UC San Diego

UC San Diego Electronic Theses and Dissertations

Title
Smooth densities for solutions to differential equations driven by fractional Brownian motion

Permalink
https://escholarship.org/uc/item/51r772hx

Author
Driscoll, Patrick R.

Publication Date
2011

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/51r772hx
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA, SAN DIEGO

Smooth Densities For Solutions To Differential Equations Driven by
Fractional Brownian Motion

A dissertation submitted in partial satisfaction of the
requirements for the degree

Doctor of Philosophy
in
Mathematics
by

Patrick R. Driscoll

Committee in charge:

Professor Bruce K. Driver, Chair
Professor Salah Baouendi
Professor Patrick Fitzsimmons
Professor Massimo Franceschetti
Professor George Fuller

2011



Copyright
Patrick R. Driscoll, 2011
All rights reserved.



The dissertation of Patrick R. Driscoll is approved, and
it is acceptable in quality and form for publication on

microfilm and electronically:

Chair

University of California, San Diego

2011

il



DEDICATION

To M.A.B. and K.O.

v



EPIGRAPH

Only that at times like this,
when you’re directionless in a dark wood,
trust to the abstract deductive...
Leap

like a knight of faith

into the arms of Peano,
Leibniz,

Hilbert,

L’Hopital.

You will be lifted up.

—David Foster Wallace
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Chapter 1

Introduction

1.1 Background

We begin the discussion by recalling a definition from the theory of differ-
ential equations. Suppose L be a differential operator on some open U C R"; then
L is called hypoelliptic if, for every distribution ¢ supported on some open V C U,
Lo € C(V) implies p € C°(V). It is easy to check that every elliptic operator
is also hypoelliptic. A celebrated theorem of Hérmander (see [H6r67]) gives us one
method of constructing a hypoellptic operator, as follows: suppose that { X}, is

a collection of vector fields on U with the bracket-generating property:

Sp{XZ', [XZ,X]], [XZ, [Xj,Xk]], L= 17 ce ,m} =R" (111)
where [+, ] is the standard Lie bracket operator on vector fields. Then the operator
given by

L:=Xo+) X} (1.1.2)

=1
is hypoelliptic.
One of the pleasant properties of hypoelliptic operators is that they ad-

mit an associated smooth kernel. More specifically, there exists a one-parameter



semigroup of functions {P;};>o for which, given the Cauchy problem

u(t, = = Lu
t2) (1.1.3)

ltif(r)l u(t,z) = f(x)

with bounded and continuous initial data f, one has the solution

u(t, ) = / Py, y) f(y)dy.

There is a well-known connection between the above deterministic problem
and the theory of stochastic differential equations. Let B = {Bjy, ..., B,,} be m-
dimensional Brownian motion and { X} be a collection of bracket-generating vector
fields on R™ as above.Suppose we are given the following stochastic differential
equation:

dY, = Xo(Y,)dt + . X;(Y,)dB:
= (1.1.4)

Yo =z (reR9

where the expression “dBY” indicates stochastic integration in the manner of
Stratonovich. One can verify that the infinitesimal generator associated to Y,”,
whose action on a bounded and twice differentiable function f is given as

lim + (B[f(Y?)] — /()

t—0 t

is in fact the differential operator £ as defined in (1.1.2). If one defines the function
u(t, z) = E[f(Y}")], it can be confirmed that u is the solution to (1.1.3). From this,
it follows that if our vector fields satisfy the bracket-generating condition, we may
conclude that each Y,” has a density P, with respect to Lebesgue measure which is
smooth. Further details regarding this connection may be found in [@ks03], among
numerous others.

The purpose of this work is to extend these sorts of results to the case when
our driving signal is replaced by a more general class of processes known as frac-
tional Brownian motions. The fractional Brownian motions are a one-parameter
family of Gaussian processes {Bf}, with H € [0,1]. These processes were first

suggested by Kolmogorov in [Kol40] and investigated in earnest by Mandelbrot



and Van Ness in [MVNG8]. Recall that the standard Brownian motion {B,} is

characterized by the following properties:

1. for each s < t, the increment B, — By is normally distributed with mean zero

and variance |t — s|?H;

2. increments are independent; that is to say, for each t; <ty < ... <, < o0,
the set
{Bt17 Btz - Bt17 BRI Btn - Btnfl}

is a collection of independent random variables.

The fractional Brownian motions, in essence, are processes for which the second
property does not necessarily hold; that is to say, these processes have some mea-

sure of correlation between increments The degree to which the process increments

A
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Figure 1.1: Sample Paths for Fractional Brownian Motion

are correlated (and hence, as Gaussians, dependent) is a function of the value of
the parameter H, known as the Hurst parameter. For % < H <1, increments are
positively correlated, and for 0 < H < %, increments are negatively correlated.
When H = %, one recovers the standard Brownian motion. Heuristically, one may
consider the Hurst parameter H as a measurement of the “roughness” of the sam-
ple paths of B, with smaller values of H corresponding to greater amounts of

roughness; this notion is best understood visually, as one can see from Figure 1,



but we will make it more precise in the sequel. From a practical standpoint, dif-
ferential equations driven by fractional Brownian motion are interesting objects of
study as the increment correlation property makes the process a suitable model for
many phenomena. Examples include the analysis of global temperature anomaly
[RR10], river water runoff [Hur51], electricity markets [Sim03|, foreign exchange
markets [GBP196], and logarithmic returns on stocks and volatilities [Shi99].

One fact of great importance for this discussion is that for H # %, the
fractional Brownian motion process is not a semimartingale. As a result, the
application of usual stochastic integration techniques a la Itd6 are not available
for use, and alternate methods are required in order to define equations of the
form (1.1.4). When H > %, the positive correlation of increments of sample paths
allows for the solution to be defined pathwise through Riemann-Stieltjies integrals;
under such a regime, existence of a density to a solution of (1.1.4) is proven in
[NS09], and smoothness is proven in [BHO7]. In the case that H < i, a different
approach known as rough path theory may be used to make sense of (1.1.4). In
essence, we may consider solutions as the limits of solutions to (1.1.4) driven by
signals which approximate our process under a particular topology. For any path
f :[0,7] = R? of bounded variation, one may construct the step-N signature f
with domain A := {(s,t): 0 < s <t < T}

£, = (/Stdf(r),/st / df () @ df (1), ...,

/ W) ® .. ® df(ﬁ)).

For any such f and suitable vector fields X one has the existence of a unique

solution to the equation
dy = X (y) df

Now suppose we have some sequence { f,,} of smooth functions for which the as-
sociated step-NN signatures are appropriately uniformly bounded and converge in

particular variational spaces to some map f on A. Then one may show that the



associated sequence of solutions {y,} to the differential equation above driven by
{fn} converge to a limit y, which we will refer to the as the solution to the rough
differential equation dy = X (y)df.

While the above treatment of rough path theory is admittedly vague, it is
mentioned here for two main reasons. The first is to motivate the construction
of solutions to differential equations driven by fractional Brownian motions as
limiting processes of solutions to the same equations when driven by processes
which adequately approximate the fractional Brownian motion. The second reason
is to highlight the fact that the step-2 signature (s,t) of a smooth path f may be
expressed in terms of the path increments f(t)— f(s) enhanced with the signed area
contained within two-dimensional projections of the path and the chord connecting
f(t) with f(s). As we will see, the solutions that will be the focus of this discussion
include such enhanced signatures of the fractional Brownian motion.

Progress regarding densities of solutions for H < % has been more limited.
Existence has been shown for 411 < H < % in the case when the vector fields are
elliptic by Cass, Friz, and Victoir in [CFV09]; the result was extended to the

hypoelliptic case under the same Hurst parameter condition by Cass and Friz in

[CF10].

1.2 Statement of Results

Suppose that o : R” x R" — R” is a multilinear form on R"™ such that
G := (R™,0) is a Lie group with associated Lie algebra g. We say that such a

group is (step-r) stratified if there exists a decomposition
g=VieVe...eV,

such that [V,Vioq] = V; for i € {2,...,r} and [V},V,] = 0. We will be fo-
cusing on the case when G is step-2 stratified; that is, when g = V; & V5 with
Vo = [V4, V4], Clearly, the Lie algebra for a step-2 stratified group satisfies the

Hormander bracket-generating condition (1.1.1).



Example 1. The Heisenberg group.

Let A : R? x R? — R denote the standard wedge product or “signed area”
operator; i.e., (z1,Z2) A (y1,Y2) = T1Y2 — Toy1. We define the Lie group G = R* xR

with multiplication operation o : G x G — G given by:
1
(v,z)o(w,y) = (v+w,x+y+§(v/\w)) :

(We write R? x R rather than R? in this case in order to simplify notation through-
out.) This group is known as the Heisenberg group, and is often denoted H'. The
associated Lie algebra for the group is denoted by h = TyH! = H'. To explicitly
define the Lie algebra structure, we will perform the usual operations of calculting
the left-invariant vector fields for G. Fix £ = (v,z) € h. For each g = (w,y) € G,
let L, : G — G be multiplication on the left by g¢; i.e., Ly(v) = g ov. Then the
(left-invariant) vector field £ defined by

59 = (Lg)*§
has action given on each f € C*(G) by
~ d
Gf = (etao®)

where o(t) is any smooth curve in G with ¢(0) = 0 and ¢’(0) = £ (for example,

o(t) :=t£). More explicitly, we have that

- d
ggfza

f (W +tv,y+tr+ % (WA tv)) = f'(g)(v,z + % (WAV)).
=0
and if n = (v, 2') € b,
ool = o (), + 5 (WA V)
= P+ 5 (W AV (v g (wAY)

OS] g (W) Av)

d
],y

= P+ 5 (W AV, 5 (W AV) + S (0)(0,5 (V AV)).



Hence, the Lie bracket on b is given by

—_~— ~

[€,m] = [§,mlo = & 7l0 = (0, V' Av).

Given the standard Euclidean basis {ey, €2, €3} for R3, there are associated Jacobian

P

vector fields X; := (e;,0), with

)y = (erpmeen)) = (10,52

(X2) () = <62’%(W762)) - (0,1,%(“,)1) .
(X3) (wyy = (0, 1)

From these calculations, we may conclude that
(i) At each point in g € H', the vectors {(X;),} span the tangent space;
(i) [X1, Xo] = X3, [X1, X5] = [Xo, X3] = 0.

This is the simplest (non-trivial) case of a step-2 stratified Lie group on a Euclidean
space.

Now, we suppose that B = (B!, B?) is a 2-dimensional fractional Brownian
motion on [0, 7] with Hurst parameter 3 < H < 1. One would like to give meaning

to the differential equation
dYr = X, (Y7)dB} 4+ X,(Yy)d B2

where X; and X, are the Heisenberg vector fields defined in the example above.

Working heuristically, one has that

dY} =dByp,  dYf=dBj,  dY} =< (Y} dB} —Y;dBy).

DN | —

The solution to this equation is given as

1 T
Yy = <BT,§/ B} dB} — B} dBtl)
0



In the case of standard Brownian motion, the expression Ay := fOT B} dB? —
B? dB} is the well-known Lévy area process. In our current situation, we will need

to use a bit of care in order to atttain a rigorous definition for Y. Let

(Bm)r == ((By)r, (By,)7)

denote the m-th dyadic approximation of B (as defined below in Section 2.3).

Define the area processes

e = 5 | [ (B2~ B (12,0

where the integral may be understood pathwise as Riemann-Stietjies integration.

It is easy to see that Y,, := (B, 4,,) is a solution to the differential equation
dYm)r = X1 (Vo)) d(By)r + Xo (Yin)r) d(B) 7,
As a result of Theorem 2 of [CQ02], there exists a process A given by

Ar = 1 (Amle

where the convergence is almost sure with regards to the law of B.

Theorem 1.2.1. Define the random process {Y }o<i<r, taking values in R3, by

Then for allt € [0,T), the density of Y; with respect to Lebesque measure is C.

The above theorem is a special case of the following result.

Theorem 1.2.2. Let G be a step-2 stratified group on RN with stratification g =
Vi & V. Suppose that {X1,...X,} are Jacobian generators for Vi. Let'Y denote

the almost sure limit of solutions Y, to the differential equation
d(Yi)e = Y Xi((Yin)e)d(B},)r,
i=1

where the driving processes B!, are dyadic approzimators of a fractional Brownian
motion. Then Yr has a smooth density with respect to Lebesgue measure for each

t e (0,77].



We will begin by devoting Chapter 2 to laying the groundwork for proving
the above results. In particular, we will discuss the notion of solutions to stochastic
differential equations driven by fractional Brownian motion and develop the tools
used in the proofs, including a suitable characterization of the abstract Wiener
space associated to the process B. Chapter 3 will focus on the proof of Theo-
rem 1.2.1, using Malliavin calculus techniques. Finally, in Chapter 4 we will prove
Theorem 1.2.2. This proof, while similar in spirit to that of the previous chapter,

will require the proof of an analogue of Norris” Lemma.



Chapter 2

Background

2.1 Fractional Brownian Motion

We begin by defining the primary object of interest in this body of work.
Recall that a stochastic process is called Gaussian if any finite linear combination of
time samples of the process is a normally distributed random variable. A Gaussian

process {B{! }iepo.) is called a fractional Brownian motion with Hurst parameter

H e]0,1] if
e the samples paths ¢ — Bf are continuous,
e the process is centered; i.e., E[Bf] = 0 for all ¢ € [0,T],

e the process has its covariance given by

1
E[BYBf] = Ry(s,t) := 5 (T + 27—t — s (2.1.1)
General information regarding this process may be found in [BHOZ08] or [MVNG68].
We will generally be working with fractional Brownian motions of some fixed Hurst
parameter at any given point in the sequel; hence, we will drop the parameter from
our notation whenever it is possible to do so without causing confusion.

An n-dimensional fractional Brownian motion is a stochastic process { By =

(B},...,B!); t € [0,T]} is a continuous-time process comprised of n independent

10
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copies of one-dimensional fractional Brownian motion, each having the same Hurst
parameter H.
It is easy to see from the definition of R(s,t) that B has homogeneous

increments: for 0 < s <t < T,
(B; — B,) < B,_,.
Also, since
E[By] = (at)*!! = o*"E[B],

we have that fractional Brownian motion is self-similar with exponent H; i.e.,
Bat i OéHBt.
One additional property of the fractional Brownian motion that will be of

great use to us in the sequel is presented below without proof.

Lemma 2.1.1 (Theorem 1.6.1 of [BHOZ08]). The sample paths t — B are almost

surely Holder continuous of order o for all « < H.

We mention at this point one of the most fundamental features of the
fractional Brownian motion: the correlation of process increments. We will only
present the case most pertinent to us; the proof for the regime of H > % follows

similarly.

Lemma 2.1.2. Let0 < H < 1

5, and suppose B is a fractional Brownian motion of

Hurst exponent H. Suppose 0 < s <t <u <wv <T. Then the process increments
B, — B, and B; — B, are negatively correlated.

Proof. We begin by noting that the following relations hold:
L(v=s)+u—t)=w—-1t)+ (u—s).
2. (v—3s)>[(—1)V (u—s)] :=max[(v — t), (u— s)].
3. (u—1t) <[(v—1t)A (u—s)] :=min[(v—1), (u—s)
Let f(a, 3) = o® + B*1. One may check that

E[(B, — By,)(By — By)| = f(v—s,u—t) — f(v —t,u—s).
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For any positive constant C', the function f attains its maximum on the region
{(0476) e Z Oaﬁ Z Oaa+/8 = O} at (%7 %) ThUS, f(’U—S,U,—t) < f(U—t,u—S),
and the claim is proven. O

2.2 p-variation and Young’s integration

2.2.1 One-dimensional case

For any T > 0, we will denote by P[0, T the collection of finite partitions
of [0,T7; i.e., sets of the form {0 =1ty <t <...<t, =T}. Suppose we are given
a path f € C([0,T],R%); then foreach 1 <p<ocand I ={0=1¢t <ty < ... <
ty =T} € P[0, T], one may define the quantities

Aif = f(t:) — f(tica),

Vo(f :10) = <Z \AJ\P) :

Ifllp:== sup V,(f:I).
I1eP[0,T)

We shall define the space C,([0,T],R?) := {f € C([0, T],RY); || f|l, < oo}. We will
repeatedly refer to this space simply as C, when the domain and image spaces are
both clear from context. The somewhat leading notation of || - ||, above is justified,

as we see from the following result.

Proposition 2.2.1. For each 1 < p < oo, the function [ — | f|, is a seminorm

on C,.

Proof. 1t is immediate that for each A € R,

IIeP[0,T] I1eP[0,T)

IAfllp = sup  Vyp(Af = 11) = |A| ( sup  Vp(f : H)) = [ Al flp-



13

Also, Minkowski’s Inequality gives that for each IT € P[0, T],

Volf +g:10) (E: i(f+9) )p

S =

Taking the supremum over all such partitions on each side gives that

L+ gll, < I1f1l, + llgll,- 0

Remark 2.2.2. Note that for each f € C, and Lipschitz mapping ¢ : R? — R?,
the composition g o f € C,. In particular, |[¢o f|, < K| f|l,, where K denotes the
Lipschitz constant of .

One may also define the normalized space of p-variation paths:
Cop([0,7), RY) = {f € C,([0.T),R%) : £(0) = O}.
As in the non-normalized case, we will refer to this simply as Cy, when convenient.
Lemma 2.2.3. || - ||, is a norm on Cp,,.

Proof. As a result of Propsition 2.2.1, one only needs to know that ||f||, = 0 for
f € Coy iff f =0. But one may readily verify that the only continuous functions
for which ||f|l, = 0 are those which are constant; from this, the claim follows

immediately from the definition of the normalized variational space. O]

In fact, the space Cy, is complete under this norm, and so one has the

following proposition which is presented without proof.

Proposition 2.2.4 (Theorem 5.25 of [FV10]). The vector space (Coyp, || - ||p) is a

non-separable Banach space.
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The non-separability of Cy, is mentioned above as it will become a minor
issue later on when attempting to decide on a path-space upon which the fractional
Brownian motion should reside — this will be discussed further in Section 2.4. One
may easily verify that a function f € C,(R?) (resp. f € Co,(R?) if and only if
each of the coordinate functions f?:= f - ¢; is in C,(R) (resp. Co,(R)). It is also

1

easy to check that for given a and p such that o < 5, any a-Holder continuous

function is in C,; thus, we may deduce the following:

Lemma 2.2.5. The sample paths of B are almost surely of p variation for any
p> %

Proof. This result follows immediately from the above remark and Lemma 2.1.1.

[]

The following lemmas allow one to see how the various variational spaces
are related to one another and to the larger space of uniformly continuous functions

in which they all reside.
Lemma 2.2.6. The identity map is a contraction from Cy, into C.

Proof. Note that for f € Cy,,

@O = 1f(&) = FOF < 1F@) = FOP +[£T) = FOFF < L7115

By raising each side of this inequality to the %—th power and take the supremum

over t € [0, 7], we see that

£l < 11 £l

where || - ||, denotes the standard uniform norm. O

Lemma 2.2.7. For each 1 <p < q, Cy, C Cy,; in particular, if f € Cy,, one has
the bound

171le < @115 1711,

where || - ||, denotes the uniform norm on C([0,T1).
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Proof. Pick f € Cyp, and let ¢ > p. Then it is immediately clear that for each
s, t € 0,7,
£ (@) = f()] < 2[[f]]u-

The claim then follows from noting that for each IT € P[0, T,
N N
(Vo(f s TD)" =D A" =D 1A A
i=1 i=1

N
< sup AP 1AL < @IS (VoS - I

i=1

As usual, we take the supremum over partitions to complete the proof. O]

Given f € C,,g € C;, where p and ¢ are such that %4—5 > 1, one may
use the variational properties to develop a notion of integration of f against g¢.
We record some of the basics regarding the existence of and estimates for such an
integral below. To begin, we make the following definition for ease of notation:
given f,g as above, and Il := {tg,t1,...,tny} € Pls,t] for 0 < s <t < T, let
S(f,g,II) denote an expression of the form

N

S(f,9,10) = f(c:)Aig

i=1

where ¢; € [t;_1,;].

Theorem 2.2.8 (Theorem 3.3.1 of [LQ02]). Suppose p, q are positive numbers with
% + % > 1, and let f € Cy, 9 € Cy. Then the expression

t
/ fdg = lim S(f.g,11,)

exists for each collection {I1,, := {tf”)}} C Pls,t] and {an)} with cgn) e [t ¢,

i—17 "3

such that the mesh size |1, := max 1™ — ™) | tends to 0 as n — oo this
t;" €ll,

expression is independent of the choice of {Il,} and {cl(-n)}. Furthermore, the
mapping t +— f(ff dg is contained in Cy,, and the mapping on Cy, @ Coq given

by (f.g) — [, [ dg is continuous in each term and its image is contained in Cop.
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The element fst f dg is referred to as the Young’s integral of f against g. This
expression was originally formulated in [You36]. We have the following estimate

on the value of this expression (see Formula 10.9 of [You36])

| g~ [7(0) (9() — 9(s)) | (22.1)

1 1
< 154 2)] Il

here ¢ denotes the Riemann zeta function. We will use the following integration

by parts formula repeatedly in the sequel.

Proposition 2.2.9. Suppose f € C,, g € C, with 0 := ]lj + é > 1. Then for each
0<s<t<T, the following identity holds:

[ o= sw90 - 1619 - [ g

Proof. First note that f(t)g(t) — f(s)g(s) = >_ Ai(fg) for each II € P[s, t]. Given
il

some collection {II,}} C P[s,t] with |II,| "= 0, we may use this identity to write

F@90) - 161t~ [ gar— [ s ag

= T}I_)T{)IOZ Ai(fg) = g(tim) Aif — f(tic1)Aig
I

= lim > (Aif)(Dig).

n

To prove the claim, it suffices to show that the last sum tends to zero. Let e = 6 —1

and let p’ be the Holder conjugate of ¢; then it follows that

1 1 1 1
—=1l--=1-0+-=-—¢.
b q p p

We note that p'¢ > p’ > p, and so Lemma 2.2.7 implies f € Cpy. Holder’s
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inequality gives us that

> (Aif)(Aig)

< Sup 1A Z 12| Aig].-

11, I,
N 1
< sup A f]° <Z |Az’f\p/9> (Z \Az’g|q>
I L, I,
< sup [Aif[* (Vo () (Ve (9))-
This expression will tend to zero as n tends to infinity. O

We will also make use of a version fundamental theorem of calculus, pre-

sented below without proof. The statement is a particular application of Theorem
5.3.1 in [LQO2].

Theorem 2.2.10. Suppose f € C, for some p > 2 and ¢ € C*(R?) with Lipschitz

continuous deriwative ¢. Then for each 0 < s <t < T,

2.2.2 Two-Dimensional Case

In a similar spirit to the previous section, one may construct a Young’s
integration theory for functions of two variables. Given some f € C([0,T]% R?),

and partitions II; = {s;},Ily = {t;} € P[0,T], we may define

ANiif = f(si,tj) — f(sistim1) — f(sim1,t5) + f(sic1,ti-1),

#(I1) #(112) P
V;?(f : Hl,H?) = Z Z ‘Aljflp )
i=1  j=1
Hf”;gw) = Sup Vo(f + 11, ILp).
I1;,I12€P[0,T)

As in the (one-dimensional) case above, we shall define the spaces

CEPI(0, T, RY) = {f € C(10, TP, RY; [|F| 7 < o0}
Co ([0, TP R) = {f € CPP((0, TP, RY) : £(0,-) = f(-,0) = 0},
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Just as before, references to domains and image spaces will be suppressed when
mentioning these objects unless necessary. The following lemma connects the one-

and two-dimensional normalized variational spaces.
Lemma 2.2.11.

(i) If [ € c*P) then for each s € [0,T], the function fs := (s,-) € Co, and

0,p

(s, ) < ISP
(ii) If f,g € Co,(R?), then the function f @ g defined by
(F@g) ()] = fi(s)g'(t)  (i=1,....d)
is in Cy (RY) and || f @ gl < £, g,

Proof. (i) Fix s € [0,T]. Then for each II € P[0, T,

#(1I) #(1I)
(%(fs:H»”:Zmif(s,-ﬂp:Zm Fls,7) = DAf(0,)P
#£(IT)

Z 1Af(s, ) — A f(0, )]

+ | A (T, ) — A f(s,)IP)
< (119"

Taking supremums over all partitions of [0, 7] completes the proof.

(ii) Since having finite p-variation over R? is equivalent to each coordinate func-
tion having finite p-variation, we may without loss of generality assume d = 1.
If I1;, I1, € P[0, T, then
#(I11) #(I12)

(Vo(f @ g+ Iy, 1)) Z Z 1Ay(f @ g)[I”

=1 j=1
#(I11)

=D D IASIPIA gl

=1 j=1

= (Vp(f : )" (Vp(g = Tp))".
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As before, by taking pth roots and supremums on each side, we acheive the
desired result.

]

We also record here the following embedding result; the proof, which is
nearly identical to that of the corresponding one-dimensional result, is omitted.

(2D)

Lemma 2.2.12. For each 1 < p < q, Cé?pD) C C(()?qD); in particular, iof f € Cy,”,

one has the bound
7182 < @A)~ (IF18)
Analogously to the one-dimensional case, if we are given partitions ¥ =
{s0,51,...,8m} and 1T = {to,t1,...,tn} € P[0,t] with t < T and f € C;,w) and

g€ C§2D) for p and ¢ are such that % + % > 1, we may define

M N
S(fvgv \I/,H) = ZZf(CZadJ)AUg

i=1 j=1

with c € [Si—h Si]7 dj € [tj—latj]-

Theorem 2.2.13 (Theorem 1.2 of [Tow02]). Suppose p,q are positive numbers
with i + é > 1, and let f € C]gw),g € Céw).

(i) The integral
fdg:= lim S(f,g,¥,,II,)
n—oo

[0,£]>
exists for each collection {V,, := {sl(")}} {11, := {t;n)}} C P[0,t] and values
{cl(-n)}, {dgn)} with cl(-n) € [sf.’_”l,sﬁn)},dg”) € [t;@l,t§n)] such that the mazimum

mesh size |I1,| V |V, | tends to 0 as n — oo; this expression is independent of
the choice of {11, },{¥,}, {cz(-n)}, or {d;”)},

(ii) For each f,g as above,

5 o] <l
i

% (110212 + £ 110 0 )y + 1l 0)l + 1£(0,0)1),

where C'is a positive constant depending only on p and q.
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2.3 Dyadic Approximation

For each m € N, we will let D,, denote the dyadic partitioning of [0, 77;
ie.,

Dy, ={k2™"T;k=0,1,...,2"}.

We define the m-th dyadic approximator m,, : C([0, 7], R?Y) — C([0, T],R?) as the
unique projection operator such that, for any given f € C([0,T], R9),

mnf () = f(1), (t € D)

d2
ﬁﬂmf(t) =0. (t¢ D)

In words, m,,f is nothing more than the piecewise linear path agreeing with f
on the set D,,. We will regularly use the shorthand notation f,, := 7, f where
convenient. It will be helpful to record here a pair of results relating the variation

of paths with their linear approximations.
Theorem 2.3.1 (Propositions 5.20 and 5.60 of [FV10]).

(i) Suppose v € C,, and let x,, = myx be the dyadic approrimation to = as

defined above. Then one has that

lzmllp < 377 12l

(ii) Suppose x € C,gw), and let x,, ‘= myux be the dyadic approximation to x as

defined above. Then one has that

w522 < 9P~ |[2.

Lemmas 2.2.7 and 2.2.12 also imply that for any x € Cy,, (resp. C((pr)), the
dyadic approximations x,, converge to = in Cy, (resp. Cé?qD )) for any g > p.

We will also make use of dyadic approximations for the driving stochastic
process. Specifically, we will define the m-th dyadic approximation of fractional

Brownian motion B, := m,,(B) in the following manner:

(Bu)e = B+ (t—t_)2"[B,, — B, ], (0<t<T)
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where t_ is the largest member of D,, such that ¢ < t and ¢, is the smallest
member of D,, such that ¢ < ¢t,. Each dyadic approximation is again a centered
Gaussian process, with covariance
E [(Bm)S(Bm)t] = R<8*7 t*) + Qm(t - t*) [R(8*7 t+) - R(8*7 t*)]
+ Qm(s o 8*) [R(8+7 t*) o R(S,, t*)]
+ 22 (t —t_)(s —s_)x
[R($+, t+) — R(S_, t+) — (S+, t_) =+ R(S_, t_)] .

2.4 Gaussian Measure Spaces

Let (W, |-]|,),) denote a separable Banach space. We will say that a measure
P on W is Gaussian if there exists a symmetric bilinear form ¢ : W* x W* — R

such that for all ¢ € W*,

[ (o) o) =exp (~3a(6.9) ).
By setting ¢ as the zero functional of WW above, one can see that PP is a probability
measure on W.
Let B refer to the Borel o-algebra on W; we will call the triple (W, B, P) a
Gaussian space. One of the most useful estimates on a Gaussian space was proven
by V. Fernique; the theorem that provides this estimate, which we provide below

without proof, bears his name.

Theorem 2.4.1 (see, for example, Theorem 2.6 of [DPZ92]). Suppose that P is a

Gaussian measure on (W, ||-|l,,). Then there exists a > 0 such that

/ exp (allw]3y) dP(w) < oo.
W
Remark 2.4.2. Note that a consequence of Fernique’s Theorem is that the map

w — [Jwl}y, is integrable for all p > 1.

We will denote by n : L?(P) — W the continuous mapping with action
given by
of = [ wf) de)
w
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where the above expression is a Bochner integral, which is guaranteed to exist as

/ Iwa(w)IldPSIIfllz( / ||w||2dP)2<oo.
w w

72
Define H as the image of 7 restricted to the space W+ (P); this space may be
equipped with inner product given by

Mfing)y = (f9) 2 -

We will refer to ‘H as the Cameron-Martin space associated to the Gaussian space
(W, B,P).

The best-known example of a Gaussian measure space is the classical d-
dimensional Wiener space. In this case, our underlying Banach space is given
by

W :={weC([0,T],R) : w(0) =0}

equipped with the uniform norm; then a Gaussian measure P may be constructed

on W such that the coordinate process {B; }o<t<r defined by
By(w) = w(t) (wew)

is a Brownian motion. Details of the construction of this measure may be found
in [Wie23|, [Wie24], [Kuo75], and [Str93], among others.

In this case, the Cameron-Martin space is given by

H = {h EW:h(s) = /0 o(u) du; ¢ € LQ([O,T],Rd)}

with inner product given by

(h, k)y ::/0 B (s)k'(s) ds.

A second example of a Gaussian measure space, which is pertinent to our
discussion, is described in detail in [DU99] and is given as follows: fix 0 < H < %
and let YW be as above. Then, just as in the classical case, one may define P as
the unique Gaussian measure on W such that the coordinate process {B;}o<i<r
defined by

Bi(w) = w(t) (wew)
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is a fractional Brownian motion with Hurst parameter H and P = Law(B). By
following Proposition 2.1.2 of [BH(OZ08], we have that the Cameron-Martin space

H consists of functions of the form

where by is some suitable normalization constant. The inner product of this space
is given by
(h, k) = (h, k>L2[0T

1
As a vector space, H is equal to the fractional integral space I(f:” (L?[0,T)); that
is to say, each h € H is given by

h(t) = ! )/(t—s)H_§¢(s)ds

I(H+3) Jo

for some ¢ € L2[0,T] (see Theorems 2.1 and 3.3 of [DU99)).
For each fixed t € [0,T], the function R(t,-) = E[B;B.] € H is the repro-
ducing kernel for the space; that is to say, for any h € H, we have the following:

We will repeatedly make use of the following basic lemma without reference.

Lemma 2.4.3. Suppose H is a Hilbert space with reproducing kernel R. Then for

any orthonormal set of basis vectors {k,}; one has the identity

Zk R(s,1).
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Proof. This follows from straightforward calculation, as

Zk:n(s) Z kn,R kn7R(t7>>

]

To suit our purposes later on, it will be worthwhile to restrict our sample
path space W* to a variational space, as we will be using the variational properties
to define (almost everywhere) pathwise integrals against our process B. While it
might be tempting to replace W? by Cy,(RY), we recall that the latter space is
non-separable; hence, this is not a suitable choice. We will instead use as our

ambient path-space a slightly smaller variational space, outlined below.
Fix

11
pe (E’1—2H>’ (2.4.1)

and define (following Section 5.3.3 of [FV10]) the spaces

W, = 0= ([0,T],R) v .

d
— PW, =~ ([0,7], R A .

i=1

Proposition 2.4.4 (Corollary 5.33 and Proposition 5.36 of [FV10]).

(i) For p > 1, one has the following set inclusions:

U Coq(RY) € Wi € Cop(RY).

1<g<p
(ii) For each p > 1, the space (W, |I||,)) is a separable Banach space.

Corollary 2.4.5. Let B be a d-dimensional fractional Brownian motion of Hurst

parameter H. Then the sample paths t — By are almost surely contained in W;l

forp:= +
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Proof. This follows from part (i) of the above proposition, along with Lemma 2.2.5.

O

This corollary implies that in our above construction of the Gaussian mea-
sure space associated to the fractional Brownian motion, our measure P is fully
supported on W,. Hence, from here on out we will consider our process {B;}
to be restricted to the probability space (Wg, ng,P\Wg); the details of this re-
striction are included in the Appendix. Most importantly, the Cameron-Martin
space H? associated to the restriction of our measure is the same as in the original
construction. The variational properties of H? are of particular interest to us; in

preparation, we state the following lemma.

Proposition 2.4.6. Fiz 0 < H < %, and let r = % Then the covariance

kernel R(s,t) for fractional Brownian motion of Hurst parameter H as defined in

Equation (2.1.1) has finite two-dimensional r-variation.

The proof for the above proposition is given in Appendix A - see Proposi-

tion A.0.8 for details. Using this fact, we are in a position to show the following:

Proposition 2.4.7 (see [CFV09] or [FV10]). Let r := 5. Then the Cameron-

2H
Martin space H® may be embedded in the space C,; for each h € HY,

1
12l < TIRIFDT? [[Alla.

Proof. We may assume d = 1, since the same result holds for higher dimensions
by working componentwise. Fix h € H. For each IT = {t¢,t1,...,tx} € P[0, T]
and B := {b;}}Y, C R, one has the identity

N N
i=1 i=1

The Cauchy-Schwarz inequality implies that

N
Z bi Ak
=1

H

< (1Al

N
> biAR(E,-)
=1

H
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The reproducing kernel property, along with Holder’s inequality, gives us that

= Z bibj (AiR(t,-), AjR(2, ),

N
D biAR(t,-)
=1

W=l
N
= bibjAyR
2,7=1
1 1
N T‘l N T
< (Z |b,~bj|’“> (Z |Ain|7“)
1,7=1 2,7=1

< IR BII.

1

I
where 7’ = ==

is the Holder conjugate of r. Combining inequalities, we see that

N
Z biAh

=1

< [l (IRIZ) 2 1B

By the converse of Holder’s inequality (Theorem 6.14 of [Fol99], for example), it
follows that

1
N 7
Vo(h - T0) = (Z\Aih!’) < |[AlIIRIE)2
i=1
Taking the supremum over all partitions of [0, 7] completes the proof. O

We conclude the section with some results which illustrate how relatively

“nice” functions also reside within our Cameron-Martin space.

Lemma 2.4.8. Suppose 0 < H < %, and H? is the Cameron-Martin space associ-

ated with fractional Brownian motion of Hurst parameter H as constructed above.
If f:[0,T] — R? piecewise linear with f(0) =0, then f € H.

Proof. Without loss of generality, we may assume that d = 1. By [SKM93], in
order to prove f € H it suffices to show that ngg f € L?[0,T], where

DI f(a) :_ﬁ /O FO) (@ — 1)~ gy,

Let {s;}Y§' € P[0,T] be the collection of breakpoints of f and {m,;}X, C R be

the piecewise slopes of f; that is, {s;} and {m;} are the sets of numbers such that
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we may write
N
Z + mz )) 1[S¢,S¢+1)(t)'

Let M := max|m;|. For = € [0, TI\{s:}, let I denote the largest integer such that
s; < x for all « < I. Then for each such x we find that

H+2 1 d z | L . ,
@ =50 d:r;;/o (f(50) i (t = 0)) Lsysig) (D) = £)7H72) dt
1 d I-1 rsip 1
i (X U et = sy o -
2 i=0 v Si
b = s - 070 )
For:=0,...,1 — 1, we have that
i Si+1 . i . o 7( %)
dz J., (f(si) +m(t—s;)) (@ —t)~"FF2) dt

-1 d -
- %_H%[(f(si) +m;(t —s;)) (x —t)2

Si+1

Si

Sit1 )
—mﬁ/ (x—t)2 " dt

F(sirn)(@ — si) "0+

Si+1 )
+ mi/ (z —t)"H+2) gt

= flsi)(w — ;) D) =
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Similarly,
d [* L
o | ) +mr(t=sn) (z — t)~H+2) gy
-1 d 1y r T Ly
T (f(sp)+mr(t—sp))(x—1)2 —my | (z—t)2 " dt
2 ST ST
1

- (et st i [t ar)

1
2

= flsr)(w —sp) ™12 4 ml/ (x — t)~H+2) g,

SI

Hence, by telescoping sums and that fact that f(sg) = 0, we have that

I-1 )
1 1 Sit+1 z
Do) = T —H) (Z m/ (z — 1)~ dt+m1/ (z — 1)~ dt>
=0 Si

2 SI

and hence |D(i+§f(x)| < %fo‘r(m — )" HrD) gt = ;‘:IH:I:%—H. Therefore
2 2
Dy 2 f(x) € Lo[0,T) € L2[0,T). O

The next lemma is proven in a similar fashion, and so we will omit the

details.

Lemma 2.4.9 (Lemma 31 of [FV06]). If H and H® are as above, then each f €
C10,T] with f(0) =0 is contained in H%.

2.4.1 Calculus on Wiener spaces

Suppose (W, P) is some Gaussian measure space with Cameron-Martin
space H. Let S refer to the space of cylinder functionals on VW; that is to say,

functionals on W of the form

Fw) = f(¢1(w), -, ¢n(w)),

where f € C°°(R™) with all partial derivatives having at most polynomial growth,
and {¢1,...,¢,} CTW?*. On S, we will let 9}, denote the Frechet derivative in the
direction of h € H:

OpF = di F(w+€h).

€ e=0
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Let D:S — S ® H* be the operator defined by the action by
d
DF(w)k := %‘t:OF (w+tk)

= Zaif((bl(w)’ o On(w))gi(k)  (ReH).

For 1 < g < oo, we will let D¢ denote the closure of S with respect to the norm

)

One can naturally define an iterated derivate operator D* taking values in H®*;

1E1q == (BIF[] + E[| DF|

from this we can define the seminorm

1E kg = (E[Iqu] + ZE[||DjF||L®k])

j=1
and we will denote by D*? the closure of S with respect to || - || Also, let
D> := () (D
keNg>1

Given some I € DY, we may define the Malliavin covariance matrixz vy by
v:= DF(DF)".
The proofs of our main results will hinge upon the following theorem.

Theorem 2.4.10 (Theorem II1.5.1 of [Mal97], for example). Suppose F' is a ran-

dom wvector satisfying the following conditions:

1. FeD'Y forallp > 1;

2. The Malliavin covariance matriz v = DF(DF)* is almost surely invertible.

Then F admits a density with respect to Lebesque measure. If, in addition, one

has that
1. F e D>;
2. (dety)™h e L>;

then this density is C*°.



Chapter 3
The Heisenberg Case

This chapter will be devoted to the proof of Theorem 1.2.1.

3.1 Moments of the Area Process and Its Ap-

proximations

We begin by recording some basic results for the area-like process Ar and

its approximations (A,,)r. Recall that A,, is defined as

1 T T
Cir = | [ B a2~ [ B2 dmh)
0 0
2 2
t,€ D

It is immediate that for each m € N, (A,,)r is a centered Gaussian random
variable.

Fix m € N. To simplify notation, we will define ¢; := #T; to that same

30



end, we will let

31

—E (B} + Bi_)(BE + B} )| E[A:B'A; B?]
= (R(t;,tj) + R(ti—1,tj) + R(ti, tj—1) + R(ti—1,tj-1))
x (R(tit;) — R(tio1,t;) — R(ti,t;1) + R(ti1,t;1))
— (R(ti, ;) + R(tioy, t;) + Rt t;) + R(tioy . t;_1)) Ay R,
[ (BL + BL )A, Bl} E [(ij + ijil)AjBZ] ,

= (R(ti, t;) — R(ti-1,ti-1)) (R(¢5,¢5) — R(tj-1,t5-1))
= (tfH - tzzfrl)(tgH - t?i)-



32

Using Wick’s theorem and the fact that B! and B? are i.i.d., we find that

E[|(Am)r|*]
271

ij=1
B! + B! B + B?
x <—tf LR\ S RSN

2 2
1 &
=7 Z E [(B,}L_ + By, )AB*(B, + B )A;B’
i,j=1
— (B} + B )A:B'(B,, + B, |)A;B?
— (B, + By, )AB*(B} + B} | )A;B'
+(Bf + B} _)A:B' (B}, + B} _)A;B'
1 —
=12 (E[(Bzi + B! )(B, + B} )EABA; B
i,7=1
—E[(B} + B} )A;B|E[AB' (B, + B/ )]
—E[(B}, + B}, )A;B'|E[AB*(B} + B} )]
+E[(B? + B}, )(B} + ijl)]E[AiBlAjBl]>
1 &
i,j=1

One may check via telescoping sums that
2n
> ol g) =T,
ij=1
and hence once has the formula
2"YL
1 o T4H
E [|(An)r*] = B (Z ’V(%J)) Ty
ij=1

From this, we may conclude the following;:
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Proposition 3.1.1. For each m € N, one has the bound

) - T4H
E[|(An)r] <2 (IRILIRIE?) — =~

1

55> it follows from

Since R is of finite two-dimensional r-variation with r =
2’VL
Theorem 2.2.13 that > (i, 7) is bounded so long as H > 1.
ij=1
Proposition 3.1.2. Let Ar be the area-process associated to fractional Brownian
motion with }1 < H < %; then

T4H
E[A2] 2/@2 R(s, 1) dR(s,) ~

Proof. Since(A,,)7 — Ar in L?, the statement above is equivalent to the conver-
gence

Tg%ozy(z,j) :4/ R(s,t) dR(s,t).

’L,j:l [07T]2

From the definition of the two-dimensional Young’s integral, it will suffice to show

that

2m
nh_}rgo Z ’}/(Z,j) — 4R(ti,1, tjfl)Ain =0
3,j=1

To that end, we will make use of Hélder’s inequality. Let ' := —*= be the conjugate

exponent of r, and define

O = max |R(s,t) — R(s',t")|.

=
[t—t'|<27™ |s—s!|<27™



Note that 9,, converges to zero as m tends to infinity. It follows that

ZW i) = 4R(tio1, ;1) AR

,j=1
2m
= D (R(ti 1)) + R(ti-1, 1) + R(ti, tj 1) — 3R(ti-1,15-1)) AR
ig=1
2m
<Y |R(ti, ) + R(tia, ty) + R(ti tj1) = 3R(ti1,t5-1)] | Ay R|
ij—=1

2m )
< (Z |R(t;,t;) + R(ti_1,t;) + R(ti, t; 1) — 3R(t;_, tjl)y’“'>
ij=1
J . .
X (Z !AinV)
i,j=1

2m 7
< [|R]P), (Z | B(ti,t;) + R(tiv, ) + R(ti; tj—1) — 3R(ti-1, tj_1)|’"’>

ij=1

34

2m
< Cbp|RIIEP) ( D IRt t) = R(tia, ty )" + [R(tir, t5) — R(tioa,t0)|"

ij=1
1

7,/

+ [R(ts, tj—1) — R(ti-1, tj_1)|T>

< O, (IRIEP) 7 — 0.

]

Remark 3.1.3. This result gives one some understanding as to why the construc-

tion of the area process fails for fractional Brownian motion for H < i; one can see

from the above calculations that the second moments of the approrimating processes

become unbounded under such a regime.

Let us record a corollary, which is an immediate consequence of the posi-

tivity of the expectation operator.

Corollary 3.1.4. For each ﬁxed <H<1 5, one has the bound
4H

/ R(u,v) dR(u,v) > —.
[0,T]2 4
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3.2 Operator Realization

In order to prove the conditions required for a regular density, we will recast

the process Y of Theorem 1.2.1 in terms of a linear operator on the path-space
2
Wy

Suppose {e1,es} is the Euclidean basis on R%. Given some w := wle; +

w?ey € Wg, we will let @ be the element of Wg defined by

Q= w?e; —wley = Jw,

where J 1= [ ] is clockwise rotation by 7/2.

-1 0

We begin by constructing an operator on the Cameron-Martin space H?
which can be seen as a polarization of the area process. Recall that H? is contained
1

in C, for r := 557. Let ¢ : H? x H? — R denote the symmetric quadratic form

given by

1 T B T
q(h,k) = 3 (/ h(t) - dk(t) +/ k(t) - dh(t)) (3.2.1)

0 0
The integrals given in the definition of ¢ are to be considered as Young’s integrals;

by our previous assumption that % < H < %, we have that % =4H > 1, and so q

is well-defined. We may also use integration by parts to write

o(h k) = /O h(t)«dl%(t)Jr%(k(T)-ﬁ(T)); (3.2.2)

we will frequently and freely change between these equivalent expressions without

further remark.
Lemma 3.2.1. The operator q defined above is continuous in each variable.

Proof. This is an immediate result of the estimate in Equation (2.2.1) along with

Proposition 2.4.7, as
lq(h, k)| < CllAll- K]l < Cllallslk]l2- (3.2.3)

]



36

As a result of Lemma 2.4.8, we may now rewrite our approximate solutions
Y, in the following form:

Y, — ((Bm)T, %q(Bm,Bm)> |

As a consequence of the Riesz Representation Theorem, we have the existence of
a linear operator @ : H?> — H? such that (Qh, k)y2 = q(h, k).

Before finding an explicit form for @), we require the following key proposi-
tion which is a presentation of mappings from [0, 7] to Young’s integrals against

the reproducing kernel of H.

Proposition 3.2.2. Fiz « € W,; for each partition 11 = {t;}}, € P[0,T], define
the vector Sy € H in the following manner:

N

Su(-) =) ale) [R(ti) = R(tio, )],

i=1

where ¢; € (t;—1,t;). Then H — klim S, exists, where {11 }32, C P[0, T with |11
—00

converging to zero as k — oo, furthermore, this limit is independent of the family

of partitions. We will denote this limit by

T
/ a(t)R(d, ).
0
This limit satisfies the following properties:

2
1. HfOTa(t)R(dt, )H = f[o 2 @ @ o dR; hence, there exists a constant C' > 0
H )

such that )

< CllalZ IRl
H

/O ' a(t)R(dt, ")

2. For each h € H, <fOToz(t)R(dt, ), h>H = fOTa(t)dh(t).

T T
3. ( I5 a(t)R(dt,-)) (s) = [ a(t)R(dt, s).
Proof. First note that % + 2> (1—2H)+2H =1, which implies that

1. the Young’s integral of a against R(-,s) for any s € [0,7] is well-defined,
since R(-,s) € H;
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2. the 2D-Young’s integral of a ® « against R is well-defined.

Then for each k,

1S, 117, = Z Z (¢j) (AiR(ti, ), AjR(t), )y (3.2.4)
Z Z afc)Ay R
< CHaHpHRHfD ,

where the inequality follows from Theorem 2.1 of [Tow02] and with C' being a
constant depending only on p and 7.

Given any two partitions II, = {s;},II,, = {tx} in the family, for ¢; €
[si_1, ;] and dy € [tr_1,tx],

15, — St 13 = 1S, ll3 + 1, 13 — 2(Sr,; St )

#(1n) #(11n)
Z Z a(c;) [AyR(si, s5)]
#(Hm #(1Tpm,)
+ ) Z D [AuR (g, )]
k=1 =1
#(In) #(Ilm)
=2 Y ale)oldy) [AwR(si, t)]
=1 k=1
”Efo/ (a® a)(s,t) dR(s,t)
(0,772

N /[0 (@@ dR(D)

- 2/[0T]2(04 ® a)(s,t) dR(s,t) = 0.

Hence, the completeness of H implies the existence of lim Sy, = fOT a(t)R(dt,-).
n—o0

Since the 2D-Young’s integral is independent of choice of partitions, one may also

see from the calculation above that the limit of St is also independent of choice

of partition, as claimed. Letting & tend to infinity in (3.2.4) proves property (1).
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For an arbitrary h € ‘H, we note that

|TI|—0

</0T a(t) R(dt, ), h>H — Tim (S, )y,

and so (2) holds. In particular, by setting h = R(s,-), (3) is a consequence of
(2). O

Proposition 3.2.3. Let Q : H2 — H? be the bounded operator defined by
Q(ha k) = <Qh7 k>7—[2 )

where q is as in Equations (3.2.1) or (3.2.2). Then the action of Q) on elements
of H? is given by

Qh — %R(T, VR (T) - /OTﬁ(t) R(dt,"). (3.2.5)

Proof. Pick an arbitrary k € H2. The inner product of k against each of the terms
on the right hand side of (3.2.5) is given as

<R (T, ) h(T), k>H = WNT) (R(T, ), kY),, + BA(T) (R(T,-) , k),

= WY (T)KN(T) + R2(T)KA(T) = W(T) - k(T),
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and, as a result of Proposition 3.2.2,

</0Tﬁ(t)R(dt,-),k>H2 _ </0sz1(t)R(dt,-),k1>H
+</OTB2 (t)R(dt,-),k2>H

- /T RY (t) dk* (1) + /T h? (t) dk*(t)

0

:/Tﬁ(t)-dk:(t) =—/Th(t>-dl?f(t)-

By combining these terms and comparing to (?7?), we see that the claim is proven.

[]

Proposition 3.2.4. Let Q : H> — H? be the operator defined above.

1. @ may be extended to an operator from Wz into H?, which will also be denoted

by Q; for any w € Wg,

2. @ is a bounded operator on W]f )

Proof. 1. That @ is well-defined as an operator on Wg follows from Propo-
sition 3.2.2; it is then of immediate consequence that Qw € H? for any
w= (w',w?) e W2

2. For a fixed w € Ws,
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2

1 T
w2, = —R(T, &' (T) — Vi(t) R(dt,
IQulhe = 32 | R - [ e Rt |
2 1 2 T‘ 2
— N SR(T, )G(T &'(t) R(dt,

_y- PR +'

n /0 Q'(t) R(dt,")

H

.
Il
—

— &N (T) /0 Q'(t) R(dt,T)

2 ~
T2szT 2
TSP
i=1

/M]2 (@ ® &) (s,t) dR(s,t)‘

+

/0 " ST () Rt T)‘ |

T2H

1 ||@ZHZ by Lemma 2.2.6.

The first term is the sum is bounded above by
The second term is bounded above by a positive multiple of ||cDi||]23||R||§«2D)
through the application of Theorem 2.2.13 and Lemma 2.2.11. Finally, the
third term may be bounded above by some multiple of [|&*|[2||R(T, )|, as a
result of Lemma 2.2.6 and Equation 2.2.1. Putting these bounds together,

we may conclude that
1Qwlize < C (1815 + 11&7117) < Cllwll;

for suitable constants C' and C'. This expression is finite by Proposition 2.4.7.

]

Let us denote by QB the random variable taking values in H?:
1 - T
QB = 3R(T,)Br — [ B Rid.-),
0

where B := (B? —B).
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3.3 Malliavin Derivative

We are now in a position to calculate the derivative of the process Y. Let
us begin by recording the following helpful convergence theorem, which will be of

great use in the section.

Theorem 3.3.1 (Theorem 15.72 of [Jan97]). Let 1 < p < oo, k > 1. Suppose
for some sequence {X,}5°, C D*P, there exists X € LP and Y; € LP(H®7) for
Jj=1,...,k such that X,, = X in L? and D'X,, — Y; in LP(H®) as n — oo.
Then X € DM, DIX =Y}, and X,, — X in DFP,

For i € {1,2} let us denote by R! the linear operator on H? with action
given by
R;h = <R(t, ~)ei, h>€z = h’(t)ez,

where {e1, ey} is the standard basis of R?. The fact that DB = RL + R2 is

immediately clear from the definition of the Malliavin derivative.

Proposition 3.3.2. The process Yr has a deriwative, DYr, taking values in the

space of linear operators from H?* into R® | with action given by
DYrh = (Rph, R3h, (QB, h)yz) a.s.

Proof. We have that Y7 is continuously #H2-differentiable by Proposition 3 of
[CFV07], and Corollaries 16 and 20 of [CQ02] imply that E|(Y,)r — Yz|* — 0
as m — oo. We claim that DArh = (QB, h); in order to prove this, it suffices by
Theorem 3.3.1 to show that

EH<QB, VD (%Q(Bm,Bm)) H;Q)* mge ), (3.3.1)

Recall that the process B,, was defined as the dyadic linear approximator to our
fractional Brownian motion B; similarly, we will denote by R,,(u,v) the m-th

dyadic approximation of the kernel R(-,v) € H in the first variable; i.e.,

Ry (u,v) := T (R(-, v)) (w).
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Recall that B = JB. Since B(T) - B(T) = 0, it follows that
T ~
(B B) = [ (B d(Bo)
0
| o -
- 5 Z <Btl + Bti—l) . (Btl — Bt¢71> .

k=0

Using the definition of the Malliavin derivative, one has that

1 — S
Da(Bu Bu)h =53 [(h(ti) + h(ti_1)> : <Bti - BtFl)
+ (Bti + BtH) : (ﬁ(ti) - B(ti_l)”

T ~
/ B + / (Bm)¢ - dhpy(t)
0
(T) - By — 2/ (Bt - b ().

h
< Br —2 /OT(Bm)t R (dt,-), h>H2

and so DQ(Bma Bm) = R(Tv )BT - QIOT(Bm)t Rm<dt7 ) Since ||<ha >|
for any Hilbert space H, we can use the above calculations to rewrite the left side

of (3.3.1) as

we = |7l

2

oo (gm0 [0

H2
2

— IE‘ /OT B, R(dt, ) — /0T<Bm)t Ry (dt, -)

HQ

Hence, to prove the claim is it required for us to show that

2
m—00

E 0.

/Ot B'(s)R(ds,-) — /Ot B’ (5)Rom(ds,-)

H
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Let us begin by noting that

2

H /OT B At ) = /OT B, (s) Ru(ds, ")

“(

H
2

| B (= Rs

H

- /O(Bi—Bfn)(s)Rm(ds,-)

)

In order to prove convergence of the above expression, it will be helpful to introduce

the following notation:

Note that W,, converges uniformly to zero as m tends to infinity. As a linear

1

combination of R and R,,, ¥, has finite two-dimensional r-variation for r = .

Let 7' be a number such that ' > r and % + % > 1; then it follows that ¥,, has

finite two-dimensional 7’-variation; furthermore, Lemma 2.2.12 implies that
lim ||®,,[|%”) = 0.
m—r0o0

Using the continuity of the inner product, we find that

| [ 56) - s, H

= Jim 3T BB (AR = R (us.). Ay (R = R0 )

= li Bi(c;)B'(dy,)) Aii VU, (u; = B'® B' dV,,
Jim, 3 (BB ) 80l L,.me

2D i
< O, |57 B2,
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with the inequality resulting from Lemma 2.2.11 and Theorem 2.2.13. Hence,

/ B'® B! dV,,
[0,7]2

Fernique’s Theorem guarantees that this expression is finite; from our above re-

E

2D i
< CW, | VR B

marks, we have that its value tends to zero as m — oo. We may then conclude
that

— 0.

EH /OT B'(s) (R — Ry,(ds, ")) ;

We can approach the convergence of the second term in a similar manner. Choose

p’ such that p’ > p and ;% + 1 > 1; then the sample paths of B — B, has finite
r-variation and Lemma 2.2.7 tells us that ||B* — B! ||,; tends to zero as m tends to
infinity. Therefore, it follows that

2

E :E/ (B'— B!)® (B'— B.) dR,,
H 0,772

/0 (B — Bi)(s)Ru(ds. )

<E[IB" = Bl  IRIP” — 0
O

Remark 3.3.3. In fact, we have shown something slightly stronger in the above
proof. By changing the exponent on the left-hand side of (3.3.1), we may conclude
that [|D(Yy)r — DYr||(3p2)., converges to zero in all L5 > 1. By applying the
triangle inequality, we also find that ||DY7||(2)- € L.

Proposition 3.3.4. The random variable Yr s in D>.

Proof. Corollaries 16 and 20 of [CQ02] implies that E[|A7|*] < oo, and that Ap =
L* — lim (A,,);. Hence, Ar is in the second-order It6 chaos; it follows from
m— 00
hypercontractivity (pp. 61-63 of [Nua06], for example), that E[|Ar]] < oo for all
1 < j < oo. Combining this with the above remark, we find that
17l = B0V )+ E [ DYzl |
< E[|BrV] + E[ A7) + E || DYi .| < oo.
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In fact, this is sufficient to prove the claim, as one may perform calculations similar

to those in Proposition 3.3.2 to show that
D*Yr = (0,0,QR(T,-)),

which is clearly deterministic and thus has finite moments of all orders. From
this, we also know that D*Y; = 0 for all £ > 3, and so it must be the case that
| Yr||k; < oo for all k and j. O

3.4 Integrability of the Malliavian Covariance

Determinant
We begin by recording some more general results, which will be useful in
proving integrability of (det~)™7.

Lemma 3.4.1. Suppose that X is a non-negative random variable such that, for

each j > 1, there exists a constant C; > 0 for which
E [e_SX} < st_j Vs>1.
Then X~ € L>~.
Proof. Fix 5 > 1. We note that for any k£ > 0,
/OO sitemk ds = kIT (),
0
where I' denotes the standard Gamma function. By letting k = X, we find that

E[X 7] = ﬁE VOOO sitemsX ds] = ﬁ/ooo s'E [e7*¥] ds.

It is sufficient for completion of the proof to note that, under the assumption given,

the right-hand expression is finite:

L L 1
/ $7IE [e_SX] ds < / s s = =
0 0 J

/ P ) [e’SX] ds < / sj’1(0j+13’(j+1)) ds = Cjy1.
1 1
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Theorem 3.4.2 (see Melcher [Mel04, pp.26-27]). Let (W, B,P) be a Gaussian
measure space with associated Cameron-Martin space H, and suppose
W x W — R is a bounded non-negative quadratic form. Then the operator
Cj):?-[—)?—[given by

®(h, k) = (Dh, k)y

18 trace-class. In addition, szi) is not a finite rank operator, then
ot e L~ (W,P).

Proof. By Theorem 5.3.32 of [Str93], we have that there exists a set of independent,
identically distributed standard normal random variables {&,}>°, such that the
series BN = Zgil &,hy, converges in W to B P-a.s. and in all L7, > 1 as

N — oo, and

Law <§: gnhn> =P.
n=1

In particular, the fact that E||BY — B||?,, — 0 implies that ®(B", BY) — ®(B, B)

in L'. Thus, Fernique’s Theorem allows us to conclude that

f:<<i>hn,hn>H :A}i_rgoﬁ:lé(hn,hn)

n=1

= lim E [®(B", BY)]

N—oo

= E[®(B)] < CE[||Bjjy] < .

Thus, d is trace-class.
Suppose that @ is not finite rank. Since ® is compact, there exists an
orthonormal basis {h, }°°; C H for which i)hn = A\, hy; our assumption guarantees

that #{n : A\, > 0} = co. Using this, it is easy to check that
N

o(BY, BY) = (8BY, BY) =D A&

(BY, BY) B )= 2

and so
N

®(B,B) =L"'— lim Y )\, &2
N—>oon:1
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We will let Ky := #{1 < n < N : X\, > 0}; it is clear that {Ky} is an non-

decreasing sequence with Ky N2 0. Therefore, for each fixed N and positive

S?
r N
— — J— 1 2
E fexp (—s® (B, B))] = E |exp ( Jm > m)]
: N
<5 o (30t
L n=1
N 1
1 2 Kn
g (2/\ns n 1) S COns 2
Applying Lemma 3.4.1 finishes the proof. n

In order to apply Theorem 3.4.2, we will explicitly calculate a formula for

the determinant of the Malliavin covariance matrix associated to Y.
Lemma 3.4.3. Given any a # 0, C € M,,,,(R), and D € M, (R), one has that

al,,
det

Cc" D

¢ ] =a™ (det(D —a~'C"C)) ,

where C' is the transpose of C.

Proof. This claim follows immediately when one writes

al,, C
ctr D

croI, 0 D—alC"C

al, 0 ] lfm a~'C

O

Proposition 3.4.4. Define the map 7 : Wg — M3(R) in the following manner:

T (Qw)(T)
(Qu(T)]" (1Qwll3.

Also, define the quadratic form ® on Wg as follows:

V(W) =

¢ (w) = T Qullzz — T*|Qu(T)[*.

Then
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1. DYr(DYr)* =~ a.s.
2. ® =detr.
Proof. 1. We begin by calculating the adjoint operator (DY')*.
Recall that Rih = h'(t)e;. For a fixed A = (A}, \?) e R?, h € H? and i = 1,2,
((Rp) N h)ye = A W(T)e;
= NW'(T) = (N'R(T, -)e, h), 5 -
Thus, one has that
Ry(Ry)*A = RENR(T, Ye; = 8;; TN
Suppose x € R3.
<(DYT)*X, k’) =X- DYT]{?
=x- (k(T), (@B, k))
K(T) +2*((QB, k)

= (z',27) -
(Rp)"(z',2%) + (R})" (2", 2%) + 2°QB, k)
= (v'R(T, )e; + 2*R(T, -)es + 2°QB, k).

at

Using this, we may now verify the claim:

DYy (DYr)*x = DYr (2'R(T, )e1 + 2*R(T, -)es + 2°Q B)
= DYp(2'R(T, -)e,) + DY7p(2*R(T, -)es) + DYp(2*QB)
= (T*"2',0,(QB,2'R(T, )ey))
+ (0, T*" 22 (QB,z*R(T, -)es))
+ (*QBY(T),x’QB*(T), (@B, °QB))
11, QB(T)
(@B(T))" QB3

2. This follows from Lemma 3.4.3.
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Lemma 3.4.5. The quadratic form ® is positive semidefinite and has a trivial
nullspace.

Proof. The Cauchy-Schwarz inequality allows us to see that

(Qu)'(T)I* = [(R(T, ), (Qu)"l* < IIR(T )3l (Qu)' I3, = T*[[(Qu)' I3

Hence, ® is non-negative and ® = 0 if and only if Qw = cR(T, -) for some constant
vector ¢ € R%. Suppose, then, that w satisfies this condition; then by the definition
of @, it would follow that

O—CR(T,-)—%“‘/OT@@) R(dt,-)—/OT (@(t)—@w) R(dt,")

which implies by Proposition 3.2.2 that for all h € H?2,
T o(T
0= / (@(t) - % + c) - dh(t).
0

As aresult of Lemma 2.4.9, one has that C2°(0,7") C H; then for each ¢ € C°(0,T),

integration by parts allows us to conclude that

O:ATw(t).d(@(t)—@ﬂ) :/OTgo(t)-d(D(t),

which implies that ©(t) is a constant function. Thus w(t) = w(0) = 0 for all
te[0,T]. O

Corollary 3.4.6. (®)~' € L~ (W,,P).
Proof. Combining Lemma 3.4.5 and Theorem 3.4.2 gives us the desired result. []

Portions of Chapters 3 are adapted from material submitted for publication
as Driscoll, Patrick, “Smoothness of Density for the Area Process of Fractional

Brownian Motion.” The dissertation author was the sole author of this paper.



Chapter 4
General Case

This chapter is devoted to the proof of Theorem 1.2.2. Many of the objects
of study and proof techniques are directly analogous to those used in the previous

chapter.

4.1 Step-2 Nilpotent Fields

As before, we fix % < H< %; let B :={B',..., B"} denote n-dimensional
fractional Brownian motion with Hurst parameter H.

Let k € {1,..., @}, and suppose that {aq,...,ax} is a collection of
maps from R” x R™ to R with the following properties:

(I) Each «; is a skew-symmetric bilinear form;

(IT) The set {ay} is a linearly independent set; i.e., the bilinear form > ¢ is
I
the zero map if and only if ¢; = 0 for all /.

Define a : R® x R® — R*¥ by a := (ay,...,a;); this map induces a function from

W x W™ into W¥, which we will also refer to as «; its action is given by

o (w, M (1) := alw(t), 7(1)).

Just as in the case of the Heisenberg group, we may use the skew-symmetric form

a to define a Lie group (G,0), where G := R" x R*¥ and o : G x G — G is the

20
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multiplication operation defined by

e woy) = (v wxcy + Javow) )

Additionally, for any £ = (w,y) € g ~ T.G, one may readily calculate the the

left-invariant vector field &;

~ 1
g(v,x) = (Wa y+ 50( (V, W)) :

P

The Jacobian vector fields {X; := (e;,0)}, for g are given by

1
(Xi)vx) = (ei, s (v, ei)) .
Similar to the Heisenberg case, we have that
[Xi7 X]] = (07 Oé<€i’ ej)) .

The following theorem ensures us that any step-2 stratified group on R*** may be

generated in such a way.

Theorem 4.1.1 (Theorem 3.2.1 of [BLUOT]). Each homogeneous Carnot group of
step two on R"** is characterized by an operator « satifisying Properties I and II

above.

4.2 Stochastic Differential Equation Solutions

Suppose B = (B!,..., B") is an n-dimensional fractional Brownian motion
with Hurst parameter }1 < H < % Given a step-2 homogeneous Carnot group G
with Jacobian basis {X;}? , as in the previous section, one may make sense of the

differential equation
dY =Y X;(Y)dB' (4.2.1)

as in Chapter 2; that is, we consider the solution Y as the limiting process of

solutions of (4.2.1) driven by dyadic approximation processes B,, = ,,B. Suppose
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« is the skew-symmetric operator on R™ x R™ as defined in Section 1; then the
stochastic differential equation in the dyadic approximation case is of the form

: 1 ;
dy,, = ZXi(Ym)dB:n = Z (ei> 50‘(3/? 61)) dB,,

)

1 .
_ 1 n 7
- (dBm,...,dBm,§§ :a(y,ei)d8m> .

]

It is easy to check that the solution is given as Y, := (Ym, Um ), where

—~

Bm)T7

| al@BdB) =53 [ alBaesds,

(ym)T =

NO| —

(Qm)T =

with the integrals above interpreted as Riemann-Stieltjies integrals since the piece-
wise linearity of B,, implies that «(B,, ¢;) is piecewise linear as well for each i.
Theorem 2 of [CQ02] and Theorem 4.1.1 of [Lyo98] imply that the limiting

process Y := lim Y, exists a.s. We will suggestively write this process heuristi-

m—ro0
1 T
YT = <BT, 5/ O[(Bt7dBt)) .
0

We record here a pair of simple lemmas which allow for some control of the process
Y.

cally as

Lemma 4.2.1. Suppose « is a continuous bilinear form on R™. Then for each

fixed v € R™, the mapping

f=alf,v)
is a map from Cy([0,T],R™) into C,([0,T],R) for all p > 1; more explicitly, one
has the bound

la(f; 0)llp < [l Lncrn w0l 1l
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Proof. Fix f € Cp([0,T],R™); and let 1T = {¢;}, € P[0, T]. Then one has that

Z ‘04 z+1

z+1 (tz)7 U)’p

allf (R” xR™ R) Nol|7 [f (tir) — F(@E)-

z ,

Taking the supremum over all such partitions of [0,7] will then complete the

proof. O]

Lemma 4.2.2. Let o be a continuous bilinear map on R", and suppose v € R".
If p,q be constants such that % —l—% > 1, then for any f € C,([0,T],R"), g €
C,([0,T],R), the Young’s integral

t
| als).vda(r)
1s well defined for all 0 < s <t < T, and satisfies the bounds

/ a(f(7),v)dg(T) — alf(s),v) (9(t) — 9(s))| < Cllfisallpllglis.alla;

where C' 1s a constant depending on p, q,c, and v.

Proof. This immediately follows from Lemma 4.2.1, along with Theorem 2.2.8 and
the bound given in (2.2.1). O

4.3 Operator Realization

Recall that we have restricted the value of the Hurst parameter to % < H<

N

For j =1,...,k, define a quadratic form ¢; on H" x H" as follows:

5k k) = [ / 0y (h(s), dk(5)) + / ) aj<k<s>,dh<s>>] (43.1)

a; (h(T), k(T))
; :

- / 0, (h(s), dk(s)) -
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Note that the above integrals are to be intepreted in the manner of Young, and

are well defined as by Lemma 4.2.2; along with the fact that the Cameron-Martin

L

sf- Since piecewise linear continuous

space may be embedded into C, with r :=
functions are contained in H, we may write our approximating process Y,, as:

(Yo)p — ((Bm)T, %ql(Bm, B, %qk(Bm, Bm)> .

Define the linear mapping a : W, — H by

1 T
aw = w(TR(T,) - / W(t) R(dt, ).
0
The above integral is to be interpreted in the manner of Young, and the mapping

above is well-defined as a result of Proposition 3.2.2.
Lemma 4.3.1. The operator a is bounded on W,.

Proof. This proof is almost identical to the second part of the proof for Proposi-
tion 3.2.4. For any w € W,, one may readily verify using Proposition 3.2.2 that
T

Jawlfy, = ;T (D~ w(7) [

i w(t)R(dt,T)+/ w(s)w(t)dR(s,t).

(0,77

We may now bound the absolute value of each term on the right-hand side; the
first term by using the p-variational embedding of C as given in Lemma 2.2.6, the
second term by Lemma 2.2.6 and the Young’s integral bounds in Theorem 2.2.8,
and the third term using the two-dimensional Young’s integral bounds given in

Theorem 2.2.13. OJ

Given a skew-symmetric bilinear form £ on R", we define J¢ as the linear

map on R" with action given by
Jew = Zf(ei,x)ei.

We will regularly refer to J; := J,, for the operators {a;} defined in Section 4.1.

Using this notation, one has the identity

q(Bp, Bim) :/0 (Bm)i dJi(Bu):-
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One may take the tensor product of these two operators to form an operator
on H®R" = H™

(a® Jo)h = =R(T,-) @ Jeh(T) — / ' R(dt,) ® Jeh(t)

N~ N

[ /0 ' R(t) ® dJeh(t) — /0 ' R(dt,") ® Jeh(t)| .

Example 2. If n = 2, all skew-symmetric forms are scalar multiples of &, where

&(x,y) = (y, —x). Then in this case, one has that

1 T
(a® Je)h = iR(T-) ® EMT) — / R(dt, ) ® Eh(t)
0
which 1s equivalent to the operator () as defined in Proposition 3.2.35.

Lemma 4.3.2. Suppose « is a continuous skew-symmetric bilinear form on R™.
Then for any h € H" and for each partition I = {t;}}_ € P[0,T], define the
vector Sy € H in the following manner:
N
Su(-) =Y a(h(c;), [R(t;,) = R(tj—1,")] e;)

J=1

where ¢j € (tj_1,t;). Then H—inm S, exists, where {I1;}32, C P[0, T] with |11
— 00
converging to zero as k — 0o, furthermore, this limit is independent of the family

of partitions. We will denote this limit by

/0 a(h(t), R(dt, )e;).

This limit satisfies the following properties:

1.

fOTa(h(t),R(dt, e;) i = Jiope @(h(s), e5)a(h(t), e;) dR(s,t); hence, there

exists a constant C' > 0 such that

2

< Clla(h, e [FIRIZ?.
H

/0 a(h(t), R(dt, -)e:)

2. For cach k € H, <f0Ta(h(t), R(dt, )es), k>H = [T a(h(t), e:) dk(t).
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T T
3. (S alh(e), Rt )en) (s) = J; alh(t), R(dt, 5)er).
Proof. This is an application of Proposition 3.2.2 along with Lemma 4.2.1. O

Proposition 4.3.3. For each symmetric form q;, as defined in Equation (4.3.1)
with L =1,...,k , one has the identity

ah, ) = (@@ J)h, )

Proof. This result follows from computing the right-hand inner product, using part
2 of Lemma 4.3.2. [

HRR?

Proposition 4.3.4. For each skew-symmetric bilinear form & on R"™, the map
a ® Je may be extended to a bounded mapping from W, ® R" to H @ R"; we will

also denote this extension by a @ Je. Its action is given by

(0@ Je)w = % UOT R(t,) @ dJews(t) — /OT R(dt,) @ ng(t)] |

Proof. This proof follows in the same manner as the analogous result detailed in
Proposition 3.2.4; we will only record here an explicit upper bound on the operator

norm of a ® Je¢. To that end, given an w € W, ® R", we have

||<a®Jg>w||i®Rn:§(H“”(T) / €(es,omega(t)A(at, )|

- <£<w<T>,ei>R<T, ), / E(es () R, >>)

<<£<w<T>,ei>>2%+ el )R,

, € e; R(dt, T
/5 >>

= Z <||§||2(|w )= “ lwliZ I R

n !w(T)|HprHRHT)>

2H

T
<l (S + IRIS + 11, ) ol

i=1
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We may thus define random processes (a ® J;)B for each [ = 1,... k by

the formula

(0 J)B = % [/OT R(t,) @ dJ, B, — /OT Rt )@ AB)| . (as)

4.4 Malliavin Derivative

Let Rf_f :H ®R"™ — R be the evaluation operator on the j-th coordinate;
ie.,

Ryh =W (T) = (R(T,-) ®ej, h)

Proposition 4.4.1. The process Yr has derivative DY taking values in L(H &
R™, R"*) with action given by

DYrh = (Rph, ..., Rph, ((a® J1)B,h)gyopn - - - (@ ® i) B, R)gyopn)  (a.s.)

Proof. We begin by computing the derivative of (B, By,) for I =1,... k in the
direction of some h € H ® R". Again, we let T = Q%T.

2m
BT + BT
Dqi(By, B, Z -

_! Z 1)) (iBr, = J,Br, )

+ (Br, + Br, ) (JiB(Ty) — Jih(T; 1))

== (W(T}) + W(Tj-1)) (iBz, — JiBr, )

— (JiBr, + JiBr, ) (M(T;) = h(T;-1))
[ OT R (t)d(J; By )t — /OT(Jle)tdhm(t)]
= ((a ® J) B, 1) yyn -

Thus, in order to prove the claim, it suffices to show that for each | =
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E|[{(a® J)B,-) = {(a® J) B, b) | opn-

/T R(dt,-)  (JiB), — /T Ron(dt, )  (JiBo):

2

HOR™

tends to zero as m — o00. Yet one can dominate each term by

2

CF ’ /0 " R(dt) @ B, - /0 "Rt ) @ (B,

HRR™

for some suitable constant C; depending only on «;. This term vanishes in the

limit by the same argument as is used in the proof of Proposition 3.3.2. O]

4.5 Integrability of the Malliavin Covariance De-

terminant

Recall that the Malliavin covariance matrix is defined as the operator
DYr (DY7)*. We begin the chapter by defining two matrix-valued operations
on our path-space that will be the higher-dimensional analogues of the expres-
sions Qw(T) and ||Qw|* which appeared in the Malliavin covariance matrix for
the Heisenberg case.

We will indicate by ¥ the Gram matrix on our operators {a ® J;}; more

precisely, U will be the function from W, ® R™ to M, (R) defined by
(W) = {(a® Ji)w, (@ ® Jj)w)yepn -

We will let © indicate the linear mapping from W, ® R" into the space

M, 1(R) of n x k matrices with real-valued entries given by
[Ouwlij = [(a @ J;)w] (T) - €.

Each of these matrices may be extended to matrix-valued random variables ¥ (B)

and ©B in the usual manner.
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Proposition 4.5.1. Suppose v: W, @ R" — M"*(R) is given by

1], Ouw

T e ww)

then DYr (DYr)" = ~(B) almost surely.

Proof. Given x € R"* and h € H ® R",

((DYr)*x,h) =x- (Rph,...,R}h,{(a® Ji)B, W) gremn - - - ((a® Ji) B, h)gyopn)

n k
- <inR(T,~) ®ei+2x"+j(a®Jj)B,h> .
i=1 HER™

j=1

Direct calculations reveal the following identities:

RL(R(T, ) ® e;) = 6,7,
((a® J)B, R(T, ") ® €i)yyomn = Ry (a® J)B) = [(a ® Ji) Bl - 5.

By linearity, it follows that

DYT(DYT)*X = i I’ZDYT [R(T, ) (%9 62'] -+ Z l’nJerYT [(CZ 0% JJ>B]

i=1 j=1

= >t (1e [(0® H)Bly i, [(0® J)Bly )

+>a([@@ Bl -er,. .. [0 @ Bl e

(a® J))B,(a® J)B),...,((a® Jy)B, (a® Jj)B)>.

One may readily verify that this is almost surely equivalent to [y(B)]x. O

Recall that proving smoothness of the density of Y with respect to Lebesgue

measure requires showing that

(dety(B)) ™" e L=". (4.5.1)
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As an application of Lemma 3.4.3, we have that
dety(B) = T*""det (V(B) — T*"(0B)"©B) .
For each y € S*~!, define the linear operator ®, by
Dy (w) := (V(w) — T (Ow)" Ow)y - y (4.5.2)

This operator is continuous both in w and y. Once again, we may almost surely

identify this operator with a random variable ®,(B). We note that

(dety(B)) " < T2 ( min <I>y(B)) MM);

yESkil

hence our desired integrability condition will be implied by showing that

( min @y(B))_l € L>

yesk—1

k
For each y € S*1 we will let y - o := >_ ;. It is easy to check that

=1

(¥(B))y -y = (6 ® Jy.a) Bllyggn » (0B)"OB)y -y =|(la® Jy)BI(T).

Thus, each ®, is non-negative as a result of the Cauchy-Schwarz inequality. In
addition, ®y is a bounded operator as by Lemma 4.3.2; Theorem 3.4.2 implies that
the operator Cf)y : H™ — H" defined by

(yh, h>w = dyh
is trace-class.
Proposition 4.5.2. For each fited'y € S*=1, the map ®y is contained in L>~(P).

Proof. Again recalling Theorem 3.4.2, it suffices to show that ® is not a finite rank
operator. To that aim, we begin by noting that @)yh = 0 implies that ®y(h) = 0.
By Cauchy-Schwarz, this is true if and only if

(a® Jy.o)h=cR(T,")
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for some ¢ € R”. By definition, this is equivalent to the statement that

/ ' R(dt,) @ (Jyah(T) — Jyah(t) — c) = 0.

By taking the inner product of each side against an arbritrary ¢ € C* @ R" C
H ® R™ and applying integration by parts, we obtain the identity

T
0= / o(t) ® dJy.oh(t) (Vo € CX @ R")
0

which implies Jy.,h = 0; that is, h(t) € Null(Jy.,) for all ¢ € [0,7]. By the
assumption on our skew-symmetric operators, y - « is not the zero map. Thus, we
may pick some v # 0 for which J,.,v is non-zero; it follows that for each fixed
non-zero k € H, the element k ® Jy.,v(t) # 0 for all ¢t € (0,7 such that k(t) # 0.
Thus the set

{k@v:0#keH}
is contained in the complement of the kernel of ®; it is clear that the cardinality

of this set is infinite. O

Proposition 4.5.3. For all 1 < p < oo, the expectations E[®P] are uniformly
bounded in y; i.e.,

sup E[® 7] < oo.
y65k71

Proof. We begin by noting that the operator QADy may be written as

Dy = (a® Jyo) (@ ® Jyo) — T2 (a® Jyo)* RiRr(a ® Jy.0)
= (a*a —T*"a* Ry Rra) ® J;. o Jy.a,

where Rp denotes the evaluation operator at time 7. We note that the quadratic

form A on W, given by
Aw, 1) = (aw, at),, — (aw(T) - at(T))

is non-negative and bounded by Lemma 4.3.1, and hence Theorem 3.4.2 implies

that (a*a — T7?"a* R%Rra) is trace-class and a fortiori compact. Note that for
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each y, the (non-negative) eigenvalues {\Y} of the operator ®, are given by the
products of eigenvalues of (a*a — T~*"a*R}Rya) and J3 ,Jy.o. Recall from the
proof of Theorem 3.4.2 that one has the equation

®y(B) = L' — lim ZAyg

N—oo

where {¢,} are a set of independent standard normal random variables.

Let {0,} denote the eigenvalues of the operator (a*a — T~ *#a* R} Rra) and
py the spectral radius of J3 ,Jy.o. Define the set & as the collection of non-zero
eigenvalues of (in of the form pyo,. Since a has a trivial kernel, and J., is not the
zero map, we have that #(&,) = co. Without loss of generality, we may order our
eigenvalues such that members of &, are listed "first”; i.e., AY € &, for any n € N.

For each 1 < p < o0, let NV be the first integer for which N > 2p. Then

E[(®y(B)) "] <E (Z A%ﬁ)

n=1

—p [ /N -p
< in A\ 2
JETEI (Z €n>

n=1

which is certainly a finite expression. In particular, a uniform bound on E[(®y(B)) "]

will be proven if we can find a constant M for which

—p
( min A%) <M
n=1,...,N
for all y € S¥~1. We note that

min A\ = min o, > C
n=1,..N py—1,,N"_ Py

where the constant C' is dependent only on the value of N. Thus it is only left for

us to prove that

max p.? < M;
yESkil Yy
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yet this is equivalent to the statement that

min >0
yESkfl py I

which is true by the compactness of the unit sphere and the non-degeneracy con-

dition imposed upon . [

Lemma 4.5.4 (Lemma 6.6 of [Bel06]). Suppose X is a non-negative random vari-
able such that
P(X <¢e)=0(e*) (e — 0).

Then X' € L~ (P).

Proof. Fix some p > 1. Pick some ¢ > p; then by assumption, there exists some

constants K = K,, M = M, such that
P(X <e) < Ket,
provided € < ﬁ Using this, we see that
E[X7?] = /00 ?P(X > 1) dr
0
= /00 ?AP(X <77 dr
0

M )
= / ?P(X <77 dr +/ ?PP(X <77 dr
0 M

M 0o
< / Pl dr + K/ Pl dr
0 M

MP  MP4
<—+
p q—7p

< Q.

We are now in a position to prove our desired result.

Theorem 4.5.5. Let @y be defined as in Equation (4.5.2). Then

-1
( min <I>y(B)> € L>" (W), P).
yesk-1
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Proof. By Lemma 4.5.4, it suffices to check that for all ¢,

IF’{( min (I>y(B)) < 6} < Ot
yesk‘—l

for some suitable constant C, dependent only on ¢. Fix e > 0. We pick a natural

number N (g) and vectors {yl}fi(f ) such that

N(e)

U B(}’i;€2)

i=1
form an open cover of S*7!. Note that the value of N(g) is bounded above by
2ke=2F: one may see this by slicing the cube [—1,1]* into disjoint cubes of size
length &2.

Define the following sets:

1
A, :—{ inf <I>ZB<5:||B||2§—};
2 5

z€B(yq;e?)

1
B; ::{ inf ¢ZB<6:||B||§>—}.
2 £

z€B(yqi;e?)

Then one has that
N
P { <ygé1kr£1 <I>y(B)) < 6} < ZZI (P(Ai) + ]P’(BZ-)).

Suppose z € B(y;;€%). Then on A;, one has the inequality
|y, (B)| < |9y,(B) — @u(B)| + |2,(B)| < C||Bllse* +e = (1+O)e

for a suitable constant C. Therefore A; C {®y,(B) < (1 + C)e}. Letting
M, = sup E[(®y(B))"? (a finite quantity by Proposition 4.5.3) and using
yesk—1
Markov’s inequality, we obtain the bound
P(A;) <P{2y,(B) < 2e} =P {(®y,(B)) " > (2¢) "}
< (14 C)e) E[(Dy,(B)) ) < (29M)e’.
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Another application of Markov’s inequality gives us that

1 1
ps) <p{IBl > 1) —p{Im1 > 5}

< E[|| BII).

which is finite as a consequence of Fernique’s Theorem.
We note that each inequality is independent of ¢, and so, for suitable con-

stant K, we obtain the bound

p{(Luin, 2,(5)) <c} < N+ O + BB

yeSsk-1

< anq*%.

As such a bound holds for all ¢ > 1, we may conclude that

’ { <yg§i1£1 q’Y<B)) < 5} _ 0(=),

as desired. OJ



Appendix A

r-Variation of the Covariance

Function

Fix 0 < H < 1/2 and T > 0. We will, as usual, denote by R: [0,7]> — R
the covariance function for fractional Brownian motion with Hurst parameter H

on [0, T7]; that is,

LS 2 |t 52

E[BE B = R(s,t) := 5

We may associate a finitely addivite signed measure pz on the algebra gen-
erated by rectangles of the form

{(a,b] x (¢,d] C (0,T]*} with R in the following way:
pr((a,b] x (c,d]) = R(b,d) — R(a,d) — R(b,c) + R(a,c)

1
=3 (Jd = al +]c = b —|d = b]*" — |c — a*").

It is easy to check the covariance of the process increments Bff — BH and BYf — BH

is given by the pug-measure of the rectangle (a,b] x (¢, d], or
E(Bi' — BS)(By' — B,')] = pr((a,b] x (e, d]).

So, by Lemma 2.1.2, one has that ug ((a,b] x (¢,d]) <Oforall0 <a <b<c<
d < T. Throughout the sequel, we record the following lemma, which we will use

repeatedly with the coefficient o = 2H.

66
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Lemma A.0.6. Given some 0 < o < 1, one has that for all x,y > 0,

Proof. These inequalities are a result of the subadditivity of x — x® and the

superadditivity of x +— xé; in the first case, one has that

1 1 r+y\" 1 1
- @ < — o < Lo - a.
@ty < olz+y) ( 5 ) < 527+ 5y
The argument for the second inequality is similar. O]

Lemma A.0.7. Let ur be the measure defined above. Then for any intervals

(a,b], (e, d] C [0,T], one has the bound
lr((a,0] x (c,d])] < (b—a)* A (d - c)*".
Proof. We will need to consider three possible cases:
(1) One interval is nested within the other,
(2) the intervals partially overlap, or

(3) the intervals are disjoint.

Casel. a<c<d<hb.

In this scenario, the claimed upper bound is clearly (d — ¢)?*. Using this, we have

that

(. ] x (e, )] = 3 [(d = a4 (b — 0 — (b— ) — (c— )"
< 5 (4= — (c— ")
(= — (-
< (d—c)*.

Case 2. a<c<b<d.
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In this case, we know that

nl(a,b) x (e, d)| = - [(d—a)* + (b—c)* = (d = b)*" — (c —a)*|

1 2H 2H
+3 (b—c)* — (c—a)*|
< %(b a)* + % (b—=c)*" vV (c—a)*™)
S (b . a)2H
In a similar manner,
lur((a,b] x (¢, d])| = % |(d = a)* + (b= )" = (d = b)*" — (c — a)*"|
< % ((d — a)2H — (¢ — a)QH)
30— — a7
1 T 2H 2H
< -0 +§<<b OV (d — b))
< (d—c)*".

Case 3. a<b<c<d.

Here, we will use the concavity inequality twice to generate the desired

bound. Firstly, we calculate that

e ((a, b] x (¢, d])| = % |(d = a)* + (c = b)*" = (d = b)*" — (c — a)*"|
S % ((d— a)QH o (C—CL)ZH)
+%((d—b)2H— (c — b))
< (d—c)*.

In much the same manner, we find that

| ((a, 0] x (¢, d])| = % |(d—a)*" + (c = 0)*" = (d = b)*" — (c— a)*|
S % ((d— CL)2H _ (d— b)2H>
+ % ((c—a)*™ — (c—b)*")

< (b—a)*.
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]

Proposition A.0.8. Let r := ﬁ > 1. Then the function R has finite two-

dimensional r-variation over [0, T)?; more specifically,
IR[[*7) < (5T)%.
Proof. Let

Mi={sp:=0<s<...<sy:=T},

UVi={ty:=0<t;<...<ty:=T}

be two partitions of [0,7]. Fix a j € {1,...,T}. We will let A be the unique
integer such that s4_; <t;_; < s4, and L > A will denote the unique integer for

which s;; <t; < s1.
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SL

Figure A.1: An example partition in s for a fixed strip ¢t;_; <t < ;.

As usual, we define

AjjR = pr ((si-1, 81 % (G-1,4]) -

Then
M A
Z Ay R|" < Z AR+ [Aa R (A.0.1)
=1 =1 . y
+ Y AR AR+ Y AR
i=A+1 =L t+1

It follows from Lemma A.0.7 that

A R|" < (t; —tj_1), |AL;R|" < (t; —t;_1). (A.0.2)
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Lemma A.0.7 also implies that |A;; R|" < (s;—s;_1); hence, we may use telescoping

to bound the third term:

L-1 L-1
Z |AZJR’r S Z (Si - Si—l) == (SL_1 - SA) S (tj — tj—l)‘ (AOS)
i=A+1 i=A+1

Let us now focus on the first and last terms of Equation (A.0.1). Note that on
each of these sums, Lemma 2.1.2 implies that A;;R < 0. We may use this fact
along with Lemma A.0.7 to see that

Z!Awm + Z Ay R

i=L+1

M T
< (Zmijm) + ( > |Ain|>
=1 1=L+1
A—1 r M r
=D AR +| )] AyR
1=1

= |NR ((O,SA_l] X (tj—latj])r
+ g (51, T) % (tj1, t5])]"
<t — 1), (A.0.4)

+

Combining Equations (A.0.1)—(A.0.4) allows us to conclude that

M
D IAGRIT < 5(t; —ti).

i=1
Hence,

ZZ|AUR| < 25 ) = 5T.
7=1

=1

This completes the proof, since the two-dimensional r-variation of R is given as

||R|!§2D’:< sup ZZI%M) < (57"

IL,YEP[0,T]



Appendix B
Restriction of Gaussian Measures

At first blush, it may seem natural to have our process B have the classical
Wiener space W? := C([|0,T],R?) as its sample space. However, doing so is not
ideal, since many of the operators we will be considering are only defined on smaller
spaces, such as the p-variation spaces.

We begin with a general result regarding o-algebras.

Lemma B.0.9. Let X be any real separable Banach space and L be any Then ||-||
is 0 (L) — measurable if and only if Bx = o (L) .

Proof. 1t it easy to see that, in any case, 0(£) C Bx. Also, since [|-|| i is continuous
it is always Borel measurable; therefore, if Bx = o (£) then |||y is clearly o (L) —
measurable.

Suppose that |||y is o (£) — measurable; then for each zy € o (L), ||- — zo||
is also o (£) — measurable, and z — x —x is 0 (£) /o (L) — measurable. From this
observation, it follows that o (£) contains all balls in X. Since X is separable, every
open subset of X may be written as a countable union of open balls. It follows,

then, that o (£) contains all open subsets of X and therefore that By C o(£). O

Theorem B.0.10. Suppose (X, B = Bx,u) is a Gaussian probability space, and

X is a linear subspace of X. Also let || - || is a norm on X such that
1. The space (X, || - |l ¢) is a separable Banach space,

2. The embedding of X into X is continuous,

72
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3. X eBand u(X) =1,
4. B:=By={AnX:AcB}.

Then i == plg is a Gaussian measure and (X,B,fi) is a Gaussian probability

space. Furthermore, (X, 1) and (X, i) share the same Cameron-Martin space H.

Proof. Let Ry : X x X — X x X is the rotation map defined by

V2 V2
then by the rotational invariance of Gaussian measures (see, for example, Theorem

3.1.1 of [Bry95]), proving the statement that fi is Gaussian is equivalent to proving
that

[ Hew dn@)in) = [ fo Runtew) date)dint

XxX
for any bounded B x B-measurable function f. Let f be such a function; since
X is of full i measure, we may extend f to an B x B-measurable function (which
we shall also refer to as f) such that f)&)} fdudp = fXXX fdudy (this extension
may be done by setting a function equal to f on X x X and equal to zero on the
complement, for example). Then it follows that

|t dit@datn) = [ ) dutanty)

X x

- /X Fley) dp(e)du(y)
:/X XfoR,r/4(x,y) dp(z)dp(y)
:/~ o Rup(w,y) du(@)duly)

XxX

_ /X S o Bepalay) di@)dp(y).

This proves the first assertion.

To see the equivalence of Cameron-Martin spaces, we recall that
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J: L*(X, ) — X, defined by
nf = f(z) dp

maps onto H. Again, by virtue of u being fully supported on X , we may extend
any element of L2(X, i) to an element of L%(X,p); thus it is easy to see that
n(L2(X, 1)) = n(L2(X, p)) = H, as desired. O

Remark B.0.11. An alternate proof of the equivalence of Cameron-Martin spaces

may be found in Proposition 2.8 of [DPZ92].

Let us now focus on restricting the law of fractional Brownian motion with
Hurst parameter 1/3 < H < 1/2 to a variational space. The standard Gaussian
space on which fBm is realized is (W, B, P), where W = {w € C([0, T], R) : w(0) =
0} and P = Law(B). Pick 0 < e << 1 and fix p := 1/H +¢. Let ¢;,0 <t < T
denote the evaluation map on W; i.e., ¢y(x) = x(t) for any x € W. Since

I-llw = sup ¢,
0<t<T

it follows that || - [[w is a o({¢; : 0 < ¢t < T})-measurable function, and by
Lemma B.0.9, it then follows that o({¢; : 0 <t < T}) = Byy. Recall that we have
defined the p-variation norm on W by

1
(#11) p

Izl = sup | > [Awf?

nepo,7] \ "=

Recall that we have defined the space

W, = {z € Co([0, T, R) : 2(0) = 0",

By Corollary 5.35 and Proposition 5.36 of [FV10], this space is a separable Banach
space under the p-variation norm and contains all g-variation paths starting at

zero for any 1 < g < p. Note that for x € W, Holder’s inequality implies that for
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any t € [0,7],

()] = [x(t) — =(0)]
< Ja(t) = 2(0)] + [2(T) — x(0)]

<25 (ja(t) — 2(0) + |#(T) — 2(0))?

p=1
<27 |,

from which it follows that ||z|w < [|z],, and so the embedding of W} into W is

continuous. Observe that we may rewrite the p-variation norm as

P

I ll, = sup Z’@ = Ol

neP0,7] \ "=

Thus, || -, is o({¢¢|lw, : 0 < t < T'})-measurable, which implies that o(£) = Byy,.
Furthermore, by Theorem 5.31 of [FV10], we know that the space W, is equivalent

to

x €C,:lim sup x(t =0
- 0=0 e P(o,T]:(11|<6 % Z 2 -l

If we now define

#(IT)
a,(x) ;== lim sup Z |x(t:) — 2(tim1)[",
"0 ePlo, TINN: I < 2 T

then it follows that a, is a o({¢¢|w, : 0 <t < T'})-measurable function, and that
W, =W, N{a, =0} € By.
Additionally, we may now use Lemma B.0.9 to conclude that

By, = o({¢ilw, : 0 <t <T})
={AnNW,:Aco({dlw:0<t <T})}
={ANW,: A€ By}.
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Finally, we note that since the paths ¢t — Bf are a.s. Holder continuous of order
g:=H (1 + %)71 < H, each such path has finite g-variation for ¢ = % = % + 3.
So by Corollary 5.35 of [FV06], P(W,) > P(W,) = 1. Thus, we may appeal to
Theorem B.0.10 to conclude that (W,, Bw,,Plw,) is also a Gaussian probability
space, and that the associated Cameron-Martin space H coincides with the usual

Cameron-Martin space corresponding to P on W.



Appendix C

Trace of

This section will be devoted to finding a quantitative bound for the trace

of the operator

A

O HE— H?
given by the formula <(i>h, k:> , = ®(h, k), where ® is the Malliavin covariant
H

determinant as presented in Proposition 3.4.4.

Lemma C.0.12. Suppose {k,} is an orthonormal set of basis vectors for the
Cameron-Martin space H associated to fractional Brownian motion with Hurst

parameter % < H < % Then one has the following identities:

Z/O Ko (8)Ken (8) R(dt, u) :/0 R(s,t) R(dt,u);

S [ Rt ) = [ s ) G

n=1 [OvT}Q

the expressions on each side are intepreted as one- and two-dimensional Young’s

integrals, respectively.

Proof. We start by defining @) as the projection off of the first N basis vectors
of H;ie.,

o

Qnhi= Y (kn,h) kn.

n=N+1
The first identity is relatively straightforward to prove. Standard one-

dimensional Young’s integral bounds along with the embedding of H into C, for

7
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ro= ﬁ gives us the following estimate (where the value of the constant C' may

change from line to line as necessary):

/0 (R(S,t) - an(é’)kn(t)> R(dt, u)| < C||R(u, )|
< I(R(s.) = > En(8)kn ()]s

< Cl[R(u, )| |@n B (s, ),

with the inequality resulting from Proposition 2.4.7. Since ||QnR(s,-)||% tends to
zero as N — 0o, we have obtained the desired result.

As for the second identity, we begin by noting that the mapping from [0, T']
s — R(s,-) € H is continuous; thus the set {R(s,:) : 0 < s < T'} is compact in
H. For each s, QyR(s,-) converges to zero as N tends to infinity. Fix § > 0,
and pick {s;}}, such that the the set of open balls in H of radius % is an open
covering for {R(s,-) : 0 < s < T}. Let N be the first natural number for which
Jmax |@QnR(s;,-)|| < % and for a given s € [0,T], denote by I € {1,..., M} the
number for which R(s,-) € B(R(sy,-); 3). Then one has that

QN R(s, )| < |@nR(sr,-) — @nR(s, )| + |QnE (s, )| <

and so QnR(s,-) converges to zero uniformly in s.

N-1
Recall that the function R — ( Yo ka® kn> is contained in C(Sw) for each

n=1

L. hence, setting ¢ < r such that % + % > 1, one has the Towghi bound

2H’

N-1 N
R — kn®k, | dR R — kn ® kp
= (s (25004)

for suitable constant C'. By Lemma 2.2.12; the right-hand expression is bounded

q<r=

(n)
< C||R||*”)

q



N
above by a positive multiple of || R — (Z ky ® kn) .- Now we note that
n=1

N
(£
n=1 u

‘: sup

R(s,t) — (Z kn(s)kn(t)) ‘

(S,t)E[O,TP n=1

= sup |<R(S7')7QNR(t7 )>’
(s,t)€[0,T)?

< sup  [[R(s,)[lu QN R(E )4
(s,t)€[0,T)?

<T" sup |QNR(t, )4
0<t<T

which, as we observed, tends to zero as we let N — oc.

Proposition C.0.13. The operator d described above is trace-class, and
tr(d) <2 [T R||*P) + T*|[R|7] | R||*P).

Proof. Recall from the proof of Proposition 3.2.4 that for w € Wg,

ol =3 e+ | [ et

=1

2

H
— (1) /0 i(t) R(dt, T).

Similarly, it holds that

2

Qu(T)P =)

i=1
21
— Z ZT4H’CD1(T) 2
i=1

_ T(T) /0 " ST R T).

2

%Tﬂ%i(T) - /O " 5 Rt T

2

+ /T Q'(t) R(dt,T)

Combining terms, we obtain the following expression for ®:

£

i

/T QO'(t) R(dt,-)|| —T*
0 H

/ " ) R@LT)

)

79
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Let {k,}>2, be an orthonormal basis of #; then, as above, we have that

{knei}\J{knez2} is an orthonormal basis of H?, and it follows that

tr(®) = Z (D(kner) + P(knez))

/ (t) R(dt,")

= 22 [T”‘H

To simplify the first term, one observes that for a family of partitions

{I,,} € P[0, T] with lim |II,| =0
m—0o0

2
o T2H
H

|

/ ' ka(t) R(dt,T)

' /OT kn(t) R(dt,-) j{ = lim H #:Zi;)kn(ciﬂl%(uti) — R(:,ti-1)] j{

#(IL)
= fim D kale)kn(cy) (R(, i) = R( tin), R( 1) = R, t521))y,

i,j:l
= lim Z ko (¢ K [ (ti,t;) — R(ti ;1)
4,7=1
_R(Z 1,1t )+R(z 1,1 j— 1)
— [ ks (0REs
(0,77
Hence, it follows from Lemma C.0.12 that

[e's)
n=1

The simplification of the second term is slightly more involved. Note that integra-

2

/ Ckt) R

_ / R(s,t) dR(s, t).
[0,7)?

H
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tion by parts implies

2 2

= |T*k,(T) - / : R(t,T) dk,(t)

/ C ko (t) RUET)

2

=T |k, (T)* +

/ ' R(t,T) dk,(t)

oM (T) / " RET) dk (1)

2

=T |k, (T)|* + /OT R(t,T) dkn(t)

' k(1) R(dt, T))

—2T*H | (T) <T2Hkn(T) —

=7 [ b (k) R, T) - T ()

+

/ " R(T) db (tu)

The Fundamental Theorem of Calculus for Young’s integrals (Theorem 5.4.1 of

[LQO2]), along with Lemma C.0.12, implies that

Z/ R(dt,T) /RtT)R(dtT)

1 ) T4H
= SI(R(T, 7)) = (R(T,0))] = —~.

Combining this with the fact that > |k,(T)]* = R(T,T) = T*# | we have that

n=1

> / ' R(t,T) dk,(t) 2

/ ") R

[e.e]

n=1

Let Py : H — H denote the projection map onto the first N terms of our or-
N

thonormal basis; that is, Pxh := ) (h, k,)k,. Then for any h € H, we may once

n=0
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again apply Proposition 3.2.2 to find that

2

Py / Ut R(dt. )

H

- <pN /OTh(s) R(ds,-), Py /OTh(t) R(dtw)>H

N

— Z (/OTh(s)dk:n(s)) (/OTh(t)dkm(t)> (ks ko2t

m,n=0

N 2

=> (/OTh(t)dkn(t)) .

n=0
Using this fact along with the continuity of the norm , we have

)
n=1

2 N

= lim 5
N—o0
n

=1

2

/ ' R(t,T) dk,(t)

0
2

' R(t,T) dkn(t)

= lim '
N—o0

Py /0 R(t,T) R(dt,T) .

/ " R(.T) R(dtT)

H
- / R(s,T)R(t,T) dR(s,?)
(0,772

Therefore, we can rewrite the trace of our operator as

tr(P)

2 / [T*" R(s,t) — T*" R(s, T)R(t,T)] R(ds,dt)
[0,7)2

< 2 [T R|&P + T*||RI] | BRI

Where the inequality results from the standard bounds on two-dimensional Young’s

integrals as given in Theorem 2.2.13. [

Portions of the Appendix are adapted from material submitted for publica-
tion as Driscoll, Patrick, “Smoothness of Density for the Area Process of Fractional

Brownian Motion.” The dissertation author was the sole author of this paper.
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