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ABSTRACT OF THE DISSERTATION

Essays on Robust Mechanism Design

by

Wanchang Zhang

Doctor of Philosophy in Economics

University of California San Diego, 2023

Professor Songzi Du, Co-Chair
Professor Joel Sobel, Co-Chair

This dissertation studies the robust design of institutions when the mechanism designer
does not fully know the environment.

In Chapter 1, I construct a novel random double auction as a robust bilateral trading
mechanism for a profit-maximizing intermediary who facilitates trade between a buyer and a
seller. It works as follows. The intermediary publicly commits to charging a fixed commission
fee and randomly drawing a spread from a uniform distribution. Then the buyer submits a bid
price and the seller submits an ask price simultaneously. If the difference between the bid price
and the ask price is greater than the realized spread, then the asset is transacted at the midpoint

price, and each pays the intermediary half of the fixed commission fee. Otherwise, no trade

X



takes place, and no one pays or receives anything. I show that the random double auction is
a dominant-strategy mechanism, always guarantees a positive profit, and maximizes the profit
guarantee across all dominant-strategy mechanisms.

In Chapter 2, I study the single-unit auction design when the seller is assumed to have
information only about the marginal distribution of a generic bidder’s valuation, but does not
know the correlation structure of the joint distribution of bidders’ valuations. For the two-bidder
case, a second-price auction with uniformly distributed random reserve maximizes the worst-case
expected revenue across all dominant-strategy mechanisms. For the N-bidder (N > 3) case,
a second-price auction with Beta-distributed random reserve 1s a maxmin mechanism among
standard (only a bidder with the highest bid could win the good) dominant-strategy mechanisms.

In Chapter 3, I study the auction design of selling multiple goods when the seller only
knows the upper bounds of bidders’ values for each good and has no additional distributional
information. The designer takes a minimax regret approach. The expected regret from a
mechanism given a joint distribution over value profiles and an equilibrium is the difference
between the full surplus and the expected revenue. I find that a separate second-price auction
with random reserves minimizes her worst-case expected regret across all participation-securing

Bayesian mechanisms.



INTRODUCTION

The classic mechanism design theory assumes that the designer knows the agents’
information structure. The design goal is to maximize some objective, such as profit, under the
known information structure. While the classic theory is beautiful and influential, the optimal
mechanism is sensitive to the detailed assumptions about the information structure. Robert
Wilson criticized the classic theory for its heavy reliance on the strong common knowledge
assumption of the environment. Instead, I assume that the designer only has partial knowledge
of the information structure, and evaluates a mechanism by its worst-case performance under
this partial knowledge. I construct a mechanism that maximizes the worst-case performance for
the designer. This approach leads to the discovery of novel and attractive mechanisms along with
new economic insights. This dissertation consists of three essays that study robust mechanism
design problem in distinct contexts. The first essay studies the robust design in the context of
bilateral trade. The remaining two essays studies the robust design in the context of auction.

In Chapter 1, I study the design of a trading platform for a profit-maximizing intermediary
who facilitates trade between a buyer and a seller. The intermediary makes profit from the
difference between what the buyer pays and what the seller receives. The intermediary can be a
brokerage firm that typically gets compensation by means of commissions in the stock market,
an automobile dealer who charges dealer fees in the car market, or a market maker who earns
profit through the bid-ask spread in the over the counter (OTC) market. I consider the correlated
private value environment. The intermediary only knows the ex-ante gain from trade, but does
not know the joint distribution of the traders’ private values'. The intermediary considers the
class of all dominant-strategy mechanisms. The intermediary evaluates a trading mechanism
by its worst-case expected profit (referred to as “profit guarantee”) across all feasible value
distributions consistent with the known ex-ante gain from trade. The intermediary seeks a trading

mechanism that maximizes the profit guarantee across all dominant-strategy mechanisms.

IThat is, the intermediary knows neither the marginal distributions nor the correlation structure except for the
ex-ante gain from trade.



The main contribution is the construction of a random double auction as a robust two-
sided trading mechanism, which runs as follows.

Step 0: fixed commission fee. The intermediary publicly commits to charging a fixed commission
fee r € (0, 1), where 1 is the normalized maximum value for each trader.

Step 1: uniformly random spread. The intermediary publicly commits to randomly drawing a
spread s uniformly on [r, 1]. Then a random spread is drawn whose realization is not observed by
either the buyer or the seller. The buyer and the seller both know the fixed commission fee r and
the uniform distribution on [r, 1] from which the random spread is drawn.

Step 2: midpoint transaction price. The buyer submits a bid price b, and the seller submits an
ask price a, simultaneously. If the difference between the bid price and the ask price is greater
than the realized spread, or b —a > s, then the seller sells the asset to the buyer at the midpoint
price b%, and each pays the intermediary half of the fixed commission fee 5. Otherwise, no
trade takes place, and no one pays or receives anything.

Conditional on trading, the random double auction reduces to a familiar double auction,
as the transaction price is the midpoint of the bid price and the ask price. The main novelty is the
uniformly random spread, which makes the trade take place randomly.

The random spread plays a dual role. First, the random spread decreases the traders’
incentive to cheat. Without a random spread, the buyer has an incentive to submit a bid price
lower than his true value, as he would lower the transaction price by doing so. However, with a
random spread, if the buyer submits a lower bid price, then the trade will also take place with
a lower probability, limiting the profit from deviating to a lower bid price. A similar argument
can be made for the seller. A judiciously chosen random spread — uniformly random spread —
eliminates the traders’ incentive to cheat, and makes the mechanism strategy-proof.

Second, the random spread hedges against uncertainty about the information structure.
The intermediary is indifferent to any feasible value distribution whose support is contained in
the set of value profiles where the difference between values is higher than the fixed commission

fee. This property holds because the ex-post profit from any value profile in the support of



an aforementioned value distribution is linear, as uniformly random spread translates into a
linear trading probability, and the profit conditional on trading is the fixed commission fee.
The profit guarantee of the random double auction is always positive. In contrast, the profit
guarantee of any deterministic dominant-strategy mechanism is zero if the known ex-ante gain
from trade is weakly below one half. Furthermore, the random double auction (with a specific
fixed commission fee) has the highest profit guarantee across all dominant-strategy mechanisms.

The remaining two chapters study other robust mechanism design problems, and offer
variations of random double auction. These chapters study a one-sided auction market, whereas
Chapter 1 studies a two-sided bilateral trade market . In addition, these studies differ in
A) what designer knows (known ex-ante gain from trade vs. known marginal distributions vs.
known upper bounds),

B) objective function (maxmin profit vs. minimax regret),
C) solution concept (dominant strategy vs. Bayesian Nash Equilibrium),
D) dimensionality (single-unit good vs. multiple goods).

In Chapter 2, I study the single-unit auction design for a profit-maximizing seller. I
consider the correlated private value environment. The seller only knows the marginal distribution
of a generic bidder’s value, but does not know the correlation structure among bidders’ values.
The seller considers the class of all dominant-strategy mechanisms. She evaluates a mechanism’s
performance by its worst-case expected profit across all possible joint distributions consistent
with the know marginal distribution, and seeks a maxmin mechanism that maximizes the profit
guarantee.

The main result is that a second-price auction with uniformly random reserve price is
a maxmin mechanism for the two-bidder case, provided that the marginal distribution satisfies
certain regularity conditions. The uniformly random reserve price makes the mechanism exhibit
a full-insurance property : The expected profit is the same across all joint distributions consistent
with the known marginal distribution, making it a good candidate for a maxmin mechanism.

The regularity conditions capture a wide range of heavy-tailed distributions, which are observed



in many real-world auctions. I partially extend the result to arbitrary number of bidders: A
second-price auction with a Beta-distributed random reserve price is a maxmin mechanism
among standard dominant-strategy mechanisms, whose defining property is that only a bidder
with the highest bid could win the good.

In Chapter 3, I study the auction design of selling multiple goods when the seller only
knows the upper bounds of bidders’ values for each good and has no additional distributional
information. Here the maxmin expected profit objective is uninteresting, as the worst case is
simply that the bidders’ values for all goods are zeros for sure. Instead, the seller takes a minimax
regret approach. The seller considers all participation-securing mechanisms. The expected regret
from a mechanism given a joint distribution over value profiles and an equilibrium is defined as
the difference between the full surplus and the expected profit. The seller seeks a minimax regret
mechanism that minimizes her worst-case expected regret across all possible joint distributions
over value profiles and all equilibria.

The main result is that a separate second-price auction with random reserve prices
is a minimax regret mechanism for general upper bounds. Under this mechanism, the
seller holds a separate auction for each good; the formats of these auctions are second-price
auctions with random reserve prices. To see the intuition behind separation, it is instructive
to consider another mechanism of auctioning the grand bundle (only the bundle of all goods
is auctioned). I argue that this mechanism may result in a high regret. Consider a three-good
three-bidder example and an extremely asymmetric value profile in which each bidder values
a different good (assuming that the upper bound on each bidder’s values for each good is 1)
: (vhvid) = (1,0,0), (vh,v3,v3) = (0,1,0),(v1,13,13) = (0,0,1).2 The designer will lose all
but one good if auctioning the grand bundle: She can at most obtain a profit of 1 from one
of the goods but will suffer a regret of 2 from losing the other goods. In contrast, separation
can guarantee a good regret performance for each good. Intuitively, auctioning the grand

bundle performs just like selling one good at this value profile, while selling separately allows

The superscript represents the good, and the subscript represents the bidder.



the designer to earn more. Furthermore, the same argument implies that partial bundling (a
mechanism in which a bundle of some goods are auctioned) may perform worse than separate

selling.



Chapter 1

Random Double Auction: A Robust

Bilateral Trading Mechanism

1.1 Introduction

1.1.1 Background and Motivation

At every moment, a huge amount of trades are facilitated by intermediaries charging
fees for their intermediary services in matching buyers with sellers. For example, stocks are
sold through a trading platform that typically gets compensation by means of commissions; cars
are sold through an automobile dealer who charges dealer fees; many bonds, commodities and
derivatives are sold in the over-the-counter market (OTC) where a market maker earns profits
through the bid-ask spread.

There are many situations in which the uncertainty about the value of the asset being
traded is large, e.g., a newly public stock, and Tesla’s new model. Intermediaries may then know
little of the concerned parties’ willingness to trade and only have an overall estimate about it.
Given the large uncertainty towards the two-sided market, it is natural for the intermediary to

seek for a trading mechanism that guarantees a good profit. How should a profit-maximizing



intermediary design trading rules in such situations? Would the intermediary still be able to
guarantee a positive profit and thus have strict incentives to offer intermediary services?

To answer these questions, I study the design of profit-maximizing trading mechanisms
for the two-sided market when the intermediary has limited knowledge about the value
distribution of the buyer and the seller. Specifically, I assume that the intermediary knows
only the ex-ante gain from trade', denoted by GFT, but does not know the joint distribution

of the traders’ private values?

. A joint distribution consistent with the known ex-ante gain
from trade is referred to as a feasible value distribution. The intermediary considers the class
of all dominant-strategy mechanisms>. Dominant-strategy mechanisms are attractive because
the intermediary can predict trading behavior without making assumptions about the traders’
beliefs. The intermediary evaluates a mechanism’s performance by the expected profit under the
dominant-strategy equilibrium in the worst case across all feasible value distributions, referred
to as the profit guarantee, and seeks a mechanism that maximizes the profit guarantee across all
dominant-strategy mechanisms, referred to as a maxmin trading mechanism.

Let me comment briefly on the maxmin modeling approach. At a high level, the maxmin
modeling approach addresses an important issue of the classic mechanism design theory, in which
the designer is assumed to know the agents’ information structure and maximize some objective
under her known information structure, e.g., Myerson (1981), Myerson and Satterthwaite (1983)
and Crémer and McLean (1985, 1988). Although the classic theory is beautiful and influential,
the optimal mechanism is sensitive to the detailed assumptions about the information structure.
In contrast, the maxmin modeling approach leads to an answer that depends less on the details

about the information structure.

Several motivations can be offered for the assumption about the intermediary’s limited

!The ex-ante gain from trade is defined to be E[max{Buyer’s value — Seller’s value,0}], where the expectation
is taken with respect to the joint distribution of the traders’ private values.

’That is, the intermediary knows neither the marginal distributions nor the correlation structure except for the
ex-ante gain from trade, which is a summary statistics of the joint distribution.

3A trading mechanism is a dominant-strategy mechanism if each trader has a strategy that is optimal and yields
a non-negative ex-post payoff, regardless of the other trader’s strategy.



knowledge. First, the ex-ante gain from trade is a simple summary statistics, whereas the
joint distribution is a high-dimensional object. Therefore, it is relatively easy to estimate the
ex-ante gain from trade, while obtaining an accurate estimate of the whole joint distribution
often requires unrealistically many data about the traders’ joint value profiles. In addition, the
knowledge of the ex-ante gain from trade is arguably the minimal amount of information under
which, as I will show, one obtains a non-trivial answer. Therefore, this model can be viewed as a
natural benchmark. More importantly, this assumption leads to the discovery of a novel trading

mechanism with appealing properties along with new economic insights.

1.1.2 Results

The main contribution is the construction of a random double auction as a robust bilateral
trading mechanism. It works as follows.
Step 0: Fixed commission fee. The intermediary publicly commits to charging a fixed
commission fee r € (0,1)*, where 1 is the normalized maximum value for each trader.
Step 1: Uniformly random spread. The intermediary publicly commits to randomly drawing a
spread s uniformly on [r, 1]. Then a random spread is drawn whose realization is not observed by
either the buyer or the seller. The buyer and the seller both know the fixed commission fee r and
that the random spread is drawn from the uniform distribution on [r, 1].
Step 2: Midpoint transaction price. The buyer submits a bid price b, and the seller submits an
ask price a, simultaneously. If the difference between the bid price and the ask price is greater
than the realized spread, or b — a > s, then the seller sells the asset to the buyer at the midpoint
price b%, and each pays the intermediary half of the fixed commission fee 5. Otherwise, no
trade takes place, and no one pays or receives anything.

Under this mechanism, the trade takes place randomly. Conditional on trading, the

mechanism reduces to a double auction, as the transaction price is the midpoint of the bid price

“The optimal fixed commission fee r is determined by the known ex-ante gain from trade, details of which are
given when deriving the profit guarantee of the random double auction.



and the ask price; in addition, the intermediary earns r as a fixed total commission from both
parties. Although both traders have to pay half of the fixed commission fee to the intermediary
conditional on trading, this mechanism is ex-post individually rational: Each trader’s ex-post
payoff is always non-negative by being honest, regardless of the other trader’s submission. This
is because the lower bound of the random spread is the fixed commission fee.

The random double auction is a trading mechanism that combines three features: A
double auction, a fixed commission fee, and a random spread. Indeed, the first two features are
Sfamiliar in the real world. First, a double auction is widely used in stock exchanges as well
as in dark pools?, e.g., the New York Stock Exchange (NYSE) and the Tokyo Stock Exchange
(TSE) use a double auction to determine the opening prices; block-trading dark pools such
as Liquidnet or POSIT typically match orders at the midpoint of the prevailing bid-ask prices
(Duffie and Zhu, 2017). Second, brokerage firms often adopt the fixed-commission practice,
e.g., Interactive Brokers offers fixed-commission plans for many financial assets®; E¥XTRADE
charges a fixed commission per contract for futures contracts’. The main novelty of the random
double auction comes from the third feature— a random spread®. Importantly, the random spread
both disciplines the traders for cheating and hedges against uncertainty towards the traders’
information structure. I next illustrate the key properties of the random double auction along
with elaborating the dual role played by the random spread.

Strategy-proofness. The random double auction is strategy-proof (Proposition 1), i.e.,

3A dark pool is a privately organized financial forum or exchange for trading securities that are not accessible
by the investing public. Dark pools came about primarily to facilitate block trading involving a huge number of
securities.

SInteractive Brokers is a brokerage firm. From its official website (interactivebrokers.com), it offers a fixed-
commission plan that charges $0.005 per share for stocks in US; it also offers a fixed-commission plan that charges
$ 0.065 per contract for NANOS Options on CBOE.

TE*TRADE is also a brokerage firm. From its official website (us.etrade.com), it charges $1.5 per contract for
futures contracts.

8The spread s in the random double auction is closely related to but different from the “bid-ask spread”, also
called “market-maker spread”, which refers to the difference between the price at which a market-maker is willing
to buy an asset and the price at which she is willing to sell the asset. Similar to the spread s, the bid-ask spread
determines whether a trade takes place given a bid-ask pair. The bid-ask spread is an important source of profit for a
market maker when she facilitates a trade successfully. In contrast, the spread s only determines whether a trade
takes place, but does not affect the profit conditional on trading.



it is a dominant strategy for the buyer (resp, the seller) to submit a bid price (resp, an ask price)
equal to his private value. This is a priori surprising, as conditional on trading, the mechanism
reduces to a double auction, and a double auction per se is not strategy-proof (Chatterjee and
Samuelson, 1983). This is because, the buyer (resp, the seller) has an incentive to submit a
bid price (resp, an ask price) lower (resp, higher) than his true value to lower (resp, raise) the
transaction price. A random spread makes it costly for the traders to cheat. This is because,
with a random spread, if the buyer (resp, the seller) submits a lower bid price (resp, a higher ask
price), then the trade will take place with a lower probability, which limits the buyer’s (resp, the
seller’s) payoff from deviating to a lower bid price (resp, a higher ask price). Remarkably, a
uniformly random spread eliminates the traders’ incentive to cheat and makes the mechanism
strategy-proof. To see this, note that the buyer’s ex-post payoff from submitting a bid price b
when his true value is v and the seller submits an ask price a (assuming trade takes place with a

positive probability) is

b—a—r b+a+r
v'(VB—T), (1)

where the first term is the trading probability and the second term is the ex-post payoff of the buyer
conditional on trading. Note that (1) is a quadratic function in the bid price b. It is straightforward
to show that b = v maximizes his ex-post payoff regardless of the seller’s submitted ask price
a. Similarly, truth-telling maximizes the ex-post payoff for the seller regardless of the buyer’s
submitted bid price b.

Positive profit guarantee. The profit guarantee of the random double auction is
always positive (Proposition 2). In contrast, as I will show in Theorem 5, the profit guarantee of
any deterministic dominant-strategy mechanism is zero if the known ex-ante gain from trade is
weakly below one half. The key step to derive the profit guarantee of the random double auction
is to show the convexity of the ex-post profit function in the ex-post gain from trade. Therefore,
a point mass on the value profile (GFT,0) minimizes the expected profit across all feasible value

distributions.
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Furthermore, the random double auction exhibits a hedging property: The intermediary is
indifferent to any feasible value distribution whose support is contained in the set of value profiles
where the difference between values is higher than the fixed commission fee, which renders the
random double auction a good candidate for a maxmin trading mechanism. This property holds
because the ex-post profit from any value profile in the support of an aforementioned feasible
value distribution is linear. Indeed, any aforementioned feasible value distribution minimizes the
expected profit under the random double auction.

Optimal profit guarantee. The random double auction gives the optimal profit
guarantee across all dominant-strategy mechanisms (Theorem 1). To show this, I construct a
feasible value distribution, and show that the profit guarantee of the random double auction is
the tight upper bound on the expected profit across all dominant-strategy mechanisms against the
constructed value distribution. In addition, this upper bound is hit by the random double auction.

The constructed value distribution is a symmetric triangular value distribution that can
be described as follows. The support is a symmetric triangular subset in the set of joint values,
which is the same as the trading region® of the random double auction. The marginal distribution
for the buyer is a combination of a uniform distribution on (r,1) and an atom on 1, while for the
seller is a combination of a uniform distribution on (0,1 — r) and an atom on 0. The conditional
distribution is some truncated generalized Pareto distribution with an atom on 1 (resp, 0) for the
buyer (resp, the seller).

There are many different ways to model the intermediary’s limited knowledge about
the value distribution, and the results can be extended to several other models of the limited
knowledge. For the model where the intermediary knows only the difference between the
expectations of the traders’ values, I show that the random double auction remains a maxmin
trading mechanism. For the model where the intermediary knows only the expectations of the

traders’ values, I show that the random double auction remains a maxmin trading mechanism for

%I refer to the set of value profiles in which trade takes place with a positive probability as the trading region.
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the symmetric!? informational environment. For the asymmetric informational environment, I
show that a generalized random double auction is a maxmin trading mechanism. It generalizes
the random double auction in that it approximates the random double auction as the asymmetric
informational environment approximates the symmetric one.

Randomized trading is a salient property of the random double auction. This requires the
intermediary to have full commitment power, which is a standard assumption in the mechanism
design literature (e.g., Myerson (1981)). However, in practice, it is hard for the traders to check
whether the randomization is done according to the specified trading rule. The traders then may
not trust the specified randomization. This motivates the search for a trading mechanism that
maximizes the profit guarantee across all deterministic dominant-strategy mechanisms. Such a
trading mechanism is referred to as a maxmin deterministic trading mechanism. 1 characterize
the class of maxmin deterministic trading mechanisms for any informational environment with a
non-trivial profit guarantee (Theorem 5). Examples of maxmin deterministic trading mechanisms
include a linear trading mechanism, in which trade takes place with probability one if and only
if the difference between the bid price and the ask price exceeds a threshold, and a double
posted-price trading mechanism, in which trade takes place with probability one if and only if
the bid price exceeds a threshold and the ask price falls short of a threshold.

In addition, I extend my result to a more general model in which the intermediary can
hold the asset. That is, the sum of the traders’ allocations is only required to be weakly less than
1. I show that the random double auction remains a maxmin trading mechanism (Theorem 6).
Finally, I apply my result to an information design problem in which a financial regulator can
choose a probability distribution of the value profile of the buyer and the seller to maximize their
welfare. The intermediary, after observing the choice of the distribution but not the realized joint
values, designs a profit-maximizing trading mechanism across all dominant-strategy mechanisms.

I show that the symmetric triangular value distribution is a solution to this financial regulator’s

0Roughly speaking, the (a)symmetric information environment is one where the two-sided markets have
(non-)identical willingness to trade on average.
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information design problem (Theorem 7).

The remainder of the introduction discusses the related literature. Section 1.2 presents
the model. Section 1.3 characterizes the main results. Section 1.4 characterizes the results for
other models of limited knowledge. Section 1.5 characterizes the class of maxmin deterministic
trading mechanisms. Section 1.6 extends and discusses the main results. Preliminary analysis

and omitted proofs are in the Appendix.

1.1.3 Related Literature

This paper is related to the classic mechanism design literature. Myerson and
Satterthwaite (1983) (henceforth MS) study the design of optimal bilateral trading mechanisms
assuming the intermediary knows the distribution of the traders’ private values and that these
values are independently distributed. In contrast, the intermediary in my paper knows only
the ex-ante gain from trade, but does not know the joint distribution of the traders’ values.
Importantly, I permit correlation between values. The intermediary in MS maximizes expected
profit, whereas the intermediary in my paper maximizes the worst-case expected profit. The
optimal trading mechanism in MS is deterministic, provided that some regularity conditions
hold, whereas the maxmin trading mechanism in my paper involves randomized trade. Moreover,
the optimal trading mechanism in MS is in general complicated. Under their mechanism, the
trade takes place if and only if the buyer’s virtual value is greater than the seller’s one. These
virtual values, however, depend on the fine details of the value distributions, and are non-linear
functions of the traders’ values in general!!. In contrast, the maxmin trading mechanism in
my paper is simple. Under the random double auction, the trade takes place if and only if the
difference between the traders’ values is greater than a uniformly random spread.

This paper contributes to the literature on robust mechanism design. One of the main

differences is that I focus on a two-sided market, whereas most of the literature focuses on a

"Except for a special circumstance in which both traders’ value are uniformly distributed.
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one-sided market.

Carrasco et al. (2018) study the design of profit-maximizing selling mechanisms when a
seller faced with a single buyer only knows the first » moments of the buyer’s value distribution (n
can be any positive integer), and solve the problem in which the seller only knows the expectation
of the buyer’s value as a special case. Indeed, their problem in the special case is equivalent to
the intermediary’s problem when she knows the ex-ante gain from trade and the seller’s value
is commonly known to be zero. This is because the ex-ante gain from trade is the same as the
expectation of the buyer’s value if the seller’s value is zero. In contrast, my paper studies the
intermediary’s problem when she knows only the ex-ante gain from trade. Importantly, there is
two-sided private information in my paper. This adds complications to the analysis in two ways.
First, the mechanism in my paper has to respect the seller’s incentive constraint, in addition to
the buyer’s one. Second, the intermediary is faced with a stronger “adversary” in my paper: The
adversary can carefully choose the correlation structure between the traders’ values to minimize
the expected profit, in addition to choosing the distribution of the buyer’s value. Indeed, the worst
value distribution in my paper has a rather intricate correlation structure exhibiting a particular
positive correlation.

Zhang (2022a) considers a model of one-sided auction design in which the designer
(the auctioneer) knows the marginal distribution of each bidder’s value but does not know the
correlation structure. He finds that the second-price auction with the uniformly random reserve
price is a maxmin auction across all dominant-strategy mechanisms under certain regularity
conditions for the two-bidder case. In contrast, the designer (the intermediary) in this paper
knows less: She does not know the marginal distribution of each trader’s value, in addition to not
knowing the correlation structure between the traders’ values. Methodologically, both papers
construct worst value distributions to proceed the analysis. However, the construction of the
worst value distribution is more involved in this paper: It requires me to solve a partial integral
equation in addition to ordinary differential equations.

There are other papers seeking robustness to value distributions in a one-side market, e.g.,
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Auster (2018), Bergemann and Schlag (2011), Carroll (2017), Che and Zhong (2021). A separate
strand of papers focuses on the case in which the designer does not have reliable information
about the agents’ hierarchies of beliefs about each other while assuming the knowledge of the
payoff environment, e.g., Bergemann and Morris (2005), Chung and Ely (2007), Chen and Li
(2018), Bergemann et al. (2016, 2017, 2019), Du (2018), Brooks and Du (2021), Libgober and
Mu (2021), Yamashita and Zhu (2018).

This paper contributes to the double auction literature. Chatterjee and Samuelson (1983)
analyze the simplest and most well-known double auction mechanism: If the bid price is higher
than the ask price, then trade takes place, and the transaction price is the midpoint price; otherwise
no trade takes place, and no one pays or receives anything. This mechanism has an undesirable
property: Both traders have incentives to cheat under this mechanism. McAfee (1992) shows
how to make the double auction mechanism strategy-proof when there are many buyers and
sellers. However, McAfee’s mechanism reduces to “no trade” when there are only one buyer and
one seller. McAfee achieves strategy-proofness by making the price paid by any trader invariant
to that trader’s report conditional on trading.!? In contrast, under the random double auction, a
trader’s report can still affect the price paid (midpoint price) conditional on trading. I achieve the
strategy-proofness by introducing a random spread, which lowers the trading probability if the

buyer (resp, the seller) underbids (resp, overbids) his value.

1.2 Model

1.2.1 Trading Environment

I consider an environment where an asset is traded between two risk-neutral traders
through an intermediary. One of the traders is the seller (), who holds the asset initially, while

the other one is the buyer (B), who does not hold the asset initially. I denote by I = {S, B} the set

12Under McAfee’s mechanism, the only way a trader can affect the price is by eliminating himself from trading.
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of the traders and i € I is a trader. Each trader i has private information about his value for the
asset, which is modeled as a random variable v;. I denote by V; the set of possible values of trader
i. Throughout, I assume Vg = Vp. I assume that V; is bounded. As a normalization, I assume
that V; = [0, 1]. The set of possible value profiles is denoted by V = [0, 1> with a typical value
profile v. vp and vy may be correlated in an arbitrary way. I denote by 7 the joint distribution of
the value profile. In addition, there is no technical assumption on 7. That is, 7 can be continuous,

discrete, or any mixtures. The set of all joint distributions on V' is denoted by AV.

1.2.2 Knowledge

The intermediary only knows the ex-ante gain from trade GF' T, but does not know the

joint distribution 7. Formally, I denote by
II(GFT) = {n EAV: /max{vB —vg,0}dn(v) = GFT}

the collection of joint distributions that are consistent with the known ex-ante gain from trade.
I refer to any @ € II(GFT) as a feasible value distribution. 1 assume GFT € (0,1) to rule out

uninteresting cases.

1.2.3 Dominant-strategy Mechanisms

The intermediary seeks a dominant-strategy mechanism. The revelation principle holds,
and it is without loss of generality to restrict attention to direct trading mechanisms. A direct
trading mechanism (g, g,ts) consists of a trading rule ¢ : V — [0, 1], a payment rule 13 : V — R
and a transfer rule g : V — R.!3 The buyer submits a bid price b and the seller submits an
ask price a simultaneously to the intermediary. Upon receiving the bid-ask pair (b,a), the

buyer obtains the asset with probability ¢(b,a) and pays t5(b,a) to the intermediary, while the

134 is the probability that the buyer obtains the asset when the asset is indivisible. I allow randomization, which
will play a crucial role in my analysis. g can be interpreted as the trading quantity when the asset is divisible.
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seller holds the good with the remaining probability 1 — g(b,a) and receives ts(b,a) from the
intermediary. With slight abuse of notation, I sometimes use the true value profile v = (vp,vs)
to represent the submitted bid-ask pair because each trader truthfully reports his value in the
dominant-strategy equilibrium.

A direct trading mechanism (g, p,s) is a dominant-strategy mechanism if

veq(v) —t8(v) > vpq(vi,vs) —te(vp,vs), Vv eV, v € Vp; (DSICp)

vpq(v) —tg(v) >0, WveV; (EPIRp)

vs(1—q(v)) +1s(v) > vs(1 —q(vp,vs)) +1s(ve,vs), Vv eV, Ve Vs; (DSICs)
vs(1—g(v))+ts(v) >vs, VveV. (EPIRy)

The set of all dominant-strategy mechanisms is denoted by D.

1.2.4 Objective

I am interested in the intermediary’s expected profit in the dominant-strategy equilibrium
in which each trader truthfully reports his value of the asset. The expected profit of a dominant-
strategy mechanism (g, g,s) under the joint distribution T is U((q,p,ts),T) = [,cy t(v)dm(v)
where t(v) = 1g(v) —ts(v), referred to as the ex-post profit. The intermediary evaluates a trading
mechanism by its worst-case expected profit over all feasible value distributions. Formally,
the intermediary evaluates a trading mechanism (g, p,ts) by its profit guarantee PG((q,tp,ts)),
defined as

inf U . PG
rere ) ((g,1B,1s),T) (PG)
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The intermediary aims to find a trading mechanism (g*,#5,15), referred to as a maxmin trading

mechanism, that maximizes the profit guarantee. Formally, the intermediary solves

sup  PG((q,tB,ts)) (MTM)
(q:t,ts)€D

1.3 Main Results

Recall the random double auction: Given a submitted bid-ask pair (b,a), if b—a > s
in which s is a random spread drawn from the uniform distribution on [r, 1] where r =
1 —+/1—GFT € (0,1) is the fixed commission fee, then trade takes place at the midpoint
price p = b%, and each pays the intermediary 5; otherwise, trade does not take place, and no
one pays or receives anything.

It is straightforward to show that the random double auction can also be expressed as

follows. If b—a > r,

g (b.a)= 1 (b—a-r),
tg(b,a) = 2(11—r) : [bz—(a—I—r) ],
t§(b,a):2(11_r) (b1 —d

Ifb—a<r,

q"(b,a) =tg(b,a) =t5(b,a) = 0.

The trading rule is a linear function; the payment rule and the transfer rule are both
quadratic functions. In addition, this mechanism satisfies the standard weak budget balance
property (as in Myerson and Satterthwaite (1983)), 1.e., the intermediary never subsidizes the

market.
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1.3.1 Strategy-proofness
Proposition 1 (Strategy-proofness). The random double auction is strategy-proof.

The proof has been given in the introduction. The key idea is to use a random spread to

decrease the traders’ incentive to deviate in the double auction.

Remark 1 (Dropping the risk-neutral assumption). This idea extends to an environment where
the traders’ von Neumann-Morgenstern utility function is u(x) = x* where o0 > 0 and o # 1.
Note that the traders are risk-averse (resp, risk-loving) if o« < 1 (resp, o > 1). Now I modify the
random spread distribution so that the cumulative distribution function of the random spread s is
(%)a on the same support [r, 1], then the random double auction is again strategy-proof. To see
this, note that the non-risk-neutral buyer’s ex-post utility from submitting a bid price » when his

true value is vp and the seller submits an ask price a (assuming trade takes place with a positive

b—a—r\* b+a+r\*
— . v _——_———
1—r B 2 ’

where the first term is the trading probability given the modified random spread distribution and

probability) becomes

the second term is the ex-post utility of the buyer conditional on trading. It is straightforward
that b = vp maximizes his ex-post utility regardless of the seller’s submitted ask price a, as a
monotonic transformation preserves the optimal solution. Similarly, truthful-telling maximizes

the ex-post utility for the seller regardless of the buyer’s submitted bid price b.

1.3.2 Positive Profit Guarantee

Proposition 2 (Positive profit guarantee). The random double auction has a positive profit

guarantee for any non-trivial informational environment. The amount of the profit guarantee is
2
(1-V1-GFT)".

To derive the profit guarantee of a random double auction with a general fixed commission

fee, I first show that the ex-post profit earned from an arbitrary value profile (vp,vs) is
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max { 25" 0}. To see this, note that the profit collected from a bid-ask pair (b,a) if
b—a>ris
h—a—
2—e-r, )

I—r
where the first term is the trading probability and the second term is the profit conditional on
trading. Importantly, (2) is linear in the difference between the bid and the ask, as uniformly
random spread translates into a linear trading probability, and the profit conditional on trading is
the fixed commission fee. If b —a < r, then the trade will not take place and the profit is trivially
zero. Recall that the bid price (resp, the ask price) is equal to the true value of the buyer (resp,

the seller) because the mechanism is strategy-proof. Next, I show that a lower bound on the

GFT—r .
1—r

expected profit is max { 7, O}. To see this, note that the expected profit 14

1—r 1—r 1—r

E [max{max{vf’_vs’o}_r : r,OH > max {E [max{vB_vS’o}_r -r] ,0} = max { L=L .10},

where the inequality follows from Jensen’s inequality, and the equality follows from the linearity
of the ex-post profit when it is positive. Finally, I show that the lower bound is tight, i.e., the

GFT—r .}, 0}. To see this, note that a degenerate distribution— a point

profit guarantee is max { <=

mass on the value profile (GFT,0)— hits the lower bound. Indeed, a random double auction
with any positive fixed commission fee below the ex-ante gain from trade has a positive profit
guarantee. A high fixed commission fee translates into a high profit conditional on trading,
but also leads to a low trading probability. Optimal fixed commission fee r = 1 — /1 — GFT

balances these two effects, resulting in the profit guarantee of (1 —+/1— GF T)z.

Remark 2 (Positive welfare guarantee). In terms of the traders’ welfare, how does the random
double auction perform? Define the ex-post welfare for a value profile (vg,vs) as the sum of the
traders’ ex-post payoffs, or g(v)(vg —vs) — (tg(v) —ts(v)). The expected welfare and the welfare

guarantee can then be similarly defined. I will show below that the random double auction has a

14Observe that max{vg —vs,0} =vg —vg when vg —vg > r.
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positive welfare guarantee.
To derive the welfare guarantee of the random double auction, I first show that the ex-post
(VB—VS —_r )2 1

welfare given an arbitrary value profile (vg,vy) is —1=—1y5—ys>r. To see this, note that the

welfare from a bid-ask pair (b,a) if b—a > ris

b—a—r

1—r '(VB_VS_F)a

where the first term is the trading probability and the second term is the realized welfare
conditional on trading. If b —a < r, then the trade will not take place and the realized welfare is
trivially zero. Recall that the bid price (resp, the ask price) is equal to the true value of the buyer
(resp, the seller) because the mechanism is strategy-proof. Next, I show that a lower bound on

J— 2 .
the expected welfare is @ To see this, note that the expected welfare

E Qﬁ:ﬁi:ﬁfﬂ@ﬂ@w]:ZZFO%_VS_AEW“>»2

1—r 1—r
> (E [(VB - VSI_ r):[]‘VB_VS>V]>2
_ (E [max{vg —vs—r, 0}])2
1—r
. (E [max{vBl —vs,0}—1])?
(GFT —r)?

T 1—r

2
VB—V§>r?

where the first line follows from 1,, ¢, =1 the second line follows from Jensen’s
inequality, the third line follows from (vg —vs —r)1,;— ¢, = max{vg —vs —r,0}, the fourth
line follows from max{vg —vs — r,0} > max{vp — vs,0} — r, and the last line follows from
the definition of GFT. Finally, I show that the lower bound is tight, i.e., the gain from trade
guarantee is @ To see this, note that a degenerate distribution— a point mass on the
value profile (GFT,0)— hits the lower bound. Clearly, any fixed commission fee below the

difference between the ex-ante gain from trade leads to a positive welfare guarantee. Raising
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fixed commission fee leads to both a low welfare conditional on trading and a low trading
probability. Therefore, optimal fixed commission fee (for welfare) is zero, resulting in the

welfare guarantee of GFT?.

1.3.3 Optimal Profit Guarantee

In this section, I will show that the random double auction is a maxmin trading mechanism
(Theorem 1) by constructing a feasible value distribution, referred to as a worst value distribution,
and showing that (1—+/1—GFT )2 is the tight upper bound on expected profit across all
dominant-strategy mechanisms against the worst value distribution. In addition, the random
double auction is an optimal mechanism against the worst value distribution. Essentially, the
random double auction and the worst value distribution form a “saddle point”: The random
double auction maximizes the expected profit given the worst value distribution, and the worst
value distribution minimizes the expected profit under the random double auction. The properties
of a saddle point imply that the random double auction is maxmin optimal. More details about
the saddle point approach are given in Appendix 1.7.1. Subsection 1.3.3 gives details about the
construction of the worst value distribution.

Let me first specify the symmetric triangular value distribution, which is the worst
value distribution that I construct. The support is a symmetric triangular subset of joint
values ST := {v € V|vg —vg > r}. The marginal distribution for the buyer is a combination
of a uniform distribution on (r,1) and an atom of size r on 1: wy(vg) =1 for vg € (1, 1)
and Prj(1) = r. The marginal distribution for the seller is a combination of a uniform
distribution on (0,1 —r) and an atom of size r on 0: w§(vs) =1 for vg € (0,1 —r) and

Pr(0) = r. The conditional distribution for the buyer is a combination of some generalized

Pareto distribution on (vs+r,1) and an atom on 1: When vg € (0,1 —r), T3 (va|vs) = (V;js)3
for vg € (vs+r,1) and Pry(vp = 1|vs) = ﬁ; when v = 0, wy(vp|lvs = 0) = W for

vg € (r,1) and Pry(vg = llvs = 0) = r. The conditional distribution for the seller is a
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0 r 1 B

Figure 1.1: Symmetric Triangular Value Distribution

combination of some generalized Pareto distribution on (0,vg — r) and an atom on 0: When
1 * _ 27
vp € (1), m5(vs|ve) = 7=

2
7 for vg € (0,vp —r) and Prg(vs = 0|vp) = (va)z; when vp = 1,
Tg(vslvg=1) = m forvg € (0,1 —r) and Prg(vs =0lvg=1) =r.
Equivalently, the symmetric triangular value distribution can be described as a

combination of a joint density function on ST\{(1,0)} and an atom of size r* on the value

profile (1,0) as follows (See Figure 1.1).

(VB2_V‘2)S)3 ifvg—vs>r,vg#1andvs #0,
T(vpvs) =\ i ifvs=land0<vs<l-r,
(v}j)2 ifr< vp <1 and Vg = 0.

Pr(1,0) = 2.

To construct the symmetric triangular value distribution, it is useful to define a “virtual

value”.

Definition 1 (Virtual value). Fix any value distribution '3, the expected profit of an optimal

15 For exposition, I assume that 7@ is differentiable everywhere when deriving the virtual values. It can be easily
extended to joint distributions which admits an atom on the value profile (1,0).
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trading mechanism (g, 3, s) admits a “virtual” representation':

E(v)] = [ o)),

where 0(v) := (vg —vs) — <1;£I(Bv E:ﬁ'sv)s ) 4 17;15((:;':5))) is defined to be the “virtual value”!” of the
value profile (vg,vs), where the first term is the maximum possible profit the intermediary could
have earned if she knew the value profile (vg,vs), and the second term is the sum of the traders’
information rents, which are pinned down by dominant-strategy incentive compatibility and the
binding ex-post participation constraints of zero-value buyer and one-value seller. Here mtp(-|)

and Ilg(+|-) (resp, mws(-|-) and I1g(-|-)) are conditional PDF and conditional CDF for the buyer

(resp, the seller).

Using the virtual value, the problem of maximizing the expected profit across all
dominant-strategy mechanisms is equivalent to the problem of maximizing the expected virtual
value of the value profile in which trade takes places, subject to that the trading rule is monotone'
(a monotonicity constraint associated with dominant-strategy incentive compatibility). This
simplifies the problem, as one can now point-wise maximize the objective, ignoring the

monotonicity constriant!®

. The symmetric triangular value distribution is constructed by solving a
zero virtual value condition requiring the virtual value be zero for any value profile in the support
except for the highest joint type. The intuition behind this condition is that the intermediary is

indifferent between trading and no trading for any those value profiles under the random double

auction.

Lemma 1. The symmetric triangular value distribution satisfies a zero virtual value condition

16The details are given in Appendix 1.7.1.

TThis is a straightforward adaptation of the virtual value in Myerson and Satterthwaite (1983) to dominant-
strategy mechanisms and the correlated private value environment.

18A trading rule g is monotone if ¢ is non-decreasing in vz and non-increasing in vg. This is analogous to a
monotone allocation rule in the auction design. Details are given in Appendix 1.7.1.

190f course, one need to check that the monotonicity constraint holds in the end.
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for any value profile in the support except for the highest joint type. Formally,
o(v) =0, WveST\{(1,0)}. (ZVV)

Indeed, this condition guarantees that the intermediary is indifferent to any dominant-
strategy mechanism in which 1) trade does not take place if the value profile lies outside the
support and trade takes place with probability one when the value profile is (1,0), and 2) ex-post
participation constraints are binding for zero-value buyer and one-value seller. In addition, such
a trading mechanism is an optimal trading mechanism given the symmetric triangular value
distribution. Using the virtual representation, the optimal expected profit given the symmetric

triangular value distribution is
2
Pre(1,0)x 1 = (1 VI= GFT> .

This is because (1,0) is the only value profile with a positive virtual value, and its virtual value
is 1 as it is the highest joint type.

To understand why the symmetric triangular value distribution is a worst value
distribution, it is useful to observe that it exhibits a positive correlation: If the buyer’s value is
higher, then the seller’s value is more likely to be higher as well. Intuitively, positive correlation
levels the maximal gain from trade across value profiles and therefore limits the intermediary’s
incentive to discriminate across value profiles. Indeed, the symmetric triangular value distribution
exhibits “extreme” positive correlation in the following sense: It renders the intermediary

indifferent across all value profiles in the support but the highest joint type (1,0).

Definition 2 (Positive correlation for bivariate distributions). Let Z = (X,Y) be a bivariate
random vector whose distribution is F'. I say that Z exhibits positive correlation for Dy and Dy
if F(X|Y =) first order stochastically dominates F(X|Y =y') for any y > V',y,y’ € Dy and

F(Y|X = x) first order stochastically dominates F (Y|X = x') for any x > x’,x,x" € Dyx.

25



Lemma 2. The symmetric triangular value distribution exhibits a positive correlation for

r<vg<land0<vg<1—r20

Theorem 1. The random double auction is a maxmin trading mechanism with a profit
2 S TP
guarantee of (1 —+1—GF T) , and the symmetric triangular value distribution is a worst

value distribution.

Remark 3. It is useful to compare the profit guarantee of the random double auction and
the optimal profit across dominant-strategy mechanisms if the value distribution were known
to the intermediary. One case could be the following value distribution: The buyer’s value
follows a uniform distribution on [GFT, 1] and the seller’s value follows a uniform distribution
on [0, 1 — GFT]; their values are independent. By a straightforward adaptation of the revenue
equivalence theorem, the profit achievable by the optimal dominant-strategy mechanism can be

computed. For example, When GFT = 43'1’ the optimal profit is %, whereas the profit guarantee of

the random double auction is }1, so the ratio between the profit guarantee and the optimal profit is
%. In addition, this ratio is large when GFT is large and converges to 1 as GFT — 1. Another
case could be that the value distribution is a point mass on (GFT,0). Then the optimal profit
is GFT. When GFT = %, the ratio between the profit guarantee and the optimal profit is % In

addition, this ratio is increasing in GF'T and converges to 1 as GFT — 1.

Construction of Symmetric Triangular Value Distribution

In this subsection, I illustrate how I construct a feasible value distribution such that (ZVV)
holds. I start from value profiles in which either vg = 1 or vg = 0. Assume that Pr*(1,0) = o.

Consider value profiles (vg,0) in which vg € (r,1). Let §*(v5,0) := [, 1) T (x,0)dx+ Pr*(1,0)

vg,1

for vg € (r,1) and S*(1,0) := Pr*(1,0). Note that n*(vp,0) = _&S‘%\?O) for vg € (r,1). By

’ 5 is decreasing w.r.t. vg forvg € (r,1). Whenvg =1, II5(vslvp = 1) =

29To see this, note that IT}(vs|vg) = m

, 2 .. . _ . y _ 2. .

s > g S0 the positive correlation breaks when vp = 1. Similarly, ITj(vg|vs) =1 — T 1S decreasing
2 .. .

w.r.t. vs for vs € (0,1 —r). When vs =0, ITj;(vglvs =0) = 1 — £ < 1— L=, so the positive correlation breaks

1 (vB)
when vg = 0.
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(ZVV), I have that for any (vg,0) in which vg € (r,1),
T (vg,0)(vg —0) —S*(vp,0) = 0.
Note that this is a simple ordinary differential equation, to which the solution is

S (vg,0) = >, 1 (vg,0)

\ 1).
VB VB€<r7 )

o
=
Then consider value profiles (1,vs) in which vg € (0,1 —r). Similarly, let S*(1,vs) :=

Siowe) T (1,x)dx+ Pr*(1,0) for vs € (0,1~ r). Note that (1, vs) = 2 for vs € (0,1 7).

Vs

By (ZVV), I have that for any (1,vg) in which vg € (0,1 —r),
TE*(l,Vs)(l — VS) —S*(l,vs) =0.

Note that this is also a simple ordinary differential equation, to which the solution is

(04 o

S*(1,vs) = m(1,vs) = =g

A 0,1—r).
1—VS7 VS€(7 I”)

Finally consider any value profile (vg,vs) in which vg —vs > r, vg # | and vg # 0. Let
S*(vp,vs) := f(VBJ)n*(b,vS)db+7t*(1,vS) if vg—vg >r, vg #1 and vg # 0. Note that
T (vp,vs) = — S WEYS) §fyp yo s r g £ 1 and vg # 0. By (ZVV), I have that if vg — vs > r,

Jdvp

vB;élande;éO,

7" (vg,vs)(ve —vs) — S*(vp,vs) — / n*(vg,s)ds — " (vp,0) = 0. (PIE)

(07VS)

Note that (PIE) is a (second order) partial integral equation. It is straightforward to see that

S*(vp,vs) is not separable by taking the cross partial derivative. I take the guess-and-verify
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approach to solve (PIE). I guess that if vg —vg > r, vg # 1 and vg # 0,

i} ot
S*(vp,vs) = (v —vs)?
Under this guess, the L.H.S. of (PIE) equals (v;—“vSP(vB —vg)— ﬁ — Jtows) (V;fasﬁds — %,

which can be shown to be 0 with simple algebra. Thus, I verified the guess.
To solve for o, I use the requirement that w*(v) is a distribution. Note that the

marginal distribution for S is wi(vs) = S*(vs+r,vs) = ;= for0<vg<1-rand

o
(vs+r—vs)

Pri(vs =0) = §*(r,0) = %. Since the integration is 1, I obtain that

(04 (04
—+—=-(1=-r)=1.
r+r2 ( 7)

Thus, o0 = r2.
The final step is to show that the constructed joint distribution is a feasible value

distribution. To see this, note that

/max{vB —vs,0}dn* = /(VB —vs)dn*

1 1—r
= (r- 1 —I—/ devB) — (r-0+/ devS)
r 0

= GFT,

where the first line follows from vg > vg for any value profile in the support of ©*, the second

line uses the marginal distributions of %, and the third line uses r = 1 — /1 — GFT.
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1.4 Other Models of Limited Knowledge

1.4.1 Known Difference In Expectations

In this section, I consider a model in which the intermediary only knows the difference
between the expectations of the traders’ values, denoted by DE, but does not know the joint

distribution . Formally, I denote by
T(DE) — {n €AV : / (vg — vs)dn(v) = DE} (KDE)

the collection of joint distributions that are consistent with the known difference in expectations.
If DE < 0, then the maxmin profit is zero, as no trading mechanism can generate a positive
profit against the point mass on the value profile (0, —DE). Therefore, I focus on non-trivial

informational environments in which DE > 0.

Theorem 2. Under the model (KDE), The random double auction is a maxmin trading
mechanism with a profit guarantee of (1 —+v1 —DE)Z, and the symmetric triangular value

distribution is a worst value distribution.

Knowing DE is different from knowing GFT. That is, the sets of feasible value
distributions are different under these two assumptions. Indeed, for any value distribution
in which the seller’s value is greater than the buyer’s one with a positive probability, GFT is
strictly higher than DE. GFT = DE if and only if the seller’s value is always weakly lower than
the buyer’s one. Nonetheless, the results are the same under these two different assumptions.
This is because the ex-post profit under the random double auction is convex in either the ex-post
gain from trade or the difference between the values?!. Therefore, any value distribution in
which the seller’s value is greater than the buyer’s one with a positive probability is not a “worst

case” for the random double auction under either assumption. In other words, the differences in

2IThe ex-post profit max { 25~ 7,0} = max {w - r,O}.
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the sets of feasible value distributions do not matter.

1.4.2 Known Expectations

In this section, I consider a model in which the intermediary only knows the expectations
of the buyer’s value and the seller’s value respectively, denoted by Mp and Mg, but does not

know the joint distribution . Formally, I denote by

TI(Mg, M) = {n €AV : / vadn(v) = Mg, / vsdn(v) = MS} (KE)

the collection of joint distributions that are consistent with the known expectations. If Mp < Mg,
then the maxmin profit is zero, as no trading mechanism can generate a positive profit against
the point mass on the value profile (Mp, My). Therefore, we focus on non-trivial informational

environments in which Mg > M.

Symmetric Informational Environment: Mg+ Mg =1

The higher the seller’s value, the lower his willingness to trade. Thus, it is plausible to
regard the highest-value seller as the lowest-type seller. When the known expectations sum up to
1, the expectation of the buyer’s value and the expectation of the seller’s value have the same
distance from the lowest-type buyer and the lowest-type seller respectively, i.e., Mp —0 =1 — M.
Therefore 1 refer to this case as the symmetric informational environment. The symmetric
informational environment captures situations in which both parties have similar willingness
to trade. Likewise, I refer to the case in which Mp + Mg # 1 as the asymmetric informational

environment.

Theorem 3. Under the model (KE), for the symmetric informational environment, the

random double auction is a maxmin trading mechanism with a profit guarantee of

2
<1 —+/1— (Mg —MS)> , and the symmetric triangular value distribution is a worst value
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distribution.

The derivation of the profit guarantee under the model (KE) is the same as that under
the model (KDE). The construction of a worst value distribution is the same. Observe that the

symmetric triangular value distribution satisfies Mp + Mg = 1, because

1 1—r
/(VB—l—vS)dTE* = (r' 1 +/ devB) + (r-O—i—/ devS)
r 0

=1,

where the first line uses the marginal distributions of ©*, and the second line holds for any
re(0,1).

Knowing the expectations and knowing the difference in expectations are comparable.
Indeed, I1(DE) is a larger set: It contains both the symmetric informational environment and the
asymmetric ones. For example, if DE= (.2, then it is possible that Mg = 0.6 and Mg = 0.4 (the
symmetric one), and it is possible that Mp = 0.8 and Mg = 0.6 (an asymmetric one). Therefore,
although the random double auction is maxmin optimal under the model (KDE), it is maxmin
optimal only for the symmetric informational environment under the model (KE). For the
asymmetric one, as I show in the next section, a variation of random double auction does strictly

better.

Asymmetric Informational Environment: Mg+ Mg # 1

I extend the analysis to construct a maxmin trading mechanism for the asymmetric
informational environment. 1 will propose a generalized random double auction and an
asymmetric triangular value distribution, and then show that they form a saddle point. The
illustration of the result is relegated to Appendix 1.7.2. This section generalizes the results
for the symmetric informational environment, as the generalized random double auction (resp,
the asymmetric triangular value distribution) converges to the random double auction (resp,

the symmetric triangular value distribution) when the asymmetric informational environment

31



converges to the symmetric informational environment (See Remark 7).
Let (r1,r) in which r; € (0,1), r» € (0,1) and r; +r, # 1 be a solution to the following

system of equations

1 ri(l—r
MB:/ ( 1(1—r2) vedvg +r1 := Hi(r1,72), (KE-B)
r

I—ri—nr rr 2
ry VB+ )

1— 1—r;

r2 ri(l1—nr
Ms = / 1_,1_(,2 ) Svsdvs i=Hy(r1,r2). (KE-S)
0 (L "vs+ri)

Lemma 3. For the asymmetric informational environment, there exists a solution (r1,ry) € (0,1)?

to the system of equations (KE-B) and (KE-S). In addition, r| +r, # 1.

_lorn s._2(l-r-n) .._ 2nn : EPR.
Lety:= =+, d:= rin VT T The generalized random double auction is

described as follows.

Step 0: Transformed bid and ask. The intermediary publicly commits to transforming a bid price

b and an ask price a as follows: b’ = L. [ln(lfrlfrzb—k — )} a = [ln (ma%—m)]

~ Iny 1—n 1—n ~ Iny r

The buyer and the seller both know r; and r, as well as the transformations.

Step 1: Uniformly random spread. The intermediary publicly commits to randomly drawing a
spread s’ uniformly on [0, 1]. Then a random spread is drawn whose realization is not observed
by either the buyer or the seller. The buyer and the seller both know the uniform distribution on
[0, 1] from which the random spread is drawn.

Step 2: Exponential transaction price and floating commission fee. The buyer submits a
bid price b, and the seller submits an ask price a, simultaneously. If the difference between

the transformed bid price and the transformed ask price is greater than the realized spread, or

/ /

b’ —d' > s, then the seller sells the asset to the buyer at the price p’ = 5

T
W -5 and each

/
pays the intermediary half of the commission fee ’7/ =% 2”. Otherwise, no trade takes place,

and no one pays or receives anything.

Remark 4. The transaction price p’ is no-longer midpoint of the bid price and the ask price.

The floating commission fee r/, however, has a fixed commission fee component T, plus an
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price-adjusted component 8p’, which is linear in the transaction price.

It is straightforward to show that the generalized random double auction can also be

expressed as follows. If b — (1 —ry)a > ryr,

1 l—ri—n rir l—r—n
*(h = -1 b —1 -~ =
q ( ,Cl) lnl_rz |:I’l( 1—r +1—I"1> Il( r a+r1):|7

rir 1—r—nm rir 1l—r—n
5 (b,a) = — i bt i —aM)}
B( ) (1—r1—7’2)lnl;—lr2 [ ( 1—-n 1—r1> ( r

1 1—7‘1
+1nﬂ . (b_ r a—rl),

If rob—(1—ry)a<rr,

q"*(b,a) =t5"(b,a) =t5*(b,a) = 0.

Remark 5. The generalized random double auction also satisfies the standard weak budget

balance property.

Now let me specify the asymmetric triangular value distribution. The support is an
asymmetric triangular subset of joint values AT := {v|rpvg — (1 — r1)vs > rir2}. The marginal

distribution for the buyer is a combination of some generalized Pareto distribution on (ry, 1)

and an atom of size r on 1: T3 (vg) = ri=r,) 5 forvg € (r1,1) and Prg*(1) = ry. The

l—ri—r r1rn
< 17}”1 VB_‘—]*I‘I

marginal distribution for the buyer is a combination of some generalized Pareto distribution

on (0,r;) and an atom of size 1 —ry on 0: T*(vg) = —nl=r) _ for yg € (0,r,) and

lfrlfrz
( 2 VS+”>

Pr§*(0) = 1 —ry. The conditional distribution for the buyer is a combination of some generalized
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Figure 1.2: Asymmetric Triangular Value Distribution

1—rq
rn

Pareto distribution on <r1 + —Lvg, 1) and an atom on 1: When vs € (0,72), n5 (vg|vs) =
2 2
2(17/’1 —2 VS+F1) ( VS+V1)
rn lfr] k3k — — —rz
= for vg € (rl + 5 tvs, 1) and Pri*(vg = l|vs) = =n

Ty (vplvs =0) = (v:Tl)2 forvg € (r1,1) and Pry*(vp = 1|vs = 0) = ry. The conditional distribution

for the seller is a combination of some generalized Pareto distribution on (0, M) and

1—r
2 l—ri—nr rr 2
= VBT T

(vg—vs)3

17}”1 =)

; when vg = 0,

for vg € (O,m) and

an atom on 0: When vg € (r1,1), 75" (vs|vp) = —

l—rl—rz rlr2 2
Sk - _ ( lfrl VB+ 17}”1 >
Pri*(vs =0|vg) = o

Pri*(vs=0vg=1)=1—-r.

;whenvg =1, 5" (vslvg=1) = ulj—vrz)z for vg € (0,r2) and

Equivalently, the asymmetric triangular value distribution can be described as a
combination of a joint density function on AT\{(1,0)} and an atom of size ri(1 —r;) on

the value profile (1,0) as follows (See Figure 1.2).

2(113(11)23) if rovg— (1 —r1)vs > rirp, vg# 1 and vg # 0,
T (v, vs) = % ifvg=1and 0 <vg < r,
% if | < vp < landvg=0.

Pr*(1,0) =ri(1—rp).

Lemma 4. The asymmetric triangular value distribution exhibits a positive correlation for
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r<vg<land0<vg<ry.?

Remark 6. If Mg = 0, then it is common knowledge that the seller’s value v¢ = 0. Note that

ri(l—ry)
reduces to the mechanism (resp, the worst-case distribution) found by Carrasco et al. (2018)

q*(b,0) = lnllﬂ -In <17”*r2b—|— = ) If r, = 0, it is straightforward that ¢**(b,0) (resp, T**)
8l

when the monopolistic seller only knows the expectation of the buyer’s value.

Theorem 4. Under the model (KE), for the asymmetric informational environment, the
generalized random double auction is a maxmin trading mechanism with a profit guarantee of

ri(1 —ry), and the asymmetric triangular value distribution is a worst value distribution.

Remark 7 (Convergence). If Mp+ Mg — 1, it is straightforward to show that there is a solution
in which r; +r, — 1. Then by L'Hoépital’s rule, ¢g** — ¢*, p' = p, ' = r, 15" — 15,15 — 1. In

addition, T** — m*.

1.5 Deterministic Mechanisms

In this section, I restrict attention to the class of deterministic dominant-strategy
mechanisms, i.e., the trading rule has an additional property: g(v) ?* is either 0 or 1 for any

v € V. I characterize maxmin deterministic trading mechanisms across mechanisms in this class.

Definition 3. The trade boundary of a given deterministic dominant-strategy mechanism (g, g, s)
is a set of value profiles B := {¥ = (vp,7s) € V|g(¥) = 0** and for any small € >

0, q(vp+es)=1 or q(vp,is—e)=1}.

l—rj—rp rir 2
. T VBT T=
2To see this, note that IT§*(vs|vg) = M

, (vg—vs)?
}:(i > 8:32 so the positive correlation breaks when vg = 1. Similarly, IT;*(va|vs) =

is decreasing w.r.t. vg for vg € (r;,1). When

vg =1, Hg*(VS‘VB) =

1=ry—r; 2
1 ( r|2 2vs+r1)

(vp—vs)? .
the positive correlation breaks when vsg = 0.

21 define g(v) tobe 0if v ¢ V.

24For exposition, I assume that trade does not take place on the trade boundary. As will be clear, this is to
guarantee that a best response for adversarial Nature exists. This assumption does not affect the solution and the
value of the problem. Similar assumption is also made in Kos and Messner (2015).

2
is decreasing w.r.t. vs for vg € (0,r2). When vg = 0, IT;" (vplvs =0) = 1 — :71; <1-1) s

= (vp)*’
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Figure 1.3: Trade Boundary

I observe that the trade boundary of a deterministic dominant-strategy mechanism is

non-decreasing (See Figure 1.3%9).

Remark 8 (Non-decreasing trade boundary). If v = (v, Vs) € B,V = (¥, V) € B and vg > v,

then g > ¥g. 2

The main idea of searching for a maxmin deterministic trading mechanism is as follows.
I divide all possible deterministic dominant-strategy mechanisms into four classes according to
the trade boundary. By strong duality?’, T can work on the dual program. I propose a relaxation
of the dual program by ignoring a lot of constraints. The merit of doing so is to have a finite-
dimensional linear programming problem. Then I derive an upper bound of the value of the
relaxation and show that it can be attained by constructing deterministic dominant-strategy

mechanisms as well as a feasible value distribution.

Theorem 5. When GFT > %, any deterministic dominant-strategy mechanism satisfying the

following properties is a maxmin deterministic trading mechanism (See Figure 1.4%%):
- /1-GFT /1-GFT
(l). (1— T’O) G@,(l, T) € B.

23The thick black curve is a trade boundary ‘B that is non-decreasing.

26To see this, note that by the definition of the trade boundary, I have that q(vB, V) = 1 because V' € B and
Vg > V. Then, again by the definition of the trade boundary, I have that s > ¥/ because v € B.

?TThat is, given a dominant-strategy mechanism, the value of the primal minimization problem equals that of its
dual maximization problem, details of which are in Appendix 1.7.4.

BB = (1 — 1—2”,0) By = (1, 1-§”>. If GFT > 1, then By € B,B; € B, and ‘B lies in the black

region for a maxmin deterministic trading mechanism.
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Figure 1.4: Maxmin Deterministic Trading Mechanisms

(ii). B is above (including) the line vg —vs = \/#.

(iii). The payment rule and the transfer rule are characterized by Lemma 5.

The profit guarantee is (1 — \/m> 2. The worst value distribution puts
probability masses of \/I’gFT, \/I’EFT and 1 — 24/ # on the value profiles

(1 _ /#’0) , (1,, /#) and (1,0) respectively.

When GFT < % the Never Trading Mechanism?® is a maxmin deterministic trading

mechanism with a profit guarantee of 0.

That is, I characterize the class of maxmin deterministic trading mechanisms for any
informational environment with a non-trivial profit guarantee (i.e., GFT > %). The worst value
distribution is discrete, and is the same for the mechanisms in this class. Now I provide examples
of some maxmin deterministic trading mechanisms.

Linear Trading Mechanism: Trade takes place with probability one if vp —vg >

\/ #, and conditional on trading, the buyer pays 1 — 4/ # +vg and the seller receives
VB — (1 —1/ #) ; otherwise, no trade takes place, and no one pays or receives anything.

Double Posted-Price Trading Mechanism: Trade takes place with probability one if

vp>1—4/ # and vg < 4/ 1’(2;1: L and conditional on trading, the buyer pays 1 — 4/ #

and the seller receives 4/ l_gF L. otherwise, no trade takes place, and no one pays or receives

anything.

2Trade never takes place, and no one pays or receives anything.
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1.6 Extension and Discussion

1.6.1 Can-hold Case

Consider a more general model in which the intermediary can hold the asset. To wit, this
only requires that the sum of the buyer’s allocation (denoted by gp) and the seller’s allocation
(denoted by gg) do not exceed 1. Recall that this sum is required to be 1 for the main results.
Formally, the intermediary seeks a trading mechanism (gp,gs,p,ts) such that the following

constraints hold:

veqe(v) —tg(v) > veqp(vig,vs) —tg(Vig,vs), Vv EV vy € Vp; (DSICp)
veqp(v) —tg(v) >0, WveV,; (EPIRp)

vsqs(v) +ts(v) > vsqs(vp,vs) +ts(v, V), Vv eV € Vg (DSICY)
vsqs(v) +ts(v) >vs, WveV,; (EPIRY)

gs(v) +qs(v) <1, WeV. (CH)

I denote the set of such trading mechanisms as 2’3°. The intermediary’s problem is to seek for a

trading mechanism that solves

swp —_int [ 1(v)an(v). MTM)
(gB.qs.ip,ts) €D TEIL(GFT)

Theorem 6. The random double auction is a solution to (MTM”).

That is, the solution to the more general problem (MTM’) coincides with the solution to
the problem (MTM). To see this, first note that the value of (MTM?’) is weakly higher than the

value of (MTM) because D C 2'. I will show that the value of (MTM) is weakly higher than the

30Note that here the monotonicity constraints are that gz(vp,vs) is non-decreasing w.r.t. vz for any vg and
qs(vB,vs) is non-decreasing w.r.t. vs for any vp.
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value of (MTM’). Indeed, given the symmetric triangular value distribution, the random double
auction is an optimal mechanism even among this wider class of trading mechanism 2’. To show
this, first note that a simple adaptation of Lemma 5 yields an analogous virtual representation of

the expected profit for this more general model:

El0)] = [ las0)080) + as(v)os(mldm(s) ~ 1

where ¢p(v) =vp — %W and ¢s(v) =vsg+ 1735((555":5)) . Here ¢p(v) (resp, 0s(v)) is the buyer’s
(resp, the seller’s) virtual value when the value profile is v = (vp,vs). Given the symmetric
triangular value distribution, ¢p = ¢5 > 0 for any value profile in the support except for the
highest joint type (1,0), in which ¢g(1,0) > ¢s(1,0) = 0; in addition, ¢p < 0 and ¢s > O for any
value profile outside the support. Then any trading mechanism in D’ will be optimal if 1) the
ex-post participation constraints are binding for zero-value buyer and one-value seller, and 2)
gp = 0 and g5 = 1 for any value profile outside the support, gg + gs = 1 for any value profile
inside the support and gg(1,0) = 1,¢s(1,0) = 0. It is straightforward to see that the random
double auction?! is such a mechanism and therefore remains optimal to the symmetric triangular
value distribution in this general model. Indeed, given the property that the buyer’s virtual value

is equal to the seller’s virtual value for any value profile in the support except for (1,0), the

intermediary does not have an incentive to hold the asset in an optimal trading mechanism.

1.6.2 Information Design Problem

A well-known result in models of private information is that the distribution of agents’
private information is a key determinant of their welfare. For example, in the environment of
bilateral trade, Myerson and Satterthwaite (1983) consider the independent private value model
and show that the two trading parties’ welfare is not the full surplus for general distributions

and the amount of their welfare depends on their distributions of private values. Indeed, most

31In this more general model, gz = ¢* and gs = 1 — g*.
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of the existing models of private information in the environment of bilateral trade assume that
the distribution of the two trading parties’ private information is exogenous. However, it is
conceivable that a financial regulator, e.g., the Security and the Exchange Commission (SEC),
may optimally design the nature of the private information held by the two trading parties to
maximize their welfare, given the fact that their welfare is affected by the distribution of their
private information.

In this section, I consider an information design problem of a financial regulator whose
objective is to maximize the expected welfare. Recall that the expected welfare is defined as the
sum of the traders’ expected profits. I assume that the financial regulator can carefully design the
private information of the traders by choosing a value distribution subject to the constraint that
the ex-ante gain from trade is GFT, i.e., T € [I(GFT). The intermediary, after observing the
choice of the distribution but not the realized joint values, designs a profit-maximizing trading

mechanism across dominant-strategy mechanisms. Formally, the financial regulator solves 32

sup [ [q"(v)(vg —vs) — 1" (v)]dn(v) (MW)
nell(GFT)

subject to

(q",t5,t5) €Earg  sup t(v)dn(v).
(q:tBits)ED Y

Theorem 7. The symmetric triangular value distribution is a solution to (MW).

That is, the symmetric triangular value distribution is an optimal information structure
for the financial regulator’s information design problem (MW).
Recall that a symmetric triangular value distribution has the property that the virtual value

is zero for any value profile in the support except for the value profile (1,0). This property has

31f the intermediary has multiple optimal trading mechanisms, I break ties in favor of the financial regulator
by selecting one that maximizes the gain from trade for the traders. This is a standard tie-breaking rule in the
information design literature (e.g., Kamenica and Gentzkow (2011), Roesler and Szentes (2017) and Condorelli and
Szentes (2020)).
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two implications. First, it implies that an efficient 3> trading mechanism is a best response for the
intermediary. Second, it implies that in a best response, the intermediary does not discriminate
across all value profiles in the support but the value profile (1,0). These two implications render
a symmetric triangular value distribution a good candidate as a solution.

Under the symmetric triangular value distribution, the expected welfare is the difference
between the ex-ante gain from trade GFT and the expected profit of the intermediary
(1 —v1-GFT )2. Indeed, the symmetric triangular value distribution minimizes the expected
profit of the intermediary. This is because the expected profit under the random double auction
is weakly higher than (1 —V1-GFT )2 for any feasible value distribution (Recall Proposition
2). Therefore, the symmetric triangular value distribution solves (MW). In addition, the

expected welfare is equally shared by the traders: Each trader obtains an expected profit of

V1—GFT(1—+/1—GFT).

The information design problem (MW) is closely related to Condorelli and Szentes (2020)
who consider a buyer-optimal information design problem: The buyer can choose the probability
distribution of her valuation for the good to maximize her profit. The seller, after observing the
buyer’s choice of the distribution but not the realized valuation, designs a revenue-maximizing
selling mechanism. The problem (MW) may be interpreted as a traders-optimal information

design problem. Critically, trade is efficient under the solution in either problem.

3Precisely, trade takes place with probability one for any value profile in the support of the symmetric triangular
value distribution, and O otherwise.
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1.7 Appendix

1.7.1 Preliminaries
Zero-Sum Game

The intermediary’s maxmin optimization problem (MTM) can be interpreted as a
two-player sequential zero-sum game. The two players are the intermediary and adversarial
Nature. The intermediary first chooses a trading mechanism (g, 7p,t5) € D. After observing
the intermediary’s choice of the trading mechanism, adversarial Nature chooses a feasible
value distribution @ € I1(Mp, Ms). The intermediary’s payoff is U((q,p,ts),T), and adversarial
Nature’s payoff is —U((q,1p,ts),n). Instead of solving directly for such a subgame perfect
equilibrium, I can solve for a Nash equilibrium ((¢*,73,2$),®*) of the simultaneous-move
version of this zero-sum game, which corresponds to a saddle point of the payoff functional U.

Formally, for any (g,tp,ts) € D and any € I1(Mp,Ms),
U((q"1p15),m) 2 U((q1p,15), ") = U((q,18,15), ). (SP)

Indeed, the first inequality implies that the mechanism (g*,#j,15)’s profit guarantee is the
expected profit when adversarial Nature chooses the value distribution ©*, and the second
inequality implies that no other dominant-strategy mechanism can yield a strictly higher expected
profit under the value distribution ©*. Hence, the two inequalities together imply the mechanism

(g%,t5,t5) is a maxmin trading mechanism.

Revenue Equivalence

When searching an optimal dominant-strategy mechanism given a value distribution, it
will be useful to simplify the problem. I will use the following proposition: Its proof is standard

but included in Appendix 1.7.1 for completeness.
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Lemma 5 (Revenue Equivalence). When searching an optimal dominant-strategy mechanism, it
is without loss to restrict attention to trading mechanisms satisfying the following properties:
(i). q(v) is non-decreasing in vg and non-increasing in vs.

(ii). tg(v) = vpq(v) — [o® q(x,vs)dx.

(iii). ts(v) = vsq(v) + fvls q(vg,x)dx.

(iv). t(v) = (v —vs)q(v) — [y q(x,vs)dx — fvlsq(vB,x)dx.

That is, the trading rule ¢(v) is monotone; the payment rule 75 and the transfer rule zg admit
an envelope representation. In addition, the ex-post participation constraints for zero-value buyer
and one-value seller are binding. Lemma 5 is standard in the mechanism design literature. The
envelope representation of the ex-post profit (property (iv)) implies E[t(v)] = [q(v)d(v)dn(v),

using integration by parts.

Proof of Lemma 5

(i). Dominant-strategy incentive compatibility (DSIC) for a type vp of B requires that for

any vs and vy # vp:

veq(ve,vs) —tg(vg,vs) > veq(Vi,vs) — ta(Vi,vs).
DSIC for a type vj of B requires that for any vg and vg # vj:

vgq(vp,vs) —t(vi,vs) > Vq(va,vs) —tp(va,vs).
Adding the two inequalities, I have that:

(v —V5)(q(vB,vs) —q(vg,vs)) > 0.
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It follows that g(vg,vs) > q(vj,vs) whenever vg > v .

Similarly, DSIC for a type vs of S requires that for any vz and v # vs:

vs(1—q(vs,vs)) +18(vs,vs) = vs(1—q(vs,vs)) +15(vs, V).
DSIC for a type v of S requires that for any vg and vs # v:
vs(1—q(ve,vs)) +1s(va,vs) = V(1 —q(vp,vs)) +1s(vp,vs)-
Adding the two inequalities, I have that:
(vs —vs)(q(va,vs) — q(va,vs)) = 0.

It follows that g(vg,vs) < q(vp,vs) whenever vg > Vi .

(i1). Fix vg, and define

UB(VB) = VB‘]("B:"S) - tB(VBaVS)~

By the first two inequalities in (i), I obtain that

(vg —vB)q(va,vs) < Up(v) —Us(ve) < (v —vB)q(vp,vs).

Therefore Up(vp) is Lipschitz, hence absolutely continuous w.r.t. vg and therefore differentiable
w.r.t. vg almost everywhere. Then applying the envelope theorem to the above inequality at each

point of differentiability, I obtain that

dUB(VB)

de = q(VB,VS)-
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Then I have that

VB
IB(VB,VS) = VBQ(VB7VS) _/O (](X, VS)d.X— UB(O)

Note that Up(0) > 0 by the ex-post individually rational constraint. If Ug(0) > 0, then I can
reduce it to O so that I can increase the payment from B for any value profile in which the
seller’s value is vs. And the profit will be weakly greater. Thus, when searching for an optimal
dominant-strategy mechanism, it is without loss of generality to let Uz(0) = 0. Then I obtain
that 15(vg,vs) = vq(ve,vs) — [o® q(x,vs)dx.

(ii1). Similarly, fix vg, and define

Us(vs) :=vs(1 —q(vp,vs)) +1ts(vp,vs).

By the fourth and fifth inequalities in (i), I obtain that

(vs—vs) (1 —q(vp,vs)) < Us(vs) = Us(vs) < (Vs —vs)(1 —q(vp,v5)).

Therefore Us(vs) is Lipschitz, hence absolutely continuous w.r.t. vs and therefore differentiable
w.r.t. vs almost everywhere. Then applying the envelope theorem to the above inequality at each

point of differentiability, I obtain that

dUs(vs)
dvg

=1 —q(vB,vS).

Then I have that

1
tg(vp,vs) = Us(1) —vs(1 —q(vp,vs)) —/ q(vp,x)dx.

Vs

Note that Us(1) > 1 by the ex-post individually rational constraint. If Us(1) > 1, then I can

reduce it to 1 so that I can decrease the payment to S for any value profile in which the buyer’s
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value is vp. And the profit will be weakly greater. Thus, when searching for an optimal
dominant-strategy mechanism, it is without loss of generality to let Ug(1) = 1. Then I obtain
that £5(v) = 1 — (1 — g(v))vs — [t (1 — q(vg,x)dx = q(v)vs+ [ q(vp,x)dx.

(iv). This is implied by (i1) and (ii1).

1.7.2 Illustration of Theorem 4
Construction of Generalized Random Double Auction

Lemma 6. Given a trading mechanism (q,tp,ts) € D, if ® minimizes the expected profit over

[1(Mp,Ms), then there exist real numbers A, s and u such that
Agvp+Asvs+u=t(v), VveEsupp(n). (CS)

(CS) is a complementary slackness condition, stating that the ex-post profit is a linear
function of the true values for any value profile in the support of a worst value distribution. The
complementary slackness condition is a result of strong duality. The proof is similar to the one
for the main model (See Appendix 1.7.4 for details). The complementary slackness condition
is useful in the construction of a maxmin trading mechanism for the asymmetric informational
environment.

For the asymmetric informational environment, it is natural to attach different weights to
the submitted bid price and the submitted ask price. I thus form an educated guess of the trading
region in a maxmin trading mechanism: Trade takes place with positive probability if and only if
the difference between a weighted bid (true value of the buyer) r; - vp and a (different) weighted
ask (true value of the seller) (1 —ry)-vg exceeds a threshold riry > 0, or rovg — (1 —ry)vs > rir).
In addition, again, the support of a worst value distribution coincides with the trading region

(including the boundary). Together with (iv) of Lemma 5, the complementary slackness condition
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(CS) can be expressed as follows: For any (vp,vs) € AT,

2 (vg—ry)

q**(x,vs)dx—/”1 g (vp,x)dx.
a vs+r] Vs
(CS-A)

VB

N v As s+ = (v —vs)-g" (vm,vs) = ||

n

Now I solve for the trading rule ¢**. Similarly, I first take the first order derivatives with respect

to vp and vg respectively, and I obtain that for any (vg,vs) € AT,

=2 (vg—r1)
da™* p) 1=ry *% d
(v —vs) - Eg:i’vs) s avz e, x)dx _ B> (FOC-B)
VB Kk
—r q (X,VS)dX
oq™* (vg,v S lygtry "
(vg—vs)- évj s)_ s =5 (FOC-S)

Then, I take the cross partial derivative, with some algebra, I obtain that

aq**(VB,Vs)

avBaVS =0

(ve—vs)-

Thus, ¢**(vp, vs) is separable, which can be expressed as the sum of two functions f** and g**:

For any (vg,vs) € AT,

g (ve,vs) = f(vg) + & (vs). (B.1.1)

Again, the separable nature is crucial for solving (CS-A). Plugging (B.1.1) into (FOC-B) and

(FOC-S), 1 obtain that for any (vg,vs) € AT,

[(1_1—r1>‘}3+1—r1]‘(f )(VB)_l—rl'[f () +8 (1—r1(‘}3_r1)>]_7h ’
(B.1.2)

{(1 —n 1> vs+r11 () (vs) + I=n : {f** <1—r1 Vs+r1> +g**(VS)} =Ag". (B.1.3)

rn rn r

Note that f**(vp) + g** (r—z (vg—r1 )) = 0 and that f** (17” vs+ r1> + g"*(vs) = 0 because

lfrl rn

trade does not take place in the boundary of the trading region, i.e., ¢**(vp,vs) = 0 for
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rpvg — (1 —ry)vs = riry. Then it is straightforward to solve for f**(vg) and g**(vs), and I

obtain that

=—"=2"] 1— B.14

7 (va) [PE— - VB+1_r1 +cp, ( )
7\‘** 1_

g (vg) = — 28 .mK rl—l)vs+r1]+c§*, (B.1.5)
1—ri—nm )

where cz* and cg* are some constants. Observe that

w [(T2(vB—11) rAg* r2 rr s
PUBTIY 2% ol (1- ,
& ( 1—n ) l—r—nm n 1—n VB+1—r1 tes

Then, again, using that ¢**(vg,vs) = 0 for rpvg — (1 — ry)vs = rirp, I have that

(1=r)Ag" +rAs" =cg +c5" =0. (B.1.6)

Now plugging (B.1.4),(B.1.5) and (B.1.6) into (B.1.1), I obtain that for any (vp,vs) € AT,

1 —r) A% 1—ri—r rr l—ri—r
q**(VBaVS):—( o -{ln( gt —— )—ln <—1 2VS+’”1)}-

1—ri—n 1—n 1—n r

Likewise, to solve for A", I let ¢**(1,0) be 1 and obtain that A" = —=1="2__  So far I

17 .
(I—r1)In r]rz

have obtained the trading rule ¢**3*. The payment rule tg" (resp, the transfer rule 75*) is then

characterized by (ii) (resp, (iii)) of Lemma 5.

Construction of Asymmetric Triangular Value Distribution

Similar to the symmetric informational environment, I impose a zero virtual value

condition on the joint distribution, stating that virtual value is O for any value profile in the

34Plugging the trading rule ¢** into (CS-A), it is straightforward that u** = —%.
—r1)n m
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support except for the highest joint type. Formally,

o(v) =0, WYweAT\{(1,0)}. (ZVV-A)

The construction procedure for the joint distribution is exactly the same. Therefore I omit it.
Note that the marginal distribution no longer has a uniform distribution part since vg — vg is no
longer a constant on the boundary of the trading region due to different weights for the buyer
and the seller. The final step is to make sure that the constructed joint distribution has the known
expectations. Given the marginal distributions for the buyer and the seller, I have a system of
two equations (KE-B) and (KE-S). Lemma 3 states that a solution exists for the asymmetric

informational environment, details of which are given in Appendix 1.7.3.

1.7.3 Proofs for Section 1.3
Proof of Lemma 3

I start from establishing the following four claims regarding some properties of the
functions Hj (ry,r2) and Hp(ry,r2), which play a crucial role in establishing Lemma 3. First, by

simple calculation, I have that for (r1,r2) € (0,1),

;fl(l—rz)(l—rl)2 1—r2_r1r2(1—r1)

H = -1 C.1.1

1(r1,72) =n-n2 " Lor o T (C.1.D
ri(l1— rz)r% 1—r rlrg

H = . — . C.1.2

2(r17r2) (1—]"]—1"2)2 r l—rl—rz ( )

First note that H; and H, are not well-defined when O < r; =1 —r, < 1. Using L'Hopital’s rule,

.. . . 1-1242
it is straightforward to show that lim;_,,_,,, Hi(r,r2) = %

and limj_,,_,, Ha(r1,m2) =
1—r)2 . .

(T”) . L thus define H,(r1,r2) :=lim_,,—,, Hi(r1,r2) and Hy(r1,r2) := limj_,_, Ha(r1,72)
when 0 < r; = 1—ry) < 1. This makes H; and H, continuous on (0,1)2. 1In

addition, using L’Hopital’s rule, it is straightforward to show that lim, 0 H;(ri,r2) =0
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for rp € (0,1), limn%]H](rl,l’z) =1 for n € (0,1), lim,2_>0H|(r1,r2) =r; —rilnr; for
ry € (0,1), limrzﬁlHl(rl,rz) =1 for r € (0,1), limrl%OHz(rl,rz) =0 for rn, € (0,1),
limr1_>1H2(r1,r2) = (1 —rz)ln(l —r2) +nr for e (0, 1), limr2_>0H2(r1,r2) =0 for r; € (0, 1)

and lim,, 1 Hy(r1,r2) = 1 for r; € (0,1). Therefore I define H;(ry,r2) and Ha(r1,r2) as follows.

—rp)ri(1-ry)? —r rirp(l—r .
a (1i)r11£1r2)21) -In 1Vl 2 ll_zgll_r;) +r if (r,m) €(0,1)? and 1| + 1y # 1,
240, .
Izritan if O<r=1-r<l,
0 ifry=0and r, € (0,1),
Hy(r1,r) =
1 ifrp=1andr, € (0,1),
ri—rilnr if r, =0and r; G(O,l),
1 if}’z:landrlé(o,l).
\
( ri(1=rp)r3 1—r rirs . 2
(l—rl—r2)22 Anit — DD if (ri,r2) € (0,1)*and ri +ry # 1,
(ony it 0<r=1-r<lI,
0 ifry=0and r, € (0,1),
Hy(r1,r2) =
(I=r)In(l=rp)+nr ifri=1andr, € (0,1),
0 ifr,=0and r; € (0,1),
1 ifrp=1andr; €(0,1).

\

Claim 1. Fix any ry € [0,1), H (r1,r2) is strictly increasing in ri. Moreover, for any
rp € (0,1), limy, 51—, aH‘a(—::rz) exists and is positive. In addition, for any r, € [0,1), as rj — 1,
H1 (rl,rz) — 1.

Proof of Claim 1. When ry =0, H\(ry,r2) = r; —riInry. This is an strictly increasing function
because %::rz) = —Inr; > 0. In addition, by L’Hopital’s rule, lim,, _,; H; (r1,r2) = 1. Thus,

Claim 1 holds when r, = 0. When 0 < r, < 1, I already have that lim,,_,; H;(r1,r2) = 1. Now
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taking the first order derivative w.r.t. r; to (C.1.1), I obtain that

aHl(”er) _ (1 _rl)(l —rz) . 1_3’,.] +2}"1(1 _rl) -In ! —n —2}"2 . (C13)
arl (1—1‘1—1’2)2 l—ri—n n

Then to show the first part of Claim 1, it suffices to show that if (ry,,) € (0,1)? and r +ry # 1,

2r(1 — 1—
(1—3r1+ i rl)) In—"2 25 >0. (C.1.4)
1—r—n r

Let B := %, then B € (0,1)U(1,). Plugging r» = 1 —Bry into (C.1.4), it suffices to show
that for any B € (0,1) U (1,00),

(1—3r1+M)-mB 2-(1—Pr) > (C.1.5)

Slightly rewriting (C.1.5), it suffices to show that for any € (0,1) U (1,00),

B+l 6
g2 (-

3Pp-1

1
BT 1B+2[3)-r1>0. (C.1.6)

Then, it suffices to show that for any § € (0,1) U (1,00), the following two inequalities hold:

1
% Inp—2>0, (C.1.7)
3p—1
—% InB+2B > 0. (C.1.8)
Now to prove (C.1.7), it suffices to show that f(B) := Inff — 2(&:]1) > 0 for B € (1,%0) and

f(B) <0 for B € (0,1). Taking the first order derivative to f(f), I obtain that
r) =B (C.1.9)
B(B+1)

Therefore, f(B) is strictly increasing. Note that f(1) = 0. Thus, I proved (C.1.7). To prove
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(C.1.8), it suffices to show that 2(B) := (1 —3B)Inf+2B(B—1) >0 for B & (1,00) and 2(B) <O

for B € (0,1). Taking the first order derivative to i(f3), I obtain that

h’(B):4B—31nB+%—5. (C.1.10)

Now taking the second order derivative to i(j3), I obtain that

B+ DB-1)
B '

W' () = (C.1.11)

Note that 4" (B) > 0 when > 1, //(B) < 0 when B < 1 and 4”(1) = 0. This implies that /'(p)
is minimized at = 1. Note that #'(1) = 0. This implies that i(B) is strictly increasing. Finally,
note that 2(1) = 0. This implies that (C.1.8) holds.

Using L’Hopital’s rule, I have that lim, 1, aH‘(.g:: f2) _ 12 (16:;2’2)

>0forrp, €(0,1). O

Claim 2. Fix any r; € (0,1), Hi(r1,r2) is strictly increasing in ry. Moreover, for any
r1 € (0,1), limy, 1, aH‘a(—grz) exists and is positive. In addition, for any ri € (0,1), as r, — 1,

H] (1”1 s 1’2) — 1.

Proof of Claim 2. When 0 < r| < 1, I already have that lim,,_,1 H;(r1,r2) = 1. Now taking the

first order derivative w.r.t. rp to (C.1.1), with some algebra, I obtain that

oH,(r1,1?) (1—r1)%n 2(1—rp) 1—nr
= | -14+—— - In—=-2]. C.1.12
or (1—r1—r)? +1—r1—r2 n r ( )
Then it suffices to show that if (r1,7,) € (0,1)> and r{ + 1y # 1,
2(1 — 1-—
(—1+ (1=r) ) n—"2-2>0. (C.1.13)
l—r—nm r
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Plugging r, = 1 — Bry into (C.1.13), it suffices to show that for any B € (0,1) U (1,00),

=

+1

-Inf—2>0. (C.1.14)

=

This is exactly (C.1.7) and has been shown in the Proof of Claim 1.

2
Using L’Hopital’s rule, I have that lim,, 1, alegg,rz) = (1;]‘) >0forr €(0,1). O

Claim 3. Fix any ry € (0,1), Ha(r1,r2) is strictly increasing in ri. Moreover, for ry € (0,1),

. OH. . . ..
lim, 1, % exists and is positive.

Proof of Claim 3. Taking the first order derivative w.r.t. r; to (C.1.2), I obtain that

oH,(r1,12) (1—r)r3 2r 1—r
= S 1+— -1 —2]. C.1.15
or (1—1’1—1’2)2 +1—r1_7’2 ! r ( )
Then it suffices to show that if (r1,7,) € (0,1)? and ry + ) # 1,
2 1-—
(1+ & >~ln 2 _2>o0. (C.1.16)
l—ri—mn 1

Plugging r, = 1 — Br; into (C.1.16), it suffices to show that for any B € (0,1) U (1,00),

% Inf —2 > 0, which is exactly (C.1.7) and has been shown in the Proof of Claim 1.

0H, (r1,r2) (r2)?
1—r

Using L’Hopital’s rule, I have that lim,, 1, S = R >0forr e (0,1). O

Claim 4. Fix any ry € (0,1], Hy(r1,r2) is strictly increasing in ry. Moreover, for any

r1 € (0,1), limy, 51—, aHza(:;’rZ) exists and is positive. In addition, for any ry € (0,1], as r, — 1,

Hz(rl,rz) — 1.

Proof of Claim 4. When r; = 1, Hy(r1,r2) = (1 —r2) -In(1—r2) + rp. This is an strictly
increasing function because %grz) = —In(1—ry) > 0. In addition, by L’Hopital’s rule,

lim,, 1 Hy(r1,r2) = 1. Thus, Claim 4 holds when r; = 1. When 0 < r; < 1, I already have that
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lim,,_,1 Hi(r1,r2) = 1. Now taking the first order derivative w.r.t. r; to (C.1.2), I obtain that

OH,(r1,1?) rir 2ry(1 —rp) 1—r
= 12— -1 —2-(1— . 1.17
or, (1—ri—r)? 2t l—ri—n ! r (I=r)j. (€ )

Then to show the first part of Claim 4, it suffices to show that if (ry,,) € (0,1)% and r| +ry # 1,

2ry(1 — -
(2—3r2+u) In—"2 2. (1—r)>0. (C.1.18)
1—r—n r

Plugging r, = 1 — Bry into (C.1.18), it suffices to show that for any B € (0,1) U (1,00),

(3Br1—l+w)-1n[3—2-(1—r1)>0. (C.1.19)

Slightly rewriting (C.1.19), it suffices to show that for any € (0,1) U (1,00),

2_
%.mg_ﬂ(ﬁﬁ_?ﬁlnﬁjﬁ)-r1>0. (C.1.20)

Then, it suffices to show that for any € (0,1) U (1,00), the following two inequalities hold:

—Bji-lnﬁ—2>0, (C.1.21)
2
%-lnﬁ+2>0. (C.1.22)

Note that (C.1.21) is exactly (C.1.7), which has been shown in the Proof of Claim 1. To prove
(C.1.22), it suffices to show that g(B) := (B> —3B)InB+2(B—1) > 0 for B € (1,%0) and g(B) <0

for B € (0, 1). Taking the first order derivative to g(f3), I obtain that

g'(B)=(2B—3) - mB+B—1. (C.1.23)
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Now taking the second order derivative to g(3), I obtain that

g"(B) :21nB—%+3. (C.1.24)

Note that g” () is strictly increasing and g”(1) = 0. This implies that g’(B) is minimized at = 1.
Note that g’(1) = 0. This implies that g(B) is strictly increasing. Finally, note that g(1) = 0. This
implies that (C.1.22) holds.

aHz(rl ,r2) _ (17)’])(5)’]‘#1)
arz - 67‘1

Using L’Hopital’s rule, I have that lim,, 1, > 0 for r| €

(0,1). O

I am now ready to prove Lemma 3. Fix any (Mp,Ms) in which 0 < Mg < Mp < 1 and
Mp+ Mg # 1. By Claim 1, 2 and the Intermediate Value Theorem, I have that for any r, € [0,1),
there exists a unique I(r2) € (0,1) such that r; = I(r) is a solution to Hi(r,r2) = Mp. In
addition, I(r,) is a strictly decreasing function. Moreover, by the Implicit Function Theorem?>,
I(r,) is continuous at each r, € [0,1). By Claim 3, 4 and the Intermediate Value Theorem, I have
that for any r| € (0, 1], there exists a unique J(r1) € (0, 1) such that r, = J(r;) is a solution to
H,(r1,r2) = Mg. In addition, J(r) is a strictly decreasing function. Moreover, by the Implicit
Function Theorem?®, J(r) is continuous at each | € (0, 1]. Thus it suffices to prove that there

exists 2 € (0,1) such that

J(I(r2)) =12 (C.1.25)

Note that J(I(r7)) is a continuous and strictly increasing function for r, € [0,1). Also note

that J(1(0)) € (0,1) because 1(0) € (0,1) and J(r;) € (0,1) when r; € (0,1). Now, by the

33The Implicit Function Theorem applies for any r, € [0,1) because by Claim 1 and 2, W >0 and
MR 5 0 for any ry € [0,1).
36The Implicit Function Theorem applies for any r; € (0, 1] because by Claim 3 and 4, %(3‘7”1(”)) > 0 and

%&Jm)) > 0 for any r; € (0,1].

55



Intermediate Value Theorem, it suffices to show that there exists some r, € (0, 1) such that
J(I(rz)) <. (C.1.26)

Because J is strictly decreasing, it is equivalent to showing that there exists some r, € (0, 1) such
that

I(r) >J"'(rp). (C.1.27)

By Claim 1, this is equivalent to showing that there exists some r, € (0, 1) such that
H\(J7 (), ) < Mp. (C.1.28)

Let € := Mp — Mg > 0. I observe a relationship between the two functions H; and H, when
(r1,m) € (0,1)2:
(1—r1)?

Hy(r1,r2) —Ha(r1,r2) = (T - 1) Ha(ry,r) +r1-(2—r1). (C.1.29)
2

Note that when r, — 1, J!(r;) — 0. To see this, suppose not, then by Claim 4,
Hy(J~'(rp),r2) — 1 when r, — 1, a contradiction to Ha(J~'(r2),r) = Mg < 1. Then by

(C.1.29),as rp — 1,

H\(J (r2),r2) —Ms = Hi(J" ' (r2),72) —Ha(J "' (r2),72)

= <(1 _{r;l)grz))z - 1) Ho (7 (r2),m2) + 7 (1) - (2= (1))
= <(1 _{r;)gm))z - 1) Ms+J7"(r2) - (2-771(r2))

—><(1;—20>2—1>~MS+0~(2—0)
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This implies that there exists some r, € (0, 1) such that

|Hy (I (r2),r2) — M| < (C.1.30)

N m

Note that (C.1.30) implies (C.1.28) because H;(J '(r2),r2) < Ms+ 5 < Mg+ ¢ = M.
Finally, suppose that r; 4+ r, = 1 for the solution (r,r;), then Mg+ Mg = H\(r1,r2) +
H(r1,r2) = 1 by the definition of H;(ry,r;) and Ha(ry,r2), a contradiction to the assumption

that Mp + My # 1. Therefore, I have that r| + r; # 1 for the solution (r1,72).

Proof of Theorem 4

Step I: The generalized random double auction maximizes the expected profit under
the asymmetric triangular value distribution. To show this, first note that (ZVV-A) holds by
construction. In addition, the virtual value is non-positive for any value profile outside the
support and positive for the value profile (1,0). Then any dominant-strategy mechanism in which
1) ex-post participation constraints are binding for zero-value buyer and one-value seller, and 2)
trade does not take place when rpvg — (1 — ry)vs < ryr; and trade takes place with probability
one when (vg,vs) = (1,0) is an optimal trading mechanism. It is straightforward to see that the
generalized random double auction is such a mechanism.

Step 2: The asymmetric triangular value distribution minimizes the expected profit under the
generalized random double auction. I use the duality theory to show this. Note that the
asymmetric triangular value distribution is a feasible value distribution by construction. By the
virtual representation, the expected profit (the value of the primal problem) given the random
double auction and the symmetric triangular value distribution is Pr(1,0) x (1 —0) = ri(1 —r2).
Second, the constraints in the dual problem hold for all value profiles. To see this, note that for any
value profile v = (vp, vs) inside the support (or v € AT), Ag*vp + A" vs + ™ = 1**(v) by (CS-A).

Also, for any value profile v = (vp,vs) in which rovg — (1 —r1)vs = rira, A ve + A vs +u* =
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L e 1—r—
0 =1**(v) because A" = % A= 1 A2 and pt* = —r'(—”lrf,)z. Then, for any
(1=r1)In 2 raln =2 (1=r1)In =

value profile v = (vp,vs) in which rovg — (1 —r1)vs < rira, Ag'vp + A vs + ™ <0 =1"*(v)

because Az" > 0 and A5* < 0. Finally, the value of the dual problem given the constructed dual
variables is equal to 71 (1 — ;) by simple calculation. The details of the constructed dual variables

as well as the characterization are given in Appendix 1.7.2.

1.7.4 Proof of Theorem 5

To facilitate the analysis, I first establish a strong duality result. Given a dominant-strategy
mechanism (g, p,1s), the primal minimization problem of adversarial Nature is as follows (with

dual variables in the bracket):

inf / {(v)dn(v) P)

subject to

/ max{vg —vs,0}dn(v) = GFT, (M)

[anm =1 @

It has the following dual maximization problem:

sup AGFT +u (D)
LeR ueR.

subject to

Amax{vp —vs,0} +u<t(v), YveV.

Note that the value of (P) is bounded by 1 as 7(v) < 1. In addition, the joint distribution that

puts all probability masses on the value profile (#, 1_6#)

is in the interior of the primal
cone. Then, by Theorem 3.12 in Anderson and Nash (1987), strong duality holds. Theorem 5 is
established by the following three steps.

Step 1: Narrow down the search to a class of mechanisms.
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I divide all deterministic dominant-strategy mechanisms that satisfy the properties stated
in Lemma 5 into the following four classes:

Class 1: The trade boundary touches on the value profiles (ci,1) and (0,c;) for some
0<c1 <1,0< < 1.

Class 2: The trade boundary touches on the value profiles (0,c1) and (1,c2) for some
0<c1<£1,08e < 1.

Class 3: The trade boundary touches on the value profiles (c1,0) and (cp,1) for some
0<c; <1,0<p < 1.

Class 4: The trade boundary touches on the value profiles (c1,0) and (1,c2) for some
0<c1<1,0< ¢ < 1%,

By (iv) of Lemma 5, I can show that the ex-post profit from the value profile (0,0) or (0,1)
will never be positive for any mechanism in Class I, Class 2 or Class 3. To see this, note that for
any mechanism in Class 1: t1(0,0) =0—c; = —¢2 <0,#(1,0)=(1-0)-1—1—1=—1<0; for
any mechanism in Class 2: 1(0,0) =0—c; = —¢1 <0,#(1,0) =(1-0)- 1 =1 —cy = —c2 <0;
for any mechanism in Class 3: t1(0,0) =0,¢(1,0)=(1-0)-1—(1—¢;)—1=—(1—¢1) <0.
Consider the joint distribution that puts probability masses GFT and 1 — GFT on the value
profiles (1,0) and (0,0) respectively. It is straightforward to verify that this is a feasible value
distribution; moreover, the profit under this joint distribution cannot be positive. Therefore, I can
restrict attention to Class 4 only.

Step 2: Identify an upper bound of the profit guarantee.

I propose a relaxation of (D) by ignoring many constraints. Specifically, the only

remaining ones are the constraints for the following four value profiles: (0,0), (1,0), (c1,0) and

(1,c¢7). Formally, I have the following relaxed problem:

max AGFT +u (D)
AeR peR

3TThe cases where ¢; = 0 are included in Class 2, and the cases where ¢; = 1 are included in Class 3.
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subject to

u <0, (D.1.1)
Au<cr—oco. (D.1.2)
Aer+u <0, (D.1.3)
M1 —c2)+u<0. (D.1.4)

Note that the value of (D’), denoted by val(D’), is weakly greater than the value of (D).
Now I will find an upper bound of the value of (D”) across 0 < ¢; < 1 and 0 < ¢ < 1, and show
that it is attainable by constructing deterministic dominant-strategy mechanisms and a feasible
value distribution.

If A <0, then by (D.1.1), val(D*)< 0 for any 0 < ¢; < 1 and 0 < ¢; < 1. Henceforth, I
restrict attention to A > 0. If ¢; > GFT, then AGFT 4+ u < Ac; +u < 0, where the first inequality
follows from A > 0 and the second inequality follows from (D.1.3). If ¢c; < 1 — GFT, then
AGFT +u < M1 —c2) +u <0, where the first inequality follows from A > 0 and the second
inequality follows from (D.1.4). If ¢; < ¢, then A\GFT +u < A+ u < 0, where the first inequality
follows from A > 0 and the second inequality follows from (D.1.2). Therefore, I can restrict
attention to 1 —GFT < ¢z < c1 < GFT, because otherwise the profit guarantee cannot be positive.
This also implies that I can restrict attention to informational environments in which GFT > %,
because otherwise the profit guarantee cannot be positive. Now I am left with (D.1.2), (D.1.3)
and (D.1.4) as they imply (D.1.1).

If ¢y > 1 — ¢y, then I am left with (D.1.2) and (D.1.3), as (D.1.4) is not binding. It is
straightforward that the solution occurs when both (D.1.2) and (D.1.3) are binding, because
c¢1 < GFT < 1. The solutionis A = %,,u: —%. val(D’)= % :=K(cy,c2).
Now I maximize K(cj,cp) subject to the constraints that 1 — GFT < ¢; < ¢; < GFT and

c1 > 1 —cp. Observe that ¢ = 1 — ¢ in the optimal solution as K(ci,c;) is decreasing in c;.
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Now, with some algebra,

1-GFT
1—C1 ’

Then it is straightforward that the optimal solutionis c; =1 — 4/ #, cr=1—cy1 =,/ #,

2
and the maximized value of K(cy,c) is (1 —/2(1— GFT)) :

K(C],l—cl) = 1+2(1—GFT)—2(1—C1)—

If ¢y < 1—cy, then I am left with (D.1.2) and (D.1.4), as (D.1.3) is not binding. It is

straightforward that the solution occurs when both (D.1.2) and (D.1.4) are binding, because

1—c¢» < GFT < 1. The solution is A = %,,u: —w. val(D)= (c1=e)(GFT—14¢p) .

2

L(cyi,c2). Now I maximize L(cy,cp) subject to the constraints that | — GFT < ¢y <c¢; < GFT
and ¢; < 1—c¢;. Observe that c; = 1 — ¢, in the optimal solution as L(cj,¢;) is increasing in c;.

Now, with some algebra,

1-GFT
2 '

Then it is straightforward that the optimal solution is ¢; = 4/ #, cir=1l—cry=1—4/ #,
2
and the maximized value of L(cy,¢7) is (1 —/2(1 — GFT)) .

Step 3: Show that the upper bound is attainable.

L(l1—cy,c2) =142(1—=GFT) —2¢, —

The last step is to construct deterministic trading mechanisms whose profit

2
guarantee is (1 —/2(1-GF T)) when GFT > % Consider any deterministic trading

. o N _ 1-4/2(1-GFT) B
mechanism satisfying (i), (if) and (iii) of Theorem 5. Let A = —\/@ and u =

(1-4/2(1-GFT))(1—/ =§£T)

— . I will show that they are feasible for the original dual problem (D).

1-GFT
2

Note that the constraint for the value profile (1,0) holds with equality by construction.

Then the constraint holds for any interior value profile®®. Indeed, the constraint is the most

stringent for the value profile (1,0) because the trade boundary is non-decreasing. To see this,

3 A value profile in which trade takes place with probability one is referred to as an interior value profile.
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note that the constraint for any interior value profile (v, vys) is equivalent to that
Amax{vpg —vs,0} + b1 (vg) — ba(vs) + 1 <0, (D.1.5)

where (vp,bi(vg)) and (ba(vs),vs) are in the trade boundary. Then the L.H.S. of (D.1.5) is
maximized at (1,0) because that A > 0 and that b; as well as b, are non-decreasing. For any

exterior value profile®®, the constraint also holds if (ii) of Theorem 5 holds. To see this, note that

given the constructed A and u, Amax{vg —vg,0} +u = 0 for the value profiles (1 —/ #7 0)

and (1 A/ #) . Then, by linearity, A(vg —vg) +u = 0 for any value profile on the line linking

(1 —4/ 1_2F T,O) and (1, 1_3F T). Therefore, if (if) of Theorem 5 holds, the constraint

also holds for any exterior value profile because that A > 0 and u < 0. Finally, the value of (D)

under the constructed dual variables is (1 —/2(1-GF T)) ’ by simple calculation.

Now consider the joint distribution described in Theorem 5. First, it is straightforward to
verify that it is a feasible value distribution. Second, given any trading mechanism satisfying (i),
(ii) and (iii) of Theorem 5, the value of (P) is <1 — \/2(1—7GFT)> ’ under the joint distribution

by simple algebra. This finishes the proof.

3 A value profile in which trade does not take place is referred to as an exterior value profile. Note that by the
definition of the trade boundary, a value profile on the trade boundary is also an exterior value profile.
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Chapter 2

Correlation-Robust Optimal Auctions

2.1 Introduction

The mechanism design literature assumes that bidders’ valuation profile follows a
commonly known joint distribution. For example, Myerson (1981) assumes that the auctioneer
knows the marginal distribution of each bidder’s valuation, and also knows that bidders’
valuations are independently distributed. While the independent private value model is widely
acknowledged as a useful benchmark, little is known about how the optimal mechanism would
perform once the model is misspecified. In addition, it is not clear how the auctioneer should
determine which model is the correct one to use.

In this paper, I study the single-object auction problem in the correlated private value
environment in which bidders’ valuation profile is drawn from a general joint distribution. I
assume that the auctioneer knows the marginal distribution of a generic bidder’s valuation, but
does not have any knowledge about the correlation structure of different bidders” valuations'.

A joint distribution of bidders’ valuation profile is said to be feasible if it is consistent with the

known marginal distribution of a generic bidder’s valuation. The auctioneer seeks a dominant-

I'The framework is originally proposed by Carroll (2017) for the multi-dimensional screening problem. His
solution is simple and conveys a clear and intuitive message: if you do not know how to bundle, then do not. It is
natural to adapt his framework to an environment with multiple bidders whose private valuations may be correlated.
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strategy mechanism. A mechanism is evaluated according to the auctioneer’s expected revenue in
the dominant-strategy equilibrium derived in the worst case, referred to as the revenue guarantee,
over all feasible joint distributions. The objective of the auctioneer is to design a mechanism that
maximizes the revenue guarantee across some general class of dominant-strategy mechanisms. I
call such a mechanism a maxmin mechanism.

This framework is in the same spirit as the robust mechanism literature in that it assumes
away detailed knowledge of the auctioneer (Wilson (1987)). It is motivated by the observation
that the joint distribution is a much higher-dimensional object than the marginal distribution of
a generic bidder. Therefore it is more difficult to estimate the joint distribution. Practically, it
fits into the situations where the bidder pool changes constantly and then there is no data for
estimating the correlation structure. Another situation where the auctioneer may only know the
marginal distribution for each bidder is the one where the identities of the participating bidders
cannot be observed.

The first main result (Theorem 8) is that, under certain regularity conditions on the
marginal distribution, the second-price auction with the uniformly distributed random reserve is
a maxmin mechanism across all dominant-strategy mechanisms for the two-bidder case. Under
this mechanism, a random reserve is drawn from a uniform distribution on [0, V] where 7 is the
maximum valuation.

The randomness in this mechanism hedges against uncertainty over correlation structures.
Indeed, the specific random device in this mechanism exhibits a full-insurance property: the
expected revenue is the same across all joint distributions consistent with the marginal distribution.
To see this, consider a valuation profile (vi,v;) in which v; > v,. Under this mechanism, if the
random reserve r is lower than v,, occurring with a probability of 2, then bidder 1 pays vs; if
the random reserve r is between v, and vy, then bidder 1 pays r. Therefore the revenue from

2.,.2
Vi+v5
2v

the valuation profile (vy,vp) is v - V72 + fvvlz r %dr = , which is separable in v| and v;. This
implies the full-insurance property. In addition, the expected revenue is the second moment of

the marginal distribution over the maximum valuation.
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I show that this mechanism is a maxmin mechanism across all dominant-strategy
mechanisms under certain regularity conditions by constructing a feasible joint distribution
such that (i) the joint distribution minimizes the expected revenue under the mechanism across
all feasible joint distributions and (i1) the mechanism maximizes the expected revenue under
the joint distribution across all dominant-strategy mechanisms. I call such a joint distribution a
worst-case correlation structure. It is straightforward that (1) and (i1) imply that the mechanism
is a maxmin mechanism.

To construct such a joint distribution, I first reformulate the problem of maximizing the
expected revenue across all dominant-strategy mechanisms as the problem of maximizing
the expected ‘““virtual value” of the bidder who is allocated the object subject to that the
allocation rule is monotone (a monotonicity constraint associated with dominant-strategy
incentive compatibility), where the “virtual value” is that the bidder’s valuation less information
rents that are pinned down by dominant-strategy incentive compatibility and the binding ex-post
participation constraints of zero-valuation bidders. This is a straightforward adaption of the
well-known revenue equivalence result of Myerson (1981). Importantly, this simplifies the
problem in that one can now point-wise maximizes the objective, ignoring the monotonicity
constriant’. Then such a joint distribution is obtained by letting the virtual value of the high
bidder (the bidder with a higher valuation than that of her opponent) be zero except when the
high bidder’s valuation is v. The intuition behind this property is that the auctioneer is indifferent
between allocating and not allocating the object to the high bidder as long as her valuation is
below v under the second-price auction with the uniformly distributed random reserve.

To illustrate, consider a special case in which the marginal distribution is an equal-revenue
distribution?, defined by the property of a unit-elastic demand: in the monopoly pricing problem,
the monopoly’s revenue from charging any price in the support of this distribution is the same.

Notably, there is a probability mass on the maximum valuation in an equal-revenue distribution.

20f course, one need to check that the monotonicity constraint holds in the end.
3This distribution is identified as a buyer-optimal signal distribution in a monopoly selling problem by Roesler
and Szentes (2017).
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Under the joint distribution where the high bidder’s virtual value is 0 except when her valuation is
v, the two bidders’ valuations turn out to be independent. Notably, the low bidder’s virtual value
also equals 0. The proposed regularity conditions generalize the special case: they guarantee that
under the constructed joint distribution, the high bidder’s virtual value is 0 and the low bidder’s
virtual value is weakly negative. Then if the proposed regularity conditions hold, the second-
price auction with the uniformly distributed random reserve maximizes the expected revenue
across all dominant-strategy mechanisms under the constructed joint distribution. Indeed, if the
proposed regularity conditions hold, any dominant-strategy mechanism, in which 1) the ex-post
participation constraints are binding for zero-valuation bidders and 2) the object is allocated with
probability one to the high bidder with the valuation of ¥ and the object is never allocated to the
low bidder, maximizes the expected revenue across all dominant-strategy mechanisms under the
constructed joint distribution.

Notably, the proposed regularity conditions contain a probability mass condition on the
maximum valuation. That is, the result requires that the marginal distribution have an atom on
the maximum valuation and that the size of the atom be bounded from below. Indeed, these
conditions capture many heavy-tailed distributions*, which are observed in many real-world
auctions. For example, according to Arnosti et al. (2016), it has been observed that a huge fraction
of the total value comes from a small number of very valuable impressions in online advertising.
In addition, according to Ibragimov and Walden (2010), very diverse private valuations have been
observed in markets for cultural and sport events as well as in those for antiques and collectibles
and online auctions and marketplaces such as eBay and StubHub. Many papers have studied
mechanism design problems when the distribution of values exhibits a heavy tail (e.g., Arnosti
et al. (2016) and Ibragimov and Walden (2010)).

I extend the analysis to the case of general number of bidders (N > 3). For tractability,
I restrict attention to a subclass of dominant-strategy mechanisms in which a bidder whose

bid is not the highest is never allocated. A mechanism in this subclass is referred to as a

41 present a detailed discussion of these conditions in Section 2.4.1.
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standard® dominant-strategy mechanism. The second main result (Theorem 9) is that, under
certain regularity conditions on the marginal distribution, the second-price auction with the
v—scaled Beta(ﬁ, 1) distributed random reserve is a maxmin mechanism across standard
dominant-strategy mechanisms. Under this mechanism, the cumulative distribution function of
the random reserve r is G(r) = (g)ﬁ for r € [0, V]. Following a methodology similar to the
two-bidder case, I show this result by constructing a worst-case correlation structure.

This mechanism embodies, albeit not the full-insurance property, a good hedging property:
it yields the same expected revenue across a range of correlation structures. Precisely, as I will
show, the expected revenue is the same for any feasible joint distribution whose support lies in
the set of valuation profiles in which either all bidders have the same valuations or there is a
unique highest bidder and the other bidders have the same valuations. Indeed, the constructed
worst-case correlation structure has such a support. Intuitively, given the restriction to standard
mechanisms, only the highest bidders are possible to generate positive revenue to the auctioneer.
Thus, the other bidders’ valuations except for the highest one are “wasted”. To reduce the
expected revenue as much as possible while maintaining the consistency with the marginal
distribution, a worst-case correlation structure maximizes the waste by increasing the other
bidders’ valuations as much as possible until all the other bidders’ valuations are the same. Then
similar to the two-bidder case, the worst-case correlation structure is obtained by requiring the
highest bidder’s virtual value be zero except when the highest bidder’s valuation is v. Here, the
proposed regularity conditions on the marginal distribution guarantee that the construction is
feasible. As I focus on standard dominant-strategy mechanisms, the bidders whose valuations are
not the highest do not contribute to the expected revenue and therefore their virtual values do not
matter. Then it is straightforward that the second-price auction with the v—scaled Beta(ﬁ, 1)
distributed random reserve maximizes the expected revenue across standard dominant-strategy

mechanisms under the constructed joint distribution.

>The terminology of “’standard” comes from Bergemann et al. (2019) who define standard mechanisms in a
similar manner. He and Li (2022) also adopts this terminology.
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Moreover, I show that the second-price auction with the v—scaled Beta(ﬁ, 1)
distributed random reserve is asymptotically optimal across all dominant-strategy mechanisms as
the number of the bidders goes to infinity, regardless of the marginal distribution (Remark 13). To
establish this, I show that the revenue guarantee of this mechanism converges to the expectation
of a generic bidder’s valuation. Indeed, the expectation of a generic bidder’s valuation is an
upper bound of the revenue guarantee for any dominant-strategy mechanism, as it is possible that
the correlation structure is the maximally positively correlated distribution (that is, all bidders
have the same valuations for any valuation profile in the support), under which the expectation
of a generic bidder’s valuation is the most surplus that the auctioneer can extract.

The first two main results both require the probability mass on the maximum valuation
to be bounded from below. The third main result (Theorem 10) characterizes the second-price
auction with the s*°—scaled Beta(ﬁ, 1) distributed random reserve as a maxmin mechanism
across standard dominant-strategy mechanisms if the probability mass condition does not
hold. Under this mechanism, the cumulative distribution function of the random reserve r
is Gg+(r) = (SL*)ﬁ with support [0,s*] where s* € (0,7). Notably, the highest bidder will be
fully allocated the object provided that her valuation is higher than s*.

A second-price auction (albeit with some random reserve), which is simple and widely
adopted in practice, arises as a robustly optimal mechanism across some general class of
mechanisms. Importantly, this is true for a wide range of marginal distributions. Therefore,
the main results provide a positive explanation why the second-price auction is prevalent in
the real world: it maximizes the worst-case expected revenue for a wide range of marginal
distributions. Furthermore, the explanation is particularly convincing for the two-bidder case:
the robust optimality is established across a// dominant-strategy mechanisms.

In addition to the main results, I propose a family of second-price auctions with t—scaled

Beta(+,1) distributed random reserves where ¢ € (0,7). I identify a non-trivial lower bound

of the revenue guarantee for each auction in this family. For any given marginal distribution, I

65* is characterized by the known marginal distribution, details of which are given in Section 2.4.3.
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am able to find an auction from this family that has a strictly higher revenue guarantee than that
of any posted-price mechanism and any second-price auction with a non-negative deterministic
reserve (Theorem 11 and Theorem 12).

The remainder of the introduction discusses related literature. Section 2.2 presents the
model. Section 2.3 illustrates the methodology and conducts preliminary analysis. Section
2.4 characterizes the main results. Section 2.5 proposes a family of auctions and studies their
performance in terms of the revenue guarantee. Section 2.6 is a conclusion. Omitted proofs are
in Appendix 2.7.1, 2.7.2 and 2.7.3. Appendix 2.7.4 contains the result for the essential necessity

of the regularity conditions.

2.1.1 Related Literature

The closest related paper is He and Li (2022), who study the design of auctions within
the correlation-robust framework. They show, among others, that a second-price auction with a
random reserve is a maxmin mechanism across standard dominant-strategy mechanisms under
certain conditions on the marginal distribution. Methodologically, both papers use duality theory
to proceed the analysis. The main differences can be summarized as follows. My setting is more
general than theirs in that I allow the marginal distribution to have a probability mass on the
maximum valuation’. More importantly, I obtain a new and strong result for the two-bidder
case: I establish that, under certain regularity conditions (different from theirs), my proposed
mechanism is a maxmin mechanism across all dominant-strategy mechanisms. In addition, I
establish the main results under weaker conditions on the marginal distribution®.

This paper is closely related to Che (2020), Kogyigit et al. (2020a) and Zhang (2021).
The first two papers both consider a model of auction design in which the auctioneer only knows

the expectation of each bidder’s valuation. Specifically, Che (2020) shows that a second-price

"They assume continuous distributions and do not allow for a mass point on the maximum valuation.

8For valuations below the maximum valuation, both papers assume that the marginal distribution admits
a density f. For the main results, I only require that x> f(x) be non-decreasing in x instead of that xf(x) be
non-decreasing in x, required in their paper.
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auction with an optimal random reserve is a maxmin mechanism within a class of competitive
mechanisms’; Kogyigit et al. (2020a) characterize a maxmin mechanism across highest-bidder
lotteries'? for the case where the known expectations are the same across bidders. Similarly,
my paper also considers some general class of mechanisms. The main difference is that I
assume that the auctioneer knows exactly the marginal distribution. That is, I assume that the
auctioneer knows more and therefore the revenue guarantee in my setting is an upper bound
of theirs. Zhang (2021) considers a model of bilateral trade in which the profit-maximizing
intermediary only knows the expectations of each trader’s valuation. He characterizes maxmin
trading mechanisms across all dominant-strategy mechanisms. The maxmin trading mechanism
features fixed-commission fee, uniformly random spread and midpoint transaction price in
the symmetric case. In contrast, this paper considers a model of auction design and assumes
that the auctioneer knows exactly the marginal distribution. Like that paper, I consider all
dominant-strategy mechanisms for the two-bidder case. In addition, this paper employs a similar
methodology to proceed the analysis. More specifically, both papers use properties of “virtual
value” to construct worst-case distributions.

This paper is also closely related to Bei et al. (2019), who study the design of auctions
within the correlation-robust framework with a focus on simple mechanisms. They show, among
others, that the revenue guarantee of the sequential posted-price mechanism is at least ﬁ
times the revenue guarantee of the optimal dominant-strategy mechanism.

This paper is related to Bose et al. (2006) who study the design of auctions assuming
that the bidders’ valuations are independently distributed but there may be ambiguity about the
marginal distribution of a generic bidder’s valuation. In contrast, my paper assumes that the
marginal distribution of a generic bidder’s valuation is known but the correlation structure of
bidders’ valuations is unknown. Because of the different framework, the methodology of this

paper differs significantly from that one. They show, among others, that an auction that “fully

The class of dominant-strategy mechanisms is not a subset of the class of competitive mechanisms, and vice
versa.
10This is the same as standard dominant-strategy mechanisms.
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insures” the auctioneer is a maxmin mechanism when the auctioneer does not know the marginal
distribution but the bidders know it. Similarly, in my framework, the first main result (Theorem
8) characterizes a maxmin mechanism exhibiting a full-insurance property. However, the notion
of full-insurance is different from theirs. While full-insurance requires that the same expected
revenue be obtained across all feasible distributions in this paper, it requires that the same ex-post
revenue be obtained across all valuation profiles in that one.

Broadly, this paper joins the robust mechanism design literature (Bergemann and Morris
(2005)). There are other papers searching optimal solutions in the worst case over the space
of parameters (e.g., Carroll and Meng (2016), Garrett (2014), Bergemann and Schlag (2011),
Carroll (2017),Giannakopoulos et al. (2020),Chen et al. (2019)). Bergemann et al. (2016), Du
(2018) and Brooks and Du (2020) consider a model of auction design with common values. They
assume that bidders’ valuations for the object are drawn from a commonly known prior, but
they may have arbitrary information (high-order beliefs) about the prior distribution unknown
to the seller. An auction’s performance is measured by the worst expected revenue across a
class of incomplete information correlated equilibria termed Bayes correlated equilibria (BCE)
in Bergemann and Morris (2013). In this paper, I completely ignore the beliefs of bidders
by focusing on the dominant-strategy mechanisms. This assumption is more appropriate for
situations in which one not say much about bidders’ beliefs, as dominant-strategy mechanisms

are robust to misspecification of bidders’ beliefs.

2.2 Preliminaries

2.2.1 Notation

I introduce the following technical notations. First, all spaces considered are polish
spaces; I endow them with their Borel c—algebra. Second, product spaces are endowed with

product —algebra. Third, T use A(X) to denote the set of all probability measures over X.
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2.2.2 Environment

I consider an environment where a single indivisible object is sold to N > 2 risk-neutral
bidders. I denote by I = {1,2,...,N} the set of bidders. Each bidder i has private information
about her valuation for the object, which is modeled as a random variable v; with cumulative
distribution function F;'!. Throughout the paper, I focus on symmetric environment, i.e.,
F,=F; = F'? for any i,j € I. 1 denote the support of F; by V;. 1 assume that V; = [0,7]
for some ¥ > 0. The joint support of all F; is V = x¥ ,V; = [0, 7]" with a typical valuation profile
v. I denote bidder i’s opponents’ valuation profiles by v_;, i.e., v_; € V_; = x ;,;V;.

The valuation profile v is drawn from a joint distribution 2, which may have an arbitrary
correlation structure. The auctioneer only knows the marginal distribution F' of each bidder’s
valuation but does not know how these bidders’ valuations are correlated. To the auctioneer,
any joint distribution is feasible as long as the joint distribution is consistent with the marginal

distribution. I denote by

II(F) = {r'3 € AV : Vi € I, Vmeasurable A; C V;,(A; x V_;) = F(A;)}

the collection of feasible joint distributions.

2.2.3 Marginal Distribution

I assume that the marginal distribution F admits a probability density function f(x) for

any x € [0, 7). T allow F to have a probability mass on 7, the size of which is denoted by Pr(v). 4

Importantly, as will be seen, the first two main results (Theorem 8 and 9) require that the marginal

TAs will be discussed later, I allow distributions to have a probability mass on the maximum valuation.
Furthermore, all results (with slight modifications) hold in discrete environments.

12With slight abuse of notation, I also use F to denote the probability measure consistent with the distribution F.

3With slight abuse of notation, I also use T to denote the probability density of the probability measure 7 if the
probability density exists.

1“He and Li (2022) restrict attention to marginal distributions that admits a positive density function everywhere,
whereas this paper allows a probability mass on the maximum valuation. That is, the assumption in this paper is
more general.
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distribution have an atom on v and that the size of the atom be bounded from below. Indeed,
distributions with a probability mass on the maximum valuation are familiar in many information
design and robust mechanism design environments. Roesler and Szentes (2017) analyze a model
where the buyer has a given value distribution and designs a signal structure to learn about her
valuation. After observing the signal structure, the seller makes a take-it-or-leave-it offer. They
show that an equal-revenue distribution is the buyer-optimal signal distribution. In a closely
related work, Condorelli and Szentes (2020) analyze a model where the buyer can choose the
probability distribution of her valuation for the good. After observing the buyer’s choice of
the distribution, the seller makes a take-it-or-leave-it offer. They show that an equal-revenue
distribution is the buyer-optimal value distribution. Besides, Bergemann and Schlag (2008)
consider a minimax regret design problem of selling a single object to a single buyer and find
that an equal-revenue distribution is a worst-case distribution; Zhang (2022b) considers a robust
public good mechanism design problem and finds that the worst-case marginal distribution has a
probability mass on the maximum valuation.

Moreover, distributions with a probability mass on the maximum valuation admits an
“approximating” interpretation as follows. Consider a marginal distribution # with a non-negative
density function f everywhere on [0, ). In the real world, it is reasonable to assume that bidders’
valuations are bounded as the total wealth, which is physically impossible to be infinite, is an
upper bound of bidders’ valuations. Then the marginal distribution F' with bounded support [0, 7]
is generated by truncating F on v as follows: f(x) = f(x) for x < v and Pr(v) = 1 — F(¥). When

v is large, F is a natural approximation of F'.

2.2.4 (Standard) Dominant-strategy Mechanisms

I focus on dominant-strategy mechanisms. The revelation principle holds and it is without
loss of generality to restrict attention to direct mechanisms. A direct mechanism (g,7) is defined

as an allocation rule ¢ : V — [0,1]" and a payment function 7 : V — R¥. With slight abuse of
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notation, each bidder submits a sealed bid v; € V; to the auctioneer. Upon receiving the bids
profile v = (v, va,---,vy), the allocation probabilities are g(v) = (¢1(v),g2(v), -+ ,gn(v)) and
the payments are ¢(v) = (1 (v),2(v), -+ ,tn(v)) where g(v) > 0and ¥ ;¢;(v) < 1 forallve V. A

direct mechanism is a dominant-strategy mechanism if for all i € 7, all v € V, and all vg eV,

vigi(v) —t;(v) > ViQi(V;aV—i) _ti(V;aV—i)a

vigi(v) —t;(v) > 0.

The set of all such mechanisms is denoted by 9D. I say a direct mechanism (g,7) is standard if
for any v € V and i € I such that v; < maxe;v; , the allocation to the bidder i is ¢;(v) = 0. That
is, only the highest bidders are possible to be allocated in a standard mechanism. The set of all

standard dominant-strategy mechanisms is denoted by ‘.

2.2.5 Objective Function

I am interested in the auctioneer’s expected revenue in the dominant-strategy equilibrium
in which each bidder truthfully reports her valuation of the object. Then the expected revenue
of a dominant-strategy mechanism (q,#) when the joint distribution is « is U((q,?),®) =
[oev XN, t;(v)dn(v). The auctioneer evaluates a mechanism (g,7) by its worst-case expected
revenue, referred to as the revenue guarantee of the mechanism (g,t), over all feasible
joint distributions. Formally, the mechanism (g,7)’s revenue guarantee is REG((q,t)) =
infrer(ry)U((g,1), 7). The auctioneer’s goal is to find a maxmin mechanism from either D

or ‘E with the maximal revenue guarantee'>. Formally, the auctioneer solves

sup  REG((gq,1)). (MRG)
(g,t)eD(orE)

15A5 will be seen later, the first main result (Theorem 8) characterizes a maxmin mechanism from 9, and either
of the other main results (Theorem 9 and Theorem 10) characterizes a maxmin mechanism from ‘E.
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2.3 Methodology and Preliminary Analysis

The maxmin optimization problem (MRG) can be interpreted as a two-player sequential
zero-sum game. The two players are the auctioneer and adversarial nature. The auctioneer first
chooses a mechanism (g,7) € D (or (q,t) € ‘E). After observing the auctioneer’s choice of the
mechanism, adversarial nature chooses a feasible joint distribution ©t € I1(F). The auctioneer’s
payoff is U((q,t), ), and adversarial nature’s payoff is —U((g,?),T). One can also consider the
simultaneous-move version of this zero-sum game, whose Nash equilibrium is indeed a saddle

point of the payoff functional U, i.e., for any (¢,t) € D (or (¢,t) € E) and any © € II(F),
U(lg",1"),m) =2 U((¢",1"),7") = U((g1), ).

The first inequality says the joint distribution ©* minimizes the expected revenue under the
mechanism (g*,7"), and the second inequality implies that, under the joint distribution ¥, the
other dominant-strategy mechanisms cannot attain a strictly higher expected revenue. Hence,
the auctioneer’s equilibrium strategy in the simultaneous-move version of this zero-sum game,
(¢*,t*), is a maxmin mechanism. ©t* is referred to as a worst-case correlation structure. 1 will

construct a saddle point for each of the main results.

Proposition 3 (Revenue Equivalence). When searching for a maxmin mechanism, it is without
loss to restrict attention to mechanisms satisfying the following properties: 1) qi(-,v_;) is

non-decreasing in v; for all v_; and 2) t;(vi,v—;) = viqi(vi,v—i) — [y qi(x,v—;)dx.
Proof. The proof is in Appendix 2.7.1. 0

Proposition 3 simplifies the analysis by establishing two properties of a maxmin
mechanism. The first property says the allocation rule is monotone, and the second property says
that the payment rule can be characterized by the allocation rule and that the ex-post participation
constraints are binding for zero-valuation bidders. This is standard in the mechanism design

literature (e.g., Myerson (1981)).
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Moreover, Proposition 3 allows me to obtain a virtual representation of the expected
revenue, which is essential for my analysis. Precisely, consider the problem that fixing an
arbitrary joint distribution 7, the auctioneer designs an optimal mechanism (g,#). For exposition,
I assume that T admits a positive density function'®. The density function of v; conditional on
v_; is denoted by m;(v;|v_;), and the cumulative distribution function of v; conditional on v_; is
denoted by IT;(v;|v_;). Then an direct implication of Proposition 3 is that the expected revenue

of (g,t) under the joint distribution 7 is

1—1'Ii(v,~\v,,')

where 0;(v) = v; — T

is the virtual value of bidder i when the valuation profile is v.
Thus the problem of designing an optimal mechanism given a joint distribution is equivalent to
maximizing the expected total virtual surplus, which refers to the expected sum of the allocation

times the virtual value, subject to that the allocation rule is monotone.

2.4 Main Results

In Section 2.4.1, I characterize a maxmin mechanism across all dominant-strategy
mechanisms under certain regularity conditions for the two-bidder case. In Section 2.4.2, |
characterize a maxmin mechanism across standard dominant-strategy mechanisms under certain
regularity conditions for the N—bidder (N > 3) case. In Section 2.4.3, I characterize a maxmin
mechanism across standard dominant-strategy mechanisms condition for the N—bidder (N > 2)

case when the probability mass condition (part of the regularity conditions) fails.

16The virtual representation can be similarly derived for joint distributions in which there is a probability mass
on (1,-++,1).
——

N
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2.4.1 Two Bidders

I first define a mechanism and a joint distribution. Then I define regularity conditions
under which the mechanism and the joint distribution form a saddle point (Theorem 8). Then I
illustrate Theorem 8. Finally, I give a discussion of the regularity conditions.

The second-price auction with the uniformly distributed random reserve is defined as
follows. The auctioneer first draws a random reserve r from the uniform distribution with support
[0,7]. Then the two bidders bid simultaneously. The high bidder (the bidder with a higher bid
than that of her opponent) wins the object if her bid is also higher than r, and she pays the
maximum of r and her opponent’s bid; the low bidder loses the auction and pays nothing. In
case of ties, each bidder wins the object with a half probability if the bid is higher than r, and the
winner pays the bid.

Equivalently, it can be defined by (¢*,#*) as follows. If vi > vy, then ¢j(vi,v2) =

2
Vi

2
2.q5(v1,v2) =0and t](vi,v2) = ;sz 5 (vi,v2) =05 if vy <wo, then g} (vi,v2) = 0,45 (vi,v2) =

2 2
2 and 1] (vi,v2) = 0,85 (v, v2) = Vl;;vz; if vi = vy = x, then gj(v1,v2) = ¢5(v1,v2) = 5: and

x2

(v, v2) =t5(v1,v2) = 35
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The joint distribution 7* is defined as follows!”.

f(0)

ifV1 =Vy) = O;
ifvi > vy =0;
TC*(Vl,Vz) = R*(Vz,vl) =

ifv>vy >vy >0

ifv=vy>vy, >0.

Jee(o.) ¥2f (x)dx

Pr*(v,v) = Pr(v) — =

The two-bidder robust regularity conditions are defined as follows: x?f(x) is non-
_ x2 d
decreasing for x € (0,V) and Pr(v) > M I refer to the second part of the conditions

as the probability mass condition.

Remark 9. Note that the probability mass condition becomes non-restrictive as v — oo if

Jre(o.9) x? f(x)dx is of order ¥ with y < 2.

Theorem 8. For the two-bidder case, the second-price auction with the uniformly distributed

random reserve is a maxmin mechanism across all dominant-strategy mechanisms if the two-
2

bidder robust regularity conditions hold. The revenue guarantee is @.] 8 The joint distribution

¥ is a worst-case correlation structure.

Now I illustrate Theorem 8. I start with the illustration of the mechanism.

""Here m* (v1,v2) denotes the density of the valuation profile (v,v;) whenever the density exists and Pr*(vy,v,)
denotes the probability mass of the valuation profile (v, v,) whenever there is some probability mass on (vi,v7).
The marginal distributions that the result covers have a probability mass on the maximum valuation v. In the joint
distribution 7*, there is (non-negative) probability mass on the point (v,7V).

18The distribution of X is F.
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Definition 4. I say a dominant-strategy mechanism (g,¢) exhibits the full-insurance property if

the expected revenue of (g,¢) is the same across all feasible joint distributions.

Proposition 4. For the two-bidder case, the second-price auction with the uniformly distributed

random reserve exhibits the full-insurance property.

Proof. Note that under the second-price auction with the uniformly distributed random reserve,

2 2
the total revenue from a valuation profile (vi,v2) is t*(vi,v2) =t (vi,v2) + 15 (vi, ) = %
Then fix any feasible joint distribution 7, the expected revenue is

2,2
vi+v
r* dn = L_2n
/[0,\7]2 (vi,v2)dn(vi,v2) /[0,\7]2 55 dn(vi,v2)
2 2
Vi V2
= —dn —=dn(vy,
02 27 (vi,v2) + 052 29 (vi,v)
2 2
— —_dF Vv —|— —_dF 1%
02597 Jo g 25002
_ EX?]
==
O

The joint distribution 7t* is obtained by a condition requiring that the high bidder’s virtual

value be 0 except when her valuation is v. Formally,

q);'k(Viij):O if vi<Svi <. (1)

The property (1) is motivated by a property of the second-price auction with the uniformly
distributed random reserve: the auctioneer is indifferent between allocating and not allocating
the object to the high bidder as long as her valuation is not v.

Furthermore, I impose a condition on the constructed joint distribution * that the virtual

value of the low bidder is weakly smaller than that of the high bidder. Formally,

05 (vi,vy) <07 (viyvy) if v < (2)
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The property (2) is motivated by another property of the second-price auction with the uniformly
distributed random reserve: the low bidder is never allocated the object.

Indeed, if the property (1) and the property (2) hold for a joint distribution, it is
straightforward that the second-price auction with the uniformly distributed random reserve
maximizes the expected revenue across all dominant-strategy mechanisms given this joint
distribution. The two-bidder robust regularity conditions, as I will show, guarantee that the
property (1) and the property (2) hold for the constructed joint distribution t*. In summary, I

obtain a virtual value matrix for ©* as follows if the two-bidder robust regularity conditions hold.

(0,0)00  (0,0)0,>0 b - (0,0)0,<» (0,0)0,5
(070)>0,0 (070)V1:V2>0 (_70)V1<V2 <_70>V1<V2<1 (§7+)<\7,\7
(07 _)vl >V
(070)<17,0 (07 _)<\7,>0 e e (07 0)V1:V2<17 (S? +)<\7,\7
0,0)50  (+, )50 e e ()< (+,+)55
Here “0” in the bracket means zero virtual value, “—”" means a non-positive virtual value, “+”

means a non-negative virtual value, “<” means the virtual value of the bidder is weakly smaller

than that of her opponent. The subscript denotes the corresponding valuation profile.

Remark 10. The probability mass condition arises because the property (1) requires that the
conditional distribution of the high bidder’s valuation be an equal-revenue distribution, which

has an atom on the maximum valuation V.

Proposition 5. If the two-bidder robust regularity conditions hold, the second-price auction with
the uniformly distributed random reserve maximizes the expected revenue across all dominant-

strategy mechanism under the joint distribution T*.

Proof. The proof is in Appendix 2.7.2 which presents details about the construction of ©*. [
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Theorem 8 follows immediately from Proposition 4 and Proposition 5.

There is an important special case where Theorem 8 applies: the equal-revenue
distribution. Recall that the equal-revenue distribution is familiar in the information design
literature and robust mechanism design literature (e.g., Roesler and Szentes (2017), Bergemann

and Schlag (2008), Du (2018), etc).

Corollary 1. For the two-bidder case, if the marginal distribution is an equal-revenue distribution
with o € (0,7):
1— % if a<x<v

I if x=v,

then the second-price auction with the uniformly distributed random reserve is a maxmin

[

o
T

mechanism across all dominant-strategy mechanism. The revenue guarantee is 20, — The

9

independent equal-revenue distribution'® is a worst-case correlation structure.

Proof. 1t is straightforward to show that an equal-revenue distribution satisfies the two-bidder

robust regularity conditions. Then Theorem 8 implies Corollary 1. 0

There are many other distributions satisfying the two-bidder robust regularity conditions.

I now provide some examples.

Example 1. Any (truncated) Pareto distribution with o € (0,7), € (0,1):

—%if a<x<i
F(x) = i}
1 if x=v.

To see this, note that x2f(x) = aPBx!~P is non-decreasing when B € (0,1). For the

S when
5) 5=

_ f v xzf(x)dx
DP gl — (3)7 P =200

Be(0,1).

19That is, the marginal distribution of each bidder’s valuation is the known equal-revenue distribution; bidders’
valuations are independently distributed.
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Example 2. A combination of an uniform distribution on [0, V) and a probability mass on v with

Pr(v) = 3.

Bl=

To see this, note that the first part of the conditions holds trivially because it is uniformly
2. 1*1)_’(‘7)61
distributed on [0, V). For the probability mass condition, note that Pr(v) > % =

2
—f((’"’>xﬁ2f () when Pr(v) > ;.

4>|~

As a final topic of this section, I discuss the two-bidder robust regularity conditions.
Using the approximation interpretation in Section 2.2.3, F is obtained via a truncation of F
on 7. Now consider the following regularity conditions for F : x*f (x) is non-decreasing on
[0,0) and M — 0 as s — o. These conditions imply that the two-bidder robust regularity
conditions hold for any ¥ > 0.%0 It is straightforward to verify that these conditions hold for many
heavy-tailed distributions including a family of power law distributions>!, Cauchy distributions??,

log-Cauchy distributions?3, Lévy distributions?*, etc. Thus, when 7 is large, the two-bidder

robust regularity conditions hold for a distribution that is an approximation of some heavy-tailed

distribution.
2Indeed, that x> f(x) is non-decreasing implies that the function K (s) := F(s) + 2 f ) is non-decreasing.
~ s 27
To see this, note that K'(s) = 2[f(s) — W] >0, shown in (B.9). Then F (¥) + 527 * <1 forany v > 0 if
M

—0ass—> oo,

21The power law distribution is given by F(x) = 1 — % w1th o > 0 for x € [a,00). The parameter B determines
the weight of the tail. These conditions hold for any power law distribution with € (0, 1].

22The density function of the Cauchy distribution is given by f(x) = % with b > 0 for x € [0,00). It is
straightforward to show that these conditions hold for Cauchy distributions with any b > 0.

23The density function of the log-Cauchy distribution is given by f(x) = % [m} with ¢ > 0 for x € (0,00).
It is straightforward to show that these conditions hold for log-Cauchy distributions with any ¢ > 1 and any real
number .

C
2TE

straightforward to show that these conditions hold for Lévy distributions with any c>0.

24The density function of the Lévy distribution is given by f(x) =

(0,00). Tt is
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2.4.2 N Bidders

The structure of this section is similar to Section 2.4.2: I first define a mechanism and a
joint distribution. Then I define regularity conditions under which the mechanism and the joint
distribution form a saddle point (Theorem 9). Then I illustrate Theorem 9.

The second-price auction with v-scaled Beta(ﬁ, 1) distributed random reserve is

defined as follows. The auctioneer first draws a random reserve r from the v—scaled Beta(ﬁ, 1)

distribution. That is, the cumulative distribution function of the random reserve ris G(r) = (%) T
with support [0,7]. Then the N bidders bid simultaneously. The highest bidder wins the object if
her bid is also higher than r, and she pays the maximum of r and the second highest bid; a bidder
whose bid is not the highest loses the auction and pays nothing. In case of ties, each bidder wins
the object with an equal probability if the bid is higher than r, and the winner pays the bid.
Equivalently, it can be defined by (¢*,7*) as follows. I denote the highest valuation in
a valuation profile v by v(1), and the second highest valuation (if any) by v(2). If #{k : v =

N

N
v<1)} — 1, then q?‘*(v) — (@)ﬁ,q}aﬁ(‘}) — 0 and tl-**(v) _ V(I)N71+(Nfll)v(2)Nfl tsf*(v) —0

v NEF-T i

forie{k:vi=v(1)} and j ¢ {k: :Nv(l)}; if #{k:vy =v(1)} =K > 2, then ¢/*(v) =

%(@)ﬁ,qj*(v) =0andt™(v) = V(l)?,t**(v) =0foric{k:vy=v(l)}and j & {k:v =

v(1)}.

The joint distribution 7** is symmetric and is defined as follows?. The support of T** is

KvN—

—]

Vti={veVlyi=v(1)foranyiorJis.t. vy =v(l) >v; =v(2) forany j #i}. Thatis,ve V"

if either all bidders have the same valuations or there is a unique highest bidder and all of the

ZHere m**(v) denote the density of the valuation profile v whenever the density exists and Pr**(v) denote the
probability mass of the valuation profile v whenever there is some probability mass on v. The marginal distributions
that this result covers have a probability mass on the maximum valuation v. In the joint distribution ©**, there is a
(non-negative) probability mass on the point (¥, , V).

——

N
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remaining bidders have the same valuations. If v ¢ V', then n**(v) = 0. If v € V", then

f(0)

T (vi,v—i) =

Pri*(v,---,v) = Pr(v) — I (0(7v> le)f(i)dx
N N — 1)pn-T

The N-bidder robust regularity conditions (I) are defined as follows: f(x) >

ey From 2T f(x)dx
X [ VT f(s)ds for x € (0,7) and Pr(p) > “22——=—26_ The N-bidder robust regularity
(N=1)pN-T
conditions (II) are defined as follows: x?f(x) is non-decreasing for x € (0,%) and Pr(v) >
N
Joon XV-Tf (x)dx

N
(N—1)5N-T

Remark 11. Here the probability mass condition will vanish as the number of the bidders goes to

N N

o . S XNT £(x)d SN f()d

infinity. To see this, note that Jos* f}\(,x) T < Jon® f,f,x) < Nl_l — 0 as N — 0. Therefore,
(N=1)pN-T (N—1)pN-T

the probability mass condition is non-restrictive when the number of bidders is large.

Theorem 9. For the N-bidder case (N > 3), the second-price auction with the v—scaled

Beta(ﬁ, 1) distributed random reserve is a maxmin mechanism across standard dominant-

strategy mechanisms if the N—bidder robust regularity conditions (I) hold. The revenue guarantee
N

is E[Xl L. The Jjoint distribution T is a worst-case correlation structure. In addition, the
pN=T

N—bidder robust regularity conditions (I1) imply the N—bidder robust regularity conditions (I).

26With slight abuse of notation, here the condition for Pr(7) is also referred to as the probability mass condition.

84



Remark 12. It is straightforward that the second-price auction with the 7—scaled Beta( v 1)
distributed random reserve converges to the second-price auction without a reserve as the number
of bidders goes to infinity. The asymptotic behaviour of the random reserve is consistent with
the empirical finding that reserve prices are substantially lower than the optimal ones under the
estimated distribution of values (e.g., Paarsch (1997), McAfee et al. (2002), Haile and Tamer
(2003) and Bajari and Hortacsu (2003)).

Definition 5. Given a marginal distribution F', suppose the revenue guarantee of a maxmin
mechanism across all dominant-strategy mechanisms is Opty(F) for each N—bidder case.
Consider a dominant-strategy mechanism My for each N—bidder case. Suppose the revenue
guarantee of My is Regn(F). 1 say My is asymptotically optimal across all dominant-strategy

mechanisms given the marginal distribution F' if Opty(F) — Regn(F) — 0 as N — oo,

Remark 13. The second-price auction with the v—scaled Beta(ﬁ, 1) distributed random
reserve is asymptotically optimal across all dominant-strategy mechanisms, regardless of the
marginal distribution. Furthermore, the rate of convergence is 0(1%/)27. To see these, recall that
E[X] is an upper bound of the revenue guarantee for any dominant-strategy mechanism. This is
because it is always possible that adversarial nature chooses the maximally positively correlated

distribution. But by the Dominated Convergence Theorem, I have that

E[X71]
—— —ElX]
pN-T
N 1
as N — co. Furthermore, let j(x) :=x — fg Because j/(x) =1— % and j"(x) =
-
2—-N
N1 - C\N-1- - . UN_I\N_1 ©
—(Nﬁ‘)m <0, j(x) is maximized at x = (%1 )¥~!9 and the maximized value is (21)N-1. 2
L
by simple calculation. Then I have that E[X]| — E[Xl l < (AAN=1. 2 < I Therefore the rate

pN—

._.

of convergence is O(]%,)

?"In addition, this rate of convergence is the fastest across all standard dominant-strategy mechanisms, as is
shown in He and Li (2020).
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Now I illustrate Theorem 9. I start with the illustration of the mechanism.
This mechanism exhibits a robust property in the following sense: for any feasible joint

distribution whose support is V", the expected revenue under this mechanism is the same. To see

N
N-T
this, note that the total revenue from a valuation v € V1 is t**(v) = YN t7*(v) = ¥V | Ui
NyN-1
N
Therefore, the expected revenue is EX T | for any feasible joint distribution whose support is
pN=T

V. I will use the linear programming duality theorem to show that such an joint distribution

indeed minimizes the expected revenue across all feasible joint distributions.

Proposition 6. For the N-bidder case (N > 3), under the second-price auction with the v—scaled
Beta(ﬁ, 1) distributed random reserve, any feasible joint distribution whose support is V'

minimizes the expected revenue across all feasible joint distributions. The minimized expected

N
. E[XN-T]
revenue s -

N—-1

=i

Proof. The proof is in Appendix 2.7.2 which presents the details about the construction of the

mechanism. [

Proposition 6 implies that the constructed joint distribution ©T** minimizes the expected
revenue across all feasible joint distributions under the mechanism, as the support of the
constructed joint distribution T** is V.

The joint distribution ** is then obtained by a condition requiring that the highest

bidder’s virtual value be 0 except when her valuation is v. Formally,

P viv_i) =0 if veVt maxv; <v; <. (1)
J#i
If the property (1) holds for a joint distribution, then it is straightforward that the second-
price auction with the v—scaled Beta(ﬁ, 1) distributed random reserve maximizes the expected
revenue across all standard dominant-strategy mechanisms given this joint distribution. Note

that I do not impose any condition on lower bidders’ virtual values. This is because I restrict

attention to standard dominant-strategy mechanisms, and then a bidder whose bid is not the
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highest is not allocated the object and pays nothing. The N—bidder robust regularity
conditions (I) guarantee that the property (1°) holds for the constructed joint distribution 7t**.
The N—bidder robust regularity conditions (II) are simpler conditions, and, as I will show, they

imply the N—bidder robust regularity conditions (I).

Proposition 7. For the N-bidder case (N > 3), if the N—bidder robust regularity conditions (I)
hold, then the second-price auction with the v-scaled Beta(lﬁ, 1) distributed random reserve
maximizes the expected revenue across all standard dominant-strategy mechanisms under the
joint distribution 7w**. In addition, the N—bidder robust regularity conditions (II) imply the

N—bidder robust regularity conditions (I).

Proof. The proof is in Appendix 2.7.2 which presents details about the construction of the joint

distribution TT**. U

Theorem 9 follows immediately from Proposition 6 and Proposition 7.

Now I present the result for the special case: the equal-revenue distribution. In contrast
to the two-bidder case, bidders’ valuations are not independently distributed in the worst-case

correlation structure for the N—bidders case (N > 3).

Corollary 2. For the N—bidders case (N > 3), if the marginal distribution is an equal-revenue

distribution (o € (0,V)):

1-% if a<v<i

1 if v=r,

then the second-price auction with the v—scaled Beta(ﬁ, 1) distributed random reserve is a

maxmin mechanism across standard dominant-strategy mechanisms. The revenue guarantee is
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Nao — (Nfl)la . The worst-case correlation structure is symmetric and is defined as follows
yN—T
(@) v
(N=1)v(1)2
ifa<v(2)=v;<vi=v(l)<VVj#i
(M)*%
n(vi,v_i) = (N—=1)v

ifa<v;=v(2)<vi=v,Vj#i

if otherwise.

Las

< R

Proof. 1t is straightforward to show that an equal-revenue distribution satisfies the N-bidder

robust regularity conditions (I) (and (II)). Then Theorem 9 implies Corollary 2. L]

2.4.3 When Probability Mass Condition Fails

When the probability mass condition fails, I characterize a maxmin mechanism across

standard dominant-strategy mechanisms.

Theorem 10. For the N-bidder case (N > 2), if x*f(x) is non-decreasing for x € (0,)

N
xN-T f(x)d

and Pr(v) < Juop T fa)dx fo) .
(N—1)5N-T

distributed random reserve is a maxmin mechanism across standard dominant-strategy

, then the second-price auction with the s*—scaled Beta(y—,1)

mechanisms where s* € (0,V) is a solution to

Jio.5) XV TdF (x)

N
SN-1

= (N—1)(1—F(s)). (SD)

In addition, the revenue guarantee is Ns*(1 — F(s)).

Proof. The proof is in Appendix 2.7.2. 0
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Remark 14. This result generalizes and strengthens Theorem 3 in He and Li (2022). First, the
conditions in this result allow for a probability mass on the maximum valuation. Second, the

condition for x < ¥ is weaker than that xf(x) is non-decreasing?®, required in their result.

Under this mechanism, the cumulative distribution function of the random reserve r is
Gy (r) = (%)ﬁ with support [0, s*]. Therefore, the highest bidder will be allocated the object
with a probability less than one if her valuation is less than s*, and will be allocated the object
with probability one if her valuation is weakly higher than s*. I follow the saddle point approach
to show Theorem 10. Notably, the constructed worst-case correlation structure exhibits the
property that the highest bidder’s virtual value is O when her valuation is less than s*, and is
weakly positive when her valuation is weakly higher than s*. I relegate the details to Appendix

2.7.2.

2.5 Robust Dominance

I have shown that the second-price auction with the v—scaled Beta(ﬁ, 1) distributed
random reserve is a maxmin mechanism under certain regularity conditions. Then what if the
regularity conditions do not hold? How does this mechanism perform? As a first topic of this
section, I compare the performance of this mechanism with that of the posted-price mechanism,
which is a dominant-strategy mechanism commonly used in practice. For exposition, I assume

that the marginal distribution admits a positive density function everywhere on [0, V] in this

section. I denote the set of all such distributions by A°[0, V].

Definition 6. [ say a mechanism M dominates a family of mechanisms M for a set of marginal
distributions if for any marginal distribution in this set, the revenue guarantee of M is strictly

greater than that of any mechanism in the family M .

Definition 7. I say a family of mechanisms M| universally dominates another family of

281t is straightforward that xf(x) is non-decreasing implies that x* f(x) is non-decreasing, but not vice versa.
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mechanisms 9 if for any F € A°[0, 7], there exists a mechanism in /4] with a revenue guarantee

strictly greater than that of any mechanism in M.

Proposition 8. For any N > 2, the second-price auction with the v—scaled Beta(ﬁ, 1)
distributed random reserve dominates the family of posted-price mechanisms for the set

H = {F € A°|0,V]|the revenue function x- (1 — F(x)) is strictly concave}.
Proof. The proof is in Appendix 2.7.3. U

Motivated by the main idea embedded in the construction, I propose a family of second-
price auctions with —scaled Beta (5", 1) distributed random reserves where ¢ € (0, 7), denoted
by Msp_p. As a second topic of this section, I study the performance of the proposed family of
auctions. Formally, the cumulative distribution function of the random reserve r in this family

is Gy(r) = (f)ﬁ with support [0,¢] for some # € (0,7v). Under such a random reserve, if the

t
valuation of the highest bidder is above the threshold ¢, the object will be fully allocated to
her. For each ¢, I am able to identify a non-trivial lower bound of the revenue guarantee by

constructing a set of feasible dual variables.

Lemma 7. A lower bound of the revenue guarantee of the second-price auction with t—scaled

Beta(§—,1) distributed random reserve where t € (0,7) is

/ L AF () +1(1— F(1)).
(01)

(T
Proof. The proof is in Appendix 2.7.3. [

Lemma 7 suggests a potential criterion under which the auctioneer selects an auction
from this family. Although the revenue guarantee of an auction in this family may depend
on the details of the marginal distribution and thus may be hard to be identified, it has a non-
trivial lower bound. Then I can compare this lower bound with the revenue guarantees of some

dominant-strategy mechanisms commonly used in practice.
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Theorem 11. For any N > 2, MSP—B universally dominates the family of posted-price

mechanisms.
Proof. The proof is in Appendix 2.7.3. [

Theorem 12. For any N > 2, MSP—B universally dominates the family of second-price auctions

with non-negative deterministic reserves.
Proof. The proof is in Appendix 2.7.3. ]

I do not require any distributional assumption for these two theorems to hold. Moreover,
Theorem 11 and 12 imply that for a given marginal distribution, the auctioneer can find a second-
price auction with a 7 —scaled Beta(ﬁ, 1) distributed random reserve whose revenue guarantee
is strictly higher than that of any posted-price mechanism and any second-price auction with
a non-negative deterministic reserve. In addition, Theorem 11 can be interpreted as that the
competition effect dominates the adversarial correlation effect. To see this, note that Theorem 11
implies that there exists an auction for the two-bidder case that generates strictly higher revenue
guarantee than the monopoly revenue from one bidder, regardless of the marginal distribution.

Thus, even if nature picks the worst-case correlation structure, it is always strictly more desirable

for the auctioneer to have just one more bidder.

2.6 Concluding Remarks

In this paper, I consider the correlation-robust framework and show, among others, that
the second-price auction with the uniformly distributed random reserve maximizes the revenue
guarantee across all dominant-strategy mechanisms for the two-bidder case, and that the second-
price auction with the Beta(ﬁ, 1) distributed random reserve maximizes the revenue guarantee

across standard dominant-strategy mechanisms for the N-bidder (N > 3) case. These auctions

have familiar formats and admit simple descriptions which do not require the information
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of the marginal distribution except for the maximum valuation of of a generic bidder. Thus,
these auctions are more practical compared with, for example, Myerson’s auction, which often
requires the full information of the marginal distribution to calculate the optimal reserve. To
my knowledge, this paper is the first to characterize a maxmin mechanism across all dominant-
strategy mechanism in the correlation-robust framework. It remains an open question what the
maxmin mechanisms across all dominant-strategy mechanisms are for general number of bidders.
The constructive method may shed light on other robust design problems and general robust

optimization problems.

2.7 Appendix

2.7.1 Proof for Section 2.3: Proposition 3

1) Dominant-strategy incentive compatibility (DSIC) for a type v; requires that for any
Vi # v

viqi(vi,v—i) —ti(vi,v_;) > Viqi(vgvv—i) - ti("i‘avfi)-

DSIC also requires that:
Vigi(vi,v_i) —ti(vi,v_;) > Vigi(vi,v_i) — ti(vi,v_;).
Adding the two inequalities, I obtain that
(vi =vi)(qi(visv—i) — qi(vi,v—i)) > 0.

It follows that g;(vi,v—;) > g:i(V},v—;) whenever v; > v} .
2) Fix any v_;, and define

Ui(vi) = vigi(vi,v—i) — ti(vi,v_;).

92



By the two inequalities in 1), I obtain that

Vi —vi)qi(vi,v—i) SU(V)) = Ui(vi) < (vi = vi)qi(vi, v—i).

Dividing throughout by v: —v;, I obtain that

U;,(v)) —U;(v
qi(vi;v—i) < i lv>/_v-l)( . < qi(vi,v-i)
i 1
As v 1V, I have that
dU;(v
dlé-l) = qi(vi,v—i)-
l

Then I obtain that

Vi
ti(vi,v—i) = viqi(vi,v—i) — /0 qi(s,v—i)ds —U;(0).

Note that U;(0) > 0 by the ex-post individually rational constraint. If U;(0) > 0, then I can
reduce it to O so that I can increase the revenue from any valuation profile in which the
others’ valuation profile is v_;. And the revenue guarantee will be weakly greater. Thus,

when searching for a maxmin mechanism, it is without loss to let U;(0) = 0. Then I obtain that

ti(vi,v—i) = vigi(vi,v—i) — Jo" qi(s,v—i).

2.7.2 Proofs for Section 2.4
Proof of Proposition 5

First, I illustrate the details about the construction of ©*. Note that by allocating all
marginal density f(0) to valuation profile (0,0), I have that ¢j (v;,0) = ¢73(0,v;) = 0 for any v;
and v;. Thus, the property (1) trivially holds for any one of these valuation profiles. Now let

Agj = {vlk <vi < j,v2 =k}, and define ¢(0) := f(0) and c(k) := [,,_dn" for k > 0. Consider
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the valuation profile (v,v2) where 0 < v, < v < 7. In order for the virtual value to satisfy the
property (1), I have that
c(v2) — [, T (x,v2)dx

q)T(Vl,VZ) =Vi— TC*(Vl V2) =0, VO<w <y <.
)

These equations are essentially a system of ordinary differential equations, whose solution is

well known??:
ﬁ*(w,vz) = VzC(;’z)’ VO <vy <v <, (B.1)
Vi
T (5,v2) = vae(va) gy oy o5 (B.2)
v

By symmetry, I also obtain w*(v,v) = &*(vy,v2) for 0 < vy <vj < vand wt*(vp,v) = " (¥, )

for 0 < v, < v . Finally,
Jieto.5)jc(i)dj

Pri(v,v) = Pr(v) — -

(B.3)

Now I solve for c(k). Note since the marginal distribution is the same across the two bidders,
given the above derivation, c(k) must satisfy the following condition:

o deli)di

2 , VO<k<. (B.4)

c(k) = f(k)

To see this, note f(k) = Ji0<v < vyt AT =

Jasu{0<m <kmr=i} AT = [4 AT+ [10<, kit AT = [, AT+ [11, i 0<v, <k} AT Where the

last equality follows from symmetry. Multiplying both sides of (B.4) by k, I obtain that

_ Joiei)di
k )

2The solution is reminiscent of the equal-revenue distribution.

ke(k) = kf (k) Y0 < k < 7.
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Define g(k) := féc je(j)dj for 0 < k < v. Then I have that
k
g (k) =kf(k)— %, V0 <k <.

Note this is an ordinary differential equation, and I solve for g(k):

| -
g(k) = g/ Jf(Hdj, Yo<k<w. (B.5)
0
From this I compute c(k):
kDo g
c(k) = (k) — W, VO < k < 7. (B.6)

Plugging (B.6) to (B.1), (B.2) and (B.3), I obtain the joint distribution 7*.

To guarantee that it is possible to construct ©*, it has to be a feasible joint distribution
in that the density (or probability mass) has to be non-negative for all valuation profiles, i.e.,

¥ (vi,v2) > 0 for 0 < vy,vp < vand Pr*(v,v) > 0. Therefore, I have that

k 2 . .
f(k)—% >0, Y0<k<p, (B.7)
2
Pr(\7) > fxe(O,l)x f(x)dx (B.8)

Now I show that the first part of the two-bidder robust regularity conditions implies (B.7). To

see this, note that if x? f(x) is non-decreasing for x € (0,7), then for any 0 < k < ¥, I have that

k 2 d k12 .
fli - I iy DT _ ®9)

where the inequality follows from that j2f(j) < k> f (k) if j < k.

Now given that the construction is feasible, I argue that the two-bidder robust regularity
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conditions guarantee that the property (2) holds. Given that the property (1) holds for *, it

suffices to show
d2(vi,v) <0

if 0 < vy <v; <. Inow calculate 5 (vy,vz) for 0 < vy <vy < v

fv1) = Jo> = (vi,1)dt

L) = T )
Fv) = Jy? c(t)v’—%dt
T )3

Vi

Fo) = 2 Jo P (e

=V2— )

"2 52 £(s)ds v
(Flv2) = 2505

V2
where the second equality follows from (B.1) and the third equality follows from (B.5) and (B.6)

Now it is straightforward that for any 0 < v, < vy < ¥:

02(v1,v2) <0 <=v3f(v2) <vif(n).

Proof of Proposition 6

First, I illustrate the details about the construction of the mechanism. I first write down
the primal minimization problem for adversarial nature given a mechanism (g,7) and derive its
dual maximization problem. Formally, let {A;(vi) }ic{1,2,... N},v:c[0,5) D€ dual variables.

N

(P)  inf Z ti(v)dm(v)

EGH(F) VG[O,ﬁ]N i=1

subject to

%QNﬂvaozﬂm,vWamw

/[0 e dn(vi=v,v_;) = Pr(vi=").
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N

(D)  sup Z/kai(vi)dF(Vi)

{Ai(vi)}i=1
subject to
N N
Y hi(vi) < Y n(v), welo V. (B.10)
i=1 i=1

It is straightforward to show that weak duality holds 3°. The mechanism is constructed by a

complementary slackness condition as follows.
N N
Y L) =Y t(v), Wevt (B.11)

I assume that A; = A for all i € I, and that the mechanism is a second-price auction with a random

reserve whose cumulative distribution function is G, then (B.11) implies

NA(vi) =viG(vi), Vvi€]0,7], (B.12)

x(v(1))+(zv—1)x(v<z)):v(l)G(v(l))—/V::)G(s)ds, VO <v(2) <v(1)< 1. (B.13)

Note by (B.12), I have that for v; € [0, 7],

(B.14)

Plugging (B.14) to (B.13), I obtain that for 0 <v(2) < v(1) <,

v(DG(1)) + (N - 1v(2)G(v(2))
N

:v(l)G(v(l))—/ G(s)ds. (B.15)

Taking first order derivatives with respect to v(1) and v(2), I obtain the same ordinary differential
equation that for x € [0, V],

(N —1)xG'(x) = G(x). (B.16)

30See, for example, He and Li (2022).
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Given that G is a distribution, the solution to (B.16) is

G(x) = (5)™1, Vxel[0,9).
v
This is the 7—scaled Beta(x— §—7- 1) distribution.
Now I show that under the second-price auction with the v—scaled Beta(y— 1,1)
distributed random reserve, any feasible joint distribution with the support V* minimizes the

expected revenue across all feasible joint distributions. As I have argued in Section 2.4.2, the

A
expected revenue given such a joint distribution is E[XN 3 , then it suffices to show the value of
gﬁ
s
(D) is also E[XY . To this end, I construct the dual variables as follows. Foralli € {1,2,--- \N}
pN—T
and x € [0, 1],
N
xN-1
Ai(x) = —
NVvN-T
N
T]

Note that Y | [5 Ai(v;)dF (v;) = EX under the constructed dual variables. Then, it suffices

to show that (B.10) holds under the constructed dual variables. To see this, I divide valuation
profiles into two cases.

Case I: #{k:vp=v(1)} = 1.
N
N—

HN 1) @) . The L.H.S. of (B.10) is maximized when all bidders
NvN

except the highest bidder have the same valuations, and (B.10) holds with equality when the

N
N—

In this case, t(v) = o)

L.H.S. of (B.10) is maximized. Therefore (B.10) holds.
Case 2: #{k : vy = v(l)} >2.

2‘2

In this case, 7(v) = {1

. The L.H.S. of (B.10) is maximized when all bidders have the same

v
valuations, and (B.10) holds with equality when the L.H.S. of (B.10) is maximized. Therefore
(B.10) holds.
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Proof of Proposition 7

First, I illustrate the details about the construction of ©**. Note that by allocating all

marginal density f(0) to the valuation profile (0,---,0), I have that ¢;*(v) = 0 for any i and
~———

N
vi >0,v; =0,Vj #i. Thus, the property (1’) trivially holds for any one of these valuation profiles.

Now let By; := {v[k <vy < j,vi =k, Vi# 1}, and define d(0):= f(0) and d(k) := [p _dn*

for k > 0. Consider the valuation profile (vi,vy,---,v2) where 0 < v, < v < v. In order for the
—_—

N-1
virtual value of bidder 1 to satisfy the property (1°), I have that

d(v2) = [ (8,2, ,v2)ds

N—1 _
07" (vi,va, -, v2) =v) — — =0, YO<v, <vi<W.
— T (v, V2,0, v2)
N—1 N——
N—1

These equations are essentially a system of ordinary differential equations, whose solution is

well known:
d
T (01, yva) = 2 (ZVZ), Y0 < vy < vy <7, (B.17)
T V1
N—1
d
T (1L, v) = -2 ) ¢ o<y <y (B.18)
N——— 1%
N—1

By symmetry, I also obtain that T (v) = T (v, v2,--- ,12) for 0 <v; = vy <v; =v| <V,Vj #
—_——

N-1
i,Viand m*(v) = w*(1,v2,--- ,v2) for 0 <v; = v, <v; =¥,V # i, Vi. Finally,
~—_——
N—1
AN
Pret (7o 1) = Pr(5) — 20D SN (B.19)
N— 1%

N

Now I solve for d(k). Note that d(k) must satisfy the following condition:

L Jo ()

2 , VO<k<v.

f(k) = (N —1)d(k)
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To see this, suppose that the bidder 1’s valuation is k. Then either k is the highest valuation and
K v qr o g

other bidders all have a valuation of j € [0, k| (with a probability of W) or k is the second

highest valuation and one of the other bidders has the highest valuation (with a probability of

(N — 1)d(k)). Multiplying both sides of (2.7.2) by k, I obtain that

& jd(j)dj
T

kf(k) = (N — 1)kd(k) . VO<k<T.
Define h(k) := fé‘jd(j)dj for 0 < k < v. Then I have that
kf(k) = (N—1)K (k) + @ V0 <k <.

Note that this is an ordinary differential equation, and I solve for Aa(k):

k % N
nie) = J0TTIGAT g (B.20)
(N— 1)k~
From this I compute d(k):
! Jo ¥ () i
d(k) = — (F(k) - (N-l)kHNNl)’ YO0 < k < 7. (B.21)

Plugging (B.21) to (B.17),(B.18) and (B.19), I obtain the joint distribution 7"*.

To guarantee that " is a feasible joint distribution in that the density (or probability
mass) has to be non-negative for all valuation profiles, it is straightforward that the N —bidder
robust regularity conditions (I) have to hold. Now I show that the N—bidder robust regularity
conditions (II) imply the N—bidder robust regularity conditions (I). To see this, note that if

x? f(x) is non-decreasing for x € (0,7), then for any 0 < k < ¥, I have that

R i J0 JET 22 (k)

k
/&) (N— Dk (N — Dkt wer

=0, (B.22)
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where the inequality follows from that j2£(j) < k>f (k) if j < k.

Proof of Theorem 10

_N
Lemma 8. If x*>f(x) is non-decreasing for x € (0,7) and Pr(v) < M then there
(N—1)pF~T

exists s* € (0,V) that is a solution to (SD).

Proof. First, note that if s 1 v, the R.H.S of (SD) converges to (N — 1)Pr(v), thus the L.H.S. of
(SD);, the R.H.S of (SD).

Next, take a monotone sequence {s,},cy Where s, | 0 as n — o, s; € (0,V) and

Sn+1 31

Sn

< % for any n. I will prove that limsup,,_,.,s,f(s,) = 0 by contradiction. Suppose
that limsup,,_,.. s, f(s,) = ¢ > 0, then for any € > 0, there exists a subsequence {s,, } such that

Snof (S, ) —c > € for any k. So f(s,,) > Ls%: for any k. Let € be §. That x? f(x) is non-decreasing

2 p—

implies that for any x € (sp,, ,,Sn, ), f(x) > it IJ;(ZS""“) > s”"“x(; 9 _ CS”"* L for any k. Therefore
C-Sp 1 5

fsnkﬂ f@) = S (- Snk)> CThus, [ dF(x) > TK | [ f(x) > K - was K — 0,2

contradiction to the fact that F is a probability measure. Therefore limsup,_... s, f(s,) = 0. This

implies that lim, e 5,/ (s,) = 0. Now, by L’Hopital’s rule,

N=TdF(x N-T
im J0.5) ] (x) ~ fim s f(sln)
n—roo = n—o0 1
n—soo N

Then, if s, | 0, the L.H.S. of (SD) ; the R.H.S of (SD). By the Intermediate Value Theorem,

there exists s* € (0, V) that is a solution to (SD). O
N
oqe 2 . . — — f(o,v)folf( x)dx
Proposition 9. If x* f(x) is non-decreasing for x € (0,v) and Pr(v) < ==——3"—, then the
(N—1)pN=T

—1
revenue guarantee of the second-price auction with the s*—scaled Beta(NL 1) distributed

random reserve is at least (N — 1)s*(1 — F(s¥)).

3!For example, 5, = 5 forn € N.
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Proof. This follows immediately from Lemma 7 and Lemma 8. [l

N
_ xN=T £(x)d
Jon M S0 f[\(/x) x, then
(N—1)7N-T

there exists a joint distribution T*** € n(F) under which the second-price auction with the

Proposition 10. If x*f(x) is non-decreasing for x € (0,7) and Pr(v) <
s*—scaled Beta(ﬁ, 1) distributed random reserve maximizes the expected revenue across
standard dominant-strategy mechanisms. In addition, the maximized expected revenue is

(N—1)s*(1 =F(s")).

kokk

Proof. The joint distribution ©*** is symmetric and is defined as follows. The support of T*** is

VT Ifvg VT, thent™*(v) =0. If v € VT, then

f(0)

ey = IR S 02) = i [ @)

Vi,V_i)> =

It is straightforward to verify that #*** € II(F). When v; = v(1) < s*, the density function

coincides with w**. Therefore by the proof of Proposition 7,

;k**(V):O fOI‘vEV+7vl~:v(1) Ss*.

Note that under ©***, when v; = v(1) > s*, v; and v_; are independent. Therefore ¢;**(v) =

Hokok

32The density function 7t
and Li (2022).

in the region (0, 7)" is similar to the density function n}- in the region (0,1)" in He
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Vi — l}ﬁgi) for s* <v;=v(1) <vand ¢;(v) = v forv; =v(1) =W

Now I show that ¢;**(v) > 0 for s* < v; =v(1) < v. First I show that 1 — F (x) —xf(x)

is non-increasing if x* f(x) is non-decreasing. To see this, note that for any 0 < x; < x < 7,

1= F(x2) —xaf (x2) = [L = F(x1) —x1.f (x1)] = x1.f(x1) —x2f (x2) — /xxzf(x)dx
2 X3 f(x1)

lef(m)—Xzf(xz)—/ o dx
2

=0 ot

<0

b

where the first inequality follows from that x? f(x) > x3f(x1) for x; < x < x; and the second
inequality follows from that x3 f(x2) > x3 f(x1).

Recall that
J0,5)X¥-1dF (x)

(7)1

=(N—-1)(1—-F(s")).
Subtracting (N — 1)s* f(s*) from both sides, I obtain that

. x%dF X
fio. o W 5 ) = (V- D1 F) 55

The L.H.S. of the above equation is weakly negative, shown in (B.22). Together with that

1 — F(x) —xf(x) is non-increasing, I have that 1 — F (x) —xf(x) < 0 for any x > s*. Hence,

1-— F(Vi)
fi)

() = vi— >0 forve V' s"<v=v(l)<w.

Then, any standard dominant-strategy mechanism, in which 1) the ex-post participation
constraints are binding for zero-valuation bidders and 2) the highest bidder with a valuation

higher than s* is allocated with probability one, maximizes the expected revenue across standard
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dominant-strategy mechanisms under ©***. And the second-price auction with the s*—scaled
Beta(ﬁ, 1) distributed random reserve is such a mechanism. Finally, it is straightforward to
show that the maximized expected revenue is Ns*(1 — F(s*)) by calculating the expected total

virtual surplus. Indeed, under this mechanism and the joint distribution T*** , the expected total

virtual surplus is

N

f(v) WU e L F)
N{/(()j) /(O,S*) (N_ 1)S*(1 _F(S*>)[V2f(\/2)— ]\%_1 0 X f( )d )] ( 1 —f(Vl) )d 2dvi+
Pr(7) A _
/(07s*) (N—1)s*(1 —F(s*)) vaf(v2) = 13_1 0 f(x)dx)] - vdv2}
_ N o Sy ST ()ds
T (N— s (1—-F(s")) : [/(Oj)(vlf(vl) —14+F(v1))dvy + Pr(v)v] - (s*)ﬁ
- (N — l)s*](\g —F(s%)) : [/(Oj)(vlf(vl) —14+F(v1))dvi+Pr(v)v]- (N—1)s"(1 = F(s))

_ N /(ON_)(V1 F(v1) = 1+ F(v1))dvs + Pr(9)7]

— Ns"(1— F(s)),

where the first equality follows from (B.20), the second equality follows from (SD) and the last

equality uses integration by parts. [

Theorem 10 follows immediately from Proposition 9 and Proposition 10.

2.7.3 Proofs for Section 2.5

Proof of Proposition 8

Note that under a posted-price mechanism, the maximally positively correlated
distribution (the valuations of the bidders are always the same) is a worst-case correlation
structure, and the revenue guarantee of any posted-price mechanism is thus at most

max,c(o,7X(1 — F(x)), which is the monopoly profit when there is only one bidder. It is
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Figure 2.1: Revenue Function

_N
L "7_2 for any x € [0, V] and N > 2. Thus, it suffices to compare

N—1

straightforward to show that

<

%{(2] with max (o 5 X (1 — F (x)) if the revenue function R(x) = x- (1 —F (x)) is strictly concave.

Using integration by parts, I obtain that
7
E[X?] = 2/ x(1= F(x))dx.
0

Let x* denote the unique solution to max ¢,y R(x). Then using graph (see Figure 2.13%) it is
straightforward that

/ "R)dx > L5 RGO, (D.1)
0 2

(D.1) is equivalent to that

E[X7] _ 2 [y x(1—F(x))dx

> 1 —F(x)).
> - Xrg[gﬁ_]x( (x))

3The curve is a strictly concave revenue function. The L.H.S. of (D.1) is the area under the curve. The R.H.S.
of (D.1) is the area of the triangle.

105



Proof of Lemma 7

For each , I construct the dual variables for the second-price auction with the random

1

reserve whose cumulative distribution function is G;(r) = (5)¥-T as follows:

N
XN-1

Ai(x) = — if 0<x<tViel,

Ailx)=— if t<x<wViel

Given the constructed dual variables above, the value of (D) is

/Ot AR +1(1 - F ().

(VT

Then it suffices to show that the constructed dual variables are feasible, or (B.10) holds. I divide
the valuation profiles into three cases.

Case I: v(1) <t.

(B.10) holds by a similar argument with that in the proof of Proposition 5.

Case 2: v(1) > t,#{k:vp=v(1)} = 1.

When v(2) > ¢, then #(v) = v(2). The L.H.S. of (B.10) is maximized when v; > ¢ for all i,
and the maximized value is N- 5 =1 <#(v). When v(2) <t, then#(v) =v(1)-1— f,v(l) dx —

N
Jioy (¥ Tdx = f 4 WO e 1LHLS. of (B.10) is maximized when v; = v(2) for all

v

NtN—-1
N

i ¢ {k:vy=v(1)}, and the maximized value is §; + W =1t(v). Therefore (B.10) holds.

NtN-1
Case 3: v(1) > t,#{k:vp =v(1)} > 2.

Now #(v) = v(1). The L.H.S. of (B.10) is maximized when v; > ¢ for all i, and the maximized

value is N - & =1 < 1(v). Therefore (B.10) holds.
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Proof of Theorem 11

Recall that the revenue guarantee of a posted-price mechanism is at most max,¢o ;] x -
(1 —F(x)) for a given F € A°(0,7]. Denote a solution to max,c[ox- (1 — F(x)) as x*. For a
given F € A°[0, 7], consider the second-price auction with the x*—scaled Beta (5, 1) distributed

random reserve, and I have that

/x* xidF(x)-l—x*(l—F(x*))>x*(1—F(x*)),
0 (x*)Nfl

where the inequality follows from that x* > 0.

Proof of Theorem 12

By He and Li (2022), given a F' € A°[0, V], the revenue guarantee of the second-price

auction with the optimal deterministic reserve for the N-bidder case is as follows:

N c(r*)
—_— F

where r* satisfies F (Nr*) = F(]\%F(r*)), and ¢(r*) = F~! (N_*l;rVF(r*) ).

N
Define J(x) := fx — ———. Because J'(x) = (1 — (C(f*))ﬁ) and J"(x) =
c(rs)N-T
Lo
— N <0, J(x) is maximized at x = c(r*) and the maximized value is re(r*)

(N—l)zc(r*)ﬁ
by simple calculation. For a given F € A°[0, V], consider the second-price auction with the

c(r*)—scaled Beta(5—,1) distributed random reserve, and I have that

e(rv) x% c(r*) X%
/0 [C(—dF(x)-l—c(r*)[l—F(c(r*))]> / AP () ()1 = F ()]

re)|vt 7 e(r)

N—1

—

c(r*)
> [k et ME ) + el Fle(r))]

r —1
N c(r’)
= — F
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where the first inequality follows from that r* > 0, the second inequality follows from that

J(x) < 55c(r*) and the equality follows from that

c(r) 1 (*dF( o 1 N2 N *>
[ et 1R ) = e - R

:Nl_l[N—I;F(r*)_F( F- (N—I;F(r*))
_ [1—;(r*)]F1(N—1]J\;F( *))

=c(r)[1=F(c(r))]-
2.7.4 “Necessity” of Robust Regularity Conditions

Definition 8. I say the allocation rule q is strictly monotone if for any i, any v_; and any pair of
valuation v; and v/} in which ¢;(vi,v_;) > 0 and g;(v},v_;) > 0, L have that g;(v;,v_;) < gi(V},v_;)

whenever v; < V.

Proposition 11. For the two-bidder case, if the second-price auction with the uniformly
distributed random reserve is a maxmin mechanism across dominant-strategy mechanisms,

then the two-bidder robust regularity conditions hold almost surely.

Proof. The intuition behind this is the observation that under the second-price auction with the
uniformly distributed random reserve, the allocation rule is strictly monotone. In addition, the
high bidder’s allocation is positive but less than 1 when her valuation is positive but less than
v. Thus in a Nash equilibrium, the high bidder’s virtual value has to be O for these valuations
under the joint distribution, otherwise Myerson’s ironing argument implies that allocation rule in
equilibrium should exhibit “flatness” across some range. Formally, I will establish Lemma 9 and

Lemma 10 below.

Lemma 9. For the two-bidder case, for the second-price auction with the uniformly distributed
random reserve to be part of a Nash equilibrium across dominant-strategy mechanisms, the

equilibrium joint distribution has to be ©* almost surely.
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Proof. let T be a best response of adversarial nature to the second-price auction with the
uniformly distributed random reserve. Suppose (1) does not hold for a set of (vi,v,) where
Vv > vy > v with some positive measure. If virtual values of bidder 1 for these valuation profiles
are all positive, then consider a modified allocation exhibiting the property that the allocation to
bidder 1 is one from the valuation profile in which the virtual value of bidder 1 becomes positive
for the first time. Formally, let m = inf{vy : ¢1(v1,v2) > 0,v; > v }. Let Gi(vi,v2) = 1 for
vi > vi(v2) and G(v) := ¢*(v) otherwise. Such modification is feasible since bidder 2 gets zero
allocation for any one of these valuation profiles in the second-price auction with the uniformly
distributed random reserve. Thus I have a profitable and feasible deviation. If virtual values
of bidder 1 for these valuation profiles are all negative, by a similar argument, I rule out the
possibility that the second-price auction with the uniformly distributed random reserve is a best
response of the auctioneer to . Now If virtual values of bidder 1 for these valuation profiles
are not all positive and not all negative, I have to discuss two cases. The first case is that the
virtual value is still (weakly) monotone. Then by a similar argument, the second-price auction
with the uniformly distributed random reserve can not a best response to . The second case
is that the virtual value is not monotone, then a best response has to exhibit flatness across a
range of valuation profiles, which can be done by Myerson’s ironing procedure. Recall that
the allocation rule of the second-price auction with the uniformly distributed random reserve
is strictly monotone. Thus, it cannot be a best response. To illustrate this, suppose 0;(+,v2) is
decreasing in vy for vi € (a(v2),b(v2)) and ¢1(a(v2),v2) > 01(V1(v2),v2) =0 > 01(b(v2),v)
for some V1 (v2) € (a(v2),b(v2)). Then let G; (vi,v2) = ¢*(¥1(v2),v2) for vi € [a(v2),b(v2)] and
G(v) = ¢*(v) otherwise. Since this is a feasible and profitable deviation, I conclude that the
second-price auction with the uniformly distributed random reserve can not be a best response.

Together with the proof of Proposition 5, the equilibrium joint distribution is T* almost

surely. [

Lemma 10. For the two-bidder case, for the second-price auction with the uniformly distributed
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random reserve to be part of a Nash equilibrium across dominant-strategy mechanisms, T*

exhibits (2) almost surely.

Proof. Suppose not. Then, there exists a set of (v,v;) where 0 < vy < vy < v but ¢a(v,v2) >0
with some positive measure. Then by increasing the allocation to bidder 2 by a small amount €
when the valuation profile lies in this set, [ have a feasible and profitable deviation. Thus, the

second-price auction with the uniformly distributed random reserve is not a best response. [

Proposition 11 follows immediately from Lemma 9, Lemma 10 and the proof of

Proposition 5. U

Proposition 12. For the N—bidder (N > 3) case, If the second-price auction with the v—scaled
Beta(ﬁ, 1) distributed random reserve is a maxmin mechanism across standard dominant-

strategy mechanisms, then the N—bidder robust regularity conditions (I) hold almost surely.

Proof. First, I establish Lemma 11 below.

Lemma 11. For the N—bidder (N > 3) case, for the second-price auction with the Beta(ﬁ, 1)
distributed random reserve to be part of a Nash equilibrium across standard dominant-strategy

mechanisms, the equilibrium joint distribution has to be T almost surely.

Proof. As shown in the proof of Proposition 6, (B.10) holds with equality if and only if v € V.
This implies the equilibrium joint distribution has the support V. Then this lemma follows from

a similar argument to the proof of Lemma 9. [

Proposition 12 follows immediately from Lemma 11 and the proof of Proposition 7. [
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Chapter 3

Auctioning Multiple Goods without Priors

3.1 Introduction

The standard auction literature focuses on the single-good environment and assumes
that bidders’ value profile follows a commonly known joint distribution. It is assumed that the
designer seeks a mechanism that maximizes the expected revenue. Myerson (1981) characterizes
optimal mechanisms for selling a single good when bidders’ values are independent; Crémer
and McLean (1988) characterize optimal mechanisms for selling a single good given generic
correlation structures of bidders’ values. However, optimal mechanisms vary widely with the
model of correlation structure and relatively little is known about how optimal mechanisms
would perform once the correlation structure is misspecified. In addition, it is not clear how the
designer should form a prior in the first place.

In this paper, I am going to extend the analysis in two ways. First, I consider the multiple-
good environment, in which little is known about the optimal mechanisms. Even for the special
case where there is only one bidder, the optimal mechanism is hard to characterize or to describe
(Daskalakis et al. (2014) and Manelli and Vincent (2007)). Second, I consider a robust version
of the analysis. Specifically, I consider a (correlated) private value model where the designer

auctioning multiple different goods knows no distributional information except for the upper
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bounds of bidders’ values for each good. In contrast, bidders agree on a joint distribution over
their value profiles!. The designer considers any joint distribution consistent with the known
upper bounds to be possible. I consider general mechanisms with the only requirement that the
mechanism “secures” bidders’ participation: there exists a message for each payoff type of each
bidder that guarantees a non-negative ex-post payoff regardless of the other bidders’ messages. I
assume that the designer takes the minimax regret approach. Precisely, the expected regret from
a mechanism given a joint distribution over value profiles and a Bayesian equilibrium is defined
as the difference between the full surplus® and the expected revenue. The designer evaluates a
mechanism by its highest expected regret across all possible joint distributions and all Bayesian
equilibria, which is referred to as its regret cap. The designer aims to find a mechanism, referred
to as a minimax regret mechanism, that minimizes the regret cap.

The assumption that the designer only knows the upper bounds is appropriate for
situations where little information is known about the bidders and it is costly and time-consuming
to collect information. For example, in an auction of initial public offerings, there is no
distributional information about the bidders’ values. Note that in this example, bidders’ budgets,
which can be viewed as (reasonable approximations of) the upper bounds of bidders’ values,
are typically known by the designer, as bidders for initial public offerings are often institutional
investors, whose financial resources are publicly known, or can be estimated fairly precisely from
their financial reports. On the contrary, the assumption may be too conservative for situations
in which data about bidders are abundant, e.g., online advertising in which auctions are held
repeatedly and frequently. In addition, the assumption is formally necessary to obtain non-trivial
results because if there is no known upper bound, then minimax regret will be infinite 3. Thus,
this model can be viewed as a theoretical benchmark that provides a first step toward a broad

study of robust auction design problems in the multiple-good environment.

'In the Appendix, I show that the main result still holds when bidders can acquire additional information.

The full surplus under a joint distribution over value profiles is the expected revenue attainable were the
designer able to sell the goods with full information about bidders’ value profile.

3See Remark 19 for the formal proof.
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The minimax regret approach can be traced back to Wald (1950) and Savage (1951). It
captures the idea that a decision maker is concerned about missing out opportunities. A decision
theoretical axiomatization of regret can be found in Milnor (1951) and Stoye (2011). It is adapted
to multiple priors by Hayashi (2008) and Stoye (2011). Another leading approach is the maxmin
utility approach, which is adopted by most of the robust mechanism design literature. However,
in the setting of this paper, under the maxmin utility approach, it is optimal for the designer to
keep all goods to herself because it is possible that all bidders have zero values towards all goods.
Note that in this extreme case, there is no surplus to extract even under complete information.
Thus, the maxmin utility approach is too conservative to be useful, whereas the minimax regret
approach protects the surplus when there is some surplus to extract and will be shown to lead to
a non-trivial answer.

The main result is that a separate second-price auction with random reserves is a minimax
regret mechanism. This mechanism can be described as follows. For each good, the designer
holds a separate auction; the formats of these auctions are second-price auctions with bidder-
specific random reserves that depend on the upper bounds of values*. It is remarkable that
a simple mechanism arises as a robustly optimal mechanism for auctioning multiple goods,
across all participation-securing mechanisms that include highly complicated mechanisms, e.g.,
combinatorial auctions”.

Importantly, I allow for general upper bounds of values for the main result. In particular,
the upper bounds of the values for a given good can be different across bidders. This captures
the widely observed asymmetries in many real-life auction environments. For example, in art
auctions, there are obvious asymmetries associated with differing budget constraints across
bidders. Asymmetric auctions have been studied in Maskin and Riley (2000), Hafalir and
Krishna (2008),Giith et al. (2005) and Athey et al. (2013) among others.

The main result provides a possible explanation why separate second-price auctions -

“The distributions of these random reserves are given in the Section 3.4.1.
3In a combinatorial auction, bidders can place bids on combinations of discrete heterogeneous goods.
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or their more practical equivalents in the private value environment, separate English auctions -
are widely used in practice for auctioning multiple goods. For example, at the popular online
auction site eBay, each good is typically auctioned separately via an English auction (Krishna
(2009), Anwar et al. (2006) and Feldman et al. (2020)); Sotheby’s and Christie’s (two major
auction houses of art) typically sell works of art separately via an English auction (Ashenfelter
and Graddy (2003)).5 The main result justifies this empirical rule of thumb by an optimal
performance guarantee: a separate second-price auction (albeit with random reserves) minimizes
the worst-case expected regret. This may be one reason why complicated mechanisms that require
the full information of the joint distribution over bidders’ value profiles, to my knowledge, are
not used in practice for auctioning multiple goods.

The role of randomized reserves can be seen considering the one-good one-bidder case,
in which they are reduced to randomized pricing. The designer suffers from a large regret if she
charges a high price when the value of the bidder is low or if she charges a low price when the
value of the bidder is high. She can lower her regret by randomizing. Bergemann and Schlag
(2008) characterize the solution for the one-good one-bidder case. Indeed, the well-crafted
distribution of the randomized pricing renders the designer indifferent across values over a range.
The second-price auction with random reserves extends the robust property to the one-good
multiple-bidder case. In this case, the regret from a value profile is the difference between the
highest value and the collected revenue. When the second highest value is low enough (e.g.,
0), it boils down to the one-good one-bidder case and the regret remains the same; when the
second highest value is high enough (e.g., above the lower bound of the random reserve for the

highest bidder), then the revenue is even higher and the regret is thus lower. To see the intuition

“In practice, there are other mechanisms used for auctioning multiple goods. While most of spectrum auctions
in US do not allow for “package bidding” due to its complexities (Cramton (2002) and Filiz-Ozbay et al. (2015)),
the Federal Communications Commission (FCC) has used a “package bidding auction” to sell spectrum licenses
in rare cases. In such an auction, a bidder is allowed to select a group of licenses to bid on as a package. In an
early 2008 FCC auction (Auction 73), AT&T and Verizon both bought geographically diverse packages of 700MHz
spectrum. The principal rationale to consider a package bidding auction is that there may be complementarity
between different licenses (Goeree and Holt (2005)). Complementarity is ruled out in my model. It is an interesting
open question what the minimax regret mechanism would be like when there is complementarity between goods.
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behind separation, it is instructive to consider another mechanism of auctioning the grand bundle
(only the bundle of all goods is auctioned). I argue that this mechanism may result in a high
regret. Consider a three-good three-bidder example and an extremely asymmetric value profile
in which each bidder values a different good (assuming that the upper bound on each bidder’s
values for each good is 1) : (v{,v%,v3) = (1,0,0),(v3,v3,v3) = (0,1,0), (v},v3,13) = (0,0,1).
The designer will lose all but one good if auctioning the grand bundle: she can at most obtain a
revenue of 1 from one of the goods but will suffer a regret of 2 from losing the other goods. In
contrast, separation can guarantee a good regret performance for each good. It can be shown
that for this example, the separate second-price auction with random reserves yields a regret
cap® lower than 2. Intuitively, auctioning the grand bundle performs just like selling one good at
this value profile, while selling separately allows the designer to earn more. Furthermore, the
same argument implies that partial bundling (a mechanism in which a bundle of some goods are
auctioned) may perform worse than separate selling.

I show that the separate second-price auction with random reserves is a minimax regret
mechanism by constructing a joint distribution over value profiles, referred to as a worst-case
distribution, such that the lower bound of the expected regret for any mechanism and any
equilibrium under this joint distribution is equal to the upper bound of the expected regret for
any joint distribution and any equilibrium under the separate second-price auction with random
reserves. One can imagine that adversarial nature is constructing a worst-case distribution to let
the designer suffer from a high expected regret.

The worst-case distribution admits a description as follows®. For each good, adversarial
nature selects one bidder whose upper bound of the values of the good is the highest among
the bidders (breaking ties arbitrarily). For each bidder, the marginal distributions of the values
of the goods for which the bidder is selected are equal-revenue distributions, defined by the

property of a unit-elastic demand: in the monopoly pricing problem, the monopoly’s revenue

"The superscript represents the good, and the subscript represents the bidder.
8Indeed, it can be shown that the regret cap is % by simple calculation.
°Tts formal definition is given in Section 3.4.2.
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from charging any price in the support is the same; the values for these goods are comonotonic
(maximal positive correlation); the values for the other goods are all zeros!?. For the goods
across the bidders, the values are independent.

Under this distribution, each selected bidder values a totally different set of goods; for
each good, exactly one bidder values it; each selected bidder’s values for the goods he values are
comonotonic; the values of the goods across the selected bidders are independent.

Now I illustrate the idea behind this distribution. First, to understand the part of equal-
revenue distributions, consider the one-good one-bidder case in which the mechanism collapses
to randomized pricing over a range. As the designer is indifferent between these prices, the
marginal revenue must be zero over these prices, from which an equal-revenue distribution
arises!!. Second, the intuition for the part of selection can be summarized by a scale effect:
because the minimax regret in the one-good one-bidder case is proportional to the upper bound
of the values, by selecting a bidder whose upper bound of the values is the highest for each
good, the potential regret is made the highest for each good. Third, the intuition for the part of
comonotonicity can be summarized by a screening effect: consider the multiple-good one-bidder
case, the comonotonicity between goods limits the ability of the designer to screen different
goods by reducing the multi-dimensional screening to the single-dimensional screening. Fourth,
the intuition for the part of zeros can be summarized by a competition effect: it eliminates the
competition among bidders for each good by letting only one bidder have a positive value for
each good. Fifth, the intuition for the part of independence can be summarized by an information
effect: one bidder’s values for goods do not provide any information about any other bidder’s
values for other goods, which prevents the designer from extracting surplus from one bidder
based on information about other bidders.

The main result incorporates multi-dimensional screening and single-good auction as

two special cases. For the multi-dimensional screening, a separate randomized posted-price

0Note that if a bidder is not selected for any good, then his values for all goods are zeros.
1See Bergemann and Schlag (2008) for details about the derivation.
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mechanism 1s a minimax regret mechanism, and a distribution in which the values across the
goods are comonotonic is a worst-case distribution.'? For the single-good auction, a second-price
auction with random reserves is a minimax regret mechanism, and a distribution in which only
one bidder has a positive value for the good is a worst-case distribution.

The remainder of the introduction discusses related work. Section 3.2 presents the model.
Section 3.3 illustrates the methodology. Section 3.4 characterizes the main result. Section 3.5
presents the solutions to two special cases. Section 3.6 is a discussion. Section 3.7 is a conclusion.
The Appendix extends the result to an environment where bidders can acquire any additional

information.

3.1.1 Related Work

The closest related work is Kogyigit et al. (2020b), who consider the same environment
and find a (different) separate second-price auction with random reserves has good robust
properties. There are, however, several critical differences. First, they restrict attention to
dominant-strategy mechanisms'3, whereas I allow for general mechanisms with essentially the
only requirement that there is a message that secures bidders’ participation. That is, I search
for a minimax regret mechanism from a much wider class of mechanisms. Second, they show
that their proposed mechanism is a minimax regret mechanism for the symmetric case where
the upper bounds of the values for a given good are the same across bidders, whereas I establish
that my proposed mechanism is a minimax regret mechanism for general upper bounds. That
is, I place no restrictions on the upper bounds of the values for a given good across bidders.
It 1s important and interesting to understand the minimax regret mechanism in asymmetric
environments considered in this paper, as the symmetric case is a knife-edge case. In this

sense, this paper complements their work. The key factor that drives these differences is that

12The solution for the multi-dimensional screening has been found by Kogyigit et al. (2021). I offer an alternative
proof using a quantile-version of virtual values. Carroll (2017) also uses quantiles to parameterize the single buyer’s
values for the multi-dimensional screening.

13See Definition 9 for the formal definition of dominant-strategy mechanisms.
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I construct a different joint distribution over value profiles that yields a higher lower bound
of the expected regret in general. In addition, there is a Pareto ranking between my proposed
mechanism and theirs: in the truth-telling equilibrium, the ex-post regret is always weakly lower
and sometimes strictly lower under my proposed mechanism than that under theirs (Remark 16).
Besides, technically, they take the duality approach for their result, whereas I adopt an adaptation
of the classic Myerson’s approach to identify a lower bound of the expected regret under my
constructed joint distribution.

Bergemann and Schlag (2008, 2011) consider the problem of monopoly pricing where the
monopolist is faced with uncertainty about the demand curve and characterize randomized posted
price mechanisms as minimax regret mechanisms. My result reduces to that of Bergemann and
Schlag (2008) in the one-good one-bidder case. Kogyigit et al. (2021) consider the problem of
multi-dimensional screening without priors and characterize randomized separate posted price
mechanisms as minimax regret mechanisms. My result reduces to theirs in the multiple-good
one-bidder case. Moreover, I offer another minimax regret mechanism: a randomized grand
bundling (Remark 21).

More broadly, this paper is related to the robust mechanism design literature and the
information design literature. Carrasco et al. (2018) characterize maxmin selling mechanisms
when the seller faced with a single buyer only knows the first N moments of distribution (N
is an arbitrary positive integer). Che (2019), He and Li (2022) and Zhang (2022a) study the
robust auction design problem when the designer has limited distributional information. Zhang
(2021) studies the profit-maximizing bilateral trade problem and characterize maxmin trade
mechanisms when the designer knows only the expectations of the values. Similar to mine, these
papers all assume that the values are private and all characterize some randomized mechanism as
a maxmin mechanism. Carroll (2017) studies the multi-dimensional screening problem when
the designer only knows the marginal distributions. Similar to the multiple-good one-bidder
case in my paper, a separate selling mechanism turns out to be a maxmin solution. Different

from the multiple-good one-bidder case in my paper, his maxmin solution does not require
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randomization. Chung and Ely (2007) and Chen and Li (2018) study maxmin foundations for
dominant-strategy mechanisms. Similar to my model, they study the private value environment.
In contrast to my model, beliefs are not required to be consistent with a common prior; in
addition, they select for the designer’s most preferred equilibrium. Roesler and Szentes (2017)
and Condorelli and Szentes (2020) derive optimal information structures for maximizing buyer’s
surplus. My worst-case distribution reduces to theirs in the one-good one-bidder case. Du (2018)
derives the optimal informationally robust mechanism for the one-good one-bidder case and
constructs a mechanism that asymptotically extracts full surplus for the single-good auction.
Brooks and Du (2021) derive the optimal informationally robust mechanism for the single-good
auction. In contrast to my model, they study the common value environment. However, our
solution concepts are similar. My solution is indeed a strong minimax solution: holding the joint
distribution fixed, the mechanism and equilibrium minimize regret, and holding the mechanism
fixed, the joint distribution and equilibrium maximize regret; in addition, there is an equilibrium

(the truth-telling equilibrium) under which the regret cap is hit.

3.2 Model

I consider a (correlated) private value environment where a designer sells J different
indivisible goods to I risk-neutral bidders. I denote by I = {1,2,---,I} the set of bidders and by
J={1,2,---,J} the set of goods. Bidder i’s value of the good j is denoted by vlj , and bidder i’s
value vector for all goods is denoted by v; = (vl1 , vl-z, fe ,v{ ). The value profile across bidders is
denoted by v = (v1,va,---,vy). Each bidder’s value vector is his private information, which the
designer perceives as uncertain. I assume that the designer only knows an upper bound v;/ on
the value vlj forall i € I and all j € 7. Then I denote by V; = x jc4[0, /] the set of all possible
value vectors of bidder i, by V = X<V, the set of all possible value profiles across bidders and

by AV the set of all possible joint distributions on V. In contrast, bidders share a common prior
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n € A(V). For exposition, I assume that the supply cost for each good is zero'*.

A mechanism M consists of measurable sets of messages M; for each i and measurable

allocation rules q; = (ql’ )jes : M — [0,1)7 and measurable payment rules: t; : M — R for each i,

where M = xllle i 1s the set of message profiles, such that 25:1 qu (m) < 1 for each j. Given a
mechanism M and a simultaneously submitted message profile m, bidder i with a value vector

of v has an ex-post payoff

Ui(vi,m) = vj - qj(m) —z;(m). (1)

Bidders’ preferences are quasilinear and additively separable across the goods. I require the
mechanism to satisfy a participation security constraint: For each i, there exists 0 € M; such that

foreachv; € V;andeachm_; e M_;,
Ui(vi, (0,m_;)) > 0. (PS)

Bidder i with a value vector v; can guarantee a nonnegative ex-post payoff by sending this
message, regardless of messages sent by the other bidders.

Given a mechanism M and a joint distribution (common prior among bidders) 7, I
have a game of incomplete information. A Bayes Nash Equilibrium (BNE) of the game
is a strategy profile 6 = (G;), 6; : Vi — A(M;), such that o; is best response to 6_;: Let
Ui(vi, M, m,6) = [, . Ui(vi, (0i(vi),06-i(vV-i)) )dn(v_i|vi) where U;(vi, (6i(vi),6-i(v—i))) is the

multilinear extension of U; in Equation (1), then for any i, vj, G:-,
U,'(Vi,M,TC,G) Z U,'(Vi,M,TC, (6;76—1'))' (BR)

The set of all Bayes Nash Equilibria for a given mechanism /M and a given joint distribution 7 is

denoted by L(M , ).

14All results can be easily extended to the case where the supply cost can be positive and different for each good.
Formal statement and proofs are omitted but available upon request.
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The designer’s expected regret is defined as the difference between the full surplus given
a joint distribution and the expected revenue under a mechanism and an equilibrium. Given
a joint distribution w, the full surplus is fV{Zle maxie vlj }dm(v), and the expected revenue
given a mechanism M and an equilibrium o is [,{Y'}_,%(0(v))}dn(v). The expected regret
thus is ER(M ,w,6) = fv{2§:1 maxie v{ — Y/ ti(c(v))}dn(v). The integrand is defined as
the ex-post regret from v under the equilibrium 6. The designer evaluates a mechanism by its
worst-case expected regret across all possible joint distributions and equilibria. Formally, the
designer evaluates a mechanism M by GER(M ) = suprca(v) SUPgey(arx) ER(M , T, 6), referred
to as the regret cap. 1 say R is an upper bound of the expected regret under a mechanism M
if GER(M) < R. 1say R is a lower bound of the expected regret given a joint distribution T if
infg, infsey ar x) ER(M ,m,G) > R. The designer’s goal is to find a mechanism with the minimal
regret cap. | refer to the minimal regret cap as the minimax regret. Formally, the designer aims
to find a mechanism M*, referred to as a minimax regret mechanism, that solves the following
problem:

inf GER(M). (MRM)

3.3 Methodology

The problem (MRM) can be interpreted as a two-player sequential game. The two
players are the designer and adversarial nature. The designer first chooses a mechanism M.
After observing the designer’s choice of the mechanism, adversarial nature chooses a joint
distribution over value profiles T € A(V) as well as an equilibrium 6 € X(M, ) to maximize
the expected regret. The designer’s payoff is —ER(M , &, ), and nature’s payoff is ER(M , T, )
if X(M,m) # 0; otherwise, both players’ payoffs are minus infinity. One can also consider a
game in which nature moves first by choosing a joint distribution and the designer moves next by
choosing a mechanism and an equilibrium. Although it is not obvious that these two problems

are payoff equivalent because the equilibrium correspondence is not lower-hemicontinuous, I
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will construct a mechanism A * and a joint distribution * that form (a version of) a saddle point
and therefore (a version of) the minimax theorem holds. Precisely, I will (i) find an upper bound
R* of the expected regret under the mechanism /M * and (ii) show that R* is also a lower bound
of the expected regret given the joint distribution 7*. Note that (ii) implies that no mechanism
can achieve a regret cap strictly lower than R*, and (i) says that the regret cap of M* is weakly
lower than R*. Therefore, (i) and (ii) together imply that M * is a minimax regret mechanism. |

refer to T as a worst-case distribution.

3.4 Main Result

In this section, I first formally define the separate second-price auction with random
reserves (M*,q*,t*) (Section 3.4.1) and the joint distribution over value profiles T (Section
3.4.2), then I present the formal statement of the result (Section 3.4.3) that the proposed
mechanism (resp, the proposed distribution) is a minimax regret mechanism (resp, a worst-

case distribution). Finally, I prove the formal statement (Section 3.4.4).

3.4.1 Separate Second-price Auction with Random Reserves

The separate second-price auction with random reserves, (M*,q*,t*), is defined as

follows. First, it is a direct mechanism, i.e., M* = V. With slight abuse of notations, I use

V= (vlj )ic1,jey to also denote the reported message. Let V{z) be the second highest reported value

for the good j (the second highest value is the same as the highest one if there are ties).

If there are no ties, q*(v) = (qu* (V))ic1,jes Where

0 if A ist v <vior0<v <,
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t*(v) = (¢ (v))ies in which £/ (v) = ¥ ey tij* (v)! where

V{_% ika?éi,V,j>v,{andv{2)<%§V{§‘7ZJ;
, i .
J* _ i i v . o . iy . ) .
t;(v) = v{-i—v{z) ln% if Vk # i, v] > v} and *= < V{z) <! <V
0 if Ik #ist v <vlor0<v/ <,

Now I specify the tie breaking rule when there are ties. Given a value profile v in

which there are ties in the auction of good j, let I(vi) := {s € I|v] > vlj Viel and v;>

%2 If I(vi) is empty, then g/ (v) = t/*(v) = 0 for any i € I; otherwise, pick a bidder

e

J J
i i

i € argmin i) s/, let g/ (v)=1+1In v—iwtij*(") —v/ +v/In 55 and gl (v) = tI*(v) = 0 for
any s # i. In words, among the bidders whose values are weakly higher than their lower bounds
of the random reserves respectively, pick a bidder whose upper bound of the values is the lowest
and allocate good j to this bidder when his bid is higher than the random reserve.

Note that the allocation probabilities for each good j are independent of the bidders’
values for the other goods. The payment rule is characterized by the envelope theorem. Then
clearly the above mechanism is equivalent to holding a separate second-price auction with

bidder-specific random reserves for each good.

3.4.2 Joint Distribution

The joint distribution over value profiles ©* is defined via the following five steps.
Step 1: Selection. For each good j, pick (breaking ties arbitrarily) a bidder i € argmax; vyl
Let (i) denote the set of goods for which i is picked. Note that J(i) (could be empty) is disjoint
and Ujc 19 (i) = 4. If a bidder is not picked for any good, then his values for all goods are zeros.
Step 2: Equal-revenue Distributions. For each bidder i and j € J(i) (this part is irrelevant if

9(i) is empty), the marginal distribution of v/ is an equal-revenue distribution whose cumulative
pty g i q

15tii * can be interpreted as the payment from bidder i for good j under the mechanism (M*,q*,t*).
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distribution function is
v/ e vl J o 5.
i 1f7§vi<vl],
1 if vl = v/
Step 3: Comonotonicity. For each bidder i and cross j € J(i) (this part is irrelevant if 7(i) is

empty), the dependence structure is comonotonic. Formally, for good j € 7(i), define the inverse

quantile function

j N P — ifo<z<1l-—=2;
vl (zi) = min{¥/[n]" (Vi) > z;} = e(; @) l 1 ¢
V- ifz; >1— 5.

Then I define the joint distribution across j € J(i) by randomly drawing z; ~ U[0, 1] and taking

v = vlj(zi) for each j € J(i).

Step 4: Zeros. For each bidder i and j ¢ 7(i) (this part is irrelevant if 7(i) = 7), vlj =0.
Step 5: Independence. For goods across bidders (this part is irrelevant if (i) = J for some
i € I), the values are independently distributed. Formally, z;’s are independently distributed

uniform distributions.

3.4.3 Formal Statement: Theorem 13

Theorem 13. The mechanism (M*,q",t*) is a minimax regret mechanism with the regret cap of

5. e . ST
Y jegMaXies % The joint distribution T* is a worst-case distribution.

3.4.4 Proof of Theorem 13
Upper Bound on Regret for (M*, q*,t")

Proposition 13. An upper bound of the expected regret under the mechanism (M*,q*,t*) is

v
Y jegmaXie -
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Proof. Consider the auction of good j under the mechanism (M*,q*,t*). Fix an arbitrary
joint distribution T € AV. First consider the truth-telling equilibrium. Given any value profile
v € supp(m), suppose i is the unique highest bidder for good j . If V{z) < V% < vlj < v;/, then the

ex-post regret is vi1 - tij* (v) = vlj - (vl] - %) = % if % < V{z) < vlj < ;/, then the ex-post regret

. . 1 .
is v/ —t/"(v) = (v +v( )ln ) = _ng) In -2, which is maximized at v( 2= J, yielding

e
an ex-post regret of V’ ﬁnally, if 0 < v < V’ , then the ex-post regret is less than V’ because the
maximal revenue is less than Suppose now there are ties. Then under the specified tie breaking
rule, if 1 (Vj) is empty, then v! < max;eg Vl forany i € I, and so the ex-post regret is less than
max;ey 2 if T (VJ) is not empty, then the ex-post regret is v; ln where [ € argmin, I(vi )vsj ,
which is maximized at v{ = %, yielding an ex-post regret of Vj < max;ey v% Thus, in the
truth-telling equilibrium, the ex-post regret from good j is at most max;e; % for any value
profile.

Next consider any equilibrium 6. Given any value profile v € supp(m), pick a bidder
i whose value for good j is the highest among the bidders, or i € argmax;, v{ If v{ > %
and there is a positive measure of the others’ reports under the conditional equilibrium report
distribution 6_;(v_;) such that bidder i wins the good by truthfully reporting vlj provided that
vlj is higher than the random reserve, then bidder i has a strict incentive to truthfully report his
value for good j, and thus the argument in the previous paragraph implies that the ex-post regret
must not exceed max;c % Otherwise, there are two cases to consider. 1) If vlj < %, then the
most to lose does not exceed % and thus the ex-post regret must not exceed max;e % 2) If
vlj > %j and there is a zero measure of the others’ reports under the conditional equilibrium
report distribution 6_;(v_;) such that bidder i wins the good by truthfully reporting v{ provided
that v{ is higher than the random reserve, then (almost surely) the highest report among the other
bidders is (weakly) higher than bidder i’s value for good j. In this case, the ex-post regret must
not exceed max,c; “- as the difference between the highest report and the ex-post revenue is

weakly less than max;c s %j by the argument in the previous paragraph. Thus, in any equilibrium,
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the ex-post regret from good j is at most max;cy V% for any value profile. This implies that in
any equilibrium, the expected regret from good j is at most max;e V_;—] given the arbitrary joint
distribution 7.

Finally, because of the separable nature of the mechanism (M*,q*,t*), an upper bound

of the expected regret is )’ jc s max;es V% -

Remark 15. This upper bound is hit given the joint distribution ©* and the truth-telling
equilibrium. To see this, fix any v € ©* and consider good j. By the definition of 7*, there is
only one bidder, denoted by i, whose value for good j is positive. In addition, vlj > Vé—J Then by
the proof of Proposition 13, the ex-post regret from good j is % in the truth-telling equilibrium.
Note that by the definition of ¥, i € argmax,.; v;/. Thus the ex-post regret from good j is equal
to max;ecy % in the truth-telling equilibrium. Because this is true for any v € ¥, the expected
regret from good j is equal to max;c; % given the joint distribution ©* and the truth-telling
equilibrium. Summing up across goods, the expected regret is }_ jc y max;e s V% given the joint

distribution ©* and the truth-telling equilibrium.

Remark 16. Kogyigit et al. (2020b) present a separate second-price auction with anonymous

random reserves in which

sz . . ] ] max; ‘;lj .] _ i
¢ (v) = ItInootss  ifVk# L v >vpand =200 < vy <vid;
o ; : j j - -

0 if 3k #ist v < v,]c or 0 <v/ < maxier Vil

And the payment rule is characterized by the envelope theorem. They show that given this
mechanism, ) jc 5 max;ey %j is an upper bound of the ex-post regret. Although their mechanism
has the same regret cap, the designer may favor (M*, q*,t*) over their mechanism for reasons
outside the model. Specifically, there exists a Pareto ranking between the two mechanisms in the
following sense: as long as max;c; v;/ > v/ for some k € I and some j € 7, it is straightforward
to show that in the truth-telling equilibrium, i) the ex-post regret under (M*,q",t*) is weakly

lower than that under their mechanism for any v € V, and ii) the ex-post regret under (M*, q*,t")
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is strictly lower than that under their mechanism for some v € V. Intuitively, under their
mechanism, the allocation probability is lower for a highest bidder whose upper bound of the

values of the good is not the highest, resulting in a higher ex-post regret for such a value profile.

Indeed, under the criterion used in Remark 16, no mechanism from the family of separate

second-price auctions!®, denoted by F — SSP, is better than the mechanism (M*,q*,t*).

Definition 9. I say a direct mechanism M = (V. q,t) is a dominant-strategy mechanism if for all

i€l allveV,andallvi €V,
Vi qi (V) —4(v) > vi - qi(vi, Vi) — (Vi v_i),

vi-qi(v) —1;(v) > 0.

Definition 10. I say a dominant-strategy mechanism M, is undominated by another dominant-
strategy mechanism A, if in the truth-telling equilibrium, the ex-post regret under the mechanism

M, is strictly lower than that under the mechanism M, for some v € V.
Corollary 3. The mechanism (M*,q*,t*) is undominated by any mechanism from F — SSP.

Proof. Fix any i € I and any j € 7, consider the value profiles in which v{ € [0,v;/] and all other
values are zeros. Then Proposition 1 in Bergemann and Schlag (2008) implies that the random
reserve for the bidder i and the good j in the mechanism (M*, q*,t*) is the unique random
reserve that minimizes the worst-case ex-post regret in the truth-telling equilibrium for these
value profiles. Therefore, if a different (random) reserve were used for the bidder i and the good
J, then there would be a value profile with an ex-post regret strictly higher than that under the
mechanism (M*, q*,t*).

In addition, the specific tie-breaking rule in (M*,q*,t*) minimizes the worst-case ex-post

regret when there are ties across different tie-breaking rules. To see this, recall that the worst-case

161n a separate second-price auction, there may be random reserves, deterministic reserves, or no reserves.
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ex-post regret is proportional to the upper bound of values in the one-good one-bidder case and
that under the tie-breaking rule in (M*,q*,t*), a bidder with the lowest upper bound of values

for a good is picked. This finishes the proof. [

Lower Bound on Regret for 7*

Proposition 14. A lower bound of the expected regret under T is ¥ jc g maX;e 1 ‘77’]

Proof. Note that given a joint distribution, minimizing the expected regret across mechanisms
and equilibria is equivalent to maximizing the expected revenue across mechanisms and equilibria.
Then the revelation principle applies and thus it is without loss to restrict attention to direct
mechanisms.

I parameterize the value profile across bidders by z = (z1,z2,--- ,z7) € [0, 1]’. Then for
any direct mechanism (q(z),t(z)) = ((qi(z))ic1, (ti(z))ic1) Where q;(z) = (Q{(Z))]’ej € [0,1)/
represent the allocation probabilities of the goods to bidder i under the parametrerized value

profile z and 7;(z) € R represents bidder i’s payment under z, (BR) together with (PS) imply

Uiz) = Y v[(@)0l(z)~Ti(z) > Y v/(z)Q!(Z)~Ti(z}) for i€ I,z,7€(0,1],
JEI() jeI)
(BIC)

Y vi(z)0/(z)~Ti(z) >0 for i€,z €[0,1], (BIR)
JeI(i)

where Q{ (zi) = f[o,l}H q{ (zi,z—j)dz_; and Ti(z;) = f[m]m ti(zi,z_j)dz_; are the expected
allocation of good j to type z; of bidder i and the expected payment made by type z; of bidder i
respectively, due to the fact that z;’s are independently distributed uniform distributions by the
definition of *. Note that the allocation of good j for j ¢ 7(i) does not appear in either (BIC) or

(BIR) because the value for such a good (if any) is zero to bidder i under the joint distribution 7t*.
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For z} > z;, (BIC) implies that
Y ((Z) @)l > Ui(Z) —Uiz) > Y (v)(2) —vi(2)) 0 (z)- )
j€s () j€s)

Then Uj(z;) is Lipschitz, thus absolutely continuous w.r.t. z;, and so equal to the integral of its
derivative. In addition, note that vlj (z;) is differentiable for all z; but z; = 1 — % Then applying

the envelope theorem to (2) at each point of differentiability, I obtain that

. gij i . .
W) _ y MG o ) Lo qgp@i@)  iH0<a<1- 2
9z jea(i) 9zi 0 ifz; >1— é
Thus,
. I N VIZ AN P P : . _ 1.
UI(ZZ) _ U,(O) +f0 [Zjej(l) 6(1*5)2 Ql (Z,)]le lfO S Zl < 1 P

1-1 5 . _ )
Ui(0) + o g[Zjej(i)ﬁQ{(Zi)]dZi ifz; >1-1.
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Therefore, the expected revenue from bidder i

/ Ti(z)dz; = / [ Z v z, Zl —Ui(z)]dz

jeai)
_/ 77{ Z Zl Zz U(O) /Ozi[ Z()e(lvl] )ZQJ(ZI)]le}le
JEI(D) JeJ(i
1-¢ vl
/ { Zj: V Zz Zl U(O) /O [ ]()WQJ(ZI)]dZZ}dZI
e ]6 Jjej
<[ e{g(.)v{(zi)Q{(zi)— / Zi[.;)ﬁg(zl)]da}dzﬁ
JeJ JeEJ(
: JNo - W ieasd
/I_i{jeé‘zi)vi (Zi)Qi (Zi)_/o [jgb)e(l—fi)zQi (Zi)] Zi} Zi
=) {/l_i[<v--"<z~>—<1—1—z)v'—j>Qf<z dzit
g o e e(l—z)P T

[ meeie) - [T ol
. i \Zi )i\ 0 6(1—Z~l‘)2 i \Zi)|aZi|dZ;

1
e

- LA 0~ 0ol [ (0ol ez

JjeIi) el _Zi)z
Z / VIJQ Zz le < Z
JjeI(@) JEI(i)

where the first inequality holds because (BIR) implies that U;(0) > 0, the third equality is
obtained via integration by parts, the last equality holds because vj (zj) —(1— z)(lv_+j)2 =0 for
0<z<l—1andv /(7)) = vl forz; > 1 — ~, and the last inequality holds because QJ (zi) < 1.

Then, the expected revenue from all the bidders

Z/Tzldz,<z Z

i€l jej(i)

= ZmaXV—J

jeg iel e

where the equality holds by the definition of 7(i).
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Now, the expected regret

Z/ ) v (z1)dzi — Z/lTi(Zi)dzl = Zmax 201/ i/ln(zi)dzi

iel JEI(i) JjeJ = =170
v
> Z max —
icy icl e
where the term ) ;- fol Yieai) vlj (zi)dz; is the full surplus given the joint distribution ©* and the
equality holds by direct calculation and by the definition of 7(i). Thus, }c;maxe; % is a

lower bound of the expected regret under 7*. U

Remark 17. In the Step 1 of the definition of ©*, it is important that for each good, only one
bidder is selected when there are ties. Otherwise, there would be competition for some good,

resulting in a lower expected regret.

Remark 18. One may be tempted to consider the following joint distribution over value profiles
as a candidate for a worst-case distribution. There is only one bidder, bidder i, whose values for
the goods are non-zero; in addition, the bidder i’s values for the goods follow the comonotonic
equal-revenue distribution. The bidder i is selected such that i € argmax;c; ). jc ] . Then by an
argument similar to the proof of Proposition 14 , a lower bound of the expected regret under this
joint distribution is max;c 7Y, je j . However, this lower bound is lower than Y jeg Maxieg 4 in
general. Thus, this joint distribution is not “bad” enough for the designer and is not a worst-case
distribution in general. Intuitively, this joint distribution may ignore a bidder whose upper bound
of the values of a given good is the highest among the bidders, resulting in an expected regret

not high enough. This motivates the Step 1 of the definition of *.

Remark 19. What if the designer knows nothing about the joint distribution over bidders’
value profiles? That is, bidders’ values can be unbounded. I argue that the regret cap for any
mechanism that secures bidders’ participation will be infinity. To see this, consider a joint

distribution that puts all probability masses on a single value profile in which bidder i has a
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large positive value of 0 for good j, bidder i’s values for the other goods are zeros and the
other bidders’ values for all the goods are zeros. Recall that given a joint distribution over
value profiles, the revelation principle applies and it is without loss to restrict attention to direct
mechanisms. In addition, the expected revenue is generated from selling good j to bidder i
only, as the other values are zeros and the mechanism secures bidders’ participation. Consider a
revenue-maximizing (and therefore regret-minimizing) direct mechanism, let Qlj (x) denote the
expected allocation probability of good j to bidder i given a bidder i’s report of x about his value
for good j. Note that Qlj (x) is non-decreasing in x by the incentive compatible constraint. Then
the expected revenue is Tl.j (0)= GQ{ (0)— foe Q(x)dx. Define lim /_yoo Qlj (vl] ) := K. By definition,
for any € > 0, there exists a t > 0 such that Qlj (vl] ) > x — ¢ for any v{ > ¢t. Then foe Qlj (x)dx =
JE ! (x)dx + [° Q! (x)dx > (0 —1)(x—¢), s0 T/ (8) < Bk — (0 —1)(k—€) = €0+ (kK — &), and
the expected regret is 6 — Tij (0) > (1 —€)0—t(K—¢). As € can be chosen to be arbitrarily small,

the expected regret goes to infinity as 6 goes to infinity!”.

Theorem 13 follows immediately from Proposition 13 and 14.

3.5 Special Cases

In this section, I present the results for two special cases in which I =1 and J =1
respectively, which correspond to multi-dimensional screening (Section 3.5.1) and single-good

auction (Section 3.5.2).

3.5.1 Multi-Dimensional Screening: / = 1

Let the mechanism (M7, qj,?]) (resp, the joint distribution 7] ) be the specialization of
the mechanism (M*,q*,t*) (resp, the joint distribution ©*) to the case in which 7 = 1. I omit

their descriptions for brevity. Note that the mechanism (M7],qj,]) is a separate randomized

"This proof is similar to the proof of Proposition 1 in Carrasco et al. (2017).
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posted-price mechanism: each good is sold separately with a random posted price. In the joint
distribution 7], the marginal distribution of each good is an equal-revenue distribution and the

values across goods are comonotonic.

Corollary 4 (Multi-Dimensional Screening). If I = 1, then the mechanism (M{,qj,t}) is a
minimax regret mechanism with the regret cap of . jc g % The joint distribution T} is a worst-

case distribution.

Proof. The proof is a straightforward adaptation of the proof of Theorem 13 to the case in which

I=1. ]

Remark 20. There are very limited results in multi-dimensional screening for other correlation
structures. McAfee et al. (1989) show that with independent continuous distributions, separate
selling is essentially never optimal. Therefore an independent joint distribution, where the
marginal distributions remain the same but the values across the goods are independent, is not a

worst-case distribution.

Remark 21. There is another minimax regret mechanism for the multi-dimensional screening: a
randomized grand bundling. It can be described as follows. The designer sells the bundle of all

the goods only. Let b be the bid for the bundle of all the goods. If b >} <4 %j, then allocate

the bundle with a probability of 1 4 In i }; 57 and charge a price of b —}. ic 4 %j; otherwise, no
JE

goods are allocated and the buyer (the bidder 1) pays nothing. It is straightforward to show that

J

the regret cap of this mechanism is ;4 %

3.5.2 Single-Good Auction: J =1

Let the mechanism (M'* q'*,t1*) (resp, the joint distribution 7!* ) be the specialization
of the mechanism (M*,q*,t*) (resp, the joint distribution *) to the case in which J = 1. 1
omit their descriptions for brevity. Note that the mechanism (M'*, q'*,t1*) is a second-price

auction with random reserves: the single good is auctioned via a second-price auction with
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bidder-specific random reserves. In the joint distribution ©'*, only the bidder with the highest
upper bound of the values for the good has a positive value (breaking ties arbitrarily) and the

marginal distribution of this bidder’s value is an equal-revenue distribution.

Corollary 5 (Single-Good Auction). IfJ = 1, then the mechanism (M"*,q'*,t1*) is a minimax

1

. . _'1 . . . . . .
regret mechanism with the regret cap of maxc ~i-. The joint distribution T'* is a worst-case

distribution.

Proof. The proof is a straightforward adaptation of the proof of Theorem 13 to the case in which

J=1 ]

3.6 Discussion

3.6.1 Solution Concept

In this paper, I consider the class of all mechanisms that secure bidders’ participation
and the worst Bayes Nash Equilibrium for the designer. The solution concept follows from a
recent literature on informationally robust mechanism design, e.g., Du (2018) and Brooks and
Du (2021). Several remarks can be made in sequence. First, if we assume that the class of
mechanisms is the set of dominant-strategy mechanisms and that the truth-telling equilibrium
is played, then the same result will hold by a simple extension of the current proofs. This
is because under the constructed worst-case distribution, the expected regret under the best
dominant-strategy mechanism is the same as that under the best Bayesian incentive-compatible
mechanism. Second, for the main result, it is not crucial that adversarial nature has to pick the
worst equilibrium. That is, we can allow adversarial nature to pick the best equilibrium for the
designer, and the same result will still hold. So the main result may be a priori surprising result:
the class of the mechanisms is much wider than the set of dominant-strategy mechanisms, yet, a

dominant-strategy mechanism emerges as a minimax regret mechanism.

134



3.6.2 Comparative Statics

It is instructive to discuss some comparative statics assuming that there is no trivial good
or bidder, i.e., v;/ > 0 for any i € I and j € 7. First, the minimax regret is strictly increasing in J.
To understand this, note that the comonotonic structure in the worst-case distribution reduces
multi-dimensional screening to single-dimensional screening, then when adding a new good,
the minimax regret will increase by the amount of the minimax regret when there is only this
new good. Second, the minimax regret is weakly increasing in /. To understand this, note that
the zero values in the worst-case distribution eliminate the competition'® for a given good, then
as the full surplus weakly increases with /, the minimax regret also weakly increases with /
(strictly increases with / when the new bidder’s upper bound of the values of some good is higher
than that of any previous bidder). Third, for the symmetric case where the upper bounds of the
values for a given good are the same across bidders, or v;/ = v}/ for any i € I, any k € I and any
J € J, the average minimax regret (the minimax regret divided by /) is strictly decreasing in /.
To understand this, note that when adding a symmetric bidder, the full surplus does not change
given the worst-case distribution, and, again, there is still no competition for any good. Then, the

minimax regret remains the same and thus the average minimax regret is strictly decreasing in /.

3.6.3 Digital Goods

Consider a related problem in which the designer auctions digital goods'® to I bidders,
e.g., e-books, mobile apps, online courses, etc. Each bidder demands at most one unit of the
good. Bidder i has a private value v; € [0,v;]. The designer aims to minimize the worst-case
expect regret. The formal objective function can be similarly defined. Indeed, this problem may

be interpreted as a special case of the model: there are I different goods, but each bidder values

8The competition would increase with I for general joint distributions. For example, consider a joint distribution
in which bidders’ values of a given good follow i.i.d. uniform distributions. It is straightforward to show that
the expected regret under an optimal mechanism would eventually go to O as I goes to infinity given this joint
distribution.

19A digital goods auction is an auction in which the designer has an unlimited supply of the same good.
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only one of the goods and the good each bidder values is different. Under this interpretation,
adversarial nature’s ability is “constrained” in that the set of possible joint distributions is smaller
than the previous one. Note however that the worst-case distribution in Theorem 13 is not
excluded. Then a direct implication of Theorem 13 is that a separate randomized posted-price
mechanism as follows is a minimax regret mechanism for this problem:
I+Ing if
Cli(VI,VZ;"',VI): '
0 if0<v; <
And the payment rule is characterized by the envelope theorem. Note that the allocation to bidder
i depends on bidder i’s value only. In addition, an independent equal-revenue distribution as
follows is a worst-case distribution: the marginal distribution of v; follows an equal-revenue
distribution whose cumulative distribution function is
Vi 1f Yi , O
l—e—w if 22 < <y

Ti(vi) =
1 if v; = v;.

And the values across bidders are independent.

3.7 Concluding Remarks

In this paper, I characterize a simple minimax regret mechanism for auctioning multiple
goods given general upper bounds of values. It is worth noting that the proposed mechanism is
strategy-proof. Hence, it (essentially?’) remains a minimax regret mechanism even without the
assumption of a common prior among bidders. Critically, I drop the extreme assumption made
by the traditional mechanism design literature that the designer knows the joint distribution over

value profiles, but impose an equally extreme assumption that the designer has no distributional

20A strategy-proof mechanism can be slightly perturbed so that truth-telling is the unique equilibrium.
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information except for the upper bounds of values, on which the result heavily relies. I believe
the truth lies in intermediate cases, which are interesting to further explore. I further conjecture

that separation remains a property in many other informational environments.

3.8 Appendix

An additional information structure consists of a measuable set of additional information
S; for each bidder i, with S = x{zlSi, and a joint distribution & € A(V x §). An additional
information structure is denoted by 7 = (S,9). I say 7 is T — consistent if the marginal of & on
Vis T, i.e., for every measurable V C V, 8(V x §) = (V). The set of all T — consistent additional
information structures is denoted by T(m). As before, each bidder i knows his private value vector
vi € V;. And 7 is their common prior. But, before playing a mechanism, each bidder i may observe
a signal s; € S; from an additional information structure 7 € T(w). And 7 is their common
knowledge. The definition of and the requirement for a mechanism are the same as before. Given
a mechanism /M and a common prior 7 and an additional information structure 7 € T(n), [ have a
game of incomplete information. With slight abuse of notations, a Bayes Nash Equilibrium (BNE)
of the game is a strategy profile ¢ = (6;), 6; : V; X S; — A(M;), such that o; is best response to

o_;: Let Ui(Vi,Si, M,TC, ‘T,G) = f ;

VoS U,'(Vi, (G,’(Vi,si),G_,’(V,i,S,i)))dS(V,i,S,ﬂVi, Si) where
Ui(vi, (0i(vi,si),0-i(V_i,s_i))) is the multilinear extension of U; in Equation (1), then for any
[,Vi,Si, 0,

Ui(Vi,Si, M,TC, {I?G) > Ui(viysia M7TC7 Ta (6;;671’))- (BR’)

The set of all Bayes Nash Equilibria for a given mechanism /M and a given common prior 7 and
a given additional information structure 7 € T(m) is denoted by (M, &, T).

Given a common prior © and an additional information structure 7 € T(xm), the
expected regret is ER'(M,n,T,0) = fV7S{Z§:1 max;e v{ — ¥ ti(c(v,s))}dd(v,s). The

designer evaluates a mechanism by its worst-case expected regret across all possible common

137



priors and consistent additional information structures and equilibria. Formally, the designer
evaluates a mechanism M by GER'(M) = supca(y) SUP7et(n) SUPx(ar x,7) ER (M, 7, T, G).
The designer’s goal is to find a mechanism with the minimal worst-case expected regret. Formally,
the designer aims to find a mechanism, referred to as a min-3max regret mechanism, that solves
the following problem:

igl‘llfGER/(M ). (MRM")
Theorem 13°. The mechanism (M*,q*,t*) is a min-3max regret mechanism.

Proof. For adversarial nature’s strategy, let the common prior be ©* and the set of additional

information S be a singleton. The proof of Theorem 13 then applies. U

Intuitively, adversarial nature cannot generate strictly more expected regret even though

it can use additional information structures because the mechanism (M*, q*,t*) is strategy-proof.
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