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abstract

We show that, given any allocation fin the core of an exchange economy, we can find
small income transfers and a Walrasian allocation ? relative to the transfers such that
most agents are indifferent between f and _7 in addition, we can find small income
transfers and an approximate Walrasian aIlocation} relative to the transfers such that

A
all agents are indifferent between f and f.
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1. Introduction

Most decentralization results on core allocations in exchange economies with nonconvex
preferences have focussed on the so-called “competitive gap,” (Hildenbrand (17),
Dierker (13), Anderson (1)) which measures the distance from the agents” consumption
to the budget frontier plus the distance that the cheapest vector preferred to their
consumption lies below the budget frontier. Anderson (6) gives a formulation showing
that the utility levels achieved converge on average to the utility levels generated by
the agents’ demands. However, it need not be the case that core allocations are close
to Walrasian allocations. Indeed, Anderson and Mas-Colell (10) give an example of
a sequence of exchange economies with a sequence of core allocations in which every
agent is a fixed distance from his/her demand set for every price.2 See Anderson (5)
for a survey of the results known with nonconvex preferences.

One might hope that, given a core allocation, one could find a Walrasian allocation
under which each individual achieves approximately the same utility level as at the
core allocation. Note first, however, that there is no guarantee that there will be any
price g that clears the markets, since preferences are nonconvex; we are forced to
consider prices that approximately clear the markets. As shown in Figure 1, it is
possible to have a core allocation f with a local supporting price p that makes f lie in
the budget set of each agent, but so that p is not an equilibrium price: agent I's
demand will be at the point x, while II's demand will be at the point y, so that the
excess demand is not small in per capita terms. Worse still, there is a unique equilibrium
price ¢ which yields an allocation g far from f and such that the utility levels of agents
at g are very different from the levels at £. Furthermore, there is no way to transfer
income (in the spirit of the Second Welfare Theorem) so that there is a post-transfer
Walrasian equilibrium which yields utility levels close to those of f to both agents; see
Anderson (8) for a fuller discussion of this point.

The purpose of this paper is to give a closer link between core allocations and Walrasian
allocations by showing that in large finite économies there are small income transfers
and (post transfer) Walrasian allocations which gives most agents the same utility they
experience at core allocations. We choose a decentralizing price vector which, essentially,

2 There are results showing that core allocations are close to demand sets in two generic formulations:
sec Mas-Colell and Neuefeind (21), in combination with Proposition 4 on page 200 and condition (*)
on page 201 of Hildenbrand (17), for a topological formulation; and Anderson (4) for a probabilistic
formulation.
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minimizes the competitive gap. This so-called “gap-minimizing” price has been used
by Mas-Colell (20) (Proposition 7.4.1) in a variation of the proof of Anderson (1); he
also used a related construction for approximate decentralization of Pareto optima
(Mas-Colell (20), Proposition 4.5.1). This construction has since been used in Anderson
(7) to obtain a quadratic rate of convergence for the competitive gap under smoothness
assumptions. The construction has also been used in Anderson (8) to obtain a version
of the Second Welfare Theorem in exchange economies with nonconvex preferences.
Specifically, (8) shows that, given any Pareto optimum f, there exist income transfers

and a Walrasian allocation f relative to those transfers such that all but £ agents are
indifferent between f and f, where k is the number of commodities.

Our present result is most closely related to (8). It asserts that, given a core allocation
£, there exist income transfers and a Walrasian allocation 7 such that all but roughly
\/fr? agents are indifferent between f and ?, where k is the number of commodities
and n is the number of agents. Moreover, the income transfers are small: the average
absolute value is bounded by a term of order the norm of the largest endowment times
Jk/n. The bounds on the size of the transfers and on the number of agents who are
not indifferent between f and ? are expressed in terms of the competitive gap. Under
smoothness hypotheses, the average competitive gap can be shown to be o(1 /nz)
{Anderson (7), Kim (18)). It then follows that the number of agents who are not
indifferent between f and ? is at most k + 2, and the average absolute value of the
income transfers is O(lA/ n). We also il{ltroduce an ir}\come transfer ¢ and an approximate
Walrasian ailocatiolx\l f (relative to t) such that f(a) ~of(a) for all a; the per capita
excess demand at f is of the order l/\/ﬁ times the norm of the largest endowment
and the average income transfer is of the order \/m With smoothness, these rates
improve to O(1/ n).

The rate we obtain for the convergence of the transfers to 0 in the smooth case is the
best possible for ‘replida sequences with two types of agents. A faster rate of convergence
to 0 of the income transfers would yield a rate of convergence of the distance in the
commodity space to Walrasian equilibrium faster than the O(1/n) rate obtained in
Debreu (12), but Debreu’s rate of convergence is best possible in the case of two types

of agents. However, it is likely that the rate of convergence of the competitive gap
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becomes faster as the number of types increases, and faster still if one considers
non-replica economies; furthermore, this acceleration should occur even without smooth-
ness; see Anderson (7) and Geller (15) for a discussion of these points. If a O(n_z)
rate holds for the average competitive gap without smoothness, the rate of convergence
on average for ? 7, } and ? would automatically improve to O(1/n). If still faster
convergence rates hold for the competitive gap, a rate faster than O(1/n) would
automatically hold for t but not necessarily for f T and f since their bounds
involve additional terms which do not shrink along with the competmve gap; we
conjecture that the O(1/#) rate is the best possible for f , 7 and f

The representation of a core allocation as a Walrasian equilibrium with small income
transfers is implicit in Debreu (12), Grodal (16), and Cheng (11); and almost explicit
in Proposition 7.4.12 in Mas-Colell (20). Each of the four results just cited deals with
exchange economies in which agents have smooth, strongly convex preferences. The
proofs (and, in the case of Mas-Colell (20), the statement of the result) establish that
maxlp (fla) — e(a))] = O(1/|Al), where fis a core allocation and p is the supporting
price for the core allocation. Then defining #a) = p - (la) — e(a)), we see immediately
that (f,p) is a Walrasian equilibrium with respect to z, that ) #a) =0, and that
T:Axlt(a)l =0(1/]4]). On the other hand, the rate of convergenagg results in Debreu
(12) and Grodal (16) can be deduced from the results in this paper (except that, in
Grodal’s case, we obtain the rate of convergence on average, not uniformly). Thus,
our notion of decentralization has important roots in the literature on cores with
smooth, strongly convex preferences. The principal contribution of this paper is to
show that this strong form of decentralization can also be extended to the nonsmooth

and, more importantly, the nonconvex case.

The proof is elementary. The key observation is that, with respect to the gap-minimizing
price, we can find a point in the negative orthant which is in the convex hull of points
which minimize expenditure, subject to the constraint of having utility at least as high
as the core allocation, for some coalition S; such points are, of course, in the quasi-
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demand sets after income transfers. Using the Shapley-Folkman theorem, we can
move all but k agents in S into their quasi-demand sets. However, this does not tell
us anything about individuals not in S. These individuals will not be indifferent
between f and f moreover, we will have to make relatively large income transfers to
these individuals. Therefore, we seek to choose S relatively large so as to limit the
number of such individuals. On the other hand, we cannot force S to be too large.
Our ability to control the average absolute value of the transfers is based on knowledge
of the average (signed) value of the transfers in S. If S is required to be too large,
then it will be forced to contain individuals with positive as well as negative transfers,
thereby limiting our ability to infer anything about the average absolute transfer. The
trade-off between these two considerations leads us to choose the coalition S to have
roughly n — \/71' individuals in general (n — (k + 2) in the smooth case).

We believe that the usefulness of gap-minimizing price construction in this wide variety
of problems demonstrates that it is not just a convenient technical device, but an
important construction in its own right.

With nonconvex- preferences, the core may be empty. However, various notions of
approximate cores are not empty. The analysis of this paper extends easily to these
approximate core notions; see Anderson (4).

2. Preliminaries

We begin with some notation and definitions which will be used throughout. Suppose
X, Ve le B < Rk x! denotes the i component of x; x = y  means
xizy! forall iy x > y means x = yandx # y;x > >ymeansx'>y"fora11 i
(x4) = max{x},0}; (x-)' = — min{x’,0}; llxlly ZIx‘I, Xl oo —max]x’l, R%

={xe Rk x> 0}; IR’i = {xe R% x> >0} and B denotes the closure of B.

A preference is a binary relation » on JR satisfying the following conditions: (i)
monotonicity: x > >y = x¥y; (i) free d1sposai x> >y ywpz = xpPz (iii)
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continuity: {{x.y) € RA x Rk x»y} is relatively open in Rk x Rk (iv) transitivity:
if x»y and y»z, then x»z; and (v} irreflexivity: x¥ x. Let P denote the set of prefer-
ences. Let P’ denote the set of preferences in P satisfying the following addmonal
conditions: (vi) strong monotonicity: if x > y, then x®»y; and (vii) for all xe R, 0w x.
If » eP, we define x ~y <> (x¥y and y#¥x).

An exchange economy is a map &: 4 =P X IRﬁ, where A is a finite set. For a€ 4,
let », denote the preference of a (i.e. the projection of &(a) onto P) and e(a) the initial
endowment of a (i.e. the projection of &(a) onto R’i). An allocation is a map
fid— R%  such that Y fla) = Y e(a). A coalition is a non-empty subset of 4. A
coalition § can improv‘éaon an allocation f if there exists g.5 — R%, gla)», fla) for
allae S, and Y, g{a) = ¥ e(a). The core of ¢, C(g), is the set of all allocations which

S S
cannot be improased on by ;Eny coalition. Let M = max{[|} e(@llec: S = A4, IS| < m}.
aesS

A price p is an element of RY% with ||plly =1. A4 denotes the set of prices,
Ay ={peAy: p> >0). The demand set for (P, e), with income augmented by
re R is D(p,(»,e),r) ={xe R : px<p-e+r, yPpx = p.-y>p-e+rh
D(p,(®,e), r) could be empty under the hypotheses we have placed on preferences. An

income transfer is a function £ 4 — IR with ) #(a) <0. By abuse of notation, we let

D(p,a,t) = D(p, (P, ea)), tH{a) if ac A.

The quamdemand set for (»,e), with income augmented by re R is Q(p,(™,e),r)
={xe R+ p-xs<p-e+r, ypx = p-yzp-e+r} Qp,(®e),r) could be
empty under the hypotheses we have placed on preferences. By abuse of notation, we

let Q(p,a,1) = Qp,(®a, &(a)), Ha)) if ae A.

A Walrasian equilibrium for ¢, relative to the income transfer ¢, is a pair (f, p), where
Y Aa) < Ze(a), peA, and fla)e D(p,a, ) for all ae A. Let W(e,r) denote the set of
acA

Walrasian ethbrla for g, relative to the income transfer z. A Walrasian quasiequilibrium

for g, relative to the income transfer ¢, is a pair (f, p), where z fla) < Y ela), pel,
acA4 asd
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and fla) e O(p, a, f) for all ae A. Let (g, #) denote the set of Walrasian quasiequilibria

for g, relative to the income transfer ¢

3.Results

Definition 3.1: Given an exchange economy & 4 —P X lR{‘;., and fe((g), define
y(a) = {x ~ e(a): xPAa)}, n(a) = y(a) U {0}, and [T = } m(a). Let 5 be chosen to
maximize inf p-I1 over peA4. 7 is called the gap-mini;'lefzing price for f; this choice
of price vector first appears in Mas-Colell (20), Proposition 7.4.1. Define o = inf p-TI..
Suppose {e(0,1]. Let T = {> A(a): h(a)ey(a), |S| 2(1 — D)I4]}, § maximizes inf ¢ -T
over geAy, p= inf§-T, “§S= B7 /1312 For ae 4, define g(a) = argmin 7 - y(a); g
may be a correspondence, and it might be empty-valued. For any S < 4, define
g(S) = 3 g(a) and B(S) = 7 - g(S)- The existence of p’- and 7 is shown in the proof of

aeS

Theorem 3.4 of Anderson (7).

Theorem 3.2: Suppose & AP X R% is an exchange economy and feC(g). There
exists pe A4 such that inf p-T1 2 — ME,

Proof: This follows immediately from the proof of Theorem 1 of Anderson (D).
Lemma 3.3: (i) —M¥ <o <P <Co; and (i) inf 7- 11 = {718 2¢7la = —¢ 7 1Mk
Proof: This follows from the proof of Lemma 3.3 of Anderson (7), taking { =1 — &.

Lemma 3.4: Let &2 A —»P x IR% be an exchange economy and fe C(g). Then z<con T.
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Proof: This is a portion of the statement of Theorem 3.4 of Anderson (7).

Proposition 3.5: Suppose €0 4 - P X IR]fF is an exchange economy. If feC(g), and

0 < < I, then there exists an income transfer T with

asA

and (7,(7)6 Q(a?t) such that there is a set of agents §, |S| = (1 — QI4| — (k + 1) with

~ A
fa) ~ 4 f (a) for all ae S. Alternatively, we may find an income transfer ¢ with

Yha < 2
acA C

A A
and f(a)e Q(7,a, ?) such that, for all ae A, fla) ~ ,f(a) and

ci-[ ):(?(a)-e@)) +(Zc?(a)—e(a») ] < eMFT 4 amPM,
+ acA _

acAd

- A
If in addition we assume that b, eP for all aei! and 7 - f(a) > 0 for some a€ A4,
d ~ A
then we can take § > >0, (f,§)el(e, t), and f{a)e D(q,a, t) for all ae 4.

Remark 3.6: Since preferences may be nonconvex, W(g, f) may be empty. The conclusion
that it is not empty is less surprising that it might at first appear. Since we only
require that Z?(a) < Ze(a), and we may have ) T (a) <0, some quantity of goods

aed qeA acA
is left over. It is as if we added an agent with a linear preference relation with
indifference curves perpendicular to p who receives the residual income; this provides
the necessary freedom to obtain a Walrasian equilibrium. The alternative formulation

involving f is a notion of approximate Walrasian equilibrium. The theorem indicates
that the market value of the absolute value (taken componentwise) of the excess
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demand is~bounded. This result is obtained essentially by combining the formulation
involving f with the argument in Anderson (3). Corollary 3.7 is obtained by optimizing
the choice of {, following Anderson, Khan and Rashid (9) and Geller (14).

Corollary 3.7: Suppose &: 4 - P X IR"ﬁ. is an exchange economy, {4| = n. If fe({(g),
then there exists an income transfer 7 with

L@ < (22 F D + (k + 1)) maxlle(@)l e

and (?, ﬁ)eQ(eTt) such that there is a set of agents S, |S| = n — \/2(k + hn — ({\c + 1)
with fla) ~, f (a) for all ae S. Alternatively, we may find an income transfer ¢ with

ZI?(a)i < J2n{k + 1) max|le(a)ll -
acA aeA

A A
and 7(a)e O(F,a, t) such that, for all ae A, fla) ~qf(a) and

7- [(a;c?(a) - e(a))) o (3;}?(‘" - e(a))) _]

<(6(k + 1) + 2/2n(k + 1))m§4xue(a)1|oo

if in addition we assume that »,eP for all ae A and

j e ————
rr}ln mé}e(ar)) > J2nk + 1) Igglle(a)lioo,

' ~ A
then we can take g > >0, (f,7)eW(e,#), and f(a)e D(P,aq, ?) for all ae A.
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Proof: Take

TiT@ < 207 Ya + taml o+ pFFI
asd

1 L |
nM, al k+1 I 1 k+1
<2/l + My 4 MTD S Janglal + JanMGlal 4 M

E

=2 /2nMmlal + MFYL < 2 /2n(k F DML + (k + DM,

<(2)/2nk ¥ ) + (k + 1) max]le(@)l oo-

The other bounds are established similarly. To show that at least one agent a has

q —;‘!(a) > (), note that
A A
v7-0@ = 7-(Ta@) - Il
acA acAd acA
j T ———————————————
= mjin az;e(a)) —J2n(k + 1) T&XH‘—’(“)HOO >0.

Corollary 3.8: Suppose €,: A, =P X lR”S. satisfies the hypotheses of Theorem 3, p.
202 of Hildenbrand (17). If f,€C(c), then there exist income transfers T » With
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1

lAnI aEAn

|7 (@) =0

and (? ,,,c?,,)e&)(sn:f‘n) for n sufficiently large such that there is a set of agents S,
1S /14, — 1 with fp(a) ~a? a{a@) for all ae S, Alternatively, we may find an income

A .
transfer ¢, with

1 A
m—z [t (@)l =0

acdy,

A A ) A
and f (@) e D(G,, a, t ») for n sufficiently large such that, for all ae A, Jal@) ~ o f n(@)

and

LS (@) - ey(@) — 0.

| Ay cen

Remark 3.9: Since demand is continuous as a function of income when preferences are
strongly convex, it is possible to deduce Theorem 1 on page 179 of Hildenbrand (17)
from Corollary 3.8.

Proof: Since &, is purely competitive, the sequence of endowments is uniformly inte-

grable, ie.
L2 1
E <A, 0 =  — 0
nS A T4y A%,
M;

n

|4l

(Hildenbrand (17), page 137). In g, take {, = \/ —0 as n — o0; we thus have
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2m¥ kM) Ml mE+
~ < =0, - - 0, and e > 0,
Tia) = i) A a0 g

n

Hence, the average convergence of |f,{a)! and [? 2(a@)] to 0 follow from the corresponding
bounds in Proposition 3.5. The hypotheses of Theorem 3 of Hildenbrand (17) imply
thatAbas P’ for all ae 4,. To see that for n sufficiently large, there is a< A4, with
Gn - fn(a@) > 0, observe

1 _ A 1 . 1 A
AL I = L) - 7 %

J J

. 1 : 1 A . . 1

= - ¢ lim — > 0.
rn}n(lAn] agn en(a)) IAni agnl n(a)i - n-l-roo n?n(EAnl agn en(a))

The argument of Lemma 4 of Anderson (2) is easily adapted to show that there is a

compact set K < Ay 4+ such that §,e K for all n; the equi-convexity assumption as-

sumed there is only used to establish an equi-monotonocity condition, which follows
directly from the hypotheses here. Hence

A - A _ A 3
Ha;n(f,,(a) ~ e (@l 9n- [(GEZAU‘ (@) e,,(a)))+ + (@ZAU e e,,(a)))_]

= ;
o 4,0 min 7,
J

6MEt T 4+ 2pgnl 4l
< = - - 0.
|4, inf {¢: ge K, 1 =)<k}

Corollary 3.10: Let g0 Ay =P X R% be a sequence of exchange economies which
satisfies the hypotheses of Theorem 3.8 of Anderson (7) or Theorem I of Kim (18). If
fneC(g,), then there exist income transfers T n With
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370 s

and (? ,,,r';‘,,)e(ﬂ(e,,ff‘,,) for n sufficiently large such that there is a set of agents S,
|A, — Syl < k +2, with fo(a) ~4 f n{a) for all ae S, Alternatively, we may find an
income transfer ¢, with

Lo h 1
A7 5, ) {7y

A A A
and f (@) € D(3n, a, t ) for n sufficiently large such that, for all ae 4, Jal@) ~ of n(@
and

1
|4,

(a) ~ e,(@)) =

IAI

Proof: Under the hypotheses of Theorem 3.8 of Anderson (7) or Theorem 1 of Kim
(18), a, —-0(1 /n). Take {, = 1/|A,, and apply Proposition 3.5. The existence of a
with 7, - f .(@) > 0 and the bound on the per capita excess demand at f are established
by the same arguments as in the proof of Corollary 3.8.

Proof of Proposition 3.5: Let n = |A|. By Lemma 3.4, zecon I. From the proof of
Theorem 3.4 of Anderson (7), there is some ¢ = {1 — {n and a1, ...,ap With m < k + 1
and A(a)econ {(0,0),(1,g(a))}, ha)e{(0,0),(1,g(a))} for a¢{ay,.. an}, such that

(t,2) = Y Aa). Let S = {acd: h'a) = 1}. Note that |S] =(1 = Qn —(k +1). Let
asA
B (@) = (h¥a), .., k¥ T @), Let f(a) = & (a) + e(a) if aeS.
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Next, we adjust f’(a) to ensure that it lies on the relative boundary of y(«) with respect
to R%. For aes, let r(a) =inf {r: rf'(a) — e(a)e¥(a)}. Note that r(a) < 1. Define
7 (@) =Ha)f (@) if ae S; note that § - f (@) =inf 7 (y(a) + e(@)). Let f (@) =0 if a¢S.

Z?(a) < Z(ﬁ(a) + e(a)) <z+ ) ela) < Y e(a).
acA aeA aed

acAd

Define 7 (@) = 7 - (f(a) — e(a)). We will show that ?(a) €QF, a0 forall a. If a¢S,
G- 7(:1) = 7 -e(a) + T(a) =0, so it is trivial that 7(a)e Q(F,a,t). Suppose now that
ae S. Suppose xba?(a). By continuity there exists y e y(a) such that x», {y + e(a)).
By the definition of y{a), (y + e(a))®» fa); by transitivity, x»,f(a). Hence, 7-x
>inf -v(@) +5 - e(d) =G- f (@) =G -e(a) + T (a). Thus, f(d)eQF,a, f). Hence,

(f .3 e e, 0.

Next, we compute the bound on the average absolute transfer.
YIT@ < linf §-v(@)l + LF-ef@) < Xlinfg-y@ + MzHeH!
aed aes ags asA

2
< 2infg-T + M? + M1 < -—'g- + M+ METL

Now, we show that ?(a} ~ Sla) for all ae S. If fla) baf(a), then by continuity and
the fact that ?(a)e’y'(a) + e(a), we may find yey{a) such that fla)»,(v + e(a)). By
the definition of y(a), (v + e(a))P» fla); by trénsitivity, fa)w fa), contradicting
irreflexivity. Hence, for all a€ S, fla)¥ 4  (a). On the other hand, suppose f (a)P.fa).
If r(a) = 0, then ?(a) = (), contradicting assumption (vii) on preferences. If r{a) > 0,
then we may find a point xe Ri.‘.. arbitrarily close to ?(a) such that x ¢ y(a) + e(a),
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and hence x¥ ,fla); but this would contradict continuity. Thus, for a€ S, ;"(a) ~ Aa@).
IS|]=n — (k+ D).

A ~ A
Define f(a) = f (a) if @€ S and let f(a) be chosen arbitrarily from
{x:x — e(@)e¥(a), §-x =F-e(a) + inf §-y(a), rx¢e(a) + y(a) if r <1 and x # 0}.

Let t(a) =7- (f(a) — e{a)). f(a)eQ(q, a, t) and f(a) fla) for all ae A, by the same
arguments that worked for f

Next we compute the bound on the average absolute income transfer represented by

A
t.

A - - _
'EZAu(a)l - g:infa-v(a>z < 2infz-M =< 20 Yal

Next, we compute the bound on the excess demand given the price 7 and the income

A
transfer ¢.

(P -e@) - :-L(F@+ea-Ft@) - LF@

aes aeS =1

- 3(r@-t@) - Liw

i=1

Note that aeS.f(@ @ =7 f@=7-7@=0 =7 (k@ - @)
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=q - (f(a) - )/‘\‘ (a)) = =0. Therefore

a-[(Z?(a)—e(a)) . Z?(a)—e(a))]
acA + acA -

gz + g Lh@ + a-[Z(?(a>—e(a))+ + z(}@—e(a))_]

agS ags
A
TRy Vi S g R a%(c?-f(a)+fj-e(a))

<Mkl 1+ Y (7 fla) + 7 e(a)
ag¢sS

<3MFtl 4 2T 7 e(@) + linfg-T < 3MEYD 4 optERL 4oopft
agSs

=6M**l 4+ M

Now suppose that preferences satisfy the strong monotonicity assumption (vi) and
q v}(a) > 0 for some ae 4. We will show that §A> > 0. Supposg 6" = ( for some i.
By monotonicity and continuity, there exists y®»,f(a), § -y <7 - f(a). By continuity
we may find x such that y»,x and x — e(a) e y(a). By the definition of y(a), xP».f(2),
and so y¥»,fla) by transitivity, a contradiction. Therefore, § > > 0. But then it

3.Results 15




follows by standard arguments that the demand and quasidemand sets coincide, com-
pleting the proof.
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