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July 22, 1971

ABSTRACT

‘A general mxuwmmmwou.wou the nth order sopwwnmmn.
complex mcmomwﬁwdHHpﬁw tensor is derived by use ow many-
time temperature -dependent mummu.m.wsuoﬁwoum. The demping
constant for WOSHHnmmH mdwow@dwou is obtained from the
mzmwmwﬁ»wwwwd% tensor. It is shown that dum,wwu order
nonlinear susceptibility emwmow wm mmnmmmﬁma from Hosmwu
OH@ma,memw‘m functions and that the explicit temperature
dependence of the mewwum constant is not affected by
increasing the strength of the applied wwmwan It is
féunds Py observing dwm frequency dependence of the
susceptibility, that the frequency, w, of ﬁwm.m@bwwmn
wwwwm is conwerted into nth harmonic weves of frequency

nw.

D
I. INTRODUCTION

The phenomenon of infrared absorption in ionic crystals is

‘connected with the dynamics of lattice vibrations. The traditional

theory of lattice g%ﬁmswmm was developed mainly by Born and von

1-3

Karman more than fifty %mem ago. In this theory, oum.sm%Aﬂtwmw of

& crystalline solid as consisting of a set of coupled springs (forces)

and Bmmmmm.ﬁwommv. The fundamental assumption is that atomic (ionic) .

displacements in the lattice from their equilibrium positions are small

in comparison with interatomic spacings. Hence, truncation of expan-
sion terms of interatomic wmdm5¢wmwm.ws WOSmHm of the mewwmamamsdw at
the first few mbwmwros»n terms (usually, third or fourth) is valid.
eﬁwmvm@ﬁwostm&WOb.wm generally <mwwn,wow a large class of nw%mdmwwwnm
solids, but it has recently been discovered that it is not valid for

the so-called quantum crystals (for example, solid wmwwssv.r We will

not consider quantum crystals in this paper.

The vwommmm of optical mcwomwawon ws<ow<mm the interaction of
an electric field with the electric EoEmzd.o% & crystal zwmb.onm
optically active phonon branch is oowMMamNm&. The electric moment may
be expanded wm powers of the thermal displacements of dﬁm.wmbm from
dwmww mmstwdumsE positions; the Hwbmmw term in this m»@wmeOB is the
:mﬁww &wwowm moment. Higher-order terms give rise to continuous

1 The Hamiltonian of the crystal consists of &vm sum of

mdmo&@wwos.
hermonic and anharmonic parts; the anharmonic part is obtained by
expanding the potential energy of the crystal in powers of the ionic

displacements from the equilibrium positions.



¥

i

.pﬁswmh.p:wvcwmwvwhoawﬁvmnm IQ3UTTUOU

Teusn ay3 ST STYL - “mu honwﬁdonh LR LY S3A%M 'O TUOWLIBY~-I9DIO svmWOpcﬂ

 pagIaAu0d ST PTOTY PaTTdd® 2U3 Jo ‘m  ‘Aduenbsiy ou3 38YI 3BOTPUT GOTUM

-SWIdy juspuadsp- Lousnbaiy sureljuod A31TIqI3de0sns xa7dwod awauTY
-UOu JISPIO YU sy} I0F uoisgsxdxs oyl - SISATBUB ayg a3a7dmod 03 uoty

nd&%pmm>cﬂ I3pUn TBIJI918W 29U J0J POUTWISLSP 9q 3Snu uorsusdxs TeWIaqy

aqy} Jo aouspusdep -amyeradwe) 3TOTTANT aY3 ‘I2AaMOH 52580 IBIUTT

-uou pu®s JBI3UIT 9Y3 yYroq ul I ST uqdpmnouvwsﬂasdu 3y} go sduspuadap

..vnipdumasmp 3ToTTdXS 33Uy 98U} punoy ST 31 .vaomawmp.wnw mnoﬂvznﬁwuqoo

UMQOSMdAdd.Oﬂpanzw pue Az\avo anp Z3TTews mﬂnoa *yead coAugﬁOmpd

Tejuswepuny 9Y3 JOJ Juwvqsucd Juiduep pue muwanm hucmswwaw ayy Jo

nowuo:dm ® ST uotrssaxdxs mHnB * I0SUd} hpaaﬁpaumwumzw xaTdwmoo aeaUTTUOU

JI9pI0 YU 9Y) J0J qmwn5uwhmmamp 1T® nom.cﬂaw>.w=0ﬁmwvhmxm :d.wPﬂnmu 0q
mqoapocd@ s nmmnc suTq-Aueu mo poyjew auy vww: an®y oM

. : .anopaaopdﬂ

ay3 ur mwom%wm I8auTTuUoU wwmnu JO UOT}BAIISQO ch:msﬁnmmxu £l

anﬂmwom sayew §90008 2989 WOIJ SIXNTF JYSTT ASURUT JO AITTTQETTIBA®

YA .Hduwhhu unw.cﬂumnOﬂ ay} uo Juiqom wﬁwﬁm Awsnwunu gy Jo A3Tsusjut

ay3 04 aTqexsdwod samWO08q AﬁOﬁpmnhwuumgv PTATI TRUIIIXD msw Jo fq1s

-U33UT 5T} USUM S903JJ0 fBAUTTUOU ISPTSUOD 0F AIBSS803U Wﬂ 11

l*ﬂl

-9

.- :H.mhﬂpdhmmsmu y31y 3% vnwumcnu Butdmep ag3 Jo wvcocCo@wu mm.

‘@ 03 asTI m>ﬂw.uanoo.moaﬁsnﬂnpnoo OTqUO Y3 pue TTHWS ﬁwm>.mﬁ uoTH

-:pwnpcoo oﬂzostncd o1qaenb oy} 38U} UMOUS ST AT ‘adi ﬁwd JTT I03

‘gy¥p oY} BULSN FUITOTIFS0D uoTsurdxe TEWIIYY wnp,vo souspuadep aamy

-gxadway 8yl pomﬂwoz.uadpmnoo mcﬂmsdc 3y} JO SUOT}BIIPTSUOD Hdoawmnownu
aA0QB wnpmpw£¢ mﬂﬁﬁooz £q qno pajutod usaq hﬁpcmown sey 91

. .Hw.vw 8A018dT £q @mﬁno%hwm

SBeM vzwumqoo Futduep sy} 03 msoﬂvzpanpaoU oapnwsv pur OTQNO wnp.

Jo “maﬁpwhpo oTUOT nom TopOW D13STTVAI ® JO sTS®q aU3} Uo »qoﬂpwﬂsoﬂmo

.>mwaommdm £q pus

T . ot ]
. padoTaaap nwwn aA®y jusisuocd Butpdwep ayj} OF SUOTINQTIFUOD OTUOUIBULE

TEOTI8UMU PaTIBIAP Y vA078d] puBR YD TUIIND hm
oﬁunwsv.vuwuoﬁpﬁo J03 saanjexadmasg HH@ 98 pPITBA suoissaxdxy

| “3TWIT . aangjeradwey-ydTy

ayy utr my. sB wudmnonﬁ pTnoys jusisuod Butdurep mnp,pdnp 3onm mmﬂﬂﬂmu

@qw UTPNpBILH vnw Hwnmzm pue nnom.hp.mmszPWmhp HdoﬁndSUw&-advnwuw
paTTe3ed fnmﬂcopﬁﬂaﬁm U] UT SWId} OTuowIeyu® OTjIenb papnToul ‘squsm

-pamnw Hdu«mmddw snotasad wxwﬁnﬁ ‘UOT1ETNOTED JITYL ‘3 TWIT TeOTSSETD

wau ur NH @op quowpnogoxa mws.pcdwmnuU wcﬂwswc mnp.pdau.@oSOnm o THM

mpasmun Uw>ﬁuwv STTTBM pus uasdap “aanyrxadway - 0% kudaou Atxesurt

8
ST '3UB3}SUO0D Sutdurep STY3 98U3 punoy ST 3T ‘waTqoxd sTU3 Jo muﬂmﬁpﬂmun
| TBOTSSBTO wmwaddsudﬁvrddnwz que0ax aI0W 3Yg puw Hm_naom uy

. ‘ .vuﬁpanmmawp g8ty

ww NH s® hampwaﬂxongmm SOTJIBA wadpmgoo wnﬂaawv ayy pdﬂp 3w£m 108N TO
ssey Aq pue JIT. U0 mnwaﬁﬂmm £q 300 PATIIBO SIUAWIANSBIN aanyeradwey
g3ty 3% xwwm uo13dI0SqR UOTIBIQTA 30T338T Hﬁpuwadvnlw 2y} JO. 3u®}SUOD
Surdwep ay3 JO monmucmmuv aanjexadwa) PanI3IsSqo 3y} wcﬂuﬂdamxm Jo serun

ST ssadoxd uotidaosqw paxeIFul ayz ul waTqoxd Fuij}saxsjur uy

-



'.

IUI

II. MATHEMATICAL FORMULATION

A. Two-Time Temperature Dependent Green's Functions
_In this section, we h&mmmsa.aum essential theory of two-

wHBmHmvwm and Bwuw-ﬁwsquuwm

-temperature~dependent Green's ‘functions,
develop a formal expression.for ﬁwm.50bwwummw complex susceptibility

tensor, and express the anharmonic Hamiltonian of an ionic crystal in

terms of phonon creation and annihilation operators.

The two-time temperature -dependent retarded Green's function

that we will use is defined by

G(t,t') = -ie(t - t')([A(%),B(t")])
B . . (2.1)
‘ = ((a(t); B(t'))) .= G(a; B) ,
where
. 1,t < t' >0
8(t - t') = y (2.2)
_ 0,t -~ t' <0~
and the canonical ensemble average is denoted by
: -RH . _ ,
. cee 1
(voey o Ixle ) gL (2.3)
) Tr e BH kT ]

The operators A and B are second quantized phonon operators in the

,mmwmmcvmwmzwmwﬁmeuﬁmﬁwo:. The Hamiltonian of the isolated (unper-

turbed) system is denoted by H. The equation of motion of the two-

time Green's function is obtained by differentiating Eq. (2.1) with

‘"respect to time. On wmwam the Fourier transform of this equation of

motion, we obtain (in the energy representation)

-6-

EG,(A; B)p = wu Q?wtm + G, ([a,H]; Em ’ (2.4)

where. E = w + i¢ and 4 = 1.

It is well wvo:s that the linear complex susceptibility and.

,mdmowwawonNWQOmwwMowmuﬁ are respectively given by

il

ym%ev_. -2x mmAZIW.z<vm (2.5)

and

Qmuev (2.6)

w
3 by < Im XTS\ASV ’

where M is the electric moment of ‘the crystal. The directions of the

.

.applied electric field and the response are v and pu respectively.

¢
Equation (2.5) is valid when the volume -of the system under oonmwmmﬂml

tion is taken do.dm unity.

B. Many-Time Température Dependent Green's Functions

. The Fourier transform of the equation of motion of a general

many-time " Green's function is given by
E G, (5 B) - & o ([a,5); B), + S (A8l B)y,  (2.7)
where |
mH:?_w_r wv,m = (la,B]),, (2.8)
\ Go(A5 B)y = ((a; B)g » (2.9)
_ou?_wvm = {([A,B]; B))p - (2.10)

The usual equation for the two-time Green's function (in.the energy
representation) may be obtained by setting n =1 -n Eq. (2.7). 'The

frequency of the external perturbing field is denoted by w.
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Ak + k' + k") = ) (2.21)

0,otherwise

where K 1is the primitive translational vectdér of the &mowvaoomw

~
lattice.. Similar relations are valid for .<A:v and

Cafk o+ k' o+ K" o+ k"),

~ ~

The nth moBUOSmuﬁ of the dipole moment of the o&%mwmw in terms

of phonon creation and annihilation operators is

M on

l\)h—-

(2.22) -

shere ZIAwV is the usual mxvmzmwon coefficient and A, is defined by

Q

+ 8, L . . | Am.muv

RO +

e index O equals 0J.

-10-

III. LINEAR SUSCEPTIBILITY AND DAMPING
Calculations of the linear complex m:mnmwﬁdeHWd% tensor for
an ionic crystal,using two-time Green's functions, may be found in

. 11
various sources.

motm<m~\ we present wwm essential features of this
mumw%mwm.mem to clarify the decoupling Emmdon to Wm nmmm in"the non-
linear ommm. It is also wo:b@.mwmw the nonlinear result is & function.
of lower-order (linear) results. The m@ﬂﬁWwonuom|EOﬁwou approach for
dﬁOndwEm Green's wdbnﬁwvum nWbuHmmnHH% be mNﬁmWﬁma to the uonwwnmmu
case. Ho.m<oMm confusion with the nonlinear ﬁuwoﬂﬁv.sw use the
mﬁdwowwwdzmwwo&,wwnmmw {or two-time). Greeén's w:nnawonw.msa the
subscript 3 wu represent-the lowést-order nonwwumma;hmmm. .HSm

linear complex mﬁmnmvﬁwdwww¢H (n = 1) is obtained:by mﬁdmwwdnawum

(2.22) into Eq. Am.uvw we obtain

> M (0) z<Am‘ : :
X (@) = -miuv .mll!J| S 21, (3.1)
O O_ -VN
where
1 1, +,
G = G Awwu >m.vm . (3.2a)
and
2 2
G,n = G, Amom >o_vm . Au.mUv
Expressions for mmH and 0mm are obtained from the Fourier

transforms of their respective mnswﬁwonm.ow motions. That is to say,

11 et et :
MO.N = MIHM Amm.Obbm_H_vm + QNAMmOumogu >O-vmu

um.wu .PO.V + Q.NAH vm.mrvu >O<v ’ AW.UV
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only the diagonal terms. By solving w@m.,mu.ww.muov for the g

~

-1h-

Green's functions and substituting the results into Egs. /(3.6) and (3.7)
2 _ + {{[a Hyls A vv . .
Eg, = QmQ sr%0 ((lag a %770 we find that Eq. (3.1) becomes
+ ’ . - .10b ‘
+ (e, ag,H,05 4,0 (3.100) . M,(9) M, (0) %+ L
: - xf<ﬁev = ¥ w, 2 2 : ’
5 0 @ -« +2 F(0) + 2ap 7, (E)
and ~
| , (3.12).
B wmu = Ammua mm.>o.uvw +mAAmm ag5 m IE Ay vvm where ‘
.10 ‘ ]
N AAHm um u b Ny - (3.10¢) ) . nm + um +1 wu@ +.um w 1)
< «mﬁmv = 18 ). |v | — -
. 1u~ 0,8 E - @ - aw E +.c¢ + QW
Eguations (3.10 a-c) reduce to %8 > ~ T
. C 2(n, -'n )
= (0 + vm v kno don, ¥ 1)G, o
E e . ,,A @ g2 muww m 2 R e v v o ol - (3.13)
. : ¢ B
G) o+ n o+ Co (3.11a)
6 <Q~|m oA g ’ We now write «WAHV as
T(E) = r(o+ie) = alw) - irf(a) | (3.1k)
2 _ (o -w ) +6 .,%wv A - n.)G ! ¢ . 2
E g, = AEW a mm @,-0,-8 B2 . , , . :
~o . where DAEV, denotes the frequency shifts and r(w) is the correspon-
(3) )62 (3.110) o s o _ -
+6 <Q o umAb = sm > : ding damping constant. On using the well-known relation
1 S
and xrIe - P(Z) + ixd(x) , (3.15)
3 . 6 <Gv ? +n_ + an.
Eg, = (0 +a)g,° + Q-o-m
2 I g R we obtein
+6 <Auwv Ab + Sm + H_.VQ, . AU.HHOV
Q,0,-8" &
aAlw) = 18 _<mwv m_m ? +z +1) P J
. : , . 2,0,
To obtain Egs. (3.1l a-c), we evaluated the indicated commutation rela- OB a B
"tions in Eqs. (3.10 a-c) and symmetrically decoupled the Green's
. T K . 1 1
functions associated with the <AWV “terms. Again, we have retained - Aﬁm + nm +1) P A% Ta, T Jwv +2(n, +n )P AW T pwu
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where

(k.21)

P& = 20|y, g

The mN@HHoww ﬂmswmwmwﬁum @mwmwmmuom of the mms%wum noumdwudv
Bg. (4.20), is not mwwmﬂmm by increasing the strength of the applied
wwmwnf. Here, the Qmsﬁwwm constant varies mx@HwoWﬁHﬁumm. T .Aa |VWHV,
.Hw.dww mewudm&memdcum stwd. mo£m<muy the wﬂmpﬁmlo% dependence of
the mpwmmvwwdewww is mwdmwmmm the WHWQSmum%v w, of the applied wmemz
is noummadmm into mmoosnnwmwsoswn wdves :M&w.wwmacmma% 2w. This is

characteristic of nonlinear response coefficients.
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LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor.the United
States Atomic Energy Commission, nor any of their employees, nor

any of their contractors, subcontractors, or their employees, makes

any warranty, express or implied, or assumes any legal liability or
responsibility- for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents -
that its use would not infringe privately owned rights.
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