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Abstract
Sublogarithmic-Transexponential Series
by
Adele Lee Padgett
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Thomas Scanlon, Chair

This thesis is motivated by the open question of whether there are transexponential o-
minimal structures. As a candidate for a transexponential o-minimal structure, we suggest
Ranexp €xpanded with new symbols for a transexponential function, its derivatives, and their
compositional inverses, which we call Ryansexp- The main result of the thesis is that the
germs at 400 of Ry ansexp-terms are ordered and thus form a Hardy field. If Ry ansexp is shown
to have quantifier elimination in the future, then o-minimality would follow. Chapter 1
provides background on the open problem and more information on Ransexp-

The work of the thesis is to adapt the construction of the field of logarithmic-exponential se-
ries in [8] to build an ordered differential field of sublogarithmic-transexponential series. The
sublogarithmic-transexponential series field is constructed to embed the germs of Ry ansexp-
terms, showing that they are ordered. The challenge is to gradually build up the field of
series so that we know how the partial structure should be ordered at each stage. We dis-

cuss how the ordering quickly becomes complicated even for relatively simple finite sums in
Chapter 2.

The construction of the sublogarithmic-transexponential series can be divided into three
parts. First, in Chapter 3, we prove that the group ring of certain kinds of finite sums is
ordered by giving an algorithm to determine the sign on a sum and showing the algorithm
terminates. Next, in Chapter 4, we adapt the construction of the logarithmic-exponential
series in [8] to build a field of series closed under log, exp, and restricted analytic functions,
starting from a field of coefficients and group of monomials satisfying certain assumption.
Finally, in Chapter 5, we iterate the construction from Chapter 4 to build the full field of
sublogarithmic-transexponential series. We also define a derivation that works like “differ-
entiation with respect to the formal variable of the series.”



Dedicated to Josee Leitschuh



i

Contents

Contents ii
1 Introduction 1
1.1 Background . . . . . ... 1
1.2 Thesis work . . . . . . .. 3
1.3 Fields of series and transseries . . . . . . . . . .. .. ... ... 4
2 Basic properties of E and its derivatives 8
2.1 Monomials with equivalent growth rates and logarithmic derivatives . . . . . 12
3 Ordering the E-sums 17
3.1 The order on k((Hy)) induces an order on k[Go] . . . . . .. ... ... ... 19
3.2 Defining the order preserving embedding vy . . . . . .. ... 23
3.3 Showing k[GoAg] isordered . . . . . . ..o L 30
4 A logarithmic-exponential series field constructed from F-monomials 37
4.1 Part 1: Building partial exponential rings . . . . . . . .. .. .. ... ... 38
4.2 Part 2: Building a logarithmic-exponential field . . . . . ... ... ... .. 49
4.3 Defining ., . . . . . .o 50
4.4  Finding logarithms, exponentials, and multiplicative inverses . . . . . . . . . 58
5 An Liansexp differential series field 68
5.1 Constructing H;yq from H; . . . . . . ... .. oo 68
5.2 Building a structure closed under the symbols of Liyansexp - - - - - - - -« .. 77
5.3 Aderivation on Mg . . . . . . . 84
5.4 Ordering of germs of terms at +00 . . . . . . . ... 93

Bibliography 95



il

Acknowledgments

I am deeply grateful to my advisor Tom Scanlon for both his incisive observations and
genuine kindness. Through our conversations, I learned so much about the process of refining
mathematical ideas into a strategy.

Carol Wood, Pierre Simon, Sebastian Eterovi¢, Ben Castle, Mariana Vicaria, Diego Be-
jarano Rayo, Scott Mutchnik, Jordan Brown, and Ronan O’Gorman made my time with
the model theory group at Berkeley both enlightening and enjoyable. Mariana in particular
has been incredibly generous, both as a friend and as a role model who I’ve looked to often
over the past several years. Additional thanks to Pierre and Wes Holliday for serving on my
dissertation committee.

There are many more of my fellow students who I would like to acknowledge. James
Walsh, Reid, Mikayla, Patrick Lutz, and Guillaume Massas helped make Logic student events
fun and frequent. My cohort was a great group of people—I would like to thank Lauren
Heller, David Casey, and Kristina Nelson for many fun and interesting conversations; James
Rowan, Yuan Yao, Xiaohan Yan, Yixuan Li, and Irit Hug-Kuruvilla for relaxing weekend
teas; James Rowan (again) and James Dix for making me an honorary James; Jorge Garza
Vargas and Roy Zhao for being such good friends to me; and Andrew Shi for his trust and
for making me laugh.

Thanks to Emily Reinherz, my longest and dearest friend, for helping me keep perspec-
tive.

Finally, I am so thankful to my wonderful parents, Rosanne Fitko and Jim Padgett, and
my brother, Carl Padgett, for all their love and support.



Chapter 1

Introduction

1.1 Background

The study of o-minimality began in the 1980s as a framework for generalizing the tools of
semialgebraic geometry [5]. In 1991, Wilkie proved that the field of real numbers with expo-
nentiation, Reyp, is model complete [19]. This, along with Khovanskii's work on Fewnomials
[13], proved that Rey, is o-minimal. Wilkie’s result indicated that key qualities of semialge-
braic geometry extend beyond the semialgebraic context to other important functions and
that o-minimality is the right extension of semialgebraicity to consider.

The o-minimality of Rey, also spurred an investigation into the growth rates of func-
tions defined in o-minimal fields: First, van den Dries, Macintyre, and Marker observed the
following;:

Lemma 1.1.1. An expansion R of the ordered field of real numbers is o-minimal if and only
if the germs at 400 of its definable functions form a Hardy field.

They used this fact to greatly simplify the proof that the expansion of R, by restricted
analytic functions, denoted Rapexp, is o-minimal [9]. Second, Miller proved that either R
defines x +— €, or all its definable functions are bounded in absolute value by a polynomial,
i.e., R is either ezponential or polynomially bounded [16].

It is a natural step to consider which o-minimal structures are exponentially bounded,
meaning that every definable function is bounded in absolute value by exp®(x) for some
n € N. Some o-minimal structures, including Rex, and Ru, e [7], are known to be ex-
ponentially bounded, but currently none are known to be non-exponentially-bounded, i.e.,
transexponential. In fact, this is a longstanding open question:

Question 1.1.2. Are there transexponential o-minimal structures?

The first reference (known to the author) to the possible existence of transexponential
o-minimal structures is a 1996 paper of van den Dries and Miller [10]. In [15], Marker and
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Miller suggest that an expansion of Re, by a new function symbol that represents a real
analytic function £ : (a,+00) — R satisfying

E(x +1) =@

could be o-minimal. Any function satisfying this difference equation must be transexponen-
tial, and in [3], Boshernitzan shows that there are solutions whose germs at 400 belong to
a Hardy field [3]. Boshernitzan refers to an earlier paper of Kneser [14] for the existence of
real analytic solutions to this difference equation.

Marker and Miller also discuss expanding R, by a “half-iterate”

erja(z) =E (E‘l(x) + %)

of exp(x) whose germ at +o00 also belongs to a Hardy field [3]. Since (e1/20e€1/2)(x) = expz,
the growth rate of ey /5 is strictly between polynomial and exponential. It is also open whether
such functions of intermediate growth could be defined in o-minimal structures.

Since Kneser’s function E is transexponential and contained in a Hardy field, Rex,(E) is
a natural candidate for a transexponential o-minimal structure. Thinking through a proof
of o-minimality, however, suggests that R,y exp(£) may be a more promising candidate. Van
den Dries, Macintyre, and Marker’s proof that R,y exp is 0-minimal is simpler than Wilkie’s
proof that R, is o-minimal, and it is also more straightforward to adapt. A key part
of their proof is that the theory of Ry exp(log) has quantifier elimination and a universal
axiomatization, which Ry, notably does not. With quantifier elimination, one need only
consider germs of terms instead of germs of all definable functions when using Lemma 1.1.1.
This gives a second version of Lemma 1.1.1, also from [9]:

Lemma 1.1.3. If R is an expansion of the real field and T = Th(R) has quantifier elim-
ination, then T is o-minimal if and only if for each term t(X) in a single variable with
parameters in R, there is m € R such that either

1. t(x) > 0 for all x > m,
2. t(x) =0 for all x > m, or
3. t(x) <0 for all x > m.

Lemma 1.1.3 gives the following general two-part strategy for proving an expansion R of
the real field is o-minimal:

1. Find a language £ in which Th(R) has quantifier elimination.

2. Prove that the germs at +o00 of L-terms in a single variable with parameters in R are
ordered.
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To apply this strategy to Rapexp(E), we first consider Part (1), i.e., what new symbols
would be needed in order for Th(R,y exp(£)) to have quantifier elimination? Just as Ruy exp
needs a symbol for log to have quantifier elimination, we include a symbol L = E~! for the
functional inverse of E. Derivatives are definable with quantifiers using an order symbol, so
we also add symbols E', E” E" ..., for the derivatives of E. (We will also use the notation
E@ to denote the dth derivative of E, for d € N.) These are new function symbols, so
we must add symbols for their functional inverses (E')~', (E”)~', (E")7!,... too. We do
not need new symbols for the derivatives of L, (E')~' (E”)~1 (E”)7! ... because we can
express them in terms of the symbols we already have. For example,

1

PO = By

Thus, we suggest the following as a reasonable language in which to try to show Th(Rap exp(E))
has quantifier elimination:

Definition 1.1.4. Let Liansexp = Lan(exp,log) U {E@ : d e N} U {(E@) ™" : d e N}.
The main result of this thesis is the following:

Theorem 1.1.5. The germs at +00 of Liansexp-terms in a single variable with parameters
in R are ordered.

This solves Part (2) for the language Liansexp-

1.2 Thesis work

To prove Theorem 1.1.5, we will build an ordered differential field of sublogarithmic-transex-
ponential series, based on van den Dries, Macintyre, and Marker’s construction of the field of
logarithmic-exponential transseries in [8]. The sublogarithmic-transexponential series field
will be constructed to embed the germs at +00 of Liansexp-terms as a substructure. The
order on the sublogarithmic-transexponential series then induces an order on the germs.

The sublogarithmic-transexponential series satisfy a theory Tiansexp, defined as follows.
Let Tan(exp,log) be the universal axiomatization for R,,(exp) given in [9] in the language
Lan(exp,log). Let Tiansexp be the following set of universal axioms:

1. Universal axioms for T,,(exp, log);

2. Axioms identifying the restrictions of each of the new function symbols to [0, 1] with
the corresponding restricted analytic function symbols, i.e.,

a) 0 <z <1 — EW () = f@(x), where E(@ is the restricted analytic function
symbol corresponding to the function E(@;

3. Forall 2 >0, E(z + 1) = exp E(x);
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4. For all z < 0, E@(x) =0, for d € N;
5. Axioms stating that the symbols for the inverse functions are indeed inverses, i.e.,

a) (t>1— E(L(z)) =2)AN(x <1— L(x) =0) and
b) (z>1— EWD((ED)(2) =2)A(z<1— (ED)(z) =0);

6. An axiom for each d € N stating that F(**1 is indeed equal to the derivative of E(@,
ie.,

Vo > 0,Ve > 0,Vy > o(o < |z —y[ < min <1a—E(;+ 1)> —
<)

Each axiom in this schema is just the usual ¢ — ¢ statement of the derivative, with
(5 ‘= min <1, m)

Given F' F Tiransexp, we will build a field Mp of sublogarithmic-transexponential transseries
with coefficients in F' that satisfies Ti ansexp- We also define a derivation on Mp that works
like differentiation with respect to the variable of the transseries field. The difficulty is to
build Mg so that a unique ordering is maintained at each stage of the construction.

In Chapter 2, we present some basic computations involving F and its derivatives that
we will use without reference later on. We also introduce the main challenge in defining an
ordering on Mg, which arises from expressions involving E and its derivatives that grow at
equivalent rates.

The construction of My is divided into Chapters 3-5. In Chapter 3, we prove that certain
finite sums of monomials built from E and its derivatives are uniquely ordered, if we assume
some simple partial ordering relations.

In Chapter 4, we adapt the construction of the logarithmic-exponential series in [8] to
start with monomials built from E and its derivatives. The resulting structure is a model
of Tynexp(log). The key change from the original construction is to allow only finite sums
of certain kinds of monomials at a time. This restriction allows us to use the result from
Chapter 3 to order the structure we build.

In Chapter 5, we build My by iterating the construction in Chapter 4 to close off under
E, its derivatives, and the inverse function symbols. We also define the derivation on Mp.

. E(d+1)($)

EY(y) — E@(x)
y—x

1.3 Fields of series and transseries

Transseries can be understood as a generalization of Laurent series that represent (often
divergent) asymptotic expansions of real functions at +o0o. They were initially studied
independently by Dahn and Géring [4] in work on Tarski’s problem on the real exponential
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field and Ecalle in work on the Dulac problem [11]. We refer to van den Dries, Macintyre,
and Marker’s construction of the logarithmic-exponential (log-exp) series in [8], which closely
follows Dahn and Goring’s original construction. Elements of the field of log-exp series are
infinite sums of “log-exp monomials” arranged in decreasing order. For example,

« 1
2e° — §ZE62Z — 2B 4 3logr+ 1+ 4224234 ae™®

is a log-exp series. Chapter 4 of this thesis is an adaptation of van den Dries, Macintyre, and
Marker’s presentation of the log-exp series construction to “transexponential monomials.”

Both the construction of the log-exp series and the work in Chapter 4 make frequent use
of Hahn series. We will present an overview of Hahn series in the next section and conclude
the chapter with a brief discussion of transexponential transseries constructions.

Hahn series and Mal’cev-Neumann series

The definitions and results in this section can be found in [17], though we follow the notation
of [8].

Let k be a ring and G a multiplicative ordered group. The Mal’cev-Neumann ring k((G))
with monomials in G and coefficients in k consists of formal sums

s:chg

geG

with ¢, € k such that Supp(s) := {g € G : ¢, # 0} is reverse well-ordered in G.

We must check that k((G)) is indeed a ring. Addition is defined in the obvious way, and
it is clear than k((G)) is closed under addition and scalar multiplication. Multiplication of
series is also defined in the usual way: If 3° a4, by9 € k((G)), define

(Z agg> (Zbgg> =) dgbg,g.

geG geG 9€G g192=9g

However, it is not obvious that the series on the right is an element of k((G)). The following
lemma [17, 3.2 and 3.21] tells us that the inner sum on the right is always finite:

Lemma 1.3.1. Let A, B C G be reverse well-ordered. Then AB is also reverse well-ordered.
Furthermore, for any fivred w € AB, there are only finitely many pairs (a,b) € A X B such
that u = ab.

We will also need to know that for any € € k((G)) with Supp(e) < 1 € G and any
sequence cg, 1, Ca, - -+ € k, the sum
S
n=0
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is an element of k((G)). It follows from Lemma 1.3.1 that for any well-ordered set A C G4,
A™ is reverse well-ordered, and thus UZ:l A™ is reverse well-ordered. However, it takes
significant work to show that (J 2, A™ is reverse well-ordered and to show that any element
of ;2 , A" appears in only finitely many sets in this union. This result is usually called
Neumann’s Lemma [17, 3.4 and 3.5]:

Lemma 1.3.2 (Neumann’s Lemma). Let A C G<! be reverse well-ordered. Then |-, A"
is reverse well-ordered, and any element of | J,—, A" lies in A" for only finitely many n € N.

By Neumann’s Lemma, k((G)) is closed under taking power series with coefficients in k
of infinitesimal elements.
We now introduce some notation. For an element 0 # s = ) c,g € k((G)), define

1. Lm(s) = max(Supp(s)) to be the leading monomial of s,
2. Lec(s) = cum(s) to be the leading coefficient of s, and
3. Lt(s) = Le(s)Lm(s) to be the leading term of s.

Define Lm(0) = Le(0) = Lt(0) = 0.

With additional assumptions on k, we can say more about k((G)). First, if k is ordered,
then we can order k((G)) by taking s > 0 if and only if Le(s) > 0. Second, if Le(s) € k™,
then we can compute the multiplicative inverse of s in k((G)) using the usual trick for
computing the inverse of an infinite series. So if k is a field, then so is k((G)). Since Hahn
was the first to study the structure k((G)) when k is a field [12], in this case k((G)) is called
the Hahn series field with coefficients in k and monomials in G.

Previous transexponential transseries constructions

In this subsection, we discuss existing work on transseries fields built using a transexponential
function. Schmeling, in his 2001 PhD thesis [18], presents a variety of interesting results on
transseries fields containing transfinite iterates exp, and log, of exp and log for o < w*. For
Schmeling, the wth iterate of exp satisfies the same difference equation

f(x+1) = exp f(x)

that we take E to satisfy in this thesis. Schmeling also gives a formal definition of what it
means for a generalized power series field C[[90]] to be a transseries field and develops a
theory of derivations and compositions for transseries fields and their transfinite exponential
expansions. However, Schmeling does not construct a derivation on the field of transseries
containing the transfinite iterates of exp and log.

Van den Dries, van der Hoeven, and Kaplan extend Schmeling’s thesis work in [6] to
build a field L of logarithmic hyperseries that contains all transfinite iterates of log. They
also construct natural differentiation, integration, and composition operations on L.
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In [2], Bagayoko, van der Hoeven, and Kaplan generalize Schmeling’s methods and exploit
the properties of IL to build a hyperserial field H that contains all transfinite iterates of log
and exp, though H is not yet shown to be closed under differentiation. Bagayoko’s upcoming
thesis also contains promising results in related areas [1].

The hyperserial field H differs from the sublogarithmic-transexponential series constructed
in this thesis in two ways: First, in addition to being closed under all ordinal iterates of exp
and log, H also allows many kinds of sums that are not in the field of sublogarithmic-
transexponential series. The notion of summability in the sublogarithmic-transexponential
series is quite restrictive. In order to use the ordering result of Chapter 3 and to define
a derivation in a natural way, certain kinds of finiteness are built in through the whole
construction.

Second, H is not yet known to be a differential field, while a derivation on the sublog-
arithmic-transexponential series is defined in Section 5.3 and respects exp and E. It is
necessary to the proof of Theorem 1.1.5 for the sublogarithmic-transexponential series to be
a differential field.



Chapter 2

Basic properties of I/ and its
derivatives

In [14], Kneser constructs a real analytic “half-iterate” of e”, i.e., a function h such that
h(h(x)) = e*. Finding half-iterates of a function 1 reduces to finding solutions to the Abel
functional equation, which in its full generality is the following:

9(W(x)) = g(x) +c.

After constructing a real analytic solution g to the Abel equation with ¢ = 1 and ¢ = exp,
Kneser defines h(z) = g=* (g(z) + 1), so that

) =g (o (o7 (o601 +3) ) +5)

=g ' (g(x) +1)
=g '(g(expx))
=expu.

However, we are concerned not with partial iterates of exp, but with Kneser’s solution g
to the Abel equation with ¢ = 1 and ¢ = exp. If g satisfies g(exp(z)) = g(z) + 1, then g~ !
satisfies

g~z +1) = exp(g~' ().

Any such ¢g~! must be transexponential. Kneser’s construction gives the following:

Theorem 2.0.1 (Kneser). The functional equation g(expx) = g(x) + 1 has a real analytic
solution on x > 0.

This functional equation actually has infinitely many real-analytic solutions, but we will
use Kneser’s, which may be taken to satisfy g(1) = 0. We will call the solution given by
Kneser’s construction L. We will call its inverse E. We will also use F and L to refer to the
corresponding operators on germs of functions at +co and as formal symbols.
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We now give several simple identities and relations derived from the functional equation
E satisfies.

Remark 2.0.2. Whenever we write a relation, it should be understood that it holds for all
large enough x.

E a
1. E(x+1) > E(x)* for any a € R, anda:ll_%%o.
2. E'(z+1) = @ E'(z) = E(x+1)E'(x) by the chain rule, so that E'(z) > E(x). Again

E
lim (z) = 0. This also shows that E(@)(z) > E@)(z) if d; > ds.
T—00 E’(x)

3. Repeatedly differentiating both sides of E(x+1) = exp F(z) gives algebraic-difference-
differential equations of all orders, which are of the form

E/(I) Ji E(d7k+1)(x) Jd—k+1
(d) |l =\
ED(z+1)= x+1§:§: Mkﬂ'(l!) T

k=1 j

where the second sum is taken over all sequences j, ..., j4—r+1 in Z, satisfying

ittt Jak =k
J1+2ja+ -+ (d=k+1)jak =d

The double sum in the above equation is the formula for the dth complete Bell poly-
nomial with arguments E'(z), ..., E@(z), which we will denote by Bgy(z), i

S () (e

Bell polynomials are used in the study of set partitions, though they arise here as
an instance of Faa di Bruno’s formula, which generalizes the chain rule by computing
higher derivatives of a composition of functions.

The following lemma comes from Boshernitzan in [3] and will help us derive more identities
involving F and its derivatives.

Lemma 2.0.3. Let g(x), h(z) > 0 be continuous, lim h(z) = +o0, and assume that

T—00

h(z +1) > 2h(z)
lg(z +1) = g(z)| < h(x+1)

for all large enough x. Then |g(x)| < 3h(x) for all large enough x.
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Proof. Using the second inequality n times, we have

gz +n) <g(x+(n—1))+h(r+n)
<[g(z+ (n—2))+h(x+ (n—1))]+ h(z+n)

n—1

<g(x)+ Zh(m + (n—k)).

k=0
Now using the first inequality n times, h(z + n) > 2h(z + (n — 1)) >

M < —. So we have
h(x+mn) 27

cgletn) _ o g(@) + 30 h(z 4 (n— k)
) S A Wz +n)

1

1
< li —
—n:fiso@ ; Hn))

< 3.

10

> 2"h(x), so

]

If we take g(z) = log(E'(x)) and h(x) = log(E(x)) then we can apply Lemma 2.0.3

because:

hz+1) =log(E(z + 1)) = log(ef®) = E(z) = £

> 2FE(x — 1) = 2h(x)
l9(x +1) — g(x)| = log(E'(z + 1)) — log(E'(z))

o FE'(x+1)
= ()
=log(E(x 4+ 1)) = h(z + 1).

Lemma 2.0.3 gives that log(E’(z)) < 3log(F(x)), and exponentiating, we get E'(x) < E(z)3.

From here, we can make a sequence of comparisons.
Lemma 2.0.4. For all large enough x, we have
1. ED(x) < B(z)E(z —1)*
2. E9(z) < B(x)?
3. B9z —1)* < E(x) for alla € R
4. ED(x —7r)* < E(z) for alla € R and r > 0
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Proof. The first part is proven in [3], using Lemma 2.0.3. The second part follows from the
first part and Lemma 2.0.3:

(d) 3d
lim E9(z+1) ~ lim E(z+1)E(z)

E(l’)gd

= lm =505

= 0.

E a
The third part uses Lemma 2.0.3 and the fact that lim (z)

x_mm:()for anyaER:

d(pr _ 1)a _ _ 9\3d\a
i B9 =1 (B~ 1B - 2)*)
T—00 (:p) T—500 E($)
) E(I—1>a+l
<1 _
=,0% " E(@)
=0.

E _ m
For the fourth part, we need only show that lim (z =)

T—00 E(x)
E@(p —p)e
the second part tells us that lim M
o0 (E(x —1)?)0

part, using the fact that partial iterates of the exponential also have faster-than-polynomial

growth. First assume r is rational. Write e/, to denote a 1/qth iterate of exp (meaning
q times p times

= 0 for any m € N, since

= 0. The proof is the same as for the third

exp = €/q0 -+ 0 el/q) and write e,/, to denote p iterates of ey, i.e., €,/ = €140+ 0e1/q.
Then

. Elx—-r)m . e (E@-=1)"
B TR ==
= lim v
Yy—00 €p (y)
< lim — for any a
y—oo Y?
=0 fora >m

If r is irrational, then there is a rational r' such that 0 <’ < r, so

E(x — r)m E(r — )™
lim (z—7) < limM

_ = 0. O
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2.1 Monomials with equivalent growth rates and
logarithmic derivatives

Note that what is actually proven in each part of Lemma 2.0.4 is that the limit of the
quotient of the smaller expression by the larger expression is 0. This means that in each of
these comparisons, the larger expression is not only larger, but also has a faster growth rate
as r — 00.

However, it is possible for simple expressions involving E and its derivatives to have
equivalent growth rates. For example,

@B E@RAE 12+ B 1)
TR AT R a1
. E”(:L’ )
= (1 "B 1)2>
~1.

by Lemma 2.0.4, so E(z)E"(x) and E'(x)* grow at the same rate as x approaches infinity.
Even though E(z)E"(z) and E’(x)? have the same growth rate, it is easy to determine
that E(z)E"(x) > E'(z)?
E(z)E"(z) — E'(2)* = E(z)*(E'(z — 1)+ E"(x — 1)) — E(2)°E'(z — 1)°
= E(z)*E"(z — 1)
> 0.

However, it can be quite complicated to compute the sign of an expression involving many
terms with equivalent growth rates. To remedy this, it will be useful to be able to rewrite
expressions involving E and its derivatives in terms of different functions that all have distinct
growth rates. To this end, we follow Boshernitzan in [3] and introduce a useful sequence of
functions.

Definition 2.1.1. Let Ey(x) = E(x) and let Eqyq(x) =

fordEN

E(z

Each function in the sequence is the logarithmic derivative of the previous one.

Lemma 2.1.2. For d > 2, we have E4(x) = E'(x — d) + Ry(z) where Ry(x) is such that

Ra(x)
hmx%oo W =1.

Proof. We know Ey(z) = E(z) and E(z) = % = E'(x — 1). Then,

E'(z—1) FE'(zx—2)?*+E"(x—2)
E'(r—1) E'(x —2)

Bz —2)
E'(z—2)"

Ey(x) = =F(r—-2)+

Let Ry(x) := %, which is real analytic on x > 0. The same calculation as above, shifted
down by 1, shows that Ry(x) = E'(x — 3) + g,/((j:g)). So limg o0 ;(27(2) =1
We proceed by induction. Suppose
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1. R4(z) has been defined so that lim, Mzdf(;zl) = 1 and Ry is real analytic at all large
enough values of x.
2. Ey(x) = F'(x — d) + Ry(x).
Then
E"(x —d)+ R)(x)
Eavi(w) = E'(z —d) + R4(z)
E(x—d)(E'(x —d—1)*+ E"(x —d—1)) + Rl)(z)
- E'(x — d) + Rq(x)
Ry(x)E'(x —d — 1) — Rg(x)E'(x —d — 1)
E'(x —d) 4+ R4(z)
E(x —d)E'(x —d —1)> 4+ Ry(z)E'(x —d — 1)
- E(@—d)E(z—d—1)+ Rye(z)
N E(x —d)E"(zr —d—1)+ R)(z) — Ry(x)E' (z —d — 1)
E'(z —d)+ Ry(x)
E(x —d)E"(x —d—1) = Ry(x)E'(x —d — 1) + R))(z)
E'(x —d) + Ry(z) ’

=FE'(x —d—1)+

Now we would like to define R4y1(x) to be
E(x —d)E"(r —d—1) — Ry(z)E'(xr —d — 1) + R))(2)
E'(z —d)+ Ry(x)
so we must show this expression satisfies the induction hypothesis. The expression is real

analytic at large x because the denominator is large when z is large. So it remains to show
the expression has the same growth rate as E'(x — d — 2). We will show Bled)Pl(r—d_1) 155

B (o—d)t Fa(2)
the same growth rate at F'(x — d — 2), and _Rd(z),éixd;i;{z)(;}% a(2) approaches 0 as x — oo.
R
By induction, we know :Ch_)rgo E’(xi—(z;)—l)
: Iy()
2 —d-1 Y
—Ry(x)E'(x —d— 1)+ R))(x)

= 1. Since R, is differentiable at large =,

—Ry(x)E' (x —d— 1)+ R))(z)

M E'(z — d) + Ra() % E(x — d) (E'(a: —d—1)+ Eff;(_“";))
since E'(x —d — 1)" < E(z — d) for all n € N by Lemma 2.0.4.
Now we can rewrite
E(x—d)E"(x—d—1)  Blz—d-1)(E'(z—d-2)*+E"(x —d—2)
E(x —d)E'(x —d—1) + Rq(x) B(x—d—1)E(z—d—2)+ s

_ Fx—-d—2P4+E'(r—d-2)

- Ry(x)
EI(.CE —d- 2) + E(:v—d)z?(aﬁ—d—l)
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So again by Lemma 2.0.4

E'(z—d—2)?+E" (z—d—2)

/ Rj(x
lim E (x_d_g)"'W((x)—d—l) — lim E/(QZ —d— 2)2 + E”(IE —d— 2)
T—00 E'(x—d—2) T—00 E'(x —d—2)?

=1 [l

Corollary 2.1.3. For all large enough = and all d,;n € N, we have Ey(x) > Eqyq(z)".

This corollary follows immediately from Lemmas 2.0.4 and 2.1.2, and it is also proved in
[3] via different computations.

For each d € N, we can rewrite £ as a polynomial with integer coefficients in Ey, . . ., E,.
For example,

E =Ey-FE
E'"=FEy-(E)*+ Ey- E, - Es.

We get similar expressions for all derivatives of E because

E)=E;E;,
for all d € N.
The importance of the above corollary is that it allows us to rewrite expressions involving
the derivatives of E in terms of Ey, Eq, Es, ... to identify a dominant term. For example,

we showed earlier that E(z)E"(x) and E'(x)? grow at the same rate as z — oo. This is easy
to see when we rewrite these expressions in terms of Ey, F1, Es, ...

E(z)E"(x) = Eo(2)* Ei(2)” + Eo(2)* Er(z) Ex (@)
E'(x)* = Ey(2)*Ey(2)*

We can also rewrite E4(x) for d > 0 in terms of Ey(z — 1),..., Eq(x — 1). For example,

Ei(z) =E'(x —1) = Ey(x — 1)Ey(z — 1)
B
Ey(x)
_ Ei(z - 1)Ey(r — 1)+ Ey(z — 1)Ej(x — 1)
N Eo(x — 1)Ei(x — 1)
Eo(z — 1)Ey(x — 1)* + Eo(x — 1) Ey(x — 1) Ey(z — 1)
Eo(x — 1)E(x — 1)

~ a1 (14 20,

EQ(I‘)
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The computation for d = 3 below illustrates the general pattern:

-
Ei(x —1)+ Ej(x — 1)
Ey(x—1)+ Ey(z —1)
Ei(z — 1)+ Ey(xz — 1)
= Fy(x — 1) (1—|— Fr(e—1) 1 Bz — 1) )

The following lemma shows how roughly this same computation can be used for all d > 3.

Lemma 2.1.4. Let e5(z) = g?gjg Foralld > 2, Egi1(x) = Eq(x — 1)(1+ €441(x)), where
€q(2) 1

€ar1(x) = Tt D) " Tregm @ €ar1(x) is expressed in terms of Ey(x — 1),..., Egq1(z —1).

Proof. We will use induction. In the base case,

BEao(z—1) )’
Ei(z—1)
Eo(x—1
Bz —1) (1+ 2=3)
E1(z—1)Ex(x—1)E3(2—1)—Ey (x—1)Fa(z—1)?
Ei(z—1)?

Ey(z—1) (1+ 223)

and our earlier computation shows Es(z) = Ea(z)(1 + €3(x)).
Suppose the hypotheses hold for n = 2,...,d. Then

€3 (.CE) =

_ Eylz)
Ed+1 - Ed(x)
_ B = D+ ea(w)) + Baa (x — 1eg(x)
Eq1(z —1)(1 4+ ¢4(x))

CEBL@-D) | )
Ejq1(z—1) 1+ ¢4(x)
B eh(x) 1
= Bz —1) (1 + Ed((jp —1) 1+ ed(x))
= FEy(z — 1)(1 + €g41(x)).

By induction, €4(z) can be expressed in terms of Ey(z—1),..., E4(x—1). Since for alln € N
we have

E(x—1)=E,(x —1)E1(z—1)
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we can express €,(z) in terms of Fi(z —1),..., Egq(z — 1).

(Ed_1(1*1)>
Corollary 2.1.5. For alld > 1, lim,_, % =1

Proof. By Lemma 2.1.2
Eiq1(z—1) E'(x —d)+ Rg—1(x — 1)

Ejz—1)  FE(r—d—1)+ Rg(z —1)

Ry(x—1)
E'(x—d-1)

Bz —d)+ Rg1(x—1) 1
- - :

E'(x—d—-1)

Also by Lemma 2.1.2, we know

lim —Rd*l(m — 1
z—oo B'(x —d — 1)
. Rd(l‘ — 1)
1 N 7
zl—g}o E'(x—d-1)

=1

=0.

So lim, o0 % = FE(x —d) + 1 and the result follows.

16

]

We will use these results, in which Ejy, F1,... are functions, to give intuition for how to

order purely formal sums of monomials in the remaining chapters.
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Chapter 3

Ordering the E-sums

In the previous section, we used the difference equation for E and the difference-differential
equations for its derivatives to derive some simple relations among these functions. We
also introduced the sequence of logarithmic derivatives Ey, E1, ... as a different “basis” for
expressions involving F and its derivatives, which allows us to identify a dominant monomial.
In this chapter, we introduce the formal notions of E-sums and E,-sums and impose relations
upon them to match the properties derived in Chapter 2. We also show that under some
simple hypotheses, the E-sums can be uniquely ordered.

In the following definitions, we use the same symbols we used for functions in the previous
chapter (e.g., E‘Y(x), E4(x), etc.) to represent purely formal objects. We do this to highlight
the connection to results of the previous chapter and for consistency of notation.

Definition 3.0.1 (E, m-sums). Let X be a set of variables, and let k be a field. Fixm € Z.

1. First, let G, be the multiplicative abelian group generated by expressions of the form
E@(z —m)® ford e N, x € X, and a € k, where we identify expressions of the form
ED(z —m)*E@D(z —m)® with B (x — m)**.

2. Second, let A, be the multiplicative abelian group generated by expressions of the form
(log E'(x — m))a for x € X and a € k, where we identify expressions of the form

(log E'(x — m))“ (log E'(z — m))b with (log E'(x — m))a+b.

We will call the group ring k|G, the E,m-sums. We will call the group ring k|G, A,,] the
log-E, m-sums.

We will write log E'(z —m)® instead of (log E'(z —m))” to avoid using too many paren-
theses. The parentheses should be implicitly understood as surrounding log E'(x — m). If
we intend an exponent to apply only to E'(x — m), we will instead write log (E'(:}: — m)“)

Definition 3.0.2 (E,, m-sums). Let X be an ordered set of variables, and let k be an ordered
field. Fixm € Z. Let Hy, be the multiplicative abelian group generated by expressions of the
form Eg(x —m)® and Ey(x — m + k)* for dk € N, © € X, and a € k, where we identify
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expressions of the form Eq(x —m)*Eq(x —m)® with E4(x —m)*™ and Eq(x —m+k)*Ey(x —
m + k)° with Eg(x —m + k)*+°.
Define an order on H,, as follows: We can write any h € H,, as

p
h = H Eo(l’j —m + k?)aj’k L E()(l’j — m)aj’OEl(xj — m)Bng(xj — m)aﬁ R Ed(l'j — m)“fvd
7j=1

for some p,k,d € N and 1 > --- > x,. Let

1. a; = (o, 004, ...,0p) forl=0,...,k
2. B=(B1, 02, 5)
3. = (a1, aa,- .-, ap) forl=2,...,d
Define h > 1 if and only if the first nonzero element of the following sequence is positive:
g, Qr_1, ..., 0, B,ag, . . ., ag.

Let the E., m-sums be the Hahn series field k((H,,)).

At this point, it is not yet clear how we should define a derivation on k((H,,)), but we
can define a derivation on a subfield generated by monomials with only integer exponents.

Definition 3.0.3. Let X be an ordered set of variables, and let k be an ordered differential
field. Let H! C H,, be the subgroup generated by expressions of the form E4(x —m)™ for
de N,z e X, neZ Then k((H),)) is a subfield of k((H,,)). Define a deriwation on
k((H,,)) by

Om(Ea(x —m)) = Eq(x —m)Eq1(x —m)

which comes from the definition Eq,q = By of the sequence of logarithmic derivatives from

Eq
section 2.1.

In this section, we will only discuss k[G,,] and k[G,,A,,] with m = 0, and k((H,,)) with
m = 0, 1, though the proofs work the same for any consecutive pair m =n,n+ 1 € Z.

Remark 3.0.4. The goal of this section is to show that the log- E-sums k[G¢A¢] are ordered.
We will first show that k|G| is ordered by defining an injective ring homomorphism

oy : k[Go] — k((H()))

Since k((Hp)) is an ordered Hahn series field, oy will induce an order on k[Gy]. We will
then define an order-preserving embedding vy : 0o(k[Go]) — k((H1)) and use it to define an
“approximation map”

po : k[GoAo] — K((Hy))

so-called because it approximates log- E-sums by elements of k((H;)) well enough to induce
a unique ordering of k[G¢Ay] compatible with the order induced on k[G)].
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3.1 The order on k((Hp)) induces an order on k|G

We will define a homomorphism oy : k[Go] — k((Hp)). Intuitively, we want ogy(s) to be
s € k[Gq] “rewritten” using the expressions for the derivatives of E as polynomials in
Ey, B, ... from Chapter 2. We can begin by defining o(E?(x)) exactly according to this
intuition:

oo(BD()) i= Eo(x) By (2)! + -+ + Eola) - - E(x)

is the polynomial expression for E@(x) in terms of the logarithmic derivative sequence
Ey(x),..., Eq(x).

Next, we must extend the definition to generators of G of the form E® (z)?. Ifa = n € N,
then we can define o (E@ (2)") := 0(E@ (2))". If a ¢ N, then we cannot define oo(E@ (2)?)
to be o (E@ () because oo(E@ (z))® is not formally an element of k((H,)) (unless d = 1).
To represent oo(E@(x))* as an element of k((Hy)), we reason as follows:

a

oo(ED(2))* = (Ey(x)Er(2)? + - + Eo(x) - -+ Eq(x))
El(I)d_1E2<LL’> + -+ El(l’) < Ed(l’))a

= Eo(x)*Ey(x)™ (1 +

= Eo(2)" By (x)™ i <Z) (El (m)dlEj;()xj;G; Ey(x) - Ed(x)>k

k=0

where the infinite sum in the final line comes from the Taylor series for (1 + (-))*. The sum
in the final line expands to a valid element of k((Hy)), so we take this to be the definition
of oo(E@(x)?). Note that this definition extends the definition of oo(E®(x))" for n € N
above.

To summarize, we define oy : k[Go| — k((Hy)) by

1. 09(E(x)*) = Eo(x)®
2. 0o(E'(z)*) = Eo(x)*Ey(x)®

_ k
3. 0o(ED(2)*) = Eo(z)*Er(z)™ 302, (1) <E1<w>d 1E2(w>+"'+E1(z>"'Ed($)) for d > 1

Eq(x)d

4. Extend oy to products and sums so that it is a k-algebra homomorphism, i.e., for
Ji,---,9n € Gog and ¢q,...,c, € k, define

a) 00(g1--gn) = 00(g1) - - 00(gn)
b) oo(cigr + 4 cugn) = c100(g1) + -+ cn00(gn)
We must check that o( is well defined, i.e., that

1. for each generator g of Gy, 0o(g) and ¢ satisfy the same relations, and

2. for each s € k[Gy], oo(s) is a valid sum in the Hahn series field k((Hy)).
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First, the only relations among the generators of G are
E(d) (:L,)a—l-b _ E(d)(CL’)GE(d)(J})b.

For d > 1, we can compute that

- (E(d)(w)a—&-b) — Ey(z)*E, ()%t i (a Z b) (go(E(d)(x)) B 1>k:

= Eo(a)" By(a)™ g (Z) (% ) 1)k
-EO(J/’)bE'l(x)dbio (Z) (% - 1)k

=09 (E(d)(x)a) o (E(d) (2)") .

[e=]

Also, we immediately have

oo (B(z)"") = 09 (E(z)") 00 (E(x)")
o0 (E'(z)**") = 09 (E'(z)*) 00 (E'(2)") .

Second, since 0y(g) is a valid sum in k((Hy)) for each generator g of Gy, and only finitely
many generators of Gy appear in any s € k[Gy|, o¢(s) is a valid sum in k((H)).

Remark 3.1.1. Let s € k[Gy]. Because oy is defined using the Taylor expansion of (1+(-))%,
any monomial in Supp(oo(s)) must be of the form

p
1 Eolw))® - Ex()% Ea(a)"2 - - - Ea(a;)"*

j=1

with «;,5; € k and nj9,...,n;4 € N for all 7 = 1,...,p, for some d,k € N. The key
observation is that the exponents of Es, ..., E; generators are not just any elements of k—
they must be natural numbers.

Remark 3.1.2 (Ordering and separation assumptions). We will now give assumptions from
which we can prove that k[Gy] is totally ordered:

1. k is an ordered field.
2. X is a subset of an ordered field L.

3. We have the following partial order: For all m € N, all z,y € X with x > y, and all
ack

a) E(x —m) >k
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b) E(x —m) > E(y —m)*.

4. Thereis amap r: X x X — Qn(0,1) such that for all x,y € X with z > y, we have
-y <r(zy).

Notice that if we identify
Eo(x —m) = E(x —m)

then the ordering already defined on each k((H,,)) extends the partial order generated by
these assumptions.

Lemma 3.1.3. Suppose X and k satisfy the ordering and separation assumptions in Remark
3.1.2. Then oy is injective.

Proof. Let 0 # s =>"1" | ¢;g; € k[Gp] with all ¢; # 0. Then o¢(s) is a possibly infinite sum in
k((Hp)). To show that oo(s) # 0, we will find a monomial of o¢(s) with nonzero coefficient.

Enumerate all the variables that appear in gi,...,9, as 1 > --- > z,. Split each
gi = H?Zlgi(xj) into blocks for each of the z;’s. Let d be largest such that for some j,

E() (x;) appears in some g;. By definition of oy, we can express

00(9:(5)) = oo( B ;)"0 )ao( B ()" oo (B" (w)"52) - - - oo (B (7))
_ E0<£L‘j)a210+ +0«1ng ( )az]1+2a1]2+ +daz]d

i (am}?) (E2(9CJ)> " i (%j,d) ( o+ E2(55j> ) "Ed(xj))kd

=\ ke ) \Ea(zy) =\ ka By (a;)1
with a; jo,...,a;;4 € k. When we fully expand out this product of sums, we have that for
each k; € Z, the coefficient of the term

Es(xz; Bz ka
B () a0 0ad [y (gp5) Wit F20 2 g d( Q(EJI)( o d1( ]))

is (“kid) This is because the only times E,(z;) appears anywhere in 0¢(g;(z;)) come from

Ey (331 ) Eri(xj )

instances of Fi(a) . So the coeflicient of the term

kq P
(EQ("E]) Ed Ly ) HEO 0«1l,0+"'+ai,l,dE1(xl)ai,l,l+2ai,l,2+"'+dai,l,d
Er(z;

in 00(g:;) = 00(gi(x1)) - - 00(g:i(z,)) is still (a”d) since Eq4(x;) does not appear in oo(g;(x;))

for [ # j.
Let I C {1,...,n} be maximal such that for all j =1,...,p and all 41,45 € I, we have

@iy 0 T 00 F Qi jd = Qg j0 T 0+ Qi jd
Ay g1+ 204, 520+ -+ dagy ja = Qiy g1+ 200, 50 0+ dagy ja.
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For the remainder of the argument, fix some j € {1,...,p}. Then the coefficient of

kg P
(E2<x3) Ed xﬂ ) ’ H EO az z,0+~'~+ai,z,dE1 (xl>ai,l,1+"'+d(li,l,d
Ey(z;

in oo(> 1, cigi) is

Sa ("),

iel d

Suppose a; jq for i € I are distinct. If ), ;¢ (a’kfd) =0 for kg = 0,...,|I| — 1, then we
would have ¢; = = ¢ = 0, a contradiction. If Y., ¢; (alzd) #0 for some kg < |I], then

we are done because this shows oy(s) # 0.

So assume a;;q for i € I are not all distinct. Let 1 < ¢ < |I| be the number of
distinct values among a; ;4 for ¢ € I. Let (Py,..., P,) partition I so that for any 4,4, € P,
Quj 1= Qg jd = Qg jd, and oy, ; # ay, j for Iy # ly. Consider the sums

ZCZ al]

1€P,

for I =1,...,q. Each of these sums has strictly fewer terms than s, and its monomials have
one less multiplicand, since E@(x;) does not appear.
We will proceed by induction with the hypothesis that for each [ = 1,...,q, we can find

a leading term b;t; of oy <ZZ€PZ CiW) where 0 # b, € k and t; € Gy. Since E@ ()
does not appear in ), p czm, E4(x;) does not appear in ¢;. Now let Iy C {1,...,q}
be the set of indices | at which

En(a;)™ By (a))"'5t

is maximized in H,.
Consider the sum

> ; Eolxs) - By () "
ZUO(E( )ity = ZEO ;)9 By ()bt Z (i:j) <+ 2<xE])(g; )dd1<x])) '
AN

lely lely k =0

For each k4, the following is the largest monomial of the sum with k; as the exponent of
Eq(x;):

Bo(;)°4 By (3311, (E“‘"’gf@')fi@j)) E

()

k
lelp d

Its coefficient is
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since Ey4(x;) only appears in instances of % If the coefficient is 0 for all k; =
0,...,|Io| — 1, then that forces by = --- =b, = 6, since the a;;’s are all distinct. But this
contradicts the induction hypothesis. So some > 7 | (‘Z(f )by must be nonzero for kg < |1y,
which means we have found a monomial of gy(s) with nonzero coefficient. O

Since o0y is injective, the ordering of k((Hy)) induces an order on k[Gy] by defining s > 0
if and only if o¢(s) > 0.

3.2 Defining the order preserving embedding v

In Lemma 2.1.4, we showed that for the functions E;, E4.1, and €; with d > 2, we have
Eq(x) = Eq_q(x — 1)(1 + eq(x)).

The proof of this lemma does not actually use any properties of Ey, Fy.1, and €4 as functions.
Only the identities Fy = E, Eq1 = % for d € N, and the difference-differential identities
for the derivatives of E are needed. Thus, the conclusion of Lemma 2.1.4 still holds in any
purely formal context in which the necessary identities have been imposed.

Our goal is to formally build an ordered field of series that embeds the germs at +oo
of Liansexp-terms as an ordered differential field. Thus, we must impose the conclusion of
Lemma 2.1.4 if we hope to build something consistent with the identities used to prove this
Lemma.

In this section, we will first show how to represent €4(x) as an element of k((H;)) for
each d € N. We will also prove a lemma about the form this representation takes, which will
be necessary in the next section. Then we will define an order preserving embedding

IZ0 O'Q(k[Go]) — k((H1>)

It is important that we restrict the domain of vy to og(k[Go]) € k((Hp)). Sums in the image
of oy can be infinite, but they are limited in two key ways:

1. Only finitely many elements of X appear in any sum.
2. For each sum, there is some d € N such that only Ey, ..., Ey generators may appear.

Arbitrary elements of k((Hp)) do not have these two properties, and this causes problems
when trying to extend the definition of 1 to all of k((Hy)) in the natural way. Fortunately,
we will only ever need to embed elements of oo(k[Go]) into k((H1)), so this is not a problem
for us.

Fix x € X. We will represent each €4(x) by an element of k((H;)) C k((Hy)), by

induction. In the base case, we can immediately represent es(x) by gfgzjg € k((Hy)). We

can also immediately identify the nth derivative of e with (0;)°" (%) € k((Hy)) for all
n € N.
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Now suppose €4(z) is represented by s; € k((H;)). We will use the formula

Gx) 1
Eq(z—1) 1+ei(z)

€ar1(z) =

from Lemma 2.1.4, replacing €;(x) by sq4, €,(x) by 0i(sq), and m by an infinite sum.
Following the formula, we represent €;,1(x) by

[e.o]

61 Sd
k((H,
Ed{L‘—l JZ Sd 6 ))

We can then represent the nth derivative of €;,1 by

(@) (Ea_l 2 (=s) )ek ((H}))

Jj=

for all n € N. In what follows, we will write e4(x) instead of writing out the sums as above
in order to highlight the connection with the computations of Section 2.1.

Lemma 3.2.1. Let x € X and d € N. Then we have the following:
1. The exponent of Eq(x — 1) in any monomial of €4(x) is either 0 or 1.
2. Eqvrx(x — 1) does not appear in €4(x) for any k > 1.
3. The sum of the exponents of generators in any monomial of €4(x) is 0.

Proof. All three claims are immediate for d = 2. Suppose the results hold for e;(z). We will
show they hold for €;,1(z).

Since €441(z) = E;%g(i)l) > 121 (—ea(x))’, every monomial of ez1;(z) is of the form
M
1 M,
Ed<£lj' - 1)

where M is a monomial of () and M, is a monomial of 377 (—eq())’.

Since Fgyx(r — 1) does not appear in e4(z), it does not appear in 3 3°7, (—eq(x)) either.
Also, since the sum of exponents in every monomial of e;(z) is 0, the same is true for
> 21 (—ea(z))’. So we can ignore M, when proving (1), (2), and (3).

Now we will consider the possible forms M; can take. Any monomial of €,(x) arises as
a monomial of 0y (M) for some monomial M of e;(z). Let Ey(x — 1)" --- E4(x — 1)™ be a
monomial of €,4(x), with ny,...,ns 1 € Z and ny € {0,1}. Then

d
O (Ei(z —1)" - Ey(z — 1)) an Ei(z —1)" - Ey(x — 1)™) - By (z — 1).
=1
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In this sum, E4.i(x — 1) can only appear with exponent 0 or 1, which finishes (1). No
Ejir(x — 1) with & > 2 appears, which finishes (2). For (3), observe that each monomial in
the sum has one new generator E;yq(z — 1) with exponent 1. So the sum of exponents in

any M; must be 1, which means the total sum of exponents in %Mg is 0. O

We now define an order-preserving field embedding vy : 00(k[Go]) — k((H;)) with the
intuition of rewriting elements of o (k[Go]) C k((Hy)) using the difference equations

Ba(z) = Bg_y(z — 1)(1 + eq(2))

from Lemma 2.1.4. Define vy : oo(k[Go]) — k((H:)) as follows for all a € k and n € N:
1. v(Eo(2)®) = Ey(x)
2. vy(Ei(2)") = Bo(x — 1)*Ey(z — 1)°
3. vo(Ea(z)") = Egr(x — 1)*(1 + eqx))" for d > 2.

4. Extend vy to products and sums so that it is a k-algebra homomorphism. For genera-
tors g1,...,q; of Hy, let

vo(g1 -+ a1) = vo(g1) - vol(gr)-

For 3° . cg9 € 00(k[Go)), let

Vo <Z cgg> = Z cg0(9)-

g€Hy g€H)y

We can check with an easy computation that for each g € Hy, 14(g) satisfies the same
relations as g. The only relations among the elements of H, are

Ed(ZE)aEd(ZL‘)b = Ed(l')a+b

foralld € N, z € X, and a,b € k. We must check that vo(Eq(2)®)vo(Eys(7)?) = vo(Eg(z)2T?).
This is clear for d = 0, 1, so suppose d > 1. Then

vo(Bal)" o Ealz)™) = Bar(z — 1) Z (")eate) Euate = 1" fj (" ey

— By (r— 1)"+m7§ (" * m) el

So vo(FEq(x)™) satisfies the same relations as Ey(z)".
It is more difficult to check that 1y does indeed map to k((H;)).
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Lemma 3.2.2. For every s € k[Gy|, vo(oo(s)) is an element of the Hahn series field k((H,)).

Proof. Let ao(s) = 3_ e, ¢g9- We will show that vy (deHo cgg) is a valid sum in k((H,)).

Since each g € Hj is a finite product of generators, vy is well defined on monomials. So it
suffices to check that (cgl/o(g) 1g € HO) is summable, i.e., that

1. For each h € H; there are only finitely many g € H, such that ¢, # 0 and h €
Supp(vo(9))-

2. U Supp(rp(g)) is reverse well-ordered in H;.
g€Supp(oo(s))

First we introduce some notation and setup. Let z; > 29 > --- > x, be the elements of
X that appear in s, and let d be order of the largest derivative that appears in s.

Enumerate Supp(oy(s)) as (g; : @ < 0), a reverse well-ordered sequence in Hy. By Remark
3.1.1, we can write

p
g = [ ] Eol;)® - Br(ay)% Ey(ay)"a2 - - Egy)"

j=1

with «; j, 8;; € k and n;j9,...,n;4 € Nfor j =1,...,p. Then

o) = T (Boles) ™ - Bula; - 1) By(a; — 1)

i1

<

By (g — 1)"92 (L4 eg(xy))"9% - By (@ — 1)™24(1 + €d(%‘))m'j’d)

z@

<E0(=’Fj)a” - Eo(; — 1)%0 By (a; — 1) m02 By (a5 — 1)"0% - By (x5 — 1)
1

.
Il

(L4 ea(xy))" o2 (14 Ed—l(ffj))m’j’d)'

We will use the following observations about the final line (14-€5(z;))™92 - - - (14-€4-1 ()9
above, which follow from the fact that e, ..., eq € k((Hj)):

(A) All the exponents are integers.

(B) Only Ey(x; —1),..., Eq(xz; — 1) may appear for j = 1,...,p. No E; generator may
appear. Thus, the exponents of the Ej generators are fixed across all monomials of
vo(9i)-

To finish the setup, we introduce notation for tuples of exponents in g; for ¢ < §. Let

o (o; = (Oéi,l, Q425 - - 7041',10)
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o 3= (5i,17 5i,27 e 7Bi,p)
L m = (7’%171, N2y ,ni7p7l) for [ = 2, c. ,d.

Now we will prove (1). It suffices to show that if A € Supp(vo(go)), then h € Supp(g;)
for only finitely many ¢ < 4.
So suppose h € Supp(vp(go)). Then by Observation (B), h must be of the form

p

h =[] Bo(w;)* Eo(; — 1)%9 By (a; — 1)os N By (w; — 1) - Ey(a; — 1)Mo

J=1

with (Nj1,..., Nja) € Z¢ by Observation (A).
Similarly, if A € Supp(vy(g;)) for i > 0, then again by Observations (A) and (B), h must
be of the form

p
h=]]Eolw;) Eo(x; — 1) By (z; — 1) Mt By — 1)M52 - By(a; — 1)Moe

i=1

with (Mj1, ..., M;4) € Z%. So we must have o, ; = apj and f;; = By for j=1,...,p.
By the way the order on H; is defined, since g; < gy, we must have

(%, Biy M2, i3, - - -, Tia) < (00, Bos 02, 03, - - - » Mo.d)

in the lexicographic order on k* x NP1 Since the first parts of each of these sequences
are equal, we must have

(2, Migs -+ id) < (02,703, - - -, T0.d)

in the lexicographic order on NP=1  Any reverse well-ordered sequence in NP4~ with
the lexicographic order must be finite, so there can be only finitely many i < ¢ with
(M2, Migs - -, iq) < (Tio2,M0g3,---,M04), €., only finitely many ¢ with h € Supp(v(g;)).
This finishes the proof of (1).

For (2), let @ # B C U,., Supp(vo(g.)). We will show B has a greatest element by
building an increasing sequence by, by, bo, ... in B and showing it must terminate. In the
base case, let By = B # @. Given @ # B; C B, we define v; € Hy, b; € B, and B;,1 C B
as follows: Since Supp(oy(s)) is reverse well-ordered and B; # &, there must be a greatest
element g € Supp(oy(s)) such that B; Nvy(g) # 2.

1. Let 7, :=g.

2. Let b; := max (B; N Supp(vo(7;))), which exists since Supp(ro(7;)) is reverse well-
ordered.

3. Let Bi+1 = {b eB:b> bl}
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If Biy1 # @, we continue. Note that b; € B; \ B;11, so Bix1 € B;. So when we continue, we
will have v;,41 < 7; and b;11 > b;. If B;11 = @&, then b; is the largest element of B and the
sequence terminates.

We must show that the sequence by, by, ... terminates. Again by Remark 3.1.1, write

p
vi = [ Bolaws) - By(ay)o - By(ay) "ot - Bglay) o
j=1

with &k, ..., 0,8i; € k and n;j9,...,n,54 € N for j = 1,...,p. Then, again by
Observations (A) and (B), we can write b; as

P
bi = | [ Eo(x)* Eo(w; — 1) - By (w; — 1) tNuin By — 1)Veaz o By(ary — 1)Noos

J=1

with Ni,j,la ce 7Ni7j,d €.
We will now show that the inequalities v; < vy and b; > by for ¢ > 0 imply that the
sequence by, by, ... terminates. First, since v; < 79, we must have that

(@, i) < (aw, o)
in the lexicographic order on k?. Since b; > by, we must have
(s, i) > (aw, o)

in the lexicographic order on k*. Thus a;j=og; and B;; = foj forall j=1,...,p.
So once again, y; < 7o implies

(T2, Migs - - id) < (02,703, - - - s T0.d)

in the lexicographic order on NP~V Since Supp(oo(s)) is reverse well-ordered, and any

reverse well-ordered sequence in NP~ with the lexicographic order must be finite, the

sequence i, s, ... must terminate after finitely many steps. Thus, the sequence by, by, . ..
terminates too, and its final element is the largest element of B. This completes the proof
of (2). O

Thus the map vy : 00(k[Go]) = k((H,)) is well defined.
The next corollary and remark follow from computations in the proof of Lemma 3.2.2,
but we state them separately for clarity and completeness.

Corollary 3.2.3. If s € 0¢(k[Go]) and g1 > g2 are two monomials of s, then Lm(vy(g1)) >
Lm(vo(g2))-



CHAPTER 3. ORDERING THE E-SUMS 29

Proof. Let x; > x9 > --- > x,, be the elements of X that appear in g; or gs, let £ be largest
such that Ey(z; + k) appears in either ¢g; or go for some z;, and let d be largest such that
some F; generator appears in g; or go. Then we can write

with o, 8;; € k and n; j9,...,n;5 € Nfor j =1,...,pand i =1,2. Then

p
Lm(v(g:) = [ [ Bolw))™ Bo(w; — 1)%9 By (w; — 1)rtmis o By (= 1),

j=1

Since g; > g, we must have

(o7, Bi, N2, M3,---,114) > (Qz, Ba, N2.2,M23,---N2.4d)

d+1

in the lexicographic order on kP So we also have Lm(vy(g1)) > Lm(v(gs)). O

Remark 3.2.4. Suppose g; and g are as in Corollary 3.2.3, and also that
(@1, B1) > (@2, B2)

in the lexicographic order on k*. By observation (B) from the proof of Lemma 3.2.2, the
exponents of the Ey generators are fixed across all monomials of vy(g;) for i = 1,2. Thus,
every monomial of 1y(gy) is greater than every monomial of v4(gs), i.e.,

Supp(vo(g1)) > Supp(ro(g2))-
Corollary 3.2.5. v is order-preserving and thus injective.

Proof. Let s € o¢(k[Gy]) and let g; = Lm(s). We will show that
Lt(vo(s)) = Le(s) - Lt(vo(g1))

and thus vy(s) > 0 if and only if Le(s) > 0 if and only if s > 0.
This is clear if s is a single term, so suppose s has some other monomial g,. By Lemma
3.2.3, we know Lm(vy(g1)) > Lm(v(g2)). Since this holds for any ¢g» # g1, we must have

Lm(vy(s)) = Lm(wp(g1))

and
Lt(vo(s)) = Le(s) - Lt(vo(g1))
as desired. ]
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3.3 Showing k|G| is ordered

To define an order on k|G|, we embedded it into k((Hy)), which induced an order on k[Gy).
The embedding was defined based on intuition from “rewriting” expressions involving the
derivatives of F as polynomials in Ey, E1,.... We would like to replicate this idea to define
an order on k[GoAg], but the generators log E'(x)* of Ay are an obstacle. Recall that the
difference-differential equation for £’ is E'(z) = E(x)E'(x —1). Taking log of both sides, we
get

log E'(z) = E(x — 1) + log E'(z — 1).

There is not a clear (to us) way of “rewriting” log F'(x) in terms of Ey(z —1), Ey(x —1),....
However, we can “approximate” log E'(x) by

log E'(z) = Eo(x — 1) + Ey(z — 1),

We get this approximation by identifying E(z—1) = Ey(x—1), and since E'(z—1) < E(x—1)?
implies
log E'(x — 1) < 2E(x — 2) < E'(x — 2) = Ey(xz — 1).

In this section, we will define an embedding
po : k[GolAo] — k((H1))
so that
1. po is “true” on elements of k[Gy], meaning that if s € k[Gy], then py(s) = vo(oo(s))
2. po(log E'(x)) = Eo(z — 1) + Ey(x — 1).

We can extend py to generators of the form log E'(x)® of Ay using the Taylor series for
(1+(+))°. We will call py the “approximation map” because its effect will be to approximate
every t € k[GoAy] well enough by elements of k((H;)) that the sign of ¢ is determined by
the ordering and separation assumptions on k and X and the order on k((H;)).

It is reasonable to approximate log E'(x) by Eo(z — 1) + Ey(x — 1) because the approxi-
mation does not affect the leading monomial Ey(x — 1). We could work to find an element
of k((H;)) that better approximates log E'(z), but we will show that our approximation is
close enough to determine how k[GyAy] should be ordered.

To summarize, we define the “approximation map” pg : k[GoAo| — k((H1)) by

1. po(s) = wy(oo(s)) for s € k[G]
2. mlos B'0) = Eale - 1S (1) (=)

3. Extend py to products and sums so that it is a k-algebra homomorphism, i.e., for
g1, 9n € GoAg and ¢4, ..., ¢, € k, define
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a) po(g1---gn) = po(g1) - pogn)
b) po(cigi + -+ + cagn) = c1p0(g1) + -+ Cupo(gn)-

We can check that pg is well defined in the same way we checked that o is well defined: it
respects the relations among generators of Gy and Ag, and for each s € k[GoAg|, po(s) is a
valid sum in k((Hy)).

We can write any t € k[GoAo| = k[Go][Ao] as

t=s191+ "+ Sugn
with s; € k[Gy] and g; € Ag for i = 1,...,n and g;; # g;, for iy # is.

Remark 3.3.1. Given s € k[GoA¢], we will define a sum Init(s), which we intend to be an
initial subsum of s. In Lemma 3.3.2, we will show that Init(s) # 0, and therefore

Lm(po(s)) = Lm(Init(s)).

From this, we will conclude that p, is injective.
Let s = 5191 + - -+ + Sngn € k[GoAg] with s; € k[Gy] and g; € Ag. Let 21 > 29 > -+ > 1,
list the elements of X appearing in s. Let d be the largest derivative appearing in any s;.
We will define Init(s) by looking at po(s) and figuring out what form its largest monomials
could take. First, we look at the images of the s;’s under pg. By definition, py(s;) =
vo(oo(s;)). By Remark 3.1.1, for each ¢ = 1,... n write

m(a(s;)) )39 By () - By(ay)" o - Bg(ay)™

T E"@

with «; j, 8;; € k and n;j2,...,n;;4 € N for each j =1,...,p. Let ¢; be the initial subsum
of oy(s;) with monomials of the form

p
H )i By ()0 Ey(y) ™02 - - Bg(i) ™0

with m; jo,...,m; ;4 € N and all other exponents the same as in Lm(cy(s;)). Then ¢; is a
finite sum because any reverse well-ordered sequence of tuples of exponents in NP(4~1) must
be finite.

For any monomial M of t;, we have

HEO ’L]EO x _ 1)61]E1(x _ 1)513+n1]2

EZ(xj _ 1)711,],3 By 1( — 1)711; d(l + 62( ))nz,m . (1 + Ed71<$j))m,j,d
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If My € Supp(oo(s;)) \ Supp(t;), then by Remark 3.2.4, Supp(vo(M)) > Supp(vo(My)), i.e.,
every monomial of 1y(M) is greater than every monomial of vy (M).

Now we look at the images of the g;’s under pg. Let g; = ?:1 log E' ()% for each
1=1,...,n. Then

P 00 k
y bij\ [ Ei(z; —1)
i) = || Eo(z; — 1) === .
Observe that the leading monomial of po(g;) is [[}_; Eo(z; — 1)bis. If

My € Supp(po(gi)) \ {Lm(po(g:))}

then the exponent of Ey(xz; — 1) in M, is strictly less than b; ;, for some j =1,...,p. So

Supp(Lm(po(g:))) > Supp(M2)

Altogether, this shows that

Supp (vo(t;) - Lm(po(g:))) > Supp(po(sigi) — vo(t:) - Lm(po(gs)))

i.e., vo(t;) - Lm(po(g;)) is an initial subsum of py(s;g;).

Now we select the indices ¢ for which the initial subsum v4(¢;) - Lm(po(gi)) of po(sig;) may
possibly contribute to the leading monomial of po(s). Define Iy C {1,...,n} to be the set of
indices such that

(@, Bi + b))
is maximal in the lexicographic order on k% (where the addition 3; + b; is coordinatewise).
If ig € Iy and i; ¢ Iy, then every monomial of vy(t;,) - Lm(po(gi,)) is greater than every
monomial of vy(¢;,) - Lm(po(g:,)) by Remark 3.2.4.
Finally, we define

Tnit(s) := Y wo(t;) - Lm(po(gs))-

i€lp

Observe that if s € k[GoAg] and log E'(x)” appears in s, then the sign of Init(s) is only
(possibly) affected by the leading monomial of py(log E'(z)?).

Lemma 3.3.2. Suppose X, and k satisfy the order and separation assumptions in Remark
3.1.2. Then pq is injective.

Proof. Let s € k|[GoAg]. If Init(s) # 0, then it follows from the definition of Init(s) in
Remark 3.3.1 that Init(s) is an initial subsum of py(s). Thus

Lm(Init(s)) = Lm(po(s)).
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Like the proof of Lemma 3.1.3, we will find a monomial of Init(s) with a nonzero coefficient.

Following the notation of Remark 3.3.1, we may assume without loss of generality that
a;j=Pij+bj=0foralliely j=1,...,p, by rescaling or factoring out common terms.
Let ¢; be the (finite) number of terms in ¢;, and let ¢;; be the coefficient of the Ith monomial
of t;. Then we can write

Dit(s) = 37D [ Bale — 1 msat + et o

€ly =1 j=1

Ey(xj — 1)™03 (1 4 €5(x;)) ™00 -+ - By (w5 — 1)™0904(1 4 €q(x)) ™70
with ¢;; # 0 for all ¢,l. Note that f3; ; depends on ¢ and j, but not on [. Let

p
Init(s);; == H Ey(x; — 1)Pnitmiit2(1 4 eq(z,)) ™02
j=1
Ez(l'j o 1>mz‘,j,l,3<1 + €3<xj))mi,j,l,3 . Ed 1( _ 1)ng I, d(1 + Ed( ))mz’,j,l,d.

If Supp (Init(s);, 4,) N Supp (Init(s)s,,) 7# @, then F;, ; and f;, ; must be in the same Z-orbit
for all 7 = 1,...,p. So without loss of generality, we may assume 3;; € N for all i € I,
7=1...,p

We will now proceed by induction on d. If d = 1, then Init(s) has just one term, and its
coefficient is nonzero, so we are done. The base case of our induction will be d = 2.

If d = 2, then

Init(s ZZmHEw — Pt (14 eyfe)) .

i€lp =1

Recall that ex(x;) = ETE?:B
J

Es(xz; — 1) in any monomial of Init(s);; is £; ; + m; 2. If this value differs for some pairs
11,11 and 19,1l and some j =1,...,p, then

So for any i,[, the sum of the exponents of E;(z; — 1) and

Supp(Init(s)s, s, ) N Supp(Init(s)i,,) = 2.
Additionally, since the monomials of ¢; are enumerated in decreasing order, we have
Supp(Init(s);.,) > Supp(Init(s);s,)

for all s € Iy and [ < Is.
So it will suffice to find a monomial with a nonzero coefficient among the sum

S — chl HEl _ 1 IBZJ+WL1]12<1 _|_ €2< ))mi,j,l,Q

i€ly
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where I; C I is set of indices at which

(Bir+min12,---5 Bip+Mip12)

is maximal in the lexicographic order on NP. Let N; := 3; ; +m; ;2 for any ¢ € I;. Without
loss of generality, we may assume that for each j = 1,...,p, there are some 7,15 € I; such
that 3;, ; # Bi,, since if f3; ; is fixed across all ¢ € I; for some j, then so is m; ;1 2, and we
can just factor out

El(xj _ 1>Bi,j+mi,j,l,2(1 + GQ(xj))mi,j,l,Z

from each term in S without affecting the sign of S.

To simplify notation for the rest of the d = 2 case, we drop the second index from the
coefficients ¢; ; and the last two indices from the exponents m; ;1 2.

If |[I;| = 1, then we are done, since S would be a sum of a single monomial with a
nonzero coefficient. So suppose |I;| > 1. We will now find a monomial of S with nonzero
coefficient. We will do this by inductively eliminating terms from S until we are left with a
single monomial.

1. Let j; be the smallest index for which there are i,75 € I such that my, ;, # m,, .
Such an index exists because if i1 # 45, then there is some j such that 3, ; # Bi,;
(since we assumed g;, # g¢;, for iy # i2), and thus m;, ; # my, ;.

2. Let ny = max;er, (M j,).

Then for k = 0,...,ny, the coefficient of

<H By (x; — 1)Nj> - €a(x;,)*

e (m;ﬁ) |

i€l

is

If the m, ;, are all distinct for ¢ € I;, then we are done because these coefficients cannot all
be zero, as the ¢;’s are nonzero.

If the m, ;, are not all distinct, then we proceed by induction: Given [;, j;, and n; with
m; ;, 7 ny for some i € I;, we define Ij.4, ji4+1, and ngyq as follows:

1. Let Ij4y :={i € I, : m; ;, = n;}. Then |[;41| < |[;| by our choice of j,.

2. Let ji41 be the smallest index for which there are iy,i; € I;1 such that m; ;. #
M, j,..» Which exists by the same reasoning as above.

3. Let nyy = maxier,, (M, ).
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Then for each £k = 1,...,n;41, the coefficient of

(f[ Eyi(z; — 1)Nj> . <62(mj1)”1 e 62(%)”1> . EQ(leH)k

20 (5) - )

i€l i€l

If [[;41] = 1, or if the values of m,,,, for i € I;;; are all distinct, then we find a nonzero
coefficient. Since |I41| < |I}| < -+ < |Io| < n, this algorithm must terminate. So we find a
term of S with nonzero coefficient, which means Init(s) # 0. This proves the Lemma in the
d = 2 case.

Now, we will show that if the Lemma holds in case d — 1, then it holds in case d. Let

(61, ... ,gp) = max{(mtl’l’d, R ,mi7p,l7d) NS Io,l € N}

in the lexicographic order on NP. Let Z be the set of pairs (i,1) at which this maximum is
achieved, i.e., at which (m;114,...,Mipra) = (C1,...,0p).
Recall that

p
Init(S)i,l = H El(ZL’j — 1)5i,j+m¢,j,z,2(1 + 62($j))mi’j’lv2

j=1
Eo(x; — 1) (1 4 €g(wy))™ 0% -+ - Egoq(wy — 1)™9704 (1 4 €q(a))™ .

By Lemma 3.2.1, the only place E4(x; — 1) appears in this expression is in e4(x;). Further-
more, Eq(x; — 1) can only ever appear with exponent 1 in monomials of €4(z;). Let €4.(z;)
be the subsum of €;(z;) with monomials in which E4(z; — 1) appears.

Let Sy be the subsum of Init(s) such that for every monomial in Supp(S;) and for each
j=1,...,p, the exponent of E;(z; — 1) is ¢;. Then we can write

p
Sa= Y cu ] [Eie; — 1) otmaie(l 4 eay))mate

(i,0)eT 7=1
Ea(x; — 1) - (14 eg())™ 02 -+ - Egoa(ay — 1)™020471 (1 4 g1 (2)) ™00 04

Ed_l(xj — 1)€j . Ed*<l’j)ej.

By definition, the last line Ey_1(x; —1)% - €4.(2;)% above must be the same for all (i,1) € Z,
so we can factor it out to write

p
Sa = (HEd—l(l"j —1)% 'Ed*(%‘)gj> - Sy
j=1
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where

p
Sp= Y i | [Br(wy — 1)t miaiz(1 4 e(ay)) 2

(e j=1
Ey(xy — 1)t (14 es(ay)) ™02 -+ - Egg(ay — 1)™004 1 (L4 a1 (25)) ™00

By induction, we can find a monomial of S/, with nonzero coefficient, which gives a monomial
of Init(s) with nonzero coefficient. O

Remark 3.3.3. Lemma 3.3.2 shows that p, is injective, so the order on k((H;)) induces
an order on k[GoAg]. However, we need the induced order to be compatible with how
we intend to interpret elements of k[GoAg] as germs of functions. Because pg is defined
using the intuition that we can “approximate” log E'(z) = E(x — 1) + log E'(z — 1) by
Eo(x — 1) 4+ Ey(z — 1), it may not be immediately clear that the order induced by k((H,))
via pg is the one we want.

If s € k[GoAo] and log E’'(z)” appears in s, then by the way Init(s) is defined in Remark
3.3.1, then the only term of pq (log E”(x)b) that has any possibility of contributing to Init(s)
is Lm (po (log E'(x)?)). The “error” in the approximation py (log E'(z)?) of log E'(z)" ap-
pears in every term except the leading monomial. So the sign of S is not distorted by the
approximation.

Corollary 3.3.4. Aq is ordered lexicographically on the exponents of its generators, i.e., if
Ty >y > - >1xp, € X and by, by, ..., b, € KX, then

p
H log B (z;)% > 1
j=1

if and only if by > 0.
If s € k[Ao], then s > 0 if and only if the coefficient of its largest monomial is positive.

Proof. Tracing through the proof of Lemma 3.3.2, we first want to determine the sign of

P
H log E'(z;)% — 1.

j=1

If by > 0, then Init(s) = []_, Eo(v; — 1)% > 0, and if b; < 0, then Init(s) = —1 < 0.
Ifgr>g,>->¢g,€MNgand ¢i,¢,...,c, € k™, then we want to determine the sign of

n
S = E C;g;.
i=1

In this case, Init(s) = ¢;Lm(po(g1)), so the sign of s is determined by the sign of ¢;. O
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Chapter 4

A logarithmic-exponential series field
constructed from F-monomials

In this chapter, we adapt the construction of the logarithmic-exponential series in [8] to
build a logarithmic-exponential series field starting with monomials involving F and its
derivatives. The first part of the logarithmic-exponential series construction in [8] begins with
the multiplicative group z* of monomials and inductively adds new monomials for increasing
levels of exponentiation to end up with an exponential field k((z~1))¢. The second part of the
construction uses an embedding ¢ : k((x7'))¢ — k((x7!))¢ such that every element in the
image of ¢ has a logarithm in k((z~'))¢. If this approach is adapted naively to monomials
of the form

p
HE ;)40 - E'(x;)% -« B (g;)%
J=1

for zy > --- >z, € X and a;; € k, three problems arise.

1. First, a logarithm of E@(xz) for d > 1 would not arise naturally from the first part of
the construction.

2. Second, some monomials of the form above are “small” relative to others. For example,
as functions we have

e /
exp <%) = exp (E'(z — 1)1/2) < E(x)

since B'(z — 1)Y/2 < E(z — 1). So it does not make sense to add exp <b;((;))11//22> as a

new monomial over a field of coefficients that contains E(z).

3. Third, it does not always make sense to take infinite sums of some “small” monomials.
For example,
E'(z)* 1
E(z)E'(zr) 14 E=b

E'(z—1)2

<1
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but it does not make sense to sum the infinite reverse well-ordered family

(ater) o)

because each of these monomials is approximately 1.

To fix these issues, we include monomials for log £ and for exp of some “small” infinite
monomials at the very beginning of the construction. Then at successive stages, we add
new monomials only for exp applied to “large” monomials. We also only ever allow finite
sums of monomials whose quotient is “small.” The result is that in our adaptation of the
first part of the logarithmic-exponential series construction, we build a ring with a partially
defined exponential function. The second stage of our construction is similar to [8] in that we
build embeddings between countably many partial exponential rings constructed as in stage
one and then show that every element of each of these rings has a multiplicative inverse, a
logarithm, and an exponential under a finite sequence of embeddings.

4.1 Part 1: Building partial exponential rings

Let X and k satisfy the ordering and separation assumptions in Remark 3.1.2, so that
k[GoAy] is totally ordered by Lemma 3.3.2. Assume also that k F T,,(exp, log).

We start this section by pinning down the starting group of monomials I'x o, from which
we will build a partial exponential ring. We want 'y to include GyA, along with new
monomials to represent exp of the “small” positive purely infinite elements of k[GoAq]. We
illustrate the issue with another example:

Example 4.1.1. Treating F(z) as a function, we can compute that
E"(x) E'(x) n
exp (E’(x)) > exp <E(x) =exp (E'(z — 1)) > E(x)
for any n € N, since E'(z — 1) > nE(xz — 1). However,
E’(x) FE'(x) E'(x—1)
- - 27 < B(a).
(567 - 79) ~o (Be—7) <20

So even though the “small” monomial issue does not arise with exp (g,}f;) or exp (g((;))>

separately, it does not makes sense to take a group containing both of these as monomials
over a field of coefficients that contains E(x).

The examples point toward the following definition of which elements of Gy are “small”
enough to cause a problem.



CHAPTER 4. A LOGARITHMIC-EXPONENTIAL SERIES FIELD CONSTRUCTED
FROM E-MONOMIALS 39

Definition 4.1.2. Let g € Gy and write

p
g =] E(xy)me - E'(z;) - ED(aj) %

J=1

with p,d € N, x1 > --- > x, € X, and ajo,...,a;4 € k. Let &, = ajo+ -+ ajq. We say
g s small if &, = -+ =&, =0.

Note that 1 is small, and if g;,9» € Gy are both small, then so is ¢g1¢2. So the small
elements of Gy form a subgroup.

Since it does not make sense to add new monomials for exp(g) with small infinite g €
k[GoAo] at later stages, we could try to include such monomials as part of our starting
group of monomials I'x g. But the examples above show that exp(g) would intersperse with
elements of GoAg for some such g, and that could make it challenging to figure out how to
order I'x g. To prevent I'x ¢ from becoming too complicated, we will only include monomials
exp(g) for certain relatively simple small infinite g € GoAg. Define

p . _

o E(x)%2 . B@)(g)%.
Tx = <CHIOg E' ()" é/(xj)aj,2+~--+aj,dj re€kipdiaj € Niw € X;
j=1

3(],” (aﬂ 7’é 0), (aj,—l = 1) — 3<k7l) 7& (]a —1)((1]” 7é 0)>

where T’ is generated additively. The final conditions ensure that k ¢ Ty and clog F'(x) ¢
Tx for any ¢ € k, v € X, since we already know how to exponentiate such elements—we
assumed k is an exponential field, and we want to define exp of clog E'(z) to be E'(x)°.

If X and k satisfy the ordering and separation assumptions in 3.1.2, then T is totally
ordered because it is a subgroup of k[GoAo|. Let er, (Tx) be a multiplicative copy of Tx via
an order preserving isomorphism eq, : T'x — eq, (Tx).

Define

FX70 = GQA()GTX (Tx>

We will show how to order I'x g over the course of the next few lemmas.

Remark 4.1.3. For consistency of notation, we will always express elements of T'x as sums
of the standard monomials of the group ring k[GoA¢] instead of as sums of the generators of
Tx itself.

Lemma 4.1.4. Suppose X and k satisfy the ordering and separation assumptions in Remark
3.1.2. If t € Tx Nk[Gy], then the leading term of oo(t) has a positive integer power of Ey(x)
as a generator, for some x € X.
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Proof. Let t = Y7 | ¢;g; € Tx N k[Go] with ¢; # 0. Let 2y > x5 > - -+ > x,, list the elements
of X appearing in ¢, and let d be the largest derivative appearing in any g;. Then we can
write

HEO azy2+ +ai,j.d— (a132+ +a1]d)E1( )2a212+ +daz]d (alj2+ +az]d)

(S () (Be) ) (2 () (e By,

Note that oy(g;) is a finite sum because a; jo,...,a;jq are natural numbers for each j =
1,...,p. In every monomial of oy(g;), the exponent of Ey(x;) is 0 and the exponent of
E;(z;) is a natural number for all j =1,...,p.

If d = 2, then the leading monomial of oq(t) is

for the single index ¢ at which @, 5 is maximized. So we may assume d > 2.
We will trace through the proof of Lemma 3.1.3 to show that we find a monomial with
E,(x;) as a generator for some j =1,...,p. Let I be as in Lemma 3.1.3, and let

Aj = Qij2 +2a;53+ -+ (d - 1)ai,j,d

for all ¢+ € I. Without loss of generality we may assume [ = {1,...,n}. In Lemma 3.1.3, we
proceeded with the argument using some fixed 7. Here we will use j = 1.

First suppose a1,1,4,...,an14 € N are all distinct. By possibly renumbering g, ..., gn,
we may assume ajq14 < -+ < @p14. Note that this means a;;4 > @ — 1. The coefficient

n Qi 1,d
el ka ) of

Es(x - Eq(x
2(71) - Ea(z1) H foX xj
By (21)d1

cannot be 0 for each k; = 0,...,n — 1 because then we would have ¢; = --- = ¢, = 0. So

some coefficient must be nonzero for some k, <n—1<a, 4. fp>1orif (d—1)k, <4
then this monomial has some power of E;(x;) as a generator, and we are done. So suppose
=1and (d — 1)k, = A;.
Since p = 1, we remove the index corresponding to j in the following computations to
lighten notation.
Since (d — D)k, = A = ana +2a,3 + - - + (d — 1)an,q, we must have the following:
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1. k, = n—1 = a,4 is the smallest value of k4 such that > ¢ (akf:) # 0, and 0 #
Z?:l Ci (a]z:jd) = Cn
2. Qp2 = 0= Ap3 = " =U0Apd—1 = 0.

So A= (d—1)(n—1). Observe also that since a4 < -+ < a4, we must have a; 4 =7 — 1.
In particular a,—; 4 =n — 2. Since

(d — 1)(n — 1) =A= Ap—1,2 —+ 4 (d— 2)an—1,d—1 =+ (d— 1)(7’L — 2)

we have that a,_1 4-1 < % < 2.
We will use the fact that 0 < a;4-1 < 2 to show that the coefficient of the following

monomial with Fy(z) as a generator is nonzero:

v (M) (M) e

Observe that % appears only in ( o+ %) for [ =d—1,d. Its coefficient

is 1if [ =d — 1, and its coefficient is d if [ = d. So the coefficient of M is

S () () ()0 )e)
— n—2 1 n—1 1
The first term of the summand comes from building M as a product of the monomials
n—2 n—2
Es(x) - - Ey(x) from (% ) (... & Es(x) - -+ Eq(2)
Ey(x)d1 n—1 Ey(x)d-1
Ba(e) + Fuao)\ oo () (L, Bele) o Baa(e))!
Ey(x)d2 1 Eq(x)d2

The second term of the summand comes from seeing M as a monomial of

n—1 Ey(x)d-2 * Ey(x)d-t

Since a; g = ¢ — 1, most of the terms in the sum are 0. We can calculate

;i q i d—1 @ q n—1\,6 . B

(n—2)( 1 )+(n—1>< ] >d—0f0rz—1,...,n 1
n-1,d\ [ An—1,d—1 p-14\ (n—1

’ ’ ’ <1-2 . —1)d =2
o) () + Gop) (17 st 2o v

Qn.d Ap.d—1 Ay d n—1

’ ’ : —(n—1)-041-(n—1)d=(n—1)d.
<n—2>( ) )+(n—1)< ) >d mn—=1)-0+1-(n )d=(n )d
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Altogether, the coefficient of M is ¢ - ¢,—1 + (n — 1)d - ¢, with ¢ € {0,1,2}. Since
0= i c; Gid ) _ Cn1+ (n—1)c,
— n—2

and d > 2, we must have 0 - ¢,,_1 + (n — 1)d - ¢,, # 0. This finishes the proof in the case that
aid,---,0nq € N are all distinct.

Suppose a;14 € N are not all distinct for ¢« = 1,...,n. We will modify the inductive
argument of Lemma 3.1.3 to find a monomial with some FE;(z;).

Let 1 < ¢ < n be the number of distinct values among a; 4. Let (Py,. .., P,) partition
{1,...,n} so that for any iy,is € P, oy 1= Gj; 14 = @iy1,q4 and oy, # ay, for Iy # ly. Consider
the sums

By (z;)™ 0

i€h, E@ ()™
for l = 1,...,q. Each of these sums is an element of Tx with strictly fewer terms than t,
and the monomials in each sum have one less multiplicand, since £ (z;) does not appear.

We proceed by induction. As in Lemma 3.1.3, assume that for each [ = 1,..., ¢ we can

find a leading term b;t; of oy (ZiePl %gi), where 0 # b € k and t; € Gg. Assume
Zj

further that each t; has some Ej(x;) as a generator. By the same reasoning as in Lemma
3.1.3, the sum

iUo (%) bity = gEl(l"l)(d_”o‘lbltl i (:;) ( 4 E2(~’;1)(;1')dEdl(x1))kd

=1 kq=0

has a nonzero monomial M. Our additional hypothesis guarantees that M has some FE;(z;)
as a generator. Since Lm (cro(t)) > M, Lm (ao(t)) must have E;(z;) as a generator for some
i< -

Lemma 4.1.5. Suppose X and k satisfy the ordering and separation assumptions in Remark
3.1.2. Ift € Tx Nk[Gy], then no term of po(t) is of the form Ey(x — 1) for any x € X,
n € N.

Proof. As in the previous lemma, if ¢t = """ | ¢;g; € Tx N k[Gy], then for some p,d € N we
can write

I () B
gi = H El(xj>ai,j,2+"'+ai7jyd

J=1

p
o0 (gl) — HEO(xj)ai,j,2+---+ai,j,d*(Cbi,j,2+---+a¢,j,d)El (wj>2ai,j,2+---+dai,j,d*(ai,j,2+---+a¢,j,d)
j=1

(O ER)) - (B0 (25
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As noted above, 0y(g;) is a finite sum because a; o, ..., a; 4 are natural numbers for each
j = 1,...,p, and the exponent of Ey(x;) is 0 in every term of og(g;). Additionally, in
every term of oy(g;) the sum of the exponents of generators composed with x; is A; =
@ij2+ 2053+ + aija

Every monomial of py(t) = vy(oo(t)) is an element of Supp(vy(M)) for some i =1,...,n
and some monomial M of o¢(g;). We can write any monomial M of 0y(g;) as

p
M =[] Ea(a;)ir - Egaw;)™o
j=1

with Nj,17 . ,vad € N and

d
D Nk =4
k=1

foreach j =1,...,p. Now
P
vo(M) = [ ] Eo(x — )N By(w = 1) 852 (14 e ()02 - -+ By ()91 4 ea(;)) V.
j=1

By Lemma 3.2.1, we know any ¢(x;) for [ = 2,...,d, j = 1,...,p contributes 0 to the
sum of the exponents and involves only Ey(x; —1),..., Ejp1(z; — 1). So the sum of the
exponents of Fy(z;—1),..., E4(z; —1) is always ZZ:1 Nj, = Ajforeach j=1,...,p. Since
at least one of these sums must be nonzero, vo(M) cannot have any generators of the form

Now we will show that there is a unique way to order I'x that respects the ordering
defined in Lemma 3.1.3 and the way we wish to define log. However, since we cannot define a
logarithm on GoAq yet, we instead use a function log : po(GoAg) = U,,en Hr to approximate
the way we will define the logarithm. Later in this chapter, we will define log(g - ¢) to be an
infinite sum, and in Corollary 4.4.5 lo/\g(po (g-¢)) is shown to correspond to an initial subsum
of par1(log(g - ¢)) where d is the largest derivative occurring in g.

—

Define log : po(GoAo) — U,,eny Hn as follows:

1. lo/\g(c) = logc for ¢ € k.

2. log(Eo(x — 14 k)* = aEo(z — 2+ k) for k =0,1.
3. log(Ei(z — 1)) = aEy(z — 3)

4. Extend lgtg to products by ﬂ)\g(gl e gp) =log(gr) + -+ @;(gp).

5. Extend l?)?g to sums by truncating after the leading term, i.e., lo/\g(s) = @(Lt(s)).
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Since Ey4(z — 1) never appears in Lm(po(g - £)) for d > 2, this fully defines log.

Lemma 4.1.6. Suppose X and k satisfy the ordering and separation assumptions in Remark
3.1.2. Then there is a unique way to order I'x o that respects the ordering defined in Lemma

3.1.3 and lo/\g.

Proof. Let g- ¢ € GoAg and 0 # t € Tx. We will compare g - ¢ with er, (¢) by comparing
lo/\g(po(g -0)) with po(t), and we will show that this uniquely determines an order on I'y .

First, lo/\g(po(g-ﬁ)) = E)E;(Lt(po(g-ﬁ))), which is a finite sum of terms of the form aEy(y—n)
foracek,ye X,and n=1,...,d+ 2, where d is the highest order of derivative appearing
in g. Since Fy(y — 1) € Hy, any term of the form aFy(y — 1) is comparable to po(t). It is
not immediately clear how to compare other terms to elements of k((H;)), however.

Write t = s101 + -+ - + 8,0, with s1,..., s, € k[Go| and {4,..., ¢, € Ag. By Lemmas 4.1.4
and 4.1.5, we know Lm(og(s;)) = Ei(z)*h for some z € X, k € N>, and some 1 # h € H,.
So

Lm(ﬂo(sz‘)) = LI]fl(Vo(El(95)l€ : h))
= Ey(z — 1)"Ey(z — 1)*Lm (v (h)).

By the definition of Tk, each Lm(po(¢;)) is of the form [[%_; Eo(x; — 1)% with b; € N.
Recall that in Remark 3.3.1, given s € k[GoAq] we defined Init(s), and in Lemma 3.3.2,
we showed that Init(s) # 0, so that Lm(po(s)) = Lm(Init(s)). Consider Init(t). Every
monomial of Init(¢) has a positive integer power of Ey(z — 1) for some x € X. Therefore, we
should interpret every monomial of Supp (Init(t)) as being strictly larger than terms of the

form E)Tg(Ed(y — 1)“) =aby(y—d—2) foralld e N,y € X, and a € k. This gives a unique
way to order I'y compatible with the order on k[GoAq| and that respects log. ]

We now introduce the subgroup of I'x o of small elements.
Definition 4.1.7. Let U'x o sman = {9 £ : g € Gy is small, { € Ay}.

I'x.,0,smaui 15 @ subgroup of I'y o because the small elements of G form a subgroup.
Corollary 4.1.8. I'x o smau @5 a convex subgroup of I'x .

Proof. Let gy € Go be small and ¢y € Ag with go-€p > 1. Let 1 < gy - €1 - ep, (t1) € I'xp, and
suppose g - 61 c €Ty (tl) < go- 60- We will show gi - El C €Ty (tl) € FX,O,smalh i.e., tl =0 and g1
is small.

Following the way I'x  is ordered via Lemma 4.1.6, 1 < ¢y - {1 - er, (t1) < go - {p means

0 < po(t1) + 1675(/?0(91 : 51)) < 10/\3(/)0(90 : 50))-
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We can write Lm(po(go . EO)) as

p
HEO(IJ)QJEO(:L‘] — 1)/8]+b]E1(ZL'] i 1)/3j+Nj,1'

J=1

Since g is small, we must have o; = 0. So lag(po(go +lp)) can be no larger than Eo(z — d)
for some z € X, d > 2 (in the sense of Lemma 4.1.6).
By Lemmas 4.1.4 and 4.1.5, if t; # 0 then Lm(po(#;)) must be of the form Ey(z —1)¥-h

with 1 # h € H;. Since 10g(p0(91 ~€1)) is a single generator with exponent 1, Lm(pg(t1)) #

log(po(g1 . El)). N
If Lm(po(t1)) > log(po(g: - £1)), then we must have Le(po(t)) > 0 because po(ty) +

l?)\g(po(gl +£1)) > 0. But this contradicts po(t;) + K)Tg(po(gl ) < lo/Tg(po(go o).
So Lm(po(t1)) < log(po(g1 - £1)). We can write Lm(po(g1 - £1)) as

p
T Eole)® Eolay — 155+ By (a; — 1)5 %,
7j=1

Since a; = 0 and Lt (lo/\g(po(gl 1)) < Lt(l?)?g(po(go -lp))), we must have o, = 0 too, i.e.,

g1 is small. But then the only way to have Lm(po(t1)) < lo/\g(,oo(gl +4y)) is if t; = 0. Thus
g1l -erg(t) = g1 - b € Ux 0 smaii- O]

Since I'x osman is a convex subgroup of I'x, the quotient group I'xo/I'x 0 smau 1S an
ordered group.

We will now define a modification of the Hahn series field that disallows infinite sums of
monomials whose quotient is in I'x g smez. We will also add an additional restriction that
will be necessary in Section 5.3, when we define a derivation on the field of transexponential-
sublogarithmic series. Even though we have not yet discussed how to define the derivation,
we include the following example now, to motivate this restriction.

Example 4.1.9. Let z be the germ of the identity function, and let

X:{E(x)+r+ :re(o,l)mR}.

E(x7)
Let k be any ordered exponential field such that k and X satisfy the ordering and separation
assumptions of Remark 3.1.2 (for example, k = R works). Then we would want to define

d%E (E(x) ot ﬁ) _ (E(m) bt %) (E’(x) _ —m;;g)(f)) |

Now, E' (E(x) +r+ %) will be in any structure built from X, for all » € (0,1). However,

due to the finitary nature of the full sublogarithmic-transexponential series construction,
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there is no structure in which { E(z") : » € C'} can appear in a sum for any infinite C' C (0, 1).
This is because (2"),¢(,1) all have different growth rates. So we cannot allow any sum s with
generators built from infinitely many elements of X because the “derivative” of such an
element will not be a valid sum.

Because of the issue that arises in Example 4.1.9, any element s of our modified Hahn
series construction must only involve generators built from some finite subset Xq C X. A
similar issue may arise if the derivations of exponents and coefficients in some sum s do
not all lie in one structure. So we will also set up a framework to be able to restrict how
exponents and coefficients from k may appear in a sum.

Remark 4.1.10. The construction introduced in the remainder of this section prevents

problematic sums of the form
Z E'(z) !
E(x)E"(x)

neN

from arising. It also removes other sums that are not obviously problematic. So it is possible
that this construction may be more restrictive than it needs to be.

Definition 4.1.11. Let k be an ordered field, let (ko )aca be a family of subfields of k, and
let X be a set. Let I' = T'(k, X)) be an ordered multiplicative group depending on k and X,
with convexr subgroup H = H(k, X). Assume k[H] is an ordered ring. Define

k(1)
to be the ring whose elements are sums of the form
s = Z e M
MET (ka,Xo)
for some finite subset Xo C X and cp € kg, for some o € A, where
1. for each coset w € T'(ky, Xo)/H, {M € w : cpy # 0} is finite, and
2. Supp(s) = {M € I'(ka, Xo) : car # 0} is reverse well-ordered.

For s € k((I'))u, define Liv(s) to be the coset Lm(s)H of I'/H. Define s > 0 in k((I"))n if
and only if

M
E cy—— >0
Lm(s)
MeLv(s)

in k|H|. Forw € I'/H, we will write s|,, to denote the finite subsum of s with monomials
mnw.
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Since Supp(s) is reverse well-ordered in I', { M H : M € Supp(s)} is reverse well-ordered
in H. Since H is convex, if M < Lm(s) in I" then M H < Lv(s) in I'/H. Note that k((I')) g
is not a field because sums of elements with more than one element in the leading coset may
not have multiplicative inverses.

Assume k and X satisfy the ordering and separation assumptions in Remark 3.1.2, and
let (Ko)aca be any collection of subfields of k. By Lemma 4.1.6, I'x ¢ is an ordered group
depending on X and k. By Lemma 4.1.8, I'x g sma is @ convex subgroup of I'x g. By Lemma
3.3.2, k['x 0.smau| is ordered. So we can construct Kxo := k((I'xp)) Notice that
the order on Ky extends the order on k[GyAy| from Lemma 3.3.2.

Define

FX,O,small ‘

Ax o :={s € Kx,:Supp(s) > I'x 0 smau}
BX,O = {S - KX,O VM € Supp(s), E'Mo - FX,O,small with M < Mo}
By :=Tx ©k® {s € Kxo:Supp(s) < I'x0smau}-

Define ex, : By — (Kx,0)”° by

o0

exo(t + 7+ ¢€) = ep, (t) exp(r) Z

n=0

En

n!

fort € Tx, r € k, and € € Bx_,,0 with Supp(€) < I'x g smau. Notice that the only elements
of k[l x 0,smau) on which it makes sense to define ex are Tx @ k. For example, there is no
element of Ky to represent the exponential of the “large” infinitesimal 5/(—(?) =_1 _

E'(z—1)"
Additionally, we introduce a family

(K a,x0) (a,X0)eAx[X]<¥

of subfields of Kx . Given a € A and X a finite subset of X, define K, x, to consist of
sums of the form s = ZMEr(kaO) ey M with all ¢y € k.

We now adapt the notion of the first extension of a pre-exponential ordered field from
[8]: An almost pre-exzponential ordered ring (K, A, B, B*,e) consists of an ordered ring K,
an additive subgroup A of K, a convex subgroup B of K with K = A ® B, a subgroup B*
of B, and a strictly increasing homomorphism e : B* — (K)>°. We will also assume we are
given a family (Kj)gep of subfields of K.

Define the first extension (K', A’, B, (B*)',¢) of an almost pre-exponential ordered ring
(K, A, B,B*,e):

1. Take a multiplicative copy e(A) of the ordered additive abelian group A with order-
preserving isomorphism e, : A — e(A).

2. Define K" = K((e(A)))1; using the family (/K4 )aca of subfields of K, where {1} is the
trivial subgroup of e¢(A). Then K’ is a subring of the usual Mal’cev-Neumann series
ring over K with monomial group e(A).
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3. Let A" = {s € K’ : Supp(s) > 1}, and B' = {s € K’ : Supp(s) < 1}, so that
K' =A@ B' and B’ is a convex subring of K’.
4. Let (B*) = A® B* @ m(B’), and extend e to € : (B*) — (K')>° by

o0

e(a+b+e)=eyla)e(b) Z ]

fora € A, b€ B*, and e € m(B').

5. Associate with the first extension the family (Kj)sep of subfields of K', where Kj is
such that for every term ce(a) of every element of Kj, we have ¢,a € K.

Then (K', A, B', (B*), €') is an almost pre-exponential ordered ring, and ¢’ is defined on all
of A B* C K.
Starting with (KX70, AX,07 BX,07 B}k(,07 eX,O) and (Ka,Xo)(a,Xo)GAX[X]<‘*’> define

*
(KX,n—l-l; AX,TL+17 BX,n+1; BX,n+17 eX,n—i-l)

to be the first extension of (Kx ,, Axn; Bxn, Bk €xn). Given (Kgy)sep associated with
(Kxns Axn, Bxn, Bx y €x.n), define (Kpny1)pes to be (Kj,)ses. Then

B i1 = Axn @ ® Axo® B ®@m(Bx,) © - ®m(Bx nt1).

Let Kx = Upen Kxn: Bx = Unen Bxn» and let ex : By — (Kx)”° be the common
extension of all the ex,,.

Define an increasing sequence of multiplicative subgroups of Kx starting with I'xy and
taking I'x 41 := [x pnex(Axn). Since I'x,, is convex in I'x 11, by induction I'x ¢ sman is a
convex subgroup of I'x ,,41 for all n € N.

Lemma 4.1.12. Let k be an ordered field, I' an ordered group with convex subgroup G such
that T' is the internal direct product of Gy and another subgroup Gy. Let H be a convex
subgroup of G. Then k((G1))u((G2)) = k((I')) 4.

Proof. The isomorphism is given by

deuM= Y| Y cM1M2M1> M,. O

Mea MeG> <M1€G1

We know Kxo = k((I'xyo)) Assume Kx, = k((I'x))
Lemma 4.1.12,

Kxnir = Kxn((e(Axn))) = RB((Cxn))rx o aman ((6(Ax0))) = BT X 040005 0 s

So by induction, Kxn = k((I'xn))ryo.ma for all n € N. In the next section, it will be
helpful to use this expression for Kx ,, rather than the inductive definition above.

Then using

FX,O,small' l_‘X,O,small ‘



CHAPTER 4. A LOGARITHMIC-EXPONENTIAL SERIES FIELD CONSTRUCTED
FROM E-MONOMIALS 49

4.2 Part 2: Building a logarithmic-exponential field

Suppose X and k satisfy the ordering and separation assumptions of Remark 3.1.2. Since
X is assumed to be a subset of an ordered field, we may define

X—m:={x—m:ze€ X}

for any m € N. Note that if X and k satisfy the ordering and separation assumptions, so
do X —m and k.

In the previous section, we showed how to build a partial exponential ring Kx starting
with X and k. In this section, we would like to construct a logarithmic-exponential field,
starting from Ky. We motivate the construction in this section with several examples.

Example 4.2.1. The difference equation for E tells us that the logarithm of E(x) should
be E(x —1). There is no element E(x —1) of Kx, but if we build Kx_; using X — 1 instead
of X, then E(z — 1) and ex_;(E(z — 1)) are both elements of Ky_;, and we can identify
them with log F(z) and E(x) respectively.

£(z)

Example 4.2.2. Although 5,(—(9;)) does not have an exponential in K, if we identify — @

with ———— € Kx_1, then

E'(z-1)
1 - 1
) =S e Ky
X1 (E’(m—l)) Zn!E’(m—l)" € Ax

n=0

Example 4.2.3. The natural way to represent the multiplicative inverse of E'(x) + E(x) is
by the following computation:

1 B 1 1 i": ( E(x) )”
E'(x) + E(z) E'(x) (1 1 g((:i))) E'(z) &=\ E'(z)
_E®@
e
is not an element of Ky. However, if we identify F(z) with ex_i(E(z — 1)), E'(z) with

ex_1(E(x —1))E'(z — 1), and g,((?) with E,(;fl), then we have a multiplicative inverse

Since E'(xz) and E(z) are in the same coset of I'x o smau, the infinite sum > (

1 > 1 n
ex_1(E(x —1))E'(z — 1) Z (_m> € Kx—1

of ex_1(E(x — 1)) E'(z — 1) + ex_1 (E(z — 1)).

In this section, we will construct embeddings ¢,, : Kx_n — Kx_m_1 for m € N which
formally “identify” elements of Kx_,, with the corresponding elements of Kx_,,_1. We
will show that for all s € Kx_,,, the image of s under finitely many embeddings has a
multiplicative inverse, a logarithm, and an exponential in some Ky _,_;.
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4.3 Defining ¢,,

We begin defining ., 0 : Kx—mo — Kx_m—1,1 as follows:

Ll re) = £t () ()

n=0

/ —_ n . . .
Since (%) < I'x_m-1,0,smau for n > 0, this sum is allowed in Kx_,,_10.

2. omo(E(x)") = ex—m-1(E(z —1))°

3. ©mo (E’(x)“) = eX,m,l(E(x — 1))aE/(:c —1)*

4 omo(EYW(2)") = ex—pma(B(x = 1))'E'(x — 1)) (2) Sq(2)"

n=0
, A\ gt (e 1VA=2 1 (1) et () (o
for d > 1, where §,(r) = 2Bt _ LIy T preB0e),

Since Supp(64(2)") < I'x—m—1,0,smau for n > 0, this sum is allowed in Kx_,,,—1.

5. Extend ¢, to k|G, A so that it is a k-algebra homomorphism.

In particular, we have now defined ¢,, o on Tx_,,. Before we extend ¢,, o further, we
will show that ¢, o is order preserving on k[I'x_,, 0.smau]. Ultimately, this follows from the
results of Section 3 and Section 4.1, but the orderings on k[I'x_,0.smau] and Kx_,,—10 are
defined using the maps oy, v, and p; for | = m, m + 1, which are rather delicate. For this
reason, it takes some maneuvering to use the results proven so far to show that ¢,, ¢ is order
preserving. We show that ¢, is order preserving on k[I'x_, 0 sman) in Lemma 4.3.6.

Lemma 4.3.1. Assume k and X satisfy the ordering and separation assumptions in Remark
3.1.2. Ift € Tx_,, NK[G,], then

Om+1 (‘Pm,0<t)) = Vnm (Um(t»-
Proof. 1t suffices to show the result for expressions of the form Eg,izg) € T'x_m NGy, because
Om+1s Pm0s Vm, and o, are k-algebra homomorphisms. First, note that o,,1; is defined on

“m,0 <%> because

<E<d> (m)) _ ex—m-1(E(x —1))By(x — 1)  Bglz —1)
™0\ B (z) ex—m_1(E(x—1))E(x—1) E(r-1
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If x is the germ of a function and we view all the following expressions as functions, we have

% (E(d((xx)) by definition of Fy, E1, ...
= vy, < on | (:g )) by Lemma 2.1.4

Eg,izg) = Ym0 ( Z;C,lzg ) by the Bell polynomial expression for E?
= Omt1 (gom,o (%)) by definition of Fy, E1, ...

Since v, (O’m (E;[fzif))) and 0,11 (gpmﬁ (EE(OZS)>> are expressed using the same standard

basis Eo(x—1), E1(z—1),..., E4(x—1) for monomials in H,,;, they must also be equal in the
sense of k((H,,+1)). Since the computations of v, (am (E];;izi?))) and 0,41 (gpmo (%))

are the same regardless of whether = is the germ of a function, these two expressions must
be equal formally. O

Remark 4.3.2. We can extend Lemma 4.3.1 beyond Tx_,, N k[G,,] to include monomials
of the form E(z)*E'(z)~* for any a € k and products of such monomials with elements of
Tx_—m N K[G,,], since

Pmo (E(x)*E'(2)™*) = ex—m-1(aBE(x —1) —aE(z — 1)) E'(z = 1) * = F'(x — 1)~

However, we cannot extend Lemma 4.3.1 any further because monomials in I'x_,, 0 smau Of
other forms either involve logarithms, or their image under ¢, is an infinite sum.

Define g y,q(z) == E(x)“ﬁEjl((j));: é <Z) (E(m);(ljid) (z) 1)k for d > 2.

Lemma 4.3.3. The first N terms (at least) of 0, (EW(2)*) and 0,n(Sa,n,q(x)) are equal.

Proof. Notice that s, x () is obtained by paralleling the definition of o,,. E(x)* corresponds

to Ey(z)?, E(( ))d corresponds to Ey(z — 1)%, and %“()

— 1 corresponds to

El(l‘)dflEz(fE) 4+ El(J:) e Ed(l") B
El(ZE)d

Eo(2)*(Ei(2)! + Ei(2)" ' By(w) + - + En(2) - - Eg(2))
Eo(x)?Eq(x)?
If d = 2, then the sum of the first N terms of o,,(EY(z)?) is exactly o,,(5qnq(7)). The
result also 1mmed1ately holds for N = 1. So assume d > 2 and N > 1.

— 1.
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241 o ()t ). z
Let Cd(x) _ Ei(z) E2(E)j_(1')-‘£E1( ) Eq g?gzg

)n, which has E;(z)" as its denominator. The second

largest monomial of > 7o (¢)Ca(z)" is E;E(Zz(f)f)z, which appears in (4(z) since d > 2, and has

E;(z)? as its denominator. So the result holds for N = 2.

For N > 2, the Nth monomial g of 377, ($)d4(z)* has Ej(z)" as its denominator for
some | < N, so it must appear before (4(x)". Thus the first N terms of o,,,(E¥(z)) and
om (84N (7)) agree. O

@) Since

is the largest monomial of (4(z), the

E2 (a:)
Eq(z)

largest monomial of (4(z)" is (

Corollary 4.3.4. Assume k and X satisfy the ordering and separation assumptions in Re-
mark 3.1.2. Let s = c1g1 + + - + ¢cugn € k|G|, and write

with xy > -+ > x,. Suppose &,(g;) =0 for all j =1,...,p. Then for every Ny there eists
some Ny such that the first Ny terms (at least) of opm(s) and oy, (crus + - - -+ cyuy) are equal,
where

p

Uy = H E<xj)ai’j7oEl(xj)ai7j71527N17ai,j,2 (:E]) ©8d.N1,a; 4 a ({L‘])
j=1

Proof. Let Ny € N. Let t be the finite initial subsum of o,,(s) defined as in Remark 3.3.1.
Enumerate Supp(c,,(¢;:)) as (hix)keny With i, > hiyi1. Let n; € N be smallest such that

Supp(t) N {hix : k> n;} = @.

Let Ny = max(nq,...,n,). Let

p

Uj = H E(‘xj)ai’j’oEl(xj)ai’j’152,N1,ai,j,2 (fL‘]) o .5d7N17ai,j,d (:L"])
j=1

So it suffices to show that the first Ny terms of v, (0,,(s)) and vy, (o (crug + - - - + cpuy))
agree. By Lemma 4.3.3, the first Ny terms of o,,(u;) and 0,,(g;) agree. By our choice of Ny,
the first Ny terms of o,,(ciu; + - -+ + cyuy,) and o,,(s) agree. So at least the first Ny terms
of vy (o (crus + -+ + cpuy)) and vy, (04, (s)) agree, and we are done. O

Remark 4.3.5. Observe that
1. &.(g) = a for every monomial ¢ of §4 4,

2. Ym(San,) is a finite sum.
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Let g; and u; be as in Lemma 4.3.4. By the first observation, no monomial of ¢,, o(u;) has
any generator of the form ex ., 1(E(x — 1)) So Supp(om(u;)) C Gpy1. This along with
the second observation means we have ¢,,(u;) € k[Gpi1]. S0 0y is defined on ¢, (u;). In
fact, by Lemma 4.3.1 and Remark 4.3.2,

O-m-‘rl(gpm(ui)) = Vm(am(uz))
SO Opmp1(Om(ciuy + -+ + cpuy)) = Um(om(crur + -+ - + cuuy)).
Lemma 4.3.6. ¢, is order preserving on k[I'x .0 smai-

Proof. Let s = s101 + -+ + s,0,, with s; € k[G,,] and ¢; € A,,. We will show s > 0 if and
only if ¢, 0(s) > 0.

Recall from Lemma 3.3.2 that the sign of Init(s) determines the sign of s. We will show
that ©m.0(5)|Lv(pmo(s)) € k[Gme1], which means the sign of ¢, o(s) is determined by the sign

of o1 (gpmvo(s)hv(@m’o(s))). We will then show that 11 (¢m70(3)|LV(¢m70(5))) = Init(s).
Let ¢; be as in Lemma 3.3.2, and let N;o = |Supp(?;)|. Let Ny = max(Nyp,..., Npyo).

Foreachi=1,...,p, let N;; and ¢;ju;1 + - - -+ ¢k, Ui, be given by Lemma 4.3.4, using Ny.
Define u; := ¢;1u;1 + - -+ + Ci g, Wi k-
By Remark 4.3.5,
0m+1(90m,0(uz‘)) = Vm(Um(Uz‘)) = po(ui).
If we write ¢; = [T5_, log E'(x;)*, then Lm (@mo(6:)) = [T/—; E(z; — 1), so

p
Om+1 (Lm Spm O H

Following the proof of Lemma 3.3.2, Init(s) # 0 is the initial subsum of

p p
HE =D (g HE 1)
Jj=1 j=1

Om+1 (@m,O(ul)Lm(‘pm,Owl)) +ot Som,ﬂ(un)Lm<‘;0m,0(€n)))

so both these expressions have the same sign as Init(s). Recall from Remark 3.3.1 that
Init(s) is defined by having tuples of exponents of Ey(z; —1),..., Ey(x, — 1) maximized. By
the way 0,11 is defined, if g € k[G11] and &;(g9) = a, then the exponent of Ey(z; — 1)
in op41(g) is a. So Init(s) must be the image under oy, 11 0f (@m,0(u1)Lm(@mo(f1)) + -+ +
m, 0(t, ) Lm(ppm,0(€n) ) |w, Where

w = LV (@um,0(un) L (@nm,0(01)) + -+ -+ m, 0(u,) L (pp,0(4)) -

Since for any
9 € Supp (o) (Pmo(ls) — Lm(pmo(t:)) )

Om+1(g) < Init(s), we must have Lv(¢m0(s)) = w. This completes the proof. O
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We would now like to extend ¢, o to all of I'x_,,, o by defining
mo(ex—m(t)) = ex—m-1(@mo(t))
for t € Tx_,,, but we must check that ex_,,_; is defined on ¢y, o(?).

Lemma 4.3.7. Assume k and X satisfy the ordering and separation assumptions in Remark
3.1.2. If t € Tx_,,, then eX,m,l(gom,o(t)) is defined in Kx_pm—11.

Proof. Since any element of Tx_,, is a finite sum of generators, it suffices to show that
ex_m—1 is defined on the generators of Tx_,,. Let
B ()% - B (a;)%4

E‘/(xj)aj,2+~-+aj,d

P

t= CH log E' (x;)%1

j=1
be a generator of Tx_,, with ;1 > --- > x, € X —m and a;_1,a,2,...,a;4 € N. Notice
that for d > 1,
Pmo(ED(x)) = ex—m1(E(z — 1)) Ba(z — 1)

which matches the difference-differential equation for £ (z). For each term of By(x — 1),
&1 > 1, with &_; = 1 only for the smallest term E@(z — 1). So for each term of

da(z) = Bd(w;}g;g)(ffl)d, —(d—1) <& -1 < -1, with §_; = —(d — 1) only for the smallest

(@) (g
term ]?E, (z—1)

g—l(id' i :
By the definition of ¢,,, we can write

p . .
- B %2 .. E(d) 1. )%.d
o (CHIOgE'm)W () )

E/(xj)aj,2+”‘+aj,d

Jj=1

p
e [TE s — 1)1 By — 1y 2esat Do
j=1

(SO () ) (S Co)ser) (5 (o).

n=0

This is a finite sum. For every term in the sum, &, 1 > 0 for all j = 1,...,p. For every
term except the smallest term, &, 1 + -+ + &,—1 > 0. Therefore, every term except the
smallest term is in Ax_,,—10. The smallest term is

p
c[[E(@; — 1) B (w; — 1) 2t @D

J=1

aj 1\ (log B'(x; — )\ (aj2\ (E"(z; =)\ (a4 (ED(; 1)\ _
aj,—1 E(x; —1) aja) \ E'(v; —1)? aja) \ BE'(z; —1)4
p . .
as E”("L\ — ]_)O‘J72 P E(d)(l‘ — 1)ag,d
cHlog E'(x; — 1)1 ]E’(:z:- — 1)aj,2+---+jj,d
j=1 J
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and is an element of Tx_,,—1. Thus ex_p,—1(t) € Kx_m-11. O

Remark 4.3.8. In the proof of Lemma 4.3.7, observe that the smallest term of ¢,,(t) is
exactly ¢ with each x; replaced by z; — 1.

We can now extend ¢, 0 1 Kx_mo — Kx_m—11 to all of I'x_, .
6. ©mo(ex—m(t)) = ex—m-1(Pmo(t))
7. Extend ¢, 0 to k[I'x_pm0] so that it is a k-algebra homomorphism.

Finally, we would like to define

¥m,0 Z emM ) = Z M Pm,o(M)

MEFX—m,O MeFX—m,O

but we must check that ZMerx,m . cmpmo(M) is a valid sum in Ky_,,,—1 1. We will check
this using the next two lemmas.

Lemma 4.3.9. Let M; = g;-li-ex—m(t;) € Ux_mo fori=1,2. If My and M, are in different
cosets of U'x —mo/La—mosman and My > My, then Supp(©m.o(Mi)) > Supp(pmo(Ma)).

Proof. Let x1 > --- > x, list the elements of X that appear in M;, M. We can write

Omo(Mi) = ex—m—1 (@m,o(ti) + Zﬁxj(Mi)E(fj - 1)) s

for some s € Kx_,,—10. So it suffices to show that

Pmo(t)) + Y &, (M) E(z; — 1) > @olts) + > &, (Ma)E(z; — 1).

j=1 j=1
M, > My means
P P
pn(t1) + D &ay(My) Eg(; — 1) > pin(ta) + Y &u (M) Eg(w; — 1)
— =
p
i.e., Pm tl — tg > Z é-xj M2 ng(Ml))Eo(ij — 1)
7j=1
Express t; — to = hiAy + -+ + hy A, as a sum in k[G,,A,,], with h; € G, and \; € A,,.

Let Init(t; — t2) be the initial subsum of p,,(t; — t2), defined in Remark 3.3.1. We know
U (0m(hi1)) = Omi1(@mo(hi1)) by Lemma 4.3.1. We also know the only term of p,,(\;)
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that can contribute to Init(t; — t2) is Lm(p, (X)) for all i = 1,...,n. Let Lm(pn (X)) =
[T5_; Eo(z; — 1)"3. So we must have

§ 0m+1 SOmO

Since 0,11 is order preserving, we must have

T E»e

EEIURES Z (&, (Ma) — &, (M) Eo(z; — 1).

P

emolh) [ [ Bla; =1 > 3 (6, (Ma) = &,(M)) Bla; - 1).

j=1

Just as in Lemma 4.3.6, @p,0(t1 — t2)[Lv(pn (12 —12)) 15 @ subsum of g, o(hy) [T0_; E(a; —1)%
So

Pmolts —ta) > Z (&, (M) — &, (M7)) Eo(z; — 1)

as desired. O

Lemma 4.3.10. Assume k and X satisfy the ordering and separation assumptions in Re-
mark 3.1.2. If s € Kx_p,, then pno(s) is an element of Kx_p—_11.

Proof. Let s = ZMGFX%O ey M. We will show ¢y, ¢ <ZM€FX%0 CMM) is a valid sum in
Kx_m-11. Since each M € I'y_,, ¢ is a finite product of generators, ¢, is well defined on

monomials. So it suffices to check that (cpyyM : M € I'x_,,0) is summable in the sense of
Definition 4.1.11, i.e.,

1. For each coset NI'x_n—1.0.smatt Of I'x —m—11/T x—m—1,0,smair, there are only finitely many
M € I'x_np such that cpr # 0 and NT'x 1.0 smau N SUpp(@mo(M)) # .

2. U Supp(@m.o(M)) is reverse well-ordered in I'x_,,_1 1.
MeSupp(s)

We start with (1). Let N = g€ ex_pm_1(t) - ex_m-1(a) € T'x__11 with g € Gy1,
teNpp1,t €Tx 1, and a € Ax_,,_1. Note that ¢ and o are fixed across all elements of
NPX—m—LO,small- Let M; = g; - l; - eX—m(ti) € FX—m,O for i = 1,2, and let z; > --- > Tp list
the elements of X that appear in M, My. Suppose NI x_—1.0.smair N SUpp(@m.o(M;)) # @
fori=1,2.

We can write

©m,o(M;) = ex—m—1 (SOmo + Zﬁxj 1)) Si
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for some s; € Kx_y,—10. M; and M, must be in the same coset of I'y_, 0/ x—m.0.smaii, O
else by Lemma 4.3.9 we would have

emolt) + 3 &, (M) E(w; = 1) # molta) + 3 &, (Vo) Ez; = 1)

Jj=1

which contradicts that NT'x _p,—1.0.smau N SUpp(@m.0(M;)) # @ for both i = 1,2. Since there
are only finitely many M in the same coset as M;, M, such that ¢y # 0, we have proven (1).

Now we prove (2). Let B C U Supp(@m,o(M)). We will find a largest element

M eSupp(s)
of B. Since s, is finite for any coset w € I'x_1, 0/ x—m.0.smait, B N SUpp(©m.o (s]w)) has a
largest element. By Lemma 4.3.9, if M; > My then Supp(@mo(M1)) > Supp(@m.o(Mi)). So
the largest element of B is the largest element of B N Supp (@m,o (S\LV(S))). O

We repeat the full definition of ¢, 0 1 Kx—mo = Kx_m-11:

1. gmo(log B'(2)") = B(x — 1)b§; (z) <%>n

/ —_ n . . .
Since (%) < I'x—m-1,0,sman for n > 0, this sum is allowed in Kx_,,_1,0.

2. pmo(E(@)?) = ex—m-1 (B —1))"

3. @mo(E'(2)*) = ex—m_1(E(x —1))"E'(z — 1)*

4. Omo (E(d)(x)a) = ex—m1(E(x —1))*E'(x — 1)% Z (2) dg(z)"

n=0

, D E (1) 2 B (— vt B@) (p—
fOI‘ d > 17 Where (Sd(f,lf) — Bd(:th}zajiEl)(szfl)d _ (Z)E( 1) g/((xill))d‘f' +E ( 1)

Since Supp(d4(2)") < I'x—m-1,0sman for n > 0, this sum is allowed in Kx_,;,—1.

5. Extend ¢, to k|G, Ay, so that it is a k-algebra homomorphism.
6. Ym0 (eX,m(t)) = ex—m-1(¢m,o(t))
7. ©mo(g1gn) = @mo(g1) - - - Pm.o(gn) for generators g, ..., g0 € 'x—mo
8. ©m,0 Z CMM = Z CMgOmy()(M).
Mel'x —m,0 Mel'x _m.,0

Corollary 4.3.11. ¢, is order preserving on Kx_, .
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Proof. Let s € Kx_y,0. By Lemma 4.3.9, if M; € Supp (3|LV(S)) and My ¢ Supp (3|LV(S)),
then Supp(@m,o(Mi)) > Supp(@m.o(Mi)). So the sign of ¢, o(s) is determined by the sign

of Ymo (s|LV(S)). The sign of ¢, (5|Lv(s)) is the same as the sign of ¢, (%), and

i';v(t)) € k[l x—m.0.smau)- Apply Lemma 4.3.6 to finish the proof. ]

Now given ¢, @ Kx—mn — Kx—m—1n+1, define @ ni1 1 Kx_mpt1 — Kx_m—1n42 s

follows:
Pm,n+1 (Z fan,m(a)) = Z Omn(fa)ex—m(Pmn(a))

for f, € Kx_m, and a € Ax_,,,. This is a valid sum in Kx_,,_1 42, and since @, , is
order preserving, so iS @, nt1- Let ¢, ¢ Kx_p — Kx_p,—1 be the common extension of all
©m.n, Which is also order preserving.

4.4 Finding logarithms, exponentials, and
multiplicative inverses

In the remainder of this section, we will show that for every s € Kx_,,, there is some [ € N
such that

L ex—moi—1((¢m1 0+ 0 ¢p)(s)) is defined in Ky_,—y—1 (Lemma 4.4.7),

2. if s > 0 then there is some s’ € Kx_,,_;_1 such that

(Omri0--0pm)(s) = ex—m-i-1(s)
i.e., this element has a logarithm (Lemma 4.4.4), and
3. (@ms10 -0 @y)(s) has a multiplicative inverse in Kx_,,—;—; (Lemma 4.4.10).

We find multiplicative inverses with the more general result that if sy,...,s, € Kx_,, with
Supp(s;) < 1, then there is [ € N such that

&8} n
S g [[ (00 0 o) (50 € Kxomi
VRS Jn=0 =1

-----

construction is closed under restricted analytic functions.
Lemma 4.4.1. If s = ex_,,(s') for some s € B%_, , then p;,(s) = ex_m-1 (gpm(s’)).

Proof. Since s’ € B _,,,, for some n € N, we can write

s=a+t+r+e
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with a € AX—m,n—l D---D AX—m,Oa t e TX—m7 r e k, and € € BX—m,O D---D BX—m,n with
Supp(ﬁ) < 1—‘X—m,(),small- So

on(s) = o <6X—m(a>ex‘m“>ex-m<r> D )

k=0
= ex—m—1(Pm(a))ex—m—1(Pm(t))ex—m—1(Lm(r 3
= ex—m-1(pm(a+t+7r+¢)) B
= ex-m-1(#m(s))

as claimed. O

Lemma 4.4.2. If M € I'x_,,0, then there is s’ € Kx_,,_o such that gpm+1(gom(M)) =
6X—m—2(3,)-

Proof. Let M = g-{-ex_,,(t) with g € G, £ € Ay, and t € Tx_,,,. Since

i1 (Emlex—m(t))) = ex—m-2(Pmr1(em(t)))

and ¢, and ¢,,+1 are ring homomorphisms, it suffices to show that for any x € X —m,
deN, a,b ek, we can find sy, 89 € Kx_,,_2 such that

Emi1 (m (B (2)) = ex—m-2(s1)
Pm+1 (SOm (log El(x)b)) = ex—m-2(52)-

First,

o

om (ED(2)") = ex—m-1(E(x — 1))*E'(x — 1)™ Z (a)

k=0

Recall that Supp(da(z)) < I'x—m—1,0.smait, SO

> a
Supp <Z (k}) 5d('x)k> < FX*??’L*l,O,Small

k=1

and thus Supp ((Ele (Z) (5d(x)k)l> < I'x—m—1,0sman for all 0 <1 € N. So we can express

E'(z—1)" i (Z) " =ex_m_1 | dalog E'(z — 1) + i Dl (i (Z) 5d(x)k>l

k=0 =1 k=1

By Lemma 4.4.1, we can take $1 = @y,41 (da log E'(z — 1) 4+ 372, L UM (>ry (1) da(x )k)l>
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Next we will find s5. We can calculate

Pmit (m (108 E'(2)")) = P < r—1 ”i (Z) (%) )
v (Bl 2))bi (b) (¢ —2) + log E'(x — 2))’“.

ex-mo(B(z —2))*

k
Since Supp (ZZO1 (Z) (E(xQ)HZgE(x)Q,)C) ) < I'x_m—20smai;, We can now bring the sum
ex—m—2|(E(z—2)

inside ex_,,_2 to get ¥,41 (gom (log E’(:U)b)) = ex_m-_2(52) where

Sg = T — - (—1)l+1 <. /b (E(x—2)+10gE/(x_2))k l
2 = bE( 2)+lzl z (; (k> ex-m-2(B(z —2)" ) -

Lemma 4.4.3. Let s € k[U'x_m0smau] and let d be the value of the largest derivative ap-
pearing in s. Let § = (Pmyq© -0 @m)(s). Then 3|rvs) is a single term of the form

r;—d—1)"

CEX —m—d— 1

T E"@

withc € k™ o € Ax_pm-a-10® D Ax_m-a—14 and a; € k.

Proof. In Lemma 4.3.6, we showed that ¥ 0(S)|Lv(pmo(s)) € k[Gm+1], and

Lm(pm(s)) = Lm (0m+1 (‘Pm,o(sﬂLv(wm,o(S))) >

Write
P
H — D)UOE (z; — 1)% - Eg(a; — 1)%.
We now inductively define a sequence s = sg, S1,...,Sq With s, € k[l x_n—n.0.smau for
n=0,...,d. Let s = s. Let s, = Somg(slog(:]%’{)(’(so € k:[FX m—1,0,small), SO that
J

Lm (o y1(s1)) = HE1(xj — )%t By(x; — 1)%
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Now given s,, for n < d such that

P
L0 (psn(50)) = [T Bolay = 1) By — 1y 400
j=1
Ey(x —n—1)%m+2... By o (x; —n—1)%d

let
Omtn,0(5n) | Lv(@msn.0(sn))

Sn—i—l - D .
. m — 1)ej1+ta;
i1 E(x; —n —1)%: jin

Then s,41 € k[I'x—m—n—10.smaeu] and

Prm+n,0(5n) ’LV(¢m+n 0(sn))
L i) = ’ ’
Hl(gm-l-n—l-l(s +1)) Om+n+1 ( §:1 Eo(xj —n— 1>aj71+.‘.+aj,n

_ Oman+l (80m+n,0(3n) |LV(s0m+n,o(8n)))
I, Eolzy —n— Lot

p
= H El(l’] —n — 1)aj,1+~--+aj7n+1 cee Ed_n<ﬂfj —n — 1)%‘,(1
7=1

by Lemma 4.3.6. So

L (pmint1(8ns1)) = L (Omn1 (L (@mins1.0(Sns1))))

p
— HEO(xj —_n — 2)aj,1+"‘+aj,n+lE1 (l'j —n— 2)aj,1+~~~+aj,n+1+aj,n+2
j=1

EQ(ZL‘]‘ —n — 2)aj’n+3 oo Ed—n—l(xj —n — 2)aj’d
and we can continue the induction.

Note that

p
Lm(pm+d(sd)) - H EO(:U] —d— ]_)aj,1+~-~+aj7dEl (.T] —d— 1)llj,1+"~+aj,d'

J=1

Let Init(sy) be as in Remark 3.3.1. Since s; € k[G,,+4] involves no log generators, and the
only possible exponents of Ej(x; —d — 1) for | > 2 in Init(s,) are natural numbers, the
preimage of Init(s4) under 0,411 must be the single term

p
c[] B (z;—d— 1) = g a(5a) Lo a(en))
j=1
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for some 0 # ¢ € k. Let to = (@mtd© 0 Pm1) ( ?:1 E(x; — 1)“%0> € Ax_m—d-1,4, and for

I=1,...,d=1,let t; = (Pm+d° - OPmiit1) (H?:l E(z;—1— 1)aj’1+"'+aj’l> € Ax—m—d-1,d-1-
Then

§’Lv(§) = (80m+d ©0:--0 SOm)(S\Lv(s)ﬂLv(g)
P
= (Pm+d © "+ ° Pmt1) (Sl H E(‘%’ - 1)%0)
j=1
= (Pmga0- -0 90m+1)(31)|LV(§) “to

P
= (Pm+d © "+ © Pmt2) (32 H E(z; — Q)aja) “to
j=1

Lv(3)

Lv(3)

- (90m+d -0 ¢m+2)(82)|LV(§) ) totl

p
= Pm+d (Sd H E(x; — d)aj’ﬁmﬂj’d) o ta—2
Jj=1 Lv(3)
p
= CH E,(l’j — d — 1)aj’l+m+aj’d . t() s td—l-
j=1
So 3|Ly(s) is a single term of the specified form. O

The following lemma shows that we can eventually find a logarithm of any positive
element of Kx_,,, after applying enough embeddings.

Lemma 4.4.4. For all s € (Kx_,,,)”°, there isl € N and s' € Kx_,,_;_1 such that

(Pms10 - 0Pm)(s) = ex—mi-1(s).

Proof. Let Lm(s) =ex_m(a+1t)-g-¢witha € Ax_1n® - B Ax—mo, t € Tx—m, g € G,
and £ € A,,. Let x; > --- > 1, list the elements of X that appear in g or £ and let a; = &, (g)
for j =1,...,p. Then we can write

p

s =50 ex_m(a+1) HE(xj)af

J=1

with Lv(sg) = I'x —m.0,smai- Let d be the largest derivative that appears in sq|Ly(sy). Then

(Pmid o0 pm) <€X_m(a +t) H E(acj)%') -

J=1

X —m—d—1 ((g&m+d o-opu)(a+t)+ Z aj<€X_m_d_1)o(d+1) (E(xj —d— 1))) )

J=1
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By Lemma 4.4.3, we can write

(Pm+d 0 0 pm)(s0) = (06X—m—d—1(0/) H E'x;—d— 1)aj’1+m+aj’d> (1+e)

j=1

with Supp(€) < I'x_pm—d—1,0smau- Note that ¢ > 0 since s > 0 and all ¢, are order preserving
for k € N. So logc € k is defined, and we can express (@m1q© -+ 0 ©m)(s) = ex_m—a(s)
where

_1)k+1 ek

p 00
:logc~|—0/+2(aj,1+---+aj7d)logE’(:)sj —d— 1)+Z<
k=1

j=1
p
+ ((Pm+d O---0 (pm)(Od + t) + Z Clj(@X,m,d,l)o(dJrl) (E(.Z'j —d— 1))
j=1

. 0o (—1)k+1
Since Supp(e) < I'x—m—d—1,0,small, Y peq ( 1,1 € Kx_m_g_1. []

Corollary 4.4.5. The order induced in Lemma 4.1.6 on I'xy using l/ng matches the order
given by defining

g- 0> er,(t) if and only if s > pd+1((<,0d 0---0 gpo)(t))
where s is such that (Pmyq o+ 0 Pm)(g-€) = ex_m_a_1(s).

Proof. Find s’ by applying Lemma 4.4.4 to g - £. The sum ¥, aj(ex—m—aq—1)" "V (E(z; —
d — 1)) + o is an initial subsum of s’ since a = t = 0. Tracing through the proof of

Lemma 4.4.4, o/ arises from sq, which is a single monomial. We can express Lm(po(sg)) =
[[5-, Eo(z; — 1)% Ex(z; — 1)%. So tracing through the proof of Lemma 4.4.3,

Z (ex—m-a1)(E(x; —d—1)) 4+ cjlex—ma1) "V (B(r; —d—1)) +-- )

=1

where the + - -- contains lesser terms. Then
p
> (a5(ex—m-a) " (Be; —d - 1)+
j=1

bj(ex—m-a—1)"(E(z; —d = 1)) + ¢j(ex-m-a-1)"" DV (E(z; —d - 1))

exactly matches lo/\g(po(g'ﬁ)) if we identify Eo(x; —n) with (ex_m_a_1)° " (E(z; —d—1))
forn=20,1,2. O

Lemma 4.4.6. If s € Kx_,, and ex_,,(s) is defined, so are eX_m( + eX_m(s)).
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Proof. Suppose s € By _,, ny SO We can write s = a+t+c+e with Supp(a) > T'x _m.0.sman (OT
a=0),t€Tx_n, cEk, and Supp(€) < Cx_m.o.smau (or € = 0). Note that ex_,,(a + t)e" &
I'x_m.0sman for all & € N. So we can separate

e ma t
ex_m(a+t+c+e)=ex_mc Z X- + :a/—i-e/
k=0

with Supp(a’) > I'x —m,0,smeu and Supp(€’) < I'x . 0,smati- S0 €x—m(a+t+cte) € By _ monl-
The same argument shows ex _,,(—a —t—c—¢€) € Bx_,, ... O

Corollary 4.4.7. For all s € Kx_,,, there is | € N such that

€X—m—I—1 ((90m+l 0:--0 @m)(s))
1s defined.

Proof. Let s € Kx_p,, and write s = u|s| with u = £1. By Lemma 4.4.4, we know there is
some [ € N and s’ € Kx_,,_;_1 such that

(@m—i—l -0 Som)<|5|> = eX—m—l—l(Sl)-
By Lemma 4.4.6, ex 11 (u . eX—m—l—l(S/)) is defined. So

€X_m—z—1(u ’ eX—m—l—l(S,)) - eX—m—l—l(U(SOmH 0---0 Sﬁm)(|3|))
- eX—m—l—l((QDm—&—l ©---0 @m)(s))
is defined. O

Lemma 4.4.8. Let s1,...,8, € Kx_,, with Supp(s;) < 1. Then there is | € N such that

[oe) n
Z Ajy,....jn H(SOm+l 00 (8i)" € Kx_m-i-1
J1yee5Jn=0 i=1

for any (aj,....j,)jenn € (ka)®, for any a € A.

Proof. 1t suffices to show that for some [ € N,

Supp((@m—&—l O---0 Spm)(sz)) < FX—m—l—l,O,small

for all s = 1,...,n. If Supp((gpmH 0---0 gom)(sz)) < I'x_m—i-1,0,smau for some [, then
Supp((gpmH/ 0---0 gpm)(si)) < I'x_m—v—10smau for all I > 1. So we will find /; that works
for ¢ and take | = max(ly,...,1l,).

If Supp(s;) < I'x—m.0.smai, then we can use I = 0, so we may assume Lv(s;) = I'x 1 0.smau-
Let d; be the largest derivative that appears in 5i|LV(Si). Let zy > --- > x, list the elements
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of X that appear in s1[Ly(s;)s - - - s SnlLv(sn)- Let $; = (@m+a©- - 09 (si). Since Supp(s;) < 1,
we must have Supp(s;) < 1. By Lemma 4.4.3, we can write

v —d—1)%

Silv(s;) = Ciex—m—d—1(;)

T E’@

with o; € Ax_m—a—10P - - BAx_m—d—1.4. Nomonomial of this form can bein I'x_,,—4-1.0.smail,
so we must have Supp(s;) < I'x_m—d—1,0,smail- u

Corollary 4.4.9. Let sq,...,8, € Kx_p, with Supp(s;) < 1. Let f € R{Xy,..., X,}, and
let (r1,...,m) € ko N [—1, ] for some o € A. Then there is | € N such that

14 (emr o 00m)(51), -0+ (@m0 0 ©m)(8n)) € Kx—moi—1.

Proof. The coefficient of any monomial

n

[ (om0 o pm)si)

i=1
can be shown to converge because f converges in a neighborhood of [—1,1]". O

Corollary 4.4.10. For all s € Kx_,,, there is | € N such that (g, 0+ 0 @y)(s) has a
multiplicative inverse in Kx_,,_1_1.

Proof. We can write s = Lm(s)(1 + ¢), with Supp(e) < 1. By Lemma 4.4.9, there is [ € N
such that

oo

k
Z (pm+l -0 me)(E))
k=0
is defined in Kx_,,—;—1. Then
(nstooom) () S (= (o0 0u)(6)!
Lm(s) —
the multiplicative inverse of (@100 @y)(s) in Kx_py_1. O

Definition 4.4.11. Let Dx (k) be the direct limit of the directed system

(KX—m7 Pm+1©-°+0 me)l,mEN-
Corollary 4.4.12. Dx (k) can be made into a model of T,,(exp,log).

Proof. Dx (k) is an ordered ring that is closed under log by Lemma 4.4.4, closed under exp
by Lemma 4.4.7, closed under restricted analytic functions by Corollary 4.4.9, and is a field
by Lemma 4.4.10. So Dx (k) can be made into a model of T,,(exp, log). O
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Lemma 4.4.13. For all s € Dx (k). and x € X, there are ny,ny € N such that
log”™ E(x) < s < exp™ E(x).

Proof. Identify s with a corresponding element s’ of some Kx_,,,, and let z € X. Then

(ex—m)"(E(x —m)) € Ax_my for all k € N. So

s < (GX—m)O(n+l) (E(ZL’)) € eX—m(AX—mm)

and thus s’ < exp°™+1=™) E(7) in Dx (k).
Now we must find n; such that

log®™ E(z) < s

As in the proof of Lemma 4.4.4, write

P
s'=s0-ex_m(a+t) HE(x] —m)%Y

J=1

with o € Ax 1 @ - B Ax_mo, t € Tx—m, and Lv(so) = I'x_1.0,smau- Since s is positive
and infinite, so is §'.

We now split into cases based on the form of Lm(s"). First, if o # 0, then we must have
a > 0 since s’ is positive and infinite. Then

s> FE(x—m)€ Kx_mo

so s > log™ E(x).

Second, if o = 0 and e, (¢) [[}_; E(z; —m)% # 1, then we must have

P
exmoﬂ—tHE ;—m)% > 1
7j=1

again since s is infinite. Let y be the smallest element of X appearing in Lm(¢) (or y = +o0
if ¢t # 0), and let z, = min(y, z,). We can find 0 < a € k such that

E(z, —m)" < epm(a+t) [ E(z; —m)».

j=1

If ¢ 7& 0 or ifp > 1, then ¢ = 1 works. If t =0 and z, = 1, then let a = %. Now since
Lv(so) = I'x—m,0,smaut, We must have sy > E(z, —m) /% So

s> E(z, —m)*- E(x, —m)~Y? = E(z, —m)"¥2.
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And thus s > E(z, —m)*? > E(z —m — 1) = log°™ ™ E(z).
Third, suppose s’ = so. Let d be the largest derivative appearing in sg|Ly(sy). Let

S0 = (Ym+a © - ©vm)(so), which must be positive and infinite since s’ is. By Lemma 4.4.3,
we can write

r;—d—1)"

30|Lv(s’5) = CeX—m—d— 1

Ilz*s

with ¢ >0, @« € Ax_m-d-10P -+ P Axfmqu,d, and a; € k. Since 55 € Kx_;—q—1 is of
a form handled by either the first or second case, we get either s > E(x —m —d — 1) or
50 > E(z, —m —d—1)¥2. We have

s> E(X —m—d—2) =log*™"?) E(z)

in either case. O
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Chapter 5

An Lipansexp differential series field

Let F' E Tiansexp- We will build an increasing sequence (H; : i € N) of ordered log-exp
differential fields, starting with Hy = F((771))" where we take 7 > F for the ordering. We
will build this sequence so that
Mp = H,
ieN

is a Lan(exp, log)-structure closed under E, its derivatives E® and their functional inverses.
We will then define a derivation on My that works like differentiation with respect to 7. Each
H; 1 will be constructed from H; using the constructions in Sections 4.1 and 4.2 to add new
monomials for F, its derivatives, and L applied to certain elements of H;.

We do not need to create new monomials for F, its derivatives, and L applied to all
elements of H;. For example, there is no need to add new monomials for £ composed with
elements in the same Z-orbit—if we include E(x) when building H;, then we automatically
have expressions that represent F(z + k), k € Z. Also, if z,y € H; are “too close” in the
sense that z > y but E(x) < E(y)* for some a, then we cannot add both E(x) and E(y) as
new elements over a field of coefficients containing a because the separation assumptions of
Remark 3.1.2 would not be satisfied. This will not be an issue because we will be able to
express E(x) and E(y) in terms of each other.

5.1 Constructing H, | from H,

Suppose Hy, ..., H; have been constructed. If ¢ > 0, assume we have also constructed order-
preserving embeddings ¢; : H; — Hj;4 for 5 =0,...,% — 1 such that if j > 0, 2 € H;_;, and
E(%z) is defined in Hj, then

i (E(2)) = E(1j-1(2)).
For each 5 =0,...,1, let

Fin(H;) = {f € H; : Ine N(|f| <n)}.
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Since Fin(H;) is a convex subgroup of H;, the quotient H;/Fin(H;) inherits an order
from H;. For each j = 1,...,i — 1, ;(H;)/Fin(¢; (H;)) is a (non-convex) subgroup of
Hjya/Fin (Hjyr).

Definition 5.1.1. If s € H;4y and s > F, define X(s) to be the unique (if it exists) one of
1. B={E(L°Y(1))} or
2. B € H;/Fin(H,)
such that for some z € B and n € N, E(z £n) are defined in Hj; and
E(z—n) <s< E(z+n).

Suppose also that for each s € (Hjy1)sp for j =0,...,i— 1, A(s) exists. We will prove
by induction in Lemma 5.1.9 that A(s) exists for all s € (H;11)>r.

The goal of this section is to construct H;,; from H; as follows: Any coset F' < a €
H;/Fin(H;) viewed as a subset of H; consists only of positive elements of H; that are infinite
relative to F'. For each such «, we will define X, C « and create new monomials () (x) and
log E'(z) for all x € X, and d € N. We will do this by building a field C5; F Ty (exp, log)
for each finite increasing sequence

a={ap <oy <--- <ap} C (Hi/Fin(Hy))_,
using the constructions in Sections 4.1 and 4.2. We will then define H;,; to be the direct
limit of (Ca; : a € (H;/Fin(H;))>0), and show that for each infinite (relative to F) s € H;41,
A(s) exists. Finally, we will define an order preserving embedding ¢; : H; — H; 1.

Constructing Cj ;

First suppose & is the empty sequence. We will build Cy; in two steps. First, let X! =
{L°0*2)(7)}, a single element set. Note that X/ and F trivially satisfy the ordering and
separation assumptions of Remark 3.1.2. Since F' & T,,(exp,log), we can build Dx/(F) F
Ton(exp, log), using the one-element family {#'} of subfields of F.

Second, let X; = {L°(+Y ()}, another single element set. We would like to define Oy ; :=
Dx,(Dx:(F)), so we must check that X; and Dx/(F') satisfy the ordering and separation
assumptions of Remark 3.1.2. Most of the assumptions are satisfied trivially, but we must
show that

E(L"(7) —=m) > Dx:(F)

for all m € N. We have not yet defined how E(L°¢Y(7) — m) compares to elements of
Dx:(F), but by Lemma 4.4.13, any element s € Dx,(F') is bounded above by

eXpon E(Lo(iJrQ)(T)) — eXpon Lo(i+1)(7_)
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for some n € N. Since we want £ > exp® for any [ € N, we extend the ordering so that

E(LO(HI)(T) — m) = log™™ E(Lo(i+1)(7'))
> log™™ (expo("+m)(Lo(i+1)(7)))
= exp™ (L2 (7))
> S

for all m € N. Since the assumptions of Remark 3.1.2 are now satisfied, we may take
Cg,i = Dx,(Dx/(F)) F Tan(exp,log)

Again using the one-element family {Dx/(F)} of subfields of Dx.(F).

Next, we will define the sets Cy; for & = {ap < -+ < oy} C (Hl-/Fin(Hi))>0 by induction,
again using the construction Dx (k) from Section 4.2. To define Cqoy,; for a singleton {a},
we use k = Cy; as the field of coefficients, and the collection (k,)aca = {Cyz.}, which we
call kg ;. To define Cy; for & = {ag < --+ < a1 < a}, we use k = Clagc...cay_,},i @S the
field of coefficients. Let

Kiag<-<ap 1}i = {Dx(kz) : X C X,,_, finite, k € /igﬂ-} ifk=1
/ﬁ:{a0<...<ak71}7i - {DX(k) . X C Xak71 ﬁnite, k S /ﬁ:{a0<...<ak72}7i} lf k > 1

We will use kfag<...<ar 114 as the family of subsets of Ciqg<..ca, .3 in the construction
Csi= DX% (Ctag<-<ar_},i) from Section 4.2. In both these cases, we will use the same set
X = X,, C oy, to build the monomials.

We define X, for a € (Hi/Fin(Hi))>F as follows:

Definition 5.1.2. Ifi >0 and o € (Li_l(Hi_l)/Fin(Li_l(Hi—l)))>F, then let

X! = Li_l(X(Li_l)*l(a))'

Ifi >0 and E(L°"Y) € a, let X, = {E(L°"V)}. Otherwise, let X, = @.
Eztend X! to a mazimal set X, of representatives from « satisfying the following condi-
tions:

1. The elements of X, are not too close: Suppose i >0, x >y, and m—iy 1s infinite. If

(i
r—y

then at most one of x,y is in X,.

2. The elements of X, not too far apart: there exists v : X, X Xo — QN (0,1) such that
for all x,y € X, with x >y, we have v —y < r(z,y)
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Remark 5.1.3. The intuition for why the first condition means x and y are “not too close”
comes from its equivalence via Lemma 5.1.6 to the ordering and separation assumption from
Remark 3.1.2 requiring that F(z —m) > E(y — m)® whenever x > y, m € N, and a is in
the field k of coefficients and exponents. We use the equivalent condition here to make it
clear that the same set X, will satisfy the ordering and separation assumptions regardless
of which field of coefficients we pair it with.

Remark 5.1.4. The cases used to define X/, in Definition 5.1.2 are disjoint. Every infinite
monomial in H,_; is bounded below by log®(7) for some | € N if i = 1, and by

log™ E(L%(7)) € Dxs_,(F)
for some [ € N if ¢ > 1 by Lemma 4.4.13. If E(Lo(i“)) € «, then

a < (Li—l(Hi—l)/Fin(Li—l(Hi—l)))>F-
So the different definitions of X/ do not conflict.

If i >0and o € ¢;1(H;—1)/Fin(t;—1(H;—1)), we must check that X/, satisfies the two
conditions in Definition 5.1.2; so that it is possible to extend it to a maximal set X, that
satisfies these conditions.

1

1. To see that X/, satisfies Condition (1), let x > y € X/, and suppose i infinite.

If i = 1, then we must have 1" <z—iy> € Hy. Then

A1) = (B

r—Yy
since Hy is exponentially bounded and we identify E(E (L(L(7))) + n) with exp®™(7)
for all n € Z. So we have a > A (L>

=y

If ¢ > 1, then (¢;-1) 7' (2), (ti-1) "' (y) € X(,,_,)-1(a) Means that

(bi-2) 7 (@) > A ((wl)ll(:c — y)) '

Since t;_1(E(z)) = E(ti—2(2)), we must have t;_5(A(s)) = A(¢;—1(s)) because

E(z—n) <s< E(z+n) if and only if ¢;_1 (E(z — n)) < t;-1(s) < t;21(E(z + n))
ie., E(ti—2(z) = n) < t-1(s) < E(ti-2(2) — n).

So o > 1i_o ()\ (W)) =\ (ﬁ)
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2. Since X(,, |)-1(o) satisfies Condition (2) and ¢;_1 is order preserving, X! satisfies Con-
dition (2).

Since X/, satisfies Conditions (1) and (2) in Definition 5.1.2, it can be extended to a maximal
set X, that satisfies the two conditions.
In order to define
Clao}i = Dx,, (Cs.i) {ap} a singleton
Cai = Dx,, (Crag<-<ar_1}.) a={ag < - <aphk>0
we must check that the ordering and separation assumptions of Remark 3.1.2 are satisfied
in each case. Any X, is a subset of an ordered field, and each Cz; and Cagc...cay 11, 18
constructed to be an ordered exponential field. Note that Condition (2) in Definition 5.1.2
of the sets X, matches the final ordering and separation assumption of Remark 3.1.2. So all
that remains to show are assumptions (3a) and (3b).
First, we will check that for all x € X,,, and m € N, we have
E(x —m) > Cy, ifk=0
E(ZE - m) > C{(I()<'~'<ak_1}7i lf k > 0

Lemma 5.1.5. Let k e N, a = {ap < - - < oy}, and x € X,,,.
1. If k=0, then E(x —m) > Cy,; for allm € N.
2. If k>0, then E(x —m) > Clag<-cay_},i Jor all m € N.

Proof. It k =0, let s € Cp; and z = L°0F(7). Since z € X,, C ag € (Hi/Fin(Hi))>F, x

is positive and infinite. The smallest positive infinite elements of H; come from DX£_1<F
Since z € X! _;, by Lemma 4.4.13 there is some [ € N such that

z > log™ B(2).
Since z € X;, by Lemma 4.4.13 there is some n € N such that
s < exp” E(z).

We have not yet defined how E(x — m) compares to elements of Cy;, but since we want
E > exp®! for all k € N, we extend the ordering so that
E(x —m) =log”™ E(x)
> log”™ E( log® E(2))
> log®™ exp®(mtm+D) (log* E(2))
= exp™ E(2)
> 8
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for all m € N.

If k>0, let s € Capccay,_},i- By Lemma 4.4.13, there is some z € X, , and n € N
such that s < exp® E(z). We have not yet defined how E(xz —m) compares to elements of
Clag<-<ag_1},i> but since oy, > a1 in H;/Fin(H;), we know x —m > z 4+ n for any m € N.
So we extend the ordering to have

E(x —m) > E(z+n) =exp™ E(z) > s

for all m € N. O

To finish checking the assumptions of Remark 3.1.2, we must show that

E(x —m) > E(y —m)*

for all m € N, where

1. if k=0, then z,y € X,, with x > y and a € Cy;, and

2. if k>0, then z,y € X,, with z >y and a € Cygy<...cap_,}.i-
We prove this from the first condition on X,, from Definition 5.1.2.

Lemma 5.1.6. Leti € N and let > a € (H;/Fin(H,))srp, so that E(x —m) > Cs; for all
x € Xg and m € N. Then the following are equivalent:

1. X3 satisfies Condition (1) of Definition 5.1.2.
2. Forx,y € Xg withx >y, m €N, and a € Cy;, we have E(x —m) > E(y —m)“.

Proof. Let z,y € Xz with x > y. We will need to extend the partial order on expressions
involving £, L, and log so that for any m € N and any a € (Cs;)>1,

E(x —m) > E(y —m)® if and only if E(x —m —2) > E(y —m —2) + loga
if and only if 2 —m —2 > L(E(y — m — 2) + loga)
if and only if z —y > L(E(y — m — 2) +loga) — L(E(y — m — 2)).

Expanding L(E(y — m —2) + log a) using the Taylor series for L around E(y —m — 2) gives
LY(E(y —m — 2))(loga)’
g!

loga N (loga)?*E"(y — m — 2)
E'(y—m—2) 2E'(y —m —2)3

L(E(y—m—2)+loga) — L(E(y —m —2)) = Z

which is a valid sum in the structure Dx/(Cs,;) for any X’ 5 y such that X" and Cj; satisfy
the ordering and separation assumptions of Remark 3.1.2.
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First suppose m%y € Fin(H;). Then Condition (1) is trivially satisfied. Since there is
E(y—m)
loga

computations above, this shows that E(z —m) > E(y —m)“.
Now suppose ;1 ¢ Fin(H;). Let z € A (—), and let n € N be such that

1
=y

is infinite, we have —— < ZW=") By the

some n € N such that -1~ < n, and since .
T—Yy T—Yy oga

E(z—n) <

< E(z+n).
r—y

If E(x —m) < E(y —m)® for some m € N and a € (Cz,;)-1, then

1 - E'(y—m—2)
r—y 2loga

E(z+n)> > E(y—m—2).

So z+mn >y—m—2, and thus A ( ) > (3. Conversely, if A < ) > (3, then there is some

1 1
T—y T—y
m € N such that z —n >y —m. So

1 E'(y—m—2)
E(z — E(y —
x—y> (z—=n)>E(y—m) > SToga
and by the computations above, this means F(z —m) < E(y — m)®. O

It follows from Lemma 5.1.6 that the ordering and separation assumptions in Remark
3.1.2 are satisfied in the cases k =0 and £ > 0. So we can define

C{ao}ﬂ' = Dx,,, (CZ,i)
Ca,i = Dx,, (C’{a0<...<ak71},i) for £ > 0.

Deﬁning Hi+1 and v Hy — Hi+1

We would like to define H;; as the direct limit of the sets Cy,;, so we must show that these
sets form a directed system ordered by inclusion.

Lemma 5.1.7. Let a = {oy < -+ < oy} C (H,;/Fin(H,;))srp, and let § € (H;/Fin(H;))sp
such that B # «; for j =1,... k. Then Cy,; is a substructure of Csup,.

Proof. If B > ay, then Cy; C De, ,(X3) = Caug.i-
If 8 < ag, then

Cz,i C Cipyi = Claghi C Clp<apli
= C{a0<a1},i C C{B<ao<a1},i

= C{ao<-~~<ak},i C C{B<ao<~--<ak},z‘-
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Similarly, if oy < 8 < aq41, then

Clag<<car}i C Clag<<cai<pyi = Clag<<arii}i C Clag<-<ai<B<arsi i

= Clap<<arti C Clag<<ay<f<arii<-<aghi
as claimed. n
Corollary 5.1.8. (Cs,; : @ € (H;/Fin(H;))sr) forms a directed system.
Build H;;; from H; as the direct limit of the directed system

(Cai:a€ (H;/Fin(H;))sp).
H,;.1 can be made into a model of T,,(exp, log) because each Cj; F Ton(exp, log).
Lemma 5.1.9. For all s € (Hi11)400, A(S) exists.
Proof. Let s € Cz; with s > F. We divide into several cases:

1. If s is bounded in Dx/(F'), then
A(s) == {E(L°(7))}
works, by Lemma 4.4.13.
2. If s > Dy:(f) and is bounded in Dx, (Dx:(F)), then
A(s) = p
for E(L°(7)) € X3 C B8 C H; works, again by Lemma 4.4.13.

3. If s > Cp;, then we may write @ = {ap < --+ < oy} for some k > 0. If s is bounded
in C{ao},i7 then
A(s) = g

works, by Lemma 4.4.13.
4. Finally, if s > Clag<...<q;},s and is bounded in Cfao<...<ay,,},i for some [ < k, then use
A(s) == g1
by Lemma 4.4.13.
So A(s) is defined for all s > F'in H; ;. O
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We will now define an order preserving embedding ¢; : H; — H;q. If ¢ = 0, we think
of 1y : Hy — H, as substituting F(L(7)) for 7. Let s € Hy = F((t7!))". We follow the
notation of [8], in which F((771))¢ is the direct limit of (K, : n € N), and F((771))% is the
direct limit of (L, : n € N). We may identify s with a unique element of Cpy C H; as
follows:

1. If s =) a, 7 € Ky, then define vo(s) = > a, E(L(T))"
2. It s =5 fae(a) € Kyiq, then define vo(s) = > to(fa)e(to(a))

(s
3. For any s € L,, let § =n,(s) € F((771))¢, and express
= 5(log™(7)).
a) If $=>a,7" € Ky, then define
t0n(3) =Y aylog™ E(L(7))".
b) If § =3 fse(a) € K41, then define

[/On§ Z[/On fa LOn ))
Define ¢o(s) = t9.n(5).

Now suppose ¢ > 0. We inductively define ¢; on the generators built from X/ |, X; i,
and X, for o € (H;_1/Fin(H;_ 1)) . For all d € N and a € F, define

L (E(d)(Lo(i—I—l)(T))a) _ E(d) (Lo(i—l—l)(T))a e O@,i-

Since the image of each generator is a single generator, we can extend ¢; so that ¢; (D X!, (F )) =
Dx,(F) C Cg,.
For all d € N and a € Dy, (F), define

L(ED (L7 (7)) = ED(B(LHD (1) € Cray.s

where 3 is such that E(L°+Y (7)) € X4. Again, since the image of each generator is a single
generator, we can extend ¢; to identify Cy;_; with an isomorphic copy of itself in Cygy ;.

Now assume we have defined ¢; on Cy; for some & C (Hl-,l/Fin(Hi,l))>F. Let 6 > a.
For all d € N and a € C5, define

L (E(d) (x)a) — p@ (LF1 (x))bi(a).

Again, we can extend ¢; to identify Dy, (Cg,-1) with an isomorphic copy of itself in C,,_, (aus}).i-
Thus, we have identified H; with an isomorphic copy of itself ¢;(H;) C H;y1. We will
often suppress the ¢; maps and identify H; with this isomorphic copy in H;,.
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5.2 Building a structure closed under the symbols of
Etransexp

Let Mp be the direct limit of the directed system given by (H;, ;). Next we will show that
M is closed under F, its derivatives, L, and the inverses of the derivatives of E.

Lemma 5.2.1. For all s € (H;)sr and d € N, EW(s) € H;;.
Proof. Let s € 3 € (H;/Fin(H;))sr. If s —1 € Xg for some | € Z, then E@(s) € Cyzy,; by

construction.

If s —1 ¢ Xp for any | € Z, then we must have ¢ > 0, and each s — [ must have been
excluded from Xz for a reason. Let m € N and # € Xz be the unique elements such that
s —m and x violate Condition (1) and satisfy Condition (2). For ease of notation we may
assume m = 0. Let 8 > a € (H;/Fin(H;))>p. By Lemma 5.1.6, either s > = and there is
some 1 < a € C{qy,; and n € N such that

E(s—n) < E(x —n)*
or x > s and there are a and n as above with
E(x —n) < E(s —n)”.

Following the computation in Lemma 5.1.6, this means that

1

— < —/—/———.
s =2l E(x —n—23)

Let k =n+ 3. Since s —x € H;, we have ;(s — ) € Cy,; C H;4; for some & € H;/Fin(H;).
So we can represent E? (s — k) by

0 E(H—n) (J; _ k)

7’]/' (S — x)n € C@U{B},i

n=0
for [ € N. Then for m =0,...,k — 1, we can represent E(s —m) by
EM(z—k
exp®h—m) (ZD —(;f' )(s — l‘)n) .

Finally, we express E(¥(s) in terms of the expressions we have found for E®(s — k) and
E(s —m), I,m € N, using the Bell polynomial difference-differential equations for E. O

We will use the following technical lemma to show that for all positive infinite (relative
to F') elements s € H;, we can identify L(s) with an element of H;,.
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Lemma 5.2.2. Suppose X and k satisfy the ordering and separation axioms of Remark 3.1.2.
Then for any positive infinite (relative to k) element s € Dx(k), there are ng,ny,ny € N for
which we can express log®™°(s) in the form

log®(s) = exp”™* E(z — n2) + So

with Supp <S—O> < I'x—1ny,0,small -

exp®™1 E(z—n2)

Proof. By Lemma 4.4.3, there is some m € N for which s can be identified with an element
cMy(1+¢€) € Kx_p, with ¢ > 0, Supp(e) < I'x_1,0.smau; and My of the form

ex—m(a) H E'(zj —m)"

with o € Ax_p,, and 21 > -+ > 2, € X. We will also call this element s. Then

log s = log (¢Mo(1 +¢))

p o (_1)l+1
- a+2ajlogE’(xj —m) —Hogc—l-zfel
=1

j=1
e Kx_,.

If a = 0, then we must have a; > 0 since s > F. We can compute that

| —a FE —m—1
1Og025:E($1—m—2)+loga1+log(Ogs a E(z, —m ))

a1 E(ry —m—1)

log®? s—E(x1—m—2)
E(x1—m—2)

So log® s € Kx_p_a, and Supp (

ny = m + 2 work in the case a = 0.
If 0 # o€ Ax_p,p, then we can write

) < FXfmfZ,O,small- So ng = 2,n1 =0, and

with by > 0 and Lv(s1) = I'x .0 smau- By Lemma 4.4.4, there is some m’ such that s; and
log s; have logarithms in Kx_,,_,. Then we can compute that

Lm( 10g°%(@rmpm/—1 0+ 0 o) (log 8)) = (ex—m-m) " (E(yr — m —m'))

log®? 400 log s

and Supp g (%”*’": 19-0¢m)(log 5) < I'x—m—m/0,smait- S0 we use ng =3, ny =m’ — 2,
(€x—mm)? = (B —m—m))

and ny = m +m'.
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If 0 # o € Ax_pnt1, then let a1 = a. There are ¢, oy, ¢ for I =0, ..., n such that
g1 = qex—m(ay)(1+€)

with ¢ € Kx_p, oy € Ax_pmy, and ¢ € m(BX,m,lH). Write

q
g = Sq HE(y] —
7=1

with by > 0 and Lv(s1) = I'x_m0.smau- Again by Lemma 4.4.4, there is some m’ such that
si,dogey, -+ log® e € Kx_pm_pw for alll =0, ...,n. Then

Lm(log°(2+ D) (i1 0 -+ 0 o) (log S)) = (exmom)™ D (E(yr — m — )

0g0(2 (1)) s omopm)(log s

and Supp (1 g (Lp’j“”” —100pm)(log )> < I'x—mems0.smat- SO weuse ng = 2+(n+1)+1 =
(€x )™ =2 (E(yr —m—m") )

n+4,n=m'—2,and no = m+m'. H

Lemma 5.2.3. For all s € (H;)sp, L(s) € Hi41.
Proof. First suppose i = 0, so that s € F((77!))!. Then there are some n, k € N such that
Lm (log®"(s)) = log™ (7).
So log®™(s) = r1log® (7)(1 + €) with 7 > 0. Then we can represent L(s) as follows:
L(s) = L(logo("+1)(s)) +n+1
= L(log°* V(1) +logr +log(1 +€)) +n + 1

00 L(l log k+1)( )
L(log k—l—l)( ))+Z ( 0 >

=1

(logr + log(1 + e))l +n+ 1.

/
Now L <10g°(k+1)(7)> = L(7)—k—1, and differentiating, we get L’ <10g°(k+1)( )) <log°(k“)( )) =
L'(1). So

I/ (10go(k+1)(7_)) _ (log L};(:))( ))/ = L'(7)log®*(7) - -log T - .

We can continue differentiating to obtain expressions for L®) (logo(k“)(T)) in terms of

L'(7),...,LY(7) and log™(7),...,log 7,7, all of which are elements of Cy;. This allows
us to finish expressing L(s) as

L(s) =n—k+ L(t) + (L'(7) log®*(7) - - - log 7 - 7) (log r + log(1 + ¢€))
- (L”(T) log™ (1) -+ -log 7 7+ L'(7)(log**(7) - - -log T - T)l) (logr + log(1 + e))2
+ RN



CHAPTER 5. AN Liansexp DIFFERENTIAL SERIES FIELD 80

Since the Ith derivative of log®*(7) - --log7 - 7 is infinitesimal with 7/~ in the denominator
for [ > 1, this sum is an element of Cy . So L(s) € H;.

Now suppose i > 0, and let s € (H;)sp. Then we can identify s with an element, which we
also call s, of Cy ;1 for some & C H;_1/Fin(H;_;). By Lemma 5.2.2, there are ng, ny,ne € N
such that we can express

log®™(s) = exp®™t E(z — ng) + So

with Supp <exp°ms—}_g(x—m)> < I'x_ny.0sman and z € X, where X is either X/, X;, or X, for

some a € H;_1/Fin(H;_1). So identifying exp®™ E(x — ng) with E(z 4+ ny — ng), we can
represent L(s) by
L(s) = L(log™(s)) + ng
= L(E(i[} +ny — TLQ) + 80) + Ny
= LY(E(z+n — ny))

SwEngtm ot ) 7 (s0)
=1
B S0 (50)°E"(x 4 1y — ny)
=x+ny+m n2+E’(x+n1—n2) 'z + 1 —ny)? +
S KX*TLQ'
So we have identified L(s) with an element of H;,. O

We will use the next two lemmas to show that for all positive infinite (relative to F)
elements s € H;, we can represent (E(d))_l(s) by an element of H;, 3.

loga

Lemma 5.2.4. For any infinite v € H; and 0 < a € H; 1 such that BT

we can compute €, 4(x) € H;yy such that

1S infinitesimal,

E(x + €4(x)) = aBY(z)
m Hi+2.
Proof. Note that E(z + €, 4(7)) = aE@(z) if and only if (taking log twice)

log By(z — 1) +loga
E(x—1)

E(x —2+€,4(x)) = E(x —2) + log (1 +

Let C(x) = log (1 + W), an infinitesimal. Now

E(z =2+ €q(z)) = E(x —2) + C(x) if and only if
E(L(z) + €qa(L(z) +2)) =z + C(L(z) + 2) if and only if
L(7) + €qa(L(z) +2) = L(z + C(L(x) + 2)).



CHAPTER 5. AN Liansexp DIFFERENTIAL SERIES FIELD 81

Rearranging terms, we get

€a7d(L(:E) + 2) = L(a: + C(L(z) + 2)) ~ L(z) = i C’(L(x) +n2!)nL(n)(a7)‘

n=1
And substituting E(x — 2) for x, we get
C C(x)?E"(x — 2
o C@) CllEla-y)
’ E'(x—2) 21E" (z —2)3
which is an element of Ky_s. O

Lemma 5.2.5. For all s € (H;)>p and d € N, (E(d))_l(s) € Hiys.

Proof. We will find f € H;,5 such that
s 1 < 1
E@(f) T E(f -1V

— 1. This suffices to prove the Lemma because then

0<
Letu:E(%(f)

(D) (s) = (BT (ED(f) + uED(f))

—1 (n)
oo (E(d)) (E(d)(f)) )
= ZO ( )n! (LED(f))
BB @ BOPEC )
:f+ E(d-i-l)(f) o 2[E(d+1)(f)3 + ...
_p BB =) pBulf — VPBun(f — 1)
B (f—1) ANByii(f —1)3
_f+M§Uijﬁﬁ§;(L—Eétjvﬁ)

2 Ba(f = 1)*Basa(f — 1) ¢ Ban(f —1)°\"
e 3 (1 B )

n=0
We will show the final sum is an element of H; 3 if f € H;, 5. We must show it is a valid
sum in some Cjg ;49 containing both s and E@(f). Let @ = {ap < --- < a3} and m € N be
such that s, B (f) € Kx,, —m-

1\ (™)
The above expansion of each ((E(d)) 1) (ED(f))-ED(f)" for n > 0 is a valid infinite
sum involving only integer powers of E®)(f — 1) for k € N. The sum of exponents in each

term is a negative integer, and the largest term of each sum is m Also, for each I,

there are only finitely many terms with sum of exponents equal to [ that can appear in the
: -1\ pa d - 1
expansion of ((E( )) > (ED(f)) - ED(f)" for somen € N. Soif 0 < p < Bz then

the final sum representing (E(d))_l(s) is summable:
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1. For each monomial M appearing in the expression, there are only finitely many n € N
such that

N € Supp (,u”((E(d))—l)(n) (E(d)(f)) .E(d)(f)n>

for some N € MFX% —m,0,small-

2. U Supp (u"((E(d))_1>(n) (E(d)(f)) . E(d)(f)”) is reverse well-ordered.

n>1

So we need only find an element f satisfying the required inequalities.

dlog E,(L(S) — 1) + m

B(L(s) - 2)E(L(s) —1) We will show that

Define f := L(s) —

EW(f) <s< <1 + E(L(S)l_ 1)1/2> ED(f).

Since we can compute €,4(f) such that aE@(f) = E(f + €qa(f)), this amounts to showing
that

frealf) SL(s) < fHe,

E(L(s)—1)1/2 d

era(f) SL(s)—f<e,_

E(L(s)—1)1/2 d

dlog E/(L(S) — 1) + W )

L) =B —1) = et

era(f) <

Let

0=L(s)— f
 dlog E'(L(s) = 1) + 557
-~ E(L(s) —2)E(L(s) — 1)
~ dB(L(s) = 2) + dlog E'(L(s) = 2) + g7

E'(L(s) —2)E(L(s) — 1)

So 0" ~ E’(L(s)—S)(inE(L(s)—l)”' We can compute €,4(f) using Lemma 5.2.4. First we compute

EWD(f —m) for m > 1
ED(f—m)=EY(L(s)— 06 —m)
LB (L(s) —m
S B —m

(=0)".

n=0
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Now compute C(f):

C(f) = log (1+ log Ba(f — 1)+10ga>

E(f—1)
- (DM (logBd(f— 1) —l—loga)k
PPN E(f 1)
_ i (—1)k+1 dE(x —2) +dlog E'(f —2) + loga + log (gd(gtf_—ll)zl _ 1) k
k=1 k E(f-1)
_dE(f—2) +dlog B'(f —2) +loga
B E(f—1)

dzoo —E(n)(L )§n 4 dlogd >, —E G (L(s)=2) 5n +loga
oo EMm)( L(s (5” +
Z LrAs)=)

n=0
_ dE(L(s) —2) +dlog E'(L(s) — 2) + loga N
E(L(s) = 1)
where the “ -7 has terms with E(L(s) — 1)" in the denominator for n > 2.

Finally, we compute €, 4(f):

€ (f) _ C(f) . C(f)2E”<f — 2)
TR (f-2) 2AE(f-2)
dE(L(s)—2)+dlog E'(L(s)—2)+loga 4o
E(L(s)—-1)
Zoo EQ+1) (L(s) 5n

n=0 n!

2
dE(L(s)—2)+dlog E' (L(s)—2)+loga oo ECTM(L(s)—2) ¢n
< E(L%s)fl) . +> Zn 0 n! 0 n

2' (ZOO 0 E(1+”)n%(5 571)
_dE(L(s) = 2) +dlog E'(L(s) — 2) + loga
E(L(s) = DE'(L(s) - 2)
where again the “ --” has terms with F(L(s) — 1)" in the denominator for n > 2. Since
o n X 4Vk+1 k
E(L(s) —2) - (—1) 1 g (14 1
E(L(s) —1) ~ k E(L(s) —1)1/? E(L(s) —1)1/2

for all n € N, we have

617d<f) <0< €14 1

E(L(s)—1)1/2 d

as claimed.
Since L(s) € H;y; by Lemma 5.2.3, we have f € H;,» by Lemma 5.2.1, and thus

(E@)™'(s) € Hy13 again by Lemma 5.2.1. O
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So we have shown that if s € (H;)sr, then E@(s), L(s) € H;;; and (E(d))_1 (s) € Hiys.

If s < 0, then we define E(¥(s) = 0, and if s < 1 then we define L(s) = (E("l))_1 (s) =0.

If 0 < s e H,; is bounded in F, then there are r € Fy and € € u(H;), the infinitesimals of

H; relative to F', such that s = r + €. Since F' F Ti ansexps E(d)(r) € F for all d € N, so we
identify £ (s) with the series

% E(d+n) (7’)

€' e H;
n!

n=0
which is an element of H; by Lemma 4.4.9.
If s > 1, then we can define

(E(d))_l (s) _ -

So Mp can be made into a Liransexp-structure and a model of Tiansexp-

5.3 A derivation on Mg

There is a derivation 9y on Hy = F((771))%, which can be thought of as differentiation with
respect to 7. Its field of constants is F'. We will show that given a derivation 0; on H; that
we think of as differentiation with respect to 7, we can extend it to a derivation 0;,; on
Hiyy.

Let ¢ > 0. We first define how 0,41 acts on generators built from X/. We will extend it

to DXQ(F), then to Cy;, and then to Cj5; inductively for each & C (Hi/Fin(Hi))>F.

The derivation on Dx/(F)
First, let 2/ = L°0*2)(7) and let

, 1
Y, = E/(Lo(i‘f'l)(T))E,(Loi(T)) Ce E/(L(T))

which is intended to be the derivative of 2. For all d € N and a € F, define

8i+1(E(d)(gg’i — m)a) = aED(z, —m)*L. B () — ) .y
o . E" J}; —m
dit1(log E'(z}, — m)*) = alog E'(z; — m) 1% ;
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which are elements of Cy,<..<a,},; Where o is such that E’(Loj(T)) € Xo, C ajforj =
1,...,i. (Recall that E/(LO(H_I)(T) — m) € Cy,;.) Extend 0,11 to products so that it satisfies
the Leibniz rule. Extend 0;11 to sums in Kx: 0 by

('91-“ Z CMM = Z cMaiH(M).

MELx1_p 0 MELx1_m 0

Extend the derivation to monomials with exp by defining 0;11(e(a)) = e(a)d;11(a). We must
show that 0,1 maps to H;,; and that it is well defined.

Lemma 5.3.1. For each s € Kxg—m, we have 0;41(s) € Clai<-<ar},i where aj is such that

E'(LY(7)) € Xo, Cayj for j=1,...,i.

Proof. 1f s € Kx/_y,, then every monomial of 9;,,(s) is a product of a monomial of Kx/_,
with y;. We will show that if s € Kx/_,, then d’*y—,(s) is a valid sum in Kx;_,, and thus an
element of Cy ;.

Oit1 (E(d) (:c;—m)a>

Y;

Note that the sum of exponents in is still a. Using this, we make two

observations:

0
1. If g€ FX{—m,O,small; then -L—l/(m S F[FXZ{—m,O,small]-

7

2. I ¢ € Ty, then 250 € Ty C F[Txy o, omanl-

So if M = exs_,(t)g is in a coset w € I'xs_p0/T x7-m,0,smait, then

8¢+1(,M) — exrm(t) (az‘+1l(t)g n 3z‘+1/(9))
Yi ' Yi Yi

k3

and Supp 9:61M) ) g o finite subset of w. So if s € Kx/_pmo, then 9:61(8) g g valid sum in
Y; i ) Y

KX{—m,O'
Now assume that for all [ = 0,...,n, if s € Kx/_,;, then 8;—1,(5) € Kx/omy. Let

k3

s = anexg_m(a) € Kx, mnt1 Where a,¢, € Ax . Then

Pl (P B o)
Yi a€Ay, Yi Yi Z

—m,n

: 0 o 0 0i
By assumption, *;{(C ) 4+ ¢, *yl{(a) € Kx/—mun, SO *y—l,(s) € Kxi mmnt1- O

7 7 7

Lemma 5.3.2. Let s € KXl{_m. Then

o (3z‘+1(5)) _ Jinlem(s))

Yi Y;
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Proof. 1t suffices to prove the maps commute on generators built from X/. We can compute

Pm <a¢+1(E((f)(x;)a)> =Pm (aE(d)( D 1E(d+1)(xi))

Yi
aE(x}—1) 1/ (a—1) = a— Bd(flf;—l) . "
st e ) (B
+ Baga (7 — 1)
aF(x— 0 N0 (a Bg(x,—1) "
Oi+1(om(s)) 78i+1 (6 PR (2] — 1)% 3502, (1) (E'd(x;—nd - 1) )

/ /

Y; Y;

(e £l (B )

Ba(w} = 1)'B'(a} — 1)* = dBq(z} — 1) B'(«} — 1>d—1))
E'(z) — 1) '

To show these two expressions are equal, observe first that e?®@i—1) appears in all monomials
of both, so we may divide it out. Next, we will factor

B o S () (B )
out of the second expression, and show that what remains is equal to Byy1(z] — 1). Note
Q@) -EC E)) He
() (B ) =S (() - () (B
(G0)-Ca)) =)
(G )

WE

a

n

M8

a

n

WE

a

Il
o

n
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So when we factor out ay,, (E(d) (:v;)afl) of the second expression we are left with

Oi+1(pm(s))

Y, /
: =F —1)B —1)+ d
AP (E(d) ($;)a—1) (l' ) d(x )

By(x; — 1)
E(a,— 1)
: By(z; — 1) Ba(z; — 1)
+ E'(x; — 1) (E’(x; —1)d - dE’(x _ 1)d+1>
=E'(2} — 1)Ba(w; — 1) + Ba(a} — 1)/
:Bd+1(I; — 1)

The computation showing the maps commute on generators of the form log E'(x})* is very
similar. O

Lemma 5.3.2 shows that 0, is well defined on Dx/(F).

The derivation on Cy
Let 2; = L°0FV(7) and

1
E'(Lo (7)) E'(LeG-1(T)) - - - E'(L(7))

Yi =

which is intended to be the derivative of z;. For all d € N and a € Dx/(F), define

B (z; —m)
mwm—myo

Oi+1 (E(d) (z; —m)?) =B (z; —m)® (@H(a) log (E(d)( -m)) +a
(9z-+1 ( lOg E/(SL’z - m)“) = lOg E/(Sl}z — m)a

(8i+1(a) log (log E'(; — m)) + “Tog E’(fjﬂ—(x;’b)_;ﬂzlz —m) yl>

which are elements of C{q,<..<a,},; Where «; is such that E’ (Loj (7)) € X,, C a;. Extend
Oi+1 to products so that it satisfies the Leibniz rule. Extend 0;11 to sums in Kx,_,,, 0 by

Oit1 Z cuM | = Z Oip1(er) M + cprOia (M).

MEFXi—m,O MerXi—m,O

Extend the derivation to monomials with exp by defining 0;11(e(a)) = e(a)d;+1(a). We must
show that 0,,1 maps to H;y1 and that it is well defined.
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Remark 5.3.3. Compute that

log (B (x; —m)) =E(z; —m — 1) + dlog E'(z; —m — 1)

. (=D)* Byl —m—1) b
+Z k (E’d(xi—m—l)d _1)

k=1
g (log B'(r, — m) =B —m —2) + Y- S (BB L)

Soif s =3 yrer, ., cmM, then every monomial of 37,/ r car0;1(M) is a product of
a monomial of Kx, ,,_o with either y; or y;, i.e., we can split this sum into

Z en i1 (M) = soy; + s1y;

MeTx, —m,0

with Supp(so), Supp(s1) C I'x,—m-2,-

Inductively, if s =3 ., ciex;—m(a) € Kx, mnt1, then we have

Z CaaiJrl (eXi*m<a/)) = Z Cani*m<a>ai+1 (CL)

aEAXi—m,n aeAXi—m,n

Since we can split each 0;,1(a), we can also split

Z caOit1 (ex;-m(a)) = s0y; + 519

aeAXi—m,n

with Supp(so), Supp(s1) C I'x,—m—2n+3

Lemma 5.3.4. For each s € Kx,_p,, we have 0;41(5) € Ca;<..car},i» where a; is such that
E'(L(7)) € Xa, C .

Proof. If s = ZMGFer,O cuM € Kx,_mo, then so is ZMGFxﬁm,o 8%(/@”)]\/[ since Lemmas
5.3.1 and 5.3.2 show each ai%,_(c“) € Dx/(F), the field of coefficients. So we need only worry
about Z

> en0ua(M).

MEFXifm,O

Write ZMGFxrm,o cpmOiv1 (M) = soy: + s1y; as in Remark 5.3.3. To prove the Lemma, we

must show s, s; are valid sums in Kx,_,,—a.
By the exact same argument as Lemma 5.3.1, the preimage of s; is a valid sum in Ky, ,,
and thus s; is a valid sum in Ky, 9.
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Now we show s is a valid sum in Kx, ;2. Let w € I'x,_0/T'x,—m.0,smau be & coset
with representatives appearing in s. Since s|,, is finite, there is some largest derivative d
appearing in s|,. Thus the part of 0;1; (s|w) that contributes to sg can be split into

t_1loglog E'(z; — m) + tolog E(x; — m) + - - - + tglog ED(z; — m)

where t_; is the image under ¢,, 1 © ¢, of the subsum of s|,, with monomials containing
log E'(x; —m), and t; is the image under ¢,,+10¢,, subsum of s|,, with monomials containing
E(j)(a:i — m). This expression gives a valid sum in Ky, ,, o because each subsum of s|,, is
finite. Since p(s|,) > ¢(s|w) if v > w, the whole of s is a valid sum in Kx, 2.

Now assume the result holds for all elements of Kx,_,,;, for [ =0,...,n. Suppose

s = Z cani—m(a) € KXi—m,n—H

aeAXifm,n

3i+1l(ca) eXi—m(a) I KXi—m,n-i-l by Lemmas

where a,c, € Ax, mn. Just as above, >7 ’
i—m,n i

5.3.1 and 5.3.2. By Remark 5.3.3, write

Z CaOit1 (€Xi—m(a)) = soY; + 51Yi-

aeAXifm,n

Again, s; € Kx, -2 by the same argument as Lemma 5.3.1. And

So = Z (4om © ¢m+1)(exi—m(a))ao

aGAXi,m

where ag is such that 0;11(a) = apy; + a1y;. By assumption, ag € Kx,_m—_2, 50 o € Kx,_m—2
as well. ]

Lemma 5.3.5. Let s € Kx,_,,,. Write
dir1(8) = soy; + 51¥i
Oiv1(om(s)) = toy; + try;
as in Remark 5.5.3, where sy, s1,t0,t1 € Cy; by Lemma 5.3.4. Then o, (so) = to.
Proof. 1t suffices to show that the maps commute on generators built from X;. First let

s = B (). Let Y = (4255 ~ 1). Then
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P (50)Ys =Pm (B (2:)" log B (2;)) 041 (a)
=E(2;)"E'(x; — 1)"8i11(a)

f: (Z) Y" (E(L — 1)+ dE (x; — 1) + io: (_1k)k+1 Yk)

toy, =E(x;)*log E(2;)0i41(a) - E' (z; — 1)% Z (a) y"

n=0

+ E(x)"E' (v; — 1)™log E'(z; — 1)0i11(da) Z <a) y”

+ E(2,)"E'(z; — 1) ni;o Oir ((Z)) Y

=B (2;)*E' (z; — 1)™

(nf% <Z> Y"(E(x; — 1) + dE'(z; — 1)) 011 (a) + Z@H (( )) )

Matching like terms, all that remains to show is that

(Z0) (Bt -Kan ()

which follows from the identity
n—1 n j—1 X
(o) -2 55-0)

Jj=0

for binomial coefficients. The argument for s = log E'(z;)® is very similar. ]
To see that 0,4, is well defined on Cy ;, write
dit1(8) = soy; + 1Y
Dit1 (SOm(S)) = toy; + t1y;

as in Remark 5.3.3, where sg, s1,t0,t1 € Cy; by Lemma 5.3.4. By Lemma 5.3.5, ¢(sq) = to.
By the same argument as in Lemma 5.3.2, ¢,,(s1) = t;. So 0,41 commutes with the maps

Pm-
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The derivation on Cj;

Before extending the derivation, we will associate to every s € H, 1 a finite sequence x(s) C
H;y. x(s) will list all the elements that some E¥(-) is composed with, including instances
in the coefficients and exponents of s.

1. For s € Dx/(F), let x(s) := (y;).
2. For s € Cg; \ Dx/(F), let x(s) == (yi, yi)-

3. Assume we've defined x(a) for all a € C5,;. Assume also that if sg,s1 € k € ks, but
s0,51 & ko C k for any kg € ra;, then x(so) = x(s1)-

Let 8 > & and & minimal such that s € Csugsy,i \ Ca,i- Then s must be in Dy (k) for
some minimal finite X = {xy,...,2,} C X3 and some minimal k € k5;. Define

xX(s) = x(s0) —~ (ti(@1), -, ti(@p))
where sy € k € kg, with so € ko C k for any kg € Ka .

Now we extend the derivation. Let & € (H;/ Fin(HZ-))> > and assume we have defined

Oiy1 on Cg,;. Let B> a. Foralld € N, x € Xg, and a € C5, define

@) — m,
01 (E(d) (x —m)*) = ED(z —m)® (@-H(a) log (E(d) (x—m)) + aE ( >L(8Z(x)))

and

Oi+1(log E'(x —m)®) = log E'(x — m)" (@-H(a) log (log E'(z — m))

E"(x —m)

+ alog E'(x —m)E'(x —m) i (81(x))>

which are elements of Csu(s5,, where 7 is such that 9;1,(y) € C5; for all
y € X(E(z —m)*) = x(log E'(x — m)“).

Extend 0,41 to products so that it satisfies the Leibniz rule. Extend 0,41 to sums in Ky, 0
by

Oi+1 Z cuM | = Z Oir1(ep) M + cpr0ipr (M).

Mel'x, —m,o0 Mel'x, —m,0

Extend the derivation to monomials with exp by defining 9;,1(e(a)) = e(a)0;11(a). Just like
earlier, we must show that 0;;1 maps to H;,; and that it is well defined.
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Remark 5.3.6. Let s = ZMGFX ,em M, and let x(s) = (21,...,2521,...,7p). For any
p=m

x € Xg, we can compute log B (z — m) and log (log E'(x — m)) just as in Remark 5.3.3.
So every monomial of ZMerx . cymOir1(M) is a product of a monomial of Kx,-m—2 with
g—m

one of 0;11(#1),...,0i11(#1), Oit1(21), ..., Oix1(xp). So we can split

> cmOia(M) = $10i1(21) + -+ + 5p0i11(%0) + 5p21051(21) + -+ + 5p4g0i41 (1)
MEFXB—m,U

with Supp(s;) C I'xym—2 for j=1,...,p+q.

Lemma 5.3.7. For each s € Kx, ,, we have

0iv1(8) € Caugsyusi

for some y C (HZ-/Fin(Hi))>F.

Proof. Let s € Kx,_m, and write x(s) = (21,...,2421,...,2p). Let 7 be such that

a’i-‘rl(zj)? ai-i-l(xl) € O&U’_y,i for .] = ]-7 -4, [ = 17 - D-
First suppose s = ZMeFX . cuM € Kxympo- Then for each M, we can write
g

Oiv1(cnm) = cmpOipr(z1) + -+ CM,qai-l—l(zq)

with carq,...,cmq € Cay. Since s is a valid sum, so is ZMeFX ,cm M for each j =
) ) ’ B—m, ’
1,...,q. Thus
E 81'+1(CM)M = E CM,lM @H(zl) + 4 E CM7qM @H(zq)
Melxg-m,0 Melxg-m,0 Melxg—m,0

is a valid sum in Cauggyuy,i-
Following Remark 5.3.6, write

> enOia(M) = $10i1(21) + -+ 5p0i41(%0) + 511051 (21) + -+ + 5p4gDi1 ()
MEFXB—m,O

To show ZMErx . cmOip1(M) is a valid sum, we must show that each s; € Kx, m_2.
g,

For s,i1,...,844+p, this follows from the argument of Lemma 5.3.1. For s,41,..., Sp44, this
follows from the argument of Lemma 5.3.4. In fact, each s; € Kx;—m-22since s € Kx, -
Now assume the result holds for all s € Kx, ,,; for  =1,...,n. Suppose

s = Z Calxy-m(a) € Kxymmni1-

aeAXB—m,n
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The same argument as above shows

Z 5¢+1(Ca)€X5—m(@) € C&U{ﬁ}uw-

QEAXB—m,n

To show > c 4. Ca€xy—m(a)0ir1(a) is a valid sum, note that by induction, we can write
g—m,m

Oir1(a) = a10;11(21) + -+ + @p0i41(2) + ap410i41(21) + - -+ + aprgOipa ()

with each Q; S KXﬁ—m—Q,n-&-Q- And

Z Caexﬂ_m((@m-‘rl o ‘Pm)(a))aa‘

aeAngm,n
is a valid sum in Kx, n 243 foreach j=1,...,p+q. m

Remark 5.3.8. To show that d;;; is well defined on Cyuysy,, it suffices to show that 04,
and ¢, commute on generators, i.e., for each x € X3 and a € Cs;, if we write

D1 (SOm(E(d) (x —m))) = tedit1(a) + 11041 ()
then

to = ©m (E(d)(x —m)®log E@ (x — m))
aE(d+1) ($ - m)
E@(x —m) )

t1 = om (aE(d) (x —m)

and similarly for log E'(x —m). The first equality follows from the computations of Lemma
5.3.5, and the second equality follows from the computations of Lemma 5.3.2. So 0,1 is well
defined on Cauggpy -

Having defined 0,41 on all Cy,;, we may extend it to the direct limit H; ;. It is well
defined on the direct limit by Lemma 5.1.7. So Mp is a differential field.

5.4 Ordering of germs of terms at +oo

Let G be the ring of germs at +oo of functions f : R — R, and let 7 (x) be the algebra of
Liransexp-terms in a single variable = over R. Define 0 : T () — G by sending each term ¢(z)
to the germ of the function z — t(z) at +oc.

Theorem 5.4.1. 6(T (z)) is totally ordered.

Proof. Let My be the Liansexp-substructure of Mg generated by 7. Define ¢ : My — G as
follows:
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1. ¢(7) is the germ of the identity function.

2. If Y(s;)) = g, € Gfori =1,...,n and f € Liransexp 18 an m-ary function symbol

corresponding to the function f, then ¥(f(s1,...,8)) = f(g1,-- -, n).

By Lemma 5.1.6, for each i € N and each {ag < -+ < oy} C (H;/Fin(H;))>r, X,, and
Clap<--<ay_,}, satisty the ordering and separation assumptions of Remark 3.1.2. Thus there
can be no relations among the many different monomials of Mg other than those arising
from the difference equation E(x + 1) = exp E(z). Therefore, ¢ is a map, i.e., it associates
to each element of M a single element of G.

Since M, is a field, v is injective. (M) is formally real, and since every s > 0 in M, is a
square, the order on 1/(My) coming from M; is unique. So 6(7 (z)) = ¢(Mp) is ordered. [
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