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DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
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assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
_University of California.
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E. Baumga:c"l:ne]:':t and Hogil Kim
Lawrence Radiation Laboratory
University of California
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I. INTRODUCTION

Electromagnetic fields interact with the electromagnetic multipole moments
of a particle and may therefore produce changes in its polarization state; The
magnetic moment interaction will generally be the dominant one. In order.to in-
clude possible dépolarization effgcts in high énérgy accelerators or in a subse’
guent beam handling by lenses or bending fields,‘it is necessary to discuss the
prdblem,relativistically. For particles with spin'l/E the rate of spin preceséionv
in homogeneous fields has been invéstigated (To5l, Me55, C558) by exﬁlicit use of
the‘Dirac equation, where in some cases a Pauli term was included to account for
an anomalous magnetic moment. No relativistic eqﬁation in wave mechanics is
available to describe particles with a spin larger than 1/2. Bargmann et al. (Ba59)
did derife from classical relativistic elecfrodynamics a covariant classical
equation of motion for particles withan arbitrary spin which is valid in homogeneous
electromagnetic fields. These results are expected to bevcorrect quantum mechanlcally,
because the expectatlon value of the vector operator representing the sp1n will
" (according to a general theorem.by Ehrenfest)lnécesséribrhave the samektime depénw
dence as one obtains from a.dLassicélequation éf mbtion. In Sec. II the change
of the polarization state in hombgéneous eléétromaghetic fields is discussed on a
somewhat ﬁore elementary basis than using the above méntioned method. In'Sec.’III

we consider ‘time dependent fields with:special emphasis on fields that oceur in
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cyclic accelerators. In Sec. IV results of depolarization calculations for the

Berkeley 88" Cyclotron are given.

Ii. TIME INDEPENDENT HOMOGENOUS ELECTROMAGNETIC FIELDS
The polarizafion state of a beam of particles with arbitrary spins is

Iquantitatively described by means of a density matrix P or equivalently by a set
_of\expectation values tKM of spin-tensor operators TKM' The rank K is an integer
number in the range befween 0 and 2s, while M ‘takes on the (2K + 1) integer values
between -K and +K. (Ed54}. This treatment is nonrelativistic and therefore the
termé vector KT = l)‘and tensor (T > 2) polarization have an obvious meaning only
in the rest system of the particles. TLet ﬁs first assumé that this rest system is

“not accelerated, then the classical equation for the spin-motion of a particle in a

magnetic field -E{r) (measured in the rest systeﬂ) will have the customary form
ds g o=, (r) » :
it gs s X ? . . (l)

where Tt 1s the time in the rest system and the particle has rest mass m, charge

g and a magnetic'moment Ei The factor 8 is defined by

n

W= St © o : o : (2). 

Note that g, 1s not the normal Landd factor g, but related to it by

5!5

8 = 3758 - o - (3)
5. m qv . - e
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where m.v-and e are the rest mass and charge of the proton. According to
Eq. (1) the spin precesses in an inertial rest frame around the magnetic field '

with an angulér velocity

ér) _ 9 gs]—?('r) A . ()-l-)

-Equations (1 and 4) are no longer correct, if the rest SyStem is accelerated.

Figure 1 shows a rest system at time +t(R) and t + &t(R') respectively. The
coordinate axes of the R and . R' system are chosen to be parallel to the axis

of an inertial system L (the laboratory system may be considered as an example) .

» Classically .the axisof R and R' would then be‘ﬁarallél,'but fhis is not true

i
{

relativistically. 1In fact the axis of the rest system rotate with an angular

—{r)

velocity F&T given by!

) lwxé*(r) | , |
ﬂ_—)l)(I\ "YTY"' 5 ’ (5)
v .
where ¥V 1is the velocity of the R frame as measured in the system L. gir) is
the acceleration of the rest system and <y 1is as usual an abbreviation for
51" -1/e ‘
gl - (v/c) J " . One notes that &% = 0 for low velocities (y = 1) as expected.

L. W. Thomas (Th27) first pointed out that such a rotation takes place, if the
coordinate system is accelerated. The Thomas precession can be derived without
reference to the cause of this acceleration (Mo60, p. 53), (Ja62, p.364). The

R' system is connected with the‘L system by a Lorentz transformation with the

velocity -(§>+ 853 and the L with the R,system correspondingly by'one with velo-

city 7. Performing these two. successive transformations one sees that the

transformation from R to R' can be made by a single Lorentz‘transform&tion‘plus

 a rotation. The rotation is Just &% . 8t. 1In our case the acceleration is pro-

)

duced by fho electric field in the- rest system E
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) g 5l - @
Generally we are interested in the spjjlprecession frequency in a.rest frame
rotating with an angular velocity (Zﬁ >) such, that one of the coordinate axis
is always c01nc1dent with the direction of motion of the particle. Because the.
tlme rate of change of any vector a in a coordinate system.rotatlng with angular
"veloéity @ is the sum. of - @ x @ and the tlme rate of change in a non-rotating

system, we receive for such a rotating rest frame

[

%% _ Zgér) B | (7)

’ﬁ(r) :y{—BaJr%(;;. NE - 1) _%?'xif

; 2
S (9)
f(r)=y<f+%(?.f)<%—l)+£?x }

allow us to replace the rest frame fields with those measured in the laboratory

systém. We can also express the rest frame time <t through the laboratory time

t by

dt

il

Qi

at . ’ . . (10)

| e
.
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(r) ' (r)
For example ®<r) = %% = yw, where we use the notation w = %%’ - Bven

though w is now written without the superscript (r), one should keep in mind,ﬂ
that the angle is measured in the rest system; Spin directioﬁs deduced from the
precessibn frequency 8# are therefore given in a rest frame, which as one axis
(for-example the z-axis) parallel to the velocity of the particles. Table I

shows the direction and magnitude of the spin precession frequencies for several
cases of practical interest deduced from the above equations. These results

were first obtained by Bargmann et al. (Ba59) with a covariant four vector
description of the spin. This method is mo?e general than the one given here

and the reader will find a lucid representation in the lecture notes "Relativistié
Kinematics" by'R.'ﬁageaorh (Ha63, p. 124). Whenever Ez is perpendicular to ¥,

an initially longitudinal polarization will be converted to a transverse one and

_ vice versa (remember angles are measured in the rest frame!). This is the case

for the examples a) c) and e) in Table I. At very high velocities the precession
rate becomes zero for the velocity filter (e), and it depends only on the anom-
alous part (EEV— 1) of the magnetic moment in the cases a) and c). At low
velocities this is still true for the deflection in a magnetic field but an
electric field will not influence the direction of the spin any more and we find 4

- - s
therefore By = - @, - Deuterons do have a low anomalous magnetic moment, 5 - 1
= - 1/7. If the purpose of the electromagnetic field is to change the polari-

zation state of a polarized deuteron beam it is therefore more convenient at low

energies to use an electric or a crossed electric and magnetic field, where the
. e

precession angular velocity is —E% and 6/7&% réSpectively,Wthan-a'magnetic deflection

where a% is dnly - l/7&%. In example b) the spin precesses around the velocity

with a rate which is independent of Y. . This arrangement was first used by Hillman
;et al. (Hi56) to measure "left-right" or "up-down" asymmetrics in scattering

“experiments with fixed counter positions. The definition of g
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by Eq. (2) would seem to indicate that the above treatment would be correct_bnly

- for charged particles, but it is easy to see that the precession frequencies are ‘. 

also valid for lim g = O.

To describe the polarization state of a beam of particles with arbitary
spins, we have to specify the magnitude of all the tensor components tKQ up.to
rank K = 2s. Let us assume that this set of numbers is given at time t = O in
the rest frame R of the particles. Again it is convenient to assume that the
z-axis of R is along the velocity of the particles. We have then to determine
tﬁe new tensor components tKQ after time t 1in a rest frame system R', which-v

shall'have thé same relative orlentatiOn to the beam as R.. According to the

foregoing considerations we will find at time.t still the cOmponentsftKQ (t=0)

~.in a coordinate system R", which is turned by an angle

g - Bsdt (12)

against R'. In the examples considered (Table I) ZZ is independent of the time-

and O is simply‘&%t. The tensor components tKQ in R' are given by

z

. " o
tkq = 2 ka' Da'g (oBy) | | - (13)

".where (aBy) are the Euler angles produ01ng a rotation Q and the DQ Q are’ the ele-

 _‘ments of the rotatlon matrix (Ed5h, p. 54). The usual definitions of spin—one

tensér_operators.tranforming like spherical harmonics (see Eq. (13)) are (1a55)

- m )2
Too =+ -Tlo"‘/a-sz

| i —l- ‘ ' .. 2 L C ) _ l .‘.'. . ’. 5 | v
TEie_ =3 V3 (sxtlsy) N T ~ + 2 JB{(sxrlsy)sZ + gz(sx, + 1sy)
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 Thg = 5 (55 -2)

Here . Si-,are-the spin one angular momentum operators.

geometry we will éonsider-only the two cases where f?

UCRL-16787

In order to simplify the

is either parallel or

perpendicular to the velocity of the particles. All cases given in Table I ful-

i1l this condition.. (The problem of finding the Euler angles in a general case

is solved for example in (Go50) p. 107). In the flrst case which corresponds to

examplé b) in Table I & =Q, B =y =0 and Eq. (13) gives

In the second case let us_specify the direction. of ﬁaby the
- and ¢,,then.the Fuler énglés are Q = 3ﬂ/2 + ¢ B =
particies Eq. (13) has with the abbreviations s = sinQ

explicit form

v i2¢ 1 i¢
t1g = by, 2(l+c) t 4 (l c) + ity e

v -ip 1 . i 1
th = ltll e Jés'+ 1tl-l e st + tloc

1 _ 1)+¢) l B 2
thp = ton E(1+c) +t, 5 E(l c)

(1k)

polar ahgles 6 =m/2

Y =& . For spin 1

[¢]

cosQ the following

(15)
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tél = it,, P %s(c+l) +1it, 5 eﬁ(ZS %s(c-l)
1 io¢ 1 :
bty 3(2e-1) (1) + ty o120 3(ae1) (e-1)
+ itQO ei¢-\/% sc
{ o : .
1 _ 'ie(b 5 2 _ 12¢ 5 2 ’
b0 = "t ® " VES "~ T VES (15)
+ ity éi¢-wfg sc + ity 4 el % sc
1,, 2
+ tgo -2-(,5c -1)
L@ :
kg T ()7 thg”

It isteen as expected that the first pair of equations and the one for_ti_l,
whicﬁ follows from the last equétion, describe the rotation of the polari-

zation vector expressed in terms of a rank one tensor. In mos£ cases of
practical intefest the abbve formulas are still further simplified. Let us.
first consider the ﬁroblem of génefating with electromagnetic fieldsithose'tensor
components ﬁhich are zero in an incoming beam. Fbr exémple a deuteron Beam ex-

tracted.parailel to the magnetic field of the ionizer in a polarized source can

have only t and t different from zero. Let us now pass this beam through a

10 20

velocity filter (see case e of Table I). We can adjust the electromagnetic
fields such, that the magnitude of any of the compbhents.of th will be s
maximum: It follows from Eq. (15) that ]téel’ hes a maximum value of 3/8_t25>'

for Q = ﬂ/Q{ This Q creates aléo a maximal transverse polarization (Maximum

for ltlll). The component [tEl[ reaches the same meximum value as [tnglbut

.at Q@ = W/M. A rotation of the velocity filter ardund the beam axis hes the same

effect as a subsequent longitudinal magnetic field would have (see Eq. (14)). ' The .

“deflection of the beam through a fixed angle by a magnetic or eleCtric'field would
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give a fixed magniﬁude of Q. For the purpose of éhanging the pélarizatién sfate
such an arrangemeﬁt is therefore quite inferior to oné with a velocity filter.

If a peolarized deuteron beam.is acceleratéd in a cyclotron the polarizétion state
is rotationally symmetric about the magnetic field of the accelerator. ILet us

' choose this direction ‘as the v axis and again z parallel to the velocity of the
deuterons. The polarization state is now given by tQO’ t22 = {375 t20 énd a
pure imaginary tll' In a coordinate system where the z-axis would be the sym-
metry axis we would find the components %20 = - 2t26, %lO =ie2 tll and all other
components zero, see Egs. (15). Again one can produce”a ltéll = ¥3/2 t,, with

@ in the x-direction and magnitude h/#. Longitudinal vector pblafization and a
'téo =»->2t20 will be produced with @ = /2.

The formulation of spin motion as used in this section allows us to treat
‘-‘appro#imately cases where the electromagnetic fiélds in the laboratory system
~are no longer homogeneous. In such fields the particles in a beam with_finite
. cross section will experienge different precession angles 5i This results in a
"depolarization" of the beam. To be more specific let us consider the'influence
of a Quadrupole lens pair on a beam of particles having only a longitudinal
V.vpoiar£2ation. The actibn'of the pair on the beam trajectory shall be considered
'as’equivalent“to a "thin lens" actién (see Fig. 2(a)). The spin of fhosé particles
.which énter the lens with an angle @ will be turned by 7 toward the'optic axis

of the gquadrupole. It follows from Fig. 2(5) and Table I that

n = a(lﬁ%)e
with
e =1 +'y(§— -1) (for a magnetic lens) (16)
| w5, e, o
e =1 +'y(§i ~1) - 2; (for an electric lens).

LT
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If our beam of particles has a symmetric infensity diétfibutionvabout the
optical axis, then the average over all rays will give only a longitudinal
polafization. The relative decrease bf‘the longitudinal spin component can
therefore be calied the ”depolarization“ D. If we assume the lens enhance as

uniformly illuminated up to an angle o = ® s then
/ M1 a, 2 : =
7 D= E o (l+—)e} - - mn

With o = % Le and @ = b the depolarization b is 4% for a nonrelativistic proton
beam passing through a mégnetic quadrupole lens pair. Under ﬁhe same conditions
the depolafizatioﬁ for tritons would be.55% and for deuterons Q.L%. For a
polarized triton beam it would be advisable to use electric quadfupole lenses.

Eviaently the depolarization can be smaller in a succession of lenses. ‘This is

 the case .for trajectories like the ones drawn by full lines in Fig. 2(b). In

~ fact D would be zero at the point P5 using the above approximation. The dotted

trajectories of Fig. 2(b) would give at P5 depoléfization égain given by Eq. (17).

This behavior is clearly demonstrated in the work of Cohen et al. (Co59) who

'f'investigated the depolarization of protons during acceleration in a 50 MeV injector

‘linac. This linac is strong focusing by means of guadrupole magnets enclosed

within each of the 124 drift tubes. Cohen et al. integrated Eq. (11) numerically

with a computér, following several proton trajectories. The calculation showed;

‘that the proton moment never deviated more than 10° from the direction at injection.
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III. - TIME DEPENDENT ELECTROMAGNETIC FIELDS o -
We will describe the polarization state of the particles in a frame of
‘reference which is attached to one particle and which has one of the coordinate

axes always pointing in the direction of motion. 1In this rest system we.can

w

have time depehdenf fields'E‘r) and E*r) if the particles are moving through
‘inhomogeneous 1aboratory fields or if thé laboratory fields are themselves‘time
dependent. In addition to introducing a time dependence the inhomogenity would
 give us interaction terms ﬁith‘the electric quadruﬁole moment and still higher

" moments of the particles.- Good (G062) derived classicalrelativistic equations
bf'motion for the spin (in the rest system) including the effects ofAfirstlorder
field grédients on the quadrupadle moment; In most. practical cases it is:not
neéessary to consider thése effects. .To.see this, let us make a rough estimate.
of the-fréQuencyvayreSUJting from the interaction of the electric quédrupole mo -
mént Q wiéh an electric field gradient g%u We have o = %-Qe g§ which1émoun£s

to w = 166

51 for deuterons in a field gradient of 2 - 10° Vemt. Such é low
freqﬁénéy will introduce new resonances very closé to magnetic momentireéonances
or will merely broaden or shift them by small amounts. In the rést system of
“the particles the effects of time dependent fields:may therefore again be treated

- by solving the equation of motion, Eg. (7). In the case where the elégtric field
~ in the laboratory frame is zero, Cohen (Co62) did solve the corresponding Eq. (11)
v difectly with a computer. In some special céses; the change of théﬂépin state

can be given in a closed analytic'form. The results were obtained for low
velocities of the particles and can be used in the present considera?ions if ﬁe
Ireplacé all quantitiés by the corresponding ones'measuréd in the rest system. e

We will summarize the results for two cases. We consider the situation, where

the magnetic field in the rest system can be represented as the vector sum of a
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static magnetic field E;(r> and a sufficiently weak oscillating perturbing
field. We consider first the case where the frequency w(r) of the perturbing

field is constant. The transition probability of a particle with spin 1/2 from

- the state m_ = 1/2 to m, = - 1/2 or vice versa in the time interval T (Ra56)
(r))2 | |
- b (r) |
P; 1°F 17 (—(—TT— sin ( IT} (18)
2 2 22 : :
with

o
- o) 25 . (29)
'a(f);'{((w(r)—w(.r))? : (b(r.) }2 e e

|

Here wér) and mir) spin precession frequencies (see Eqs. (4, 8) and Table I).

r : .
B( ) is the amplitude of the perturbing magnetic field component perpendicular
to B(r) and rotating in the same sense as the magnetic moment. The fields in
the rest system are given by Eq. (9) in terms of laboratory fields. In the

second case w(r) - wir) may vary linearly with time: : ' _ )
(r) _ glr), : (21)

The equatlon of motion for the spin is in thls ‘case a confluent hypergeometric

equatlon, as has been shown by Fr01ssart (Fr60) and by Kim (Ki63). If mv 1/2

1 of flndlng mS = - 1/2 at the time T = m.
2732 | |

FLav
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is obtained from the proper asymptotic solution to this'equation.

P;_!—_:P_' =1 - e
2 2

(r)l2
Bl NEY

(A =

,  (e2)

Here b(r) is defined as in Eq. (19). For small transitionvprobabilities_Pl

1 1
. {b(r))E \ 2 2
= .. A . The time At needed to cross the resonance can be estimated from
2 [T(I'/' :

"Eq. (18). Ninety percent of the above transition probability stems from the time

interval between -At to At given by
w) g

At = ‘ e 23)
T ET(T) ( )

A
: 2 2
or for small transition amplitudes by Ar = Vﬂ/2[T(r)[, Eq. (22) can therefore

be used approximately where (w(r) - wér)} is a linear function of time only in -

a time interval of * Ar.

The probability qu for a transition of a particle with.arbitrary spin s

from;a state m, =P to one with m, = g can be exbressed in terms of the transition

probability of a particle‘with spin 1/2. This is .done by taking advantage of the
fact, that S can be considered as composed of 2s angular momenta of spin 1/2
(see for example Bl45 or Ra56). The fallowing ekpressions together with the

symmetry relations

P ., = Pqp =P ‘ | . A : (24)
“p-q :

s
L

give all transition probabilities needed for particles with spin 1 and 3/2 respectivelyﬁ
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_ 2 ' _
Py = (1-P) Poy = 2P (1-P)
(25)
2 N2
Py ,.=F Poo = (2P-1)"
- 5 : - oyp2 _ Y- I
Py 5 = (1-P) Pl 1= 4(1-P)P° - 4(1-P)°P +(1-P)
2 2 2 2
_ 2 _ TN
Pé 1- 3P(1-P) Py 1" L(1-P)°P - L(1-P)P° + P
22 2~ 2
(26)
L2
Pé' 1= 3P7(1-P)
2 "2
' _ )
Pi 3= P
2 "2

P is an abbreviation for. P, ; as calculated respectively from Eq. (18) or

2 "2

"Eq. (22) depending on the actual experimental condition. For P.=1 it is seen

~ that = 8 . This leads therefore to the complete reversai of the spin

pa pa

direction relative to the static magnetic field. An application of this result,
known in nuclear inductioﬁ as -adiabatic fast passage was suggested by Abragam et al.

(4b58) as an efficient method of changing the poiarization state of:the atomic

" beam in polarized ion sources. The treatment in terms of transition probabilities

gives all the required information for a beam-of-partiélés with a rotationally

symmetric polarization state'about the magnetic field ﬁ;. If we designate thé

new polarization state (symmetrical about the z-axis) by a prime, it follows

'from_Eq. (25) that for spin 1 particles .
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1
10

il

(1-2P)t, . | ‘ o L
| | 27)

1
20

(l—6P(l—P))t20
We do not treat here the case where the polarization that is not symmetrical,
but it may be worthwhile to point out briefly where changes would have to be
made. The spin state ¢y = 3 am[s,m) will be changed through ﬁhe transition to
: m
a state ' = 3 a, Cmp [slp) . Knowledge of the transition amplitudes Cmp instead
mp

of the above used transition probabilities Pmp = lcmp!2 will allow the calculation

~of the new density matrix f'. The cpq have to be calculated only for a spin of

1/2. The ones for a genefal spin s are given' in terms of spin 1/2 amplitudes -
by Ramsay (Ra56, p. 429). The next section will show the practical application

Qf-thé above equations in the case of cyclic accelerators.

Iv. DEPOIARIZATION IN CYCLIC.ACCEIERATORS
We.wili discuss first. the proposed schemes of injectingvpolarized particles

into cyclotrons and discuss in more detail the depolarization of particles during

| the acceleration process. . At the end.of the section we summarize the results
obtained by different authoré fbr the depolarizatigh in synchrocyclotrons and
synchrotrons. Particles from pdlarized ion sources are injected into cycléfrons
either as an atomic beam or as ionized particles. In thebfirst method as used | L.
bvaéller et al. (Ke6l) and Beurtey et al. (Bé65) the atomic beam is sent toward |
the center of the cyclotron in the median plane between_the magnetic poles. The Py
symmetry axis of the polarization state is parailel to the mégnetic guide field

,of the accelerator. JTonization with electron bombardment takes place in the strong
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magnetic field at the center. To achieve a reasonable cu:rent and to prevent

a too large contamination of the beam w}th unpolérized ions formed in the
ionization region from the residual gas,\the atomic beam shouldkhave a small
divergeﬁce and the partial pressure in the cyclotron of gases likeiy to con-
taminate the beam should be low. The last condition is evidently easier to
fulfill for deuterons than for protons. The second method is used. successfully
in the Birmingham sector focused cyclotron (Po65, Pob6). The ionizationﬁof the

atomic beam takes place outside the cyclotron where the contamination with un- .

' polarized particles is easier to control. After acceleration to about 10 keV

the beam is injected through an axial‘hole of the cyclotron magnet into the
central region whefe the particles are deflected by an électric field toward
their orbit. About 3.5% of the injected (unpulsed) beam is successfully accel—
erated. Experiments are belng done in Saclay (Be65) to inject a charged polarlzed
beam in the median plane of the cyclotron by compensating the magnetic force at
each point of the trajectory with an electric field.

We will how consider in more deﬁail the possible depolarization dufing
the acceleration. The details of the calculétion will depend on the fypé of .
apcelerator, but the underlying ideas which were méinly developed by Froissart
et al. (FrSO).and Kim et al. (Ki63) are equally applicable to other types of

cyclic accelerators as well as to the calculation of'the depolarization during

‘the injection or extraction. For the numerical illustrations the University of

California 88-inch cyclotron in the Lawrence Radiation Iaboratory;'Berkeley will -
be used (Ke62). TFigure 3 :shows the magnet pole arrangement of this three sector

isochronous cyclotron. A.typical equilibrium orbit of particles with a constant

'energy is also shown in this flgure. The motion of the particles éan be detér-

" mined by the knowledge of the magnetic fleld B(r, P, z = 0). in the median plane.
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" We write for the fourier?expansién of this field along a circle with radius r

B(rJ ¢) O) = OZO:
n

a_(r) cos [n(cb'—qbn(x'-))] (28)
=0 A

A cyclotron with perfect N-fold éymmetry (N is the number of sectors) has only
nonvanishing coefficients An for n = kN, k = 1,2, etc. TFigure 4 shows these co-
efficients and the phase angles ¢n for a typical magnetic field of the Befkeley
88" -cyclotron. Particles of a constant energy will make oscillatory deviations.
from the‘equilibriﬁm orbit. The total deviation of an actual orbit from a circle

 in the median plane can therefore be written approximately (Sm59 or Ha62) as

z =z_cos(Vv.wt + 8§ )
m Z c z
(29)
r n
Ar = —=— — cos Nt + Ar cos(v.w t + &)
c m rc v’

2 Ay

The .first term in the equation for Ar represents the deviation of the equilibrium

7

orbit from a circle. Theiothef terms describe the‘vertical and horizohtal‘betatron
Qscillations. Their amplitudes Zn and'éim and phases QZ, 6r depend on tﬁe initial
conditions of.the particle. The angular frequencies v,®, gnd v, o, of the betatron
éécillations can be calculated from the magnetic field coefficients Ah'(8m59).f
Figure 5 shows examples of their magnitude for a proton and a deuteron beam as
functions of radius. |

To be able to calculate the depolarization of the particles, we need the‘

frequencies and amplitudes of the magnetic fields which the particle experienées

in its orbit and which are perpendicular to the main magnetic field. In the

R 11N
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Te | median piane the magnetic field has no such components, but particles which are

above or below this plane will experieﬁce Br and B¢ field components.

2
B = QE— + 03B zle + ..
r 8 2
Or
(30)
2 .
1 6B 16™B
B¢=;%Z+;9¢QTZAI'+

These Taylor expansions follow from curl T = 0 and from the above mentioned
vanishing of Br and B¢ in the median plane. All derivatives in Eq. (30) are

understood to be taken at z =0, ¢ = w t. Tnserting the expressions (28) and

(29) for z, Ar and B into the above equations we see that the particles experience

horizontal perturbing fields with angular frequencies W my given by
mhmg = wc(n+mvr+fvz) n,m,f = 0, £1,%2,... (31)

where an expansion of Eq. (30) to higher powers in =z will give rise to the

values of m and f larger than one. It is convenient to introduce Avnmé as the

deviation of O from the spin precession angular velocity in units of ®,

b4
gs o v E_
Oy =n+mv 4V, -5 - 1 - - (32)

Which choice of (n,m,!) will give rise to resonant depolarization (AVﬁmz; 0) -

-can be Judged eésily from Figs. 4 and 5 and from'the value of vy EEF-'li of the
v o . S

particle. For nonrelativistic protons'y(5§ -1 = 1.8, we expect possible

_resonances to occur for (1,1,-1), (2,0,-1), (3,-1,-1) etc. The transition

. probability depends (see Eq. (18) or (22)) on the amplitude of the perturbing
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field B(r)(w 2) and on the time spent near the resonance.

B () = Boleyy) + 7%, (en,) | (33)

nmﬂ
In a three sector accelerator the largest amplitudes are preseﬁt forn =0 or 3
(see Fig. 4). - We expect therefore that the contribution from the (3,-1,-1)
resonances are the most important ones for the depolarization of protons in a
three sector accelerator. The following explicit expressions for these fourier-

components are obtained from Egs. (28) to (30)

lzm m 83 - 5
) Bo(wg 3 1) =5 "5 %5 gy *tikm
A2, . o~ v
87A 8. 12 o
» 1 1 % 3 |
Br( 51,1 g 2 mg o2 - 9A3( Qr) (3k4)
‘ A2 }
| 945 60, 6751 |
- 1{6—5= + 34 |

A similar consideration shows that (0,0,-1) - resonances give the most important
contribution to the depolarization of deuterons. The perturbing field in this
case is

O 0,-1

(?)( ) =_% vz ) : | (35)

Figure 6 shows &v for two’ proton energies and.- Av for one deuteron
3,-1,-1 0,0,-1 R

energy as function of radius. In all examples the partlcles have to crgss de- #
- polarization resonances at least twice. The transition probability gP_féiven

by Eq. (22) can be written for an isochronous cyclotron in the followihg form
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[5(T) \ 2 | |
o | ot |” o x40 (1k(x))  (36)
A 2 T, @ ORI |
dr' " nm/ ‘
with ' P K1
Rij average number of turns until extrsction
R . extraction radius
r resonance rédius
irA (r), 2
2 2 [T% \
r) =1+ R)-1): - i
v (r) _(”Y(‘) )imf
r dAb
kK =&

o}

The transition takes place (see Eq. (23)) in the interval

(r) o A
N om ok Bp (whm£> ﬁg T ‘ _ . (37)
nm Ab(r) ‘2 5P .

Tabie IT shows that the méghitﬁdes of the depolarizations of protons and deuterons .
véccelerated in the Berkeley 88-inch cyclotron are small. An average energy gain
_of 100 keV per turn was assured and 1 cm for the amplitudes of the betatron
oscillations. The resonance width (Eq. (37)) is also shown ih Taﬁle II. It is
seen that for most resonaﬁces Eq. (21) is fulfilled over the region givep'by

Eq. (24). At small radii this condition is more marginal. The contributions to
the depolarization from regionsvwherevthe resdnahce condition is‘npt fulfilled
can be estimated from Eq. (18). For protons with 55‘MeV final energy P is

approximately 5 X 1077

in the interval from r = 4 inch to r = 18 inch. Small
values for the calculated depolarization were found by Kim et al. (Ki63) for
deuterons accelerated in the Birmingham sector focussed cyclotron and by Khoe

et al. (KhG3) for protons accelerated in the cyclotron at Washington“UhiVersity

I Ot Touin.  (uee also otk ). Experimentally polarized denborons were
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sﬁccessfully accelerated in a conventiohal cyclotron up to 22 MeV in Saclay
(Be63).

" In syhchroéyclotrons the depolafizations,are generally more se;éfe,.méigly
because of the large number of turns during acceleration. Indeed thekcalculated
depolarization of prétons is substantial for the Rochester 130 inch synchro- |

" eyclotron (Lo62). For the Dubna synchrocyclotron small proton but large
deutéron depolériéations are prédicted (P16L4). Because the magnitude of the
":;.depoiarizéfion depends qﬁadratically on the amplitude of the vertical betatron

-oséillatioﬁ (see Egs. (56) and (30)) a reduction of this amplitude possibly by
a cafeful injection‘of a good quality beam in the median planevmay avoid too

‘large effects.

‘Protons depolarize generally completely during acceleration in synchrotrons

’ (Ff60, Co62, ZeGh). Cohen (Co62) proposes a method using pulsed quadrupole
imagnets'to'traverse'the dangefous resonances quickly enough to avoid excessive

~ depolarizations.
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FIGURE CAPTIONS

Ed

.*  Figil. A partical trajectory (shown as fuil line) and two rest frames
(R and R') as seeh from an inertial system (1L).

Fig.'é. Depolarization in electromagnetic lenses.

Fig. 3. Schematic of the Berkeley 88" cyclotron, showing the spiral ridges,
and equilibrium orbit, and the deflector. | |

Fig. 4(a) Amplitudes of the first three harmonics of the magnetic field of
the Berkeley 88-inch cyclotron. The field shapé corresponds approximately
to 55 MeV protons extracted at a radius of 38.8". (b) Phase angle of the
»harmonicgo forhdther eﬁgréies the magnitude of A.n will be different, but

‘ A :
the relevant ratio L yill be approximately the same. Data from (Cl66).

A‘O . .
—  Fig. 5. Calculated radial (Vr) and vertical (VZ) betatron frequencies for the

Befkeley 88-inch cyclotron. - (Data from C166) |
55 MeV protoné beo-o and e-e-e
65 MeV deuterons  A-A-A  Aededs

‘Fig. 6. Deviation Aynmz of ‘the perturbing field frequencies from the spin
vprecession frequencies, measured. in uhit; of the cyclotron frequenby, for
thé Berkeiey 88-inch cyclotron.
o;p_o Awf,-l;—lf 55 MeV protons :

'.lo#i-ol 'Aya;_l’_l, 10 Merprotons 

L-b-B v s

B

765 MeV deuterons
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