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EXISTENCE, UNIQUENESS, AND STABILITY OF SLOWLY
OSCILLATING PERIODIC SOLUTIONS FOR DELAY
DIFFERENTIAL EQUATIONS WITH NONNEGATIVITY
CONSTRAINTS*

DAVID LIPSHUTZ! AND RUTH J. WILLIAMS?*

Abstract. Deterministic dynamical system models with delayed feedback and nonnegativity
constraints arise in a variety of applications in science and engineering. Under certain conditions
oscillatory behavior has been observed and it is of interest to know when this behavior is periodic.
Here we consider one-dimensional delay differential equations with nonnegativity constraints as pro-
totypes for such models. We obtain sufficient conditions for the existence of slowly oscillating periodic
solutions (SOPS) of such equations when the delay/lag interval is long and the dynamics depend
only on the current and delayed state. Under further assumptions, including possibly longer delay
intervals and restricting the dynamics to depend only on the delayed state, we prove uniqueness and
exponential stability for such solutions. To prove these results, we develop a theory for studying per-
turbations of these constrained SOPS. We illustrate our results with simple examples of biochemical
reaction network models and an Internet rate control model.

Key words. delay differential equation, state constraints, one-dimensional Skorokhod problem,
slow oscillation, periodic solution, Browder’s fixed point theorem, variational equation, exponential
stability
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1. Introduction. Dynamical system models with delay in the dynamics arise
in a variety of applications in science and engineering. Examples include Internet
congestion control models where the finiteness of transmission speeds leads to a de-
lay in receipt of congestion signals or prices [55, 56, 58, 57, 59, 67], neuronal models
where the spatial distribution of neurons can result in a propagation delay [4, 23],
epidemiological models where incubation periods result in delayed transmission of
disease [7], and biochemical models of gene regulation where transcription and trans-
lation processes can lead to a delay in signaling effects [1, 6, 46]. The books by
Erneux [18], Gopalsamy [19], and Smith [63] provide several examples and references
for delay differential equations that arise in applications. Oftentimes the quantities
of interest in such systems are nonnegative. For instance, rates and prices in Internet
models, proportions of a population that are infected, and concentrations of ions or
molecules are all nonnegative. In a delay differential equation model for such sys-
tems, sometimes the right-hand side of the equation (here called the drift function)
may naturally constrain all components to be nonnegative (see, e.g., section 3.2 of
[63]), but sometimes (e.g., because of the delay) the dynamics need to be modified
when one of the components of the current state becomes zero, to prevent that com-
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ponent from becoming negative. This can be thought of as imposing a regulating
control at the boundary, which creates a discontinuity in the right-hand side of the
differential equation.

In many cases, oscillatory (especially periodic) behavior can be important for
the functioning of such systems. While there is a considerable mathematical litera-
ture on oscillatory solutions of unconstrained delay differential equations (see, e.g.,
[19, 20, 22]), there is limited mathematical literature studying oscillatory solutions for
constrained delay differential equations with discontinuous dynamics at the bound-
ary. Some examples tied to specific applications include a biochemical application
studied in Mather et al. [46], where a simple biochemical reaction network model ex-
hibits oscillatory behavior; and an Internet rate control model in which the existence
of oscillatory behavior is shown numerically to arise from an unstable equilibrium
solution [47]. Even a one-dimensional delay differential equation with a nonnega-
tivity constraint is an interesting nonlinear system whose natural state descriptor is
infinite-dimensional because of the need to track position over the delay/lag period.
The behavior of the constrained system can be quite different from that of the anal-
ogous unconstrained system. For example, as we show in section 4.1, in the case of
dynamics that are linear in the unconstrained context, the additional nonnegativity
constraint can turn an equation with unbounded oscillatory solutions into one with
bounded periodic solutions.

As a first step toward studying oscillatory solutions of constrained delay differen-
tial equations, we provide sufficient conditions for existence, uniqueness, and stability
of periodic solutions for prototypical one-dimensional delay equations with nonnega-
tivity constraints of the form

(11) £(t) = 2(0) + / fla)ds +y(t), >0,

where x is a continuous function on [—7,00) that takes values in the nonnegative
real numbers, 7 € (0,00) is the fixed length of the delay interval, x4 is a continuous
function on the delay interval [—7,0] defined by xs(u) = x(s + u) for —7 < u < 0,
f is a real-valued continuous function defined on these continuous path segments,
and y is a continuous nondecreasing function that is constant on intervals where
x is positive. Indeed, y is a control that increases the minimal amount to keep z
nonnegative. As we shall see later in section 2, y is characterized by these properties
and is a continuous functional of z(0) + [, f(zs)ds. We show in Lemma 2.2 that this
formulation is equivalent to one in which y is specified to be constant on intervals
where x is positive and is almost everywhere differentiable at times where x is zero,
where at such times ¢, d%—(tt) = max(—f(z¢),0). While these alternative formulations
are equivalent, our formulation has certain advantages that we exploit, related to the
continuous functional property of y (see Appendix A). Given f, we refer to (1.1) as a
delay differential equation with reflection (at the boundary), or DDER.

In this work, we focus on slowly oscillating periodic solutions (SOPS) of the
DDER (1.1). Here, slowly oscillating refers to the fact that the solution oscillates
about an equilibrium point and the time spent above/below the equilibrium point per
oscillation is greater than the length of the delay interval (see Definition 3.2). There is
a substantial literature on SOPS of unconstrained delay differential equations dating
back to the 1960s, when Jones [25] established the existence of a SOPS to the so-
called Wright’s equation—a certain nonlinear delay differential equation analyzed in
[78]. There are a number of subsequent contributions on the existence (see, e.g.,
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[4, 11, 15, 21, 23, 26, 49, 50, 51, 60, 64, 65, 70]) and uniqueness and stability (see, e.g.,
[10, 27, 28, 42, 43, 53, 72, 71, 73, 79, 80, 81, 82]) of such periodic solutions, with more
recent results focused on SOPS of delay differential equations with state-dependent
delays (see, e.g., [2, 29, 31, 32, 35, 37, 38, 39, 40, 41, 36, 68, 74]). For a more in-depth
discussion of these results we refer the reader to Chapter XV of [14] as well as the
recent survey by Walther [75].

For our results on existence of SOPS for constrained delay differential equations,
we restrict f to be a function that depends only on the current and delayed states,
ie.,

(1.2) fxe) = g(2(t),2(t = 7)), t>0,

where ¢ is a real-valued, locally Lipschitz continuous function on the nonnegative
quadrant that is differentiable at (L, L), where L > 0 is the equilibrium point, and
g satisfies a type of negative feedback condition. Our assumptions on g are similar
to those imposed by Atay [4], although we allow somewhat relaxed boundedness
assumptions on ¢ since, a priori, our nonnegativity constraint imposes a lower bound
on solutions of the DDER. For our results on uniqueness and stability of SOPS, we
further restrict the function f to depend only on the delayed state, i.e.,

(1.3) flwe) = h(z(t —7)), >0,

where h is a real-valued continuously differentiable function on the nonnegative real
numbers satisfying a negative feedback condition. Our conditions on A and our proof
of uniqueness and stability are inspired by an approach used by Xie [80, 81] to prove
the uniqueness and stability of SOPS for unconstrained equations. While the general
outline of our approach for proving uniqueness and stability is similar to the one used
in [80, 81], substantial new difficulties arise due to the discontinuous dynamics at
the boundary. In particular, we develop a theory for understanding perturbations
of solutions in the constrained environment, which may be of independent interest.
We note that the stability results obtained here and in [80, 81] are local. In the
unconstrained setting, results have been obtained (see [30] and Chapter 10 of [3], as
well as references therein) on the global behavior of the unconstrained delay differential
equation under additional assumptions. However, these results assume that h is a
monotone function (i.e., h'(s) < 0 for all —oco < s < 00), which is not a condition we
impose here.

The paper is organized as follows. A precise definition for a solution of a DDER
is given in section 2. Here our nonnegativity constraint is described and its relation
to the one-dimensional Skorokhod problem is explained (a formulation of the one-
dimensional Skorokhod problem is detailed in Appendix A). We also explain a parallel
formulation using delay differential equations with discontinuous right-hand side. Our
two main theorems on the existence of SOPS and on the uniqueness and stability of
SOPS are stated in section 3. In section 4, our results are illustrated using simple
examples of biochemical reaction network models and an Internet congestion control
model.

Our proof of the existence of SOPS is presented in section 5. A version of Brow-
der’s fixed point theorem, which implies the existence of a nonejective fixed point, is
used to show the existence of a nonconstant fixed point for a function that maps any
initial condition z( in a certain set to the value of x; at the first time it returns to
that set. Such a fixed point corresponds to a SOPS of the DDER. Our proof follows
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an outline similar to those used in prior works [4, 11, 15, 21, 23, 25, 49, 60, 70] for un-
constrained systems. The main difference here is the presence of the lower boundary,
which leads to some technical difficulties but also prevents unbounded oscillations,
thereby allowing for a less restrictive class of functions g.

Our proof of the stability and uniqueness of SOPS is presented in section 6. For
sufficiently large delays, we can define a variant of a Poincaré map associated with a
SOPS of the DDER. Under our assumptions on h, its derivative operator evaluated
at the initial condition of the SOPS will have norm less than one, which is sufficient
to prove that the SOPS is exponentially stable. Uniqueness of the associated SOPS
then follows from its exponential stability and an application of theorems for fixed
point indices. Our proof follows the general outline of the method used in [80, 81] to
prove analogous results for unconstrained systems. However, the boundary constraint
prevents the use of established theory on the stability of periodic solutions to delay
differential equations. To understand perturbations of the constrained system, a vari-
ational equation (VE) along constrained solutions is developed (see section 6.4 and
Appendix B). Solutions of this VE may be discontinuous, which leads to significant
technical difficulties that do not appear in [80, 81].

We shall use the following notation throughout this paper. For a positive integer
n, let R" denote n-dimensional Euclidean space and let R} = {fveR”:v; >0
for i = 1,...,n} denote the closed nonnegative orthant in R™. Given v € R", let
|v| denote the Euclidean norm of v. When n = 1, we suppress the n and write R
for the real numbers and Ry for the nonnegative real numbers. For r,s € R, let
rt = max(r,0), r~ = max(—r,0) and let r V s = max(r, s), 7 A s = min(r, s). For a
real number r, we say r is positive (resp., nonnegative, negative, nonpositive) if r > 0
(resp., 7> 0,r <0, r <0).

Let 7 € (0,00) denote a constant delay. For an interval of the form I = [—7,0],
[0,00), or [—T,00), we will refer to the following sets of functions mapping I into the
real numbers. We let Dy denote the set of functions from I into R that have finite left
and right limits at each finite value in I (at the left endpoint of I we only require a
finite right limit and at a finite right endpoint we only require a finite left limit). We
let C; denote the subset of continuous functions from I into R and we let C;r denote
the further subset of continuous functions from I into R;. We endow D; and its
subsets with the topology of uniform convergence on compact intervals in I. Given
x € Dy and a compact interval J in I, we define the finite supremum norm:

[]l.; = supla(t)] < oc.
teJ

For x € Dy, we say that x is increasing (resp., nondecreasing, decreasing, nonincreas-
ing) on I if z(s) < x(t) (resp., x(s) < z(t), x(s) > x(t), z(s) > x(t)) for all s,t € I
satisfying s < t. For r € R, we write x = r to denote the function = € C; that
is identically equal to r on I, where the interval I will be clear from context. For
T € Di_; o) and t >0, let 2y € D_, g be defined by x4(s) = x(t +s), —7 < s < 0.

We let L'(R,) denote the Banach space of Lebesgue measurable functions f :
R, — R with finite L'-norm,

11l = / 1£(8)lds < oo,

in which functions equal almost everywhere are identified. Given Banach spaces X
and Y, we let £(X,Y) denote the vector space of bounded linear operators from X
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z(t)

Fic. 1. Solutions of a DDER (in black) and of an unconstrained delay differential equation (in
gray) with identical initial conditions and both with linear drift function f(p) = L — o(—7), where

f is interpreted as a function on either C[tT o) oF Cl—r,0], depending on the equation.

into Y. We shall use [-|| to denote the norm on X or Y, depending on the context.
For A € L(X,Y), we let ||A]| = sup{||Az| : # € X, ||z|| = 1} denote the operator
norm of A. For an open subset U of X that contains the zero element and a function
f:U =Y, wesay that f(z) = o([l]]) if Lol f(2)[l/[l]] = O.

2. Delay differential equations with reflection. In this section, we define a
solution of a DDER and explain its relation to the one-dimensional Skorokhod problem
and to a delay differential equation with discontinuous right-hand side. Throughout
this section, fix a delay 7 € (0,00) and a continuous function f : C[J:Tﬁ] — R.

DEFINITION 2.1. A solution of the DDER associated with f is a continuous

function x € C[tﬂoo) such that there exists y € C['gm) such that
(i) (x,y) satisfies (1.1),
(ii) y(0) =0 and y is nondecreasing, and

(iii) fot z(s)dy(s) =0 for all t > 0.

See Figure 1 for an example of a solution of the DDER and the corresponding
solution of the unconstrained delay differential equation.

Remark 2.1. We say a function y : [0,00) — R has a point of increase (to the
right) at time ¢t > 0 if y(t +s) > y(t) for all s > 0 sufficiently small. The condition
fg x(s)dy(s) = 0 for all ¢ > 0 in Definition 2.1 can be interpreted as follows: y can
have a point of increase (to the right) at time ¢ only if z(¢) = 0.

Remark 2.2. Tt will be assumed throughout the paper that given ¢ € C[t 0]’

there exists a unique solution z of the DDER with zg = ¢. We do not prescribe
any further conditions than continuity on f; however, usually additional assumptions
are required to guarantee existence and uniqueness of solutions. For example, if
f is locally Lipschitz continuous and a condition for nonexplosion of solutions in
finite time is imposed, then existence and uniqueness of solutions hold. In particular,
under Assumptions 3.1 and 3.2 or under Assumption 3.3, which are the respective
assumptions for our main results, Theorems 3.4 and 3.8, given ¢ € C[t 0]’ there
exists a unique solution = to the DDER with z¢y = ¢.

In the following, we relate solutions of the DDER to the one-dimensional Sko-
rokhod problem, which was introduced by Skorokhod [62] to constrain a continuous
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function to be nonnegative. The one-dimensional Skorokhod problem and its associ-
ated one-dimensional Skorokhod map are defined in Appendix A, where some relevant
properties are discussed. Roughly speaking, given z € Cjy ) satisfying z(0) > 0, the
solution to the one-dimensional Skorokhod problem is a pair (z,y) € C[o 50) X C[Jg o)
satisfying #(0) = z(0) and z(t) = z(t) + y(t) for t > 0, where z is a constrained
version of z and y is a nondecreasing continuous control that acts only when x is at
the zero boundary and increases the minimal amount to keep x nonnegative. It is a
well-known fact in the theory of the one-dimensional Skorokhod problem that given
z € Cjp,o0) satisfying 2(0) > 0, there is a unique solution (z,y) and y is given by

(2.1) y(t) = sup (2(s))”, t=0.
0<s<t
The one-dimensional Skorokhod map (®,¥) : Cjg o) — COoo) X C[o %) maps z to

the unique solution (z,y) of the one-dimensional Skorokhod problem, i.e., (x,y) =
(®,¥)(z). Despite the requirement in the formulation of the one-dimensional Sko-
rokhod problem that z satisfy z(0) > 0, the one-dimensional Skorokhod map (P, ¥)
is in fact well defined on all of Cjg ) (see (A.1)-(A.2)).

Given a solution z of the DDER, (1.1) can be rewritten, for ¢ > 0, as

(2.2) x(t) = z(t) + y(t

(2.3) / f(2)d

It follows from the conditions on x and y in Definition 2.1 that (z[(,), %) is a solution
of the one-dimensional Skorokhod problem for z. Therefore, y is unique and given by
(2.1). In the notation of the one-dimensional Skorokhod map,

(2.4) (#[j0,00), ) = (@, ¥)(2).

LEMMA 2.2. Suppose that x is a solution of the DDER. Then x is locally Lipschitz
continuous on [0,00) and so is absolutely continuous there. For the almost everyt > 0
at which x is differentiable, its derivative satisfies

dzx(t) _ flze) ifxz(t) >0
0 if x(t) =

Furthermore, © is continuously differentiable at all t > 0 such that x(t) > 0.

Proof. By the continuity of ¢ — f(x;), z defined in (2.3) is locally Lipschitz
continuous on [0, 00) and continuously differentiable on [0, 00). By (2.4) and Proposi-
tion A.2, 2 inherits the local Lipschitz property from z on [0, 00). Hence « is absolutely
continuous on [0,00) and differentiable at almost every ¢ > 0. Consider ¢ > 0 such
that x(t) > 0. Then y is constant in a neighborhood of ¢, so by (2.2) and (2.3), x is
continuously differentiable there and dw t) = f(x¢). Now consider ¢t > 0 such that x
is differentiable and x(t) = 0. By con51der1ng derivatives from the left and the right
and using the nonnegativity of x, we see that dz(t) =0. O

The following lemma is an immediate consequence of Lemma 2.2.

LEMMA 2.3. For a solution x of the DDER define i : [0,00) — R by

o) f@) ifx(t) >0
&(t) = {o if 2(t) =

(2.5)

(2.6)



PERIODIC SOLUTIONS OF DDE WITH REFLECTION 4473
Then

2.7) x(t):a:(())+/0 i(s)ds, >0,

Remark 2.3. Note that we are abusing the usual “dot” notation here—when
x(t) = 0, the derivative of x only exists at almost every such ¢. We find it convenient
to have a notation for the right member in (2.6).

Delay differential equations with discontinuous right-hand sides are often used
in engineering models (see, e.g., [56, 58, 57, 59]) to account for state constraints.
Consider, for example, the equation

(2.8) de(t) ) f(xe) if 2(t) >0,
' dt | fla)T ifa(t) =0,
where a solution of (2.8) is any absolutely continuous function x € C[t +.00) Satisfying

(2.8) at the almost every ¢ € (0, 00) where z is differentiable. In the following lemma
we provide a one-to-one correspondence between solutions of (2.8) and solutions of
the DDER.

LEMMA 2.4. A function x € C['tT7OO) is a solution of (2.8) if and only if x is a

solution of the DDER associated with f.
Proof. Suppose that = is a solution of (2.8). Define y € C[JB’OO) by y(t) =
fg Liz(s)=0yf(xs)"ds for all t > 0. Then z and y satisfy (1.1), y is nondecreas-

ing, y(0) = 0, and y can have a point of increase only when z is zero. Therefore, = is
a solution of the DDER. Conversely, suppose that x is a solution of the DDER. By
Lemma 2.2, x is absolutely continuous and (2.8) holds when x(¢) > 0. At ¢ > 0 such
that z(t) = 0 and «x is differentiable, by (2.2), (2.3), and (2.5), y is differentiable at

t with di—(tt) = —f(z¢) > 0, where the inequality follows because y is nondecreasing.

Thus, dg;(tt) =0= f(z)" at such ¢, which proves that z is a solution of (2.8). O

3. Main results. In this section, we define a SOPS and present our main results
on sufficient conditions for the existence, uniqueness, and stability of SOPS to the
DDER.

3.1. Slowly oscillating periodic solutions. In order to define a SOPS, we
assume that there is a positive equilibrium point for the DDER, which is defined as
follows.

DEFINITION 3.1. A point L > 0 is an equilibrium point of the DDER if x = L
on [—T,00) is a solution of the DDER.

A solution x of the DDER that oscillates about an equilibrium point L such
that the times when z is at the equilibrium point are separated by more than the
delay 7 is called slowly oscillating. Throughout this paper, we consider periodic
solutions with this property, which we denote with an asterisk: x*. We focus on the
situation where there is exactly one equilibrium point L, which will be ensured either
by Assumptions 3.1 and 3.2 or by Assumption 3.3.

DEFINITION 3.2. A solution x of the DDER is called a periodic solution with
period p > 0 if

(3.1) x(t+p) = x(t) for all t > —1.

Suppose L > 0 is an equilibrium point of the DDER. A periodic solution x* of the
DDER is a SOPS if there exist points qo > —T, ¢1 > qo+ T and g2 > q1 + 7 such that
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= @l O 02 D

Fic. 2. An example of a SOPS where qo = —7. In the figure, {1 = inf{t > ¢1 : z*(t) = 0} and
oy = inf{t >l IE*(t) > 0}.

(3.1) holds with p = g2 — qo, and

x*(qo) = L7
(3.2) z*(t) > L, qo <t<aqu,
0<z*(t)< L, qQ <t<qo.

See Figure 2 for an example of a SOPS of the DDER when ¢y = 7.

3.2. Existence of SOPS. To establish the existence of a SOPS, we assume that
f depends only on the current and delayed states of the system

(3-3) f() = g(0(0), (7)), pe C[t7-70]7

where g : Ra_ — R is a continuous function satisfying two assumptions. The first
assumption is used to establish the existence of an equilibrium point and to specify
regularity properties of g.

Assumption 3.1. The function g : Ri — R is locally Lipschitz continuous, there
is a constant L > 0 such that g(L, L) = 0, ¢ is differentiable at (L, L),

(3.4) A=-01g(L,L)>0, B=-08g(L,L)>0,

and B > A > 0. Here 0;g denotes the first partial derivative with respect to the ith
argument of g, ¢ = 1, 2.

The condition (3.4) imposes a negative feedback condition on the local lineariza-
tion about the equilibrium; for this linearization, the condition B > A is known to
be necessary for the equilibrium solution to be unstable. The following is a global
negative feedback type of condition.

Assumption 3.2. For all r,s € Ry,

(i) (g(r,s) —g(r,L))(s— L) <0if s# L, and
(i) (9(r,s) — g(L,5))(r — L) <0 if r # L.

Remark 3.1. From Assumptions 3.1 and 3.2 it follows that (i) if » > L and
s > L, then g(r,s) <0, and (ii) if » < L and s < L, then g(r,s) > 0. Furthermore,
g(r,r)(r — L) < g(L,r)(r — L) < 0 for all  # L, which ensures that L is the unique
equilibrium point of the DDER.

In [4], a third set of assumptions bounding ¢g(L, -) and providing linear growth con-
ditions on g in both arguments is imposed in part to prevent unbounded oscillations.
The presence of the lower boundary in (1.1) prevents unbounded oscillations and a
version of the third set of assumptions is instead a consequence of Assumptions 3.1
and 3.2, as follows.
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Fic. 3. For a fized parameter B > 0, uw = 0 is an unstable equilibrium solution to (3.6) for
parameters T and A in the crosshatched region, which is given by {(A,7): A€ [0,B) and 7 > 70},
where 1o is the function of A and B given by (3.8).

LEMMA 3.3. Under Assumptions 3.1 and 3.2, there exists G € (0,00) such that
g(L,s) < G for all s € Ry. Additionally, there exist constants k1, k2 € (0,00) such
that

(3.5) lg(r,s)| < K1lr — L| + ka|s — L, 0<rs<L+7G.

Proof. The existence of G follows because g(L, ) is continuous on [0, L] and is
negative on (L, 00). The existence of k1 and ko follows because g is locally Lipschitz
continuous with g(L, L) = 0. o

Under Assumption 3.1, consider the linear delay differential equation obtained by
linearizing g about its equilibrium point and centering about the equilibrium:

du(t)

(3.6) 5 = —Au(t) — Bu(t — ).

Equation (3.6) has characteristic equation
(3.7) A+ A+ Be M =0.

Let 6y be the unique solution in [r/2,7) to cosfy = —A/B, which we write as 6y =
cos~!(—A/B), and define

o
VB2 — A%

If 7 > 79, the characteristic equation (3.7) will have a solution A\ with positive real
part, from which it follows that the equilibrium solution uw = 0 of (3.6) is unstable
(see Theorem 4.7 in [63] or the discussion beginning at the bottom of p. 134 in [24]).
See Figure 3 for a depiction illustrating when the equlibrium solution is unstable (for
fixed B). This, along with the negative feedback condition in Assumption 3.2, will
allow us to prove the following result on the existence of a SOPS.

THEOREM 3.4. Under Assumptions 3.1 and 3.2, if 7o is given by (3.8), then for
any T > 19, there exists a SOPS of the DDER.

The proof of Theorem 3.4 is given in section 5.

(38) T0 —
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3.3. Uniqueness and stability of SOPS. To establish uniqueness and stabil-
ity of SOPS, we impose more restrictive conditions on f; in particular, we assume
that f depends only on the delayed state:

(3.9) f@) =hle(-7), @ eCf g

where h : Ry — R is a continuous function that satisfies two sets of assumptions.
The first set of assumptions imply Assumptions 3.1 and 3.2 that are used in proving
the existence of a SOPS. It also includes assumptions on the regularity of i and its
asymptotic behavior at infinity.

Assumption 3.3. The function h : R. — R is continuously differentiable on R ;
there are constants o > 0, 8 > 0 such that lim,_,o, h(s) = —«, h(0) = S; and there
is a constant L > 0 such that h(L) = 0, A'(L) < 0, and (s — L)h(s) < 0 for all
L 75 S € R+.

The following lemma is an immediate consequence of Assumption 3.3 and Lem-
ma 2.3.

LEMMA 3.5. Under Assumption 3.3, H = sup{|h(s)| : s e Ry} < c0. Ifz is a
solution of the DDER associated with h, then x is uniformly Lipschitz continuous on
[0, 00) with Lipschitz constant H :

(3.10) |z(t) —x(s)| < H|t — s], 0<s,t< 0.

On setting g(r,s) = h(s) for r,s > 0, Assumption 3.3 implies that g satisfies

Assumptions 3.1 (with A =0 and B = —h/(L)) and 3.2. Also, 7y in (3.8) is given by
™

(3.11) To = (D) > 0.
Theorem 3.4 ensures that for each 7 > 7y there exists a SOPS of the DDER. For our
proof of the uniqueness and stability of a SOPS, we assume that h'(s) converges to
zero sufficiently fast as s — oo, as follows.

Assumption 3.4. The function h : R. — R is continuously differentiable on R,
its derivative b’ is in L'(Ry), and m = sup{|sh’(s)| : s € R} } < <.

In [80], the stronger condition that sh/(s) — 0 as s — +oo is imposed. However,
the presence of the lower boundary in (1.1) allows us to relax this condition.

The following lemma is an immediate consequence of Assumption 3.4 and the
fundamental theorem of calculus.

LEMMA 3.6. Under Assumption 3.4, K, = sup{|h/(s)] : s € Ry} < 0o and so h
is uniformly Lipschitz continuous with Lipschitz constant Ky :

/TS B (u)du

We can now present our main result on the uniqueness and stability of SOPS. We
first define a notion of uniqueness for SOPS.

DEeFINITION 3.7. We say a SOPS x* of the DDER is unique up to time trans-
lation if given any other SOPS z' of the DDER, there exists t' € [0,p) such that
x*(t) = 2T (tT +¢) fort > 0.

Remark 3.2. Given any SOPS z* of the DDER, there is a family of SOPS that
are equivalent up to time translation. In particular, for any t' > 0, the function
zt e C[tT)OO) given by x7(t) = 2*(t' +¢t) for all t > —7 is a SOPS of the DDER.

THEOREM 3.8. Suppose that Assumptions 3.3 and 3.4 hold and that o is given
by (3.11). Then there exists T > 79 such that for any T > 7, there exists a SOPS of
the DDER and it is unique up to time translation. Furthermore, the SOPS satisfies

(3.12) |h(s) = h(r)] =

< Kpls —r|, 0<rs<o0.
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the following property, which we call exponential stability: there are positive constants
e, v, Ky, and K, such that for any member z* of the family of equivalent (up to
time translation) SOPS and for p equal to the period of x*, if ¢ € C[tr,o] satisfies

llo =z} |li—70) < & for some o € [0, p), then there is a p € (—p,p) satisfying
(3.13) ol < Kplle — 5 [l1—,00,
and such that

(3.14) e = 2F s prorplli-ro) < Kye Ml = 23]l -r0),

for allt > 0, where x denotes the unique solution of the DDER with xo = ¢.
The proof of Theorem 3.8 is given in section 6.

4. Applications. In this section, we illustrate our results with some simple
examples of deterministic models of biochemical reaction networks and an Internet
congestion control model. Both biochemical reaction network examples model the
concentration of a single protein. In the first example, the delay arises due to de-
layed degradation, whereas in the second example, the delayed dynamics are due to a
lengthy production time. The Internet congestion control example models a pricing
mechanism that controls the rate at which data packets are transmitted from a source
to a link. Here the delayed dynamics are due to the finiteness of transmission speeds.

4.1. Biochemical reaction network with delayed protein degradation.
We consider a simple biochemical model for the production and degradation of a
protein X in which X may be degraded by either of two mechanisms, one of which
involves a delay. Fix 7 > 0 and ki, ks, ks, k4, ks > 0. In the model, X is produced
by components external to the system at rate k; and each molecule of X degrades at
rate ko, which is represented by the following reactions:

(4.1) inx, X8y,

where ) denotes “nothing” (or a quantity external to the system). Furthermore, X is
a transcription factor activating the production of a protein P, i.e., when X is present
in the system it attaches to the promoter region of the DNA template for P at rate
ks, thus initiating the production process for P. The production process for P is a
multistage process, including lengthy transcription and translation stages, which leads
to a delay in its production. After a molecule of P is produced, it quickly combines
with a molecule of X (if one is available), at rate k4, and the resulting complex is
eliminated from the system, or otherwise P rapidly degrades, at rate k5. Thus, X
can be degraded by the production of a molecule of P and the subsequent removal of
a molecule of X by a molecule of P. The reactions involving P are the following;:

(4.2) 0" p x+pMe, PR,

where the double arrow indicates a delayed reaction and the term above the double
arrow indicates that the reaction is initiated at a rate proportional to the number of
molecules of X in the system. Let x(¢) and p(t) denote the respective concentrations
of proteins X and P at time ¢. The reactions (4.1) and (4.2) suggest the following
deterministic dynamics for z and p:
dzx(t)
dt
dp(t)

o ksx(t — 1) — kax(t)p(t) — ksp(t).

= ky — kox(t) — kaz(t)p(2),
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The above equations naturally preserve the nonnegativity constraints for the concen-

trations x(t) and p(t)—whenever x(t) = 0, dzsf) > 0 holds, and whenever p(t) = 0,

(1) > 0 holds.

Consider the situation where k4 and ks are very large constants compared with
k1, ko, ks, and ky is considerably larger than k5. As an approximation, we consider
the formal limit when k4, — oo first and then ks — oco. In this formal limit, whenever
a molecule of P is produced, it instantly combines with a molecule of X (provided
there is one) and the resulting complex is eliminated from the system; otherwise P
instantly degrades. As a consequence, the net effect of the reactions in (4.2) is that
a molecule of P does not remain in the system for a positive amount of time and
whenever there are molecules of X in the system, they are eliminated via delayed
degradation at a rate equal to the rate at which molecules of P are produced, i.e.,
at rate ksx(t — 7). In this limiting case, = satisfies the following delay differential
equation with discontinuous right-hand side:

dz(t) k1 — kox(t) — ksx(t — 7) if z(t) > 0,
dt

(43) = ks — kaa(t) — k(e — ))F i a(t) = 0.

By Lemma 2.4, solutions of (4.3) are in one-to-one correspondence with solutions
of the DDER associated with f(¢) = ¢(¢(0), o(—7)) = k1 — ka(0) — ksp(—7). If
ks > ko, then g satisfies Assumptions 3.1 and 3.2 with equilibrium point L = k;ilkg.
Then by Theorem 3.4, for

cos H(—ko/k3)

T > ﬁ% = k% )
there exists a SOPS of the DDER.

In [6], Bratsun et al. analyzed a similar deterministic biochemical reaction model
with delayed degradation of a protein molecule and linear g, but without the nonnega-
tivity constraint. They observed that for sufficiently large delays, solutions exhibited
unbounded oscillations. Here we have shown that the addition of a nonnegativity
constraint can turn an equation with unbounded oscillatory solutions into one with
bounded periodic solutions that obey the natural constraints of the model.

4.2. Biochemical reaction network with delayed autorepression. We
consider a simple model for a biochemical reaction network in which the quantity
of an autorepressor protein (a protein that inhibits its own production) is affected
by three factors: production, enzymatic degradation, and dilution. In this case, the
dimerized form of the protein represses its own transcription process. The production
of the protein monomer, which includes transcription, translation, protein folding,
etc., is lengthy (see Figure 4). To simplify the analysis, rather than considering each
step as a separate reaction, we treat the production of a protein as one process with
a time delay. In simple biochemical reaction network models of genetic circuits, it
has been observed that this type of delayed autorepression can lead to oscillations in
protein concentration (see, e.g., [5, 34, 48, 61, 66, 69]) and in [46], Mather et al. use
analytical tools to demonstrate that these models can exhibit what they term degrade-
and-fire oscillations, where the “period” of oscillation can be long relative to the delay
length. (The term “period” is used in a rough sense as they do not establish the exis-
tence of nonconstant periodic solutions.) In the following, we show that, for sufficiently
long delays, there exists a SOPS and, moreover, for possibly longer delays the SOPS is
unique and exponentially stable. In addition, we show that asymptotically as the delay
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F1a. 4. A depiction of the simple biochemical reaction network described in Example 4.2.

increases, the period of oscillation can be made arbitrarily large relative to the delay

by choosing production and degradation parameters appropriately (see (4.4) below).

Fix 7 > 0 and a,b,¢,Cy, Rp > 0. In the simple model proposed by Mather et

al. [46], the deterministic dynamics of the system are described by the following delay
differential equation:

dx(t) aC@ bx(t)

dt (Co+a(t—7)? Rotalt)

—cx(t), t>0.

Here z(t) represents the concentration of the protein monomer at time ¢. The first
term on the right is the production rate with delayed negative feedback—the squared
term in the denominator arises because the dimerized form of the protein represses
transcription. The second and third terms represent the effects of enzymatic degrada-
tion and dilution, respectively. In the above model, the nonnegativity of the protein
concentration is ensured by the form of the delay differential equation: if z(t) = 0,
then dflit) > 0. In [46], Ry and c are very small and the authors consider the limiting
case of the deterministic system where Ry = 0 and ¢ = 0, which corresponds to the
setting where the enzymatic degradation rate is constant and the effects of dilution
are negligible. However, in this formal limit, the delay differential equation loses the
inherent nonnegativity of its solutions, and the equation must be modified at the
boundary, i.e., when x(t) = 0. One way to account for the nonnegativity constraint
is to consider solutions of the DDER associated with (3.9) and

aC3
(Co+ o(—T))°

If a > b, then h satisfies Assumptions 3.3 and 3.4 with a = b, 8 = a—b and equilibrium
point L = Co(y/a/b— 1). By Theorem 3.4, for 7 > ZCy+/a/b?, there exists a SOPS
of the DDER. Furthermore, by Theorem 3.8, there is a 7% > $Cyy/a/b® such that
for 7 > 7%, the SOPS is unique and exponentially stable. Now for each 7 > 79, let
27 denote a SOPS of the DDER with delay 7 and let p” denote its period. Then
according to Corollary 6.13,

h(p(=7)) = U AY

T

(4.4) lim 2 = % +1.

T—00 T
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Thus, given the freedom to choose the constants a > b > 0, the period of oscillation
can be made arbitrarily large relative to the delay, asymptotically as 7 — oc.

4.3. Internet congestion control with delayed transmission rates. De-
terministic delay differential equations have been used as approximate (fluid) models
for the dynamics of data transmission rates and prices in Internet congestion control
models [67], where the finiteness of transmission speeds leads to delayed dynamics. In
such models, control protocols are often designed to steer transmission rates toward
equilibrium points using a (delayed) negative feedback mechanism. There is a con-
siderable body of work on obtaining sufficient conditions for stability of equilibrium
points for such models (see, e.g., [13, 56, 58, 57, 59, 83]). In the following, we ana-
lyze a simple one-dimensional model and apply our results to understand conditions
under which the equilibrium point is not stable and there exists periodic oscillatory
behavior. Despite the fact that control protocols are typically designed to prevent
such sustained oscillations, it is useful to understand the model when the protocol
fails to stabilize the equilibrium point.

We consider the one-dimensional case of a model introduced in [55] and further
analyzed in [56, 58, 57, 59]. In this simple model, packets are transmitted from a
single source, with nonnegative transmission rate r(¢) at time ¢, through a single link
with capacity ¢ € (0,1) at rate 7(t — 7¢), where 74 > 0 is referred to as the forward
delay. At time t, the link “charges” packets a nonnegative price z(t). The price is
sent back to the source, which at time ¢ observes the delayed price x(t — 73,), where
75 > 0 is referred to as the backward delay. The transmission rate r(t) is then given
as a function of the delayed price x(t — 7). The control protocol, which governs the
dynamics of the pricing mechanism, is designed to achieve a specified equilibrium
transmission rate. In [55], the dynamics of the price = are given by the following
differential dynamics which depend on the delayed transmission rate r(t — 7):

aa(t) LCTJC)—l () >0
di <L_Tf)—1) if 2(t) = 0.

c
The transmission rate at time ¢ is a function of the delayed price z(t — 7):
r(t) = exp (—ax(t — 7)), t>0.

Here a > 0 is a constant referred to as the gain. Upon substitution, we see that the
dynamics of the price z are described by the following delay differential equation with
discontinuous right-hand side:

(4.5) d(t) _ {h(w(t—r)) if 2(t) > 0,

dt h(z(t —7))T if 2(t) =0,

where 7 = 74 + 7, (veferred to as the round-trip time) and

(4.6) h(p(—7)) = Mf(_”) -1,  peCt.y

By Lemma 2.4, solutions of (4.5) are in one-to-one correspondence with solutions of
the DDER associated with f(y) = h(p(—7)). Note that h satisfies Assumptions 3.3
and 3.4 with equilibrium point L = —log(c)/a, so by Theorem 3.4, if 7 > 7/2a, there
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exists a SOPS of the DDER. Furthermore, by Theorem 3.8, there is a 7* > 7/2a such
that if 7 > 7%, then the SOPS is unique and exponentially stable. As noted above,
Internet congestion control protocols are typically designed to prevent such oscillatory
behavior. Indeed, in [55] it is noted that as the delay 7 increases, solutions to (2.8)
with h as in (4.6) exhibit sustained oscillatory behavior. To counteract this behavior,
a is often designed so as to depend on the delay 7, e.g., in [55] it is observed that if a
is allowed to depend on 7 such that a(7) = b/7 for b € (0,7/2), then the equilibrium
solution is exponentially stable for all 7 > 0.

5. Existence of SOPS. In this section we prove Theorem 3.4, which provides
sufficient conditions for the existence of SOPS to the DDER. The general outline is to
define an appropriate cone in C[t 7,0 and a return map on the cone such that noncon-
stant fixed points of the return map are in one-to-one correspondence with SOPS of
the DDER. This approach was first implemented by Jones [25] to prove the existence
of SOPS to a certain unconstrained delay differential equation. Subsequently, nu-
merous authors adopted this general approach for establishing the existence of SOPS
of unconstrained delay differential equations under various conditions on the drift g
(see, e.g., [4, 11, 15, 21, 23, 49, 60, 70]). We adopt this approach as well, though some
new difficulties need to be addressed in our context because of the lower boundary
constraint and the associated discontinuous dynamics.

Throughout this section, we assume that f is of the form exhibited in (3.3) and
that Assumptions 3.1 and 3.2 hold.

5.1. Browder’s fixed point theorem.

DEFINITION 5.1. Let X be a topological space, f : X — X a continuous function,
and xog € X a fizxed point of f. Then xg is an ejective fixed point if there exists an
open neighborhood U of xg such that for every x € U \ {xo}, there exists a positive
integer n = n(x) such that the nth iterate of f, f™(x), is not in U.

The following is a version of Browder’s fixed point theorem [8] and is a special case
of Corollary 1.1 in [50], which gives sufficient conditions for the existence of nonejective
fixed points. Recall that given a topological space X, a function f : X — X is compact
if the closure of f(V') is compact whenever V' C X is bounded.

THEOREM 5.2. Let K be a closed, bounded, convez, infinite-dimensional subset
of a Banach space. Suppose that f : K — K is a continuous, compact function. Then
f has a fized point in K that is not ejective.

Briefly, our proof of Theorem 3.4 proceeds as follows. We first perform a spatial
shift and rescale time in (1.1) so that the equilibrium solution is at the origin and the
delay interval [—7,0] is normalized to [—1,0]. We show that it suffices to prove the
existence of a corresponding SOPS for this normalized equation. We denote solutions
of the normalized equation with a hat: #. Existence will be proved by finding a
suitable set K in the Banach space C|_j ) and proving that if Z is a nonconstant

solution of the normalized equation such that o € K, then % is slowly oscillating
and &y € K for some t > 0. We will define a function A on K that maps the unique
constant solution to itself and nonconstant 2y € K to &y, where ¢ is the first time after
time zero that Z; € K. An element of I that is mapped by A to itself corresponds
to a periodic solution (which may be constant). Under Assumptions 3.1 and 3.2, for
T > T, the unique constant solution will be an ejective fixed point of A and Browder’s
fixed point theorem will imply the existence of a nonejective fixed point, which will
correspond to a SOPS.
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5.2. Normalized solutions. It will be convenient to work with normalized
solutions of the DDER (1.1), obtained from a solution x of the DDER by subtracting
off L and rescaling time so that the delay is of length one. The normalized solutions
will satisfy a normalized version of (1.1). We work with this normalized equation here
as well as in the proof of uniqueness and stability (sections 6.1 and 6.2). There is no
loss of generality in this as there is a one-to-one correspondence between solutions of
the normalized equation and those of the original DDER, as we will show below in
Lemma 5.5.

We first need some definitions. Recall that g is assumed to satisfy Assumptions 3.1
and 3.2. Let g : [~L,00)? — R be the function defined by

(5.1) g(r,s) =g(r+L,s+ L), r,s € [—L,00).

Then ¢ inherits the following properties from g: the function ¢ is locally Lipschitz
continuous, §(0,0) =0, and g is differentiable at (0,0) with

—019(0,0)=A>0,  —39(0,0) =B >0,

where B > A > 0 are as in Assumption 3.1. By Assumption 3.2, § satisfies the
following inequalities:

(5.2) g(r,s) > g(r,0)if —L <s<0,

(5.3) g(r,s) < g(r,0)if s >0,

(5.4) g(rys) > g(0,8)if — L <r <0,

(5.5) g(r,s) < g(0,s) if r > 0.

By (5.2) and (5.4), if r < 0 and s < 0, then §(r,s) > 0, and similarly, by (5.3) and
(5.5),if r > 0 and s > 0, then §(r,s) < 0. Finally, for positive constants G, k1, and

k2 as in Lemma 3.3, we have §(0,s) < G for all s > —L and
(5.6) lg(r, s)| < Ki|r| + ka|s], —L<rs<7G.

We can now define a solution of a normalized DDER associated with g, or DDER"
for short.

DEFINITION 5.3. A solution of the normalized DDER"® associated with ¢ is a
continuous function ¥ € C[_1 ) such that there erists §j € C[ng) such that

(5.7) #(t) = 2(0) + T/O §(a(s), 2(s — 1))ds + g(t),  t>0,

and
(i) &(t) > =L for allt >0,
( i) 9(0) =0, y is nondecreasing, and
(iii) ft;% )+ L)dy(s) =0 for all t > 0.
Given a solution Z of the DDER®, (5.7) can be rewritten as

(5.8) £(t)=2(t) +9@1), t=0,
(5.9) 2(t) = #(0) + T/ §(a(s),2(s — 1))ds,  t>0.
0

Adding L to either side of (5.8), we see that (Z|[,n) + L,9) is a solution of the one-
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Fia. 5. An example of a SOPS™ with o = —1.

dimensional Skorokhod problem for Z + L (see Appendix A), so by Proposition A.4,

(5.10) 9(t) = sup (2(s)+ L), t>0.

0<s<t

From the conditions on g, zero is the unique equilibrium point for the DDER?", i.e.,
Z = 0 is the only constant solution of the DDER"™. Next, we define a slowly oscillating
periodic solution (SOPS™) of the DDER”®, which we denote with an asterisk: z*.

DEFINITION 5.4. A solution & of the DDER"™ is called periodic if there exists
p > 0 such that

(5.11) (t+p) = (t), for allt > —1.

A periodic solution &* of the DDER™ is called a slowly oscillating periodic solution
(SOPS™) if there exists Go > —1, ¢1 > Go + 1, and G2 > ¢1 + 1 such that (5.11) holds
with p = G2 — qo, and

2*(qo) =
*()>0f07”(J0<t<LI17
—L <&"(t) <0 for ¢1 <t < go.

(5.12)

See Figure 5 for an example of a SOPS™ of the DDER™ when ¢y = —1.

The following lemma provides a one-to-one correspondence between solutions of
the DDER and solutions of the DDER" as well as between SOPS and SOPS". The
proof is a straightforward verification and so we omit it.

LEMMA 5.5. Let x be a solution of the DDER associated with g. If & € C[_1 o)
is defined by

(5.13) B(t)=a(rt) — L,  t>—1,

then & is a solution of the DDER™ associated with §. Furthermore, if x is a SOPS
with period p, then & is a SOPS™ with period T—'p. Conversely, let & be a solution of
the DDER™ associated with §. If x € C[J:T 50) is defined by

(5.14) x(t) = 2(r7 M)+ L, t> -,

then x is a solution of the DDER associated with g. Furthermore, if T is a SOPS™
with period p, then x is a SOPS with period Tp.

By the unique correspondence between solutions x of the DDER and & of the
DDER" described in Lemma 5.5, Z inherits the following properties from z that are
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described in Lemmas 2.2, 2.3, and 2.4. Again the proof is straightforward and we
omit it.

LEMMA 5.6. Suppose that & is a solution of the DDER™. Then & is locally Lips-
chitz continuous on [0, 00) and so is absolutely continuous there. Define i [0,00) = R

by

(5.15) (1) = {79(@@)@(75 - 1)) if&t) > -L,

Then %(tt) = Z(t) at the almost every t > 0 that & is differentiable and

(5.16) #(t) = #(0) +/Ot:i;(s)ds, £ 0.

Furthermore, & is continuously differentiable on open intervals I C [—1,00) such that
#(t) > —L for allt € I. Moreover, a function & € C|_; ) is a solution of the DDER"

if and only if it is absolutely continuous and at the almost every t € (0,00) where &
is differentiable,

(517) di(t) _ {r

74(

(t),2(t—1)) if &(t) > —L,
), z(t—1)" ifz2(t) = —L.

Na$Y
—
=

=

5.3. Slowly oscillating solutions. In this section we prove that solutions of
the DDER"™ with initial condition in a certain subset of C_; o) are slowly oscillating.
Throughout this section, let G, k1 and k2 be as in Lemma 3.3 so that (5.6) holds.
Define

(5.18) K={seC_i0:¢(-1)=0, ¢(t) >0 for all t € [-1,0]},
(5.19) K ={¢ € K : exp(rr1-)¢() is nondecreasing on [—1,0]},
(5.20) K={pek:lIgll10 <TG}

Then K is a closed, convex, bounded, infinite-dimensional subset of the Banach space
Ci—1,0;- The zero element of K is the function ¢ =0 on [-1,0].
The following lemma will be used to approximate §(r, s) when both r and s are
in a small neighborhood of zero and are either both positive or both negative.
LEMMA 5.7. For each n € (0,1), there exists § € (0, L) such that

(5.21) |g(r, 8)| > n|Ar + Bs| for all (r,s) € Bs,

where Bs = {(r,s) € R : rs > 0 and |r|,|s| < d}.

Proof. In the proof of Lemma 3 in [4], the author proved the above lemma when
A > 0. Here we prove the lemma when A = 0 using a method similar to the one used
to prove Lemma 3 in [4].

Fix n € (0,1). For a proof by contradiction, suppose that there does not exist
d € (0,L) for which (5.21) holds (when A = 0). Let {d,,}22; be a sequence in (0, L)
such that 0, — 0 as n — oo. Then there exists a sequence {(ry, s,)}52; such that
for each n, (1, s,) € Bs,,, sp # 0 and

(5.22) 197y sn)| < 1B|sn]-
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By the definition of Bs, , we can assume that either r, and s, are both nonnegative
for all n or both nonpositive for all n. We consider the case that they are both
nonnegative for all n, with the case that they are both nonpositive for all n being
similar. By (5.5) and (5.22), for each n, s, > 0 and

(5.23) —§(0,85) < —G(rn, sn) < nBsy,.

Substituting the first order approximation —g(0, s,,) = Bsy, + o(sy,) into (5.23), divid-
ing by Bls,| on either side, and letting n — co, we arrive at the contradiction 1 < n,
which proves the lemma in the case A = 0. d

To prove the existence of SOPS" of the DDER™, we first show that solutions of
the DDER"™ with initial conditions in IC are slowly oscillating. The next lemma is an
adaptation of an analogous result in the unconstrained setting, which is detailed in
Lemma 4 of [4]. The main difference in the following lemma is the presence of the
lower boundary constraint. B

LEMMA 5.8. Suppose 7 > 1/B and ¢ € K\ {0}. Let & € C[_1,0) be the unique
solution of the DDER™ with &9 = ¢. Then there is a positive constant @ (depending
only on 7, § and L), and countably many points 0 < §1 < gz < --- such that

(i) 2(Gx) =0 fork=1,2,...,

(i) 0<q <@,

1<@ey1 — G <14+Q fork=1,2,...,

(iii) Z(t) > 0 fort € (0,41),

(t) <0 fort € (Gok—1,Gak) for k=1,2,...,
(t) > 0 for t € (Gak, Goy1) for k=1,2,...,

(iv) the function exp(Tk1-)Z(-) is nonincreasing on the intervals (Gog—1, Gor—1+1)

and nondecreasing on the intervals (Gog, Gor, + 1), for k =1,2,..., and

(v) z(t) <7G for all t > —1.

Furthermore, if limg_, oo (0, s) exists and is negative, then QQ can be chosen to depend
only on g and L.

Remark 5.1. We call ¢1, G2, ... the zeros of z.

Proof. Fix 7 > 1/B and choose n € (0,1) such that n7 > 1/B. Let § € (0,7TGAL)
be such that (5.21) holds. Suppose that ¢ € K\ {0} and # is the unique solution of
the DDER™ with 2p = ¢. By (5.19), Z(0) = $(0) > 0. Let ¢; = inf{¢t > 0: Z(¢) < 0}.
The negative feedback conditions (5.3) and (5.5) imply that & is nonincreasing on
(0,G1). In order to show that & is eventually zero, we first prove that it reaches the
0 neighborhood of zero. Let ¢t; = inf{t > 0 : &(¢) < §}. Suppose that ¢; > 1. Then
#(0) > ¢ and & is nonincreasing on [0,¢1]. For all ¢ € [1,¢1], the drift g(&(¢), £(t — 1))
is bounded above by

T
T
T

—dy = max{g(r,s): 6 <r,s <TG} <0.

It then follows from Lemma 5.6 that

(5.24) t <1+

We show that ¢; < t; + 2. For a proof by contradiction, suppose that ¢; > t; + 2.
Since & is nonincreasing on [t1, ¢, + 1], it follows that @(t — 1) > &(t; + 1) for all
t €[ty + 1,41 +2]. Then (5.21) implies that, for all ¢ € [t; + 1, ¢ + 2],

G(@(t), &t — 1)) < —n(A&(t) + Bé(t - 1)) < —nBa(t, +1).
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By Lemma 5.6 and the fact that n7 > 1/B, we see that &(t; +2) < &(t1 + 1) —
TnBZ(t; +1) < 0, which contradicts the fact that ¢; > ¢t +2. With this contradiction
thus obtained, we have
C0 54 8
le dl

Next, we show the derivative of & at ¢; is negative. If ¢; > 1, this follows from
Lemma 5.6 and the negative feedback condition implied by (5.3) and (5.5). On the
other hand, if ¢g; < 1, then suppose, for a proof by contradiction, that the derivative
of & at ¢y is zero. Then §(0,Z (41 — 1)) = 0, which, by the negative feedback condition
on §, implies that #(§; — 1) = (41 — 1) = 0. From the definition of K, we must
have Z(t) = ¢(t) = 0 for all ¢t € [-1,41 — 1]. Combining this with (5.5) and (5.6)
implies 0 > §(&(t),0) > —r12(t) for all ¢ € [0,d1]. Thus % > _74,3(t) for all
t € [0,41] and so (¢1) > exp(—7k1G1)Z(0) > 0, contradicting the definition of §.

G <ti+2<3+

Hence dfi—(tt)h:,jl < 0.
Continuing, we show that & is negative on (¢1,¢1 + 1] and exp(7k1-)Z(+) is non-
increasing on [§1,¢1 + 1]. Define ¢o = inf{t > ¢, : @(t) > 0}. We first show that
Ga > ¢1 + 1. Suppose, for a proof by contradiction, that g € (41,41 + 1). Then
Go—1€ (41 —1,41), so (G2 —1) > 0. By Lemma 5.6, this would imply that & is non-
increasing in a neighborhood of ¢», which contradicts the definition of ¢». Therefore
Z is negative on (¢1,¢1 + 1). Now, for ¢ € [G1,¢1 + 1] such that Z(¢t) > —L, we have &
is differentiable at ¢ and
%(exp(rmt)i:(t)) = exp(Tr1t)(Tr1Z(t) + Tg(2(t), 2(t — 1)))
< Texp(Tr1t)(k1E(t)

_|_
< Thyexp(Trit)(E(t) + |2(t)]
1

where we have used (5.3) and (5.6). For t € (G1, ¢ + 1] such that &(¢t) = —L and 7 is
differentiable at t, it follows from Lemma 5.6 that

%(exp(ﬂilt)i:(t)) = —7r1Lexp(rrit) < 0.

Hence, exp(7k1-)Z(+) is nonincreasing on [§1,¢1 + 1]. Combining this with the fact
that #(¢) < 0 for ¢t € (¢1,¢1 + 1) we obtain that Z(¢; +1) < 0.

By employing arguments similar to those above, we can show that ¢» is bounded,
Z is positive on (§a, G2 + 1], and exp(7k1-)Z(:) is nondecreasing on [§z, G2 + 1]. For
this, let to = inf{t > ¢ + 1 : &(t) > —d}. Suppose t3 > ¢ + 2. Then by the definition
of to and the fact that & is bounded below by —L, we have &(t) € [-L,—4] for all
t € [¢1 + 1,t2). Thus, for all t € [§1 + 2,t2], §(Z(t), Z(t — 1)) is bounded below by

dy = min{g(r,s) : =L <r,s < =6} > 0.

By (5.17), at the almost every t € [§1, t2] that & is differentiable, %(tt) > 7dy. Since %
is absolutely continuous, it follows that

L—-96 LB
<q1+2+—

to < @ 2 .
2= +7'd2 do

We can again use a proof by contradiction, analogous to the one used to prove §; <
t1 + 2, to obtain the bound
G LB

(5.25) Go <to+2<T4+ —+ —.
di  da
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Furthermore, using arguments analogous to the ones used on the interval [¢1, 1 +1], we
have the derivative of & at gz is strictly positive, & stays positive for all t € (Ga, §2 + 1],
and exp(7x1-)Z(+) is nondecreasing on [§a, ¢2 + 1]. The main difference here is that we
do not need to consider the case that z is at the lower boundary when showing that
exp(7Tk1-)Z(-) is nondecreasing.

From the above, we see that 24,41 € K\ {0}. By (5.5) and (5.6), we have
g(@(t), 2t — 1)) < §(0,&(t — 1)) < G for all ¢ € [G2, G2 + 1] and s0 [|Zg,41]/[—1,0) <
7G. It follows that %441 € K \ {0} and by shifting the time origin, the preceding
argument can be repeated countably many times to prove that (i)—(iv) hold with
Q = 3 + max(Gd; ', LBdy"). Furthermore, by the negative feedback condition on
¢ and the definitions of ¢; and g2, & is nonincreasing on [0, d;] and nonpositive on
[G1,d2]. Therefore (t) < 7G for all t € [—1, G2 and the argument can be repeated
countably many times to complete the proof of (v).

To see that the final line in the lemma holds, suppose that lim,_, §(0,s) < 0.
Then sup{g(0,s) : § < s < oo} < 0, where we have used continuity and the negative
feedback condition on §. Furthermore, by (5.5),

—dl = sup{j(r,s) : 6 < r,s < 0o} < sup{g(0,s): 6 < s < o0} < 0.

Then we can use dJ{ in place of dy in (5.24). Since dy does not depend on 7, it follows
that @ can be chosen to depend only on ¢ and L. O

For the remainder of the section, we fix a delay 7 as in Lemma 5.8. Consider the
function A : K — C|_; o) defined by

0 if =0,
5.26 Ap)=< . o
( ) ( ) {xﬁerl if ¥ #0,

where & denotes the unique solution of the DDER" with g = ¢ and §o is the second
zero of ¥, as in_Lemma 5.8. In Lemma 5.11, we will show that A is a continuous
mapping from K into itself. It will then follow from Lemma 5.8 that nonconstant
fixed points of A are initial conditions for SOPS™ of the DDER". The following two
lemmas are used in the proof of Lemma 5.11 to show that A is continuous. The first
lemma proves continuity of solutions of the DDER™ in their initial condition on the
set K. For the following lemma, recall that we have equipped R? with the Euclidean
norm.
LEMMA 5.9. There ewists a positive constant Ky, < oo such that

(5.27)  |g(r,s) = g(rt, M| < Kyl(rys) = (rF, 8N for all v, s,0T, 5T € [-L,7G].
Furthermore, whenever & and &' are solutions of the DDER™ with 550,555 S E, then
(5.28) & — a1 < 2exp(2Kgt) |70 — &b ll_1,9  for all t > 0.

Proof. The bound (5.27) is due to the Lipschitz continuity of g on the compact
rectangle [—L, 7G| x [—L,7G]. For the proof that (5.28) holds, let ¢ > 0. Part (v) of
Lemma 5.8 implies that #(s),21(s) € [~L,7G] for all s € [~1,t]. Using (5.9), (5.27)
and taking supremums over s € [0, t], we have

t
12 = oy < o = vy + Ky [ 16 = s
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Since #|jg,0c) + L = ®(2 + L), we can apply Proposition A.1 and then extend the
supremum norm on the left to the interval [—1,¢] to obtain

t
18— &1 L1y < 2030 — &hlli_0 + 2K, / 12 — &y qds.
0

Since t > 0 was arbitrary, (5.28) follows from Gronwall’s inequality. O
LEMMA 5.10. The function ¢ — G2, where §s is the second zero of T as defined

in Lemma, 5.8, is continuous as a function from K\ {0} into [0, cc).

Proof. Fix ¢ € K\ {0}. Let # denote the associated solution of the DDER® and
let ¢; and g2 be as in Lemma 5.8. By part (iii) of Lemma 5.8, g2 is bounded by 1+ 2@,
which only depends on 7, g, and L. Choose 7 € (0, %) suchthat 0 < g1 —n < g1 +n<
G2 —n. Tt follows from (5.28) that we can choose ¢ > 0 so that whenever ¢! € K
satisfies || ¢ — @f[|[_1,0 < € and 2T denotes the solution of the DDER™ with & = ¢T,
then 21 is positive on [0, §; — 7], negative on [¢; +7, G2 — 7], and positive on [Ga + 1, p].
Then, by the continuity of #T and the fact that the zeros of T must be separated by
at least one, we have cﬁ €(¢1—n,41 +n) and (jg € (G2 — n,G2 + 1), where qI and qg
are the zeros of 2, proving the desired continuity result. O
_ LemmMmA 5.11. The function A is a continuous and compact function that maps
K into K. N

Proof. By Lemma 5.8, A maps K into itself. Since g2 < 1+ 2Q, (5.28) implies
that A is continuous at ¢ = 0. The continuity of A at ¢ Z 0 follows from (5.28),
the bound on §o, and Lemma 5.10. The compactness property of A is implied by the
theorem of Arzela and Ascoli, since & is bounded and differentiable on [Gz, ¢2 + 1] with
its derivative on the interval uniformly bounded by

[Tg(&(t), 2(t = 1))] < 7-sup{[g(r, s)| : (r;5) € [0,7G] x [-L, 0]} < o0,

where we have used that ¢ is continuous on this compact set. O

5.4. Ejective equilibrium solution. In order to prove the existence of a SOPS,
it remains to show that the zero solution of the DDER™ is an ejective fixed point for
A. Tt will then follow from Theorem 5.2 that there exists another fixed point that is
nonejective which will correspond to a SOPS". The following lemma is the analogue
of Lemma 6 in [4].

LEMMA 5.12. Let 79 be given by (3.8). If 7 > 19, then ¢ =0 is an ejective fized
point of A.

Proof. As in the proof of Lemma 6 in [4], we claim that there exists v € (0, L) such
that whenever & is a solution of the DDER® with Zo € K\ {0} and 0 < §; < g < - --
are the zeros of & defined as in Lemma 5.8, then

(5.29) sup{|Z(t)| : t > Gn} >~ forall k=1,2,....

Observe that by part (v) of Lemma 5.8, the supremum in (5.29) is bounded, though
it is not necessarily achieved. For a proof by contradiction, suppose that for each
v € (0, L), there is a SOPS™ & with & € K\ {0} such that sup{|Z(¢)| : t > Gor} <
for some k£ = 1,2,..., where 0 < §1 < g2 < --- denote the zeros of z. Since
Z(t) > —y > —L for all t > §ax, it follows that ¢ is constant on [gax,00). Thus,
given Zg,, +1 (which lies in K\ {0} by Lemma 5.8), the dynamics of & on [Gor + 1, 00)
are identical in the constrained and unconstrained settings. In particular, this implies
that the unique solution Z to the related unconstrained delay differential equation
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with Zg = d4,, 11 € K\ {0} satisfies sup{|Z(t)| : t > 0} < . However, this contradicts
the first part of the proof of Lemma 6 in [4], yielding the desired contradiction.

We are left to show there exists § > 0 such that given any ¢ € K \ {0}, there
exists a positive integer n such that

[A™ ()l (-0 > 6.

The proof closely follows the latter half of the proof of Lemma 6 in [4] and we briefly
summarize it here. Fix 0 <& < - Av. Let ¢ € K\ {0}, 2 denote the solution of the
DDER" with 29 = ¢, and 0 < ¢1 < §2 < --- denote the zeros of Z. By the negative
feedback condition on g, for each k = 1,2,..., we can choose o}, € [{k, ¢ + 1] such
that |Z(ox)| = [|%/|(4,.4,..)- It suffices to show that #(oa;) > d for some k > 1. For a

proof by contradiction, suppose that

(5.30) |Z(o2r)| <0 < fork=1,2,....

By (5.4), (5.6), and our choice of §, for each k =1,2,... and t € [Gag+1, Gor+1 + 1],
0> 74(a(t), #(t — 1)) = 79(0,3(t — 1)) = —rhali(t — 1) = —riab > —7.

It follows from Lemma 5.6 that |Z(o2k+1)| < Tr2d < 7 for all k = 1,2,.... This
combined with (5.30) implies that |Z(o%)| < max(7r20,0) < v for all k = 2,3, ...,
which, in light of our definition of oy, contradicts (5.29). With this contradiction thus
obtained, we have ||#4,, +1[/(—1,0) > ¢ for some k > 1, completing the proof. O

5.5. Proof of existence. o

Proof of Theorem 3.4. By Browder’s fixed point theorem, the mapping A : K — K
has a nonejective fixed point. By Lemma 5.12, the constant function ¢ = 0 is an
ejective fixed point of A and so there must be another fixed point ¢ € K\ {0}.
Let & denote the unique solution of the DDER" with &y = ¢. Since the DDER"
is autonomous, it follows that & is periodic with period p = ¢ + 1. Moreover, by
Lemma 5.8, & is a SOPS". Last, it follows from Lemma 5.5 that the associated
solution z, defined via (5.14), is a SOPS. O

6. Uniqueness and stability of SOPS. In this section we prove Theorem
3.8, which provides sufficient conditions for the uniqueness and exponential stability
of SOPS to the DDER. Both our proof of uniqueness and our proof of exponential
stability follow a general outline similar to arguments used by Xie [80, 81], where
similar results were proved for the unconstrained setting. However, some substantial
additional difficulties arise in our context due to the lower boundary constraint.

Throughout this section we assume that f in (1.1) is of the form exhibited in
(3.9) and that h satisfies Assumption 3.3. In sections 6.3-6.7, we additionally assume
that h satisfies Assumption 3.4.

Intuitively, our proof proceeds as follows. As the delay 7 increases, the amplitude
of an associated SOPS will grow approximately linearly with 7. As a result, for large
delays, any SOPS z* will spend “most” of its time either at the lower boundary
or “far” above the equilibrium point. Since h’ converges to zero at infinity (see
Assumption 3.4), perturbations of x*(t — 1), for 2*(¢t — 7) large, will have a small
effect on the drift. This, together with the fact that a SOPS x* cannot be linearly
perturbed when at the boundary, will imply that z* is exponentially stable. More
specifically, when the delay 7 is sufficiently large, we can construct a variant of a

Poincaré map I' defined on a neighborhood of z{ in C[t 0] such that I' is continuously
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Fréchet differentiable on the neighborhood and its derivative operator evaluated at
xg, DI(xf), has norm less than one. By using the approximation

IT(z0) — 2oll—r.01 = I1DT () l|lzo — 25 [l (—r.01 < [lz0 — 25]l1-r.0,

for gy € C[t 0] in a small neighborhood of xfj, we will show that z* is exponentially

stable. Then, by an argument involving fixed point indices, we show that if every
SOPS of the DDER is exponentially stable, as is the case for sufficiently large delays
7, then there is at most one SOPS (up to time translation).

There are two main differences between our approach and that of Xie. First,
the main technical difference is the argument by Xie relies on previously developed
theory for a VE along a solution of an unconstrained delay differential equation, which
does not apply in the constrained setting. Here we develop a VE along constrained
solutions. This is done for our current setting in section 6.4 and more generally in
Appendix B and may be of independent interest. Second, in contrast to [80], we do
not allow the drift function to have a linear dependence on the current state z*(t).
In the unconstrained setting, a transformation can be used to reduce the equation to
one in which the drift depends only on the delayed state. Here, such a transformation
is not readily available to us due to the effect of the lower boundary constraint.

6.1. Normalized solutions. As in section 5.2, we normalize solutions of the
DDER (1.1) by subtracting off L and rescaling time so that the normalized delay
interval is of length one. We will work with solutions of the normalized DDER, or
DDER?” for short, in sections 6.1 and 6.2.

Let h: [—L,00) — R be the normalized function defined by

(6.1) h(s) = h(s + L), s> —L.

We note some important properties that h inherits from h. By Assumption 3.3, h
is continuously differentiable on [—L, 00), lim, o0 A(s) = —a, h(—=L) = B, h(0) = 0,
R (0) <0, sh(s) < 0 for all s # 0, and h is bounded by H. On setting g(r,s) = h(s)
for all r, s > 0, Assumption 3.3 implies that Assumptions 3.1 and 3.2 hold for g and
that §(r, s) = h(s) for all 7, s > —L, where § is defined in (5.1). Hence, the definitions
and results from section 5 hold for g and § so defined from h.

The following three propositions are used to further describe h. They are adapted
from Remark 1 and Lemma 1 of [52] and Lemma 5 of [80]. The main difference is
that & is defined only on [—L,c0), whereas the function f in [52, 80] is defined on the
whole real line. The proofs found in [52, 80] can be readily adapted for our current
setting. The first proposition is a straightforward consequence of the facts that his
continuous, satisfies a negative feedback condition, and has a finite nonzero limit at
infinity, 4(0) = 0, and A/(0) < 0.

PROPOSITION 6.1. There exists C' > 1 such that ﬁ(rl) > Cﬁ(rg) forall0 <nry <
ro < 00 and fz(sl) < C’iz(sz) for all =L < s9 <57 <0.

PROPOSITION 6.2. There exists d > 0 such that

(6.2) / h(u)du > %(r —s)|s] forall —L <s<r<0.

Proof. Define H(s,r) = N h(u)du for all r,s € [—L,0]. Since h is continuous,
continuously differentiable, and satisfies a negative feedback condition, iAL(O) =0, and
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|s|* for all s € [-L,0]. If

R (0) # 0, there exists d > 0 such that |H(s,0)| > d|s|?
< Clr|h(r) and H(s,r) >

d
—L < s <r <0, then by Proposition 6.1, 0 < H(r,0)
C~1(r — s)h(r) > 0, which imply the following:

. H H
H(S,’f’) _ _ (879) > ! (870) -
1+ H(r,0)H(s,r)~1 14+ C?r|(r —s)~
ds?(r — s)
T r—s+C?r|
d
> S 9)lsl
where the last inequality uses the fact that %}j\zw > é for all —L < s < r

<0. d

PROPOSITION 6.3. Given M > m > 0, there exist two constants A1 >0
and T > 7 (depending on m, M and h) such that, if m < r < M, rs > —L,
|s| > 7|h(rs)|, and T > 7D, then

|s| > M7,

Proof. Briefly, the proof is as follows. Due to the facts that &’(0) < 0, sh(s) < 0 for
all s # 0 and lim, . h(s) = —a, it follows that there exist constants a, b, ¢ € (0, 00)
and § € (0,L) such that |s(h(s))"!| € (a,b) for all |s| < &, and |h(s)| > ¢ for
all s € [~L,—6] U [f,00). Combining, we see that |s(h(s))"}| < b+ |s|c* for all
s €[—L,00). Thus, if m <r <M, rs> —L, and |s| > 7|h(rs)|, we have

mt < |rs(iz(r$))71| <b+ |rs|cil,

and so

|s] >C(m7]-\4_ b) >~AWr  forall T >7W),

where (1) = %cmel and 7)) = 2m~1b. 0

Throughout the remainder of this section let 2* denote a SOPS™ with ¢y = —1
and let 2* and §* be defined as in (5.9) and (5.10) with §(r,s) = h(s) and with Z*, §*
and z* in place of Z,y, and Z, respectively. For the following, note that we can use
G = sup{h(s) : s > 0} € (0,00) for the G in Lemma 3.3.

LEMMA 6.4. The SOPS™ &* is continuously differentiable on [—1,¢1] and (G1 +
1,da]; increasing on [—1,0), decreasing on (0,qy], nonincreasing on [¢1,d41 + 1], and
increasing on (41 + 1, Gz2]; and bounded above by TG. Furthermore, &* and Z* satisfy

(6.3) F(t) = 25 (1) fort € (0,1l
(6.4) #*(t) = max(2*(t), —L) fort € a1, 61 + 1.

Proof. By (5.9) and the continuity of h and &*, 2* is continuously differentiable
on [0,00). Since Z* is above the lower boundary on [0, ¢1], §* is zero there and (6.3)
follows from (5.8). By (5.9), with §(r,s) = h(s), (6.3), and the negative feedback
condition on h, &* is continuously differentiable and decreasing on (0,§;] and 2* is
nonincreasing on [0,¢; + 1]. Thus, (5.10) implies that §*(¢) = (2*(¢) + L)~ for all
t € 0,41 + 1]. Substituting into (5.8), we obtain (6.4) and hence &* is nonincreasing
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on [¢1,¢1 + 1]. By (5.9) and the negative feedback condition on h, 2* is increasing
on (41 + 1,42 + 1). From (5.10), we see that §* is constant on [ + 1, G2 + 1] and it
follows from (5.8) and (5.9) that Z* is continuously differentiable on (¢1 + 1,42 + 1]
and increasing on (¢1 + 1, g2+ 1). Last, the upper bound on &* follows from the facts
that &* is periodic with period ¢» + 1, decreasing on (0,q1), negative on (qi,ga),
and continuously differentiable on [§2, ¢2 + 1] with its derivative bounded by 7G
there. d

The following lemma has been adapted from Lemma 3 in [52] for our use.

LEMMA 6.5. Suppose ¢1 +1 <t1 <ty < ¢ +2. Then

C(t—t1)x*(t to —t)z*(t
C(t—t1)+ (t2 — )
Proof. If t = t; or t = tg, then equality holds in (6.5). Fix ¢t € (t1,t2) and let
to € (t1,t). By Lemma 6.4 and the periodicity of £*, 2* is continuously differentiable

and above the lower boundary on [to, 2], so the mean value theorem and Lemma 5.6
imply there exist s1 € (to,t) and s2 € (t,t2) such that

&) — 2% (o) .., a*(t2) — 2 (¢)
T@O =T1h(i"(s1 — 1)) and —

*

te [tl,tQ].

= 7h(i*(sy — 1)).

Applying Proposition 6.1 and the fact that z
obtain the inequality

is nonincreasing on [§1,§; + 1], we

B(0) — @ (t) _ . (02) = (1)
t—1to - to —t
which, after rearranging, yields

(1) < C(t —to)T*(t2) + (t2 — t)2* (to)7
C(t —to) + (ta — t)

Since the above inequality holds for all ¢ty € (t1,t), (6.5) follows from the continuity
of z*. O

In Lemmas 6.6, 6.7, and 6.8 below, we provide estimates for z* that depend on
the size of §»,1, where we have defined ¢o; = G2 — g1 — 1. The lemmas and their
proofs have been adapted from Lemmas 8, 10, and 11 in [80]. The main difference
is that the SOPS™ z* is bounded below by —L and the drift term does not have
(a linear) dependence on #*(t). In the following, C' and d are the constants from
Propositions 6.1 and 6.2.

LEMMA 6.6. If g21 <1, then

2@+ )] t—Go

)

t e [to,tg].

6.6 t*(t) > t € lGo.d1 +2
( ) x ( ) - CQ (2271 ’ € [QZaQ1 + ]7
- |2*(G1 +1)| [1—=Go1 7d . . )
6.7 t) > . : —(t—q¢1—2 t 2 1].
( ) x ( ) - C2 (j271 + C2( q1 ) ’ S [Q1 + ;42 + ]

Proof. Suppose that ¢»; < 1. Since £* is nonpositive and nonincreasing on
[G1,G1+1] and @*(¢) > —L for all t € (¢1 +1, ¢1 + 2], we have the following inequalities:

(6.8) A
C G4 1) = T/q2 B(E* (s — 1))ds < CTh(3" (s — 1))da.s,
G1+1
(6.9) 2°(t) =1 [ h(i*(s — 1))ds > C™ rh(i* (G2 — 1))(t — d2), t € G2, g1+ 2],
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where we have used Lemma 5.6 and Proposition 6.1. Combining (6.8) and (6.9) yields
(6.6).
Letting t1 = ¢ + 1 and t2 = g2 in (6.5), we see that

(6.10) 2*(t) < C(qu;l?if)(il (;21)_ ) < x((ff;; 1)@2 — 1),

where the last inequality holds because 2*(¢; +1) < 0 and C' > 1. Then by Lemma 5.6,
Proposition 6.1, (6.10), and (6.2), we have, for t € [¢1 + 2, G2 + 1],

€ [(}1 + 17@2]7

B0 — (@G +2) =7 /  h(@(s))ds

G141
t—1 A ~
T (@ +D) >
> — h{———2(4o—5) ) ds
¢ gi+1 ( OQQ 1 ( : )

“(q1+1)(G2—t+1)/Cd2,1

7d2.1 h(u)du

|IE* (]1 +1 | 2*(G14+1)/
Td ., .
> T2 @+ DI - 4y - 2).
The estimate (6.7) then follows from the above inequality and (6.6). O
LEMMA 6.7. If 1 < go1 < 3/2, then

(6.11) (g1 +3) > (G1+ 1)

404 e

Proof. Suppose that 1 < da1 < 3/2. Letting t1 = ¢1 + 1 and ¢t = ¢1 + 2 in (6.5),
we have, for t € [¢1 + 1,41 + 2],

Ct—q¢—1Dx*(q 2 q 2 —t)z*(q 1
Clt—gq1—1)+ (1 +2—1)
cF@+1)
- C
where the last inequality holds because £*(g1 + 1) and " (g1 + 2) are nonpositive and
C > 1. By Lemma 5.6, Proposition 6.1, (6.12), and (6.2), we have

((jl +2_t)7

G+2
(6.13) 2 (G1+3) = T/ b (s)ds
q1+2 R % Al A
h <%(Q1 +2— 8)) ds

Q\]

G2—1

> % h(u)du
|2*(q1 + 1)| /f*<ql+1><2—q2,1>/c

7d
> D2 = Ga1)3.
> Fa 7127 + D2 = G2.1)

The estimate (6.11) then follows since 1 < go 1 < 3/2. O

LEMMA 6.8. There exists 7®) > 7y (depending only on iz) such that if 7 > 72,
then G2.1 < 3/2.

Proof. Let 6 € (0,1/2) and set 7 = §C~1. Choose constants m and M satisfying
0<m<r< M. Lt y) > 0 and 7(Y) > 75 be such that Proposition 6.3 holds.
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Then set 72 = 7V v LC(6y(D)~1. Fix 7 > 7 and suppose Go,1 > 3/2. We will
obtain a contradiction. Since ¢; +1 < g — 1 — 0, we have #*(t) € (—L,0] and &*
is increasing and differentiable with % = rh(i*(t—1)) at all t € [§2 — 1 — 6, Ga].
Then by Proposition 6.1, we obtain the inequality

G2

(G2 — 1) < 2" (G2 —90) = —7'/ h(@*(s —1))ds < —76C ™ h(2* (G2 — 1)).

G2—98
It follows from the conclusion of Proposition 6.3, with s = 2*(G2 — 1)C6~*, that
(6.14) PGy —1) < —roy V0t < —L,

a contradiction. Therefore, we must have ga1 < 3/2. O

LEMMA 6.9. There exist 7 > 79 and v > 0 (both depending only on fL) such
that if > 73, then

(6.15) (2% {-1,00) = T7-

Proof. Note that we can define a function b : R — R such that h(s) = h(s) for
all s € [~L,00), h is continuously differentiable, sh(s) < 0 for all s # 0, 2'(0) < 0,
and limg_, o B(s) exists and is positive. Then —h satisfies the condition H1 in [80].
Therefore, we can apply Theorem 12 in [80] (with 7 in place of e!) to obtain that
there exist 77 > 79 and 4 > 0 (depending only on ﬁ) such that if 7 > 71 and #* is
a SOPS of the unconstrained delay differential equation di;t(t) = 7h(i*(t — 1)), then
(6.15) is satisfied with y' in place of 7.

Now define
(6.16) 73 = max | 71,7, ASLC’ 161 ’
|h(L/C?%)| B
= in (1 2O B
(617) Y min (’Y ) 40 ?4047 16 5

and assume that 7 > 73) and &* is a SOPS". We treat the following two cases
separately. First, consider the case that 2*(¢) > —L for all ¢ > —1. Then the
dynamics of Z* are the same as in the unconstrained case, so £* is a solution of the
unconstrained delay differential equation di;t(t) = 7h(i*(t—1)). By our choice of 7(3)
and v, (6.15) is satisfied.

Next, consider the case that 2*(t) = —L for some ¢t > —1. From (5.12), Lemma 6.4,
and the periodicity of #*, we see that #* has a global minimum at ¢; +1, so 2*(¢1+1) =
—L. By our choice of 7 and Lemma 6.8, G2,1 < 3/2. Suppose that 1 < g1 < 3/2.
By (6.11) and (6.17), we have Z*(41 + 3) > % > 7. Next, suppose that 1/2 <
Go,1 < 1. By (6.7) and (6.17), we have 2*(¢2 + 1) > % > 7. Finally, suppose that
0 < g2,1 < 1/2. For a proof by contradiction, assume that (6.15) does not hold. Then
(6.6), (6.7), and the periodicity of #* imply that #*(t) > & for all G2+1/2 <t < go+1.

By periodicity, the estimate holds for all —1/2 < ¢ < 0 as well. It then follows from
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(5.9), (6.3), Proposition 6.1, and (6.17) that for 1/2 <¢ <1,

2 < a0 +7 [ (@ (s—1))ds
1/2

<y = GIRL/CO)|(E - 1/2)
< —%|E(L/C2)| (t—3/4).

From (6.16), we see that 2*(¢t) < —L for all t € [7/8,1] and so #*(t) = —L there.
Thus, by (5.8), (5.9), and the fact that ¢* is nondecreasing,
2 7'/8
$*(2) > 3" (15/8) + 1 h(—L)ds > —L+ — > 17,
15/8 8
a contradiction. With the contradiction thus obtained, (6.15) must hold if 7 > 7(3),
Go,1 <1/2, and #*(t) = —L for some ¢t > —1, completing the proof. d

6.2. Convergence of scaled SOPS". In this section we prove the convergence
of scaled SOPS"™ as 7 goes to infinity. Throughout this section we assume that h
satisfies Assumption 3.3.

Define 79 > 0 as in (3.11). By Theorem 3.4 and Lemma 5.5, given 7 > 79, there
exists a SOPS™ z* of the DDER". Since the DDER" is autonomous by performing
a time shift on 2*, we can assume that ¢y = —1. Define the scaled functions z* €
C[_l)oo), y* e C[J&OO), and z* € C[O,oo) by

(6.18) ) =), t> -1,
(6.19) gty =719 (),  t>0,
(6.20) ZH(t) = 77154 (1), t>0.
By (5.8)—(5.10) and (6.18)—(6.20), z*, §*, and z* satisfy

(6.21) ) =zt +y*t), t>0,

(6.22) Z5(t) = 7°(0) + /Ot h(rz*(s —1))ds,  t>0,
where

(6.23) g (t) = Oiligt(g*(S) +7r7n)=,  t>o.

By adding 7' L to both sides of (6.21), we see that (z*|o o) +7 'L, 7*) is a solution
of the one-dimensional Skorokhod problem for z* + 771L (see Appendix A).

In the following lemma we prove that z* is uniformly Lipschitz continuous with
a Lipschitz constant that depends only on h. Note that Lemma 3.5 and (6.1) imply
that H = sup{|h(s)| : s € [-L,00)} < co.

LEMMA 6.10. The scaled functions T, §*, and z* satisfy, for 0 < s <t < o0,

(6.24) |Z*(t) — z*(s)| < H|t — s,
(6.25) 17" () —y™(s)| < H|t — s,
(6.26) |2 (t) — 2% (s)| < HIt — s].

Since T* is periodic, (6.24) in fact holds for —1 < s < t < 0.
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F1G. 6. Graph of T as described in (6.27).

Proof. By (6.22) and the bound on h, (6.26) holds. Then by Proposition A.2 and
because Osc(z*,[s,t]) < H|t — s| for all 0 < s < ¢ < oo, it follows that (6.24) and
(6.25) hold. O

Recall the definitions of o and 3 from Assumption 3.3. Let ¢ = a~!'f. Define
T e C[tl)oo) to be a periodic function with period g + 2 satisfying

Bt+1) forte[-1,0],
(6.27) Z(t)=<B—at fortel0,q),
0 for t € [q,q+ 1].

See Figure 6 for a graph of z. Define z € Cjg,o) and § € C[o 50) by

(6.28) Z(t) = 2(0) + /t h(z(s — 1))ds, t >0,
0
(6.29) y(t) = Oiugt(i(S))‘, t>0,
where
. —a if s >0,
(6.30) h(s) = {5 s,

Note that (Z]j, ), %) is the unique solution of the one-dimensional Skorokhod problem
for z (see Appendix A).

THEOREM 6.11. Suppose {1,}22 is a sequence in (79,00) such that 7, — o0 as
n — oo. For each n, let ™ be a SOPS™ with delay 7, zeros —1,4{", 45", ..., and
period P = Gg"+1. Define ™, g™, and 2™ as in (6.18)—(6.20), but with 7,, T, g™
ZTn g QT", and éT" in place of T, T*, g*, zr, ar, g*, and 2 respectively Then
Clo,00) x Ry x Ry xRy asn — oo.

Proof. For each n > 1, ™ (—1) = 0 and (6.24)-(6.26) hold with ™, g™,
and z™ in place of T*, y*, and Z*, respectively. Thus, on each compact interval
n [—1,00) (resp., [0,00), [0,00)), the functions ™ (resp g™, zZ™), n > 1, are
uniformly bounded and Lipschitz continuous. Therefore, by the theorem of Arzeld
and Ascoli and a diagonal sequence argument, there is a subsequence, also denoted
{m}22,, and a triple (z', 7", 2") in Cj_1,50) X Cjo,00) X C0,00) such that z7™, ™, and
z™ converge to z', 7', and z' uniformly on compact intervals in [—1,00), [0,00),
and [0, 00), respectively, as n — oo. Letting §(r,s) = h(s), then part (ii) and the

last line of Lemma 5.8 imply that {(¢{",d3")}52; is uniformly bounded and hence
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relatively compact in Ri. Therefore, by taking a further subsequence if necessary, we
can assume that ¢{",45", and p™ = ¢3" + 1 converge to nonnegative real numbers
(ﬂ, (j; and pf = (j; + 1, respectively, as n — oo.

By (5.12), Lemma 6.4, and the above convergence results, it follows that z' is
periodic with period p', ¢} > ¢} + 1, 27(t) = z'(¢) for all t € [0,g]], Z(t) > 0 for
all t > —1, z'(¢) = 0 for all t € [g],@], ' is nondecreasing on [—1,0], and z' is
nonincreasing on [0, (ﬂ] Lemma 6.9 implies Z' is nontrivial, so there exist t; € [~1,0)
and ty € (0,7]] such that

() =0, te[-1,t],
(6.31) () >0, te(t,ta),
() =0, tetql

Note that by the periodicity of zt, toy —t1 is the length of the intervals on which ztis
positive.

We first show that to—¢; > 1. Suppose for a proof by contradiction that to—¢; < 1.
By (6.21), (6.22), and the fact that g™ is nonnegative, we have, for all t € [t;+1, ta+1],

F(t) = T (4 1) — 5 (1) + 2 () — 27 (4 + 1)
t

< F(t +1) +/ B(rnz™ (5 — 1))ds.
t14+1

Using bounded convergence, we can pass to the limit as n — oo to obtain
7)< —alt—t,—1), telti+1,ta+1]

Here we have used that Z'(¢; +1) = 0 and that for each s € (£, +1,t241), h(7,2™ (s —
1)) - —a as n — oo. The former follows from (6.31), our assumption to < ¢; + 1,
and the fact that t; +1 < (ﬂ +1< (j;. The latter follows because z' is positive on
(t1,t2). Since z'(t) = Z'(t) > 0 for all ¢ € [0,41], it follows that g < ¢; + 1 and so
[ty +1,ta + 1] C [}, gl +1]. Then for each t € (t; + 1,t5 + 1), for all n sufficiently
large, t € (¢{",¢{" + 1) and 2™"(¢t) = 7,2 (t) < —L, and so by (6.4), 2" (t) = —L.
Thus,

(6.32) nh_}ngo ™ (t) = lim 2™ (t) = —L, te(ti+1,ta+1).

n—oo
Now, from (6.21) and the fact that 2™ (s) > —L for all s > —1, we have, for ¢t €
[t1 4+ 2,t2 + 2],

i (t) =2t +2) + 27 () - 27t +2) +y () -y (0 4 2)
t
> 7L +/ h(r,2™ (s — 1))ds,
t142
where we have used the fact that ™ is nondecreasing. Using bounded convergence
and (6.32), we can pass to the limit as n — oo to obtain

() > Bt —t1 —2), te[t+2,ta+2].

Then zf(t) > 0 for all t € (t; + 2,t2 + 2] and since z' is continuous, it follows that
z! is positive on an interval of length greater than ty — t;, which contradicts (6.31).
With the contradiction thus obtained, we must have to —t; > 1.
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Proceeding, it follows from (6.3) and (6.22) that
t
() = 37 (t) +/ h(rz™ (s — 1)ds, ¢ € [ta,ta+ 1],
ta

Using bounded convergence and the fact that z' is positive on (£, — 1,¢2), we can pass
to the limit as n — oo to obtain

ZH(t) = —a(t —t),  t€E [ty ta+1].

Thus, given t € (t2,t2+1], then for all n sufficiently large, 2™ (t) = 7,27 (t) < —L and
so ¢;* < t. Consequently, (ﬂ < to. Combining this with the fact that to < (ﬂ yields
ty = ql. Hence, for each ¢ € (¢]",¢[" + 1], using (6.4), we have for all n sufficiently
large, 2™ (t) = —L, and so

(6.33) lim 7,z (t) = lim 2™ ()= —L, te (g, q +1).

n—oo n— 00

By (6.21) and (6.22), we have, for t € [g] + 1,¢! + 2],

(6.34) )=z (G + 1)+ 2 -2 (g + 1)+ () — g™ (@ +1)
t
> 2 (g 1)+ / h(raz™ (s — 1))ds,
ai+1
where we have used the fact that ™ is nondecreasing. Using bounded convergence
and (6.33), we can pass to the limit as n — 0o to obtain

(6.35) () >Bt—q —1), telgd+1,q+2

Then for each ¢ € ((ﬂ +1, (ﬂ + 2], for all n sufficiently large we have 7 (¢t) > 0 and
so g™ < t. Tt follows that (j; < Lﬂ + 1. Combining this with the fact that (j; > (ﬂ +1
yields g} = gl +1 and p! = ¢l +2. By (6.35), Z' is positive on (g}, p'] = (7] +1, 7] +2],
so for each closed interval I contained in (cﬂ +1, (ﬂ + 2], 2™ is positive on I for all n
sufficiently large and so ™ is constant on I for such n. Since this holds for all closed
intervals I in (QI +1, (ﬂ +2], ' being continuous must be constant on [q’Jlr +1, (ﬂ +2].
Then taking the limit as n — oo in (6.34) yields (6.35), but with equality instead
of the inequality. Periodicity implies that #'(t) = 8(t + 1) for all ¢ € [~1,0] and so
t; = —1. By (6.3) and (6.22), we have

:zfn(t)::zfn(oH/O Rrz™ (s — 1))ds,  te0,ql].

Then by bounded convergence, we can pass to the limit as n — oo to obtain
(6.36) #it)=B—at, te[0,ql),

where we have used (6.31) with ¢t; = —1 and t5 = (ﬂ. Furthermore, since (ﬂ is the
first time Z' hits zero after time ¢ = 0, we have (ﬂ = a~!'B. This completes the proof
that ' =z, ¢l = ¢, @l = 7+ 1, and 5 = .

We now show that 7 = ¢ and zf = z. From (6.31) and (6.33), it follows

that lim, e A(TaZ™ (1)) = h(Z(t)) at all t € (=1,¢+ 1)\ {g}. Since Z is peri-
odic with period p, we can repeat this argument countably many times to obtain that

lim,, o h(7,,2™ (t)) = h(z(t)) for all but countably many ¢ in [~1,00). Then, using
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bounded convergence, we can pass to the limit as n — oo in (6.22), with z7 and z™
in place of " and z*, respectively, to obtain

) == ti;is— s
(1) <m+Ah<< D)ds,  t>0,

and so zf = z. Last, since 2™ — Z uniformly on compact intervals in [0, o),

g(t) = lm g™ (1) = lim sup (=™ (s) + 7' L)" = sup ((s))",
0<s<t 0<s<
and so g7 = 7.
We have shown that the sequence {(Z™,§™, 2™, ¢{", 45", p"")}52, is relatively
compact in Cj_1,0) X Clo,00) X Cl0,00) X Ry x Ry x Ry and that every convergent

completes the proof of the theorem. O

The following corollary is a consequence of the preceding convergence result. A
proof can be given using a straightforward argument by contradiction and so we omit
it.

COROLLARY 6.12. For each t > 0 and € > 0, there exists T > 79 such that
whenever T > 75° and &* is a SOPS™ of the DDER™ with delay T and Go = —1, and
5, 9%, and z* are defined as in (6.21)~(6.23), then ||2* — Z|[[—1,q <&, |7 — ¥lljo,g <
& 12" =2y <&l —ql <e |G2—q—1] <e, and |[p—G—2| < e.

The next corollary is an immediate consequence of the above corollary and Lem-
ma 5.5.

COROLLARY 6.13. For each T > 19, let 7 be a SOPS with delay T and period
pT. Then 7~ 'p" = a '8+ 2 as T — 0.

In the following lemma we prove that for 7 sufficiently large, any SOPS" will hit
the lower boundary. We provide bounds on both the time it takes to reach the lower
boundary from the zero level as well as the time it takes to reach the zero level after
leaving the lower boundary.

LEMMA 6.14. There exists 79 > 70 such that whenever T > @ and #* is a
SOPS™ of DDER™ with delay T and Go = —1, there exists {1 € (G1,41 + 1) such that

(6.37) 0>2*(t)>—L  foralte (G,b),
(6.38) i) =—L  foralltel[ly,q+1],
and

(6.39) () > —L  fordlte (G1,0),
(6.40) 2(t) <=L  forallte (I1,¢ +1].

Furthermore, 0 < {1 — ¢ < % <land0<go—G¢1—1< (% + %)% Moreover, T*(-)
is continuously differentiable on [0,¢,) and (£1,p).

Remark 6.1. By Corollary 6.12 and by possibly taking 7(¥) > 7, larger, we can
further assume that whenever 7 > 7(*) and z* is a SOPS™ of the DDER" with delay
7 and go = —1, then

) 0<d<@1<lhh <q+d<qg+1—-0<g@g+Id<qg +2;and

(i) 2*(t) > dfor all t € [-1 40,3 — 0].
Here 6 > 0 and d > 0 are defined as in the proof of Lemma 6.14 below. The inequalities
(i) and (ii) will be used in the proof of Lemma 6.24.
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Proof. Define positive constants § = 2(gA1) and d = 2 min(z(—1+6),z(g — 9)).
By Corollary 6.12 and (6.27), there exists 7(*) > 15 such that whenever 7 > 7 and
z* is a SOPS" of the DDER" with delay 7 and gy = —1, then

(i) " 140<g1—-1<G—1406<q—0<G<q1+2;
(ii) 2*(t) > rd for all t € [§1 — 1,1 — 1 + J];

(i) h(s) < —a/2 for all s > 7d; and

(iv) %<5and%<5.
Combining (i)-(iii) yields 2(&*(t—1)) < —a/2 for all t € [§1, Gy +0]. Then (6.22), (iv),
and the fact that 2*(¢1) = 0 imply that £*(¢; +2%) < —L. Since £* is continuous and
decreasing on [G1, ¢1 +1), there exists = (1, Ljﬁ—%) such that 0 > 2*(t) > —L for all
t € (g1,6,) and 2*(t) < —L for all t € (¢1, Gy 4 1], so (6.39) and (6.40) hold. Equations
(6.37) and (6.38) then follow from (6.4). Now consider gy — g1 — 1. If Gy < 1 + 1,
then go — ¢y — 1 < él —q1 < . On the other hand, suppose ¢o > 0+ 1. By (i) and
(6.38), we have 2*(t) > —L and h(a*(t — 1)) = h(—L) =B for all t € [21 +1,¢1 +2].
It then follows from Lemma 5.6 that & (ﬂl +1 + 5 ) > 0 and so ¢ — lh—1< ﬁLT
Combining this with /; — ¢, < 2L vields g — q1 — 1 <(2+ %)%

The fact that &*(-) is continuous differentiable on [0, ¢,), (¢1,d+1), and (G; +1, ]
is due to Lemma 5.6, (5.12), (6.37), and (6.38). Now 2*(+) is constant and equal to —L
in a left neighborhood of ¢; +1 and so is left differentiable with the left derivative equal
to zero there. On the other hand, #*(-) is strictly above —L in a right neighborhood
of g1 +1 (not 1nclud1ng ¢1 + 1) and so is right differentiable with the right derivative
equal to h(#*(G1)) = h(0) = 0 as well. Therefore 2*(-) is continuously differentiable on
(217 ] a

6.3. Solutions of the DDER near a SOPS. In this section we consider solu-
tions of the DDER whose initial conditions are in a small neighborhood of the initial
condition of a SOPS. Throughout this section we fix 7 > 7(4), where 7% is as in
Lemma 6.14, and let 2* denote a SOPS of the DDER with delay 7 and ¢p = —7. We
let z* and y* be defined as in (2.3) and (2.1) with f(¢) = h(e(—7)) and x*, y*, and
z* in place of z, y, and z, respectively. In the following lemma, we state properties
of z* and z* that are a consequence of (3.2), Lemmas 6.4, 6.14, and the one-to-one
correspondence between SOPS and SOPS™.

LEMMA 6.15. There exists {1 € (q1,q1 + T) such that

(i) z*(t) > 0 for all t € [0,41), 2*(t) =0 for allt € [l1,q1 + 7], and *(t) > 0
for allt € (q¢1 + 7,p);

(if) z*(-) is continuously differentiable on [0,£¢1) and (¢1,p];

(iii) x*(-) is decreasing on (0,¢1) and increasing on (¢1 + 7,p);

(iv) z*(t) < L+ 7G for allt > —71;

(v) 2*(t) > 0 for all t € [0,41) and z*(t) < 0 for all t € ({1,q1 + 7).
Furthermore,

(6.41) 0</li—q <22 'L and 0<q—q —7<2a'+5 1L

Proof. Parts (i)—(iv) and (6.41) follow from Lemmas 6.4, 6.14, and 5.5 and the
periodicity of x*. Part (v) of the lemma is due to (6.39), (6.40), and the fact that
2*(t) = 2*(r _1t)—|—Lf0r every t > 0. O

To obtain estimates for solutions of the DDER, we have the following lemma
on the continuity of solutions in their initial condition. Recall that K} < oo is the
Lipschitz constant for h.
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LEMMA 6.16. Given solutions x and ' of the DDER, define z as in (2.3) and
define 21 as in (2.3) but with ' and 2% in place of x and z, respectively. Then for all
t>0,

(6.42) & — 2t |[_ry < 2exp(2Knt) |0 — 2} ||{_r0)
and
(6.43) Iz = 2" llj0.g < (1 + Kn7) exp(2Knt)||zo — x| —r.0)-

Proof. Fix t > 0. By (2.3) and (3.12), we obtain the following two bounds:
t
644) [z —2lio < 120 — 2 Lro) + K / 2 — & —r.uyds,
t
(6.45) Iz = 2o < (1 + Knm)||w0 — o | o) + K / = 2 lj0,51ds.
0

Applying the Lipschitz continuity of the Skorokhod map (see Proposition A.1) to the
left-hand side of (6.44) and then extending the norm on the left to the interval [—,¢],
we obtain, for all £ > 0,

t
o = ol vy < 2o = ahl—rp + 25 [ llz = rgds.
0

The bound (6.42) then follows from Gronwall’s inequality. Next, applying the Lip-
schitz continuity of the Skorokhod map to the integrand in (6.45), we have, for all
t>0,

t
01 < (1+ Knr)lzo — ahlliro) + 2K / Iz — 2t 0.ds.
0

Iz = 21|

As above, the bound (6.43) follows from Gronwall’s inequality. O

In the following lemma, we establish some properties for solutions of the DDER
whose initial conditions are in a small neighborhood of zj.

LEMMA 6.17. For each 0 < 1y < %min(T,ql,ﬂl —q,qn+7—li,q2—q1 —T)
there exists 9 € (0,m0) such that whenever x is a solution of the DDER satisfying
llzo — 25ll[=r.0) < €0, then there exist qf € (q1 — 10,q1 + 10), €5 € (£1 — Mo, 41 + 10),
and g% € (g2 — Mo, g2 + no) such that

(i) z(t) > 0 for all t € [—7,—T + no], x(t) > L for all t € [—T + no,4q7),
0<a(t) <L foralte (¢f.£7), zt) =0 for all t € [¢7,¢7 + 7], 0 < 2(t) < L for all
te(¢f +7,43), and x(t) > L for all t € (¢5,p + no)-

(ii) =(-) is continuously differentiable on [0,£7) and (£7,p + nol;

(iii) x(-) is decreasing on (no,£7) and increasing on (¢F + 7,45 + 7).

Proof. Fix ng > 0 as in the statement of the lemma. By (5.12), part (i) of
Lemma 6.15, (6.42), and the continuity of x, there exists 9 > 0 such that whenever x
is a solution of the DDER with ||zg — 2§ ||[—7,0] < €0, then z:(t) > Oforallt € [—7, —7+
no], x(t) > L for all t € [—7 +no,q1 —nol, 0 < x(t) < L for all ¢t € [g1 + 1o, {1 — 1ol
0 <a(t) < Lforallt € [(1—n9,q1+7+n0], 0 < x(t) < Lforallt € [¢1+7+n0,q2—n0],
and xz(t) > L for all t € [ga + 1o, p + no]. Then (2.5), with f(p) = h(p(—7)), and
the negative feedback condition on h imply that z is decreasing on [ng, {1 — ng] and
increasing on [q1 + 7+, g2 + 7 —1o]. Consequently, there exist ¢f € (g1 —n0,q1 +70)
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and ¢& € (g2 — 10,92 +10) such that z:(t) > L for allt € [T+, ¢F), 0 < z(t) < L for
all t € (¢7,¢3), and x(t) > L for all t € (¢5,p + no]. To prove part (i) of the lemma,
it remains to show that there exists 7 € (¢1 — no, ¢1 + no) such that z(¢) > 0 for all
te (g, 07), x(t) =0 for all t € [¢,¢7 + 7] and x(t) > 0 for all t € (¢f + 7,4¢3).

Define z € Cg,o0) as in (2.3). By part (v) of Lemma 6.15, (6.43), and the continuity
of z, we can choose g9 > 0 possibly smaller so that z is positive on [0,£; — o] and
negative on [¢1 + 1o, q1 + 7 — no]. Furthermore, the negative feedback condition on h
and the previous paragraph imply that z is decreasing on (7o, ¢7 + 7) and increasing
on (¢f +7,¢3+7). Hence, there must exist £f € (¢1—no, ¢1+mno) such that z is positive
on [0, ¢7) and negative on (¢7, ¢f +7]. By (2.1), we see that y(¢) = 0 for all ¢ € [0, 7],
y(t) = —z(t) for all t € [(§,q7 + 7], and y(t) = —2(¢f + 7) for all t € [¢f + 7,65 + 7.
Substituting into (2.2), we obtain that x(t) > 0 for all ¢ € [0,¢7), x(t) = 0 for all
te[07,q7 + 7], and x(t) > 0 for all t € (¢f + 7,¢5). The fact that z(-) is continuous
differentiable on [0, £%), (¢%, ¢ +7), and (¢f + 7, p] follows from part (i) of the lemma
and Lemma 2.2. Now z(-) is identically zero in a left neighborhood of ¢f 4+ 7 and so
is left differentiable there with the left derivative equal to zero. On the other hand,
x(+) is strictly positive in a right neighborhood of ¢ + 7 (not including ¢f +7) and so
is right differentiable with the right derivative equal to h(z(q})) = h(L) = 0 as well.
Therefore x(-) is continuously differentiable on (¢7, p]. Part (iii) of the lemma follows
from part (i) of the lemma, (2.5), and the negative feedback condition on h. O

Fix an 19 > 0 and associated g > 0 as in Lemma 6.17. Given a solution z of the
DDER with initial condition satisfying ||xo — x||[—r,0] < €0, define

(6.46) e1 = ¢e1(w) = eo — |lzo — w5 ll—70) > 0
and
(6.47) m =m(x) = no —max{|gy — q, (7 — 1], g5 — q2|} > 0.

As a consequence,

(@i —m,qi +m) C (g1 —n0,q1 + o),
(67 —m, 47 +m) C (b1 — 1o, 1 +m0),
(@3 —m,q5 +m) C (g2 — 0,42 +10)-

Suppose z' is solution of the DDER with initial condition satisfying ||a::§ —xo|lj—r0 <
€1. Then by (6.46), we have

(6.48) 2t — 2 ||=r0) < 2t — 2ll{—r,0) + |2 — 2¥[|[=1,0] < €0,

and so Lemma 6.17 holds with zT, q{”T, EQfT, and q%T in place of z, ¢f, €7, and g3,
respectively. The following lemma ensures that ¢{, ¢7, and ¢3 are continuous in =y and
is a consequence of the continuity of solutions in their initial conditions, as described
in Lemma 6.16, the definitions of €; and 7, and Lemma 6.17.

LEMMA 6.18. Given a solution x of the DDER with initial condition satisfying
lzo — 2§ll[=r,0) < €0, define g1 >0 and 1 > 0 as in (6.46) and (6.47). Then for each
n € (0,m), there exists ¢ € (0,1) such that whenever x' is a solution of the DDER
with initial condition satisfying ||a:2fJ — o|l{=r,0) < &, properties (i)-(iii) of Lemma 6.17
hofld with xt, qu, éng, amfi q%T in place of z, qf, €7, afnd g5 , respectively. Furthermore,
g € (af —mqi +m), 6 € (6T —n, 67 +n), and g5 € (g5 — 1,45 +1)-
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Proof. The fact that there exists ¢ > 0 such that ¢¥' € (¢¥ —n,q% + 1), Z”f* €
(63 —n, 47 +n), and q%T € (¢ — n,¢5 + n) hold uses the continuity of solutions to
the DDER in their initial condition, which is stated in Lemma 6.16. The argument
is similar to the argument that ¢f € (q1 — no,q1 + m0), ¢§ € (€1 — 1o, €1 + 1n0), and
g3 € (g2 — no, g2 + no) found in the proof of Lemma 6.17, so we omit it here. O

6.4. Variational equation. In this section we introduce the notion of a vari-
ational equation (VE) along a solution of the DDER. Here we restrict ourselves to
the case that f satisfies the assumptions of Theorem 3.8 and that the solution of the
DDER has an initial condition in a small neighborhood of the initial condition of a
SOPS. A general definition and properties of a solution of the VE along a solution
of the DDER for f as in (1.1) are presented in Appendix B. The treatment in the
appendix is more general than what we need for the proof of stability and uniqueness
of SOPS, but we include it for independent interest.

Throughout this section we assume that f is of the form (3.9) and satisfies As-
sumptions 3.3 and 3.4. We fix 7 > 7(4), where 7(4) > 7o is as in Lemma 6.14 and
such that the properties in Remark 6.1 hold. Let z* denote a SOPS with delay 7 and
qo = —7 so that Lemmas 6.15-6.18 hold. Fix an 79 > 0 and associated g > 0 as
in Lemma 6.17 and let x be a solution to the DDER with initial condition satisfying
llzo — 25l [=r,0) < €0- We briefly summarize important definitions and properties from
Appendix B for solutions of the VE along x. The following definition is a version of
Definition B.2 specific to our current setting. Recall that Dj_; ) denotes the set of
functions from [—7,00) to R with finite left and right limits at each ¢ > —7 and a
finite right limit at —7.

DEFINITION 6.19. Given a solution x of the DDER satisfying ||xo — z|/—70 <
€0, a function v € Di_; ) is a solution of the VE along z if v(t) > 0 at all t > —7
such that z(t) =0 and v satisfies

(6.49) v(t) = 0u®(2)(t), t>0,
where ® denotes the Skorokhod map given by (A.1) and (A.2), z € Cj ) is defined
via (2.3), w € Cjo,0) 15 defined by

(6.50) w(t) =v(0) + /0 B (z(s — 7))v(s — T)ds, t>0,

and the directional derivative of ® at z in the direction w is denoted by 0,P(z), is
well defined as an element of Djg o) by Proposition A.5 and is given by

(6.51) 0w ®(2)(t) = w(t) + R(—z, —w)(t),
where
SuPses (1) (—w(s)) if supg<<i(—2(s)) >0,
(6.52) R(=z,—w)(t) = { supyes__(1)(—w(s)) VO if supgc.y(—2(s)) =0,
0 if supg<,<¢(—2(s)) <0,
and
(6.53) S_.(t) = {s €[0,t]: —=z(s) = Oitigt(—z(u)) v O} .

See Figure 7 for an example of a solution of the VE along a solution of the DDER.
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-

| \ & T\t
-7 — i +7 ~

—T qi +7 P+ Mo
Fic. 7. An ezample of a solution of the VE (on the top) along a solution of the DDER (on the

2
bottom). Here h(xz(t — 7)) 2%

= GoratoZ ~ 7 where o > v > 0 and Cy > 0 as in Example 4.2.

A solution v of the VE along x and with initial condition vy € C|_; can be
thought of as the direction that x is perturbed in when its initial condition x( is
perturbed in the direction vy. In general, the element vy is constrained by the fact that
the initial condition of a solution of the DDER cannot be perturbed in the negative
direction when it is at the lower boundary. However, here we have ||z — 2§ ||[—70 <
€0, so by part (i) of Lemma 6.17, the initial condition zo(-) is strictly positive on
[~7,0]. Thus, we can take vo to be any element of C_, . Fix such a vy € Cl_r .
Then for all ¢ > 0 sufficiently small so that zj = z¢ + cvg € C[tf.,o]a let 2° denote the
unique solution of the DDER with initial condition z§ and define v® € C|_; ) by

€ —x

.54 c =
(6.54) v =

Let z be as in (2.3) and let 2° be as in (2.3), but with 2° and 2¢ in place of x and z,
respectively. Define w® € Cjg o) by

2 —z

& _
(6.55) W =—
The following proposition is a version of Theorem B.3 specific to this section. Recall
that a family {u® : 0 < e < &} in Cj_; «) converges to u € D|_; ) uniformly on
compact intervals of continuity in [—7,00) as € | 0 provided that for each compact
interval I in [—7,00) such that u is continuous on I, u® converges to u uniformly on
TaselO0.

PROPOSITION 6.20. Suppose = is a solution of the DDER with initial condition
satisfying ||xo — z§||—r0) < €0 and ¢ is an element of C;_; . Then there exists a
unique solution v of the VE along x with vog = . Furthermore, if v¢ and w® are
defined as in (6.54) and (6.55), respectively, then v¢ converges to v pointwise and
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uniformly on compact intervals of continuity in [—7,00) as e L 0 and w® converges to
w uniformly on compact intervals in [0,00) as € | 0.

In the following lemma we further describe solutions of the VE. The characteri-
zations in (6.56) and (6.57) will be used later in this section to obtain bounds and to
prove linearity properties for solutions of the VE.

LEMMA 6.21. Given a solution x of the DDER with initial condition satisfying
lzo — 2§ll[=r.0) < €0, suppose v is a solution of the VE along x. Then v satisfies

0(0) + f3 B (x(s — 7))v(s — 7)ds, te0,0m),
S (a(s —)(s — 7 s+ = (%
050 oy — § (PO Il — s —nds) L t=
0, te (65, qf +71l,
fqt,l“rT B (x(s—7))v(s —7)ds, te (¢f +7,p+ ol

If v! € Di_; ) also satisfies (6.56) and v'(t) = v(t) at almost every t € [—7,0], then
vi(t) = v(t) for allt € [0,p+no]. Furthermore, if v is a solution of the VE along the
SOPS x*, then v satisfies

v(kp) + [ R (@ (s — ))u(s — T)ds, te0,6),

+
(vkp) + [ W@t (s = m)o(s = 7)ds ), t= b,
0, t€(€15q1+T]7

(6.57) v(kp+t) =

kp+t .
k5+q1+7' W(z*(s—7))v(s — 7)ds, te (g +,p],

for each k =0,1,.... If vl € D_; oo also satisfies (6.57) and v'(t) = v(t) at almost
every t € [—7,0], then v1(t) = v(t) for all t > 0.

Proof. Fix a solution x of the DDER as in the statement of the lemma and let v
be a solution of the VE along x. Then (6.56) follows from Lemma 6.17 and parts (i),
(ii), and (iv) of Lemma B.6, with 9, f(zs) = h/(z(s — 7))v(s — 7) by Example B.1.
Suppose that vT € D|_, ) satisfies (6.56) and v'(¢) = v(t) at almost every ¢ € [—T,0].
The continuity of A’ then implies that vf(t) = v(t) at each t € [0,7 A£%). By iterating
this argument on intervals of length 7, we see that v’ and v are equal on [0, ¢%). The
fact that vf(¢%) = v(¢%) follows because v’ and v are equal and continuous on [0, £%).
Then, since vI = v on [¢F,¢¥ + 7], we can again iterate on intervals of length 7 to
obtain that v’ and v are equal on the interval (¢¥ +7,p+ o). The proof of the second
part of the lemma follows from iterating the verification of (6.56) (with 1y = 0) on
intervals of length p. d

The following lemma is an immediate consequence of the above lemma and the
linearity of integration with respect to the integral.

LEMMA 6.22. Given a solution x of the DDER with initial condition satisfying

lzo — 2§l [=r,0) < €0, suppose v and vl are solutions of the VE along x. For a,b € R,

let vt denote the unique solution to the VE along x with initial condition vg = avg—l—bvg.

Then

(6.58) vH(t) = av(t) + bl (t) for all t € [—7,p+mo] \ {£5}.
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For the following lemma, let i* € D|_; ) be the periodic function, with period
p, defined for ¢ > 0 by

(6.59) #(0) = {h(x*(t—T)) if 2°(t) > 0,

0 if *(t) = 0.
Then * is equal to the derivative of z* at almost every ¢ € [—7,00) that z* is
differentiable and (2.7) holds with z* and @* in place of z and &, respectively.

LEMMA 6.23. The function ©* is a solution of the VE along x*.

Proof. By Proposition 6.20, there exists a unique solution of the VE along z*
with initial condition &f. In light of the last line in Lemma 6.21, it suffices to show
that ©* satisfies (6.57) for all ¢ > 0. Due to (6.59), the fact that z* is positive
and continuously differentiable on [0, £1), and the fundamental theorem of calculus, it
follows that &* satisfies (6.57) on [0,¢1). By (6.59), *(¢1) = 0. On the other hand,
by the fundamental theorem of calculus, the negative feedback condition on A, and
the fact that *(¢; — 7) > L, we have

A +
<x*(0) -l—/o B (z*(s —7))a* (s — T)dS) = (h(z*(t1 —7)))" =0,

so @* satisfies (6.57) at t = ¢1. By (6.59), * is zero on ({1, g1 + 7], so ©* satisfies (6.57)
there. The fact that &* satisfies (6.57) on (q1 + 7, p] follows from the fundamental
theorem of calculus and the fact that z*(-) is continuously differentiable on (¢4, p].
Therefore ©* satisfies (6.57) on [0, p]. By iterating the above argument on intervals of
length p, we obtain that &* satisfies (6.57) for all ¢ > 0, completing the proof. O

LEMMA 6.24. There exists a positive constant M < co, which depends only on
h and L, such that whenever v is a solution of the VE along x*, the following bound
holds:

(6.60) [0ll{=7.p) < M[|v|[~r,0]-

Proof. Recall that ¢ = a~!3 and the definition of Z given in (6.27). Define
positive constants § = 1(gA 1) and d = § min(z(—1+ 6),Z(q — §)). By Remark 6.1
and Lemma 5.5,

) 0<1éd<qu <l <7(G+0)<7(G+1—-96) < qga+70 < q1+27; and
(ii) 2*(t) > L+ rd for all t € [7(=140),7(q — 9)].

Let v be a solution of the VE along z*. We first bound v(t) for ¢ € [—7,74]. By

(6.57) and the periodicity of z*, we have, for ¢ € [0, 7¢],

T
|MMsww»yA|wf@—ﬂw@—ﬂw

a2V (l1+7) , q2+76 ,
<llina (14 [ Wi+ [ (e ()lds ).

q2 (L1+T7)N(q2+70)

If ¢4 + 7 < g2 + 76, then according to (i), we have {1 + 7 < g2 + 70 < ¢1 + 27, so
x*(t—7)=0for all t € [¢; + 7,¢2 + 7d]. In this case, Lemma 2.3 and h(0) = 3 imply
that a*(t) = 2*(l1+7) + B(t — €1 —7) for all t € [(1 + T, q2 + 7d]. By Lemma 3.6, the
fact that q; + 7 < g, (6.41), and the Ll-integrability of h’ (see Assumption 3.4), it
follows that in either case ({1 +7 < g2 + 76 or {1 + 7 > g2 + 76) the following bound
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holds:
(6.61)

HU”[—T,TS]
(g2+75—€1—7)
< HU”[—T,O] 1+ Kh(él +7 - q2)+ +/ |h'(x* (51 + T) + ﬁ8)|d8
0

2LKy,

1
EHhI||L1(R+)) :
Proceeding, we consider the interval [, ¢1]. By (6.57), the fact (gleaned from (i)

and (ii)) that *(t) > L+ 7d for all t € [-7 + 76,01 — 7] C [7(=1 + ), 7(7 — 9)], and
because m = sup,cg, |sh'(s)| is finite (see Assumption 3.4), we have, for ¢ € [79, (1],

olo) < fotrg)| + [ T DI L)

76 |z*(s — 7)|

(t—7)ATS t—r
[, s [ G >|ds]
) t—T)VTS

Tm
< 1
< Wolp-rirarn (1 7 ) + e [ ot

An application of Gronwall’s inequality on the interval [74, ¢1] yields, for ¢ € [76, ¢1],

m m(ly — 76
()] < (1 + E) exp (%) [ f—

Taking the supremum over ¢ € [—7, /1] and using the facts that £, — 76 < 7§ = a1
by (i) and v is identically zero on (¢1,¢q1 + 7] by (6.57), we have

m mf3
(6.62) HU||[—T,q1+T] < (1 + E) exp <%> ”'UH[—T,Té]'

Continuing, we bound v(t) for t € [¢g1 + 7, ¢1 +27]. By (6.57) and (6.41), we have,
fort € [q + 1,01+ 7],

< ol ierg (1+

|v(s —7)|ds

m
L+ 7d

<|v(rd)| +

t 2LK
lo(t)] < / 1 (@(s — 7))o(s — 7)lds < 2P ollian.e-
q1+T1 «Q

Since v(t — 1) = 0 for all t € ({1 4 7,q1 + 27], (6.57) implies that v is constant on
[(1 + 7, q1 + 27]. Thus, taking supremums over t € [—7, q1 + 27|, we have

2LKy,

2LKy,
(669) [ol1rarsa) < Dollraren (2220l ) < (2222 1) Follraon

Next, we bound v(t) for ¢ € [¢1 + 27, (¢1 + 27) Ap]. By (6.57), (3.12), (6.41), and
(6.63), we have, for t € [q1 + 27, ({1 + 27) A p],
(1+27)Ap
o] < lolan 420+ [ (s = m)els - )lds

q1+271

2LK,
< |v(q1 +27)| + L

[0lltgr 47,6147+
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Taking the supremum over ¢t € [—7, (¢1 + 27) A p] yields

2LK;,
) 1ol e

«

Last, in the case that ¢1 4+ 27 < p, because g2 < ¢1 + 27 by (i), and p = g2 + T,
it follows that z*(t — 7) = 0 for all ¢t € [¢1 + 7,p — 7] and p < {1 + 37. Thus, by
Lemmas 2.3 and 6.15, z*(t) = 2*(l1 +7) + Bt — ¢, —7) for all t € [{1 +7,p — 7.
Substituting into (6.57) and using the L!-integrability of A’ (see Assumption 3.4), we
have, for t € [¢; + 27, p],

(6.64) [0ll (=7, (e1-+27)np) < (1 +

t

o)) <ot + 200+ lolesr [ WG 6 7) 4 Bs = b1 = )l ds

1421

1
<ol +27)[ + EHh'l\m@mI\vll[el+r,q2]-

Taking the supremum over ¢ € [¢1 + 27, p] and using (6.61)—(6.64), we obtain

1
loll iy < (1 n E||h’||L1<R+>) lollirerszrna) < Mllolli—ror

1 2LKp, 2LK},
M = (1+B”h”L1(R+)) (1—|— o ) (T\/l)
m mp 2LK, 1
<)o () (1 R e ) 0

LEMMA 6.25. Let x be a solution of the DDER satisfying ||z — x*[|[—r,0) < €o.
For each § > 0, there exists € > 0 such that whenever z' is a solution of the DDER
such that ||a:2fJ —xollj=r0 <&, and @ € Ci_ o satisfies ||1][[—r0 < 1, then

where

x ZET
(6.65) [v* = v* I p—r—no,p+n0] <6,

where v® and v*' denote the unique solutions of the VE along x and x', respectively,
with vy = v(”fT =1).

Proof. Fix § > 0. Define e; = e1(x) > 0 and n; = n1(x) > 0 as in (6.46) and
(6.47). For a solution z' of the DDER and t > 0, define
(6.66) dp.o(xf,t) = s[up ] |W (2(s)) — W (z'(s))].

se|—T,t
Then dj, .(x7,-) is a nondecreasing function and by (6.42) and the continuity of A/,
for fixed t > —7, we have d, . (z1,t) — 0 as xg — ¢ in C[J:T)O]. Choose 1 € (0,11)
such that
- 0

1 12K} exp(3Kx(p +m0))

(6.67)

Given 7, we can choose ¢ € (0,e71) such that the conclusion of Lemma 6.18 holds and

]

6.68 dp.o(zt, g +m0) <
(6.68)  dnolels a2 410) < G S S AT Kol + 10)) o0 (A T 0]

holds whenever szr) —2o|l[=r,0 < €
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Let 2 be a solution of the DDER such that ||z} — zo|[_,0] < &. Define z as in
(2.3) and define 2T as in (2.3), but with 2 and 2" in place of = and z, respectively.
Suppose ¢ € C[_r satisfies [|1)[[[_r0) < 1 and let v* and v®" denote the unique
solutions of the VE along z and z', respectively, with vy = vf)f = 1. Define w® as
in (6.50), but with v* and w® in place of v and w, respectively, and define w' as in
(6.50), but with zf, vmf, and w® in place of z, v, and w, respectively. By (B.11),
with v = v®, vt = 0 and with v = v*', v = 0, we have, for t > 0,

x 2t
(6.69) [0" -7 < 2exp(2Kpt)  and  [[o” [|_7 < 2exp(2Kpt),

respectively, where we have used the fact that ||[¢|[[_ ) < 1. Last, define the points

i i i .
at,qf € (@ —nqu+m), (§,45 € (h —n, b1 +n), and ¢3,¢5 € (g2 — 1, g2 +n) as in
Lemmas 6.17 and 6.18. .

Here we assume that ¢f < ¢f . The proof for the case that ¢ > qfT is similar and

is omitted. First consider the interval [0, (7 /\PfT]. By (6.56), (6.66), (6.69), (3.12),
and the fact that vf = U(”ff = 1), we have, for t € [0, 45 A Zﬂf*],

t—T1

o7 (£) = 0" (1)) < / |0 (a(s)) = 1 (" (5))[[v" (5)|ds

i /ot_T (1 (@1 (5)) |07 (s) = 0" (s)]ds
< dpo(zh t)2texp(2Kpt) + K, /Ot [v¥(s) — UIT(5)|d8.
An application of Gronwall’s inequality yields
(6.70) [v®(t) — vzt(t)| < dp (27, )2t exp(3Kpt), t€[0,67 A éng].

Next, it follows from (6.56) that either v® or v is zero on the interval (¢2 A¢E" ¢7 \/PfT].
Therefore, by (6.69), for t € (7 A Zﬂf*,ff \Y Zﬂf*],

(6.71) () —v® ()] = [v" ()] V [0" ()] < 2exp(2Kn(f1 +10))-

By (6.56) and the fact that ¢f < qf*, we have v® and v® are both zero on (3 v
:ft,qf + 7] and v is zero on the interval a7 + T, qu + 7]. Thus, by (6.69), for
telgf+ma +7),

(6.72) [0 (1) = " (8)] = o ()] < 2exp(2Kn(g1 + o + 7).

Consider the interval (qf* + 7,p+ no]. By (6.56) and (6.69), we have, for t € (qf* +
TP+ 770]7

t—T1

(6.73) () — 0" (O] < " (af +7)] + / W (@(s) = (! (9))ll" (s)Ids

x

a1

" / WG I (s) o (5

1
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Since v* (¢} +7) = 0 and qi”f € (qg¥ —n,q¢¢ +n) C (@1 —no,q1 + no), the first term on
the right-hand side of the inequality (6.73) satisfies

:
qai

xr ZET xT

674) (g + 1) < Kh/ 0" (s)|ds < 20y exp(2Kn(ar + o).
af

For the second term on the right-hand side of the inequality (6.73), we have, for

telgf +7p+ml,

(6.75) / N W (a(s)) — b’ (' (s)) 10" (5)|ds

x
1

<2(q2 — q1 +2n0)dn 2 (2", g2 + o) exp(2K4 (g2 + 10)),

where we have used (6.66), (6.69), and the facts that p = go + 7, [p— ¢&' — 7+ 10| <
lg2 — g1 + 2n0|. For the last term on the right-hand side of the inequality (6.73), we
have, for t € [qu + 7,0+ 1o,

676) [ W) o s
ervest

enert . .
< Kh/ [v*(s) —v" (s)|ds + Kh/ . [v*(s) —v* (s)|ds
q

i g
quJrT t .
—I—Kh/ |vw(s)|ds—|—Kh/ [v*(s) —v* (s)|ds
i +T ' +r

< 2Kp(01 — q1 + 2n0)dn,x (@t €1+ 10) (L1 + o) exp(3K (61 + 1m0))
t
+ 4nKy exp(2Kh(q1 + no + 7')) + Kh/ . |vm(5) — UIT (5)|d$,
af +7

where we have used (6.70)—(6.72). Combining (6.73)—(6.76) yields, for ¢t € [qu +7,p+
770]7
[0 () —v"' (8)] < 6nKn exp(2Kn(q1 + 7+ 10))
+2(g2 — q1 + 210)dn.o (x1, g2 + 10) exp(2K 1 (g2 + m0))
+ 2Kh(€1 —q1 + 27]0)(51 + T]o)dh@ (QJT, {1+ 77()) exp(3Kh(€1 + 77()))

t
+ Kh/ [v*(s) — vwf(s)|ds.
qf“rr

Applying Gronwall’s inequality and substituting from (6.67)—(6.68) results in the de-
sired bound:

() — v (1) <6, telg +7.p+m0).

The lemma then follows from the fact that [p— 7 —no, p+no] C [qu +7,p+ o). O

6.5. Semiflow and Poincaré-type map. In this section we define a semiflow
and a variant of a Poincaré map that will be used in the next section to prove the
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exponential stability of a SOPS. Throughout this section we fix 7 > 7, where

74 > 74 is as in Lemma 6.14 and the properties in Remark 6.1 hold.
Define the semiflow ¥ : Ry x C[t‘r,()] — C[tr.o] by

(6.77) U(t, ) = x4,

where x denotes the unique solution of the DDER with zp = ¢. Since the DDER
is autonomous and solutions to the DDER are unique, we have, for s,t € Ry and

+
(7S] C[,T)Q]a
(6.78) S(t,X(s,0)) =Bt xs) = st = D(s+,0).
LEMMA 6.26. The semiflow ¥ : Ry X C[tr.o] — C[tT 0l 15 continuous.

Proof. The lemma follows from (6.42) and because solutions of the DDER are
continuous. O

Let x* denote a SOPS with delay 7 and ¢y = —7. Fix an 1y > 0 and associated
g0 € (0,7m9) as in Lemma 6.17. Define the neighborhood U of (p,x{) in the Banach
space R x C_. g (with norm ||(¢, @)[| = [t| V |l¢ll[=~0]) by

(6.79) U={(t,p) ERxClrg:I(t,9) — (p,25)]l <eo}.

Note that Lemma 6.17 implies 4 C Ry x C[—t‘ﬂO] and, moreover, if (¢, ) € U, then
o(s) > 0 for all s € [—7,0] and z(s) = X(t,)(s) > 0 for all s € [-7,0]. Hence, by
(2.6), @y € Cj_r ], Where & € Dj_, ) is defined as in (2.6). For the following lemma,
recall that given vector spaces X and Y, £L(X,Y") denotes the vector space of bounded
linear operators from X into Y.

LEMMA 6.27. The semiflow X is continuously Fréchet differentiable on U and
for each (t, ) € U, the derivative DX(t, ) € L(R x Ci_;.0),C[—r,0]) is given by

(6.80) DX (t, ) (s,) = sty + vy for all (s,1) € R x C—rq,

where x denotes the unique solution of the DDER with xg = @, © is defined as in
(2.6), and v denotes the unique solution of the VE along x with vy = 1.
Proof. For each (t,¢) € U, define the operator F(t,y) : R x C_; o — C[—+,0] by

(681) F(ta SO)(S?w) = Sx.t + Ut, (87w) €ERx C[—T7O]'

It suffices to show (see, e.g., Theorem 1.3 in [9]) that (i) the function (¢, p) — F(t,¢) is
continuous as a mapping from ¢ into L(R x C(_+ g}, C|—~,) and (ii) for each (t,p) € U
and (S, ¢) eR x C[,T)Q],

F(t, ¢)(s, ) = 161&15*1{2(7: +es, 0+ ) — S(t, )},

where the limit is taken in C_, q).

We first show that (i) holds. Fix (t,¢) € U and let x be the unique solution of
the DDER with o = ¢. The linearity of F(t, ¢) follows from Lemma 6.22 and the
fact that t — 7 > p —1n9 — 7 > {1 + 1o > ¢7. This, along with (3.10) and (B.11) (with
vl = 0), establishes that F(t,¢) is a bounded linear operator. We now show that
(t,) — F(t, ) is continuous. Let 6 > 0. By Lemma 6.25, we can choose ef > 0
such that if 2 is another solution of the DDER satisfying ||z — zf||_, ¢ < &' and
Y € C_rq) satisfies [|1)[|[—r,0) < 1, then

x 11‘
(6.82) [0 = 0" N p—r—no.pma] < 9/3,
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where v® and v®' denote the unique solutions of the VE along z and z', respectively,
with vf = vf)f = 7). By choosing a possibly smaller ¢t > 0, we can assume that

)
< .
3K [H + 2exp(2K (g2 +10))]

(6.83) el

Suppose (1, 1) € U satisfies ||(t, ) — (tT,o1)[| < &' and (s,4) € R x C[_, ¢ satisfies
[(s,4)|| = 1. Let z' denote the unique solution of the DDER with 2} = ¢'. Define
i as in (2.6) and define &' as in (2.6), but with @7 and 2 in place of & and =,
respectively. By (6.81),

. . xT ET
(6.84) [IF(t,0)(5,%) = F(t1, ") (s, ) l1-r0) < Nt — s 1m0 + |0 = 0F [|-r.0-

Consider the first term on the right-hand side of (6.84). Using (2.6), with f(x;) =
h(z(t — 7)), (3.12), (3.10), (6.42), and (6.83), we have

(6.85) ||dr — il =g < w [h(z(t — 7+ ) = h(zt (T =7 +u))l
ue|—T,

<K [Hﬂ?t—r = 2t —rll{=r0) + lTet 7 — $L_T||[77,0]}

< Ky [H[t — t1] + 2exp2K4(tT — 7))llo — ' r,0]]
< 6/3.

Now consider the second term on the right-hand side of (6.84). By (6.82), (6.56),
(3.12), (B.11) (with v = v*', v = 0, and K¢ = Kj), and (6.83), we have

(6.86) lvf —vii =m0 < 0F = v =m0 + 108 — v [l=7.0]

tT+u

<6§/3+ sup / I (2T (s — 7)o" (s — 7)|ds
u€[—7,0] Jt+u

< 0/3+2Kpexp(2Kx(q2 + no))|t — tT|

< 2§/3.

Combining (6.84)—(6.86) and recalling that (s,1) was only subject to the constraint
l(s,9)|| = 1, we see that || F(t,¢) — F(tf,¢")|| < 6, so F is continuous at (¢, ¢). Since
(t,») € U was arbitrary, (t,¢) — F(t, ) is continuous on ¢ and so (i) holds.

We now show that (ii) holds. Fix (¢,¢) € U and (s,) € R x C[_, . Let x be the
unique solution of the DDER with x¢y = ¢ and let v be the unique solution of the VE
along = with vg = 1. Clearly, (t + es,p + ) € U for e sufficiently small. For such
€ > 0, let 2 denote the unique solution of the DDER with zj = ¢ + € and define
v =¢e Y2 —1) € Cl—r,00)- Then, by the triangle inequality,

(6.87) e Bt +es, o +ev) =Bt )} = F(t,9)(s,9)] _ g

<ot |ag, ., — 25 — Esx'tH[_T,o] +llvg = vellrqp -
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For the first term on the right-hand side of the above inequality, we have

/Oss(h(a:s(t Fu—47) — h(a(t+u—7))dr

Iecs =i =il = o,

ES
< K} sup / [z*(t+u—T74+7r)—2(t+u—T1)|dr
we[—7,0] JO

ES
+ Kp, sup / [e*(t+u—7)—a(t+u—T1)|dr
uwe[—7,0] JO

ES
SKhH/ rdr
0

+ Kpes sup |zt +u—7)—z(t+u—7)
we[—7,0]

< KhH€2S2 + 2Kh||¢|‘[,7.)0]628 exp(ZKht).

N | =

The first equality follows from (2.6) and the fact that x and z° are positive in the
les| neighborhood of [t —7,¢]. The first and second inequalities follow from (3.12) and
(3.10), respectively. The final inequality follows from (6.42), but with 2¢ in place of .
Therefore, the first term on the right-hand side of the inequality in (6.87) converges to
zero as € | 0. For the second term on the right-hand side of the inequality in (6.87), we
first note that by (6.56) and the inclusion [t—7,t] C [p—7—n0,p+n0] C [¢f +7, p+10],
v is continuous on [t — 7,t]. Thus, by Proposition 6.20, ||v; — v¢[[[—r0 converges to
zero as € | 0. Since the convergence holds for each (¢,¢) € U and (s,9) € R x Cj_; ¢,
(ii) holds and the proof is complete. O
Define the function Z : R} X C[J:T)O] — R by

(6.88) Z(t, @) = z(t),

where z is defined as in (2.3) with « being the unique solution of the DDER such that
xo = . Let V be the neighborhood of (¢1,z5) in R x C[_; o] given by

V={(t.¢) ERXClorg : |I(t, ) — (1, 25)[| <0} -

Note that by Lemma 6.17 and because €9 € (0,70), V C Ry x C[tr,o]' In the following
lemma we prove that Z is continuously Fréchet differentiable on V. This combined
with the implicit function theorem will allow us to define a continuously Fréchet
differentiable function A that maps ¢ in a small neighborhood of zj to the first time
that the associated solution of the DDER hits the lower boundary (see Lemma 6.29).

LEMMA 6.28. The function Z is continuously Fréchet differentiable on V and for
each (t,) €V, the derivative DZ(t, ¢) € L(R x C_. ), R) is given by

(6.89) DZ(t,¢)(s,1) = s2(t) +w(t) for all (s,4) € R x C_7 -

Here 2 € Cjo,o0) 15 defined by 2(t) = h(x(t — 7)) for all t > 0 with x being the unique
solution of the DDER with o = ¢, and if v is the unique solution of the VE along x
with vo = 1, then w is defined by (6.50).

Proof. For each (t, ) € V, define the operator G(t,¢) : R x C[_ o) — R by

(6.90) G(t,0)(s,¥) = sz(t) + w(t), (5,9) € R x C—r ).
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As in the proof of Lemma 6.27, it suffices to show that (i) the function (¢, ) — G(¢, )
is a continuous function from V into L(R x C;_; ¢, R) and (ii) for each (¢,¢) € V and
(87 ¢) eRx C[—T,O]a

G(t,0)(s,0) = 161%18’1{2(75 +es,p+ey) — Z(t,0)}.

We first show that (i) holds. Fix (¢,¢) € V, let « denote the unique solution
of the DDER with g = ¢ and define 2z as in (2.3). The linearity of G(¢, ) follows
from (6.50), Lemma 6.22, and the fact that ¢; + 9 — 7 < £7. Using Lemma 3.5,
(6.50), (6.42), and (B.11), it is simple to check that G(t, ¢) is indeed a bounded linear
operator. Now fix § > 0. By (6.42) and the continuity of i/, we can choose ' > 0
such that if 2T is another solution of the DDER satisfying [lzo — x| (_,.0) < e, then
given 1 € [0,¢ +ef),

1)
su "(z(u)) — W (zf (u .
(6.91) ue[fT,li?T*T] W (@) = (@ ()] < 8 exp(3K (€1 + m0)) (41 + o)

By choosing a possibly smaller ¢t > 0, we can ensure that ¢ satisfies

- )

= 4K, (H 4+ 2exp(3K5,(61 +m0))

Suppose (1, ") € V satisfies ||(t, ) — (tT,1)|| < e and let 27 denote the unique

solution of the DDER with z} = ¢f. Define 2! as in (2.3), but with 2t and 2 in place
of x and z, respectively. Consider (s,1) € R x C[_, ) such that ||(s,)|| = 1. Let

v and v be the unique solutions of the VE along = and z, respectively, and both
with initial condition 1. Define w” as in (6.50), but with v* and w® in place of v and

(6.92) ef

w, respectively, and define w®' as in (6.50), but with v*" and w*' in place of v and
w, respectively. Note that by (6.50) and (6.56), we have

(6.93) Ve (t) = w* (1), 0<t< (.
Similarly, (6.93) holds with n , wa, and ETT in place of v*, w”, and (7, respectively.
Applying the triangle inequality in (6.90), we have
. . xr ZET
(6.94) G(t,0)(5,9) = G(tT, ") (s,9)| < |2(t) = 21 (tT)] + [w”(£) — w® (¢1)].
Using (2.3), (3.10), (3.12), (6.42), and (6.92), we can bound the first term on the
right-hand side of (6.94) by
(6.95) |2(t) — 2T(t")] < Kp, [zt —7) — c(tt —7)| +|ztt —7) — 2T (T - 7] <6/4.
By (6.50), (3.12), (6.93), and (B.11), the second term on the right-hand side of (6.94)
satisfies
Jw? (£) — w ()] < [w”(t) — w” ()] + [ (t) —w”' (¢1)]
< 2K}, exp(2K (61 — 7+ m0)) [t — tT]
tT

"x(s —1)) =K (2T (s = )lv* (s — 7)|ds
+/0 W (s — 7)) — (' (s — 7))|[o" (s — 7)|d

"zt (s — )0 (s — 7) — v% (s — 7)|ds
+/0 W (T (s — 7)o (s — 1) — o*' (s — 7))

- 30
~ dexp(Kp(4 +m0))

tf
+Kh/ [w®(s) —wmf(s)|ds.
0
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An application of Gronwall’s inequality to the above inequality yields
(6.96) lw? () — w® (t)] < 36/4.

Combining (6.94)(6.96), we obtain |G(t, ¢)(s, ) —G(tT, o1 (s,9)| < §. Since (s,v) €
R x C;_,0) was only subject to the constraint ||(s, )| = 1, G is continuous at (¢, ¢).
Noting that our choice of (¢, ¢) € V was arbitrary, we have G is continuous on V, and
so (i) holds.

We now show that (ii) holds. Fix (t,¢) € V and (s,1) € R xC|_; . Let 2 be the
unique solution of the DDER with z¢p = ¢, 2z be defined as in (2.3), v be the unique
solution of the VE along x, and w be defined as in (6.50). For £ > 0 sufficiently small
such that (¢t + es,p + ev) € V, let 2° denote the unique solution of the DDER, with
initial condition ¢ + €1}, define 2° as in (2.3), but with 2% and z° in place of x and z,
respectively, and define w® = e~ 1(2° — 2) € Cl—r,0)- By the triangle inequality,

(6.97) le™  (Z(t +es,p+ev) — Z(t, ¢)) — s2(t) — w(t)|
<e Y2 (t 4 es) — 25(t) — esi(t)| + |wo(t) — w(t)].

For the first term on the right-hand side of the inequality in (6.97), we have
ES
[25(t + es) — 2°(t) — esz(t)] < Kh/ | (t +u—7)—a(t — 7)|du
0
+ Kpesla®(t —7) —a(t — 1)
ES
< KhH/ udu + Kpes||z® — 2 |/[—7 0, 410)
0

< KhH€282 + 2Kh||¢|‘[,7.)0]628 exp(2Kh(€1 + 7]0)).

N =

The first inequality follows from (3.12) and the triangle inequality. The second in-
equality follows from (3.10). The last inequality follows from (6.42) with x° in place
of 2T, Thus, the first term on the right-hand side of the inequality in (6.97) converges
to zero as € | 0. By Proposition 6.20, the second term on the right-hand side of the
inequality in (6.97) converges to zero as ¢ | 0. Since the limit holds for each (t,¢) € V
and (s,1) € R x C[_, g, (ii) holds and the proof is complete. O

LEMMA 6.29. There is a neighborhood T x W of (0,z5) in (—¢o,€0) X Ci_7q]
and a continuously Fréchet differentiable function A : W — T such that A(xf) = 0,
(b1 +A(p),p) €V for all p € W and for all (t,p) € T xW, Z(l1 +t,0) =0 if and
only if t = A(p). Furthermore, A(yp) = (5 — {1, where £7 is as in Lemma 6.17 with
x the unique solution of the DDER satisfying xo = ¢, and the derivative of A at x,
DA(x5) € L(Cl—r,0), R), is given by

w(ly)
(0

(6.98) DA(z()y = — for all ¢ € C|_ g,

~—

where w is given by (6.50) with x replaced by x* and v is the solution of the VE along
x* with vg = .

Proof. Note that Z is continuously Fréchet differentiable on V and Z(¢y, z§) = 0.
Additionally, due to the fact that ¢ — 7 € (—7,q1), we have h(z*(¢1 — 7)) < 0 and
so s = DZ(l1,25)(s,0) = s2*(¢1) = sh(x*(¢1 — 7)) is an isomorphism on R. It then
follows from the implicit function theorem on Banach spaces (see, e.g., Theorem 2.3



4516 DAVID LIPSHUTZ AND RUTH J. WILLIAMS

in [9]) that there exists a neighborhood 7 x W of (0,z{) in (—eo,€0) X C—r,0) and
a continuously Fréchet differentiable function A : W — R such that Af(z}) = ¢4,
(Af(p),p) € Vforall p € W, and for all (t,¢) € T x W, Z(¢1 +t,p) = 0 if and only
if /1 +t = A’(p). Moreover, the derivative of A? at x is given by

DAY (x)p = —[D1Z (0, x3)] ' Do Z (01, x5)0p = —;”((‘21)) for all ¢ € Cj_, g
1

where D;Z denotes the derivative of Z with respect to its ith argument. Define
A:W — R by A(p) = A (p) — ¢4 for each ¢ € W. Then A is continuously Fréchet
differentiable on W, A(z§) = 0 and (¢1 + A(p), ¢) € V. Thus, by the definition of V,
[A(p)] < ep <mno. Given ¢ € W, let & denote the unique solution of the DDER with
xo = ¢, define z € C|_; o) as in (2.3), and let /] be as in Lemma 6.17. Then /7 is the
unique point in (€1 —no, £1+10) such that z(¢7) = 0. Since {1+A(p) € (L1 —mn0,L1+10)
and z({1 + A(p)) = Z(41 + A(p), p) = 0, we must have that ¢; + A(p) = (7. a

We can now define our variant of a Poincaré map for z*, I' : W — C[J: o 88
follows:

(6.99) L(p) =2(p+ Ap): ), pEW.

THEOREM 6.30. The function I' is continuously Fréchet differentiable, i is a
fized point of T, and for all ¢ € C|_+ ), the derwative of I in the direction v and
evaluated at xf is given by

% w él .
(6.100) DI (z5)y = — 2*((61)) &), + Up.
Here v denotes the unique solution of the VE along x* with vg = ¢ and w is defined
as in (6.50), but with =* in place of x.

Proof. The fact that I' is continuously Fréchet differentiable on ¢ is due to the
facts that X is continuously Fréchet differentiable on U, A is continuously Fréchet
differentiable on W, and (p+ A(y), ¢) € U for all ¢ € W. Since A(xf) = 0, the chain
rule implies that

(6.101) DI (a3)t) = DiS(p, 25) DA(a5)i) + DaS(p, a3 )i

By (6.98), we have DA(x§)Y = —w(¢1)/2*(¢1). Then by (6.80), with z{j in place of
v and DA(z{)y in place of s, we have

w(ly) .,

DX (p,x) DA(x)yp = — =) T,

where 2* is defined by 2*(t) = h(z*(t — 7)) for all t > 0 and w is defined as in (6.50),
but with z* in place of z, and also

D2E(p7 553)1# = Up,

where v denotes the unique solution of the VE along z* with vy = . d

6.6. Proof of stability. In this section we prove that if the delay 7 is sufficiently
large, then any SOPS is exponentially stable. In section 6.7, we prove that such a
SOPS is unique, which will complete the proof of Theorem 3.8. Let 7(*) > 7, be such
that Lemma 6.14 and the properties in Remark 6.1 hold. Recall the positive constants



PERIODIC SOLUTIONS OF DDE WITH REFLECTION 4517

a, B, m, H, K, and M introduced in Assumptions 3.3 and 3.4, and Lemmas 3.5, 3.6,
and 6.24.

LEMMA 6.31. For each 0 > 0, there exists 79 > 1o such that whenever T > 19, x*
is a SOPS of the DDER with delay T and qo = —7 and T is the associated Poincaré
type map defined in (6.99), then ||DI'(zg)| < 6.

Proof. Fix 6 > 0. By (6.27), Corollary 6.12, Lemma 6.14, Remark 6.1, and
Lemma 5.5, there exist constants d > 0 and 7y > 7®) guch that if 7 > 70 and x* is
a SOPS of the DDER with delay 7, then (i) ¢2 < ¢1 + 27; (ii) 2*(t) > L + 7d for all
t €[ — 7,01 —7]; and (iii) h(s) < —a/2 for all s > L + 7d. By choosing a possibly
larger 79 we can ensure that

4K (14 Kp)LEMm(2MH + o) (28 + «)
. >
(6 102) T = 9a4ﬂd

Fix 7 > 79 and a SOPS z* with delay 7 and qo = —7. Suppose ¢ € C|_; o satisfies
l¥ll—7,0 = 1. Let £ € D|_; ) denote the unique solution of the VE along x* with

_ w(t)
Y

&5+ € Cl_r o,

where if v is the unique solution to the VE along x* with vg = v, then w is defined as
in (6.50), but with z* in place of 2. Note that by Lemma 6.24, |[v[/[0,e,] < [[v{—7p) <
M][p][[=r0]- Since w and v are equal on [0, /1) and w is continuous, we have [|w/|[o,¢,] <
M][][[=r,0) as well. This along with (ii), (iii) above, the fact that 2*(t) = h(z*(t —
7)) for all ¢ > 0, and (3.10) together imply that |||l < 20 'MH + 1. From
Lemmas 6.22 (with a = 1,b = —w(¢1)/2*(¢1) and vT = &*) and 6.23, we obtain

(6.103) &) = —:i(éll)) *(t) + v(t), te[-1,p\{h}
Note that ¢1 & [p — 7,p], so by (6.100),
& = —:)(éll)) @5 4+ v, = D(z)9.

Since ©*(t) = 2*(¢t) and v(t) = w(t) for all ¢t € [0,41), and Z* and w are continuous,
we have

. o w(t) .. _
(6.104) 11#21115(75) = 11&;11 {_z'*(él)z (t) + w(t)} =0.

By (6.57) and (6.104), we have, for ¢1 < s < {1,

01
(6.105) [€(s)] = lim [£(2) — £(s)] < / W (2" (u — 7))&(u — 7)|du

S

“ N @ (= ) (u = 7))
< ll€lli—r.e / j2*(u —7)| "
M|ty — q1|m
< WH&)H[*"?O]'

The final inequality above follows from Lemma 6.24, Assumption 3.4, and the fact
that *(u) > L+ 7d for all u € [¢1 — 7,41 — 7).
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By (6.57) and (6.104), £ is continuous at ¢; and equal to zero on [¢1, ¢ + 1], so
M|ty — q1lm
L+7d

By (6.57) and (3.12), for t € [q1 + 7,01 + 7], [£(t)] < Knlly — a1]ll€]lig,,q14-)- For
tellh+7,q+27], {(t—7) =0, s0 ¢ is constant on [¢1 + 7, ¢1 + 27] and thus

(6'107) ||§||[q1+7',q1+2‘r] < Khlgl - q1|H§H[q1,q1+‘r]'

By (i) above, g2 < q1 + 27. Then by (6.57), for t € [q1 + 27, p] = [q1 + 27, q2 + 7],

(6.106) 1€l gr.qn 4] < 1€oll{-r.0)-

@) < 1&(qr +27) + /p [/ (2" (s = 7))§(s — 7)lds

q1+27
< (14 Kn)lgz — a1 — 7€l 1gy +7,q1+27]-

Then by (6.102), (6.106), (6.107), and (6.41),
(6.108) DT (@g)¢ || = I€pll[—r.0) < 0.

Since (6.108) holds for all ¢ € C|_; ¢ satisfying [|1[/[—+,0) = 1, the conclusion of the
lemma follows. a

We now establish that for 7 sufficiently large, any SOPS to the DDER is expo-
nentially stable. The statement and proof of Theorem 6.32 below are similar to the
statement and proof of Theorem 1.1 in [40], which establishes the exponential stability
of periodic solutions to an unconstrained state dependent delay differential equation.
We include the proof here for completeness.

THEOREM 6.32. Fiz 6 € (0,1) and 7 > 9. Suppose x* is a SOPS of the DDER

with delay T and qo = —7. Then there exist constants € > 0 and K, > 0 such that
given any

log 6
(6.109) 0 <y < Ho8fl

there exists K, > 0 such that if ¢ € C[tT 0 satisfies || — % |li—r0) < € for some
o € [0,p), then there exists p € (—p,p) satisfying

(6.110) Ip| < Kplle — 25 |l-r0)
and such that
(6.111) e = 2540 piplior) < Koo o = a5 lr) for all £ >0,

where x is the unique solution of the DDER with delay T and x¢ = .

Remark 6.2. Note that since o is nonnegative and |p| < p, it follows that ¢ + o +
p+p>0forallt>0andsoz;,,,,,in (6.111) is well defined for all ¢ > 0. When
o+p >0, az7,,,,is well defined for all £ > 0, so by the periodicity of z*, we can
replace xy| ;4 1, With 23, .

Proof. Let z* be a SOPS of the DDER. First note that by (3.10) and the period-
icity of x*,

(6.112) llzi — 2l =m0 < HIt — 5], 0<s,t < o0.

Our proof proceeds by sequentially proving that the following statements hold:
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(i) Given any ~ satisfying (6.109), there exist positive constants €1(7y), I?p(v),
and Ki(v) such that if p € C[tﬂo] satisfies || — 25/[—r,0) < €1(7), then there exists

p € (—p,p) satisfying (6.110), with o = 0 and IN(p(*y) in place of K,, and such that
(6.111) holds with ¢ = 0 and K () in place of K.

(ii) There exist positive constants g2 and K, such that given any ~ satisfying

(6.109), there exists K5(v) > 0 such that if ¢ € C[—t‘ﬂO] satisfies || — 2§||[—r0) < €2,

then there exists p € (—p,p) satisfying (6.110), with ¢ = 0 and K, in place of K,
and such that (6.111) holds with o = 0 and K5(v) in place of K.

(iii) The statement of the theorem.

Proof of (i). Since T is continuously Fréchet differentiable, it follows that

I'(p) — x5 = DU(x5) (¢ — 25) + o[l — 25| (—r0))

as |l¢ — xjll[—r,0) — 0. Suppose vy > 0 satisfies (6.109). Then e™7? € (0,1). By
Lemma 6.31, || DI'(z§)]| < 6, so by taking a sufficiently small neighborhood W of zf

in C[J:T o) We can ensure that

(6.113) ID(0) = 5l o) < el — (0] for all o € W.

By Lemma 6.29, we can choose €1(7), K2(y) > 0 such that

W) = {9 € Cf g Il = ailliro < 211 €W
and
(6.114) AW < Ka()llp = 25l for all o € W(z1(7)).

By choosing a possibly smaller €1(y) > 0 such that e;(v)K2(y) < 7, (6.114) ensures
that

(6.115) |A(p)] < 7 for all ¢ € W(e1(y)).

Given ¢ € W(e1 (7)), we can iterate (6.113) to obtain that I'*(¢) € W (e1(7)) for each
k=0,1,... and

(6.116) IT(6) = 23l i) < € ™l — 2| _rg)-

Define tg = 0 and I'’(¢) = ¢. For k = 1,2, ..., recursively define

k—1

(6.117) Alp,k) =) A (I(p),
j=0

(6.118) ty = kp + A, k),

Let = denote the unique solution of the DDER with 2o = ¢. We will use induction to
show that I'*(p) = =z, for all k = 0,1,.... By definition, I'°(¢) = ¢. Now suppose
that ['*(¢) = 2, for some k € {0,1,...}. Then using the semiflow property of ¥ we
have

") =T (T*(9)) = £ (p+ AT (9)), Stk 9))
=X (tk +p+ A(Fk(QO))v QO) = Ttp -
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Therefore, by the induction principle, I'*(¢) = x;, for each k = 0,1,.... Note that
(6.115) implies tg < tgy1 for each k = 0,1,.... Using (6.114) and (6.116), we have
forall k=0,1,...,

(6.119) A (T*(¢))| < K2(NIT* () = @5 ll-r0) < Ka(v)e” " |l — 25l[-r.0)-
Define
(6.120) p=— lim A(p,k),

k—o00

where the existence of p as a finite limit follows from (6.117) and (6.119). By (6.117),
(6.119), and (6.120), we have for each k =1,2,...,

(6.121) A k)] < i A ()] < By(n)llp — 23l o

(6.122) ol < i AT < Byl — a3lira

and

(6.123) ot Al B < S IAI ()] < Bplm)e o — a3l oo
=k

where

(6.124) K,(7) = Ka() io e P = %

By choosing 1 () > 0 possibly smaller so that sl(v)ffp(*y) < p, it follows from (6.122)

that p € (—p,p).
Now let It = [tk,tx+1] for each k € Ny. By (6.118), (6.121), and the fact that

e1(7)K,y(7) < p, tp — 00 as n — 00, so [y Ix covers [0,00). From (6.117)—(6.119)
and (6.121), we have for ¢ € W(ei(y)) and k =0,1,...,

(6.125) thpr — tr = p+ AILF(9) <p+ K,(v)e1(7)-
By (6.42), for K3(v) = 2exp[2K(p + I~(p('y)£1('y))], we have, for all p € W(e1(7)),

(6126) |l — 2l _ro) < sl — 75l rgp 0<t<pt Kp(n)er(r):

It follows from (6.116), (6.125), (6.126), the relation I'*(¢) = 24, , and the semiflow
property of ¥ that for ¢ € I,

7t = 27— im0y = I2(E =ty @) = 20t = trs 75) [ -r0)
< Ks(MIT*(@) = 25l -0}
< K3(y)e "™l — bl r.0)-
Also, by (6.112), (6.118), and (6.123), for all t € I,
2t—t, = Tespplli-ro) = 12—ty 4 et 1)p = Ttaprplli=r0)
< H|p— kp+t;|
< Hlp+ A(p, k)|
< HK,(7)e ™ |l¢ — @5l
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Combining the previous two inequalities yields

(6.127) 2 — 25 pypll im0 < Ka(y)e "™l — x| (—r o) for all t € I,
where
(6.128) Ka(y) = Ks(y) + HEK (7).

Furthermore, by (6.118) and (6.121), we have

(6.129) thr —kp=p+ Alp, k+1) < p+ K, (7)e1(7).

Therefore, by (6.127) and (6.129), for all ¢ € I,

(6.130) 1 = @ pll o < Ka(7)e™ PG00 0 — 3|
< Ki(v)e " lle = 25l -r,0;

where K (y) = K4(’y)67(p+f(ﬂ(7)€1(7)). From (6.122) and (6.130), we see that (i) holds.
Proof of (ii). Fix 74 > 0 satisfying (6.109) and set

=), K,=K,).

Now given ¢ € C[J: 0] satisfying [[¢ — x§|l[—r,0) < €2, let 2 denote the unique solution
of the DDER with o = ¢. By (i), there is a p € (—p, p) satisfying

(6.131) ol < Kplle — 25 llj-r0)
and such that
(6.132) 2 = 27y pll—r0) < K1 (3)e™ 7l — 25— r 0] for all ¢t > 0.

Suppose v > 0 also satisfies (6.109). Then set

o) v =mas{o Los (527 |

where £1(y) > 0is asin (i). Due to (6.132), (6.133), and the fact that |[¢ — z{|/[—7 0 <
€9, we have, for all t > T'(v),

(6.134) e = 274 g pll =m0 < Ka(F)e "l = 2 ll—r0) < 1(7)-
Let ny = min{k € N: kp > T'(y) + £2K ,} and define
(6.135) ty = nyp—p.

By (6.131) and the definition of n., we have t., > n.p — g2 K, > T() and so (6.134)
holds for all ¢ > ¢,. Then (6.134), (6.135), and the periodicity of z* imply that

(6.136) e, = 2§llera) = lze, = 27, 4piplliro) < €10,

Additionally, by (6.133) and the fact that p € (—p,p), we have the following bound
on t.:

(6.137) ty ST(y) +e2K,+p+Ip| <T(7) +e2K, +2p.
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Define z7 € C[ - Oo) by x7(t) = z(ty +t) for all t > —7, so that 27 is a solution

of the DDER with zj = x; . By (6.136) and (i), there exists p € (—p, p) such that
for all t > 0,

(6.138) 27 — @} plli—ror < Ka(V)e " lzg — 25 ll—r.01-

From the definition of 27, (6.138), (6.135), the periodicity of «*, and (6.132), it follows
that for ¢t > 0,

(6.139) ||33t+t xt-‘,—p-‘,—p” —7,0] ||$t $I+p+ﬁ||[fr,0]
< Ki(y)e "y, — T yprplli-r0]
< Ki()e " Ki(3)e " o — g ll—r.0-

By (6.135), the periodicity of z*, (6.132), (6.139), and the fact that |[¢ — z{|/[—70 <
€9, we have, for t > 0,

(6.140) |z — x:+p+ﬁ||[—7',0] = ||$I+tw+p - x:+p+ﬁ||
< ||9C:+tw+p+p = Tt4t, ||[—7-,0]
+ lzett, — i prslli—ro
S EKi(W)e "o = aglli-r,0
+ Ki(ME1(7)e” e o — aglir,0
— 0 ast— oo.
Thus, by periodicity, *(t) = 2*(t +p+ p) for all ¢ > 0. Since p is the minimal period
of z*, p must be an integer multiple of p. Then |p| < p implies that p = 0. Now by
(6.139), with p =0 and ¢ — ¢, in place of ¢, we have, for t > ¢,,
(6.141) 2e = 25 pt, lir0) < K1 ()KL (3)e 77 o — a5 g
< Kes(y)e Mg - 25l (—.0)5
where Kg(7) = K1(7)K1(7)et"(=7). For 0 <t < t., by (6.132) and (6.137), we have
(6.142) ||z — xt—‘,—p—‘,—p”[—‘r 0 < Ki(y )evtwe w”@ - x0|| —7,0]

< Ki(7)exp (v (T(7) + 2K +2p)) e lp — 2|70
< Kr(v)e "l = x5l -0,

where K7(v) = Ki(¥)exp (v (T(y) +€2K, + 2p)). Combining (6.141) and (6.142)
and letting K5 (y) = max(Ks(7y), K7(7)) we have, for ¢ > 0,
(6.143) lwe — @71 pi plli—r0) < Ks (Ve e — 7,0

It follows from (6.131) and (6.143) that (ii) holds.
Proof of (iii). Suppose o € [0,p) and ¢ € C . Let x denote the unique solution

of the DDER with zy = ¢. By (6.42), with z ( + -) in place of zf(.), for o € [0, p)
and 0 <t < p,

(6.144) lee = 2f 1ol (—r0) < 2exp2Knp)lle — 25 [l -r.0)-
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Choose ¢ > 0 satisfying

€2

.14 < - =
(6.145) = 2exp(2Kup)

Fix v > 0 satisfying (6.109) and suppose ¢ € C[tT_O] is such that [[¢ —z}||[—r0 < €
for some o € [0,p). By (6.144), for 0 <t <p —o,

(6.146) e = @l ro) < 2exp(2Knp)ee o — | o

Now (6.144), (6.145), and the periodicity of z* imply that

(6.147) -0 — 3ll ) < 2exp(@Enp) i — 5 [ ro) < 2.

Then by (ii) and (6.147), there exists K5(v) > 0 and p € (—p, p) such that for ¢ > 0,

6148)  [wripo — hpiplliono < Ks(e lapo — 2bllr
< 2K5(7) exp(2Knp)e " lp — 5 | g

and
(6.149) 19l < Bplltp—o — o) < 2K, exp(2Kip) | — 25| —ro)

Set K, = 2K , exp(2Kpp) so that (6.110) holds. By (6.148) and the periodicity of z*,
fort >p—o,

(6.150) |zt = 274 protplli=ro) < 2K5() exp(2Knp)e™ " [0 — 27 [[-r.01-

On the other hand, by (6.146), (6.112), and (6.149), we have, for 0 <t <p — o,

(6151) ||xt - x;k+p+d+p||[—‘r,0] < th - xI+GH[—T,O] + ||x;k+p+d - x;k+p+d+pH[—T,O]
< 91 + HE,) exp(2Kp)ee o — 25 —r .

Upon setting K, = 2exp(2Kp) max(K5(y),e’(1 + HK,)), the combination of
(6.150) and (6.151) implies that (6.111) holds, which completes the proof. O

6.7. Proof of uniqueness. In this section we show that if the delay 7 is suf-
ficiently large, then any SOPS z* of the DDER with delay 7 is unique up to time
translation, which will complete the proof of Theorem 3.8. The proof of uniqueness is
similar to the proof of Corollary 19 in [80] and to the proof of Part 1 of Theorem A in
[41]. The main tool which we use to prove the uniqueness of a SOPS is the fized point
index. For an in-depth discussion of the fixed point index and its properties, see [54].
We briefly introduce a special case of the fixed point index used here and remark on
some of its relevant properties.

Suppose that K is a closed, bounded, convex, infinite-dimensional subset of a
Banach space and f : K — K is a continuous, compact function. For each relatively
open subset U of K, for which the set of fixed points of f in U, Sy = {z € U :
f(z) =z}, is compact (possibly empty), there is an integer tx (f,U), called the fixed
point index of f on U. This index tx(f,-) is uniquely characterized by the fact that
it satisfies the following properties: additivity, homotopy, and normalization (see [54]
for details of these properties). Here we state the additivity property since it will be
used in the proof of uniqueness.



4524 DAVID LIPSHUTZ AND RUTH J. WILLIAMS

e Additivity. If Uy and Uy are disjoint subsets of U, where Uy, Us, and U are
relatively open subsets of K, and if Sy is compact and satisfies Sy C Uy UUs,
then vx (f,Uj) is defined for j = 1,2 and

LK(va):LK(va1)+LK(f7U2)'

In addition, tx (f,-) has the following useful properties:
(i) The fixed point index tx (f, K) is defined and equal to 1.

(ii) If x € K is an ejective fixed point of f (see Definition 5.1), then there exists
a relatively open subset U of K such that « € U, z is the only fixed point of f in U
and tx (f,U) = 0 (see, e.g., Corollary 1.1 in [50]).

(iii) If = € K is an attractive fixed point of f (see Definition 6.33 below), then
there exists a relatively open subset V' of K such that x € V', z is the only fixed point
of fin V and tx(f,V) =1 (see, e.g., Theorem 3.5 in [54]).

DEFINITION 6.33. Suppose x¢ € K is a fized point of f. Then xq is an attractive
fixed point if there exists a relatively open neighborhood U of xo in K such that if V is
any relatively open neighborhood of xo in K, there exists a positive integer ng = ng(V)
such that f™(x) € V for alln >mng and x € U.

THEOREM 6.34. Fiz 6 € (0,1) and let 79 > 70 be as in Lemma 6.31. For each
T > 79 there ewists_a unique SOPS of the DDER with delay T and qo = —.

Proof. Define IC and A asin (5.18)—(5.20) and (5.26). Then K is a closed, bounded,
convex, infinite-dimensional subset of the Banach space C|_; g, and A is continuous
and compact. Thus, by property (i) above, the fixed point index of A on K is defined
and L,E(A,IE) = 1. Recall that ¢ = 0 is the unique constant fixed point of A. By
Lemma 5.12, ¢ = 0 is an ejective fixed point of A, so property (ii) above implies that
there is a relatively open subset U of K containing ¢ = 0 that does not contain any
other fixed points of A and such that tz(A,U) = 0. If  is a nonconstant fixed point
of A, it follows from Lemma 5.8 that the associated solution z* of the DDER" is a
SOPS". Moreover, by Lemma 5.5 and Theorem 6.32, the corresponding SOPS z* is
exponentially stable. Conversely, if * is an exponentially stable SOPS with gy = —7,
then by Lemmas 5.5 and 6.15, the initial condition of the corresponding SOPS", &, is
in K and is a nonconstant fixed point of A. Thus, there is a one-to-one correspondence
between nonconstant fixed points of A and exponentially stable SOPS with g9 = —7.
Furthermore, it is straightforward to check that the exponential stability property of
x* implies that 2 is an attractive fixed point of A. Therefore, by property (iii) above,
for each nonconstant fixed point ¢ # 0 of A, there is a neighborhood Vg of ¢ that
does not contain any other fixed points of A and such that 1z(A,V;) = 1.

Let S = {¢ € K : A(¢) = @} denote the set of fixed points of A in K. Since
A is continuous and compact, S is compact. From the above paragraph, each fixed
point of A is contained in a neighborhood that does not contain another fixed point
of A, so by compactness, S is a finite set. Then by the additivity property of the fixed
point index, and the fact that S C U U (Uzes\ 0y Vo) € K and properties (ii) and
(iil) above, we have

L=1p(AK) =g (MU + Y (A, V) =[S\ {0},
peS\{0}

where |S\ {0}| denotes the cardinality of the set &\ {0}. Therefore S contains
exactly one point besides ¢ = 0 and so A has exactly one nonconstant fixed point.
By the one-to-one correspondence between nonconstant fixed points of A and SOPS"
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with ¢y = —1, there is a unique SOPS" of the DDER" with gy = —1 and hence by
Lemma 5.5, there is a unique SOPS of the DDER with gg = —7. a

Proof of Theorem 3.8. Fix § € (0,1) and set 7 = 7y, where 79 > 79 is as
in Lemma 6.31. Suppose 7 > 7*. By Theorem 6.34 there exists a unique SOPS
x* of the DDER with delay 7 and ¢ = —7. Thus, if 2f is another SOPS of the
DDER such that ¢} # —7, then the time translated function z' € C[t +.00): defined by

() = a:T(qg +7+1t) for all t > —7, satisfies ZF = 2*, which proves that 2* is unique
up to time translation. From Theorem 6.32, we see that x* is exponentially stable
and thus any time translation of x* is also exponentially stable, which completes the
proof. a

Appendix A. One-dimensional Skorokhod problem. Solutions of the DDER
(1.1) can be thought of as solutions of the well-known (one-dimensional) Skorokhod
problem. This problem was first introduced by Skorokhod [62] to construct solutions
of one-dimensional stochastic differential equations with nonnegativity constraints.
The one-dimensional Skorokhod problem and its multidimensional generalization are
frequently used in the study of stochastic differential equations with state constraints
(see, e.g., [16, 17] and the references therein). Before defining the problem, we first
introduce the (one-dimensional) Skorokhod map and note a couple of its properties

Define the (one-dimensional) Skorokhod map (®, V) : Cjg,o0) — CO o) X ch (0,00) P
(A1) D(2)(t) = 2(t) + ¥(2)(t),  t=>0,
(A.2) U(z)(t) = sup (z(s))", t>0.
0<s<t

The following are well-known properties of the Skorokhod map that follow from
(A.1) and (A.2). For more details, see [12, 77].
PROPOSITION A.1. For z,z" € Cjg o) and t > 0,

12(2) = @(zNlf0. < 2l = 2|05
10(2) = (D)o < Iz -2
It follows that the map (®,¥) : Cjp,o0) — CO 00) X C[g’oo) is continuous. (Recall that
Clo,00) 18 endowed with the topology of umform convergence on compact time inter-

vals.)
PROPOSITION A.2. For z € C|g o),

Osc(®(2), [t1,ta]) < Ose(z, [t1, ta]),
Osc(U(2), [t1,t2]) < Osc(z, [t1,t2]),

for each 0 <ty <ty < 0o, where for any u € C[O,oo);

Osc(u, [t1,t2]) = sup  |u(t) — u(s)].
1 <s<t<ts
We now define the Skorokhod problem and give its solution in terms of the Sko-
rokhod map.
DEFINITION A.3. Let z € Cjg,) satisfy 2(0) > 0. A pair (z,y) € C[o 00) X C['g 50)
is a solution of the (one-dimensional) Skorokhod problem for z if the following hold:
(i) x(t) = 2(t) + y(t) for each t >0,
(ii) (O) = O and y(+) is nondecreasing, and
(iii) fo s) =0 for all t > 0.
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PROPOSITION A.4. Given z € Cjg o), suppose that z(0) > 0. Then there exists a

unique solution (z,y) € C['S_OO) X C[g 00) of the Skorokhod problem for z, given by

(z,y) = (@, ¥)(2).

Proof. See, e.g., section 8.2 of [12]. O

To define the VE along solutions of the DDER, we have employed the following
results on “directional derivatives” of the (one-dimensional) Skorokhod map, which
are described in [44, 45] and Chapter 9 of [76]. For z,w € Cj,o) and € > 0, define
approximate derivatives 05, ®(z), 95, ¥ (z) € Cjo,o) by

D(z 4 ew) — P(z)

(A.3) 95,®(z) = - =w+ 0,V(z),
(A4) ot w(z) = LEF “Z) — W)
For z,w € Cjp ) and t > 0, define
0 if supp<s<;2(s) <0,
(A.5) R(z,w)(t) = § supyeg, (n w(s) VO if supgc < 2(s) =0,
SUDges, (1) W(S) if supg<,<; 2(s) >0,
where
(A.6) S.(t) = {s €[0,t]: z(s) = sup z(u)V O} .
0<u<t

Note that we have used a slightly different definition for S,(¢) than the one used
in [44, 45]. There the authors use S,(t) = {s € [0,t] : 2(s) = supge,<; 2(u)} in
place of S,(t). However, the functional R(z,w)(t) is defined to be zero at times
t where S,(t) # S.(t) and so it remains unchanged. Here we have modified the
definition to simplify subsequent proofs. Finally, for z, w € C|g o), define the functions
0w ®(2) : [0,00) = R and 0, ¥(z) : [0,00) — R, for ¢ > 0, by

(A7) Du®(2)(t) = w(t) + 0, U (2)(1),
(A.8) 0w U(2)(t) = R(—2, —w)(t).

Now, given z,w and {w® : 0 < & < €%}, €* > 0, in Cjg,o) such that w® — w
uniformly on compact intervals in [0,00) as € | 0, we are interested in the pointwise
limits of 05, ®(z) and 05:V(z) as € | 0. In [44], Mandelbaum and Massey considered
this problem under the restriction that z(0) = 0, w® = w for all € > 0, and 9,,P(z2)
has a finite number of discontinuities in any compact interval. In Theorem 9.5.3 of
[76, Chapter 9], Whitt extended their results by relaxing the condition that z(0) =
0 and that 0, ®(z) has a finite number of discontinuities in any compact interval.
Furthermore, that theorem allows w® to be € dependent but requires that z is Lipschitz
continuous. More recently, in [45], Mandelbaum and Ramanan proved that 9%.®(z)
converges to 0, P(z) pointwise and uniformly on compact sets of continuity points
of 0,,®(z) when w® is monotonically decreasing and converges pointwise to w. Our
specific case is not covered by any of the aforementioned papers, but it is a simple
extension of Theorem 1.1 in [45]. Indeed, we have the following proposition.

PROPOSITION A.5. Let z,w and {w® : 0 < & <"} be in Cj,o0) such that w® — w
uniformly on compact intervals in [0,00) as e L 0. Then ase ] 0,

05,:D(z) = 0, P(2) and 05,V (2) = 0¥ (2),
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where the convergence is pointwise and uniform on compact sets of continuity points
of 0w (2) and 0,®(2), respectively. Furthermore, both 0, ®(z) and 0, V(z) are in
D[O,oo)-

Proof. By Theorem 1.1(i) in [45], we have 0, ¥ (2) € Dy, o) and 05, ¥ (z) converges
to 0,V (z) pointwise and uniformly on compact sets of continuity points of 9, ®(z)
as € | 0. (Note that in [45], the authors use Dy, to denote the space of functions
on [0,00) with finite left and right limits, which we denote by Djy ).) To prove
that 05.¥(z) also converges to 0, ¥(z) pointwise and uniformly on compact sets
of continuity points of 9, ®(z), it suffices, by the triangle inequality, to show that
lim, 0 |05,-W(2) — 95, ¥ (2)[0,q = O for each t > 0. To show this, we use the Lipschitz
continuity of ¥ and the uniform convergence of w® to w as follows: for each ¢t > 0, we
have

1059 (2) = 95 ¥ (2)lljo, = €1 W(2 + ew) = Uz + cw’) 0,4
< Jlw® —wlljy = 0ase 0.

Last, the fact that 05.®(z) converges to 0, ®(z) pointwise and uniformly on compact
sets of continuity points of 9, ®(z) follows from the above convergence results and the
definition of 95.®(z) given in (A.3), but with w® in place of w. O

PROPOSITION A.6. For z,w,w' € Cjg o), and t >0,

100 ®(2) = 0,1 ®(2) 10,4 < 2[lw — w0,
100 (2) = 8t T ()0, < llw = w[ljo,g.

Proof. For z,w,w! € Cl0,00), We have

|R(z,w) = R(z,w")|[jo9 < || sup w(s) — sup w'(s)[ljo, < [w— w0
s€S.(+) s€S.(+)

The proposition then follows from (A.7)—(A.8). O

Appendix B. Variational equation. In this section, we introduce the notion
of a VE along a solution x of the DDER. As we will see, solutions of our VE differ
considerably from solutions to the VE in the unconstrained setting. In particular,
with the lower boundary constraint in the DDER, the VE is no longer linear and its
solutions can be discontinuous.

Recall that Dj_, o is the space of functions from the interval [~7,0] to R that
have finite left and right limits at all ¢ € (—7,0) and finite one-sided limits at the
endpoints of [—7,0]. Given ¢ € C[tr,o]v define

(Bl) D¥ = {1/) S D[,T)Q] : 1{4;;(5):0}1/)(3) >0 for all s € [—7‘, 0]}

Here 1,(s)—0} is the indicator that is one if ¢(s) = 0 and zero otherwise. If we
consider ¢ as the initial condition of a solution to the DDER, then D¥ denotes the
directions in Dy_; o that we allow ¢ to be perturbed. For ¢ € C[J:T o)’ let C¥ ={y €
Clor0) : p+ey € C[J:T 0] for all sufficiently small € > 0}. To ensure that the VE is well
defined, we assume that the function f : C[t no — Rin (1.1) satisfies the following
regularity properties.

Assumption B.1. There exists Ky < oo such that for all ¢, o' € C[tT)O],

(B.2) (@) = f(eD)] < Kflle = ¢ lli-r01-



4528 DAVID LIPSHUTZ AND RUTH J. WILLIAMS
Assumption B.2. Given ¢ € C[tr,o]v then for each @ € D¥ there is a unique
derivative of f in the direction 1, denoted Oy f(¢), that satisfies the following three
properties:

(i) Whenever {¢,,}72 is a uniformly bounded sequence in C[_, o) that converges
pointwise to 1 € D¥ as n — oo and {€,}52; is a sequence of positive real numbers
such that €, | 0 as n — oo and ¢ + e, € C[tT)O] for each n, we have

n—00 En

(ii) If a,b € R and 1, ¢" € D¥ such that ayp + byt € D?, then

Oapyvyt [ () = a0y f(p) + b0y f ().

(iii) For all ¢, t € D
(B.4) 10 f (0) = Byt F(P)| < K¢l — ¥ [1-r 0.

LEMMA B.1. Let f: C[tT o~ R be given by

$o)= [ Clplodn(s) for all o€ G

where ¢ : Ry — R is a function that is Lipschitz continuous (with Lipschitz constant
K¢ ) and continuously differentiable on Ry, and p is a finite measure on the interval
[—7,0]. Then f satisfies Assumptions B.1 and B.2 with Ky = K¢p([—7,0]) and

(B:5) 9uf(0)= [ CDuts)

for all ¢ € D?, where (' : R, — R denotes the first derivative of (.

Proof. The Lipschitz continuity of ¢ implies Assumption B.1 holds with K; =
K p([—7,0]). We now prove that Assumption B.2 holds. Fix ¢ € C[J:T)O], 1 € D¥ and
let {¢n}52 4 and {&,}°2, be sequences as in part (i) of Assumption B.2. Since ( is
continuously differentiable, we have, for each s € [—, 0],

n—00 En

Then, due to the Lipschitz continuity of {, we can use bounded convergence to obtain
that (B.5) holds. Part (ii) of Assumption B.2 follows because the integral in (B.5) is
linear in . Part (iii) is immediate from the Lipschitz continuity of (. d

Example B.1. Let f: C[tr,o] — R be given by

flp) = hip(=7)) for all p € C_ g,

where h : Ry — R is continuously differentiable with bounded derivative A’ : R, — R.
Then Lemma B.1, with ( = h and p equal to the point mass at s = —7, implies that
f satisfies Assumptions B.1 and B.2 with

Oy f(p) = W (o(—7))(—7) for all p € D¥, pE C[tr,o]'
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Throughout the remainder of this section, we assume that f satisfies Assump-
tions B.1 and B.2 and we fix a solution x of the DDER and define z as in (2.3).

DEFINITION B.2. A function v € D|_; ) is a solution of the VE along x if
for each s > 0, vy € D%s, the function s — 0, f(xs) is Lebesque integrable on each
compact set in [0,00), and v satisfies

(B.6) o(t) = 0u®(2)(t),  t>0,

where ® denotes the Skorokhod map given by (A.1) and (A.2), w € Cy o) is defined
by

(B.7) w(t) = v(0) +/0 Ov, f(xs)ds, t>0,

and the directional derivative of ® at z in the direction w is denoted by 0, P(z) and
is well defined as an element of Djg o) by Proposition A.5.

Suppose 1 € C*. Then there exists ¢* > 0 such that xo 4+ €y € C[tﬂo] for all
e € (0,e*]. For each € € (0,£*] let 2 denote the unique solution of the DDER with
x5 = xo + ¢ and define v° € C|_; o) by

¥ —

(B.8) v° =

€
Additionally, define 2° € Cjg ) as in (2.3) but with 2 and z replaced with 2° and 2%,
respectively, and define w® € Cjg ) by

(Bg) U}s(t) _ Zs(t)s_ Z(t) _ w(o) _’_‘/0 f(ﬁs + 5’05) — f(fs)ds7 t>0.

Recall that a family {u® : 0 < & < £} in Dy ) converges to u € Dy o) uniformly
on compact intervals of continuity (u.o.c.c.), as € | 0 if for each compact interval T
contained in [0,00) on which w is continuous, u° converges to u uniformly on I as
€ | 0. We have the following theorem on the existence and uniqueness of a solution
of the VE given an appropriate initial condition as well as the pointwise and u.o.c.c.
convergence of v¢ to v as € | 0.

THEOREM B.3. Given b € C*°, there exists a unique solution v of the VE along
x with vg = ¥. Furthermore, as € | 0, v — v pointwise as well as uniformly on
compact intervals of continuity of v in [—7,00), and w® — w uniformly on compact
intervals in [0,00). Here w is defined by (B.7) and for each € € (0,e*], v° and w*® are
defined by (B.8) and (B.9), respectively.

In preparation for proving Theorem B.3, we prove the following lemmas.

LEMMA B.4. For each € € (0,e*],

(B.10) 17l g < 2l gy exp@EGD), £ 0.
Proof. Fix t > 0. By (B.9) and (B.2), for each ¢ € (0,£*] and all s € [0, ¢] we have
0 ] < Wl o+ K [ 107

By taking the supremum over s in the interval [0,¢], using (2.4) and applying the
Lipschitz continuity of the Skorokhod map (see Proposition A.1), we have

t
10 0. < 20w oy < 2 0llir) + 2K / 0% | r,syds.
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We can extend the supremum norm on the left to the interval [—7,¢] and apply
Gronwall’s inequality to obtain (B.10). O
LEMMA B.5. Suppose v,v' are solutions of the VE along x. Then

(B.11) lv — vT||[_T)t] < 2exp(2Kyt)|v — vT||[_T)0], t>0.

Proof. Suppose v and v are solutions of the VE along z. Define w € Cl0,00) @S in
(B.7) and define w' € Cjo o as in (B.7), but with v' in place of v. By definition,

v(t) = Du®(2)(t),  v'(t) =0y ®(2)(t), t>0,

where z is defined as in (2.3). For ¢t > 0, by (B.7) and (B.4), we have for all s € [0, ],
) = ! 6)] < [0(0) = O+ K [ o =o'

By taking the supremum over s € [0, ] and applying Proposition A.6, we have
t
v =204 < 2llv— v ||[_rg + 2Kf/0 v — ot || g du.

The supremum norm on the left can be extended to the interval [—7,t], after which a
simple application of Gronwall’s inequality yields (B.11). O

Proof of Theorem B.3. Uniqueness follows from (B.11). We now establish exis-
tence. Given € € (0,¢*] and ¢t > 0, it follows from (B.9), (B.2), and Lemma B.4 that,
for all 0 < ¢ < t5 < ¢,

[w® (t2) — w(t1)| < 2K¢||9|l[—r o) exp(2Kft)[t2 — t1].

Thus, {w® : 0 < & < e*} is uniformly bounded and uniformly Lipschitz continuous on
each interval [0, ¢] and therefore, by the Arzela—Ascoli theorem, is relatively compact
in Cjo,4. Since t > 0 was arbitrary, using a diagonal sequence argument, we have for
any sequence {&,}52; in (0,&*] with &, } 0 as n — oo, there exists a subsequence,
also denoted {g,}52;, and w € C[p o) such that w*" converges to w uniformly on
compact intervals in [0, 00) as n — oo. Applying Proposition A.5, we have

Oz + epw) — @
lim v*" = lim (z & enw) () = 0, P(2),
n— oo n—o00 En

where the convergence is pointwise and u.o.c.c. in [0,00). Define v € Dj_; o) by
v(t) = (t) for t € [-7,0] and v(t) = 0, P(z)(t) for t > 0. Note that this is a proper
definition because 9,®(z)(0) = v¥(0) since ¢ € C*°. Then v*» — v pointwise and
1.0.C.C. on [—T,00) as n — o0.

For each s > 0, 25" = x4 + g,05" € C[J:m] for all n. Suppose that x,(u) = 0
for some s > 0 and some u € [—7,0]. Then v¢"(u) = e, 2" (u) > 0 for all n and
taking limits as n — oo, we must have vs(u) > 0. Since this holds for all s > 0 and
u € [—T,0], it follows that vs € D= for all s > 0, and so by part (i) of Assumption B.2
and Lemma B.4,

(B.12) i @ FEnts) — fla)

n— 00 En

= Oy, f(xs) for all s > 0.
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By (B.2) and Lemma B.4, for each n we have, for all s > 0,

f(xs +envs) — flws)

En

(B.13)

< KfHUsn ”[77'73] < 2Kf|w)||[fr70] eXp(2Kf8)'

Since the function s — 9, f(zs) is the pointwise limit of a sequence of Borel mea-
surable functions, it is also Borel measurable. Furthermore, by (B.12) and (B.13), on
each compact set in [0,00), the function is bounded and hence integrable. Then by
dominated convergence, implied by (B.13), we have w satisfies, for ¢t > 0,

/ fsz—FanvE")—f( s) g

w(t) = lim w* (t) = (0) + lim s

n— 00 n—oo

—|—/0 Ov. fxs)ds

This establishes the existence of a unique solution v to the VE along = with vy = .
Furthermore, given a sequence {&,}52 in (0,£*] with &, | 0 as n — oo, there is a
subsequence along which v*» converges pointwise and u.o.c.c. on [0, o) to v and along
which w®" converges uniformly on compact time intervals in [0, 00) to w, defined as in
(B.7). Since this is true for every sequence {£,}°2; with ¢, | 0 as n — oo, it follows
from a standard real analysis argument that the family {v° : 0 < e < &*} converges
to v pointwise and u.o.c.c. on [0,00) as € | 0 and that the family {w® :0 < e < ¢e*}
converges to w uniformly on compact time intervals in [0, 00) as € | 0. O

In the following lemma we further describe solutions of the VE along a solution
x of the DDER.

LEMMA B.6. Suppose that x is a solution of the DDER and v is a solution of the
VE along x. Then for 0 < t; <ty < 00,

(i) if x(t) > 0 for all t € (t1,t2), then

t
:v(t1)+/ Do f(x)ds, L€ [t,ta):
t1

(i) ¢f x(t) > 0 for all t € (t1,t2) and x(t2) =0, then

v(t2) = < (t1) /1 Do, f(xs)d ) ;

(ili) if () =0 for all t € [t1,t2] and f(x¢) =0 for all t € [t1,t2], then

v(ty) / Ov. f(xs)ds + sup <—v(t1) —/ (%uf(xu)du) VO, t € [t1, ta];
ty ] t1

sE[t1,t
(iv) if x(t) =0 for all t € (t1,t2] and f(xy) <0 for all t € (t1,t2), then
’U(t) =0, t e (tl,tg].
Proof. Define z and w as in (2.3) and (B.7), respectively. By (B.6), (A.7), and
(A.8), we have, for 0 < t; <,

(B.14) v(t) =v(t1) + /t Ov, f(xs)ds — R(—z, —w)(t1) + R(—z, —w)(?).

Throughout this proof, given = € Cjg ), we let T(t) = supg<,<, #(s) for all £ > 0.
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Proof of (i). By (2.2) and (2.1), we have —z(t) < —2(t) V 0 for each t € (t1,12).
Fix such a t. If —z(¢) < 0, then —z(¢;) < 0 and (i) follows from (B.14) and (A.5). If
—=z(t) > 0, then —z(s) < —z(t) = —z(t1) for all s € (¢1,t] and so S_,(t) = S_.(¢1).
Thus R(—z, —w)(t) = R(—z,—w)(t1) and (i) follows from (B.14).

Proof of (ii). By (2.2)—(2.1), we have —z(t) < —z(t) V 0 for each t € (t1,t2) and
also that —z(t2) = —2z(t2) V0 = =z(t1) V 0. Therefore (A.6) implies that S_,(t2) =

~—

S_.(t1) U{ta}. Then by (A.5), we have
(—w(t2)) VO if =z(t1) < 0, —z(t2) = 0,
R(—z,—w)(t2) = { supyes__(4,)(—w(s)) V (—w(t2)) VO if =2(t1) = =2(t2) = 0,
SUPses (1) (—w(s)) V (—w(t2)) if —z(t1) = —2(t2) > 0,

= R(—z,—w)(t1) V (—w(t2)).
By (B.6) and (A.3)—(A.6),

v(ta) = w(ts) + R(=2, —w)(t1) V (—w(t2))

to

+
<w(t1) + R(—z,—w)(t1) + &,Sf(xs)ds)

~ (ot + | ausf<xs>ds)+.

Proof of (iii). By (2.2)—(2.1), we have —z(t) = —z(t) > 0 for each t € [t1, 2] and,
since f is zero there, z is constant there. Thus, for ¢ € [t1,t2], S_.(t) = S_.(t1)U[t1, ]
and by (B.14),

ty

v(t) = v(tr) +/t O, f(s)ds + ( sup (—w(s)) — R(=2, —w)(t1)> VO

Se[tl ,t]

=o(ty) —|—/ Op. f(z5)ds + sup | (—U(tl) - /S &,uf(xu)du) V0.

s€[ty,t

Proof of (iv): By (2.2)—(2.1), for each t € (t1,t2], we have —z(t) = —z(t) > 0 and
S_.(t) = {t}. Thus v(t) = w(t) + (—w(t)) = 0 for all such ¢. O
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