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ABSTRACT OF THE DISSERTATION

Boundary Characterization of a Smooth Domain with Non-Compact Automorphism
Group

by
Bradley Gray Thomas

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, June 2012
Dr. Bun Wong , Chairperson

One of the most important problems in the field of several complex variables
is the Greene-Krantz conjecture:
Conjecture Let 2 C C™ be a smoothly bounded domain with non-compact automor-
phism group. Then the 0S) is of finite type at any boundary orbit accumulation point.
The purpose of this dissertation is to prove a result that suppports the truth-
fulness of this conjecture:
Theorem Let Q) C C" be a smoothly bounded convexr domain. Suppose there exists a
point p € 2 and a sequence {¢;} C Aut(2) such that ¢;(p) — q € 9Q non-tangentially.

Furthermore, suppose Condition LTW holds. Then 02 is variety-free at q.
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Chapter 1

Introduction

In any category, it is natural to ask which objects in it are equivalent. This
is no less true in the category consisting of bounded domanins in C", with morphims
being the holomorphic maps between them. In one dimension, the task of classification
is already complete: Any simply connected bounded domain in the complex plane is
biholomorphic to the unit disc. This incredible result is given by the Riemann Mapping
Theorem. It is natural to ask, then, if such a result holds for bounded domains in C".
Unfortunately, the answer is no. Hence, if any classification is going to be obtained,
the set of bounded domains in C” must be restricted to a smaller collection satisfying
some additional property. One such collection is the bounded domains in C" with a
non-compact automorphism group. Can any sort of classification be obtained in this
case? One important tool needed in order classify such domains is the Greene-Krantz

conjecture:

Conjecture 1.0.1 (Greene-Krantz) Let Q C C" be a smoothly bounded domain with
non-compact automorphism group. Then 082 is of finite type at any boundary orbit

accumulation point.



The purpose of this dissertation is to prove a result that supports the truth-
fulness of this conjecture, namely that the 0f) is variety-free at any boundary orbit
accumulation point. This is a weaker conclusion, since finite type implies variety-free.

Here is the exact statement of the result, with the assumption of the truth of Condition

LTW:

Theorem 1.0.2 (Lee-Thomas-Wong) Let Q@ C C" be a smoothly bounded convex
domain. Suppose there exists a point p € Q and a sequence {¢p;} C Aut(?) such that
¢j(p) — q € 092 non-tangentially. Furthermore, assume Condition LTW holds. Then,

Sq is trivial and hence 0N is variety-free at q.

Condition LTW is a techincal assumption. Please see page 7o for more information.
Here is what follows:

In Chapter 2, a general study of the bounded domains in C” with a non-
compact automorphism group, with an emphasis on any known or potential results that
provide a classification of such domains. The purpose of this chapter is to provide both
a general framework and a common set of terminology to be used throughout the latter
part of the document.

In Chapter 3, the definition of the invariant metrics and measures will be given,
along with many of their important properties. These objects constitute one of the main
tools that will be needed in the proof of the main theorem.

In Chapter 4, the main result will be proven. Leading up to it will be a sequence
of definitions, lemmas, propositions, and corollaries that will be needed to prove this
result. The basic idea behind the proof is Poincaré’s Theorem, which states that the
ball and the polydisc are not biholomorphic. In particular, assuming that the domain

Q) is not variety-free at a boundary point ¢, the 92 will be geometrically flat along this



variety. Hence, near a strongly (pseudo)convex boundary point, the domain €2 is like
a ball, whereas, near a flat boundary point, the domain €2 is like a polydisc. The non-
compactness of the automorphism group allows one to mediate between these two types
of boundary points, bringing forth a contradiction. The fact that the domain €2 near a
strongly (pseudo)convex and flat boundary point is like a ball and polydisc, respectively,
is codified precisely by the quotient of the Carathéodory and Kobayashi measures. A
significant portion of this dissertation is a joint work with Dr. Lina Lee and Professor

Bun Wong.



Chapter 2

Background

2.1 Domains with Non-Compact Automorphism Group

From now on, for brevity’s sake, a bounded domain in C™ will be denoted by
2 and the automorphism group of 2 will be denoted by Aut(2). Note that an element
f of Aut(Q2) is a biholomorphic map of € onto itself. As its name makes abundantly
clear, Aut(2) is indeed a group, the operation being function composition. In addition
to being a group, Aut(Q2) is also a topological group, the topology being given by the
compact-open topology (since 2, being a subset of C", is equipped with a metric, the
compact-open topology of Aut({2) coincides with the topology of uniform convergence
on compact sets). Furthermore, H. Cartan showed that Aut(2) is a Lie Group. Before
stating what is precisely meant by Aut(2) being non-compact, a couple of definitions

are required.



Definition 2.1.1 Let G be a topological group and X a (Hausdorff) topological space.
G acts upon X if there exists a continuous map ¢ : G x X — X, ¢(g,z) = gz, such that

ple,r) =er =z Vo € X and (g9, 7) = p(g,0(d, 7)) V9,9 € G, v € X

Definition 2.1.2 Let G and X be as in the previous definition. The orbit of x € X

under the action of G is {¢(g,z)|g € G}.

Definition 2.1.3 A map f: Q — S~2, QcCn, QcCCmis proper if, for any compact

set K C Q, the set ffl(l?) 18 compact in ).

Note that this is equivalent to the following: For any sequence {z;} C Q which

has no limit point in €2, the sequence {f(z;)} has no limit point in Q.

Definition 2.1.4 If G and X are as in Definition 2.1.1 and are locally compact, then the
action of G on X is proper if the map G x X — X x X, defined by (g, x) — (o(g,z),x)

1S proper.

Definition 2.1.5 Aut(Q2) is non-compact if there exists a sequence {¢;} C Aut(Q) such

that {¢;} is divergent and {¢;} has no convergent subsequence.

Note that, since the action of Aut(€2) on 2 is proper, for all p € Q, ¢;(p) —
q € 0 as j —» 00, i.e. ¢ :=lim¢; maps € into I (this can also be seen by looking at
Montel’s Theorem). Therefore, the orbit of any point p €  is non-compact. The point
q is called a boundary orbit accumulation point for the action of Aut(€2) on . More
precisely, ¢ € 09 is a boundary orbit accumulation point for the action of Aut(2) on
if there exists a point p € Q and a sequence {¢;} C Aut(f2) such that ¢;(p) — ¢ as
j — o0.

Conversely, assume ) C C" is bounded, with ¢ € 9Q2 a boundary orbit accu-

mulation point.



Claim 2.1.6 Aut(Q?) is non-compact.

Proof. Assume that Aut({2) is compact. Then, for any sequence {1;} C Aut(f2),
there exists a subsequence {1, } C {1;} such that 1;, — 1 € Aut(€2). Consider the
sequence {¢;} C Aut(§2); by assumption, 3{¢;,} C {¢;} such that ¢;, — ¢ € Aut(2)
as v — oo. In particular, ¢(p) = q € Q = ¢ € QN N, which contradicts the fact that
Q is open. Therefore, Aut(f2) is compact. m

Therefore, there is no loss in assuming that Aut(€2) non-compact means that
at least one orbit of the action of Aut(€2) on € is non-compact.

Now, here are some examples of some bounded domains with non-compact

automorphism groups, along with an explanation why.
Example 2.1.7 The unit disc in C

Let A := {z € C| |z| < 1} be the unit disc, where |-| denotes the Euclidean norm of z

in C. Then,

Aut(A) = {ewz—a

1—1az

ac€ e [0,2#]}.

Why is Aut(A) non-compact? To determine the answer to this question, a proposition

is needed.

Proposition 2.1.8 Let Q be a bounded domain in C™ with a transitive automorphism

group, i.e.  is homogeneous. The Aut() is non-compact.

Proof. Let 2 be a bounded domain in C" with a transitive automorphism group, i.e.
given any two elements a,b € Q, 3¢ € Aut(Q2) such that ¢(a) = b. Let z € Q. By the
transitivity of Aut(£2), the orbit of z is {w € Q| w = ¢(z), ¢ € Aut(2)} = Q. Since Q is

open, it is not compact = the orbit of z is non-compact = Aut(f2) is non-compact. =



How, then, can this proposition be used in showing that Aut(A) is non-
compact? It can be invoked due to the fact that Aut(A) is transitive: Given any
two elements a,b € A, let

_FTa _ ATt
¢a(z) s 1 *EZ’ ¢_b(2’) = 1 —|—Bz

Then, both ¢, and ¢_; are in Aut(A). In fact, ¢_p o ¢o(a) = ¢_4(0) = b = Aut(A) is

non-compact by the previous proposition.
Example 2.1.9 The unit ball in C™.

Let B, := {z = (21,...,20) € C"| ||2]| := X |21]* < 1} denote the unit ball.

To write down the elements of Aut(B,,) explicitly, recall that
U(n) == {A € M,(C)|AA" =A'A = 1}

is the (Lie) group (under matrix multiplication) of unitary matrices. Importantly, the
elements of U(n) preserve the Euclidean norm: They correspond to complex rotations.

Furthermore, consider the collection of maps {¢,}, where

1 —a 1—|al?z /1 —lal?2z
d)a(zl,...,zn)::( ! 2 i ">,|a|<1

l—az’ l1l—azn '~~~ 1—axn

Note that ¢(a,0,...,0) = (0,...,0) and that ¢, is an automorphism of the ball. There-
fore, Aut(B,,) is the group generated by U(n) and {¢,}, i.e. every automorphism of the

ball is a composition of elements from U(n) or {¢,}. Why is Aut(B,,) noncompact?
Claim 2.1.10 Aut(B,,) is transitive.

Proof. Choose a = (ay,...,a,), b = (b1,...,b,) € B,,. Then, 3®, € U(n) such
that ®,(a) = (aq1,0,...,0), i.e. @, rotates a unto the zj-axis. Choose ®_;, € U(n)
such that ®_4(b1,0,...,0) = b (P_; is the inverse of ®;). Let ¢q,, ¢—p, be the au-

tomorphisms of the ball as described above. Note that ¢_; = (¢b1)71 Therefore,



(P_po9_podaoPqa)(a) =Py (d-p(da(Pa(a)))) = Pop (d—p (¢a (a1,0,...,0))) = Py (¢4 (0)) =
®_p (b1,0,...,0) =b,ie. (P_pod_pods0P,)(a)=>b= Aut(B,) is transitive. m

Therefore, by Proposition 2.1.8 , Aut(B,,) in non-compact.
Example 2.1.11 The unit polydisc in C".

Let Ay, == {z = (z1,...,2n) | |2k] < 1Vk} denote the unit polydisc in C™. Notice that

A, =A X ...x A, n times. Therefore,

Aut(A,) = {90(2) =@(21,...,2n) = <ei€1 o) 79 - 7ew" B > } )

1- ailza(l) ’ 1- @Za(n)
where a € A,,, 0 < 0 <27, and o € S,,, where S, is the symmetric group on n letters.

The fact that Aut(A,,) is non-compact follows from the fact that Aut(A,,) is transitive.
Claim 2.1.12 Aut(A,) is transitive.

Proof. Let a = (a1,...,a,), b = (b1,...,b,) € A,. Consider the following automor-

phisms of A,,:

Z1 — a Zn — Q
(pa(z):< 1 1 el n ?’L>

1—aiz’ 1—anzn

and

(Z)_(Zl—l-bl Zn—l-bn>
SV e

Then, (p_p o pq)(a) = p_p(0) = b= Aut(A,) is transitive. m

Therefore, it follows that Aut(A,) is non-compact.
Example 2.1.13 The “egg” domain in C2.

Let Ey, := {(21,22) € C*||21]* + |22|*™ < 1} be the egg domain in C?, where m € Z*.

Then,

Aut(Ey,) = < (21, 22) — la| <1

14+az’ 14+az

1/m
z1t+a . (Vl—’a‘g) /
2




Why is Aut(E,,) non-compact? It is non-compact since it has a boundary orbit

accumulation point.

Claim 2.1.14 The point (1,0) is a boundary orbit accumulation point for the action of

Aut(E,,) on E,.

Proof. Choose aj, 0 < a; < 1, such that a; — 1 as j — oo. Let z = (21, 22) € Ep, and
ba; € Aut(Ey,). Then, (1,0) is a boundary orbit accumulation point of the action of
Aut(Ey,) on Epy, since ¢q,(2) — (1,0) as j — oo = Aut(Ey,) is non-compact by Claim
2.1.6. m

With these examples in hand, it is natural to ask if any of these domains are
biholomorphic. More generally, can the orginal desire for a higher-dimensional Rie-
mann Mapping theorem be found for the set of bounded domains with non-compact
automorphism group? As the following theorem of Poincaré demonstrates, without the
imposition of additional conditons upon the domains under consideration, no such result

holds. Before proving this theorem, a definition and a few facts are needed.

Definition 2.1.15 Let 2 C C” be a bounded domain, where P € ). Then, the isotropy

subgroup Aut(Q)p C Aut(Q) is the collection {g € Aut(Q)|g(P) = P}.

For the following proof, knowledge of the isotropy subgroups of A,, and B,, at

the origin is needed.

L Aut(An)o = {(e',...,e)|0<0; <2} = S' x ... x S, n times, which is

abelian.

2. Aut(B,,)o = U(n), the unitary group, which is not abelian.



Theorem 2.1.16 (Poincaré) There does not exist a biholomorphism between A, and

B, forn > 1.

Proof. Suppose 3 a biholomorphism g : B,, — A,,. Since B,, and A,, are homogeneous,
without loss of generality, assume ¢(0) = 0. (If g(0) = a # 0, choose f € Aut(A,,) such

that f(a) =0. Then, (fog)(0) =0and fog:B, - A, is a biholomorphism.)
Claim 2.1.17 g induces a group isomorphism between Aut(B,)o and Aut(A,)o.

Let g. : Aut(B,)o — Aut(A,)o be defined by g.(h) = gohog™!t. Since g(0) = 0
and h(0) = 0, g«(h) € Aut(Ay)o. Clearly, this map is well-defined and g.(h o j) =
go(hoj)og™
=go(holauw(m,,0i)og ' =go(ho(g-tog)oj)og ! =(gohog )o(gojog™)=
g«(h) 0 g«(j) = g« is a group homomorphism.

Let g7 : Aut(A,)o — Aut(B,)o be defined by g;'(h) = ¢! o h o g, where
h € Aut(A,)o. By the exact same argument as in the previous paragraph, g;! is a

group homomorphism.

Subclaim: g, and g;! are inverses of each other.

92" (g«(h)) =g to(gohog ) og=(g"og)oho(glog)=h

and

L= (gog Hojo(gog )=

g9t () =golgtojog)og
where h € Aut(B)o and j € Aut(A,)p. Therefore, the subclaim is proved = the claim
is proved. But, this imples that S* x ... x S' = Aut(A,)o = Aut(B,)o = Uy, ie

S x ... x 8! = U,, which is a contradiction, since S* x ... x S' is abelian and U, is

non-abelian. Therefore, there does not exist a biholomorphism between B,, and A,,. =

10



With this result, the next question one might ask is whether a classification
result holds for a subset of the bounded domains in C™ with non-compact automorphism
group, i.e. if some additional constraint is placed upon the domains under consideration,
can any sort classification be obtained? The answer to this question is yes. In what
follows, a discussion concerning the notion of pseudoconverity, together with a known

classification result, will ensue.

11



2.2 Pseudoconvexity and the

Ball Characterization Theorem

Before getting to the Ball Characterization Theorem, the definition of pseudon-
convexity will be given, along with the statement of several important properties of pseu-
doconvex domains. Examples will be discussed too. Good references for this material

are contained in the books by Steven G. Krantz [K] and R.C. Gunning [Gu].

Definition 2.2.1 Let Q C C" be a bounded domain with a C? boundary (so, the defining

function p for the boundary is C?). Then, 09 is pseudoconvex at p if

n an
Pl 8Zj8§k

(P)wjwp, >0 Yw € Tpl’O(GQ),

s

where

n| N~ 9P
TI}’O((?Q) =qweC Z (p)w;j =0
j=1

Tpl’0 is called the complex tangent space to the 92 at p. If the inequality
above is strict, p is called a point of strong pseudoconvexity. So, a point p € 0} is a
point of pseudoconvexity (resp. strong pseudoconvexity) if the complex Hessian (also
known as the Levi form) is positive semi-definite (resp. positive defintie) at p on the
complex tangent space. If every point p € 92 is a point of pseudoconvexity (resp.

strong pseudoconvexity), then the domain € is said the be pseudoconvex (resp. strongly

pseudoconvez). From now on, T),(09Q) := T, (09).

12



Now, here are some important properties of pseudoconvex domains.
(1) Pseudoconvexity is independent of the defining function chosen.
Proof. Let p be another defining function of 92 in a neighborhood U of p, p € 99.

Then, 3 a C! function h defined in U such that g = hp, where h(z) > 0¥z € U. So,

95,02 P = az,0m, P = B

=£j(a”<> h<p>+p<p>-8h)

0Zy, 07
0?%p op oh
= 92,07 h )+67§k(p)'87zj(p)
dp . Oh 82h
32]( p)- 672,%(]9) +p(p) - 02,07, (p
0?p L Op oh ap oh

= 95,07 p) - h(p +azk(p)'87j(p)+a7j P -a?k(p),

where the last equality follows from the fact that p(p) = 0. Therefore,

n 82~ n 52
Z 9205, p)w;w = h(p) Z a%(p)wj@k

z](?zk = 2j0Z),
" ap oh dp oh -
- Z <62k(]9) : afzj(P) + sz(p) : M(P)) WjW
7,k=1
n 82,0
_h’( )]k: 8 8Zk( )w]wk;
ap oh
o 3‘%::1 <0Zj 52 )ijk>
= h(p) Zn: il (p)w;wy ifw € T,(09).
- Jh=1 aZjaZk P Ik

Therefore, since h(p) > 0, p € 99 is a point of pseudoconvexity with respect to p <
it is a point of pseudoconvexity with respect to p Therefore, the pseudoconvexity of a

boundary point is irrespective of the defining function chosen. m

13



(2) Pseudoconvexity is preserved under biholomorphic maps.

Proof. Let ® : Q@ — C” be biholomorphic onto its image, where Q' := ®(Q). So,
P(z) = P(21,...,2n) = (P1(2),...,Pp(2)) = (2],...,2),). Let p: U — R be a defining
function for Q, where Q C U, U an open set. Then, p := po ®! is a defining function

for Q. Choose p € 9Q and w € T,(992). Then, ®(p) € 9 and w’ € Ty (0'), where

w) i) ... 2| [ w > Gk (p)w;
w' = = =
w), 8n(p) ... 5=(p)) \wn > Ge(p)w;
Now, since p:= po ®~!, p = po ® implies
0%p 0?*(po ®) 0 [(9(po®)
50 P = om0\ Tam W
2;0Zk 2;0Z, zj Zk
= P (e Dy OB,
o=, 02 oz (PP ) o
by the chain rule. Hence,
- - 9% o, 09,
p)w;wy = — (®(p)) () 2= (p) | wjwk
J%_: szﬁzk J =] (l,ml 02],07%, 0z; 0z, J
- 9% o, 0%,
=2 (Z 5o 57 (Y0 G W )
I,m=1 \j,k=1
n 82,5
=Y ST (@)l
I,m=1 m=el
ie.
~ -
Z azjazk 0z! aZl(é(p))wmwl,
Jik= l,m=1

which imples that the Levi from is preserved under biholomorphic maps. In other words,

pseudoconvexity is preserved under biholomorphic maps. =

14



(3) If p € 99 is a point of strong pseudoconvexity, then there exists a neighborhood
U of p such that for all ¢ € 92 N U, q is strongly pseudoconvex.
To prove this result, a techincal lemma is needed.(A proof can be found in [K]

Chapter 3.)

Lemma 2.2.2 IfQ) is strongly pseudoconvex, then ) has a defining function p such that

for all p € 9Q, w € C"*, where C € R,

Now, here is a proof.

Proof. By Lemma 2.2.2, there exists a defining function p for €2 such that

In particular,

n ~
Z ”p p)w;w >0 Yw #0, we C".
= zjazk

Since p is C?, the function

n 02ﬁ

i}
_>
4 8Zj8§k

(q)wjwy,
jk=1

is continuous in a neighborhood U of p = Vg € U N 01,

(q)fwj@k >0 Yw#0,we c"

by the continuity of ® = ¢ € U N JN is strongly pseudoconvex. This completes the
proof. m
Note: The analogous result for pseudoconvex boundary points is false (see the examples

below for details).

15



(4) Every domain in C (with a C? boundary) is vacuously pseudoconvex.
Proof. Let © be a domain in C with a C? boundary. So, the defining function p is C?.

Now, for all p € 912,

Vo) = L) # 0,

which implies w € T,(0f) < w = 0. This implies that T,,(0?) = {0}, giving that € is
pseudoconvex, since the condition for pseudoconvexity in one dimension

d’p
dzdz

(p)w® >0

is always satsified. m
To help elucidate this important notion, some examples are in order. To sim-

plify calculations, only domains in C? will be considered.
Example 2.2.3 The unit ball Bs.

Recall that By = {z = (21, 22) € C*| p(z) := |z1]* + |22/> = 1 < 0}. The complex hessian

for p is the matrix

which implies that

2
82
Z P (p)w;@y, = |w1> + |we* >0 Vw € C? w#0
P aZjaZk
Since this is true for every p € 0f2, By is strongly pseudoconvex.
Example 2.2.4 The egg domain E,,

Recall that Ey, := {z = (21, 22) | p(2) := |21|* + |22/*" — 1 < 0}. The complex hessian

for p is the matrix

82/) 1 0
(aZjazk) - ’

2. m—1=-m—1
0 m°zy, "z,

16



which implies that for any p € 0,

2
32p . 1 0 w1
> G 0= (w1 )

P fo— 2 m—1—-m—1
Jk=1 0 m2py = py wo

= w1 |* + m?[p2|*" 2 |wa?,

which is greater than 0 only if |py|?™2 # 0, i.e. any point p = (p1,p2) € 9N is a
point of strong pseudoconvexity if po #% 0. Therefore, points of pseudoconvexity are
of the form (ew, 0) (the complex hessian is positive semi-definite at these points; take
w = (wy,wsz) € C%, wy = 0).

Going back to the question posed prior to this discussion concerning pseudo-
convexity, if additional restrictions are placed upon the domains under consideration —
say strong pseudoconvexity and some sort of boundary regularity — can a meaningful
classification be obtained? The answer is yes! The primary and most important one is
known as the Ball Characterization Theorem, proved originally by Bun Wong [W1] and

later refined by J.P. Rosay [R], using the same method introduced in [W1].

Theorem 2.2.5 (Bun Wong) Let Q be smoothly bounded strongly pseudoconvez do-
main in C™ with non-compact automorphism group. Then § is biholomorphic to the

unit ball B, .

With this result, the problem of classifying smoothly bounded strongly pseu-
doconvex domains with non-compact automorphism group is finished. The crucial hy-
pothesis is that of strong pseudoconvexity. What if, though, the hypothesis of stong
pseudoconvexity is weakend to just pseudoconvexity? Can any classification be ob-
tained in this case? Again, the answer is yes, but additional conditions must be imposed

upon the domain, which is illustrated by the following well-known result (see [BP]):

17



Theorem 2.2.6 Let Q) be a smoothly bounded pseudoconver domain in C™ of finite type
with non-compact automorphism group such that the Levi form of OS2 has no more than
one zero eigenvalue at any point. Then € is biholomorphic to the ellipsoid E,,, where

m e 7ZT.

This result classifies all smoothly bounded pseudoconvex domains of finite type.
What is finite type? What follows, then, is a discussion of the notion of finite type in

two dimensions.

18



2.3 Finite Type in C?

Because the notion of finite type is more complicated in dimensions greater than
two, the forthcoming discussion concerning the type of a smoothly bounded domain will
be restricted to C2. The way in which this will occur will follow the view promulgated

in [K], Chapter 11.5.

Definition 2.3.1 Let Q := {z|p(z) < 0} be a smoothly bounded domain in C?, where

p € 90. Then the analytic disc ¢ : A — C? is called a nonsingular disc tangent to 05

at p if (0) = p, ¢'(0) # 0, and (po ¢)'(0) = 0.

Definition 2.3.2 Let Q := {z|p(z) < 0} be a smoothly bounded domain with p € OS2.
Then 0$Y is of finite (geometric) type m at p if the following condition holds: There

exists a nonsingular disc tangent to 0S) at p such that

lpod(Q)] < CI¢I™

for |C| small. But, there does not exist a nonsingular disc i tangent to 0Q at p such

that

lpov(Q) < Clg™H
for |C| small. (C is some constant.) In this case, p is called a point of finite (geometric)

type.

The idea behind the notion of type is that it measures the maximum order of
contact of an analytic disc with a given boundary point. In two dimensions, there is
actually a notion of analytic type, but this paper will focus on the former; there is no
loss in doing this, since both notions of type are the same in two dimensions.

Before going through some examples to help clarify the idea of the type of a

smooth domain at a boundary point, some important properties will be given.
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(1) The definition of type is independent of the defining function chosen.

Proof. Let Q C C? be smooth, with defining function p. Let p € 9Q and j be another
defining function for €2. Then, there exists a function A nonvanishing in a neighborhood
of 02 such that p = hp. Therefore, p = hp = p = %ﬁ. Therefore, for any nonsingular

analytic disc ¢ tangent to 0f2 at p,

o) =|(§) o) = | AEB).

Let p € 00 be a point of finite type m with respect to p. So, there exists a

nonsingular disc ¢ tangent to 9Q at p such that for || small,

lpoo(Q)] < Cl¢l™.

This implies that, by the above calculation, for |¢| small,

HHO) | o
h<¢<<>>‘ =l

p(o(O)] < Cla(o(O)IICI™ < CM[¢]™

for || small, where

M := sup [|h(6(C))]
[¢] small

Hence, for |¢| small,
p(o(O)| < Culc]™.

Suppose there exists a nonsingular analytic disc 1 tangent to 02 at p such that

(0] < CI¢P™* for |¢] small. Then,

PO _ Clmt

P < s = o] <

C m+1
MK-’ )

where



Hence,
P ()] < Cul¢™

for |¢| small. This contradicts the fact that p is a point of finite type m with respect to
p. Therefore, p is a point of finite type m with respect to p, which completes the proof.
|

(2) The condition of finite type is preserved under biholomorphic mappings.
Example 2.3.3 The unit ball By = {z € C?|p(z) = |1]? + |22]* — 1 < 0}.

Consider the boundary point p = (1,0). Is p a point of finite type? Now,

Vp = = Vp(p) = )
Z9 0

which implies that any curve tangent to OB9 at p must be of the form

#(¢) = (1+0(¢?),¢ + 0(¢?)),

after a reparametrization (look at the Taylor expansion).

Consider the disc ¢(¢) = (1, (); it has order of contact 2 with B2 at p, since

p(9(¢)) = p(1,¢) = [¢I*.

Now, what happens in general, i.e. what is the maximum order of contact when ¢ is of

the form
$(¢) = (1+0(¢%),¢+0(¢%)?

Here’s the computation:

p(0(Q) =11+ O(P)IP+I¢+0(P))? -1
=1+ 0P+ 1+ 0 -1

< Cl¢)?
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for |¢| small, since

1+0())> =1as|¢C| —0

and

1+ 0())? = 1as|¢| — 0.

Therefore, p = (1,0) € By is a point of finite type 2.

Example 2.3.4 The ellipsoid Ep, = {z € C?|p(z) = |z1|* + |22*™ — 1 < 0}

Consider the boundary point p = (1,0). To calculate the type at p, note that,

Z1 1
Vp = = Vp(p) = ;

m—1l=-m—1
mzy 2 0

which implies, after a reparametrization, a nonsingular analytic disc ¢ that intersects

OF,, at p is of the form

$(¢) = (1+0(¢H), ¢+ 0(¢%)).

What is the maximum order of contact of such a curve with the boundary?
First, consider the simple case where ¢(¢) = (1, (); this curve as order of contact 2m at

the boundary point p, since

p(6(¢)) = I¢™

Can the order of contact improve? For an arbitrary curve ¢ as described above,

p6(Q) = L+ O+ [+ O™ =1
=L+ 0P+ L+ 0™ ~1

<l
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for |¢| small, since

1+0())> =1as|¢C| —0

and

1+ 0™ = 1as |¢| — 0.

Therefore, the maximum order of contact of any nonsingular analytic disc tan-

gent to E,, at p = (1,0) is 2m, which implies that p is a point of finite type 2m.

Example 2.3.5 The domain Ey := {z € C?|p(2) = |z 2 + 2 V12l —1 < O} .

Consider the point p = (1,0) € 9. Then,

Z1 1
Vp = = Vp(p) =
26—1/\22\2
5= O
25Z2

Consider the curve ¢(¢) = (1,(); it is tangent to 02 at p. Now,

p(6(C)) = 2¢7 VISP,

which implies that
p(@(Q)] _ 2e”MIF

—0as(—0

g
by L’Hopital’s rule, since
d” 2
—— (2 1/I¢] =0Vkez".
dé—k( ) CZO

Since this is true for any m € Z*,

lp(e(O)] < Cl¢l™

as |¢| = 0 Vm € Z™, which implies that p = (1,0) is a point of infinite type.
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Example 2.3.6 The unit polydisc Ay = {z € C*||z] < 1, j =1,2}.
Choose p = (1,0) € 9A,. In a neighborhood U, of p, let p(2) := |z1| — 1 be a
local defining function for the boundary defined in U, N 0A,. Since

Z1 1
Vp = = Vp(p) = ;

0 0

the nonsingular analytic disc ¢(¢) := (1, () is tangent to As at p. So

p(#(C)) = p(1,{) =[1[-1=0V(C € D,

which implies that

[p(e(O)] < Cl¢l™

as |¢| = 0 Vm € Z*. Therefore, p = (1,0) € 99 is a point of infinite type.

As these examples illustrate, the greater the type at a boundary point, the

flatter the boundary is in a neighborhood of that point.
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2.4 Importance of the Greene-Krantz Conjecture

In the above well-known result (Theorem 2.2.7) finite type is assumed on the
whole boundary, because it is not known where the boundary orbit accumulation points
are located. But, the crucial fact that is needed for this result to be true is the finiteness
of type at the boundary orbit accumulation points. Consider, now, the Greene-Krantz

Conjecture, named after Robert E. Greene and Steven G. Krantz:

Conjecture 2.4.1 (Greene-Krantz) Let Q C C" be a smoothly bounded domain with
non-compact automorphism group. Then 02 is of finite type at any boundary orbit

accumulation point.

If this result is true, then any smoothly bounded pseudoconvex domain with
non-compact automorphism group in C? is biholomorphic to FE,, by Theorem 2.2.7
stated above. Why? The Greene-Krantz conjecture would give that the boundary orbit
accumulation points are of finite type and, in two dimensions, the restriction on the Levi
form concerning its eigenvalues coincides with the notion of pseudoconvexity already
assumed. This consequence, together with many more, show why the truthfulness of
the Greene-Krantz conjecture is so important concerning the classification of smoothly
bounded domains with non-compact automorphism group.

In the last example of the previous section (Example 2.3.6), the analytic disc
¢ was actually contained in the boundary of the bidisc As, passing through the point
p = (1,0). Whenever this happens, i.e. whenever there exists a positive dimensional
complex analytic variety on 0f), passing through some point p € 912, the domain will

be of infinite type at p. Here is statement of this fact, along with its proof.

Lemma 2.4.2 In C?, finite type at p € 0Q = variety free at p, i.e. there is no positive

dimensional complex analytic variety on OS2, passing through the point p.
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Proof. Suppose 0 is not variety free at p. So, there exists a complex variety V C 0f2
such that p € V and dim¢ V' > 0. So, dim¢c V' = 1 = V is nonsingular at p (see Lemma
3.2 in [FW]). Let ¢ : A — V be local parameterization of V' in a neighborhood of p.
Hence, ¢(0) = p and ¢/(0) # 0. But, V' C 9Q = [p(¢(())| = 0 = |p(6(())| = 0 <
CIC|I™ Vm € Zt = 99 is of infinite type. ®

The concept of a domain being variety free at a boundary point will be very
important in the sequal, since the main result to be proven will be that if a domain
satisfies certain conditions, it will be variety free at its boundary orbit accumulation
points. In other words, the main result of this document will be to prove a result
that supports the truthfulness of the Greene-Krantz conjecture. A very important tool
needed to prove the main result will be the invariant metrics and measures. A discussion

of them and their important properties will take place in the next chapter.
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Chapter 3

Invariant Metrics and Measures

3.1 Invariant Metrics

Definition 3.1.1 Let Q2 be a domain in C", p € Q, and £ € T,Q2. Then the (infinitesi-
mal) Kobayashi metric on Q at p in the direction of £ is defined as

1
o

Flg(p,f) = inf{ ¢ € Hol(A, Q) such that ¢(0) = p, ¢'(0) = ag} )

The Carathéodory metric on Q at p in the direction of & is defined as

F(p,€) = sup {|¢+(p)€| | 3¢ € Hol(Q, A) such that ¢(p) = 0}

Note that 7,©2 = C" and that Hol(€;, ) is the set of all holomorphic map-
pings from 27 to Q5. A very important property that these two metrics satisfy is the

following decreasing property.

Lemma 3.1.2 If f € Hol(1,9Q9), p € 1, £ € C", then

FiH(p,€) = F2 (f(p), £+(p)§)

and

Fg'(p,€) > F* (f (), fo(p)E)-
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Proof. First, the Kobayashi case. Let ¢ € Hol(A, Q) such that ¢(0) = p, ¢'(0) = af.
Consider f o ¢ € Hol(A,€). (f 0 ¢)(0) = f(p) and (f 0 ¢)'(0) = [fi(6(0))¢'(0) =
f«(p)ag = afi(p)§. Hence,

1
FR2(Fp), £:(p)) < =~
Taking the infimum over all ¢ with the desired property implies

FRU(p,€) > FR2(£(p), f+(p)6).

Now, the Carathéodory case. Let ¢ € Hol(Q2,A) such that ¢(f(p)) = 0.

Consider ¢o f € Hol(Q1,A). (6o f)(p) = ¢(f(p)) = 0. Hence, F* (p, €) > |(¢of).(p)€] =

|o«(f (D)) (fe(p)E)|; taking the supremum over all ¢ with the desired property gives that

FE'(p.€) = F2(f(p), £+(p)€)-

Corollary 3.1.3 If f: Q1 — Q9 is a biholomorphism, p € Q1, £ € C™, then

FRH(p,€) = F2 (f(p), £+(p)§)

and

F§ (p,§) = F2(f(p), £+ (p)€)-

Proof. First, the Kobayshi case. By the previous lemma, Flgl (p, &) > ng (f(p), f«(p)&).

Now, apply that lemma to the mapping f~!: Qo — Qq:

FR2(f(p), f+0)&) = FZ (f 7 (F(0): £ (F (0) (£+(0)€))-

But, 7' (f(p)) = p and f71(f()(fe(p)E) = (f 7' o [l«(p)€ = (1o, )«(p)é = &, where

1q, is the identity mapping on €2;. This implies that

Fii(p,€) > F2(f(p), fu(p)€) = Fi' (p,€)
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FRH(p, &) = FR2(£(p), f+(p)§).

The exact same argument holds for the Carathéodory metric. m
Lemma 3.1.4 Fi(p,ct) = |c|Fi(p,&) for any c € C.

Proof. Let f € Hol(A,Q) such that f(0) = p and f(0) = a&. Let g(z) := f (%)
Then, ¢(0) = f(0) = p and ¢'(0) = i () = El (c€). Therefore,

]

Ff(p,c€) < D =e] -~

a
Taking the infimum over é implies that

F2(p, c€) < || F(p, £).

To show the reverse inequality, let f € Hol(A, Q) such that f(0) = p and f'(0) = a (cf).

Let g(z) = f (1), Then g(0) = f(0) = p and ¢'(0) = Yac = |elag = (lcla)¢.

Therefore,

1

Fpe)< — = — .~
K(pvg)— ‘C|O£ |C’ a

Taking the infimum over é implies that

FR(p,€) < ;Ff%(p, )

.
el FR(p, &) < FiR(p, c€)
.
|| FR(p, &) = FR(p, c€).
-
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Note that the same property holds for the Carathéodory metric. That is,

F&(p,c€) = |c|F&(p,€)

for any ¢ € C.
Now, the defintions of the Carathéodory and Kobayashi distance on a bounded
domain 2 C C™. Like the metrics, they also have a decreasing property, which will be

proved as a lemma.

Definition 3.1.5 Given two points z,w € 0 C C", the Carathéodory distance between

z and w is defined as

de(z,w) := sup {p(4(2), p(w)) | ¢ € Hol(, A)}

where p is the Poincaré distance on A.

Definition 3.1.6 Given two points z,w €  C C", the (integrated) Kobayashi distance

between z and w is defined as
Q ! Q
o) =int { [ 1200, @)},
where 7 : [0,1] — Q is a piecewise C! curve joining z and w.
Lemma 3.1.7 For f € Hol(21,Q9) and z,w € §y,
gt (z,w) > di?(f(2), f(w))

and

AP (z,w) > d2(f(2), f(w)).

Proof. First, the Carathéodory case. Let ¢ € Hol(€Q22,A). Then, ¢ o f € Hol(21,A).
Hence, p((¢ 0 f)(2), (¢ 0 f)(w)) < dg' (z,w) = p($(f(2)), $(f (w))) < dg* (2,w). Taking
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. . Q Q
the supremum over all ¢ implies that d-'(z,w) > d2(f(2), f(w)).
Now, the Kobayashi case. Let 7 : [0,1] — €1 be a C! curve joining z to w (without
loss of generality; if 7 is piecewise C!, repeat the argument for each C! piece of v (and

fon)). Then, fory:[0,1] — Qg is a C' curve joining f(z) to f(w). Hence,

Ft(v(1),7(8) = F2 (F(v(1)), o (v(8)7 (1))

taking the infimum over all C'' curves v implies

4 (2,w0) > d2(f(2), f(w)).

Corollary 3.1.8 If f : Oy — Qg is a biholomorphism, then

42 (z,w) = d2 (f(2), f(w))

and

a0 (,w) = &2 (£(2), f(w)).

Proof. Apply the previous lemma to both f and f~!. m
The orginal definition of the Kobayashi (pseudo)distance is not the one above.

Here is what it is (see [Ko], p.45):

Definition 3.1.9 Let M be a complex manifold. Given two points z and w, choose
POINLS z = 20,21y, 2k—1,2k = w of M, points ai,...,ak,b1,...,br of A, and holo-

morphic mappings fi,..., fr of A into M such that fj(a;) = zj—1 and f;(b;) = z; for
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j=1,..., k. For each choice of points and mappings thus made, consider the number

plai, b1) + ...+ pak, bi)-

d%(z, w) is defined as the infimum of the numbers obtained in this manner for all possible

choices.

Royden in [R] showed that Kobayashi’s orginal definition is equivalent to the
integrated form given above.

For a complex manifold, dAK/I in general is only a pseudodistance. For any com-
plex manifold M, whenever dAK/[ is actually a distance, the manifold is called hyperbolic.
If d]\K/[ happens to be complete, M is called complete hyperbolic. M is complete with
respect to d]\K/[ if, for each point z € M and any r € R, m (the closed ball, cen-
tered at z, with radius r measured with respect to the Kobayashi distance) is a compact

subset of M. For the purposes of this paper, the following facts will be needed:
1. Every bounded domain 2 C C" is hyperbolic.
2. Every smoothly bounded convex domain 2 C C™ is complete hyperbolic.

Now, more important properties that will be needed in the sequal will be given,

along with their proofs.

Lemma 3.1.10 Let Q C C™ be bounded, with p € Q2 and & € C". Then,

Fi¥(p,¢) < |f|

where r = dist(p, 09).

Proof. Let r := dist(p,00Q); consider f : A —  given by f(z) = p + %z fis

holomorphic, f(0) = p, and f/(0) = % Therefore, by definition, Fii(p,¢) < |7| [ ]
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Lemma 3.1.11 Let Q C C" be a domain with a C? boundary. Let q € OQ be strongly

pseudoconvexr and v the real normal vector to 0N at q . Let z,w € £, where
ly={q—tr},teR

(i.e. Ly is the real normal line to the 0L at q). Let v : [0,1] — § be defined by

v(t) = (1 —t)w +tz. Then,

1
02 (2 w) = / F2(y(t),v'(6))dt.
0

Proof. For this proof, the following well-known result will be needed (see [A], [G]):
Let © C C" be a domain with a C? boundary. Let ¢ € 0 be strongly
pseudoconvex. For any p € €2, £ € T4,

(p) \/5(p)

where &p and £y are the tangential and normal components of & at ¢ and d(p) =
dist(p, 0€2).
Note that

FiXp,€) ~

means that there are constants ¢; and ¢ such that

1 1 Q 1 1
c1 (WKN + m\fﬂ) < Fg(p, &) <c (5(1))|§N| + WKTO '

Let v be in the direction of the Re z,-axis (choose local coordinates). Let v be
as above. For all t € [0, 1], 7/(t) is normal to O at ¢. Let o be any other piecewise C'
curve joining z to w. Then, o(t) = on(t) + op(t) = v(t) + or(t), where on(t) = (t) is
the straight line joining 2 to w and op(t) is piecewise C! for which o7.(t) € T,09 for at

least one t € (0,1). By definition,

1
02 (2 w) < / F2(y(8), v/ (6))dt.
0
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But

' ' L (@) LEW @ loh@)]
[ e oasa [ Tas | (5 L ok ))dt

RG]
= /0 <5<g<t)>+ 5<a<t>>)‘”

C 1 1 C
<2 [ B2, o' (1))t /O 2 <a(t),%’(t)> dt.

C1 Jo

Let u(t) := o (g—ft), u:[0,¢c1/c2] — Q. Then,

/01 Fg (J(t), ZJ'@)) dt = /0; Fg <a (Zt) ,z—jal (Zt)) dt
_ /02 FE (u(t), /(1)) dt.

Therefore,

1

Q ! Q / 2 0 / )
iz w) < / F2(y(),/(8))dt < / F (u(t), o (1)) d;
0 0

taking the infimum over all piecewise C! curves u joining z to w implies

1
iz w) < / FR(y(8), 7/ (1))dt < d (2, w)
0

1
0%z, w) = / F2(y(8), v/ (8))dt.
0

Lemma 3.1.12 Let Q C C" be a domain with a C? boundary. Let q € OQ be strongly

pseudoconver and v the real normal vector to OS2 at q . Suppose z € £y, w € ), and W

is the projection of w onto £y. Then, d%(z, %) < dSt(z,w).

Proof. Choose coordinates so that v is in the Re z, direction and g is the origin. Then,

w = (0,0,...,0,Rewy). Let y(t) := (1 —t)z +tw, t € [0,1]. Let o be any piecewise

C* curve joining z to w. So, o(t) = v(t) + or(t), where or is piecewise C* such that
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or(0) =0 and op(1l) = (wy,ws,. .., w,—1,Imw,). Therefore,

4]
o 0(v(2))

1
ﬁwwz/iﬁmmwmﬁs@
0

1 C
<2 [ P2o(), o' (1))dt = / P2 <a(t),2a’(t)) dt.

C1 Jo C1

The first equality follows from the previous lemma. Let u(t) := o (%t), u:[0,c1/co)] —

1 a
/ Fg (U(t), CQJ'(t)) dt :/ 3 <0 (CQt) 2o (Czt>) dt.
0 C1 0 c1 Cc1 c1

Q. Then,

Therefore,

c1

&@ms/?@wwwwwu
0

taking the infimum over all piecewiese C'! curves joing z to w

=

For the next lemma, let H be the upper half-plane in C and I'g(q) a cone in
H with vertex ¢ = 0 and angle 6 between the imaginary axis and the arms of the cone.

The method of proof will follow Theorem 5.1 in [W2].
Lemma 3.1.13 Let z = (0,r) be a point on the imaginary axis. Then,

d¥(z,0T4(q)) = In(tan 6 + sec 6).

/ 2 2

Proof. Let w = = + iy be coordinates for C. The Kobayashi metric for H is w
/ 2 2

(this can be seen by pulling back the Poincaré metric % on A via the mapping
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i—w

w:i—i-w

). Let 2’ and 2" be the points of intersection of I'y(¢) and the geodesic of
7““?‘12"2 through z (which is a circle of radius r with center ¢). Let v : [0,0] — H be

the arc of the circle joining z to 2’. Then, the length of the arc of the circle joining z to
/

z'is

[

B Y

Now, v(¢) = r (sin ¢ + i cos ¢) implies

/2 2 0 0
/M:/ ﬂ: Sec(bd(b
L v o reosd o

6
sec ¢ + tan ¢
— e e
/0 secd sec ¢ + tan ¢ ¢
_/Gse02¢+sec¢tan¢d¢
o sec ¢ + tan ¢ ’

Letting u = sec ¢ 4 tan ¢ gives that

In(tan 6 + sec ).

/T3 7
dl(z, ) = / Vda® +dy*
o Yy

It remains to show that this is the minimum distance between z and any point

on dl'p(g). The following well-known theorem from Riemannian geometry is needed.

Theorem 3.1.14 Let M be a simply connected complete Riemannian manifold of neg-
ative sectional curvature. For any two points in M, there exists one and only one

minimizing geodesic joining them.

/ 2 2
Note that H, equipped with w, satisfies the hypothesis of this theorem.
Let w’ be a point on dTy(g) that achieves di(z,0Ty(g)). By the symmetric properties
/ 2 2
of T'y(q) and w, there exists a point w” € 9Ty(q) such that the line segments
quw’ and quw” have the same euclidean length. Let w be the point of intersection of the

imaginary axis and the circle of radius qu’ centered at ¢. Since the arc of the circle

joining w to w’ is a minimizing geodesic, then by the theorem it is the minimizing
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geodesic, and hence d¥(w,w’) < dff(z,w'). Note that, by the above computation,

d(w,w') = di(z,2') = In(tan @ + sec ).

Therefore,
dit(2,009(q)) < dif(2,2) < dif(z,w') = dif(z,004(q)).
—
di(z,2") = d(z,0T9(q)) = In(tan § + sec ).
]
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3.2 Invariant Measures

Definition 3.2.1 Let Q C C" be a domain, with p € Q. Let {&}—q C T2 be a set of

linearly independent vectors. Let M be a (m,m) form at p, with 1 < m < n, such that

M(é.l?"'a{ﬂ’wglw'wgm) =1. PU,t

mo .
1
Wm, = | | §d2j N dzj.
J=1

Let U := B,,—j x Aj, where 0 < j < m. Then, define the Eisenman-Kobayashi m-

measure on ) at p with M by

1
Klg}(p’ SPREE af’m) = inf {Oé 30 € Hol(Uv Q)? (P(O) =D, (I)*(M)O = Qm, @ > 0} .

Similarly, define the Carathéodory m-measure on €2 at p with M by

CH; €1, ..., &n) = sup {ﬁ 3¢ € Hol(Q,U), ®(p) = 0, " (pm)p = BM, 8 > 0} .

Now, properties of these measures will be given as a sequence of lemmas.

Lemma 3.2.2 (Decreasing Properties) Suppose ¢ : 1 — Qo is holomorphic,
where p € Qq, Q1 C C", and Qo C C". Let U be as above, where 0 < j < m <

min{n,n'}. Then, if {&}py and {P«(p)&k}re, are linearly independent,

KJ (D€, &m) = K2 (0(p); 62 (D)E1, - -, 64 (P)Em)

and

CH(ps &1y bm) > O (3(D); 9 (D)EL, - -, Du(D)Em)-

Proof. First, show Ky (piéu,-..,ém) = K (@(p); d«(p)és, - ., $(p)Em)- Let p and ¢
be as above, and M an (m,m) form on €; such that

M(&1, . €my €, .., €,,) = 1. Suppose @ € Hol(U,Q;) such that ®(0) = p and
*(M)o = optn. Let M’ be an (m, m) form on Qy such that (¢*M’), = M. (Note
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that this means that M’ (¢« (p)&1, ..., 0« (D)ém, d+(P)Eq, - -+, Px(P)E,,) = 1.) Consider the

mapping ¢ o ® : U — ()g; it is holomorphic mapping that satisfies (¢ o ®)(0) = ¢(p)

and (¢ o ®)*M' = &* (¢*M') = aiy,. Therefore,

> K2 (6(p); (D)1, - - 0u(D)m);

1
o)
taking the inf over all ® € Hol(U, ;) with the desired property

=

K (i€, &m) = KPP (0(p); 6 (D)E1, - -, 6 (p)Em).

For the Carathéodory case, let ® € Hol(€9,U) such that ®(¢(p)) = 0 and
D*(pm) g(py = BM' where M’ is an (m,m) form on €y satisfying

M/(¢*(p)§17 st 7¢*(p)£ma gb*(p)gla st 7¢*(p)gm) = L Consider the mapplng <I> © ¢ :

1 — U; it is holomorphic and satisfies (®o¢)(p) = 0 and (Pod)* (tm)p = ¢* (™ (m)g(p)) =
¢*(BM"), = Bp*(M'),. (Note that (¢*M')p(E1,. .. &ms&yye s &) =

M/(¢*(p)€1a s ,Qb*(p)gm; ¢*(p)gla e a¢*(p)gm) = 1) Hence
CH (pi&rs - ém) = B;

taking the sup over all ® € Hol(Q2, U) with the desired property yields

CH(p;&ry.. ) > C(B(0); 9 (D)E1, - -, Du(D)Em)-

Corollary 3.2.3 Suppose 21, C C" are domains and U is as above, where 0 < j <
m < n. Let p e Q1 and {§}-, C Ty be linearly independent. If ¢ : Q — Qo is a

biholomorphism, then
Ky (0361, 6m) = K (0(0): 6 (061 - -, 64(D)6m)
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and

C[(Jh (p; §1,. - 7€m) = ng (¢(p), (ZS*(p)fl, cee ¢*(p)§m)

Proof. First, the result will be shown for the Eisenman-Kobayashi case. By Lemma

3.2.2,

K (pi&ry. e Em) > K2 (0(0); u(D)Er, - -, (D))

Now, apply that same lemma to the mapping ¢~' to obtain

K2 (6(p); 0«(p)E1s -, 8e(D)6m) = K7 (030 (8(0)) (04 (D)E1), - - 01 (8(0)) (D(P)m) ).

But, ¢, (¢(p))(¢+(p)&k) = (07 0 9)«(p)&k = (10, )+ (p)Ek = &k, Where 1g, is the identity

mapping on £21. Therefore,

KP2(6(0); 0« (D)E1, - - o 0u(D)Em) > K (031 -, Em)

K (01, 6m) = K2 (6(0); 0e(D)E1, - - D (D)ém)-

The same exact argument proves the result for the Carathéodory case. m

Lemma 3.2.4 Let Q C C" be a bounded domain, withp € Q. Let {&},-, C T, be lin-
early independent and let M be a (m,m) form at p such that M (&1, ... Emy&q, -, ) =

1, i.e.
1
M = Vﬂmv

where V. = volume of &1, ...,&mn. Then,

KG(pis,- o ém) =V - K (pier,... em)

and

Clgjz(pvgla’gm) :V'Cg(p;el)"wem)a
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where {eg}pr, is an orthonormal basis for span(&1, ..., E&m) (subspace of Tyt spanned by

&y o Em).

Proof. Recall that

1
Kg(pvélavgm) :inf{a

3¢ € Hol(U, ), ©(0) = p, " (M)o = apim, a > 0} :

Let ® € Hol(U,?) such that ®(0) = p and ®*(M)o = apm. Now *(M)y = auy, =

%@*(,um)o = apim = P*(tm)o = (V) . Therefore,

Kf}(p;el,...,em) < — =

Taking the infimum over é implies that

1
Kg(p;elw"aem) < VKg(paglaagm)

V. K(sz(p;elw . -7€m) S Kls}(pvglv 7£m)
To show the reverse inequality, let ® € Hol(U, £2) such that ®(0) = p and ®*(um)o =

i Now, ®*(pm)o = o = O* (52 )o = {ttm = ®*(M)o = {F ftm, which implies that

KHpi&r,.o&n) < —=V-

SHES

ol

Taking the infimum over é gives that

K (pi&1, - 6m) <V - Kii(pien, ..., em)

K (p;€1,...,6m) =V - K} psel, ... em).

Now, for the Carathéodory case. Recall that

CH(pi&iy. . &m) = sup {6

3P € Hol(Q, U), ®(p) = 0, ®* (), = BM, > 0} .
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Let ® € Hol(2,U) such that ®(p) = 0 and ®* (), = BM. Note that this means that
Q* (o )p = g,um. Hence,

Cgfz(p;eh"'?em) >

<l

V'Clg]z(p;ela"'vem) > 57
taking the supremum over all 5 implies that
V- Cii(pier, ... em) = CHDi&1, - &m)-

For the reverse inequlity, let ® € Hol(Q2,U) such that ®(p) = 0 and ®*(um)p = Bitm.

This impies that ®*(pm), = (BV) i = (8V) M. Hence,
Taking the supremum over all S implies that

CR(pi€rs. . Em) >V -Cpien, ... em)

COpir,- o ém) =V - Cli(piers... em).

The following theorem, known as the Carathéodory-Cartan-Kaup-Wu Theo-
rem, will be needed for some of the subsequent lemmas. This statement is taken from

[K], page 444.

Theorem 3.2.5 (Carathéodory-Cartan-Kaup-Wu Theorem) Let 2 C C" be a

bounded domain. Let f € Hol(Q2,Q) and p € Q. Assume that f(p) = p. Then:

1. The eigenvalues of df (p) all have modulus not exceeding 1;
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2. |det df (p)] < 1;
3. If |detdf (p)| = 1, then f € Aut(Q);
4. I df(p) = I, then | = 1o.

Lemma 3.2.6 Let 2 C C" be a domain and let U be as above. Suppose p € Q0 and

{& iy C T,Q be a linearly independent set of vectors. Then,

CU@ &1, &m) _

1
Kg(]%&l, cee 7£m) B

Proof. Let ® € Hol(U,$?) such that ®(0) = p and ®*(M)y = aum; ¥ € Hol(,U)
such that ¥(p) = 0 and ¥* (i), = SM, where M is an (m,m) form on § such that

M1, émy€qy .0 E,,) = 1.
Consider Wo® € Hol(U,U): (Vo®)(0) = 0 and (¥o®)*(im)o = @ ((Y*ttm)p)o =
O*(BM)g = BE*(M)g = (BA) it = | det d(Vo®)(0)]? = Ba; since | det d(Tod)(0)]? < 1

by the Carathéodory-Cartan-Kaup-Wu Theorem, fa <1 = < é Hence,
C[sz(p;€17"'7£m) g Kg(p;glﬁ"'7£m)
after taking the infimum over all ® and the supremum over all ¥. The result follows. m

Lemma 3.2.7 Let Q C C", pe Q, and U = B,—; x Aj (i.e. U C C"). Let M be an

(n,n) form on Q defined as
1 yp i _
M:VH§de/\d2’j,
j=1
where V' = volume of &1,...,&, (i.e. M(&1,. .., 60, &q,...,&,) = 1. Then,
KG(pi&r,. -, 6m) = V- [ME ()|

and

Clp:&r,....&m) =V - | M§ (p)

)
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where

1
E .
‘MQ (p)‘ = inf { | det d®(0)|2

3 € Hol(U,Q), 3(0) = p}

and

|MS ()| = sup {| det d (p)|? ( 30 € Hol(Q,U), ®(p) = o}

Proof. First, the Eisenman/Kobayashi case. Let ® € Hol(U, ) such that ®(0) = p

and ®*(M)oy = apy,. Now,
R 1

= ©*(M)o = & - | det d®(0) 11, = & - | det d®(0)[*pn, = vty = & - | det d®(0)> = «v.

So,
r__ v
a  |detd®(0))2

Therefore,

) %4
K (pi€1, - 6m) :mf{!detd@’(O)\2

3% € Hol(U, ), ®(0) = P}

1
=V . inf { ——————— |3P € Hol(U, ?), ®(0) =

=V |M&(p)]-
Now, the Carathéodory case. Let ® € Hol(Q2,U) such that ®(p) = 0 and
& (jm)p = BM. Now, & (jn)p = | det dB(p) Ppin = | det dB(p) 2pin = SM = | det d(p)pin =

gun = |det d®(p)|? = 5 Hence,
V- |det d®(p)|* = B.
Therefore, using the same reasoning as before,
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Lemma 3.2.8 IfU =B, _; x A;, then Aut(U) is transitive.

Proof. Let a = (a1,...,an—j,@n—j+1,---,0n) and b = (b1, ..., by_j, by_ji1,...,by) €
U. Let ¢ € Aut(B,,—;), ¢ € Aut(A;) be such that ¢(ai,...,an—;) = (b1,...,b,—;) and
O(ap—js1,- .- an) = (bp—js1,...,by) (we can find ¢ and ¢ since Aut(B,,—;) and Aut(A;)
are both transitive). Let ® € Aut(U) be defined as ®(21,..., 2n—j, Zn—jt1,---+2n) =

((z1,.- -, 2n—j5), P(Zn—jt1,---»2n)). Then, ®(a) = b = Aut(U) is transitive. m

Lemma 3.2.9 Let Q C C", p € Q, and {&}—; C Ty be linearly independent. Then

CHp: &1, -+ 6m)

=1
K (pi&1,. - 6m)

if and only if 2 is biholomorphic to U.

Proof. (<) Suppose @ = U. Then, U must be a domain in C", so U = B,,_; x A;.

Therefore, to show that

C[(]Z(p’§17 v 7£m)
K (p;&1s- -5 6m)

it suffices to show that

|M§ (p)]

Ep)

by Lemma 3.2.7.

Denote the biholomorphism between €2 and U by ¢, ¢ : Q@ — U. Let ¢ €
Aut(U) be the automorphism that maps ¢(p) — 0 (recall that Aut(U) is transitive by
the previous lemma). Consider the mapping ® := ¢ o ¢; ® is a biholomorphic mapping

between  and U and ®(p) = 0. Therefore, by Corollary 3.2.3,
| M (p)] = |det d®(p)|* - [M{7 (0)].

Taking the supremum over all ® € Hol(2, U) such that ®(p) =0
=
| MG (p)] < | M (p)] - | M (0)]
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1< |ME(0)].

Now, consider the inverse mapping ¢~! : U — €. Let ¢ € Aut(Q) be the automorphism
that maps ¢~1(0) — p. Therefore, let ¥ := 1) o $—1; ¥ is a biholomorphism, with
U(0) = p. Hence,

| M7 (0)] = |det d¥(0)[ - [ M (p)|

1 M)
[det ¥ (0)*  [MF(0)"

taking the infimum over all ¥ € Hol(U, 2) with the property that ¥(0) = p =

ME (p)|
ME < ‘ Q
=

|ME7(0)] <1
Hence,

By Lemma 3.2.6,

=
| M (0)] = | M7 (0)]
Hence,
ME W) _ ldet dep)? - [MEO)| _ [MEO)]
(MEW)| [detdd(p)* - [ME©O)]  [MFO)]

(=) This implication is due to Bun Wong (see Theorem E in [W1]). Since two domains

of different dimension are not even homeomorphic, U must be a domain in C”, i.e.
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U =B, _; x Aj. Therefore the assumption that

Clgfl(pa 617 s agm)

=1
Kg(p7€17 cee 7€m)

is equivalent to

| M§ (p))|
|ME ()|

=1
by Lemma 3.2.7.

Let {f;} € Hol(Q,U) be such that f;j(p) = 0 and |det df;(p)|> — |M§ (p)]-
Note that {F € Hol(Q,U), F(p) = 0} is a compact subset of Hol(£2,U), so there exists
a subsequence {f;,} C {f;} such that fj, (p) = 0 and f;, — f € Hol(Q,U) (in the
CO topology, which is equivalent to uniform convergence on compact sets) . Hence,

|det dfj(p)\2 — |det df (p)|?, which implies that |det df (p)|* = ‘Mg(p)‘

Let {g;} € Hol(U, Q) such that ¢;(0) = p and

- |ME .
det dg; (0)? [Ma ()]

Since € is a bounded subset of C", {G € Hol(U,Q?), G(0) = p} is a compact subset
of Hol(U, ), so there exists a subsequence {g;,} C {g;} such that g; (0) = p and

gj, — g € Hol(U, ) (uniformly on compact sets)

—
1 R 1
|det dg;, (0)]*  |det dg(0)|”
-
1
—— = |M&(p)|.
devagf ~ M @)l

Consider fog € Hol(U,U). (fog)(0) =0 and

|det d(f o g)(0)]* = |det df (p)|” - |det dg(0)[”

_MEw)|

|[ME(p)|
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= |detd(fog)(0)] =1 = fog € Aut(U) by the Carathéodory-Cartan-Kaup-Wu
theorem = g is injective.

Consider go f € Hol(Q,Q). (go f)(p) = p and

detd(g o f)(p)|* = |det dg(0)|* - |det df (p)|”
_ME )|
ME®)]

= |detd(go f)(p)] = 1 = go f € Aut(Q2) by the Carathéodory-Cartan-Kaup-Wu

theorem = g is surjective = ¢ : 2 — U is biholomorphic. =

Lemma 3.2.10 Let Q C C" be a bounded domain with a C? boundary and q € 0N

strongly pseudoconvexr. Let W be a neighborhood of q in C™. Then,

Kg(]%fh cee 7§m)

KIW (i)
and
C (&, Em) 1
CEW(pi&,.. ., Em)
asp —q.

Proof. Should follow using similar arguments found in [G] or Chapter 11.3 in [K]. =
The following two lemmas deal with the invariant measures defined for a specific
where

domain Wy :=I';(g) x Bj,

n—1»
1. T'3(q) is a cone in C with vertex at ¢ € C, angle 3 € [0, 7], and radius r.
2. B;,_; is n — 1 dimensional ball of radius e.

In particular, the invariant measures for Wy will be defined with respect to the

product domain U = A x B,,_1. In other words, let

a5, )] = V. W3).10) = =

1
s
det df (0)]
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and

845, (9] = sup {|det ()

f e Hol(Wp,U), f(2) = O} .
Lemma 3.2.11 For the wedge domain Wy described above,

)

(MG, (2 w)| = | MG )] - | M6, ()

where z € I'4(q) and w € Bf,_, (the Carathéodory measure for I';(q) and Bj,_, are

defined with respect to A and B,,_1, respectively).

Proof. Let g € Hol (rg(q), A), h € Hol(BS_,,B,_1), where g(z) = h(w) = 0. Hence,
the mapping f(z,w) := (g(2), h(w)) is a holomorphic mapping from W3 to AxB,,_; with
the property that f(z,w) = (0,0). Let (z,w) = (2, w1, ..., wn—1) be the coordinates for
C™. Hence, the mapping f takes (z,wi,...,wp—1) to

(9(2),h1(w1,. .., wp—-1)y.--,hp—1(w1,...,wy—1)). Therefore,

99 99 9g 99
BP Dur N T 5 0 e 0
on on _ony 0 O o
0z w1 Tt Qwp_1 w1 Tt Qwp1
df = p—
8h/n—l 8hn—1 8hn—l 0 8hn—l 8hn—l
0z w1 Tt Qwp_1 w1 Tt Qwp_1
=
det df (z,w) = det dg(z) - det dh(w)
=

|det df (z, w)|*> = |det dg(2)|? - |det dh(w)]?.

Now, taking the supremum over all f € Hol (Wg, A x B,,_;) implies that

|V, (2,0) | = |det dg(2)]? - |det dh(w)
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2 o o,

n—

after taking the sup over all g and h. =
Lemma 3.2.12 For the wedge domain Wy described above,
‘Ml?/ﬁ(z,w)‘ < ‘MIE ‘ ‘MBTL ) w)‘

Proof. The proof is almost the same as the previous one. Let g € Hol (A, I (q)), h €
Hol(B,,—1,B_,), where g(0) = z and h(0) = w. Hence the mapping f: A x B,_; —
Ws, (z,w) = (2,wi,...,wp—1) —> (g(2), h(w)), is holomorphic and f(0,0) = (z,w).

Like in the case of the previous lemma,

|det df (0,0)[* = |det dg(0)|? - |det dh(0)]|?

1 1 1
|det df (0,0)>  |det dg(0)|*> |det dh(0)|*

Taking the inf over all f € Hol (A x B,,_1, Wg) yields

1 1
Z U} ‘ ~ 3 . 3
| det dg(0)[2  |det dh(0)]

A

1 )| < [ ) [, )

after taking the inf over all g and h. =
For the next lemma, when considering I’E(q), assume ¢ is the origin and g is
the angle between Re z-axis and the arms of the cone. The reason for this will become

clear later. This lemma is actually Lemma 2.6 in [FW] (Fu and Wong’s paper).
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Lemma 3.2.13 Let § and o be two numbers such that 0 < § < o < w. Let {z;} be a
sequence in I'y(q) and let v; be the angle between the Rez-axis and the vector joining q

to zj. Suppose zj — 0 and v; — v. Then, for any r > 0,

2
o Mg ()] _ (9008(“5)>

j—o0 ‘Mrg(q)(zj)‘ acos (52)

3 (o

N
5l

where M is either of the invariant measures.

Proof. Let w = u+iv and z = = + iy. Then, }Mg(w)‘ = ’Mﬁ(w)‘ = v%, where H

is the upper half-plane (this can be obtained by pulling back the Poincaré metric on A

via the biholomorphic mapping z = Zz between H and A). Let

PIT _ =iy 28/m.

flw) = (e"”ﬂw)
f is a biholomorphic mapping between H and I'z(q), 0 < 8 < 7 (r is infinitely large).
Then,
f_l(Z) _ e7ri/2z7r/26‘
Let wj := f~1(z;), with 2; as in the statement of the lemma. Then, w; — 0 as z; — 0.
So, |[Mpy(wj;)| = |f’(w]~)]2- ‘MI‘B(Z]')‘ (write I'g for I'g(g) for brevity of notation).

Hence,
1 1
(Tm w;)* [ f(wy)[?

‘MF[B (z)] =
Suppose z; = rje“’j. Then,

w] = e7r7;/2 (TJeZVJ)W/QB — ,,,.;T/Zlge’l(ﬂ'/Q'i‘ﬂ'ZVj/Qﬁ)

:r;r/w <cos (g—i- 7;?) + isin <72r +7;Ig>> .

So,

Im w; = 7 in (2 i %)

= 7% cos (w) .



Since

F(w) = o~ (218w25/ﬂ1> ’

T
28 2p/-1
| (wp)] = = Juwy P
=
1 1
| Mr, (2)| = ~ 15 -
ot () el
B 1
2 cos? <%> 47:%2
since
/B 4g/m—2 _ w/p ( w28\ /"2 o
T |wj| / =7 (rj ) =rj.
Therefore,
1
o 2
M, (z)| _ meos(52) % ((0cos (57)
| Mr, ()] oo (17;&)@ acos (57)
Since
_ ‘MFE(Z])‘
lim ’ =1,

it follows immediately that

[
The next lemma is a generalization of Lemma 2.4 in [FW], which will be needed
in the sequel. Tn it, U = A x By, and {e,}}"}! € C" is a set of orthonormal vectors. A

sketch of the proof will be given.

Lemma 3.2.14 Let Q C C" be a bounded convex domain, where 9S) is C? smooth and

strongly convex near q € 0S). Let Q=0n B(g;r), where B(q;r) C C™. Then,

Q...
mcq(xvelu"'vem-l-l) < 1.
xﬁqus}(x;el,...,emH)
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Sketch of Proof. The idea is to approximate 0 by analytic elipsoids, which are
biholomorphic to balls. The inequivalence of a ball with the product domain U will give

the desired conclusion.

Lemma 3.2.15 Let Q@ C C" be bounded, p € Q, and {&},—, C C" be linearly inde-
pendent. Suppose T : span(&1, ..., &m) — span(&l, ..., &), is an isomorphism, where

T(&k) =&, Then,
CHpi &y Em) - [det T)? = CHpi &L, ..., ED,)

and

Kp(p5€u,- - 6m) - |det T = Kj(p3 €1, .. &),
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Chapter 4

Boundary Accumulation Points of

a Convex Domain in C"

4.1 Some Geometry of Convex Domains

Definition 4.1.1 Let Q C C" be a bounded domain with a C* boundary. Then {q;} C Q

converges to q € 02 non-tangentially if there exists a > 1 such that, for j large enough,
gj € Ty(a) :={z € Q| |z — q| < adist(z,00)}.

Let £, be the real normal line to O through q. Then qj — q normally if {q;} C {4 for

7 large enough.

A stronger form of non-tanagential approach is if the sequence q; — ¢ € 92 within the

region I'y(c), where
fq(a) ={2€Q|0< LzqZ <cos ' (1))}, Ze€d,

In general, fq (o) C T'y(a); the other inclusion holds when the domain (2 is convex, as is

demonstrated in the next lemma.
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Lemma 4.1.2 Let Q C C" be a bounded convex domain with a C' boundary. Suppose
q € 0N). Then,

I'y(a) C Ty(a).

Proof. Define local coordinates so that ¢ = 0 and the outward unit normal vector to 052,
v, is in the Rez, direction (so, v = (0,...,0,1)). Since Q is convex, Q C {w |Rew,, < 0};
denote this region by H. Now, dist(z,09Q) < dist(z,0H) = |Rezy|.

Let m : Q@ — ¢, N, z — Z, be the projection of €2 onto ¢,. Note that

|Z| = |Z — q| = |Rezy|. Therefore, if z € I';(a), then

|z — ¢q| < adist(z,09)

—
2 —q| <|Z - qla

—

1 5 _

=
—

oz et (E2) <o (1)
|z —q «

—

2 € Ty(a).
|

Lemma 4.1.3 Let Q C C" be a bounded convex domain with a C' boundary. Suppose
there exists p € Q0 and {¢;} C Aut(Q?) such that ¢j(p) — ¢ € 0 non-tangentially.
Then, there exists {p;} C Q such that ¢;(pj) — q normally and that dSt(p,p;) < r for

some r > 0.
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Proof. Let ¢; := ¢;(p). Since ¢j — ¢ non-tangentially, there exists a > 1 such that
g; € I'y(a) for all j large enough. Let 7 : Q — QN ¢, be the projection mapping of
onto the real normal line ¢4; let ¢; = 7(g;). Then, |¢;—¢;| < |gj—q| < adist(g;,02) — 0
as j — 00. Therefore, let p; := qﬁj_l(cjj). Then, ¢; — g normally for all j large enough.

Now by Lemma 4.1.2, since 2 is convex, ¢; € fq(oa), so 0 < Zgjqq; <

cos™1(1/a). Hence,

g —ql _ 1
lgj —ql = «

cos (£qjqq;) =
Consider the straight line v(t) = (1 — t)g; + tg;. Then,

1
0% (p.py) = d(a5.3) < /0 FR((t), /(1)) dt

Uy U aly()
S/0 dist(1(1), 09) © S/o e —aq

M%—%!<aw—ﬂ!<&_
1G; —ql — 13 —q

Note that the second inequality comes from Lemma 3.1.10. Therefore, letting r = o2,

it follows that d?((p7 p;j) < r for j large enough. m

Lemma 4.1.4 Let Q C C" be a bounded, complete hyperbolic domain with a C? bound-
ary. Suppose p € 0N is strongly convexr. Then, for any fized r > 0, the euclidean

diameter of B%(z;7) — 0 as z — p.

Proof. Let p be a local defining function for 2 in a neighborhood of p, where p is
strongly convex. Let 2/ € 09 such that |z — 2| = dist(z, 0§2). Now, since p is strongly
convex, for z close to p, the 9 is strongly convex in a neighborhood of 2/, and so the
diameter of the set

{w € Q‘Ref(w) > —M}

converges to 0 as z — p, where

S AT,
f(w)_ |V,0(Z/)| Zazj( )( J 77"

~
~—

=1
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Therefore, the result will follow if it can be shown that

B%(z;r) - {w € Q‘Ref(w) > \/]z—z’]}.

To simplify notation, choose coordinates so that z/ = 0 and that the out-
ward normal vector to 9 at 2’ is in the Rez,-direction. Then, with respect to these

coordinates, z = (0,...,0, —x) for some x > 0. Hence,

= L Y @ Nw; — 2
flw) = |vp(z/)y;azj( )(wj — 2;)

Ref(w) = Rew,.
Therefore, the result will follow if
B(zr) C {w € ‘ Rew,, > —\/5}

Suppose this isn’t true, i.e. there exists w € ﬂ%(z;r) for which Rew,, < —/x. Let

w = (0,...,0,Rew,) and v(t) = (1 — t)w + tz. Therefore,

1
r > d (2 w) > d(20) = /0 FR(y(t), 7 (£)) dt.

The first inequality holds because the domain is complete hyperbolic and the second
by Lemma 3.1.12; the equality holds by Lemma 3.1.11. Since «(¢) is near the stongly
pseudoconvex boundary point 2/, it follows from from a well-known result (see [A] and

[G]; an explicit statement is contained in Lemma 3.1.11) that

! Q / ! "Y;v(t” _ ! |_Rewn_33|
|| FRo@enaz [ Eeas [
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Now, for = close to 0, x < \/x = —x > —/r > Rew,. Therefore, —x > Rew, =

—Rew,, — x > —Rew,, + Rew,, = 0. Hence,

| — Rew,, — x| g — /1 (—Rew,, — z) it
] (1 —t)Rew,, — tz| o —((1—=1t)Rew, — tx)

1 — —
_ _/ (—Rew,, — x) b
o (1 —1t)Rew, —tx
Let u = (1 — t)Rew,, — tz. Then, du = (—Rew,, — x)dt, which implies that
1 _ _ —T
—/ (=Rew, — ) dt——/ du_y (Bewnl) S (1Y)
o (1—=1t)Rew, —tz Rew, U x NI

Therefore,

1
oo>r21n(\/5>—>oo

as x — 0, which is a contradiction. m
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4.2 Maximal Chain of Analytic Disks

Definition 4.2.1 Let Q2 C C™ and S a connnected subset of 02. Then 02 is geometri-
cally flat along S if O is C? in a neighborhood of S and the outward normal direction

to 0N is constant on S.

Proposition 4.2.2 Let Q C C" be a smoothly bounded convex domain. If ¢ : A — OS2

is a holomorphic mapping, the 0$) is geometrically flat along ¢p(A).

Proof. Suppose ¢ : A — 09 is holomorphic and ¢(0) = ¢. Choose holomorphic
coordinates (z1, ..., z,) so that ¢ = 0 and the Rez, axis is the outward normal direction
to 0N at ¢. Since 2 is convex, the set {w | Rew,, = 0} is the real supporting hyperplane
to Q at g and Q C {w|Rew, < 0}. Let x : C* — C be the function (z1,...,2,) = 2n.
Note the x is holomorphic, and Re x = Rez, is harmonic. Consider the composition
x 0 ¢; it is holomorphic and Re(x0¢)(w) is harmonic. Now, Re(x0¢)(0) = Re(x(q)) =0
and Re(x o0 ¢)(w) < 0 Vw € A by convexity = Re(x0¢)(w) =0 on A by the Maximum
Principle = Im(x o ¢)(w) = 0 on A by the Cauchy-Riemann equations. Therefore,
(xo09)(w) = x[ya) =0 = #(A) C {w|w, =0} = IQ is geometrically flat along #(A).
[

Note that, as a consequence of this proof, ¢(A) is contained in the maximal
complex subspace of the real suppoting hyperplane to the boundary at ¢, i.e. ¢p(A) C

T,09.

Definition 4.2.3 Let H C C" and q € H. Then the maximal chain of analytic discs

on H through q, denoted Af, 18
A? = {z € H | there exists a finite chain of analytic discs joining z to q} .

In other words, z € Ag{ if
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1. There exists holomorphic mappings ¢; : A — H, 1 < j < k;

2. Points zj € H, a;,bj € A, 1 < j <k, such that ¢j(aj) = zj—1 and ¢;(b;) = zj,

where zg = z and z; = q.

From now on, whenever it is clear, the notation {¢,...,¢;} will be used to
represent that z can be joined to ¢ by a finte chain of analytic discs. Also, for the sake
of brevity, let S, := Aé{ .

Now, some important properties of S;, which will be given as a sequence of

corollaries.
Corollary 4.2.4 If z € S;, then Sq = S,

Proof. (C) Suppose w € S;. Let {¢1,...,¢r} be a chain of analytic discs joining z to g,
and {t1,...,¢;} a chain of analytic discs joining ¢ to w. Then {¢1,..., ¢k, ¥1,..., Ui}
is a chain of analytic discs joining z to w = w € S, = S; C S..

(D) Suppose w € S;; let {¢1,...,¢r} be a chain of analytic discs joining w
to z. Since z € Sy, there exists a chain of analytic discs {¢1,...,%;} joining z to ¢ =

{¢1,..., ¢k, Y1,..., 1} is a chain joining wtog = S5, CS; = S, =S5, =m
Corollary 4.2.5 If V C H is a complex variety through q, then V C S,.

Proof. Since any two points of a complex variety can be joined by a chain of analytic

disks, it follows immediately that V' C S, (see [Ko], p.97). m

Corollary 4.2.6 If Q) C C" is a smoothly bounded convexr domain, then OS2 is geomet-

rically flat along Sy for all g € 0N2.

Proof. Let z € S;. Then, there exists a finite chain of analytic discs {¢1,..., ¢}
joining z to ¢q. Hence, 09 is geometrically flat long ¢;(A), j =1,...,k, by Proposition
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4.2.2. Since z was chosen arbitrarily, S, consists of a union of (potentially arbitrarily

many) geometrically flat faces. Since (2 is smooth, then 0f2 is geometrically flat along

Sg. m

Theorem 4.2.7 Let 2 C C" be a smoothly bounded convex domain. Then Sy is geomet-
rically convex for all ¢ € 0, i.e. if z,w € Sy, then the line segment tz + (1 —t)w € S,

for allt € [0,1].

Proof. First, it will be shown that if z,w € Sy, then the line segment tz + (1 — t)w €
o for all t € [0,1]. Since 2 is convex, choose coordinates (z1,...,z,) such that
Q C {z|Rez, <0} and S; C {z|Rez, = 0} (since S, geometrically flat by the pre-
vious corollary). Because (2 is convex, tz + (1 — t)w € Q for all t € [0,1], and
Re(tz+ (1 —t)w), = tRez, + (1 —t)Rew,, =0 for all t € [0,1] = tz+ (1 — t)w € IN for
all t € [0,1].

Now, in order to show that tz + (1 — t)w € S, for all ¢ € [0, 1], induction on

the length of the chain joining z to w will be used.

Base Case: Let z,w € S;. Suppose there exists an analytic disc ¢ : A — 0Q

such that ¢(a) = z, ¢(b) = w. Consider the mapping

(£, ) — t6(C) + (1 = 1) (b).

For any ¢, ¢(C), (b) € Sy = td(C) + (1 —t)p(b) € 9 V¢ (by above). Now, for any fixed
t,

tp(C) + (1 —t)p(b) : A — 00
is an analytic disc. Let ¢ = b. Then, t¢(b) 4+ (1 — t)¢(b) = ¢(b) = w = the image of
to(¢) + (1 — t)¢(b) contains a point in Sy (it is w = @(b)) = té(() + (1 — t)p(b) € S,
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V(; since t was arbitrary, t¢(¢) + (1 — t)o(b) € S, V¢ Vt. Therefore, let ¢ = a. Then,

to(a) + (1 —t)p(b) =tz + (1 —t)w € S, Vt.

Induction Hypothesis:  Assume the result is true if z,w € 5, and they can be

joined by at most n analytic discs.

Induction Step: Suppose z,w € §; and z and w can be joined by n + 1 analytic
discs, i.e. there exists ¢1,...,0pe1 : A — 0, aj,b; € A, 2, €00, j=1,...,n+1,
such that ¢;(a;) = zj-1, ¢j(b;) = zj, ¢1(a1) = 20 = 2, and @p11(bpt1) = 21 = w.

Now, consider the mapping

(tv C) — t¢1(€) + (1 - t)(z)n—i-l(bn—l-l)'

For any ¢ € A, ¢1(¢); ¢n+1(bny1) € Sy =

th1(C) + (1 — 1) dnt1(bny1) € OQVL, VC,

since ( was chosen arbitrarily. Therefore, it remains to show that

th1(¢) + (1 — t)ppy1(bnt1) € Sq 'V, VC.

Now, for any ¢, the mapping

Cr—=td1(0) + (1 = t)Pn+1(bn+1)

is an analytic disc. But, when { = by,

to1(b1) + (1 = t)nt1(bnt1) = td2(az) + (1 = )nt1(bnt1) = t21 + (1 — t)zn11 € S,

since z; and z,4+1 = w can be joined by n analytic discs. Therefore, t¢1(¢) + (1 —

t)pn+1(bnt1) : A — 0Q is an analytic disc joining tz1 + (1 — t)zp41 € Sy to té1(C) +
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(1 —t)dn+1(bpt1) (i.e. the image of the analytic disc té1(¢) + (1 —t)@n+1(bp41) contains
a point in ;) =

t¢1(<) + (1 - t)¢n+1(bn+1> S Sq \V/CQ

since ¢ was chosen arbitrarily,

th1(C) + (1 — t)Pn+1(bnt1) € SgVC, V.

Therefore, letting ( = ay, it follows that tz + (1 —t)w € S, Vt. =
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4.3 Normal Convergence and Boundary Orbit Accumula-

tion Points

Proposition 4.3.1 Let Q C C" be a smoothly bounded convexr domain. Suppose there
exists p € 0 and {¢;} C Aut(Q?) such that ¢j(p) — q € 02 non-tangentially. Then,
there exists a non-constant holomorphic onto mapping ¢ : Q0 — Sy such that ¢; — ¢,

passing to a subsequence if necessary.

Proof. Recall the Theorem of Montel (see [Wu], p. 199): A uniformly bounded family
of holomorphic mappings from a complex manifold M into C" is equicontinuous and
hence relatively compact in Hol(M, C™).
Therefore, since {¢;} C Aut(2) is uniformly bounded, ¢; — ¢ € Hol(Q2,C"), passing
to a subsequence if necessary. Since ¢ ¢ Aut(£2), ¢ € Hol(£2,09) (for more details, see
Cartan’s Theorem, Chapter 5 in [N]).

Therefore, it remains to show that ¢(Q) = S,. It is clear that ¢(Q) C S,.
To show the other inculsion, let ¢' € S;. Therefore, a point p’ € Q needs to be found
such that ¢(p') = ¢’. Now, by Corollary 4.2.6, 99 is geometrically flat along Sy; let
v by the unit outward normal vector to S;. By Lemma 4.1.3, there exists a sequence
{p;} C BSt(p;7), 0 < r < oo, such that ¢;(p;) := ¢ — q € IQ normally. Let &; be the
number defined by

qj :q—5jy.

Consider the point ¢} := ¢’ — d;v. Now, for any j,

di (g5, q)) <r' < oc.
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Let p}; == qﬁj_l(q;»). Therefore,

A (p,p) < dF(p,pj) + dSt(pj, p))
<r+di(g,qj) <r+1' <oo,Vj.
Now,

Bi(pir+1) c

because of complete hyperbolicity. Hence,
Py —p € BR(pr+1') CQ,
passing to a subsequence if necessary. Therefore,

o(p) = lim ¢;(p}) = lim ¢;=d

j—0o0

= 5, C ¢p(Q) = ¢ : Q@ — 5, is surjective. m

Theorem 4.3.2 Let Q C C" be a smoothly bounded convexr domain. Suppose there
exists a point p € Q and a sequence {¢p;} C Aut(Q) such that ¢;(p) — q € 0Q non-
tangentially. If Sy is not trivial, then Sy, is an open convexr set contained in a complex

m-dimensional plane, where dimg S, = m.

Proof. By Theorem 4.2.7, S, is a convex set, and hence is contained in a complex m-
dimensional plane, where dim¢ Sy = m. Therefore, all that remains to be shown is that
Sy is open. Suppose not, i.e. there exists a point w € 9S,. Now, by Proposition 4.2.1,
¢ = limj , ¢; is a surjective holomorphic mapping, which implies that there exists
z € Q such that ¢(z) = w. Choose an open set U containing z such that dim¢ ¢(U) = m.

Let H be the complex m — 1 dimensional subspace of the real supporting
hyperplane to 0S; at w = ¢(z), chosen as follows: Choose coordinates (z1,...,2n)
such that w is the origin and S; C {z|Rez, <0}. Then, L := {z|Rez, =0} is a
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real supporting hyperplane to 95, at w and H C L, where H = {z|z, =0}. (Note
that there is no assumption of any boundary regularity at w; convexity guarantees the
existence of a real supporting hyperplane.)

Let h : C™ — C be defined by h(a) = h(a1,...,am) = am; h is a holomorphic
mapping. Now, consider the compostion H := h o ¢, defined on U. H is holomorphic,
so the function H(a) := Re H(a) is harmonic, so the Maximum Principle holds for H.
Now, H(z) = Reh(w) = Rew,, = 0 and H|y < 0 (because of convexity), which implies

that

by the Maximum Principle. Therefore,

H|y =Re(ho )|y =Reh|yu) =0

Im by =0,
because h is holomorphic (look at the Cauchy-Riemann equations for h) = h = 0 on
o»(U) = ¢(U) C H. But,
dimc ¢(U) =m >m — 1 = dimc H,
which is a contradiction. Therefore, S, = () = S, is open. =

For the next theorem, the idea of a holomorphic support function is needed.

First, a defintition (see Section 3.2.1 in [K]).

Definition 4.3.3 Let Q2 C C™ be a domain and p € 9). Then p possesses a holomorphic
support function for the domain € provided that there is a neighborhood U, of p and a

holomorphic function f, : U, — C such that

{z €U, fo(z) =0} NQ = {p}.
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For p € 09 that is strongly pseudoconvex, a holomorphic support function can

always be found. To see this, choose a local defining fucntion p for 2 such that

— (p)w,; Wy, ZC’|w|2,VwE(C”.
J%_: 82]8 J

Note that such a p can be found for p € 0 that is strongly pseudoconvex. Then, the

Levi polynomial, defined by the equation

hz)=>_ gzpj( Z (%k zj — pj) (2K — Pk)

7,k=1

is a holomorphic support funtion for  at p. For a proof of this fact, see [K], p.139-140.

Theorem 4.3.4 Let  C C" be a smoothly bounded domain. Let q € 052, and suppose
Sq s not trivial. Furthermore, suppose ¢ : 8 — Sy is a surjective holomorphic map-
ping. Then, there exists a sequence {p;} C 2 such that p; — p € 0Q, p is strongly

pseudoconvez, and {p(p;)} C Sy converges to a point in S.

Proof. Let Q2 and ¢ be as above. Then, since §2 is smooth, there exists a strongly
pseudoconvex boundary point p € 9€). Let h be a holomorphic support function for 2

at p, and let

H:={z€C"|h(z) =0}.

Note that dim¢ H = n — 1. Let v be the unit outward normal vector to 02 at p, and

1
Hn:{z—u- zeH}
n

(i.e. translate H in the direction of —v by a length of %) Since 02 is strongly pseudocon-

define the set H,, by

vex at p, there exists a neighborhood U of p such that 0Q2NU is strongly pseudoconvex.

Choose N € ZT such that H,NQ C QNU ¥n > N.
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Suppose dimc S, = m; Let V,, C H, be an m dimensional analytic subset
such that ¢|y, o has rank m almost everywhere - perturb V,, if needed - and that
IV, NQ) C 99Q. (Note that the Jacobian of ¢ restricted to V,,, J¢|v;,, will not have full
rank (i.e. rank m) if V}, is contained in the common zero set of the component functions
of one of its rows.) Let V) :=V,, N Q.

Let ¢, := ¢|y;. Suppose there exists an n > N such that ¢, isn’t proper.
Hence, for some subset K C S, that is compact, ¢, LK) will not be compact in V..
Hence, there exists {p;} C ¢,,'(K) C V! such that p; — p’ € dV,, C 99, p' is strongly
pseudoconvex, and @¢(p;) = ¢n(p;) — ¢’ € Sy.

Suppose ¢y, is proper Yn > N. Since ¢, has rank m almost everywhere, it must
be surjective by the Proper Mapping Theorem of Remmert. Now, for each n > N, choose
K, C S, that is compact. Hence, ¢, 1(K,) is compact in V!; choose p, € ¢, }(K,) C V..

Hence, p, — p as n — oo and ¢(p,) = dn(pn) € K, CSgVn>N. =

Definition 4.3.5 Let Q C C" be a bounded convex domain with a C? boundary. Suppose
¢j(p) — q, where p € Q and {¢p;} C Aut(Q) Let m : Q@ — Q be the projection onto
the complex plane normal to O at q. Then, ¢;(p) — q non-tangentially in the complex

normal direction if
m(¢5(p)) € Lg(e)

for some a > 1 and j large enough.
Lemma 4.3.6 Let Q C C" be a smoothly bounded convexr domain. Suppose, for some
q € 09, Sy is not trivial. Furthermore, assume there exists p € 2 and a sequence {¢;} C

Aut(Q) such that ¢j(p) — q non-tangentially. Then, for any a € Q, ¢p;(a) — b€ S,

non-tangentially in the complex normal direction for some b € Sy.
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Proof. Choose coordinates (z1,...,z2,) such that ¢ = 0 and the Rez, direction is the
outward normal direction to 9 at ¢. Since Q is convex, Q C {2z € C" | Rez,, < 0}. Since
¢j(p) — g non-tangentially, there exists a sequence {p;} C Q such that ¢;(p;) =: ¢; —
g normally and d?((p,pj) < r < oo Vj by Lemma 4.1.3. Note that d?((p, a) =s < 00,
since €2 is complete hyperbolic.

Let ¢j(a) = aj and a; the projection of a; onto the z,-plane. Note that, under
this projection, b — ¢, since S; is contained in a complex m-dimensional subspace
of the complex tangent space, where m < n — 1, by Theorem 4.3.2. Therefore, a} =
(0,...,0,t5),t; = Aje'®, and ¢; = (0,...,0,2;), z; < 0. Hence, 6; := m—q; is the angle
between the line segment @ and the —Rez,-axis (without loss of generality; assume

ag — ¢ within the second quadrant of the z,-plane). Therefore,

00 > 541 > d¥(p,a) + d¥(p,p;)
> di(pj, a)
= d (), a))
> di¢(gj,d}),
since the mapping (z1,...,2,) — (0,...,0, 2,,) is well-defined, since {2 is convex. But,
(g5, ;) > di (x5, 1)
= In (sec; + tand;).
The inequality holds because the projection onto the z,-plane is a holomorphic mapping,

where H = {z € C|Rez < 0}; the equality holds by Lemma 3.1.13. But,

In (secd; + tan ;) —s oo if 6 —» g

Putting all of this together,

0o > d¥(x;,t;) — oo if t; —» g tangentially,
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which is a contradiction. Hence ¢j(a) — b non-tangentially in the complex normal
direction. m
An additional hypothesis that will be needed in the main theorem is called

Condition LTW. Here is its statement:

Condition 4.3.7 (Condition LTW) Let Q C C" be a smoothly bounded convexr do-
main. Suppose, for some q € OS), Sy is not trivial. Furthermore, assume there exists
p € Q and a sequence {¢;} C Aut(Q) such that ¢;j(p) — q non-tangentially. Then,
there exists a sequence {z;} C 0 converging to a strongly (pseudo)convex boundary point

p' such that ¢(z;) — § € Sq. Also, for each z;, there exists a sequence {z]} c Q

(2

such that z] € B%(zi;r) and (bj(zf) is contained in the complex planes normal to S
for j large enough. Furthermore, for any € > 0, i can be chosen large enough so that

ﬁ%(zi;r) C B(p';e)NQ

This condition is a technical detail that is needed for the proof of the main
theorem. In this condition, B%(zi; r) is the ball, centered at z;, with radius r measured
with respect to the Kobayashi distance. Also, the statement that dy(zlj ) is contained in
the complex planes normal to S, for j large enough means that gbj(zg ) is contained in
the product IT x S, where II is the complex plane normal to S, (recall that 0 is geo-
metrically flat along S;). Note that, if it can be shown that for any a € Q, ¢;(a) — 5y
non-tangentially, which is very reasonable to expect to be true, the condition is a corol-
lary to previous results. Here is how the proof would follow:

Proof. Let € > 0.

1. By Proposition 4.3.1, ¢; — ¢ : & — S, where ¢ is a surjective holomorphic

mapping.
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2. Since 2 C C” is smoothly bounded and convex, there exists a strongly convex
boundary point p’ (which is also strongly pseudoconvex), so by Theorem 4.3.4, a se-

quence z; can be chosen so that ¢(z;) = G € 5.

3. Now, ¢(2) = ¢ € Sq = limj_o0 ¢(2i) = Gi € Sg, 50 ¢;j(2) —> §; non-tangentially

(assuming it can be shown).

4. Therefore, by Lemma 4.1.3, there exists a sequence {zlj} C Q such that ¢; (zf) — G

J
i

normally and d(z;,2]) < r < oo for some r > 0.

5. Since diam 8% (z;;7) — 0 as z; — p/ by Lemma 4.1.4, choose 2; close enough to

p’ so that 8% (z;;7) C B(p';€); hence zf € B(p';e)NQ.

This concludes the argument. m
Condition LTW is sufficient for the main theorem to hold. In order to simplify

the proof, the following Corollary to Condition LTW will be used.

Corollary 4.3.8 Assume Condition LTW. Then, for each z;, there exists a sequence
{]5{} C Q such that gb](ﬁf) — G; € Sq in the complex plane normal to S, through g;,

non-tangentially, and ﬁf € BL(zi;r") C B(p's€)NQ, for z; chosen sufficiently close to p'

Proof. Suppose qﬁj(zg) — §; as j — 00, where (ﬁj(zg) is as in Condition LTW and
gi € Sq. For simpler notation, let V := §,. Let m denote the projection of 2 onto the
complex plane normal to V' through §;. Since §2 is convex, this mapping is well-defined

and holomorphic. Let pi. = W((ﬁj(zf)) Then, by Lemma 4.3.6, pz — §; non-tangentially.
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Let V; be the translation of V' to pg:

V= {=+ 0 - @)

zEV}.

Then, for j large enough, V; C Q. Let ]5{ = d){l (p{) . Then,

dit (0}, 21) < dg (7], =) + dii (5], 21)
< ARl ¢;(]) +r
< d?(p{,qu(zf)) +r<s+r<oo
for j large enough. Let 7’ := r + 5. Hence, ;5{ € W C B(p';e) N Q, for z; chosen

sufficiently close to p/, and ¢, (ﬁz ) — ¢; in the complex plane normal to V' through ¢;. =
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4.4 Principal Result

Proposition 4.4.1 Let Q@ C C" be a smoothly bounded convexr domain. Suppose there
exists a point p € Q and a sequence {¢p;} C Aut(Q) such that ¢;(p) — g € 9Q non-
tangentially. Furthermore, suppose Sq is not trivial and that Condition LTW holds.

Then, Sq is biholomorphic to B,,, where m = dimc¢ Sy.

Proof. By the corollary of Condition LTW, for any ¢ > 0 and some strongly convex
boundary point p’, there exists a sequence {p;} C Q such that p; € W C B(p';e)N
Q and g; := ¢j(pj) — ¢’ € Sy in the complex plane normal to J€2 through ¢’. (Note that
pj is ﬁg and ¢’ is ¢; in the corollary of Condition LTW; notation is being changed for
simplicity.) By sequential compactness, p; — p € m, passing to a subsequence if

necessary. Hence, ¢(p) = ¢’ non-tangentially. Furthermore, by choosing p’ and e so that
B(p/;e)ﬂZj =0,7€{1,...,m},

where Z; is the common zero set of the component functions in the jth row of de,
rank dé(p) = m.
Let v be the constant unit outward normal vector to d€2 along .S,. For simpler

notation, let V' := 5, and let Vj be the translation of V' to g;, i.e.
Vi={z+(gj—q),|z€V}.

Then, V; C Q for j large enough. Let {{;};", C TV be linearly independent. Since
0Q is geometrically flat along V, {&x},e, C T,,;Vj is linearly independent (for j large
enough) and v will be normal to V. Since V; C Q for j large, this set is linearly

independent in 7;,€). Since d¢j_1(qj) is an isomorphism of vector spaces,

{do; @, - 467 (a)m }
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is linearly independent in 7}, €. For brevity, let
& = do; ' (¢))& and & = lim dé; " (q;)&.
Jj—00

Claim: {51, e ,Em} C T34 is linearly independent.

Now, for any k, the set {dqu_l (qj)fk} _is a sequence of points in C™. Since C" is a sequen-
J
tially compact metric space, {dqﬁ;l(qj)&}, has a convergent subsequence. Therefore,
J

& = lim;_, dqb;l(qj)gk exists, passing to a subsequence if necessary.

Now, for any k € {1,...,m},

9(3)(@) = do(p) ( Tim d7 ()6 ) = tim o) (i o5 a5 )
= lim do;(p;) (do; " (a)6r) = lim d (;067") (a))6
= ]lgglo dlo(q;)ék = &k-
Therefore, &1, ...,&y, linearly independent and d¢(p) linear implies that 51, .. ,Em lin-

early indepedent. This proves the claim.

Let U = B,,. Now, by the well-known properties of the invariant measures,
V,
<O (g6, 6m)

=CY(d5 &, Em),

and
Kg(ﬁ;él?""ém) Z K(‘]/(q/;£17"'?£m)'

Therefore,

Lo U6 ) o OB 6)
— V(. — Qr~. ¢ c
KU((I?&I?""&M) KU(p7£17"'7£m)

for any j large. Hence, letting j — oo,

Lo VW6 m) o CRGr 1 En)

B Kg(q/aglavfm) B K{}(ﬁagl?aém)
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Since

CH@ - bm)

Kg(ﬁvgl’vgm)

as p — a strongly (pseudo)convex boundary point (p can be chosen arbitrarily close to

a strongly (pseudo)convex boundary point by construction), it follows that

Cv(q/; gla s 7£m)

L =1
Ky (q5&1s- -5 &m)

Theorem 4.4.2 (Lee-Thomas-Wong) Let Q@ C C" be a smoothly bounded convex
domain. Suppose there exists a point p € Q and a sequence {¢;} C Aut(?) such that
¢i(p) — q € 02 non-tangentially. Furthermore, suppose that Condition LTW holds.

Then, Sy is trivial and hence OS2 is variety-free at q.

Proof. Suppose S, is not trivial. For notational simplicity, let V' := S;. Then, V is a
convex open subset lying in a m-dimensional subspace of T;02, where m = dim¢ V'
by Theorem 4.3.2. By a linear change of coordinates, assume v = (1,0,...,0) is
the constant outward normal vector to 92 along V (recall that the 9 is geomet-
rically flat along V) and V lies in the zg--- 2,41 plane, where ¢ is the origin. Let
m:Q — {2€C"|zpy2 =" =2z, =0} be the projection mapping (i.e. 7 is the pro-
jection onto the z1 - - - zp,41 plane).

Now, by the corollary of Condition LTW, there exists a strongly convex bound-
ary point p’ € 9§ such that, for any € > 0, there exists a sequence {p;} C Q such that
¢; = ¢j(pj) = ¢ € S4 in the complex plane normal to 92 through ¢’ non-tangentially
and p; € B(p';¢) NQ Vj. Also, p; € B%(zi;r’) C B(p;e)NQ,s0p; = p€ ﬁ%(zi;r’),
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passing to a subsequence if necessary. (Recall that, in the corollary, p; is ]52 and ¢’ is ¢;;
notation has been changed for simplicity.) Let {2} be a sequence of relatively compact

open subsets of © such that Q, CC Qu1,Um; Qe = Q, and, choosing ¢ large enough,
pj,D € S Vj.

Let V; be the translation of V' to g;, i.e.
V= {z+(quq')|z€V}.

Then, V; C Q for j large enough. Let {{;};", C TV be linearly independent. Since
0f) is geometrically flat along V, {{i )L, C T, Vj is linearly independent (for j large
enough) and v will be normal to Vj. Hence, the set {{1,...,&m, v} C Ty;Q is linearly

independent. Since d(ﬁj_l(qj) is an isomorphism of vector spaces, the set
{do7 ()6, - do; @y} € T,,0

is linearly independent. For brevity, let
& = do; ()&, V= do; (gh)v-

Now, let U = A x B, and let f : V — B,, be the biholomorphism from
the previous proposition. Let {Vs} be a sequence of subsets of V' such that Vs 'V as

0 — 0. Consider the wedge domain
% (¢) x Vs,

where I'?, (¢') is a cone contained in the complex plane (z1-plane) normal to 99 at ¢/,

with angle between its arms and —Re z1-axis o € (g,w) and arms of length r. Let

6 € (0,%) be chosen so that ¢; € I'j(¢'). Then,
Iy (d)xVsCQ
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for r small enough, since 0f2 is geometrically flat along V. For j sufficiently large,

(65 () C T (¢) x Vs.

Hence, for j large enough, by using the decreasing properties of the invariant measures,

the following inequalities hold:

Cge(p]7€i77§;nal//) > ng(QZ)(Qj;gla”'vgm?V)
th}(pj;fi,...,ﬂn’y/) B K[SZ(Qj§§1,~~-,€m,V)
(i (2
C’U((z)j( Z))(qj;glv"'vgmay)
KHa5:&1,- - &m,v)
Crg(q)XVS(qj;glw"7£m7’/)

s YU
= . Tp(@)x Ve
KU9 6(Qj;§17"'7§m7y)
Now, for any j, the volume of &1,...,&,, 7 is non-zero — denote it by p; — so

Q Q
CUe(p]agia cee 75;7171//) _ Mg - CUe(pj;eb cee 7€'m+1)
Kg(pW&’?f?’an,) /’L]"Kg(pj;ela‘“vem'i‘l)

Q
_ CUZ(pj; €1,... ,em+1)
Kg(pj; €1y s Cmtl) ’
where {e}7" 1! is an orthonormal basis for span(é], ..., £,) by Lemma 3.2.4. Hence,

0 ()X Vs, |
Cy'(pjiet, - eme1) > Cu @V (g5 61,y v)

Q . - T (!
KU(p]’ €1 - .’em—’—l) K[FJG(q )Xva(Qj;glu e 7§m7 V)

(call this inequality ). Since U, I'%,(¢') x Vs, I'y(¢') x V5 are domains in C™*!, by

Lemma 3.2.7,
Vo6 ) M)
K g6, ) [ME L (a)]
Let ¢j = (gj1,---,qim+1) = (¢j1,w) := (¢;, w), where g; is in the complex plane normal

to 9Q through ¢/, with Reg; < 0, and w € Vj. Therefore, by Lemma 3.2.11, 3.2.12,

C c(
‘MFZ(q)XVa(qJ ‘ ‘M n.(d) qJ ‘ ‘MV& ‘
E
’MFT(q Yx Vs (g5 ‘ ’ q] ‘ ‘ )‘

Letting j — 00, § — 0, and so the right-hand side of the above inequality becomes

C
i [0 @)] 115 0)

;—>oo‘ Fr(q)( )‘ [ ME(w)|
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Since V is biholomorphic to the ball B,,,

‘MC, ,)(qj)) Mg w} . ( Sm(q])"

lim
)] "]

j—ro0 ‘

ME ()| M7 ME ()]

Let w; be the angle between the line segment joining ¢; to ¢’ and the —Re zj-axis.

Suppose w; — w, where w € (0,6). Therefore, by Lemma 3.2.13,

lim

T
’ F’"q)q]‘ 0 cos (35 - w)
J%OO‘ ’ QL COS QL

letting r — 0, since that allows § — 5~ and a — §+. What does this all mean? It

means that, letting 7 — oo in inequaltiy * that

Q
lim Cy'(pjser,-- - emy1) >1
j—oo K vpjier, . emgp1) ’
and so
CQe =
U (p7617"'7em+1) >1
Kg(ﬁ;elw")em-f-l) o
Letting ¢ — oo, it follows that
Q7
U(pael7"'7em+1) > 1.

C
Kg(ﬁa €15+, eerl)
Let Q = QNB (p; €). Using the localization properties of the invariant measures (Lemma

3.2.10),

hm C~(pa €ly---, em—‘rl) _ HC{JZ(@ €1,y-.. 7€m+1)

-~ > 1.
=y Kg(p;el,...,emﬂ) ﬁ%p’Kg(p;el,...,em+l)

But, by Lemma 3.2.14,

Cy(p;el,...,e
Tim %(p ! m+1) <1,
i KU(pa elv""eerl)
which implies that
Q.
1> ~hm/ C(J;(piv €1, .. .,€m+1) > 17
p=p K[S])(pv €1y €m+1)

which is a contradiction. Therefore, the assumption was false and so the 92 must be

variety-free at q. m
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Theorem 4.4.3 Let Q C C" be a smoothly bounded convexr domain. Suppose there
exists a point p € Q and a sequence {¢p;} C Aut(Q) such that ¢;(p) — g € 9Q non-

tangentially. Then, dimc Sy <n — 1.

Proof. Assume the conclusion isn’t true, i.e. dim¢ S, = n —1. The idea is to show that
Condition LTW holds, and then invoke the same argument as in the main theorem to
derive a contradiction. Let V :=S,.

By Proposition 4.3.1, ¢; — ¢ : 8 — V', where ¢ is a surjective holomorphic
mapping. Since  C C" is smoothly bounded and convex, there exists a strongly
(pseudo)convex boundary point p’ , so by Theorem 4.3.4, a sequence {z;} can be chosen
so that ¢(z;) — ¢ € V. Now, ¢(z;) € V implies that lim;_, ¢;(2;) € V, so ¢j(2) —
¢’ € V non-tangentially in the complex normal direction by Lemma 4.3.6. Let 7 be the
projection of € onto the complex plane normal to V' through ¢’. Since Q is convex, this
mapping is well-defined and hence holomorphic. Let zi = 7(¢;(2i)), and let V; be the

translation of V' to zf, ie.

Vj = {Z+(Zf —4q)

z € V} .
For j large enough, V; C Q. Let 25 = (bj_l(zg). Then,
dfe(zi, 2)) = di(85(=0), 2))
V; ;
< (652, 2]) < 5 <
for j large enough. So,
Zg S ﬁ%(zi;s),

and, for any € > 0, by choosing z; sufficiently close to p/,

B (zi;8) C B(p';€) N,

79



since diam 3%(2;;5) — 0 as z; — p/ by Lemma 4.1.4.

J

At this point, repeat the argument in the main theorem. In fact, letting p; := Z;

and gj := ¢;(pj), one can apply that argument verbatim to derive the contradiction. m
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Chapter 5

Conclusions

This result supports the truthfulness of the Greene-Krantz conjecture and pro-
vides a partial generalization of the result of Fu and Wong [FW] (it is only partial, since
in their work, the domain considered in C? was pseudoconvex, whereas the domain con-
sidered here in C™ was assumed to be convex, which is a stronger assumption; also, there
is the assumption of Condition LTW).

There is much work to be done. The result of this dissertation is far from the
Greene-Krantz conjecture in its full generality: The hypothesis is much stronger and the
conclusion is weaker. As a start towards proving the conjecture, here are some problems

the author is interested in pursuing:
Problem 5.0.4 Prove the main result without the assumption of Condition LTW.

The author believes that the main result will hold without the assumption of
this condition, since the condition can be easily proven if it can be shown that ¢;(a) —

Sg, a € €, non-tangentially, which is very reasonable to think to be true.
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Problem 5.0.5 Suppose @ C C? is smoothly bounded and pseudoconvex. Further-
more, suppose there exists p € Q and {¢;} C Aut(Q) such that ¢;(p) — q € 0N

non-tangentially. Then 0 is of finite type at q.

Proving this would be a generalization of Fu and Wong’s result in that a

stronger conclusion would be obtained.

Problem 5.0.6 Suppose Q C C? is smoothly bounded and pseudoconvex. Furthermore,
suppose there exists p € Q and {¢;} C Aut(Q) such that ¢;j(p) — q € 0Q. Then 0N is

of finite type (or variety-free) at q.

In this problem, the assumption of non-tangential convergence is removed, i.e.
the possibility of ¢;(p) — ¢ tangentially is allowed. It is unnatural to have the assump-
tion of non-tangential convergence, so proving a result allowing tangential convergence
would be good progress. Of course, one can not forget the Greene-Krantz conjecture

itself:

Problem 5.0.7 Prove the Greene-Krantz conjecture.
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