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ABSTRACT OF THE DISSERTATION

Multiple-Scale Analyses of Forced, Nonlinear Waves: Graphene
Hydrodynamics and Surface Water Waves

by

Thomas John Zdyrski

Doctor of Philosophy in Physics

University of California San Diego, 2021

Professor Falk Feddersen, Chair
Professor John McGreevy, Co-Chair

Nonlinear interactions in physical systems make analyzing the dynamics challenging. Multiple-
scale analyses are asymptotic perturbation techniques useful for analyzing nonlinear systems that possess
scale-separation between the relevant physical scales. Graphene is a two-dimensional lattice of carbon
atoms which exhibits many unique electrical properties, such as a viscous, hydrodynamic regime where the
electrons become strongly interacting. We consider both the Dirac fluid and Fermi liquid regimes in gated
graphene, and we investigate the one-dimensional propagation of electronic solitons. By leveraging the
scale-separation between the wave-propagation time scale and nonlinear-interaction time scale, we utilize
a multiple-scale analysis to derive a Korteweg—de Vries (KdV)-Burgers equation governing the wave’s

evolution. We numerically solve the KdV-Burgers equation and analyze the viscous decay and entropy

xvi



production. Finally, we propose experimental realizations of these effects to measure the shear viscosity of
graphene.

Surface water waves also possess nonlinear interactions and permit nonlinear, periodic waves
of permanent form known as Stokes waves in intermediate- and deep-water. Wind forcing causes wave
growth and decay, but it can also influence wave shape. To study the effect of wind on the shape of these
nonlinear Stokes waves, we again utilize scale-separation between the wave-propagation time scale and
the nonlinear-interaction time scale. We then analytically solve the resulting system for three different
wind-induced surface pressure profiles (Jeffreys, Miles, and generalized Miles) to calculate the wind-induced
changes to the wave’s shape statistics, growth rate, and phase speed. These results are constrained by
existing large eddy simulations and are consistent with prior laboratory experiments.

Shallow water supports surface waves known as solitary waves that balance nonlinearity and
dispersion. By applying the same Jeffreys-type surface pressure forcing, we analyze the effect of wind on
shallow-water wave shape. Another multiple-scale analysis yields a KdV-Burgers equation for the wave’s
profile, and we solve this numerically to investigate the wave’s skewness and asymmetry resulting from
the solitary waves’s wind-induced, bound, dispersive tail. Extending this analysis to a planar, sloping
bathymetry instead yields a variable-coefficient KdV-Burgers equation. Numerically solving this equation

reveals the interaction of wind-forcing and shoaling on wave growth, width change, and rear-shelf generation.
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Chapter 1

Effects of dissipation on solitons in the

hydrodynamic regime of graphene

1.1 Abstract

We use hydrodynamic techniques to analyze the one-dimensional propagation of solitons in gated
graphene on an arbitrary uniform background current. Results are derived for both the Fermi liquid and
Dirac fluid regimes. We find that these solutions satisfy the Korteweg-de Vries-Burgers equation. Viscous
dissipation and ohmic heating are included, causing the solitons to decay. Experiments are proposed to

measure this decay and thereby quantify the shear viscosity in graphene.

1.2 Introduction

Graphene offers a promising platform to realize and explore the hydrodynamics of electrons [4].
Graphene serves as an excellent model system for theorists due to its simple electronic band structure;
likewise, it is utilized by experimentalists for the relative ease of manufacturing pure samples. In certain
thermodynamic regimes, the electrons in graphene become strongly interacting; hydrodynamics is a useful
tool to study strongly interacting systems not amenable to ordinary perturbation methods. Hydrodynamics
is applicable when systems rapidly thermalize and when both the mean-free path (lee) and mean-free time
(Tee) are short compared to the relevant length and time scales of the problem [5]. When a system is

in this regime, the main observables are conserved quantities: these are precisely the objects tracked by



hydrodynamics.

Graphene has two different hydrodynamic regimes. When the chemical potential y is much
larger than the temperature, kgT < i, graphene behaves like an ordinary conductor and is described
by Fermi liquid theory. First discovered by Landau [6] in 1959, Fermi liquid theory treats the electrons
as a non-interacting Fermi gas and then turns on interactions adiabatically; thus, Fermi liquids exhibit
weakly interacting quasiparticles. The excitations, no longer pure electron states, are instead described
as quasiparticles. Though weak interactions imply long mean-free paths, graphene can actually exhibit
hydrodynamic effects in this regime. The electrons in graphene only weakly interact with phonons (which
typically disrupt the hydrodynamic signature), so it is still possible to have lec < lphonon- Likewise,
graphene samples can be made very pure; therefore, the impurity scattering distances can be made large
compared to the mean-free path as well (lee < limp)-

In the opposite limit—i.e. when p <« kpT—graphene enters a strongly coupled state known as
a Dirac fluid (also known as a “quantum critical regime”). In the Fermi liquid regime, the presence of
a Fermi surface imposes strong kinematic constraints on the possible scattering pathways; this prevents
electrons far from the Fermi surface from interacting strongly. However, near charge neutrality, the Fermi
surface shrinks, allowing electrons to interact strongly. The bare coupling constant aq gives a measure
of this interaction strength. In the Dirac regime of graphene, o can be of order unity; renormalization
reveals the coupling to be marginally irrelevant, but for many laboratory conditions, it can still be on the
order of 0.1 to 0.5: see Lucas and Fong [4] for more details. This strong coupling makes Dirac fluids ideal
candidates for hydrodynamic analysis.

A hydrodynamic analysis of electron motion in graphene is governed by a number of phenomeno-
logical parameters. A derivative expansion can be utilized to derive the hydrodynamic equation [4]. The
first-order corrections contain three such parameters: the shear viscosity 7, the bulk viscosity ¢, and
the “intrinsic” conductivity og. These cannot be predicted from the hydrodynamic theory and must be
measured or calculated microscopically.

A number of experiments have measured the value of intrinsic conductivity [7, 8]. Similarly,
there have been a number experimental proposals [9-12] for measuring . While there have been a few
measurements [13, 14] of 5 in the Dirac regime, many of the proposals—such as negative nonlocal resistance
measurements [11]—only apply to the Fermi regime [4]. Therefore, different hydrodynamic predictions
would be useful for investigating 7 in Dirac fluids.

Solitons—disturbances that propagate without changing shape, even after interacting with each



other—serve as prototypical hydrodynamics phenomena amenable to analytic tools. Solitons are made
possible when dispersion balances focusing-nonlinearities. Graphene’s hydrodynamic regime supports
collective electron/hole sound waves called “first-sound” modes [15] or “demons” [16]; these sound modes can
become solitons if dispersion balances focusing. Akbari-Moghanjoughi [17] analyzed solitons and periodic
waves in both the 2D and 3D completely degenerate (T' = 0) Fermi regimes. Solitons are permitted due
to the inherently nonlinear nature of the hydrodynamic equations; to capture this behavior, a Bernoulli
pseudo-potential was used to analyze the fully nonlinear equations. However, while this method predicted
some parameters—such as minimum propagation speeds—it did not generate an analytic expression for
the soliton’s profile.

A different approach to studying solitons was presented by Svintsov et al. [18] using standard pertur-
bation theory. This produced a Korteweg-de Vries (KdV) equation to describe the solitons’ propagation and
generated analytic approximations to the disturbances’ shapes. Unlike the analysis of Akbari-Moghanjoughi
[17], this linearized approach lacked a dispersive term to balance the nonlinearities. Instead, the graphene
was placed on a gated substrate; this provided a weak dispersive force that permitted the formation of
solitons.

While the analysis of solitons by Svintsov et al. [18] provided a more concrete result, it was limited
to inviscid Fermi liquids. The present study will extend the results to include the Dirac regime as well.
Whereas Svintsov et al. [18] used kinetic theory, we will instead treat the system using a systematic
hydrodynamic expansion. Additionally, this paper will extend the results of both Svintsov et al. [18]
and Akbari-Moghanjoughi [17] by including the effects of dissipation. This allows us to propose new
experiments to measure the viscosity of the electron fluid. The derivation presented here is applicable to
either the Dirac (1 < kpT) or Fermi (kT < ) regime, though it is unable to interpolate between the
two. Nevertheless, our proposal offers an advantage over transport measurements in that its interpretation
is less theory-laden.

In § 1.3 we will derive the governing equations. Section 1.4 will be devoted to the subtle aspects of
normalization. Next, § 1.5 will detail the perturbation expansion for the special case of stationary solitons.
Section 1.6 extends the analysis to the more general case of solitons on an arbitrary background flow. We
will provide a short analysis of the results in § 1.7. Finally, in § 1.8, we will detail potential experimental

setups using these solitons to measure graphene’s viscosity.



1.3 Governing Equations

The electrons in graphene satisfy a pseudo-relativistic dispersion relation [4]

e(p) = +vrlpl, (1.1)

with p the momentum, vp =~ ¢/300 the Fermi velocity, and £(p) the energy density. This equation is valid
near a Dirac point at p = 0, and deviates from linearity when |pla/h = 1/2 with a the distance between
adjacent carbon atoms in the graphene.

Given the pseudo-relativistic dispersion, it is natural to write the conserved currents in relativistic
notation with z# = (vrt,x)" and 0, = (0¢/vr, V),. Ignoring impurity and phonon scattering, the

equations of motion are [4]

9 J" =0, (1.2)
1

0,T" = EF”“JM. (1.3)
Here, T#" is the energy-momentum tensor, and F*” is the electromagnetic tensor (including self-
interactions). Additionally, J# is the charge 4-current '. Note that we will be using Gaussian units
with e = |e| positive. Finally, we will include a factor of vp in the time-like components of four-vectors,
like z# = (vpt,x)*, so that the metric g = diag(—1,1,1,1)*" is dimensionless.

It is often preferable to write these equations in terms of more conventional quantities such as
the fluid 3-velocity u and the (rest-frame) number density of charge carriers, n = (ne — npor), with neg
(nhot) the number density of electrons (holes). To do so, J# and T*¥ are expanded in the small parameter
lecd. In this equation, [ is the electron-electron scattering mean free path and 0 is a characteristic inverse
length scale of the observables. Since § ~ @ (with the partial derivative acting on slow observables) this is
called the derivative expansion: see Lucas and Fong [4] for more details.

The expansions for T#" and J* become unwieldy at higher orders, but truncating at order lo.d 2

!Note that some of our variable definitions differ from those of Lucas and Fong [4] to better match
usual conventions. The relevant changes (with the variables of Lucas and Fong [4] subscripted with L) are
JH = —eJl', F" = —FI'" Je, and 0g = €%0¢ 1.

2Note that, as mentioned previously, § ~ 9; the factor of l.. is implicit in the definitions of the dissipative
coefficients ¢, 1, and ¢ [4].



we find [4]

JH = —enut + U?QP“” (&,u — %GVT + erpup) , (1.4)
ut u¥
™ = (e + P)— — + Pg"" — npPHrpre (8pua
UF UF (1.5)

2
+ Oaup — ggpaaguﬁ) — (PHY Opu”

with e the energy density P pressure, u chemical potential, and temperature T in the rest frame. We
have defined the spacelike projection operator P*¥ := g" 4+ utu”/ v% and used ufu, = —v% to write the
four-velocity as u* = y(vp,u) with v = 1/4/1 — (Ju|/vr)? a Lorentz factor. Further, we have chosen the
Landau frame, where

u, J" = envy  and  u,TH = —eu . (1.6)

It is sometimes more instructive to write-out four-vectors in terms of their three-vector and

time-like components. For instance, J# is

oq[Ty* (lu* @ p
P 2 (38 000) 3
yenvE + e Lop \ v% Ot tu T

u
1.
tre=2], (L.7)
_ 90 2 U I
J=—yenu+ . [T(V—f—’y U%D> (T)
+7e<E+vu><B>}. (1.8)
F

where D = 0; +u - V is a material derivative.
To facilitate comparison with the existing literature, it is useful to re-write the spacelike components

as vp0, T — u'9,T% = vpFHJ, — u'F"J,. Thus, our system becomes

I J* =0, (1.9)
2,T" =F"J,, (1.10)
vpd, T —u'9,T" = vpF"J, —u'F*J,. (1.11)



1.3.1 Ideal Fluid

It is illuminating to temporarily consider the dissipationless case og =1 = ( = 0. We are then

able to write (1.9)—(1.11) in three-vector notation as

0
a(’yn) + V- (ynu) =0, (1.12)
0 opP
—(e+P)+ V- (¥(e+Phu)— — =
ot ot (1.13)
— ek -u,
26+ P) (ou . u op _
0l o <8t+u Vu) + U%at+VP_

(1.14)

—ne’y(E—i—uXB—uE-u).
VR VR (o

Then, it is clear that (1.9)—(1.11) represent charge, energy, and 3-momentum conservation, respectively.

1.3.2 Phonons and Heat Flow

We have neglected the interactions (emission, absorption, and scattering) with phonons in our
governing equations, (1.9)—(1.11); we will now attempt to justify that choice. First, we consider the
momentum equation (1.11).

The hydrodynamic regime is relevant when the electron-electron interaction time t.. is the smallest
timescale: tee K tehar K tg With tepar the soliton’s propagation timescale and t4 its dissipation timescale.

Following the standard prescription [4, 8, 19, 20|, we will neglect phonon-induced momentum relaxation in
(p)

the momentum conservation equation, (1.11), if the phonon-induced momentum-relaxation time Lo ph 18

(p)

much longer than the other timescales of interest, tee < tq K tq < 1 ph-

To support the claim that such a regime exists, we now present sample numerical values that
satisfy such a timescale hierarchy. Nevertheless, we stress that this is simply an example; the derivation
in the remainder of the paper will be valid over a wide range of experimental parameters; see § 1.B for
further details.

The electron-electron scattering time in the Dirac regime is [4]

tee ~ 0.1ps X (10;K> . (1.15)

At T = 60K, this gives tee = 0.17ps. Using the sample values chosen in § 1.8, we find (cf. § 1.8.2) a



characteristic propagation time of ¢c,,, = 6.5ps. In that same section, we calculate a decay time of
tq ~ 44 ps. Finally, the electron-phonon momentum-relaxation time for acoustic phonons (with speed

vs =2 x 10*ms 1) is given by [21]

1
AN Ops (1.16)

“Ph T (T/100K)\/n/ (102 cm 2)

This yields tﬁfl))h = 280ps. Therefore, we see that we have tee < tchar < tqg < toph. Thus, with the

experimental values chosen here, phonon-induced momentum relaxation can be neglected from (1.11).
Importantly, as shown in recent experiments [8], there does appear to exist an experimentally

realizable regime where the requisite hydrodynamic condition tee < tepar < t((f r)>h holds. Indeed, these

experiments motivate us to suggest that such an approximation might be valid. Nevertheless, it would be

useful to have a more refined estimate of the rate at which momentum and energy are lost to phonons.

Isothermal vs. Adiabatic

Now we consider the effect of phonons on the energy conservation equation (1.10). The energy
conservation equation implicitly assumes our system is adiabatic: that is, the absence of energy sources/sinks
presumes that heat neither enters nor leaves the system. In general, we could include terms (such as
coupling to phonons) representing heat gain/loss. Instead, we could consider the opposite limit involving
rapid heat transfer with the environment resulting in isothermal conditions. Under this assumption, the
energy conservation equation is no longer needed; rather, the thermodynamic relations of § 1.3.3 could be
used to relate our dynamic variables P and n, since T would no longer be dynamical. Therefore, (as in
the case of Newton’s calculation of sound-speed in air) it is important to determine whether adiabatic or
isothermal conditions are more applicable.

The most likely thermalization pathway would involve energy loss to phonons: the soliton’s location
in the middle of the sample minimizes heat advection through the edge contacts; similarly, radiative cooling
is far too slow to thermalize the system on relevant timescales 2. Indeed, if the graphene is placed on a

substrate, phonons are responsible for the majority of the heat transfer to the environment [23, 24].

3The Stefan-Boltzmann law would give a power loss rate of P, = oe[(Ty + T1)* — Tj| ~ 40eT3Th,
with 0 = 5.67 x 10 ®Wm 2K % and ¢ < 1 graphene’s emissivity. Using ¢ ~ 1% [22], Ty = 60K, and
T, = 0.17T, = 6.0K, we find a power loss density of P, = 2.9 x 10~ " kW cm 2.

As we will calculate in § 1.8.3, graphene has a specific heat of ¢, = 4.5 x 1072 Jem 2 K~ !. Therefore,
the soliton’s temperature will change at a rate of P./c, = 65 Ks 1. Hence, it would take approximately
Tycs/P, = 93ms for the system to thermalize with the environment via radiation.



For the isothermal condition to be applicable, the electrons must quickly lose energy to the

(e)

o.ph Must satisfy tgh < toe K tehar K P However,

environment: that is, the energy-relaxation time ¢ e-ph-

single-phonon interactions are unlikely to extract heat quickly enough. Each phonon with wavenumber &
carries a momentum hk while the electron fluid has momentum density u(e + P)/v% ~ ue/v%. Likewise,
phonons have energy hkvs with sound speed vg, while the electrons have energy density . Recall that
we require the electron-electron momentum exchange rate pe. to be much greater than the electron-
phonon momentum relaxation rate pepn in order for hydrodynamics to be valid: pee >> pe-ph. However,
multiplying by v, and re-writing in terms of the energy exchange rates yields éeouvs/vE > € pn. Given that
vy ~ 2 x 10*ms ! « vy for acoustic phonons [25] and u ~ 4.0 x 10°ms ' ~ vy for our system, we see
that €cc > €c-pn. Hence, if phonon-induced momentum relaxation can be neglected, so can phonon-induced
energy relaxation.

For isothermal conditions to be applicable, other thermalization pathways must be available. For
instance, multiphonon supercollisions [25] can increase the energy flux relative to the momentum flux.
However, under the assumption of weak phonon coupling, we can ignore the influence of multiphonon
processes. Therefore, in the absence of other energy-relaxation mechanisms, it appears that adiabatic
conditions are more appropriate for our system, with tee < tepar < tg' I))h < t((fI)Jh.

In the body of this paper, we will use isothermal conditions: these are more common in the
literature [17, 18] and are somewhat simpler. Nevertheless, adiabatic conditions appear to be more practical

and are used for the derivation in § 1.C.

1.3.3 Thermodynamics

Currently, our system, (1.9) and (1.11), is underdetermined. This can be remedied by including a
thermodynamic equation of state to relate € and P.

In graphene, the photon-like dispersion relation for the electrons gives the pressure as P = &d,
with d the dimension of the system (d = 2 for graphene) [4]. Graphene has a natural energy scale at which
the band structure’s curvature becomes relevant. However, for temperatures much lower than this scale,
A ~ 10* K, there are only two energy scales in the problem: kg7 and p. Therefore, from dimensional

analysis, the pressure must be expressed as [4]

d+1
P(u,T) = (k(fig)d F(k]l;T> (1.17)




for a function F' subject to constraints imposed by the positivity of the entropy density s = dP/9T > 0.
Additionally, since our system is charge conjugation symmetric with g — —p, F must be an even function.

In the Dirac regime (¢ < kgT), P can be expanded as

+cp (”)4 +] (Dirac: 18)

Similarly, the carrier density can be expressed as

P (kD) p

T)=— = ——|2cP
"0 T) = 50 = Thop)? kBT[ G
2
df M N
+4C; <k3T> +.. } . (Dirac: 19)

Instead, in the Fermi regime (p > kgT'), we can write P as

|M|d+1 F r( kBT ’
P(,LL,T) = (h’UF)d [CO +C1 T

ksT\*
+cf (B) +.. } . (Fermi: 20)
“
Likewise, the carrier density is given by

d 2
d—1 kgT
n(, T) = (d + 1) _80r -y (B)

(hvg)d d+1 1%
d—3 . ksT\* )

Throughout the remainder of this paper, we will generically write Cy, Cy, etc; the current regime
of interest will determine whether to use C” or C¥'. Explicit expressions for these coefficients are given in
§ 1.A. It is important to reiterate that, for our isothermal system, 7" is not a dynamical quantity dependent

on space or time, but is merely a parameter.



1.3.4 Electrostatics

While our electron fluid moves in d-dimensions (d = 2 for graphene), we will assume the electro-
magnetic field propagates in d + 1 dimensions (i.e. 3-space for graphene, as usual). We are only concerned
with the electric potential ¢ since the magnetic terms are smaller by a factor of vg/c &~ 1/300. The
self-interaction of the charge distribution n(z,t) generates an electric potential in the Lorenz gauge as

1 0%

S + V2% =—4rnJ? = —dr[—en(x,t)y]. (1.22)

Note that we are using the d + 1-dimensional Laplacian. Neglecting the 1/c? time derivative gives Poisson’s

equation. For instance, with d = 2; this gives

o(x,t) = —e/ Ta(:yitg)ﬁ d3y . (1.23)

Making the quasi-static approximation that 9;/9, < ¢—so we can neglect electrodynamic effects like
0y A—we find

E:e/Wd?’y. (1.24)

This equation is highly non-local in n, and using it in the energy-momentum tensor equation would produce
a complicated integro-differential equation. While we can deal with this (via a Fourier transform) for the
linear approximation, going to higher orders would necessarily involve convolutions.

The main problem with this setup is that the Coulomb force is long-ranged; we can simplify this
by using conducting gates. Since the electric field lines must be normal to conductors, placing conductors
directly above and below the graphene will force E to be nearly normal to the graphene [18, 26]. Therefore,
the z-component F, will necessarily be small and can be handled perturbatively.

We impose gates a distance d; above and ds below the sample and fill the intervening space with

a dielectric of relative permittivity x. This gives a potential (in d = 2) of the form [18]

¢7 7Olhl)pd1d2 ( d1d2 82

en(di+dy) \ | 3 022 > (m) + O(did:)" (1.25)

Naturally, the electric field is given by the negative gradient of ¢. Here, we have assumed that d;0, < 1.

Furthermore, we have replaced 4me? /hvp with a(T'), the renormalized coupling constant; this accounts for

10



the effect of screening and is given by [4]

4

T = oo 1 m(10°K/T)

(1.26)

with ayp ~ 1 depending on the graphene’s substrate. For the Dirac regime at T' = 60K considered
throughout this paper, this gives a ~ 0.439.

For convenience, we will define the collection of coefficients

OéhUFdldQ
A= ——— % 1.27
Iﬁ?(dl —+ dg) ( )
so that the potential is given as
B A d1d2 82 4

While (1.27) only applies for d = 2, we will use ¢ given by (1.28) for arbitrary dimension, with an
appropriately chosen A.
The first term on the right-hand side of (1.28) represents the electric potential from a uniform

charge density. The second term is a weakly non-local correction that causes a weak dispersion.

1.4 Dimensions, Units, and Regime of Interest

It will be helpful in the following sections to be rather precise in specifying a nondimensionalization
scheme. For convenience, we will choose units where kg = h = vp = e = 1. We still have one dimension
unspecified; in order to fully specify our unit system, we will choose an arbitrary reference length ;o = 50 nm;
this is chosen so that T' is nondimensionalized to roughly unity (see below) *.

In later sections, we will be performing a perturbation expansion to solve the nonlinear system
of equations. There, we will use expansions of the form f = fo +ef; + foe? + ... with € < 1 a small
parameter representing the size of perturbations.

Choosing the order of the problem’s variables is very important. When collecting terms in

perturbation theory, we assume that all variables and constants are order O(1); the relative magnitude of

4After choosing h = vg = kp = e = 1, all quantities will be expressed in various powers of length. If the
parameters have been chosen correctly, there will exist a characteristic length = shared by all quantities.
It is most convienent to choose l,.f = =, though it is not strictly necessary—choosing l,.t otherwise will
multiply all terms in each equation by the same factor of l;ef/=.
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terms is given solely by powers of €. Let us emphasize that, unlike the choice of parameters to normalize
above, this choice of nondimensionalization is physically relevant and determines our regime of interest.

Nondimensionalization sets the relative size of different terms and corresponds to a specification of
our location in parameter space. Indeed, this choice dictates which terms and processes are relevant and
which are negligible. Equivalently, this process can be viewed through the lens of dimensional analysis.
Our system has seventeen variables (5 dynamic n, u, €, P, and u; 11 static: z, ¢, kgT, d;, K, og/e*, n, ¢,
h, vp, and l,er; and the previously defined perturbation scale €). In total, there are 3 independent physical
units (mass, length, and time). Therefore, the Buckingham Pi theorem implies there are 14 dimensionless
parameters.

However, these 14 dimensionless parameters are not all independent. Our 3 thermodynamic
equations (¢ = Pd, as well as the definitions of P and n) reduce this number to 11. Furthermore, we have
not yet specialized to solitons: in § 1.B, we will use dominant balance to impose 4 additional restrictions
arising from our conservation equations, (1.9)—(1.11). This leaves a total of 7 independent nondimensional
parameters: €, m, p, ¢, O(ogh), O(nlfef/h), and O((lfef/h), as defined in § 1.B 5.

Naturally, investigations of the Fermi and Dirac regimes entail different nondimensionalizations.
Additionally, even without a set regime, there are different nondimensionalization choices highlighting
different areas of parameter space. Section 1.B outlines a general nondimensionalization using dominant
balance that encompasses various parameter spaces in both the Dirac and Fermi regimes. For concreteness,
we will examine one particular nondimensionalization in the Dirac regime in this section. Nevertheless,
the equations and solutions generated in the remainder of the paper are largely similar for both the Dirac
and Fermi regimes; we will explicitly highlight the few terms that do differ between the two regimes. The

nondimensionalization utilized in the Fermi regime is laid out in § 1.B.1.

1.4.1 Dirac Nondimensionalization

We will denote nondimensional variables with a caret. Restricting to the Dirac regime and using

a bit of foresight, we will choose to nondimensionalize the dynamical and thermodynamic variables as

5As discussed in § 1.B.3, we could introduce three additional microscopic equations and eliminate 7, ¢,
and og/e? as independent quantities. However, we will refrain from doing so.
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follows:

n = 5(‘”2)/47%1;3?, u =g,
e =D gyl 471 P = DA Pyt (1.29)

—1 and T = 51/4Thvplflk§1 .

ref ref

p= e fihpl

Here, we made use of the fact that we are in the Dirac regime (p/T < 1) and the thermodynamic equations

d+1 d—1
O(nil,) = o(’”ref (Tlrcf) > (1.30)

FM]F h’UF

Pl kpTlher\ ™
el ) o ZBel) 1.31
O( h’UF O( FwF > ( 3 )

Note that we took p to be small but finite; as we will see later, taking p to be identically zero causes

of § 1.3.3 by ensuring

and

disturbances to be “frozen” in place.

The gating distance will be normalized as d; = lrefdiE_(d-i_?))/ 4. The electrostatic coefficient A
[defined for d = 2 in (1.27)] is normalized as A = Ae=(@+3)/4p% Ly,

The dissipative “intrinsic” conductivity ocgh/e? represents another non-dimensional parameter in

our problem. In the hydrodynamic regime for d = 2, we have [27]

oqg _ 0.760

%9 _ 1.32
ez  2mha(T)?’ (1:32)

with «(T') given by (1.26). We see that for T' ~ 60 K, we have og = 0.20e?/h. Therefore, cgh/e? is now a
second small parameter (in addition to ). To make progress with our perturbation expansion we need to
fix the magnitude of ogh/e? relative to e. Since we will later choose £ ~ 0.1, we see that 6o = 0.20 ~ /0.1.
Thus, we will nondimensionalize og as 0@ = &Qal/geQZfe}d/h.

According to Lucas and Fong [4], near the charge neutrality point with d = 2, the shear viscosity

is given by
(ksT)?

~ 045 ————.
K hv%o(T)?

(1.33)

For T ~ 60K, we have ni2/h = 1.1. Therefore, we will choose n = Eoﬁhlfd Though the bulk viscosity ¢

ref ref
is expected to be much smaller than 7 (due to approximate scale invariance), our setup is only sensitive to
¢+ 2n(1 — 1/d); therefore, we will simply choose ¢ = Eoghl;? as well. We can safely take ¢ — 0 without

affecting the derivation.

In performing a derivative expansion, it is assumed that the relevant variables (n, €, etc) vary on

13



length scales € > lee. If we normalize the length scales by £ as x = z€, then the derivatives are normalized

according to § 1.B as

or  £0%

0 10 leet 1 O 1 0
29 _ @+5)/4 2 9

= = — . 1.34
g lref 0z lref 0z ( ? )

For the remainder of this paper, carets denoting normalized variables will be dropped for convenience.
Note that, in addition to our perturbation expansion in terms of €, we have already made use of

two other expansions: one for ¢ expanding in (9,d;)? and one for P(u,T) expanding in (u/T)?. Using

these normalizations, we see that both (9,d;)? and (u/T)? are of order ¢, so all perturbation expansions in

the problem have the same accuracy.

1.5 Perturbation Expansion

To analyze (1.9)—(1.11), it will be useful to expand the dependent variables in a perturbation

series:

u=ug+eu; +elugt..., (1.35)
P=Py+eP +&*P+..., (1.36)
n=no+en +ens+.... (1.37)

1.5.1 Perturbative Thermodynamics

We will be using the thermodynamic relationships of § 1.3.3 to write ¢ and T in terms of n
and P; however, since T is non-dynamical, it will only have a constant T, component, but not a T} (z,t)
contribution. It is useful to define m as the order of (uo/Ty)?; that is, e™ = O(u/(kgT))*. For the
nondimensionalization specified in § 1.4, m = 1.

Expanding the thermodynamic variables and collecting powers of ¢ yields the following relations
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for the Dirac regime:

with &, the Kronecker delta function.

Similarly, for the Fermi regime, we find

Py = |l o,

no = |po|* sgn(po)Co(d + 1),
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Using these equations, we can now write y and P in terms of n at each order. In particular, we

Py Cr o\ 1
— =—Ko+ | = Om —Om.—1 | - 1.50
PO no O+CO<T0) 71—"_d 1 ( )

find

Here, we have defined Ky as

0 m > 0 (Dirac regime)
Ko = . (1.51)

(d+1)/d m <0 (Fermi regime)

As a side note, it is straightforward to show with thermodynamic identities that Ky is the leading order

term in the ratio of bulk modulus B to pressure P; that is, Ko = By/Pp.

1.5.2 Conservation Equations

First, let us investigate a scenario with a constant, uniform background flow ug # 0 chosen such
that the perturbations are stationary in the laboratory frame. This will both simplify the mathematics
and be experimentally interesting. To accomplish this, we will only permit variations on long timescales
(this will be important when including dissipation). Mathematically, we accomplish this by normalizing
the time variable as t = ef1&/vp such that 9;, = €0(0;).

Expanding the governing equation, we find Leading Order:

0

e (72n0u1 + uonl) =0, (1.52a)
0
— (VP + uov® (g0 + Po)ur + yAnony + > Anduouy) = 0. (1.52b)

ox
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First-Order Correction:

0
o (72710112 + uonz) =

ou on
2 2 2 1 2 1
_ ) bt 1
v* (uoy?(2 + ug)nour + 1 + nouou) F A .
82711 62’111 82u1 82’U1 098
A A 3upA —
Fatedeq Otp0x tadoe 0x? Tt UQnO( Ox? o 8t05‘x>

0? T
+ @(—m)’yagw (Ml — ,UETI) ,

0
— (VP2 + uoy? (g0 + Po)uz + yAnong + v Anjuous) =

Ox
aul anl 8n1 d1d2 837L1
-3 (uo(sl + Py) + (14 ud)uiy*(go + Po)) e Anlfy—ax + Anguouiy® B ’yAno—?) 5
ou dids 8%u 20n ou
- A”(Z)(l + U%)UWS 8:(:1 - A”(%UOVB 13 2 83731 — Anououwsaix1 — 2An0u0n17387xl

1 0%u &%u 0%u
Het+2m(1-= 2= L 4 oug—>L L.
7 [H ’7( d)](uo 92 T 000 T 022

(1.53b)

Here, we have defined v = 1/4/1 — u3 (with vp = 1) and used the electrostatic coupling A according to

(1.28). Additionally, we have used the Heaviside function

0 m > 0 (Dirac regime)
O(—m) = . (1.54)

1 m < 0 (Fermi regime)

1.5.3 Leading Order Equations

Using the thermodynamic relation € = Pd, the leading order equations can be manipulated as

'yzd(Ano + PZK°> [(1.52)] — vduo [(1.52D)]
0
yielding
0 = 2d[And + 7> Py (Ko — ug(d+ 1)) ]u . (1.55)

We want nontrivial perturbations u; # 0, so we require the terms in square brackets to vanish. We see

that this gives an equation for ugy required to make the leading order solutions time-independent:

- \/ [Ko/(d + 1)] + [An/Po(d + 1)) (1.56)

1+ [An3/Py(d +1)]
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It is easy to check that u3 < 1 for d # 1; this is required, otherwise v = 1/4/1 — u2 would be imaginary.
Additionally, if we restrict to solutions bounded in z, we can require each term inside 9, from

(1.52a) and (1.52b) to be zero, giving

Uo
¥2ng

Uy = —

ni +U;. (157)

Here, we have included a constant, uniform current Uy (z,tg,t1) = Uy; this will allow us—at the next

order—to cancel the disturbance’s propagation speed (similar to our use of ug at this order).

1.5.4 First-Order Corrections

Now, we can do the same for the first-order corrections. Manipulating them as before,

PyKq

No

7zd(Ano n ) [(1.53a)] — yduo [(1.53b)] ,

gives

Y2d[And + 7 Py (Ko — ui(d + 1)) ]us = RHS. (1.58)

Here, the right-hand side (RHS) depends only on nq, u1, &1 and P;. However, inserting our solution for ug
causes the left-hand side to vanish, giving us our desired compatibility condition on n;. Thus, we have the

compatibility equation
5‘n1 anl 8n1 8377,1 8277,1

At T o TBmg, TChm T 952

(1.59)
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with

P
A= 272nidug(d +1-Ky), (1.60a)
0
_ 2 Fo 2,2
B = 3u (d W2[A(d+ 1) — Ko(d + 3)]
"0 (1.60b)
+ (d+1)0(=m) — Kod?) ,
C= —Adle(bnouo, (1.60c)
P
F = WQ%duo <2U172(d +1— Kp)ug
0
Cl Lo 2m ) 1
—| = D =6 1.
e (TO) u(d+ 1) Z0m, -1 + 0 (1.60d)
d—1
- (d25m,1 + 26m,1)]> )
3 P, 2
G="1 <o—m? (0) ud(d+1)(d+ 1 — Ky)
no no
d
x | dug +O(—m) — K0d+ . (1.60e)

=0

sadfeon(o-))

This is known as the KdV-Burgers (KdVB) equation. Note the underbraced term in G vanishes in both

the Dirac and Fermi regimes.

1.5.5 Ideal Fluid

Before tackling the full KAVB equation, it is beneficial to consider the simpler inviscid problem
with o9 =7 = ¢ = 0. In this case, we find G = 0 and the KdV-Burgers equation reduces to the KdV

equation. The KdV equation has soliton solutions of the form

01|B|
12/C|

X {x — (631%' sgn(AC) + £>t1]> ,

for arbitrary, order-1 constant ¢; > 0.

ny(z,t1) = ¢1 sgn(BC) sech? (
(1.61)
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Substituting the coefficients, we find
t
n = ng + ec1 sgn(BC) sech? (x—&—vvv) , (1.62)

with

__(alB F
v = €<3|A sgn(AC) + A)’ (1.63)

[12/c|
W = . 1.64
1B (1.64)

Let us seek a soliton which is stationary in the laboratory frame; we have already accomplished

and

Oi,m1 = 0 by a choice of ug; we can similarly set d;,n; = 0 by an appropriate choice of U;. If we choose U;
so that F = —c¢18/3 sgn BC, then the soliton is stationary:

n = ng + ec; sgn(BC) sech? (%) . (1.65)

1.5.6 Dissipation

Now, we return to the full KdVB equation (1.59). It does not appear that the KdV-Burgers
equation with G # 0 has an analytic, solitonic solution. However, if G < (A, B,C), then an approximate
solution is given by (1.62) but with time-dependent ¢, as described in Mei et al. [28]. For clarity, we
can factor out this smallness as G = G so that § < 1 and G is the same order as A. Then, another
short multiple scales expansion for n; can be done in § = O(G/A). To be consistent with our original
perturbation series, we require that ¢ < 6 < 1.

As usual, we expand ny as ny = n§°) + (5n§1) and 0y, = 0r, + 00,,. Then, to leading order, the

equation

2
+cotnl? =0, (1.67)

where we have again defined the linear operator £; acting on n(ll). This is the ordinary KdV equation;

therefore, ngo) has the solution given by (1.61) with order-1 free parameter ¢; > 0.

At next order in §, we must allow the constant ¢; to become time-dependent on a slow time-scale

20



¢1 = ¢1(71). Then, our equation is

Eln(ll) = .A(‘)Tongl) + f@wngl) + B0, (ngo)ngl))
1
+contM

= — A0, 1" +GoPn (1.68)

where we have again defined the linear operator £; acting on ngl).

For certain inhomogeneous terms in (1.68), it is possible to generate secular (i.e. unbounded)
growth; since this is clearly no longer a localized solution, we wish to avoid this. Here, we will utilize a
multiple scales approach, though it will differ slightly from the method used in § 1.6 since the homogeneous

operator L is nonlinear. Following the example of Mei et al. [28], we note that £y and —L£; are adjoints:
/da: (ngl)ﬁongo) + ngo)ﬁlngl)) =0. (1.69)
Then, substituting the right-hand sides of (1.67) and (1.68), we get the compatibility condition

/ngo) (.A@Tlngo) - g3§n§0)> dz =0. (1.70)

Inserting the soliton solution for ngo)’ we get an equation for ¢ (71):

o115
ci|B|g 4
_ 4 1.71
“ IClA 15 (L.71)
Then, solving this equation and converting back to time ¢; gives
c1(0) . 45A|C]
t) = th tg=—ol 1.72
alt) = v = ol 1

with ¢;1(0) the initial value of the parameter ¢;(¢1). Recall that this is derived under the assumption that
e 0(G/A) < 1.

Additionally, we can solve the KdV-Burgers equation numerically for arbitrary G; this shows
similar behavior to the analytic approximation (cf. figures 1.1 and 1.2). That is, the soliton slowly decays

as it progresses.
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Figure 1.1. Solitonic solution to KdV-Burgers. Values used were A = 0.88, B = —0.70, C = —0.060,
F =—1.1, and G = 0.53 with the height normalized to 4.0 x 10% cm 2. This choice of parameters gives
a soliton propagating in the 4+ direction and a counter-current ug in the —z direction (indicated by

the arrow).

Decay of KdV-Burgers Soliton

Charge Density n (10%cm ?)

Figure 1.2. Solitonic solution to KdV-Burgers showing decay as a function of time. Values used
were A = 0.88, B = —0.70, C = —0.060, 7 = —1.1, and G = 0.53 with the height normalized to

4.0 x 103 cm 2.
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1.6 Multiple Scales Expansion

Now, we wish to study the previous solitonic solution in more generality. Here, we will allow for
an arbitrary uniform, time-independent background current wuy.

As we have seen previously, the nonlinearities affect the propagation velocity v (cf. (1.63)). This
is an example of a singular perturbation and requires the use of singular perturbation theory. Singular
methods such as Poincaré-Lindstedt are only applicable to steady or periodic solutions. Since we are
interested in decaying solutions, we need to make use of the method of multiple scales. Note that this
approach is similar to that employed by Akbari-Moghanjoughi [29] in the study of partially degenerate
electron-ion plasmas.

First, unlike the previous section, we will nondimensionalize the timescale so that 9; = 9,. Now, if
we introduce a series of timescales tg = t, t; = et, to = €%t, ... each presumed independent, the chain rule
gives

9] 0 0 0

- = 27
o ol +e 9t +e Bt + .. (1.73)

Further, we now assume that each variable is a function of all time scales: n = n(x, to, t1, t2, .. .).
If we again restrict to 1D motion and collect terms by powers of € we get the following equations:

Leading Order:

onq Ouy ony 26711
s =1 1.74
at —|-’Y 0an “+ ug or + ngy oz 0, ( 7 a)
ouq oOP, Ouq oP; ony 30Uy
3 P, Py)— — + An A — = 1.74
7 (g0 + o)a +yu 0Bty + ugy* (g0 + 0)6x+ oz + oY 5 + Andugy oz 0, (1.74b)
First-Order Correction:
ona Ous ong 5 Ouy
— 2 —RH 1.
Dt ++? noto 7, +uoa +1noy" 5~ = RHS, (1.75a)
Ous 0P, ou OP on
3 2 p) 2 _
7y (50+P0)a +yu e + uoy (eoJrPo)—a +Y 5 + Ang—— o = RHS. (1.75b)

Again, we have used the electrostatic coupling A according to (1.28). See § 1.D for the terms on the
right-hand side.

Notice that, as is often the case for multiple scales analyses, the linear operator acting on nq, ug,
etc in (1.74a) and (1.74b) is identical to the linear operator acting on ng, ug, etc in (1.75a) and (1.75b).

Furthermore, since this operator is linear, we do not need to employ the operator formalism of § 1.5.6, but
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can instead use a linear algebraic approach similar to § 1.5 (with the addition of another timescale, t1).

1.6.1 Leading Order Equations

Using € = Pd and combining equations like

0  PyKy 0 0
An08—+ o ( 0Bty +8 )] [(1.74a)]

0 9
- 7d<8t0 +uog ) [(1.74b)]

gives
82
=~2d <—72P0(d +1- ugKO)aTZl
0
(927.1,1
— 292 Pyug(d + 1 — K, 1.76
v Pouo(d + O)Gtoax (1.76)
0
+ {An§ + V*Po[—ui(d + 1) + Ko| } “1> .
This wave equation has solutions f(x + voto) + g(x — voto) with vg given by
(+) —uo(d +1-— KO) 1
_ 1.77
Yo d+1-wKy — A(d+1—2Ko) (1.77)
K()(d“r ) Ano
X \/ 3 Po (d+1—-udKp). (1.78)

We will take the (+) sign so that vg = v(()+); the other can be recovered by taking ug — —ug and vg — —vg.
Further, we restrict to unidirectional solutions wy(z,tg,t1) = f(x £ voto, t1) for a definite choice of +; here,
we choose (+) as well—the other propagation direction can be recovered by taking vy — —vp.

For stationary perturbations (vy = 0), we can solve for ug to recover the result from § 1.5:

_ | [Eo/(d+1)] + [And/Po(d + 1)]
v = i\/ 1+ [An(%/PO((()l 1) ' (1.79)

For reference, the velocity of propagation in the absence of a background flow (ug = 0) is
Vo = +4/— KO + —. (180)

In general, ni, u1, and P; have traveling wave solutions; neglecting solutions of the form f(x —
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uptp,t1) that are simply advected by the background current, we find solutions given by

’I’Ll(.lf,to,tl) :’I’Ll(.lf-i-’l}oto,tl)—‘rFl(tl), (1.81a)
Ug + v
ui(z,to, t1) = *(20—0)711(30 + voto, t1)
noy?(1 + ugvo) ) (1.81b)
+ Fy(t1),

Here, we have arbitrary functions Fi(t1) and F(t2); by imposing boundary conditions nq = 0 at = fo0,
we set Fy = 0. We will allow Uj (t2) :== F»(t2) to remain arbitrary; this uniform background current can be
superimposed on the soliton solution as in § 1.5 if desired 6.

Now, we can also see why it was important to take pg < Ty small but finite. Had p = 0 identically,
then the thermodynamic relations would require ng = 0. Then, the leading order charge conservation
equation (1.74a) would give d¢yn1 + updyn1 = 0; i.e. charge density perturbations are simply advected
along by the background flow. That is, the density perturbations lack any dynamic propagation and are
“frozen-in.” Since the other dependent variables are proportional to n;, we see P; and u; are similarly
affected. Hence, if we want a dynamic disturbance, we require ug # 0; intuitively, this is understandable as

there are no net charge carriers at the Dirac point.

1.6.2 First-Order Corrections

Now considering the first-order corrections, preventing secular growth of the higher-order terms
(i.e. na, ug, etc) requires imposing a compatibility condition on the lower-order terms (i.e. nq, ug, etc). We

can manipulate the system as

SNote that it is possible to generate a stationary soliton by appropriate choice of F; instead, though
the resulting coefficients will be different.
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which gives

2 2 2 &usy
yd| =y Po(d+1— UoKo)W
0
2 62UQ
- 2’)/ Pouo(d+ 1-— Ko)
OtoOx (1.82)
2 2 2 &us
+ {Ano + Y PO [—U,O(d + 1) =+ Ko}} 81’2
=LOT,
where LOT represents lower-order terms (i.e. nq, ug, etc).
It is instructive here to change variables to X(()i) =x+ véi)to. Then, the equation becomes
2
'y4P0d(d +1- ugKo) (vé“ — v((]_))
X 0 0 u (1.83)
— = o W2 .
oy oy

=LOT

This is where we encounter an apparent problem. Upon inserting our solutions for the lower-order terms,

we find the right-hand side depends on products and derivatives of f (Xé+)>~ This implies that the LOT

are solely functions of X(()H.

However, we see that functions of the form f (X(+)) are also solutions to the homogeneous equation

in (1.82) due to the presence of the 8)((({) operator.

So, products and derivatives of f (Xé+)) appear as inhomogeneous forcing terms that give rise

to secular terms. For instance, terms proportional to f*) (xéﬂ) give rise to solutions of the form

x((f) s (X(()+)>- This grows unbounded in x((f)—and hence, in time t. This will eventually cause
|ug| > |u1|, invalidating the perturbation expansion. Thus, unless the LOT vanish identically, they will
give rise to Xéi)—secular terms in up—i.e. solutions growing unbounded in ¢y or z.

Hence, we require the right-hand side to vanish and we are left with the desired compatibility
equation:

0= 8Xaéﬂ(KdVB[m]). (1.84)
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Here, (KdVB[n4]) represents the Korteweg-de Vries-Burgers equation, discussed earlier, acting on n;:

onq onq oni
/ / /
A8t1 +.7:a(+)+6n178 &)
Xo Xo
(1.85)
0 ny 0 ny
+C 7 — ! 511 0;
o (+) o (+)
X0 X0

see § 1.E for the functional form of the coefficients.
The solution to the KdV-Burgers equation was already derived in § 1.5.6 and is simply reiterated

here for convenience:

) — ‘ a2 [alB]
nl(XO ,tl) = c1(t1) sgn(B'C’) sech < 12/0|
) a|B| F!
< i - (2 smiaen + T )l ). (1.86)
where
01(0)
)= —~72 1.
Cl( 1) 1+t1/td ( 87)
with
45A'|C'|

d (1.88)

" 4 (0)[B]G"

with ¢1(0) the initial amplitude of the soliton.

1.7 Analysis

Nondimensionalizing helped ensure that all quantities were order O(1) and any information about
their magnitude was solely contained in € prefactors. However, having ordinary, dimensional expressions is
more useful for comparing with experiments or existing literature. Therefore, the KdV-Burgers coefficients
are written in terms of ordinary, dimensional variables in §§ 1.E and 1.F 7. Note that the coefficients are

still dimensionless and order unity °.

"A few terms were simplified using Kronecker deltas in §§ 1.E and 1.F. For instance, substituting the
dimensional expressions into G’ generates an ¢~ 7 term multiplying oo and an e ? term multiplying 1 and
¢. However, these can be neglected: as mentioned at the end of § 1.B, o¢ carries an implicit d4,0 while 7

and ¢ have implicit §4 0 and d4,00(¢)/ O(n), respectively. Similarly, the thermodynamic contribution of F’

has a factor of e~ ; however, given the presence of the Kronecker deltas, this is equivalent to e~ 1.

8Actually, as written, the coefficients in §§ 1.E and 1.F have all had a common factor of
eP/2=4/2, /O(0g)/O(n) removed for brevity.
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The observables that characterize the system, to this order, are the amplitude, width, speed, and
decay period of the soliton. The amplitude is simply given by

—d(d+2)/Aec) (1) sgn(B'C) = Nmax - (1.89)

|TL1| = lrcf

We can use nuyay to eliminate ¢; in the following expressions ?. Furthermore, we will factor out the explicit
factors of € and le¢ from the KdV-Burgers coeflicients; we will denote the original, order unity, coefficients

with a caret. Then, we can write the speed as

a1 -/
V= vy — EVR (Cgll? sgn(B'C’) + }:>

A’ A’

=1y — nrgj/B/ — vp% ) (1.90)

Similarly, the width is given by
(1.91)

Finally, the soliton decays with
Nmax(t) = lr_efs(d%)/‘lcl (t)sgn(B'C') = Mmax (0) , (1.92)

14+t/tq
and decay period

P A _ A (1.93)

€ 401(0)§';’|l§|/vp Aoy (0)0pG'B’

Here, nyax(0) is the initial value of ny,.x. The factor of ¢ in the first equality came from converting our
ty/tq to te€ Jtqup = t/tq.

We see that, upon re-dimensionalizing, ¢; and € never appear alone. Therefore, simply defining
Nmax as their combination causes all € and ¢; to drop out, showing that this is a one-parameter family of
solutions. Note that these results hold in general for all nondimensionalizations specified in § 1.B. Similarly,
notice that the factors of l,of have all canceled: the observables are all independent of I,f, as they must be
since Iyt is arbitrary.

As mentioned in § 1.4, not all of the system’s parameters are independent. It is helpful to re-iterate

here which can be set freely. Taking into account the thermodynamic relations, one experimentally useful

9Hence, c; is the normalized, order-unity analog of Mmax.
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set of independent parameters would be Ty, ng, Pmax(0), v = ug + €Uy, di, da, and k.

1.7.1 Relation to Previous Results

As mentioned in the introduction, Svintsov et al. [18] performed a similar perturbative analysis of
solitons, though that analysis was restricted to the inviscid, Fermi liquid regime. It is straightforward to
compare the inviscid results presented in § 1.5.5 to those of Svintsov et al. [1§].

First, our results for vy in the case of no background flow, uy = 0, are in agreement for the regime
where p/T > 1 and p/T > 0, but they differ otherwise. However, this is to be expected: in setting up the
problem, Svintsov et al. [18] neglect the contribution of holes. If the contribution of holes is included in
their thermodynamic quantities, then our results are in agreement in both Fermi regimes, |u/T| > 1.

Nevertheless, the leading-order Dirac-regime speed vy used by Svintsov et al. [18] and derived in
Svintsov et al. [30] has a minor error. There, the terms ik*X3vp/ w(pj_1>, with j = e or h for electrons/holes,
appear in (28) and (29) of Ref. [30]. These terms arise from the V(vp(p;))/2 terms in the momentum
conservation equations, (8) and (9) of Ref. [30]. This corresponds to our pressure terms VP; (though we
combine P, and P, as P = P, + Pj,). The issue arises when Svintsov et al. [30] restricts to leading order
terms when calculating vy. As we showed in (1.50), VP/P ~ &2 in the Dirac regime (i.e. Ky = 0), while
the inclusion of these ikQEva/oJ(p;l) terms in Svintsov et al. [30] implicitly assumes VP/P ~ e. On
removing these terms from the leading-order equations, the results Svintsov et al. [30] are consistent with
ours.

Furthermore, the Fermi-Dirac distribution function chosen by Svintsov et al. [18] differs from the

one chosen by Lucas and Fong [4] (and hence, used in this paper): Svintsov et al. [18] chose f(p) as

1

fp) = ; 1.94

) = e (elo) —u-p = w/FsT) (194
while Lucas and Fong [4] chose the manifestly covariant
1

f(p) (1.95)

" Tt exp((pPuy — ) /ksT)

with p¥ = (|p|,p) and v¥ = (1,u)/4/1 — |u\2/v%. This choice of distribution function is preferable as it
preserves the form of the dispersion relation € = vp|p| under Lorentz boosts (with v = 1/4/1 — (u/vp)?).

After accounting for these differences, our results are nearly in agreement. A few typographical
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9 remain in the KdV equation and corresponding soliton solution and dispersion relation of Svintsov

errors !
et al. [18]. After repairing these errors, we have consistent solutions and dispersion relations.
It is worth noting Svintsov et al. [18] also use an isothermal assumption, though it is not directly

stated; this assumption is utilized when stating the formula !

de

— = 2§d—n + (3—4§)dT
€ n

e (1.101)

with & := n?/e(e™1), and (¢7!) # 71 is the average inverse energy. While £ depends on both n and T'
the corresponding formula for de /e in Svintsov et al. [18] only has the dn /n term. In the Fermi regime,
|/T| > 1 and £ = 3/4, so this is a valid simplification. However, in the Dirac regime, £ < 1, and the

dT /T term cannot be neglected unless the system is isothermal, dT" = 0.

0The sign of the 5% term multiplying u0,u in (16) of Ref. [18] should be flipped. Additionally, the
expression for F'(v) in (26) should read

2 2
F(y)zég—ﬁ—— 5
2 1+v (1.96)
_ BE 5-6 vBG- 19 '
(I+v)21-p52  (1+v)?
In the KdV equation, (27), the coefficient of the vO;v term should be
o 4 2
(1-9( 25 — 55 +455 | - (1.97)

Also, the solution to the KdV equation, (28), should be

2 2 .
0n(2) = ONumax cosh ™ [Z\/ %0 2 571de1 ) (1.98)

2 dldg 28(2) —VUr No

with (29) changed to

2 2
no U/O - 80
SNy = 32 7 1.99

with corrections highlighted in bold.
For the ug # 0 case, (34) should be adjusted by flipping the sign of the v term multiplying the ud,du
term. Furthermore, the dispersion relation, (36), should read

uO(2—2£o+v)i\/83(1+v)+u(2)[(2—2£o+7)2—(1+7)( — P& +7)]
1+~ '

Sy = (1.100)

UNote that Svintsov et al. [18] include factors of 4 in the definitions of ¢ and n; here, they have been
factored out to match our definitions.
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1.7.2 Role of gating

Our setup involves the use of conducting gates to screen the electrostatic interactions and make
the problem local, and hence more mathematically tractable. However, Akbari-Moghanjoughi [17] instead
considered solitons in ungated graphene; that analysis was restricted to the inviscid, T'= 0 Fermi regime
with no background flow 2. While Akbari-Moghanjoughi [17] also derived solitonic solutions, a number of
the properties differed markedly from those derived here.

First, Akbari-Moghanjoughi [17] found that there exists a critical propagation velocity v. that
separates periodic, wavelike solutions (v < v.) and solitonic solutions (v > v.). This was found to be
ve = 3/v/38 for d = 2 and v. = 2/3 for d = 3. However, there appears to be a small error in the derivation:
(7) for ¢ involves a term n~2/% which should be n~3/2. Repeating the derivation with this change shows
that the critical propagation velocity is actually v, = 1/ Vd. Our (up = 0, Fermi regime) solutions have
velocity

1 An2d

v=—4/1+ +

1
> =, 1.102
Vd Py(d+1) = Vd Ve ( )

where we have used the fact that sgnv; = sgnwvg. Thus, we see that our soliton’s speeds are bounded below
by the critical speed, while Akbari-Moghanjoughi [17] found that solitons speeds should be bounded above
by the critical speed.

Another difference involves the relation between the soliton height and speed. Using our expression

for vy, we found that the total speed with ug = 0 is

_ c1|B|
v =1 (1 + 83U0A|) (1.103)

while the soliton height is ec;, with a free parameter ¢; > 0 '3. Thus, increasing the height corresponds to
increasing the speed, and vice versa. However, Akbari-Moghanjoughi [17] found that increasing the height
causes the speed to decrease. Nevertheless, we both find the same, inverse relation between the height and
width (as required by total charge conservation).

Furthermore, Akbari-Moghanjoughi [17] finds only dark (ni/ng < 0) solitons. However, our

12Note that Akbari-Moghanjoughi [17] uses a different terminology. There, the term “Dirac fluid” refers
to massless fermions (as in graphene) while “Fermi liquid” refers to massive fermions. Both of these are
dealt with in the completely degenerate T'= 0 limit. By contrast, we follow the terminology of Lucas and
Fong [4] to analyze both a “Fermi liquid” (kpT <« p) and “Dirac fluid” (p < kpT) regime for massless
fermions. Therefore, the “Dirac” results in Akbari-Moghanjoughi [17] correspond to our T' = 0 Fermi
regime, while the “Fermi” results correspond to massive fermions not discussed here. Interestingly, bilayer
graphene can induce such an effective mass for the quasiparticle excitations [31].

13Here we used the fact that sgn(A’C’) = sgn(vg) for ug =0
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solutions only give bright (n1/ng > 0) solitons. Referring to (1.86), we have sgn(n;) = sgn (B'C’). Here, we
will consider the Dirac (m > 0) and Fermi (m < 0) cases separately. For the Dirac regime, with Ky = 0, it
is readily apparent that B'C’ (cf. § 1.E) is positive, yielding bright solitons.

Showing that the same holds true in the Fermi regime, with Ky = (d + 1)/d, is more involved.

Using the expressions for B’ and C’ from § 1.E, we see

sgn <”1) = sgn (3d(uo +vo)* — (1 + ugvp)?) - (1.104)
no

We see that this is clearly positive when 1y = 0; using the expression for vg, we find it only crosses zero 4
when g is given by

V2 3d—1 4+
U()=:|:1 \/>

or

/2 Sdfl iA\F

(1.105)

or

with A :== AnZ/Py(d + 1) as before. Finally, it can be checked that each of these solutions are larger (in
magnitude) than unity; that is, B'C’ does not cross zero in the range ug € (—1,1). Thus, for |ug| < 1, we
find that ny/ng > 0, and only bright solitons are permitted. Note that the adiabatic B’ and C’ coeflicients
in § 1.F are identical to their isothermal Fermi counterparts: therefore, the same reasoning shows the
adiabatic system only has bright solutions, too.

Thus, it appears that a number of our findings are directly opposed to those of Akbari-Moghanjoughi
[17]. While one might be tempted to compare the results of Akbari-Moghanjoughi [17] with our solutions
by taking the gating distance d; — oo, various quantities (e.g. vy, W, etc) would no longer be order-1,
violating our expansion assumptions. Instead, it appears that the presence or absence of gates can create
qualitatively different results. However, this should not be surprising: the electric field with gates is given
by derivatives of the density E o< d,n + (d1d2/3)8§n + .... On the other hand, the electric field without
gates is given by the anti-derivative of n: E(z) < [dyn(z)/|z — y| More specifically, the z-k Fourier
transform of the electric potential with gates is ¢ o (1 — k2dyds/3 + . ..)f; highly-dispersive, large k-modes
increase the electric field’s magnitude. The potential without gates is 45 o —n/k?, so large k-modes decrease
the electric field’s magnitude. Given that this is the only difference between the setup of the two problems,

it appears that this is the origin of the differences in the results '°

4Note that this expression has a removable singularity at uy = 0; however, the double-sided limit exists
and is 0.

15A number of other minor differences exist between our work and that of Akbari-Moghanjoughi [17]:
there, velocities were normalized by ¢, giving v. = ¢/ V/d. However, we found it more useful to normalize
by vp—yielding v, = vp/ Vd. This difference arose because Akbari-Moghanjoughi [17] chose to define
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1.7.3 Energy and Entropy

It is interesting to determine the rate of energy loss by the soliton to dissipation. We can accomplish
this by integrating the KdV-Burgers equation (1.59). Using (1.81b) to replace ny with u;, we get (with

new coefficients denoted by primes)
A'@tlul + ]-"&vul + C’@gul + B’ulﬁzul = g’aiul . (1.106)

Multiplying this equation by u; gives

1 1
5./4/8,511,6% + ifla_LU%
1 1
+C'8, (w192uy) — §C'3m(3mu1)2 + gs’amui (1.107)

= glax(ulamul) - g/(azu1)2 :

If we integrate once over all of z-space and impose boundary conditions u; = d,u; = 0 at x = 00, we

find

1 F g’
2<at1 + A,ax> /dxuf = —E/dx (Bpur)”. (1.108)

The left-hand side represents the time rate-of-change of the kinetic energy in a moving reference frame;
this is more easily seen if the background current U is removed so F' = 0.

Using the expressions for A" and G’ (cf. § 1.E), the right-hand side is negative semi-definite for the
case with no background flow ug = 0. Thus, we see that—as expected—the viscosity causes the kinetic
energy to decrease.

When wuy # 0, it is more difficult to see that G’/ A" > 0, as it must be for viscosity to remove

energy. Here, we will again treat the Dirac and Fermi regimes separately. Starting with the Dirac case and

ut = (c,u)/+y/1 — (u/c)? following Zhu and Ji [32], while we defined u* = (vF,u)/+/1 — (u/vF)?. Again,
the choice of v, as opposed to c, is preferred since it preserves the form of the dispersion relation. Replacing
the original choice of u# (involving ¢) with our choice (involving vg) in Akbari-Moghanjoughi’s derivation
yields v, = vp/\/g, i.e. our minimum propagation speed.

Finally, our expressions for the pressure differ slightly: it appears Akbari-Moghanjoughi [17]| considered
only g = 2 spin degeneracy in (4), rather than graphene’s g = 4 spin/valley degeneracy. This only
affects the normalization constant (Asp or Asp in, for example, (11)), and the subsequent conclusions are
unaffected.
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using the expressions for A’ and G’ from § 1.E, we find

g o Po 2 (up + vo)* 2
sgn (.A/) Sen <0Q’Y no 1+ UeUo ( * )

(1.109)
1
+ (ug + vp)? [C + 2n<1 - dﬂ) ,
The only questionable term is oo /(1 + uovo). This term is positive for
1
|u (1.110)

ol < V14 [An2/Py(d+1)]

However, it blows up when |ug| — 1/y/1+ X, with A := An2/Py(d + 1). This causes u; and P; to become
unbounded and invalidates our perturbation expansion. Thus, |ug| < 1/y/1+ ) is a constraint on the
allowed parameters that make our derivation consistent. Under this constraint, A’G’ > 0 in the Dirac
regime, as it must be.

In the Fermi regime, we instead have

gy _ 2( P\, ) (ot w0)®
sgn (A’) =sgn| ooy (no) (d+1)(1+u0vo)

(1.111)

N d (uo +v0)2[¢ +2n(1 — 3]
d+1 (UO + Uo)[’l)o(d — u%) + Uo(d - 1)]

It is easy to show 16 that (ug+ vo)[ve(d —ud) +ug(d—1)] > 0 for d > 1 and |ug| < 1; recall that we already
required |ug| < 1, otherwise v =1/ m would blow up. Therefore, the 7 and ( terms are positive.
As in the Dirac regime, we also have a 0o /(1 + ugvy) term. Though vy is different in the Fermi
regime, the same reasoning also shows that this quantity is similarly positive for |ug| < 1/4/1 + A. Thus,
as long as |ug| < 1/v/1 + A, we see that our theory is well-defined, A’G’ > 0, and viscosity causes energy to
decrease, as required by the second law of thermodynamics. Finally, note that the adiabatic G’ in § 1.F
differs slightly from this isothermal Fermi G’; nevertheless, it shares the same questionable terms. Thus,

the same exact reasoning shows G’/ A’ > 0 for the adiabatic regime 7.

16This can be seen by noting that the expression is positive for ug = 0 and only crosses zero at +1,
+v/1+ Md, or £v/1+ Ad/v/1+ A, with X := An3/Py(d + 1). These are each greater than (or equal to)
unity for d > 1; therefore, the entire expression is non-negative for |ug| < 1.

"The pono term is non-negative because sgn o = sgn ng; cf. (Dirac: C143).
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To further investigate the soliton’s decay, it is helpful to analyze entropy generation. Lucas and

Fong [4] provide the following formula ® for the divergence of the entropy current s*

1 2
Ous" = fau“l/ (PP (Dpua + Datty — Egpaaﬁuﬂ)
+ (P Oau®] + T2 (TOu L5 + Fyp”) (1.112)

X P (Tay% + Fypu)

For simplicity, consider the case with no background flow, ug = U; = 0. Upon implementing our

usual nondimensionalization in the Dirac regime (cf. § 1.4) we see the highest-order terms are
w_ Mg g 2 k
s = -0"u1 [0 (un); + 9;(wr)s = —gsOpur]

0 (1.113)

¢ 2
+ ?0 (Gku’f)

Then, restricting to 1-dimensional motion and using our thermodynamic relations and first-order solutions,

we find

0 = 0o+ 20(1- 3) | 725 + 060, (1114)

We see that entropy is generated at locations where the derivative of ny is largest: for solitons,
this occurs at the leading and trailing faces (figure 1.3). Further, as the soliton spreads out, the entropy
production slows over time (figure 1.4). Finally, for the Dirac regime, og-induced entropy production is

suppressed to sub-leading order;  and ¢ are the main producers of entropy.

1.8 Experimental Proposal

Here, we will briefly detail the applicability of this theory to experiment.

1.8.1 Values of Parameters

It has been more convenient to deal with nondimensional variables throughout the derivation.
However, we now convert back to dimensionful quantities to better understand their physical magnitude.
It is worth emphasizing that this conversion is dependent on the nondimensionalization we chose. The

values calculated in this section are specific to the Dirac regime nondimensionalization laid out in § 1.4; a

8Note that we have added an additional factor to the og term in order to account for the electrostatic
interactions.
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Entropy Production and Charge Density
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Figure 1.3. The entropy production 9, s* (a) and soliton charge density ni (b) at select times. Values

used were A = 0.88, B = —0.70, C = —0.060, F = —1.1, and G = 0.53 with the height normalized to
4.0 x 10%cm 2.
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Figure 1.4. The instantaneous entropy production d,s" as a function of time. Values used were
A =0.88,B=—-0.70,C = —0.060, F = —1.1, and G = 0.53 with the height normalized to 4.0 x 10% cm 2.
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Table 1.1. Values of the various parameters in terms of the small parameter €. Sample values are given
for e = 0.1 and dimension d = 2.

Sample
Nondim. Sample
e-dependence Value Dim. Value

no efo 4 x 100 em 2 1.0 4.0 x 10%cm 2
d; £=5/4d; 50 nm 1.0 890 nm
A /%A 5.3 %10 36 Jm? 0.22 2.1 x 10 35 Jm?
Ty VAT, 150K 0.70 60K
Py T3 84x10 "Nm~! 117§  59x10 3 Nm!
1o 53/4% 21x10 2] 1.1% 6.1 x 10722J
) e1/264 0.24kQ 71 0.63 0.048 k!
n 4.2 x 10 2kgs ! 1.1 4.8 x 10 2%kgs !

similar analysis could be performed for the Fermi regime nondimensionalization specified in § 1.B.1.

The dimensional and nondimensional values of the various parameters in the problem are listed in
table 1.1. For the remainder of this section, we will specialize to dimension d = 2. Note that we are using
the values vp = ¢/300 [4] and l,of = 50 nm. For computing the sample values, we have chosen ¢ = 0.1. We
see that all of the nondimensional parameters are approximately equal to unity, as required. However,
there are a few points to note.

In previous experiments, the distance between the graphene and the gates d; (i = 1,2) was usually
on the order of 300 nm [33]. We require a larger gate distance of d; = 890 nm corresponding to d; =1.0.
The static dielectric constant x must be chosen relative to d; and ds. For the remaining normalizations to
be consistent, we require k &~ 1. That is, the graphene should be suspended from its contacts with vacuum
filling the gap between the graphene sheet and the conducting gates.

It is important to reiterate the way we nondimensionalized the intrinsic conductivity. At a
temperature of 60K, og/e? has a fixed value of 0.20h!. We needed to relate the relative sizes of
nondimensional parameters € and ogfi/ e? to solve the problem. Our derivation assumed ¢ ~ 0.1, so that
el/2 ~ agh/e®. This fixes the value of 6¢ as 6¢g = 0.20e /2.

Notice that if € is increased, then the numerical value of 6o decreases; hence, the intrinsic
conductivity becomes a higher-order correction and drops out of our first-order solutions. Conversely, if
¢ is decreased, ¢ could grow large and require a different nondimensionalization for og. For € small
enough, it would be more appropriate to take oo = e6ge?/h. This alternative would require different
nondimensionalizations for all variables (cf. § 1.B); nevertheless, similar solutions would result (though the

viscosity would no longer appear in the first-order corrections). Similar considerations also apply for 7,
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though it is considerably simpler given that nid;/h ~ 1.

It is also useful to determine the values of the parameters appearing as coefficients in the KdV
and KdV-Burgers equations (i.e. A, B, C, and G). For instance, consider the case with vy = 0, ug > 0, and
U, = 0; we will also set ( = 0 and choose ¢; = 1.0. Using the above values and the bare thermodynamic
coefficients Cyp and C; (cf. § 1.A), we find A = 0.88, B=—-0.70, C = —0.060, F = —1.1, and G = 0.53 (cf.
figure 1.1). Importantly, we see that B, C, and G are all roughly the same order, implying nonlinearity,

dispersion, and dissipation are equally important.

1.8.2 Source and Signal

As we discussed in § 1.4, the characteristic length of the disturbance ¢ is related to l..f as
€ = lpet/e(4T2)/%, For d = 2 and € = 0.1 with graphene’s l,o; = 50 nm, we find a pulse width of approximately
2.8 um. For the uy = 0 case, the propagation speed is approximately v = 0.43vp ~ 0.43¢/300, giving a
bandwidth of roughly v/¢ = 150 GHz.

If we consider the stationary soliton case vg = 0, we need to source a background current ug # 0 to
counteract its propagation. In § 1.5, we found that ug = 0.40vy = 4.0 x 10° ms~—!; with a charge density
of ng = 4.0 x 10° ecm~2, we need a current density of Ko = |enoug| = 2.5 Am~1.

As shown previously, the system has a (dimensional) characteristic decay time of

45,0, A[C]

tg = ——
4T 4y G B

(1.115)

Inserting the previously chosen values for these coefficients, we find ¢4 ~ 44 ps.
To estimate the magnitude of the signal, we first calculate the background chemical potential
Lo = 53/4thl;e%/l0 = 6.1 x 10 22J. From this, we find the background voltage Vy = jio/e = 3.8 mV. Then,

the signal voltage Vi = /e would be a factor of € ~ 0.1 smaller, or 380 pV.

1.8.3 Joule Heating

For the non-propagating case (vg = 0), a large uniform background current ug flows through the
graphene; this will cause Joule heating of the entire sample due to graphene’s resistance. It is worthwhile
to verify that this heating occurs sufficiently slowly so as not to interfere with the soliton’s propagation

and decay.
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Figure 1.5. Side view of the proposed experimental setup; the graphene is sandwiched between two
layers of dielectric, and further sandwiched between two conducting gates. A source and sink on either
edge of the graphene generate the background current uo. The pulse generator produces the soliton and
the detector detects it.

The power produced, per unit area, by Joule heating is

Py =K2p, (1.116)

with resistivity p and surface current density Ky. As a worst-case scenario, assuming the graphene does
not lose any heat to the environment, this power goes solely towards heating the graphene.

The specific heat of graphene [34] at 60K is approximately 60 mJ g ' K~!. Given an atomic mass
of 12.01 gmol ! for carbon and an atomic density of 6.3 molcm 2 for carbon atoms in graphene [35], we
find a specific heat of ¢, =4.5 x 107? Jem 2K 1.

Therefore, the soliton’s temperature will change at a rate of Py/cs = 3.0Kns !. Given that the
suggested experiment would be measuring the soliton’s temperature anomaly T = €Tp, it would only be
sensitive to Joule heating after a temperature change of similar magnitude had been generated. Hence, it
would take approximately Tics/Py = 2.0ns for the system to heat appreciably. Given that this time is
long compared to the characteristic timescales of the problem (tchay and t4), we are justified in neglected
Joule heating.

Notice that the characteristic Joule-heating time is also long compared to the electron-phonon
scattering time; this implies the electrons and graphene lattice would thermalize relatively quickly compared
to the Joule heating time. This is why we utilized the specific heat of the entire graphene system (electrons

and lattice) as opposed to the specific heat of only the electrons.

1.8.4 Experimental Setup

The solitonic solutions we have derived offer a means to experimentally measure the viscosity 7 of

graphene. In particular, the viscous coefficients og, 7, and ¢ all enter into the coefficient we have denoted
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G. Therefore, if the value of G can be measured, then the viscosity can be determined.

Referring to the expression for G, we see that 1 only appears in the combination ¢ + 2n(1 — 1/d);
hence, it is this quantity that can be determined from experiment. In practice, we expect { < 7, and thus
this procedure offers an estimate for 1 [4]. Furthermore, determining 7 from G requires knowing the values
of all the other parameters Py, ng, etc. Most of these are experimentally determined and hence known; the
only other necessary quantity is the intrinsic conductivity og. Previous measurements of this quantity
exist [7, 8]; therefore, it can be treated as a known quantity.

An initial disturbance needs to be generated in the graphene; for instance, this can be accomplished
via a short voltage spike produced by a thin contact placed laterally atop the sample (cf. figure 1.5). It is
well known that the KdV equation causes a localized profile to split into a series of left- and right-moving
solitons [36] sorted by height. After the disturbance is allowed to propagate a sufficient distance, the
individual solitons should have separated enough to be separately distinguished. The actual population of
solitons generated by the pulse will be dependent on the contact’s shape and voltage profile: the distribution
of soliton heights and widths can be determined by the inverse scattering transform [37].

Given that the solitons represent a localized change in the charge density, it should be possible
to detect them with a voltmeter; a voltage time-series could then reconstruct the soliton profile. The
dissipative terms cause two measurable effects: a change in the propagation speed and a decay of the
soliton’s height. This requires measuring either the soliton’s speed or amplitude as a function of time.
Depending on the particular experimental setup, one effect might be more accessible than the other. Next,

we describe two possible experimental setups.

No Propagation

Without a background current ug = 0, the soliton propagates at a speed v &~ vp ~ ¢/300. Such
a fast propagation speed could make measurement difficult. One way to mitigate this is to impose a
counter-current ug in the opposite direction of propagation; as detailed in § 1.5, it is possible to choose
a background current ug + eU; such that the soliton is stationary in the laboratory frame vy + ev; = 0.
Doing this should make obtaining the height measurements much easier. In fact, the speed measurements
are still feasible in this setup since the dissipation causes vy, and hence the control current Uy, to decay
over time.

One possible barrier to implementation of this method is the boundary condition of graphene. So

far, we have neglected boundary effects by assuming one-dimensional propagation; depending on graphene’s
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boundary conditions, this might not be justified. Graphene most likely satisfies one of two possible
boundary conditions [38]: either a no-slip boundary (u = 0) or no-stress (no normal velocity gradient,
ie. [+ V]u =0 with 7 the boundary unit normal). If the actual boundary is no-slip, our 1-dimensional
propagation assumption is violated; in this case, the sample must be sufficiently wide to ignore edge effects,
or a different experimental setup (cf. the next section) is needed. Conversely, a no-stress boundary permits
our one-dimensional soliton solution. There is some experimental evidence that no-stress boundaries are the
correct boundary type [4], and theory predicts that weakly disordered edges at low temperature (7' < 40 K)
have a slip-length on the order of 50 pm. Therefore, it is plausible that, for graphene samples of width at

most ~ 100 pm, a no-stress boundary condition is appropriate, allowing for large uy counter-current.

No Background Current

If graphene instead possesses a no-slip boundary condition, a different experimental method will
be needed. For this setup, we will not use a background flow, ug = 0. Then, the boundary conditions are
mostly irrelevant, since the fluid velocity is now of order O(u;) = evp and can therefore be made small.
For this setup, height measurements are more suitable; after one decay period 7y, the height decreases by a
factor of % while the propagation velocity changes by a factor of dv/vy = %8 < 1.

Following the method proposed by Coelho et al. [39], we recommend periodically producing a
voltage pulse and measuring a set distance away. By averaging over many realizations, it should be possible
to obtain a wave profile. This could be repeated at a few locations, thereby measuring the decay rate as a
function of downstream position.

This method is likely more difficult experimentally given that it requires taking measurements
at multiple locations sequentially. However, it has the benefit of being theoretically sound regardless of

graphene’s boundary conditions.

1.9 Conclusion

Graphene offers a fantastic environment for studying strong-coupling phenomena. Hydrodynamic
analysis presents a useful set of tools for analyzing the long-wavelength physics in such a clean, strongly-
coupled system. The Fermi liquid regime has much in common with ordinary metals and has been the
focus of many experiments in graphene; meanwhile, the Dirac fluid regime hosts a number of intriguing
phenomena. When graphene is placed in a hydrodynamic regime, the electrons obey relativistic Navier-

Stokes equations and can form solitonic solutions. An ordinary perturbation expansion was used to derive
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the special case of a stationary soliton on a background counter flow. Additionally, a full multiple scales
asymptotic analysis was utilized to treat the general case with arbitrary background flow. These methods
furnished analytic approximations to the shape and speed of the predicted solitons. This analysis did not
deal with the boundary conditions of the fluid flow; this offers an interesting avenue for future research.
By including dissipation in our system, we were able to model the decay of the solitons. The
analysis showed that dissipation causes both a decay of the soliton’s height as well as its speed. This decay
rate offers a means to experimentally measure dissipation in the hydrodynamic regime of graphene. The
results of this paper help elucidate the connection between solitons in the Fermi and Dirac regimes of
graphene and put forward a new method for measuring hydrodynamically relevant parameters such as the

intrinsic conductivity and shear viscosity.
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1.A Thermodynamic Coefficients

Following Lucas and Fong [4], we can derive the pressure for weak coupling, starting from the

grand canonical ensemble for a free Fermi gas in d dimensions
kT
P(u,T) = ——< = 22— Zln Zap)

- kBTZ/ 1n 14 elaan— EA(D))/k};T)

_ (kBT)d+1Qd_1(d — 1)' ; _eu/kBT
= 2nhvp) (Liasa( ) (1.117)

4 Ligyy (—e#/koT))
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Here, we have ®¢ the grand potential, Z = exp(—®s/kpT) the grand partition function, and V' the volume.
We made use of the fact that, for a free Fermi gas, the grand partition function is separable over modes (A4
and p): Z =[], , Z4p. Additionally, we have the excitation energy ea(p) = vr|p|, Qa—1 = 2142 T (d/2)
the surface area of a unit (d — 1)-sphere, T" is the gamma function, and Liz the polylogarithm of order
d + 1. Note that the sum over species runs over spin/valley degeneracy (giving a factor of 4) as well as
electrons /holes with g4 = +1. More specifically, > , In(Z4) = 4In(Z1 (1, T)) + 41In(Z1(—p, T)).

Likewise, the carrier density is given by

_OP _ 4(kpT) Qg1 (d - 1)!
o (2rhvp)d

x (= Lig(—e"*8T) 4 Lig(—e #/*2T)) . (1.118)

We can develop series (asymptotic) expansions in Dirac (Fermi) regimes.

In the Dirac regime (¢ < kpT), the polylogarithm can be approximated as [41]

Lig(—e*) = =) (s (1.119)
k=0

for |z| < m, with n the Dirichlet eta function. Thus, the pressure is given by

(kpT)4 Q41 (d — 1)!
(2rhvp)d

anﬂ—% p \*F
! kT

(kBT)d+1Qd_1(d —1)!
(27Th’l)p)d

SN () ol )

P(u,T) =8

(1.120)

n(d+1)
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and the carrier density is

8u(kpT)? 10y 1(d —1)!
(27Th’l}p)

Sn(d—1-2k) ( p \*
X};} (2k + 1) (kBT)

n(:uv T) -

1 (1.121)
kpT)* 'Qq_1(d — 1)!
(2mhvp)?
nd=3)( n \*, o 1 4}
6 kgT kgT '
For instance, for d = 2, we find
(kT)* [4n(3)  2mn(2) [ pu \? p\!
j 0 1.122
(h”l}}w)2 s + s kBT + kBT ( )
and
plkpT) [4In(2) 1 ( p p\°
= — | ——= —_— 1.12
(hvp)? T + 6m \ kgT +0 kT ( 3)
Instead, in the Fermi regime (¢ > kgT'), an asymptotic expansion of the polylogarithm is given
by [41]
Ls/2]
s 2k —z
Lis(— —2 Z 3_% +0(e77), (1.124)

for Re{z} > 1, while Lis(— exp(—z)) is sub-dominant and therefore can be neglected. Thus, we find

8|M‘d+1Qd71
(2mhvp)?

D) k) (d = 1)1 (kT2
d+1—20)1\ u

Pu,T) =

X
k=0

(1.125)
dHQd,l

_ 8l 1
(2rhvp)d | 2(d+1)d

ksT\? kT \*
(%) o)
12\ n %

)
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and the carrier density is

_ 81u/* sgn (1) Q-1

T
. %%J n(2k)(d — 1) [ kpT\
pars (d — 2k)! u
; (1.126)
_ 8l sgn(p)Qa— | 1
(2’/Th’UF)d 2d
2(d—1 T\* T\*
+ M (kB) + O(l{:]g) ,
12 1% Iz
Again, for d = 2, we have
wP |1 7 (kgT\? keT\"
P = - — o — 1.127
(hwp)? | 3m 3 w * I ’ ( )
and
2 2 4
w?sgn(p) |1 7w (kgT kT
=— -4+ = — e 1.128
n ()2 [W+3< p +0 . ( )
Thus, we find the following coefficients
cF = Bl 1 (1.129)
0 (2rhvp)d 2(d+1)d '
8lu M gy 7
F_ . 1.130
G (2rhwp)d 12 ( )
and
kpT) Q1 (d —1)!
ch = UL )(QMZF;EI ) n(d +1) (1.131)
d+1 —1)! —
ClD _ 8(]{,‘BT) Qd_l(d 1). n(d 1) . (1.132)

(27Tﬁ'l}p)d 2

When screening is not negligible, these coefficients get renormalized. For instance, the Dirac

coefficients for d = 2 and T' — 0 become [42]

3 o 2
Cé?_smn(?))( OE?) (1.133)
b (ksT)*Qun(1) (a(T))?
Ci _8(27rin)2 5 < o ) , (1.134)
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with a(T") given in (1.26).

1.B General Nondimensionalization

A critical aspect of these derivations was the correct choice of nondimensionalization scheme.
Depending on the physical regime of interest (Fermi vs. Dirac) as well as the relative size of terms (e.g.
how large ¢ is compared to ogh/ e?), different nondimensionalization choices may be appropriate. To
elucidate the relationship between these various schemes a single, general nondimensionalization can be
performed. In this section, we will use a unit system in which i = vp = kg = l,ef = € = 1. Note: we are
only nondimensionalizing (% = 1, etc), but not normalizing; i.e. we are not requiring that all quantities are
unity (unlike the quantities denoted earlier by carets).

For convenience, the main results are collected here:

0(u) = hotrrmedin [ S0

O(T) = g9~ zP+3Iml _O(m)
O(P) = 50 “Frp+ St mt St m|
O(n) = eF9= 8P+ m+ <t Im|

(1.135)

0(8,) = e+ o “Fhp+ St mt St ml

O(u)

O(A) = e 5 a5t p= 4t m— 2t m| /

Here, we have defined four parameters 1%: d the spatial dimension, m € Z\ {0}, p€ N> 0, and ¢ € N > 0.

19 Note that one combination of parameters is not allowed in this derivation: m < —1 and ¢ = 0. Owing
to the thermodynamic relations, m < —1 implies that 77 will depend on density and pressure of the form
N14|m| and Pj . We are able to manipulate the results for m = —1 (cf. § 1.C.4) to handle these ny and
P; terms. However, for m < —1, these terms cannot be eliminated. If ¢ > 0, then p; and 77 do not appear
in our first-order corrections, so this is acceptable; if ¢ = 0, we would have these 1|y, and Py, terms
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The parameter m is defined as
2
W
M= 0| — 1.136
€ ( kBT> ; (1.136)

and represents the “Dirac” or “Fermi” quality of the system: m > 0 corresponds to increasingly strong
“Dirac”™-character while m < 0 is more “Fermi™like. The parameter p measures the importance of the shear
terms 7: if p = 0, the shear terms enter our first-order correction equations while, for p > 0, it enters at
the (p + 1)-order correction equations and thus are not considered in our analysis. Likewise, the parameter
g measures the importance of the conductive terms og: if ¢ = 0, the conductive terms enter our first-order
correction equations, but they are higher order for ¢ > 0.

The KdV-Burgers coefficients specified in §§ 1.E and 1.F and throughout the paper assume
p = ¢ = 0. When using other choices of p and ¢, it is important to replace n — 7,0, ¢ = (0,0 0(¢)/O(n),
and og — 004,0. This ensures that only the relevant dissipative coefficients appear.

Note that we have specified O(u) = 1 to allow for large background flows O(ug) = 1. Nevertheless,
these results still apply if ugp = 0 (no background flow), in which case u ~ eu; and O(u) = e. Additionally,
these nondimensionalizations assume that v < 1 is small enough that v = 1/v/1 —u2 is order O(y) = 1.

Finally, note that we have assumed O(n) > O(¢).

1.B.1 Parameter Choice

For concreteness, the main paper utilizes a Dirac regime nondimensionalization of m = 1 and
p=q=0 with O() =1 and O(og) = /2.

We also highlight additional terms in the multiple scales expansion arising from the Fermi regime.
These come about from a nondimensionalization with m = —1 and p = ¢ = 0 with O(n) = O(og) = 1.

The alternate derivation for small £ mentioned in § 1.8 would correspond to m =p=1and ¢ =0
with O(n) = O(og) = 1.

It is worth highlighting that different choices of O(og) and O(n) do not affect the calculated results
or observables (cf. § 1.B.3). Likewise, the parameters m, p, and ¢ have minimal, straightforward effects on
the results: p determines whether n and ¢ terms appear in G’; ¢ determines if og appears in G’; and m
determines the form of Pj, and thus 7’ 2°. Otherwise, the results are independent of the choice of m, p,
and ¢. To wit, these choices do not even affect the e-order of observable quantities; see § 1.7.

Using the definition of A, it is easy to check that x > 1 satisfies O(k) = e~1/274 O(og)O0(a) > 1,

which cannot be eliminated.
20Furthermore, m < —1 precludes the choice of ¢ = 0; see footnote 19.
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this provides a constraint on the allowed parameters. For ¢ = 0.1, ¢ = 0, O(og) = /2, and O(«a) = 1 used

throughout the main text, we find O(k) = 1, consistent with our choice of x = 1.

1.B.2 Entropy Divergence

In § 1.7.3, we found that the entropy divergence only depended on the 7 and ¢ terms, to this
order. Using our expressions for the generalized nondimensionalization, we can investigate what occurs for
different parameter regimes.

Recall that (1.112) showed that

—_

0(9,5") = @O(axufw(n) +0(Q)]
(1.137)

1+ 999 05,4 + O(F ).

Restricting our attention, as usual, to u < 1 such that v = 1/vV1 —u? =~ 1, we see that O(F;,u”) =
O(E;) = O(05¢) = O(05An). Thus, using the results from § 1.B, we have
O 0@:)*e* > 1, | 0Q)
e’ + €
o) O(n) (1.138)

1 1
el fgatamtziml g 6‘”’”*""'} :

0(9,8") =

Here, the terms in the square brackets represent the 7, ¢, JQE%7 00 E,0z 1, and 0 (0, )2 terms respectively.
Hence, we recognize that increasing p causes the 1 and ( terms to be less relevant, while increasing ¢ does
the same to the o terms. Furthermore, the leading factor of 11/T for the o terms in (1.112) causes these
terms to be higher order when m > 0 (i.e. when p/T is small), as expected. Finally, note that 1.135 were

defined under the assumption O(n) > O(¢), so O(¢)/O(n) in (1.138) can be, at most, unity.

1.B.3 Order of Dissipative Coefficients

Notice that we have left O(og) and O(n) undetermined. There is some subtlety in choosing these

parameters. This most obvious manner to proceed involves using existing theoretical predictions [4] for
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their magnitude 2'; for instance, in d = 2,

%%Tz Dirac.
N~ - (1.139)
3u’|n .
647 lljln(oz*1 VT2 Fermi,
and
0{‘!122 Dirac,
ogQ = (1.140)
1  Fermi,

with o &~ 4/ ln(lO4 K/ T). Ignoring logarithmic corrections, these will then generate compatibility conditions
on the parameters m, p, and gq. Nevertheless, such a choice is only valid in the infinitesimal ¢ limit: we
must assume ¢ is small enough that all the numerical prefactors—like 3/64mw =~ 0.015 for n in the Dirac
regime—are considered order-1 (i.e. O(¢%)). If ¢ is large enough that, for instance, 3/64m ~ ¢, then this
assumption breaks down.

Alternatively, one could instead calculate the numerical values for og and 7 from the existing
theories. For instance, in § 1.4, we calculated og = 0.20 for our choices of parameters. This value can
then be compared to the expected value of € to determine the correct scaling. Continuing our example,

/2 'While this method is somewhat more ad hoc than the previously

assuming € ~ 0.1, we found og ~ ¢
described one, it has the benefit that it is now valid in a neighborhood of the desired € rather than for

solely infinitesimal e. This is the method used in the main text since we are considering € small but finite.

1.B.4 Derivation: Dominant Balance

Now, we will derive the results given at the beginning of § 1.B. These results follow from the
application of dominant balance.

First, we define a small nondimensional parameter ¢ < 1 as our expansion parameter: that is, all
terms will be expanded in integer powers of € as y = yg +¢cy1 + . . .. Further, we will assume that all leading-
order quantities are uniform in space and constant in time (i.e. y(x,t) = yo + ey1(x,t) +...). This implies
that derivatives will always generate one extra factor of e: O(0,y(x,t)) = O(0ueyr(z,t)) = e0(0,) Oy).

Next, we introduce the parameter m € Z \ {0} as

em = 0(%)2. (1.141)

2INote that the expression for 0@ in the Fermi regime lacks numerical factors; see Miiller et al. [43] for
the exact expression for the (screened) Fermi case.
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We require that m be an integer since it enters in an asymptotic expansion of the equation of state P(u,T);
since our main equations are expanded in integer powers of £, we must also have this asymptotic expansion
in integer powers of €. Also, notice we used the square of u/T}; it is easily seen that the asymptotic
expansion of P(u,T) only involves even powers of /T since it is an even function of u/7T" ?2. Thus, we
see that the Dirac regime follows when m > 0 and the Fermi case corresponds to m < 0; the m = 0
case is excluded because then the thermodynamic equation of state (cf. (1.117)) cannot be expanded in a
series/asymptotic expansion.

With this definition, we are able to collapse the two different nondimensionalizations of the
pressure. From the thermodynamic equation of state (1.117), we see that O(P) = O(T)**" for Dirac and
O(P) = O(u)™™ for Fermi. Therefore, we have O(P) = g(d+)m/4+(=d=D)|ml/4 (7)1 ip general. Likewise,
the charge density can be nondimensionalized as O(n) = el™|/20(P)/O(T) = e(@+Dm/4+(=d+Dlml/4 o(T)?,

Now, we begin using dominant balance to impose restrictions based on our desire that certain
terms appear at certain orders. Here, we must use some foresight about which terms the equations will
contain. To ensure that we have wavelike solutions, we want the terms appearing in the leading order
equations to match those in § 1.6. Since we want the dispersive electromagnetic terms d;ded2n to appear
at as first-order corrections, this means the nondispersive electromagnetic term d,n must appear at leading
order. Thus, the two electromagnetic terms must differ by one factor of e: this imposes O(d;) = £'/2/0(8,);
this is our first assumption. Requiring the nondispersive electromagnetic term to enter at leading order
enforces 00, P) = O(And,n) yielding our second assumption: O(A) = e(~d=1m/4+(d=3)m[/4 () =41

Next, we wish the leading order equations to be satisfied even if ug = 0. Setting ug = 0
and performing a dominant balance on the leading charge conservation equation (1.74a) gives O(9;) =
O(u) O(9,,), our third requirement. Another dominant balance on the leading momentum conservation
equation (1.74b) yields O(u) = 1, our fourth and final requirement.

Moving onto the shear- and bulk-viscosity terms, we introduce a second parameter p € N > 0.
This parameter is defined such that p = 0 ensures that the shear/bulk viscosities appear in our first-order
correction equations, p = 1 would push these terms to second-order corrections, and so on. Since we are only
concerned with first-order corrections, this means shear/bulk viscosity is relevant for p = 0 and irrelevant
for p > 0. This is implemented by imposing O(9, P) = =P 0(ndZn), yielding 0(9,) = e? O(P)/O(n).

Finally, we introduce one more parameter ¢ € N > 0 controlling the order at which the intrinsic

conductivity og appears. Similar to the parameter p, the parameter ¢ = 0 yields o terms at first-order while

22Equivalently, Lucas et al. [42] prove P(u,T) only involves even powers by recognizing that the equation
of state is charge conjugation invariant.
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q > 0 corresponds to higher-order terms (which will be neglected in this analysis). It is easy to check that of
the two o terms, the electromagnetic term O(F"?u,) = O(A0,n) is always larger than the thermoelectric
term O(T'0,(u/T)) < O(Ad,n). Thus, we introduce the parameter g as O(edyn) = e~ 10(0d2An). This
implies that O(T) = £¥/2-P/2+Iml/2, /O(n)/O(cq). Using these various relations reproduces the results

given at the beginning of § 1.B.

1.C Adiabatic System

Here, we can utilize the same nondimensionalization laid out in § 1.B for the isothermal system.
This follows because the derivation in § 1.B.4 required that the leading order equations still be satisfied
when ug = 0. However, it is easy to show that, when uy = 0, the leading order energy conservation
equation (1.156b) is equivalent to the leading order charge conservation equation (1.156a) combined with
the isothermal relation between P and n. Thus, the leading order, ug = 0 adiabatic system is equivalent to
the leading order, ug = 0 isothermal system, and the previous nondimensionalization carries over.

Here, we will redo the multiple scales derivation using the adiabatic assumption. Therefore, we
will now include the energy conservation equation (1.10) and allow T to vary dynamically. As we did in

§ 1.6, we expand all of the dynamic variables (including T') in a perturbation expansion.

1.C.1 Perturbative Thermodynamics

We will be using the thermodynamic relationships of § 1.3.3 to write p and T in terms of n and P.
Expanding the thermodynamic variables and collecting powers of € yields the following relations for the

Dirac regime:

Py =T¢ ¢y, (Dirac: C142)
no = 20¢  1uoCa (Dirac: C143)

T C 2 .
P, =P fl)(cu 1)+ ch) (;2) 5m,1] , (Dirac: C144)

2

o Th Ca (1o .
=no|—+—=d-1)+2=(=) 6 Dirac: C145
= o + To( )+ Cy (To) m71‘| ’ (Dirac )
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Py =Py %(dJr 1)+ E;g(dzl)d
+ 2(25(1) +(d— 1)%) (’“T‘g)zam,l (Dirac: C146)
+ 2(‘;2)4%1 + 2(;2)25%2] :
ng =N Z(Q)—F;ﬁ(d—l)—&-;?(d_l);d_m

(Dirac: C147)

e (o raag)(7)
122 (31 @3 ) (1) 4,
Ci \ Mo ( )To Ty !

Similarly, for the Fermi regime, we find

Py = |M0|d+1C0, (Fermi: C148)
no = |po|®sgn(uo)Co(d + 1), (Fermi: C149)
T 2
P =P &(d—k 1)+ G (0) (57”7_1] , (Fermi: C150)
1o Co \ ko
M1 Cl d—l TO 2 .
—no|Prd+ L8 (20) 5, ], Fermi: C151
ny =ng [#0 +C0d+1</¢0 —1 (Fermi )
2(d+1)d
Py= Py |P2(a4 1)+ 2 LD
Ho Ko 2
2
4 ﬁ (2T1 + (d — 1),u1> (TO) Sm—1 (Fermi: C152)
Co\ To to /) \ Ko
2 () e ()
Z 6m— + | — 6’m— )
Co \ 1o ot Co \ o 2
2
—1
N2 = No @d"f'%d(d )
Ho Ho 2
Cd—1/(.T, u1)<T0>2 .
-1 24+ (d-—2)= ) (=) 6,, Fermi: C153
+CodﬂLl(TO—i_( )MO Ho ! ( )

Cod—3(To\* cld—l(To)2
+ 202 (20 G A (20 G
Cod+1<u0> 7l—i—C()d“r‘]- Ho 2

In the Dirac regime, we can invert these relations to write u and 7' in terms of P and n, treating
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these as the independent variables at each order. However, in the Fermi regime, this perturbation expansion
introduces a peculiarity. The Py and ng equations do not contain Tj; therefore, rather than giving the

value of Tg, these equations provide a constraint on Py and ng:

|n0|(d+1)/d

- [Col (v

sgn Cy . (Fermi: C154)

Similarly, the Pj(x,t) and nq(x,t) equations only depend on a single dynamical variable 1 (x,t) (but not
T (z,1)); therefore, these also give a restriction on P; and ny to ensure that Ty(z,t) = Tp is independent

of x and t¢:
P1 n1d+1 C1 2
—_ = Om.—1 - 1.155
P mo d +Cod< ) -1 (1.155)

This requirement will be utilized later.

1.C.2 Conservation Equations

If we again restrict to 1D motion and collect terms by powers of € we get the following equations:

Leading Order:

87’7,1 8 anl 6’11,1 o
Bt +92 ouo—at +up gyt =0, (1156a)
Oe 5 OP; 40Uy 5 0
’7287155 + 72 8t1 + 2ug (g0 + Po)y* at L (1 +ud)(eo + Po)y* e +u0’Y oz —(e1+ P1)
20N 4L 0u
A L Andudyt = = 1.1
+ nou(ﬂ o + UgY o 0, ( 56b)
ouy oP; ouy oP onq 30U
(Eo-l-Po)a + yuo—— Bt + upy (50+Po)87+ 371 + Angy—4— o + Andugy 67; =0, (1.156c)
First-Order Correction:
ona 8 U9 ong o Oug
~—“* —_RH 1.1
BN +7%n 8 +uo B + noy o RHS, (1.157a)
Oe oP, 4 Oug ou
2Ve2 2 2 2 4 0U2
— P, 1 P, —_—
" o +7*u e + 2ug(g0 + Po)v* Bty 24 (14 ud)(eo+ Po)y o
+ugy aﬁ(fz + ) + Anouovaa = RHS, (1.157b)
Oug 0P, ou oP. on
’}/3(60 + PO) 1o + Yuo—=— a1 + ug?y (60 + P0)872 + ({972 + Ang—— o z _ = RHS. (1.1570)

Again, we have used the electrostatic coupling A according to (1.28). See § 1.D for the terms on the
right-hand side.
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1.C.3 Leading Order Equations

Using € = Pd and combining equations like

0 0 5, 0
(ato + “Oax> {Adnov 5% [(1.156a)]

+ (“0;:0 + C%) [(1.156D)]

_ 7<(d + ug)i + uo(d + 1)51) [(1.156¢)] }

At
gives
0 0 0u
=~ = Z )2 (d+ 1) Py(ud — d) =+
0=y <6t0+anx>{7( + 1) Po(ug )atg
82U1
—922(d+ 1P, 1 1.158
Y (d + 1) Pouo(d )8t08x ( )
2 2 o7 PPur
+ [Adng +~7*(d + 1) Py(1 — dug)] 52 (-
This wave equation has solutions f(x + voto) + g(z — voto) with vy given by
(+) _  uo(d—1) Vd Angy?(d — ug)
= — + 1 . 1.1
R T A I R TN TR (1.159)

We will take the (+) sign so that vg = v(()+); the other can be recovered by taking ug — —ug and vg — —vg.

Further, we restrict to unidirectional solutions uq(x,tg,t1) = f(x & voto, t1) for a definite choice of +; here,
we choose (+) as well—the other propagation direction can be recovered by taking vy — —vp.

For stationary perturbations (vy = 0), we can solve for ug:

L [(1/d) + [AnZ/Py(d + 1)]
“0_i¢ 1+[An(2)/330(2+1)} ' (1.160)

For reference, the velocity of propagation in the absence of a background flow (ug = 0) is

2
Vo = :‘:i 1 + Adno

7 CERR (1.161)

In general, ny, u;, and P; have traveling wave solutions; neglecting solutions of the form f(z —
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uptp,t1) that are simply advected by the background current, we find solutions given by

’I’Ll(.lf,to,tl) :’I’Ll(.lf-i-’l}oto,tl)—‘rFl(tl), (1.162a)
Ug + v
ur(w,to, t1) = f%m(x + voto, t1)
no7?(1 + tiovo) (1.162b)
+ F2(t1),
P to,t d+1 to,t
etoh) _ drim@t vl h) g, (1.162¢)
PO d o

Here, we have arbitrary functions Fi(t1), Fa(t2), and Fs(t2); by imposing boundary conditions nq = 0 at
x = Fo0, we set F; = 0. We will allow U (t3) :== F5(t2) to remain arbitrary; this uniform background
current can be superimposed on the soliton solution as in § 1.5 if desired 23. In the Dirac regime, we can
impose P, = 0 at © = +00 to set F3 = 0; however, for the Fermi regime, requiring that Ty(x,t) = Tj

independent of (z,t) restricts the relationship between P, and n;. Hence, we will write F3 as

16 (T
F35(t1)=60m1—-—| — | . 1.163
w(t) =gt (1) (1.163)

1.C.4 First-Order Corrections

Now considering the first-order corrections, preventing secular growth of the higher-order terms
(i.e. ng, ug, etc) requires imposing a compatibility condition on the lower-order terms (i.e. ny, ug, etc). We

can manipulate the system as

) ) 5 0
(6750 + anx) {Adnov % [(11573)]
o 0
+ (uoato + aa;> [(1.157b)]

— {(d + ug)a% +uo(d + 1)6895] [(1.157¢)] }

23Note that it is possible to generate a stationary soliton by appropriate choice of Fy or Fj instead,
though the resulting coefficients will be different.
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1coaQ(d+1)MO o EAY
Fom-1Yg e = 12 \ B T g

(ai + up 6(1)) [(1.157b)]

+7 [(d + ug)a% + uo(d + 1);;] [(1.157¢)]

n2
+ %gx{wg[(l.me)} - [(1.1571))]})

to obtain

YA Py(d 4 1)(d — ug) [(8 + ug 8833)

Bt
1coaQ(d+1)uo o a\?
— 6 i
20 o 2z "ot (1.164)
R <—>2_i
x (”0 oz at0)<”0 dr oty )"
~LOT,

where LOT represents lower-order terms (i.e. nq, uq, etc).

It is instructive here to change variables to X(()i) =z+ U(()i)to. Then, the equation becomes
" (+) _ ()
¥ Po(d+1)(d_“0)< — Vg )

’ { [Z (0 +57) axégﬁ

+

2
N m,—w;;:jd;é zi:(lJruovéi)) 5‘xa(()i)] } e
)
Co o
—LOT

This is where we encounter an apparent problem. Upon inserting our solutions for the lower-order terms,
we find the right-hand side depends on products and derivatives of f (Xéﬂ). This implies that the LOT is

solely a function of Xé+)~

However, we see that functions of the form f (X(+)) are also solutions to the homogeneous equation

in (1.164) due to the presence of the 5»6*’ operator.
0
So, products and derivatives of f (Xéﬂ) appear as inhomogeneous forcing terms that give rise

to secular terms. For instance, terms proportional to f®) (XéH) give rise to solutions of the form
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ng) f® (XSJF)). This grows unbounded in xéf)—and hence, in time ¢. This will eventually cause

|ua| > |u1|, invalidating the perturbation expansion. Thus, unless LOT vanishes identically, it will give rise
to X(()i)—secular terms in uo—i.e. solutions growing unbounded in ¢y or z.

Hence, we require the right-hand side to vanish and we are left with the desired compatibility

equation:

0= (uo+ Uo)i)g(KdVB[nlb

axst
5 1@0’@((14’1)(14’11,0’00)2#78
m-15¢, no T3
83
X = (KdVB[ny)) : (1.166)
axs" 7=0

Here, (KdVB[n4]) represents the Korteweg-de Vries-Burgers equation, discussed earlier, acting on n;:

onq ony ony
i ! /
-A 315 +.7: (+) —&-Bnli(_H
1 %) 0
n o%n (1.167)
+ c’ L Q’ ! np =0;

3 2
axé-l‘) axé'l‘)

see § 1.F for the functional form of the coefficients. Likewise, (KdVB[n4] |UQ:0) represents the Korteweg-de
Vries-Burgers equation without o¢ terms.

It is interesting to note the similarities and differences between the adiabatic KdV-Burgers
coefficients (§ 1.F) and the isothermal coefficients (§ 1.E). For most of the coefficients (A’, B’, and C’), the
adiabatic coefficients are identical to the isothermal Fermi (m = —1) coefficients. The (1 + uov)C1/Cp term
in 7' differs slightly between the adiabatic Fermi case (coefficient (d + 1)/d?) and isothermal Fermi case
(coefficient (d — 1)/d?); the adiabatic Dirac case is completely absent (,, _1) compared to the isothermal
Dirac case. Interestingly, the adiabatic  and ¢ terms in G’ matches the isothermal Fermi terms, while the

adiabatic og term matches the isothermal Dirac one.

1.C.5 Solving the Compatibility Equation

In the Fermi regime (m = —1), the compatibility equation (1.166) no longer has the simple,
decaying soliton solution derived in § 1.5.6. This can certainly be solved numerically. Additionally, we can
generate an approximate solution if we assume that O(og) < 1, (but > ¢ to prevent them from falling to

the next order in our perturbation expansion) and use the same trick as we did in § 1.5.6. Namely, we
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factor out a small parameter § ~ O(og) from og = 66¢g. Then, O(6g) = 1, and we can expand in factors
of 6.

Then, another short multiple scales expansion for n; can be done in § = O(G/.A). To be consistent
with our original perturbation series, we require that ¢ < § < 1. As usual, we expand n; asn; = ngo) +(5n§1)
and 0y, = 07, + 00;,. Then, to leading order, we have

(o + )02 ) (KdVB[n{”)) =0. (1.168)

Q=0

This is satisfied by the KAVB equation,

B 2
‘COngO) = A/a‘rongO) + ‘FlaxéJr)ngO) + ?8X§)+) (ng()))

82(+)7’L§0) (1169)

103 (0) _ /
+ C 3Xé+>n1 g XS

5@ =0

=0.

Now, we further assume that n and ¢ are small; specifically, we assume O(n) < 1,e < O(0) < O(¢). Then,

the solution was found in § 1.5.6 upon replacing G’ with g/|&Q:0:

O (5 ) _ of |eilB]
ny (Xo 77'0) = ¢1(710) sgn(B'C’) sech ( 1200
c1|B’ F'
X {X(()H _ <3l||,4’| sgn(A'C’) + .A,>T():|> ) (1.170)
where
0
c(r) = L)(O) (1.171)
1 + To/Td
with
I /
o ___5AC (1.172)

¢ ey (0)|B] G

5o=0
As mentioned above, we have assumed O(d) < 0(g’/A’|&Q:0) < 1, s0 1/7'50) < L

At the next order in §, we must allow the constant ¢;(0) to become time-dependent on a slow
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time-scale ¢1(0) = ¢1(0, 7). Now, our equation is

(w0 +v0)22c (A Oy + F'0, iy
+B/3X(()+)< © (1))+C 63<+)n1 )

= (ug + 00)32(+> <—5’t1A/”1 + 54<+>g'n§0))

_5 1Co og(d+ 1)(1 + ugup)? 'LL% (1.173)
m,— VQC - 72

< ox§?” (KavBn{")

0 0
= (uo +v0)9 ) <—at1A/ng )L aiéﬂg,ng >) .

In the last line, we used the fact that n ) satisfies the KdVB| _o €quation to simplify the right-hand side.

Integrating twice and dropping constants of integration (we want ng ) = ngl) = 0 to be a solution) gives

ﬁln(l) A0 7—0 (1) +]~"6 ( )N ) +B (9 ( ( © (1))
+C'0%,) n{ (1.174)
0

= 0, A" + 8, G
As before, we note that £y and —£; are adjoints:
/dxg“ (n11>£0n D 4 {0 Lynd ) =0. (1.175)
Thus, we get the compatibility condition
(uo + vo) / n{” (A’aﬁng‘” - g’a§n§°>) M=o, (1.176)

which yields the equation
c1(0,7)%|B'|G" 4

O0r,c1(0,71) = — —. 1.177
101( Tl) ‘C/|A/ 45 ( )
Then, solving this equation and converting back to time ¢; gives
0,0
a(0,ty) = (0.0 (1.178)

1+t /t8)
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with
1 4BA|C|

d - 401(07O)|Bl|g/ 9 (1.179)

with ¢;(0,0) the initial value of the parameter ¢;(¢o, ;). Combined with the result for ¢ (to,t1) ((1.171)
and (1.172)),

t
(to,t1) @.0) (1.180)
©
1+ to/t
with
/ /
0 — A5A1C (1.181)

4 460,18 g’|m:0 ’

we now have a complete solution.

1.D Full Equations

All quantities are expressed in normalized, nondimensional form according to the procedures laid
out in § 1.4 and § 1.B. The energy conservation equations ((1.182b) and (1.183b)) are only used for the
adiabatic setup.

Leading Order:

8n1 8 (9711 28u1

1 p—
Bty T Mot w0 oyt =0, (1.182a)
Oe 0P, 40Uy 40Uy 5 0
28151 + g g 2uo(eo + Po)v! Bty T (1 + ug)(eo + Po)v* B +ug? 51t )
+ Anguonyaa— + Angugfﬁ% =0, (1.182b)
duq oP, ou OP, on ou
73(€0+P0)6 +’Y Oat + upy (€0+P0)67$1 +’7871+A 07 83}1 +ATL(2)U0’}/387$1:0. (1182(3)

60



First-Order Corrections:

a’nz 2 8u2 -

% + ~2nou % Fug—2 4+ n Z7z
ot "% T8 T Ty T
on Ju Ju
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— v? [ugy? (2 + ud)nous + n1 + nouou | a—; — 2 18—; (1.183a)
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Ous Py ou OP: ong 30U
V3 (e0 + Po) 2 G, g+ U0y 3(e + Po)a—2 +78—2 + Angy 8— + Anfuoy® == 12
ou OP ouyq OP
— (g0 + Po)y* 8751 uo’Yﬁl — ¥*[2upu17?(e0 + Po) + (e1 + P1)| == Bt Ul’YWOl
3
didy O"my (1.183c)

7 luo(er + Pr) + (1 + ug)uiy* (g0 + Po)] 5 8

50Uy didy O3u N,
— And (1 + ud)ury® 8— — AnZugy? 13 2 89631 - 2An0uon173$

1 82u 0%u 0%u
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1.E Isothermal KdV-Burgers

All quantities are expressed in dimensional form; to get the dimensionless expressions, simply set

vp = h = lef = kg = e = 1 and remove all factors of €. See § 1.A for the values of Cy and C; and § 1.B for
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the O expressions. The KdV-Burgers equation is given by

.A/ 8’/11 ,87”&1 , ldf 8711 ’ l2f (93711 ’ lref 827’1,1
+B i L= , 1.184
vp Oty T Ox O(nld;) "ozt O(Oplres)” O3 g O(0ylref) Ox? ( )
with
2 Uo—i—vo Polyetd 2 2 2 _
A =2y o vo [vE(d + 1) — ugKo| +upvp(d+ 1 — Ko)}, (1.185)
+vo  Polly
B =" et d2v2 (ug + v0)2[A(d + 1) — Ko(d + 3
7 v% + upug nddhvy { (1o + v0)”4( ) ol ) (1.186)
+ (v} + uovo)?[(d + 1)O(—m) — Kod?]} O(niy)
dids  uo + vo 2
¢ =1 O(D,lre 1.187
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(’U%—'—’U/O'Uo)z Od+ 1 F 0 0 77 d xlref) s

=0
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If we impose vg = 0, then the coefficients take the form given in (1.60). If instead we impose
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ug = Uy = 0, they take the form

Po(d + 1)U8lrefd

=2 1.191

A nohv, ’ (1.191)
P llfd

B = —uv n;d;;fﬂ {d*v3[4(d + 1) — Ko(d + 3)] + v5 [(d + 1)O(—m) — Kod?] } O(nl) , (1.192)
0 F

/ ) dydy 2
= - Ad—— xlre ) 1.1
C ot 3 Vo O(Oplyef) (1.193)
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 enohvl | e2 2 +1
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(1.195)
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VR An%
vg=F——1/ Ko+ —. 1.196
0 T\ Kot g, (1.196)

1.F Adiabatic KdV-Burgers

All quantities are expressed in dimensional form; to get the dimensionless expressions, simply set
vp = h =l = kg = e = 1 and remove all factors of . See § 1.A for the values of Cy and C; and § 1.B for

the O expressions. The KdV-Burgers equation is given by

AI 8n1 ,8n1 , l;.ief 8111 / l?ef 83711 Y lref 82711
v ot T e PO, 0 T )t 028 Ouher) 022 (1.197)
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with

/:2 2 U0+U0 PO(d+1)lref

2 2 2
d— d—1
A @% + ugvo nohvi”, [UO (UF uo) + ugup( )] )
up + vy FPo(d+ l)l}e}dd— 1 ) , .
B = —’}/2 v%- + ugpvg nghv% d [3d’0?~"(uo + 00)2 — (vE + uovp) } O(nlref) ,
dids  ug + vg 9
C' =~ Ad 0(0,1,
Elrefh 3 ’U%—‘ + ugvg ( x ef) ’
Po(d+ Dbt ug +v
! 240 ref 0 0 2 )
= 2U1v%(d -1
d 7 5n0hv§ 1}% + ugg { 1 ( )(UO + UO)(UF + Uovo)
1C (ksTo\:, » . ,
+5m,1dco( o [dvi(uo + vo)® — (vE + ugvo) ]}7
g' = (5 + o) | og_Anov + 72 (ug +v0)?|¢ +2n( 1 — 1 O(Oplrer)
- Enohv% e? ’U% + oo 7o 0 n d zlref) 5

and

o wokd=1) V[ And(eRd—ud)
2 e R O ¥ R A MY Y

(1.198)

(1.199)

(1.200)

(1.201)

(1.202)

(1.203)

If we impose vy = 0, then the coefficients take the form given in (1.60). If instead we impose

ug = Uy = 0, they take the form
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Chapter 2

Wind-induced changes to surface
gravity wave shape in deep to

intermediate water

2.1 Abstract

Wave shape (i.e. skewness or asymmetry) plays an important role in beach morphology evolution,
remote sensing and ship safety. The wind’s influence on ocean waves has been extensively studied
theoretically in the context of growth, but most theories are phase averaged and cannot predict wave shape.
Most laboratory and numerical studies similarly focus on wave growth. A few laboratory experiments
have demonstrated that wind can change wave shape, and two-phase numerical simulations have also
noted wind-induced wave-shape changes. However, the wind’s effect on wave shape is poorly understood,
and no theory for it exists. For weakly nonlinear waves, wave-shape parameters are the phase of the
first harmonic relative to the primary frequency (or harmonic phase HP, zero for a Stokes wave) and
relative amplitude of the first harmonic to the primary wave. Here, surface pressure profiles (denoted
Jeffreys, Miles and generalized Miles) are prescribed based on wind-wave generation theories. Theoretical
solutions are derived for quasi-periodic progressive waves and the wind-induced changes to the HP, relative
harmonic amplitude, as well as the already known phase speed changes and growth rates. The wave-shape

parameters depend upon the chosen surface pressure profile, pressure magnitude and phase relative to
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the wave profile and non-dimensional depth. Wave asymmetry is linked to the non-dimensional growth
rate. Atmospheric large eddy simulations constrain pressure profile parameters. The HP predictions are
qualitatively consistent with laboratory observations. This theory, together with the HP and relative

harmonic amplitude observables, can provide insight into the actual wave surface pressure profile.

2.2 Introduction

The shape of surface gravity waves plays a role in many physical phenomena. Wave shape is
described by the third-order statistical moments, skewness and asymmetry [e.g. 44, 45]. Wave skewness
represents a wave’s vertical asymmetry, while wave asymmetry corresponds to its horizontal asymmetry.
These two parameters are integral in determining sediment transport direction (onshore vs. offshore) and
magnitude [e.g. 46—48], which play key roles in beach morphodynamics [e.g. 49, 50]. Wave shape is also
pertinent in remote sensing, where wave skewness modulates the returned waveform in radar altimetry [e.g.
51-53] and wave asymmetry affects the thermal emissions measured in polarimetric radiometry [e.g. 54-56].
Additionally, these wave-shape parameters play a role in determining ship response to wave impacts [e.g.
57, 58]. Waves propagating on a flat bottom are ordinarily symmetric, although a number of processes can
create asymmetry. While some wave asymmetry-inducing phenomena, such as wave shoaling [e.g. 59, 60]
and vertically sheared currents [e.g. 61, 62], are well understood, the wind’s effect on wave shape is still
poorly understood.

The influence of wind on ocean waves has been extensively studied, although primarily in the
context of wave growth. An initial investigation by Jeffreys [63] was based on a sheltering hypothesis, where
separated airflow resulted in reduced pressure on the wave’s leeward side, causing wave growth. While
conceptually simple, this mechanism has largely fallen out of favour because such separation only seems
to occur near breaking [64] or for steep waves under strong winds [e.g. 65, 66]. Nevertheless, Jeffreys’s
theory has inspired some recent work; Belcher and Hunt [67] developed a fully turbulent model wherein
the sheltering effect causes a thickening of the boundary layer and wave growth, even without separation.
Later treatments utilized different physical mechanisms such as resonant forcing by incoherent, turbulent
eddies [68], vortex forcing from vertically sheared airflow [e.g. 69, 70] and non-separated sheltering [e.g. 67].
Janssen [71] provides an extensive overview of the relevant developments in wind-wave generation theory.
When deriving energy and momentum fluxes from air to water, these seminal theories of wave growth [e.g.
67, 68, 70] utilized a phase-averaging technique, which removes wave-shape information. Thus, although

these wind—wave interaction theories focused on the wave growth rate, no theoretical work has investigated

66



the effect of wind on wave shape in a physically consistent manner.

Measurements and numerical simulations have also been used to investigate the dependence of wave
growth on wind speed. Field measurements [e.g. 72-74] and laboratory experiments [e.g. 75-77] have been
used to parameterize how quickly intermediate- and deep-water waves grow under various wind conditions,
including short fetch [e.g. 78] and strong wind conditions [e.g. 79]. Note that direct measurements of wave
surface pressure (related to growth) are notoriously difficult [e.g. 80]. Similarly, numerical simulations
have also been used to predict wind-induced growth rates. Early numerical atmospheric models used
the Reynolds-averaged Navier—Stokes equations [e.g. 81, 82] to calculate the energy loss of the wind
field. However, these early simulations could only approximate turbulence through a Reynolds-averaging
process. Recent studies have analysed the turbulence behaviour in detail. Particle image velocimetry and
laser-induced fluorescence have been used for turbulence measurements in laboratory experiments and
have revealed turbulent structures above the waves [e.g. 83-85]. This turbulent behaviour has also been
captured through direct numerical simulations of the governing equations [e.g. 86-88] and by parameterizing
subgrid-scale processes in large eddy simulations [LES, e.g. 89-91]. When solving for the atmospheric
dynamics, many of these simulations prescribed a static sinusoidal wave shape while focusing on the
evolution of the wind field, as well as energy and momentum transfers. Therefore, any wind-induced
changes to wave shape were not captured.

While there has been much research regarding wind-induced wave growth, wave shape has
seen relatively little work. Coupled air-water simulations [e.g. 92, 93] and two-phase (air and water)
simulations [e.g. 94, 95] have begun incorporating dynamically evolving waves into their analyses. These
directly model the evolution of both the air and wave fields in a coupled manner in contrast to simulations
prescribing a fixed wave shape. Furthermore, some also qualitatively consider how wave shape evolves
under the influence of wind [e.g. 96-98]. However, theses analyses are focused on other parameters and
do not quantify precisely how the wave shape changes. Additionally, there have been a small number
of field measurements [e.g. 99] and laboratory experiments [100, 101| that have directly investigated
how wind affects wave shape. It was found that the skewness and asymmetry depended on wind speed
for mechanically generated waves in relatively deep [100] or intermediate and shallow [101] water. In
particular, the wave asymmetry [100], skewness [99] and energy ratio of the first harmonic (frequency 2f)
to the primary wave (frequency f) [101] all increased with wind speed. It would be beneficial to develop a
theory that explains these experimental findings.

In this paper, we develop a theory coupling wind to dynamically evolving intermediate- and
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deep-water waves (kh > 1 with k the wavenumber and h the water depth). We consider the fluid domain
beneath a periodic, progressive wave that is forced by a prescribed, wave-dependent surface pressure profile.
That is, the atmosphere is not treated dynamically. Determining the wind’s effect on wave shape requires
a nonlinear theory. As the surface boundary conditions for gravity waves are nonlinear, the equations are
solved using a multiple-scale perturbation analysis where the wave steepness € := a1k (with a; the primary
wave’s amplitude) is small and new, slower time scales are introduced over which the nonlinearities act
[see, for example, 102]. This formalism has been used to derive the canonical Stokes waves, which are
periodic, progressive waves of permanent form in intermediate and deep water [103]. By introducing a

surface pressure-forcing term, we will derive solutions of the form

17 = a1 exp(i(kz — wt)) + as exp(i[2(kx — wt) + B]) + . . ., (2.1)

with the real part implied. Here, 7 is the wave height, w is the complex wave frequency, and a1k = € and
ask = 0(52) are the non-dimensional amplitudes of the primary wave and first harmonic, respectively.
We have defined a new parameter, the ‘harmonic phase’ (or HP) 3, which is analogous to the biphase,
a statistical tool [59]. Both wave skewness and asymmetry depend on the HP g and relative harmonic
amplitude as/(a?k). For example, both skewness and asymmetry are zero for linear waves with as/(a?k) = 0.
For deep-water (kh >> 1) Stokes waves without wind forcing, as/(a?k) = 1/2 gives non-zero skewness, but
B = 0 yields no phase difference between the primary wave and first harmonic in (2.1). Indeed, unforced
Stokes waves are exactly symmetric at all orders [104].

Three surface pressure profiles, derived from the theories of Jeffreys [63] and Miles [69], are included
in the perturbation expansion. Using the method of multiple scales, Stokes wave-like solutions are derived,
giving the wave-shape (via az/(a?k) and ) dependence on the wind-induced surface pressure profile.
Additionally, wave growth will result from the fact that Im{w} is no longer zero [e.g. 69]. These solutions
reduce to unforced Stokes waves when the pressure forcing vanishes.

In § 2.3, we set up the equations and define the different pressure profiles used. Section 2.4 begins
the general derivation covering a range of realistic pressure magnitudes, which is continued in § 2.A. As a
key aspect to the derivation, the non-dimensional pressure p’ is included in the leading-order equations
(p’ = O(¢g)), which is the most general approach by allowing the substitution of p’ — ep’ or p’ — &2p/,
generating weaker p’ = O(e?) and p’ = O(?) solutions (cf. § 2.A.6). Section 2.5 details the results of
this analysis. In § 2.6, we clarify the solutions’ time scale validity, relate the pressure parameters to LES

simulations, compare our results to laboratory observations and compare the surface pressure form with
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existing data. Section 2.A extends the general derivation to higher orders in € to demonstrate a weak

amplitude dependence of the shape parameters.

2.3 Theoretical background

2.3.1 Governing equations

Here, we specify the equations governing the water dynamics. Homogeneous, incompressible fluids

satisfy the incompressible continuity equation,
V.u=0, (2.2)

within the fluid. We assume irrotational flow and write the water velocity u in terms of a velocity potential
¢ as u = V¢. We define a coordinate system with z = 0 at the initial mean water level, positive z upward
and gravity pointing in the —z direction. We assume planar wave propagation in the +z direction and

uniform in the y direction. Then, the incompressibility condition becomes Laplace’s equation,

¢  0%¢
=0. 2.3
ox? + 072 (23)
Assuming uniform water depth with a flat bottom located at z = —h, we impose a no-flow bottom
boundary condition
0
9 _ 0 at z=—h. (2.4)

0z

Finally, the standard surface boundary conditions [e.g. 105] are the kinematic boundary condition

96 _9n 99 dn

= 2.
9: ot Tozor M FTM (2:3)
and the dynamic boundary condition
P d¢ 99*  99°
— - t z=m. 2.6
0= pw—i-gn-i-at—f— (8x +8z at z=n (2.6)

Here, g is the acceleration due to gravity, p,, the water density, n(x,t) the surface profile and p(x,t) the
surface pressure evaluated at z = 7. Note that we have absorbed the Bernoulli constant from (2.6) into ¢

using its gauge freedom ¢ — ¢ + f(t) for arbitrary f(t). In § 2.3.3 we specify the surface pressure profiles.
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2.3.2 Assumptions

Our analysis is characterized by a number of non-dimensional parameters. The wave slope ¢ := a1k,
assumed small, will order our perturbation expansion. Additionally, we will restrict our attention to
intermediate and deep water by requiring that the non-dimensional depth kh Z 1 so that the Ursell
parameter is small, ¢/(kh)®> < 1. An additional parameter is the non-dimensional surface pressure
magnitude induced by the wind discussed in §§ 2.3.3 and 2.3.4. We seek waves with wavelength \ = 27 /k

travelling in the x direction that are periodic in x and quasi-periodic in ¢
n(z,t) =nlz+ \t) =n0,t) and ¢(z,2,t) = d(z+ A 2,t) = (0, 2,t), (2.7)
with 6 defined for right-propagating waves (Re{w(t)} > 0) as

0= kx — / Re{w(t)} dt, (2.8)

which is analogous to the standard kz — Re{w}t, but allows for a complex, time dependent frequency w(t).
Additionally, we neglect surface tension ¢ by restricting to wavelengths A > 2 cm, implying a large Bond
number (pg/k%*c > 1). Furthermore, we assume no mean Eulerian current. Finally, we seek a solution of a
single primary wave and its bound harmonics. Including additional primary waves permits us to study the
wind’s effect on sideband instabilities [e.g. 106] but is beyond the scope of this work.

In the dynamic boundary condition (2.6), we incorporated the normal stress (surface pressure) but
neglected the shear stress as it is usually significantly smaller than the normal stress [e.g. 90, 107, 108].
Additionally, we note that surface shear stresses cause a slight thickening of the boundary layer, which is
equivalent to a pressure phase shift on the remainder of the water column [109]. Therefore, we can include
the effect of shear stresses through a phase shift in the pressure relative to the wave profile. Hence, in this
investigation we only consider pressures acting normal to the wave surface.

The irrotational assumption was motivated by our assumption that vorticity-generating wind shear
stresses are small. Additionally, any such vorticity is constrained to a thin boundary layer just below the
wave surface [109]. Finally, viscous forces vanish—mnecessary for Bernoulli’s equation (2.6)—for any flow
that is both irrotational and incompressible (with constant viscosity; e.g. Fang [110]). Thus, we will assume

irrotational, inviscid flow throughout the fluid interior.
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2.3.3 Surface pressure profiles

Here, we define the surface pressure profiles used in the analysis. The Jeffreys [63] theory yields a

(‘Jeffreys’) surface pressure profile,

ps(z,t) = San2%7 (2.9)

with p, the air density, U a characteristic wind speed and s an empirical, unitless constant. Although the
Miles mechanism is now favoured for gently sloping waves or weak winds [66], the Jeffreys mechanism is
still relevant for steep, strongly forced waves [e.g. 65]. The simple, analytic form of the Jeffreys forcing also
lends itself well to theoretical treatments. Indeed, many treatments [e.g. 111-113] approximate the Miles
forcing by a wave slope coherent pressure p  9n/dx equivalent to our Jeffreys-type forcing (2.9).

The Miles [69] theory of wind—wave growth gives a (‘Miles’) surface pressure profile of the form
pu(x,t) = (d + iB)anana(x, t), (2.10)

with & and B empirical, unitless constants. Additionally, 1, the analytic representation of 7, where the
analytic representation of a real function f(z) is f(z) +if(x) with f(z) the Hilbert transform of f(z) (for
our purposes, only two representations will be relevant: the analytic representation of cos(z) is exp(iz)
and that of sin(x) is —iexp(iz)). This theory was developed for a linear, sinusoidal (i.e. primary) wave
without harmonics. Note that (2.10) shifts each harmonic exp(imkz) by the same phase, tan~'(3/&), but
by a different distance, mtan™! (5 /&)/k, distorting the pressure profile relative to n. This pressure profile
gives no wave-shape change at leading order (§ 2.A.5) and, since wind-induced shape changes have been
observed experimentally, they will not be discussed further here.

Another suitable generalization, capturing the motivation behind the Miles profile, is specifying
the surface pressure as phase shifted relative to n. This prescription is more appropriate for nonlinear
waves since all harmonics are shifted the same distance. Thus, we define another (‘generalized Miles’)
surface pressure profile as

pG(@,t) = rpaU%kn(ke + . 1), (2.11)

with r a new, unitless constant and a new parameter, the ‘wind phase’ ¥ p, which corresponds to the phase
shift between the wave and pressure profile, has been introduced. As the surface pressure is elevated on

the wave’s windward (relative to the leeward) side, ¥p > 0 corresponds to wind blowing from the left,
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assuming ¢¥p € (—m, w]. Note that the wind phase ¢ p is a free parameter for the pressure profile. Although
1p likely depends on other factors such as wave age, determining such a relationship is outside the scope
of this work. For a single primary wave, we treat ¥p as a fixed parameter (for a given wind speed) which
is assumed known—possibly from experiments or simulations (cf. § 2.6.2).

To facilitate comparison, the various pressure profiles are written in a common form. Inspired
by similarities in (2.9)-(2.11), we define a non-negative pressure magnitude constant, P, which implicitly

encodes the wind speed. For instance, (2.9)—(2.11) suggest
P x p,U?, (2.12)

although this form serves only as motivation, and the particular U dependence will be immaterial to
our analysis. Since the definition of € := a1k implies k|n| = O(e), we see from the various definitions
(2.9)~(2.11) that

Op)) = O(=P). (2.13)

We will define P; for the Jeffreys profile such that

on(a, t
ps(x,t) = £P; T’g; ) (2.14)

with the plus sign for wind blowing from the left. Likewise, we will rewrite the generalized Miles profile as
pa(x,t) = Pgkn(kx 4+ ¥p,t). (2.15)

The constant P is subscripted to denote Jeffreys (Py) or generalized Miles (Pg) when the distinction is
relevant. In § 2.4, these two surface pressure profiles, (2.14) and (2.15), are expanded in a Fourier series
to yield simpler equations. Expanding an arbitrary function f(x) in a Fourier series as the real part of

flx)=> .0 fm exp(imkz) with m € N yields

ﬁJ,er(t) = :I:lkaJﬁm (t>7 (216)
PG,m(t) = kPg exp(imip)fim (t). (2.17)

Therefore, we will generically write
ﬁm(t) = kpmﬁm(t)a (218)
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Figure 2.1. (a) Non-dimensional, right-propagating Stokes wave kn (2.19) as a function of phase
0 = kx — wt with € = 0.2. (b) Normalized surface pressure profiles p(f) as described in (2.14) and (2.15);
see legend. The maximum pressure magnitude is normalized to unity (arbitrary units), and a value of
1p = 7/2 was chosen to facilitate comparison with the Jeffreys profile with ¢p positive corresponding
to wind blowing to the right.

with P,, = mP; exp(iyp) and ¢p = +m/2 for Jeffreys and P, = Pg exp(imyp) for generalized Miles
profiles. Although we highlight these two forcing profiles, we stress the derivation’s generality. The results
apply to any pressure profile (2.18) that results from a convolution of 7(z,t) with a time-independent
function f(z), each yielding a specific P,,. For example, P, could be chosen to match numerical simulations
(cf. § 2.6.4).

To make these definitions concrete and contrast the different forcing types, a deep-water, second-

order Stokes wave

kn(0) = e cos(6) + %52 cos(20) (2.19)

is shown for e = 0.2 in figure 2.1(a) with phase § = kx —wt. The Stokes wave profile is used to compute both
(unity normalized) surface pressure profiles (figure 2.1(b)). These two pressure profiles, (2.14) and (2.15),
are largely similar to each other, although differences arise due to the Stokes wave harmonics. The

derivative in the Jeffreys profile (blue figure 2.1(b)) multiplies each Fourier harmonic by its wavenumber,

73



mk, enhancing higher frequencies. In contrast, the wind phase v p, measured left from 8 = 0 to the pressure
maximum, shifts the entire pressure waveform relative to the surface waveform 7 for the generalized Miles
profile (orange, figure 2.1(b)). The LES numerical simulations of Hara and Sullivan [90] and Husain et al.
[108] show ¢ p ~ 37w /4 for a variety of wind speeds (§ 2.6.2). However, in figure 2.1(b), ¥p = 7/2 is chosen

for the generalized Miles profiles to facilitate comparison with the Jeffreys case (for which ¢p = £7/2).

2.3.4 Determination of pressure magnitude P

We will use existing experimental data to determine the magnitude of P in various contexts.
Assuming a logarithmic wind profile, Miles [69] derived the wave-energy growth rate v, normalized by the

(unforced, linear, deep-water) wave frequency f§°, for the pressure profile py; (2.15)

Y 5 Pa U2 PG .
— =210— =27 sin(¥p), 2.20
I o P~ ol ) (2:20)

where, c§° = \/9/7 is the unforced, linear, deep-water phase speed, p,, is the water density and (2.12) is
used to define Pg. Using the value ¢p = 37/4 from Hara and Sullivan [90] and Husain et al. [108] gives
Pek/(pwg) = 0.23(v/ f5°).

Furthermore, we use empirical data relating wind speed U to growth rate to constrain the Pg
pressure magnitude constant in deep water. Figure 2.2 shows the energy growth rate v/ f§° as a function
of inverse wave age, u,/c5® with w, the friction velocity. The empirical observations of v/ f§° versus u./c§®
in deep water collapse onto a curve permitting a conversion from u. /c3° to v/ f§° and yielding Pak/(pwg)
(2.20).

Here, we consider [p|k/(pwg) = O(€) to O(e?), or Pk/(pwg) = O(1) to O(e?)—cf. (2.13). If we
assume € ~ 0.1, ¥p = 37/4, and p,/p, = 1.225 x 103, then (2.20) shows we are considering growth rates
v/ f§° ~ 4 x 1072 to 4. Referring to figure 2.2, we see these reside mostly in the laboratory measurement
regime, corresponding to u,/c® ~ 5 x 10! to 5. We can approximate Ujo using logarithmic boundary

layer theory [e.g. 115]
kU1o

{10 m);/z0] (2.21)

Uy =

with & = 0.4 the von Karman constant and zg ~ 1.4 x 1075 the surface roughness parameter for 2m long,

0.1m high deep-water waves, as one might have in a wave tank [116]. Substituting these values, we find

U10 ~ 34u*7 (222)
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Figure 2.2. Non-dimensional, deep-water wave-energy growth rate v/ f5° versus inverse wave age,
uy /5 with u, the wind’s friction velocity and ¢§° = 1/g/k the unforced, linear, deep-water phase

speed. The filled symbols represent laboratory measurements while the hollow symbols represent field
measurements [from 114]. The solid line represents the fit parameterized by Banner and Song [111].
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yielding Uyo/cf® ~ 1 x 10! to 1 x 10%, or Ujp ~ 3 x 10 ms ! to 3 x 102 ms ! assuming a deep-water
dispersion relation.

It is interesting to examine the pressure-forcing magnitudes used previously. Phillips [68] modelled
wave growth using a different mechanism, but the pressure forcing was included at the same order as
n. That is, |plk/(pwg) = O(€), or Pk/(pwg) = O(1), implying /5 = O(1). Referring to figure 2.2,
this corresponded to strongly forced waves and a fast wind (u./c§® = O(1)). Other theoretical works
have used |p|k/(pwg) = O(g?) le.g. 106, 113, 117] or |p|k/(pwg) = O(g®) le.g. 118-120], corresponding to
Pk/(pwg) = O() and Pk/(pwg) = O(g?), respectively. Thus, the choices of Pk/(pwg) = O(1) to O(£?)

are all relevant in the literature.

2.3.5 Multiple-scale expansion

As mentioned in § 2.3.2, we will utilize an asymptotic expansion in the small wave slope € = a1k
to prevent secular terms in this singular perturbation expansion. While nonlinear wave theories often use
an ordinary Stokes expansion (i.e. a Poincaré-Lindstedt, or strained coordinate, expansion), this does not
permit the complex frequencies required for wave growth. Instead, we employ the method of multiple

scales and replace t by a series of slower time scales depending on € such that ¢ty = ¢, t; = t/e, etc, yielding

0 0 0

Additional time scales t, and t3, inversely proportional to €2 and €2 respectively, are required in the 0(54)
derivation of § 2.A. This is exclusively a temporal multiple-scale expansion. While a spatial multiple-scale
analysis would also permit the study of surface pressure effects on modulational instabilities [106], we solely
focus on the wind-induced shape change of a single wave.

As discussed in § 2.3.4, the non-dimensional pressure forcing can have magnitudes ranging
from Pk/(pwng) = O(1) to O(e?). Writing Pk/(pwg) = O(") for n = 0 to 2, we will show that the
derivation must be solved to 0(5’”2) to demonstrate shape change. Many theoretical treatments using
Pk/(pwg) = O(£?) only utilize O(¢?) equations like the nonlinear Schroedinger (NLS) equation [e.g. 119,
120] or Davey—Stewartson equation [e.g. 118]. Therefore, no shape change would be derived without
going to higher order. In contrast, both Brunetti et al. [113] and Brunetti and Kasparian [106] coupled
a moderately strong wind Pk/(p,g) = O(g) to a slowly varying wave train and derived an 0(53) forced

NLS equation. Although solved at sufficiently high order to show wind-induced shape changes, neither
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reported results for the first harmonic. Instead, these focused on wind-forced wave packet evolution, with
Brunetti et al. [113] finding various envelope solitons for the primary wave and Brunetti and Kasparian
[106] deriving an enhancement of the primary wave’s modulational instability.

In §§ 2.A and 2.4, we include the pressure in the leading-order equations, i.e. Pk/(p,g) = O(1),
which is the most general case. The leading-order contributions to the shape parameters 3 and as/(a?k)
are found at 0(52), while the higher-order corrections occur at 0(54) (§ 2.A). From the full 0(64) solution,
shape changes for Pk/(pwg) = O(e) or Pk/(pwg) = O(?) can be found by substituting P — P or
P — £2P, respectively (cf. § 2.A.6).

2.3.6 Non-dimensionalization

Non-dimensional systems are useful in perturbation expansions. Here, a standard non-dimensionalization

[e.g. 121] is performed by defining new non-dimensional, order-unity primed variables

(2.24)

Notice the € factor in the equations for 77 and ¢ since these are assumed small. Unlike in the standard Stokes
wave problem, the surface pressure must also be non-dimensionalized. As shown in (2.13), O(|p|) = € O(P).

Thus, we find p and P (as well as their Fourier transforms) are non-dimensionalized by

N ePkN pwg, ;
(pm)—O(pwg) PP, (2.25)
2 PE N pwg 1 p
PP, =0(— PP, 2.2
(.2 = o 25 ) 28 ) (2.26)

with p/(z,t) and P’ (as well as their Fourier transforms) now order unity and dimensionless. For the
remainder of the paper, primes will be dropped and all variables will be assumed non-dimensional and

order unity, except where explicitly stated.

2.4 Derivation of wave-shape parameters

We now couple a prescribed surface pressure profile (2.18) to the nonlinear wave problem (2.3)—(2.6)

to derive the wind’s effect on wave shape. In this section, we will ultimately find an expression for the
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non-dimensional surface profile of the form

n=eAi(t1,...)exp(i(z — woto)) + 2 Aa(t1,...)exp(i[2(x — woto) + B]) + ..., (2.27)

where the real part is implied and wy is the leading-order approximation to w defined in (2.8). Note
that we are not assuming this as a functional form for 7, but are only giving a preview of our final
result. A comparison of non-dimensional (2.27) with dimensional (2.1) shows we will have (ignoring
the time dependence; cf. § 2.A.4) a1 = €Ay, ay = €2 A5 /k, etc, so Ay/A? = ay/(atk). Both the HP 3
and ay/a? encode information about the wave shape. We take the ratio as/a? because we will find that
ag o exp(2Im{wp}to) while a; x exp(Im{wp}tp). As we are mainly interested in the shape, the growth is
removed by using the ratio as/a?.

Now, expanding our non-dimensional variables in an asymptotic series of ¢, we have

n = ZEnnn(ﬁ,t(),tl,...), (228)
n=1

¢=> e"n(x, 2 t0,t1,...), (2.29)
n=1
o0

p= Z e"pp(w,to,t1,...). (2.30)
n=1

Choosing Pk/(pwg) = O(1) gives p; # 0. Laplace’s equation (2.3) and the bottom boundary condition
(2.4) are linear and—unlike when spatial multiple scales are employed [e.g. 121]—can be satisfied identically.
Laplace’s equation is solved via a Fourier transform and, with the bottom boundary condition, has solution
(real part implied)

cosh[m(z + h)]

Slnh(mh) exp(imx)én,m(toa tla . ')a (231)

¢n(x,z,t0,t1, .. ) = émo(to,tl, .. ) +

with arbitrary m € N5 and arbitrary functions gzgn}o(to, t1,...) and (;Abmm(to, t1,...). Note that we imposed
the no-mean-current condition by choosing (u) = (0,¢) = 0 at each order n, with (-) the spatial average

over one wavelength. Furthermore, to express the surface pressure profile p,, in terms of the surface height
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N (cf. (2.18)), all variables are written as Fourier series

m=n

nn(-r7 tOy tl; .. ) = Z exp(imx)ﬁn,m(t07 t17 .. ')7 (232)

m=0
m=n

On(z,2,t0,t1,...) = Z exp(ima) p m (to, t1, - . .)

m=1
m=n

pa(@,to,tr,..) =Y exp(ima)pm.a(to,t1, ...). (2.34)

m=0

cosh(m(z + h))

smb(mn) T+ onoltorti-), (2.33)

Aside from the pressure expansion, this follows the standard Stokes expansion methodology [e.g. 102].
Other texts, such as Mei et al. [121], treat the Stokes expansion using both slow time and spatial scales,
but such spatial expansions are outside the scope of this paper (cf. § 2.3.2). Recall that we previously

related (cf. (2.18)) the Fourier transform of the surface pressure to the surface profile,

f)m,n(tO;tl,"') - Pmﬁm,n(t()atl;"')' (235)

Thus, p has higher-order corrections because 7 has higher-order Stokes-like corrections.

We now expand the kinematic (2.5) and dynamic (2.6) boundary conditions in € and collect terms

order by order.

O(e) :
om 091
S~ 95 =" (2.36)
I _
nm + £ +p1 =0, (2.37)
0(?)
0y Oz _ Om  Om 04y 06
9z 0ty ot | 0w ox M a2 (2.38)
06y , ~_ 001 061 1(081\* 1(06:\*
T B TP T T M 2(833) o\2z ) (2:39)
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Ops  Ong _ Ong  Om | Onp 01 Om O¢ Om 0%¢n %o

9z Oty Oty oty oz or  ox 0r " or o006 922

(2.40)
1 ,0% 0%y
T Mg R
T N P O
BT 0t TT T, T an 20201, Mozot, 90t (2.41)
L Por 00060 06,00 06100, O 0% |
Nozot,  0x 0x M or dxd: 0z 0z 92 922
0(54)
Oy Oma _ Om  Onz Ony  Om Oy Onpdby  Omy 0y | 07
9z Oty Oty Ot, ot Ox d9x Oz dr Oz ox P 922
Im PPy P\ (O OP¢s  Onp Pd1 0’3 + P (2.42)
or 0xdz  0z2 ) "* Ox 0xdz  Ox Ox0z 022 )T 5,3 i '
10m &¢1 10%¢ 5, 19%¢: 4
205 0x0z 202 M 694 M)
LD, 00 0 Om_ 060 _1(06:)" 06100,
Mot TPYT "o, T ot ot 0x Ox £ 9z 0z
L0\ _ P61 (061 Py 060 D1 06196
0z 8t082n3 O0t10z  Otgdz  Ox Ox0z Oz 022
R n Phs 03 O¢1 0P¢o n Oy 1 n 0p1 %dy | D2 81
Dt20z | 0102 | Otgdz | Ox 9z0z | Ox 910z | 0z 022 | 9z 922 ) (2.43)
P (100 106, 1060061 1( 0%\ 1001
Atodz "2 T\ 206,02 T 206002 ' 2 Oz 0x0z | 2\0xdz) | 2 92 923
1(9%¢ ’ o 1P¢1 4
2\ a2 ) )™M T 6ate0.
We solve these equations to O(e?) here and O(g*) in § 2.A.
2.4.1 The O(¢) equations
Proceeding to first order in &, the linearized boundary conditions are
dpr  Om
9o =0 (2.44)
091
(9t0 +m +p1=0. (2.45)
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Inserting the Fourier transforms (2.32)—(2.34) and the pressure profile (2.18) gives

m = 1 Fourier component:

b1 — 8;;;1 =0, (2.46)
8(;5;(;1 coth(h) + fi1,1 + Prijny =0, (2.47)
m = 0 Fourier component:
_a(;]tl(;o =0, (2.48)
a;s ;0’0 + 0+ Poflno = 0. (2.49)

The m = 0 Fourier equations are solved by 7; o = ¢A51,0 = 0 when placing the initial mean water level (n) at

z = 0. Combining the m = 1 equations (2.46) and (2.47) to eliminate 7, ; gives

01
ot}

coth(h) + (1 + 151>€Z>1,1 =0. (2.50)

This is the usual, finite-depth, linear operator on él,l modified by the presence of Py, showing that

q@l,l(to, t1,...) is harmonic. Using a bit of foresight to define the constants, we write

dA)l,l = —iCU()Al(tl)eXp(—into), (251)
giving
. . cosh(z + h
1 = —iwg Ay (t1) exp(i(z — woto))sin(h(h))’ (2.52)
where

wo = i\/tanh(h) (1 + Pl). (2.53)

We choose the (+) sign, corresponding to waves propagating to the right. While A; (¢1) and exp(—iwoto)
always appear together and could be simply left as a single, tp-dependent variable A(tg,t1) € C, we find it

instructive to explicitly write the tp-dependence. Inserting this into the surface boundary conditions gives
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equations for 7,

% = —iwg A1 (t1) exp(—iwoto), (2.54)
Ot
i1+ P = coth(h)wZA: (1) exp(—iwoto). (2.55)
This gives
m = Al(tl) exp(l(:c — tho)). (256)

It is instructive to consider the real and imaginary parts of wy

Re{wo} = \/tang(h)\/l +Re{ P} + \/1 + ‘Plr +2Re{ /1 }, (2.57)
Im{wp} = sgn (Im{ﬁl})\/ mn};(h)\/—l — Re{pl} + \/1 + ‘PI’Q + 2Re{P1}. (2.58)

Notice that the pressure causes growth (Im{wg} > 0) for wind in the direction of the waves (Im{P;} > 0)

and decay (Im{wo} < 0) for opposing wind (Im{P,} < 0). Likewise, observe that an applied pressure,
Py # 0, modifies the dispersion relation (2.57). This phenomenon was also derived by Jeffreys [63] and
Miles [69] for Pk/(pwg) = O(), which we can reproduce by substituting P, — P} in (2.57) and (2.58).

2.4.2 The O(¢?) equations

Proceeding to second order, the kinematic and dynamic boundary conditions are

dp2  Omp  Om . Om Op1 9?1

D Oty o, T or or Moz (2.59)
Lo O Por 1 \° 1[04\
o, TR T\ e ) “alas ) (2.60)

By inserting the Fourier transforms (2.32)—(2.34), we can express ps using (2.35). Inserting the first-order

solutions (2.52) and (2.56) and collecting harmonics yields

m = 1 Fourier component:

- Onp1 041

¢271 — 8t0 = Ttl eXp(—leto), (261)
) - A
8;12’1 coth(h) + (1 + P1)fje1 = iwo% exp(—iwgtg) coth(h), (2.62)
0 1

82



m = 2 Fourier component:

2¢A>2,2 - 8(;7;72 = iwoA? exp(—2iwgto) coth(h), (2.63)
0

8(13272 D\A 1 o0 . 2

e coth(2h) + (1 + Py)fj20 = 1“0141 exp(—2iwoto) (2 — csch’(h)), (2.64)
0
m = 0 Fourier component:
Ona,0
_ A 2.

oty (2.65)
920 ~ L omelun? 2(2 + esch?(h)) )| A; |2 i 2 2.66
i o = 7 (2Refwd} — kool (2-+ esch® () ) | 4x lexp(—ito) (2.66)

Eliminating the various 1) ,, to get equations solely in terms of q327m gives

m = 1 Fourier component:

2 pa A -\ 0Ay .
o2 coth(h) + (14 P1)p21 = 2(1 + P1) rn exp(—iwoto), (2.67)
m = 2 Fourier component:
52(52,2 5v: .1 2 2 2
== coth(2h) 4+ 2(1 + Pa)ga2 = —izwoAiq [2 — csch?(h)|w)
ot ’ 2
0 (2.68)
-2 (1 + Pg) coth(h)} exp(2iwoto),
m = 0 Fourier component:
oo 1 2 2 2 2
2 =3 (2 Re{wj } — |wo|” (2 + csch (h))) |A1]” exp(2 Im{wo }to) Im{wp }. (2.69)
0

Preventing secular terms in 413271 requires that 0y, A1 = 0. This is consistent with standard, unforced Stokes
waves: Stokes corrections to the unforced wave frequency first occur at 0(52), meaning we would only
expect A; to have a to-dependence (which we also observe, cf. § 2.A.1). Solving (2.67)(2.69) for ¢, and

transforming back to ¢» via (2.31) gives

(2 — csch®(h))wd — 2 [1 + 152} coth(h) cosh[2(z + h)]

sinh(2h)

Py = i%A% coth(h) exp(2i(z — woto))

(2 + csch?(h))wd — [1 + pz} coth(h) (2.70)

1

+ m (2 Re{wg} — |wo|2(2 + cschz(h))) |A1\2(exp(2 Im{wo}tg) — 1).

We have included a constant term —1 in exp(2Im{wo}to) — 1 so that ¢ remains finite if P — 0 (i.e.
Im{wp} — 0). We have also dropped the homogeneous solution, which would only amount to redefining

the linear solution, Aj;.
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The surface boundary conditions are now solely equations for 7 p,

7 1 2 + 3 csch?(h)) coth(h
Lgf@ = —i5w} A3 exp(~2ioto) ( ;L CSCQ () coth(h) (2.71)
0 (2 + esch?(h))wd — {1 + P2:| coth(h)
N 1 . . 2 + 3csch?(h)) coth(h)w?
|:1 + P21| 2,2 = Z |:1 + P2:| A2 exp(—21w0t0) ( ( )) ( ) 0 3 (272)

(2 + esch?(h))w3 — [1 + ]52} coth(h)

and 72 0 = f2,1 = 0. These have the solution

P, — P
1+151

> (2.73)

Note that we chose 729 = 0 since we imposed 77 = 0 at ¢ = 0 with our choice of the mean water

Ny = iAf exp(2i(z — woto)) (2 + 3cesch®(h)) coth(h) (1 — coth?(h)

level as our initial datum in § 2.3.1. It is interesting to note that, when 77 = 0 initially, it remains zero for
all times. This implies that the mean water level does not change over time. Another choice of datum
occasionally used [e.g. 122] is the mean energy level (MEL), defined such that 0;¢ = 0 [e.g. 123]. However,
even if we chose 9;¢ = 0 initially by adding a constant A to 7, and a term — At to ¢o, (2.70) shows that
the MEL would still vary with time.

Redimensionalizing, we find

2

A A
n= 5?1 exp(i(z — woto)) + 62?1 exp(2i(z — woto))Cay2 + O(?), (2.74)

where the complex Cs o is the pressure-induced (or wind-induced) correction to the first harmonic

-1
) . (2.75)

We have now found the primary wave fy,—1 = £fj1,m + O(¢%) and first harmonic fy,—o = %22 +

o )

Cy g = ~
2,2 )

(2+3 cschQ(h)) coth(h) (1 — coth?(h)

| =

Note that A%|Cs 2|/k is the quantity denoted As in (2.27).

0(53). Therefore, the amplitudes of the primary wave and first harmonic are respectively

A Ayt

a1 = |fjm=1] = 5# exp(Im{wo }to) + O(?), (2.76)
A3(t

az = |m=z| = E2| 1/5- 2) exp(2 Im{wo }0)|Ca 2| + O(?). (2.77)
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Hence, in order to cancel the tg-dependence, we define the relative harmonic amplitude shape parameter as

as Mim=2
—— = . 2.78
&k @k @7
With this definition, (2.74) becomes
n = a1 exp(i(z — Re{wo}to)) + az exp(i[2(z — Re{wo }to) + B]) + O(c%), (2.79)

where we have absorbed the complex phase of A; into exp(iz) (redefining the x = 0 location) and defined

the harmonic phase 3 as the complex angle of A,,—2/h2,_;

= tan ! I {2 /i1 }
gt ( Re{fim=2/M2—1} ) ’ (2.80)

In general, both 8 and ay/(a%k) will have an expansion in ¢ since #),,—2 will have higher-order corrections.
For instance, the HP § has expansion § = 3y + €31 + . ... Inserting our solution (2.74) into (2.80) gives Bo,

which is just the complex angle of Cs 5 at this order

(L m{le]
tanh?(h) — Re{ [%ﬁ{il} }

. Im{ {152 _ 151] (1 n Pf)} (2.81)

‘1 + 151’2 tanh?(h) — Re{ {152 - Pl] (1 + 151*)}

= tan~ ,

with an asterisk representing the complex conjugate. Similarly, using (2.78) shows that the leading-order

term of ag/(a?k) is just |Co |

-1

2 + 3csch?(h)
4

Py— P
1+151

a
a%ik = |Coa| = coth(h)|1 — coth?(h) (2.82)

Without wind (P, = P = 0), Ca.9 is real and equals (2 + 3 csch?(h)) coth(h) /4, or 1/2 in deep water. Thus,
Py = P, = 0 reproduces the usual Stokes waves values of ay/(ak) = 1/2 in deep water and § = 0.

Asymmetry and skewness are common shape parameters that depend on 8 and as/(a2k). The
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skewness S and asymmetry A are defined as

(%)

S = e (2.83)
H 3
o) 28

with (-) the spatial average over one wavelength and H{-} the Hilbert transform (in z). The average of any
Fourier component exp(ima) over a wavelength is zero for all m # 0 € N. Therefore, only combinations
wherein the z-dependence cancels will contribute. Inserting our solution for n (2.79) into the skewness and

asymmetry definitions (2.83) and (2.84) yields

S = %5|A1\ exp(Im{wo}to)% cos(Bo) + O(£?), (2.85)
A= 7%5|A1| exp(Im{wo}to)(E—Qkj sin(By) + O(£?). (2.86)

By solving the kinematic and dynamic boundary conditions to 0(62), we have generated the
leading-order terms for 3 and as/(a%k). We continue this analysis by solving to 0(54) in § 2.A, deriving the
first non-trivial correction to 3 (2.164), az/(a?k) (2.163) and the complex frequency w (2.170). Additionally,
going to 0(54) also extends our solutions to weaker wind conditions. As outlined in § 2.3.5, we can
substitute P — eP or P — 2P to generate shape parameters for weaker winds Pk/(p,g) = O(¢) or
Pk/(pwg) = 0(52), respectively (§ 2.A.6). In this way, we find the shape parameters’ dependence on our
non-dimensional parameters (kh, e, P and ¢p) and demonstrate weak time and amplitude dependence

over a range of wind conditions from strong Pk/(p.g) = O(1) to relatively weak Pk/(p,g) = O(g?).

2.5 Results

Now, we present the main results of this theory. The harmonic phase 8, harmonic magnitudes a;
and a9, and complex frequency w depend on the four non-dimensional parameters: the wave steepness
e := a1k, water depth kh, pressure magnitude constant Pk/(p,g) and wind phase ¥p. To reduce the
non-dimensional parameter range, we keep a fixed € = 0.2. Recall (§ 2.3.2) the requirement of £/(kh)3 < 1,
such that the expansion remains properly ordered, implies kh > 0.5, although we keep kh > 1. Note
that taking kh to oo yields solutions on infinite depth. The pressure magnitude constant P is P; or Pg,

corresponding to the choice of pressure profile. For both solutions, taking P — 0 recovers the unforced
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Stokes wave.
For the remainder of the paper, we will revert to dimensional variables. In particular, the pressure
constant P is dimensional again and not necessarily order unity. Replacing the multiple time scales with

the true time ¢ in our solution (2.79), we obtain a surface height profile n of the form

kn = (a1k) exp(if) + (alk)Q% exp(i(20 4+ B8)) + ..., (2.87)
1
with the real part implied and 6 defined in (2.8). Note that the growth of the harmonics means that these

solutions are only valid for finite time (cf. § 2.6.1).

2.5.1 Harmonic phase, relative harmonic amplitude and wave shape

The wave shape is a function of the harmonic phase 5, quantifying the relative phase shift between
the primary wave and first harmonic, and the relative harmonic ratio as/(a?k). The solutions for these
parameters are extended to 0(52) in § 2.A.3, applying to all pressure profiles satisfying (2.18) with
magnitude Pk/(p,g) = O(1) to O(e?). We now specialize these results to the two pressure profiles of
interest.

The full, 0(52)—accurate Jeffreys harmonic phase 8; (2.164) is depicted in figures 2.3(a,4a,5a).
To develop a better understanding of its functional dependence, we can consider simpler, limiting cases.

For very small wave steepnesses, ¢ << 1, the leading-order correction (2.81) is

Pk/(pwg)
tanh?(kh) — sech?(kh)P2k2/(p2,g2)

By =+tan™! < > + O(e), (2.88)

with the & corresponding to the sign of ¢p = 7 /2 in the pressure profile. If, instead of assuming ¢ < 1,

we expand (2.164) considering a weak pressure forcing Pk/(p,g) < 1, we find
Pk
By = £— coth®(kh) + O(?). (2.89)

Pwd

The full, 0(52)—accurate generalized Miles B¢ (2.164) is also depicted in figures 2.3(a,4a,5a). For very
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Figure 2.3. (a) Harmonic phase 8 (2.80) and (b) relative harmonic amplitude as/(a3k) (2.78) versus
wind phase ¥ p. Results are shown for Jeffreys and generalized Miles profiles with kh = oo, € = 0.2 and
pressure magnitude constants Pk/(pw,g) = 0.01, 0.1 and 1, as indicated in the legend. The Jefreys 5 is
only shown at ¥p = /2 as that is its implied ¢¥p. All results are plotted using the full, 0(52)—accurate
expressions (2.163) and (2.164). The grey lines are the results for a fourth-order unforced Stokes wave,
and the green dotted line represents ¥p = 3w/4 used in many of the other plots and supported by
numerical simulations from Hara and Sullivan [90] and Husain et al. [108].
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Figure 2.4. (a) Harmonic phase 3 (2.80) and (b) relative harmonic amplitude as/(a3k) (2.78) versus
non-dimensional pressure magnitude constant Pk/(pwg). Results are shown for Jeffreys and generalized
Miles profiles, as indicated in the legend, with kh = oo, ¢ = 0.2 and ¥p = 37 /4 (for generalized Miles).
All results are plotted using the full, 0(52)—accurate expressions (2.163) and (2.164), which include the
Pk/(pwg) < 1 limits for B (2.89) and (2.91), as well as for az/(alk) (2.93) and (2.95). The grey lines
are the results for a fourth-order unforced Stokes wave.
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Figure 2.5. (a) Harmonic phase 3 (2.80) and (b) relative harmonic amplitude as/(a3k) (2.78) versus
non-dimensional depth kh. Results are shown for Jeffreys and generalized Miles profiles, as well as
unforced (i.e. no wind) Stokes waves, with £ = 0.2, pressure magnitude constant Pk/(p,g) = 1 and
Yp = 3w /4 (for generalized Miles). All results are plotted using the full, 0(82)-accurate expressions
(2.163) and (2.164). The grey lines are the results for a fourth-order unforced Stokes wave with kh = co.
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small € <<€ 1, we have the approximation

2
Be =tan" | |2cos(vp) — 1+ Pk] il sin(¢p) [— (f@) cos(yp) — 1

Pwy | Pwg w
-1
Pk Pk PE\? 2.90
— @(cos@wp) + cos(¥p)) + (1 + 27 cos(Yp) + (w9> ) (2- sech%kh))] (2.90)
+ O(e).

Instead of requiring ¢ < 1, we can expand (2.164) while considering a weak pressure forcing Pk/(p,g) < 1
to find

2
Ba = ﬁ(sin(Qz/Jp) —sin(¢p)) coth?(kh) + 1( Pk ) coth®(kh) (sin(éhpp)

Puwg P (2.91)

— 4sin(3thp) + 3sin(24pp) + 2sech? (kh)[sin(3¢p) — sin(wp)]) + 0(%).

Next, we consider the relative harmonic amplitude, a/(a}k). The full, O(e?)-accurate Jeffreys
relative harmonic amplitude (2.163) is shown in figures 2.3(b,4b,5b), but we can approximate it for very

small e < 1 as (2.82)

2 h? 14 P2E2/(p2, g2
(af) _ 203 e RR) k) PR oug”) (2.92)
aik ) 4 L+ P2k?/(p7,g?) csch”(kh)

Inserting a weak wind Pk/(p,g) < 1 in (2.163) instead of requiring ¢ < 1 yields

( as ) 2+ 3csch®(kh)

ay 1 — csch?(kh) Pk
atk 4

coth(kh)[ 1+
( )< 2 Pwg

2
= ) ) + (a1k)’ A+ O(<%), (2.93)
J
with A only a function of kh and defined in (2.161). We now have the direct appearance of the amplitude
a1k with an implicit time dependence due to growth. The full, 0(52)—accurate generalized Miles az/(a%k)q
(2.163) is also plotted in figures 2.3(b,4b,5b). We can simplify as/(a?k)c by assuming a very small wave

steepness € <K 1

1

a2\ _ 2+3csch®(kh) ot (o [2P00P) — 1IPR/ (pug) |~
<a§k>a = 1 th(kh)|1 — coth?(kh) xp(—10p) T Pk (pug) + O(e). (2.94)
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Instead of assuming very small e, we can approximate (2.163) by assuming Pk/(p,g) < 1 to give

a2\ _ 2+ 3esch’(kh) Phy
(a%k) o = 1 th(kh) (1 + wg[ (2¢p) (¢p)] coth®(kh)
+ % (ZZ) Q(COSWP) - 1){3 coth®(kh) cos(3¢p) — 4 cos(2¢p) (2.95)

—4cos(yp) —3 — CSChQ(kh)} coth2(kh)> + (a1k)’ A+ 0(%).

Note that we see a weak amplitude dependence (i.e. a;k terms) appearing in some of these results, such as
(2.93) and (2.95). This amplitude dependence is implicitly present in figures 2.3-2.5 since they show the
full, O(£?) results (2.163) and (2.164) which encode this dependence. However, we do not show the 3 and
az/(alk) dependence on € as these effects are O(£?), or approximately 4% of the leading-order effects in
figures 2.3-2.5.

Figure 2.3 shows the influence of wind phase ¥p on 3 and ay/(a?k) for both the Jeffreys and
generalized Miles profiles with kh = oo and € = 0.2 for a range of pressure magnitudes Pk/(p,g) = 0.01,
0.1 and 1. For the strongest pressure forcing Pk/(p,g) = 1, both the Jeffreys and generalized Miles
profiles induce a harmonic phase magnitude |8| up to 7/4 (figure 2.3a). The Jeffreys value of 8; = 7/4
is placed at ¥p = 7/2 to correspond with its restriction that ¢»p = +m/2. The generalized Miles HP 3
increases from zero at ¢¥p = 0 (figure 2.3a) to roughly 7/16 for the largest pressure, before decreasing
to approximately —m/4 and passing through zero near ¢¥p = 7/2. The weaker pressure forcings show a
much reduced 3 range, cross 5 = 0 at somewhat smaller values of ¥ p and yield much smaller 3 for large
wind phase angles. The angle ¢¥p = 37/4 is denoted by a dashed line in figure 2.3, and this ¢ p is utilized
hereafter, as suggested by Hara and Sullivan [90] and Husain et al. [108].

The relative harmonic amplitude shows opposing behaviour for the two forcing types in figure 2.3(b).
The Jeffreys as/(a2k); = 0.7 for the strongest wind is enhanced relative to the deep-water Stokes value
az/(a?k) = 1/2, while the generalized Miles value is suppressed as(a?k)g < 1/2 for most values of 1p. As
in figure 2.3(a), the weaker pressure magnitudes give correspondingly smaller changes to as/(a%k), although
the small Pk/(p,g) do slightly enhance as/(a?k) for large ¢p. It is worth noting that the strongest
pressure Pk/(p,,g) = 1 suppresses the first harmonic ay as ¥)p — 7, making the wave more linear. However,
as discussed in § 2.6.2, ¥ p &~ 7 is usually observed for very weak winds. As the Pk/(pyg) = 0.1 and 0.01
lines in figure 2.3(b) show, weaker winds show no such linearization. Note that figure 2.3 only depicts

¥p > 0 since § (2.81) is antisymmetric and az/(a?k) (2.82) is symmetric about ¢p = 0. This is seen by
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noticing Yp — —pp = P, — P,
The wave-shape parameters show a particularly rich dependence on the pressure magnitude
Pk/(pwg) (figure 2.4). While both Jeffreys and generalized Miles yield non-zero harmonic phase § for small
pressures (figure 2.4a), they have opposite responses for large Pk/(p.,g). The Jeffreys profile increases
steadily, reaching 37 /8 for Pk/(pwg) = 3. Instead, the generalized Miles profile first decreases, reaching a
minimum of approximately —7/4 at Pk/(py,g) = 0.6 and then increasing to small, positive values. The
relative harmonic amplitude shows (figure 2.4b) virtually no change from the deep-water Stokes value
of 1/2 until Pk/(p,g) = 0.3. Then, the Jeffreys profile increases rapidly, attaining as/(atk); = 1.7 for
Pk/(pwg) = 3. Contrarily, the generalized Miles profile decreases and asymptotes to as/(a?k)g ~ 0.2.

Finally, the non-dimensional depth kh also modulates the wind’s effect on wave shape. For the
chosen values of Pk/(p,g) =1 and ¢p = 37/4, the generalized Miles B¢ &~ —n /4 while Jeffreys S5 ~ 4+ /4
for large kh (figure 2.5a). However, as kh decreases, both values grow in magnitude with £, increasing
faster, nearly reaching 5; = w/2 at kh = 1. Thus, the shallower depth kh strongly enhances the effect of
wind on 3. The wind’s influence on as/(a?k) is less pronounced. Notice that the unforced Stokes wave also
has a depth dependence for as/(a?k) (dashed line in figure 2.5). Although the relative harmonic amplitude
is enhanced for small kh in all three cases (Jeffreys, generalized and unforced Stokes), both pressure
profiles grow slower than the unforced Stokes wave. That is, the pressure forcing appears to counteract
shoaling-induced as/(a?k) enhancement to some extent. Figure 2.5(b) also highlights the importance of
restricting to kh > 1. As kh decreases, as becomes large compared to a; and the perturbation expansion
could become disordered. This figure highlights a trend where Jeffreys and generalized Miles profiles
exhibit opposite responses to the wind: namely, Jeffreys yields positive 3 and an enhanced as/(a?k),
while generalized Miles gives a negative 8 and a suppressed as/(a?k). This difference is also apparent in
figure 2.4, wherein 3 and as/(a?k) increase with increasing pressure magnitude for Jeffreys, while they
decrease (at least initially) for the generalized Miles profile. This can be attributed to different choices
of Yp (¢Yp = /2 for Jeffreys, but ¢¥p = 37/4 for generalized Miles), as well as different effects on higher
harmonics, including the derivative in the Jeffreys profile enhancing higher harmonics.

Both the harmonic phase and the relative harmonic amplitude determine the wave shape. We
consider their combined influence by plotting the surface profile under the action of the generalized Miles
pressure profile, with ¢ = 0.2 to emphasize the pressure-induced shape changes. Figure 2.6(a) shows
how the surface profile n versus phase 6 varies with Pk/(p,g) = 0, 0.1 and 0.2 for wind blowing to
the right. The Pk/(p,g) = 0 profile has skewness (2.85) S = 0.6 and asymmetry (2.86) A = 0, as
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Profile vs pressure strength: e = 0.2, kh = 1.0, ¢p = 37 /4
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Figure 2.6. Wave profile kn versus phase 0 for ¢ = 0.2, ¥p = 37 /4 and the generalized Miles pressure
profile for (a) kh = 1.0 and variable Pk/(pwg) (see legend) and (b) Pk/(pwg) = 0.1 and variable kh

(see legend).
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expected for a kh = 1 Stokes wave. The Pk/(p,g) = 0.1 profile deviates only slightly from the unforced
profile. However, the Pk/(p,g) = 0.2 profile shows a noticeable horizontal asymmetry, with both skewness
S = 0.4 and asymmetry A = 0.3 that are fundamentally different from a Stokes wave. This follows from
figure 2.4(a) with kh = oo since Pk/(p,g) = 0.1 generates a somewhat small g ~ —12°, while 8¢ = —27°
is significantly larger for Pk/(p,g) = 0.2. Instead, (2.91) can be used when kh =1 to calculate g ~ —19°
for Pk/(pwg) = 0.1 and Bg ~ —45° for Pk/(p,g) = 0.2. Note that the larger pressure magnitudes cause
the crest to shrink. This is to be expected, since the magnitude of the first harmonic as/a%k decreases as
Pk/(pwg) increases for the generalized Miles profile (figure 2.3b). We can also see that increasing the depth
kh decreases the influence of wind on asymmetry (figure 2.65). The kh = oo profile (S = 0.2, A = 0.04) is

less asymmetric than the kh = 1 profile, in agreement with figure 2.5.

2.5.2 Phase speed and growth rate

In addition to influencing wave shape, the pressure-forcing terms also affect the phase speed, as
predicted by Jeffreys [63] and Miles [69]. We normalize the phase speed ¢ = Re{w}/k by the unforced,
linear phase speed ¢y = /g tanh(kh)/k. The complete fractional phase speed change Ac/cq is given in

(2.171). If we consider very small waves ¢ <« 1, then (2.171) simplifies considerably

Ac el = el ey

Co €o

(2.96)
Pk

1 Pk Pk’
= —|1+ —cos +4/14+ [ — ] +2—cos(vp) — 1+ O(£?),
A1 o cos(r) \/ (55) +25% costwe) =14 O?)

with ¥p = +7/2 for the Jeffreys profile. If, instead of very small waves, we assume the forcing is weak,

Pk/(pwg) <1, we find

2
Ac _ 1Pk cos(1hp) — 1(Pk) cos(2¢p)
Co 2 puwg 8\ puwg (2.97)
4 _ 2 .
8 cosh (kh) — 8 cosh(kh) +9 <(a1k)2 — (ark)? ) +0(%),
16 sinh*(kh) P=0

For these limiting cases, we find that both surface pressure profiles generate the same change to the phase
speed. This is unsurprising since, at leading order, both pressure profiles are equivalent (if ¢)p = £7/2).
The a? term is the amplitude dispersion due to nonlinearity described by Stokes [103].

As shown in § 2.4, the different harmonics grow at different rates. Here, we will discuss the growth

rate of the primary wave. It is conventional to describe the energy growth rate, v := 9, F/F, rather than
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the amplitude growth rate, 9,/ = Im{w}. However, since E « n?, they are related as v = 2Im{w}. The
complete non-dimensional growth rate v/fy is given in (2.172). For very small waves, ¢ < 1, (2.172)
simplifies to

v ArIm{w} Pk

— = —2Vonsgn [ —sin(yp)

fo cok Puwd

(2.98)
% \/=1 = Peos(up)k/(pug) + I+ PPR/(0%.67) + 2P cos(G:r )] (pug) + O(),

with fo = Re{wo}/(27) = cok/(27) the unforced, linear wave frequency. Instead of assuming very small

waves, if we consider weak wind forcing Pk/(p,g) < 1, we find

2
2o PF sin(yp) — W( Pk > sin(2¢p) + O(®). (2.99)

f 0 Pwd 2 wd

Both Jeffreys [63]—with ¢¥p = 7 /2—and Miles [69] calculated the growth rate to leading order for weak
pressure forcing Pk/(pwg) = O(g); (2.99) matches their results. Naturally, if P — 0, we find v — 0, as
there is no growth.

Notice that, for both the Jeffreys and generalized Miles profiles, the HP § and growth rate are

related for very small waves (¢ <« 1) with weak wind (Pk/(p,g) < 1) as

Pos\ _ Pk 1 coth®(kh) + O(EPk)
Bo.c Pwd sin(2¢p) — sin(¢¥p) P (2.100)
27 fo (2cos(ypp) — 1) Pl

The connection with wave asymmetry (related to 8) suggests a deeper link between wave growth and wave
shape. This is potentially analogous to shoaling, weakly nonlinear waves that both grow and becomes

asymmetric.

2.6 Discussion

2.6.1 Time scale validity

Here, we discuss the time scale validity of our results. As asymptotic expansions must stay ordered

to remain consistent, the solution’s O(e) term must be larger than the 0(62) term as € — 0. However, as
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shown in (2.76) and (2.77), the O(?) first harmonic grows faster than the O(¢) primary wave, resulting in
a disordered expansion in finite time. As the first harmonic grows faster than the primary wave by a factor

of exp(Im{wp}t), consistency requires that this exponent remain O(1) as € — 0, i.e.
tIm{wo} = O(1). (2.101)

Since O(Im{wo}) = O(Pk/(pwg)), redimensionalizing shows our results are restricted to

t PE\ !
<ol =) 2.102
15° — <pwg> ( )

with the characteristic, unforced, linear, deep-water wave period Tg° = 27 /+/gk. For the case considered
here with Pk/(p,g) = O(1), this implies the solution may only be valid for a few characteristic waves
periods T5°. However, for weaker winds, the temporal range of validity is extended. For Pk/(p.g) = 0(52),
the solution is well ordered for time intervals O(T o° /»32)7 assuming the solution is calculated to 0(53)
accuracy with a frequency w accurate to order 2.

The shape parameters 3 and as/(a%k) change very little over time. To leading order, the pri-
mary wave (2.76) grows like =1 o« exp(Im{wp}ty) while the first harmonic (2.77) goes as -2 x
exp(2Im{wp }to). By dividing f,—2/(H7k) in (2.78) and (2.80), our shape parameters 3 (2.81) and aa/(a3k)
(2.82) are constant for time intervals of the length O(7§*). Even the higher-order corrections (§ 2.A) for
az/(a2k) (2.163) and B (2.164) show very little temporal variation during the valid time scales where
tIm{wp} = O(1). In contrast, the skewness (2.85) and asymmetry (2.86) show a stronger time scale depen-
dence, with exp(tIm{wp}) appearing at leading order. Nevertheless, our restriction that ¢t Im{wo} = O(1)
ensures that, over the solution’s range of temporal validity, the skewness and asymmetry do not vary

substantially.

2.6.2 Using LES to constrain the surface pressure

LES simulations of the airflow over a single, static, sinusoidal (i.e. no harmonics), deep-water wave
by Husain et al. [108] [see also 90] allow estimation of the two unknown parameters: pressure magnitude
Pk/(pwg) and wind phase ¢p. The Husain et al. [108] simulations were based on the laboratory experiments
of Buckley and Veron [124] and explored a variety of surface roughnesses kzp, wave steepnesses ¢ and wind
speeds u./c§®. We consider the simulation [108] with intermediate surface roughness kzyp = 1.35 x 1073,

appreciable wave slope € = 0.2 and young waves u,/cy° = 0.71 (figure 2.7). The non-dimensional surface
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Figure 2.7. LES modelled non-dimensional, perturbation air pressure over a right-propagating linear
surface gravity wave as a function of non-dimensional phase kx and height kz. This simulation has
non-dimensional surface roughness kzo = 1.35 x 10>, wave steepness ¢ = 0.2 and inverse wave age
us/c§® = 0.71. The red line denotes the wind phase ¥ p, as measured from the wave crest to the high
pressure location. Reproduced from figure 2b of Husain et al. [108].

perturbation pressure pj; varies over a range of £20 with the maximum shifted ~ 37 /4 windward of the
crest (red bar in figure 2.7), yielding our choice of ¥p = 37 /4. The Husain et al. [108] value of ¥p ~ 37/4
is also qualitatively consistent with the surface pressure and wind phase reported by Donelan et al. [125].

Note that 1p appears to be a function of wind speed (or pressure magnitude). Donelan et al. [125],
Hara and Sullivan [90] and Husain et al. [108] suggest ¢)p = 37 /4 for inverse wave ages u./co ~ 0.19 to 0.71.
In contrast, numerical simulations find )p & 7 for very small inverse wave ages u./co < 0.09 [e.g. 87, 126].
According to figure 2.2, this corresponds to a growth rate v/f5° < 1073 < &* for € = 0.2. Given that our
analysis is limited to Pk/(pwg) = O(g%) or stronger (cf. § 2.A.6), these weak winds are outside the scope
of our analysis.

In regards to the pressure magnitude, Husain et al. [108] non-dimensionalized pressure with the

air density and friction velocity,

/ D
=< 2.103
pH pauz ) ( )
whereas we non-dimensionalized p’ by p.,, g and k. Thus, converting p}; to p’ we find
2 2
/ pk p Uy Pa Uy  Pa 4 —4
= — = — = —pg ~ 5.0 x 10" *py. 2.104
Pwd  Pauil (080)2 Pw (080)2 Pw H H ( )

With w,/c® = 0.71 [108] and p,/py, ~ 1073, p’ ~ 1072 and |p/| ~ 7 x 10 3. Using their value of
e = 0.2 then gives |p|k/(pwg) ~ €, or Pk/(pwg) =~ €*. Interestingly, the non-dimensional pressure
magnitude for this simulation is consistent with that inferred from the w./c§® versus «y/ fy relationship

(figure 2.2), where we see that u./c® = 0.7 = ~v/fo = 0.1. Using (2.20) and ¢¥p = 37/4 gives

98



Pk/(pwg) = v/[2m fosin(yp)] = 2 x 10~ 2. That is, Pk/(pwg) =~ €2. This can be compared to our results
for weak wind Pk/(pwg) < 1, such as (2.91) and (2.95) truncated to e O(Pk/(pwg)) = O(e*). Thus, the
results of Husain et al. [108] provide an estimate for ¢p and a Pk/(p,g) consistent with our theoretical
development. However, the appropriate, specific pressure profile (Jeffreys or generalized Miles) remains to

be determined; cf. § 2.6.4.

2.6.3 Comparison of theory to laboratory wave-shape observations

Here, we compare our predicted harmonic phase to the laboratory experiments in Leykin et al. [100].
We cannot compare to Feddersen and Veron [101] as their kh < 1.2, and the u./co to v/ fo relationship
(figure 2.2) needed for determining Pk/(p,g) is for deep water. In Leykin et al. [100], laboratory wind-
generated surface gravity waves with € ~ 0.15 and kh = 2.5 had a quasi-linear relationship between the
biphase (8 at the peak frequency (the statistical analogue of our harmonic phase ) and the inverse wave
age u,/co (figure 2.8). For comparison, our pressure magnitude Pk/(p,g) must be converted to an inverse
wave age U /co (§ 2.3.4). We assume the deep-water relationship between u./co and v/ fo (figure 2.2) holds

for kh = 2.5, which is parameterized [111] as (figure 2.2, solid line)

2
Y o s e (U '
T 32.5(2 )pw (c()) (2.105)

Using (2.20), we can relate v/ fo to Pk/(pyg) for deep water to give

Pk _ 825 po (u)’ (2.106)
pwg  Sin(¥p) puw \ o '

allowing comparison between theory and laboratory observations.

Using (2.106), the measured inverse wave ages u./co = 0.5 to 1.5 correspond to pressure mag-
nitudes Pk/(pwg) = 0.01 to 0.1, or Pk/(pwg) = O(£?) to O(e). Therefore, our results for weak forcing
Pk/(pwg) < 1 are applicable here (cf. § 2.A.6). Assuming a generalized Miles pressure profile with
Yp = 3w /4, the predicted and measured § are in qualitative agreement (compare red curve to symbols in
figure 2.8). We emphasize that (2.106), relying on the conversion between u./co and v/ fo from figure 2.2, is
only approximate and is of questionable applicability for water depth kh = 2.5. If the conversion coefficient
were a factor of 3 larger, the results would match reasonably well. We also note that the relatively high
wind speeds (u, up to 1.7ms ') likely caused additional physical processes, such as whitecapping or

microbreaking, to occur. Such dissipative processes are not considered in our theoretical treatment.
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Figure 2.8. Harmonic phase [ versus inverse wave age u./co (symbols) for the Leykin et al. [100]
laboratory experiments. The black, dashed line is the Leykin et al. [100] linear fit. Theoretical HP
(solid red) are given for the generalized Miles pressure profile with ¢p = 37 /4, kh = 2.5 and € = 0.15,
and conversion of u./co to Pk/(pwg) is given by (2.106) (cf. § 2.6.3).

2.6.4 The surface pressure profile

Most theoretical treatments of wind-induced wave growth utilize a linear theory with monochromatic
waves [e.g. 67, 69, 127]. In this scenario, for the same ¥ p, the pressure profiles considered are identical at
leading order and one need not distinguish between, for instance, the Jeffreys or generalized Miles profiles.
However, when considering higher-order corrections to the higher harmonics, differences arise and care
must be taken when choosing the pressure profile.

Direct measurements of the surface pressure profile are challenging and rare [125]. However, our
theory can offer insight by comparing the profiles’ differing effects on wave-shape parameters to simulations
and measurements of wind-forced waves, which have found a non-zero 8 [100, 101]. Both Feddersen and
Veron [101] and Leykin et al. [100] measure a harmonic phase 5 < 0 for co-aligned wind and waves. However,
the Jeffreys profile gives a positive 5 while the generalized Miles profile with ¥ p ~ 37/4 gives a negative
(figures 2.3a,4a). Additionally, the Jeffreys requirement of ¥p = +7/2 appears inconsistent with numerical
simulations showing ¥ p & 37 /4 [90, 108]. Among the profiles considered here, the generalized Miles case
best reproduces the results of wave-shape experiments.

Throughout the derivation, we have maintained a rather general surface pressure profile p(x,t),
namely any time-independent convolution with 1 (i.e. py, o 7, cf. § 2.3.3). Coupled air—water simula-

tions [e.g. 92, 93] offer the possibility of extracting realistic wave shapes and surface pressures, which could
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then be compared to our theory. However, LES atmospheric simulations over purely sinusoidal waves yield
surface pressure profiles that are not purely sinusoidal (e.g. [90, figure 7] or [108, figure 6]). Although this
is counter to our assumption that p,, o 7,,, it could be remedied by extending our small ¢ theory to allow
pressures with Fourier representations p,, = k:ﬁmﬁm Ny Zn Pm,nﬁnﬁm + ... . Additional surface pressure
complexity is likely generated if LES atmospheric simulations used a Stokes wave profile instead of a single
sinusoid. Finally, allowing the wind, via surface pressure profiles, to affect wave shape, as we have done,
likely induces further changes back to the airflow and surface pressure profile. That is, the air and water
phases are coupled. Although this study relied on prescribed surface pressures, it lays the groundwork
for a weakly nonlinear coupled theory. Future work will attempt to couple the wind and waves directly,

providing insight into the surface pressure profile and the related wave shape and growth.

2.7 Summary

Here, we derive a theory for the wind’s effect on the shape of surface gravity waves. The influence
of the wind on ocean waves has been studied in great detail theoretically, numerically and observationally
in the context of wave growth. A few laboratory and numerical experiments have shown that wind can
also influence wave shape, although no theory for this effect exists. Two key, weakly nonlinear wave-shape
parameters are the harmonic phase 8, encoding the relative phase between the primary wave and first
harmonic (zero for unforced Stokes waves), and the relative harmonic amplitude as/(a?k). These two
parameters can also be converted to the more conventional skewness and asymmetry. Motivated by prior
wind—-wave generation theories, two surface pressure profiles (Jeffreys and generalized Miles) based on
convolutions with the wave profile 1 are prescribed. A multiple-scale perturbation analysis is performed
for the small wave steepness € := a1k. The deep- to intermediate-water theoretical solutions are derived
for quasi-periodic progressive waves yielding the wind-induced changes to 3 and ag/(a2k) as well as
higher-order corrections to the previously known growth and phase speed changes. These parameters are
functions of the four non-dimensional parameters: the wave steepness a1k, depth kh, pressure magnitude
Pk/(pwg) and wind phase ¢p. By substituting the pressure magnitude P with P — ¢P or P — 2P, our
derivation permits a variety of pressure magnitudes (i.e. wind speeds).

The relative harmonic ratio as/(a?k) displays a strong dependence on the forcing type, enhanced
for Jeffreys but suppressed for generalized Miles. The harmonic phase 5 has more complicated behaviour,
including a local minimum for the generalized Miles case as a function of the pressure magnitude. Despite

restricting our analysis to intermediate and deep water, we find decreasing kh enhances the wind’s effect
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on wave shape. This suggests pressure forcing could play a larger role in wave shape for shallow-water
waves. We also find direct relationships between growth rates and 3 for the pressure profiles considered.
Atmospheric large eddy simulations constrain both the pressure magnitude P and wind phase 1p. Using
the constrained v p, our HP predictions are qualitatively consistent with laboratory observations. Only the
generalized Miles profile could reproduce the observed sign for 3, suggesting that generalized Miles surface
pressure profiles best represent the actual wave surface pressure profile. Future studies will investigate the
shallow-water limit. Other avenues for future work include dynamically coupling the air and wave field.
Such an approach would obviate the need to impose a specified pressure profile, increasing the applicability

of the theory.
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2.A  Strong forcing: Pk/(p,g) = O(1) continued

2.A.1 The O(¢®) equations

In § 2.4, we derived the leading-order contributions to the HP 3 and relative amplitude as/(a2k).
Now, we will extend this derivation to the next non-zero correction. This will reveal a weak amplitude and
time dependence to these shape parameters. Furthermore, by finding 3 and as/(a%k) accurate to 0(52), we
can substitute P — P yielding solutions with Pk/(pwg) = O(¢), or P — €2 generating Pk/(p.g) = O(¢?)

results (§ 2.A.6). However, the expressions begin to become unwieldy. Therefore, we will only sketch the
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derivation. The third-order equations give

Obs _Omz _ 0AL .o
9. ot ot “PUE—wto))

(2.107)
+ Ay | A1 P KIN3 1 exp(i(z — woto))|exp(—iwoto)|” + A3 KINs 5 exp(3i(z — wolo)),
d DA
i + M3+ p3 = iwg ——t exp(i(z — wotp)) coth(h)
oo o (2.108)

+ A1|A1]? DYN3 ; exp(i(z — woto))|exp(—iwoto)|* + A3 DYNs 5 exp(3i(z — woto)),

with the real part implied. Here, KIN3 ;,KIN3 3, DYN3 ;,DYN3 3 € C are constants that do not depend
on Ay, x, t, or z (these dependencies have been explicitly factored out) and are composed entirely of
known quantities from previous orders. In general, KIN,, ,,, and DYN,, ,,, are the constants (depending on
h, ¥p and b, only) for the nth order, mth Fourier component (i.e., exp(imkz)) term from the kinematic
or dynamic boundary condition, respectively. See § 2.B for their expressions.

Once again, inserting our Fourier transforms (2.32)—(2.34), we find

m = 1 Fourier component:

. O 0A ) . .
31 — gz;l = BT; exp(—iwoto) + A1|A1|2 KIN3 GXP(—lwoto)|eXP(—1w0t0)|2’ (2.109)
o R DA
coth(h) g:’l + (14 P)isa = iwoaTl exp(—iwpto) coth(h)
0 2 (2.110)

+ A; |A1 |2 DYN3’1 exp(—iwoto)|eXp(—iw0t0)|2,

m = 3 Fourier component:

. of
3033 — gt?’(;?’ = ABKIN; 5 exp(—3iwoto), (2.111)
o .
coth(3h) 8:’3 + (14 Ps)fs.3 = A3 DYNj 3 exp(—3iwoto). (2.112)
0

Eliminating ¢E3’m gives

m = 1 Fourier component:

0?1 A . 0\ 0A :
coth(h) 82%71 +(1+ P)ijg1=— (—uuo + 8t0> 8721 exp(—iwgtg) coth(h)

(2.113)
+ A |A1 |2[(iw0 -2 Im{wo}) COth(h) KIN3,1 + DYN3,1] eXp(—int0)|eXp(—into)|2,
m = 3 Fourier component:
0%h - .
COth(gh) az?;s + 3(1 + Pg)ﬁ&g = 3Ai)’ [in COth(3h) KIN3,3 + DYN373] exp(fSiwotO). (2114)
0
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Notice that we did not evaluate the 9/9ty derivative in the (9/9ty — iwg) of (2.113). We will discuss this
momentarily.
Preventing secular terms requires that coefficients of exp(—iwgtp) for m = 1 vanish. Thus, we
require
0 \0A
coth(h) (—iwo + ) “—L exp(—iwoto)

Oty ) Ot (2.115)

= Ay|A; |2 exp(—iwpto) exp(2 Im{wp }to)[(iwg — 2Im{wo}) coth(h) KIN3 1 + DYNj3 4].

Here, we encounter an issue: given that Aj(ta,ts3,...) is explicitly not a function of ¢y, there is no
(non-trivial) way to satisfy the ¢y, dependence of this compatibility condition.

We encounter this issue because the growth on the fast time scale affects the period of the slower
time scales. This could be dealt with formally if we had allowed the fast time scale ¢ty to modulate the

slower time scales by defining our multiple-scale expansion with additional, fast time scale dependencies

/!

dt, ae,
= epualth), 2 = uaty), oy S = S ath), (2.116)

diy _, dty
dt T dt

with the primes to make our new time scales distinct from the originally defined ones. Then, we can
choose the form of u, to remove secular terms. This modified multiple-scale approach is similar to the one

specified in Pedersen [128].

Using this freedom to remove these problematic secularities, we would find that

o (t) = exp(n Im{wo }y). (2.117)

This method would eliminate the need to be careful about the (9/9t; — iwg) 0A;/0t, term previously
mentioned, and would eliminate the exp(2 Im{wp }t;) term we are attempting to deal with currently. Later,

to re-express the solution in terms of ¢, a simple integration yields

n

b, =

n

m(exp(n Im{wp}t) — 1). (2.118)

where we required that ¢, = 0 at ¢ = 0. Note that ¢ is not a special case; treating n as a continuous
variable and taking the limit n — 0 recovers t{, = t.
Note that, since our previous solutions had no t; dependence, making this change to t5 does not

alter any of our previous conclusions. Furthermore, we will see that only the even time scales (to, t4, etc)
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need this treatment. Since we are only considering time scales up to t3, we will only make this replacement

for to.

Making this redefinition, our compatibility conditions becomes

coth(h) | —iwo + i 8A/1 exp(—iwoto) exp(2 Im{wp }to)
Oto 8t2

= A1 |A1 |2 eXp(finto) exp(2 Im{wo}to) [(in — 2 IIH{LUO}) COth(h) KIN371 —+ DYNg_’l],
which simplifies to

8A1 (io.)o —2 Im{wo}) KINg,l + tanh(h) DYN371

= A |A )
atl, 1A —2iwg + 2Im{wo}
= —iA1|A1|2 COMB371,
where we defined
lwg — 21 KIN tanh(h) DYN
COMB3 ; = i(lwo m{wo}) 3,1 + tanh(h) 31

—2iwp + 2 Im{wy}

Now, if we assume a solution of the form

Ay (t5) = p(t) exp(in)(t3)),
with p(th), ¥(th) € R, (2.121) yields

dp . O .
8775/2 + lpaité = 71[)3 COMBg’l .

Collecting real and imaginary parts and solving yields

1 MB
Ai(t) = Ay exp [12 In (1 - 2|41 °t, Tm{COMB3 1 }) R{CO}}

Im{COMB;_, }

= /1= 2041 P4, T {COMB3 1},

with A/ (t3) € C. Later, converting back to ¢ will give

Ay (t) = A exp {; In {1 — 2| A P (exp(2 Im{wo 1) — 1)Im{COMB3’1}} Re{COMBy 1} }

Im{wp} Im{COMBs; 1 }
Im{COMB&l }
Im{wo} '

= \/ 1 — 2| A} (exp(2Tm{wp }t) — 1)
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(2.122)
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Note that if p — 0, then COMBs5 ; reduces to the real quantity

‘h4 _ ‘h2
COMBs o 8 cosh®(h) — 8 cosh”(8) + 9-

2.126
p=0 16sinh*(h) ( )

With the compatibility condition solved, the m = 1 equation reduces to the homogeneous equation. For
simplicity, we will choose 3.1 = 0.
Substituting (2.120) and our solution for 731 into the surface boundary conditions allows us to

solve for &311. Assuming a solution of the form
31 = Cs.1Ay| A |? exp(—iwoto) exp(2 Im{wo o), (2.127)

yields
—iwo KINg,l + tanh(h) DYN3,1

2.128
—2iwp + 2 Im{wy} ( )

Cs1 =

The second harmonic (m = 3) equation is solved for 73 3 as usual. Then, substituting this solution
into the surface boundary conditions permits solving for ¢233

Thus, we have the solutions

. cosh(z + h
o3 = C314:1|A |2 exp(2 Im{wg }to) exp(i(z — woto))sin(hz(h))
(2.129)
;a3 o cosh[3(z + h)]
+ C5 3 A7 exp(3i(z woto))isinh(?)h) ,
13 = C33A% exp(3i(z — woto)), (2.130)

with

—in KIN3 1+ tanh(h) DYN3 1
Cs1 = ’ : 2.131
1 —2iwg + 2Tm{wp } ’ ( )

(1 + P3) KIN3,3 —3iw0 DYN3’3

Csy5= , (2.132)

92 coth(3h) + 3(1 + Pg)
- 31&)0 COth(3h) KIN3’3 + DYNg’g

Cys = 133 (2.133)
9w coth(3h) + 3(1 + P3)

)

With no correction to the first harmonic 7j,,—2, we continue to the next order.
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2.A.2 The O(¢') equations
Finally, going to fourth order, we have

Opy Oy _ 0Ay B
9 Oty ot exp(i(z — woto))

—+ KIN470 |A1 exp(—iwoto)\4 —+ KIN472 A% exp(21(:17 — tho))|A1 exp(—iw0t0)|2 (2134)

+ KINy 4 AT exp(4i(z — wotp)),

0 0A;
a(f; + N4+ ps= IWOTtB exp(i(z — woto)) coth(h)
+ DYN470 |A1 e)(p(fiw()t())‘4 =+ DYN472 A% exp(21(:c — WOtO))|A1 eXp(*iWOtO)‘Z (2135)

+ DYNy 4 AT exp(4i(z — wotp))

Here, KINy o, KINg o, KINg 4, DYNy 0, DYNy 2, DYNy 4 € C are constants that do not depend on A4, z, t,
or z (these dependencies have been explicitly factored out) and are composed entirely of known quantities
from previous orders. See § 2.C for their expressions.

Inserting the Fourier transforms (2.32)—(2.34) gives

m = 2 Fourier component:
0,2

i A2|A1\ KINy 2 exp(2i(z — woto))|eXp(—1w0t0)| , (2.136)
94 . : :

gto coth(2h) + (1 + Po)fa = A2| Ay > DYNy 5 exp(2i(z — woto))|exp(—iwoto)|?, (2.137)

m = 4 Fourier component:

N on
Aas — gf"* — AYKINy 4 exp(di(z — woto)), (2.138)
0
9 .

;); oth(4h) + (1 + Py)figs = A} DYNy 4 exp(4i(z — woto)), (2.139)

0

m = 0 Fourier component:

9o
815 |A1‘ KIN4 0 |exp(—1w0t0)| 5 (2140)
99 :

gfo’o = |A1|* DYNy o [exp(—iwoto)|", (2.141)

m = 1 Fourier component:

- ONa1  0A
— : — —iwot 2.142
e e Tl T exp(—iwoto), (2.142)
99 A 94,
gf’l coth(h) + (1 4 P1)fs1 = iwoaT exp(—iwgtg) coth(h). (2.143)
0 3
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Again, eliminating 74 gives

m = 2 Fourier component:

9% .
;:3’2 coth(2h) + 2(1 + P2)¢pa o = A%|A1|2 exp(—2iwoto) exp(2 Im{wo }o)
0 (2.144)

X |:(]. + pz) KIN4’2 +2(—in + Im{OJ()}) DYN472] .

m = 4 Fourier component:

2 5 ~ A
0 ;Z;"“ coth(4h) + 4(1 + Py) s = A} exp(—4iwoto) {(1 + Py) KINy 4 —diwg DYN474] . (2.145)
0
m = 0 Fourier component:
32(/;4,0 _ 4
22 |A1‘ exp(4 Im{o.)o}to) [KIN4’O +4 Im{wo} DYN47()]. (2146)
0
m = 1 Fourier component:
d%¢ L .\ OA ,
¢371 COth(h) —|— (1 + P1)¢4,1 = 2(1 —|— Pl) 71 eXp(—leto). (2147)
ots Ots

Preventing secular terms requires that 0y, A1 = 0. These can be solved as usual for q34’m. Using the surface
boundary conditions, the solutions for 7y ,, can then be determined as well.

The only terms worth discussing are the zero modes, (54)0 and 74,0. While 74 ¢ has physical meaning
(this is a component of the setup or setdown), QA54’0 has a gauge freedom. We may add a constant term (in
x, z and tg), as well as a term proportional to ¢y, without affecting any observables. Using this freedom,
we will choose these two free constants such that the 749 — 0 and q34,() —0as P—0.

The solutions at this order are

. h[2(z + h
Py = C’LQAﬂAl |2 exp(2i(z — wotp)) exp(2 Im{wo}to)w

sinh(2h)
+ Ci 4 AT exp(4i(z — woto))w (2.148)
+ Cfm (|Al|4 exp(4 Im{wo }to) — ’/Nll ‘4> + toC4’0‘/~11 4,
na = Cu2A2A1|? exp(2i(z — woto)) exp(2 Im{wo }o) + Caa AL exp(4i(z — woto)) o110
1

14
+ C’4,o<|A1|4exp(4Im{w0}to) _ ’Al‘ >
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with

KIN, o
4,0 4Tm{wo} ’ ( )

(iwo - Im{wo}) COth(Qh) KIN472 + DYN472

Cun = : 42 (2.151)
2(—iwp + Im{wo})? coth(2h) + (1 n PQ)
it coth(4h) KIN, 4 + DYN
Ciq = 2000th(dh) KINy4 + DYNas (2.152)
— 4072 coth(4h) + (1 + P4)
KIN, o +41 DYN
0} o = Kao +4Tmiwo) DYNso (2.153)
' 16 Im{wo }
(1 + 152) KIN, 5 +2(—iwo + Im{wo}) DYNy.
cl, - : 7 (2.154)
A(—iwy + Im{wp})? coth(2h) + 2(1 + PQ)
(1 + 154) KIN, 4 —4iwo DYNy.4
Cha= (2.155)

— 16w coth(4h) + 4(1 + P4) '

Here, A= Ay is the additive ‘constant’ we were permitted from the m = 0 equation; note that Ay

|P=O
could still be a function of slower time scales ¢, t5, etc. As mentioned previously, a term, linear in tg,
was included in QAS4,0. This was necessary in order to include the [11 term in 74,0, ensuring that the Cy
setdown term vanishes as t — 0, as required by our choice of z = 0 datum at the initial mean water level.

In addition, note that KIN, o = 0 (cf. § 2.C) implies the setdown term Cj ¢ is identically zero for all times.

For reference, the full solution for 7 is
n= Re{aAl exp(i(x — woto)) + 2 A2Cy 5 exp(2i(x — woto)) + 2 ATC3 3 exp(3i(z — woto))
4t (A‘;c4,4 exp(4i(z — woto)) + A2 Ay)? exp(2 Im{wo }o) exp(2i(z — wotg))) } (2.156)
+ 0(e%),

with A (t2) given by (2.124). At this order, we have a correction to the first harmonic 7j,,—2, which will

modify our shape parameters.

2.A.3 Shape parameters

Now, we can calculate the shape parameters when pressure enters at leading order. Recall that
we are seeking two parameters—the HP 3, and the relative harmonic amplitude, as/(a?k) (with as the

amplitude of the complete first harmonic, and a; the amplitude of the complete primary wave).
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The primary wave is simply
Nm=1 = €41 exp(i(z — woty)) + 0(55), (2.157)

with Ay (t}) given by (2.124).
The first harmonic has two components. We calculated the 0(52) contribution in (2.73), and the

O(e*) contribution in (2.149). Combining these, we have the first harmonic

Nm=2 = 52A% exp(2i(x — wotp))Ca,2 + 54A%|A1 \2 exp(2i(x — woto)) exp(2 Im{wo }t)Cla 2

(2.158)
+ 0(55)
with Cs o defined in (2.75) as
1 1+P
Cao = 1 (2 + 3csch?(h)) coth(h) ! (2.159)

1+I:)1 —COthz(h)[PQ _P1:|7
and Cy 2 defined in (2.151) as

iwg — 1 h(2h) KIN DYN
Cra = (1w0 m{wo}) cot ( h) 4,2+ 4,2 (2.160)

) 2(—iwo + Im{wo})? coth(2h) + (1 + 152) .

See § 2.D for the full expression. Note that if p — 0, then Cj4 2 reduces to the real quantity

tanh(h
Cio| =A= aggi ) (272 + 856 csch®(h) + 512 esch? (h)

p=0 (2.161)
— 558 csch®(h) — 567 csch®(h) — 81 cschw(h)).

To find the relative harmonic amplitude and HP, we will need to calculate the ratio of the first

harmonic, 7j,,=2, to the primary wave, 7j,,=1, squared (cf. (2.78) and (2.80)):

D=2 = Oy + 2|4 exp(2Im{wo o) Ciaz + O(e?). (2.162)

m=1
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Now, the relative harmonic amplitude (2.78), as/(a3k), is the magnitude of this quantity,

a
a%ik; = ‘0272 =+ 62|A1|2 exp(2 Im{wo}t0)04,2’ =+ 0(83)

2.163)
Re{Cy2C5 (
= |Cq.0] (1 + 2|4, exp(2 Im{wo}to)w> + 0(%),

with an asterisk representing the complex conjugate. We can see that the 0(52) correction grows as a
function of the fast time scale, to, as well as the slow time scale, t; (through its A;(¢2) dependence).

Likewise, the HP § is the complex angle (2.80) of (2.162)

» Im{cz,2 + A exp(zlm{wo}to)au}

B = tan 5 +0(e?)
Re{Cz,z +€2|Aq]” exp(2 Im{wo}to)04,2} (2.164)
~ By + 2| Ay % exp(2 Im{wo}to)Re{CQ’Q}Im{C‘L’Z}; - Im{02,2}2Re{C4,2} + 0%,
RG{OQQ} + Im{c’gg}
with Sy given in (2.81) by
Im pg — pl 1+ p*
ﬁO :tan—l {[ ] ( 1)} (2165)

‘1 + 151’2 tanh?(h) — Re{ [152 . 151] (1 + 151*)}

Notice that 8 also has a weak time dependence appearing at 0(52). Additionally, both 3 and ay/(a%k)
display a weak amplitude, | A4;]|, dependence. Finally, as given in (2.83) and (2.84), the skewness S and

asymmetry A of a wave are defined as

(%)

3
) .

with (-) the spatial average over one wavelength and #H{-} the Hilbert transform (in x). In § 2.4, we only
calculated the O(g) contribution for brevity. Using the full solution (2.156) for n would yield a solution

accurate up to and including 0(53) terms.

2.A.4 Complex frequency

After deriving our solutions (2.157) and (2.158), it is useful to repackage them in a more conventional

notation. Therefore, we will gather the entire time dependence into a complex phase © € C, from which
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we can extract a complex, time dependent frequency w(t) € C giving both propagation and growth. From

(2.125), we can write the entire t-dependence of A;(t) as a complex phase

1 COMBs,

A = A Pt U Y U 21 -1
1 (1) 1exp{121m{COMB371} n[1 - 22141 (exp(@ Tm{wo}1) — 1)

(co } (2.168)
Im{COMB; ; .
s Im{w}] } + O,

Therefore, the entire complex phase © of the first harmonic 7,,—1 = A} exp(iO) is

.1 COMB 2
O = kx — wot + lim In [1 — %A} (exp(2Tm{wo }t) — 1)

Im{ﬁﬂ?ﬁ?&l}] + 0(e%).

Now, we define the full, complex frequency as

(2.169)

w = —88—? = wo + 2|4 exp(2 Im{wo}t) COMB; 1 +0(c%). (2.170)

Notice that the time dependence of w is a manifestation of the (time-dependent) amplitude dispersion of

unforced Stokes waves. Then, the phase speed is the real part of w,

¢ = Re{w} = Re{wo} + %| 4] |” exp(2 Im{wo }#) Re{COMB; 1 } + O(*), (2.171)
while the growth rate is the imaginary

v = Im{w} = Im{wo} + £2| A} |” exp(2Im{wo }t) Im{ COMB3 ; } + O(e?). (2.172)

It is natural to define the (dimensional) harmonic amplitudes a,, of (2.156) as containing the

growth time dependence

ay(t) = |hm=1| = e‘iﬂ exp(Im{©}) + O(c%), (2.173)
/12
as(t) = |Hmez| = £ |A];‘ exp(2Im{O}) {1 + 2|44 % exp(2 Im{wo}t)} + 0(°)

. (2.174)

= 52% exp(2Im{0©}) [1 + (alk)ﬂ + O(€5>’

where we made the approximation Im{wp}top &~ Im{©} in the final line. This leaves the propagation time
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dependence given by the (real) phase
0 :=Re{O} = kx — /Re{w} dt, (2.175)

such that the dimensional solution is

kn = (a1k) exp(i0) + (alk)?;%—"’l€ exp(i(20 4 B8)) + ... . (2.176)

2.A.5 Miles profile

The Miles surface pressure defined in (2.10) has a Fourier representation, similar to (2.16) and (2.17),
given by

DPar,m(t) = kP exp(isgn(m)p)im(t), (2.177)

or P, = Py exp(isgn(m)iyp), with Py the constant P for the Miles profile. For this profile, the leading-
order correction to the first harmonic Cy 5 (2.74) reduces to the unforced Stokes result (P, = P, = 0).
Indeed, the leading-order HP 3y (2.81) vanishes for any pressure profile of the form Py=a+ 151( 1+ ),
with o € R (Miles is &« = 0). Thus, the Miles pressure profile has no impact on leading-order wave shape.
Note that, for the Miles profile, the higher-order correction Cy o differs from the unforced case, giving a
small 0(52) change to the shape parameters. Given that leading-order wind-induced shape changes have

been measured [e.g. 100, 101], the Miles profile appears to be an inappropriate pressure profile.

2.A.6 'Weaker wind forcing

In §§ 2.A.1 and 2.A.2 we performed the derivation up to 0(54) with a strong pressure forcing
Pk/(pwg) = O(1). This yielded expressions (2.163), (2.164) and (2.170) for az/(a?k) 8, and w € C accurate
to O(¢%). However, it is occasionally useful to consider weaker winds, such as Pk/(p,g) = O(g) or O(e?),
as discussed in § 2.3.4. These results can be generated by substituting P — P or P — £2P, respectively,
into (2.163), (2.164) and (2.170) and dropping terms O(£%) or higher. We have also performed the derivation
assuming a priori that Pk/(pywg) = 0(52) (not included here), which gives identical results to 0(52) to
the more general solution (§§ 2.A and 2.4) after converting back to the true time ¢. This further confirms

the wide parameter range of the Pk/(p,g) = O(1) derivation (§§ 2.A and 2.4).
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2.B The 0(53) coefficients

Here, we give the full expressions for third-order coefficients, KIN3 ,,, and DYN3 ,,, defined in
(2.107) and (2.108) as the coefficients of the lower-order terms’ m-th harmonics in the kinematic and
dynamic boundary conditions, respectively. Recall that P, was defined in (2.18) as the pressure’s Fourier
coefficient multiplying the m-th harmonic of the wave profile: p,,(t) = kPmﬁm(t). The expressions are
given as Maple code, and we represent the pressure Fourier coefficients Py, 152, and Py as P1, P2, and P3,
respectively. Likewise, we represent w by omega, h by h and i by I.

KINs; =

1/4%I%(((3/4+(P1—1/4%P2))*cosh (h) ~4+(—1/4+(—1/2%«P1+1/4xP2) )*cosh (h) ~2+1/4xP1
+1/4)*abs(14+P1) +1/2%((P24+1)*cosh (h) ~4+(P1+1)*cosh (h) "2—-1/2+«P1—-1/2)*(P1+1)
) °3/((1/2+(P1—-1/2%P2) )*cosh (h) "2—1/2%xP1—1/2) /omega/sinh (h) /cosh (h)

KIN; 3 =

3/8%Ix(3xcosh(h)~2—-1)%(cosh(h) ~2«P24cosh (h) ~2+2+P1+42)xomega~2/(2%cosh (h) ~2x
Pl-—cosh (h) ~2%¥P2+cosh (h)"2—P1-1)/sinh (h) "2

DYNy; =

—(((P14+1)xcosh (h) ~4+(—3/4xP1+1/4xP2—1/2)xcosh (h)"2—1/8+P1—1/8)«Plxabs(1+P1)
+1/2%(((P141/4xP2°2-3/4)xabs (P1) ~24(P1°2°2+4(—3/2«P2°21/2)xP1-5/4xP2 -5 /4)
«P1)xcosh (h)~2-5/2%(P1+1)~2%P1) (cosh (h) +1)*(cosh (h) —1))*abs (A1) ~2"2/sinh
(h)~2/P1/(2#cosh (h) ~2+P1—cosh (h) ~2+«P2+cosh (h)~2-P1-1)

DYNj 5 =

—1/8%(4xcosh (h) "4%P1—7xcosh (h) ~4%P2—3xcosh (h) "4—18xcosh (h) "2«P1+9xcosh (h) ~2x
P2—9xcosh (h) ~2+15%P1+15)%(P1+1) " 2xepsilon ~3xA1~3/(2xcosh (h) ~2«Pl—cosh (h)
~2%«P24cosh (h)"2-P1—-1)/sinh (h) "2

Recall that COMBg; ; is defined in (2.121) as the combination of KIN3; and DYN3; formed by
eliminating (ﬁg)l. This grouping appears often in the 4th-order coefficients and governs the higher-order
corrections to the phase speed (2.171) and growth rate (2.172). Therefore, we give its expression here and
represent it in Maple code by C3.

COMB;, =
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1/6%(1/2%P1%(8+cosh (h) ~4xP1—2xcosh (h) ~4%P2+6xcosh (h) ~4—6xcosh (h) ~2xP1+2xcosh
(h) "2«P2—4xcosh (h)"24+P1+1)*abs(1+P1)+1/4%(((—8xP1+42+P2) ~2—6)*abs (P1)
~24+ (4%P1°32+P1°2+P2) "2 2+P12 4%P1)xcosh (h) "4 5/2%((—2/5+(—3/5%P1+1/5xP2
))*abs (P1) 24 (P1%(P1-3/5%xP2)+4/5%xP1—2/5%P2)*P1)*cosh (h) "2+2%(P1°2—1/8xabs
(P1)°2+7/8%P1) x(P1+1)) " 3%(P1+1)/((1+(—P2+42%P1) )xcosh (h)"2-P1-1)/cosh(h)/
P1/omega/(P1—1/3xabs(14+P1)+1)/sinh (h)

2.C The 0(54) coefficients

Here, we give the full expressions for fourth-order coefficients, KINy4 ,,, and DYNy ,,, defined in
(2.134) and (2.135) as the coefficients of the lower-order terms’ m-th harmonics in the kinematic and
dynamic boundary conditions, respectively.

KIN, 5 =

1/2%(P1+1)*(—2x%(cosh (h) "2+1/2)%(1/2*Ixsinh (h)*C3x%((2/3+ (P1—1/3%P3) )*cosh (h)
~2-2/3+(—3/4%P1+1/12+P3) ) xcosh (h) xomega+Ix((2/3+ (P1-1/3%P3))*(9/8+(P1
+1/8+P2) )*cosh(h)~4—-13/8%(29/39+(P1-10/39%P3) ) *(P1+1)*cosh (h) ~2+3/4%(P1
+1)%(31/36+(P1—-5/36%P3))) ~3)*Plxabs(1+P1)+3*Ixsinh (h) % (P1+1)*(cosh (h)
~2+41/2)xC3xP1%((2/3+(P1—1/3%P3) )*cosh (h)~2—2/3+(—3/4%P1+1/12%xP3) ) xcosh (h)
somegat ]~ 3%(((25/36+ (P1~2+(—5/18¥P31/12+P2)*P1+1/18xP2+P3) + (59/36%P1
—2/9%«P3—-1/36%P2) )*abs(P1) ~2—1/2%(—5/9+(P1°2+4(2/3%P3—2«P2) *P1+7/6xP2xP3) x
P13+ (1/3¥P1~2+(55/18+P3—8/3+P2) %P1 +19/18+P2%P3) ~2+ (—16/9P1} 41/18%P3
—7/9%P2) )*P1l)*cosh (h) ~6+(—17/12%(10/17+(P1"2+(—23/102xP3—4/17xP2) *P1
15/102¢P2+P3) ~2+ (157/102+P13/17%P319/102%P2) ) xabs (P1) ~2+25/8xP1x(—8/75+
P1x(P1°2+(18/25+P2 4/15xP3)*P1+11/75+P2«P3) ~3 1 (39/25%P1"2+ (64/225+P3
—89/75xP2)*P1+28/225+%P2+xP3) ~2+(107/225%xP1—1/25%xP3—22/45%P2) ) ) *xcosh (h)

44 (23/48%(16/23 1 (P1~2+(—5/69%P36/23+P2) P11 2/69xP2+P3) ~2+ (5/3xP11/23+
P3-16/69%P2) ) xabs (P1) ~2—73/16%(104/219+ (P1~2+(—18/73+P2—17/73+P3) xP1
12/73%P2+P3) *P1~3 1 (529/219+P1~2 (283 /657+P332/73+P2)+P1 116 /657P2+P3)
~24(1244/657+P1—44/219xP3—128/657P2) ) P1) xcosh (h) ~2+3/32x(P1+1)
+((25/27 + (P1—2/27%P3) ) xabs (P1) ~2 1 20%(239/270 + P1«(P129/180%P3) ~2 + (17/9%P1
—89/540%«P3) )*P1))) /omega/sinh (h) ~2/((1/2+(P1—1/2%P2) )*cosh (h)~2—1/2«P1
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—1/2)/P1/(—3*Pl+abs(1+P1)—-3)/((2/3+(P1—-1/3%«P3) )*cosh (h) ~2—2/3+(—3/4%P1
+1/12%P3))

KIN, 4 =

1/4%1%((8/9+ (P1°3+(—4/3xP2+5/9%P3)+P1~212/3%(2/3%+P31P2) xP2xP1 4/9xP2"2xP3)
~3+4+(20/9%P1°2+4(—8/9xP2+14/9xP3) *P1+2/9+P2x(—2+«P3+P2) ) ~2+4(23/9xP1—4/9xP2
+5/9%P3) ) xcosh (h) "8+ (—5/9+(—59/12xP1"3+(85/12%P2+11/12+«P3) xP1°2—49/24xP2
(146 /147+P3+P2) +P1+31/72+P2~24P3) ~3+(—27/4+P1" 2+ (145/18+P2—7/36%P3) +P1
—29/18%P2%(P2+21/29+P3) ) ~2+(—203/72+P1+11/6+P2—49/72xP3) ) xcosh (h)
~64(11/61(81/8%P1"3+(33/4xP2185/72+P3)*P1°2 1 P2+ (P2 1 59/36+P3) +P11,/9%P2
~24P3) ~34(176/9%P1"2+(—\463/36xP2—7/2+P3) «P1+8/9+P2x (P2+51/32+P3) )
~24(91/8%P1-29/6+P225/24%P3) ) xcosh (h) ~4—361/48%(P1+1)%(530/1083+ (P1
~24(-129/361+P273/361%P3) xP1+53/1083+P2+P3) ~2+ (520,/361xP1334/1083+P2
—166/1083%P3) )*cosh (h) ~2+57/32%(P1+1) ~2%(436/513+(P1—77/513%P3) ) ) ~3xcosh (
h)+omega/sinh (h) ~3/((2/3+(P1-1/3%P3) )*cosh (h)~2—2/3+(—3/4xP1+1/12«P3))
/((1/24(P1—1/2%P2) )*xcosh (h) ~2—1/2«P1—1/2) "2

KIN, o =
0
DYN,, =

—1/4%((—C3x*sinh (h) *((P2+1)*cosh (h) ~"4+(P1+1)*cosh (h) "2—1/2%xP1—-1/2)*P1%((2/3+(
P1-1/3%P3))*cosh (h)"2—2/3+(—3/4%xP1+1/12%P3) )xcosh (h) xomega—1 /6 (((7/6+((
P211/3xP3)+P11/6xP2+P3) 2+ (4/3+P1+5/6+P2 +1/6+P3))*abs (P1) ~2+15%P1
£(59/45+ PL# (P12 (—1/2+P2+4/154P3) *P1+7/15+P2xP3) ~ 3+ (83/30%P1~2+ (—7/15+P2
146/45%P3) «P1+41/90%P2+P3) ~2+ (1/45%P2+67/90+P3+139/45xP1) ) ) *cosh (h)
~84(7/2%(5/21+(P1 2+ (—13/28%P217/42%P3) «P1+3/28+P2xP3) ~2+ (95 /84%P1 5 /14x
P2 \25/84%P3) )xabs (P1) "2 165/4%P1%(2/9+ P1# (P12 +(—8/55+P3—93/110%P2) xP1
£7/30%P2+P3) ~3+ (127/66+P1°2+ (78/55%P223/990+P3) «P1+37/165xP2+P3)
~24(52/45%P1—32/55%P2+56/495%P3) ) J*cosh (h) ~6+(—11/2%(7/11+(P1~2+(—2/11%P2
—5/22xP3) xP1+1/22xP2xP3) ~2+(35/22+«P1—3/22+«P2—2/11xP3) ) xabs (P1) ~2+63xP1
#(2/7+(P1°2+(—16/63xP313/28%P2)+P1 15 /84xP2xP3)+P1~3 1 (79/36+P1
~24(-215/252+P23/T+P3)*P1+1/18xP2+P3) ~2+ (187/126+P1 11/28xP2 5/28%P3)) )«
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cosh (h) ~4+(2%(73/96+ (P1~2+(—3/16xP2—7/96xP3)*«P1+1/48%xP2+«P3) ~2+(167/96%P1
—1/6%P25/96%P3) ) xabs (P1) 2 747/16+P1(1538/2241 + (P1°2+(—18/83+P36/83%P2
)#P1+2/249+P24P3) P13+ (1993 /747P1"2 4 (—32/249+P2 947 /2241+P3) P1
£16/22414P2+P3) ~ 2+ (5278 /2241P1128/2241+P2 463/2241%P3) ) ) x cosh (h)
~2—1/48%((P3°2+1)*abs (P1) "2+ (—486%P1~3+72%P1~2xP3) ~2+(—900%P1"~2+73xP1xP3)
—413%P1) *(P1+41)) "3)*abs(1+P1) —3%(P1+1)%(—C3%sinh (h) * ((P2+1)*cosh (h) ~4+(P1
+1)xcosh (h)~2—1/2xP1—-1/2)*P1x((2/3+(P1—1/3%P3))*cosh (h) ~2—2/3+(—3/4xP1
+1/12%P3) ) xcosh (h) xomega—1/3"3x(((3/2+(P1+1/2%P2) ) *(7/6+(P1+1/6%xP3))s*abs(
P1)~2+(11/6+P1%(P1~2+(7/6+P3—17/4%P2)«P1+13/6xP2+P3) ~3+ (11/124P1
~2+(—35/6+xP2+14/3%P3) «P1+9/4%P2«P3) ~24(—3/2+%P2+43/12«P3+5/3«P1) ) xP1) *cosh
(h) "8+ (1/2%(—2/3+(P1~2+(—5/4¥P3—1/2+P2)+P1+1/12+P2«P3) ~2 + (1/4+P15/12+P2
~7/6xP3))xabs (P1) "2 49/4+P1x(1/21+ (P1°2+(67/294xP3 51 /49%P2)P1+85/294x
P24P3)«P1~ 31 (71/42+P1° 2+ (521/294%P2 17/147+P3)*P1+2/7+P2+P3) ~2+ (109,147
P1-36/49+P2+16/147+P3) ) ) *cosh (h) ~6+(—35/16%(4/5+(P1~2+4/105+P2xP3—5/21P1
«P3) "2+ (37/21%P1+4/1055P2—1/5¢P3) ) xabs (P1) ~2+425/16+(148,/425+ P1(P1
~0(—111/425+P3—162/425%P2) +P1+24/425%P2+P3) ~ 3+ (967 /425%P12+ (—12/17+P2
—569/1275%P3) «P1+4/75%P2+«P3) ~2+(122/75xP1—-418/1275xP2—16/85%P3) ) *P1) xcosh
(h) ~4+(17/32%(15/17+ (P12 (10/51%P3—6/17+P2) P1+2/51xP2+P3) ~2+ (94/51P1
16/51%P21+4/17P3) ) xabs (P1) 2 597/32%(1274/1791 + P1x (P12} (—328/1791%P3
18/199xP2) xP1+2/199«P2+P3) 3+ (4832/1791xP1~2+ (—32/199+P2 72/199+P3) «P1
116/1791%P2+P3) ~2+ (1439/597+P1\128/1791+P2322/1791%P3) ) +P1)*cosh (h)
~243/16%((7/9+(P1—-2/9P3) ) xabs (P1) “2+18+«P1%(293/324+ P1x(P1—5/36xP3)
~24(23/12+P149/324%P3)) ) %(P1+1)))) /(cosh (h)+1)/sinh (h)/(—3+Pltabs(1+P1)
—3)/((1/2+(P1-1/2%P2) )xcosh (h) ~2—1/2xP1—1/2) /(cosh (h)—1)/P1/((2/3+(P1
—1/3%P3))*cosh (h)~2-2/3+(-3/4xP1+1/12%P3) ) /cosh (h)

DYN, 4 =

1/8%((4/9+ (P1°34(7/9%P3—19/6xP2)*P1°2+19/12%(2/3+P31P2) «P2xP129/36+P2"2«P3)
~34(11/18%P1°24(—19/9%P2 +47/18%P3) *P1+7/9%P2x(—5/7%P31P2) ) ~2+(—\5/9%P2
+37/36%P3+31/36%P1) ) xcosh (h) “10+(—5/9+(—115/12«P1" 3+ (46/3xP2+53/36+P3) «P1
~214/3%P2% (P2 +20/21%P3) xP1+4/3+P2°2¢P3) ~3+ (215/18+P1" 2+ (152/9+P23/2«P3
)*P1—-10/3%P2%(8/15%P3+P2)) "2+ (—17/4%P1+38/9xP2—-59/36«P3) ) *xcosh (h)
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~§ 4 (145/36+ (581 /24+P1°3+(—1067/48+P2 439/72+P3) %P1 "2+ 347 /96% P2« (P2
+482/347%P3) xP1—47/96+P2~2+P3) ~3+ (6379 /144xP1°2+(—773/24+P2—1033 /144+P3)
P1+425/8+%P2% (97 /75xP3+P2) ) + (7087 /288xP1—-263/24%P2—-451/288+P3) ) xcosh (h)
~64 (671724 (—2257/96%P1~ 3+ (363/32+P2 1 1447 /288+P3) +P1°21/25P2x (P2
+499/144%P3) «P1+1/18+P2°2+P3) ~ 34 (—15599/288P1~2+ (5747 /288%P2+ 2395 /288+P3
)+P1 4/9+P2%(467/128+P31P2)) 21 (1441 /36xP1+157/18%P2 1 241/72+P3) ) *cosh (h)
~4426/3%(1753/2496+ (P12 +(129/832xP2 103 /624%P3) xP1+7/312+P24P3)
~91(4193/2496+P1331/2496%P289/624%P3) )+ (P1+1)*cosh (h) ~2—105/128%(P1+1)
~2%(788/945+(P1—-157/945+«P3) ) ) ~3%(P1+1)/cosh (h) /((2/3+(P1—1/3%P3) )*cosh (h)
~2-2/3+(—3/4xP1+1/12xP3) ) /((1/2+(P1-1/2%P2) )*xcosh (h) "2—1/2«P1—-1/2)~2/sinh
(h)~3

DYNy =

—I/C3*((—13/6xIx((—3/1372xC3~2xabs (P1)"44+P1x((P1+1)xabs(C3)"~2—C3"2x(P1
+19/13) ) *abs (P1)"24+P1°2%((3/13%P1°272+19/13%xP1+16/13)*abs (C3) ~2—C3"~2x(P1
+16/13)) )*cosh (h)~2-3/13%(P1°2+abs (P1) "2+2«P1)*(—C3~2xabs (P1) "2+ ((P1+1)x
abs (C3)°2—-C3"2)xP1) )*Plxcosh (h)x((P1-1/2%xP2+1/2)*cosh(h)~2—1/2«P1—1/2)x
sinh (h) *((2xabs (P1) ~2%P2+P1%(—abs (P2)~2+P2) )*xcosh (h) "2—P2x(abs(P1)"2+P1))
xomega+19/24% 1% (P1+1)«P1x((100/19%(67/100+(P1—33/100«P2) )«P2"~3xabs (P1)
~64146,/19%P1x(—65/146%(101/130+ (P129/130%P2) )*abs (P2) ~2+ (411/292 1 P1x(P1
—91/146%P2) ~2+(218/73+P1—351/292%P2) ) «P2) ~2xabs (P1) ~4+26/19xP1
~2x(—\34/13%(147/68+P1x(P1—11/34%P2) ~2+(61/17xP1—-3/4xP2) ) xabs (P2) ~2+P2
«(87/13+P1~2+(P1-8/13xP2) "3+ 11+P1(P196/143+P2) ~2+ (252/13%P1123/13%P2))
)sabs (P1)~21P1~3%(—7/19%(100/7+P1~2%(P11/2¢P2) ~3 4+ 171/14+P1%(P1 58 /171%P2
) ~2+(193/7+P1—40/7xP2) ) xabs (P2) ~2+(32/19+P1~ 2% (P1—25/38%P2) ~ 34245 /38xP1# (
P1188/245%P2) ~24 (154/19+P1100/19+P2) ) +P2) )xcosh (h) ~8+(—260/19%(97/130+ (
P1—-33/130%P2) ) %P2~ 3xabs (P1) ~6—425/19%«P1%(((—167/850%xP1+79/1700%P2)
~23/20)%abs (P2) ~2+(3267/1700+ P1(P1253/850%P2) ~2 ¢ (284/85%P11219/1700%
P2))+P2) ~2xabs (P1) "4 59/19%P1"2x( 229 /118%(420/229 + P1x(P1—64/229+P2)
~24(728/229+P1143/2295P2) ) xabs (P2) ~2+(2017/118 + P1~ 2% (P139/118%P2)
~34893/59+P1%(P1—260,/893+P2) ~2+(2001/59+P1—399/59%P2) ) +P2) xabs (P1)
~245/19%P1"3x(14/45%(78/T+P1~2%(P117/56+P2) ~3187/8xP1+ (Pl 54/203xP2)
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~24 (157 /7%P1—4%P2) ) xabs (P2) ~2+(376/45+P1~ 2% (P1—61/180+P2) ~3+1721/180+P1(
P1-500/1721%P2) 2+ (323/18+P152/15¢P2))%P2) )xcosh (h) ~6+ (315 /38 (517 /630 + (
P1-113/630%P2))«P2"3xabs (P1) ~6+261/19+P1x(—25/522%(43/50+ (P1—7/50xP2) ) *
abs (P2) 24 (206/87+ P1x(P1—20/261xP2) ~ 2+ (962/261%P1103/261+P2) ) «P2) ~2xabs (
P1)~4+67/38+«P1"2%(—127/134%(223/127+P1x(P1+10/127+P2) ~2+ (364 /127+P1
—4/127P2) ) xabs (P2) "2+P2#(3379/134+P1"~2%(P1—11/134xP2) ~3+1176/67+P1+(P1
—4/49xP2) "2+ (2961 /67«P1—253/67+P2) ) ) *abs (P1) ~2+107/76+P1
~3(—27/107%(68/9+P1" 2 (P1—1/9xP2) ~3+205/27%(P1+4/205xP2) P1+389/27P1)
abs (P2) 2+ P2%(1400/107 + P12+ (P1-8/107P2) ~3+1230/107P1%(P153/615+P2)
~924(2629/107+P1—204/107%P2))))*cosh (h) 4+ (12/19xP2~3%(31/48 + (P1—17/48P2)
)sabs (P1) ~6+179/76+P1x((—19/179°2+P119/179)xabs (P2) ~2+(193/179+ P1x(P1
—60/179%P2) ~2 1 (423/179+P1111/179%P2) ) #P2) “2%abs (P1) “4+5/76+P1"2x(( 12" 3%
P1°2-158/5°2+P1—-98/5)«abs (P2) ~2+(47+P1~ 2% (P1—3/5+P2) ~3+62+P1x(P1—63/155%
P2) "2+ (591/5%P1—174/5%P2) ) xP2) xabs (P1) "2+ 1/19+P1~3x((—1/4~4+P1°3—63/4"3x
P1°2 71/2°2+P120)*abs (P2) "2+ (18 +P1"2%(P13/4+P2) ~3+32+P1% (Pl 33/64xP2)
~2+(213/4%xP1—-20%P2) )*P2) )*cosh (h) "2—7/76*%(P1+1)*(abs(P1)"24+P1) «(89/14xabs
(P1)"4°2+(233/145P1°2°2+411/14%P1) xabs (P1) "2+P1~2x(P1°2"~2+261/14xP1+24) ) *
P2)xC3~3)*xabs(14+P1)+1/12«I«Pl*sinh (h)*cosh (h)*(P1+1)*(2*Plxcosh (h) "2—P2x
cosh (h)~2+cosh (h)~2-P1-1)*(abs(P1)"2+P1) x(2xabs(P1) “2xcosh (h) ~2«P2—-abs (P2
) "2xcosh (h) ~2xPl—abs (P1) ~2xP2+P2xP1x
cosh (h)"2—P1xP2) %(—13+xC3"2xabs(P1) ~2xcosh (h) "2—3xC3"~2xcosh (h) "2«P1°2+3xabs(
P1)~2xabs (C3) “2%cosh (h) ~2+13xabs (C3) “2xcosh (h) ~2xP1~2+4+10xC3"2xabs (P1)
~2—16+xC3"2xcosh (h) “2xP1+16xabs (C3) “2xcosh (h) “2xP1—10%abs (C3) ~2xP1"2+10xC3
~2+«P1—10%abs (C3) ~2xP1) xomega—67/24%I%(P1+1)*(abs (P1)"2+P1)*C3
£((26/67%(19/26+ (P1-7/26%P2) ) +P2~3xabs (P1) ~6+146,/67+P1+(8/73%(25/32+ (P1
~7/324P2) ) xabs (P2) 2+ (245/292+ P1x(P1—34/73xP2) 2+ (143 /73+P1-171/292%P2) )
P2) ~2+abs (P1)~4+100/67+P1"2%(—91/100%(94/91 + P1+(P122/91xP2) "2+ (192/91P1
~29/91%P2) ) *abs (P2) ~2+(77/50+ P1~2+(P113/20+P2) ~3+109/25+P1%(P161/109+P2
)~2+(126/25+P1193/100%P2) ) *P2) *abs (P1)~2+P1"3x(—33/67%(100/33+P1~2%(P1
~29/66xP2) ~3+117/22%P1%(P1—34/117%P2) ~ 2+ (82/11xP1—40/33+P2) ) xabs (P2) ~2 P2
(32/67+P1"2%(P1—101/134+P2) ~3+411/134%P1#(P1—98/137«P2) 2+ (174/67+P1
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—100/67«P2))))*cosh (h) "8+ (—59/67%(45/59+ (P1—-14/59%P2) ) «P2"~3xabs (P1)
~6425/67%P1x(—39/850%(61/78 + (P1—17/78+P2))*abs (P2) ~2+(1721/1700+ P1#(P1
—229/850%P2) ~ 2+ (893 /425%P1—609/1700+P2) ) xP2) ~2xabs (P1) “4—260/67+P1
~2((—253/520%P1%(P1—64/253%P2) 3+ (—P1+81/520%P2) “2—25/52) xabs (P2)
~24(323/104+P1"2%(P1—167/520%P2) ~3+71/13xP1x(P1-91/355+P2) ~ 2+ (2001 /260%P1
157/130%P2) ) #P2) abs (P1) ~2 194 /67P1"3x(33/97%(26/11 + P1~2+(P179/264+P2
)~3+1219/264%(P1—286/1219xP2)+P1~21 (133/22+P128/33+P2) ) +abs (P2)
~24(188/97+P1~2%(P1—255/776+P2) ~3+3267/776+P1x(P1—280/1089%P2)
~21(2017/388P178/97+P2) )+P2) )xcosh (h) ~6+ (1/2+(107/134+ (P1—27/134+P2) )
P2~ 3xabs (P1) ~6+261/67«P1x(11/1044%(8/11+ (P13/11xP2))*abs (P2)
~24(205/174+P1#(P1—127/1044%P2) ~ 2+ (196 /87+P1—205/1044%P2) ) xP2) ~2xabs (P1)
~44315/134%P1~2¢(—8/63%(53/40+ P1x(P1+1/8%P2) ~2 (12/5xP111/20%xP2) ) *abs (P2)
~2+P2%(2629/630+P1"2x(P1—5/634P2) ~3+1924/315P1#(—7/74xP2+P1) ~2+(47/5%P1
380/630%P2) ) ) *abs (P1) ~2+517/268+P1~3%(—113/517%(204/113+ P12+ (P1—7/113x
P2)~3+412/113%P1#(P1—1/103%P2) ~2+506,/113+P1) xabs (P2) ~2-+(1400/517+P1~2x(P1
—43/517+P2) ~3+2472/517+P1%(P1—223/2472xP2) ~ 2+ (3379/517+«P1—204/517+P2) ) xP2
))xcosh (h) ~4+(5/268%(4/5+(P1—1/5%xP2) ) «P2~3xabs(P1) ~6+179/268%P1
«((—3/179°2+P1—3/179)%abs (P2) ~2+(128/179+ P1+(P1—60,/179xP2) 2+ (310,/179%P1
—63/179%P2) ) *P2) ~2xabs (P1) ~4+4+12/67+«P1"~2x((—5/4"3%xP1~2-21/8"2xP1—-11/8)xabs
(P2)~2+P2%(71/16+P1~2%(P1—19/484P2) “3+141/16+P1#(P1—158/423%P2)
~24(197/16+P1—71/24%P2) ) ) *abs (P1) ~2+31/268+P1"3x((—17/31"4%P1~3—111/31" 3«
P1°2174/31°2%P1-80/31)%abs (P2) 2+ P2%(72/31+P1~2%(P119/31xP2) ~3+193/31%
P1x(P1—98/193xP2) ~2+(235/31xP1—80/31%P2) ) ) )*cosh (h) ~2—89/536x(P1+1)*(abs(
P1)~24P1)(14/89%abs (P1)~4"2+(233/89+P1°2°2+261/89%P1) xabs (P1)~2+P1" 2 (P1
~2°2+411/89+«P1+336/89))*P2) ~3) /(P1+41)/cosh (h) /((2*abs (P1) ~2+«P2+P1x(—abs |
P2)°2+P2))xcosh (h) "2—P2x(abs(P1)"2+P1))/(—1/3+«P1x(13xabs(P1) "2+3%xP1"2+416x
Pl)xabs(1+P1)+1/3x(abs(P1)"24+P1)«(3xabs(P1)~24+13%P1°2+16«P1))/P1/(cosh (h)
+1)/((1+(2%P1-P2) )*cosh (h)"2-P1-1)/sinh (h) /(cosh (h)—1)
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2.D The full C,y expression

Here, we give the full expression for Cy 2, defined in (2.151) as the coefficient of the 0(54) correction
to the m = 2 harmonic of 7.

Cyo =

—8%((—1/72+«P1xC3*sinh (h)*cosh (h) x(12xPlxcosh (h) “"2—4xcosh (h) ~2xP3+8xcosh (h)
~2—9xP1+P3—8) % (6% cosh (h) “4%xPl4cosh (h) ~4*P2+7xcosh (h) “4+Plxcosh (h) ~2+cosh (
h)"2-2+«P1-2)xomega—4/3"3%((1/8%(8/9+(P1°2+4(1/12«P2-2/9xP3)*P1+1/36xP2xP3)
~24(67/36%P1+1/9xP27/36+P3) )*abs (P1) ~2+(145/144+ (P1~2+(—5/24%P311/16+P2)
«P1+1/24%P2+P3) P13+ (143 /48+P1~2+ (17/96+P229/72+P3) P14 13/288+P2+P3)
~2+(17/144%xP2—-55/288xP3+859/288+P1) ) *P1)xcosh (h) ~8+(—1/6%(25/32+(P1
"2+ (—5/64%xP2—1/6xP3)*P1+5/192+«P2xP3) ~2+(337/192%P1—-5/96xP2—9/64%P3) ) xabs (
P1)~2-53/32+P1%(37/53+ (P1~2+(—34/159+P3—49/212+P2) xP1+41/636xP2+P3) xP1
~34(563/2124P1°2+(—43/106xP2—725/1908+P3) P1+32/477xP2xP3) ~ 2+ (2243 /954+P1
—82/477+P2-\26/159%P3) ) ) xcosh (h) ~6-+(13/384x(8/13+(P1~2+(—6,/13«P2+2/39+P3)
«P1+1/39+P2xP3) ~ 2+ (62/39%P1—17/39+«P2+1/13xP3) ) xabs (P1) ~2+59/64%(30/59+P1
«(P172+(—21/118+P345/118+P2)+P1+8/177%P2xP3) ~ 34 (877/354%P1°2+(130/177«
P2-164/531%P3) +P1+49/1062xP2xP3) ~ 2+ (1054 /531%P1—187/531xP2—23/177+P3) ) «P1
)xcosh(h)~4-19/128%(P1+1)%(—3/19%(25/27+(P1-2/27xP3) ) xabs (P1)
~24(113/171+(P1—11/57%P3) %P1~ 2+ (94/57«P1—31/171xP3) ) «P1) xcosh (L) ~2—3/64x(
P1+1)"2%(1/8xabs(P1) ~2+(35/36+(P1—-11/72xP3) )*P1) ) )*abs(1+P1) +1/288+C3x
sinh (h)*cosh (h)*(P1+1)*(12%Plxcosh (h)"2—4xcosh (h) "2%P3+8*cosh (h) ~2—9xP1+
P3—8) % (4% cosh (h) ~4xabs(P1) "2+36+cosh (h) “4xP1~2+412xcosh (h) ~4xP1xP2+52xcosh
(h) ~4xP1+12«cosh (h) "2«P1°2+12xcosh (h) ~2«Pl—abs (P1) ~2—15%xP1°2—16+P1) xomega
“1/12%(P1+1) 3% ((—12%(8/9+ (P1~2+(1/12%P2—2/9xP3) P11 1/36xP2xP3) ~2 (67 /36
P1+4+1/9%P2—7/36+P3) ) xabs (P1) "2+P1x(—25/34(P1—1/3%P3) *(P1+5/2+P2) «P1
~34+(—41/6+P1°2+(19/6%P2+7/6+P3) xP1—7/6xP2+P3) ~2+(1/3xP2+7/6xP3—95/6xP1) ))
sxcosh (h) "8+ (17#(151/204+ (P1°2+(—7/68+P2—19/102%P3) +P1+1/34+P2xP3)
~91(349/204+P15/68%P2 8/51xP3) )xabs (P1) ~2+17/4%(106/51+(P1~2+(19/51P3
—36/17%P2) «P1+31/515P2+P3) xP1~3+(230/51+P1"2+(—206/51xP2—15/17+P3) xP1
+37/51xP2xP3) ~2+(93/17«P1—92/51«P2—20/51%P3) ) *P1)*cosh (h)
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~64(—19/4%(34/57+(P1~2+(—15/38%P25/114%P3) xP1+2/57«P2+P3) ~ 24 (89 /57+P1
—41/114%P2—1/114%P3) ) xabs (P1) ~2—131/8%(200/393+ (P1°2+(—40/131xP3—54/131x
P2)+P1+7/131+P2xP3) P13+ (337/131+P1°2+(116/131+P2 224 /393P3) +P1
125/393%P2+P3) 2+ (814/393%P1182/393xP2100/393%P3) ) +P1)*cosh (h) ~41+99/8x(
P141)#%(—29/198%(80/87+(P1—7/87+P3))*abs (P1)~2+P1%(71/99+ P1x(P1—4/27+P3)
~2+4(1013/594%«P1—-3/22+P3) ) )*cosh (h) "2—9/8%(P1+1)*(—7/12%((P1—4/63%P3)
+59/63)xabs (P1) 2+ (P1x(P1—1/36+P3) ~2+(25/18+P1+1/108+P3) +23/54)xP1) ) ) *
cosh (h) /((1+(2«P1-P2) )*cosh (h)"2—P1—-1)/sinh (h) /(cosh (h)+1)/((1/18%(—54xP1
~2+4xP1%P2—2xabs (P1) "2—52+P1)*cosh (h) ~2+43/2xP1°2+41/18%abs (P1) "2+14/9%P1) %
abs(14+P1)+1/6%(P1+1)*(6+cosh (h) "2xabs(P1)"2+18%cosh (h) "2«P1~2—4xcosh (h)
~2+%P1%P2+20%cosh (h) "2«P1—-3xabs (P1) "2—9xP1°2—12%P1) ) /(cosh (h)—1) /((8+(12%
P1-4%P3) ) xcosh (h) “2—8+(—9«P1+P3))
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Chapter 3

Wind-induced changes to surface

gravity wave shape in shallow water

3.1 Abstract

Wave shape (e.g. wave skewness and asymmetry) impacts sediment transport, remote sensing and
ship safety. Previous work showed that wind affects wave shape in intermediate and deep water. Here, we
investigate the effect of wind on wave shape in shallow water through a wind-induced surface pressure
for different wind speeds and directions to provide the first theoretical description of wind-induced shape
changes. A multiple-scale analysis of long waves propagating over a shallow, flat bottom and forced by a
Jeffreys-type surface pressure yields a forward or backward Korteweg—de Vries (KdV)-Burgers equation
for the wave profile, depending on the wind direction. The evolution of a symmetric, solitary-wave initial
condition is calculated numerically. The resulting wave grows (decays) for onshore (offshore) wind and
becomes asymmetric, with the rear face showing the largest shape changes. The wave profile’s deviation
from a reference solitary wave is primarily a bound wave and trailing, dispersive, decaying tail. The onshore
wind increases the wave’s energy and skewness with time while decreasing the wave’s asymmetry, with the
opposite holding for offshore wind. The corresponding wind speeds are shown to be physically realistic,
and the shape changes are explained as slow growth followed by rapid evolution according to the unforced

KdV equation.
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3.2 Introduction

The study of wind and ocean wave interactions began with Jeffreys [63] and continues to be an
active field of research [e.g. 125, 129, 130]. Many theoretical studies [e.g. 63, 68, 69] focus on calculating
wind-induced growth rates and often employ phase-averaging techniques. However, experimental [e.g. 100,
101] and theoretical [e.g. 131] studies have shown wind can also influence wave shape, quantified by third-
order shape statistics such as skewness and asymmetry, corresponding to vertical and horizontal asymmetry,
respectively. Furthermore, while many numerical studies on coupled wind and waves employ sinusoidal
water waves and therefore neglect wind-induced shape changes [e.g. 90, 108], some recent numerical studies
have incorporated wind-induced changes to the wave field using coupled air-water simulations [e.g. 92, 93]
or direct numerical simulations of two-fluid flows [e.g. 88, 132]. Wave shape influences sediment transport,
affecting beach morphodynamics [e.g. 46, 49|, while wave skewness affects radar altimetry signals [e.g. 52]
and asymmetry influences ship responses to wave impacts [e.g. 57].

Waves in shallow water, where kh <« 1 (with h the water depth, k = 27/\ the wavenumber
and A the wavelength), differ qualitatively from those in intermediate (kh ~ 1) to deep (kh > 1) water.
For waves with small amplitudes ag < h, leveraging the small parameters ag/h ~ (kh)? < 1 yields the
Boussinesq equations with weak dispersion and nonlinearity. When dispersion balances nonlinear focusing,
a special class of waves, known as solitary waves, are formed and appear in environments ranging from
nonlinear optical pulses [e.g. 133] to astrophysical dusty plasmas [e.g. 134]. These well-understood waves
are often used to study fluid dynamical [e.g. 135-138] and engineering [e.g. 139-141] contexts owing to
their simplicity. One of the simplest equations displaying solitary waves is the Korteweg—de Vries (KdV)
equation, which incorporates dispersion and nonlinearity. When augmented with a dissipative term, this
becomes the KdV-Burgers equation, with applications to damped internal tides [e.g. 142], electron waves
in graphene [e.g. 143] and viscous flow in blood vessels [e.g. 144]. While field observations [e.g. 145] have
investigated the wind-induced growth of shallow-water waves, the interaction of wind and shallow-water
waves has not yet been formulated into a simple equation such as the KdV-Burgers equation.

The influence of wind on wave shape has been previously investigated in intermediate and deep
water [131]. However, the coupling between wind and wave shape has not yet been investigated in shallow
water. To investigate wind and surface wave interactions in shallow water over a flat bottom, we introduce
a wind-induced pressure term to the Boussinesq equations in § 3.3. The resulting KdV—Burgers equation
governs a solitary wave’s evolution, which we solve numerically to yield the wave’s energy, skewness and

asymmetry in § 3.4. We calculate the wind speed, discuss the asymmetry and compare our results to
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intermediate- and deep-water waves in § 3.5.

3.3 Derivation of the KdV-Burgers equation

3.3.1 Governing equations

We treat the flow as irrotational and inviscid and neglect surface tension. Furthermore, we restrict
ourselves to planar wave propagation in the +x direction. Finally, we choose a coordinate system with
z = 0 at the mean water level and a horizontal, flat bottom located at z = —h. Then, the incompressibility

condition and standard boundary conditions are

0= @uz + @22 on —h<z<mn, (3.1)
0=¢. on z=—h, (3.2)
Gz =1 + Pulla on z=m, (3-3)
Ozp%+gn+¢t+%[¢§+¢3] on z=1. (3-4)

Here, n(x,t) is the wave profile, ¢(z, z,t) is the flow’s velocity potential related to the velocity u = V¢,
p(z,t) is the surface pressure, g is the gravitational acceleration and p,, is the water density. We used the
¢ gauge freedom to absorb the Bernoulli ‘constant’ C(¢) in the dynamic boundary condition. We seek a
solitary, progressive wave which decays at infinity, n(x,t) — 0 as |x| — oo, with similar conditions on u.

We choose a coordinate system where the average bottom horizontal velocity vanishes,

pr 0 on z=—h, (3.5)
with the overline a spatial average f = limy_, o ffL fdx /(2L). Additionally, we assume the surface

pressure p(z,t) is a Jeflreys-type forcing [63],

p(e1) = POIED, (36)

Here, P is proportional to (U — ¢)?, with ¢ the wave’s nonlinear phase speed and U the wind speed (cf.
§ 3.5.1). Note that P > 0 corresponds to (‘onshore’) wind in the same direction as the wave while P < 0
denotes (‘offshore’) wind opposite the wave. We use a Jeffreys forcing for its analytic simplicity and clear

demonstration of wind—wave coupling. Jeffrey’s separated sheltering mechanism is likely only relevant in
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special situations (e.g. near breaking, [64], or for steep waves under strong winds, [65, 66]). Additionally,
numerical simulations of sinusoidal waves suggest the peak surface pressure is shifted approximately 135°
from the wave peak, while Jeffreys would give a 90° shift [108]. However, a fully dynamic coupling between
wind and waves — necessary for an accurate surface pressure over a non-sinusoidal, dynamic water surface
— is outside the scope of this paper. Furthermore, the applicability of Jeffreys forcing to extreme waves

means our theory could apply to the wind forcing of rogue waves in shallow water [146].

3.3.2 Non-dimensionalization

We non-dimensionalize our system with the known characteristic scales: the horizontal length
scale L over which 7 changes rapidly, expressed as an effective wavenumber kg := 27 /L; the (initial) wave
amplitude ap = Hp/2 (i.e. half the wave height Hy); the depth h; the gravitational acceleration g; and the
wind speed U, expressed as a pressure magnitude P o p, (U — ¢)?, with p, ~ 1.225 x 10 3p,, the density

of air. Denoting non-dimensional variables with primes, we have

x’ x’ / /
r=-—=~h , t= n = aon = hen,

ke VbE kECO VHE . (3.7)
z=h?, p=cpfud_ _°© = ¢ = coh,

C7
ke VIE Plpucs h \/7

with linear, shallow-water phase speed ¢y = y/gh. Our system’s dynamics is controlled by three small,
non-dimensional parameters: € == ag/h, ug = (kgh)? and Pkg/(p.g). We will later require O(c) =

O(pg) = O(Pkg/(pwg)). Now, our non-dimensional equations take the form

0= ,U,E(b/w/m/ + ¢/Z'Z/ on —-1< Z, < 877/, (38)
0=¢., on 2 =-1, (3.9)
r_ / ’ot '
¢ = 1By + ELEDL My on 2 =ern, (3.10)
_ /0 / / 1 12, € 2 !
0=eP'ny +n + ¢p + 5 e + p @i on z =en. (3.11)
E

We will drop the primes throughout the remainder of this section for readability.
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3.3.3 Boussinesq equations, multiple-scale expansion, KdV equation and ini-

tial condition

Here, we modify the Boussinesq equation’s derivation provided by Mei et al. [121] or Ablowitz
[102] by including the surface pressure forcing in (3.4). Taylor expanding the velocity potential ¢ about the
bottom, z = —1, and applying Laplace’s equation (3.8) and the bottom boundary condition (3.9) yields

an expansion of ¢ in terms of ug < 1 and the velocity potential at the bottom, ¢ = ¢| . This ¢

z=—1
expansion can be substituted into the two remaining boundary equations, (3.10) and (3.11), to give the

Boussinesq equations with a pressure forcing term,

O + 020 + €020 p) — qua“so = O(u%), (3.12)

L0, = O(u3). (3.13)

1
Oup + PO + 1 — Sppddip + 5

Further, we will now assume O(¢) = O(ug) < 1.
We now expand t using multiple time scales t,, = €™t for n = 0, 1, so all time derivatives become

Or — O, + €0y, . Then, we write n and ¢ as asymptotic series of €,
= Zsknk(az,to,tl) and (x,t) Zs or(z, to, t1,). (3.14)

Now, we will reduce the Boussinesq equations, (3.12) and (3.13), to the KdV equation following a similar
method to Mei et al. [121] and Ablowitz [102]. Collecting order-one terms O(e°) from (3.12) and (3.13)

gives a wave equation for 1y and ¢g. The right-moving solutions are

wo = fo(z —to,t1) and no = fi(z —to,1) with ff:= % (3.15)
f=ax—to
Continuing to the next order of perturbation theory, we retain terms of O(¢),
8771+52801:_8770_3< 6%) 1pp 0 900’ (3.16)
Oto Ox? oty Ox Ox 6 ¢ Oxt

Inserting our leading-order solutions for 79 and ¢y, eliminating 1; and preventing resonant forcing of ¢;
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gives the KdV-Burgers equation,

Io 3 o  1ppdn 19

oty 9o dr 6 & Ox3 2 0x2 "’ (3.18)

Note that (3.18) has a rescaling symmetry, with up — Mup equivalent to taking (z,to,t1, P) —
(z,to,t1, P)/X\. Therefore, we fix the length scale (equivalently, kg) by choosing ur = 6. Note that
incorporating slowly varying bottom bathymetry 9,k = O(e) can yield an equation of the form (3.18) with
spatially varying coeflicients [e.g. 147, 148], although such an analysis is outside the scope of this study.

For offshore wind, the pressure term Pd2%n, acts as a positive viscosity causing damping, and
(3.18) is the (forward) KdV-Burgers equation with P < 0. However, for onshore wind, the viscosity is
negative and causes wave growth, yielding the backward KdV-Burgers equation with P > 0. The backward
KdV—-Burgers equation is ill posed in the sense of Hadamard because the solution is highly sensitive to
changes in the initial condition [149]. While a finite-time singularity (i.e. wave breaking) is likely, the
multiple-scale expansion used to derive (3.18) is only valid for time intervals of O(1/¢), and we limit our
analysis to short times removing the need to regularize the solution.

The solitary-wave solutions of the unforced (P = 0) KdV equation exist due to a balance of

dispersion 937y with focusing nonlinearity 790,10 and have the form [e.g. 121]

8

T
Hy’

3 (3.19)

1o = Hyp sech? ( ) with A =

in a co-moving frame with Hy > 0 an order-one parameter. For reference, unforced solitary waves travel

relative to the laboratory frame with non-dimensional, nonlinear phase speed [e.g. 121]

H,
c=1+€§9 (3.20)

We use (3.19) for our initial condition and choose Hy = 2 so the initial, dimensional amplitude ag is half
the wave height (cf. § 3.3.2). Note that the unforced KdV equation also has periodic solutions known as
cnoidal waves. For a fixed height, these cnoidal waves have a smaller characteristic wavelength 1/kg than
solitary waves and can be studied by choosing larger pug > 6¢ (cf. § 3.5.3). However, wind-induced shape
changes are more readily understood when considering solitary waves owing to their reduced number of
free parameters (i.e. pg). Furthermore, since solitary waves are well understood and highly relevant to

fluid dynamical systems [e.g. 136-139], we will restrict our analysis to solitary waves for brevity and clarity.
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The wind-forcing term P92, in (3.18) disrupts the solitary wave’s balance of dispersion and nonlinearity,
inducing growth/decay and shape changes. The KdV-Burgers equation has no known solitary-wave

solutions, so we will solve it numerically.

3.3.4 Numerics and shape statistics

To solve (3.18) numerically, we will use the Dedalus spectral solver [150] which implements a
generalized tau method with a Chebyshev basis. Since the onshore wind, P > 0 case is ill posed, we
require an implicit solver, so time stepping is done with coupled four-stage, third-order Diagonally Implicit
Runge-Kutta and Explicit Runge-Kutta schemes. The spatial domain has a length of L = 80, and we
require 779 = 0 at '’ = —40 and 19 = 9,19 = 0 at 2’ = 40. We employ N, = 1600 Chebyshev coefficients
and zero padding with a scaling factor of 3/2 to prevent aliasing of nonlinear terms. This corresponds to
N, = 2400 spatial points with spacing Az = 7.7 x 107° to 7.9 x 102 for an average spacing of Az = 0.05.
The simulation runs from ¢; = 0 to t; = T = 10, since the multiple-scale expansion of § 3.3.3 is only accurate
for times of O(1/¢). Adaptive time stepping is employed such that the Courant—Friedrichs—Lewy number
is (At)max(ng)/(Az) = 1. For the unforced case, this corresponds to At ~ 7.86 x 1073, increases to
1.04 x 1072 for P = —0.25 and decreases to 4.73 x 10~* for P = 0.25. We found that linearly ramping up P
from 0 at ¢, = 0 to its full value at ¢; = ¢, or full, dimensional time Ty = 1/(\/ghkg) (i.e. the time required
to cross the inverse, effective wavenumber 1/kg, or ‘wave-crossing time’) did not qualitatively modify the
results, so we do not utilize such a ramp-up here. The spectral solver results in high numerical accuracy,
with the normalized root-mean-square difference between the unforced (P = 0) profile g at ¢; = 10 and
the initial condition 7\’ is 2 x 10 '3, and the normalized wave height change is 1 — [max(no) — min(1)]/
[max(néo)) - min(n,go))} =-1x10"13

We quantify the wave shape with the wave’s energy F, skewness S and asymmetry A,

_ () _H{mh 1R
E = <773>7 S = <"78>03/2 and A= W, with (f) = 7 /L/Qfdx. (3.21a—c¢)

Here, H(f) is the Hilbert transform of f, defined as the imaginary part of F~!(F(f)2U) with U the unit
step function and F the Fourier transform. Since these definitions depend on the domain size L, we

normalize the energy E and skewness S by their initial values.
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Figure 3.1. Solitary-wave evolution under (a) onshore and (b) offshore wind-induced surface pressure
in the frame of the unforced solitary wave. Non-dimensional wave height n/h versus non-dimensional

distance z/h for ¢ = 0.1, ug = 0.6, |Pkg/(pwge)] = 0.25 and non-dimensional slow times | =
tev/ghkr = 0, 5 and 10, as indicated in the legend. Only a subset of the full spatial domain is shown.
The arrows denote the wave propagation (phase speed) and wind direction.

3.4 Results

We study the pressure magnitude’s effect on solitary-wave evolution and shape by varying the
KdV-Burgers equation’s (3.18) one free parameter, Pkg/(p,ge), with emphasis on the contrast between
onshore (P > 0) and offshore wind (P < 0). We revert to denoting non-dimensional variables with primes
and dimensional ones without.

The wave profile /h snapshots in figure 3.1 qualitatively show how the wave shape evolves over
non-dimensional slow time ¢} = te\/ghkg in the unforced solitary wave’s frame. The onshore wind generates
wave growth, apparent at the wave crest (figure 3.1a), whereas the offshore wind causes decay (figure 3.1b).
The wind also changes the phase speed, with the wave’s acceleration (deceleration) under an onshore
(offshore) wind visible by the advancing (receding) of the crest. This is expected due to the (unforced)
solitary wave’s nonlinear phase speed (3.20) dependence on the wave height H.

In shallow water, wave growth/decay and phase speed changes are well-known wind effects [e.g. 69,
145], but wind-induced wave shape changes [131] have not been previously studied for shallow-water systems.
Such changes are visible in figure 3.1 where, despite the wave starting from a symmetric, solitary-wave

initial condition, the wind induces a horizontal asymmetry in the wave shape, particularly on the rear face
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Figure 3.2. The non-dimensional profile change An/h between the surface profile and reference
solitary wave (3.19) under (a) onshore and (b) offshore Jeffreys forcing versus non-dimensional reference
wave-centred distance Z/h. Results are shown for € = 0.1, ug = 0.6, |Pkr/(pwge)| = 0.25 and non-
dimensional slow times t] = te/ghkr = 0, 5 and 10, as indicated in the legend. Only a subset of the
full spatial domain is shown. The arrows denote the direction of wave propagation (phase speed) or
wind direction.

(z < 0) of the wave. The offshore wind (figure 3.1b) raises the rear base of the wave (near x/h = —5)
relative to its initial profile (purple line), but the onshore wind (figure 3.1a) depresses the rear face and
forms a small depression below the still water level at tey/ghkr = 5 (blue line) which widens and deepens
at tey/ghkp = 10 (green line). Finally, the onshore wind (figure 3.1a) increases the maximum wave-slope
magnitude with time while the offshore wind (figure 3.1b) decreases it, although the windward side of the
wave becomes steeper than the leeward side for both winds (up to 8 % steeper for the time period shown).
Although the equation is ill posed in the sense of Hadamard, the smooth solutions show that our solution
is acceptable up to the current time and thus we are justified in neglecting a regularization scheme.

To further examine the wind-induced wave asymmetry, we fit  to a reference solitary-wave profile
Mret (3.19) by minimizing the L, difference, yielding the reference height H,e¢(t1) and peak location @yef(t1).
The profile change is defined as An(z) := 1 — Ner and is shown as a function of the reference wave-centred
distance ¥ == x — x,¢f in figure 3.2. Notice that the profile change begins near the front face of the wave
and has extrema for negative &’ but with opposite signs for onshore and offshore winds. Additionally, the
magnitude of the extrema decay with distance in the —% direction. Finally, note that the onshore (offshore)

wind generates a small peak (trough) at £ = 0 and two small troughs (peaks) near £/h = £3, with the
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Figure 3.3. Solitary-wave shape statistics under onshore and offshore Jeffreys forcing versus non-
dimensional slow time t] = tey/ghkr = 0-10. The (a) energy (normalized by the initial energy), (b)
skewness (normalized by the initial skewness) and (c¢) asymmetry are defined in (3.21a—c). Results
are shown for £ = 0.1, ug = 0.6 and pressure magnitude |Pkg/(pwge)| up to 0.25, as indicated in the
legend. The solid black line is the unforced case, P = 0, and shows no growth or asymmetry and a

constant skewness.

T < 0 extrema larger than the £ > 0 one. This is analogous to a dispersive tail, well known in KdV-type
systems [e.g. 136], and its appearance here helps explain the pressure-induced shape change (cf. § 3.5.2).
The effect of wind on wave shape is quantified by the time evolution of wave shape statistics
— energy, skewness and asymmetry — for onshore and offshore wind (figure 3.3). We plot all cases for
initial steepness € = 0.1 up to slow time tey/ghkp = 10, corresponding to 10/e = 100 wave-crossing times,
To = 1/(v/ghkg). The unforced case (P = 0) displays constant shape statistics and zero asymmetry, as
expected. The normalized energy E/FEy shows different growth/decay rates: the onshore wind (P > 0)
causes accelerating wave growth while the offshore wind (P < 0) causes slowing wave decay (figure 3.3a).
The energy of the unforced wave is virtually unchanged, with a normalized energy change of 1 — E/Ey =
—1x 10713 at #; = 10. The onshore (offshore) wind causes the wave to become more (less) skewed over
time, with the normalized skewness nearly symmetric about unity with respect to +P. Finally, the onshore

wind causes a backwards tilt and negative asymmetry while the offshore wind increases the asymmetry and
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causes a forward tilt, which was also seen in figure 3.1. Notice that |A] is larger for onshore winds than
offshore winds. Since the definitions of the skewness and asymmetry are insensitive to waveform scaling
1 — An, this effect is not simply caused by the wave’s growth/decay. Instead, the onshore wind generates

a larger dispersive tail (figure 3.2), which is the asymmetric wave component.

3.5 Discussion

3.5.1 Wind speed estimation

We now relate the non-dimensional pressure magnitude Pkg/(pwg) = O(¢) to the wind speed.
First, we need a relationship between the surface pressure and wave energy F (3.21a—c), which we can
approximate using the standard procedure [e.g. 121] of multiplying the (non-dimensional, denoted by

primes) KdV-Burgers equation (3.18) by 7 and integrating from 2’ = —oco to oo to obtain

L) o) 7\ 2
% / n'2de = / P’(ZZ?) da’. (3.22)
1 J—o0 —00

The left integral is the non-dimensional energy (3.21a—c), so re-dimensionalizing and converting back to

the full time t gives the energy growth rate ~,

v _ 1 9E _ Pkg{(9m)?) _ 1Pkg
cokp  cokgE Ot pug (ken)?) 5 pug’

(3.23)

with ((9,1))/{(kgn)?) = 1/5 evaluated with the initial, solitary-wave profile (3.19) and the linear, shallow-
water phase speed ¢y = v/gh coming from the re-dimensionalization of ¢’ = tcokg (3.7). Alternatively, a
secondary multiple-scale approximation of the forward KdV-Burgers equation has been used previously to

derive the energy growth rate for solitary waves as [143]

Pk
Ex ——— with fy:b[ E]cokE, (3.24)

with analytically derived b = 2/15. Numerically fitting (3.24) to our calculated energy instead yields
b = 0.10081 £ 0.00003, similar to the analytic approximation. Note that the exponential energy growth
(3.23) correctly approximates (3.24) for small times vt < 1, and both expressions are consistent with the
observed accelerating (decelerating) energy change for P > 0 (P < 0) in figure 3.3.

Next, Jeffreys’s ([1925]) theory relates the growth rate of periodic waves to the wind speed Uy /2,
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measured at a height equal to half the wavelength z = A\/2, as

U, U
stk/zp“( A/2_1)‘ M2

3.25
! 2 ) (3.25)

with S)/2 a small, non-dimensional sheltering parameter potentially dependent on ¢, ug and Uy /2 /c.
For simplicity, we approximate the nonlinear phase speed ¢ (given non-dimensionally in (3.20)) by its
leading-order term cy = v/gh, yielding an error of only 10 % in the subsequent calculations. Combining

this approximation of (3.25) with (3.23) gives

1| Pkg
U =co|l1E4/=|——
/2 0< \/5 g

Here, the + corresponds to onshore (+) or offshore (—) winds. Note that changing the wind direction (i.e.

pw 1
FPw . 3.26
Pa S/\/2> ( )

+ sign) while holding the surface pressure magnitude |Pkg/(p,g)| constant means onshore wind speeds
|U)\ /2‘ will be larger than offshore wind speeds.

We can evaluate (3.26) for the parameters of § 3.4: ¢ = 0.1, ug = 0.6 and Pk/(p,ge) = 0.25.
Donelan et al. [125] parameterized Sy, for periodic shallow-water waves with a dependence on airflow
separation: Sy, = 4.91¢,/iu for our non-separated flow (according to their criterion), with u = (kh)2.
Assuming this holds approximately for solitary waves, we choose A = 27 /kr = 20m to calculate the
wind speed at z = A/2 = 10m. This choice corresponds to a depth of A = 2.5m and initial wave height
Hy = 0.5m and yields a wind speed of Ujg = 22ms ™!, a physically realistic wind speed for strongly forced
shallow-water waves. Weaker wind speeds will induce smaller surface pressures and thus take longer to

change the wave shape.

3.5.2 Physical mechanism of asymmetry generation

Our initial, symmetric solitary waves (3.19) are permanent-form solutions of the unforced KdV
equation. More generally, any initial solitary wave which does not exactly solve the KdV equation will
evolve into a solitary wave and a trailing, dispersive tail according to the inverse scattering transform [e.g.
121]. In our system, the pressure continually perturbs the system away from the unforced KdV soliton
solution resulting in a trailing, bound, dispersive tail (figure 3.2), which is responsible for the wave
asymmetry. To see this, consider an initial, symmetric profile . The pressure forcing term P27 preserves
the initial symmetry and induces a symmetric bound wave after a short time At} < 1. This is apparent

when considering the non-dimensional KdV-Burgers equation (3.18) in the unforced solitary wave’s frame
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(figure 3.1) at the initial time,

/ 2 !/
ng = —P’% [sech2 (2)} (3.27)
=0
/ / AN / / 2 33/ / / 3 4 ,T/
= (', At]) = (2 — P'At}) sech > +P At1§ sech 5 ) (3.28)

The P'At)] terms generate a small bound wave with a peak (trough) at 2’ = 0 and troughs (peaks)
symmetrically in front and behind the wave peak for onshore (offshore) wind. As time increases, the
continual pressure forcing causes the bound wave to grow and lengthen behind the wave, as is apparent in
figure 3.2 (e.g. &/h = —20 to 3 for P’ = 0.25 and ] = 10).

The small numerical value |P’| = 0.25 < 1 used in § 3.4 allows us to consider the wave’s evolution
as two steps with time scale separation. First, the pressure generates a bound wave (3.28) on the slow time
scale, and then the wave evolves a dispersive tail on the fast time scale according to the inverse scattering
transform of the unforced KdV equation. The dispersive tail in figure 3.2 (e.g. located left of /h = —20
for P’ =0.25 and ¢} = 10) is analogous to the ubiquitous dispersive tails in prior studies on shallow-water
solitary waves, such as figures 8(b) and 8(c) of Hammack and Segur [136]. However, unlike dispersive tails
generated from initial conditions which fail to satisfy the KdV equation, our tail is continually forced and
lengthened by the wind forcing. Finally, interactions with the trailing, dispersive tail are responsible for
lengthening the bound wave (3.28) behind, rather than ahead, of the solitary wave. Hence, the disturbance
induced by the pressure forcing (3.28) has two effects on the wave. First, the wind slowly generates a
bound wave which changes the height and width of the initial solitary wave, which is reflected in the
growth (decay) and narrowing (widening) under onshore (offshore) winds in figure 3.1. Second, it quickly
generates an asymmetric, dispersive tail behind the wave (figure 3.2), producing a greater shape change on
the wave’s rear face (figure 3.1). Finally, the different wind directions (i.e. pressure forcing signs) change

the sign of the bound wave and dispersive tail and, hence, the sign of the asymmetry in figure 3.3.

3.5.3 Comparison to intermediate and deep water

Zdyrski and Feddersen [131] investigated the effect of wind on Stokes-like waves in intermediate to
deep water. This study, with wind coupled to waves in shallow water, finds qualitative agreement with
those intermediate- and deep-water results. The shallow-water asymmetry magnitude increases as the
pressure magnitude P increases (figure 3.3), and figure 4(a) of Zdyrski and Feddersen [131] displayed a

similar trend for the corresponding Jeflreys pressure profile, with positive (negative) pressure increasing
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(decreasing) the asymmetry. Although Zdyrski and Feddersen [131] compared their theoretical predictions
to limited experimental results with kh > 1, there are no appropriate experiments on wind-induced changes
to wave shape in shallow water for comparison with our results. In addition to the Jeffreys pressure profile
employed here, Zdyrski and Feddersen [131] also utilized a generalized Miles profile, only applicable to
periodic waves, wherein the pressure was proportional to 7 shifted by a distance parameter ¢¥)p/k. Future
investigations could couple a higher-order Zakharov equation [e.g. 151] to a Jeffreys-type pressure forcing
or to an atmospheric large eddy simulation, as was done for deep water by Hao and Shen [93]. Although
this analysis focuses on solitary waves, we also investigated the effect of wind on periodic waves using
the cnoidal-wave KdV solutions as initial conditions. Wind-forced cnoidal waves displayed qualitatively
similar shape changes with stronger onshore (offshore) wind causing the energy and skewness to increase
(decrease) while the asymmetry decreased (increased) with time. Furthermore, results were qualitatively
similar across multiple classes of cnoidal waves with different values of pug, implying that these results

apply rather generally.

3.6 Conclusion

Prior results [131] in intermediate and deep water demonstrated that wind, acting through a wave-
dependent surface pressure, can generate shape changes that become more pronounced in shallower water.
Here, we produced a novel analysis of wind-induced wave shape changes in shallow water using a multiple-
scale analysis to couple weak wind with small, shallow-water waves, i.e. ag/h ~ (kgph)? ~ Pk/(pung) < 1.
This analysis produced a KdV-Burgers equation governing the wave profile 7, which we then solved
numerically with a symmetric, solitary-wave initial condition. The deviations between the numerical results
and a reference solitary wave had the form of a bound, dispersive tail, with differing signs for onshore
and offshore wind. The tail’s presence and shape are the result of a symmetric, pressure-induced shape
change evolving under the inverse scattering transform. We also estimated the energy, skewness and
asymmetry as functions of time and pressure magnitude. For onshore wind (positive P), the wave’s energy
and skewness increased with time while asymmetry decreased, while offshore wind produced the opposite
effects. Furthermore, these effects were enhanced for strong pressures, and they reduced to the unforced
case for P = 0. The shape statistics found here show qualitative agreement with the results in intermediate
and deep water. Finally, the wind speeds corresponding to these pressure differences were calculated and

found to be physically realistic.
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Chapter 4

Wind-induced changes to shoaling

surface gravity wave shape

4.1 Abstract

Unforced shoaling waves experience growth and changes to wave shape, and wind-forced waves on
a flat-bottom likewise experience growth/decay and changes to wave shape. However, the combination of
shoaling and wind-forcing, particularly relevant in the near shore environment, has rarely been investigated.
Here, we consider small-amplitude, shallow-water solitary waves propagating up a gentle, planar bathymetry
forced by a weak, Jeffreys-type wind-induced surface pressure. We derive a variable-coefficient Korteweg—de
Vries—Burgers equation governing the surface profile’s evolution and solve it numerically using a Runge-
Kutta third-order finite difference solver. The simulations run until convective pre-breaking, and we find
that offshore winds weakly enhance the ratio of pre-breaking height to depth as well as pre-breaking slope.
Onshore winds have a strong impact on narrowing the wave peak, and wind also modulates the rear shelf
formed behind the wave. Furthermore, wind strongly affects the width of the pre-breaking zone, with
larger effects for smaller beach slopes. After converting our pressure magnitudes to physically realistic

wind speeds, we observe qualitative agreement with prior laboratory and numerical experiments.
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4.2 Introduction

Wind couples to surface gravity waves leading to wave growth and decay as well as changes to wave
shape. However, many aspects of wind-wave coupling are not yet fully understood. Since the sheltering
theory of wind-wave coupling by Jeffreys [63], a variety of mechanisms for wind-wave interactions have been
put forward, often with a focus on calculating growth rates [e.g. 68, 69]. Furthermore, these theories have
been tested by many studies in the laboratory [e.g. 76, 85, 152, 153] and the field [e.g. 74, 125]. Similarly,
numerical studies have modeled the airflow above waves using methods such as large eddy simulations [e.g.
89, 90, 108] or modeled the combined air and water domain using Reynolds-averaged Navier Stokes (RANS)
solvers [e.g. 95] or direct numerical simulations [e.g. 88, 132].

While wave growth rates and airflow structure have received much attention, wind-induced wave
shape changes have been less studied. Unforced, weakly nonlinear waves on flat bottoms (e.g. Stokes,
cnoidal, and solitary waves) are horizontally symmetric about the peak (i.e. zero asymmetry) but are not
vertically symmetric (i.e. non-zero skewness, [e.g. 104, 154]). Laboratory experiments of wind blowing over
periodic waves have demonstrated that wave asymmetry increases with onshore wind speed in intermediate-
water [e.g. 100] and deep-water [e.g. 101]. Theoretical studies have likewise shown that wind-induced
surface pressure induces wave shape changes in both deep [131] and shallow [155] water. However, the
influence of wind on wave shape has not yet been investigated for waves on a sloping bottom.

In contrast, the shoaling of unforced waves up a beach is a relatively well-studied phenomenon that
causes wave growth and shape change. Field observations have revealed the importance of nonlinearity
in wave shoaling and its relation to skewness and asymmetry [e.g. 59, 156]. Additionally, laboratory
experiments of waves shoaling on planar beach slopes yield how the wave height and wave shape evolve with
distance up the beach [e.g. 157-159]. Furthermore, numerical studies have investigated wave shoaling all
the way to wave breaking. A variety of methods have been utilized, including pseudo-spectral models [e.g.
160], fully nonlinear potential flow boundary element method solvers [e.g. 161, 162], large eddy simulation
volume of fluid methods [e.g. 162] and two-phase direct numerical simulations of both the air and water [e.g.
163]. Theoretical [e.g. 164] and numerical [e.g. 162] investigations of wave breaking have shown that
convective wave breaking depends on the surface water velocity v and the phase speed ¢ and occurs when
the Froude number Fr := u/c is approximately unity. The type of wave breaking (e.g. spilling, plunging,
surging, etc.) is related to the beach slope f3, initial wave height Hy and initial wave width L through the

Iribarren number ir := 3/+/Hy /Lo |e.g. 165, 166].

There have been extremely few studies looking at the combined effects of wind and shoaling of
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surface gravity waves. Experimental studies have found that onshore wind increases the surfzone width [e.g.
167] and decreases the wave height-to-water depth ratio at breaking [e.g. 168], with offshore wind having the
opposite effect. Additionally, numerical studies using two-phase RANS solvers of wind-forced solitary [e.g.
97] and periodic [e.g. 98] breaking waves have demonstrated that increasingly onshore winds enhance the
wave height at all points prior to breaking. Furthermore, only Feddersen and Veron [101]| have investigated
the combined influence of wind and shoaling on wave shape, demonstrating that onshore winds enhance
the shoaling-induced asymmetry while offshore winds reduce it. Nevertheless, a theoretical description
of wind-induced changes to wave shoaling (e.g. wave shape, breaking location, etc.) has not yet been
developed.

Therefore, this study will derive a simplified, theoretical model for wind-forced shoaling waves
that takes the form of a variable-coefficient Korteweg—de Vries (KdV)-Burgers equation. The standard
KdV equation describes unidirectional wave propagation with weak nonlinearity and dispersion in shallow,
flat-bottomed domains [e.g. 136]. It has localized solutions which propagate without changing shape
by balancing nonlinearity and dispersion known as solitary waves [e.g. 121|. Furthermore, arbitrary
disturbances will decay into a number of discrete solitary waves as well as an oscillatory, dispersive
tail [e.g. 136]. When the bottom bathymetry is allowed to vary, the coefficients of the KdV equation
are no longer constant and the system is described by a variable-coefficient KAV (vKdV) equation [e.g.
169, 170]. The deformation of solitary waves propagating on a sloping-bottom vKdV system has been
studied both analytically [e.g. 137] and numerically [e.g. 160] with solitary wave initial conditions becoming
deformed and gaining a rear “shelf” for small enough slopes [e.g. 137]. Alternatively, if the flat-bottomed
KdV equation is augmented with a wind-induced surface pressure forcing, the KdV-Burgers equation
results [131]. These waves gain a dispersive tail similar to KdV non-solitary waves, but these tails grow
continually and change polarity depending on the wind direction [131].

In this work, we begin by applying a wind-induced pressure forcing over a sloping bathymetry to
derive a vKdV—Burgers equation and determining a convective pre-breaking condition in § 4.3. We will
then solve the resulting vKdV-Burgers equation numerically using a third-order Runge-Kutta solver and
investigate the changes to wave shape and pre-breaking location in § 4.4. Finally, we discuss the relationship
between pressure and wind speed as well as the connection of our findings to previous laboratory and

numerical studies in § 4.5.
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4.3 vKdV-Burgers equation derivation and model setup

4.3.1 Governing equations

We derive a vKdV—Burgers equation for wind-forced shoaling waves by considering incompressible,
irrotational, inviscid flows and neglecting surface tension. We restrict our attention to planar, two-
dimensional waves propagating in the +z-direction. Additionally, we choose the +z-direction to be
vertically upwards with the z = 0 datum at the mean water level and impose a bottom bathymetry at
z = —h(z). The standard incompressibility, bottom boundary, kinematic boundary and dynamic boundary

conditions are

02 02
O:T£+T£ on 7h<2<77, (41)
0¢ Oh 0¢
@Z_%% on z=—h, (4.2)
op On 0¢On
Fl A on 2=, (43)

_r 96 11706\ (09 _

O—pw—i—g77—i-at+2 ((%) + ER on z=mn. (4.4)

We have introduced the wave profile n(x,t), the velocity potential ¢(z, z,t) derived from the water velocity
u = V¢, the surface pressure p(z,t), the gravitational acceleration g and the water density p,, which is
much larger than the air density p, ~ 1.225 x 10~3p,,. Additionally, we removed the Bernoulli constant
from the dynamic boundary condition by using the ¢ gauge freedom. Next, to examine the wind’s effect

on shoaling waves, we impose the analytically-simple Jeffreys-type surface pressure p(z,t) forcing [63]:

S on(x,t)
p(x,t) = PT . (4.5)

The pressure constant P o p, (U — ¢)? depends on the wave phase speed ¢ and wind speed U (cf. § 4.5.1).
For a wave propagating towards the shore, onshore winds yield P > 0 while offshore winds give P < 0.
The application of a Jeffreys-type forcing to the flat-bottom KdV equation was discussed in Zdyrski and
Feddersen [155].

4.3.2 Model domain and model parameters

The model domain (figure 4.1) consists of an initial flat section 20 units long at a depth of hg =1

and transitions smoothly at £ = 0 into a planar beach region with constant slope 5 and characteristic
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Figure 4.1. A schematic showing the (periodic) simulation domain and relevant length scales. The blue
line represents the water surface and wave profile 7, and the solid black line is the bottom bathymetry
h(z). The solitary wave initial condition has an effective half-width Lo and height Ho and begins with
its peak on the far left side, in the middle of flat region of depth ho. The initial wave then propagates
to the right with phase speed ¢ up the beach with slope 8 until it reaches pre-breaking (cf. § 4.3.6). The
positive/negative wind speed U corresponds to an onshore/offshore wind forcing.

beach width Lj, := hy/f3, as defined by Knowles and Yeh [160]. The bathymetry then smoothly transitions
to a flat plateau 40 units long at a depth of A = 0.1 followed by a downward slope with slope —3. Finally,
there is another flat section at a depth of Ay = 1 before the domain wraps periodically.

The initial condition will be a KdV solitary wave with height Hy and width Ly following Knowles
and Yeh [160], and Ly will be specified later. The solitary wave begins centered on the left boundary, in
between the two flat, deep, 20 unit-long sections. From the defined dimensional quantities, we specify four

non-dimensional parameters,

H, ho \ 2 P Lo
= — = — Py = == 4.5a-d
[=00) hO ) Ho (L()) ) 0 ,Ongo ) Y0 Lb ( a )

Here, ¢¢ is the non-dimensional initial wave height, g is the square reciprocal of the non-dimensional
initial wave width, Py is the non-dimensional pressure magnitude (normalized by the initial wave width),
and g is ratio of the initial wave width to the beach width. Note that the wave-to-beach width parameter
7o is related to the beach slope 3 as v = (//f0. Together, these four non-dimensional parameters control

the system’s dynamics.

4.3.3 Non-dimensionalization

We non-dimensionalize our system’s variables using the characteristic scales described in § 4.3.2: the
initial depth hg; the initial wave’s height Hy; the initial wave’s horizontal length scale Lg; the gravitational

acceleration g; and the pressure magnitude P. Using primes for non-dimensional variables, we normalize
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as Zdyrski and Feddersen [155] did and define

/

Vo'

Tr = Lol‘/ = ho h = h/ho s (46)

2= ho?', n = Hon' = hoeon’,

Y g _¢/50 3
t'Lo 1 @7 ¢—¢HOLO\/h*O—\/ﬁ\/9h0-
g

" Vghe Vo

We will later assuming the non-dimensional parameters g, po, 7o and Py are small to leverage a perturbative
analysis. For the constant slope 3 beach profile, the spatial derivative of the bathymetry is also small
Oprh' = B/\/Io = 70 < 1 (the factor of /g comes from the different non-dimensionalizations of h and x).
However, perturbation analyses is simplest when all non-dimensional variables are O(1). Therefore, we
leverage the two, horizontal length scales Ly and L (cf. § 4.3.2) to define a non-dimensional, stretched
bathymetry i’ that depends on 2/Ly = yoz’ as h'(yox') = h/(z'). Then, denoting derivatives with respect
to Yoz’ using an overdot, the derivative of h is B o= Dyoer P (707") = O(1), and the small slope becomes
explicit as 9,h' = ’}/O}Ll/ .

Now, the non-dimensional equations take the form

32 ¢/ 82 ¢/

OZuOW—Fﬁ on —1<2' <egon, (4.7)
%g = —Mo“roh/ g¢: on 2 =—h(ya'), (4.8)
g(g %Z: + eolto g(b: gz; on 2 =gy, (4.9)

O—EOPOg +n' + g—(f: + = L (gf;)z 2(?3)2] on 2 =¢gon. (4.10)

For the remainder of § 4.3, we remove the primes for clarity.

4.3.4 Boussinesq equations, multiple-scale expansion and vKdV—-Burgers equa-
tion
We follow the conventional Boussinesq equation derivation presented in, e.g., Mei et al. [121] or
Ablowitz [102]. The two modifications we include are the weakly sloping bottom, similar to the treatment

in Johnson [169] and Mei et al. [121], and the inclusion of a pressure forcing like that of Zdyrski and

Feddersen [155]. For the sake of brevity, we only detail the relevant differences here. First, we expand the
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velocity potential in a Taylor series about the bottom z = —h(x) as

oo

o, 51) = Y [2 4+ h(r0n)] dnla.). (4.11)

n=0
Substituting this expansion into the incompressibility equation (4.7) and bottom boundary condition (4.8)
and assuming o < 1 gives ¢ as a function of the velocity potential evaluated at the bottom ¢ = ¢g. If we
further assume that the bottom is very weakly sloping vy ~ g < 1, this simplifies to

1 -
6 = = noy (2 +h)*0e + 015,75, Yok0) - (4.12)

/% and is used by several

Note that the assumption vy ~ pg < 1 implies a moderate slope 8 = vo,/po ~ ug
other authors [e.g. 137, 160, 169]. For reference, if g = 79 = 0.1, then this implies a physically realistic
B =0.03. Svendsen and Hansen [170] compares this moderate slope to other theoretical derivations using
larger or smaller slopes.

Substituting this ¢ expansion (4.12) into the kinematic and dynamic boundary conditions (4.9)

and (4.10) yields Boussinesqg-type equations with a pressure forcing term,

~ 2 1~
den + (h + 6077) Reo + (%h + so(%m) Outp = o h* 930 = O(15, 75, Yoto) (4.13)
1 - 1
Podun + 1+ Onp = 5 p10h*0;0,p + 560(51-90)2 = 0(1g. 78 voko) - (4.14)

Note that replacing h with the total depth Aiotal = h+ €on shows that these are equivalent to the flat-
bottomed Boussinesq equations with hyota) = 1 4 £9n. In other words, any sloping-bottom terms iL only
appear in the combination 0, hiotal = ’yole + £00,n. This is expected since the only sloping-bottom term
Mmﬁam in the governing equations (4.7)—(4.10) was dropped when we neglected terms of O(ug, V8, ’yo,uo).

Since the bathymetry varies on the slow scale x /79, we expand our system in multiple spatial

scales x, = yja for n =0,1,2,..., so the derivatives become

0 0 0
%%Txo-‘r’}/giﬁ-..., (415)

and the bathymetry is a function of the long spatial scale h = ﬁ(xl) Then, we expand 7 and ¢ in
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asymptotic series of g¢

(o)
n(z,t) — ngnk(t, 20,15 --),

oo
o(z,t) = Zelg@k(t,xo,xl, ).
k=0

(4.15a,b)
k=0

Similar to Johnson [169], we replace xg and t with left- and right-moving coordinates translating with
speed ¢(z1) dependent on the stretched coordinate x;

o d/
§+:*t+/ el

-~ . 4.16
Z0p) (419
Then, we replace the derivatives 9, and 0,, with

0 0 0 0 1/ 0 0

- =) 4.1

ot -9 0g.  Om ¢ (ag * a@) (.17)

Now, we will assume that g9 ~ Py ~ g < 1 and follow the standard multiple-scale technique [e.g. 102
121]. The order-one terms O(c) from (4.13) and (4.14) yield wave equations for ¢y and 7o

%o 9?10
— % o, =0, 4.17a,b
On4-On— On4-On— ( )
with right-moving solutions
o = fo(§4.21) and mo = ¢, fo(&+,21), (4.18)

propagating with the slowly varying, linear shallow-water phase speed é(x1)

h(x1). Continuing to
O(gg) of the asymptotic expansion gives

om | Om

+3S01+2 1 +82901:7@~ Ppo | 9C dpy
S 0& o 0gk 06,08 0g g0 06401 0wy O&y (4.19)
_ L, o0 qehdee 10w gy | poj 10 |
292 T ey ioE, P06, 05, 2o 6 0EL
dp1 | Op1 a Luo; Ppo 1 (dpo
9o 0o o lpog 0o , 4.20
T T LR P T A T (4.20)
Eliminating 7; from these equations gives
R Y 0m0 70 0¢ L9y 1pg,dn0 1P
4 — 0z%0 70 9¢ Gho._ 2Hoz9T0 209 M0 421
9, O€_ L T AL P LT T P 08T Gz 0E2 (4.21)
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The left-hand operator 9%/0¢_0¢, is the same as the O(1) differential operator (4.17a,b). Therefore,
the right-hand side must vanish to prevent ¢, from developing secular terms. Thus, the right-hand side
becomes the variable-coefficient Korteweg—de Vries—Burgers (vKdV-Burgers) equation

Eé% lﬁﬁ +§l % 1@6263770 113082770
co On1 250 0m " 2208 Beg 083 2¢eq 02

=0. (4.22)

Finally, multiplying (4.22) by ¢, adding the O(1) differential equation d¢ 19 = 0 derived from (4.17a,b),
and transforming back to the original, non-dimensional variables x and ¢ yields
Ony Oy  10c 3 1 ongy 1 o

Bt o taas T 30 g, gt G

32770

1
+ 9t 0¢ Ox?

=0. (4.23)

The pressure term Pyd2no functions as a damping, positive viscosity for offshore Py < 0 wind, making (4.23)
a (forward) vKdV-Burgers equation. Conversely, onshore Py > 0 wind causes a growth-inducing, negative
viscosity giving the backward vKdV-Burgers equation. The backward, constant-coefficient KdV-Burgers
equation is ill posed in the sense of Hadamard [149]. Though it is possible the backward vKdV-Burgers
equation is also ill posed for certain bathymetries h, this is irrelevant here owing to the finite time it takes

the wave to reach the beach.

4.3.5 Initial conditions

Our initial condition will be the solitary-wave solutions of the unforced (P, = 0), flat-bottom
KdV equation. These waves balance the KdV equation’s nonlinearity 199,n0 and dispersion 8219 terms,
propagate without changing shape and require that the height Hy and width Lg satisfy HoL3 = constant.
Therefore, we now fix the previously unspecified Lo by choosing o = (3/4)eg so Lo acts like an effective

half-width for the solitary wave initial condition [e.g. 121]

no = sech? (z), (4.24)

While the unforced KdV equation also possesses periodic solutions called cnoidal waves, we only consider

solitary waves here.
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4.3.6 Convective breaking criterion

The asymptotic assumptions used to derive the vVKdV-Burgers equation (4.23) fail when the wave
gets too large. Therefore, we require a condition to determine when the simulations should stop. We
use a convective “pre-breaking” condition similar to that derived by Brun and Kalisch [164] for solitary
waves on a flat-bottom depending on the wave velocity profile u(x,t) at the surface and the phase speed c.
They utilized the local Froude number Fr := equ(z,t)/c, with the £y coming from non-dimensionalization,
and defined convective breaking to occur wherever max, (Fr) = 1, where max, represents the maximum
over . However, when the Froude number approaches the breaking value of unity, our weakly-nonlinear
asymptotic assumption used to derive the vKdV-Burgers equation are violated. Thus, we instead stop our
simulations at the smaller pre-breaking Froude number Frp}, := 1/3 and define the pre-breaking time ¢, as

the first time this condition is met:

max(Fr) := max (Eou(x)) =Frpp = <. (4.25)
z z Cadi
Likewise, we define xpp, as the location on the wave where Fr = Frpp,, which will be very near the wave
peak. To calculate Fr, we need to estimate u(z,t) and c.

As the solitary wave propagates on a slope, the wave evolves over time and the phase speed ¢ can
be ambiguous. One option is to use the adiabatic approximation derived by [137] for unforced solitary

waves on very gentle slopes:

o 0 N(Tpeak)
Cadi = h(xpcak)(H 5 h(xpeak))’ (4.26)

with Zpeak the location of the wave peak. Alternatively, Derakhti et al. [162] used large eddy simulations
to numerically investigate unforced solitary wave breaking on slopes ranging from § = 0.2 to 0.005 for
two different forms of ¢. They found wave breaking at max, (Fr) = 0.85 when using the speed of the

numerically-tracked wave peak cpeax. However, they also found that the shallow-water approximation

Cshallow = \/h(xpeak) + e0n(Tpeak) (equivalent to cuqi to 0(5%)) was within 15 % of cpeak near breaking.
Therefore, we will use (4.26) owing to its simplicity and theoretical foundation. Finally, though these
studies all considered unforced solitary waves, our results will show that c,q; varies approximately 3 %
across pressure magnitudes Py for our simulations, so this is a valid approximation.

We now derive the wave velocity profile u(x, z,t) = V¢ by modifying the example of Brun and

Kalisch [164] to include sloping bathymetry and pressure forcing. We begin by combining the vKdV-Burgers
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equation (4.23) and kinematic boundary condition (4.13) to eliminate d;n and yield

2 2 2
628—%) 6(977 <3<p+8778<p 31 877) P1~8n

a2 FHO "9 T owow  2¢"0x) 02 02 .
(L L) el )
Assuming an ansatz
dp 1
9z — 2 +eoA(x, t) + voB(z,t) + poC(z,t) + PoD(z,t) (4.28)
= %—%%4— ogA+70<aal;—512775161)4—/10?)04—%%1), (4.29)

we insert (4.28) and (4.29) into (4.27), drop terms of O(e?) and solve for A, B, C, and D by using the

independence of eq, Yo, po and Py:

~/ x ~3 92
I 5 B—_°% (z')dz’ | C— ¢ 9% D= 1 ) (4.29a-d)

A=——
a3 22 |, " 3 022 2% O

Note that A represents the nonlinear contribution, B the effect of shoaling, C' the dispersive effect, and D

the pressure forcing. Finally, the Taylor expansion of ¢(x, z) (4.12) gives the fluid velocity at the surface

u(x,t,z =egn) = Oz as

u(x,t) = azSD ,UfO 0483

1 1 L p 10y é@ - il/w o) o (4.30)
~?7 €o4~377 052 9 HoGaxQ %262 0077 .
Therefore, the Froude number is calculated as
-1
Fr o S0 (1 + 60"(%%“)) : (4.31)
h(xpeak) 2 h(xpeak)

with u(z,t) given by (4.30), and (4.25) defines our pre-breaking condition.

4.3.7 Numerics

The vKdV—Burgers equation (4.23) lacks analytic, solitary-wave-type solutions, so we solve it
numerically using a third-order explicit Runge-Kutta adaptive time-stepper with the error controlled by a

second-order Runge-Kutta method as implemented in SciPy [171]. We discretize the spatial domain using
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Table 4.1. Range of non-dimensional parameters simulated.

Parameter Range
€0 0.2
Ho 0.15
|P/(pwgLoco)| 0.003125, 0.00625, 0.0125, 0.025, 0.05
B 0.01, 0.015, 0.02, 0.025

a fourth-order finite difference method on a periodic domain with grid spacing dz = 0.05. We employ
adaptive time stepping to keep the relative error below 1076 and the absolute error below 10~2 at each
step. For all cases, the average time-step is At ~ 2 x 10~ 3. The pressure is initially turned off until the
solitary wave is one unit (i.e. a half-width L) away from the start of the beach slope. The pressure is
linearly ramped up to its full value over the time it takes the wave to cross a full-width 2Lg. For numerical
stability, we included a biviscosity 11,0219 with vp,; = 1 x 1075.

We validated the solver against the unforced, flat-bottom analytical solution and had a normalized
root-mean-square error of 3.9 x 10~% after non-dimensional time ¢ = 100 (longer than the longest simula-

tion) as well as a normalized wave height change of 1 — [max(ng) — min(no)]/ max(n(()o)) - min(néo)) =

2.4 x 10~*. Furthermore, the results were qualitatively consistent with the simulations of Knowles and Yeh
[160] of an unforced solitary wave shoaling on a slope. Finally, the simulation reproduced the finding of
Knowles and Yeh [160] that small waves (g9 < 1) on weak slopes (7 < 1) yield Green’s Law for the wave
height H(x) := max;(n) o< h(z)'/* (with max; the maximum over time t), while moderate waves (go < 1)
on very weak slopes (79 << 1) give Miles’ adiabatic law H(z) o< h(z)~t [172].

The vKdV-Burgers equation (4.22) is determined by two non-dimensional parameter combinations:
the pressure term Py /e and the shoaling term 7o /eo. Recall that the dispersive term pg/g¢ is a redundancy
which we fixed by specifying Lo (cf. § 4.3.5). We investigate this two-dimensional parameter space
by choosing ¢y = 0.2 and pg = 0.15 and varying the beach slope § = 0.01 to 0.025 and pressure
P =0.003125 to 0.05 (cf. § 4.5.1 for a discussion of the size of P). This yields a total of 20 simulations
(table 4.1). Note that (4.22) demonstrates changing eg — Agg is equivalent to o — 7o/ in the wave’s
co-moving reference frame. Therefore, solutions for waves with different initial heights €y can be generated
from our solutions to the vKdV-Burgers equation in the lab frame (4.23) by scaling the height, boosting,
and adjusting 79. We also note that the asymptotic expansion assumed Py ~ g, or P/(pwgLogo) ~ 1,
but the pressure values we are using (table 4.1) are smaller than unity. Nevertheless, multiple-scale
expansions are often accurate outside their parameters’ validity ranges, and this constraint would be

satisfied asymptotically for smaller values of &g.
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4.3.8 Shape statistics

When stopping the simulations at t,1, (§ 4.3.6), we are interested in determining the wave location
Zpb at pre-breaking. To estimate how zp, changes, we first calculate the shoreline xgnore as the location
where the bathymetry would intersect z = 0 if it had a constant slope § without our shallow plateau. Then,
we calculate the pre-breaking zone width as xp, = Zp, — Tshore. For a given beach slope 3, we will analyze

the change in pre-breaking zone width relative to the unforced case Azy, = xp, — zp, normalized

P=0

by the unforced pre-breaking zone width z, This global statistic Azpp/ (CUpb| P:O) determines the

P=0"
variance in pre-breaking locations as a fractional change of the pre-breaking zone width.

Additionally, we will investigate four more shape statistics that vary as the wave propagates. The
first three are local shape parameters defined at each location x. First, we directly examine the maximum
Froude number max;(Fr) expressed in (4.31). Second, we investigate the maximum height relative to the
local water depth max;(n)/h(x) at each location x. Third, we consider the maximum slope max;(|0n/0x|).
Both the relative height and maximum slope contribute to the convective breaking criterion (4.25). Finally,
we introduce a global shape parameter, the full width of the wave at half of the wave’s maximum (FWHM)
Ly (t) normalized by the local water depth h(x). For our unforced KdV solitary wave initial condition
(4.24), the FWHM divided by the initial depth is Ly /ho = 2cosh™"(v/2)/\/fio. We seek to compare this
global shape parameter defined at each point in time ¢ with the local parameters defined at each point
in space. Therefore, we define Ly (2) = Lw (tpeak(2)) at the time ¢,eax(z) when the wave peak passed

location x.

4.4 Results

Now, we use the results of the numerical simulations to investigate the effect of wind on solitary
wave shoaling. We will present shape statistics (§ 4.3.8) for the 20 different runs (table 4.1) to detail the
wave shape changes and pre-breaking behavior across the parameter space. For the remainder of the paper,

we will utilize dimensional variables for easier comparison to experiments and observations.

4.4.1 Profiles of shoaling solitary waves with wind

First, we qualitatively investigate the effect of varying pressures P and bathymetric slopes £ on
solitary-wave shoaling by examining the wave profile n/hg, normalized by the initial depth hg, at three

different times ¢ (figure 4.2) corresponding to when the solitary wave first feels the slope (¢t = 0), the time
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Figure 4.2. Shoaling solitary-wave 1 evolution under (a,b) onshore P > 0, (¢,d) unforced P = 0 and
(e,f) offshore P < 0 wind-induced surface pressure versus non-dimensional distance x/ho as the wave
propagates up the (g,h) planar bathymetry. The profile times shown depend on the Froude number
(4.31) and therefore vary between the panels. The first profile (purple) occurs when the peak is located
at x = — Lo where the pressure begins turning on, and the time is defined so t = 0 here. The last profile
(green) occurs when the convective pre-breaking condition max, (Fr) = Frpp, = 1/3 is met (cf. § 4.3.6),
and the middle profile (blue) occurs at a time halfway between the first and last profiles. Both columns
have g9 = 0.2 and po = 0.15, and the left-column forced cases (a,e) have |P/(pwgLogo)| = 0.05 and
B = 0.015 while the right-column forced cases (b,f) use |P/(pwgLoco)| = 0.025 and 8 = 0.25. The x’s
denote the locations with the highest Froude number (4.31), and the x’s on the last profiles (green) are

Distance x/hg

Distance z/hg

the pre-breaking locations xp,. We only display a subset of the full spatial domain.
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of pre-breaking (¢t = ¢p,) and half-way between (¢ = tp/2). We note that these ¢t = 0 wave profiles (purple
in figure 4.2) are nearly identical to the sech®(x/Lg) initial condition (4.24) since the waves have only
propagated over a flat bottom (figures 4.2¢,h) and the pressure has not yet been turned on. Halfway to
pre-breaking (¢t = t,,/2, blue), the solitary wave has grown through shoaling with a steeper front face (+z
side) and increased asymmetry for all P and 3. At the time of pre-breaking (¢ = ¢pp, green) the solitary
wave has increased in height, steepened, and gained a substantial rear shelf for all P and 8. Onshore wind
(P > 0) reinforces the shoaling-based wave growth and yields relatively narrow peak widths for both g
(figures 4.2a,b). In contrast, offshore wind (P < 0) reduces the wave shoaling but results in wider peak
widths (figures 4.2a,b). These differences in wave-shoaling result in the offshore-forced (P < 0) solitary
wave reaching pre-breaking (zpp, x’s in figure 4.2) farther onshore (shallower water) than the onshore-forced
(P > 0) solitary wave. Similarly, the larger beach slope (8 = 0.025, figures 4.2b,d,f) causes waves to
reach xpp, in less horizontal distance, though they pre-break in shallow water than the milder beach slope
(8 =0.015) waves. At t = tpp, the rear shelf is wider and extends higher up the rear face for offshore winds
(= 0.1hg in figure 4.2¢) than for onshore winds (= 0.07hq in figure 4.2a). As the control case, the unforced
(P = 0) solitary wave has zpp, located between the onshore and offshore wind cases with an intermediate
rear shelf. Finally, the milder slope (8 = 0.015) has a sharper, more pronounced rear shelf while the steeper
slope (8 = 0.025) has a more gently sloping rear shelf.

We next investigate the impact of onshore (figures 4.3a,c,e) and offshore (figures 4.3b,d,f) wind on
shoaling waves’ slopes 9,1 and wave velocity profiles u/v/ghg. The wave slope (figures 4.3¢,d) highlights
the shoaling- and wind-induced shape changes by accentuating the front-rear asymmetry. At ¢t = 0 (purple
figures 4.3a,b), the wave slope has odd-parity about the peak. However, as the wave propagates onshore,
both the front and rear face steepen, though the front face steepens more dramatically. The influence
of the wind is most noticeable in three aspects: the offshore-forced wave (P = —0.05, figure 4.3b) is
10% smaller than the onshore forced wave (P = 0.05, figure 4.3a); the offshore-forced rear-face wave
slope (figure 4.3d) is 15 % smaller than the onshore-forced wave slope (figure 4.3¢), though the front-face
slope is only 2% smaller; and the trailing shelf’s slope extends further behind the offshore-forced wave
(m 8hy, figure 4.3d) than the onshore-forced wave (& 5hg, figure 4.3¢). The wave velocity profile u/\/gho
((4.30), figures 4.3¢,f) nearly mirrors the wave profile (figures 4.3a,b), as is expected given that u o n
to leading order (4.30). Finally, the phase speed c,q; (red, (4.26)) decreases as the wave shoals which
enhances convective pre-breaking, though it only varies 3 % between onshore and offshore wind. Note, in

figures 4.3(e,f), Cadi is multiplied by Frp, = 1/3 so that the intersection of the red curve with the wave
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full spatial domain.
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velocity profile occurs at zp1,, the location of pre-breaking.

4.4.2 Shape statistics with shoaling and variations of pre-breaking zone width

with wind

Building on the previous qualitative descriptions of the wave profile, slope, and wave velocity
profile, we also quantify the change in the shoaling wave’s shape parameters for onshore and offshore
P (figure 4.4). First, we consider the maximum Froude number max;(Fr) as a function of non-dimensional
position x/hg (figure 4.4a). In the flat region (z < 0), the maximum Froude number is max;(Fr) = 0.1818,
and it increases as the waves shoal to the pre-breaking value max,(Fr) = Frp, = 1/3 (light gray line).
The wind has a significant impact on the location of pre-breaking xp1,, with onshore wind (red) causing
the Froude number to increase faster and z,, to occur farther offshore than offshore wind (blue) does.
This can also be seen in figures 4.3(e,f), where the maximum velocities u/+/ghg (upside-down triangles),
which are proportional to max;(Fr), are growing faster for the onshore wind (figure 4.3¢) than the offshore
wind (figure 4.3f). Notably, at a fixed location x/hg, the max,(Fr) varies substantially (e.g. 0.25 to 0.30
at x/hp = 20). In addition, we consider the maximum height at a fixed location max;(n) normalized by
the local water depth h(z) (figure 4.4b). For all pressures P, the solitary wave increases in height, but the
onshore wind enhances this growth while the offshore wind partially suppresses it. Again, this is apparent
in the evolution of the maximums 7(2peax)/ho in figure 4.2, which are closely approximated by the x’s
(since Zpeak = Tpp). Since Fr o« 7 to leading order, the relative height at pre-breaking is approximately
0.41 for all P (figure 4.4b) with offshore-forced wave slightly larger (1 %) than onshore-forced waves.

Figure 4.4(¢) shows the evolution of the maximum wave slope magnitude max; |0,7|, corresponding
to the front face’s slope (figures 4.3¢,d). Like the relative height (figure 4.4b), the steepness is enhanced by
onshore wind P > 0, suppressed for offshore wind P < 0, and approaches nearly the same pre-breaking
value of 0.14 for all wind speeds, being only 1% larger for offshore winds than onshore winds. Finally,
we examine the FWHM Ly, normalized by the local water depth h(z) (figure 4.4d). While Ly /h(z)
decreases from its initial value of 4.55 for all pressure magnitudes, there is significant variation in the
pre-breaking value. For our parameters, Ly /h(z) changes nearly 16 % more for onshore wind (P = 0.05)
than offshore wind (P = —0.05) from start to pre-breaking. Figures 4.3(a,b) show that the rear shelf
does not rise to half the wave height, so the FWHM does not incorporate the shelf’s width. Instead, the
onshore-forced narrowing is occurring in the top region above the shelf. Hence, while the relative height

and slope at pre-breaking are largely similar for all the wind speeds, the FWHM at pre-breaking is strongly
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at which the simulations were stopped.
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affected by the wind speed indicating wind effects on shoaling shape.

We also investigate the change in the pre-breaking zone width Azp, (§ 4.3.8) as a function of
pressure P/(p,gLoeg) for four different values of the beach slope 8 (figure 4.5). First, Az, is linearly
related to the pressure magnitude, and the wind has a larger effect on Az, for smaller beach slopes, with
P/(pwgLoco) = —0.05 changing the pre-breaking zone width by approximately 5% for the smallest slope
£ = 0.01. This is because the wind has more time to affect the wave before it reaches pre-breaking. This
wind-induced change in pre-breaking location is visible in figure 4.2, where the breakpoint zp, (x’s on
green profiles) occurs closer to the shoreline (+x direction) for offshore winds P < 0. Additionally, we
note that for the smallest slope = 0.01, the change in pre-breaking zone width appears asymmetric
with respect to pressure, with offshore P/(p,gLoeo) = —0.05 yielding a 23 % larger change than onshore

P/(pwgLoco) = 0.05.

4.4.3 Normalized pre-breaking wave shape changes induced by wind and
shoaling

As figure 4.4 quantified the shape statistics at pre-breaking for all x, we now directly investigate

the effect of pressure P and shoaling § on pre-breaking wave shape by normalizing each pre-breaking wave
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profile 7 by its maximum height max,(n) and aligning the pre-breaking locations zp,/ho (figure 4.6). For
a fixed slope (figure 4.6a), the front wave faces at pre-breaking are qualitatively very similar and match
an unforced solitary wave of the same height. However, wind strongly affects the rear shelfs observed in
figure 4.2. The offshore winds (blue) cause the shelf to be thicker and extend higher up the rear wave face
than the offshore wind (reds) do, though the shelf intersects z = 0 at (x — 2pb)/ho = —10 for all wind
speeds.

We also consider the wave shape at breaking for different values of the beach slope g with a fixed
onshore (figure 4.6b) or offshore (figure 4.6¢) wind. Furthermore, the rear face shows that bottom slope
B impacts the rear shelf differently than pressure P/(p,gLoco) does. While the shelf intersected z = 0
at the same location for all wind speeds (figure 4.6a), increasing 8 causes the intersection point (i.e. the
base of the shelf) to move forward and closer to the peak. Finally, the offshore wind (figure 4.6¢) causes a
noticeably larger shelf than the onshore wind (figure 4.6b) for the weakest slope 5 = 0.01 (purple), with a
similar pattern observed in figure 4.3(a) (8 = 0.015) compared to figure 4.3(b) (8 = 0.025). However, this
difference is much smaller for the steeper (green) slopes, implying that stronger shoaling partially suppresses

the wind-induced shape change because there is less time for pressure to act prior to pre-breaking.

4.5 Discussion

4.5.1 Wind Speed

Our derivation in § 4.3 coupled wind to the wave’s motion through the use of a surface pressure (4.5).
The resulting vKdV-Burgers equation (4.23) had a wind-induced term dependent on the pressure magnitude
constant P/(p.,gLogo). We analyzed the evolution and pre-breaking of solitary waves parameterized by
different values of P (§ 4.4). While the usage of P was the most natural since it is the physical coupling
between wind and waves (in the absence of viscous tangential stress), measuring the surface pressure is
challenging in field observations or lab experiments [e.g. 85, 125]. Therefore, we also consider the evolution
and pre-breaking of the shoaling solitary waves as a function of the wind speed U. Zdyrski and Feddersen
[155] did this by considering a surface pressure acting on a flat-bottom KdV solitary wave initial condition

(equivalent to our (4.24)) with dimensional form

2
/3
n = ehsech? ( ji) , (4.32)
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Table 4.2. Wind speeds as functions of pressure P/(pwgLe) and local depth h for solitary waves (4.32)
with € = 0.2. Usnshore corresponds to P > 0 and Usftshore t0 P < 0. The conversion from P/(pwgLe) to
U is given in (4.33).

|P/(ngL€)| H h[m] ‘ Uonshore [m 571] Uoffshore m s H h ‘ Uonshore [m 571] Usfshore [m 571]
0 2.5 4.9 4.9 1 3.1 3.1
0.0031 2.5 8.7 1.2 1 5.5 0.73
0.0063 2.5 10 —0.41 1 6.5 —0.26
0.013 2.5 13 —2.6 1 7.9 —1.7
0.025 2.5 16 —5.8 1 9.9 —3.6
0.050 2.5 20 —10 1 13 —6.5

with non-dimensional height ¢ = H/h and width L = 2h/+/3¢ in water of depth h. They used energy
growth rate considerations and a non-separated parameterization by Donelan et al. [125] for periodic,

shallow-water waves to approximate the wind speed as

2 1
=1+4/=
pa491 \/5

where U is measured at a height of half the solitary wave’s width. Note that the radicand differs by a

P
pwyLe

Puw 4
Pa 4.911/32

W (4.33)

pwghe

factor of 2 from Zdyrski and Feddersen [155] owing to the different definitions of €. Even though (4.33) was
originally applied to flat-bottomed KdV solitary waves (4.24), our assumption that v = L/L, < 1 implies
that the bathymetry is approximately flat over the wave’s width 2L. Therefore, we use (4.33) to translate
between the pressure P/(pwgLoco) and the wind speed U at any point on the sloping bathymetry by using
the local € and h and relating the initial pressure to the local pressure P/(p,gLe) = (e0Lo/eL)P/(pwgLoco)-

Table 4.2 shows the onshore (P > 0) and offshore (P < 0) wind speeds corresponding to the
pressures used in our simulations for two representative depths h. It shows that the pressure magnitudes
in our simulations correspond to physically reasonable wind speeds, with onshore U up to 13ms~*! for
water 1m deep or 20ms~! for water 2.5m deep. Notice that unforced waves with P = 0 correspond to a
wind speed of U = /gh, or a wind that is moving with the wave at its linear phase speed ¢ = \/gh. In
particular, this means that onshore P > 0 and offshore P < 0 winds with the same pressure magnitude |P]
will have different wind speed magnitudes |U|. Additionally, note that keeping P fixed implies that the
wind speed U changes as the wave shoals. This is mostly due to the decrease in the phase speed U o v/gh,
with higher-order effects coming from the e and L dependence of the radicand in (4.33). Finally, note that
as the wave shoals and ¢ increases, the height at which the wind speed is measured z = L/2 = h/v/3¢
decreases.

We now re-examine our results regarding the pre-breaking zone width (figure 4.5) in terms of
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Figure 4.7. The fractional change in pre-breaking zone width Az, compared to the unforced case
acpZ|U:0 (cf. § 4.3.8) versus the non-dimensional wind speed U/\/gh(zp,) normalized by the local,

shallow-water phase speed \/gh(xpb) and evaluated at a height of half the solitary wave width L. The
results are shown for beach slopes g = 0.01-0.025.

the wind speed U/y/gh(z) using (4.33). In addition to changing the abscissa of the plot (figure 4.7), we
also modify the definition of the change in pre-breaking zone width Azp, == 2y, — po|U:O by comparing
and normalizing each pre-breaking zone width to the U = 0 case rather than the P = 0 case. This
transformation changes the initially straight lines of figure 4.5 into approximate pairs of upward- and
downward-facing \/m curves shifted to the right by one unit (figure 4.7). Furthermore, we see that
Axp, is now much flatter for onshore winds (U > 0) than for equal magnitude offshore winds (U < 0).

This is due to the inflection point of the unforced case (P = 0) being shifted to the right at U/+/gh = 1.

4.5.2 Relationship to previous laboratory experiments and models

Previous laboratory experiments investigated wind’s effect on the breaking characteristics of
shoaling, periodic waves [e.g. 167, 168]. Douglass [167] considered waves with initial height Hy/ho = 0.3
and initial inverse wavelength hg/Ao = 0.1 under wind speeds of up to U/v/ghg = 2.3 on a beach with
slope 0.04 while King and Baker [168] considered waves with initial height Hy/ho = 0.2 and initial inverse
wavelength hg/\o = 0.3 with wind speeds of up to U/+/gho = 1.1 on a beach with slope 0.05. Douglass
[167] measured how wind speed changes the width of the surf width for periodic waves. Directly comparing

our figure 4.7 to figure 2 of Douglass [167], we see many qualitative similarities, including the flatter response
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near U = 0 and a stronger response for offshore winds (U < 0) than the corresponding onshore winds
(U > 0). The laboratory studies also found that the relative breaking height H(2preak)/h(Zbreak ), normalized
by the breaking depth, decreased by as much as 40 % for offshore wind speeds of U/ \/gm =4 and
increased by up to 10 % for onshore wind speeds of U/ \/m = —2 compared to the unforced case [e.g.
167, 168]. Likewise, over those same wind speed ranges of U/ \/m = 1= 3, our simulations found that
the relative pre-breaking height H(xp1,)/h(zpp) varied by approximately 1% between onshore and offshore
winds (figure 4.4b), qualitatively consistent with the laboratory experiments. Numerical studies have also
investigated the effect of wind on the breaking of shoaling solitary [e.g. 97] and periodic [e.g. 98] waves
using a RANS k— model to simulate both the air and water. Xie [97] considered solitary waves with initial
height Hy/hg = 0.28 on a beach slope of 0.05 with onshore winds of up to U/y/ghg = 3, while Xie [98]
investigated periodic waves with initial height Hy/ho = 0.3175 and initial inverse wavelength hg/Ag = 0.02
on a beach slope of 0.029 forced by onshore winds up to U/v/ghg = 2. These studies determined that the
(absolute) maximum wave heights max;(n)/ho increased with increasing onshore wind at each location
& < Threak, consistent with our findings in figure 4.4(b). Furthermore, we can infer from their wave profiles
at different wind speeds that the breaking depth A(@preax) increased for onshore winds compared to offshore
winds, again consistent with our findings.

Our results qualitatively agree with prior experimental and numerical results [97, 167, 168], and the
quantitative mismatch can be partly explained by the different non-dimensional parameters. Douglass [167],
Xie [97], and Xie [98] all used larger initial waves (g9 & 0.3), so non-linear effects were likely more important.
Likewise, all of the laboratory and numerical experiments discussed used steeper beach slopes, likely further
enhancing shoaling and nonlinear interactions. Additionally, while the surfzone width change is nearly
five times larger for Douglass [167] than for our simulations over the same wind speed range, Douglass
[167] investigated waves that were actually breaking, while we stopped our simulations at pre-breaking
max, (Fr) = Fr,,;, = 1/3, significantly before actual breaking max, (Fr) ~ 1, so we expect smaller changes
to the surfzone width. We further expect that, as the waves proceed closer to breaking, the difference
between surf zone widths for onshore and onshore winds will increase, bringing our results closer to those

of Douglass [167].

4.6 Conclusion

While shoaling-induced changes to wave shape are well-understood, the interaction of wind-induced

and shoaling-induced shape changes has not been extensively studied. Utilizing a Jeffreys-type wind-induced
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surface pressure, we defined four non-dimensional parameters that controlled our system: the initial wave
height €¢, the inverse wavelength squared pg, the pressure strength Py, and the wave-to-beach width ratio
Yo. We leveraged these small parameters to reduce the forced, variable-bathymetry Boussinesq equations
to a variable-coefficient Korteweg—de Vries—Burgers equation for the wave profile . We also extended the
convective breaking criterion of Brun and Kalisch [164] to include pressure and shoaling. A third-order
Runge-Kutta solver determined the time evolution of a solitary wave initial condition up a planar beach
under the influence of onshore and offshore winds. Stopping the simulations at a pre-breaking Froude
number of 1/3 revealed that the pre-breaking relative height and maximum slope are largely independent
of wind speed, but onshore winds cause a narrowing of the waves. The width of the pre-breaking zone
is strongly modulated by wind speed, with offshore wind decreasing the pre-breaking zone width by
approximately 5 % for the mildest beach slopes. Investigating the wave shape at pre-breaking revealed that
the front of the wave is relatively unchanged and matches an unforced solitary wave, while the rear shelf is
strongly affected by wind speed and bottom slope. By leveraging the relationship between surface pressure
P and wind speed U, we directly compared our results to existing experimental and numerical results. We
found qualitative agreement in surf width changes and wave height changes, and expect better quantitative
agreement as the waves propagate closer to breaking. These results suggest that wind significantly impacts
wave breaking, and our simplified model highlights the relevant physics. Future avenues of research could
include deriving coupled equations for both the water and air motions to more accurately predict the

surface pressure distribution.
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