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ABSTRACT
The most general amplitude for the C-violating decay -

jn'° - 3y is given, sub_ject to the restrictions of Lorentz invariabnce,
| . gauge invariance, and Bvbse »sfatistics.l It is found thét, to lowest
! S A order in centrifugal barrier factors, the Dalitz-plot density for the
| decéy is uniq‘uely.r determined. If we assume that the deca.y involves

a"C:Z -violating coupling as sfrong as that responsible for the ordinar.y

| twb-ﬁhoton decay, the:estimated branching ratio I'(n° — 3y)/T(x® = 2y)

is 10-’7 to: 10-8, including .the effects of centrifugal barriers.
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I. INTRODUCTION
The charge -conjugation parity of a system of: n photons is
(-1_)“. Thus a éar_ticle that decays via C-conserviné interactions
éannot‘decay into both an even and an odd number of photons. For

a spin-zero particle such as the w0

meson br the singlet positroniﬁm
_"partiéle", C invariance is the only selection rule forbidding decays:
into both two and t‘hr.ee photons. C-violating weak interactions may
be ex;ﬁected to give some three-photon decay of n°'s and of singlet
positronium, but with branching ratios far too small to be detected,
Thus the experiﬁental detection of a three photon rate would be |
evidence fo;::a‘CA’-A-vliolat‘ing, nonweak intera;;:tioxx.‘

In giiring a phenomenélogical analysis of such decays, one
may construct decéy amplitudes and Dalitzéplot densities satisfying
certain conditions of Si;.mplicity and (or) generality, and also satis -
fying as many inva;riance éonditions as are c.ons,istent with the inherent
C violation of the (fecay. In particular, we may consider T-consefving,
P-violating decays; and T -violating, 'P-conéervin'g decays. Schechter
has given such an analysis with particular emphasis on a possible
T-cbnserving'threefphoton decay of singlet positronium. 1 ‘Berends
has more recently discussed T-violating decaLys..2 Experimental.ly,‘
a result ‘for singlet posiironium has reéently been reported, 3 but
ow_ing to possibié cotnplicafions in-the chemistry, ’t;_he interpretation
of this experiment is not clear, For 0 -»'3\/ decay, recent experi-
ments have established that its branching ratio relative to the two-

photon decay is less than 5 X 10-6 (90% confidence level). 4
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In this. paper we give a more complete phenomeénological
diécu_ssion than those in references 1 and 2, Our remarks, exéeﬁt
for those concérning estimated bra-nching‘ratiOS, apply edually to
decays of w° and of singlet positronium, but we shall consider for
définiteness the case of the n°. In view of the tﬂheoréticval specula-
tions about possible.C-violating electromagnetic currents5 or C-
.violating terms in semi-strong interactions, 6 the case of the «° is

of greater interest.

II. DECAY AMPLITUDE
The decay amplitude M must be expressed in terms of the
four-momentum p of the =%, and the four -momenta kp(i) and field -
variables Ap(i) (1 =1, 4‘2, 3) of the three photons; M must be linear
in the field variablé of each photon. Rotation invarianée, _ proper
" Lorentz invariancé, gauge invariance, and:Bose statistics further
'require that (1) M must . be a Lorentz-invariant pseudoécalar (T-.
violating, P-consef‘:ving) orv_ scalar (T-conserving, P-violating); ’
(2) the photon fieldlvariables must-appear in tv}*;eA form FHV = 0 pAv -9 VAH;
and (3) M must be symmetric under interchange of any two of ‘the - '
indices 1, 2, 3. |
In éonstruc?ing all povssible forms of M, it will be very con-
venient to confine our attention to the three-vector forms of the
‘variables, expressjé.d in the 7% center-of-mass system. All the
Lorentz inQariant forms can clearly be rewritten in three-vector

form, and conversely the covariant form of any three-vector expres-

sion can easily be written, as shown below [Eqgs. (5)].
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Expressed in terms of three-vectors, M is a’ sum o‘f terms,

“each of which is either a scalar or a pseudoscalar, is trilinear in F

(Where F = E or B. ), is composed of varxous powers of the photon energy

and momentum vanables w; and k (i=1,2,3), and is symmetric in

1, 2, and 3. The basxc energy momentum conservation and" gauge-

invariance identities that hold are

k1+k +k, =0, , . (1a)
v +w2‘+ w3 = m, ' | ' (1b)‘
and : 4
k -€, =k, €; =k, €, =0, - (1e)

 From them follow the identities

K04 T Rt S (2a)
and 15“‘ 5’5 - %‘“kz' 9'12 - ‘*’52)’ 3  (2b)
kg Xk =k Xk '—kk><k g (29
: whe‘re' i, j, k are any cyclic permutation of 1, _2.; 3.
‘The possible forms of MAa‘re
A=DglE, - F,XEy)
B=zgly- E)(E, E3h
and C=zgly® E(x- B X550
'D=2g(v-F)(x-§)(x-§3).~ (3

where g and v denote general (pseudo)scalar and (pseudo)vector
functions of w; a.nd ki and Z denotes summation over all permuta-

tions of 1, 2, 3. We assume further that g and v are expressible
as polynomials in w; and kiv'
‘Now the functions g can always be reexpressed in terms of .

the 6n1y. As for the functions v, they may be taken as equal to a
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(pseudo)scaiar func;tion, which we absorb m g, multiplied either by

one of the ki or else by the pseuaovector q = k1 X k Furthermore,

e S |
and q - 'Bi = mik_z . Ei' it follows that for v - F we need only con-.
sider k2 F‘l.' k3 . FZ' and k F3 By similar arguments we can

show further that all type-C terms can be rewritten as combinations

from relations (1c) and (2a) and the relations q - E, = -wik - B

122" S

of types B and D. Thus we need only consider the forms

ZglE, - E,XE

A= Fi),
and v : .
C=zglk,  F)ky E)(ky - Fy) (4)

All'possiblevLorentz-invariant forms can be rewritten as sums
of these forms. Also all three-vector terms can be rewritten in covar-
iant form by using the identities

1—m v
ot (1) o (1)
52 "E:il— -r—nppkv f ,
' (1)
1 (2)
F . F, =-—p p f £ \e)
-1 =2 mZ P O P Ou
and '
_ S (1) ¢ (2) (3) _
Ei.EZXE3'- pr O’fpp. ov fp.v , (5)

where
f = F for F = E
pvy o BV -~
=G for F = B,
| pv -
I
_1
Gp.v -2 €pr0‘_ po’

and the metric is (1, -1, -1, -1).

o
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Thus we must consider all possible.:‘.c"‘z‘m‘s of type (4). We first
o .coﬁsider only the scalar (P-violating) terms; the pseudoscalar (P~
conserving) terms can be obtained from them by a simple substitution,
" The scaiar possibilities a_re:v

y :'5‘" e .,
AL=Zg(E, E,X By

=2

A2=Eg(§1 B, X B,)

4B'1.= }:g(‘“}fi.- 53)(51 . E,)

B2 =Zg(k, - E;) (B, - B,

B3 =Zg(k, - By)(E, - B,)

Ci=Tgls, Byt By (kg ¢ By
C2=Tgls,r Bl - B Uy - Byl (O

' er note that in A2 and C2 only the totally anti-

Symme'tfic pai‘t of g . contributes, and thus g is of the form
B1p3 = (g = @)y - w3dleg g Byps

v where h is a totall!y symmetric function. Similarly in all other
terms except B3, oriuly' the part of g thatis antisymrﬁétric in its
first two indices contributes, and thus g is of the form

8yp3 = log - @) f123
where f is symmetnc in its f1rst two. 1nd1ces " The forms (6) may

be reexpressed in terms of the photon polanzatmn vectors € accordlng

to the relations

i
"
€

im

and

tto
i

P
X
o
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Doing this and performing various algebraic manipulations, one can show y

that the forms (6) are entirely equivalent to the decay amplitude

-y . - ' - ce Ve
M =Z(wg -wy ~wg) 3ty ey hyylle, mwgd oyl r ey ey £5)

thp3leymw)le; mwgdles me )k, g ) tkse &) y- €5)-
| | m
Here f, f', and h are arbitrary polynomials in wi,.:o,, wg; f and f! »
are symmetric in their first two indices; and h is totally symmetric.

Expression (7) is the most general scalar decay amplitude. The

" most general pseuclioscalar decay amplitude may be obtained from

(7) by the substitut;ons € -~ (ji :xji X <;-
III. DALITZ-PLOT DENSITY
» Taking the mat'rix elements of (7) or of its psehdoscalar
counterpart, o.ne finds that all such elerr;ents consist of the factor
q - ﬁ (where 'r:x“is the unit normal to the decay plane) multiplied by a

1

quantity that vanishes when w, = w, = Wy and also when any two
w's are equal and the third is zero. -Therefore the Dalitz-plot density

is
d == |M|'2 = const., « a - b (8a)
123 = : 123 123’
where: '
a0y = lar Al = kg xk = o0l sin
1 2 2 1 4 4 Ry
‘—Z(wi w, tw, wg twg wi) -24-{-(w1 twy tag ),
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and b123 is a nonnegative function of Wyr Wy Wq which 1‘s symmetric
in 1, ‘2, 3 and vanishes for Wy =W, Twg or for any two w's equal .

and the third zero. Limiting bursel’ves to expressions up to the fourth
power in w, we find only the unique function
2 2 2

| 2,
byigy = lug mwp) (g muy - wp) " + ey mwg) ey ~wp - wg)

The Dalitz-plot density obtained from (8a, b, c) is the same as that
given in Ref. 2. The energy and angle distributions in terms of the

Dalitz-plot density are

2 .
.__8_._..9-_..—- de(u Wy, M =W, - W )
dw, 0w, - 1’ 72 1 72
1 2 . _ .
and
9w gio-o « g %(0:2 7y w0 M0y - wy)
wy 0s { 12 m -, cos 12) ‘
where '

m(m-?.wiv)

wy ° Zm-Zui(i—cos(iiZ,) :

The density (8a, b, é) is plqtted in Fig. 1. '.As is seen, the density
vani;hes at the center of the pl.ot, wh'ere@1 =W, Ty = m/3, and |
along the edges, where the photons are collinear; in fact, all possible
Dalitz;plrot densities for w® - 3y vanish at these points. |

Since the wi'are small compared to characteristic normalizing
masses of m oxf lar,.gex", it is to‘bc'cxpccvtcd that the greatest contribu-
tion to the decay will coﬁc from the density given .by (8&). and that we

can nceglect terms containing more powers of w; s i.e., more centrifugal

barrier factors,
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The density (8a, b, ¢) could, of course, have been obtained

from simpler arguments than given above. For example, we could

simply have noted that the lowest number of powers of w, and k.l in

any expression of type {6) is four, which appear only in the expressions

Ala

Z (o -w,) (B - E, X Ba) o

B3a

i

-B, " Ey)

Z (k- BB, " Ey

and their pseudoscalar counterparts

1oy - .
Ada = (m1 wz) (?i_ EZ X §3)
: .n - .. . _” .
B3a' = Z (k, E;) (E, " B, E, E’i)'

These expressions all yield Dalitz-plot density (8a, b, c), with eight'
centrifugal -barrier factors. However from this argument alone we
do not know whether (8a, b, ¢) is unique, or whether there exist lower-

order expreséions.i For example, in the calculation of Ref. 2, the

same expressions (8a,b,c) are obtained from the form
1 v . . . .
T Zl6, 0oy -, k) - Kyl (k, - E)(E, « By+E, - By

which has six powers of w; and ki appearing explicitly. For this case,

one might have expected to find 12 centrifugal -barrier factors in

5 :
= IMI“, but it turns out that four powers of w can be factored out in -

the form (w, ¥ w, tw 4. vm4, leaving the density (8a, b, c) with only

1 2 3)

eight centrifugal-barrier factors.
Returning momentarily to the questio‘n of Lorentz invariance, .
we note that the density (8a, b, c) can be obtained from Lorentz-

invariant forms containing seven powers of four-momenta, such as

the expression in Ref. 2, or the expressions
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Lxp pp k! VF (1)F (2) o (3)

. v v (pseudoscalar)
m Y P K po T _

and 4
1 « (1) o (1) - (2) ¢ 3)
—3 = P, 3 kp FHV FH‘T' F, o (scalar)
m
'All expressions containing only five powers of four-momenta give
vanishing matrix elements (there is an error in the derivation of

Eq. (7) of Ref. 1; the expression actually vanishes).

IV. BRANCHING RATIO

The decay rate in terms of Z iMlZ

| L, 4 |
r=42d fﬁlMlzdp:

where : )
o a’x, dgkz @k, (1) (3)
dp = — =3 _ sl Y pklB a3 L)
'Zmi(Z'n') ZuZ(ZT\') Zw3(2'n')_ .
or .
m/2 m/2 '
r=— dw dw, = M,
8m(71r)3 E 2 )
“ 0 (m/2) - w, N

\ Z »
In the usual phenomenolorucal analysis of decay rates, one assumes

that, with the above normalization, Z \Ml is equal to unity apart from

(1) approprlate couplmg -constant factors, (2) centr1fugal -barrier
factors dictated by arguments like those in Sec. IT and III of this
J : paper, and (3) the appropriate power of m for dimensional reasons.

Following this recipe, we obtain

' = m X (coupling constant) X (dimensionless phase space) X (centrifugal -
barrier factor)
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For an estimate of the centrifugal-barrier factor we'r;nay take (1/n)P
where n is the number of photons and p the number of centrifugla.l-
barrier factors. For the two-photon deéay of 7%, this gives

L

' FZY = ma m

meas,

where T’ is the measured total decay rate. Thus it does not

make much difference whether we compare our estimated three-

photon rate with the estimated two-photon rate or with the measured

two -photon rate,.
For the three-photon rate we get
8 .
1 7 1..meaLs. :

1 ) .'
o, (g) = 1.4 X 10 |

a
1_.3\/ =!ma3

For an alternate estimate of the centrifugal-barrier factor, we may

average (8a, b, c) over the Dalitz plot, which give's'.

m/2 - m/2
d‘“if dw, dlw,, wy, M - wy = w,) ,
0 (m/2) -, | | . 1 =0162(1,8.
m/2 m/2 T s s 3T
el -
0 ‘ (I’I‘A/Z)--mi

Thus we conclude that the branching ratio O(r° - 3y)/I(«° — 2vy) is

in the region 10-7 to 10-8, provided it involves a C-violating coupling

- that is as strong as the coupling responsible for the ordinary two-

photon decay.
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'FIGURE LEGEND
Fig. 1. Calculated Dalitz-plot density given by Egs. (8a, b, c).
 Shown are contours of equal density, in units of the average

density.
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