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ABSTRACT OF THE DISSERTATION

Essays on Nonparametric and High-Dimensional Econometrics

by

Jesper Riis-Vestergaard Soerensen
Doctor of Philosophy in Economics
University of California, Los Angeles, 2018
Professor Denis Nikolaye Chetverikov, Co-Chair

Professor Jinyong Hahn, Co-Chair

This dissertation studies questions related to identification, estimation, and specification
testing of nonparametric and high-dimensional econometric models. The thesis is composed
by two chapters.

In Chapter 1, I propose specification tests for two formally distinct but related classes of
econometric models: (1) semiparametric conditional moment restriction models dependent
on conditional expectation functions, and (2) a class of high-dimensional unconditional mo-
ment restriction models dependent on high-dimensional best linear predictors. These classes
may be motivated by economic models in which agents make choices under uncertainty and
therefore have to predict payoff-relevant variables such as the behavior of other agents. The
proposed tests are shown to be both asymptotically correctly sized and consistent. Moreover,
I establish a bound on the rate of local alternatives for which the test for high-dimensional

unconditional moment restriction models is consistent. These results allow researchers to
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test the specification of their models without introducing additional parametric, typically ad
hoc, assumptions on expectations.

In Chapter 2, I show that it is possible to identify and estimate a generalized panel
regression model (GPRM) without imposing any parametric structure on (1) the function
of observable explanatory variables, (2) the systematic function through which the function
of observable explanatory variables, fixed effect, and disturbance term generate the outcome
variable, or (3) the distribution of unobservables. I proceed with estimation using a series
maximum rank correlation estimator (SMRCE) of the function of observable explanatory
variables and provide conditions under which L?-consistency is achieved. I also provide
conditions under which both L? and uniform convergence rates of the SMRCE may be

derived.
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Introduction

Economists form theories and formulate models on the behavior and interaction of economic
agents and how economies work. Econometrics is an economic discipline which deals with the
application of statistical methods and mathematical economics to economic data. Through
observation or experimentation, econometrics aims to give empirical content to economic
relations and theories. This discipline is used, in part, to obtain helpful estimates for diligent
policymakers.

Unlike researchers in the physical sciences, economists are rarely able to conduct con-
trolled experiments. Econometricians therefore face the challenge of quantifying economic
relationships using data generated by complex systems of related equations, in which many
variables may change simultaneously. Theoretical econometrics relies on economic and math-
ematical reasoning, theoretical statistics, and numerical methods to argue that a new formula
may have the ability to correct inferences outside of controlled environments.

The methodology of economics generally consists of four steps:

1. Suggest a theory to interpret existing data.

2. Develop a model that captures the body of the theory one wishes to test.

3. Use relevant statistical procedures to estimate the unknown parameters of the model.

4. Determine whether the model makes economic sense through hypothesis testing.

The end result of this process, if all goes well, is a tool that can be used to assess the empirical
validity of an abstract economic model.

This thesis expands the toolkits of empirical economists used in Steps 3 and 4 by provid-
ing methods for estimation and testing under more general conditions than were previously
available. Specifically, in Chapters 1 and 2, I develop methods for testing the overall accuracy
of the employed model (Step 4) and estimating unknown model parameters (Step 3), respec-
tively, under weaker functional form assumptions than previously invoked. While economic
theory may predict the relationship between two economic variables to take a particular

shape (e.g., monotonicity or concavity), it rarely takes a stand on a particular parametric
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functional form (e.g., linearity). Thus, when available, econometric procedures that do not
hinge on parametric functional form assumptions ought to be favored to those that do, as
the former type of procedures align more closely with the underlying economic theory.

In the following two sections, I provide a more detailed introduction to the particular
testing and estimation problems considered in this thesis as well as the specific functional

form assumptions I have relaxed.

Chapter 1: Consistent Specification Testing in Semi-

parametric and High-Dimensional Moment Models

Empirical work in economics typically relies on the use of econometric models, i.e., simplified,
statistical constructs serving the purpose of illustrating complex processes. Any modelling
process should be accompanied by a measure of model accuracy, sometimes referred to as
performing model specification tests (or diagnostics). Specification testing is critical since
the usefulness of a model hinges on the precision at which it reflects the relationships it aims
to understand.

Econometric models are often indexed by a mix of parametric (i.e., fixed- and finite-
dimensional) and nonparametric (i.e., infinite-dimensional) components. Such models are
therefore said to be semiparametric.

Semiparametric models occur naturally in settings where agents make choices under un-
certain conditions. Decision-making under uncertainty is pervasive in economics and covers
both single-agent models and models with strategic interactions (i.e., games). For example, a
high-school graduate decides to attend college not knowing if he/she will be able to complete
college, perhaps due to financial constraints (or a host of other variables). Similarly, firms
decide on whether to enter a new market not knowing the entry decision of their competitors.

A feature of decision-making under uncertainty is that agents have to form expectations
over payoff-relevant variables unobserved at the time of decision, i.e, they must assess the
likelihood of uncertain variables taking on various outcomes in the future. In the college-
decision example, whether a high-school graduate obtains a college degree matters for their
future employability and, thus, their wage trajectory. Likewise, in the firm-entry example,
the profitability of a firm entering a new market depends on the level of competition it stands
to face.

Economic theory typically provides little guidance towards the functional form of expec-
tations generated by agents. It therefore seems reasonable to view expectations formed by

agents as nonparametric objects both when fitting the resulting (semiparametric) model and



evaluating its accuracy.

The literature on model specification testing in econometrics is voluminous and dates back
to at least the early 1980s. The work of Herman Bierens is particularly relevant (see, e.g.,
Bierens, 1982). However, most of the existing literature concerns testing the specification of
classes of parametric models or tests tailored to particular instances of semi- or nonparametric
models. In contrast, in Chapter 1, I develop a general method for testing the specification
of a class of partially or even fully nonparametrically specified models.

Depending on the nature of the decision, expectations formed by agents may depend
on a number of variables ranging from only a few to numerous. For example, it may be
reasonable to assume that a financially constrained high-school graduate assesses their like-
lihood of college completion based on just a few variables such as their current wealth and
borrowing limit (or lack thereof). In contrast, a firm deciding on entry will in general have
to consider not only the characteristics of the market but also all of its competitors, leading
to a potentially large set of variables.

When the number of variables is relatively small, one may allow expectations to be non-
parametric and leave it to the data to determine their functional forms. To this end, one may
employ classical nonparametric methods such as kernel or series estimation. However, when
expectations depend on many sources, classical nonparametric approaches may break down.
As a middle ground between the restrictive low-dimensional, parametric setup and the infea-
sible infinite-dimensional nonparametric framework, one may entertain a high-dimensional
setting. A high-dimensional specification allows the number of candidate inputs—and, thus,
the number of parameters to be estimated—to be large and, in fact, potentially much larger
than the sample size available to the researcher. Under an assumption of sparsity, modern
machine learning techniques such as the LASSO (Tibshirani, 1996) work well even with a
high-dimensional number of parameters to be estimated. Sparsity means that from the po-
tentially very large collection of candidate variables only a few (a priori unknown) variables
actually matter.

Building on the insights of Bierens (1982), in Chapter 1, I construct test statistics for
models involving either nonparametric or high-dimensional expectations. The chapter is
divided into two parts as these different modelling environments, as well as the different
estimation techniques employed to construct the test statistics, necessitate substantially dif-
ferent arguments in order to establish the large-sample probabilistic behavior of the proposed
test statistics. Nonetheless, drawing on results from the statistics literature for “functional
central limit theorems” (see, e.g., van der Vaart and Wellner, 1996) and recently developed
“high-dimensional central limit theorems” (see Chernozhukov, Chetverikov, and Kato, 2013),

I construct testing procedures that, at least in large samples, are able to distinguish between
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correctly and incorrectly specified models.
The practical usefulness of the results in Chapter 1 is to provide researchers with general
tools that allow them to test the accuracy of their models without having to impose additional

parametric, typically ad hoc, assumptions on expectations.

Chapter 2: Identification and Estimation of a General-

ized Panel Regression Model

Many empirical applications in economics involve limited dependent variables. Variables
may be inherently unobservable, limited due to (optimal) choice or mechanically limited.
For example, when studying the labor market participation of married females, one only
observes whether or not the married female participates and not their underlying, inherently
unobservable, willingness to participate. If the object of interest is determinants of wages,
then one faces the problem that wages are observed only for those who choose to work. In
addition, studying determinants of wealth, one may face the problem of data censoring such
as interval or top coding, perhaps due to privacy concerns. In the case of interval coding
wealth is in principle observable, but the researcher only observes wealth up to a bracket
(e.g., $100,000-$125,000).

Economists often have access to panel data, i.e., repeated observations of the same units
(e.g., the same individuals in multiple years). Access to panel data allows researchers to
control for time-invariant unit-specific effects such as individual ability or taste by inspecting
the same unit across time. This feature makes panel data analysis compelling relative to
analysis based on a single cross section.

The traditional approach to fitting limited dependent variable models for panel data has
been to specify parametric functional forms for all model unknowns. Parametric assumptions
assist the researcher in determining what can be learned from the model under the thought
experiment of having access to unlimited data, known as identification analysis. They also
facilitate estimation as the number of unknowns to be quantified using the available data
has been greatly reduced by the assumption of parametric functional forms.

However, misspecification of one or more model components may lead to undesirable
behavior of standard estimators. Even worse, incorrectly specified parametric functional
forms may lead to a lack of identification altogether.

To avoid having identification driven by parametric functional form assumptions, in Chap-
ter 2, I analyze nonparametric versions of a collection of panel data models including typically

invoked limited dependent variable models. The class of models considered assume a mono-
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tonic relationship, at least on average, between the rank of the outcome of interest and the
rank of the variables used to explained said outcome but does not impose any parametric
functional form on this relationship. I show that this type of “rank correlation” assumption
can lead to identification of elements of interest in such panel data models. The constructive
nature of my identification result suggests natural estimators and I derive their statistical
properties.

The results in this chapter provide researchers with tools for estimation of a class of
panel data models under weaker functional form assumptions. By comparing the resulting
nonparametric estimates with estimates obtained under parametric assumptions, the results
in this chapter may also be used to assess the sensitivity of the analysis to the latter set of

assumptions.



Chapter 1

Consistent Specification Testing in
Semiparametric and

High-Dimensional Moment Models

1.1 Introduction

This paper concerns testing the specification of a class of semiparametric conditional moment
restriction (CMR) models and a class of high-dimensional unconditional moment restriction
(UMR) models. The two classes of models both allow parameterizations to involve flexibly
specified predictions: In the CMR models predictions are fully nonparametric, while in the
high-dimensional UMR models predictions are high-dimensionally linear. Simple examples of
members of these two classes are the partially linear regression model and the linear treatment
model with a high-dimensional number of controls, respectively. However, the presence of
predictions in the model parameterizations is often intended to capture expectation formation
made by economic agents operating within an uncertain environment. Flexible specification
of these predictions is then motivated by the fact that researchers typically have limited
information on how such expectations are formed.

Econometric models often involve one or multiple agents acting optimally within an un-
certain environment. Optimal choice under uncertainty requires decision makers to predict
payoff-relevant variables unknown at the time of their decision given their available informa-
tion. For example, high school graduates decide on whether to attend college not knowing if
they will be able to complete college, e.g., due to financial limitations. They must therefore
form an opinion about whether they will obtain a degree should they enroll (see, e.g., Man-

ski 1991). Similarly, firms decide on whether to enter a new market not knowing the entry



decision of their competitors and must therefore predict whether their competitors will enter
(see, e.g., Bajari, Hong, Krainer, and Nekipelov 2010). Economic theory typically provides
little guidance towards the functional form of these predictions or expectations, which con-
sequently should be specified in a flexible manner. Even when these predictions are flexibly
specified, the models employed may yield a poor approximation to actual behavior. In order
to know if conclusions derived from the analysis of such econometric models can be trusted,
it is necessary to statistically test whether the model specification is consistent with the data
to which it is applied. In other words, does the data reject the model? In this paper, I
provide tools for addressing this question.

A fully nonparametric approach to the predictions leads to “classical” semiparametric
econometrics, while adopting a high-dimensional linear form may be thought of as “modern”
high-dimensional econometrics. Due to the different econometric environments, this paper
is divided into two parts. In the first part I consider a class of semiparametric CMR models
whose parameterizations involve conditional expectation functions (CEFs). These CMR
models are “semiparametric” in the sense that, while the model may impose parametric
restrictions, the CEF's are left nonparametric. While a nonparametric specification of CEFs
remains true to the economic model, in some applications (fully) nonparametric estimation
may not be practically feasible due to the curse of dimensionality. For example, in the
market entry game a firm must in general predict the entry of a competitor as a function of
the observable characteristics of all firms, which may lead to a sizable state space.

Acknowledging that a fully nonparametric treatment of predictions may be too flexible
for practical considerations and that a simple linear model in a few of the state variables
may miss important conditioning information, one may be willing to adopt the more par-
simonious yet still flexible assumption of high-dimensional linearity. In the second part of
this paper I consider a class of high-dimensional moment models. These moment models are
“high-dimensional” for two reasons: (1) the number of unconditional moment restrictions to
be tested may grow with and possibly exceed the sample size available to the researcher, and
(2) the parameterization of these models may itself involve high-dimensional components.
The high-dimensional components are here taken to be best linear predictors. Loosely speak-
ing, these models involve numerous moments, each of which may depend on very many “re-
gressors.” To make effective use of the high-dimensional number of regressors, I will rely on
the important structure of approximate sparsity (see, e.g., Belloni and Chernozhukov 2011,
Belloni, Chen, Chernozhukov, and Hansen 2012, Belloni, Chernozhukov, and Hansen 2014a).
In the context of this paper, approximate sparsity refers to the condition that each high-
dimensional best linear predictor by and large depends on a small (but a priori unknown)

set of regressors.



The high-dimensional best linear predictors may be thought of as finite-dimensional but
adaptable approximations to the predictions made by the agents in an underlying economic
model. Alternatively, one may justify focusing on best linear predictors by means of bounded
rationality. The conditional expectation is the optimal predictor under mean-square loss.
A fully rational agent computes the optimal predictor and uses it to solve their decision
problem. In contrast, a boundedly rational decision-maker may find the computation of
a conditional expectation intractable or too time consuming and may find that the more
manageable best linear predictors yield a suboptimal yet satisfactory solution.

The first contribution of this paper is to propose a class of specification tests that apply
generally to CMR models involving nonparametrically specified CEFs and show that the
proposed specification tests are both asymptotically correctly sized and consistent. These
results add to the existing literature on consistent specification testing in CMR models.
Recall that a test is called consistent if its power against any deviation from the null hy-
pothesis approaches one as the sample size grows without bound. The first consistent test
for the specification of functional form of cross-sectional regression models was proposed by
Bierens (1982) and is sometimes referred to as the Integrated Conditional Moment (ICM)
test (Bierens and Ploberger, 1997) or the Bierens Test (de Jong, 1996). Bierens’ key observa-
tion was that the null hypothesis of a CMR may be equivalently expressed as a testable null
hypothesis involving possibly infinitely many UMRs constructed by interacting the model
residual with carefully chosen weight functions depending on the conditioning variables. The
properties required of these weight function are characterized by Stinchcombe and White
(1998). Bierens (1984), de Jong (1996) and Bierens and Ploberger (1997) extended the ICM
test to allow for time series regression.

Following Bierens’ original paper, two strands of literature emerged. One strand of the
literature further developed ICM-type (or related) consistent tests of conditional expectation
(mainly regression) models (Stute 1997, Stinchcombe and White 1998, Boning and Sowell
1999, Fan and Li 2000, Whang 2001, and Escanciano 2006). Moreover, Stinchcombe and
White (1998) and Whang (2001) extended Bierens’ approach to testing to a more general
parametric context than the standard regression framework. In particular, their treatments
allowed for general parametric CMR models.!

A different strand of the literature constructed tests by comparing estimates imposing
parametric functional forms with nonparametric or semiparametric estimates (Wooldridge
1992, Yatchew 1992, Hardle and Mammen 1993, Gozalo 1993, Horowitz and Hérdle 1994,

Donald, Imbens, and Newey (2003) developed consistent specification tests for parametric CMRs based
on generalized empirical likelihood ratio test statistics using a finite but growing number of UMRs. While
their tests are not of the ICM-type, they are similar in spirit.
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Hong and White (1995), Li and Wang 1998, Zheng 1996, and Lavergne and Vuong 2000,
among others). Given that the majority of the latter collection of papers employ kernel
regression or smoothing methods, I will refer to these tests as “kernel-based.” Stinchcombe
and White (1998) unifies the seemingly dissimilar ICM and kernel-based approaches to testing
models consistently by showing that they are, in some sense, dual treatments of the same
problem. Moreover, Fan and Li (2000) have shown that a particular version of the ICM test
may be viewed as a kernel-based tests albeit with a fixed bandwidth.

In this paper I provide a framework for testing the specification of not just regression or
other conditional expectation models, but a class of CMR models. Building on Bierens’ key
observation, I recast the null hypothesis of a correctly specified CMR as a testable collection
of UMRs. Consequently, my test statistic is of the ICM type. While the above references
require parametrically specified models, I allow the parameterization of such CMR models
to include nonparametrically specified CEFs. This added flexibility allows a researcher to
test the specification of their model without introducing ad hoc assumptions with respect to
expectation formation.

The second contribution of this paper is to propose a method for testing the specification
of high-dimensional UMR models and show that this method provides asymptotic size con-
trol. In addition, I establish an upper bound on the rate of local alternatives for which the
test is consistent. To the best of my knowledge, this paper provides the first specification
test for high-dimensional econometric models.

Lastly, in this paper I make an additional contribution of potential independent interest
by providing low-level conditions under which the Lasso (Tibshirani, 1996) can be used for
estimation of potentially very many high-dimensional best linear predictors. The properties
of the Lasso for estimation of a single or potentially very many CEFs are well understood
(see, e.g., Bickel, Ritov, and Tsybakov 2009, Belloni and Chernozhukov 2011, Belloni et al.
2012, Belloni and Chernozhukov 2013, and Belloni et al. 2014a). In this paper I contribute
to the literature by establishing properties of the Lasso when the targets of estimation are
instead numerous high-dimensional best linear predictors.

The remainder of this paper is organized as follows. I give some motivational examples in
Section 1.2 and provide an overview of the main results in Section 1.3. Sections 1.4 and 1.5
contain a formal presentation of the results for semiparametric CMR and high-dimensional
UMR models, respectively, and the assumptions under which they are proven. Results on
the properties of the Lasso for estimation of a multitude of best linear predictors, and details
on implementation have all been relegated to the appendices so as not to interrupt the flow
of the paper. The appendices also contain additional motivational examples, verification

of assumptions in examples, and some extensions to the settings studied in the main text.
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Proofs of main results are in the appendices, while proofs of supporting lemmas may be

found in the supplement.

Notation

Section 1.4 concerns independent and identically distributed (i.i.d.) data {Z;}$° with Z de-
noting a generic element. For these sections, ¢, C, C, Cy, ... denote finite, positive constants
independent of n, which may change from place to place. Here a < b means that a < Cb,
and a Sp b means that a = Op (b).

In Section 1.5 I work with triangular array data {{Z;,}7_,}>>, defined on some common
probability space. For each n € N, Z; ,,i € {1,...,n}, are i.i.d. across ¢, but their common
law may change with n. Consequently, all objects that are defined using the distribution of
Z;, are implicitly indexed by the sample size n, but I omit the index n in what follows to
simplify notation and let Z denote a generic element. For these sections a < b is reserved
for a < Ab, where A denotes an absolute constant.

Throughout I use the average notation E, [f (Z;)] =n~"'>." | [ (Z:), ie., E, (-) abbrevi-
ates nt Y " (-). For f: R® — RF differentiable, ,7 f is short for the L x K matrix of
partial derivatives df;/0z. For a symmetric, real matrix A, Api, (A) and M. (A) denote
the smallest and largest eigenvalues of A, respectively. The ¢; norm and /5 (i.e., Euclidean)
norm of vectors are denoted by ||-||; and |[-||, respectively. The “¢y norm” ||-||o is given by
the number of nonzero components of a vector, while ||-||« denotes the maximal absolute
element of a vector. The empirical L>norm L? (P,) is given by || flp, 2 = {En[f (Z;)*]}/2
and for a function f : X — R I write || f||x = sup,ex |f (2)]. Given a vector 6 € R? and
a set of indices T C {1,...,p}, I write o7 for the vector satisfying dr; = 9, if j € T" and
zero otherwise. Complements are relative to the index set: 7° = {1,...,p}\7T. I denote

aV b:=max{a,b} and a A b := min {a, b}.

1.2 Motivational Examples

The following example illustrates how CMRs involving nonparametrically specified CEF's
may arise from an economic model. Section 1.B contains additional motivational examples

such as partial and high-dimensional linear regression and discrete choice under uncertainty.

Example 1.1 (An Entry Game with Incomplete Information). Consider a simple
entry game where J firms consider entering a particular market. These firms may be thought
of as major US airlines deciding on whether to enter a particular large metropolitan airport.

Bajari, Hong, Krainer, and Nekipelov (2010) analyzed entry and more general static, discrete
10



games under incomplete information. This example builds on their Section 2.1. Each firm
j € {1,...,J} must choose an action a; € {0,1}.? Let A; = 1 denote the decision to enter
a particular market and and A; = 0 the decision not to enter the same market. At the
time of decision, the payoff- and belief-relevant state variables V' and W, respectively, are
publicly known. In the airline industry example, these variables could include the nearby
population or publicly available measures of airline operating costs. Each firm also holds
private information ¢; = (¢; (0) , &, (1)), which may be thought of as capturing shocks to the

firm’s own profitability. Firm j’s (ex post) payoff from choosing a; € {0,1} is
uj (aj,a—j,v) = m; (aj,a—;,v) +&; (a;) .

Note that the payoff of a firm j is allowed to depend on not only their own action a;
but also on the actions of others, a_; = (ai,...,a;_1,aj41,...,a;). This feature makes
the model one of strategic interaction. Let the private information ¢; = (¢, (0),¢, (1)) be
distributed according to some cdf F' (g, £1; ) independently across firms and independently
of the public state variables, where F' is known up to the parameter ~,. Parameterize the

“deterministic” part of the payoff as

UT00+5OZk¢jak; a; = 1
O, a; = O,

T (aj,a_j,v) =

thus normalizing this part of the payoff zero when the firm chooses not to enter. Suppose
that the researcher observes actions A = (Ay,...,Ay) of all firms and the public state
variables (V,W). Suppose further that the game is played according to a Bayesian Nash
Equilibrium (BNE), such that every firm maximizes their expected payoff given their beliefs,
and everyone’s beliefs turn out to be correct. Then in a BNE the conditional entry probability

of firm j equals

P (A = 1V, W) =G (Vb + 0 3 P (A = 1|W)i9),
k#j

where G (u;7) = [1(g0 <u+¢e1)dF (€9,€1;7). The previous display rearranges to the
CMR

E[Aj - G<VT00 +60 > P (A =1|W) ;70) ‘V, W] — 0. (1.2.1)
k#j

2This example may to some extent be extended to allow for a more general static discrete game with
incomplete information similar to Bajari et al. (2010, Section 2).
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The implied residual for firm j, A; — G(V'0 + 53, ;P (A, =1|V,W);7)] depends on
the J — 1 conditional expectations E (Ax| W) = P (A, = 1| W), i.e., the conditional entry
probabilities of firm j’s competitors. In the special case where {¢; (aj)}ajvj are distributed

Type 1 extreme value independently across both actions and firms and independently of the

public state variables, the conditional entry probability of firm j takes the logit form,

P(A; = 1|V, W) = logistic [VTQO +5OZP (A = 1| W)]>
k#j

where logistic (u) = e*/ (1 + e*). The previous display rearranges to produce the CMR

B{ 4;  logistic|V 70y + 3y Y P (Ay = 1] W) | )v, wh=o. (1.2.2)
k#j

(See Appendix 1.B and in particular (1.B.3) for the analogous expression in a single-agent
discrete choice model.) Regardless of the choice of distribution, one may have misspecified
the payoff function, omitted payoff- or belief-relevant state variables, or settled on the wrong
distribution for the private information. In addition, one may have chosen to work with an

inadequate equilibrium concept.
The following example is a high-dimensional analog of Example 1.1.

Example 1.2 (A High-Dimensional Model of Entry with Incomplete Information).
Suppose that instead of maximizing their expected payoff, each firm maximizes their projected
payoff given very many state variables (V, W). Projected payoff maximization may occur,
for example, if firms are boundedly rational. Then in a “Bayesian” Nash equilibrium where
all firms maximize their projected payoffs subject to their beliefs, and all beliefs turn out

correct, the conditional entry probability of firm j takes the form

P (4 = 1V, W) = G(V b+ 3 L (A W)i9),
k#j

where L (Ax| W) = WTh, is the best linear predictor of Aj given W with coefficients
given by hy, = [E(WW N]IE(W A,). Interacting the implied residual by the vector X =
(VT,WT)T of ¢ instruments, we arrive at the UMRs

B{[4; = G(V70+ 80> W hiin) | X} = 0r.
k#j

12



1.3 Overview

In this section of the paper I informally present the test procedures developed in this paper
and provide an overview of the main results. Sections 1.4 and 1.5 contain a more technical

presentation of these results and the assumptions under which they are proven.

1.3.1 Overview: Semiparametric Conditional Moments

The null hypothesis is the CMR E[p(Z, B, h. (W))| X] = 0,2 where p denotes a residual
function capturing the econometric model, Z denotes all observables, 3, € R? a parameter,
h, (W) :=E (Y| W) is a nonparametrically specified conditional expectation depending on a
vector W of regressors, and X is a vector of conditioning (instrumental) variables including
W. Both B, and X (thus W) are treated as objects of fixed and low dimension. For the
ease of presentation, h, is here treated as real-valued, although the theory readily extends
to cover the case where h, (W) represents a vector of conditional expectation functions (cf.
Section 1.F.1).

Following Bierens’s (1982) approach to specification testing in regression models, I con-
vert the single CMR E [p (Z, B., h. (W))| X] = 0 into a possibly infinite collection of UMRs,
Elp(Z, Be,he W))w (t,X)] =0,t € T, where w and T denote a weight function and index
set suitably chosen by the researcher (see Stinchcombe and White, 1998). Applying a func-
tional to the function ¢t — E[p (Z, B., he (W))w (¢, X)], one may aggregate these UMRs. For
simplicitly, I focus on the case where 7T is operated out by integrating the squared deviations
from zero against an appropriately chosen continuous distribution function g on 7, such that
the null holds if and only if

IE[p(Z, Be, b (W) w (-, X))l ?:/T{E (0 (Z, B he (W) w (£, X)]}* dpa () = 0.

Given a random sample {Z;} of size n and estimators B and ﬁ, the previous display suggests

basing a test of the null hypothesis on the feasible sample analog

where I have scaled by y/n in anticipation of an application of a central limit theorem. When
o(Z;, B,/f; (W;)) is the nonlinear least squares residual Y; — f(X, 3), the previous display
becomes the ICM test statistic of Bierens and Ploberger (1997).

3Throughout this section I omit the qualifier “with probability one” in making conditional statements.
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I take a series approach to estimation of h,, which is motivated by the fact that h, is a
CEF with a small number of arguments. Its estimator h may therefore be constructed using
standard regression tools.

I show that the stochastic process n=1/2 3" [p(Z;, B, h (W:))w (-, X;)] driving the behav-
ior of the test statistic T;, is asymptotically equivalent to a process \/nE, [f. (-, Z;)], where the
summand f, (¢, Z;) involves two adjustment terms due to estimation of 3, and h,. The prob-
abilistic behavior of T, may therefore be approximated by that of |[n /23" | f, (-, Z)||%,
Under the null, by means of a functional central limit theorem (FCLT) I show that n=1/23"" |
f«(+, Z;) converges in distribution to a zero-mean Gaussian process G. The continuous map-

ping theorem then implies

LGl = [ Go due

The limiting null distribution cannot be tabulated. To obtain critical values I make use of
a multiplier bootstrap. To fix ideas, let &,i € {1,2,...}, be i.i.d. standard normal and

independent of the data, and define the multiplier process

Gy, (t) = Z&{f*tZ E.[f.(t.Z)]}, teT,

Given that /nE, [f. (-, Z;)] satisfies a FCLT, so does the multiplier process (conditional
on the data). Under the null, the integrated squares of the multiplier process converge in
distribution to those of the null process. Consequently, for a given significance level a € (0, 1)

one may use as a critical value
¢ (@) = (1 — o) -quantile of [|G}[|2 , given {Z;}].

However, the function f. is generally unknown, which renders ¢} («) infeasible. I show
that replacing f. by a feasible analog f is asymptotically equivalent to knowing f,. As a
result, one may construct a feasible critical value ¢ («) using the previous two displays by
(1) substituting ffor [+, and (2) simulating the multipliers {¢;}] holding the data constant.
The main results of this section are that the test that rejects the null if and only if T,, > ¢ («)

is asymptotically of size & and consistent.

1.3.2 Overview: High-Dimensional Unconditional Moments

The null hypothesis is that E[p(Z, 8., W h,)X] = 0,x1, where p denotes a residual func-
tion capturing the econometric model, Z denotes all observables for a single observation,
14



B, € R% is a low-dimensional parameter, and W h, is the best linear predictor of Y based
on a random vector W of p “regressors,” and X is a random vector of ¢ instruments.* The
moments E[p(Z, 8., W h,)X] are “high-dimensional” in two ways as I allow both the number
of regressors p and the number of instruments ¢ to grow with as well as potentially greatly
exceed the sample size n available to the researcher. Best linear predictors may occur in
econometric models due to bounded rationality or as flexible, linear approximation to com-
plex, nonlinear conditional expectation functions. Although an extension to multiple best
linear predictors is theoretically possible (see Section 1.F.2), for simplicity of notation of
notation I here consider the case of a single best linear predictor.

Given an i.i.d. sample {Z;}] of size n and estimators B and ﬁ, the null hypothesis may be
heuristically tested by inspecting whether n=*>"" | p(Z;, B\ , I/VZ.TE)Xi ~ 041, or, equivalently,

using the maximal deviation from zero, whether

n

1 SO
- > o(Zi, B, W,Th) Xy
=1

~ 0.

max
1<k<q

An intuitively appealing test statistic T is therefore defined by

T := max

1<k<q ’

1 & PO

where I have scaled by /n in anticipation of an application of some central limit theorem to
be discussed below.

When h, is high-dimensional, the number of free parameters exceeds the sample size,
and one must necessarily make use of some machine learning method (e.g., regularization
methods such as the Lasso or Ridge regression) to estimate h,. In the context of two-step
semiparametric estimation, Belloni et al. (2012) (henceforth: BCCH) and Belloni, Cher-
nozhukov, and Hansen (2014b) have shown that when using a machine learning estimator in
a first step, in order to obtain valid inference about parameters of interest it is important to
use locally robust moments. Moments are said to be locally robust (to the first step) when
they have a zero derivative with respect to the first step (see, e.g., Chernozhukov, Escanciano,
Ichimura, and Newey, 2016).° The findings of BCCH and Belloni et al. (2014b) apply to the

4These “regressors” may be technical in nature in in the sense of being generated as (many) transfor-
mations of underlying basic regressors. Similarly, the instruments may have been generated by underlying
conditioning (i.e., instrumental) variables.

5Some authors refer to locally robust moments as debiased, first-order insensitive, immunized, Ney-
man orthogonalized, or simply orthogonalized moments (see Chernozhukov et al. 2016 and Chernozhukov,
Chetverikov, Demirer, Duflo, Hansen, Newey, and Robins 2017). I use these terms synonymously.
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present context of specification testing, where the “parameter” of interest are the moments
themselves. I therefore transform the original moment functions to ensure local robustness.

Locally robust moment functions (LRMFs) may be constructed by adding to the orig-
inal moment functions terms that adjust for estimation in a first step. In this paper the
adjustments are done moment by moment.5 The LRMFs thus created are equal in mean to
the original moment functions, which makes them equally suitable for specification testing.
However, the resulting orthogonalized moments are less insensitive to estimation of h,.

Given that each of the very many moments are adusted for estimation of very many pa-
rameters, the orthogonalization procedure leading to the LRMF's introduces a high-dimensional
number of nuisance parameters to be estimated.” However, the LRMFSs are constructed in a
manner that also ensures local robustness with respect to these additional nuisance param-
eters.

Denote the ¢ LRMFs by 1, (z, Bs, w " he,w " pirs), k € {1,..., ¢}, where iz, denotes moment-
specific orthogonalization parameters. Further endowed with an estimator of the px.’s, the

null hypothesis may now be tested using the locally robust test statistic

T = max
1<k<q

1 & PN .
ﬁ Z%(Zia B, WiTh7 WI/%)‘ .
=1

In this paper I estimate both h, and pu, using Lasso procedures. Under some assumptions,
which include an approximate sparsity condition, I show that that the probabilistic behavior

of T' may be approximated by that of a random variable T, taking the form

T, = max

1<k<q ’

% > e (2)

where each summand fy. (Z) has finite variance and is mean-zero under the null. The
finite-sample distribution of T, cannot be tabulated due to its dependence on the generally
unknown fz,’s. To obtain critical values I therefore employ a Gaussian multiplier bootstrap.

To fix ideas, let {¢;}] denote i.i.d. standard normal random variables independent of the

data and define the Gaussian-symmetrized version W, of T, by

W, = max
1<k<q

% > he (206

6See Chernozhukov et al. (2017) for an alternative orthogonalization procedure that adjusts all moments
simultaneously.

"The same comment applies to the orthogonalization procedures in Chernozhukov et al. (2017).
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Under the null, 7, equals the maximum of an exact average of mean-zero vector. I may
therefore rely on a Gaussian approximation, or “high-dimensional central limit theorem,”
and approximate quantiles of T, by the corresponding conditional quantiles of W, conditional
on the data {Z;}} (see Chernozhukov, Chetverikov, and Kato, 2013). Hence, if the fi.’s
were known, then one may obtain a critical value by simulating the multipliers {;}} and
calculated the desired quantile of W, holding the data constant. This method for obtaining
a critical value is sometimes referred to as the Gaussian multiplier (or Wild) bootstrap.

While the fi.’s are unknown in general, a feasible critical value arises from replacing
the unknown f,’s by consistent estimators fk’s. For given fk’s, one may define the feasible
analog W of W, by

W = max
1<k<q

1 >
— Z;) &
Hence, for a given significance level a € (0, 1), a feasible critical value ¢y () is given by
ow (@) = (1 — «) -quantile of W conditional on {Z;}] .

Building on results in Chernozhukov, Chetverikov, and Kato (2013) for the Gaussian multi-
plier bootstrap, I show that this critical value leads to uniform size control in the sense that

as n — oo and possibly p = p, — n and ¢ = ¢, — o0,

sup |P(T > ey (a);Hp) —a| <Cn™¢ =0

a€e(0,1)
for some ¢ > 0 and C' > 0 independent of n. In particular, the previous display implies
that the test that rejects if and only if 7" > ¢y («) is asymptotically of correct size. For
given estimators {f}?, the critical value ¢y (o) may be calculated via simulation of the
Gaussian multipliers {&;}7. An novel feature of this size control result is that it does not rely
on knowledge of the limiting null distribution of 7T". In fact, the test yields approximately
correct size in finite sample even in settings where the limiting null distribution of T is
complicated, unknown, or fails to exist (even after suitable standardization).

To quantify the degree to which the null is violated, define
_ T
vy = max [E [p (2, 8., W h.) X[

(Here v connotes “violation.”) I show that the test that rejects if and only if T > ¢y («)

is consistent for any alternative satisfying v, 'In(¢) /y/n — 0. Failure of the condition
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v;l In (¢) /+/n — 0 may be interpreted as the alternative being “too local” to the null or that

the instruments X are “too weak.”

1.4 Semiparametric Conditional Moment Models

In this section I formally present my main results on specification testing in a class of semi-

parametric CMR models.

1.4.1 Null Hypothesis

The null hypothesis is
Ho: 360 € Bs.t. E[p(Z,8,h. (W))| X] =0 as. at 8= [y,

where p is a residual function which depends on data Z, a finite-dimensional parameter J
belonging to a given parameter space B C RY, and a vector of conditional expectations
h. (W) =E(Y|W), and X is a collection of conditioning variables, which includes W as a

subvector. The alternative hypothesis is the negation of the null,
Hy:VeB:PE[p(Z 5,h.(W))|X]=0)<1.

The vector Z includes both Y and X (and thus W) as subvectors. The dependence on
elements of X in p may be trival, thus allowing for the presence of excluded exogenous
variables, i.e., “instrumental” variables. The model, which is implicit in the residual, may be
semiparametric as long as the infinite-dimensional component is composed by CEFs. This
structure is fairly common as illustrated by the range of examples in Sections 1.2 and 1.B.
While econometric models typically involve multiple conditional expectations (see Examples
1.1, 1.7 and 1.8), to simplify the presentation and ease notation I will here focus on the case

where h, (W) is scalar valued. The discussion of vector-valued h, (W) is deferred to Section
1.F.1.

1.4.2 Recasting the Null Hypothesis

In this section, through a sequence of steps, I transform the null hypothesis into an equivalent

expression which suggests a test statistic.
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1.4.2.1 Recasting using Pseudo-True Parameters

As a first step, let 3, in B be such that (a) 8, may be consistently estimated (irrespective
of the null being true or not), and (b) 5, = fy under the null. Because [, agrees with /3,
under the null, B, is called a pseudo-true parameter, or the pseudo-truth for short.® Using

the pseudo-truth we may rewrite the null as
Ho: E[p(Z, B, he (W) X] =0 as.
The following example illustrates how one may obtain a pseudo-true parameter.

Example 1.1 (continued) In the entry game, denote X == (V,W) and let r(X) be a
(dg + 1+ d.,)-vector of instruments generated by the state variables V' and W. Appealing to
the CMR (1.2.1), a pseudo-truth g, = (6., d, 7«) may be taken as the assumed unique root
of the map

(0,6,7) — E{ [A - G(VTe +6Y P (A =1W) ;7)]7‘ (X)}, (0,6, ~) € Réot1+dy
k#j

A root of such a map exists under regularity conditions. Uniqueness amounts to an identi-
fication condition. To see that (3, is pseudo-true, suppose that the null hypothesis holds for
this model. Then there exists 3y = (0, d0,7g )" such that

E[A - G(VTGO +30 S P (Ap=1|W) ;%ﬂv,w] —0.
k#j

The uniqueness assumption and iterated expectations therefore shows that g, = [y under
the null. Building on the general framework developed by Newey (1990), Bajari et al. (2010)
provide conditions under which a two-step GMM estimator of (3, based on nonparametric

(sieve) first-step estimation of conditional choice probabilities is \/n-asymptotically normal.

Remark 1.1. The assumption of the existence of a unique pseudo-true parameter (3, implicitly
invokes a point identification condition for Sy under the null. A weaker condition would be
to require that the parameterization of the model is partially identified under the null as
in, e.g., Santos (2012), who studied inference in nonparametric instrumental variables with
partial identification. If £, is allowed to be partially identified under the null, and belongs
to the potentially non-singleton identified set By C B, then one needs to find a potentially

8There may be more than one option for a pseudo-true parameter, cf. the continuations of Examples 1.8
and 1.1 below. Here I assume that the researcher has settled on a particular option.
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non-singleton subset B, of B such that B, = By under the null. While I consider allowing

for partial identification an important extension, I do not pursue it at present.

1.4.2.2 Recasting using the Nuisance Parameter Approach

To make further progress towards operationalizing the null, let X := supp (X) denote the
support of the conditioning variables X, and let w : T x X — R be a known function with
the property that for any integrable random variable V|

E(V|X)=0as. if and only if E[Vw (£, X)] =0 for all t € T. (1.4.1)
One may then express the null as
Ho: E[p(Z, B, he (W))w(t,X)|=0forallt e T. (1.4.2)

The weight function w allows us to transform a single C'MR into a possibly infinite collection
of UMRs indexed by the “nuisance parameter” ¢ through the weight w(t, X). While an
extension to unknown but consistently estimable weight functions and nuisance parameter

spaces is possible, I treat both of these quantities as known.

Remark 1.2 (On the nuisance approach, direct and indirect tests). The “nuisance parameter
approach” dates back to Bierens (1982) and was considered by, e.g., Bierens (1990); Bierens
and Ploberger (1997); Stinchcombe and White (1998); and Santos (2012). In the language of
Stinchcombe and White (1998), {z — w(t,z)|t € T} is a collection of “test functions,” which
are chosen such that they have the ability to “reveal” departures from zero of the function
Elp(Z, By, he(W))| X = -] under the inner product (fi, fa) = E[f1(X) f2(X)].

A direct test of the null hypothesis (1.4.2) involves estimating the conditional expecta-
tion of the residual x — E[p(Z, Bs, h.(W))|X = z] and checking whether or not the result
is the zero function. This method is sometimes referred to as the “nonparametric approach”
(Stinchcombe and White, 1998)) or the “kernel-based approach” (Fan and Li, 2000). In con-
trast, the nuisance approach focuses on estimating the residual function z +— p (2, By, hs (w))
itself, which yields an indirect test of the null hypothesis. Focus on the residual function

itself instead of its conditional expectation is justified by the law of iterated expectations
Elp(Z Behe W))w(t,X)] =E{E[p(Z, B, he (W))| X]w (t, X)} forallt € T

and property (1.4.1) of the weight function w. The nonparametric approach works because
it rests on a class of functions which can approximate any function. The nuisance approach

works because it rests on a class of functions whose span can approximate any function
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(Stinchcombe and White, 1998, p. 298).
Under suitable asssumptions, the function ¢t — E[p(Z, B, he (W))w (t, X)] is square

integrable with respect to some absolutely continuous, strictly positive, finite measure p on

T. Equation (1.4.2) then allows us to recast the null as
Ho: [ (Blp(Z,8he (W))w (X)) du () =0, (143)
-

1.4.3 Test Statistic

Granted a random sample {Z;}7, (1.4.3) suggests statistics of the form:

ﬁmmmamﬂwmwm&m%mw (1.4.4)

Such statistics were considered by Bierens (1982; 1990) and were by Bierens and Ploberger
(1997) later named Integrated Conditional Moment (ICM) test statistics. These statistics
also resemble the Cramér-von Mises criterion for judging the goodness of fit of a given CDF
compared to the empirical distribution function. Different options for the probability measure
w are available. However, Andrews and Ploberger (1994) have shown that the uniform prob-
ability measure on 7 is optimal in the sense of maximizing average local power (as defined
by the same authors). Applying a different functional to t — E, [p (Z;, Bx, he (W;)) w (¢, X;)]
than an L2-norm would yield an alternative test statistic. For example, the supremum norm

implies the equally valid test statistic

Sup [V [p (Zi, B, b (W) (1, XG)]].

However, some choices of (i, T) allow for calculation of the test statistic in closed form.
While the statistic in (1.4.3) cannot be used for testing due to its dependence on the
unknowns S, and h,, further endowed with estimators B\ and E, one may construct the test

statistic
7 [ (Vi [o(Z B R0V (0. X0] } du 1) (1.4.5)

To control the influence of estimation of B\ , I make

Assumption 1.1 (Parametric Estimator). For each n € N,B s a random element of
B C R?, where B is a compact subset of RY. Further, there exists s, : Z — R? such that

V(B — B.) = VB, [s. (Z:)] + op(1), (1.4.6)
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where B, is interior to B, and s, (Z) is mean zero and square integrable.

Assumption 1.1 requires that B is confined to a compact set and that the centered and
scaled estimator B is asymptotically linear with influence function s.. Given the assumption
of asymptotic linearity, B must eventually belong to a shrinking neighborhood of f,, and the
assumption of compactness may be relaxed.

Asymptotic linearity is a high-level condition. However, as illustrated by Example 1.3 be-
low, for particular classes of estimators it is possible to obtain asymptotic linearity through
more primitive assumptions. While primitive, easy-to-verify conditions are desirable, As-
sumption 1.1 leaves freedom in choice beyond the two-step GMM estimator of Example 1.3.
For example, (1.4.6) allows for other or more general two-step (or multi-step) estimation
procedures, such as two-step extremum estimation. Such procedures typically estimate the
nonparametric component in a first step, use its estimate to contruct a criterion function,
and maximize or minimize over 3 in order to produce a second-step estimator B . Specifi-
cally, one may let B be a sieve minimum distance (SMD) estimator (Ai and Chen, 2003) or

a penalized sieve minimum distance (PSMD) estimator (Chen and Pouzo, 2009; 2012).

Example 1.3 (Asymptotic Linearity of Two-Step GMM). Suppose that g, satisfies
Em(Z, B, he (W))] = 04x1 with h, (W) = E(Y|W) scalar. Define 3 as the minimizer of
B+ ||E,[m(Z:, B, h (W;)]||2, where h is some nonparametric estimator of h,. The estimator
B is known as a two-step GMM estimator based on a nonparametric first step. Newey
(1994, Lemma 5.3) provides conditions under which such a two-step GMM estimator of f,
based on a nonparametric first step is \/n-asymptotically normal.® An inspection of Newey’s
proof reveals that the same set of conditions yield the slightly stronger result of asymptotic

linearity. Specifically, under Newey’s conditions
VB = 8) = — (MTM.) ™ Mor/RE, [m (Z, B he (W) + 0 (Z)] + 00 (1), (147)

where M, = E [0gtm (Z, 8., h. (W))] is a Jacobian term, and «, is an adjustment to the
moment function due to estimation of h,. Because h, is a CEF, Newey (1994, Proposition 4)
shows that, irrespective of the choice of nonparametric estimator, the adjustment is of the

form

o, (2) = [y — by (0)] 0, (W), 8, (W) =E[0ym (Z, B, he (W))|W] € R (1.4.8)

9Newey (1994) studies the more general framework, where the nonparametric component h, need not be
a CEF, and the moment functions may depend on the entire function h, (-) and not necessarily just their
values h, (w).
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The influence function is therefore given by
—1
Se(2) = — (MJM*) M, {m (z, Bs, hs (0)) + 0. (W) [y — ha (w)]},

with &, provided by (1.4.8).' When the moment function m (z, 3, h, (w)) depends on the
values of a wvector of CEFs hy = (hy,...,hp.) given by he (we) = E(Ye| Wy = wy), then
Newey (1994, p. 1357) shows the total adjustment to the moment function is given by

adding up the individual adjustment terms,

@ (2) = an(2) =Y [y — ho (we)] 6 (wy),

5o (W) = B[y (Z, B, e (W))| W], (1.4.9)

where 0,, denotes differentiation with respect to the value of hy,.

In what follows I use (1.4.7) and (1.4.9) to derive the influence function of two-step GMM

estimators based on Example 1.1.

Example 1.1 (continued) Denote X := (V,W) and suppose for the sake of illustration
that the ¢, (a;)’s are Type 1 Extreme Value distributed independently across firms and
actions. Let r (X) be a (dg+1)-vector of instruments. Let 3 = (5, §) be a two-step GMM esti-
mator based on the moment function m(z, 3, h.(w)) = [a;—logistic(v' 6+ > ki T (W) ()
and some nonparametric estimators of hy, (W) = E (Ag| W) =P (Ax = 1| W),k # j. Using

the notation of Example 1.3, differentiation implies that

M, = —E{f(VTg* +6.3 b (W) >7° ) VS b (W)] }
k5 k#j
Se (W) = —0,E [f (vTe* +6.3 e (W) )7" (X) (W} .
k#j

where f :=logistic(1 — logistic) denotes the partial derivative of the logistic function. Given
that the hy. (W)’s, k # j, enter the residual only through their sum, oz, (W) does not depend
on k. Using (1.4.7) and (1.4.9), it therefore follows that

Se(2) = — (M*TM*)_1 M*{[aj — logistic(v ' + (52 P (w))]r(x)
k#j

10See also Chen, Linton, and Van Keilegom (2003), who extend Newey’s (1994) results on two-step GMM
estimation to allow for nonsmooth moment functions.

23



- 5*E[f(vT9* +6.3 hu (W))r (X) ]W - w} S g — e (w)] }

ki j k]

To control the influence of estimation of h,, I employ a series approach. For any nonneg-

ative integer k, let

w = P (w) = (pix (W), ..., prs ()

be a k-vector of known approximating functions {p;z|j € {1, ..., k}} which may change with
k. Then the series estimator h = hy, of h, is the regression function w — pk» (w)" 7 arising
from a regression of Y; on p* (W) using observations i € {1,...,n}, where {k,};° denotes

a sequence of positive integers satisfying k, — 0o as n — oo, T the regression coefficients
7= 7, = {Ea[p™ (Wa) o (W) T} Ea o™ (W) Y,

and ()~ represents the (unique) Moore-Penrose generalized inverse of a matrix.!! The esti-
mand h, may be viewed as the (essentially unique) projection of ¥ onto G = { g| E[g (W)?] <

oo}, the space of all measurable functions of W = w with finite mean-square,

h, = argmin E{[Y — ¢ (W)]?}.
g€y
Define G, := {p""n|mr € RF}. Under the conditions stated below, each G is a finite-

dimensional subset of G. The estimator & is the sample projection onto G, 2

h € argmin E, {[Y; — g (W,)]?}.

9€Gk,

The idea of series estimation is that h should approximate h, provided k, is allowed
to grow with the sample size n. Essential to this approximation are the requirements that
(i) each pjx,j € {1,...,k}, belongs to G, and (ii) that the functions {p;x|j € {1...,k}}
span G as k grows without bound, in the sense that for any g € G, k can be chosen large
enough to ensure that there exists a linear form p* ' € G, which is arbitrarily close to g in
mean-square. When (i) holds, the coefficients 7 may be viewed as an estimate of

i, = {E[p (W) p (W) T} B (W) Y] = {E[p" (W) p™ (W) '} 'ER* (W) he (W)],

n

UThe choice of generalized inverse is asymptotically irrelevant, as the matrix E,[p* (W) p* (W;) ] is

asymptotically nonsingular (under the conditions stated below).

12Under the conditions stated below, the problem “minimize E, {[Y; — g (W;)]?} subject to g € G, ” will
asymptotically have a unique solution.
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i.e., the coefficients arising from the mean-square projection hy, = p* "m of h, onto Gy,
and T estimates hy,. Under (ii) hy, approximates h,, so when both (i) and (i) hold, & ought
to be close to h,. For detailed discussions of the properties of least-squares series estimators,
see Newey (1995; 1997), Chen (2007), and Belloni, Chernozhukov, Chetverikov, and Kato
(2015).

1.4.4 Limiting Behavior of Test Statistic

In order to characterize the asymptotic behavior of T},, I impose the following assumption

on the choice of weight function.

Assumption 1.2 (Weight Function). The function w : T x X — R is continuous and
bounded, and has the property (1.4.1) for some nonempty, compact subset T of R%*. More-
over, for each x € X, t1,ts € T,|w (t1,2) —w (t2,2)| < C||t; — Lo -

Bierens (1990) showed that if X is a bounded random variable, then (1.4.1) holds for
w (t,x) = exp (z"t) provided T C R% is of positive Lebesgue measure (e.g., T = [0, 1)%),
where d, denotes the dimension of X. Bierens also showed that the boundedness requirement
is innocuous: for any X unbounded we may choose w(t, z) = exp[®(x)"t] for some bounded,
one-to-one transformation ® : R% — R9%. The one-to-one property of ® ensures that
conditioning on X and ®(X) are equivalent, i.e., there is no “loss of information” in using
®. An application of the mean value theorem shows that the Lipschitz requirement in
Assumption 1.2 holds for any such ®. Stinchcombe and White (1998) provided several other
examples of weight functions and index sets satisfying (1.4.1). In particular, Stinchcombe
and White (1998, Corollary 3.9) showed that for t = (t5,;) € R!% and G : R — R
analytic and nonpolynomial, the function w(t, z) == G(to + ® (x) ' t1) satisfies (1.4.1) for any
T C Rt of positive Lebesgue measure. (See their paper for definitions.) Additional valid
choices may be found using Bierens and Ploberger (1997, Theorem 1) with its addendum in
Bierens (2016, Chapter 5), and Stinchcombe and White (1998, Theorem 3.10).

I next impose conditions on the residual function. For this purpose, let Z = supp (Z)
and W := supp (W).

Assumption 1.3 (Residual). The residual function satisfies:

1. For each z € Z,v € R, > p(z,5,v) is continuous on B and continuously differ-
entiable on an open neighborhood N, of B.. Moreover, there exist ¢ € (0,00) and
L, : Z — R integrable such that for each z € Z,3 € N,,v € R,

1050 (2, 8,0) = 9p (2,8, he (W))|| < Ln (2) [0 = s (w)]".
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2. For each z € Z,v — p(z,fs,v) is continuously differentiable on R. Moreover, there
exists v € (0, 1], such that for each z € Z,v € R,

10up (2, B, v) = Oup (2, Bey b (w))| < R (2) [0 = ha (w)]7,
where E[R (Z)] v/nl[h — b7 —p 0.

3. |p (Zv ﬂ*a h* (W))|f SupBEN*

Dsp (Z, B, he (W) and |0pp(Z, Bs, b (W))|? are integrable.

Assumptions 1.3.1 and 1.3.2 involve smoothness conditions which allow for a linearization
around (fs, hs) to extract the dominant component of test statistic. The assumption of
everywhere differentiability may be relaxed to accommodate nondifferentiable residual (as in
quantile regression) or even discontinuous residuals (as in Pakes and Pollard, 1989 and Chen
et al., 2003). While I consider extensions to nonsmooth residuals of great value, I leave them
for future research.

Assumption 1.3.2 generally requires h to converge to h, sufficiently fast with respect
to the supremum metric. If v = 1 (the leading case), then for \/ﬁ||/l{ — Y —p O it
typically suffices that the convergence rate is o(n~'/*). This rate requirement often boils
down to assuming that the estimand is sufficiently smooth. To illustrate, suppose for the
moment that (i) h, belongs to a Holder ball (s, L, W) with Holder exponent s, radius
L, and domain W; and, (ii) I achieves the Stone (1982) optimal rate of convergence with
respect to the supremum metric, i.e., ||ﬁ — hy|lw Sp n¥/s+w) (up to a Inn factor). Then
n~s/2s+dw) — o(n~1/4) is equivalent to s > d, /2. In words, when vy = 1, the linearization-
in-h requirement holds whenever the target function h, is sufficiently smooth relative to its
number of arguments. Allowing for a general v € (0, 1], the requirement becomes sy > d,, /2.
Thus, what matters is the composite smoothness sy, which is given by the smoothness s of
h, scaled by the smoothness v as h, passes through the residual function.

While the previous assumptions allow for gemeral nonparametric estimation methods,
the following regularity conditions are tailored to series estimators. The first assumption
is prevalent in the series estimation literature (see, e.g., Stone 1985; Newey 1994,1997; and
Belloni et al. (2015)).

Assumption 1.4 (Variance). var(Y|W) is bounded.

The second assumption imposes regularity conditions on the approximating functions in

pk = (p1k7 ce 7pkk)T‘

Assumption 1.5 (Eigenvalues). The eigenvalues of E[p* (W) p* (W) "] are bounded from

above and away from zero uniformly over k € N.
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Assumption 1.5 imposes a condition on the design matrix,
Qu = Ep"(W)p*(W)"], (1.4.10)

which, loosely speaking, requires that the “regressors” pix(W;), ..., pr(W;) are not too co-
linear. It may be necessary to apply a nonsingular linear transformation of the approximating
functions in order to satisfy the requirements of Assumption 1.5. Note that such nonsingular
linear transformations do not alter the estimator. If power series are used as approximating
functions, then these may be orthonormalized with respect to some weight function. Simi-

larly, B-splines may be used in place of ordinary splines in order to lower multicollinearity.

Example 1.4 (Stability of Bounds on Eigenvalues). If the W has distribution F,
and the {pjk}?zl are orthonormal on (V,v) for some measure v, then Assumption 1.5 holds
provided dF'/dv is bounded from above and away from zero (Belloni et al., 2015, Proposition
2.1).13 For example, if W is continuously distributed on V and {pjk};?:l are orthonormal with
respect to Lebesgue measure on V, then for Assumption 1.5 to hold it suffices that the density
of W is bounded from above and away from zero. Specifically, if W is uniformly distributed
on [—1,1], then an orthogonalization of the power series w + pjy. (w) =w/™ j € {1,...,k},

with respect to Lebesgue measure leads to the Legendre polynomials.4

Assumptions 1.4 and 1.5 are used to control the variance of the series estimator, but do
not provide control over the bias arising from approximating the unknown h, by a linear
form. The bias—or, approximation error—will be stated in terms of the supremum met-
ric. The following assumption restricts the quality of the approximation provided by the

approximating functions relative to this metric.

Assumption 1.6 (Approximation). h, is bounded. Moreover, there exists a constant
a € (0,00) such that for each k € N there is a T, € R® such that ||hx — hylw < k™ for the

linear form hy, = p* 7.

Assumption 1.6 is a high-level asssumption, but it is satisfied in many cases. The integer
a usually depends on the smoothness of h, and its number of arguments. When h, can
be viewed as a member of some smooth class of functions, then « is typically available

from the approximation theory literature. For example, if h, belongs to a Holder ball with

13Here dF/dv denotes the Radon-Nikodym derivative of F with respect to v.

14The jth order Legendre polynomial p; satisfies f_llﬁj (w)idw = 2/(2j+1),j € {0,1,2,...}. Or-
thonormal Legendre polynomials therefore follow from the formula p; = p;_1\/[2(j —1)+1]/2 =

ﬁj—l\/(Zj — 1) /2,] € N.
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Holder exponent s (sometimes referred to as h, being “s-smooth,” c¢f. Chen 2007, p. 5570),
then Assumption 1.6 holds with a = s/d,, provided p* is constructed using either power
series (see, e.g., Timan, 1963, Section 5.3.2; Lorentz, 1966, Theorem 8) or splines (see, e.g.,
Schumaker, 2007; DeVore and Lorentz, 1993).

Assumption 1.5 is a normalization that restricts the magnitude of the series terms. The
theory to follow will also require that the size of p* does not grow too fast relative to the

sample size, where size is quantified by
G = sup |[p* (w)]|. (1.4.11)
weWw

Bounds on (j are available for specific choices of approximating functions. For example, for
power series ¢, < k, and for regression splines ¢, < VE (cf. Newey, 1997). See also Belloni

et al. (2015, Section 3) for a comprehensive list of examples.

Remark 1.3 (Smallest Size of Approximating Functions). Given that the eigenvalues of Q)
are bounded away from zero (Assumption 1.5), Q,;l exists and has eigenvalues bounded from
above, such that E[p* (W) " Q;p* (W)] < CE[||p* (W)||?]. Given that E[p* (W) Qi 'pF (W)] =
tr{ Qi 'E[p* (W) p* (W) "]} = tr (Ii) = k, we must have

E[ll" (W)IIP] > (1/C)E* (W) Qi'p* (W)] = (1/C) k

Hence, under Assumption 1.5, one necessarily has (; 2 V'k, and VE is the smallest order of

size (j, for p*.

The probabilistic behavior of the test statistic 7,, depends crucically on the probabilistic
behavior of the stochastic process {v/nE.,[p(Zi, B, h(Wi))w(t, X,)]|t € T}. An expansion

around (., h.) shows that this process is asymptotically equivalent to the stochastic process

{VnE, [f. (t,Z)] |t € T}, where

Fo(t,2) = p (2, Bus ha (W) w (,2) 4 s (8) " 54 (2) + 0u (8, w) [y — ha (w)], (1.4.12)
b. (t) = Ew (¢, X) 0sp (Z, Be, he (W))], (1.4.13)
5. (£, W) = E[w (t, X) Bup (Z, Be, he (W))|W]. (1.4.14)

Here b, ()" s, (z) and 6, (t,w) [y — h, (w)] are adjustments to the (optimal) ¢th moment
function z — p (2, Bi, he (w)) w (t, ) due to estimation of f, and h,, respectively. The form
of the adjustment term due to estimation of S, follows from a mean-value expansion, with
b, (t) being the tth element of the Jacobian. The form of the adjustment term due to

estimation of h, is similar to the adjustment to the influence function of a two-step GMM
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estimation with a nonparametric first step (Newey, 1994; see also Example 1.3). Specifically,
the adjustment 6, (¢, w) [y — hs (w)] in (1.4.12) follows from the (1.4.8). The main difference
is that, while two-step semiparametric GMM estimation requires adjustment of the finite
number of moments used in defining the GMM criterion function, I here need to adjust
a possibly infinite collection of moment functions {z — p(z, fs, hs (w))w (t,2)|t € T} for
estimation of h,.

The following assumption imposes rate conditions whose primary purpose is to ensure the
errors arising from approximating the stochastic process {v/nE,[p(Z:, B, h(W;))w(t, X;)]|t €
T} by {/nE, [f«(t,Z;)] |t € T} are asymptotically negligible. For the purpose of stating

these conditions, define the mean-square projection coefficients

Thg = argr}rllgn E{p"(W) " — h,(W))?}, (1.4.15)
ok (1) = ar%;lgn E{[p"(W)"7 — 4,(t, W))*}, (1.4.16)

and their induced mean-square errors

rip = B{[p"(W) Tmpp — b (W)} = min E{[p"(W) T — h.(W)]2}, (1.4.17)
rap () = E{p* (W) Tmsp (t) — 6.6, W)} = min E{[p"(W) m —6.(t, W)]?},  (1.4.18)
RSy = E[[Ip"(W) Tmsp (-) = 6. (- W)IIF]. (1.4.19)

Assumption 1.7 (Rate Conditions). For a provided by Assumption 1.6,

ChonThn — 0, nr%vkn||r57kn||27 — 0, C,inkn In(k,) /n — 0,
kn 1/2
Ry, =0, Ry (/10 (/i) = 0. (D il ) (VEu/n+ k%) = 0.
j=1

Given that ¢ < (Z?Zl Ipjrll%,) /2, the latter rate condition ensures that Cx, (v/kn/n +
k%) — 0, which I use to argue uniform consistency. Note that the presence of (j in the rate
conditions requires one to use approximating functions that are bounded on W.

Observe that the mean-square error 7y, resulting from approximating h, by linear forms

1/2 - Such a condition would otherwise

is not required to go to zero at a rate faster than n~
require choosing k,, larger than what would maximize its rate of convergence—a phenomenon
referred to as “undersmoothing.” Instead Assumption 1.7 requires the product of ryj, and
the maximal approximation mean-square error ||rs, || to be o(n=1/2). This property arises

from the orthogonality property of mean-square projections, where, for the projections hy
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and 0y, (¢, -) of h. and J, (¢, -), respectively, the bias term E{d,(t, W)[hx(W)—h.(WW)]} is equal
to E{[0x(t, W) — 8. (t, W)][he(W) — h(W)]} for each t € T. As a consequence, if the family
{6, (t,)| t € T} can be sufficiently well approximated by linear forms, then there is no need to
“undersmooth.”® Newey (1994) shows that a similar feature arises in the context of two-step
GMM estimation with a first step based on series estimation of projection functionals.

The expression “sufficiently well approximated” can be quantified by assuming that {d.(t, -)|

t € T} belongs to a space of sufficiently smooth functions.

Example 1.5 (Undersmoothing and Smooth Functions). Suppose that h, € ¥(sp,, Ly,
W), a Holder space of functions on W with smoothness s;, > 0 and Lipschitz constant Ly,
and that . (t,-) € X (s, Ls, W) for all t € T, where X (s4, Ls, W) denotes a Holder space
of functions on W with smoothness s; > 0 and Lipschitz constant L;. If p* is constructed

using power series then

inf T =l < Ok,

sup inf [[p" ()" 7 — 0, (£, ) w < Ch*/%,
teT mERF

where the constant C'in the second equation does not depend on t. Hence, for nr3, ;. |75, |7 —
0 to hold it suffices that /nk, (sntsa)fdw_y Assuming for the moment that &, is chosen
to maximize the uniform rate of convergence of h to hy, i.e., k, =< né/@s+d) (up to a Inn
factor).’® Then /nky “*™*/® _ 0 if and only if n/2=(s+s)/@s+dw) _y 0 which, in turn,
is equivalent to s; > d,/2. Thus, if the functions d, (¢,-),t € T, are sufficiently smooth
(ss > dy/2), then one may indeed pick the number of series terms k, in a uniform rate

optimal fashion, and “undersmoothing” is unnecessary.
The previous assumptions suffice for the following lemma.

Lemma 1.1 (Asymptotic Equivalence). If Assumptions 1.1-1.7 hold, then for f. defined
in (1.4.12),

IVAE[p(Zi, B, B (Wi)w (-, X;) — ViEy, [fo (- Z)] ||+ = 0.

Lemma 1.1 shows that the stochastic processes {\/nE,|p(Z;, B, h(W;)w(t, X)||t € T}
and {/nE, [f. (t, Z;)] |t € T} are asymptotically equivalent. By the triangle inequality and

15While undersmoothing may not be necessary to achieve the claimed asymptotic approximation, it may
be “optimal” in the sense of minimizing the remainder resulting from this approximation as shown by Donald
and Newey (1994) in the context of partially linear regression.

16While the implicit logarithmic factor diverges to infinity with n, it will eventually be dominated by n°
for any ¢ > 0 and may therefore be ignored in this discussion.
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continuous mapping theorem, the lemma implies that the probabilistic behavior of T}, can
be approximated by that of ||\/nE, [f. (-, Z:)]||7 5-

Recall that a class F of real-valued functions f is called a Donsker class if the sequence
of empirical processes {\/n (E, —E) [f (Z,)]| f € F},n € N, induced by F—viewed as ran-
dom elements of the space of real-valued, bounded functions on F—converges weakly to
a zero-mean Gaussian process {G (f)| f € F} with covariance function E [G (f1) G (f2)] =
Elfi(Z2) f2(Z)]—E[fi (2)]|E|[f2(Z2)], f1, f2 € F (see, for example, van der Vaart and Well-
ner, 1996, pp. 81-82).

The same assumptions then also show:

Lemma 1.2 (Donsker Class). If Assumptions 1.1-1.7 hold, then F = {f.(t,) : Z —
R|t € T} is Donsker.

Lemma 1.2 implies that the sequence of stochastic processes { /n (E, — E) [f« (¢, Z))]|[t € T},n €
N—now viewed as random elements of the space of real-valued, bounded functions on
T——converges weakly to a zero-mean Gaussian process, i.e., t — /n(E, — E)[f. (¢, Z))]
satisfies a functional central limit theorem (FCLT). Noting that

Efe (t,2)] = Elp(Z, By he W) w (8, X)] + 0. (1) E [ (2)] + E {6, (6, W) [Y = b (W)]}
— Bp(Z, B, he (W) (2, X)] (1.4.20)
uniformly in ¢ € T, one obtains the asympotic behavior of the test statistic.

Theorem 1.1 (Asymptotic Behavior of Test Statistic). Let Assumptions 1.1-1.7 hold.
Then (1) under Hy

niL%me,

for a centered Gaussian process Gy with covariance function E[f.(t1, Z) f«(ta, Z)], t1,t2 € T;
(2) while under Hy,

ﬂWVSLﬁEM@ﬁwm@WMthH%ﬂ@>0-

1.4.5 Ciritical Values and the Multiplier Bootstrap

The asymptotic results of Theorem 1.1 cannot be implemented for inference without a con-
sistent estimator for the appropriate critical values. For this purpose, I employ a Gaussian

multiplier bootstrap procedure.
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By Theorem 1.1, the limiting law of T,, under the null hypothesis is given by ||G0||i72
To acquiring a consistent bootstrap it therefore suffices to estimate the law of the Gaussian
process Gy on T. Toward this end, let {§}]° be i.i.d. standard normal random variables
independent of the stream of data {Z;}]°. To fix ideas, consider the multiplier process G

defined by

Z t.Z), teT, (1.4.21)

where € := E, (&). By independence, the summands of G* are centered even if the f, (t, Z)’s
are not. The purpose of including £ in (1.4.21) is to take into account that the f.(¢, Z;) may
not be centered with respect to the empirical distribution even if the null is true. Rearranging,

this connection can be made explicit:

Gy (t) = Zsz{f*tz En [f (t, Z:)]} -

This sample-centering ultimately leads to less conservative critical values in finite sample by
correctly accounting for sample variation.

The following discussion requires the notion of weak convergence in probability. The
multiplier process G, is said to converge weakly in probability to G, written G} ~p ¢ G, in

£ (T),'" if their distance as measured by the bounded Lipschitz metric

dp (G, G.) = sup  |E[h(G})[{Z}1] - E[h (G
heBL1(£2(T))
goes to zero in probability.’® Given that F is Donsker (Lemma 1.2), the multiplier process
satisfies a “conditional FCLT” in the sense that G, converges weakly in probability to a
centered Gaussian process G, with covariance function (t1,t2) — E[f. (t1,2) f. (t2, Z)] —
E[f. (t1, 2)|E[f« (t2, Z)] (Kosorok, 2008, Theorem 10.4). Under the null, t — E[f.(t,Z)] =
Elp(Z, B, he(W))w(t, X)] is the zero function, and the covariance function of G, coincides
with that of Gy. Given that the two processes G, and G are Gaussian, they must therefore

be identically distributed under the null. This observation suggests using the critical value

¢ (@) = (1 — a)-quantile of ||G}]|2 , conditional on {Z;}}

ITFor detailed treatments of the topics of weak convergence, conditional weak convergence, and bootstrap-
ping empirical processes, see van der Vaart and Wellner (1996) and Kosorok (2008).

18Here BL; (¢°° (T)) denotes the space of functionals h : £>° (7) — R whose Lipschitz norm is bounded
by one, i.e., functionals satisfying ||h||g(7) < 1 and |k (f) = h(g)| < ||f — gl|7 for all f,g € £>°(T).
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to approximate
¢ (@) = (1 — @) -quantile of ||G,][?,

Of course, f, is generally unknown, which renders the above procedure infeasible. However,
endowed with an estimator s of the influence function s,, one may estimate f, and define

the bootstrap process G as the feasible analog of G,

n

G () ::%;(éi—g)f(t,&), LeT, (1.4.22)
F(t,2) = plz, B0 (w)w (t,2) +b(8) 5 (2) + 0 (t,w) [y — b (w)], (1.4.23)
b(t) = Enlw (t, X;) Dp(Zi, B, h (W), (1.4.24)
8 (t,w) = pt (w) " (Ealp™ (W2) p™ (W) ') " Ealp™ (W2) w (8, X:) Bop(Zi, B, (W),
(1.4.25)

Note that 0 (¢, ) is the regression function from a regression of w (t, X;) 8,p(Zs, B, h (W;)) on
pke (W;). Replacing the multiplier process with the bootstrap process, we arrive at a feasible

critical value
¢(a) = (1 — a)-quantile of ||@||Z2 conditional on {Z;}7 .

For a given significance level a € (0, 1), the critical value ¢(«) may be obtained through
simulation of the Gaussian multipliers {¢;}] holding the data constant, and integrating over
t € T. Moreover, for some choices of the weight function w and nuisance parameter space
T, both the test statistic T}, and ||G |2 5 are available in closed form.

The only potentially difficult part of this bootstrap procedure is constructing 5. For spe-
cific estimators, s can often be formed by obtaining a formula for s, and replacing unknown
components by estimates. For example, if s, is a function s (-, 5, h.) depending on (3, and
h., then we may construct s as 5(-) = s(-, B,/ﬁ) For such estimators it is possible to give
primitive conditions under which s is consistent for s,. However, at the level of general-
ity considered in this section it does not appear possible to do more than simply assume

consistency as in the following assumption.

Assumption 1.8 (Bootstrap Conditions). (1) For each z € Z, € N,,v — p(z,3,v)
is continuously differentiable on R. Moreover, there exists R' : Z — R, such that for each
z€ Z,8eN,,veR,

10up (2, 8,0) = Bup (2, B b ()| < B (2) (18 = Bell + [0 = P (w)])
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where E[R'(2)] v/il[i—h.[y = 0; (2) I13=s. ]z, 2 = 0; and, (3) o, v/Eu( /T 4k ) —
0.

For the additional rate condition in Assumption 1.8 to hold, we must necessarily have
GokY2* 5 0 as k — co. When the approximating functions satisfy ¢, =< vk (see Remark
1.3), (kY27 — 0 is equivalent to a > 1. If h, is s-smooth (see the discussion following
Assumption 1.6), then the latter requirement translates into the smoothness requirement
s > dy.

With the help of Assumption 1.8, we obtain the following equivalence result.

Lemma 1.3 (Bootstrap Equivalence). If Assumptions 1.1-1.8 hold, then |G — G= |1+ —p
0.

Lemma 1.3 establishes that the unknown character of f, is asymptotically irrelevant.
Given that G} converges weakly in probability to G, by the lemma, so must its feasible
analog G. Given that its limit G, is Gaussian, |G.|I% 5 is continuously distributed on the
positive reals provided not every random variable f, (¢, 7),t € T, is degenerate. To rule out
this—somewhat unrealistic—scenario and to ensure that the distribution of ||G.]|? , has no

mass point at zero, I make the high-level assumption:

Assumption 1.9 (Nondegeneracy). sup,c; var [f. (¢, Z)] > 0.

2

1,2 conver-

Given the continuous nature of the weak in-probability limit ||G. |2 , of H@ |

gence of their quantiles now follows.

Theorem 1.2 (Quantile Consistency). If Assumptions 1.1-1.9 hold, then for each o €
(0,1),¢(a) —=p ¢ (@) € (0,00).

1.4.6 Limiting Behavior of Test

Theorem 1.1 shows that T, —4 [ Gl (t)*dp (t) under the null. Theorem 1.2 shows that
¢(a) —p ¢ (a) € (0,00), which is equal to the (1 — a)-quantile of sup,.+|Go (t)| under the

null. These observations lead to the following result.
Theorem 1.3 (Size Control). If Assumptions 1.1-1.9 hold, then for each o € (0, 1),
P (T, >7¢(a);Hy) — «a.

Theorem 1.3 is the first main result of this paper. The theorem formally establishes that
the test which rejects the null hypothesis if and only if 7}, > ¢(«) is correctly sized.
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The next result shows that the test which rejects the null hypothesis if and only if
T, > ¢(«) is also consistent: For any fixed alternative, this test will reject the null with

probability approaching one.
Theorem 1.4 (Consistency). If Assumptions 1.1-1.9 hold, then for each o € (0, 1),
P(T, >¢(a);Hy) — 1.

Theorem 1.4 is the second main result of this paper. The argument used in establishing
consistency is summarized as follows. Given the asymptotic equivalence result of Lemma 1.1

and a continuity argument one may show that
2 —
To/n =B [fs (8, Z0)]ll,2 + op(n 7).
By a uniform law of large numbers and (1.4.20),

B [f (- Zi)] = Elp(Z, Bay e (W) w (-, X)][| 2
<|IEn (£ (- Z0)] = B [p(Z, Bus b (W) w (-, X)] [l = 0.

Combining the previous two displays, we therefore get
P o Hi
Tofn = |Elp(Z, B he W))w (-, X, > 0,

where the inequality follows from property (1.4.1) of the weight function and the choice
of probability measure u. This inequality implies that 7,, —p oo under the alternative.
Given that ¢ (a) —p ¢ (@) € (0,00) (Theorem 1.2), T,, must exceed ¢ («) with probability

approaching one under the alternative.

1.5 High-Dimensional Unconditional Moment Models

In this section I formally present my main results on specification testing in a class of high-

dimensional UMR models.

1.5.1 Null Hypothesis

The null hypothesis is

Hy: 36 € Bst. Ve e {1,...,q} E[p(Z, B, L. (W) X;] = 0 at 8 = f, (1.5.1)
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where B C R? is a pre-specified parameter space, X = (X,... ,Xq)T is a ¢g-dimensional
vector of “instruments,” and L, (W) == WTh, for W = (W4,...,W,) a p-vector of X-

measurable “regressors,” and h, € RP defined as
he=[E(WWT)] " E(WY), (1.5.2)

The vector Z includes both X,Y and W as subvectors. I allow for both p and ¢ to grow
without bound with and be (potentially much) larger than the sample size n available to the
researcher, i.e., I allow both p = p, — oo and ¢ = ¢, — o0 as well as p > n and ¢ > n.
I will therefore treat both W and X as high-dimensional random vectors and h, as a high-
dimensional parameter. In contrast, I will treat the parameter space B as “low-dimensional”
in the sense that the dimension d is fixed and small relative to both n and q.

The alternative hypothesis is the negation of the null:
Hy:VgeB,dke{l,...,q} st. E[p(Z,8, L. (W)) Xi] # 0.

The term L, (W) is a linear predictor for the outcome variable Y. In fact, given that h,
is the (assumed unique) solution to the first order condition of the convex problem “minimize
E[(Y — WTh)?] subject to h € R,

E[(Y —=W'h) W] =01, (1.5.3)

L, (W) is the best linear predictor of Y in the sense of minimizing mean-squared error. The
reader may find it helpful to think of the high-dimensional best linear predictor L. (W)
as a surrogate for the conditional expectation E(Y|W), This CEF, in turn, captures the
expectation formed by an agent operating in a uncertation environment as illustrated by the
collection of examples in Sections 1.2 and 1.B.

On one hand, one may rightfully view L, (W) as only an approzimation to E(Y|W)
on which the agents based their decisions.!® On the other hand, one may argue that not
much is lost from using a high-dimensional best linear predictor, since a high-dimensional
linear function w — Z§=1 h.;w; is numerically indistinguishable from a truly nonparametric
function w + 377, 7. w; with the true values 7.; of the infinite-dimensional parameter
{7;}7° decaying sufficiently fast (say, v.; = 1/7).

If Y is a binary (e.g., 0/1 or “No/Yes”) random variable, then E(Y|I¥) is a conditional

19 An alternative interpretation is that the agents themselves based their decision on the best linear predic-
tion and not necessarily the conditional expectation. Such an interpretation may be justified by appealing
to bounded rationality.
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choice probability, and (1.5.3) may be viewed as adopting a predictive high-dimensional
linear probability model. With a binary Y one may want to use another link function than
the linear link implicitly used in (1.5.3). For example, one may want to use a logistic link
function. I intend to explore alternative link functions for the binary-Y case—as well as
more general models capturing the relationship between Y and W in the general-Y case—in
future work.

Examples 1.2, 1.9 and 1.10 all involve multiple high-dimensional best linear predictors.
However, to avoid cluttering notation I will here focus on the case where L, (W) is scalar

valued and defer the discussion of a vector-valued L, (W) to Section 1.F.2.

1.5.2 Recasting the Null Hypothesis

In this section I recast the null hypothesis in a manner that suggests a natural, yet bi-
ased, preliminary test statistic. Using an orthogonalization procedure, I then show how the

preliminary test statistic may be debiased to arrive at a final test statistic.

1.5.2.1 Recasting using Pseudo Truth

[ assume that there exists 5, € B such that (1) f, is consistently estimable; and, (2) Sy = [
under the null.?2® With 3, available, the null hypothesis simplifies to

Hy:VEk € {1,....q} ,E[p(Z, B., L. (W)) X,] = 0.

Because B, and [, coincide under the null, I will refer to the available 8, as a “pseudo
true” parameter or simply the “pseudo truth.”?! The purpose of introducing a pseudo true
parameter is to obtain an estimand which is well-defined under both the null and alternative.

Example 1.6 illustrates how one may obtain a pseudo true parameter in the present context.

Example 1.6 (Obtaining a Pseudo Truth). A pseudo truth 5, may be constructed
as follows. Let X [T] denote the subvector X [T] = (Xy|k € T) arising from selecting the
elements of X corresponding to the coordinates T C {1,...,q}. Fix a selection Ty of d
coordinates, e.g., the first d elements of X. (This selection presupposes ¢ > d.) Then
we may let B, be the (assumed) unique root of 5 — E{p(Z, [, L. (W)) X [Ty} defined

on R%. A root of such a map exists under regularity conditions. Uniqueness amounts to

20Given that this section of the paper deals with triangular array data, 8, may depend on n. I suppress
this dependence throughout.

2IThere may be more than one option available for the pseudo truth. Here I assume that the researcher
has settled on one option.
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an identification condition. Now, if the null is true then there exists 5y € B such that
Elp(Z, Bo, L. (W)) Xi] = 0 for all k € {1,...,¢}. In particular, E[p(Z, By, L. (W)) Xx] =0

for all £ in the subset T;. By the assumption of uniqueness, 8y and [, must coincide.

With the pseudo truth S, available, we may write the null in a compact manner by letting

B« play the role of 5y and taking the maximum deviation of the moments from zero:

Hy : max |E[p (Z, B., L. (W)) Xi]| = 0. (1.5.4)
1<k<q
This formulation of the null hypothesis involves aggregating the moments by taking the
supremum (i.e., £°) norm of the vector of moments (E[p (Z, 5, L. (W)) Xi])i_1,

[Elp (2. 5oy L (W) X = pmax [Elp (Z. 5, L (W) X
In principle, one may restate the null hypothesis using any norm of E[p (Z, B., L. (W)) Xj]
including the ¢2 norm.?? The reason I choose to work with the supremum norm is that it al-
lows me to draw upon general results for Gaussian approximations and multiplier bootstrap
procedures for maxima of sums of high-dimensional random vectors when analyzing the be-
havior of the test comprised of the test statistic from Section 1.5.3 and the critical value from
Section 1.5.5. Such results were recently developed by Chernozhukov, Chetverikov, and Kato
(2013). To the best of my knowledge, there exists no general results on Gaussian approx-
imations or multiplier bootstrap procedures for ¢" norms (r € [1,0]) of high-dimensional

random vectors except for the supremum norm (r = o).

1.5.2.2 Valid Post-Selection and Post-Regularization Inference

Let {Z;}] denote a random sample of Z available to the researcher for estimation and testing
purposes. Suppose for the moment that [, is a known quantity in order to focus on the
consequences of estimation of h,. With an estimator h of h. available, one could in principle

consider testing the null hypothesis based on the ‘plug-in’ test statistic

max |En[,0(Zi, B, L (W) Xix]

1<k<q

Y

where L (w) = wTh, which is a feasible version of the left-hand side of (1.5.4). If p exceeds n,

then h must estimate a high-dimensional object. To estimate h, one therefore generally needs

221n fact, one may use any function f : R? — R satisfying f (z) = 0 if and only if = 0,41, as this is
the only property of norms that I invoke to recast the null.
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a machine learning method, such as the Lasso or ridge regression, or some other regulariza-
tion method that allows the number of parameters to exceed the available sample size. As
discussed in Chernozhukov, Hansen and Spindler (2015a; 2015b), such a ‘plug-in” approach
does in general not lead to correct inference in the presence of a high-dimensional (nuisance)
parameter, which is estimated using selection or regularization methods. Intuitively, while
the Lasso does well in finding strong predictors, it may miss out on predictors with small
yet nonzero coefficients. The work of Leeb and Potscher (2008) shows that exclusion of such
predictors may have a detrimental impact on inference procedures.

Chernozhukov, Hansen, and Spindler (2015b) show that in order to obtain valid infer-
ence following machine learning estimation of h it is important to use moments that are
robust to small mistakes in estimation of h,. Chernozhukov et al. (2016) construct locally
robust moments (i.e., moments that are not invalidated by small mistakes in learning h,) via
orthogonalization methods for different classes of econometric models and develop general
results based on these moments. In Section 1.5.2.3 I construct locally robust moments using

a particular orthogonalization procedure.

1.5.2.3 Neyman Orthogonalization

In this section I transform the original moment functions {p (z, B, wTh) Tk }3_, in such a way
that the resulting moments are locally robust to irregular estimation of h,. By an “irregular”
estimator I mean an estimator that converges to its estimand at a slower-than-1/n rate as n
grows without bound.?® Let d,p(z, B, L. (w)) denote the derivative calculated with respect
to the values of the best linear predictor L., i.e., Oyp (2, By, Ly (w)) = Opp (2, Bs, V) |v=L. (w)-
(The subscript v connotes “value.”) To construct locally robust moments, define Ly, (W) as
the best as best linear predictor of X;0,p (Z, B, L. (W)) using W,

L (1) = 0 fey ik = [EOVW Y IE [WX,0up(Z, B L (W))], b€ {1, q}. (155)
Define the orthogonalized moment function ¥y(z, 8, w " h,w' i) by
,lvbk‘ (Za 67 wThv wT/J“k?) =p (27 57 wTh’) T + (y - wTh)wTMk'

By definition of h., E[(Y — W Th,)W] = 0,1, so the second term on the right-hand side
is mean-zero when evaluated at h = h,. It follows from the two previous displays that

the two sets of moment functions are equal in mean when the kth moment is evaluated at

23More precisely, an estimator is defined as “irregular” if the distance between the estimator and its
estimand vanishes at a slower-than-/n rate as n — co. This definition subsumes the definition in the main
text while allowing the estimand itself to change with the sample size.
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(Bahnu) = (6*7h*7ﬂk*), i.e.,
B[k (Z, Bus hay pe)) = Elp (Z, Bo, L (W) Xy for all k € {1,...,q}.

I may therefore recast the null using the 1,’s instead of the original moment functions:

Ho : max [E[vy, (Z, Bs, Ls (W), L. (W))]| = 0. (1.5.6)

1<k<q

If one may interchange the order of differentiation and integration, then both

ahE[p <Z7 B WTh) Xk”h:h* =E [Xkavp (27 Ba, Ly (W)) W] )
OE[(Y =W TRYW |pep, = —E(WW ).

The previous two displays show that, unlike the original moment functions, the v;’s satisfy

On B [0 (Z, 80, W h, L (W) ], .
= E[Xu00p (Z, Bu, L (W) W] = EOWW )t = 1. (1.5.7)

That is, missing the true value h, by a small amount does not violate the moment conditions.
It is due to the orthogonality property (1.5.7) that the 1;’s are said to be locally robust to
irregular estimation of h,.

The orthogonalization method given above is inspired by Neyman (1959), who used
orthogonalized scores to obtain his celebrated C' («) test statistic in a parametric likelihood
setting. Chernozhukov et al. (2016) constructed locally robust two-step GMM estimators by
adding to their original moments functions an adjustment term for first-step nonparametric
estimation. This adjustment ensures that the resulting moments have zero derivative with
respect to the first step, and their locally robust moment conditions may be viewed as
semiparametric analogs of Neyman’s (1959) scores.?*

Given that all the pg.’s are p-dimensional and generally unknown, immunization of the
i’s with respect to the single high-dimensional parameter h, comes at the cost of ¢ additional

high-dimensional parameters to be estimated. However, since each ), is linear in u,
OE [ (Z, B, L W) , W )] =E[(Y = WTh)W] = 0. (1.5.8)

for any p € RP and therefore also when evaluated at p = pg.. The 9;’s are therefore

248ee also Wooldridge (1991), Bera, Montes-Rojas, and Sosa-Escudero (2010), Lee (2005) and Cher-
nozhukov et al. (2015b) for extensions of the C'(«) test to parametric nonlikelihood settings.
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also immunized against irregular estimation ug.’s. Hence, while the use of orthogonalized
moments may come at an increased computational cost, no new bias issues arise.

Examples 1.2, 1.9 and 1.10 all involve multiple high-dimensional best linear predictors.
When the residual depends on high-dimensional linear projections of Y, on a collection of

regressors W, with projection coefficients hy, given by
hee = [BEW W 'E(WeYe), €€ {1,...,L},

then the kth (orthogonalized) moment function v, is defined by adding up the invidual

adjustment terms,

L
Vilz, 8, (w] b (w] ) ier) = p (2,8, (wlhe)P) e+ (e — w/ he) w” e (1.5.9)
/=1

Here the “true” uge’s are given by the projection coefficients
tires = [EW W, T'E [WeXy0u,p (Z, B, (W he)T)], €€{1,...,L}, (1.5.10)

and 9,, denotes differentiation with respect to w'hy. Equations analogous to (1.5.7) and
(1.5.8) show that the ,’s thus defined are immunized against irregular estimation of the
he's (and the fige’s).

In some cases some of the u.’s are known or at least known up to . and h,. Such
i« 1 choose to estimate using the plug-in method. Moreover, in special cases where the
residual is affine in the best linear predictors, the orthogonalization procedure may reduce
the effective number of moments employed for testing by setting some moment functions to
zero. (Both of these points are illustrated in the case of the high-dimensional linear model
in Section 1.E.) However, one will in general have as many orthogonalized moment functions

as original moment functions.

1.5.3 Test Statistic

In this section I construct a test statistic, which constitutes one half of the specification test.
The other half—the critical value—is given in Section 1.5.5. For the purpose of constructing
a test statistic, let {Z;}7 denote a random sample of Z available to the researcher. For a

given regular estimator B , I test the null hypothesis (1.5.6) using the test statistic

T = max |v/nE,[Yn(Zi, B, L (W), L, (Wy))]], (1.5.11)

1<k<q
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where E(w) = w'h and Ly (w) = w' iy estimate L, and Ly, respectively. Although the
theory to follow could be modified to allow for the use of other machine learning methods, I
will estimate both the h, and the jy,’s using the Lasso (see Section 1.G.3).

The Lasso estimator h of h, is defined as any solution to the penalized least squares

problem
) . T1)2 An 155
h € argmin < Eo[(Y; = Wi h)"] + —|[|Thhll ¢, (1.5.12)
heRP n
where \;, > 0 is a penalty level and T, = diag (Yp1, - - -, Vnp) a diagonal matrix specifying

penalty loadings resulting in an 7),-weighted ¢;-norm || Y,k = > 01 Anj |hj]. The choice of
both penalty level and loadings required to implement this Lasso are given in Section 1.H.2.
The estimated high-dimensional best linear predictor L is defined as L (w) = w'h.

The Lasso estimator ji;, of p, is defined as any solution to the penalized least squares

problem

o~ . - 7T )\1, =
i€ avguin { B {[0,0(Z0 5L OV0) X~ WP+ 20Tl o (0513)

HERP

where 3 and L are the estimators from above, A\, > 0 is a penalty level common to all
k € {1,...,q} minimization problems, and f/fuk = diag (Yuk1, - - -, Yukp) & problem-specific
diagonal matrix specifying penalty loadings resulting in an ?Mk—weighted {1-norm ”fukﬂul =
Z?Zl Aukj |145]. The choice of both penalty level and loadings required to implement these
Lasso are given in Section 1.H.2.

Note that, in contrast to the observable outcome Y in (1.5.12), the “outcome variables”
{Xx0up(Z, By L (W)} used in defining the p,’s in (1.5.5) are generally not observable to
the researcher due to their dependence on the unknowns S, and h,. To construct feasible
estimators {fix }{, I therefore replace each function z — x,9,p(z, B, w' h,) with an estimate
z = xp0yp(2, B, wTﬁ). The extension of the theory for Lasso estimation to many high-

dimensional best linear predictors also accommodates estimated outcomes (see Section 1.G).

Remark 1.4 (Linear Combinations and Plug-In Estimates). An exception to the Lasso es-
timation procedure for the py.’s outline above occurs when X.0,p(Z, Bs, L. (W)) can be
written as a linear combination Z§:1 ag;+«W; + bgY of the W;’s and Y with coefficients
apjs = i (Bi, hy) and by, = by (B, hy) being known functions ay; and by, of (B, hy). This
special structure occurs in the high-dimensional linear model of Example 1.9. (See also Sec-
tion 1.E.) In this case linear algebra yields . = > ¥_, ayjue; + br.h. with e; € RP denoting

the jth elementary vector. Instead of using the Lasso to estimate such p.’s, I choose to use
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the plug-in method and set ji = Z?Zlakjej —I—/l;k/l; with @ = akj(g,fz) and Bk = bk(B,ﬁ)

1.5.4 Large Sample Behavior of Test Statistic

In order to characterize the probabilistic behavior of T, I impose a list of conditions. For the
purpose of stating these conditions, let ¢, C', co and Cy be some given set of strictly positive,
finite constants independent of n. The nonasymptotic, high-probability bounds obtained in
this paper will depend on these constants.?’ I assume the following regarding estimation of

the low-dimensional parameter.

Assumption 1.10 (Low-Dimensional Parameter). 3, € R d < Cy, and for each n €
N, B is a {Z;}|-measurable, random element of R®. Moreover, there ezists s, : Z — R% and

a strictly positive sequence {a,};° such that E[s.(Z)] = 0gx1, ||s« (Z)]| < C1, a, — 0 and
p <||\/ﬁ(§— B,) — ik, s, (Z)]]| > an> < Con, (1.5.14)

Assumption 1.10 requires that the centered and scaled estimator B can be approximated
by a y/n-scaled average at least with high-probability. This assumption is comparable to
Assumption 1.1 in that (1.5.14) combined with a,, — 0 implies that \/E(B — f,) is asymptot-
ically linear with influence function s,.?® Assumption 1.10 makes a stronger, finite-sample
statement and requires that probability of error declines polynomially fast with n. The as-
sumption of a bounded influence function allows me to control the tail behavior of s, (Z) in
a relatively simple manner (e.g., using Hoeffding’s inequality for bounded random variables).
Boundedness may be replaced by another assumption on tail behavior such as subgaussian-
ity. 2"

The high-dimensional best linear predictors (L., {Lk.}{) can be estimated well by the
Lasso under the assumption of sparsity. For the sake of illustration, suppose that each best
linear predictor depends on at most s < n regressors. Then there exists hy € R? and
{uro ! C RP such that

L, (w) =w"hy, Lp(w)=w"pmo, ke{l,....q},

25In principle, one may allow each of the conditions below to have their own set of constants and let the
bounds depend on all these constants. To simplify the exposition, I reuse notation for constants that play a
qualitatively similar role.

260t X, = ||\/7(B — B2) — viEy [s+ (Z)]||. For € > 0 arbitrary, the union bound implies P(X,, > &) <
1(a, > ¢) + P(X, > a,). Taking limits now shows that X,, —p 0.

2TA random variable X with mean p = E(X) is said to be subgaussian if there exists o € R, such that
E [et(X_“)] < et’*/2 for all t € R. If so, X is said to have subgaussianity parameter (at most) o.
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Ihollo v mmcx|lpollo = 21 hoj # 0) V max 21 firo; 7 0) < 5 < n.

7=1

Note the identity of each active set of regressors Ty = supp (ho) = {j € {1,...,p}ho; # 0}
and Tyo = supp (pro) = {j € {1,...,p}|pro; # 0} may differ (across k) as well as be unknown
to the researcher.

While this exact sparsity assumption is useful for illustration purposes, it is unlikely to
hold in practice and unnecessarily restrictive. [ will instead assume that the best linear

predictors are approximately sparse.

Assumption 1.11 (Approximately Sparse Best Linear Predictors). There exists hy €
R? and {pro}! C RP such that each best linear predictor is well-approzimated by a linear

function of s > 1 unknown regressors in the sense that
|hollo V E,?E{HWOHO <s<«n and P (cs > Cm/s/n> < Cyn™2,
X \q

where

o= \E{IW (ho = B}V masx \/Eo{IW] (1m0 — e}

1<k<q

Assumption 1.11 requires that at most s regressors are able to approximate each best
linear predictor function up to an approximation error, which is small with high probability.

Defining the sparse linear predictors
w'_>L0 (U)) = wTh()) wHLkO (w) = wT,ukoa k€ {17“-,(]},

we may express ¢, as ¢s = ||[Lo — Ly||p, 2 V maxi<k<q||Lro — Li«||p, 2, which emphasizes that
¢s is an error arising from approximating best linear predictors by sparse linear predictors.
Here ¢, is considered “small” when it is not essentially larger than the size \/s/_n of the
estimation error arising from the infeasible least squares estimator that knows the identity of
the most important regressors. One may view Lg and the L;’s as surrogates for the ultimate
estimands (L., { Le«}1).

Assumption 1.16 assumption roughly amounts to assuming that many of the elements of
each (. are close to zero, i.e., that few regressors truly matter for prediction purposes. Note

that this assumption allows for the identity of the most important regressors
To =supp (ho), Tko =supp (uro), ke{l,...,q}, (1.5.15)
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to be a priori unknown to the researcher as well as differ across k. BCCH used an assumption
almost identical to Assumption 1.16 in the context of estimation of CEFs. A detailed moti-
vation and discussion of this type of assumption may be found in BCCH as well as Belloni
and Chernozhukov (2011; 2013).

Let M; = supsupp (|[W;]). I impose the following boundedness and moment conditions
on the outcome Y, the instruments X (hence regressors W) and the projection error e =
Y — L, (W).

Assumption 1.12 (Observables). |X;| < C4,|Y| < Cy, W is X-measurable, ¢; < M; <
C1, ¢ < Amin(EWWT)) < Anax(E(WWT)) < CF, E(2WF) = &, [[hal1 < Cy and
P( max | max [W;;| — M;| > C’Qn_”) < Con™ . (1.5.16)
1<g<p ' 1<isn

The condition that the population Gram matrix E(WW ") has eigenvalues bounded from
above and away from zero is quite standard in the econometrics literature; see, for example,
Newey (1997) and Belloni et al. (2015). For the sake of analyzing the Lasso, the assumptions
of a bounded outcome and error are less standard but may be substantially relaxed at the
expense of longer proofs. Specifically, boundedness of the ¢ may be replaced by some “tail
bound” making extreme events unlikely. An example of random variables satisfying a tail
bound is the class of subgaussian random variables, whose tails are no fatter than normal
random variables.

The assumption of bounded regressors (M; < Cp) appears essential to establishing that
the penalty loadings constructed via Algorithms 1.2 and 1.3 are close to being (conservatively
or truly) ideal with high probability. This dependence on boundedness stems from the
appearance of maxi<;<, |W;;| in the conservatively ideal penalty loadings (1.G.6), which are
used as target for the penalty loadings used to initiate each of these algorithms. It may be
possible to devise an algorithm that does not rely on boundedness of the regressors, but such
a task is beyond the scope of this paper.

The requirement that the lower bound inside the probability statement of (1.5.16) is equal
to the right-hand side bound of the same equation is immaterial; were the two bounds to
differ, then one may always proceed with the largest of the two bounds. This requirement
may be satisfied even when p grows exponentially fast with n, cf. Example 1.11.

Let ¢f denote the projection error ey, = X;0,p(Z, By, L (W)) — Ly (W).

Assumption 1.13 (Residual). The residual function p satisfies:
1. For each z € Z,v € R, B p(z, B,v) is differentiable on RY, and for each (z,3,v) €

45



Z x R* its derivative satisfies ||0sp(Z, Bey Lo (W))|| < C4. and
1080 (2, 8,0) = 0ap (2, Be, L ()| < CL |8 = Bull + |v = La (w)])

2. Foreach z € Z,v + p(z, B, v) is differentiable on R, and for each (z, 3,v) € ZxR**!
its derivative satisfies |0,p(Z, s, Le (W))| < Cy and

10up (2, 8,0) = Oup (2, Be, L (0))] S CL (|8 = Bul| + [v = Lu (w)]) -

3. E[p(Z, Bu, L. (W))*] < CF, E(egW?) = ¢ for all k such that Xy0up(Z, B, L (W)) ¢
span (Y, W), and |||l < Ch.

Assumption 1.13.1 and 1.13.2 involve smoothness—specifically, Lipschitz—conditions
which allow me to linearize around (S, L.) to obtain the dominant component of the
test statistic. These assumptions are comparable but stronger than Assumptions 1.3.1 and
1.3.2, and implicitly impose the somewhat crude restriction that the Lipschitz “constants” of
(B,v) — 0sp(z, B,v) and v — O,p(z, Bs, v)—both functions of z, in general—may be bounded
by an expression independent of z. These restrictions may be replaced by less strict bounds
on the tail behavior of the implied random variables at the expense of longer proofs.?

If the Xy.0,p(Z, Bs, L (W)) lies in the span of Y and W, then this “outcome” variable may
be described as an exact linear combination of ¥ and the W;’s with coefficients depending
only on (B4, hy). In this case g is identically zero, and the ideal penalty loadings in both
(1.G.6) and (1.G.7) vanish. However, recall that in such cases, the best linear predictor is
estimated using the plug-in approach and not the Lasso. (See also Remark 1.4.)

The following assumption imposes growth conditions, which assist in extracting the dom-

inant component of the test statistic.

Assumption 1.14 (Growth Conditions). s,q, and a, satisfy the growth condition

sln’ (pgn) s In” (pgn)

+ an/Ing < Con™2  and In(pgn) < n'",
n n

where ¢ € (3,1).

28However, several elements of the proof of the size control theorem below (Theorem 1.5) rely on Tala-
grand’s deviation inequality for bounded random variables (see Lemma 1.35). It may be possible to relax
some or all of these boundedness conditions by means of a deviation inequality allowing for unbounded ran-
dom variables, e.g., Chernozhukov, Chetverikov, and Kato (2014b, Theorem 5.1), but I leave such potential
improvements for future research.
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The requirement In (pgn) < Cyn'~% for some ¢, € (%, 1) implies that while p and ¢
may grow exponentially fast with n, they cannot grow too fast. Although the requirement
cy € (%, 1) was not explicitly stated in BCCH, it appears necessary in order to guarantee the
validity of moderat deviation inequalities for self-normalized sums (see Section 1.P.1 and, in
particular, the proof of Lemma 1.44).

The general result for Lasso estimation of many high-dimensional best linear predictors
with estimated outcomes Theorem 1.7 now implies the following result for the Lasso estimator

L from (1.5.12) and the Lasso estimators {L;} from (1.5.13).

Lemma 1.4 (Nonasymptotic, Polynomially Valid Bound for Lasso Estimation of
Many Best Linear Predictors). Suppose that Assumptions 1.10-1.14 hold and that the
penalty levels Ay, and X\, specified as in (1.H.1) for some ¢ > 1 and ¢ > 0 with the number
of best linear predictors set to 1 and q, respectively. Consider any conservatively or truly
polynomially valid penalty loadings fh and {?#k}‘f, for example, the penalty loadings resulting
from Algorithms 1.2 and 1.3, respectively. Then there exists ¢, C,C" and ng depending only

on ¢y, ¢y, ¢1, C1, o, Coy and ¢ such that for all n > ng, with probability > 1 — Cn™¢,

~ ~ sln (pgn
IZ = Ll + max | T — L e, 2 < €y 228 (15.17)

Provided sln(pgn)/n — 0, the nonasymptotic, high-probability bound in Lemma 1.4

implies the rate of convergence result

~ ~ sln (gn
|L — Li||p, 2 + max || Ly — Li|lp, 2 Sp &7
<k<q n

which is similar to BOCCH’s rate of convergence result for Lasso estimation of many CEFs
(their Theorem 1).

Assumption 1.14 implies that sln(pgn)/n is at most polynomial in n. Consequently,
under the conditions of Lemma 1.4, we see that for some constants ¢ and C” and sufficiently

large n,
P(||E — Llp, 2+ max || Ty — Liullp, 2 > cm—c’) < On~. (1.5.18)
1<k<q

As an alternative to the Lasso estimators considered in this paper, the previous diplay may be

taking as a high-level condition on the choice of machine learning estimators L and {Ek}‘f?g

29Such a high-level condition would in general entail a lower bound on the constant ¢’. Under the smooth-
ness assumptions in Assumption 1.13, ¢’ > i ought to suffice.
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In what follows L and the Zk’s are understood to be the Lasso estimates defined using
any conservatively or truly polynomially valid penalty loadings ?h and {ﬁbk}({, respectively.
The penalty loadings resulting from Algorithms 1.2 and 1.3 may be used. The probabilis-
tic behavior of T' depends crucially on the probabilistic behavior of the stochastic process
{(VAE. [0e(Zi, B, LIW;), Ly(Wi))|k € {1,...,q}}. The previous assumptions suffice to show
that, with probability approaching one polynomially fast, this stochastic process is approxi-
mately equivalent to the stochastic process {/nE,[fr(Z:)]|k € {1,...,q}}, where

frs (2) = U (2, By, Ly (W) , Lis (0)) 4 b5, (2) (1.5.19)
bis = E [Xx0pp (Z, Bs, L. (W))]. (1.5.20)

Here b],s. (2) is an adjustment to the moment function z — ¥y, (2, B, Ly (W) , Ly (w)) due
to estimation of .. Given that the v4’s are locally robust (see Section 1.5.2.3), no fur-

ther adjustments are needed. The approximate equivalence between the stochastic processes
(/B [r(Z;, W B, LIW;), L (WD|k € {1,...,q}} and {\/nE,[fre (Z)] |k € {1,...,¢}} trans-

lates into approximate equivalence between the test statistic 7" and the random variable

T, = max vaﬂEn[f%*(ZZ)H'

1<k<q

Lemma 1.5 (Approximate Equivalence). If Assumptions 1.10-1.14 hold, then there exist

¢, C,C" and ng depending only on ¢, ¢}, c1,C1, c2, Cy and ¢, such that for n = ny,
P(IT —T.| > ¢) <Cn° (1.5.21)

where

2 3 702/4
s In'lpgn) _n } (1.5.22)

¢; = C' max ; s
n VIn (pgn)

Lemma 1.5 shows that the probabilistic behavior of the test statistic 7" may be approxi-
mated by that of T, and that the accuracy of this approximation is polynomially valid. The
lemma implies that 7" and T, are asymptotically equivalent in the sense that |T" — T.| —p 0.
However, as n grows without bound, 7T, may involve taking the maximum over an increasing
number of elements, which need not be connected through some (equi-)continuity condi-
tion. Consequently, even under the null and even after proper standardization, T, may not
converge in distribution. However, the potential lack of convergence does not prevent one

from approximating the finite-sample null distribution of T (and therefore of T') by a known
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distribution and using this known distribution to compute a critical value.

1.5.5 Critical Value and Gaussian Multiplier Bootstrap

Unlike T', which is defined as the maximum of an approximate average, T, is the maximum
of an exact average. From (1.5.19) we see that E[fx.(Z)] = E[Yp(Z, BeLi(W), L. (W))],
which, in turn, equals E[p(Z, B, L.(W))X}]. Hence, under the null, the fy.(Z)’s are mean-
zero, and T, is a maximum of a mean-zero, exact average. These two features allows one to
approximate the null distribution of 7}, using Gaussian approximation results for maxima of
non-Gaussian vectors recently developed by Chernozhukov, Chetverikov, and Kato (2013)
for potentially high-dimemsional vectors. Via Lemma 1.5 such a Gaussian approximation in
turn allows for a Gaussian finite-sample approximation to the null distribution of the test
statistic itself.

To define the Gaussian approximation to Tk, let {g;}} be independent, centered, Gaus-
sian random vectors with common covariance E[f.(Z)f.(Z)"], where f.(Z) = (f1.(Z),
ooy J(Z))T. Under the null, E[f.(Z)] = 04x1, and the g;’s are Gaussian analogs of f. (Z).

The g¢;’s induce a Gaussian analog Z, of T, given by

Z, = max |VnE, (g:)] - (1.5.23)
Chernozhukov, Chetverikov, and Kato (2013) show that, under suitable (moment) assump-
tions, as n — oo and possibly ¢ = ¢, — oo, under the null, the distributions of T, and Z,

are close in the sense that

sup [P (T, <t) —P (2, <t)| <Cn° =0,
teR
for constants ¢ > 0 and C' > 0 not depending on n. If the covariance matrix E[f.(Z) f.(Z)"]
is known, then this Gaussian approximation result suggests using the (1 — a)-quantile of Z,
as a critical value for the test statistic 7. When E[f.(Z)f.(Z)"] is known, this critical value
may be calculated via simulation of the g;’s.

The convergence in the previous display is sometimes referred to as n~'/2 Sov fo(Z)
satisfying a high-dimensional central limit theorem (under the null). The terminology is
potentially confusing since no pass to a limit is made. In fact, an advantage of the Gaussian
approximation method is that it applies even in cases where a limiting distribution of Z,
does not exists, or when the limiting distribution exists but is unknown or complicated.

The covariance of f,(Z), is generally unknown, which renders the previous strategy for

obtaining a critical value infeasible. As a step towards an feasible critical value, suppose
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instead that while the covariance E[f,(Z) f.(Z) "] is unknown, the functions { fi, }Y are known.
While the Gaussian approximation Z, to T, is not feasible, we may define the Gaussian-

symmetrized version W, of T, by multiplying the f. (Z;)’s with i.i.d. standard normal random
variables {&;}1:

W, = max |VRE, [ fre (Z:) & - (1.5.24)
Chernozhukov et al. (2013) also show that the conditional quantiles of W, given the data
{Z;}] are able to estimate the corresponding quantiles of Z,. Due to the Gaussian approxi-
mation linking Z, and 7T, and the probabilistic link between T, and the test statistic T, for
a given significance level a € (0,1), the (1 — «)-conditional quantile of W, may be used as
a critical value for T'. This method of inference is often referred to as a Gaussian multiplier
(or Wild) bootstrap.
Neither method of inference proposed above is directly applicable when not only the
covariance E[f.(Z)f.(Z)"] but f, itself is unknown. However, a feasible critical value arises

from replacing the unknown f, by a consistent estimator f For given fA'k’s one may define a
feasible analog W of W, by

W = max (1.5.25)

1<k<q

A feasible critical value ¢y () then follows from
cw (@) = (1 — ) -quantile of W conditional on {Z;}] .

Note that for given estimators {ﬁ}'{, the critical value ¢y (o) may be calculated via simula-
tion of the multipliers {¢&;}7.

The fk’s will in general depend on an estimate s of the influence function s, from As-
sumption 1.10. For specific models it may be possible to provide primitive conditions for W
and W, to be close in a probabilistic sense, but at this level of generality it seems impossible

to give more than the high-level condition:

Assumption 1.15 (Bootstrap Conditions). S is a {Z;}|-measurable random element of

{f:R% — R}. Moreover, there exists a strictly positive sequence b, such that
P([[s = sillp,.2 > bn) < Con™,

and by, In (gn) < Con=.

With estimators of the fi,’s available, VW is well defined. The following lemma shows
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that W may be used to approximate the probabilistic behavior of W,.

Lemma 1.6 (Approximate Bootstrap Equivalence). If Assumptions 1.10-1.15 hold,

then there exists ¢, C,C" and ng such that for n > nyg,
P (P( (W —W,| > (] {Zz};‘) > C'rfc) < Cn™¢,

where

2 3/2 3/2 762/4
C{ = Cl max s (pqn> y i In (pqn> 5 n 5 bn Inn ;.
n n

1.5.6 Large Sample Behavior of Test
The approximations from the previous two sections imply the third main result.

Theorem 1.5 (Size Control). If Assumptions 1.10-1.15 hold, E[fy, (2)°] > & for all k
such that fi, is not the zero function, and In” (qn) < Con'=°2, then there exists ¢, C' and ng

depending only on cy, ¢y, c1,Ch, ca, Coy and ¢y such that for n = ny,

sup |[P(T > ey (a);Hp) —al < Cn™
ae(0,1)

Theorem 1.5 implies that the test that rejects if and only if 7' > ¢y (a) is asymptotically
of size a. While exact size control is only guaranteed in the limit (as Cn~¢ — 0), the theorem
establishes the stronger conclusion that size is approximately preserved in finite sample with
an error in size decaying polynomially fast.

The proof of may be sketched as follows. Lemmas 1.5 and 1.6 provide the heuristics
T ~ T, and W, ~ W, respectively. The additional assumption that the fz.’s are mean-
square bounded away from zero is used to establish the validity of the Gaussian multiplier
bootstrap under the null, thus providing the link 7, ~ W, (under the null). Given that
all approximations are done in finite-sample, at no point is convergence of 7" under the null
required. The proviso “for all k£ such that fi, is not the zero function” is used to allow cases
where the Neyman orthogonalization procedure reduces the effective number of moments by
setting some ¥.’s to zero (see Example 1.9).

To state the fourth and final main result, define

vy = max [E [p (Z. B, L (W) Xy

1<k<q

The number v, is a measure of the degree to which the null hypothesis is violated.
51



Theorem 1.6 (Consistency). If Assumptions 1.10-1.15 hold and max, <<, E[fis (2)?] =
2, then for each a € (0,1),

P(T > ey () Hy) = 1,

provided v, (Inq) //n — 0.

Theorem 1.6 states that the test that rejects the null if and only if 7' > ¢y («) is con-
sistent for any sequence of alternatives satisfying the condition v, "' (Ing) /\/n — 0. This
condition may be interpreted as the alternative not being too close to the null. (An alter-
native interpretation is that the instruments X are not too weak.) The theorem therefore
states that under any sequence of alternatives which are well-separated from the null, the
test will reject the null with probability approaching one. Sequences of alternatives failing
to satisfy v, '(Ingq) /v/n — 0 are not well-separated from the null, and may therefore go

undetected.

1.6 Conclusion

In this paper I have proposed specification tests for two classes of econometric models: (1)
semiparametric conditional moment restriction models depending on conditional expecta-
tion functions, and (2) a class of high-dimensional unconditional moment restriction models
depending on high-dimensional best linear predictors. These classes may be motivatived
by economic models in which agents make choices under uncertainty and therefore have to
predict payoff-relevant variables such as prospects unknown at the time of the decision or the
behavior of other agents. The proposed tests are shown to be both asymptotically correctly
sized and consistent. Moreover, I establish a bound on the rate of local alternatives for which
the test for high-dimensional unconditional moment restriction models is consistent. Both
classes of models impose a minimum of structure on the predictions entering their paramer-
izations. These results therefore allow researchers to test the specification of their models

without introducing ad hoc assumptions on expectation formation.
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Chapter 1 Appendices

1.A Appendix Abbreviations

In statements and proofs appearing in the appendices, to conserve space I use the abbre-
viations CS, H, J, M and T for the Cauchy-Schwarz, Holder, Jensen, Markov and triangle
inequalities, respectively. CMT is short for the continuous mapping theorem. MVT and
MVE are short for the mean-value theorem and a mean-value expansion, respectively. I also
;

abbreviate “with probability approaching one” by wp — 1 and “with probability at least o’
by wp > a.

1.B Additional Motivational Examples

Example 1.7 (Partially Linear Regression). Consider the partially linear regression
model (PLRM) of Robinson (1988),

Y =80D+go(W)+e, E(elD,W)=0, (1.B.1)

where D represents a treatment whose effect on the outcome Y we are interested in quanti-
fying, and W denotes covariates. Poterba, Venti and Wise (1994; 1995) analyzed the effect
of 401(k) retirement savings plan eligibility on savings as measured by net financial assets.
These authors (essentially) argued that, while working for a firm that offers access to a 401(k)
plan cannot be viewed as randomly assigned, after controlling for income, 401(k) eligibility
may be thought of as exogenous. One may therefore be willing to adopt a PLRM for their
analysis. Taking expectations in (1.B.1) conditional on W and subtracting the resulting

equation from (1.B.1), we may “partial out” g (W) to arrive at

Y —E(Y|W) =5 [D—E(D|/W)+e, E(e|D,W)=0. (1.B.2)
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Taking expectations conditional on (D, W) and rearranging, we are lead to the CMR
E{Y —~E(Y|W) - f[D — E(D|W)]| D, W} =0,

whose implied residual Y — E (Y|W) — 5 [D — E (D| W)] depends on the conditional expec-
tations E (Y| W) and E (D|W). While the PLRM controls for W in a flexible manner, it
rules out any interaction effect.>’ In Poterba, Venti and Wise (1994; 1995) this condition
would correspond to imposing that the partial effect of 401(k) eligibility on savings does not
depend on income. As their empirical analysis demonstrates, the no-interaction condition is

restrictive, and one may want to subject the PLRM to a specification test.

Example 1.8 (Discrete Choice Under Uncertainty). Consider the following simplified
version of the static discrete choice model of Manski (1991). An agent must make a (for
simplicity) binary (i.e., “Yes/No”) decision such as going to college or not, or whether to

enter the labor force. The (ex post) utility from choosing alternative j € {0,1} is
u(G, V.Y, e) =7 (3, V.Y) + (),

where € := (¢ (0),e(1)). The realizations of V' and the € are known to the agent at the time
of decision, and may therefore be considered as payoff-relevant state variables. However, the
(for simplicity) scalar variable Y is realized only after the time of decision and represents a
future to the agent. The distribution of Y may depend on the belief-relevant state variables
W as well as the decision. The agent holds the subjective probability distribution (belief)
P? (y|w, ) capturing the perceived probability distribution of Y should the agent observing
W = w decide on j. The agent chooses the alternative that yields the highest subjective
expected utility

B [u (.. Yoo wd] = [ uliv.)dP (v]w,)
— [ 7.0 AP () +£ () = TG v w) +2 ).
Denote the agent’s optimal action by

A= A(V,W,e) = argmax {II (j, VW) + £ (j)}

je{0,1}

30The PLRM framework may be extended to multiple treatments, Y = DT 8y +g (W) +¢,E(e|D, W) = 0,
which allows for the possibility of (parametric) interaction between the primary treatment of interest and
some or all of the covariates.

o4



The researcher observes the vector (A, V,W,Y") composed by the binary A indicating the
decision, payoff-relevant state variables V', belief-relevant state variables W, and the future

Y. Parameterize the “deterministic” part of the payoffs as

. UTQO + 50% ] - ]-7
T (j,v,y) = _
0, Jj=0,

such that the outside option (j = 0) is normalized to zero. Then

UT00+50E8 <Y|w7])7 .] = ]-7
0, =0

Il (j,v,w) =

Suppose that expectations are fulfilled, such that P®* = P and therefore £* = E, where P and
E denote the population probability distribution and expectation, respectively.®’ Assume for
simplificty that the “stochastic” part of the payoffs (£ (0),e (1)) are distributed i.i.d. Type
1 extreme value independently of the observable state variables, such that their difference is
logistic. A calculation then shows that the conditional choice probability of the agent takes

the form

PA=1IV,W) = - jxfxgl[gzrmé)] ~: logistic [TT (1, V, W),

which may be rearranged to yield the CMR
E { A —logistic [V "0y + 6E (Y|W, D = 1)]| V,W} = 0. (1.B.3)

The implied residual A — logistic (V76 4+ 0E (Y| W, A = 1)) depends on E(Y|W,A=1) =
E(AY|W) /E (A| W), a ratio of conditional expectations. The extreme value assumption is
primarily used to express the CMR in a simple form. If we were to instead specify (e (0),¢ (1))
to be conditionally distributed according to a cdf F' (&g, 1| v, w; 7o) known up to the param-
eter vy, then we would still be lead to a CMR. In any case, one may have misspecified the
utility, omitted or confused payoff- and belief-relevant state variables, or inadequately spec-
ified the distribution of the individual heterogeneity. Due to these observations, it seems

desirable to conduct a specification test.

31For example, studies of human capital investment may assume that expectations of the returns to
schooling are fulfilled (see, e.g., Willis and Rosen 1979 and Fuller, Manski, and Wise 1982). Self-fulfilling
expectations may be derived from the more primitive conditions: (a) the population involves a continuum of
agents, (b) the realizations of the futures are independent across agents, and (c) expectations are rational in
the sense that agents know the stochastic processes driving their environments (cf. Manski, 1991, p. 263).
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The following examples are high-dimensional analogs of Examples 1.7, 1.8 and 1.1.

Example 1.9 (High-Dimensional Linear Regression). Consider the linear predictive

model
Y =8D+WTd+e, El[e(D.W")T]=00spx1 (1.B.4)

where p denotes the dimension of W and dy. T allow for p to be (potentially much) larger than
the sample size n available to the researcher, p > n, thus making (1.B.4) a high-dimensional
linear model (HDLM). Here W may be thought of as a high-dimensional collection of trans-
formations P (W) of some underlying vector of control variables W, and the term W', may
therefore be thought of as a flexible way of controlling for ¥V in measuring the effect of D
on Y. In the 401(k)-savings setting of Poterba, Venti and Wise (1994; 1995) discussed in
Example 1.7, W6, corresponds to controlling for income using a flexible parametric form.

Projecting Y onto W we arrive at
WTEWW)] T EWY) =W [E(WWT)] " E(WD)+W'é,
and subtracting the result from (1.B.4) we get
Y = WThy, =By (D—WThy) +e, E[e(D,WT)T] = 0011p)x1,

where I have defined hy, = [E(WWT)]'E(WY) and hy, = [E(WW )]IE(WD). The
previous display corresponds to the ‘partialling out’ step (1.B.2) of Example 1.7, the only
difference being that I have swapped conditional expectations with linear projections. The

previous display may be written as
Y = ByD+ W hy, + (—5o) W'hy, +¢, E [5 (D, WT) T} = 0(14p)x1,

which shows that, in estimating [y, it is important to control for both variables that matter
for predicting Y (WThl*) and variables that matter for predicting D (WTh2*>. A similar
rationale underlies the double-selection approach to estimation of fy in the PLRM (Belloni
et al., 2014b).32 Given that Ele(D — W 'hy,)] = E(eD) — E(eW " )hy. = 0, defining X :=

32The post-double-selection estimator of By arises from (1) using a variable selector to select the most
important variables in a regression of Y on W; (2) using a variable selector to select the most important
variables in a regression of D on W; and, (3) regressing ¥ on D and the union of W-variables selected in
the two selection steps.
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(D,WT)T (1.B.4) we arrive at the high-dimensional UMR
E{]Y = W"hi.— By (D —W'hs.)] X} = 011p)x1-

Note that if E(¢|D,W) = 0, such that (1.B.4) has a structural interpretation, then the
previous display holds for not only X = (D, WT)T but for any vector X of instruments, i.e.,
any transformation of (D, ). For the purpose of specification testing, one may employ a

high-dimensional number of instruments potentially different than the regressors (D, W).

Example 1.10 (A High-Dimensional Model of Discrete Choice Under Uncer-
tainty). A high-dimensional analog of Example 1.8 may be obtained from (1.B.3) in a
manner similar to the one in which we obtained the high-dimensional linear model of Ex-
ample 1.9 from the PLRM of Example 1.7, i.e., by replacing conditional expectations by
high-dimensional best linear predictors. Adopting the high-dimensional linear predictive

models (see Example 1.9)

E[(AY = WThy) W] = 0,1,
E[(A =W hy,) W] = 01,

inserting the high-dimensional linear predictors W 'hy, and W' hs, into (1.B.3) in place of
E(YD|W) and E (D| W), respectively, and replacing the act of conditioning by multiplica-

tion with a high-dimensional vector X of ¢ instruments, we arrive at

E ({D — logistic [V "0 + 6o (W " hi/W Thay) |} X) = 041

1.C Obtaining Pseudo True Parameters

In this section I illustrate how one may obtain pseudo-true parameters in the examples

provided in Section 1.B.

1.C.1 Semiparametric Conditional Moment Models

Example 1.7 (continued) In the partially linear model, denote ¥ = Y — E (Y| W) and

D=D-E (D|W). These residuals arise from mean-square projections of Y and D, re-

spectively, onto square-integrable functions of W. Multiplying both sides of (1.B.2) by 5,

computing the expectation and solving for 8y, we see that 8, = [E(D?)]"'E(DY). Assuming

D is not fully determined by W such that E(D?) = E{[D — E(D|W)]*} > 0, we may there-

fore take 3, = [E(D?)]*E(DY). Clearly, 8, = 8 under the null. Given consistent estimators
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of E(Y|W) and E(D|W), under some conditions one may construct a y/n-consistent, asymp-
totically normal estimator of /3, (see Robinson 1988, Belloni et al. 2014b, and Chernozhukov
et al. 2017).

Example 1.8 (continued) Denote X = (V,W) and let 7 (X) be a (dy + 1)-vector of in-
struments generated by the state variables V' and W. Appealing to the conditional moment
restriction (1.B.3), a pseudo-truth f, == (6., d.) may be taken as the assumed unique root of

the map
(6,0) = E [{A—logistic [VT0+6E(Y|W,D =1)]}r (X)], (6,6) € R

A root of such a map exists under regularity conditions. Uniqueness amounts to an identi-
fication condition. To see that (, is pseudo-true, suppose that the null hypothesis holds for
this model. Then there exists 5y := (o, dp) such that

E { A —logistic [V "0, + 6E (Y|W,D =1)]| X} = 0.

By the assumption of a unique root and using iterated expectations it now follows that
By = By. A consistent estimator for 3, may be constructed using the generalized method
of moments (GMM) approach with a nonparametric first-step estimator for the conditional
expectation function. See Newey (1994) and Chen, Linton, and Van Keilegom (2003) for

regularity conditions ensuring /n-consistency and asymptotic normality.

1.D Obtaining Influence Functions

In this section I show how one may obtain the influence function of the parametric estimators

in the examples provided in Section 1.B.

Example 1.7 (continued) In the PLR model, let B be a two-step GMM estimator based
on the moment function m(z, 8, hs (w)) = {y — his (w) — B[d — haw (w)]}[d — hax (w)] and
some nonparametric estimators of hy, (W) = E (Y| W) and he, (W) = E(D|W). Using the

notation of Example 1.3, straightforward differentiation implies that
M, = —E{[D — ho, (W)}, 01, (W) =0, &, (W) =0.
By (1.4.7) and (1.4.9), no adjustment for estimation of (hi., ha.) is neeeded, so

s (2) = (E{[D = hao OW)]*}) ™ {y = ha (w) = B [d = ho. (w)]} [d = ha, (w))].
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Example 1.8 (continued) Denote X = (V,W) and let r (X) be a (dy + 1)-vector of in-
struments. Let B = (5, g) be a two-step GMM estimator based on the moment function
m(z, B, h(w)) = {a — logistic[v" 0 + dhy.(w)/he(w)]}r(z) and some nonparametric estima-
tors of hy, (W) = E(AY|W) and hy, (W) = E(A|W). Using the notation of Example 1.3,
differentiation implies that
M, = =B (V0 4 8.l (W) /o (W)7 (X) [V, (W) /e (W)},

51, (W) = —5*E[ F (V0. + 6,h1(W) /e (W) iz (W) "L (X)) W],

b (W) = 8.8 (V70 + 6.h. (W) o (W) [ (W) /12, (W)l ()] W),
where f” denotes the derivative of the logistic function, f (u) == e /(1+e~*)% = logistic(u)[1—
logistic(u)]. Using (1.4.7) and (1.4.9), it follows that

5. (2) = — (M'JM*)*1 M*( {a —logistic [v"0 + 0hy.(w)/has(w)] } r(z)

+ 01 (w) [ay = Ay (w)] + G20 (w) [ = ha. (w)]).

1.E Orthogonalization in the High-Dimensional Linear
Model

Example 1.9 (continued) In the case of the HDLM, the original moment functions are
ly —wThy — B(d — w'hy)|wg, where 2y = d and 2, = wp_1,k € {2,...,1+p}. Given
that 9y, p(z, By, v1,v2) = —1 and Dy, p(2, By, v1,v2) = B, letting e, € R'P denote the kth
elementary vector and noting that W e, = W}, by (1.5.10) we must have

pare = [E(WW ] E[WD (-1)] = —hy.,
poe = [E(WW ] 'E(WDg,) = B.has,
et = [EOVW D TIE [WW,_y (—1)] = —ep1, ke{2,...,1+p},
iz = [EWW D] 'E (WW,_18.) = Beer_1, k€{2,...,14p}.

Following (1.5.9) the first orthogonalized moment function evaluated at (B.,w ' hyw’ ho.,

w' g, w' g, is given by
d)l (27 ﬁ*’ (wThg*)%, (wTMw*)gﬁ)
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= p(Z, ﬁ*a (wThé*)%)d + (y - wThl*) wT (_hZ*) =+ (d - wThQ*) wT (ﬁ*h@*)
(Z ﬁ*a (wThé*)2)d - [y - wThl* - B* (d - wThQ*)] wThQ*
=[y—w'hi — B (d—w'ha)] (d—w"ha,) .

Orthogonalized moment functions k& € {2,...,1 + p} are even simpler as

wk (Za 6*7 (wThe*)i (wTMke*)e%ﬁ)
= [y —w " hyy — Bs (d — wTh2*)] Wk—1
+(y—w hu)w' (—ep1) + (d—w ha) w' (Ber-1) = 0.

The collapse of the latter collection of orthogonalization moment functions is due to the
linearity of the residual function in the values w'h; and w'hy. This linearity structure
is very special, and one will in general have as many orthogonalized moment functions as

original moment functions.

1.FF Extensions

1.F.1 Semiparametric Conditional Moment Models

In this section I extend the framework of Section 1.4 to accommodate multiple CEF's as well
as multiple CMRs.

1.F.1.1 Multiple Conditional Expectations

As illustrated by Examples 1.1, 1.7 and 1.8, models that involve a CEF, often involve mul-
tiple CEFs. For example, a firm considering entry in Example 1.1 typically must form an
expectation with regards to more than one competitor. With multiple CEFs, the h, (W)
appearing in the residual should be interpreted as a vector of conditional expectations
hoe (W) = E(Yy|Wy), 0 € {1,...,L}, where the Y,’s and W,’s are subvectors of Z and
W now denotes the union of unique elements of the W,’s. To accommodate a vector of

conditional expectations, Assumptions 1.3 and 1.4 are modified as follows.

Assumption 1.3’ The residual function satisfies:

1. For each z € Z,v € R, p(z,8,v) is continuous on B and continuously differ-

entiable on an open neighborhood N, of .. Moreover, there exists ¢ € (0,00) and
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L, : Z — Ry integrable such that for each z € Z,3 € N,,v € R¥,
1080 (2, 8,0) = Osp (2, B, hu (w))[| < L1 (2) lv — ha (w) "

2. For each z € Z,v > p(z, ., s) is continuously differentiable on RE. Moreover, there
exists v € (0,1] and R : Z — R, such that for each z € Z,v € RE,

10up (2, Bis ) = Bup (2, Bey b (w)) || < R (2) [l — Ry ()7,
where B[R (Z)] \/ﬁmaxléégLHﬁé — hellys” —p 0.

3. |p(Z, B, he W))|, subgen. 1080 (Z, B, h (W))|| and ||0up(Z, Bs, ha (W)||? are integrable.

Assumption 1.4’ max<cy, var (Yy| Wy) is bounded.

Each CEF w, +— hy. (wy) may require its own set of approximating functions wy +— p§ (wy).

Assumption 1.5 therefore becomes:

Assumption 1.5’ The eigenvalues of E[pf (W) pk (Wy)'] are bounded from above and away
from zero uniformly over £ € {1,...,L} and k € N.

Each CEF and associated approximating functions must now satisfy an approximation

requirement.

Assumption 1.6’ The hy,’s are bounded. Moreover, for each ¢ € {1,..., L} there exists a
constant oy € (0,00) such that for each k € N there is 7y, € R* such that ||hy, — hedllw, S

k= for the linear form ’Egk = pﬁT?rgk.

Quantify the size of the (th set of approximating functions by

(o = sup ||pf (we)l],
wyeEWp

where W, denotes the support of W,. For the purpose of stating rate conditions, define
Op <t7 Wf) =E [w <t7 X) avzp (Z7 Bis I <W>>’ WZ] )

where 0,, denotes the partial derivative with respect to the values of hy (Wy). Define the

mean-square projection coefficients

o = argmin B{[p (W) 7 — e, (W)},
TeR!
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s, () = argmin B{[pj (Wy) 'm — 0. (¢, W)},

TERK

and their induced mean-square errors

Thro = BLDE W) Tmhy s — hen(We) P} = min E{[p} (We) 7 — hee(Wo)]?},
r5, 5 () = B{[p} (We) s, (t) — 0pu(t, W)} = min E{[p} (W) — 60 (t, Wo)]*

R} . =EB[llpfWe) "msm (-) = 6ex (-, Wo) 5]

Assumption 1.7’ For each ¢ € {1,..., L} and the a’s from Assumption 1.6,

szke,nrhévkl,n — 0, R5z7ke,n \/hl (kf,n/R%,ke,n) — 0,
R5l7ké,n — O, CankZ,n In (]i]g’n) /Tl — 0,

kZ,n

5 \1/2 B
Wi Poekenllr = 0 <Z Peie,. sz> <\/kz,n/n + k&,j“f) 0.
7j=1

Lastly, I modify the bootstrap conditions as follows:

Assumption 1.8’ (1) For each z € Z,5 € N,,v > p(z,,v) is continuously differentiable
on RE. Moreover, for each z € Z,3 € N,,v € RE,

10up (2, 8,0) = Bup (2, B, h (w))|| < B (2) (18 = Bull + [lv = o (w)]])

where B[R (Z)]y/nmaxicecrl[he — helldy, = 0, (2) E[l[3(Z) — 5. (Z)]?] —» 0, and
(3) maxi<e<r, Cz,]%n\/kg’n(\/ k&n/n + /{ZZT?[) — 0.

Interpreting h (w) as a vector of /ﬁg (we)’s, we may define a test statistic 7}, as in (1.4.5).
Using Assumptions 1.1 and 1.2 and Assumptions 1.3’-1.8 one may extend the argument used
in proving Lemma 1.1 to show that the process {\/nEq[p(Z;, B, h(Wi))w(t, X;)||t € T} guid-
ing the behavior of the resulting test statistic is asymptotically equivalent to {y/nE,[f. (¢, Z;)]|t €
T} with f, redefined as

Jo(t,2) = p (2, Bes b (W) w (8, 2) + 0. (1) 84 (2) + D 0 (t,0) [y — hew (we)]

(=1

One may now modify the Gaussian multiplier bootstrap of Section 1.4.5 to construct critical

values, and the arguments of Theorems 1.2, 1.3, and 1.4 may be extended to establish size
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control and consistency of the resulting test. I omit the formal proofs for the vector case as

they parallel their scalar counterparts.

1.F.1.2 Multiple Conditional Moment Restrictions

The null hypothesis in (1.4.3) is based on a single CMR. However, the underlying model may
imply more than one CMR. For example, the entry game of Example 1.1 implies a collection
of CMRs—one for each firm. By focusing on a single restriction, the test procedure presented
above may fail to reject an inadequate econometric model. It therefore seems desirable to
be able to test a finite collection of CMRs.

When the underlying implies M (M € N) CMRs, after passing to a pseudo-true param-

eter, the null hypothesis becomes
Ho:Vm e {l,... .M}, E[pm (Z, Bey hine (W) Xin] =0,

where each X, is a subvector of Z containing W,,. With the help of weight functions
{wm 1! and nuisance parameter spaces {7,,}{" all satisfying Assumption 1.2 and absolutely
continuous, strictly positive, finite probability measures { um}iw , we may transform this null

hypothesis into

2 —
o max / (E 0m (Z, B one (W) (s X )Y it (1) = 0.
Under a set of assumptions similar to Assumptions 1.1-1.7 we may therefore show that,

under the null, the test statistic

1<m<M

T mas, [ {VAE o2 B i)t X ]|} it 1)

converges in distribution to maxi<m<as [ Gmo (tm)? ditm (tm), where {Go})! denotes cen-
tered Gaussian processes with potentially different covariances functions. By an equivalence
result similar to Lemma 1.1 one may extend the Gaussian multiplier bootstrap of Section

1.4.5 to obtain a correctly sized and consistent test.?3

33Such an extension would have to take into account the dependence structure of the G,,’s, which will in
general not be independent.
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1.F.2 High-Dimensional Unconditional Moment Models

In this section I extend the framework of Section 1.5 to accommodate multiple best linear

predictors as well as multiple residuals.

1.F.2.1 Multiple High-Dimensional Predictors

Examples 1.7, 1.8 and 1.1 show that models that involve agents forming a prediction (in the
examples: conditional expectation), typically include multiple predictions. For example, in
the entry game (Example 1.1), the number of predictions needed to evaluate the residual
function from the perspective of any particular firm equals the number of its competitors.
Being the high-dimensional analogs of these examples, Examples 1.9, 1.10 and 1.2 involve
multiple high-dimensional best linear predictors. With multiple high-dimensional best linear
predictors, the L, (W) appearing in the residual should be interpreted as a vector of best
linear predictors Ly, (Wy) = L (Y| Wy) ., £ € {1,..., L}, where the Y;’s and W,’s are subvec-
tors of Z, W denotes the union of distinct elements of the Wy’s. Denote p; := dim (W,) and
p = dim (W).

Let M; = supsupp (|W;|). To accommodate a vector of high-dimensional best linear
predictors, I impose the following boundedness and moment conditions on the outcomes Yy,

instruments X, regressors W, and the projection errors €, := Y, — Ly, (W)).

Assumption, ‘Xk| < Clvnff’ < Cl; C% < )\min(E(WEWgT)) < )\max<E<WZWg—r)) < 0127
a <M; <0, E(E?Wé) > cf, and

P( max ‘ max |W;;| — Mj‘ > C’gn_”) < Con™ .

1<j<p | 1<i<n

Define the BLPs { Ly }re by Liee (We) = W, tiges, where the projection coefficients are
given by

Lkos = [E(WeWgT)TlE (WeX0up (Z, Be, L (W))],

and 0,, denotes the partial deritative with respect to the ¢th value Ly, (wy). Let eg denote
the induced projection error ey = Xy,0,,0(Z, By, L. (W)) — Ly (Wy). To accommodate a

vector of high-dimensional best linear predictors, Assumption 1.13 now reads:

Assumption 1.13° The residual function p satisfies:

1. For each z € Z,v € RF, B+ p(z,B,v) is differentiable on R%, and for each (z, 3,v) €
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Z x R¥L jts derivative satisfies ||0sp(Z, Bey L (W))]| < Cy. and
100 (2, 8,0) = 0sp (2, Be, L (w)) || < Co || = Bull + [lv = L (w)]]),

2. For each z € Z,v +— p(z, Bs,v) is differentiable on RE, and for each (z,v) € Z x R
its deriwative satisfies |0y,p(Z, Bx, L« (W))| < Cy and

10up (2, B+, v) = Bup (2, Ba, L (w))[| < Cr flv = Ly (w)]] -

3. Elp(Z, B., L. (W))*] < CF, E(e§,W}) = cf for all (k,€) such that Xy.0u,p(Z, Bs, L. (W)) ¢
span (Y7, Wh), and ||pue|r < Ch.

With multiple best linear predictors entering the residual, the Neyman orthogonalization

now includes an adjustment for each best linear predictor,

L
Vi (2, B, {w;he}f Aw e} r_) = p(z, B, {wzhe}f)xk + Z(ye — wy ho)wy .
=1

This type of adjustment may be justified using the chain rule. Given an estimator E and
(Lasso) estimators of the Ly’s and the Ly’s, the test statistic is defined exactly as in
(1.5.11):

T := max ‘\/E]En[i/}k(zi, B, {Zz(Wéi)}£:1a {Zkf(Wéi)}éLzl)H'

1<k<q

Under a set of growth conditions similar to Assumption 1.14 (possibly modified to allow for
growing L), this test statistic may be shown to be approximately equivalent to the maximum
of an exact average, which is mean zero under the null. One may therefore obtain a critical

value using the Gaussian multiplier bootstrap described in Section 1.5.5.

1.F.2.2 Multiple Residual Functions

The null hypothesis in (1.5.1) is based on a single residual. However, the underlying econo-
metric model may imply more than candidate for a residual. For example, the entry game of
Example 1.1 implies a collection of CMRs, thus yielding one residual for each firm. By focus-
ing on the high-dimensional UMR implied by a single residual, the test procedure presented
above may fail to reject an inadequate econometric model. It therefore seems desirable to
be able to test a finite collection of high-dimensional UMRs.
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When the underlying model implies M (M € N) candidate residuals, after passing to a

pseudo-true parameter, the null hypothesis becomes
Ho:Vme{l,.... M} ,E[pm (Z, By, Lins (W) Xin] = 04, x1,

where Ly, (W,,) is the BLP of Y;, given W,,, both subvectors of Z, and X,, is a subvector

of Z of length ¢,,,. Taking the supremum norm, we may transform this null hypothesis into

Ho: max max |E[py (Z, Bsy Line Wi)) Xmk]| = 0.

1<m<M 1<k<gm

A Neyman orthogonalization suggests the moment functions

wmk<za ﬁa w;rlhma ) = pm(za 57 w;hm)xmk + (ym - wlhm)w;/imka

where the true w,) fi,,1+’s are given by

Lmk* (wm) = w;vrwumk*u Mmks = [E(WWWT;E)} _lE [Wmekavpm <Z7 5*7 Lm* (Wm)>] :

Given an estimator B\ and (Lasso) estimators of the h,,.’s and fi,k«’s, these orthogonalized

moments may be used to construct a test statistic

T := max max !ﬂEn[wmk(Zi,g, L., (sz)yimk (sz))”

1<m<M 1<k<qm

Under a set of assumptions similar to Assumptions 1.10-1.14, one may show that T" can be
approximated by the maximum of an exact average vector of length ¢ := Z%zl Gm, Which
is mean-zero under the null. Using a high-dimensional central limit theorem for this exact
average, one may therefore modify the Gaussian multiplier bootstrap procedure to obtain an

approximately correctly sized and consistent test.

1.G Sparse Methods for Many Best Linear Predictors

In this section I develop a general framework for modeling best linear predictors by means
of sparsity and propose a Lasso method for estimating very many best linear predictors.
The results of this section are drawn upon in analyzing the procedure for testing a high-
dimensional moment condition proposed in Section 1.5 but may also be of independent

interest.
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1.G.1 The Projection Model and Statement of the Problem

Let Y = (Y3)! be an Ri-valued random variable with E(Y?) < oo for all k € {1,...,q}
and W = (W)} an RP-valued random variable with E(W?) < oo for all j € {1,...,p}.
Throughout this section I assume that {(Y;, W;)}} are n i.i.d. copies of (Y, W). I allow both
p and ¢ to depend on as well as exceed n. While the distribution of (Y, W) may depend on
n, I will suppress such dependence throughout. Suppose that E(WW ) is invertible. Then
one may define the best linear predictor Lg. (W) of Yy, based on W by

L) =w B, Bre=[E(WWT)] T EWW).

Given that S, is the unique solution to the the convex problem “minimize E[(Y, — W 3)?]
subject to 8 € RP,” it must satisfy the first-order sufficient condition for a minimum: E[(Y; —
W Bk )W] = 0,x1. If we define the prediction errors {e;}? by

EkZZYk—Lk*(W), ]{56{1,...,(]},
we therefore arrive at the tautologically true linear projection models:
Y. = L« (W)—i—e?k, E(&kW) :0p><17 ke {1,...,(]}. (1.G.1)

In the special case where Y}, lies in the span of W, Y} € span (W), the best linear predictor of
Y, follows from the relevant linear combination. When these coefficients are known or can be
solved for, this predictor can be estimated by itself. In this section I rule out Y} ¢ span (W)

and focus on estimation of the ¢ unknown best linear predictors.

1.G.2 Sparse Models for Best Linear Predictors

The potentially many regressors {W;}} can be successfully employed under the key assump-
tion of sparsity. For the sake of illustration, suppose that each best linear predictor function

Ly depends only on s < n regressors. Then there exists Sy € R,k € {1,...,q}, such that

Lk* (w) = wT/Bk07 ke {17"‘7Q}7
p

= ; < .
max[|Beollo = max 1 1(Broj #0) < s <n
]:

Note that the identity of each set of “active” regressors Tyo == supp (Bro) = {j € {1,...,p}|

Broj # 0} may differ across k as well as be unknown to the researcher.
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While this ezact sparsity assumption is useful for illustration purposes, it is unlikely to
hold in practice and unnecessarily restrictive. I will instead assume that the best linear pre-
dictors are approximately sparse. For the purpose of stating the assumption of approximate
sparsity as well as assumptions to follow, let ¢y, (1, co and C5 be some given set of strictly
positive, finite constants independent of n. The nonasymptotic, high-probability bounds

obtained in this paper will depend on these constants.3*

Assumption 1.16 (Approximately Sparse Best Linear Predictors). There exists
{Bro}{ C RP such that each best linear predictor is well-approzimated by a function of un-

known s > 1 regressors in the sense that

max || Brollo < s <n  and P (Cs > Cl\/s/_n) < Cyn~e,

1<k<q

where  ¢g = max \/En{[WiT(ﬁko — Br)]?}-

1<k<gq

Assumption 1.16 requires that at most s regressors are able to approximate each best
linear predictor function up to an approximation error, which is small with high probability.

Defining the sparse linear predictors
w — Ly (w) = w' B, k€ {1,...,4}, (1.G.2)

we may express Cs as s = maxXi<k<q||Lro — Li«||p, 2, which emphasizes that ¢, is an error
resulting from approximating best linear predictors by sparse linear predictors. Here ¢ is
considered “small” when it is not essentially larger than the size \/s/_n of the estimation
error arising from the infeasible least squares estimator that knows the identity of the most
“important” regressors. One may view the Lyg’s as surrogate functions for the target functions
{Li}.

Assumption 1.16 assumption roughly amounts to assuming that many of the elements of
each (. are close to zero, i.e., that few regressors truly matter for prediction purposes. Note

that this assumption allows for the identity of the most important regressors,

Tro =supp (Bro), ke{l,...,q}, (1.G.3)

to be unknown to the researcher as well as differ across k.

BCCH used an assumption almost identical to Assumption 1.16 in the context of esti-

34In principle, one may allow each of the conditions below to have their own set of constants and let the
bounds depend on all these constants. To simplify the exposition, I reuse notation for constants that play a
qualitatively similar role.
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mation of conditional expectations. A detailed motivation and discussion of this type of
assumption may be found in BCCH as well as Belloni and Chernozhukov (2011; 2013).

Defining the approzimation errors {ry}{ by
e =rg (W) =L (W) — Lo (W), ra=r(W;), ke{l,...,q},
we arrive at the approximately sparse linear models
Yi=LoW)+r,+er, E@EW)=0,a, ke{l,...,q},

where max; <<y [En(172)]Y/? < C1+/s/n wp = 1 — Cyn~ by Assumption 1.16.

1.G.3 Lasso Estimation of Many Best Linear Predictors with Es-

timated Outcomes

Suppose that Y is not observable, but that each Y; may be estimated by some 2 In the
notation of Section 1.5, Y, = X0,p(Z, B+, W h,), which may be estimated by substituting
estimators E and h for the unknowns (B+, hy). Defining the outcome estimation error ey, by

~

eix = Y — Y, we may write

~

}/ik = LkO (I/[/i)+6ik+rik+5ik7 E(gilxi) :OpX17 k) - {1,...,(]}. (1G4)

I will make use of the following high-level assumption in order to control the error arising

from using the estimated and not necessarily true outcomes.

Assumption 1.17 (Outcome Estimation). |e;| < C) and

P (A > C14/sn (pgn) /n) < Cyn~ 2, where A= max E, (e%).

The estimation error term A in Assumption 1.17 plays a role qualitatively similar to the
approximation error term c, from Assumption 1.16.

Given that the number p of parameters in each (i, may exceed the sample size n, the use
of machine learning or regularization methods appears unavoidable. A particularly popular
machine learning method is the Lasso (Tibshirani, 1996), which uses regularization to simul-
taneously carry out estimation and variable selection in the context of regression.®® For each
ke {1,...,q}, the Lasso estimator Ly of Ly (and thus of Ly,) is defined by Ly, (w) = w" By,

35The name “Lasso” is an acronym for Least absolute shrinkage and selection operator.
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where Bk is a solution to the penalized least squares problem

~ _ ~ A~
Bi € argmin { B, [(Vac — W, 8)%] + 2|16l }. (L.G.5)
BERP n
A > 0 is a penalty level common to all ¢ Lasso problems, and each ?k = diag (Y1, - - -, Vep) @

diagonal matrix specifying penalty loadings to be described in further detail below.

The analysis will be centered around the “conservatively ideal” penalty loadings

Ty = diag(Yy, - - V) T =\ En (€3, max Wiil, (G, k) € {1,...,p} x{1,...,q},
(1.G.6)

and the “truly ideal” penalty loadings

T = diag(3fi, - - A0, A = 1/En (2W2), (5.k) € {1,....p} x {L,....q}, (LG.7)

Use of “ideal” penalty loadings leads to sharp theoretical bounds on estimation risk. Neither
the conservatively nor truly ideal penalty loadings are feasible since the €;’s are unobservable.
In practice one can estimate the ideal loadings using preliminary, conservative loadings and
then inserting the resulting residuals in place of the €;;’s to obtain refined loadings. A
procedure for initial and refined estimation of the penalty loadings is given in Algorithm 1.1.

The idea behind the “truly ideal” penalty loadings is to introduce self-normalization
to the first-order condition of the Lasso minimization problem by using data-dependent
penalty loadings. Self-normalization, in turn, allows use of moderate deviation inequalities
for self-normalized sums as in de la Pena, Lai, and Shao (2009). Self-normalization via
penalty loadings was first introduced by BCCH in the context of estimation of conditional
expectations using the Lasso or Post-Lasso (least squares following Lasso selection).

In the present context e, = Yy — Lg. (W), where Ly, (W) is the best linear predictor of
Y). The best linear predictor need not coincide with the conditional expectation E(Y;|WW).
The reason for not immediately focusing on “truly ideal” penalty loadings is that the defini-
tion of a best linear predictor as a linear projection does not suggest a conservative initial
estimate of En(skaZ) The definition of a best linear predictor does, however, suggest a
conservative initial estimate of E,(¢2), since E(¢?) = E[(Yy — W 1.)?] < E[(Yx — WT5)?]
for all 5 € RP by definition. This observation, in turn, suggests bounding a “truly ideal”
penalty [E,(e3,W2)]*/? by [En(c3)]"/? maxi<ic,, |[Wis|. If the best linear predictor were to
coincide with the conditional expectation E(Y;|W), then one could obtain a conservative
initial estimate of K, (¢, W) exploiting the inequality E(egW?) = E{[Y; — E(Y;|[W)PW?} <
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E{[Y — f(W)]*W?} for any j € {1,...,p} and any function f of W (as in BCCH).
The moderate deviation inequalities of de la Pena, Lai, and Shao (2009) yield a bound

on maximal element of the f,;“—normalized score vectors defined by
St =217) "B, Wiew), ke{l,....q}, (1.G.8)

which capture the “noise” of the estimation problem. Specifically, the moderate deviation
theory implies that for any significance level a € (0, 1), there exists a finite constant C' such

that for n sufficiently large,
P (lril]?z( 1vV1S;/2]lee > @71 (1 —a/ (2pq))) < Co. (1.G.9)
X \q

To guarantee good behavior of the Lasso estimators, one must choose a penalty level A/n that
overrules the noise from all score vectors {.S}}{ simultaneously such that A\/n > ¢y max;<x<q|[Sil o
with high probability for some constant ¢y > 1. Expressing the significance level as a poly-

nomially decreasing function n~% in n, the previous display shows that
* < —c!
p (/\/n < ¢ g’?échSkHoo) <Cn™ %
can be achieved at least for n sufficiently large by setting the penalty level
A = 2c07/n® (1 — ) (qu)> , (1.G.10)
where ¢g > 1 and ¢; > 0 are user-specified constants.*® Given that ;5% = E, (5, W) <

En(3,) max; W72 = 742, we must have |Sy;| > |Si¥|, where the S;*’s are the ¥;*-normalized

score vectors given by
S =20 B, Wiewr), ke{l,....q}. (1.G.11)

Consequently, whenever the penalty level overrules the noise stemming from {S;}{, it also

overrules the noise stemming from {S;*}.

36BCCH recommend setting c¢o = 1.1. Further simulation evidence is needed to determine a reasonable
value for ¢}, > 0.
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1.G.4 Regularity Conditions for Estimating Best Linear Predic-

tors

The performance of the Lasso estimators hinge crucially on the empirical Gram matrix
E,(W;W,T) being well-behaved. Given that the rank of this matrix is bounded by p A n,
when p > n, the p x p matrix E,(W;W,") must necessarily be singular. However, due
to the assumption of approximate sparsity (Assumption 1.16), good performance of the
Lasso estimator only requires that the empirical Gram matrix is well-behaved for “small”

submatrices. To formalize this idea, define the compatibility constant k (a) by

§"E,(W;W,;")8]"/?
k(a) = min min &l ( i )9] :
1<|T|<s §#£0 HéTHl

[6z¢ll1<alldrx

a> 0,

where s is the sparsity index from Assumption 1.16, and 7' is understood to be a subset
of {1,...,p}. The compatibility constant x(a) may depend on n, although this dependence
is suppressed. Good performance of the Lasso estimates can be ensured provided that the
compatibility constant is bounded away from zero at least with high probability and for a
suitable choice of a > 0. For the purposes of bounding the compatibility constant away from

zero, define the mazimal and minimal sparse eigenvalues of the empirical Gram matrix by

STE, (W;W, )6
max (M) == Mmax L 1.G.12
Pmax (M) e HE ( )
STE, (W;W,)6
min (M) == min L, 1.G.13
Frin (1) =, P 16113 ( )

Under some conditions on the design, compatibility constant may be bounded away from
zero using the minimal and maximal sparse eigenvalues (see Lemma 1.30). To state these
design conditions, denote M; = supsupp (|W;|). I impose the following boundedness and

moment conditions on the outcomes Y, regressors W and projection errors ¢.

Assumption 1.18 (Observables and Errors). |V;| < C,c; < M; < C1, & < Apin(EWWT))
< AmaxEWWT)) < CF, |ex| < Cy, E(eFWP) > ¢, and

P( max | max [W;;| — M;| > CQn_”) < Cyn™ 2. (1.G.14)
1<j<p ' I<isn

The condition that the population Gram matrix E(WW ") has eigenvalues bounded from
above and away from zero is common in the econometrics literature; see, e.g., Newey (1997)
and Belloni et al. (2015). For the sake of analyzing the Lasso, the assumptions of bounded

outcomes and errors are less standard but may be substantially relaxed at the expense of
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longer proofs. Specifically, boundedness of the £;’s may be replaced by some tail bound
making extreme events unlikely. An example of random variables satisfying a tail bound
is the class of subgaussian random variables, whose tails are no fatter than normal random
variables.

The assumption of bounded regressors (M; < Cp) appears essential to establishing that
the penalty loadings constructed via Algorithm 1.1 are close to being ideal with high prob-
ability. This dependence on boundedness stems from the appearance of max;<;<, |W;;| in
the conservatively ideal penalty loadings (1.G.6), which are used as target for the penalty
loadings used to initiate the algorithm. It may be possible to devise an algorithm that does
not rely on boundedness of the regressors, but such a task is beyond the scope of this paper.

The requirement that the lower bound inside the probability statement of (1.G.14) is
equal to the right-hand side bound of the same equation is immaterial; were the two bounds
to differ, then one may always proceed with the largest of the two bounds. The follow-
ing example shows that the requirement in (1.G.14) can be satisfied even when p grows

exponentially fast with n.

Example 1.11 (Plausibility of Absolute Order Statistic Convergence). Suppose
that {W;}] are independent across i, W;; ~ U|0,1] for all (i,7), and p > 2. Suppose also
that there exists ¢ € (0,1) and C' > 0 such that Inp < Cn'. Then M; = 1 for all
J and max;c;<, [Wi;| equals the order statistic Wi,; = max;<;<, Wj;, which is Beta (n,1)
distributed for all j. In particular, E[W,y;] = n/(n +1). A Beta (o, 3) random variable is
subgaussian with (optimal) subgaussianity parameter o2 (o, ) bounded by 1/ [4 (o + 3 + 1)]
(cf. Lemma 1.42). From this bound it follows that W(,); is subgaussian with (optimal)
subgaussianity ¢ (n) parameter bounded by 1/[4(n + 2)]. By a maximal inequality for

subgaussian random variables (Lemma 1.43) we therefore see that

1<j<p

E[max
n+1

n 1 1 /Inp
W, — Hga(n)\/?ln(?p)gm\/ﬂnpgé et

where I have used p > 2. Given that |n/(n 4+ 1) — 1| < 1/n, by the triangle inequality it

follows that
1 /1 1 +C 1
E | max [Wiy, — 1] < 54/ =2 + = < oon~2 4 = < ',
1<j<p 2 n n 2 n

where C' == v/C//2 + 1. Markov’s inequality therefore shows that for any a € (0,c¢/2) and

N
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any D > 0,

-« C/ —(¢/2—«
P<112§1<>§)‘W(n)j—1‘ > Dn ) <5n (e/ ),
which declines polynomially fast in n. Choosing a = ¢/4 and D = (', we see that
maxicj<p Wiy, — 1| < VC'n=* with probability > 1 — v/C'n=/*.

The properties of the Lasso estimators relies on the following growth conditions.

Assumption 1.19 (Lasso Growth Conditions). sIn® (pgn) < Cyn'~ and In (pgn) <

Cyn=% for some ¢, € (2,1) .

2
37
may grow exponentially fast with n, they cannot grow too fast. Although the requirement

cy € (%, 1) was not explicitly stated in BCCH, it appears necessary in order to guarantee

The requirement In (pgn) < Cyn'~% for some ¢, € (2,1) implies that while p and ¢

the validity of moderat deviation inequalities for self-normalized sums (see Appendix 1.P.1

and, in particular, the proof of Lemma 1.44).

1.G.5 Results on Lasso for Estimating Many Best Linear Predic-

tors

In this section I consider the Lasso estimators of best linear predictors defined in (1.G.5) in
the potentially high-dimensional system of projection equations (1.G.1) as well as estimated
outcomes. These results extend the previous results of BCCH and Belloni and Chernozhukov
(2011; 2013) for Lasso estimation of CEFs with nongaussian and heteroskedatic structural
errors. Moreover, throughout the analysis I account for the fact that I am simultaneously
estimating a potentially high-dimensional number (q) of equations. In particular, in estab-
lishing the validity of the penalty loadings constructed using Algorithm 1.1, T account for
the dependence of my results on ¢.%"

To state the rate results for the Lasso, call a set of penalty loadings T, = diag (Y1, - - - » Vap)
conservatively polynomially valid if there exists ¢, u, ¢, C' and ng depending only on ¢y, ¢, ¢1,

(', ¢y, Cy and ¢, such that for all n > ny,

iy < kg < iy for all j € {1,...,p} (1.G.15)

3TBCCH also account for the dependence of their results on the number of regressions (their k) but treated
this number as fixed in establishing the validity of their penalty loadings (see their proof of their Lemma
11).
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with probability > 1 — Cn™¢, where 0 < £ < 1 < w and both / — 1 and u — v >
1 polynomially fast. The initial penalty loadings arising from Algorithm 1.1 satisfy this
requirement uniformly over k£ € {1,...,¢}.

Similarly, call a set of penalty loadings T, = diag (Y1, - - - » Ykp) truly polynomially valid
if there exists ¢, u, ¢, C and ny depending only on ¢, ¢, ¢1, C1, c2, C2 and ¢ such that for all

n 2 no,
i <Ak < uyy forall j € {1,...,p} (1.G.16)

with probability > 1 — Cn™¢, where 0 < ¢ < 1 < u and now both / — 1 and v —
1 polynomially fast. The refined penalty loadings arising from Algorithm 1.1 satisfy this
requirement uniformly over k € {1,...,q}.

The reason for calling the loadings in (1.G.15) and (1.G.16) “conservatively” respectively
“truly” valid is that they come close to the conservatively and truly ideal loadings from
(1.G.6) and (1.G.7). The truly ideal penalty loadings induce self-normalization of the Lasso
first order conditions, while the conservatively ideal loadings deflate the Lasso first order
conditions by more than what would induce self-normalization. [See also the discussion
following (1.G.6) and (1.G.7).]

The following theorem characterizes the behavior of the Lasso.

Theorem 1.7 (Nonasymptotic, Polynomially Valid Bound for Lasso Estimation of
Many Best Linear Predictors). Suppose that Assumptions 1.16-1.19 hold and that the
penalty level X is specified as in (1.G.10) for some ¢y and ¢y. Consider any conservatively or
truly polynomially valid penalty loadings {?k}‘f, for example, the penalty loadings resulting
from Algorithm 1.1. Then there exists ¢, C,C" and ngy depending only on cq, ¢, c1,Ch, 2, Co
and ¢, such that for all n = ng, with probability > 1 — Cn~¢,

~ 1
max [ Ts — Lulls, » < C'y/ 222247
1<k<q n

Theorem 1.7 provides a nonasymptotic, high-probability bound for Lasso estimation of
many best linear predictors. Provided sln(pgn) /n — 0, the theorem implies the rate of

convergence result

~ sln (pgn
ma | Ly — L, 2 Sp 1) 2P0, (1.G.17)

1<k<q
The theorem and its rate corollary (1.G.17) parallel the nonasymptotic bound and rate result
in BCCH (their Lemma 6 and Theorem 1, respectively). The main difference between the
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two pairs of results is that, compared to CEFs, having best linear predictors as estimands
place less structure on the problem. Specifically, in the algorithm proposed for constructing
penalty loadings (Algorithm 1.1) T take into account that the projection errors {e;}{ do not
necessarily exhibit a conditional-mean-zero property, E(ex|W) = 0. In the proof of Lemmas
1.7 and 1.8, which establish the validity of the penalty loadings arising from Algorithm 1.1,
I explicitly take into account that the number of estimands (best linear predictors) g may

be high-dimensional (see also Footnote 37).%®

1.H Implementation Details

In this appendix I present implementation algorithms for the Lasso procedures described in
Sections 1.G and 1.5.

1.H.1 Implementation Details for Section 1.G

For any m € N, let [m| denote the set [m] = {1,...,m}. Feasible options for setting the
penalty level and loadings for (j, k) € [p] x [q] are:

Level: A := 2¢o® (1 — n=%/(2pq)), (1.H.1)
Initial Loadings: 7; = \/En{[ﬁk —E,(Yir)]2} max Wiil, (4 k) €p] x[qg, (1.H.2)
Refined Loadings: 4i; = /En.(E5,W5), (4, k) € [p] x [d], (1.H.3)

where &, is an estimate of ¢;;,, and }Afik = Y if Yy, is observed. Here ¢p > 1 and ¢ € (0, 1) are

user-specified constants. BCCH (2012, p. 2380) recommend setting the constant ¢y = 1.1.

Algorithm 1.1 (Penalty Loadings for Lasso Estimation of Many BLPs). Step 0
(initiate): Choose an integer M > 1, specify the penalty level \ as in (1.H.1) and the
penalty loadings as in (1.H.2). Use this initial specification to compute the q Lasso estimators
{B,E;O)}(f as in (1.G.5), and compute residuals 51(2) = }Zk—wfé\,go), (i, k) € [n]x[q]. Step m+1
(update): Given residuals from Step m < M, {é?)}zk, update the penalty loadings according
to the refined option in (1.H.3), compute the Lasso estimators {B,imﬂ)}zzl based on these
refined penalty loadings, and compute residuals ggznﬂ) = Y — VViTB,(CmH), (i, k) € [n] x [q].

Increment m and repeat this step until m = M or tolerance is met.

38 Another difference is that I show that the nonasymptotic bound in Theorem 1.7 holds not just with
probability approaching one but with probability approaching one polynomially fast.
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Algorithm 1.1 is essentially Algorithm A.1 in Belloni, Chen, Chernozhukov, and Hansen
(2012) with the inital step modified to allow for the estimands to be best linear predictors
but not necessarily conditional expectations. (See also Section 1.G.3 for the necessity of this
modification.)

The following lemmas establishes the conservative and true polynomial validity of the

initial and refined penalty loadings, respectively.

Lemma 1.7 (Conservative Polynomial Validity of Initial Penalty Loadings). Under
Assumptions 1.17 and 1.18 and the growth condition In* (q) < Cyn'=2, the initial penalty
loadings {?kH specified in (1.H.2) are conservatively polynomially valid uniformly over k €

{1,...,4q}.

Lemma 1.8 (True Polynomial Validity of Refined Penalty Loadings). Let {7;}
denote the refined penalty loadings specified in (1.H.1), where the estimated residuals &y, =
?ik — WiTEk are based on estimators {Ek} for which there exists ¢, C,C" and ng depending

only on ¢y, ¢y, c1,Ch, ca, Cy and ¢ such that for all n > ny,

~ 1
masc || B — frellon < O EBPT) S e (LHA)
1<k<q n

Then, under Assumption 1.18 and the growth requirements sIn (pgn) < Con'=® and In* (pq) <
Con'=2, the refined penalty loadings {1),}0 arising from (1.H.3) and Algorithm 1.1 are truly
polynomially valid uniformly over k € {1,...,q}.

1.H.2 Implementation Details for Section 1.5

Algorithm 1.2 specializes Algorithm 1.1 to estimation of h, by setting ¢ = 1 and f/ﬂ =Y.

Feasible options for setting the penalty level and loadings for the purpose of estimation of

h, are
Level: A = 2¢,® (1 — n™%/(2p)), (L.H.5)
Initial Loadings: Y, = v/ E,{[V; — E,(Y;)]2} max (Wi, J€lpl, (1.H.6)
Refined Loadings: 3i; = /E.(EFW2), j € [p], (1.H.7)

where &, is an (updated) estimate of € and ¢y > 1 and ¢, € (0,1) are user-specified

constants.

Algorithm 1.2 (Penalty Loadings for Lasso estimation of h.). Step 0 (initiate):
Choose an integer M > 1, specify the penalty level N, as in (1.H.5) and the penalty loadings
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?h as in (1.H.6). Use this initial specification to compute the single Lasso estimator h as in
(1.5.12), and compute residuals §§0) =Y, — I/I/Z-Tﬁ(o),i € {l,...,n}. Step m+1 (update):
Given residuals from Step m < M, {éf-m)}?:l, update the penalty loadings according to the

m+1) based on these refined penalty

refined option in (1.H.7), compute the Lasso estimator A
loadings, and compute residuals é\gmﬂ) =Y, — WiTiAl(m“),i € {1,...,n}. Increment m and

repeat this step until m = M or tolerance is met.

Lemma 1.9 (Conservative Polynomial Validity of Penalty Loadings for Lasso
Estimation of h,). Suppose that Assumption 1.12 holds. Then the penalty loadings fh

arising from the initial step of Algorithm 1.2 are conservatively polynomially valid.

Lemma 1.10 (True Polynomial Validity of Penalty Loadings for Lasso Estimation
of h,). Suppose that Assumptions 1.10-1.14 hold. Then the penalty loadings ?h arising from
Algorithm 1.2 with M > 2 are truly polynomially valid.

Similarly, Algorithm 1.3 specializes Algorithm 1.1 to estimation of the py,’s. Feasible
options for setting the penalty level and loadings for the purpose of estimation of the p.’s

are

Level: A, = 2co® (1 — n=0/(2pq)), (1.H.8)

Initial Loadings: Fu; = \/En{[¥; — E,(V1)]2) max [Wyl,  (j,k) € [p] x [q],  (L.H.9)

Refined Loadings: 3u; = \/En(EEW7), (5, k) € [p] x [q], (1.H.10)
}/}ik = Xik(‘?vp(Zi,B,Z(W/i)) with E(w) — w'h and B\ given by Assumption 1.10, &, is an

(updated) estimate of €, and ¢y > 1 and ¢}, € (0, 1) are user-specified constants.

Algorithm 1.3 (Penalty Loadings for Lasso Estimation of 1.’s). Step 0 (initiate):
Choose an integer M > 1, specify the penalty level A, as in (1.H.8) and the penalty loadings
as in (1.H.9). Use this initial specification to compute the q Lasso estimators {ﬁ,io)}‘{ as in
(1.5.13), and compute residuals éfg) = Vi —Wfﬂ;o), (i,k) € [n] x[q]. Step m+1 (update):
Given residuals from Step m < M, {éf;n)}lk, update the penalty loadings according to the
refined option in (1.H.10), compute the Lasso estimators {B,Emﬂ)}zzl based on these refined
penalty loadings, and compute residuals 5§,T+1) = }Afik—WiTﬁ,(ﬁmH), (i, k) € [n]x[q]. Increment

m and repeat this step until m = M or tolerance is met.

Lemma 1.11 (Conservative Polynomial Validity of Penalty Loadings for Lasso
Estimation of py.’s). Suppose that Assumptions 1.10-1.14 hold. Then the penalty load-
ngs {?uk}g::l arising from Algorithm 1.3 with M = 2 are conservatively polynomially valid
uniformly over k € {1,...,q}.
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Lemma 1.12 (True Polynomial Validity of Penalty Loadings for Lasso Estimation
of ug.’s). Suppose that Assumptions 1.10-1.14 hold. Then the penalty loadings {?uk}zﬂ
arising from Algorithm 1.8 with M > 2 are truly polynomially valid uniformly over k &

{1,...,q}.

1.I Proofs for Section 1.4

1.I.1 Proofs for Section 1.4.4
Lemma 1.13. If Assumption 1.3 holds, then for any z € Z and any h: W — R
[0« (2, B (W) = pu (2, b (w) = B (2, B (w)) [ (w) = B ()] < Ly (2) [P = hll37,

where p. (2,) = p (2, 8., v).

Proof. Let z € Z h : W — R be arbitrary. Then h(w) € R, so by Assumption 1.3 and a
MVE of v — p(z, Bs,v) at h(w) around h.(w) yields

p (2B () = p (2. Bus b (w)) = Dup (2, By e () [ (w) = B ()]
|[0up(z, BT (@) = 0up (2, B, b (w))] () = B ()]

Ly (2) [l (w) = o (w)["|h (w) = he (w)] < Ly (2) | (w) = By ()]
Ly (2) |h = hallyy ™,

NN

where h(w) lies on the line segment connecting h(w) and h,(w), thus satisfying |h(w) —
ha(w)] < [h(w) = hu(w)]. 0

Abbreviate the processes appearing in Lemma 1.1 by

B =t VK, [p(Z;, B,h(W)w (¢, X;)], teT, (1.1.1)
B: =t ok, [f. (t,Z)], teT. (1.1.2)

The following result is the crucial step in proving Lemma 1.1.

Lemma 1.14. If Assumptions 1.1-1.7 hold, then
1B = By llr = IWVnEw[p(Zi, B, h (Wi))w (-, Xi) | = VB [fs (-, Zi)]ll7
kn 1/2
Se BIR()]Vallhe = bl + (Y lpiealy)  (VEa/n+ k)
7j=1
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+ \/ﬁT‘thn Su7[2 75, kn (t) + \/C,?n/{n In (kn) /n + R(g,kn A/ In (kn/Ré,kn) + Cknrh,kn + OP(l).
te

ProOOF OF LEMMA 1.14. The proof proceeds in a number of steps.

Main

Let t € T be arbitrary. Assumption 1.1 and M implies that ||, — 8| <p n~/2 — 0. Let
N. be the open neighborhood provided by Assumption 1.3 such that ,/B\n e N, wp — L.
To simplify notation and ensure that objects are globally well defined, in what follows I
will—without loss of generality—assume that Bn € N, with probability one for all n. Then
by Assumption 1.3, for any z € Z,v € R we may conduct a mean value expansion of
B p(z,B,v) at Bn around [, to get

B, (t) = VAR, [w (t, X3) p(Zi, By Ten (W) + 1o (8) T /(B — Bu),

where
Lo (8) = By [w (X)) 090(Zi, B (W)| 1T,

and B, lies on the line segment connecting B, and B,, thus satisfying 1B, — Bill < ||Bn —
Bs|| —p 0. Recall that b.(t) = E[w(t, X)0sp(Z, By, he (W))], which is well defined on 7T since
B« belongs to the open set N, (Assumption 1.3). Step 1.I.1 below shows that sup,c||1,, (t) —
b. (t)]] —p 0, and that b, is bounded on 7, so Assumption 1.1 and the previous display

combine to yield
Bo (1) = VAEu[w (£ X0) p(Zi, By s (Wi))] + b () VR [s. (Z0)] + 00 (1), (113)

uniformly on 7.

The remainder of the proof is about adjusting for the use of ﬁn as an estimator for h,.
Given that f, is held fixed throughout this argument, I will suppress the [ argument and
write py (2,8) = p(z, Bs, S).

For the purpose of adjusting for estimation of h,, denote the first term on the right-hand
side of (1.1.3)

B; (1) = VB, [w (t, Xi) pu(Zi, by (W),
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and conduct a MVE of v — p.(Z;,v) at T (W;) around h. (W;) to arrive at
B; (1) = VB, (w (8, X0) {pu(Ze, he (W) + Do (Zis s (W) (W) = B (W) )

where ki, (W;) lies on the line segment connecting h,, (W;) and h, (W;). Such an expansion
is justified by Assumption 1.3. A decomposition of the right-hand side yields

B;, (t) = vy {w (t, X;) p.(Zi, he (W) + 8, (8, W3) [Yi — ha (W3)]}
VB, {w (8 X) (0092 (Zis s (W0)) = Dp(Zas b (W) | [ (W) = i (W)}
+ G [w (8, X0) Dy (Zi, b (W) [ (W3) — B (W5)
V(B |w (8,X) Bup. (2, he (W) [ (W) = e (W)
— Ba{6. (L, W) [Yi = by (W)}
= VB {w (1, X0) pu(Zi b (W) + 6. (8, W) [Vi — b (W)}
L, (¢) + 100, (£) + IV, (8) (1.1.4)

where Ez () denotes integration with respect to the distribution of Z. Recall the k x k matrix
design matrix Q; = E[p* (W) p* (W) '], which is invertible by Assumption 1.5. Let hy; and

dx(t,-) denote the mean-square projections of h, and d.(¢,-), respectively, onto the span of
{pjlj €{1,... k}}, Le,

hi () = ()T Qe Elt (W) ha (W),
5 (1) = 1" ()T Qu El* (W) &, (1. W), t € T.

Note that... hy = p*Tm,x and & (¢,-) = pF ()T w5k (t), where 7y, and 75y are defined in
(1.4.15) and (1.4.16), respectively. Consequently, E{[hx (W)—h. (W)} = r} ., B{[0) (t, W)—
O, (6, W)]?} = 13, (t), and E{[|0x (-, W) = 6. (-, W)’} = R§ ., where 7, 75 (t) and Rsy, are
defined in (1.4.17), (1.4.18) and (1.4.19), respectively. Steps 1.1.1, 1.I.1 and 1.I.1 below show

that the three remainder terms in the decomposition (1.1.4) satisfy:

Il Se ER(Z)] Vallha = bl
kn 1/2

ILllr S (i) (VEa/n+ k7).
j=1

and [TV, |7 <p vVnrn, su7p sk, (t) + \/C,fnkn In (k,) /n
te

+ Rspo\/In (kn/Rs i) + ConThiten -
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Plug (1.1.4) into (1.1.3), apply T and use the definition of B} in (1.1.2) to get
1Ba = Billz < ILall7 + MLl + [TVl + op (1)

kn
< BIRD)Villh, — i+ (Yl ) (Vi/n + k)
j=1

+ Vnrpg, suprsx, (t) + \/C,fnkn In (k,) /n

teT
+ R oo\ /10 (Kn/ Rs ) + Gk + 0p (1),

as claimed.

I, and b,

In this step I show that

(a) supllL (1) = b, (0] 50 and  (b) supllb. (8)] < .
teT teT
Decompose 1, (t) as

L, (t) = E, [w(t,X;) 9sp(Zi, By, he (W))]
+ B, {w (6, X0) |090(Zi, By o (W) = 03p(Zi, B b (W) | b = Lo () + L ).

Since [|5,, — B|| < HBn — .|| and B\n € N,, we must have 8, € N, wp — 1, so using T and
Assumptions 1.2 and 1.3 | we get

st.1€1712 E, {W <t7 Xz) [@W(Zﬁgwﬁ” <Wz)) o 35p(Z@',Bm h (VV%))} }H

SEn [Li (Z)] [ — Bl

Now, E,, [L1 (Z)] <p 1 by M, s0 by ||hn—h.|lw —p 0 (Lemma 1.22 and Assumptions 1.4-1.7)
the right-hand side —p 0, and—as a consequence—||I ||z —p 0.

Given that f3, is interior to N, (Assumption 1.1) there is an r > 0 such that the open
ball B,(3,) in R% centered at 3, with radius r is contained in N,. Let B = Er/z(ﬁ*)
denote the closed ball in R% with the same center but half the radius. Given that B is
a closed and bounded subset of a finite-dimensional Euclidean space, by the Heine-Borel
theorem it is compact. Assumptions 1.2 and 1.3 imply that (¢, 5) — w (¢, x) Osp (2, 5, hs (w))

is continuous on T x N, for each z € Z, hence on the subset 7 x B, and this function
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is is dominated by an integrable function depending on z only. Moreover, via Tychonoft’s
theorem (cf. Aliprantis and Border, 2006, Theorem 2.61), 7 and B compact imply that is
T x B compact. Combining these observations with the fact that the data are i.i.d., Newey
and McFadden (1994, Lemma 2.4) Lemma 2.4 tells us that

(i) (t,8) = E[w(t,X)0sp(Z, B, h. (W))] is continuous on T x B,

(i) sup [[(E, — B) [w(t, X:) 9pp(Zi, B, he (Wi))]]| 0.
(t,8)eTxB

Given (i) and 7 x B compact, we must have (cf. Rudin, 1976, Theorem 4.19) that
(iii) (¢, 8) = Ew(t, X)dsp (Z, B, h. (W))] is uniformly continuous on T x B.

Let En be an arbitrary consistent estimator of 5,. Then ﬁn € B wp — 1, and, on this event,

aup B i (0. X0 ap(2 5 . (09)] — .0

< s | (B, ~ Ex) [ (6.0 2up(Zi B . 002 |
+sup |B2 [« (8, X) 950(Z, B, b ()] = . (1)

< sup  |[(En — E) [w(t, X;) 0sp(Zi, B, hee (W0))]|
(t,8)€TxB
—|—§161£ Ez [w (t, X) 0pp(Z, B, (W))] —bs (t)’ =0,

where the first inequality is due to T, the second uses {Bn € N}, and we have used (ii)
uniform convergence and (iii) uniform continuity. Invoking the conclusion of the previous
display for the mean value 3, = 3, we sce that sup;er||lan (t) —bs (t)|| —p 0, which combined
with sup,cr||lpn (t)]] —p 0 and T establishes Part (a).

Continuity and 7 x B compact also imply (¢, 3) — E[w (¢, X) 9sp(Z, B3, h. (W))] is bounded
on T x B (cf. Rudin, 1976, Theorem 4.15). Part (b) then follows from f3, € B.

ITL |7

In this step I show that

Il Se B[R (Z)] Vallhn = halhy ™
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Using T, Assumptions 1.2 and 1.3 imply that

Tl < Nl (B0 Ze o (W) = 0upa(Zs, e (W) [ (W) = B (W)
S VIEWR (Z) [l (W) = e (W[ [ (W) = B (W)
< VAER (Z3) [ (W) = By (W)
< B [R(Z)] Vil — bl Se R (D) vl — bl

where h,,(W;) is on the line segment connecting fAzn(Wl) and h,, (W;), thus satisfying |h,, (W;)—
he (W;)] < \/ﬁn (W) — he (W3)|, and E,, [R(Z;)] Sp E[R (Z)] follows from M.

[ TLL, ||

In this step I show that

kn 1/2
1Ll Se (D paea o) (VEa/n + k7).
j=1

For square-integrable maps h : YW — R, define the map D by
D(t,z,h) =w(t,z) Opps (2, he (w)) h (w) (1.1.5)

such that h +— D (t,2,h) is a linear functional for given (¢,z) € T x Z. Let A denote the

centered version of D, i.e.,

A(t,z,h) =w(t,x) Opps (2, he (W) h (W) — Ez [w (t, X) Opps (2, he (W) R (W)],  (1.1.6)

which is also linear in hA. Letting Ek = p*T7;, be as in Assumption 1.6, by linearity we may

write

1L, () = \/nE, [
VAR, [A(t 7k = T,)| + VA, [A( 7B, — )]
= 1L, (t) + 111, (1)

A(t, Zi, h *)}

Given that (x = sup,ew|p”® ()| = supweW[Z;‘f:l pix (w)*]2, G, — oo (see Remark 1.3)
implies ngaljan%\, — 00. In particular, Z?;aljan?/V is bounded away from zero as
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n — o0o0. By T it therefore suffices to show that

kn 1/2
IManlly Se (Y lpieliy) (/o +k22)
j=1
and [Tyl <p £,

H IIIaJL HT

In this step I show that
& 2 1/2 -
1Mol Se (D lpika ) (Vealn + k).
j=1
Let A¥(t) = (A, Zi,pir) -+, A(t, Zi, per)) - Then CS implies
HIIIa,nHT = EUP ‘\/ﬁEn [A(t, Ziapkn—r(% — fﬁkn))] |
eT
:sup‘\/_{IE (A )]} (7 — T )

teT
<7 — Tk, || sup || VB [AF (1)]]] -
teT

Lemma 1.22 tells us that ||7 — 7, || Sp /kn/n + k@, so it remains to show that

sup [V, (Al (1 (anjknuw)

By M it suffices to show the finite-sample moment bound, for any & € N,

{sup”\/_E Ak } ZHp]kHW

Given that

[SUPH\/_E [AF (t } ZE{SHP [VnE,[A (t,Ztuk)}Q}?

teT

it suffices to show that

E {SUP [VnEA[A(t, Ziapjk)]z} Slpely,  de{l,... k).

teT
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To this end, fix j € {1,...,k} and consider the function class Fj; = F, (T) :={f : 2 —
A(t, z,pjr) [t € T} For fi = f(:;t1), f2 = f(:;t2) € Fjj arbitrary, by T, J and Assumptions
1.2 and 1.3,

1f1(2) = fa(2) | = | [w (t1, 2) — w (t2, )] Dops (2, e (w)) Pk (w)
— E{lw (tr, X) — w (b2, X)] ups (Z, hse (W) pje (W)} |

< t1,2) = @ (2,21 0op (2, e () |Ipse ()

+E[w (b, X) = w (ta, X)| 0o (Z, b (W)] [pe (W)]]

S (10u9- (2, e () 1ot ()] + B Bup. (Z, b (W) 3 (W] ) 161 = ]
< {0 (2. (@) | + B 110w (Z B V) Ipsilwllts — 2]

= L (2) [[psellwlitr =t

such that we may write

[f1(2) = 2 (2) | < Fuge (2) [t = L2l

for Fy i (2) = C1Lq (2) Hpjk”w and some constant Cy € (0,00). Similarly, for f = f(-;t) €
Fji arbitrary, by T, J and Assumptions 1.2 and 1.3,

[f (2)] = |w (t, ) Qups (2, he (W) pjr. (w) — Ez [w (£, X) Oupu (Z, hue (W) pj1. (W)]]
S L (2) il »

such that we may write
f ()] < Foje (2)
for Fy ji (2) = CyL1 (2) ||pjkll,y and some constant C; € (0,00). Let C3 = C1 vV Cy and
Fii (2) = C3Ly (2) [[pirllyy -
Then || Fjxllp2 S Ipjkllyy, 50 Fji is an square-integrable envelope for Fjj, satisfying
1f1(2) = f2(2) | < Fji (2) [t — Lo -

Given that 7T is compact (Assumption 1.2), we must have diam (7)) < oo. Pollard (1990,

Lemma 4.1) and the fact that covering numbers are bounded by packing numbers (cf. van der
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Vaart and Wellner, 1996, p. 98) therefore combine to yield N (g, 7, ||-||) < (3diam (7)) /&)
for € € (0,diam (7)]. Hence, by van der Vaart and Wellner (1996, Theorem 2.7.11) and the

previous display,
Ny (el Ejillpa, Fos L7 (P)) < N (/2,7 ||-[]) < (6diam (T) /)™ < (C/e)™

for e € (0,diam (7)]. The bracketing integral of Fj; therefore satisfies the bound

Ji; (6, Fie, L2 (P)) < /06 V1+ Cln(1/e)de.

Note that the right-hand side depends on neither j nor k. In particular, Jj) (1, Fj, L? (P)) is
bounded uniformly in j € {1,...,k},k € N. By construction, E[f(Z)] = E[A(¢, Z,p;jx)] =0
for any f € Fj, so we may view the stochastic process {/nE,[A (¢, Z;,pjx)| |t € T} as
an empirical process {G,(f)|f € Fji}. van der Vaart and Wellner (1996, Theorem 2.14.2)

therefore implies the finite-sample bound
E(IGullz,) < Ji (L Fie, L2 (P)) 1l pe < I Ejillpz < llpsellyy -

van der Vaart and Wellner (1996, Theorem 2.14.5) shows that

[E(IGlIZ, )Y S E(IGullz,) + 1 Eiellpz < lpiellyy

which is the desired bound.

[ TIL, || 7

In this step I show that

Ll Sp Ky,

n

For this purpose, fix & € N and consider the function class F = Fp (T) = {f: z —
A(t,z,%k —hy)|t € T} For f = f(-,t), f1 = f(-,t1), fa = f(+,t2) € Fy arbitrary, arguments
analogous to the ones from Step 1.I.1 establish that

CiLy (2) || — hallw |t — tol|

1fi(z) = f2(2) | <
< CoLy (2) |7 = bl

2(2) ]
F (2]
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Define Cy = Cy VCy and Fy, (2) = C3Ly (2) |[hi— hallw- Then ||Fyllpa = Cal[h— hallw < k=@
by Assumption 1.6. Hence F} is an square-integrable envelope for F}., and arguments analo-
gous to the ones from Step 1.1.1 show that the resulting bracketing integral Jij (6, Fy, L* (P))
is bounded by a constant independent of k. van der Vaart and Wellner (1996, Theorem 2.14.2)

therefore implies

E([Gull7) S

~

Ji (L, Fe, L2 (P)) || Fellpe S || Frllpe S k2

and the claim follows from M.

[TVull7

In this step I show that

IIVallr Sp VT, SUD Tk, (t) + \/C;fn’fn In (k) /n+ Rs g, \/In (k) Rsk,) + Chn Tk, -
€

Recall that hy and Jj (¢,-) are the mean-square projections of h.and d (t,-), respectively,
onto the linear span of {p;|j € {1,...,k}}, and 7, and 7§, (t) are the mean-square errors
resulting from these projections. Define ¢ (t) = E [, (t, W) p* (W)]. Assumption 1.5 im-
plies that the population least-square coefficients 7, = Q; 'E[p* (W) Y] are well defined for
any k € N. Applying Lemma 1.17 with A,, = Q, and B, = @kn, we see that the inverse
of @kn exists wp — 1. As a consequence, the sample least-squares coefficients take the form
T = @,;nl]En[pk” (W) Yi] wp — 1. Assuming—without loss of generality—that @\,;nl exists
with probability one for all n,

A~

VB A8, (1, W) [} (W) = i, (W)]} = VB 0. (¢, W) g (W) (7 = m0,)}
— v, ()7 V(7 = )
= v, () Vi (Q)Ew [P (W)Y —m,)
=, ()7 Qv (Ba [p (Wa)Yi] = Q)
=, (8) Q) VB, [P (W)] Y — hu,, (W),
where Ey (-) denotes integration with respect to the distribution of W. By definition of

0 (t,W) [see (1.4.14)] and iterated of expectations, for any measurable function h of W

alone,

Ew (£, X) 8ups (Z, hy (W) h (W)] —E[5, (t, W)h(W)].
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Using the previous two displays and adding and subtracting

VB {0k, (&, Wi) [Yi = i, (W3)]}
= VB, {7 (W) Qg Bl (W) 6. (W] [V = b, (W)}
= Ui, (1) QplVIE {p* (W) [V = hi,, (W)]}

we may decompose 1V, (t) as

IV, () = VEwA{d. (t, W) [h (W) = he (W)]} — VAR, {0. (t,W;) [Y; — h (W))]}
= VnEw {0, (t, W) [hx,, (W) = he (W)} + VaBw {0, (t, W) [ (W) — hy,, (W)]}
+ /B, {8, (£, W) [Yi — ha(W))]}
= VnEw {0, (t, W) [, (W) — h. (W)]}
+ i, (0T Qi) — QeHVAE, {p* (W) [V — hy,, (W))]}
VA {8, (£, W) [V — by, (Wi)] = 8, (8, W3) [V — b (W3]}
= TV (1) + Vi (£) + TV, (1)

By T it therefore suffices to show that

||Ivan||T \/_Th Kn Sup T(S kn ( )

IVonllr <p mkn In (ky) /n,

and  |[IVeullr Sp Ropon/In (kn/Rsk,) + Conhogon-

HIVa,NHT

In order to establish the inequality
[TVanll7T < \/_rh kn SUP Tokn (1)

recall that hy, is the mean-square projection of h, onto the span of {p;|j € {1,...,k}}}, so
by orthogonality of projections we have E{d; (¢, W) [hs, (W) — h. (W)]} =0 for each t € T.
Now J followed by CS yield

Vol = Visup[E {6, (4, W) [ra, (W) = b (W)}

nsup [E{ {0k, (8, W) = 0. (&, W)] lhe,, (W) = he (W]}
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< Vnllh, — h*HP,z sup [|0g,, (¢, ) — 0« (¢, ')Hp,z = VN, SUD T, (1) -
teT teT

1TV l7

In this step I show that

INVoallr o \/GR K (k) /.

Using the fact that mean-square projections are L? ( P)-contractions followed by Assumptions
1.2 and 1.3, we see that

U () Qi (1) = {QER" (W) b, (1, W)} T Qu{ Q" ER* (W) . (£, W)]}
= E[3; (¢, W)] < E[0, (t. W)’] = Blw (t, W) 9op. (Z, 1 (W))’]
S E0upe (Z,he (W))?] <

with an upper bound that depends on neither ¢ nor k. By the Min-Max Theorem, Assumption
1.5, and the previous display, it follows that

o (8) Qi 117 = [ (1) @47 Qi Q4 oo (8] S e () @™
< swp [ () Qptvk (1) < oo,

keN,teT

thus implying supyen ;o7 ||¥x (2) Q?H < oo. By Lemma 1.21 we have ||@kn — Qr,llop Sp
(¢ In(k,) /n]*/? — 0, where — 0 follows from Assumption 1.7. Moreover, Lemma 1.17
applied with A, = Q, and B, = Qy, shows that ||C§,;nl||OlD <p 1. Using these observations
and the previous display,

supllu, (1) Q) = tr, (07 QM = supllv, (1) Q1! (@, - Qr ) Q! |
< 1@k, — Qi) Q% Nlop igj“lﬁkn ()" QM
< 101, = Qa5 oy suplo, ()7 Q2
G2 T (ky) /n— 0.

From the previous display and supyen e ||¥e (t) Q3 'l < oo it follows that

suplle, (1) Q)
teT
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Observe also that, by the Assumption 1.5, the Min-Max theorem, and the fact that E{p"*(W)[Y —
hi(W)]} = Ogx1 (which follows from hj being the mean-square projection of h,),

E[[|Q; ' VAE, {p* (W;) [Y; — b (W) }I17]

<E[H@k“2m {p ) [Y; — b (W)l } 1]

=E{p" (W) Q; " (W )Y hi, (W)}

= B0 (W) Q' (W)] + E{p* )" Q" p" (W) [hue (W) — b (W)},

where I have used U =Y — h,(W). By Assumption 1.4, E(U?|W) is bounded, so
E[UpF (W) Q" (W)] = E[E(U?W)p* (W) Q. 'p* (W)] S EF (W) @'k ()] = k.
Moreover,
E{p* (W) Qc'p* (W) [ (W) — by (W)} S E{|Ip" (W)|* [l (W) — e (W)} < G
Given Assumption 1.7, (277, = (Gerng)? — 0 as k — 00, s0
E[1Qy ' VrE, {p* (W) [Y; — hue W) }I?] S &

M now implies

1Q ! VAE {2 (Wo) [¥s — b, (W)l S v/

Using CS we therefore arrive at

[TVl = sup [, ()7 Q) (@u, — Qe )@ VA (" (W) [Y; — i, (W]}
< || Qi VaE, {p (W) [Vi — hy,, ( i>1}||§g;;uwkn<t>Tc§,;j(@kn—@mn
< Qi VAR, {p™ (W) [Y; — hy, (W]} ]| IIan—anllopgggll%(tf@;,ill

<p Vhar /2 In (k) /n.

TV enllr

In this section I show that

||Ivcan”7' SP Réykn \/ ]'n (kjn/R&kn) + Ckn/rhakn'
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Letting U; :=Y; — h* (W;), we may decompose IV, (t) as

Wen (t) = VB {Ui [be, (8, Wi) = 6 (8, W)} = VnBy {6, (£ W) [, (Wi) = ha (W3)]}
= IVap () + 1V, (1) .

By T it therefore suffices to show that

||Ivd,nHT 513 R&,kn In (kn/Ré,kn> and ||IVe,n||T SP Cknrh,kn-

For the purpose of bounding ||IV,||7, consider the function class Fy = Fj (T) ={f : 2 —
[y — ha ()] [0k (t,w) — 6% (t,w)] |t € T}. Note that E[f(Z)] = 0 for any f € Fj, so we may
view the stochastic process {IV4,(t)|t € T} as an empirical process {G,, (f)|f € Fi}. For
any ti,ts € T, by J we have

0. (t, w) = 0. (t, w)| = [E{[w (t1, X) — w (t2, X)] Oopu (Z, hee (W) }]
S Ell0vps (Z, he W)W = w] ||ty — to| -

Consequently, using Assumption 1.3 and the fact that conditional expectations are L? (P)

contractions,

E{[5. (01, W) = b, (2, W)} S BUE 0,0, (Z, b (W) W = wl}) 1t =t
<E|0p. (2,1 (W) ] 1t = all* 5 lita = o]

Given that mean-square projections are also L? (P) contractions,

1Q: B {p* (W) (8. (11, W) = 8. (12, W)}
B[ ) QB (s ()| *(tl,W>—5*<t2,W>]})2]
< B{[8, (tr, W) — 8. (2, W)]*}

so by CS and the previous two displays,

|5k (tlaw) _(5k (t27w)| = ‘pk (w)T Q/;lE {pk * (tlyw t27 }|
< " (w)" _1/2||HQ‘”2E {p* (W) 6. <t1, W) = 6. (ts, W)}
S PF (w)" Q| 1t — ta]) - (1.L.7)
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Thus7 for any fl = f('7t1)7f2 = f ('atQ) € ]:kh by T7

1 (2) = F2 ()] <y = b ()] 13 (12, 0) = 8 (t2, )| + 6. (t1,0) = 6. (t2, w)]
< Cly = he )| {16 @) Q2 + Bl1up. (Z,h (W)W = w] } [ty —

= FLk (Z) ||t1 — tg” .
Moreover, for any f = f(-,t) € Fy,
|f(2)] =y — ha (w)| |0k (£, w) — 6. (L, w)| < |y — ha ()] [[0k (-, w) — 6 (- 0) [l = Fop (2) -

Using Assumptions 1.3 and 1.4, the inequality (a + b)?> < 2a? + 2b%, and the fact that

conditional expectations are L? (P) contractions, we see that

Bl (2] £ B(07 {1 00)T @21+ E [l (2. b (W) w1}

SE[P" )" Q 217+ E ({E[|0up. (Z, b (W)||W]}?)
<E+E[0ups (2,0 W))*] Sk as k — .

Given Assumptions 1.4 and 1.7, we get
E[Fu(2)"] = B{U?||6, (-, W) = 0. (-, W)[I7} S B{lIok (W) = 0. (. W)[I7} = Rip = 0
as k — oo. Thus, defining F}, := F} ;, + Fyj we must have
E[F, (2’ ) Sk+ R, Sk ask — o0,
and it follows that F} is a square-integrable envelope for F satisfying
1f1(2) = f2(2)| S Fi (2) |t1 — to]|  and || Fillpe < kY2 as k — oo.

Using T compact and the previous display, van der Vaart and Wellner (1996, 2.7.11) implies
that

N[](8‘|Fk|’P727'Fk7L2 (P)) < (C/‘g)dta €€ (07 1]7

and thus

é
I (6, F I (P)) g/ JI+dm(Co)de, §>0.
0
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where the right-hand side does not depend on k. In particular, J;j (1, F,, L? (P)) S 1
Defining

o= sup E, (f?)
f€Fky,

we see that

0721 = SupEn{Ui2 [51% (t7 Wl) - 5* (ta Wl)]Q} < En{Uz2||5kn ('7 VVZ) - 6* ('7 VV@)H%'}
teT

such that
E(o7) < E{U?|0k, (- W) = 6. (-, W17} S E{lI6k, (-, W) — 0. (-, W) 7} = R3y,.

There are two cases: (1) Rsg, /|| Fk,||p2 — 0 and (2) Ry, /|| Fk,||p2 = 0.
Case 1: Rsy, /|| Fx, |lp2 — 0. Given that \/E (62) < C1 Ry, , by the change of variables

g’ :=¢/C} we have

I (\/E(Uﬁ)/||Fkn||P,27]:kn,L2 (P)> < 11 (CrRsp /| Frallp2s Fis L (P))

Rs op /| Frer, 1 P2
= 01/ V14 dIn (Cy/e)de’
0

= CvJ() (Ak, /1P, |l p2) (1.18)

van der Vaart and Wellner (2011, p. 196) establishes the maximal inequality

E(IGulz,) S i (VE O/ 1 Fallpa: Fios 2 (P)) 1 Fi 12

The previous two displays show that

E(1Gullz,) < J1) (Ak, /I, I p2) | Fi Nl P2

and from van der Vaart and Wellner (1996, p. 239) we know that an integral of the form
f05[1+1n(1/u)]1/2du—as in (1.1.8)—satisfies f05[1+1n(1/u)]1/2du < 6+/In(1/5) as ¢ | 0. Since
Rs i, /|| Fskllp2 — 0 holds by hypothesis, the previous display combined with || Fy, |p2 S
Vk, and M yields

|Gl 7, Sp (B, /[1F%, [lp.2) \/hl(HFanP,2/Ré,kn)HFknHP,2

= Ropo\/0 (| Fi p2/ i) S Roo /10 (ki / R, ).

94




Case 2. Rsp, /|| Fk,|lp2 - 0. Given that Rsy, — 0 (Assumption 1.7), we must have
| E%, P2 S Rsyg. van der Vaart and Wellner (1996, Theorem 2.14.2) and Jj (1, Fy,, L* (P)) S
1 yield

E(|Gullz,) S Jiy (1 e, L2 (P)) | Fr 22 S N Fkllp2 S R S Rogny/In (Kn/Rs,)-

M now yields the same rate as in Case 1. In either case, ||IVanll7T Sp Rsg, /10 (kn/Rsk, )-

For the purpose of bounding |[IV.,||7, consider the function class Fi = {f : z —
Ok (t,w) [hy (w) — hy (w)] |t € T}. Note that, by orthogonality of mean—square projections
we have E[f(Z)] = 0 for any f € F, so we may view the stochastic process {1V, (t)|t € T}
as an empirical process { G, (f)| f € Fi,}. For any t;,t, € T, using the bound in (1.1.7) we
have that fi = f (-;t1), fo = f (-;t2) € Fy, satisfy

1 (2) = fa (2)] = 0k (tr, w) = Ok (2, w)| [Py (w) = P (w)]
S 1Pt ()T QA ok (w) = B ()] [[t2 — ]
S G lhwe (w) = ha (W) [t = L2]] -

The previous display implies
/1 (2) = f2 (2)] < Fug (2) [[tr — 22|,

for Fyj (2) = C1¢ |hi (w) — hy (w)] and some C; € (0,00). Since conditional expectations
are L?(P) contractions, by Assumptions 1.2 and 1.3,

Bl5. (1, W)") = B(E[w(t, X) [9up. (2.0 (W)W ) < B [wlt, X s (2, e (W)
SB[ (Z.h (W) | < o0,

thus implying sup,cs B[4, (t, W)?] < co. By CS and using that mean-square projections are

L?(P) contractions as well, we get

8k (. w)]| = ¥ ()T QBN (W) . (6, W)]] < Ilp* (w) " Q1@ *E* (W) 8. (¢, W)
S Mlp* ()G (¢, W)?] < G,

which implies that for any f := f(;t) € Fy,

f ()] = [0x (w; )] [, (w) = h* ()| S G [ (w) = h* (w)] .

95



The previous diplay shows that |f (z)] < Fap (2) for Fop (2) = Coly |hg (w) — h* (w)| and
some Cy € (0,00). Let C3 = Cy V Cy, and define Fj, (z) = C3( |hg (w) — h* (w)|. Then by
Assumption 1.7,

| Fxllp2 = CsCillhi — h*||p2 = C3Ckrns — 0 as k — oo,
In particular, || Fg|p2 < 1. Now, Fj is a square-integrable envelope for Fj, satisfying
1f1(2) = fa ()] < Fi (2) [t — ta|-

Using 7 compact and the previous display, by van der Vaart and Wellner (1996, Theorem
2.7.11) we see that

Niy(ell Fellpe. Fis L (P) < (C/2)™ e € (0,1],

and thus

Ji) (6, Fe, L2 (P)) < /05 V1+dIn(C/e)de,

where the right-hand side does not depend on k. In particular, Jij (1, Fy, L* (P)) < 1. Using
van der Vaart and Wellner (1996, Theorem 2.14.2) J;j (1, Fy,, L? (P)) < 1, we arrive at

E(IGullz,) < Jiy (1, Fr,, L2 (P)) | Fr,llp2 S 1Pk 2 S CruThen

S0 ||IV67n||’T SP Ck'n/rhak/'n by M D
PrOOF OF LEMMA 1.1. The claim follows from Lemma 1.14 and Assumption 1.7. O

Proor or LEMMA 1.2. Given that §, and h, are held fixed throughout the argument, ab-
breviate p.. (2) = p(z, Bs, ha (w)), OB s (Z2) = aﬂp(z’ B, h (w)) and Oy pus (Z) = Oup (2, Bs, e (w)).
By Assumption 1.2 and J we have both ||b. (¢)|| < E[|lw (¢, X) |00 (2)||]] < E[||0sp4x(2)]|]

and |0, (t,w) | < E[Jw (¢, X) ||0ppus (Z)||W = w] < E[|Oypss(2)||W = w)]. Letting f(t,-) € F

be arbitrary, T and CS therefore imply

jw (& )| | ()] + (102 D s ()] + 102 (& w) ] |y = ha (w)]
C [pas (2)] + E 1080 (Z) [} |51 (2)[| + E|Oupas (2) [[W = w] ly = o (w)] = F1 (2) .

Taking the expectation and using the inequality (a + b)? < 2a® + 2b* repeatedly alongside
the integrability and boundedness parts of Assumptions 1.1 and 1.3, we see that F; (Z )2 is
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integrable. Hence, F' is a square-integrable envelope for F. Let f (t1,-), f (t2,:) € F be
arbitrary. Then by T and CS, followed by J, CS and Assumption 1.2,

[f (81, 2) = [ (b2, 2)] < fw (B, %) = @ (2, 2)] |pas (2)] + |07 (1) = 07 (L) [|54 (2)]
+ |y = ha ()] [0+ (b1, w) = bs (L2, w)]

< Cz( [P ()| + E[10ppx (Z)[] |5 (2)]
+ |y = ha (W) E[[0upu (2) [[W = w]) [ty — taf| = F2 (2) [t — t]

Defining F' := F| V Fy, we see that F' is a square-integrable envelope for F satisfying
|f(t,2) = f(t2,2)| < F(2) [[tn — L]
Given that 7 is compact (Assumption 1.2), we thus have
N Fllpy, Fr L2 (P)) < N (e, T, [|]) < (diam (T) /e)* < (C/e)™, € € (0, diam (7)),
so using [|F||p, < 00,
Ny (e, F,L*(P)) < (C/e)™, e>0.

The previous display implies

/ "N (6, F, L2 (P))de < V4, / " /(G de < 0.

The desired conclusion now follows from van der Vaart (2000, Theorem 19.5), which uses
the Ossiander (1987) sufficient condition for F to be Donsker. O

PROOF OF THEOREM 1.1. To prove (1), observe first that under the null, E[f.(-, Z)] is
the zero function on 7, and B} equals the empirical process {G, (f)|f € F}. F being
Donsker (Lemma 1.2) is equivalent to G,, ~ Gg in ¢ (F) for a centered Gaussian process
Gy with covariance function E[fi(Z)f2(Z2)], f1, fo € F, which, by definition of F, is equiv-
alent to B ~~ Gy in ¢ (T) for a centered Gaussian process Gy with covariance function
E[f(t1,2)f(t2, Z)],t1,t2 € T. By T and Lemma 1.1,

* D * ) * P
1727 = | Billp2| = [1Balluz = 1B w2l = 1| < 11Ba = Bjlluz = 0.
so Part 1 follows from the CMT.
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To prove (2), note that by the previous display
* * P
To/n = [|Ba/nllu2l = [T = | Ballpel /n = 0.

The proof of Lemma 1.2 shows that ¢ — f, (¢, Z) is continuous at each ¢ € T with probability
one, and F admits a square-integrable envelope. Given that the data are i.i.d., and T is

compact (Assumption 1.2), Newey and McFadden (1994, Lemma 2.4) implies that

sup| B (1) v/ = Elp(Z, By b (W) (4, X)]| = sup | (En — B) [1. (¢, 2)] 5 0.

Given that |T,,/n — || B /0|2 = [T — || Bl 2| /n —p 0 (Lemma 1.1), the previous diplay
implies T, —=p [ {E[p(Z, Bs, ha (W)) w (t, X)]}? dp (t), which is strictly positive under the

alternative by the choice of weight function (Assumption 1.2) and measure.

1.1.2 Proofs for Section 1.4.5

Define the stochastic processes G* and G by

G (1) = % Y& (t.2),

G (1) = % > 6k (1.2,

which are the “uncentered” versions of G and G, respectively, i.e., the displayed processes are
not centered at the sample mean. The following lemma shows that the uncentered processes

are asymptotically equivalent.
Lemma 1.15. If Assumptions 1.1-1.8 hold, then |G* — G+ —p 0.
PROOF OF LEMMA 1.15.
Main
For fixed t € T a decomposition yields

G (t) = G (t) = VnE{&Glf (¢, Z:) — fu (
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A~

- [b( )= b (t )Fﬁa [&s* ()]
\/_]E {52 — S« (ZZ)]}
+ﬂz: (&t Wm —h(W3)] = 8. (t, W) U}).

=L, (£) + 1L, (t) + 111, (£) + IV, (¢).

The following steps show that the four remainder terms —p 0 uniformly over 7. The claim

therefore follows from T.

Mnll7

Assumption 1.1 and M implies that HE—,B*H <pn~Y2 5 0. Let NV, be the open neighborhood
provided by Assumption 1.3. Then B\ € N, wp — 1. To simplify notation and ensure that
objects are globally well defined, in what follows I will—without loss of generality—assume
that B\ € N, with probability one for all n. A mean value expansion of 5 +— p(Z;, ﬁ,ﬁ (W)
at 3 around [, and CS show that

[Lllr < sup [V, {&e (¢, X) [p(zi,ﬁ*,ﬁ (W) = plZss o he (W)}
o e 5000500 |

= ||Ia,n||7' + \/E”ﬁ - B*“HIb,nH%

where B satisfies |3 — B, < HB — B.|| such that B € N, for n sufficiently large. Since
\/ﬁHE— Bs|| Sp 1 it suffices to show that ||I,,|7 and ||Iy,|7 —p O.

|Lonll7 Abbreviate (z,v) — p(z, B, v) by p.. By a mean value expansion of s — p.(Z;, s)
at h (W;) around h, (W;) and T we may be bound ||, |7 by

sup | VB, {6 (1 X0) (Do (22T (W) = Dop.(Zis e (W) [R (W) — b (W)}

50 [V, { € (1, X0) Dupe(Zi b (W) (W) = b (Wl | = e ally + Lozl

By T and Assumptions 1.2 and 1.8

Wasallr S VB {|61R (2) [0 (W:) = . (W)}
E, [|&] R (Z:)] Vnllhn —
E[R(Z)]Vnllh — k|3 —» 0
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| Loonll7: Let hy = p*T#, for 7, provided by Assumption 1.6. Then we may bound
HIa,2,n||7' by

Lol < sup | VAR, {0 (8. X0) Dupa(Za b (W) [ (W) = i, (W]}
+sup | VB, {60 (1,X,) dup.(Zo b (W), (W) = b (W)}

= HIa,Q,l,nHT + HIa,2,2,nH7-'

I consider ||I,21.]|7 and [|Ig2.2,]l7 in turn. By CS ||I,2,1.||7 is bounded by

HIa21nHT H77—7TanSUpH\/_E {él vﬂ*(Zzah }”
~ ~ 1/2
< 7T = T | <Z§2$ {\/ﬁEn [iw (t, Xi) Oups(Zs, he (W) Dk (Wz)]}2> .
j=1

Fix k£ and let

k= {2 (s,2) = sw(t, ) Dupa (2,8) i (W)t € T}

Note E[f(£, Z)] = 0 for every f € Fj, so {/nE, [f (&, Zi)]|f € Fj;} is an empirical process.
For f=f(-,t), fi=f(;t1), fa = f (:;t2) € Fj, arbitrary, by Assumption 1.2 we have

|/ (s,2)

| < Culs]18upx (2, b (W) P31l
[f1(s,2) = fa (s, 2)]

<C
< Ga[s]0upa (2, b ()] Ipsellw |2 = 2o

By Assumption 1.8, CS and the previous display we see that

Fjy, (5,2) = (Cv V Ca) |5 [0upu (2, b (w))] [[Pjkl

is an envelope for F7, satisfying E[F, (&, Z)?] o ||pjx|3y, which is finite for every (j, k) by

Assumption 1.7. Moreover, by compactness of 7 (Assumption 1.2) and the previous display,

Niy(e(B[E (& 2))2 F L2 (6, 2) S N (e, TL M) S, e € (0,1].

It follows that the bracketing entropy integral Jj(1, F; ik L% (&, 7)) is bounded by a constant
independent of j or k, so by van der Vaart and Wellner (1996, Theorem 2.14.2)

E(IGullz,) S Jiy(1, Fii L (€, 2))ELF}i (€, 2)°D)'? S EIFj,(E 2)])Y? o [Ipjullw-
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van der Vaart and Wellner (1996, Theorem 2.14.5) and the previous display show that
E(Gull3 1" S B(IGullr,) + EIF(E 2)DY2 < lpseliw,

Allowing k = k,,, the previous display, in turn, implies

kn, kn kn
E(z;nGnn%;kn) = 2 E(IG,) S Do
J= J= J=

so by M we get

o o
Z”G"”%’-kn e ) lIpka -
j=1 j=1

From Lemma 1.22, M and Assumption 1.7 it now follows that

kn 1/2 kn 1/2
azallr <1 = Fol(DIGalE, ) Se (Veafn+ k) (D leamllf) 0.
j=1 j=1
Similarly, fix k£ and let

L={f i (8,2) = sw (b, 1) Oyps (2, by (w)) [ﬁk (w) — h, (w)”t €T}

Note E[f(&, Z)] = 0 for every f € F|, so {v/nE, [f (&, Z;)]|f € F.} is an empirical process.
For f=f (1), fi=f(st1), fa = f (;t2) € Fj, arbitrary, by Assumption 1.2 we have

Cilsl|up- (2, B ()|, =

|f (s, 2)] <
< Cols[0ups (2, b (W) [ e = Pl lta — L2

5,2
|f1 (57 Z) - f2 (S7Z>
By Assumption 1.8, CS and the previous display we see that

Fy.(5,2) = (Cy V C) || [Dups (2, e (w)] [Tk = P

is an envelope for Fj, satisfying E[F} (£, Z)?] (= h.||3y, which by Assumption 1.6 is finite
for every (j, k). Moreover, by compactness of 7 (Assumption 1.2) and the previous display,

Nij(e(BIFL(E 2)2)' 2, F L (6, 2)) S N (e, T M) S, =€ (0,1].
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which implies that the bracketing entropy integral Jij(1, F;, L? (€, Z)) is bounded by a con-
stant independent of j or k. Using van der Vaart and Wellner (1996, Theorem 2.14.2) and

Assumption 1.6, we therefore get
E(|Gullz,) S J11(1, Fp, L2 (& 2)B[F(E, 2)")Y S BIFLE 2))? oc [ — B {lw S k2

By M it follows that ||I,22.|7 = HGan,; Sp k,* — 0, which completes the proof of
|1a,2,n]|7 —p 0 and therefore ||I,,[|7 —p 0.

[Tl By T we may bound |[Ty,lly = sup,er|[Balww (£, X;) 9sp(Zi, B, (Wi))]|| by
?u7f_) ||En [gzw (t, Xl) aﬁp(Zi’B’ h. (VVZ»] H
S

+sup B, {6 (1, X) [03(Zi B.K (W) = 03p(Zi, B he (W) | = [Tosallr + 1oz

teT

The second term ||Ip2., |7 satisfies

Tp2nll7 S En [|&| Ly (Z;) |h (W5) — h. (Wi)|c]
T C T C P
< E, [|&] Ly (Z)] | = hellyy Spllh = hally — 0,

where the < follows from Assumptions 1.2 and 1.3, the <p from the &’s being i.i.d., zero
mean, unit variance (hence having finite first moment) and independent of the data, and the
—p 0 stems from Lemma 1.22 and Assumption 1.7.

To show that ||I,1,|[7 —p 0, observe that the {(&, Z;)}] are ii.d., the map (¢,3) —
Ew (t,X)0sp (Z, B, he (W)) is continuous on 7 x N, (Assumptions 1.2 and 1.3) and there-
fore continuous on the product T x F, where B C N, is a closed ball with center B, and
sufficiently small radius (Assumption 1.1). Moreover, 7 x B is compact (Assumption 1.2),
and supr, gll§w (£, X) 0sp (Z, B, he (W)l S [§]suppl|0sp (Z, B, hi (W))]], where by indepen-
dence, CS, and Assumption 1.3,

B| lglsup 950 (Z, 8, (W)l | < B[ sup |95 (2,8, h (W) | < oo,
BeB BEB

Given that the ;’s are centered and independent of the data, Newey and McFadden (1994,
Lemma 2.4) shows that

sup ||E, [€w (8, X:) Dsp (Zi, B, he (Wi))]]| = 0.

TxB
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1Ty, ||7 —p 0 now follows from 3 € B wp — 1 and the previous display.
b In this step I show that
(a) supl[b () = b. (1) =0 and (b) sup|[b(t)] e 1,
teT teT
To show (a), note that the argument in Section 1.I.1 of the proof of Lemma 1.14 shows that

(t,8) = Ew(t,X)dsp (Z, B, h. (W))] is uniformly continuous on T x B,

and sup ||(E, — E)w (t, X;) 9p (Zi, B, he (Wy))]| 2 0,
TxB

where B C N, is a closed ball with center 3, and sufficiently small radius (Assumption 1.1).
By T we have

supl[b (t) — b ()| < sup

n{< )[aﬁp( Zi, B, h (W, ))—aﬁp(zi,ﬁ,hdwi))”H
05

teT teT
+§3$”®" —Ez) [ (£, X0) Osp(Zi, B D ( i))]H
+sup By [w (1, X) 05(2, B, . ()] = b. (1)

Given that B € B wp — 1, the second and third term on the right —p 0 due to uniform
convergence and uniform continuity, respectively. By T and Assumptions 1.2 and 1.3, the

first term is bounded by a constant multiple of
T C n C T (& P
B | L1 (Z3) [h(Zi) = o (Z3))] ] S En [Ly (Z0)] |h = halliy Sp [[B = halliy =0,

where the <p follows from M and the —p 0 from Lemma 1.22. The previous display finishes

the proof of (a).
To show (b), note that the argument in Section 1.I.1 of the proof of Lemma 1.14 also
shows that sup,c;||bs (t)]] < co. Two applications of T yield

- - b
sup|[b ()[| — supl|b. ()]]| < Suplllb( ) =1lo- I < supllb (£) — b ()] = 0,
teT teT teT

which combined with sup,cr||bs« ()| < co implies supt€7—||3 )] <p 1
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|11, |l By CS, Step 1.I.1 and
Ml < [V, s (Z0] suplB ) b, (0]

it suffices to show ||v/nE, [§s«(Z;)]|| Sp 1. For this purpose, note that by the &;’s being

i.i.d., zero-mean, unit variance and independent of the data we have

t] =B [ls. (Z0)17]

The desired ||v/nE, [£s. (Z:)]|| Sp 1 now follows from iterated expectations, Assumption 1.1
and M.

E ||| VAE, [gs. (2

[[TTL,, |-

By CS, Step 1.I1.1 and
Il < | VAE A&[S (Z:) = . (Z)]}] suplb (1)

it suffices to show that ||v/nE, {&[5(Z;) — s« (Z:)]}|| —p 0. To this end, note that by the
&’s being i.i.d., zero-mean, unit variance and independent of the data, and s being {Z;}-

measurable (Assumption 1.8), we have

E (VB {&[5(Z) — s. (ZOTHI{Z:}7] = En [I5(2Z) — 5. (Z0)IIP] = |15 = 5.3, -

By Assumption 1.8, the right-hand side —p 0, so Lemma 1.23 implies

IVAE, &[5 (Z:) = 5. (ZOB” = 0

and therefore ||\/nE, {&[5(Z;) — s« (Z;)]}|| —p 0. This finishes the proof of ||IIL, ||+ —p 0
Recall that t — oy (t) = E[p* (W) 4, (¢, W)], so by the LOIE

U, () = E[pk (W)w <7X) avp(Za B D (W)>]

I estimate v by
t sy (8) = B 0" (Wa) w (8, X) 8up(Zi, B, 1 (W),
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Note that this definition allows us to write (¢, w) g(t, w) as
(t,w) = 8 (t,w) = p (w) " Qp, U, (1)

Qan and @,;n

In this step I show that

1/2
/

(a) supl|dh, (1) = v, ()] S |G (/45 ) + (:gnlupjknuiv) Vi =0,

(b) fg};”@n )" Q. — b, (1 Qi1 >0,

and (c) sup||¢n, (1) Q[ Sp 1.
teT
To show (a), recall A (¢,z,h) from (1.1.6)
At 2 h) = @ (£,2) 0up (2 B b () b (10) — g 10 (£, X) 0up (2, B, b (W) B (W)
Letting A (t) = (A(t, Zi, p1x), - - -, A(t, Ziypre)) ", by T we have

ilelgllﬁkn (t) = ¥, Ol < suplEafw (t.X0) [0up(Z: By h (W) = 0up(Zi, Bay b (Wi))]p™ (W)}

+ sup||(E, — E) AF (1)].
teT

By Assumptions 1.1, 1.2 and 1.8 and T followed by CS

supl|E.fu (1,,) [9p( 2 B 1 (W) = 0up(Zay Bus B (W) (W)}

SE{Ip™ (W) Lz (Z) [|1B — Ball + [h (W3) — he (W1}
b G (B[L2 (2212 (072 + ||k = Pullp, 2)
b G (072 4 [y = Bl 2) Sp G (Va1 + B9

in 1/2
< (DoIpilidy) (Vo + k) = 0,
j=1

where the last <p follows from Lemma 1.22 and the — 0 from Assumption 1.7.

Moreover, the argument of Section 1.1.1 shows that

Fn 1/2
suplE {5 M Sp (D lpawaliy) /v
teT =1
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Lemmas 1.17 and 1.21 and Assumptions 1.5 and 1.7 show that @kn is invertible wp — 1 and
MQr.)"! <p 1. To ease notation I will (without loss of generality) assume that @,;nl exists

with probability one for all n, such that @;ﬂ = @,;nl The argument in Section 1.I.1 shows

that supr ||ty (t)" Q'] < 1, s0 by (a) and T,
gggwkn " Qnt —vr, )T QR
< fggn[«%n () = tr, ) Qi1 + sup|[y, " (@) = Q)
< 1@ Mo fggnzﬁkn (t) =, ()] + suplles, )" Qi (Qr, — Qi) Q:

A~ . ~ _ P
<105 o (591, (8) — i, (01 + 10, — Qulo suplii, (67 Q111) 50,
teT teT
which shows (b). Part (c) follows from (b) and sup,r||¢x, (t)" QI S 1.

[TVl 7
Denoting U; = Y; — h, (W), by T we get
€
<sup IVRE, {&U[8 (¢, W;) — 6, (t, Wi)]}]
€

A~

+sup [VRE {&06 (t, W) [h (Wi) — he (WY = [V anllr + [1TVonll7-
c

MVanllr

Recalling that dy, (£, w) = p* (w)T Q. ' (1), by T
Vel = sup |VAE,{ &0 [ (W) @b, (1) 0 (W) Q. (1)

b, (W) = 0, (1, W) | }]
< sup U, () (Qr) — QRHVAE, [P (W;) €U

teT
+sup 19, (8) = i, (O] Q5 VA, [ (W) 601
+ sup VR, [&U{0k, (t, W) = 6. (t, W) }]]

= HIVa,LnHT + ||Iva,2,nHT+ ||Iva,3,nHT~
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1IVainll7 By the &’s being i.i.d., zero-mean, unit variance and independent of the data,

| = Elevp (v)T Qe (1)
= E[U*p" (W) Qi lp™ (W)
SERS (0)T Qb (W)] = b,

B viE, [ (7))

so by M we have

<p Vkn. (1.1.9)

Given that SUPteTHQan )" @;ﬂl | (Section 1.1.1), by CS, the Min-Max theorem, Lemma 1.21,
and the previous display,

|@ vk, [ (W) 0]

Vel = sup Ui, (1) QrN(Q, — Qr,) Q. VAE, [p™ (W) &U]
< || @ VA [P (W) & || supll, ()T Q0! Qe = Qu,)

< @ v, [t (W) &0 (1@, — Qullo suplid, (7 Q5
S | Qn VI [ (W) &UL] |19k, = Qullop supllde, () Q4

Se V- (G, (k) /0] = (G K n (ky) /n]/* = 0.

1TV a2.nll7

By CS, the Min-Max theorem, (1.1.9), the results of Section 1.1.1, and Assumption 1.8,

IWazallr < ||Q@VAE, [0 (W) &U)
< @ v, [ (v ]

<p \/k_n[gkn(\/M+ k) + (i“mmll%)lﬂ/\/ﬁ]

fggllikn (t) — ¥, @]
supl |, (£) — ¥, (1)]
teT

i /
= G RV 4+ b+ (Sl ) v/ = 0
j=1

1TV o307

Fix k and let F] = {(s,2) = s[y — hs (w)] [0g (t,w) — 6x (t,w)]|t € T}. Given that each
E[f(&, Z)] = 0 for each f € Fj, the stochastic process IV, may be viewed as an empirical
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process G, indexed by the changing classes Fj . For f = fi, fi = fu.fo = fu, € F,
arbitrary, by the arguments of Section 1.1.1 there exists a function z — Fj, (z) such that

|f (s, 2)] < [s] Fy (2),
/1 (5, 2) = fa (s, 2)| < [s] Fy (2) [[ta = tall,
and || Fx|lp2 < VE  (as k — 00).

The ;s being zero mean, unit variance and independent of the data implies that F} : (s, 2) —
|| F}, (2) is an envelope for F, with (E[F(¢, 2)2)Y? = | Fxllp2 < VE as k — oo, satisfying

[f1(s,2) = fa (s, 2)| < Fy (s,2) [ty — ta-

Using 7 compact and the previous display, by van der Vaart and Wellner (1996, Theorem
2.7.11) we see that

N (eEBFL(E 2D FL L (€, 2)) < (Cle)™, e € (0,1].

and thus

Iy (6, F L* (€, 2)) / V1+dIn(C/e)de, > 0.

where the right-hand side does not depend on k. In particular, J; (1,.7—",’%, L2 (¢, Z)) <1
Defining

oy = sup B, [f(&, Z)’]

we see that

op = sup B, {EUF [0y, (¢, W;) — 6. (1, W)I"} S E{EUE 6, (- W3) — 6. (-, Wa)lI7
teT

such that

E(o,) < E{EU|10, (W) = o, ()7} S B{lI0k, (W) = 0. (- W17} = R,

where the < follows from the &;’s being zero mean, unit variance, and independent of the
data and Assumption 1.4, and the last equality follow from the definitions of d; and Rs.
Consider the two cases: (1) Rsg, /|| Fk,|lp2 = 0 and (2) Rsg, /|| F, | p2 = 0.
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Case 1: Rsy, /|| Fx.]lp2 — 0. Given that \/E (62) < C1Rs,, by the change of variables

¢’ :=¢/Cy we have

Iy (VEGD/NFi Ip2, Fio L2 (€, 2)) < Jj) (CiRap /1B, |2, Fio 12 €, 2)

Rs ko /| Fror, | P2
= Cl/ V14 d;In (Cs/e)de’
0

= Clj[] (R§7kn/||Fanp’2> (1110)

By van der Vaart and Wellner (2011, p. 196) we have the maximal inequality

E(IGallz,) S Jiy (VE@D/ 1 Fiullpas Fh L2 (€ 2) ) 1P, 2
< I0 (B, /| Fiu l p2) | B, |l Pz,
and from van der Vaart and Wellner (1996, p. 239) we know that an entropy integral (bound)

of the form (1.1.10) satisfies J}; () < 04/In(1/8) as § | 0. Since Rsy, /|| Fy,|lp2 — 0 holds
by hypothesis, the previous display combined with ||Fy, || p2 < vk, yields

E(|Gullzy, ) S (Ran /| i llr2) /0 (1 | o2/ Roi) | B | 2 = Rt /10 (1 Fi |2/ R,

5 Akn\ / ln (kn/Ré,kn)

Case 2. Suppose that Rsg, /|| Fr,|lp2 - 0. Given that Rsp, — 0 (Assumption 1.7),

we must have ||F,|p2 < Ri. van der Vaart and Wellner (1996, Theorem 2.14.2) and

Iy (LF, L2 (6, Z)) S 1 yield
E(1Gullz, ) < iy (L Fiy, L2 (& 2)) [ Frallpe S 1 Frallpe S Roko S Ropor/In (k) Rs,)

as in Case 1. The claim ||[IV,3,|/7 —p 0 now follows from M and Ry, \/In (k,,/Rs,) — 0
(Assumption 1.7).

TVonll7

Given that supT||{/)\kn )" Q\;nl” (Section 1.1.1), by CS it follows that

1TVl = sup Ui, (1) Qi V/nE, [p’“" (W3) &[h (W) — D (Wi)]] ‘

<

VI, [ (W) 605 (W) — . (W] || supld, ()7 Q3

e || vk [ W &l (W) — e (W] ||
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To show that the right-hand side —p 0, note that by the &;’s being i.i.d., zero-mean, unit

variance and independent of {Z;}7, and T, being {Z;}}-measurable,

B(|[vaE. o v &t ) - h o] | lezi]

kn
= E. {llp™ WOIIPIR (W) = he (W17} < (Dl ) 17 = a2,

< [(§||pjkn||%)l/2<m +i) o

where the <p follows from Lemma 1.22 and the — 0 from Assumption 1.7. It follows by con-

ditional CS that E(||v/nE.{p*" (W;) &[h (W) =h. (W) HIHZ:YT) = 0, s0 [|VrE.{p" (W7) &
[ﬁ (W;) = he (W)]}H| —p 0 by Lemma 1.23. This —p 0 finishes the proof of ||IV;,|7 —p 0,
and therefore the proof of ||[IV,,||7 —p 0. O

Lemma 1.16. If Assumptions 1.1-1.8 hold, then

EL[F (- Z:) = fu (- Z)]ll7 = 0.

PROOF OF LEMMA 1.16. The proof proceeds in steps.

Main

For fixed ¢t € T we may write

Elf (. Z:) — f. (. Z0)] = Eaf{w (£, X:) [0(Zi, B (W2)) = p(Zi, Bey b (W2))] )
— o) = b (1)) En [5. (Z)] = b() En [(Zi) — 5. (Z)]
+E, {0 (t, W) [Y; — h (W, )] 0, (t,W;) Us}
=1, (t) + 1L, (¢t) + 1L, (¢t) + IV, (¢) .

The following steps show that the four remainder terms —p 0 uniformly over 7. The claim

therefore follows from T.

nll7

Assumption 1.1 and M implies that ||E—/6*|| <p n~Y2 = 0. Let N, be the open neighborhood
provided by Assumption 1.3. Then 3 € N, wp — 1. To simplify notation and ensure that

objects are globally well defined, in what follows I will—without loss of generality—assume
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that a € N, with probability equal to one for all n. A mean value expansion of 3
o(Z;, 5,% (W) at B around 3, and CS show that

1Ll < sup|Eafw (£, X:) [o(Z, Bas h (W) = p(Zi, Buy b (W)}

+ 116 = Bl §31T3||En[w (t, X:) 9sp < (Zi, B, (W)ll = el + 118 = Belll Tl

where B satisfies |3 — 8. < HB\ — B|| such that B € N, for n sufficiently large. Since
||B— Bi|| —p 0 it suffices to show that ||I,, |7 —p 0 and ||I,,|7 Sp 1. The arguments of
Section 1.I.1 show that

upl|ly (¢) = Bzl (1, X) 030(Z, ., he (W) 5 0,

and su$||Ez[w (t, X) 9sp(Z, B, he (W))]]| < 00.
te

which together imply ||Ip,|7 Sp 1.

|Lonll7 Abbreviate (z,v) — p(z, i, v) by p.. By a mean value expansion of v — p.(Z;,v)
at h (W;) around h, (W;) and T we may be bound ||L, |7 by

fgglEn{w (t, X3) [00p(Zi, L (W) = Dupi(Zi, he (W) [ (W3) — e (W)}

+ §2$|En{w (t, Xi) Oupu(Zi, hoe (Wi)) [0 (Wi) = hee (Wi} = [Tapnllr + [Taznllr,

where |h (W;) — h, (W;)| < |/f; (W;) — he (W;)|. By T and Assumptions 1.2 and 1.3

-~

~ -~ P
o nllr S En{ L (Zi) R (W3) = he (W)[*} < Ep [L (Z0)] [|h = ][5y Sp 1B = Rl = 0,
where the <p follows from M and the —p 0 from Lemma 1.22. Similarly,

asnll7 S Bnd0upe(Ziy he (WD) (W;) — B (W)}
< B {[0u0e(Ziy he (W) [HIB = Bl = 0.

|11, |l Section 1.I.1 shows that supteTHB (t) — b« (t)]| —p 0, so by CS, Assumption 1.1, and
M

N P
MLl < 1B [s. (Z3)]] ilgllb(t) — b, (1)[| = 0.
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Section 1.I.1 also shows that supteTH/b\ ()| <p 1, so by CS and Assumption 1.8,
~ ~ ~ P
ML |7 < [[Eaf5 (Z:) = s (Zo) | supllo ()] <[5 = 5.l 2 supllb ()] = 0.
teT teT

TVall7

For fixed t € T, adding and subtracting p*» (W;)" Q,;nlizz\kn (t) U; and recalling that dy (¢, w) =
k T -1 :
p¥(w) Qp Y (t) we may write

IV, (t) = E{Ui[0 (£, W) — . (8, W)} — B {0 (¢, W3) [l (W;) — B (W3)]}
= U, ()T (Qr) — Qu)ELP (W) Uil + [, (1) — v, (1)) Q5 En[p™ (W) U]
+ B {U; [0k, (8, W3) = 6, (£, W} = Wk, (8) T Qi En{p® (W3) [ (W3) — B (W3)]}
= IV () + IV, () + IV, (8) + IVa, (1)

The desired ||IV,||7 —p 0 will follow by T if we can show that the four remainder terms
—p 0. To this end, note that by the Min-Max theorem,

E(1Q: Ealp* (W) UI1%) S B(IQ)“Ealp® (W) UJIP) = EUp* (W) Q. 'p" (W))/n
SER W) Qi (W) =k/n,

so by CS, M we have
1Qr Ealp®™ (W) Uilll Sp v/k/n — 0.

Section 1.I.1 shows that supteTH@an )" @,;}H <p 1. Moreover, Lemma 1.21 show that
||@kn — Qi llop Sp [CQn In(k,)/n] — 0, so by the previous display and CS,

Vol = W, ()7 Q5 (@, — Qu) Q0 Bl (W) Ul
< QLB (W) U1s, = Qi o supli, ()7 Q111 50
S

Section 1.1.1 also shows that

supl| i, (1) = i, (O] S G (Vu/m 4+ K27) + (Zuww) SV 0,

112



so by CS
_ ~ P
TVynll7 < [|Qg Enlp™ (W;) Uil Sl%prkn (t) = tx, )|l — 0.
Section 1.I.1 shows that

IWVenllier = suplEn{Uildn, (£ We) = 6. (&, W)l Sp oo \/I0(kn/ Bap) = 0.
te

Lastly, by CS, Lemma 1.22 and supteTHlen 0N @,;}H <p 1 we get

IVl < [Ba{p™ (W) [h (W) — he (W)} 33;;\@” )" Q|

~

< B (95) (R OW5) = e (W} s, ()7 Q)
< (S msel) "1~ il s, (07 O3]
=1 teT
kn 1/2
Sp (ZHpjan%v) (\/ kn/n + kr:a) — 0.
j=1

This finishes the proof of |E,[f (-, Z:) — f. (-, Z)]ll+ —p 0. O

Proor or THEOREM 1.3. By a rearrangement and T

IG = Gillr = || VB, [ (6= &) F (- 2] = VRE. [(6 = 8) £ (. 2] |

— || VAEn (67 20) ~ BalF (. Z01}) = VABW (&L (- 2) = BulF (L Z01D) |
VAE, {&lF (. 2) = £.(, 201} |+ \VRglIEAF (. Z0) = £.(. 207

= [IG* = G3llr + VR 1BalF (- Z0) = £ (. Z0)l7

T

N

The first term on the right —p 0 by Lemma 1.15. Given that /né ~ N (0,1), |/n€| <p 1.

The second term therefore goes to zero by Lemma 1.16. O]

PROOF OF COROLLARY 1.2. Given that F is Donsker (Lemma 1.2), Kosorok (2008, Theo-
rem 10.4(iv)) implies that G ~p ¢ G in £ (F), where G (f) =n"23" & {f (Z) — E[f (2)]}
and G, is a zero-mean Gaussian process with covariance kernel E [G (f1) G (f2)] = E[f1 (Z) f2 (Z)]
—E[fi (2)]E[f2(Z)]. Since we may identify F with 7 through f(-) = f. (¢,-), this result
is equivalent to G ~»p¢ G, in £ (T), where G, is a zero-mean Gaussian process with
covariance kernel E [G, (1) G. (t2)] = E[f. (t1, Z) fu (t2, Z)] — E[fs (t1, Z)| E [ f« (t2, Z)]. The
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previous display and Lemma 1.24 now show that @n ~pe Gy in £2°(T).

2
*

2
*

Assumptions 1.1-1.4 imply that o7 is continuous, and Assumption 1.9 shows that o7 is
nondegenerate. Lemma 1.25 now shows that the cdf F, of the random variable ||G. |2, is
everywhere continuous and strictly increasing on [0, 00). Hence F, is invertible on (0, c0)
with inverse (1 —a) — (F,)"' (1 —a) = ¢, (a), and each (1 — a)-quantile ¢, («) € (0, 00)
for a € (0,1). The convergence G ~pe Gy in € (T) and Kosorok (2008, Lemma 10.11)
imply that the cdf F of ||G |2 5 converges in probability to F. pointwise on [0, 00). Fix e > 0
and a € (0,1). Let r; € R be such that ¢, (o) —¢ < 7 < ¢, (a) and Fi(r;) < 1 — .
Then F (r;) < 1—a wp — 1, which implies ¢, (@) — e < r; < @(a) wp — 1. In particular,
P(c(a) =2 ¢« (a)—e) — 1. Let o € R besuch that ¢, (o) < ro < ¢, (a)+cand 1—a < Fi (rg).
Then1—a < F (rg) wp — 1, which implies ¢ (a) < 72 < ¢, (@) + € wp — 1. In particular,

P(c(a) < ¢y () +¢) — 1. It follows that

Iim P([¢(a) — ¢ (a)] > €) < Iim P(@(a) > ¢, (a) + &) + Tim P(é(a) < c. (@) — €) =

n—oo n—o0 n—oo

Since € > 0 was arbitrary, the corollary follows.

1.1.3 Proofs for Section 1.4.6

[PrROOF OF THEOREM 1.3] Fix o € (0,1). By Theorem 1.1, under the null, T;,, =4 [|Go? ,.
Let Fy denote the cdf of [|Gol|?, ,. Given Assumption 1.9, Fy is continuous on R and strictly
increasing on [0, 00) (cf. Lemma 1.25). By Theorem 1.2 ¢ () —p ¢, () € (0, 00), and under
the null, ¢, (o) = ¢o (@), the (1 — a)-quantile of ||Gy||7. Fix € > 0. Then

P(T, >c(a)Nc(a) < co(a) —e;Ho) < P(|e(a) — ¢o ()] > e;Hg) — 0.
It follows by the portmanteau theorem and [¢o () — €, 00) closed

lim P(T}, > ¢(a);Hy) = lim P(T}, > ¢(a) N¢(a) = ¢ (a) — &; Hp)

n—oo n—oo
< lim P(T, = ¢ (o) — e;Hp) = lim P(T,, € [¢o () — €, 00) ; Hp)
n—00 n—oo

<P ([|Goll7 € [co (@) —€,00)) .

Using continuity of Fy, the right-hand side equals 1 — Fp (¢o () — €), so letting ¢ | 0 and
again using continuity of F,, we see that lim, . P(7}, > ¢(a);Hy) < a. For the other

direction, again fix € > 0. Then

P(T, >c(a)Nec(a) > co(a) +e;Ho) < P(|e(a) — ¢ ()| > e;Hg) — 0,
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so by the portmanteau theorem and now (cq () + €, 00) open,

lim P(7, > ¢(a);Hp) = lim P(7T, > ¢(a)Nec(a) < ¢ (a)+e;Hp)

n—oo n—o0
> lim P(T, > ¢o () +&;Hg) = lim P(T,, € (¢ () + &,00) ; Hp)
n—00 n—oo

> P ([Golly» € (co (@) +&,00)) .

¢(a);Hy) = a. O

The right-hand side equals 1 — Fy (¢y () + €), so letting € | 0, we see that lim

Proor or LEMMA 1.4. By T and Lemma 1.1

which implies |T,,/n — [|E,, [f. (-, Zi)]||% 5| —p 0. I may therefore focus on ||E,, [f. (-, Z:)]|2 »-
For t € T arbitrary ,

En [fu (- Z0)] = Enlw (t, X) p(Zs, By he (Wa)) (£, ) + b (1) 50 (Z3) + 6. (1, W) Uy,
By T and CS we therefore get

sup [Ey [f. (-, Zi)] = Elp (Z, B, he (W) w (£, X)]|

teT

< sup|(En — E) [p(Z, Bs, ha (Wi))w (¢, X3)]| + [[En s+ (Z)] || supl|. (£)]]
teT teT
+ sup|E,[d. (t, W;) Uy]| = L, + 11, + I11,,.

teT

Consider first I,,. Given i.i.d. data, T compact (Assumption 1.2) t — p(Z, B, he (W))w (¢, X)
continuous on 7 (Assumption 1.2), and sup,c |p(Z, Bi, he (W))w (£, X) | S |p(Z, iy ha (W)
integrable (Assumptions 1.2 and 1.3), a uniform law of law numbers such as Newey and
McFadden (1994, Lemma 2.4) shows that I, —p 0.

Consider next II,,. Step 1.1.1 in the proof of Lemma 1.14 shows that sup,c7/b. (t)|| < co.

Hence, by Assumption 1.1 and a weak law of large numbers for i.i.d. data,
P
Ly S ([Enfse (Z)]| = [[E[s. (2)]]] = 0.

Lastly, consider III,. Let ¢t € T and a sequence t,, € T converging to ¢t be arbitrary.
Assumptions 1.2 and 1.3 and the dominated convergence theorem show that t — 6, (t, w)
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is continuous for any w € W. Also, by Assumptions 1.2, 1.3 and 1.4 and the fact that

conditional expectations are L? (P)-contractions,

B{ supld. (+, W) UL} < E{IUIE[10p(Z, 50, (W) W]}
1/2

[E(U*)]" [E({E[0.0(Z, B, he (W) W]})]
(B (U] {E [0,0(Z, B, he (W))?]}? < 0.

NN

Hence, sup,cr|d. (t, W) U| is integrable. Given ii.d. data, T compact, t — 0, (t, W)U
continuous on 7 and sup,c7|d. (t, W) U| integrable, Newey and McFadden (1994, Lemma
2.4) shows that

I11,, = sup|E,[6. (t, W;) U;]| = sup|(E,, — E) [4. (¢, W;) U}]| )

teT teT

Given that I,,1L,, III,, —p 0, we must have

IE, [f. (- Z)] — Elp(Z, Bu, he (W) & (4, X)),
< B [fe (4 Z0)] = Elp(Z, Bur he (V)) w (4 X))l 2 0,

so by T and CMT it follows that [|E, [f. (-, Z))]|l,., —p [Elp (Z, B he (W) w (-, X)), The
probability limit is positive under the alternative by property (1.4.1) of the weight function

and the choice of cdf u. The conclusion now follows from Lemma 1.26. [

1.I.4 Supporting Lemmas for Section 1.4

Let A, and B, be symmetric but otherwise arbitrary random matrices of possibly growing

dimension.

Lemma 1.17. If Apin (An) = ¢ wp — 1 and || B, — Aullop —p 0, then (i) B, is invertible
wp — 1 and (ii) Min (Bn)_1 <pl.

Proof. To establish the first claim, I follow the argument in the proof of Newey (1995, Lemma
A.4). For conformable vectors v, given that the maximal eigenvalue of a square matrix is

bounded by its maximal singular value, it follows that

Amin (Br) = min {vTan} = min {vTAnv +v' (B, — An)v}

[[oll=1 llvll=1

> min {UTAnU} —maxv' (B, — Ay)v
llvll=1 lvll=1

= >\min (An) - )\max (Bn - An) > )\min (An) - ||Bn - An”op-
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Hence

P (Amin(Bn) < ¢/2) < P (Amin (An) = | Bn = Anllop < ¢/2)
=P (Ain (An) = [|Brn — Anllop < ¢/2 0 Auin (An) = ¢)
+ P (Amin (A5) — [|Bn — Anllop < ¢/2N Amin (A) <€)
P (|1Bn = Anllop = ¢/2) + P (Ain (4n) <),

which implies limy, oo P(Amin(Bn) < ¢/2) < 0. It follows that P(Auim(B,) < ¢/2) — 0, i.e.
P(Amin(Bn) = ¢/2) — 1. Hence, B, is invertible wp — 1.

The proof of the first claim shows that Apin(B,) = ¢/2 wp — 1. Hence, for any C' >
2/c we have lim,,_ P ()\min (Bn)_1 > C’) < limyo0 P (Ain (By) < ¢/2) = 0. In particular,
M e 00 My 00 P(Amin (By) ™' > €) = 0. O

Let Y,, and H,, denote arbitrary random n x 1 vectors of possibly growing dimension. Set

U, =Y, — H,, and, for an arbitrary random matrix B,, with n rows and possibly growing

column dimension, let 7, = (B B,)” B, Y,, and H, = B,i,.

Lemma 1.18. If U} B, (B;Bn)_B;Un/n <p €2, then for any conformable sequence of

vectors T,
|, — Hyl*/n Sp €5 + | Ho = Bumea? /1.

Proof. On the event { A\ (B, B,) = ¢}, B, By is invertible W, == B, (B, B,)”B,] . Because
B! B, is symmetric, so is its generalized inverse. It follows that W, is symmetric and

idempotent, so its eigenvalues are are bounded by one. Given that W,, also satisfies W, B,, =
B, Rao (1973, 1b.5(vi)(a)),

|H, — H,|*/n = ((W,Y, — H,)> = H, WH, + Y,]W,.Y,, — 2H W,.Y,,) /n
= [U, W, U, + H, (I, — W,) H,] /n

U
UTW, U, + (H, — By7n)" (I, — W) (H, — Bﬁn)] /n

ol

< [UaW, U, + ||H, — B.7u|l’] /n Sp e + | Hy — BaTal |/,

where the inequality follows from the Min-Max theorem. O]
Lemma 1.19. If Auin(A4,) = ¢, || B, Bo/n — Apllop —p 0 and U, B, (B, B,) B, U,/n Sp

g2, then for any conformable sequence of vectors T,

|7n — 71'71”2 ~P 5 + || H, — Bnﬂn” /n,
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| — Bl Sp 2+ | Hy = Bl /n.

Proof. Denote H,, = B,7,. 1 follow the argument in the proof of Newey (1995, Lemma
A.8). By Lemma 1.17, Ay, (BTBn/n) cwp — 1 and A\pin (BTBn/n) <p 1, so by the

Min-Max theorem,

170 = Tnll? < Amin (B Bu/n) ™ (it — 70) " (Bl By) (70 — 7o) /1.
= Nuin (B Bu/n) | Hy = H|*/n Sp || Hy = Ho? /.
It remains to prove the second claim. Let W, = B, (B,] B,)~ B, , which is Given that B, B,

is symmetric, so is its generalized inverse. It follows that W, is symmetric and idempotent

and therefore positive semidefinite. Hence

|H, — |2 = WY — Haol?> = YW, Y, — 2V W, H, + H T,

=UW, U, + H W, H, +2UW,H, — 2H W, H, — 2U W, H, + H, W,H,
=((U,+H, - H,)"W,(U, + H, - H,) <2U'W, U, +2(H,, — H,) "W, (H, — H,)
<2U)W, U, +2||H, — H,|?

where FIﬁn =7, B!B,7, =7, B!B,(B!B,) "B, BnﬁnﬁZWnﬁn follows from definition
of a generalized inverse, the first inequality follows from (v + w)" M (v + w) < 2v" Mv +
2w Mw for M positive semidefinite, and the second inequality from the Min-Max theorem
and the fact that idempotent matrices only have eigenvalues equal to zero or one. Dividing

through by n, we get
|H, — Hp|* <2U W, U, /n + 2| H, — H,|?/n <p €2 + ||H, — H,|*/n.

]

Now let U; = Y; — h* (W;) as in the main text, write U, for the n x 1 vector of U;’s, and
define P, to be the n x k matrix arising from stacking the p* (W;)’s.

Lemma 1.20. If Assumption 1.4 holds and k,/n — 0, then
U, Pe, (Pi, Pr) ™ P, Un/n Sp ki /1.

Proof. Let W,, denote the collection {W;|i = 1,...,n}. By the law of iterated expectations
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in combination with i.i.d. data and E(U|W) =0 a.s., for any k € N,

B[U, Pu(P Po)” P U) = Eltr(U; P (P P)” PU,)| = Bltr(B] Py)” PIUL U, )
= E[tr(@;nflE[PJUnUIPk‘Wn])]
el e v o o )|

i=1 j=1

@S )

i=1 j=1

_ B :tr(@k% i E (UZW:) pt (W)t (W) )|

S Etr(QuEalp" (W) p* (W) ")) = Eltr(Q Qr)] < k,

where the last inequality follows from @\,; @k having eigenvalues equal to zero or one. Dividing

by n, the claim now follows from M and k,/n — 0. n

Lemma 1.21. If ¢} In(k,)/n — 0 and the eigenvalues of Qi are bounded from above
uniformly in k, then H@kn — Qk, llop Sp [C,fn In (k,) /n]"/2.

Proof. The matrix Qj, = E,[p*(W;)p*(W;)] is the average of the n independent, symmetric,
nonnegative k x k-matrix valued random variables p* (W;) p* (Wi)T, and the matrix Q) is
is their common mean. Given that the operator norm ||-||o, is always dominated by the

Frobenius norm ||-|| 7, and

Ip" (W) p* (W) [l = [te(p™ (W) p* (W) " o (W3) p* (W) )]/
= [tr(p" (W) " p* (W) p* (W) " p* (W))]V? = [l (W) II* < &,
each of these n random matrices satisty ||p¥ (W;) p* (W;) " |lop < ¢2. By hypothesis, ||Qxlop =

Amax (QF Qk)]"? = Aax (Qr) S 1. Belloni, Chernozhukov, Chetverikov, and Kato (2015,
Lemma 6.2), which builds on a fundamental result obtained by Rudelson (1999), therefore

implies
~ 2 Ink, (2 Ink,
E (101, - Qo o] § Gelthn y ([G 0
n n
Since (7 In(k,) /n — 0, the claim now follows from M. O

Lemma 1.22. If Assumptions 1.4, 1.5 and 1.6 hold, k,/n — 0 and ¢} In(k,) /n — 0, then
for m, provided by Assumption 1.6 and hy = PP we have (1) |7 — 7, || Sp Vkn/n+ k%
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(2) 7=l ez S VEafrnt ks (3) [h=hullp, 2 Sp v/Ra/ntke; and, (4) [h=hbw e
Con (Vo /10 + K )

Proof. Assumption 1.5 and Lemma 1.21 imply that [|Qr, — Qg llop <p [¢2 In (k) /n]"/?,
50 [|Qr, — Q. llop —p 0. Assumption 1.4 implies that U, P (P Py,)" Pl U, /n Sp ky/n.
Setting up for an application of Lemma 1.19, let A,, = Qk,, B, = P, the n x k, matrix
arising from stacking the p*»(W;)"’s, Y, the n x 1 vector of Y;’s, H,, the n x 1 vector of
h.(W;)’s, and set T, = 7x,. Then 7, = (B} B,)” B} Y, = Q;.E.[p* (W;)Y;] = 7, and an
application of Lemma 1.19 with €2 = k, /n yields

17— 7, || <p Vn/n + ||, — hsllp, 2,
||ﬁ - %anPn,Q Sp vV kn/” + ||ﬁkn - h*H]P’m?'

Similarly, an application of Lemma 1.18 shows that

1h = hlle,2 Sp VEa/n+ [, — bz, 2.

Claims 1, 2 and now all follow from Assumption 1.6 and Hﬁkn — hillp, 2 < Mkn — hi||w-. By
T, CS, Claim 1 and Assumption 1.6,

1B = hallw < [0 = B, o + [, = Bl = 10T R = T ) lw + ([, = Bl
< 7w — T | Sugvllpk" (W)l + 1k, = il < G 70 = Tk | 4 [Pk, = Pl
we
where the < follows from (;, - 0 as k — oc. O

Lemma 1.23. If X,, is a sequence of nonnegative random variables defined on a common
probability space (0, F,P), F, is a sequence of sub-o-algebras, and E (X,|F,) —p 0, then
Xn —p 0.

Proof. Fix n € N, let Y,, = E(X,|F,) and let A, = {Y, =0}. Then X, = 0 almost
everywhere on A,. Indeed, if X, is not zero almost everywhere on A,,, then there exists
C € (0,00) such that B, ¢ = {w € A, | X,, (w) > 1/C} satisfies P (B,, ) > 0. By definition of
(a version of ) the conditional expectation of X,, given F,, we must have [, X,,dP = [, Y,dP
for every A € F,, and, in particular, for A,. Since Y¥;, = 0 on A,, and B, o C A,, it follows
that

0= / Y,dP = / X,dP > / X,dP > P (Bno) /C,
An An Bn.c
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which contradicts P (B, ¢) > 0. Since n € N was arbitrary, we have shown that X,, = 0 on
A, for each n € N. Now, fix £, > 0. Then P (X,, > enNY, =0) =0 by the previous claim,
and it follows that

P(X,>e)=P(X,,>enNY,=0+P(X,>ecnN0<Y, <d)+P (X, >enNY, > de)
<P(X,>6'Y,>0)+P (Y, >d).

Given that Y,, is F,, measurable, by conditional M we have

P (X, >0V, >0) =E[1ly,50P (X, > 6 'V, | F,)| < E[1y,500E (X,,| F) /Yy]
=P (Y, > 0) <o.

By Y,, —p 0 and the previous two displays we see that for any £,d > 0,lim P (X,, > €) < 6,
so the claim follows from letting 6 — 0. O

Lemma 1.24. Let X,, and Y, be sequences of stochastic processes defined on a common
probability space (2, F, P) and taking values in a separable metric space (D,d), and let F,
be a sequence of sub-o-algebras. If X, ~»pr X in D and d (X,,Y,) —p 0, then Y, ~pr X
in D.

Proof. By T

sup [E[h (Yn)[ Fu] = E[h (X)]]

heBL; (D)
< sup [E[A(Ya) = h(Xa)[ F]l+ sup [E[h(Xy)] Fo] = E[h (X)]]
heBL; (D) heBL; (D)

< d(Xp,Yo) A2+ 0p (1) 5 0.

]

Let p be the cdf from the main text, which is absolutely continuous and bounded away

from zero on T given by Assumption 1.2.

Lemma 1.25. Let X = {X;|t € T} be a zero-mean Gaussian process indexed by T C R%
compact with almost every sample path t — X, (w) continuous, p an absolutely continuous,
everywhere strictly positive probability measure on T, and fT X2du (t) < oo a.s. Moreover,
let t = o} = E(X7) be continuous and nondegenerate on T. Then the cdf F of || X||2 , =

[ X7du (t) is everywhere continuous and strictly increasing on [0, 00).

PROOF OF LEMMA 1.25. Given that the law of X is Gaussian and the functional |||, :

0> (T) — Ry is Lipschitz (hence lower semi-continuous), Davydov, Lifshits, and Smorodina,
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N. V. (1998, Theorem 11.1) implies that (i) Fx|,, is everywhere continuous except possibly
at the separation point zero; (ii) Fjx|,, is absolutely continuous on (0,00), (iii) Fjx|, , is
differentiable on (0, 00) except on an at most countable exceptional set A C (0, oo)' (iv)
the derivative Fjy , is positive on (0,00)\A and P (|| X|],2 € A) = [, F| x|, (r) dr for
any A C R Borel [Where Flx|,., (r) is understood to be zero for r ¢ (0,00) \A] Letting
r,s € R be such that 0 < r < s, we have 1(_o,] < 1(_ 4, Which holds with strict
inequality for any ¢ € (7, s|]. The claim that Fj x|, , is strictly increasing on [0, oo) now follows
from (iv) by integrating with respect to Fjy , (¢)dt. To show that Fjx,, is continuous
at zero, note that ¢t — o7 being continuous and nondegenerate on the compact T imply
that sup,.s o? is attained and strictly positive. Hence, there exists .. € T such that

0rax = 0;. > 0. By Gaussianity, the associated marginal satisfies P(X,, .. # 0) = 1,

e., there exists A C € such that P(A) = 1 and X,_,, (w) # 0 for every w € A. By
assumption there exists B C {2 such that P (B) = 1 and the sample path t — X, (w) is
continuous for every w € B. Thus, for every w € A N B, there exists a neighborhood
C(w) of tymax in T such that X; (w) # 0 for all ¢ € C'(w). Given that u is an absolutely
continuous, everywhere strictly positive probability measure on 7, p(C(w)) > 0 for all
w € AN B. Consequently, for each w € AN B, [ X; (w) 2du(t fc () Xt (w)*du (t) > 0.
Given that P (AN B) = 1, we have shown that P([X; (w d,u( ) > 0) = 1, which is
equivalent to Fjx,, (0) = P (][ X2 = 0) = 0, as desired. The conclusion now follows from
F (u) = Fixj,, (v/u) on u € [0,00). O
Lemma 1.26. If X,, »p ¢ >0 and Y,, —p 0, then P(X,, > Y,) — 1.

Proof. The union bound implies

P(X,<Y,) <P(X,<Y,and Y, <c¢/2)+P (Y, >¢/2)
<P (X, <¢/2)+P(|Y,] > ¢/2)
<P (Xl > ¢/2)+ P (V] > ¢/2).

Both terms on the right-hand side go to zero. Taking the lim sup shows that P (X, <Y,) —
0. O

1.J Proofs for Section 1.5

1.J.1 Proofs for Section 1.5.4

PrROOF OF LEMMA 1.4. The proof of the claim follows from two applications of Theorem

1.7. T first verify the conditions of Theorem 1.7 for estimation of the single best linear
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predictor L,. Using the conclusion from Theorem 1.7, I then verify these conditions once
more for estimation of the very many best linear predictors {L.}7. The result will then
follow from the union bound.

For the first application, where ¢ = 1, 81, = h, and (19 = hg, observe that Assumption
1.16 follows from Assumption 1.11, Assumption 1.17 holds trivially since no outcomes are
estimated, Assumption 1.18 follows from Assumption 1.12, and Assumption 1.19 is implied
by Assumption 1.14. Theorem 1.7 and the hypotheses of the lemma now shows that there
exists ¢, C, C" and ny depending only on ¢, ¢, ¢1, C1, c2, C2 and ¢, such that for all n > ng,
IL— L.||p, 2 < C'\/sln(pn) /n.

For the second application, where ¢ = q, B« = g« and Sro = pro, observe that Assump-
tion 1.16 follows from Assumption 1.11, and Assumption 1.18 is implied by Assumptions 1.12
and 1.13. To verify the remaining Assumption 1.17, note that e; = Xkavp(Zl-,B, L(W;)) —
X0up(Zi, Py L (W;)) by Assumptions 1.12 and 1.13 implies the bound

leiel < C1l0up(Zi, B, LWL)) = 0upl(Zis By L (W) < C'[[1B = Bl + |IL(W:) = Lo(Wi)]].
The previous bound implies the following bound on the outcome estimation error:
A< OB = Bull + 1L = Lule, 2)-

Using Assumptions 1.10 and 1.14 (the latter to get a, < C3), Lemma 1.27 implies HB—
Ba|| < C"\/W wp = 1 — Cn~¢ for constants ¢, C' and C’ depending only on C7, Cy and
co. Assumption 1.17 now follows from the first application of Theorem 1.7 and the union
bound. 0

PrROOF OF LEMMA 1.5. Under the assumptions of the lemma and the (maintained) assump-
tion that L and the L;’s are the Lasso estimates of L, and the Ly.’s, respectively, resulting
from using conservatively or truly polynomially penalty loadings (such as the penalty load-
ings resulting from Algorithms 1.2 and 1.3), Lemma 1.4 shows that there exists ¢, C,C" and

ng depending only on cq, ¢, ¢1, C1, c2, Cy and ¢, such that for all n > ny

~ ~ 1

— Ly||p, 2 + Max || Lg — Li«||p, 2 S 2 wp=21l—-0Cn " .

L—L.s, Lk — Lisllp, 2 < C' (pan) >1-Cn° 1.J.1
1<k<q n

The remainder of the proof is divided into steps.
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Main

Let s; = s(Z;). By T,

-1
1<k<q

— VNE,[Vr(Z;, Bey L (W5) | Lis (W5)) + by s3]
< max | Vi, [0n(Zi, Bu, LW, L (W3)) = k(Zi, L (W3) , Ligw (W3))]

1<k<q

+ max |ViE,[Y(Zi, B, L (W;), L (Wh)) — ¥i(Zi, Bey L (W5, Ly (Wi))] — bl v/RE,, (s;)

1<k<q

=T+ IL

Step I below shows that for some C’

P (I > ('y/ 52 ln?’(pqn)/n> < Tt

while Step II below shows that for some ¢, C' and C’,

p (II > ' max{\/san(pqn)/n,n_02/4/\/1n (pqn),an}) <Cn™“

The claim now follows from the three previous displays in combination with the union bound.

I

This step shows that for some C’,

P (I > '/ s? ln3(pqn)/n> <7t (1.J.2)
Let p; (v) = p(Z;, P, v). Decompose the kth summand and use MVT, to get

VAE [ Zs, B2, LOW2) , L (W) — 0 Zi, oy L (W3, L (W3)]
= VB [Xopi (W B ) = WIEPIWT (= h) + VB (Y — W B YW] (i — )]
= VE{[Xi0upi(W, 1) = W, W, (= h)} + /B [(Y; = W, ha) W (i — i)
+ VB X000 W B — 0,0 (W B)IW] (h— ha)}
+ VRE W (@ — )W, (R — )]+ VAE W (e — i)W (B = h)],

7
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where (WiTEZ(-k), WiTﬁgk)) lies on the line segment connecting (Wfﬁ, W. i) and (W, hy, W, 1.
The MVE in the previous display implies

1<k<q
< max [Vl {[0upi (W, 1) X = W W7 (h = )|
<X \q

+ max |vVnE,[(Y; = W, ha) W, (i — )]
1<k<q

+ max |VE, (X [0, (W] Bi') = Dups (W )W (R = b)Y
X \q

+ max | VB [W, (5" — ) W (b~ b))
1<k<q

+ s |V W (e = ) W (0 = bl = Lok B Lot Tt T (103)
X \q

Equation (1.J.2) now follows from Steps I,—I. below.

Io

This step shows that for some C”,

p (Ia > C'\/s21n* (pgn) /n> < Cn™c (1.J.4)

To establish the claim, note that by Hoélder’s inequality,

Lo < B =i max VAR {[Xa0upi(W; h) — W ] Wi} = Tag X Taa.
(4,k)€lp]xq]

Equation (1.J.1) there exists a constant C” such that

p <Ia’1 > C'y/s?1In (pgn) /n) =P <||ﬁ — h|l1 > C'\/s%1n (pgn) /n) < Cn™“

By Assumptions 1.12 and 1.13, the summands appearing in I, are i.i.d. and bounded. By
definition on gy, E{[Xx0up(Z, B, W T hy) — W T i, JW;} = 0 for all k € {1,...,q}, so the
summands in I,; are also mean-zero. Lemma 1.36 therefore implies that for some constant

C" depending only on Cf,
P (I,o > C'In(pgn)) < n .

Eq. (1.J.4) now follows from the two previous displays and the union bound.
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I,

This step shows that for some C’,

P(I,>C"\/s2In®(qgn) /n | < Cn". (1.J.5)
(> e/ n)

To establish the claim, note that by Hoélder’s inequality,

I, = max |v/nE,[(Yi = W, ho) W' (i — puw)|

1<k<q

< max [[fix — e[t ax [VEn (Vi = W h) Wi

1<i<q

= Ip1 X Ipo.

Equation (1.J.1) shows that there exists a constant C” such that

p (Ibl > (C'/s%1n (pgn) /n) =P (max ik — prs]]1 > C"+/ 82 In (pgn) /n) <Cn

1<k<q

Assumptions 1.12 and 1.13 and the definition of h, show that the summands appearing in
Iy are i.i.d., mean-zero and bounded. Lemma 1.36 therefore implies that for some constant

C" depending only on Cf,
P (s > C'In(pgn)) < n” .
Equation (1.J.5) now follows from the two previous displays and the union bound.
I. This step shows that for some C’,
P (IC > C'y/s2In? (pgn) /n) <Cn™“ (1.J.6)
To establish the claim, note that by Assumptions 1.12 and 1.13 and MVT

I = Vi max [E{ X [000: (W, ) = 000 (W, B)IWT (B — R}

1<k<q
< VB[ (h — h.)| max | Xig]|0upi (W, 5S) = 8,ps (Wi )]
J

k)

< OB, [max 0,0 (W) = 0,0, (W )W (R = B

' —(k T
< C'VAE, [max W (R = )W, (h = b))
< OVRE W] (h = h))?} = OVl L - L2 .
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Equation (1.J.1) implies that wp > 1 — Cn~¢, ||L — L, 13,2 < C'sln(pgn) /n, (1.J.6) follows

from the previous display.

I, and I,

These steps show that for some C’,
P (Id +1, > C'y/s21In? (pgn) /n) <Cn™°.
To establish the claim, note that by CS,

Lo = Vi e B W (7 = )W (b = B )|

<k<q

\/_maXE HWT(uk —M*J)WT(}L h)l]

< VAEAW (h =R D max (B (W (57 = e )]*D)"
< V(B (= h)PHY? ma (B (W (B — )12

= Vn||L - L.|s,2 fg,?gq“zk — Li|lp,0.2-
Similarly,

I.=+vn maX|E LA Mk*)WT(E(k) — hy)|

1<k<q

< Vi max B IW] (7 = o)W (R = o)l

< Vi max (B (W i = o))V B W (R = R)P)Y2
< VB (h = )1 max (B { W] (ke — puxs) DY

1<k<

=/n||L — L|p, 2 g;?quLk — Lilp, 2,
so combining we get
I+ L < 2vn||L — L,||p, 2 max || Ly — Li.|lp, 2-
1<k<q

The claim now follows from (1.J.1) and the union bound.
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IT

This claim shows that

P (II > C' max {\/san(pqn)/n,n_”/A‘/\/ln(an), an}> < Cn™“ (1.J.8)

Noting that 9t (z, B, w h,w' i) = 2;05p(z, B,w"h), a mean-value expansion yields

I—maX!\/_E [Wx(Zi B, L(W:), L (W2)) = §5(Zi, Bey L(W3), Ly (W5))] = b v/, (55)]

e
= o |Ba| Xudyrpl 2B L( DNIV(B — B.) — by Vi, (s:)|
< max [B, (Xl p(Z:. B L(W0) = 0y plZs. B L (W))}V(B = 8.)
+ max [{(E, — B) [Xu030(Zs, B, Lo (W)} V(B = 5.)]
+ max bl [v(B — £) = VB (s:)]] = T + 1y + 1L,

Eq. (1.J.8) now follows from Steps II,~1I. below and the union bound.

11,
This step shows that for some ¢, C' and C’,

P (IIa > C"\/sIn*(pgn) /n) <Cn™“ (1.J.9)
To establish the claim, note that by CS,

~ — k A~
L < V(B ~ Bl max B { Xl p(Z, B, WTR) = 03 p(21, 8., W B

S | | (1.J.10)
Lemma 1.27 implies that for some ¢, C' and C’,

P (M1 > C'Vinn) =P ([Va(B - 8l > C'Vinn) < Cn ™, (1.J.11)
By Assumptions 1.10, 1.12 and 1.13, MVT and CS,

ML,z < B, {max [ X 950(Z B, W) = 9ap(Z0, 8., W R}
< C'(max|[BY = B + Ea[Wilh = )[) < (1 = Bull + |1 = Lule, 2)
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From Lemma 1.27 we know that wp > 1 — Cn=°, ||v/n(8 — 8.)|| < ¢’vInn for some ¢, C
and C’. Equation (1.J.1) implies that wp = 1 — n~1 ||k — Ayl < C'[sIn(pgn)/n]"/? for
some C’. The union bound therefore shows that wp =1 — Cn=¢, || — B.|| + [ — hullp, 2 <
C'[sIn(pgn)/n]'/? for some ¢, C and C’. The previous display therefore implies that, for some
¢,C and (',

p <Hb > ' sln(pqn)/n) <Cn™“ (1.J.12)
Eq. (1.J.9) now follows from (1.J.10), (1.J.11) and (1.J.12) and the union bound.

I,

This step shows that for some ¢, C' and C’,

P (IIb > C'n~/*//In (pqn)) <Cn™c (1.J.13)

To establish the claim, note that by Assumption 1.10,

I, = 1121}32{(1‘{(1[3,1 — E) [Xik0sp(Z;, Bs, WlTh*)]}T\/ﬁ(B\ — B)|
<L, 1 x max ||(E, — E) [X08p(Z;, B, WzTh*)]H
1<k<q
< v Cllla’l X ( max |(]En — E) [Xz;ﬁﬁjp(ZZ, 5*, VVZTh*)H = 0111%1 X IIb,l- (1J14)

J:k)€ld]x[q]

Assumptions 1.12 and 1.13 imply that the summands appearing in 11, ; are bounded. Lemma
1.34 therefore implies that

In (dq) In (pgn)
E ma. En —E Xz Oa. Zz‘, *7VViTh* :| < C’ < C" ‘
(j,k)e[d?x[qﬂ( ) [ X0, 0(Zs; 8 )| n NG

By M, for some C and C’, and the ¢y > 0 provided by Assumption 1.14,

1 4
P (I, > C'n=/*/1n (pgn)) < C"n*/"y | In” (pgn) < Cn@/4=2/2 = op=e/t (1.].15)
n

Eq. (1.J.13) now follows from (1.J.11), (1.J.14), and (1.J.15) and the union bound.

129



IT.

This step shows that for some ¢, C' and C’,
P (I, > C'a,) < Cn". (1.J.16)
To establish the claim, note that

1L, = max b7 [VAa(8 - 8.) = VB, ()l < IVA(B = B.) = VB, ()] max e

1<k<q

Assumption 1.10 implies that for some ¢, C' and positive sequence a,,

p (||\/E(B— B.) — v/nE, (s:)] > an) <One.
Moreover, by Assumptions 1.12 and 1.13,

max || < B[ max X, |950(Z, 8., W R < €.
1<k<q

1<k<q

Eq. (1.J.16) now follows from the three previous displays and the union bound. O

1.J.2 Proofs for Section 1.5.5

PrROOF OF LEMMA 1.6. The proof is divided into steps. Throughout the proof I let P,
abbreviate the conditional law P () =P (-] {Z;}]).

Main

Recall that

W, = gggjlx/ﬁEn{[@bk(Zi,ﬁ*, Lo (W), Ly (W) + 0] s,]6:3,

W = max |VaEa{[;(Zi, B, L (W:), L, (W) + b SiE .

1<k<q

where

/b\j =E,[X;;080(Z;, B\a Wfﬁ)]
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and §'is an estimator of s provided by Assumption 1.15. Adding and subtracting/b\kr\/ﬁ]En (s:&i)
and Vg (Z;, By, L ( i) s Lk( Wi))&i, by T and a MVE we get

W =W, < max \\/_IE {[n(Z:, B,L(W;), Ly, (W) + b i€
+ En{&‘Xz'kagTP(Zz‘;B ,E (WZ))}\/E(B — Bs)
+ (b — b) VI, (5:6) + by VREA[(5; — 5:)&|
< max |vnE,{[;(Z:, B, L(W, ) L (W3)) = ¢5(Zi, Bay L (W3, L (W3))]&3}]

1<k<q
+ IIEaX |E {gz zkaBTp(Zza 6 ( 1))}%(3 - 6*)'
o+ 10ax | (by — i) VI (5:€0) | + max (b Vi [(5: — s0)&i]
=1+ I+ 111 + IV. (1.J.17)

The claim of the lemma now follows from Steps I-IV below and the union bound.

I

This step shows that for some C’,

p (Pg (I > C”[\/ sIn® (pgn) /n vV s*21n? (pgn) /nD > C'n_c> <Cn™" (1.J.18)

A MVE and T shows that

I—maX\\/_E {[e(Zis Bes L(W3) , L (W5)) = 05(Zs, B L (Wi) , Liee (W21}

1<k<
< max |/ {[Xadups(W, ) X = Wi i W (B = ha)é)|

+ max |VaE[(Y; = W)W, (i — )6

1<k<q
+ max | VB, {[0 prwTh( )= Bup (W h)LXa W] (h = )&}
+ e [y, W (@0 — )W (h = h)E)

1<k<q

—(k
+ o [VAEL W (i — ) W (0 — g
Xq

=L +L+L+1;+L, (1.J.19)
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where each WZ-TE(k) lies on the line segment connecting Wfﬁ and W,"h,, and each WiTﬁ,(f)
lies on the line segment connecting W, iy and W." yy.. Equation (1.J.18) now follows from

Steps I,—1. below and the union bound.

Io

This step shows that for some C”,

p (Pg (Ia > C'\/sIn® (pgn) /n) > C’n_c> < Cn™c (1.J.20)
Recall that

I, = max |\/5En{[Xikavpi(M/z‘Th*) - M/z‘—rﬂk*]w/i—r(ﬁ - h*)SZH

1<k<q

o~

Conditional on the data, {/nE,{[Xix0,p:(W; hi) — W, ] W," (h — hi)& 3 }i_, is centered

Gaussian with maximal variance given by

0% = max E, {[Xi0,pi(W, h) — W, i 2[W,T (B — h))?} < C|L — L2, .

1<k<q

where I have used Assumption 1.13. Lemma 1.41 now implies that that for some C’

P (Ia > C'||L = L,||p, 27/ In (qn)) <nh

Thus, on the event € = {||L — L,||z, » < C"[sIn (pgn) /n]"/2}, for some C”,

Pe (Ia > C"\/sIn” (pgn) /n) <nh

Eq. (1.J.20) now follows from (1.J.1) and the previous display.

I

This step shows that for some C’,

P (P5 <1b > C’\/m) > n—1> <n (1.J.21)

Recall that

I, = max |vVaE,[(Y; — W, h )W, (i — ) &)

1<k<q
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onditional on the data, nE, [(Y; = W." h )W, (e — s )&;| Hi o 1S centere aussian wit
Conditional on the data, {y/E, (Y — W, h, )W, (fix — )]}y e h

maximal variance given by

0% = max E, {[Y; — W RIW, (i, — pe)]?} < €' max || Ly — Ly |12, ,

1<k<q 1<k<q

where I have used Assumption 1.12. Lemma 1.41 therefore implies that for some C’,
P (Ib > ' max sz — Lii||p, 21/ 1n (pqn)) <nh
X \q

Hence, on the event & := {maxycpeq|| Lk — Lislp, 2 < C'[sIn (pgn) /n]*/2}, it follows that for

P (Ib > C"\/sIn” (pgn) /n) <nh

Eq. (1.J.21) now follows from (1.J.1) and the previous display.

some C’,

I

This step shows that for some C”,
P (P¢ (I > C’'s*?1n (qn) /n) >Cn~°) < Cn" (1.J.22)
To establish the claim, first recall

L = max |[VAE{Xl0ups (W BY) = 0ups (W)W (R — )6}
SR
Conditional on the data, {\/nE,{X; [3vp¢(I/ViTE(k)) — Oypi (W h)W,T (h— h,)E Y, is cen-
tered Gaussian with maximal variance given by
0? = max B, { X300 (WBY) = 8upi (W h)[W] (= he)]?)
SPRY

o (k)
= E{[W;" (h = h)* max X5 [0,p:(W,'h) = Oupi (W, )]}

LA

CEAW (b — h)PWT (R = b))

C'E{[W; (h — h.)]"}
C'h = PR Wi 2 [W, (h — h)]?} < C

"llh = Bl FIIL = L], o

< <
< <
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where I have used H, MVT and Assumptions 1.12 and 1.13. Lemma 1.41 now implies that

for some C’,

P, (IC > ' = hu|1||L = L.|ls, 2/In (qn)) <n 'l

Hence, on the event & = {Hﬁ — h*HlHZ — Li|lp, 2 < 01253/2 In (pgn) /n}, it follows that for

some (',
Pe (I. > C's*?In (pgn) /n) <n .
Eq. (1.J.22) now follows from (1.J.1) and the previous display.

I; and I,

This step shows that
p (PE (Id + 1 > C's*2 10’2 (pgn) /n) > C’n_c) < Cn™“ (1.J.23)
Recall that

I, = max |v/nE, [W," (7% — )W, (h — h,)&],

1<k<q

N —(k
I = max |V W, (G — )W, (B — BE.

1<i<q

Consider first I;. Conditional on the data, {\/nE,[W," (z®) — uk*)I/VZT(ﬁ — h)&] M, is

centered Gaussian with maximal variance given by

0% = max E, {[W," (h — h.)2[W, (5% — p.)]?} < max E (W, (h — h)PIW] (T — 1))}

1<k<q 1<k<q

< = el B W2 0V (= o)} < O = ol | By — Lo 2o

VX

where I have used MVT, H and Assumption 1.12. Lemma 1.41 implies that for some C’,
P£ (Id > C’,HE — h*Hl 1I£II?<X H/L\k — Lk*HPmQ\/ In (qn)> < nil. (1J24)
X \q

Consider next I.. Conditional on the data, {+/nE,[W," (i, — ,uk*)WiT(E(k) — h)&l o, 18

centered Gaussian with maximal variance given by

o> = max B, {[W, (B — h)P W, (i; — )P} < max B {[W, (7 — h)2 W, (7 — )]’}

1<k<q ¢ 1<k<q
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< [P = holly gggngn{HWiHio[WiT(ﬁj — pa)"} < C'h = holfy max || Ly, — L, 2

where I have used H, MVT and Assumption 1.12. Lemma 1.41 implies that for some C’,

P (1> 17—l e B~ Lo,/ ) <™
~ \q

(1.J.25)

Egs. (1.J.24) and (1.J.25) imply that, on the event £ := {||Tz—h*||1 max1<k<q||fk—Lk*||pmg <

C's3/%1n (pgn) /n}, for some C’,

P, (Id + 1, > C's*2 1% (pgn) /n> <nh

Eq. (1.J.23) now follows from (1.J.1) in combination with the union bound.

IT

This step shows that for some ¢, C' and C’,

p (P,g (H > C"\/In? (pgn) /n) > C’n_c) < Cn™°
To establish the claim, note that

1= lrg]?‘é{JEn{fiXikaﬁTp(Zi»B(k), L (Wz))}\/ﬁ(g_ 3,

< U = Bl s VA {eiX, 05020 B (Wi} = T, x T,

By Lemma 1.27 we know that, for some ¢, C' and ',

P (1, > C'Vin () /n) =P (I8~ 8. > C'/in(n) /n) < Cn™

By H and Assumption 1.12,

I, = f?géll‘\/ﬁEn{fiXikaﬁp(Zhﬁ LW

—(k
<01 max VB {&Xuds p(Z:, B T (W)},
(4,k)€ld]xq
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Conditional on the data, {\/nE,{e;X;;0s,p(Z, B(j), WiTTz)}}(j,k)e[d]X[q] is a centered Gaussian

process with maximal variance given by

o= max E{X2%[050(Z 8" L (W)
(4,k)€ld])x[q]

< C? max E,{[0s, Zi,_(k),z W)?
e E(0s,0(2 5 LOV)P)

<C2 ma En a Zi, *7L>|< VI/’L 2
(e Ball9s,p(Zs B L (W))P)

+ - Inax En{[ﬁﬂjp(Zi,B] ;L(VVz)) - aﬂjp(Zi7/8*7L* (Wz))]2}>
(4,k)€ld] x[q]

’ Sk T / 7 T
<N+ max|[BY = Al + 1L = Lulle, 2] < O+ (18 = Bull + |1 = Lulle, o)),

where I have used Assumptions 1.12 and 1.13 and MVT. The two previous displays, Lemma

1.41, d < C7 imply that, for some C’,

Pe (11 > C'(1+ 15 = )|+ |IL = Lelle, 2)v/In (qn) ) < n7,

Let € (t) = {||B— Bal| + ||ﬁ — hy|l2,n < t}. Then Lemma 1.27, (1.J.1), and the union bound

show that for some ¢, C' and C’,
P (I~ Bl +IL = Lulle,2 > C') < Cn
The two previous displays therefore show that, for some ¢, C' and C’,
p (P5 (IIb > c’W) > n_1> <P(E(C)) <On ™.

Eq. (1.J.26) now follows from (1.J.27), (1.J.28), (1.J.29) and the union bound.

11

This step shows that for some ¢, C' and C’,

P(Pg (> | sh (pgn) |, n7/t E cw) <Cn"

no V/In (pgn)

To establish the claim, note that

111 = max |(by — bpex) VB, (:6)] < |[VREn (s8] E%HB,C — by || = 111, x I,

1<k<q
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Conditional on the data, {/nE, (sijfi)}?zl is centered Gaussian with maximal variance given

by

o2 = max varg (\/ﬁEn (&gfz)) = max E, (S?j) <

1<j<d 1<j<d

where I have used Assumption (1.10). Lemma 1.41 and d < C} now show that for some ",
P¢(III, > C"VInn) < n7', so

P, (HIa > C’\/W) <nl, (1.J.32)
Hence, for some (',
p (P€ (HIG > C'y/In (qn)> > n_1> ~0. (1.J.33)
Note also that,

11y < ma |, {Xaldsp(Zis 5. L (Wi)) = Oap(Zs By L W)

+ max ||(E, — E) [X30s0(Zi, Bs, Ly (W))]|| = 11,4 + 1. (1.J.34)

1<k<q

For t > 0, let £ (t) denote the event

E(t) = {118 = Bl + 1A = bz < t/5T0 (pgn) /n
Then on & (t), by Assumptions 1.12 and 1.13,
M1 < E, nggq Xl 1059(Z:, B, L (W) = 05p(Zi, B, L (W»)H]
<C (IB=BI+ I = Lullan) < C't/5T (qn) /n.

Lemma 1.27, (1.J.1), and the union bound guarantee that for sufficiently large t as well as
some ¢ and C, P (€ (t)°) < Cn~¢. Choose such a t. Then for some ¢,C' and C’,

P (IHb,l > C'/sln (pgn) /n) <Cn™“ (1.J.35)
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Egs. (1.J.34), (1.J.35) and (1.J.16) in combination with the union bound show that for some
¢,C and (',

—c2/4
p 111b>0'[ sin(pgn) |, n } <One. (1.J.36)
n In (pgn)

Eq. (1.J.30) now follows from (1.J.31), (1.J.32), (1.J.36), and the union bound.
1A
This step shows that for some ¢, C' and C’,
p (Pg (Iv > C'bnm) > n—l) < One. (1.J.37)
To establish the claim, note that by CS,
IV = max (b VB, [(5; — s)&]| < [IVAEA[(S: — so)&i] | max [be| = 1V x 1y,

1<k<q

Given that d < (4,

IV, < /Cy max|vnE,[(5ij — si)&]]-

1<j<d

Conditional on the data, {\/nE,[(5;; —si;)&]}7_; is centered Gaussian with maximal variance
0" = max E,[(5y — 55)°] <Ea[llSi = sill*] = II5 = sllg,
Lemma 1.41 and d < C; and the two previous displays imply that for some C’

Py (I\/a > 5 - sH]me\/lnn) <nl.

On the event & = {||s — sp, 2 < by}, with b, provided by Assumption 1.10, we therefore

have that for some C’
P¢ <IVa > C'b,VIn n> <nh
so for some ¢, C and C’,

p (P6 (IVa > C/bnm) > n_1> <P (£ < Cne (1.J.38)
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Note also that
IV, = max |[by]| < max ||by. | + max |[by — by || = max ||bg.|| + L.
1<k<q <k<q 1<k<q 1<k<q
Assumptions 1.12 and 1.13 and J show that

max [[b. | = max [E[X,05p(Z, B, L W)l < max BILX,[ [|950(Z, B, L W] < ¢’

1<k<q 1<k<q

(1.J.39)

By (1.J.36), for some ¢,C and (',

P <IHb > C'[\/sIn (pgn) /n +n~/*/In (pqn)}) < Cn™“

Assumption 1.14 implies that /sn (pgn) /n +n=/*/1In (pgn) is a bounded sequence. The

previous display therefore implies that for some ¢, C' and C’

P (Ill, > C") < Cn™“. (1.J.40)
Egs. (1.J.39) and (1.J.40) yield that for some ¢, C' and C’,

P(IV, > C") < Cn™°. (1.J.41)

Eq. (1.J.37) now follows from (1.J.38), (1.J.41) and the union bound. O

1.J.3 Proofs for Section 1.5.6

PrRoOOF OF THEOREM 1.5. The theorem will follow from an application of Chernozhukov,
Chetverikov, and Kato (2013, Corollary 3.1(ii)). Assumptions 1.10, 1.12 and 1.13 and the
hypotheses of the theorem suffice for their Condition (E.2) with B,, depending only on C}
(i.e., constant in n). Given that the growth condition In (gn) < Con'~* is assumed, it
remains to verify their conditions (14) and (15) and their (-condition. To this end, first
label the maximum of the lower bounds appearing in the (inner) probability statements of
Lemmas 1.5 and 1.6 by

2] 3 3/2] 3/2 —c2/4
C{/ = Cl \/ C{ = C/ max { > (pqn>, i I (pqn> n 7an7 bn V lnn .
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Similarly, label the maximum of the probability bounds of Lemmas 1.5 and 1.6 by ¢ .= Cn~°.

Given that (¢7,(y) provide relax the bounds in Lemmas 1.5 and 1.6, by the same lemmas

P(T-T. > ¢) <G,
PP (W =W > ) >E) <@

<
< G-

Conditions (14) and (15) of Chernozhukov et al. (2013) therefore holds simultaneously for
n > ng, where ng depends only on co, ¢, ¢, C1, co,Cy and C%. The growth conditions of
Assumptions 1.14 and 1.15 imply that ¢ thus defined satisfies ¢/v/Ing < C'n=¢ for ¢/ and
C’" depending only on ¢y, ¢y, c1, C1, ¢y, Cy and Ch, so ¢'v/Ing + ¢4 < C'n~¢ for some ¢ and
(" depending only on ¢y, ¢{, ¢1, Cy, c2, Cy and CY. H
PROOF OF THEOREM 1.6. The proof of Theorem 1.5 shows that maxi<y<, E[fi (2)°] <
C” for some C' depending only on Cj. Under the hypothesis maxi<pcy B[fix (2)7] > &
of the theorem, from arguments similar to the ones used in proving Lemma 1.5 it fol-
lows that there exist constants ¢ and C’ depending only on ¢; and C; such that ¢//2 <
maX;Lgkgq{En[fk (Z)’]}V? < 2C" wp — 1. Define G(Qq) = maX1<k<qEn[ﬁ (Z;)?] and let
& ={d/2 < T < 2C"}. Conditional on the data, {\/nE,[f:(Z;)&]}i_, is a Gaussian
process, so Borell’s inequality (van der Vaart and Wellner, 1996, Proposition A.2.1) shows
that for any t > 0,

P:(W >1t) < Qexp{—m}.

Fix a € (0,1). Setting t = ¢)y () and rearranging, we get

ow (o) < Ee (W) +/81In (2/ ).

A Gaussian maximal inequality (Lemma 1.39) shows that E¢ (W) < 0(5+v/Ing. Combining

this inequality with the previous display, on &£, for some A absolute,

ew (@) < AG(p\/Ingy/81n (2/a) < (2C") v/81n (2/a)y/Ing = C\/Ing, (1.J.42)

with C’, depending only on €y and . Given that {/nE,[fi(Z)&] 7_, is a Gaussian process
conditional on the data, for any ¢ > 0,
Pe (W > 1) > max Pe (|VaEL[fu(Z)8]
1<k<q
=P (IN(0,55))[ > 1) =2[1 =@ (t/5))]
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Setting ¢ = ¢y () and rearranging we see that, on &,
ew (@) =20 (1—a/2)5y =7 (1 —a/2)(d/2)=d, (1.J.43)

where ¢, depends only on ¢; and «.. The proof of Theorem 1.5 also shows that E[max;<r<q fix (Z )%

< 0" for some €’ depending only on C;. Now

P(T<ew(@) =PI <ew(a)NTe =T <ow (@) +P(T <ew (@) NT =T > ey (a))
<SP (T, <2 () +P (T =T > ¢y (o))
<P(T. <20 () +P(|T =T, > ey (@) = P + Ps.

The probability P, satisfies

Pr =P (T < 2ep (@) New (@) < vgyv/n/4) + P (Te < 2¢p (@) New (a) > v,/n/4)
<P (T, /\/_ 0g/2) + P (e (a) > vgv/n/4)
< P (|T. — vg| = vg/2) + P (ew (@) > vgv/n/4) = Pro + Py,

The proof of Lemma 1.5 in fact shows that E[max<r<q fre (Z)%] < O for some C’ depending
only on C. The first part of the maximal inequality in Lemma 1.34 and E[max;<x<, frs (Z )’ <
C"” for some (" depending only on O} imply that

NG

for some C” depending only on C;. From the previous display, the definition of v,, and M

£ { x5, - ) (2]} < S 21

we therefore see that

P = (| B0 e (2)] = s B, . (2,00 L (W) X0 | > 0 /2)
<P (o B0~ B) e (2] > /2) < 20,8 { mae 8~ B) [ (201}
<Oq—11nq_>0

Using (1.J.42), we see that

Py <P (e (a) > v/n/ANE) + P (£) < 1 (ogm > vq\/ﬁ/4> 4P (£
<1[v;'Ing/yv/n>1/(4C,)] +P (£ — 0.
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Letting ¢; = (1, > 0 be the constant defined in Lemma (1.5), the probability P, satisfies
Py =P (T =T/ G > Gew (@) SP (T = Ti| > Q1) + P (G > ew (@) = Poa + Pay.
Now, P5, — 0 by Lemma (1.5). Lastly, using (1.J.43) and ¢; — 0 it follows that

Py <P(C > 0w (@)NE) +P(E)<1(C>cl) +P(E) = 0.

1.J.4 Supporting Lemmas for Section 1.5

Lemma 1.27. If Assumption 1.10 holds, then there exists ¢,C' and C' depending only on
Ch, ¢ and Cy such that

P([Vn(B = B.)I| > C'Vinn) < Cn*.

Proof. Hoeffding’s inequality for bounded random variables, the union bound, and ||s (Z)]] <
Cy show that for any t > 0, P(||\/nE, [s, (Z:)]|| > v2dCyt) < 2de . Since d < CY, setting
t = vInn implies P(||y/nE, [s (Z)]|| > vV2C2*VInn) < 2C;1n~'. Assumption 1.10 yields

P(lvn(B = B.) = En[5. (Z)]]| > a) < Con™,
so by T and the union bound,

P8 — B > an + v2C¥*Vinn)
P(|[Vr(B — B.) — By 5. (Z)]]] > an) + P(|VAE, [s. (Z)]]| > V2C5*Vinn)

<
< CQTL_CQ + 20171_1 < Cn™°.

Given that a,, — 0, a, + \/ﬁC’f/zvlnn < C'Vlnn, O

Lemma 1.28 (Vector Hoeffding’s inequality). If {X;}} are independent centered R?-
valued random variables satisfying | X;|| < M for all 1 <i < n, then for each t > 0,

nt?

Hence, for eacht > 0,

P(|[v/nE, (X,)|| > V2dMt) < 2de™"".
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Proof. By the union bound and Hoeffding’s inequality for bounded random variables

d
P (|E, (X;)|| > t) < P(max |E, (Xu)| > t/Vd) < ZP Xin)| > t/Vd)

1<k<d

t2
< 2d exp (—#) .

1.K Sparse Eigenvalues and Compatibility Constants

The following result is essentially Rudelson and Vershynin (2008, Lemma 3.8).

Lemma 1.29. Let {W;}] ,n > 2, be independent random variables taking values in RP,p >
2. Define M = maxici<p||Wil|lo. Then for any m € {1,...,p} we have

B{ swp (B, - E) (W0} <02 (m)+8u(m) sup  \JE[WT6)2,

16lo<m,[|5]|=1 [[6]o<m,|6]=1

where C' is universal and

5, (m) = C'[E(M?)]/2y @ [1 + (Inm) \/R} :

Rudelson and Vershynin (2008, Lemma 3.8), a lemma which is stated conditionally on
the data, leaves the constant appearing in their 6, as C'(M). In order to clarify the exact
dependence of §,, on M, I include a complete proof.

Let k (a, A) denote the compatibility constant associated with a real symmetric matrix
A e R

k(a,A) = min inf M,
Tc{l,...q} SeR\{0} 1071
IT|<s  ||o7ell1<alldr(l1
where a > 0. Note that any such compatibility constant depends on the sparsity level s and
dimension ¢, although such dependencies are suppressed throughout.

Define the minimal sparse eigenvalue ¢, (m, A),

§TAS

1n _—
1<[8llo<m ||0]]2

¢nﬂn(7n>f4)::
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and mazimal sparse eigenvalue Guax (M, A),

T
A
¢max (ma A) = sup 0 0

1<lllo<m 10117

which are defined for m € {1,...,p}. The following lemma is implicit in the proof of Bickel,
Ritov, and Tsybakov (2009, Lemma 4.1(ii)). I include the proof for easy reference.

Lemma 1.30. Then for any real symmetric matriz A. Then for any a > 0,

1<m<p

K (a, A) > max {\/¢min(s+m,A)—a W}

Lemma 1.31. Suppose that {W;} ,n > 2, are independent random variables taking values
in RP,p > 2, which are uniformly bounded by B < 0o, maxic;<n||Willeo < B, and whose
average population matriz E(W;W,T) has m-sparse eigenvalues, m > 1, bounded above by

¢m (m) < oo and away from zero by ¢, (m) > 0. Then

P (Guin (m, B (Wi, < 61 (m) /2) < 261 (m) ™" Pi@n)+w%(wﬂx/¢H(W0}
and P (20m (1) < G (m En(WiW,1)) < ér (m) ™ (62 (m) + 65 (m) /o ().

where C' is a universal constant and

b (m) = 0'B\ ™2 [ 4 (1nm) Vi)

n

Lemma 1.32. Let {W;}} be independent RP-valued random variables with max;<;<p||Wil|loo <
C1, & < Amin( EWW,T)) < M (E(W,W,T)) < C2 and p > 2, and suppose that sIn® (pn) /n <

Con=. Then there exists constants ¢ and C' depending only on ci,Cy,co and Cy such that
P ({quin (sIn(n) + ) < c1/2, E,(W;W,")} U {20 < dmax (sInn) ,En(I/VZVVZT)}) < Cn™“

Lemma 1.33. Let {W;}} be independent RP-valued random variables with max;<;<,||Willoco <
C1, & < Amin(EWW,)) < M (E(W,W,T)) < C2 and p > 2, and suppose that sIn® (pn) /n <
Con=. Then there exists constants ¢ and C' depending only on c1,C4,co and Cy such that
for n > exp(16a*C4 /cy),
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1.LL Inequalities

The following lemma specializes Chernozhukov, Chetverikov, and Kato (2015, Lemma 8) to

i.i.d. and bounded data, and is a useful variation of standard maximal inequalities.
Lemma 1.34. Let {X;}] be i.i.d., centered, RP-valued random variables with p > 2. Then

Inp
Il < 2)11/2 2 1/2)—
E L@% IE, (X,])q S (gﬁgj[E (X712 + [E(max X7)] NG

where the constant is universal. Consequently, if, in addition, || X||.c < M constant, then

B | B, ()| < € ) 2F

1<j<p

where C' (M) depends only on M.

The following lemma is a special case of Massart (2000, Theorem 4), a version of Tala-

grand’s inequality.

Lemma 1.35 (Talagrand’s inequality). Let {X;}} be independent, centered random vari-
ables with values in [—M, M* for some M > 0, and 0? = max;cjcy E (X”) Then for any
e, t >0,

1<j<p n n

2Kt Mt
P(Ea<x|E (X)) > (1+¢)E| max|E, (Xij)\]—i-a i+&> <e
ISP

wgere k and r (€) may be taken equal to k =4 and k (¢) = 2.5+ 32e~1. Consequently, there
exists constants C' and C' depending only on M such that for any t > 0,

P(maX|E (Xi5)| > 2E| max |E,, (X; )|}—|—C”\/7+C’” ) <e ™.
1<j<p 1<j<p n

The next lemma combines Lemmas 1.34 and 1.35.

Lemma 1.36. Let {X;}] be i.i.d., zero-mean random variables taking values in [—M, M’

or some M > (0. Then there exists a constant C' depending only on M such that
p g Y

/In (pn) 1
P<1H<1ja<>§)\E( i) >C \/ﬁ)gn .

Let ¢,(t) == e — 1. The ,-Orlisz norm ||X ||y, of a random variable is

[ X1y, =nf{C" > 0] E[y, (|X]/C)] < 1}. (1.L.1)
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Lemma 1.37. Let X be a zero-mean, Gaussian random variable with variance 0. Then its

y-Orlisz norm || X||y, = 1/8/30.

Lemma 1.38. Let the function v be nonnegative, convex function, and strictly increasing on
R.. Then for any C > 0 satisfying maxi<;<, E[¢ (| X;]/C)] < 1, we have E [max; <<, | X;|] <
Cy~ (p).

Lemma 1.39 (Gaussian Maximal Inequality). Let {X;}] be centered Gaussian with

2= maxjcjcp B (Xf) Then

B[ e 11| < o VBV 1)

1<g<p

maximal variance o

Consequently, if, in addition, p > 2,

E[ max |Xj]} < 04/16/34/1np.

1<j<p

The next lemma is a finite-dimensional version of Borell’s inequality, The proof of the

lemma follows from the proof of van der Vaart and Wellner (1996, Proposition A.2.1).

Lemma 1.40 (Borell’s inequality). Let X ~ N (0,x1,2), || X|lw = maxi<j<, | X;|, and

o2 = maxi<j<p B (XJQ) For every t > 0,

2

P (I1Xlloo > E (I X||e) + v20t) <™.

Lemma 1.41 (Gaussian Deviation Inequality). Let X ~ N (0,x1,%),p > 2, || X =
maxicj<p | Xj|, and 0? = maxi<jc, E (XJZ) Then there exists a universal constant K such

that for everyn > 1,

P (IX ]l > Kov/In(pn)) <.

A random variable X with mean p := E(X) is said to be subgaussian if there exists o € R,
such that E [et(X_“)} < e”®/2 for all t € R. We say that the subgaussianity parameter of X
is (at most) o and call the smallests of such o’s the optimal subgaussianity parameter. The

following lemma is taken from Marchal and Arbel (2017, Theorem 1).

Lemma 1.42 (Optimal Subgaussianity Parameter for Beta Distribution). For a
Beta (o, B) distributed random variable, cv, B € (0,00), a simple and explicit upper bound of

the optimal subgaussianity parameter is 1/4 (o + g+ 1).

Subgaussian random variables yield a simple maximal inequality.
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Lemma 1.43 (Subgaussian Maximal Inequality). Let {X;}],p > 2, be subgaussian

random variables with common subgaussianity parameter . Then

E(maxX) ov/2Inp and E[max|X|} o+/21n (2p).

1<5<p 1<5<p

Lemma 1.44. Suppose that ¢; < [E(XZ,)]Y? < [E(]X;[*T0)]Y @) < Cy for some 0 < 6 <
1, and all j € {1,...,p}, where ¢, and Cy depend only on §. If In (pgn) < Con'=<2 for some

8+46 <cy < 1, then for every 0 < c3 < 1 and every
n > (2011/Cy ¢y )2 =8/ (8+49)
we have

p (( max [Syk| > @7 (1—n"%/ (2pq))> < [1 +AQ+Cy /)M nms,

J,k)€lp]xq]

1.M Proofs for Section 1.G

PrROOF OF THEOREM 1.7. Suppose first that the penalty loadings are conservatively poly-
nomially valid. Following the outline of the proof of BCCH (Theorem 1), the proof has five
steps.

Step 1.

For a > 0, consider the compatibility constants

V5 [|0l2n

k5. (@) = min mi ~ , e{l,....q}, 1.M.1
k(a) GRS - S ) { ¥ (1.M.1)
17507 |1 <al Ty r 11
where the 7”s are understood to be nonempty subsets of {1,...,p}. The &}’s control the

modulus of continuity between the prediction norm ||§||2, and the ﬁ;“ -weighted ¢; norms.
The main result of this step is the following lemma, which contains the determistic part of

the argument in establishing the rate of the Lasso estimators.

Lemma 1.45. Suppose that Assumption 1.16 holds, that A\ > con maxi<k<q||Sillee for co > 1
and ¢, € (0,1] and the penalty loadings satisfy (1.G.15) with ¢ > 1/cy. Then for each
ke{l,...,q},

~ 1y A
1Bk = Broll2n < (U+—) *\/_ +2(cs +A),
co) KL (@)n

k
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where € = (uco + 1) / (beg — 1).

Proof. The proof follows the argument in Bickel, Ritov, and Tsybakov (2009). Fix k €

{1,...,q}. Denote J, = Bk — Bro and recall Tyo = supp (Bko). Note that |Ty| < s. Expand
the squares to arrive at

En[(?zk — VViTBk)Q] — En[(ﬁkz — W, Bro)?]
= |6k13,. — 2En (i W, 0k) — 2K, (racW;' 0) — 2K, (e W' 61
> (166012, — 1S3 oo |50kl — 2 (cs + A) 1k |2,n,

where the inequality follows from the Holder and Cauchy-Schwarz inequalities. By definition

of B\k as a minimizer
7% T2 \2 A2 % T 2 A
E,[(Wix — Wy Br)7] + ﬁHTkﬁkul S En[(Yie — W, Bro)™] + EHTkﬁk(]Hh
which combined with the previous display implies

164115, < = (173Brolls - IITkﬁkHl) + 15k loo 170k llx + 2 (cs + A) [[0k]|2.n

)+ ISie Iz 0k + 2 (e + A) 62

)

1+ 2(cs + A) |ogllam- (1.M.2)

ull Ty Sirioll — 01T by,

A A* /\*
1> t <||Tk5ka0H1 + (|75 Ok,

(
< 2 (IMebioly — [ Tidis,
<a
2

(cs + D) [0k ll2,n
1\ A o 1\ A o
+ C—O> ﬁ||Tk5Tko||1 - (5 - a) EHTk(SkTEo

If ||0k]l2.n < 2 (cs + A), then the claim follows. Suppose therefore that ||dg||2., > 2 (cs + A).
Then the previous display implies

— T :|>:|>~z|y

IS

N 1 .
Fiourg < [ (w o) forr (¢ 2 ) |1ebunyls = el Tt
from which it follows that

Valoilan
5 ©)

Combining this inequality with (1.M.2) we see that

[N FES

1\ A &
0 < (1t o ) 2Tl + 20+ 8) ol
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1\ Msl6kllom
< (u+ —) M + 2 (cs + A) ||0k]|2.n,

Co ki () n

which leads to the desired bound. O

Step 2

In this step I prove a lemma about the quantiles of the maximum of the “noise” S} =
2(?,: )'E,, (eixW;), which suggests the level of the penalty.

Lemma 1.46. Suppose that Assumptions 1.16, 1.18 and 1.19 hold and the penalty level A
is specified as in (1.G.10). Then there exists C' and ng depending only on c1,Cy,Cy and ¢

such that for all n > ny,

1<k<q

p (co max || Si |0 > A/n) < Cn~%.
Proof. Observe that

P (co max |5} ||oo > )\/n) =P (max||\/ﬁSZ/2||oo > ¢! <1 —n~/ (2pq)>)
1<k<q

1<k<q

Each /nS; ’ /2 is bounded in absolute value by the self-normalized sum /n.S 7;; /2 =E, (cixWi;)
/[En (5121{%%’)]1/2’ so the claim follows Lemma 1.44 with c3 = ¢{,0 = 3 and X, = eixWij,
such that S,;x = v/n.5;; /2. O

Step 3

Lemma 1.47. If Assumptions 1.18 and 1.19 hold, then there exists ¢,C,c’, C' and ngy de-

pending only on ¢y, Cy, co, Cy and ¢y such that for all n > ny,
P (d <7 <O forall (j,k) € [p] x[q]) >1—-Cn""

Proof. Assumption 1.18, Markov’s inequality and a maximal inequality for bounded random

variables (Lemma 1.34) show

P (max (B, — B) 0] > 1/t ) < 0B x| (B, — B) (0] < € (M) "

1<k<q 1<k<q n

Assumption 1.19 implies that there exists ¢ and C' depending only on ¢y, Cy, ¢z, Cy and ¢
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such that with probability > 1 — Cn™¢,

max | (E, - E) ()] < n/*

1<k<q

Using Assumption 1.18 and the previous diplay, it follows that there exists ¢, C, ¢ and C’
depending only on ¢, Cy, ¢y, Cy and ¢, such that with probability > 1 — Cn™¢,

|7 7,’;]2 < max | (E, — E) (¢7,)| max W + max E(e?) max ‘ max VV; — Mf‘

(4, k)e@]x 1<k< 1<i<n 1<k<q 1<<p ' 1<i<n
_ 3 P
< CF max | (B, — B) (e3,)| + 207 max | max [Wij| — M| < C'n

where fy,j = E(ak)M 2 By Assumption 1.18 the 7*2’8 are bounded from above and away
from zero. The previous diplay now shows that for sufficiently large n and with probability
approaching one polynomially fast, so are the 7*2’8 These upper and lower bounds depend

only on ¢y, Cy, co, Cy and c,. O

Step 4

Lemma 1.48. If Assumption 1.18 holds, then there exists ¢, C,c and ng depending only on

co, ¢y €1, C1, c2, Oy and ¢y such that for all n > ny,

P (12113211 Ky (C) > c’> >1-Cn"".
Proof. Let A5, = ming ryepixig Tr; a0d Vmax = MaX(ik)ep)x(q Tr;- By Lemma 1.47 there
exists ¢, C, ¢/, C" and ny depending only on ¢y, Cy, ca, Cy and ¢, such that for all n > ng, ¢ <
Vikin < Vo < C7 with probability > 1 — Cn~=¢. To avoid division by zero or multiplication
by infinity, take n > ny and work on the event {¢ <7}, <7k < C'}

Fix k € {1,...,q}. By construction of 7%, and 7% __, Hfga”l > 7% |[6]]1 and HT*5H1 <
ik axlld]l1 for any 6 € RP. Let T be such that |T| < s and let 6 # O satisfy ||Tk5TC||1 <
C||T*5T||1 Then ||07¢|1 < (V5.C/75i) ||07]]1, and it follows that

5 Ct/Toi) > 2 (C'a) )

rr (@) 2 5

max

where the second inequality follows from the event {¢ < 7%,, < 7i.. < C'} and k being a

nonincreasing function. Taking the minimum over k € {1,...,¢} and setting a = ¢ we see
that
1— /
fin K (0) > &k (Ce/c),
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Using Assumptions 1.18 and 1.19 Lemma 1.33 implies that there exists ¢, C' and ng depending
only on ¢y, ¢, ¢1, Ch, ca, Cy and ¢}, such that x (C'c/c’) > /3 /8 with probability > 1—Cn~¢

at least for n > ng. The claim now follows from the previous display and the union bound. [J

Step 5

Combine the results of all the previous steps: Given that A = 2co/n® (1 — n=%/(2pq)) <
\/W, that the penalty loadings {]A”k}‘f are conservatively polynomially valid, that
min; <<, #5 (¢) is bounded away from zero (Step 4), ¢, < C1y/s/n (Assumption proof 1.11)
and A < C1+/sIn(pgn)/n (Assumption 1.17) with probability approaching one polynomially
fast, it follows that there exists ¢, C, C" and ny depending only on ¢y, ¢, ¢1, C1, ¢, Cy and ¢

such that for all n > ng with probability > 1 — Cn™¢ we have

B 1 AV's sIn (pgn
max [| 5 — Frollan < (U+—) . \/_* — +2(cs +A) < C’\/—(pq ),
1<k<q co ) minjcy<q K5 (€)1 n

By the triangle inequality and Assumption 1.11, for at least the same n’s and with at least

the same probability (but possibly different C”),

3, 2 sln (pgn
max || By — B ll2;n < max || B — Broll2n + ¢ < C'y [5In (pan)
1<k<q 1<k<p n

Suppose next that the penalty loadings are truly polynomially valid.

Step 1’

Define compatibility constants {x;*}{ as in (1.M.1) using f;‘*-weighted ¢, norms instead.
Using an argument virtually identical to the one used in proving Lemma 1.45, we may show
that if A > con maxy <<y || S8 |00, co > 1, ¢ € (0, 1], and the penalty loadings satisfy (1.G.16)
with ¢ > 1/¢g, then for each k € {1,...,¢},

~ 1
N A
c) k(@) n
where ¢ = (uco + 1) / (bcy — 1).

Step 2’

Given that each /nS;*/2 is equal to a vector of self-normalized sums, the argument used

to prove Lemma 1.46 shows that there exists C' and ny depending only on ¢, Cy, Cy and ¢
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such that for all n > ny,

p <co maX||Sk l|loo > A/n) < On™%,

1<k<

Step 3’

Lemma 1.49. If Assumptions 1.18 and 1.19 hold, then there exists ¢,C, ¢, C' and ngy de-

pending only on ¢y, Cy, co, Cy and ¢y such that for all n > ny,

P(d <75 < C forall (j.k)€lp]xlg]) =1—Cn"

Proof. Assumption 1.18, Markov inequality and a maximal inequality for bounded random

variables (Lemma 1.34) imply that

*H2 ka2 -1/4 1/4 _ 2.2
>n <n’"E max E, —E) (e;z;
it =il > ) (B B) () |
1/4
o e _ o (' (pg)
vn n ’

P (e
(J,k)e [p] x[q]

where 7;** = E (e2W7). Assumption 1.19 implies that there exist ¢ and C' depending only
on ¢y, CY, o, Cy and ¢, such that with probability > 1 — Cn™¢,
K% **2| —1/4.

Gl (d ™ =

Assumption 1.18 implies that the ;%’s are bounded from above and away from zero. By the
previous diplay, for sufficiently large n and with probability approaching one polynomially

fast, so are the 'y**’s These bounds depend only on ¢y, Cy, ¢, Cy and d. O

Step 4’

Using Lemma 1.49 and an argument virtually identical to the one used in Step 4, we
may derive a probability bound we find that there exists ¢,C, ¢ and ny depending only

on ¢y, ¢, ¢1, C1, c2, Cy and ¢ such that for all n > ny,

p <min Ky () = c’) >1-Cn"

1<k<q
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Step 5’

By an argument virtually identical to the one in Step 5, Steps 1’4’ show that there exists ¢, C
and C’ such that with probability > 1 — Cn™¢, maXlgkquBk — Brxllon < C'y/s1n (pgn) /n.
This conclusion completes the proof of Theorem 1.7. O

1.N Proofs for Section 1.H

1.N.1 Proofs for Section 1.H.1

Proor or LEMMA 1.7. To establish conservative polynomial validity of the initial penalty
loadings we need to show that there exists ¢, u, ¢, C' and ny depending only on ¢y, C1, o, Cy, ¢

and C) such that for all n > ny,
(6 < iy, for all (j,k) € [p] x [q]) <On™¢,

with 0 < ¢ <1 < w and both £ — 1 and u — «' > 1 polynomially fast. For this purpose,
define (infeasible) penalty loadings

2| (Yie — Yi)?] max W2

)
1<i<n Y

)
1<i<n Y

E

= En@k) max 172
E(Y
E

where Y, = E,(Yix) and EN/Z-;C =Y — E(Y)x). Under Assumptions 1.17 and 1.18, the initial
penalty loadings,

%] =E {[ n(sz,»)]Q} 1@?3; VVZ],
must satisfy
~92 o —~ ~ 9 _ N
max |5, = 7| = e W max En{[(Yir — En(Yir)]"} — En[(Yie — Yi)7|

(3 h)€lp]x[a]
Wi max [En (Vi) — [En(Ye)]* = Ea(Yi2) + [En(Yie)|

= max
Giemixp] Y 1<k<q

< CF(max [B (Vi = Y3 + ma [, (V)] — [ (Vi)

1<k< 1<k<q

= C ( max |E [(Y;k + sz)ezk\ + mgx |E ( ik + Ek)En(elk)D

1<k<
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<603 max E,(leix|)

1<k<

< 6C3A (CS)
< 6C1+/s1n(qn) /n with probability > 1 — Cyn .

Assumption 1.19 therefore implies that

y k) [p] . Ari — Fiil < 6CT/Con™ with probability > 1 — Con™.
7,k)€E[p] x

Noting that Yj; — Y, = Vi — ]En(ik), we must have

U k)e[p x[q] hk] %“’| (z‘j)ng[%]x[p} ” 1<k< ax [{Ea[(Yis = Y)’] (Yi)l}
< OF max [E,{[Vie — En (Vie)} = B (V)

12
ﬂﬂggmwﬂ.
By a maximal inequality for bounded random variables (Lemma 1.34), with probability
>1—n"Y% for some €’ depending only on C; we have max; <, |E,(Yy)] < C'In(q) /n/*
which by the growth condition In* (¢) < Con'~®, in turn, is < C'n~¢ for ¢ and (potentially
different) C" depending only on C1, cs and Cs. Hence, with the same probability,

GRE X iy =l < s (LN-1)
for potentially different ¢ and C’. A maximal inequality for bounded random variables
(Lemma 1.34) also shows that, with probability > 1—n"/%, we have max;<y<q | (E, — E) (Y2)| <
C'In (q) /n*/*, which by the growth condition In (q) < Cyn'~®, in turn, is < C'n~¢ for ¢
and (potentially different) C’ depending only on Cj,cy and Cy. Adding and subtracting
E(Y2) max;<icn W7 for given (j, k) and using Assumption 1.18, we get

max (5 =l = max B [(Ya — Vi) max W2 — E(T)M]

(4,k)€lp]x[q] (,k)€lp] x[q] 1<i<n

< max | (E, —E)(Y )| max W3 +maXE(Y)max|maXW2 sz‘

1<k<q Gpemixp] Y 1<k<q 1<<p | 1<isn Y

< C} max]( —E)(Y2)|+C? max | max W — M|

1<k< 1<j<p ' 1<i<n
< CF max | (B, — E) (V;})| + 20} max | max [Wy| — M|
1<k;< <p 1<’L<
<Cn™® wp>1-Cn~® (1.N.2)
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for potentially different ¢, C, ¢ and C’. Given that 7y, = E(};kQ)MJZ > B(ef) M} = ~;7, the
previous two displays show that for potentially different ¢, C, ¢ and C’, with probability

>1—Cn ¢ we have
A 2k — O™ 22 = C'n for all (j,k) € [p] x [q].-

A maximal inequality for bounded random variables (Lemma 1.34) shows that, with proba-
bility > 1 —n~1/4, we have max; <<, |(E, — E)(¢2)| < C'In(q) /n/*, which by the growth
condition In* (¢) < Cyn'~, in turn, is < C'n~¢ for ¢/ and (potentially different) C’ depend-
ing only on (1, ¢; and Cy. Adding and subtracting E(e}) max;<;<p VVZ for given j and using

Assumption 1.18, we get

~%2 *2 2 2 9 9
max - — el = max  |E,(e5) max W2 — E(e;) M:
(J:k)€lp]x[q] g 7k]| (4.k)€lp]x[d] [En (<) 1<i<n Y (¢t J |

/

< B (e 2 2 2 g
max | (B, —E) ()] | max Wi+ max B(ef) max | max W — Mj|

< C} max | (E, — E) (5,)] + 2CF max | max [Wj;| — M;|

1<k<q 1<<p ' 1<isn

<Cn™ wp=1l-Cn°

for potentially different ¢, C, ¢ and C’. The previous two displays now show that for poten-
tially different ¢, C, ¢ and C’, with probability > 1 — C'n~—¢ we have

t; 2 A5 — C'n~ for all (j,k) € [p] x [q].

By ;7 = E(ef) M} > E(efW}?) and Assumption 1.18, the +;,’s are bounded away from zero.
The previous diplay shows that for sufficiently large n and with probability approaching one
polynomially fast, so are the 7;.’s. This observation combined with the previous display

shows that there exists £ = ¢,, € (0,1] nonrandom such that for sufficiently large n

gy < A for all (5, k) € [p] x [q]

with probability > 1—Cn~¢, where £ — 1 polynomially fast. On the other hand, (1.N.1) and
(1.N.2) combined with the 7?,’212-’5 being bounded away from zero with probability approaching
one polynomially fast and the 7,%]-’8 being bounded from above (Assumption 1.18) show that

there exists a u = u,, > 1 nonrandom such that for sufficiently large n

Ui < Ay for all (5, k) € [p] x [q]
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with probability > 1 — Cn~¢, where u — ' > 1 polynomially fast. The statement of the

lemma now follows from the previous two displays and the union bound. n

PrOOF OF LEMMA 1.8. To establish true polynomial validity of the refined penalty loadings
we need to show that there exists ¢, u, ¢, C' and ny depending only on ¢y, ¢, ¢1, C1, co, Cy and

¢y such that for n > ng,

P (035 < Qwy < wAy; for all (4, k) € [p] x [q]) < Cn™¢,
with 0 < £/ <1 < u and both ¢ — 1 and v — 1 polynomially fast. For this purpose, define
T = E(ngij), which by Assumption 1.18 are bounded from above and away from zero

by constants depending only on ¢; and Cy. The claim therefore follows if we can show that
there exists ¢, C, ¢, C' and ny depending only on ¢, ¢, ¢1, C, c2, Cy and ¢, such that for all
n > Ny,

max h/k] < n~¢ with probability > 1 — Cn™°,

(G:k)€(p]*[q]

and that there exists (possibly different) ¢, C, ¢/, C" and ng depending only on ¢y, ¢, ¢1, C1, ¢a, Co

and ¢, such that for all n > ny,

Goenx |%:;2 — 1% < C'n™* with probability > 1 — Cn ™
€lp]x|q

Note that &, = 1//\;;@ — WiTBk = e + ik — WiT(Sk, where §;, = Bk — Br«. It follows that

P~ ~skx2 ~9 9 9
max , = max |E,[(g} —e;)W5
o e~k = e Bl (E =)W
= max |En{[622k + 25ikez'k + (WZTék)g _ 2(€zk + elk>mT5k]m‘27}|
(k) €[p] (4]
< _ max En{[efk + 2|€ik||€ik’ + (VVZTék) + 2(|51k| -+ |ezk’)HWT(5k”W2}
(k) Elp] < [d]
< OF max B, {[efi, +2Caea| + (WiT61)* + 4Co Wby
IIPRq

< O} (A? +2C1A + max||6x |3, + 4C) max ||6]|2.n),
1<k<q ’ 1<k<q
where the last inequality follows from Cauchy-Schwarz inequality. The first requirement now

follows Assumption 1.17, the hypothesis on the 5k s and sln (pgn) /n < Con=2. The second

requirement follows from a maximal inequality for bounded random variables (Lemma 1.34)
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and In* (pq) < Con'~e2:

P max SRR HH2 > n1/4> < n1/4E ( max SHRR2 | HH2 )
((j,me[p]x[q] i = s | (k)X (] i = s |
e { max | (E, — E) (sfkwg.)}

(4,k)€lp] x[q]

/4
In (pq) In* (pq) ! B
< 1/4 ! — / < C.
<n /0 —\/ﬁ =C - <Cn

1.N.2 Proofs for Section 1.H.2

ProOF OF LEMMA 1.9. The claim will follow from an application of Lemma 1.7 with ¢ =
1. Assumption 1.17 holds trivially since Y is observed. Assumption 1.18 is implied by
Assumption 1.12. Lastly, the growth condition In*(q) < Cyn'~ is trivial since ¢ = 1. O

Proor or LEMMA 1.10. The claim will follow from an application of Lemma 1.8 with ¢ :=
1. The performance bound (1.H.4) (with 3, := h and Sy, = h,) is implied by Lemma 1.4 and
the conservative polynomial validity of the initial penalty loadings (Lemma 1.9). Assumption
1.18 is implied by Assumption 1.12. Lastly, the growth condition sIn(pn)VIn* (p) < Cyn'~<
is implied by Assumption 1.14. n

PrROOF OF LEMMA 1.11. The claim will follow from an application of Lemma 1.7 with
q == q. Assumption 1.17 is implied by Assumptions 1.10, 1.12, 1.13 and 1.14 (cf. the proof
of Lemma 1.4). Assumption 1.18 is implied by Assumptions 1.12 and 1.13. The growth
condition In* (¢) < Cyn'~* is implied by Assumption 1.14. O

Proor or LEMMA 1.12. The claim will follow from an application of Lemma 1.8 with
q = q. The performance bound (1.H.4) (with B\k = fi and Bre = ppe, k € {1,...,q})
is implied by Lemma 1.4 and the conservative polynomial validity of the penalty loadings
for both h, and {ug.}7 estimation (Lemmas 1.9 and 1.11). Assumption 1.18 is implied by
Assumptions 1.12 and 1.13. The growth requirement s In (pgn)VIn* (gn) < Con'~ is implied
by Assumption 1.14. O
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1.0 Proofs for Section 1.K

PROOF OF LEMMA 1.29. For T' C {1,...,p}, let B] = {6 € R?|||6]|, < 1,supp () C T’}
and D" = Ujpj<p By . Then

I:= E{ sup  |(E, —E) [(WJ(S)QH} < E{ sup |(E, — E) [(Wf6>2]|}-

I8llo<m 18]=1 seDy

By a symmetrization (Ledoux and Talagrand, 2013, Lemma 6.3),

nE{ sup |(E, — E) [(WJ&)?H} < 2E< { sup |Zel (WT5)2 M{W,}?}), (1.0.1)

seDy seDy

where {g;}] denotes independent Rademacher random variables, independent of {W;}}. Let
{g:}] denote independent standard Gaussian random variables, independent of both {e;}}
and {W;}}. Given that E(|g|) = \/2/7, &i|gi| is distributed as g;, and {e;}}, {g:}} and
{W;}] are independent,

o s 13 e 71 vt
= 7am{ sup | S Ted® (ol e (W) 04707 | 00 }
< \/7?_/2E{ sup | Z[gz’ lg:| (W7 6)?]

— \/w_/zE{ Sup | Z[gi(Wﬁf]

{Wi}] } (Jensen)

" } (1.0.2)

By Dudley’s inequality (Ledoux and Talagrand, 2013, Theorem 11.17)

diam(D3")
E{ sup |Z g:(W,'6)] |‘ {VVZ}?} 5/0 VIn N (e, Dy, d)de, (1.0.3)

seDy

where diam(D3') = supsgepm d(6,6') for d being the intrinsic L? metric (conditional on
{W;}]). This metric satisfies

0.0 = (B{ [ SlavT 071 - Yl a7 vy })

=1 =1
[Tl a7 — (w8 }/2
=1
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n

1/2
< [Z(WJ(S + WJ(S’)?] max [V, 8 — W, &

=1
n

<2 sup [Z(Wﬁ)z}

seDyt VT

— 2R|}§ — &l

1<ig<n

1/2

= 2VmR[|5/v/m = ' //m|lw

where T have defined R = sup,epy [, (W;"6)?]"/? and the norm [|6]lw = maxy<ic,|W;" .

The previous display shows that

N (e, Dy',d) < N(¢/(2v/mR), Dy [v/m, ||| w)-

Note that

diam(D3') < 2 sup

< 2 sup

< 2 sup

n

SavTey] "

sepp L

=1
n

r 1/2 .
AR IWATNEH (Holder)

sepp L

=1

n 1/2

PIUADRIE VDN (6 € DY)

oeDy b

=1

= 2v/mMR.

The previous two displays combine to show that

diam(D%") 2y/mMR
/ I N (e, DI, d)de </ VI N () 2VmR), DY v/ | de
0 0

=2k [N (e Dp Vi wde (¢ = o/ 2yiER)

— 2v/mR /MH (€) de. (1.0.4)

If 6 € B /\/m, then supp (§) C T and ||]| < 1/y/m. It follows that |||, < 1,s0d € Bf. Tt

follows that

By /v/m C Bl (1.0.5)
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Similarly,
DY /\/m C DT' C By, (1.0.6)

where By = {0 € R?|||0]|1 < 1}. The discussion following the proof of Rudelson and Ver-
shynin (2008, Lemma 3.9) shows that N (e, D", [|-lw) < >_7%, (f)(l + 2M /e)™ for all € > 0.
Stirling’s approximation shows that 7" (?) < (Agp/m)™ < (Agp)™ for Ay universal. This
bound and the first containment in (1.0.6) therefore show that

H (€) < vm[y/In(Agp) + v/In(1 + 2M /¢)]
< vmlv/Inp+ /In(1 + 2M/e)] = H, (c). (p > 2)

Rudelson and Vershynin (2008, Lemma 3.9) shows that N(e, By, ||||x) < (2}9)‘415_2]\42 T for
all € > 0 and A; universal. This bound and the second containment (1.0.6) show that for
any € > 0,

H (6) < /I[2p) M) < My/lnpyinne ! = Hy (e) (p=>2)

The previous two displays imply that for any a € (0, M],

J(m, M) :—ZMR/MH(e)de
zsz[/OGH@)dH/aMH(e)dg}
g%/ﬁR[/@aHl (e)de+/MH2 (e)de]. (1.0.7)

The first integral in (1.0.7) satisfies

/;Hl(e)deg\/ﬁ[a lnp+/0a\/mde].

Integrating by parts, using u(e) == /In(1 + 2M/¢) and v'(¢) := 1, the right-hand side integral

becomes
/a VIn(1+2M/e)de
= ey/In(1+2M/e)

1 (—2M)

a a 1
—_— E . .
0 /0 2/In(1 +2M/e) 1+2M/e €

de

160



1 2M

= ay/In(1 + 2M/a) +/ de.

0 2y/In 1+2M/e 1+2M/e e

Substituting u := 2M /e, the remaining integral may be written as

/a 1 1 2Md
. . 6
o 2¢/In(1+2M/e) 1+2MJe ¢

/2M/a 1 1 (=2M) ,
4o 2¢/In(14+w) 14w u?

+oo 1 1
=M . du.

oMfa /In (1 +u) u*+u

Since a € (0, M], 2M/a > 2, and thus In (1 4+ 2M/a) > 1. It follows that

1 oo a
M 5 du < M —du =
2M/a ].‘I—U) U+ u M/a 2

The four previous displays combine to show that
/aHl (€)de < v/m [a\/qua In(1+2M/a) + g}
0
<a\/_[ Inp + 1+2M/a)}.
The second integral in (1.0.7) satisfies

/MH2 (e)de = \/A_lM\/ln(Qp)\/R/Me_l
< M+y/InpVinn (In M —Ina).

Applying the previous two bounds to (1.0.7), we get

J (m, M) < amR Mn p+/In(1 + 2M/a)]
+vmMR\/InpVinn (In M —Ina).

Choosing a := M /y/m, which is allowed by m > 1, we arrive at

J(m, M) < /mMR { Inp + 1/In(1 + 2¢/m) + (Inm) \/@\/H]

S V/mInpMR 1+ (nm) Vinn| .
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The sequence of inequalities (1.0.1), (1.0.2), (1.0.3), (1.0.4) and (1.0.8) now yield that for
some A universal and 4, (m) = Ayv/mInp[E(M?)]*/2[1 + (Inm) vInn],
I < Ay/mlnpE (MR) [1 + (Inm) vlnn} /n
< Ay/mnp [E (M?)] Y2 [1 + (Inm) vIn n} [E (R?/n)] Y2 (Cauchy-Schwarz)
1/2
— 5, (m) [E (R*/n)]"

N

o) 1+ sup E[(WJ&)?])I/ i (Triangle)

6llo<m,[|5]|=1

=avI+b.

Now, for I, a and b nonnegative, I < av/I + b is equivalent to I2 — a?I —a?b > 0. The largest
root of this U-shaped quadratic function is 3[a® + (a*+4a?b)'/?] < 1(2a>+2av/b) = a®+aV/b.

Hence

I<&(m)+6,(m) swp  \/E[(W6).

6llo<m,|5]|=1
U

Proor or LEMMA 1.30. Fix A real symmetric and a > 0. Suppress the dependence on
A such that k(a) = k(a, A), dmin(a) = dmin(a, A) and Ppax(a) = dmax(a, A). Let T be an
arbitrary subset of {1,...,p} of cardinality at most s. Without loss of generality we may
assume that 7" is nonempty such that |7'| > 1. (If the minimum in the definition of x (a) is
attained at 7' = (), then k (a) = +oo, and there is nothing to prove.) Let m € {1,...,p}
and 6 # 0 such that ||dr<||; < al|dr]1 be arbitrary. Following the proof of Bickel, Ritov,
and Tsybakov (2009, Lemma 4.1), partition 7¢ = UK | T}, into K = [(p — |T|) /m] subsets,
(T3}, where T, = m,k=1,..., K —1, and |Tk| < m such that T}, is contains the indices

corresponding to the m (in absolute value) largest coordinates of § outside 7" U (Uf;llTj)

for k =1,...,K — 1, and Tk is the remaining subset. Then using § = dg + dgc for any
S C {1,...,p}, by the triangle inequality,

16ll2,n = 670 |20 — [[0rumy)e ll2.n-

Given that |[TUTy| = |T| + |T1| < s +m,

[67ur, |20 = v Gmin (8 +m)||d70n, || = V/ Prin (s +m)|[0]].
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Since {T}.}1 partition T (TUT})" = T¢NTE = UK T}, and |T},| < m

16

K K K
2.n = H ;6Tk 9 < ;H(STkHZ:n < V ¢max <m> ;H(STIJL

where I have used that ¢..« is a nondecreasing function. By construction of the T}’s,
maxjer, , [0;] < minjer, |6;] < ||07,]l1/m, and thus [|07,,, || < [[07,|[1/v/m for each k €
{1,..., K — 1}. Hence

Co||5T||1

||5Tc

The previous four displays show that

5120 > 3/ G5 L — /G G L

Rearranging we get

\/§||5||2,n>m_a ¢maxnim)8

197 [1x

PROOF OF LEMMA 1.31. Denote

¢min (m) = ¢min (m E (Wlwl—r)) s
Gmax (1) = e (M, B (WiW;1)),
and V, (m) = sup | (E,—E)[(W;6)*]].

l6llo<m,[|6]|=1

Given that

Gmin (m) = inf B, [(W;'0)?] > inf - B[(W;'6)"] = Vi (m) = ¢ — Vi (m),

lI6llo<m, [I6]|=1 6llo<m, [I6]1=1

we must have

P (¢umin () < 61 (m) /2) <P (Vi (m) > ¢, (m) /2) < 291, (m) ™ E [V, (m)]
<201 (m)™" [82 (m) + 6, (m) sup  \JEI(W]9)]

6llo<m,[|5]|=1

(Lemma 1.29)
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< 205 (m)™" |02 (m) + 6, (m) /611 ()]
Given that

Gmax (M) = sup B [(W;'6)’) < sup  E[(W;'6)*] + V, (m) < ¢y (m) +V,, (m),

lI6]lo<m,[|8]|=1 l6]lo<m,[|8]|=1
we must have

P (Vi (m) > ¢ (m)) < érr (m) ™" E[V;, (m)]

<
<o (m) ™" [0 (m) + 0, (m) sup /B[] 8)]

[|6]]o<m,||6]|=1

P (2¢H (m) < ¢max (m))

(Lemma 1.29)

N

G (m)™" |82 (m) + 5, (m) /éu (m).

PROOF OF LEMMA 1.32. Denote

Given that the eigenvalues of E(W;W,") are bounded away from zero,

sln(n)+s) = inf E[(W,"5)?
L)) = cemasio TV O

> “rgﬁin E[(W;"6)%] = Auin (EW;W,1)) = .
=1
Lemma 1.31 therefore implies that

P (Gmin (sl (n) + s) < ¢7/2) < 2¢;° [6721 (sIn (n) + s) + /C10, (sIn (n) + s)

for some A universal and
|
on (m) = AC14/ ey [1 + (Inm) lnn] , m>=1.
n
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Given that

O (sln(n) + s) <C’1

1+ (In(sln(n) 4+ s)) Vinn

sln )In(p) + sln(p) [

sln

there exists constants c(;) and C(;) depending only on ¢, C1, ¢z and Cy such that
P (¢min (sIn(n) 4+ s) < ¢;/2) < Cayn™ 0.
Given that the eigenvalues of E(W;W,") are bounded from above,

¢g (slnn) = sup E[(W,6)?]
6llo<s Inn,[|5]]=1
< max E[(W;"6)%] = Anax (E(W;W;1)) < CF.

Lemma 1.31 therefore implies that

P (2C} < ¢max (sInn)) < C7? [52 (sInn) 4+ 1/C16, (slnn) }

Given that
dn (sln(n)) S C4 w [1 + (In(sln(n))) \/H]
<¢ sln (pn)7

there exists constants c() and C() depending only on ¢, C1, ¢z and C; such that
P (2C12 < ¢max (S In n)) < C(2)nic(2).

The claim now follows from the union bound. O

PROOF OF LEMMA 1.33. By Lemma 1.30, on the event £ = {¢?/2 < ¢pin (sln (n) + s) <
¢max (S In n) S 2012} we have

Kk (a) > max {\/¢mm s+ m) —a\/d)max }
1<m<p
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Gmax ($1nN)
Inn

\/¢m1n Sln )

/ / 203

Inn’
which is > +/c;/8 if and only if n > exp(16a?C%?/c?). The claim now follows from Lemma
1.32, which shows that P (£¢) < Cn~¢ for ¢ and C depending only on ¢i,Cy, ¢y and Cy. [

1.P Proofs for Section 1.L

PROOF OF LEMMA 1.34. Chernozhukov, Chetverikov, and Kato (2015, Lemma 8) shows
that

1 V2
E {max IE., (X,])q < max [E (ij)]l/Q =Py {E < max XZQJ)} y
1<j<p 1<j<p n (i,7)€[n]x[p] n

The claim therefore follows from

E( max X72)< ZE(maX X?%) = nE(max X?) < nM?.

AN S -
(i.j)em]xp] — i< J 1<g<p

PrROOF OF LEMMA 1.36. The maximal inequality (Lemma 1.34) implies

Inp
E E, <C'—=
[max [E, ()] < CF.
where C” depends only on M. Taking t = Inn, the second part of Talagrand’s inequal-
ity (Lemma 1.35) combined with the previous display imply that for some C’,C"” and C"”
depending only on M,

1 Inn 1
P(maXHE (X)) > =L + oy =2 c’”“”) <nl.
1<5<p vn n n
Noting that
In (pn) Inp /Inn Inn
> max{ —,\/—,— ¢,
vn N n’' n

the claim now follows from recasting C’ as the maximum of the three constants. m
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PROOF OF LEMMA 1.37. If 02 = 0 then X = 0 a.s., and E[o(|X|/C)] = 0 for any C > 0.
The infimum of such C’s is zero, so || X|ly, = 0 as claimed. Assume therefore ¢ > 0.
Since (X/0)* ~ x2, E{exp[(X/C)*]} = E{exp[(c/C)%*(X/c)?]} is the moment-generating
function (MGF) of a chi-square random variable with one degree of freedom evaluated at
(¢/C)2. Guess and verify that (6/C)? < %, such that this MGF is well defined at (o/C)2.
Then E{exp[(c/C)*(X/0)}} = [1 — 2(c/C)?~2. Now E[o(|X]/C)] < 1 if and only if
E{exp[(X/C)?]} < 2, which rearranges to C' > 1/8/30. Given that (¢/C)? < 1 rearranges
to C' > /20, and Since 8/3 > 8/4 = 2, the earlier guess was indeed correct. O

Proor or LEMMA 1.38. By convexity, increasingness and property of C,

" (E[ max |X; r/c]) B[ (e 1%1/€)] = B pax w(1x,1 /0)

1<j<p 1<j<p
p
<3 B[ (,1/0)) < pax BIv (1X,1/C) < p
1 SIS

j=

so by strict increasingness,

]

PROOF OF LEMMA 1.39. The function ¢5(t) = e’ — 1 is nonnegative, convex, and strictly
increasing on R;. Lemma 1.37 shows that ||.X||4, = 1/8/30;, so taking C := max;|| X, ||y, =
V/8/3max; 0;, we must have max; E [¢5 (|X;|/C)] < 1. Lemma 1.38 therefore yields

E[max | X |] < V8/3vIn(1+p) max oj.

1<j<
Then second inequality follows from In(1 + p) < 2Inp for p > 2. ]

PrROOF OF LEMMA 1.41. The Gaussian maximal inequality (Lemma 1.39) implies that

E[max |X|} < Kov/lnp,

1<5<p

for K universal. Given that

Kov/Inp+vV20vVInn < (K + v2)o+/In (pn),
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Borell’s inequality with ¢ := v/Inn, shows that

P (IXlke > (K + V2o v/in () < P (I1X]l > Ko/inp + V2o vinn)
p (HXHoo > E[lrgag |Xj|] + \/§o—\/lnn> <nt
ISP

Recast the universal constant as K + /2. O

PrROOF OF LEMMA 1.43. For any A > 0, using J followed by subgaussianity

E(maxX) }\E{ln [exp ()\ max X; )}} %l {E[exp ()\ maxX)}}

1<j<p 1<j<p 1<j<p

1 P P )\2 2
— — - c%/2
_Aln[E<f2%e ﬂ IH[ZE }gAln@ ¢ >

Jj=1 Jj=1
2

1 2 2 Inp Ao
— ( )\0'/2>:_ -
e N2

If 02 = 0, then we may let A — oo to obtain a zero upper bound. If o2 > 0, then the
right-hand side has minimum o+/2In p, attained at A\ = v/21In p/o, which establishes the first

claim. The second claim follows from the first by noting that

max | X;| = max X;,
1<j<p 1<5<2p
where X, ;= —X; for j € {1,...,p}. ]

1.P.1 Moderate Deviation Inequalities for Self-Normalized Sums

Let {X;}7 be independent, centered random variables with 0 < E(X?) < oco. Define

(Do, XP)2
S, B(x2)2
Yo E(XG[2H)]/ @)

S, =

dn,giz 0<do<l1

Theorem 1.8 (de la Pena, Lai, and Shao, 2009, Theorem 7.4). For any 0 < = < d, 4,

P (S, >x) :1+O(1>(1+w)2+6’

1 — CD (I) dn7(5
P(S,<—z) 142\
3 (—2) _1+Om(dm> ’
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where |O (1) | < A for A absolute.

Corollary 1.1 (of Theorem 1.8). For any 0 < z < d, 4,

PUISu >0) |y (Lka)™
2[1 — @ ()] = .5 ’

for the same absolute constant A as in Theorem 1.8.

Proof. Fix 0 < z < d, 5. By Theorem 1.8,

1+2\*" _ P(S, > ) 1+2\*"
1—A <28 144
( drs ) —a(m) © 2 Ud

and

1 245 P < 1 246
1_A<d+x) - (Sn m)<1+A( —i—:c) .
mn,0

/
=
|
&

We know ®&(—z) =1 — &(x). Now,
P(|S. =2 2)=P(S, 2 2)+P(S, < —x)

implies both

P(ISul = 7) <2[1 = @ (2)]

1+2x 20
1+ A
i <dn,a> ]
1+z 240
1—A .
(dn,é)

Lemma 1.50. Suppose that c; < [E(X2)]Y2 < [E(|X;]*+0)])VY @) < C) for some 0 < § < 1,
where ¢; and Cy depend only on §. If 0 < 71 (1 — ) < d, 5, then

and

P (IS 2 z) 2 2[1 - @ (z)]

]

P (|Sn| >0 (1 - a)) < 2« [1 + A1+ 01/01)2+5 ’

for the same absolute constant A as in Theorem 1.8.

Proof. Given that 0 < @' (1 — a) < d,, 5, Corollary 1.1 applies with z = ®~! (1 — «). Since
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we also have

nS/(4+26) [E (XiZ)]l/2 . Cln5/(4+25)
[E(x[pes = G

n,§ — )

c
> _

1
it follows that

P (S, > 27 (1))

<21 = 2(@' (1-a))

1 B 2+4
1+A(1+<I> (1 a)) ]
dn,&

< 20 [1 +A(C e + 1)2”] .

]

Now let { X;}7T denote independent, centered RP*?-valued random variables, where pg > 2.
Define

. Z?:l Xijt
Snik, = n 1727
(Zz 1 ’L]k,‘)
(B (X5)]"2
[E(| X0 *)] V40

Mnjk,6 =

PROOF OF LEMMA 1.44. Since @' (1 —2) < y/2In(1/z) for 0 < 2 < 1 and 0 <

we must have

o' (1—n"%/(2pg)) < v/2In(2pgne) < 2¢/In(pgn) < 2+/Coni=e2)/2,

The moment conditions imply n%@*+2) min;c;c, Myjns = cn® @29 /0. The condition
24/Con1=2)/2 L ¢n¥/(4+29) /| rearranges to the condition on n > (201/Cy/cy)?/1e2=8/(8+49)),
It follows that @1 (1 —n=/ (2pq)) < n®/“*2) min,;c, M5, so by the union bound and
Lemma 1.50 with a = n=%/ (2pq),

p q
P((Jkgrel% [Snjie| > @71 (1 =07/ (2pq) ) DY P (ISul > @7 (1—n"/ (2pg)))
1 k=1
]p 9 e
2222 [1+A(1+01/c1)2ﬂ
7j=1 k=1

_ [1 LA cl/cl)“‘j n=c.
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Chapter 2

Identification and Estimation of a

Generalized Panel Regression Model

2.1 Introduction

Many microeconometric panel data models involve limited dependent variables. In limited
dependent variable models, the observable dependent variable Y is generated by a latent,
unobserved dependent variable Y* through a map D, which cannot be reversed. Hence,
only the “limited” version Y = D(Y*) of the latent dependent variable Y* is observed by
the econometrician.

Examples of econometric models involving limited dependent variables are the panel data
binary threshold crossing, censored, truncated and discrete choice models. One example of
an underlying economic limited dependent variable model is a labor force participation model
of married females. Here, the observable dependent variable is whether a married female is
participating in the labor market or not, and the unobservable dependent variable is the
married female’s willingness to participate. Another example is interval coding of wealth
or, more generally, data censoring in survey data. In the interval-coding example, the
unobservable dependent variable is family wealth, while the observable dependent variable is
family wealth recorded up to a wealth bracket of, say, $100,000-$125,000. That is, the only
thing recorded in the data is that wealth is within the bracket—mnot the value itself.

Often, the latent dependent variable is assumed to depend on a function h, of the observ-
able regressors X; and unobservable random terms. In the panel setting, the unobservables
are divided into a time—invariant unobservable component, or “fixed effect,” o and an unob-
servable random term, or “disturbance,” ¢;,. Hence, the latent dependent variable is typically

modeled as V;* = F(hy(X,), a, ¢) for some map F, which allows us to write the observable
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dependent variable as
Y = Do F(h,(Xy), a, &), (2.1.1)

where D o F' denotes the composite function.

The traditional approach to estimation of limited dependent variable panel data models
is to specify a parametric form for the function h, and for the conditional distribution of the
unobservable random components («, €;) given the regressors. Furthermore, the composite
function D o F' is typically not only specified up to an unknown parameter but completely
specified. As a result, such panel data models are vulnerable to the choice of parametric
families in which A, and the conditional distribution of the unobservable random components
are assumed to belong, as well as the particular choice of Do F'. Specifically, misspecification
of either of these components may lead standard estimators to be inconsistent.

In this paper, I analyze identification and estimation of a class of nonseparable panel
data models of the form in (2.1.1), which I refer to jointly as the generalized panel regression
model (GPRM). 1 show that it is possible to identify the GPRM without imposing any
parametric structure on the function h, of the regressors, the mapping D o F' through which
the function of regressors, fixed effect, and disturbance term generate the dependent variable,
or the conditional distribution of unobservables («, €).

Building on my identification result, I develop a series maximum rank correlation esti-
mator (SMRCE) of the function of h, of the regressors and provide conditions under which
consistency in an L? sense is achieved. I also provide conditions under which both L? and
uniform convergence rates of the SMRCE may be derived.

The GPRM assumes that the dependent variable is monotonically related to the function
h, of the regressors, but the form of this relationship is left unspecified. The monotonicity
property is a feature shared by the limited dependent variable models mentioned above as
well as the panel regression model and some duration, and transformation models. As such,
identification and estimation of all of these panel models may be analyzed within a unified
framework provided by this paper.

The method of MRC minimizes misspecification biases stemming from an incorrectly
imposed form of Do F' by leaving this composite mapping unspecified. The method of series,
or, more generally, sieves, minimizes the possibility of misspecification stemming from an
incorrectly imposed parametric form by instead allowing h, to be nonparametric. Taken
together, the method of SMRC estimation thus limits the scope of misspecification and may
be used to investigate the validy of estimates obtained under parametric assumptions.

The GPRM admits arbitrary dependence between the explanatory variables and the fixed
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effect and permits a fixed effect of any finite dimension. Dependence between the explanatory
variables and the fixed effect is often predicted by economic theory, in particular when the
explanatory variable is itself an outcome of an agent’s decision problem, where unobservable
(to the econometrician) random components enter. One example of such a model is the
human capital-earnings model, where individuals choose their level of education at least
partially based on their own innate ability. Allowing for a multidimensional fixed effect to
enter in a flexible way permits one to proceed with estimation even in cases where the fixed
effect cannot be credibly summarized by a scalar unobservable component which may only
enter additively.

Besides leaving D o F' unspecified, MRC estimation also allows one to estimate the func-
tion h, of the regressors without specifying the conditional distribution of the unobservables.
Because the MRCE avoids specifying the conditional distribution of the unobservables, it is
said to be distribution—free. Distribution—free estimation was introduced to econometrics by
Manski (1975), who showed that the parameters of h, (assumed linear) in a cross—sectional
multinomial choice model could be consistently estimated without specifying the distribu-
tion of the disturbance terms. Many other papers have developed semiparametric distribu-
tion—free methods in the case of the cross—sectional binary choice model (see, for example,
Cosslett 1983 and Manski 1985). Manski (1987) showed how to identify and consistently
estimate a linear h, in a binary threshold crossing model involving panel data.

The estimators from the previous papers were robust to misspecification of the (condi-
tional) distribution of the unobserved random component(s), but required h, to be paramet-
ric and, specifically, linear. Matzkin (1992) developed a nonparametric and distribution—free
estimator of the cross—sectional binary threshold crossing and binary choice models, thus
avoiding misspecification bias stemming from an incorrect functional form for h, and the
distribution of the disturbance term (here assumed independent of the regressors).

The previous papers all assume the map D o F' to be known, i.e. fully specified. To
avoid this potential source of misspecification, Han (1987) introduced the generalized regres-
ston model in a cross—sectional framework. Han showed that, subject to mild monotonicity
requirements, one could consistently estimate the parameters of h, (assumed linear), while
leaving the map D o F' and the distribution of the disturbance unspecified. Matzkin (1991)
extended the analysis of Han by developing a consistent estimator for a nonparametric h,
assumed to belong to a set of increasing, concave, and linearly homogeneous functions.
Maintaining the linear h, assumption, Abrevaya (2000) extended Han in another direction
by adapting the model to panel data.

I contribute to two literatures within econometrics, the first being the literature on gener-

alized regression models and, hence, distribution—free methods. My first contribution to this
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literature is to provide conditions under which the function h, of the regressors is nonpara-
metrically identified within a rich class of functions in a generalized panel regression model.
In order to obtain identification, I assume that the regressors may be partitioned such that h,
is additively separable in each element of the partition, and that the function through which
one of the partitioning sets enters is linearly homogeneous and strictly increasing in one
argument. Special cases satisfying this requirement include the assumption of (full) linear
homogeneity in Matzkin (1991), where the partition is trivial, and the assumption of additive
separability into the value of one regressor, where the partitioning separates a single, hence
“special,” regressor from the remaining variables (see Manski 1985, 1987; Abrevaya 2000 for

L Second, 1 provide

examples of the use of a special regressor when h, is assumed linear).
conditions under which the nonparametric estimator suggested by my identification result is
consistent, and third, I derive convergence rates in both an L?-type and uniform distance.
The present paper is the first to obtain consistency in the panel GRM, and the first to derive
rates of convergence in any nonparametric cross—sectional or panel GRM.?

I also contribute to the literature on rates of convergence of series, or, more generally, sieve
estimators by establishing convergence rates for a series estimator based on maximization
of a nonsmooth objective function constructed from wunconventional conditional moment
restrictions. The latter moment conditions are similar to the moment restrictions used to
construct the maximum score estimator (MSE) of Manski (1985), which is known to possess
nonstandard asymptotic properties.

The fact that the objective function is based on unconventional conditional moment
restrictions similar to the MSE implies that the sufficient conditions for derivation of the
rates of convergence provided by e.g. Chen and Pouzo (2012) for conventional conditional
moment restriction estimators do not apply. (See also Section 2.3.1.) The lack of smoothness

implies that general results for convergence rates of series or sieve estimators, such as the

'Matzkin modified the arguments of Abrevaya (2000) to obtain nonparametric identification of h, within a
class of increasing, concave, and linearly homogeneous functions (see Matzkin, 2007, Section 4.5.3). Matzkin’s
identifying assumptions are different from the assumptions invoked in this paper, and neither set of assump-
tions is nested in the other due to the different treatments of the fixed effect. Hence, the two identification
results should be viewed as complementary.

2Recently, Berry and Haile (2009) introduced a heterogeneous generalized regression model with group
effects and provided sufficient conditions for identification using multiple “special regressor” assumptions.
Souza-Rodrigues (2014) developed an estimator of the model of Berry and Haile (2009) and established
consistency and convergence rates of the estimator. However, Berry and Haile (2009), and therefore Souza-
Rodrigues (2014), conduct their asymptotic analysis as both the number of groups (n) and the number of
members of each group (T;) grow without bound. Their asymptotic analysis is therefore more demanding in
terms of the observational framework than the typical “large n—small T panel setting studied in this paper.
While the large n—large T; assumption may appear natural in a study of, say, many and large markets, it is
typically unnatural in the context of panel data.
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ones provided by Chen (2007), Chen and Shen (1998), Chen and White (1999), or Shen
and Wong (1994), do not apply. (See also Remark 2.5.) These comments highlight that the
SMRCE must be treated differently than conventional moment restriction estimators.

In the next section I introduce the GPRM and discuss maximum rank correlation in
more detail. I provide sufficient conditions for identifying the function h, of the regressors
in Section 2.3 and employ this identification result to develop a series estimator for h, in
Section 2.4. I establish its consistency in Section 2.5, and derive convergence rates of the
proposed estimator in Section 2.6. Section 1.6 summarizes. Formal proofs of theorems are

in Section 2.A and supporting results in Section 2.B of the appendix.

Notation

Throughout this paper, ||x|| denotes the Euclidean norm ||x|| = ||x||, = (3¢, 22)"/2 when
applied to a finite-dimensional vector x € R% d € N, ||A]| the Frobenius norm ||A| :=
|A|lF = (szzl afj)l/2 when applied to a d x d matrix A = (a;;), and || f||, the supremum
norm of a real-valued function f with domain X C R?, || f||y := supyex |f (X)|. Fora d x d
matrix A, A\;(A),j =1,...,d, denotes its eigenvalues, and, in particular, A\(A) and A(A) its
smallest and largest eigenvalue, respectively. Given positive numbers a,, and b, for n > 1,
a, < b, and a,, = O(b,) both mean that a,, /b, is bounded, and a,, < b, that both a,, < b, and
b, < a,. The underlying probability space is (2, %, P). Given R%~valued random variables
V,,neN,V, <pb, and V,, = Op(b,) both denote that V,, /b, is bounded in probability,
i.e. lim. o limsup,_,.  P(||V] = ¢b,) = 0 and V,, = op(b,,) denotes that V,, /b, converges
to zero in probability, i.e. lim, o P (||V,|| = ¢b,) = 0 for all ¢ > 0. T use E to denote the
expectation taking with respect to the distribution v (the law of V), i.e. E(V) = [vv (dv),
and E, the expectation relative to the empirical distribution, i.e. E, (V) = (1/n)> ", V;
where V;,© = 1,...,n, is a random sample from v. For a function f of a reference random

variable V clear from context, I use E(f) and E,, (f) as short for E(f(V)) and E,(f(V)),

respectively.

2.2 Model

LetZ:=(Z;:t=1,...,T) = ((Y},Xy) : t =1,...,T) be a T—period observation from a dis-
tribution P with support equal to a subset S of RT(1+42)  Here Y} is a scalar response variable,
and X, a vector of regressors of dimension d, varying over time ¢t = 1,...,7T. Throughout the
paper I consider a sequence of nonparametric generalized regression models for panel data,

or generalized panel regression models (GPRMs), indexed by the cross—sectional dimension,
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or “sample size,” n,

Yii=DoF (hy(Xy),as,€4), t=1,....T, i=1,...n, (2.2.1)
where h,, is a real-valued function of d, variables, «; is a d,—dimensional time—invariant unob-
served component, or “fixed effect,” ¢;; is a scalar unobserved component, F is a real-valued
function strictly increasing in its first and last argument, and D is a real-valued increasing
function of its argument. The object of interest is the function h, or functionals thereof.*

As noted in Section 2.1, in the context of limited dependent variable models, one may
think of Y;* := F (h, (X;),,€;) as the latent, unobservable dependent variable and Y; =
D(Y;*) as the observable dependent variable. Hence, D may be thought of as the cen-
soring rule, or, more generally, observational rule, although it need not be given such an
interpretation.

Although the assumptions provided in this paper readily extend to the case an arbitrary
number of periods 7', allowing for a general T" introduces unnecessarily complicated notation
without much additional insight. I therefore consider the case where two periods are available
for each person, and for the remainder of this paper T = 2.°

As mentioned in Section 2.1, Han (1987) introduced the generalized regression model
in a cross—sectional framework, and Abrevaya (2000) extended Han’s generalized regression
model to allow for panel data.® Han and Abrevaya showed that several cross-sectional and
panel regression models were nested in their respective frameworks. For example, let the
fixed effect o be scalar, h, linear, such that h,(x) = x'f, for 3, in R% unknown, and
F(uy,ug,u3) = uy + us + us. If D(v) = v, then the model (2.2.1) reduces to the linear panel

3Although «; as a whole is unobserved, time-invariant regressors, such as gender, are absorbed into
«;, which may therefore contain observable elements. In what follows, I need not distinguish between
unobservable and observable time—invariant variables. I will therefore refer to them jointly as the “fixed
effect.”

4Examples of such functionals of h, are 1. the fth partial derivative h, — (9h,/0z¢)(x), 2. the (th
average partial derivative h, — [(8h,/0x)(x)dp (x); and, 3. the conditional average partial derivative
ho + [(8ho/0x,)dp(x|X), where, in each case, p1 is some known or estimable measure.

SFollowing the arguments made in Charlier, Melenberg, and Soest (1995), I may also extend the analysis
to accommodate an unbalanced panel.

6Here I treat the model as a model for panel data. However, it may be viewed in the more general
context as a model for group—level data, In the latter setting, each i corresponds to a group, and a t in
T: :={t : t is in group i} a member of group i. Note that the size T; of T; need not be equal for all groups i.
Depending on the economic setting one has in mind, in a group—level model one may consider asymptotics
as the number of groups (n) increases without bound, the number of members (T;) of each group increases
without bound, or both. Here I consider asymptotics as n — oo for T; = T fixed and small. I therefore find
it natural to view the model as a model for panel data as in Abrevaya (2000).
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regression model
Yy =X\ Bo+ait+ey, t=12 i=1,...n.

If instead D(v) = 1 (v > 0), where 1(A) is the indicator function taking on the value one if
the statement A is true and zero otherwise, we arrive at the linear panel binary threshold
crossing model (see, for example, Manski, 1987), and for D(v) = v1 (v > 0) we get the linear
panel censored regression model (see, for example, Honoré, 1992). Other notable special
cases are transformation and duration models (see Han, 1987; Abrevaya, 2000, for more
examples).

Han and Abrevaya both worked under the assumption that h, takes on a linear form, i.e.
ho(x) = x' 3, for 3, in R% unknown. In this paper, I assume that the function h, satisfies
mild regularity conditions but does not belong to a known, finite-dimensional parametric
family.

Let Z;,i = 1,...,n, be a sample of independent observations from P. When h,(x) =
x' 3,, for suitable choices of “ranking functions” (y1, ) — H(y1,%2) Abrevaya (2000) pro-

posed estimating (3, by a maximizer Ef of @n (8; H) on R where

n

Qo (B H) i= S [H (Vi V) L(XB > X56) + H (Vi Vo) (XS < X3A)] . (2.2

=1

Abrevaya called the class of estimators B\TIL{ rank estimators.

Rank estimators may be motivated by a simple principle. For concreteness, consider
the ranking function H(y1,y2) = 1 (y1 > y2). In this case, the objective function én(ﬁ; H)
provides a measure of the within-individual (positive) association between the outcome Y,
and index of regressors X3 at the coefficient vector 3. For a given 4, assuming that the
disturbances €;; are i.i.d. over time conditional on X;;,t = 1,2, and «;, the monotonicity of

D o F' guarantees that

P (Yi = Yis| Xi1, Xi2) = P (Vi < Vi Xi1, Xi)
whenever X3, > X3, ts=12 t+#s.

In words, it is more likely than not that Y;; > Vi, whenever X3, > X 3,. As ties turn
out to play no role, they can be dropped when constructing the criterion function in (2.2.2).
Maximizing 8+ Q,(8; H) for H(y1,y2) = 1 (y1 > yo) yields the mazimum rank correlation

estimator of f3,, but the same principle of estimation carries over to a variety of suitable
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ranking functions H.” The idea of maximum rank correlation and, more generally, rank
estimation are closely related to Kendall’s coefficient of concordance, or Kendall’s Tau, which
is a measure of association between two random variables.®

In this paper, I treat h, as nonparametric and estimate the function by maximizing the

sample rank correlation

n

@n (h) = 1 D (Vi > Yio) 1((Xin) > 7(Xio)) + 1 (Yir < Vi) 1(h(Xir) < 7h(Xia))]

i=1

(2.2.3)

over a sieve space Hy, where k = k,, is a positive integer that increases with n.

It can be computationally difficult to maximize @),, over an infinite-dimensional parameter
space H, and, even if maximization is computationally feasible, the resulting estimator may
suffer from inconsistency and/or a slow rate of convergence. These problems arise because
maximization over an infinite—dimensional, noncompact space need no longer be a well-posed
problem (see, for example, Chen 2007). The method of sieves offers a solution to the issue
of ill-posedness by maximizing the objective @),, over a sequence of less complex parameter
spaces H;, called sieves (Grenander 1981). To ensure consistency, the complexity of the

sieves is required to increase with the sample size n.

2.3 Identification

From (2.2.3) it is clear that @, (h) = @, (c1h + ¢3) for constants ¢; and ¢y with ¢; > 0.
Hence, if h maximizes @), then so does any positive, affine transformation c;h + co of h.
Hence, in order to achieve identification of h,, at a minimum one needs to fix the scale ¢;
and location c,.

In the case of hy(x) = x' 3, with 3, in R% unknown, this identification issue is typically
overcome by restricting the parameter space to be a d, — 1 dimensional subset of R%.
Han (1987) fixes the norm of 3, to be one, thus restricting the parameter space to the
d,—dimensional unit sphere. Sherman (1993) uses {8 € R% : 3, = 1}, thus fixing the

"See Abrevaya (2000) for examples. The idea of rank estimation goes back to Cavanagh and Sherman
(1998) who dealth with estimation of cross—sectional monotonic index models in which Han’s (1987) GRM
is nested.

8Two points are said to be concordant if the line joining them has positive slope, and discordant if the
slope is negative. View P;(8) := (Yi1, X, ) and Py(j3) := (Yi2, X, 3) as two points in the plane. For a given
8 and the choice of (y1,12) — H(y1,y2) = 1 (y1 > y2), Qn(B; H) yields the fraction of the n cross-sectional

units whose two data points (Y1, X, 3) and (Y;, X/, 3) are concordant at 3. As such, the criterion resembles
Kendall’s coefficient of concordance as a function of 3, although here I do not penalize discordant points.
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coefficient on the last regressor to one, which turns out to be a more convenient normalization
for the purpose of deriving asymptotics.

In the nonparametric case, the identification problem may be overcome in a number of
different ways. Typical restrictions are shape and/or separability conditions.® Here I proceed
by assuming that the set of basic regressors may be partitioned into two parts such that 1. h,
is additively separable in each collection of variables, and 2. for one part of the partition the
associated mapping is linearly homogeneous and strictly increasing in one argument. This
assumption nests two special cases: 1. h, is additively separable into the value of a single
regressor (the “special regressor”); and, 2. h, is (fully) linearly homogeneous and strictly
increasing in one of its arguments.

For identification purposes I make the following assumptions.

A.1 (Mappings D and F). The functions D and F in (2.2.1) satisfy: 1. D is nonconstant;

2. D 1s increasing; 3. F' s strictly increasing in its first and last argument.

A.2 (Disturbances). Conditional on (X;1, X2, @;), €1 and €;2 are independently and iden-
tically distributed (i.i.d.).

For any subset 7" of the indices {1,...,d,}, let X+ denote the vector of regressors asso-
ciated with 7', x, := (2;) e, and x_, the—possibly empty—vector of all other regressors,
X_q = () ;j¢x. Let |7'| denote the cardinality of the selection 7. The following assumption

implicitly defines the parameter space.

A. 3 (Parameter Space). 1. U, is the space of real-valued, continuous, linearly homoge-
neous functions 1 with domain Dy = RI™'| that are strictly increasing in the first coordinate
and satisfy V(Xy) = o for some Xy in Dy and some constant Cpr. 2. O is the space of
real-valued, continuous functions ¢ with domain D_. C RI=™| satisfying o(X_p) = T_p
for some X_ in D_ and some constant ¢_... 3. Hn is the set of functions h that may be
written as (Xp, X—gr) = h (X, X)) = VY (X)) + @ (X_pr) for some b in Vo and some ¢ in

.. 4. For some known, nonempty subset w of {1,...,d,}, h, is in H,.

Let X, := {X,,jt}f:1 and X_, := {X—mt}le denote the m—regressors and non—m-regressors
in both periods, X; := (X, X_, ) all regressors in period ¢, and X := {X;}2_, all regressors
in both periods.

A.4 (Observables). Let m be as in A.3. 1. Conditional on X_,, X, possesses a Lebesgue
density on R 2. For every s # t and all x = (x,,%,) satisfying ho (Xs) < ho (X;) there
exists y* = y* (x) such that P (Y, < y*|X, =x,) > P (Y, < y* X, =x).

9For an excellent overview of methods for achieving identification in the class of nonseparable, single-index
models in which (2.2.1) belongs, see Matzkin (2007).
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Remark 2.1. 1. A.1.1 rules out a trivial model where Yj; is constant, while A.1.2 and A.1.3
restate the monotonicity assumptions maintained in the GPRM.*°

2. A.2 states that for every cross—sectional unit, conditional on the regressors in all periods
and the fixed effect, the disturbances are i.i.d. over time. This assumption may be viewed
as the GPRM analog of the assumption of strict exogeneity conditional on the fixed effect
often invoked in the analysis of the linear panel regression model.!

3. A.3 states that the basic regressors may be partitioned into two parts such that h,
is additively separable in each part of the partition, and one part of the partition enters a
linearly homogeneous function, which is strictly increasing in at least one element. Given
this assumption, I define the parameter space H as H := H,.

4. It is possible that h, has multiple representations satisfying A.3. If multiple selections
satisfy A.3.4, then I choose one such selection 7 and consider identification of h, within that
particular space H..

5. Given the selection 7, for notational convenience I assume that X, constitutes the
first |m| basic regressors, and X_; the last |-n| = d, — || basic regressors. Recasting 7
as the index corresponding to the “cutoff” regressor determining the partition, I may then
write the regressors as X; = (X, X_;) = (Xy, ..., Xx, Xoi1, ..., Xy, ). After this relabeling,

I may write any h in H as

h(Xp,Xr) = (Xz) + 0 (Xr) =V (21, -, ) + 0 (Trg1s -5 Td,) -

6. Given the relabeling of the regressors provided by the preceding remark, A.4.1 states
that the first 7 regressors in both time periods are jointly continuously distributed with full
support regardless of the values of the remaining regressors. This assumption is employed
to show that the regressor values allowing one to distinguish h, from other functions in ‘H
occur with positive probability. Similar continuity assumptions are frequently invoked in the
semiparametric literature, when the index function is assumed to be linear.!?

7. A4.2 is a (high-level) requirement on the support of the outcomes. A.1 and A.2

10The assumption of increasingness, as opposed to decreasingness, is immaterial. As long as D is monotone
and F strictly monotone in the relevant arguments, we can always recast the model in a way such that A.1.2
and A.1.3 hold.

"UThe regressors X;;,t = 1,...,T, are said to be strictly exogenous conditional on the fized effect if
E(eit|Xi17 cee 7XiTaai) =0 for all t = 1, ce ,T.

12Gee, for example, Abrevaya (2000) Assumption 3(b), in the context of GPRM, or Manski (1987) As-
sumption 2(b), in the context of a panel binary threshold crossing model. Both papers impose a linear form
on the index function and may therefore specialize the continuity assumption to the differences of, say, the
first regressor. As linear homogeneity does not necessarily imply linearity, I cannot make a similar reduction.
Instead I place the continuity assumption directly on the joint distribution.
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together yield that if h, (X;) < h,(Xs) then P (Y; <y|X;) > P (Y2 <y|Xy) for all y
in R. A.4.2 guarantees that the inequality is strict for some y*, possibly depending on the
regressors. This assumption is used to show that h, maximizes a certain population objective
function uniquely.

8. To simplify notation further, for the remainder of the paper I assume that the point of
normalization X_, and the value at said normalization point ¢_, are zeros. In other words,
all ¢ pass through their respective origin. As a consequence of the linear homogeneity
of each ¥ in ¥, so does the h for which x — h(x) = ¥(x;) + p(x_,). Although this
additional assumption is irrelevant for the purpose of establishing identification, it facilitates

the construction of a sieve in Section 2.4.

The following theorem constitutes the main implication provided by the GPRM.

} ho (X2>

The two probability statements in Theorem 2.1 may be viewed as conditional moment

Theorem 2.1 (Main Implication). If A.1 and A.2 hold, then

NV
NV

P(Y; >Y2|X){ }IP’(Yl < Y3 X) wheneverho(Xl){

inequalities provided by the true h,. Such moment inequalities may be exploited to (point)

identify h,. For this purpose, define the population objective function () by

Q(h) ==E(1(Y; > Y2) 1(h(Xy) > h(Xy)) + 1 (Y < Y3) 1(A(Xy) < h(Xy)))
=P (Y; > Ya, h(X1) > h(Xs)) + P (Y < Yo, h(Xy) < h(Xs))

for h in H. Note that, disregarding equalities, the probability statements in the definition
of () mimick the probability statements provided by Theorem 2.1, except that h, is replaced
by an arbitrary h in H. Note also that () equals the expectation of the sample objective, i.e.
Q(h) = E(Eq(f).

The next theorem is the first main result of this paper.

Theorem 2.2 (Identification). If A.1-A.4 hold, then h, is the unique mazximizer of Q on
H.

Theorem 2.2 shows both 1. h, is a maximizer of () on H— thus establishing ezistence of a
solution—and 2. the solution is unique. Hence, under the assumptions stated in Theorem 2.2,
h, maximizes the probability of rank correlation, or positive concordance, in the population.

The theorem provides a way of identifying h, within H in a constructive manner. In Section
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2.4 1 build on this identification result to construct an estimator of h, as a solution to the

associated sample problem.

2.3.1 Comparison with Conventional Moment Equality and In-
equality Models

Chen and Pouzo (2012) considers estimation of conditional moment restriction models (CM-
RMs) that may be written in the form

E(r(Y,X;0)|W) =0,

where r is a potentially nonsmooth “generalized residual” function known up to the poten-
tially infinite-dimensional parameter 6, and W a collection of instrumental variables. Given
that the main implication of the GPRM is a collection of CMRs, one may wonder whether
the GPRM is simply a CMRM (in the Chen and Pouzo 2012 sense) in disguise.

To see that the GPRM is not a conventional CMRM, note that if the CMRs provided by

Theorem 2.1 hold with strict inequality, then they may be summarized as
sgn (P (Y] > Y5 X) — P (Y] < Ya| X)) =sgn (hy (X1) — ho (X2)), (2.3.1)
where sgn(u) denotes the sign function

1, u >0
sgn (u) :== < 0, u=20

-1, u<0.

Due to the nonlinearity of the sign function, one cannot simply “pull out” the expectation in
(2.3.1) to write the main implication as a conventional CMR. As the “generalized residual”
function implicit in (2.3.1) is not known up to h, (it depends on all the parameters of the
model in an unknown way), the GPRM does not fall within the class of models treated by
Chen and Pouzo (2012).

Computing expectations over X, we arrive at the unconditional moment restriction
Ex (sgn (P (Y; > Y| X) = P (Y] < 3| X))) = Ex (sgn (h, (X1) — ho (X2))) - (2.3.2)

As in the case of the conditional moment restriction, (2.3.2) is not a conventional uncon-

ditional moment restriction in the sense of Hansen (1982) and the generalized method of
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moments (GMM) framework.'® Hence, the GPRM does not fit into the conventional mo-
ment restriction estimation framework, be it conditional or unconditional.
One may, however, summarize the GPRM as an unconditional moment inequality model,

albeit at a loss of information. To see this, write the Theorem 2.1 inequalities as
P(Y: > Y5 X) —P(Y) < Ya| X)][ho (X1) — hy (X3)] =0 for all (x1,%s) € X x X.

Declaring the left—hand side as the generalized residual does not suffice to define a conven-
tional conditional moment inequality model, as the resulting generalized residual is still not
known up to h. Define therefore instead r (Y, X;h) := [1 (Y] > Y3) — 1 (Y] < Y5)|[h (Xy) —
h (X32)], which is a function known up to h. Then taking the expectation with respect to X
and using the law of iterated expectations, we may convert the set of inequalities given by
Theorem 2.1 into the single unconditional moment inequality E(r(Y,X;h)) > 0. Note that
the integrand r is a smooth function of the parameter h. However, if we were to use this
single moment inequality to narrow down the infinite-dimensional parameter space H, the
resulting identified set is likely to remain large, and hence uninformative. The above dis-
cussion illustrates that there is likely to be a trade-off between smoothness of the integrand
in the parameter and the level of identification. If we convert the unconventional condi-
tional moment equalities provided by the main implication of the GPRM into a conventional

unconditional moment inequality, then we will likely have to give up point identification.

2.4 Estimation

The parameter of interest is h,, the index function in (2.2.1). The parameter space is H = H.r,

where H, is defined in A.3. T approximate h, by linear forms x — p*(x)" 3, a series, where

x = ph(x) == (p1(x), ., (%),

is a k—vector of approximating functions, or, basis functions. These basis function may change
with k, although I do not express such possible dependence in the notation. Throughout
this paper I maintain the assumption that the number of series terms k = k,, is chosen such
that In(k) < In(n).

Given that h, is in H,, it is of the form h, (x,,x_) = ¥, (X) + @0 (x_»). To achieve

the approximation above I therefore approximate both v, and ¢, by linear forms x,

13The unconditional moment condition is similar to the moment condition on which the maximum score
estimator is based (see Manski 1985, p. 315).
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¢ (x;)" v and x_, — %7 (x_.) 76, where

Xp =0 (X7) = (1 (X2) -+ e, (%2)) |,

X srkem (X_r) := (r1 (Xg)yeeey Th (x,w))T ,

are k.— and k_,—vectors of approximating functions {¢;} and {r;}, respectively. To construct

the p—basis, I set k := k, + k_, and collect the ¢— and r—bases and their coefficients as
x o p (%) = (g (%) (o)), Bi= (rL6T)T. (2.4.1)
For each ¢ in N, define the function spaces

U ={t, = ¢""v 1 ¥ (ax,) = ap (x5) for all a € R, ¢ (X;) = ¢,
x1 > Y(xq, 29, . .., T,) strictly increasing,y € RZ},
Py :={ps = 76 (0)=0,6 € RZ},

where 0 is the (d, — 7m)-dimensional zero. Then, under mild conditions on the choice of the
bases, ¥, is a subset of ¥ := W defined as in A.3.1, and ®, is a subset of ® := ®, defined
as in A.3.2 (restricting @, to the domain of ®).

For each k, and k_, in N, let 'y and A, _ be compact subsets of R¥ and RF-~,
respectively. For k = k; + k_,, define By, as By := By, . := 'y, x Ay_,. Then By is a
compact subset a R¥. Define the sieve space H; as the space of functions spanned by p*

subject to the coefficients in By:

Hy = Hy (Bk> ::{¢7 (Xﬂ') + @5 (X—ﬂ') : w'y S \Ilkw ps € (I)kfw (’YTa 5T) S Bk} (242)

Then H,, is a subset of H = H, as defined in A.3.3. In what follows, I will interchangeably
write an element of Hy, as hg or p*' 3 with the understanding that p* and 3 are constructed
as in (2.4.1).

For any h in Hj and z = (y1,X1, Y2, X2) in the support, we may now define

fu(z) =1 (y1 > y2) 1 (h(x1) > h(x2)) + 1 (y1 < y2) 1 (h(x1) < h(x2)).

Given a random sample Z;, 7 = 1,...,n, let ), be the empirical average of f;, on the sieve
space Hg,,:
1 n
n(h) =E, =— Z,), he : 2.4.3
Qn (h) = En(fn) n;n<> H, (243)
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I define a series mazimum rank correlation estimator (SMRCE) as any maximizer T of Qn

on Hkn

Remark 2.2. 1. Since (), is a step function with range of finite cardinality, a maximizer on Hy,
always exists. To see this, note that for each k in N, the hyperplanes {3 € R* : [p* (X;;) —
pF (Xi2)] "8 =0},i=1,...,n, divide R* into (at most) Z?:o (7;) regions (see Schlafli 1901,
as quoted on p. 921 of Dudley 1978). On each region the function 5 +— @), (hg) is necessarily

’;) steps over ‘Hy, . The constancy over

each region also implies that there will generally be a continuum of maximizers.

constant. As a consequence, (), takes at most Zj‘f:o (

2. The preceding remark shows that the compactness of By is not needed to establish
existence of a maximizer. Indeed, even if B, = R”, the sample objective function Q,, will
have a maximizer on Hy(R¥). However, the population objective Q need not have range
of finite cardinality on Hj, and the compactness of B is used to establish existence of a

maximizer of () on H; or a closed subset thereof.

2.5 Consistency

Given that h, belongs to an infinite-dimensional space, to address the question of consistency
of the series maximum rank correlation estimator (SMRCE), I must choose the metric in

which convergence is defined. For this purpose, define the map p on H x H by

p (hi,ha) i= (1/2)([[hy — ha|l12 + ||h1 — h2l22),

where ||hy — halli2 == ([ |l — ho|? dvy)'/? defines the L?-distance between hy and hy using
the distribution v; of X4, ¢ = 1,2. Because p is the average of L?(v;) metrics over ¢, it is itself
a metric. Hence, H endowed with p is a metric space.!41?

Define the positive-semidefinite k£ x k matrices I';,t = 1, 2, by

Ly = E(pk(Xt)pk(Xt)T) = / pkkatha

X

HGtrictly speaking, p is not a proper metric. To see this, note that of two distinct functions h; and hgy
in ‘H differ only on a set A for which v;(A) = 0,t = 1,2, then p assigns p(h1, ha) = 0 even though hy # hs.
Hence p fails the identity of indiscernibles axiom in the definition of a metric. Since p satisties the axioms of
positivity and symmetry as well as the triangle inequality, it is, however, a pseudo—metric on H. If I define
two functions hy and hs to be equivalent, denoted hy ~ hs, if they differ only on a set of v;—measure zero,
t = 1,2, then p is a proper metric on the set of equivalence classes H/~ of H. In what follows, I will ignore
this distinction and simply refer to p as a “metric” on H, and (H, p) as a “metric space.”

15The metric p := pr extends naturally to the case of T > 2 by defining pr(h1, ho) := (1/T) Z?:1||h1 -
ha|lt.2, where ||hy — h2||¢,2 denotes the L?(1;) distance, t =1,...,T.
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let @ be the function defined by § — @ (hg) on By, and let the k£ x k matrix A denote
its second-derivative (when well-defined), 8 — Ay (8) := (92Q/9B0BT)(5). The following

assumptions are used to establish consistency of the SMRCE with respect to p.

A.5 (Basis functions). The (positive) eigenvalues of I'y,t = 1,2, are bounded away from

zero and from above uniformly in k € N.

A. 6 (Sieve spaces). The sieve spaces Hy = Hi(Bk) and their generating sets By, are such
that: 1. By is compact in R¥ for k € N. 2. H;, C Hpy1 C H for k € N. 3. There exists a
sequence {hy}r=1 such that hy € Hy, k € N, and ||hx — hol|x — 0 as k — .

A. 7 (Objective function). 1. @ is twice continuously differentiable on By for k € N.
2. The (negative) eigenvalues of Ay (8), are bounded from below and away from zero uni-

formly in B € B, and k € N. 3. The maximizer B: = argmax@ (B) belongs to the interior
BEBy,
of By for all k € N.

Remark 2.3. 1. A.5 imposes some regularity on the regressors p* (X;),t = 1, 2. This assump-
tion provides a link between the distance between functions hy = hg, and hy = hg, in H;, and
the distance between their coefficient vectors f; and 5. Roughly speaking, this assumption
ensures that the properties of By are inherited by H;. The assumption also plays a role in
showing that the estimation problem is well-posed.'¢

2. By the preceding remark, A.6.1 is used to establish compactness of each H;. Combined
with the continuity of @, the assumption also guarantees that a maximizer on closed subsets
of Hj always exists (via Weierstrass’s Extreme Value Theorem). Although not needed to
ensure the existence of the SMRCE itself (see Remark 2.2), given the computational aspect
of finding the SMRCE in practice, restricting attention to a (large) subset of RF when
conducting maximization appears natural. A.6.2 states that the sieve spaces are growing
but contained in the parameter space. A.6.3

A.8 says that h, can be approximated uniformly by a sequence in the sieve. Note that
this is stronger than assuming that h, can be approximated with respect to the p metric.
The stronger assumption is needed because the population objective function () is continuous
with respect to the supremum metric on H, but not necessarily with respect to p on H.

3. A.7.1 imposes some regularity on the objective g > @(ﬂ), and this regularity is
inherited by h — Q(h). Although the sample objective function @, is a step function, and

16 A maximization problem is said to be well posed (with respect to a metric p), if for all sequences {hy }x>1
in H such that Q(h,) — Q(hr) — 0 as k — oo, we have p(h, ho) — 0; and il posed if there exists a sequence
{hi}r>1 in H such that Q(h,) — Q(hx) — 0 as k — oo but p(hg, ho) - 0. See Chen (2007) for a discussion
of ill-posedness in the context of sieve extremum estimation and Carrasco, Florens, and Renault (2007) for
a survey of linear inverse problems within structural estimation.
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thus discontinuous, for an increasing sample size the averaging acts as a “smoother,” and
under mild conditions the population objective is continuous. A.7.1 makes this conclusion
somewhat stronger by requiring that @ is in fact twice continuously differentiable. A.7.2
implies that @ is strictly concave on By for all k. The strict concavity guarantees a unique
maximizer on By, which justifies the wording of A.7.3. The concavity also prevents the
objective from “turning up” again when one moves away from the maximizer. For example,
@ cannot drift along an asymptote to the value of the maximum as k increases without
bound. That the maximum of CNQ on By is well separated plays an important part in showing
that the population maximization problem is well-posed.

A.7.3 guarantees that the first—order necessary condition for a maximum is satisfied with
equality in all arguments, which simplifies later expansions.

The above assumptions lead us to the second main result of this paper.

Theorem 2.3 (Consistency). If A.1-A.7 hold, and k,/n — 0 as n — oo, then any

maximizer /Hn of Qn on Hy, satisfies p(ﬁn, ho) —p 0 as n — oo.

2.6 Convergence Rates

To derive the rate of convergence of the series maximum rank correlation estimator (SMRCE),

I need to invoke stronger assumptions than needed for consistency alone.

A. 8 (Approximation). There exists a constant o > 0 and a sequence {hy}r>1 such that:
1. hy € Hy, for all k € N; and 2. ||hg — ho|lx S k™ as k — oo.

For any § > 0, let B, (h, ) denote the open (p) d-ball in H centered at hin H, B, (h, ) =
{W eH:p(h, h)<d}.

A.9 (Locally Lipschitz Objective). There exists a constant §* > 0 such that for all h
in By (1o, 6%) : Qo) — Q1) < p (o).

Remark 2.4. 1. A.8, which replaces A.6.3 says that h, can be approximated uniformly by
a sequence in the sieve, and the uniform approximation is of a particular order. The uni-
form approximation error is assumed to have (at least) polynomial decay in terms of the
series truncation k. The constant « is typically a function of the smoothness of h, and
dimensionality of X;. (See also Remark 2.5.3).

2. A9 is a local smoothness condition on the population objective function (). The
assumption states that for all A in H sufficiently close to h,, () behaves as a Lipschitz function.
Because A.9 involves h,,, and h, is nonparametric, this assumption cannot be phrased in terms

of the coefficient vectors. However, A.9 may still be be viewed as a strengthening of A.7.
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Let (i be defined by

G += sup|[p* (x|
XEX
With these additional conditions and the definition of (; we arrive at the third, and last,

main result of this paper.

Theorem 2.4 (Rates). 1. If A.1-A.9 hold, and k,/n — 0 as n — oo, then for any maxi-

mizer ﬁn of Q, on Hy, we have
p(ho, ho) <p (kn /)" + k2 (2.6.1)
2. If, in addition, ¢ kn/n — 0 as n — oo, then
1P = holloe Sp G (/) + k7). (26.2)
3. If k, is chosen such that k, =< n"/%tD  then

p(hn, ho) Sp n=0/Gath),

”hn - hOHX Sp Cknn_a/(4a+1)7

provided k,/n — 0 and {; k,/n — 0, respectively, as n — oo.

Remark 2.5. 1. Parts 1 and 2 of Theorem 2.4 provide upper bounds on the rate of convergence
of the SMRCE h,, in terms of the p and uniform metrics for general choices of the sequence
of series truncation terms {k,},>1 (subject to the conditions k,/n — 0 and (j k,/n — 0,
respectively). The first part of the right—hand side bound in (2.6.1) may be interpreted as the
rate of convergence of the standard error of the estimator, where the “error” is measured in
relation to the maximizer h:‘n of the population objective (), when maximization is restricted
to the sieve space Hy,. This maximizer is, in some sense, the “best,” or “risk-minimizing”
element in Hg,. The second part of the bound in (2.6.1) may be interpreted as the rate of
convergence of the bias measured as the distance between h, and its best approximation in
the sieve space Hy, . The proof of Theorem 2.4 involves deriving convergence rates for these
two components in turn.

2. The interpretation of the right-hand side bound in (2.6.2) is similar. However, as
the notion of convergence in Part 2 of Theorem 2.4 is uniform convergence, one must have
some control over the behavior of (the norm of) the basis terms. The term (; captures this

behavior and will generally depend on the approximating properties of the basis used to
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construct the estimation series. For extensive reviews of the approximating properties of
different series, see Huang (1998) and Chen (2007).

3. In Part 3 of Theorem 2.4 I maximize the rate of convergence provided by Parts 1 and
2 of Theorem 2.4 by choosing the series truncation sequence to such that the standard error
and bias terms convergence to zero at the same rate. For typical smoothness classes we
have o = p/d,, where p denotes the degree of smoothness, often expressed in terms of the
number of times h, is continuously differentiable. (For Holder classes p = p’ + 7, where p’ is
the number of continuous derivatives and + is the Holder exponent.) For such smoothness
classes, the convergence rate with respect to p becomes p(ﬁn, ho) <p n~P/4P+ds)  From this
expression, we see that the smoother the h,, the faster the convergence. The expression also
illustrates that, like many other nonparametric estimators, the SMRCE suffers from the curse
of dimensionality; the higher the d,, the slower the rate of convergence. One can likely...
employ the additive separability in A.3 to reduce d, to the maximum number 7 V (d, — )
of the arguments of ¢, and ¢, by considering estimation of each of the two components of
h, separately.

4. Stone (1980; 1982) shows that the optimal (global) rates of convergence for nonpara-
metric regression in the Ly norm is [[Gn — gollz Sp n7?/®*9 | where p again denotes the
smoothness of g, and d the number of arguments. To the best of my knowledge, the optimal
rate of convergence of nonparametric estimators of h, in the parameter space H remains
unknown. In fact, it remains to be proven (or disproven) that such an optimal rate exists.
However, if Stone’s result carries over to the generalized (panel) regression, then—by the
preceding remark—the rate provided in Part 3 of Theorem 2.4 is suboptimal. I conjecture
that one may refine the argument used to derive the bound on the standard error in Part 1
of Theorem 2.4 to achieve the tigher bound of (k,/n)'/2. With this tighter bound, the rate
provided by Part 3 of Theorem 2.4 coincides with Stone’s optimal rate.

5. Theorem 3.2 of Chen (2007), Theorem 1 of Chen and Shen (1998), Theorem 3.1 of
Chen and White (1999), and Theorems 1 and 2 of Shen and Wong (1994) provide sufficient
conditions for deriving rates of convergence of (approximate) sieve M—estimators, a class in
which the SMRCE belongs. One might suspect that we can simply verify the conditions
of said papers to arrive at the rate of convergence. However, the theorems of Chen (2007),
Chen and Shen (1998), and Chen and White (1999) all rely on a smoothness requirement of
the objective integrand corresponding to a local continuity requirement. The MRC objective
function @, is an average of indicator functions, which need be even locally smooth in the
parameter.

Theorem 1 of Shen and Wong (1994) requires a bound on the L*-—metric entropy of a

certain space of objective integrand differences (see their Condition C3). This assumption
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may also be viewed as a (high—level) smoothness requirement on the objective integrands.
It is not clear how one should construct such an entropy bound in the case of the objective
integrands enter the MCR objective. In fact, it is not clear that such a bound even exists
in the case of the SMRC estimation problem, where the objective integrands have points of

17

discontinuity."* Hence, none of these general rate of convergence results cover the case of

SMRC estimation.

2.7 Conclusion

In this paper I show that that it is possible to identify a generalized panel regression mod-
els (GPRM) without imposing any parametric structure on 1. the function of observable
explanatory variables, 2. the systematic function through which the function of observable
explanatory variables, fixed effect, and disturbance term generate the outcome variable, or
3. the distribution of unobservables.

The GPRM nests frameworks such as panel regression, binary threshold crossing, cen-
sored regression, duration, and transformation models. The GPRM admits arbitrary depen-
dence between the explanatory variables and the fixed effects, and permits a fixed effect of
any finite dimension.

I develop a series maximum rank correlation estimator (SMRCE) of the function of
observable explanatory variables, and provide conditions under which Ly—consistency is
achieved. 1 also provide conditions under which both Lo—type and uniform convergence
rates of the SMRCE may be derived.

To the best of my knowledge, this paper is the first to state conditions under which
identification and consistency is achieved and convergence rates derived with a typical panel
(i.e. “large” n—small T”) observational framework, while allowing all three above-mentioned

elements of the model to be nonparametric.

"Tn the proof of Theorem 2.4 T derive a bound on the LP(Q)-metric entropy of the space of objective
integrands that holds for any 1 < p < oo and any probability measure Q. [See (2.A.8).] However, attempting
to extend the result to the case of p = 0o as required by Shen and Wong (1994), the entropy bound becomes
trivial.
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Chapter 2 Appendices

2.A Proofs

2.A.1 Proofs for Section 2.3

The proof of Theorem 2.1 relies on the following lemma.

Lemma 2.1. If A.1 and A.2 hold, then

]P’(Y1>Y2\X,a){ }]P’(Y1<Y2\X,a) wheneverho(Xl){

} ho (X2) :

Proof. Let x1,%x5 € X be such that h, (x1) < h, (x2) and a a value in the support of . Since

NV
NV

F is increasing in its first and last argument,
F (hy(x1),a,¢e) < F (h,(x2) ,a,¢€), (2.A.1)
for all e in the support of ¢ given (X;, Xs, @) = (X1, X3,a). It follows that

P(Y; > Y X =x,a=a)

1(Do F(h,(x1),a,e1) > Do F(h,(X2),a,e)) dF;, c,x.a (€1,€2]x,a)

\

R2

1(DoF (ho(x1),a,e1) > Do F(hy(x2),a,e)) dFyx.a (€1]X,a) dFx q (e2]X, a)

I
T

R2
1(Do F(hy(x1),a,e3) > Do F(h,(x2),a,€1))dF,, ox.a (€2, €1]%, a)

|
T

R2

1(Do F(ho(x2),a,e3) > Do F(ho(x1),a,e1))dF o x.a (€2, €1]X,a)

/AN
T

R2
=P(Y; < Y| X=x,aa=a),

where F,, .,x o denotes the joint CDF of (e, €2) conditional on (X, «), and I have used that

€1 and €y are i.i.d. conditional on (Xi, Xy, ), (2.A.1), and D increasing. An analogous
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argument establishes the reverse probability inequality in the event of h, (x1) > h, (x3).

Since x; and x5 were arbitrary, these inequalities establish the lemma. O

Proof of Theorem 2.1. Let x1,x2 € X be such that h, (x1) < h,(x2) and a a value in the
support of a. Lemma 2.1 implies that P(Y; > V3| X =x,a0 =a) < P(Y1 < V5| X =x,a = a).

Take expectations over a given X = x to arrive at the desired conclusion. O]

The proof of Theorem 2.2 relies on Lemmas 2.2-2.4.
Lemma 2.2. If A.3 and A.4 hold, then for any h € H, 1 (h(X1) =h(X3)) =0 a.s. [vx].

Proof. Let h be in H. Then h(x) = (x;) + ¢(x_,) for some ¢ € U and ¢ € . Write
P (h(Xy) = h(Xy)) as the integral

/1 (h (Xl) =h (Xg)) dVX
/ / (%m1) + P (%cmn) = ¥(%n2) + @(Xn2)) F (3n] X_r) dicy] dve_ (X_s)

where the inner integration is with respect to Lebesgue measure, and f := fx, x_, denotes
the joint PDF of X, conditional on X _,. By continuity and linear homogeneity of v, for any
fixed x_, the set {x; : ¥(xr1) + ©(X_r1) = V(Xr2) + @(X_r2)} has zero Lebesgue measure.

A 4.4 therefore implies that the inner integral is zero a.s. [vx__]. ]

Lemma 2.3. If A.1, A.2, and A.4.2 hold, then P (Y, > Y5| X) 2 P (V) < Ys| X) whenever
h(X1) 2 h, (Xg) a.s. [vx].

Proof. Let x1,x2 € X be such that h, (x1) < h, (x2) and a a value in the support of o. For
y € R we have

P(Y1 <y[X=x,a=a)

I
T

1(Do F(h,(x1),a,e) <y)dF, |x,q (e]x,a)

1(DoF(ho(x1),a,e) <y)dFx,q (e|x,a)

WV

1(Do F(ho(x2),a,e) <y)dF,x.q(elx,a)

I
=
b

(Yo <yl|X=x,a=a),

where I have used that €; and €, are i.i.d. conditional on (X, o) (with marginal CDF Fx o),

(2.A.1), and D increasing. Since y € R was arbitrary, we have

P(V1<ylX=xa=a)>2P(YVa<y|X=x,a=a), yeR. (2.A.2)
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Now rewrite P (Y] < Y3| X = x,a = a) as the integral

b

where the strict inequality comes from A.4.2 and (2.A.2). It follows that
P(Y1 >V X=xa=a)<P(V; <Y X=x,a=a).

An analogous argument establishes the reverse probability inequality in the event of h, (x1) >
h, (x2). Compute expectations over a given X = x to arrive at the desired conclusion. Since

x; and Xy were arbitrary, this establishes the lemma. O

Lemma 2.4. If A.3 and A.4 hold and h € H is such that h # h,, then there ezists a
subset N1 X Ny of X% such that 1. vx(Ny X No) > 0, and 2. for all (x1,%3) € N; X Ny :
7 (x1) = R (x2)][ho (1) = ho (x2)] < 0.

Proof. Let h be in H, so h(x) = ¥(x,) + p(x_,) for some ¥ € ¥ and some ¢ € . If
h # h,, then there exists X =€ X such that h(X) # h,(X). Assume that h(X) < h,(X); the
reverse case is analogous. By A.(3), ¥(X:) = ¥(Xr), ©(X_r) = po(X_r), and 1 and v, are
both linearly homogeneous and increasing it their first argument. It follows that there exists
a € R such that

h(X) =1 (Xx) + ¢ (Xor) < ¥ (aXr) + ¢ (Xor) = ath (Xx) + ¢ (X-r)
= atho (Xr) + 00 (Xr) < 9o (aXr) + 90 (X-r) < h(X).

A.(3) implies that v, p,1,, and ¢ are continuous. Hence there exists a neighborhood N,

of X and a neighborhood Ny of (7X,,X_,) such that for all (x1,x3) € N; x Ny we have

h(x1) < h(xy) and h,(x1) > h,(x2). As a consequence, for all (x;,%x3) € Ny X Ny :
[h(x1) — h (x2)][ho (X1) — ho (x2)] < 0. Write vx (N1 X Ns) as

/ [/ ]-N1 X No ((Xﬂ',l? X—7r,1) ) (Xﬂ,Za X—ﬂ',?)) fX-,r|X_7r (XTI"X—TF) dxrr} dI/X_7T (X—ﬂ') .
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Since X is continuously distributed with full support conditional on X_, the inner integral

is positive for a.s. [rx__]. O

Proof of Theorem 2.2. By Lemma 2.2,
1(h(x1) <h(xz))=1-=1(h(x1)> h(x2)) a.s. [vx].

Consider (x1,%3) € X? and h € H. The integrand of the objective function may be (a.s.)

written as

his [P(V > Yo X =x) — P(Y; < Ya| X =x)]1(h(x1) > h(x3)) (2.A.3)
+P (Y1 < Y2 X =x),

Theorem 2.1 implies for h, maximizes this integrand for all x € X2. By the law of iterated
expectations we may deduce that h, maximizes () on H, establishing existence of a solution.

The objective difference is

Q (ho) — Q(h) =Ex ([1 (h(X1) > h(X3)) — 1 (h(X1) > h(Xy))]
x [P (Y1 > V5| X) =P (Y1 < V5| X)])
2Ex (1<, (X1, Xg) [1 (R (X1) > b (X, )) 1(h(Xy) > h(Xy))]
x [P (Y1 > Y5 X) =P (Y1 < Y3 X)]) >

where the first inequality holds because the integrand is positive a.s. [vx], cf. (2.A.3), and

the second follows from Lemma 2.3 and 2.4. The strict inequality establishes uniqueness. [

2.A.2 Proofs for Section 2.5

The proof of Theorem 1.4 relies on Lemmas 2.5-2.11.

Lemma 2.5 (Metric equivalence). If A.5 holds, then for any k € N, hy = hg,, ho = hg, €
Hi , we have p (hi, he) < [|B1 — Ba||.

Proof. Given that the eigenvalues of I'; ; are bounded from above by some constant 0 < ¢p <

00, we have

2p (hl, h2

/ DT (81— Bo)Pdin) 2 + / "7 (B — Ba)[Pdrn) (2.A.4)

(B = B2) Tha(Br — B2)]"2 + [(B1 — B2) "Tra(Br — B2)]'/?

< P@e)Y? + XTr2) 81 — Be||
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< 2612161 — Ball.

Since the eigenvalues of I'y; are bounded away from zero by some constant 0 < ¢ < 00, a
similar calculation yields p (hy, hy) > g11~/2||51 — Ba]. O

For a metric space (F, pr) and € > 0, define the covering number N (e, F, pr) of F as the
smallest number of e-balls in the metric pr on F needed to cover the space F. (If no such
smallest number exist, N (e, F, pr) is defined to be +00.) If px is induced by a norm ||-||=
on F, then N(e¢, F,||||#) is understood as N (e, F, pr). Also, define the diameter diam(F)
of F by diam(F) := supy, e pr(f1, f2), i.e., the largest pr—distance between two elements
f1 and f5 of F.

Lemma 2.6 (Compact sieve space). If A.5 and A.6.1 hold, then Hy is compact (p) for
all k € N.

Proof. Fix k € N. I show that H;, is closed and totally bounded (p), which is equivalent
to compactness. 1. Closed. Let {hp,}m=1 C Hi be a sequence converging (p) to h € H.
Then there exist a sequence {fm}m>1 C By such that h,, = hg,,m € N. Since By is
compact in R¥, {3,,} has a convergent subsequence {3, }e=1. Let 8 := limy_o B, be its
limit. Since By, is closed in R¥ (Heine-Borel), 3 is in By and hence hg in Hy. By Lemma
2.5, p(hmy, hg) S Bm, — Bl s0 by, — hg in p as £ — oo. Given that a sequence can
have only one limit with respect to p, it follows that h = hg € Hy, and Hy is closed (p).
2. Totally bounded. Given that B is compact in RF, it is bounded (Heine-Borel), so
diam(Bg) < oo,k € N. Hence, for all € > 0 we have N(e, By, ||-]|) < diam(Bg)/e®. From
(2.A.4) it follows that

EIP/Qdiam(Bk)

N(EaHlmp) < k

< oo for any € > 0,
€

so ‘Hy, is totally bounded. O]

Lemma 2.7 (p—continuity on Hy). If A.5, A.6.1, and A.7.1 hold, then @Q is continuous
with respect to p on Hy, for each k € N.

Proof. Let k € N, and let {h;,}m>1 C Hy be such that h,, — h in p. By Lemma 2.6, H;
is closed, so h € Hj, and there is a 8 € By, such that h = hg. By Lemma 2.5 the sequence
{Bm}m=1 C By satistying h,, = hg, ,m € N, converges (p) and has 5 € By as its limit. By
the continuity of @ on By in A.7.1 we have

lim Q(hy) = lim Q(5,) = Q(8) = Q(h).

m—r0o0 m—o0
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Lemma 2.8 (||-||x—continuity on H). If A.3 and A.4 hold, then Q is continuous with

respect to the uniform metric on H.

Proof. Let h € H and {h,}m>1 C H be such that ||h,, — h|lx — 0 as m — co. Let x be
a point in the support of X = (Xy,X3) such that h(x;) > h(xg). Since h,, — h uniformly
on X, h,, — h pointwise, and it must be that h,,(x;) > h,,(x2) for all m sufficiently large.

From this observation and the definition of f(z,h) as

F(2:1) = Loy Linta)>hoe)) + Li<ue} Linta) <hie))s
it follows that
{z :f(z, h) is discontinuous at h} C {z: h(x1) = h(x2)}.
From the inclusion in the preceding display and Lemma 2.2 we get
P (f(Z,h) is discontinuous at h) < P (h(X;) = h(Xz)) = 0.

Hence, h +— f(Z,h) is continuous with respect to |||+ a.s. Since the constant function
equal to one constitutes a P-integrable majorant for each of the maps z — f(z, h,,), m € N,

Lebesgue’s Dominated Convergence Theorem (DCT) implies

lim Q (hy) = lim f(-,hm)dP:/ lim f(-,hm)dP:/f(-,h)dP:Q(h).

m—00 m—00 m—00
Hence, Q(h,,) — Q(h) whenever h,,, — h in ||-||x. L

Lemma 2.9 (Well-posedness). If A.1—A.7 hold, then for all ¢ > 0,k € N:

Q (ho) — sup Q(h) 2z €.
{hetp:p(h,ho) =€}
Proof. Let hi, = p*' By, Be € Bi, k > 1, denote the sequence from A.6.3, which by assumption
converges uniformly to h, on X. Lemma 2.8 implies that Q(h,) — Q(hr) — 0. Twice
continuous differentiability (A.7.1) and uniqueness of the (interior) maximizer (A.7.3) in

combination with a second—order mean value expansion of ) around 6: imply

(1/2)(Bx — B) T AR(By) (B — BF)

> (—ca/2)l18k — B
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Here f3,, is between ; and B,zk , and the inequality follows from A.7.2 using —oo < —¢4 < 0 as
the lower bound on the (negative) eigenvalues. Rearranging the inequality in the preceding

display and invoking Theorem 2.2 (identification) we get

185 = Bill* < (2/24)[Q(Af) — Q(h)] < (2/24)[Q(ho) — Q(hi)).

The left-hand side is equivalent to p(h;*, hy)? (Lemma 2.5) and the right-hand side goes
to zero. Deduce that p(h, hy) — 0. Given that h, — h, uniformly on X (A.6.3 again),
hr — h, in p, so by the triangle inequality

p(h¥, ho) < p(h¥, hi) + p(hg, ho) — 0,

and h;k — h, in p.

Let € > 0,k € N and h € Hi\B,(ho, €) be arbitrary, where B, (h,,€) = {h € H :
p(h,h,) < €}. The preceding paragraph shows that the sequence {hj>|< }i=1 will eventually
belong to B,(h,,€). We may therefore choose k' := k’(e, h, k) > k large enough such that
hs € By(he,€/2) for all j > K. By A6.2, Hy, C Hpy1,k € N, and [Hi\B,(¢, ho)] C Hi.
The triangle inequality yields

p (P 1) = p(hoho) = p (B o) = €/2.

Using that the (negative) eigenvalues of the Hessian are away from zero by some constant

—00 < —¢4 < 0 (A.7), a mean—value expansion yields
Q(h) = Q(hf) < (—ea/2)|18 = BEI1%,
or, rearranging,
Q) = Q(h) = (ca/2)I8 — BEI. (2.A.5)
From Lemma 2.5 we know that
plh, ) <8 — BF " (2..6)

Combining (2.A.5), (2.A.6) and Theorem 2.2, we arrive at

Q (ho) = Q (k) = Q (h%) — Q (k) > (ca/2er)p (b, )" = (ca/8er)e
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Given that h € Hj\B,(ho, €) was arbitrary, Q (h,) — SUDyep,\ 5, (1,0 @ () = (ca/8Cr)e®. O

To avoid the double subscript, let f(-, 3) denote f,,, where for any z € S and any vy € RF

we have

f(z,8) =1(y1 > 1) 10" (x1) "8 > p¥ (x2)' B
+1(p <o) 10" (x1) B <pF (%) ). (2.A.7)
Let F, = {f(-,7) : B € R¥}, and note that Fy is a subset of F. because B;, C RF.

Lemma 2.10 (VC Properties). For each k € N, Fi is VC-subgraph with VC' index
V(F) Sk

Proof. Let s,70,71, and ¥, be real numbers, and let §; and J, be vectors in R*. For each

z € S, define

9 (2, 57,71, 725 01, 02) := Y05 + VY1 + V2l +p" (XI)T 51 +p" (Xz)T 02,

and define the function space

gk = {g ('7 ';70771a72751752) S0, 71,72 € R7 51752 S Rk}

Then G, forms a vector space over R on & X R of dimension 2k + 3. Lemma 2.6.15 in
van der Vaart and Wellner (1996) therefore implies that Gy is VC—subgraph with VC—-index
V(Gr) < dim (Gi) + 2 = 2k + 5. In particular, V(Gi) < k.

Let f5 € fk The subgraph of f (-, B) is defined as

subgraph (f (-,8)) :=={(z,s) e SxR:s < f(z,0)}.

Using (2.A.7) the subgraph of any f € Fi may be written as

({yr = >0 N {pF(x1)' B—p"(x2)" B>0}N{s>1}'N{s>0})

U({ye =y > 03N (0" (x2) B =" (x1)" B> 0N {s =1} N{s>0})
= ({g1 >0} N{ga >0} N{gs > 1}"N{gs > 0})

U({gs >0} N{gs >0} N{gr > 1}"N{gs > 0}).

The first set in the above union is the intersection of four sets, three of which belongs to a

VC class and the fourth being the complement of a set belonging to a VC class. Lemma
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2.6.17 of van der Vaart and Wellner (1996) implies that the class of sets formed by such
intersections is also a VC class. By the same argument, the second set in the above union
belongs to a VC class. Another application of Lemma 2.6.17 of van der Vaart and Wellner
(1996) yields that the subgraphs of ﬁk form a VC class, i.e. j-:k is VC-subgraph. Lemma 2.5
yields that the order of the VC—index is preserved by taking finite unions and intersections
of VC classes, so V(Fi,) < k. O

Lemma 2.11 (Uniform Law of Large Numbers). If k,/n — 0 as n — oo then

sup |E, (f) —E(f)] =p 0 asn — co.
F€Fky

Proof. Consider F from Lemma 2.10. Since Fy, is VC-subgraph, Theorem 2.6.4 of van der
Vaart and Wellner (1996) implies that for any probability measure @ and 0 < € < 1, the

LP(Q)—covering number of F;, satisfies
N(e, Fie, LP (Q)) £ V(Fir) (4e) "9 (1 /eyl =1 11 < p < o0, (2.A.8)

Define the LP(Q)-entropy of Fy as H(e, Fy, LP(Q)) := In N(e, Fy, L? (Q)). Using that
V<J%k) < k (Lemma 2.10), we get that

H(e, Fi, LP (Q)) < kIn(1/e).
As the bound holds for every Q, it holds for the empirical measure P,, so
H(e, Fr, L” (P,)) < kln(1/e).

For every k € N, F, = Fi(By) is contained in Fj, = Fi(RF), so this LP(P,)-entropy bound
applies to Fy as well. Let p = 2. For each fixed 0 < € < 1, In(1/¢) may be absorbed into the

constant and we see that
(1/n)H (e, Fr,, L* (P,)) < kp/n — 0 as n — oo.

Hence (1/n)H (e, Fy,
one constitutes a bounded envelope for each F, k € N, Lemma 3.6 of van de Geer (2000)

L*(P,)) — 0 in probability. Given that the constant function equal to

n

yields the desired conclusion. O]

Proof of Theorem 1.4. Given the preceding lemmas, the proof of consistency given here is

now implicit in the proof of Theorem 3.1 in Chen (2007). For the sake of completeness I

will provide the remaining steps. By Remark 2.2, a maximizer /f;n exists. Let B, (ho,€) :=
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{h € H:p(h,h,) < €} denote the open e-ball centered at h, relative to the metric p. Since
Hy, N B(h,, €)€ is a closed subset of the compact Hy,, it is compact. Since @ is a continuous
function defined on the compact Hy, (Lemma 2.7), Weierstrass’s Extreme Value Theorem
implies that sup,cy, \pn,,o @(h) exists.

Let {hg}r>1 denote the sequence from A.6.3. It follows that

i (p(ﬁn, he) = e) —P (En € Hy \B(ho, e)) (2.A.9)
<P (Q (k) - Q) 2 )

=P (Q ) = Qu(hn) + Qullhn) = Q) 2 )

<P (Q (ko) = Qulhn,) + Qullin) = Q(hn) 2 )

=P (Q (h) = Q) + Qi) = Qulhe,) + Quln) = Q) 2 )

< B(1Q (ho) — QUi ) +2 sup [Qu(h) = Q(R)| 2 €*).

where the first inequality follows from Lemma 2.9 and the second by the fact that T, maxi-
mizes ), on Hy,. By Lemma 2.11, {F, },>1 satisfies the Uniform Law of Large Numbers,

SO

sup |Qn(h) — Q(h)| = sup |E.(f) — E(f)] =»p 0as n — oo.
heHu, FE€Fuy,

The definition of hy, and Lemma 2.8 imply that |Q (h,) — Q(hs,)
the right—hand side probability in (2.A.9) goes to zero as n — oc. O

2.A.3 Proofs for Section 2.6

The derivation of the convergence rates relies on two additional lemmas. Define fn =t
which is well defined given that the SMRCE is well defined (see also Remark 2.2). Since T

maximizes @, (h) = E, (fn) on Hy and Fi, = F(Hy), we must have fn € argmax E,(f). For
F€FK
notational convenience, I will suppress the dependence on n in k throughout this section.

For any 6 > 0, define the d—restriction of Fj. as

Fi (0) == {fE-Fk5 sup E(f) —E(f) <5}.

f'eFy

Define the ezcess risk as the difference 8, = supper, E(f) — E(]?n), where E(]/”;L) should be
read as Ez( fn = s fn (z). The rate of convergence of the excess risk plays a key
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role in deriving the rate of convergence of the SMRCE.

Lemma 2.12. If A.1-A.9 hold, and k,/n — 0, then the excess risk satisfies Sn <p Vkn/n

as n — Q.

Proof. By Lemma 2.6, H;, is compact with respect to p, and by Lemma 2.7, () is continuous
on Hy. Hence, by Weierstrass’s Extreme Value Theorem, () has a maximizer on Hy. As a
consequence the map f — E(f) has a maximizer on Fj. Denote such a maximizer by f,:k )
As the maximum is attained, the excess risk may be expressed as Sn = E4( f,;k — f;) Note
that En(ﬁ — f,j‘ ) >0 as f,j‘ need not solve the sample problem. It follows that

80 =E4(fF — fu)
= Ez(fF = ) + Eu(fF — F) = Eu(£F - 1)
< (Bz —Ea) (fF = )
= |(En — Ez) (fu — )]

Since f, € F K(;S\n) C Fy, we arrive at the (crude) bound on the excess risk:

o, < sup |(E, — E) (f - £75)]. (2.A.10)
f€FK

From Lemma 2.10 we know that Fj is VC-subgraph with VC index V(Fy) < k, and from
(2.A.8) it follows that

[V (]:k:) (46)V(Fk)]1/2[‘/(}%)*1] ) 2[V (Fr)—1]
€

sup N (e, Fi, L (Q)) 5 ( , (2.A.11)
where the supremum is over all probability measures Q. In the language of Chernozhukov,
Chetverikov, and Kato (2014a), Fy is VC(bg, ag, vi)—type for the choices by = 1,a; :=
[V (F) (4e)V ¥ 2VFI -1 and vy, := 2[V (F;,) — 1]. In what follows I set up for an appli-
cation of the (Talagrand—type) inequality taken from Chernozhukov, Chetverikov, and Kato
(2014a) and, for convenience, restated in Theorem 2.6.

The function class Fj, := { f—- f,;k f e Fk} is nothing more than Fj, recentered as f,:k , SO
the bound on the uniform covering number in (2.A.11) applies to F}, as well. As the elements
of F}, are differences of indicator functions, b, = 1 constitutes as constant envelope for Fy.
Set of := 1. Since E (f — f;")2 < 1for all f € F, we have sup,.z, var (f) < of = bj.
Given that by = oy, the requirement that bvy In (aiby /o)) < no? for application of the CCK
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inequality is satisfied provided v In (a;) < n. Since ay, = [V (Fi) (4e)” Y] we have
Vk In (ak) =InV (.Fk) +V (./—"k) In (46) ,S ]{],

and the requirement of the CCK inequality boils down to k& < n, which holds because
k/n — 0. The inequality allows one to pick t; < no?/bi. Here I choose ¢, = In(n), which
increases without bound when n — oo. Guess that ¢, < vglIn(agbg/ox), which may be
verified later. Then the CCK inequality in Theorem 2.6 implies that

P( sup (B, — E) ()] 2 Ua(5,)) < e = L (2.A.12)

FEF ) n

where Un(Sn) = /02 [ty V v In(agby/o%)] /n = \/k/n. From (2.A.12), it follows that

limsupIF’( sup (B, — E) (f)| = Un(Sn)) _0,

n—o00 fefk

which, in turn, implies that

sup [(E, — E) ()] Sp Un(d,) = VE/n.

fEF®
Combining (2.A.10) with the preceding display yields the desired result. ]

Let hy, = hg,,k € N, be a sequence of functions in the sieve satisfying A.8, and let

h;k = hﬁ,:k’k € N, where ﬁ,;k is the maximizer of @ on By from A.7.3.

Lemma 2.13. If A.1-A.9 hold, then p(hi’  hy,,) S k™ asn — .

~Y n

Proof. The proof involves two steps. First, I establish a crude bound on the rate of conver-
gence of p(h,f, hi), where the dependence on n has been suppressed. Second, I iterate on a
set of inequalities to use the crude bound to speed up the rate of convergence to the desired

rate.
Step 1. A.5 and A.7 imply

p(h h)? SNBF = Bill2 S Q (BF) — Q (By) (2.A.13)
:Q(h;zk) —Q (hx) < Q(ho) — Q (M) -

By A.8, hy — h,, so for sufficiently large k, A.9 applies, and Q (h,) — Q (hx) < p (hg, ho) -
Assume without loss of generality that this bound holds for £ € N. Now A.8 and (2.A.13)

203



implies that

Q(ho) — Q (hi) S k. (2.A.14)
p(hF hy) S k72 (2.A.15)

Step 2. Decompose as follows
Q (ho) — Q (hi) = [Q (ho) — Q (hs2)] + [Q (hy2) — Q (hw)], (2.A.16)

where {k*} denotes the subsequence {k2},en of {k,}nen. I now bound the second term in
(2.A.16).

Write 0 for the (k? — k)-dimensional zero vector. Then

Q (hiz) — Q (i) < Q (BE) — Q (hi) = Q (B) — Q (By) (2.A.17)
S8 = (BL, 012 S p(hfs, ).

Egs. (2.A.14)-(2.A.15) yield Q (ho) — Q (hy2) < k7% and p(h}5, hy2) S k™. Hence, by the
triangle inequality and A.8,

p(hs ho) < p(hfe, i2) + p(lu, ho) Sk~ + k72 Sk
Using this result in combination with the triangle inequality and A.8, we get
p(hys b)) < p(hify, ho) + plhiy ho) S k™ + K~ Sk
Plugging this bound into (2.A.17) yields
Q (hyz) = Q (hw) < (K*) ™" S k™2

Another application of A.8 implies that Q (h,) — Q (hy2) < k72, Gathering these two results
in the decomposition (2.A.16) produces

Q (ho) = Q (hi) SK™** + k7 S k™2,

and the bound in (2.A.13) from Step 1 yields the desired result. ]

Proof of Theorem 2.4. A.5, A.7, and Lemma (2.12) imply that, with probability approaching
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one as n — 00,

p(ha, BE? S 11Ba — BEI? S QBF) — Q(B) = Q (BF) — Q(hy)
=E5(fF — fu) = 0 Sp (k/n)"7.

Hence p(/f;n, h¥) <p (k/n)"* with probability approaching one. Combining this result with
Lemma 2.13, A.8, and the triangle inequality,

P(ﬁm ho) < p(ﬁm hlf) + P(h2<> hi.) + p(h, o) (2.A.18)
Sp (k/m) k4 k7 Sp (k/n) k0 (2.A.19)

with probability approaching one as n — oo. This establishes Part 1.
To establish Part 2, let x € X’ be arbitrary. By the Bunyakovsky—Cauchy—Schwarz (BCS)

inequality,
o (30) = 15 GO < NP GOl B = B lle < Gill B = B
Since |8, — B¥le < p(hn, ) <p (k/n)4, we have
h — il Sp Gl /).
Again by the BCS inequality,
[ (%) — P ()] < Gell B — Bl
Since || B — Brlle < p(hf, he) < k™, we have

1A — hella S Gk

Now, by the triangle inequality and A.8,

B = holle < o — Bl + [2F — il e + s — hollx
<p G (k/n)Y* + Gk + k.

The third term is negligible compared to the second and may therefore be ignored.
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2.B Technical Appendix

The following theorem is van der Vaart and Wellner (2009) Theorem 1.1.

Theorem 2.5 (VC Index Bounds). Let V := 3", V; be the sum of VC indices V; from
m VC-classes C;. Then the following bounds hold:

V<|—|] 1C)
V(L. C)) < 01V1n< E$2?)/V> < aVin(egm),where V= (Vi,..., V), c1 =
V(&Tzlcj)

e/[(e—1)In(2)] =2.28231...,co :=¢/In(2) = 3.92165..., and

Ent(V Z V;In(V;) — VIn(V)

is the “entropy” of the V;’s under the discrete uniform distribution with weights 1/m and

= (1/m) 255 Vs

The following (Talagrand-type) inequality is Chernozhukov, Chetverikov, and Kato (2014a)
Theorem B.1.

Theorem 2.6 (CCK Inequality). Let Vy,...,V,, bei.i.d. random variables taking values
in a measurable space (S,S). Suppose that G is a nonempty, pointwise measurable class of
functions on S uniformly bounded by a constant b such that there exists constants a > e and
v > 1 with supQN(be G, Ly(Q)) < (a/e)’ for 0 < e < 1. Let 0% be a constant such that

sup,cg var (g (V)) < <V Ifb*vln(ab/o) < no?, then for all t < no?/b?,
P((sup | Zg g (V)| > Alno® mas (t,vln (ab/e))]?) < ™
geg

where A > 0 is an absolute constant.
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