') = <RIVex Vex exIR g
e -1 ' |
= ;E; <R|Vexlui>(<ui|Vex|uj>) <uj|Vele > - G.6)
; ; ,

where (<ui|vex|uj>)'1 denotes the (i,j) matrix element of the matrix inverse
of the matrix <u,|V__|u,>. Note that now the epansion vectors are {V__u.}
i'"ex!' ;3 : ex i
rather than {ui}, and accordingly more knowledge of the exchange is built
directly into the development.
To see the consequences of improving the approximation for Vex’ consider

another very simple model for the exchange,
- PR ' o
Vo (RR') = AS(R-R) S(R'-Rp)

a modei which is lpcalized (in the expreme) at R = R' = RO; note that the

actual kernel for H + H, in reference 1 is qualitatively of this form.

2

Applying Eq. (3.5) one obtains the outer expansion,
' A ) .
v, (R.R') = A f‘:J u ®) vy (R R w Ry

‘

On the other hand, using the inner expéﬁsion, Eq. (3.6),

Vek(R’R') . Z

;,j ‘ A_ui(RO) uj(RO)

2 ' ' :
A §(R—R0) S(R —RO) ui(RO) uj(RO)

AG(R—RO) §(R —RO) .

identically, regérdless of the form taken for {ui} or of the number of

functions used. Clearly, unless a rather large number of expansion
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functions are retained, these two expressions will differ significantly.
One is therefore encouraged that this inner expansion may substantially
improve the characterization of the kernel and in doing so decrease the

size of the basis set required for an accurate solution.

P

o
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IV. Results and Disdussion-

Qur calculations of the H + H2 cqllinear rgaction probability were
performed on the Por_ter—Karplus6 potentiai surface at a coliision energy
of 0.4898 eV; Except for the way in which Vex'was handled, there was .
little difference between these computations an& those previously reported,

although we have restricted our present study to the direct exchange

contribution since the indirect exchange via the closed channels already

~seemed well characterized.

In order to obtain the best separable description of Vex while at the
same time minimizing the number of basis functions needed . in Eq. (3.6);
a seafch was made'fér the pptimum éhoice of paraméters for the {ﬁi}. Thesg
func;ions, taken to be harmonic oscillator wavefunctions;7 contain two frég
parameters—the point about whiéh the functions afe gentered, RO’ and a
quantity related inversely to the "widfh" of the functions, B. The results
of this search ére shown in Table 1, where we list the open—channel reaction
probability for various values of 82; in.all cases R0 was chosen to be the:
point at which the'exchange kernel has a maximﬁm. It is evident that thé
number of functions required for a converged expansion is strongly depen@entb
upon the choice for B. 1In contrasﬁ, qalculations using the outer expansion
show convergénce which is virtually independent of the function width. This
difference in the behavior of the two descriptions suggests that whéreas the
outer expaﬁsion,is sufficiéntly-poor thét many basis functions must be
included regardless of the details of the functional forms, the inner
expansion, by providing‘more flexibility in fitting a specific form of‘the

exchange kernel, requires that the basis functions be "tuned" in order that
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‘the fit be optimized. Thus, for large values of B, one is obliged to
use many functions just to span-the coordinate space over which thé
rearrangement is most likely to occur simply because the spanning functions
are:themselves too localized, On the other hand, for very small B, the a
functions becoﬁe so spread out that they have a substantial amplitdde in ' ' W
the region of the respuléive wall of the potential, a”region which is
pobriy described in géneral. Therefore one expects the optimum choice
for B to appear in an intermediate region, this expectation being borne out
by the tabulated results. |
The pfimary point of this paper, as seen in.Table 1, is that the inner
expansion provides a much more efficient representation of the exchange
kernel. For the bptimum choice of B, for example, a converged reaétibn
probability éccurate to three significant figures is obtained with only
8 basis functions via the inner expansion, whereas 25 basis functions are
required to achieve;this éccura;y with the outer expansion.
Overall this improved expansion of the exchaﬁge kernel provides a
significant reduction in the magnitude of the computétional problem which
is associated with Millgf's reactive scattering formalism. Such a réductipn,
hopefully, hés made the extension of this method to higher dimensions or to

more chemically interesting collision partners much more feasible.
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Table 1. Open-channel reaction probabilities for collinear H + H2

Number of Widthgparamefer, 82
expansion functions 24.0 20.0 16.0 '12'0 7.0 4.0 1.0
2 .0001  .0000 .0008 .0130 .0938 .1736 0006
4 .0082  .0441 .1407 .7078 .1294 .1139 .1134
6 2613 .1501 L1163 = .1064 .1082 .1124  .1138
8 .1055  .1026  .1029  .1043  .1147 .1137  .1154
10 .1010  .1016 .0958 .1159 .1137 .1137 - .1171
12 .0966  .1365 .1149 .1138 .1137 .1137 .1120
14 1176 .1143  .1138 1137 ~ .1137 .1144  .0790
16 L1140 .1137  .1137  .1140 .1137  .1137  .1266
18 1137 L1137 L1137 L1137 L1137 1141 .0818
20 1137 .1137 .1137  .1137  .1139

.1137

.1033
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