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ABSTRACT 

Zero- to ultralow-field (ZULF) nuclear magnetic resonance (NMR) is a powerful version of NMR 

that allows studying molecules and their transformations in the regime dominated by intrinsic spin-

spin interactions. While spin dynamics at zero magnetic field can be probed indirectly—via 

shuttling the sample that underwent evolution at zero field to a high-field NMR spectrometer for 

detection—J-spectra can also be measured directly at zero field by using non-inductive sensors, 

for example, optically-pumped magnetometers (OPMs). A J-spectrum can be detected when a 

molecule contains at least two different types of magnetic nuclei (i.e., nuclei with different 

gyromagnetic ratios) that are coupled via J-coupling. Up to date, no pure J-spectra of molecules 

featuring the coupling to quadrupolar nuclei were reported. Here we show that zero-field J-spectra 

can be collected from molecules containing quadrupolar nuclei with I = 1 and demonstrate this for 

solutions containing various isotopologues of ammonium cations, namely, 14NH!" and 15ND#H!$#"  

(where 𝑥 = 0, 1, 2, or 3). Lower ZULF NMR signals are observed for molecules containing larger 

numbers of deuterons compared to protons; this is attributed to less overall magnetization and not 

to the scalar relaxation of the second kind. We analyze the energy structure and allowed transitions 

for the studied molecular cations in detail using perturbation theory and demonstrate that in the 

studied systems, different lines in J-spectra have different dependences on the magnetic pulse 

length allowing for unique on-demand zero-field spectral editing. Precise values for the 15N-1H, 

14N-1H, and D-1H coupling constants are extracted from the spectra and the difference in the 

reduced coupling constants is explained by the secondary isotope effect. Simple symmetric cations 

such as ammonium do not require expensive isotopic labeling for the observation of J-spectra and, 

thus, may expand applicability of ZULF NMR spectroscopy in biomedicine and energy storage.  
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1. Introduction 

Zero- to ultralow-field nuclear magnetic resonance (ZULF NMR) is a variant of NMR in 

which measurements are performed in the absence of a large external magnetic field.1-2 In such a 

regime (as opposed to conventional high-field NMR), intrinsic spin-spin interactions—J-couplings 

and dipole-dipole couplings—are not truncated by the coupling to the external magnetic field.3-5 

This condition opens a way for obtaining unique chemical information with modest 

instrumentation costs.6-7 Because of its ability to detect subtle intrinsic spin-spin interactions that 

provide valuable information about chemical composition of the sample under study, ZULF NMR 

can serve as an advantageous detection modality in situations where the use of expensive 

superconducting magnets is not desirable or impossible.8 In particular, the analysis of biologically-

relevant samples (e.g., natural extracts or metabolites in bioreactors) using portable ZULF NMR 

sensors is a desirable goal.9-10 In addition, applications of ZULF NMR include the search for axion-

like dark matter and tabletop studies of the physics beyond the standard model.11 

A typical ZULF NMR experiment consists of the following steps: (i) pre-polarizing a 

sample in an external magnetic field, (ii) shuttling of the sample to the zero-magnetic-field region, 

(iii) applying magnetic field pulse(s) to the sample (or fast, non-adiabatic switching off of the 

guiding magnetic field) to generate a coherent nuclear spin evolution at zero field, and 

(iv) acquiring the NMR signal using a sensitive (5-10 fT/Hz½) optically-pumped magnetometer 

(OPM).5-6 Processing of the signal in the form of free decay is performed in a manner similar to 

the high-field NMR experiments (i.e., via Fourier transformation).12 

The first ZULF NMR measurements were performed on a handful of simple molecules 

containing a small number (2-5) of J-coupled nuclear spins. It was noted that in some cases ZULF 

NMR measurements did not result in observable J-spectra for substances under study.13 Systems 
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that do not produce observable ZULF NMR spectra typically contain spin-1 nuclei, such as 

deuterium (D), 14N, or 35Cl.14-16 These nuclei are quadrupolar since, besides having a magnetic 

dipole moment, they possess electric quadrupole moment and, therefore, interact with the electric 

field gradients. For this reason, quadrupolar coupling typically dominates other nuclear spin 

interactions and causes, in the presence of molecular tumbling, fast relaxation on the order of few 

milliseconds (compared to seconds for spin-1/2 nuclei) leading to broadening of the ZULF NMR 

lines.12, 17-18 

In this work, we systematically study the effect of quadrupolar nuclei on the observable 

ZULF NMR J-spectra. As a system for such study, we have chosen aqueous solutions of 

ammonium cations prepared in mixtures of H2O and D2O at high acidity (concentration of H2SO4 

and/or HCl is ~1M). We first demonstrate a J-spectrum of [14N]-ammonium (14NH!") by taking 

advantage of the unique tetrahedral environment of the hydrogen atoms which effectively switches 

off quadrupolar interactions of the 14N nucleus, see Figure 1. Expensive isotopic labeling is not 

required for the preparation of 14NH!" extending application opportunities for symmetric molecular 

ions in zero-field J-spectroscopy. We then study the effect of deuterium in ZULF NMR spectra by 

detecting J-spectra of 15ND#H!$#"  (where 𝑥 = 0, 1, 2, or 3). Mixtures of 15ND#H!$#"  were prepared 

by dissolving 15NH4Cl in solutions with varying D2O/H2O ratios and relying on rapid equilibration 

of isotopologues’ concentrations due to chemical exchange between H+/D+ atoms.9 

As part of the study of 15ND#H!$#"  ions in ZULF NMR J-spectra, we show that due to the 

hierarchy of nuclear spin-spin interactions, different spectral lines in the J-spectra have different 

pulse-length dependences as demonstrated in experiment, rationalized by using perturbation 

theory, and confirmed by numerical simulations. We extract 15N-1H, 14N-1H spin-spin coupling 

values directly from J-spectra and notice the secondary isotope effect manifested as the difference 
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in the reduced coupling constants across 15N-1H and 14N-1H bonds. The value for the D-1H scalar 

coupling in 15NDH%" is extracted from the experiment in which various spectral lines in J-spectrum 

respond differently to the magnetic field excitation pulses. We additionally discuss possibility of 

creating and storing nuclear spin order in spin states with extended lifetime which in principle 

should be achievable in the symmetric molecular cations presented in this work. Since expensive 

isotopic labeling is not necessary for the observation of J-spectra, ZULF NMR spectroscopy of 

ammonium cations can be applied for probing materials relevant in biology and energy storage.  
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2. Results and Discussion 

Zero-field J-spectra of 14N- and 15N-ammonium isotopologues. To understand general 

features of J-spectra at zero field, we start from the analysis of the ZULF NMR spectrum of [15N]-

ammonium, a molecular ion that does not contain quadrupolar nuclei. A J-spectrum of [15N]-

ammonium ion consists of two lines, one at 110.15 Hz and another at 183.58 Hz provided by the 

heteronuclear spin-spin (J-)coupling between 15N and 1H spins (Figure 1A). Particularly, the line 

at 110.45 Hz corresponds to (3/2)|J15N-1H|, where J15N-1H = -73.43 Hz is the J-coupling between 15N 

and 1H nuclei and it arises from the transitions between nuclear-spin energy levels with the total 

proton spin KA = 1 (Figure 1B). The line at 183.58 Hz corresponds to (5/2)|J15N-1H| and arises from 

the transitions between states with a total proton spin KA = 2 (see Appendix for the detailed energy 

level analysis). A corresponding high-field 15N NMR spectrum of the same sample would consist 

of five lines with intensities in the ratio of 1:4:6:4:1 separated by J15N-1H as expected from the 

binomial distribution for the projections of the total proton spin on the magnetic field axis. 

In contrast, ZULF NMR spectrum of [14N]-ammonium ion exhibits three well-resolved 

lines at 52.41 Hz, 104.82 Hz, and 157.23 Hz (Figure 1A). To explain this observation, one needs 

to consider five transitions, one in the KA = 0 manifold, two in the KA = 1 manifold, and two in the 

KA = 2 manifold (Figure 1C). Two pairs of transitions overlap resulting in three distinct peaks at 

J14N-1H, 2J14N-1H and 3J14N-1H in the ZULF NMR spectrum of 14NH!" (J14N-1H = 52.41 Hz). 
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Figure 1. A) Zero-field NMR J-spectra of the mixture of [15N]- and [14N]-ammonium cations (15NH!" and 14NH!") in 

aqueous solution of H2SO4 (1M). Asterisk depicts the third harmonic of the 60 Hz line frequency. B-C) Molecular 

diagram and nuclear spin energy-level structure of the [15N]-ammonium and [14N]-ammonium cation, respectively. 

Observable transitions correspond to spin flips in the manifolds conserving the total proton spin 0, 1, and 2. The main 

interaction in the system is heteronuclear J-coupling. 

 

The mere fact of observing zero-field NMR J-spectrum of [14N]-ammonium may seem 

surprising since 14N is quadrupolar. Indeed, a typical nuclear spin Hamiltonian of the molecule 

containing quadrupolar nuclei is expected to have a large contribution arising from the interaction 

of the nuclear quadrupole moment with the electric field gradient created by the electrons at the 

site of the nucleus. For this reason, quadrupolar nuclei typically exhibit fast relaxation on 
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timescales of the order of a few milliseconds leading to their “self-decoupling”. However, in the 

case of 14NH!" cations, the 14N is not self-decoupled because of the high symmetry of the molecule. 

In general, when quadrupolar nuclei are positioned at the center of a tetrahedral or an octahedral 

molecule, quadrupolar interaction is effectively switched off since electric field gradients are 

absent in such symmetric environments. For the same reason, the quadrupolar tensor is typically 

averaged out in isotropic liquids as a result of fast molecular motion.18 Therefore, in the context 

of zero-field NMR, this allows us to treat 14N in 14NH!" and, as discussed below, D in 15ND#H!$#" , 

as effectively non-quadrupolar nuclei with spin I = 1. However, it is important to note that in 

general, quadrupolar nuclei can still affect relaxation of the coupled nuclear spins and therefore 

can lead to broadening of spectral lines in ZULF NMR spectra. A T1 measurement performed by 

varying the sample polarization time between 5 and 40 s indeed yielded slightly different T1 values, 

i.e., T1(14NH!") = 12.5±0.2 s compared to T1(15NH!") = 15.5±0.2 s.19 

Isotope Effects. The main difference in the experimentally observed 14N−H and 15N−H J-

coupling constants is due to the primary isotope effect, i.e., the fact that the coupling strength 

between two nuclei is proportional to the product of the corresponding gyromagnetic ratios. 

However, even after the correction for gyromagnetic ratios, the difference in the reduced couplings 

is still noticeable (Table A1). For example, from multiple measurements of the NH4Cl sample 

containing 60:40 mixture of 15N and 14N isotopes, the ratio of the J-couplings was determined as 

'𝐽 &#$ ' 𝐽 &#% ') ' = 1.4012(2), as compared to table data for gyromagnetic ratios '𝛾 &#$ 𝛾 &#%⁄ ' =

1.4027548(5).20 Although small, this difference is an order of magnitude larger than experimental 

uncertainty and is a manifestation of the secondary isotope effect, i.e., changes in the electronic 

structure of molecules that affect Ramsey terms.21 One should note that the main contribution to 

1H-(15N/14N) J-coupling arises from the Fermi contact interaction and thus, spin-spin coupling 
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constant is positive for nuclei connected through one chemical bond in the case of positive 

gyromagnetic ratios.22 Since 15N and 14N have different signs of gyromagnetic ratios, 15NH!" and 

14NH!" have different signs of heteronuclear J-couplings as indicated by inverted structures of their 

nuclear spin energy levels (Figure 1B,C).  

The fact that ammonium cations have several peaks in zero-field spectra (which are exact 

integer- or half-integer multiples of J) allows to extract J-coupling values in a more precise way 

by fitting experimental data with fewer parameters. Precision studies of J-couplings using zero-

field NMR spectroscopy is a promising way to probe molecular chirality23 and investigate parity 

non-conserving interactions in molecules24. In addition, precision measurements of molecular J-

couplings in solution would allow comparing the results of calculating the precise molecular bond 

lengths by the tools of quantum chemistry with experiments, thus, making ZULF NMR a tool for 

benchmarking precision of quantum chemistry calculations.25-26 Further analysis could explain the 

exact dependence of J-couplings in ammonia on the bond length (rotational and vibrational 

structure analysis) but we point out that the presented measurements are relatively simple and the 

investigated molecules are studied in liquid state and at the same container, thus, the effect of the 

dielectric properties of the environment and temperature are accounted equally for both cations. 

Deuterium Isotopologues. To analyze the effect on J-spectra of a quadrupolar nucleus 

other than 14N, we performed ZULF NMR measurements of different isotopologues of 15ND#H!$#"  

(where 𝑥 = 0, 1, 2, or 3). While deuterium has spin I = 1 and is quadrupolar, its quadrupole moment 

is significantly smaller (0.29 ∙ 10$%( m2) than that of 14N (1.56 ∙ 10$%( m2)18 and therefore, its 

effect on ZULF NMR spectra is expected to be less pronounced. This expectation is now confirmed 

by the experiment as discussed below. 
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To prepare 15ND#H!$#"  samples, the amount of deuterium was controlled by varying the 

ratio of H2O/D2O in the solution. Here and below, we refer to isotopologues as xD where x 

represents a number of D atoms in the molecule. Since chemical exchange leads to equilibration 

of various ammonium-isotopologue concentrations, a molar fraction 𝜒 of the isotopologue xD can 

be derived from the fraction 𝑝 of the deuterium in solution as 

𝜒 = 94𝑥: 𝑝
#(1 − 𝑝)!$# .     (1) 

 

Figure 2. A) Isotopologues of the ammonium cation (15ND&H!'&" ) are present in the aqueous solution. The fraction of 

deuterium (D) was varied by changing the amount of H2O vs. D2O. Isotopologues are labeled xD where x represents 

a number of D atoms in the molecule. B) Equilibrium molar fractions of the isotopologues as a function of deuterium 

fraction in solution as determined by eq. (1). 
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Figure 3 compares zero-field NMR spectra with high-field (18.8 T) 15N NMR spectra 

of samples containing ammonium chloride prepared by varying p, a fraction of deuterium in 

solution. It is well known that ammonium ions undergo reversible hydrogen exchange with 

water.27 High acidity of the samples can slow down the hydrogen exchange rate from »50,000 s-1 

down to »2 s-1, thus, allowing for the molecule to exist long enough for exhibiting nuclear spin 

coherences that can be detected by ZULF NMR spectroscopy.9 

 

Figure 3. Experimentally measured (A) zero-field NMR spectra and (B) high-field (16.8 T) 15N NMR spectra of 

solutions containing a mixture of isotopologues of ammonium, 15ND&H!'&" , prepared by varying the molar fraction of 

deuterium, p, in aqueous solutions. Simulated NMR spectra for the individual isotopologues 0D, 1D, 2D and 3D are 

overlaid (where xD represents the number x of deuterium atoms in the molecule). 

 

Upon increase of the deuterium fraction (𝑝), spectroscopic signatures of 15NH!" gradually 

decrease; this is evident from both zero-field and high-field NMR spectra (Figure 3A-B). 
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However, these spectroscopic changes are more evident in ZULF NMR spectra because the 

elimination of chemical shift simplifies analysis of the spectra. While each of the chemicals has 

its own spectroscopic signatures characterized by a unique set of frequencies in J-spectra (Figure 

3A), high-field 15N NMR spectra of isotopologues suffer from the overlap of different multiplets 

and changes of the 15N chemical shift, due to the changes in electronic density on the nitrogen 

atom upon increasing a number of deuterium atoms, x, from 0 to 4 (Figure 3B). 

The main reason of the decreased ZULF NMR signal for ammonium cations with larger 

deuterium content is smaller initial magnetization of the sample due to decreased number of 

protons. Indeed, in a simple two-spin case, ZULF NMR signal is proportional to the difference 

between gyromagnetic ratios of the J-coupled nuclei.5 In case of many-spin systems composed of 

more than two types of heteronuclei, the detected signal depends on a combination of 

gyromagnetic ratios determined by the exact nuclear spin topology of the molecule.28 However, 

the general trend is that the main magnetization-contributing nuclei, protons, predominantly 

contribute to the observed signal as they have significantly larger gyromagnetic ratio compared to 

other spins in the system, for example, 𝛾 '# 𝛾 &#$⁄ ≈ −10 and 𝛾 '# 𝛾 '(⁄ ≈ 6.5. 

The fact that the signal intensity in the J-spectrum of the molecule depends not only on the 

concentration but also on the exact spin-type composition and spin topology presents a general 

limitation of ZULF NMR spectroscopy for chemical analysis. This is in contrast to the case of 

conventional high-field NMR where the detected signal is proportional to molecular concentration 

independent of topology. Therefore, for analytical purposes, ZULF NMR spectral features of 

different chemicals should be calibrated (or simulated) for direct spectroscopic comparison. The 

agreement between the experimentally obtained and the simulated ZULF NMR spectra is excellent 

for the molecules 15NH!", 15NDH%", and 15ND)H)" (Figure 3). Signatures of other isotopologues 
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15ND#H!$#"  (where x is 3 and 4) are noticeable in the spectra as well, however, their signal is 

significantly lower and, therefore, spectroscopic assignment is less straightforward. 

We note that another possible reason of the decreased NMR signal for the molecules with 

larger deuterium content is scalar relaxation of the second kind (SR2K).29 In the context of 

ultralow-field NMR, SR2K may lead to accelerated relaxation of overall polarization as well as 

coherences involving spin-½ nuclei mediated through the J-couplings with the quadrupolar 

nucleus in the regime where nuclei are strongly coupled. In other words, when spins are strongly 

coupled, they tend to relax together rather than separately. For example, fast liquid-state 

polarization decay was observed for hyperpolarized [5-13C]-glutamine during the transfer to an 

MRI scanner when the transfer field was below 800 µT and was attributed to the SR2K caused by 

the fast-relaxing quadrupolar 14N-nucleus adjacent to the 13C nucleus in the amide group.30 

Another recent study showed that partially deuterated ethanols have significantly larger linewidth 

in near-zero-field Larmor-precession experiments implying a strong SR2K contribution to 1H 

relaxation rates despite relatively weak coupling constants on the order of 1-2 Hz.14 

It is clear, however, that the situation is completely different for 15ND#H!$#"  isotopologues 

investigated in our work because, first, we do observe their J-spectra and second, the linewidth of 

resonances is determined by the intermolecular chemical exchange and not SR2K mechanism. The 

absence of an overwhelming SR2K contribution may potentially be explained by the fact that the 

quadrupolar relaxation rates of the spin state imbalances in 15ND#H!$#"  are determined by the 

correlation time of the molecular rotations and thus, symmetry properties of these molecules have 

to be accounted for. An exact explanation of the relaxation phenomena at zero field requires 

additional analysis which lies beyond the scope of this paper. We note that similar effects, i.e., 
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long-lived spin states in molecules containing deuterium, were demonstrated for the deuterated 

methyl groups.31 

As a general rule of thumb, J-spectra featuring couplings to quadrupolar nuclei should be 

observable at ZULF conditions if the corresponding J-coupling is manifested in conventional high-

field NMR spectra. For example, in the Figure 3B, a splitting to D atoms is clearly observed in 

15N NMR spectra. 

Pulse-length dependence. High-field 1H NMR measurements cannot directly resolve 1H-

D J-coupling in 15ND#H!$#"  systems. For example, Figure 4A shows a 1H NMR spectrum of the 

ammonium solution with 24% fraction of deuterium atoms. One can clearly see a series of doublets 

split by heteronuclear 1H-15N J-coupling of -73.4 Hz shifted to lower field for each isotopologue 

15ND#H!$#"  as 𝑥 increases from 0 to 2, however, the fine structure corresponding to 1H-D coupling 

is not visible and only broadening of the peaks is observed. To investigate opportunities of 

resolving 1H-D J-coupling with zero-field NMR techniques, we simulated the zero-field spectra 

for deuterated ammonium isotopologues and analyzed their energy level structures using the 

perturbation theory (see Appendix). 

For all isotopologues 15ND#H!$#"  (where 𝑥 = 1 − 3) one can distinguish regions of low- 

and high-frequency peaks (e.g., Figure 4B). High-frequency peaks correspond to transitions 

within the strongly-coupled subsystem consisting of 15N and 1H spins when total deuterium spin 

remains unchanged. Low-frequency peaks correspond to the deuterium spin flips keeping the 

strongly-coupled 15N-1H subsystem unperturbed. These groups of peaks are expected to respond 

differently to the magnetic pulse excitation and thus, by plotting their integrals as a function of 

magnetic pulse length, one can extract information about subtle spin-spin interactions which 

otherwise would have taken more sophisticated multinuclear high-field NMR analysis. 
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Figure 4. A) 1H NMR spectrum of 15ND&H!'&"  solution with deuterium fraction p = 24%. B) Calculated zero-field J-

spectrum of 15NDH)" featuring low-frequency (0-15 Hz, red) and high-frequency (120-180 Hz, blue) region of the 

spectrum. C) Calculated integrals for the low-frequency (0-15 Hz, red) and high-frequency (120-180 Hz, blue) peaks 

in the spectrum of 15NDH)" as a function of the magnetic pulse excitation length. 
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(Figure 4C). Even a subtle change of ~3 Hz dramatically modifies the pulse length dependence. 

Importantly, not only a magnitude but also a sign of the J-coupling can be understood by 

experimentally probing the pulse-length dependence. 
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Figure 5. A) Theoretical calculation of the ZULF NMR signal amplitude for the low- and high-frequency spectral 

regions of 15NDH)"  (same as the last graph in Figure 4C). B) ZULF NMR spectra of 15ND&H!'&"  solution with 

deuterium fraction p = 24% recorded after the action of constant-amplitude magnetic field pulses with various duration 

(10-15 µs, amplitude 1.6 mT) applied in a direction of the magnetometer-detection axis. Note that the low-frequency 

(0-15 Hz) and high-frequency (100-200 Hz) parts of the spectrum respond differently to the magnetic pulse excitation. 
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maximize some parts of the J-spectra while suppressing others opens possibilities for on-

demand spectral editing in zero-field NMR spectroscopy. Indeed, in case when complex chemical 

mixtures are studied using ZULF NMR tools, this feature could yield an additional degree of 

freedom for disentangling the spectral complexity. In principle, this experiment can be performed 

in a two-dimensional (2D) manner where Fourier transformation in the indirect (pulse length) 

dimension would give separate peaks in the 2D spectrum revealing additional information about 

spin topology that may simplify molecular characterization.  

 

3. Conclusions and Outlook 

Symmetric ions such as 14NH!" and 15NH!" (Figure 1, insert) represent an interesting class 

of molecules that may possess nuclear spin orders with extended lifetimes. Indeed, less symmetric 

analogs of ammonium, methyl groups, are known to support long-lived spin states (LLSS)32-33 and 

long-lived coherences (LLC)34 due to the fact that transitions between states of different irreducible 

representations are symmetry-forbidden for dipole-dipole relaxation.31 While LLSS have already 

been observed in 13CH3/13CD3 groups,31, 35-36 the search of LLSS in 14NH!"/15NH!" is certainly 

warranted. The ability to store nuclear spin coherences for a long time will enable enhanced 

spectral resolution (i.e., narrow lines) in zero-field NMR. In addition, the existence of the LLSS 

in symmetric ions could allow preserving hyperpolarization on the timescale significantly longer 

than T1. One should note that hyperpolarization of ammonia and its derivatives was recently 

demonstrated by using signal amplification by reversible exchange (SABRE) approach.37-38 

Biologically relevant molecules containing nitrogen atoms in low-symmetry tetrahedral 

environments may also be an object for future investigation by the ZULF NMR research 
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community. For example, choline and its derivates are proposed as biomarkers for cancer 

diagnosis and response to treatment using hyperpolarized in vivo NMR spectroscopy.39-40 While 

most of the research to date is focused on polarizing 15N-labeled choline derivatives, preparation 

of hyperpolarized 14N magnetization in non-labeled (i.e., 14N-containing) molecules is feasible as 

well. While T1 of 14N sites in choline is still relatively short (~4 s),41 which may limit applicability 

of the conventional approach, the long-lived spin states can provide a platform for the storage of 

enhanced population imbalance. At the same time, ZULF NMR detection of the characteristic 

spectroscopic signatures does not require hyperpolarization and therefore, small molecules 

containing 14N in semi-symmetric environments can be used as tracers for in vivo ZULF NMR 

studies. For example, acetylcholine is an important neurotransmitter and its monitoring by optical 

magnetometers could yield invaluable metabolic information.42 Feasibility for the realization of 

these ideas is supported by the fact that 1H–14N heteronuclear correlation (HSQC) spectroscopy of 

choline-containing compounds in solutions has been successfully demonstrated in vitro41 and in 

vivo (i.e., “rule of thumb” for quadrupolar nuclei is fulfilled).43-44 In addition to biomedicine, zero-

field J-spectroscopy of ammonium (and other symmetric ions) can also find application for 

probing Bronsted acid sites in zeolites, lipid bilayers, and the hydrated ionomer membranes such 

as Nafion used in fuel cells.45 

To summarize, we reported zero-field NMR measurements of molecules featuring the J-

coupling to quadrupolar nuclei. Solutions containing different isotopologues of ammonium 

cations, 14NH!" and 15ND#H!$#"  (where 𝑥 = 0, 1, 2, or 3) were studied and their zero-field NMR J-

spectra were measured. Molecules containing a larger number of deuterons compared to protons 

are characterized by a lower intensity of resonances in J-spectra as attributed to the decreased 

number of protons in the molecule (less overall magnetization) and not the scalar relaxation of the 
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second kind. For the spin systems containing more than two types of magnetic nuclei, different 

groups of peaks in J-spectra may have a different dependence of the magnetic pulse length 

provided a suitable hierarchy of nuclear spin-spin interactions. We demonstrate this for 15NDH%" 

and extract the J1H-D = -2.6(1) Hz using unequal pulse-length dependence of its low- and high-

frequency peaks. Precise values for the 15N-1H and 14N-1H coupling constants are extracted from 

the J-spectra of 15NH!"  and 14NH!"  and the difference in the reduced coupling constants is 

explained by the secondary isotope effect. Subtle differences in electronic structure for 15NH!" and 

14NH!" are reported via measuring their J-couplings in the liquid phase. Isotopologues of ammonia 

can be conveniently detected by optical magnetometers at zero magnetic field providing chemical 

specificity without need for expensive isotopic labeling. These results pave the way for studying 

long-lived spin states in molecules containing quadrupolar nuclei and for applications of ZULF 

NMR in biomedicine and energy storage. 
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4. Methods 

Zero-field NMR spectra of the ammonium samples were recorded in a home-built ZULF 

NMR spectrometer (incorporating 87Rb atomic magnetometer inside multilayer magnetic 

shielding). Physical principles of operation, construction, and calibration of the instrument are 

described in detail in Ref. 6. Each zero-field spectrum is a result of 100 averages, polarization time 

is 30 s in the field of 2 T, shuttling time to the zero-field chamber is ~0.5 s. During the shuttling, 

no guiding field was applied. To generate an observable ZULF NMR signal, a magnetic pulse of 

variable length was applied in a direction of the magnetometer sensitive axis. 

Solutions of 15NH4Cl (Sigma-Aldrich 299251) and/or 14NH4Cl (Sigma-Aldrich 254134) 

were prepared in a 6 M concentration by dissolving them in concentrated hydrochloric acid. Each 

sample (150 μL for ZULF NMR measurements and 600 μL for high-field NMR measurements) 

was pipetted into a standard 5 mm NMR tube and flame-sealed before the measurement. High-

field 15N NMR measurements were performed at room temperature using an 800 MHz (16.8 T) 

Bruker NMR spectrometer. 

Solutions of N*+ D#H!$#"  were prepared by dissolving 15NH4Cl (94.6 mg per vial) into a 

mixture of distilled water and D2O (Cambridge Isotope Laboratories DLM-4-99.8-1000) 

according to a desired deuterium fraction (p) followed by the addition of concentrated HCl (12.18 

M) to yield a total volume of 0.3 mL. The solutions were transferred to standard 5 mm NMR tubes 

and subsequently sealed with a flame. 

Zero-field spectra of N*! H!"  and N*+ D#H!$#"  were calculated in MATLAB using 

numerical diagonalization of the observable operator and the zero-field Hamiltonian. Additionally, 
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an analytical perturbation model was used (see Appendix) to cross-check numerical calculation 

and to gain better understanding of underlying physics in the studied molecular systems. 

  



	 22	

5. Appendix 

Amongst all possible nuclear spin interactions, only electron-mediated J-couplings are 

important for analyzing the zero-field NMR spectra of molecules in the liquid state. The nuclear 

spin Hamiltonian (𝐻@) for different isotopologues of the ammonium cation (15ND#H!$#" , where x 

can take values from 0 to 4) is therefore given by 

𝐻@ = 𝐽&'A𝐒C ⋅ 𝐊@,F + 𝐽&-A𝐒C ⋅ 𝐊@.F + 𝐽'-A𝐊@, ⋅ 𝐊@.F,    (A1) 

where we follow the notation suggested by Butler et al.,28 i.e., 𝐒C  denotes the spin of the 

heteronucleus (in our case, 15N), 𝐊@, denotes the total proton spin (𝐊@, = ∑ 𝐈J/'!$#
/0* ), and 𝐊@. denotes 

the total deuterium spin (𝐊@. = ∑ 𝐈J/-#
/0* ). The values of the couplings were extracted from the 

experimentally measured spectra and are shown in the Table A1. Notice that due to the electronic 

similarity of 1H and D, the coupling between 15N and D can be estimated as 𝐽&- ≈	 𝐽&' 9
1*
1+
:. 

Below we derive the zero-field NMR frequencies in J-spectra for different isotopologues of 

ammonium cation. 

Table A1. Heteronuclear J-couplings in the 15ND#H!$#"  and 14NH!" spin systems measured in 
this work. 

 Coupling value (Hz) 

J15NH -73.4291±0.0020* 

J14NH 52.4064±0.0039* 

J15ND -11.3** 

JHD -2.6* 

*data extracted from zero-field NMR spectra 

**data extracted from high-field (800 MHz) 15N NMR spectra 
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A1. Analytical calculation of zero-field NMR spectrum of 15N𝐇𝟒" 

For x = 0 eq. (A1) simplifies to 

𝐻" = 𝐽NH#𝐒" ⋅ 𝐊"A$.     (A2) 

By introducing the total spin (𝐅C,) of the 15N-1H system as 𝐅C, = 𝐒C + 𝐊@,, one can show that 

𝐒C ⋅ 𝐊@, =	
*
)
A𝐅C,) − 𝐒C𝟐 − 𝐊@,)F.     (A3) 

Thus, eigenstates of the Hamiltonian (A2) denoted |𝐹,, 𝐾,⟩, can be expressed using quantum 

numbers FA and KA (corresponding to the operators 𝐅C,) and 𝐊@,) ) and their energies (E) can be 

determined using the equation 

𝐸 = 7,+
)
A𝐹,(𝐹, + 1) − 𝑆(𝑆 + 1) − 𝐾,(𝐾, + 1)F.	 	 	 (A4)	

Since 𝐊@,)  and 𝐒C𝟐  commute with the perturbation (magnetic DC pulse along z-direction), 

transitions between eigenstates are constrained by ∆KA = ∆S = 0, while ∆FA = 0, ±1. Therefore, 

for 15NH!" we expect peaks at +
)
𝐽&' and %

)
𝐽&', corresponding to transitions between '+

)
, 2V → '%

)
, 2V 

and '%
)
, 1V → '*

)
, 1V as shown in the Table A2. 

 

Table A2. Nuclear spin eigenstates, corresponding energies, allowed transitions and zero-field 
NMR spectral frequencies of 15NH!" ion. 

Eigenstate, |𝐹,, 𝐾,⟩ Energy Transition Spectral frequency 

X
5
2 , 2V 

𝐽&' X
5
2 , 2V → X

3
2 , 2V 

5
2 𝐽&' 
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X
3
2 , 2V −

3
2 𝐽&' X

3
2 , 1V → X

1
2 , 1V 

3
2 𝐽&' 

X
3
2 , 1V 

1
2 𝐽&'   

X
1
2 , 1V 

−𝐽&'   

X
1
2 , 0V 

0   

 

A2. Analytical calculation of zero-field NMR spectrum of 15ND𝐇𝟑" 

Since |𝐽&-|, |𝐽'-| 	< |𝐽&'|, we can apply perturbation theory and split the Hamiltonian (A1) into 

two parts: 

𝐻@ = 𝐻@( + 𝐻@*,       (A5) 

where 𝐻@( = 𝐽&'A𝐒C ⋅ 𝐊@,F  is the same as in eq. (A2) and 𝐻@* = 𝐽&-A𝐒C ⋅ 𝐊@.F + 𝐽'-A𝐊@, ∙ 𝐊@.F . 

Hamiltonian 𝐻@* can be simplified further. Using geometric arguments presented in the ref. 28, one 

may show that 𝐒C and 𝐊@, can be replaced by their projections on 𝐅C,: 

𝐻@* = 𝐽&-A𝐒C ⋅ 𝐊@.F + 𝐽'-A𝐊@, ∙ 𝐊@.F = 𝐽&-
〈𝐒C ⋅ 𝐅C,〉
〈𝐅C,)〉

A𝐅C, ⋅ 𝐊@.F + 𝐽'-
〈𝐊@, ⋅ 𝐅C,〉
〈𝐅C,)〉

A𝐅C, ∙ 𝐊@.F = 

= 7,*
∥ "7+*

∥

)
A𝐅C𝟐 − 𝐅C,) − 𝐊@.)F,      (A6) 

where 𝐅C = 𝐅C, + 𝐊@. is the total spin of the system. This notation suggests that there are no longer 

single couplings between protons and the heteronucleus to the deuterium atoms but rather a total 

coupling of the strongly coupled system A𝐒C, 𝐊@,F to the weakly coupled deuterium A𝐊@.F. Since 

𝐊@, = 𝐅C, − 𝐒C and 𝐒C = 𝐅C, − 𝐊@,, by analogy with (A3) one may find that 
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𝐽&-
∥ = 𝐽&-

〈𝐒<⋅𝐅<.〉
〈𝐅<.
(〉
= 𝐽&-

@A.(A."*)"D(D"*)$E.(E."*)F
)A.(A."*)

   (A7) 

and 

𝐽'-
∥ = 𝐽'-

〈𝐊H.⋅𝐅<.〉
〈𝐅<.
(〉

= 𝐽'-
@A.(A."*)"E.(E."*)$D(D"*)F

)A.(A."*)
.   (A8) 

Since 𝐾. = 1, i.e., it is fixed, and we are left with 𝐹, 𝐹,, and 𝐾, as the quantum numbers for 

defining the eigenstates of 𝐻@ which will be denoted as |𝐹, 𝐹,, 𝐾,⟩. Table A3 shows eigenstates, 

allowed transitions and corresponding spectral lines. Note that we distinguish between high-

frequency and low-frequency transitions. High-frequency transitions are transitions in which the 

quantum number of the strongly coupled system (𝐹,) changes. If ∆𝐹, = 0 and only 𝐹 changes, we 

will refer to these transitions as low-frequency transitions. These transitions can therefore be seen 

as deuterium spin flip. The only allowed transitions are those that leave 𝐾, unchanged. 

Table A3. Nuclear spin eigenstates, corresponding energies, allowed transitions and zero-field 
NMR spectral frequencies of 15NDH%" ion. 

Eigenstate, |𝐹, 𝐹,, 𝐾,⟩ 𝐸( 𝐸* 

X3, 2,
3
2V 

3
4 𝐽&' 

1
2
(𝐽&- + 3𝐽'-) 

X2, 2,
3
2V 

3
4 𝐽&' −

1
4
(𝐽&- + 3𝐽'-) 

X1, 2,
3
2V 

3
4 𝐽&' −

3
4
(𝐽&- + 3𝐽'-) 

X2, 1,
3
2V −

5
4 𝐽&' 

1
4
(−𝐽&- + 5𝐽'-) 

X1, 1,
3
2V −

5
4 𝐽&' −

1
4
(−𝐽&- + 5𝐽'-) 

X0, 1,
3
2V −

5
4 𝐽&' −

1
2
(−𝐽&- + 5𝐽'-) 
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X2, 1,
1
2V 

1
4 𝐽&' 

1
2
(𝐽&- + 𝐽'-) 

X1, 1,
1
2V 

1
4 𝐽&' −

1
2
(𝐽&- + 𝐽'-) 

X0, 1,
1
2V 

1
4 𝐽&' −(𝐽&- + 𝐽'-) 

X1, 0,
1
2V −

3
4 𝐽&' 0 

 

Transition Spectral frequency (high) 

X3, 2,
3
2V → X2, 1,

3
2V 2𝐽&' +

3
4 𝐽&- +

1
4 𝐽'- 

X2, 2,
3
2V → X2, 1,

3
2V 

2𝐽&' − 2𝐽'- 

X2, 2,
3
2V → X1, 1,

3
2V 2𝐽&' −

1
2 𝐽&- +

1
2 𝐽'- 

X1, 2,
3
2V → X2, 1,

3
2V 2𝐽&' −

1
2 𝐽&- −

7
2 𝐽'- 

X1, 2,
3
2V → X1, 1,

3
2V 

2𝐽&' − 𝐽&- − 𝐽'- 

X1, 2,
3
2V → X0, 1,

3
2V 2𝐽&' −

5
4 𝐽&- +

1
4 𝐽'- 

X2, 1,
1
2V → X1, 0,

1
2V 𝐽&' +

1
2 𝐽&- +

1
2 𝐽'- 

X1, 1,
1
2V → X1, 0,

1
2V 𝐽&' −

1
2 𝐽&- −

1
2 𝐽'- 

X0, 1,
1
2V → X1, 0,

1
2V 

2𝐽&' − 𝐽&- − 𝐽'- 

 

Transition Spectral frequency (low) 

X3, 2,
3
2V → X2, 2,

3
2V 

3
4 𝐽&- +

9
4 𝐽'- 

X2, 2,
3
2V → X1, 2,

3
2V 

1
2 𝐽&- +

3
2 𝐽'- 
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X1, 1,
3
2V → X0, 1,

3
2V −

1
4 𝐽&- +

5
4 𝐽'- 

X1, 1,
1
2V → X0, 1,

1
2V 

1
2 𝐽&- +

1
2 𝐽'- 

 

A3. Analytical calculation of zero-field NMR spectrum of 15N𝐃𝟐𝐇𝟐" 

We use the same approach for calculating nuclear energy levels of the ion 15ND)H)". However, 

here we have an additional degree of freedom since 𝐾. can now take values 0, 1 and 2. States are 

denoted |𝐹, 𝐹,, 𝐾,⟩  and 𝐾.  is given explicitly (Table A4). One should note that perturbation 

theory will eventually break down for states with larger 𝐾. (specifically, 𝐾. = 2 in this case) since 

the corresponding term in the Hamiltonian increases. However, states with 𝐾. = 1  are still 

approximated well by perturbation theory. The selection rules introduced above remain 

unchanged. 

Table A4. Nuclear spin eigenstates, corresponding energies, allowed transitions and zero-field 
NMR spectral frequencies of 15ND)H)" ion. 

𝐾. Eigenstate, |𝐹, 𝐹,, 𝐾,⟩ 𝐸( 𝐸* 

0 X
3
2 ,
3
2 , 1V 

1
2 𝐽&' 0 

X
1
2 ,
1
2 , 0V 

0 0 

1 
X
5
2 ,
3
2 , 1V 

1
2 𝐽&' 

1
2
(𝐽&- + 2𝐽'-) 

X
3
2 ,
3
2 , 1V 

1
2 𝐽&' −

1
3
(𝐽&- + 2𝐽'-) 

X
1
2 ,
3
2 , 1V 

1
2 𝐽&' −

5
6
(𝐽&- + 2𝐽'-) 

X
3
2 ,
1
2 , 1V 

−𝐽&' −
1
6
(𝐽&- − 4𝐽'-) 
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X
1
2 ,
1
2 , 1V 

−𝐽&' 
1
3
(𝐽&- − 4𝐽'-) 

X
3
2 ,
1
2 , 0V 

0 
1
2 𝐽&- 

X
1
2 ,
1
2 , 0V 

0 −𝐽&- 

2 X
7
2 ,
3
2 , 1V 

1
2 𝐽&' 𝐽&- + 2𝐽'- 

X
5
2 ,
3
2 , 1V 

1
2 𝐽&' −

1
6
(𝐽&- + 2𝐽'-) 

X
3
2 ,
3
2 , 1V 

1
2 𝐽&' −(𝐽&- + 2𝐽'-) 

X
1
2 ,
3
2 , 1V 

1
2 𝐽&' −

3
2
(𝐽&- + 2𝐽'-) 

X
5
2 ,
1
2 , 1V 

−𝐽&' −
1
3
(𝐽&- − 4𝐽'-) 

X
3
2 ,
1
2 , 1V 

−𝐽&' 1
2
(𝐽&- − 4𝐽'-) 

X
1
2 ,
1
2 , 1V 

−𝐽&' (𝐽&- + 2𝐽'-) 

X
5
2 ,
1
2 , 0V 

0 𝐽&- 

X
3
2 ,
1
2 , 0V 

0 −
3
2 𝐽&- 

 

𝐾. Transition Spectral frequency (high) 

1 
X
5
2 ,
3
2 , 1V → X

3
2 ,
1
2 , 1V 

3
2 𝐽&' +

2
3 𝐽&- +

1
3 𝐽'- 

X
3
2 ,
3
2 , 1V → X

3
2 ,
1
2 , 1V 

3
2 𝐽&' −

1
6 𝐽&- −

4
3 𝐽'- 

X
3
2 ,
3
2 , 1V → X

1
2 ,
1
2 , 1V 

3
2 𝐽&' −

2
3 𝐽&- +

2
3 𝐽'- 

X
1
2 ,
3
2 , 1V → X

1
2 ,
1
2 , 1V 

3
2 𝐽&' −

7
6 𝐽&- −

1
3 𝐽'- 
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2 
X
7
2 ,
3
2 , 1V → X

5
2 ,
1
2 , 1V 

3
2 𝐽&' +

4
3 𝐽&- +

2
3 𝐽'- 

X
5
2 ,
3
2 , 1V → X

5
2 ,
1
2 , 1V 

3
2 𝐽&' +

1
6 𝐽&- −

5
3 𝐽'- 

X
5
2 ,
3
2 , 1V → X

3
2 ,
1
2 , 1V 

3
2 𝐽&' −

2
3 𝐽&- +

5
3 𝐽'- 

X
3
2 ,
3
2 , 1V → X

5
2 ,
1
2 , 1V 

3
2 𝐽&' −

2
3 𝐽&- −

10
3 𝐽'- 

X
3
2 ,
3
2 , 1V → X

3
2 ,
1
2 , 1V 

3
2 𝐽&' −

3
2 𝐽&- 

X
3
2 ,
3
2 , 1V → X

1
2 ,
1
2 , 1V 

3
2 𝐽&' − 2𝐽&- + 2𝐽'- 

X
1
2 ,
3
2 , 1V → X

3
2 ,
1
2 , 1V 

3
2 𝐽&' − 2𝐽&- − 𝐽'- 

X
1
2 ,
3
2 , 1V → X

1
2 ,
1
2 , 1V 

3
2 𝐽&' −

5
2 𝐽&- + 𝐽'- 

 

𝐾. Transition Spectral frequency (low) 

1 
X
5
2 ,
3
2 , 1V → X

3
2 ,
3
2 , 1V 

5
6 𝐽&- +

5
3 𝐽'- 

X
3
2 ,
3
2 , 1V → X

1
2 ,
3
2 , 1V 

1
2 𝐽&- + 𝐽'- 

X
3
2 ,
1
2 , 1V → X

1
2 ,
1
2 , 1V −

1
2 𝐽&- + 2𝐽'- 

X
3
2 ,
1
2 , 0V → X

1
2 ,
1
2 , 0V 

3
2 𝐽&- 

2 
X
7
2 ,
3
2 , 1V → X

5
2 ,
3
2 , 1V 

7
6 𝐽&- +

7
3 𝐽'- 

X
5
2 ,
3
2 , 1V → X

3
2 ,
3
2 , 1V 

5
6 𝐽&- +

5
3 𝐽'- 

X
3
2 ,
3
2 , 1V → X

1
2 ,
3
2 , 1V 

1
2 𝐽&- + 𝐽'- 

X
5
2 ,
1
2 , 1V → X

3
2 ,
1
2 , 1V 

−
5
6 𝐽&- +

10
3 𝐽'- 
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X
3
2 ,
1
2 , 1V → X

1
2 ,
1
2 , 1V −

1
2 𝐽&- + 2𝐽'- 

X
5
2 ,
1
2 , 0V → X

3
2 ,
1
2 , 0V 

5
2 𝐽&- 

 

A3. Analytical calculation of zero-field NMR spectrum of 15N𝐃𝟑𝐇" 

Analogously, we derive energy levels and corresponding transitions for the 15ND%H" ion. One 

may note that actual frequencies may deviate from the derived ones due to the fact that perturbation 

theory no longer holds for large KB values. 

Table A5. Nuclear spin eigenstates, corresponding energies, allowed transitions and zero-field 
NMR spectral frequencies of 15ND%H" ion. 

𝐾. Eigenstate, |𝐹, 𝐾., 𝐹,⟩ 𝐸( 𝐸* 

0 |4, 3, 1⟩ 1
4 𝐽&' 

3
2 𝐽&- +

3
2 𝐽'- 

 |3, 3, 1⟩ 1
4 𝐽&' −

1
2 𝐽&- −

1
2 𝐽'- 

 |2, 3, 1⟩ 1
4 𝐽&' −2𝐽&- − 2𝐽'- 

 |3, 2, 1⟩ 1
4 𝐽&' 𝐽&- + 𝐽'- 

 |2, 2, 1⟩ 1
4 𝐽&' −

1
2 𝐽&- −

1
2 𝐽'- 

 |1, 2, 1⟩ 1
4 𝐽&' −

3
2 𝐽&- −

3
2 𝐽'- 

 |2, 1, 1⟩ 1
4 𝐽&' 

1
2 𝐽&- +

1
2 𝐽'- 

 |1, 1, 1⟩ 1
4 𝐽&' −

1
2 𝐽&- −

1
2 𝐽'- 

 |0, 1, 1⟩ 1
4 𝐽&' −𝐽&- − 𝐽'- 
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 |1, 0, 1⟩ 1
4 𝐽&' 0 

 |3, 3, 0⟩ −
3
4 𝐽&' 0 

 |2, 2, 0⟩ −
3
4 𝐽&' 0 

 |1, 1, 0⟩ −
3
4 𝐽&' 0 

 |0, 0, 0⟩ −
3
4 𝐽&' 0 

 

Transition Spectral frequency (high) 

|4, 3, 1⟩ → |3, 3, 0⟩ 𝐽&' +
3
2 𝐽&- +

3
2 𝐽'- 

|3, 3, 1⟩ → |3, 3, 0⟩ 𝐽&' −
1
2 𝐽&- −

1
2 𝐽'- 

|2, 3, 1⟩ → |3, 3, 0⟩ 𝐽&' − 2𝐽&- − 2𝐽'- 

|3, 2, 1⟩ → |2, 2, 0⟩ 𝐽&' + 𝐽&- + 𝐽'- 

|2, 2, 1⟩ → |2, 2, 0⟩ 𝐽&' −
1
2 𝐽&- −

1
2 𝐽'- 

|1, 2, 1⟩ → |2, 2, 0⟩ 𝐽&' −
3
2 𝐽&- −

3
2 𝐽'- 

|2, 1, 1⟩ → |1, 1, 0⟩ 𝐽&' +
1
2 𝐽&- +

1
2 𝐽'- 

|1, 1, 1⟩ → |1, 1, 0⟩ 𝐽&' −
1
2 𝐽&- −

1
2 𝐽'- 

|0, 1, 1⟩ → |1, 1, 0⟩ 𝐽&' − 𝐽&- − 𝐽'- 

 

Transition Spectral frequency (high) 

|4, 3, 1⟩ → |3, 3, 1⟩ 2𝐽&- + 2𝐽'- 

|3, 3, 1⟩ → |2, 3, 1⟩ 3
2 𝐽&- +

3
2 𝐽'- 
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|3, 2, 1⟩ → |2, 2, 1⟩ 3
2 𝐽&- +

3
2 𝐽'- 

|3, 2, 1⟩ → |2, 2, 1⟩ 𝐽&- + 𝐽'- 

|3, 2, 1⟩ → |2, 2, 1⟩ 𝐽&- + 𝐽'- 

|3, 2, 1⟩ → |2, 2, 1⟩ 1
2 𝐽&- +

1
2 𝐽'- 

 

A4. Analytical calculation of zero-field NMR spectrum of 15N𝐃𝟒" 

For 15ND!" (𝑥 = 4) the spectrum may be solved analytically without the use of perturbation theory. 

The Hamiltonian is given by 

𝐻" = 𝐽ND#𝐒" ⋅ 𝐊"B$.     (A9) 

The selection rules introduced above remain unchanged, but 𝐊@,  is now replaced by 𝐊@. . We 

therefore obtain the states and transitions shown in Table A6. States are denoted as |𝐹, 𝐾.⟩, here 

𝐹 is the quantum number corresponding to 𝐅C = 𝐒C + 𝐊@.. 

Table A6. Nuclear spin eigenstates, corresponding energies, allowed transitions and zero-field 
NMR spectral frequencies of 15ND!" ion. 

Eigenstate, |𝐹,, 𝐾,⟩ Energy Transition Spectral frequency 

X
9
2 , 4V 

2𝐽&- X
9
2 , 4V → X

7
2 , 4V 

9
2 𝐽&- 

X
7
2 , 4V −

5
2 𝐽&- X

7
2 , 3V → X

5
2 , 3V 

7
2 𝐽&- 

X
7
2 , 3V 

3
2 𝐽&- X

5
2 , 2V → X

3
2 , 2V 

5
2 𝐽&- 

X
5
2 , 3V 

−2𝐽&- X
3
2 , 1V → X

1
2 , 1V 

3
2 𝐽&- 

X
5
2 , 2V 

𝐽&-   
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X
3
2 , 2V	 −

3
2 𝐽&- 

  

X
3
2 , 1V	

1
2 𝐽&- 

  

X
1
2 , 1V	

−𝐽&-   

X
1
2 , 0V	

0   
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