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ON THE HEIGHT OF A CAPILLARY SURFACE
by

Paul Concus_and Robert Finn

In the "capillary pfoblem" one seeks to determine a surface u(x)

" satisfying the equation

v div Tu = xu, -T_u=%}Vu,. : w'=,/1+|\7u|2_,
in a domain §, and the condition
(2) | _‘ o veTu = cos Y

on I =03Q. Here Y is prescribed, O <y<mw, K= %% is the"

‘"capillarity constant", and v is the exterior directed normal on I.

. The symbols p, g, 0 denote density, gravitational'écceleration and

surfacévtension (all‘assumed constant). Eor backgrqund information see,
e.g., [1,2j. In this note we assume the "contact angleﬁ Y is cqnstantl;
and that k > 0, corrésponding to the familiar physical situation ofiliquid
rising in a vertical capillary tube of homogeneéus compqsition.

M. Miranda has posed'to us,'infofmally, the queétibn: let Qi CQ,
and let :ul, u be solutions of (1,2) in, respectively, Ql and § .

. : ‘ .- 9
Is u1.> g in Ql.

lWe may assume O <Yy 5_ﬂ/2, as the complementary case reduces tobthisrone'

by a formal transformation,



2. The question is physically suggestive, in the sense one expects
jthe rise height of liquid in a capillary tube of smail.section to exceed
that in a tube of large section. |

If- Yy = 0 the question has an affirmative answer, under very general
:hypotheses, bo;h on the domains 2, Ql and on assumption of boundary data;Aj
this follows from the particular forms of the maximum principle given by
Gerhardt [3] and by these authors [41.

A heuristic reasoniﬁg, using the.metﬁods‘of [4], will convince the
reader thaﬁ the answer is adgain poSitive in the case Zl and I are
spheres (not necessarily concentfic).»

If VY = 7/2 then the unique solution of (1,2) in any Q.~is u(x) = 0;°
thus an affirmativevanswer (in an extended sense) is obtained in this

limiting case.

3. In the present note we show that-in‘geﬁeral the answer is negative,
| even for convex domains with sﬁooth boundaries.
'Conéider thé two dimensionallregion - indicated in Figure C. In §7
of [5] is proved the existence of a unique solution u(x) vof (1,2) in Q.
We note the data Y need . not be prescriﬁed at the corner, ﬁhere
.the boundary angle is not defined.. At all other boundary points, thé_data
are achieved strictly and smoothly [6,7;8], at leaét if vy # O.

™ . .
"We choose Y so that oa+y < 2 Introducing pola:coordlnates centered -

“

cos O ~ Véz-sinz 9 . k'% sin o

K kr ’ cos Y °

at V, we set

(3) -~ v(r,0) =

There hold [4],



FIGURE C

. FIGURE F



in , and
(5) o VeTv = cos y + 0(x™)

on the two straight segments. Further,there exists a constant C such ;
that

6) . _ lu-v] < ¢

uniformly in a neighborhood of V.

Let Ql be as indicated in Figure F. We note the circular arc T

1
r

is a level curve for v; since - |W]| > lvrl = = v becomes infinite as -

'r > 0, there follows
7 - veTv] -+ 1 : E
| r g | E
as r > b.- This relation is uniform on T.

4, Ve apply the divergence theorem to v in Q'\Ql, obtaining ﬂ

(8) v 12|cps Y - f veTv do =K‘f“vdx + d(lZIS)
T o\a,

by (4,5). No contribution appears from the singularity at V, since
|Tf| <‘1 for any function f.

Repeating the procedure with v réplaced by u and taking the difference

of the two expressions yields - . . .



(9) | [veTu do - [ veTv do| <k [ |u-v]ax + o(|z|?) .
T r \y

Hence, by (6), if Yy # O,

(10) = [veTu do > |T|cos ¥
T .

if T is chosen sufficiently close to V.

5. Let ul(x) be the solution of (1,2) in Ql. .The divergehca

theorem now yields

ayn ' fv'Tu‘dO —.lrlcos Y = Kf(u—ul)dx
I" -

Y

and we conclude, by (10), that there exists an open subset of Ql in
which u > ﬁl. ‘This completes the proof . of our assertion, for the

particular domains considered.

6. An objection may possibly be raised, that the boundaries éppearing
in the above comstruction have singular points. However, an examination of

our procedure, and of the method of construction of the function wu(x) in

[5], shows that all corners--including the one at V--can be smoothed without

affecting the qualitative result. The construction can also be effected so

that 01<ZC,Q , and it can be repeated without essential change in any-

- number of dimensions.
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