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Abstrac t 
The SuM-to-Mi N transitio n tha t  childre n exhibi t  whe n 
learnin g t o ad d provide s a n idea l  domai n fo r  studyin g 
naturall y occurrin g discover y processes .  We discus s a 
computationa l  mode l  tha t  account s fo r  thi s transition , 
includin g th e appropriat e intermediat e strategies .  I n or -
der  t o accoun t  fo r  al l  o f  thes e shifts ,  th e mode l  mus t 
sometime s lear n withou t  th e benefi t  o f  impasses .  Ou r 
model  smoothl y integrate s impasse-drive n an d impasse -
fre e learnin g i n a  single ,  simpl e learnin g mechanism . 

Introduction 

Thi s pape r  discusse s model s fo r  th e well-know n SuM-
to-Ml N transitio n (Ashcraft ,  1982 ,  1987 ;  Groe n k  Park -
man,  1972 ;  Groe n &  Resnick ,  1977 ;  Kaye ,  Post ,  Hall , 
k,  Dineen ,  1986 ;  Siegle r  k  Jenkins ,  1989 ;  Svenson , 
1975) .  Thi s i s a n idea l  domai n fo r  studyin g natu -
rall y occurrin g discover y processe s (Siegle r  k  Jenk -
ins ,  1989 V W h e n youn g childre n firs t  lear n t o ad d 
tw o smal l  numbers ,  the y us e th e so-calle d Su m strat -
egy.  The y creat e set s o f  object s t o represen t  eac h ad -
dend ,  the n coun t  th e object s i n th e unio n o f  th e tw o 
sets .  Fo r  instance ,  i n orde r  t o solv e 2-1-3 ,  th e chil d 
says ,  "1 ,  2 "  whil e raisin g tw o fingers  o n th e lef t  hand ; 
the n "1 ,  2 ,  3 "  whil e raisin g thre e fingers  o n th e righ t 
hand ;  the n "1 ,  2 ,  3 ,  4 ,  5, "  whil e countin g al l  th e raise d 
fingers.  Thi s strateg y i s calle d th e Su m strateg y be -
caus e it s executio n tim e i s proportiona l  t o th e su m o f 
th e tw o addends .  Olde r  childre n us e a  mor e efficien t 
strategy ,  th e Mi N strategy ,  whos e executio n tim e i s 
proportiona l  t o th e minimu m o f  th e tw o addends .  I n 
followin g thi s strategy ,  th e chil d first  announce s th e 
valu e o f  th e large r  addend ,  the n count s o n fro m it . 
For  instance ,  i n orde r  t o solv e 2-1-3 ,  th e chil d woul d 
say "3 "  the n sa y "4,5 "  whil e raisin g tw o fingers  o n on e 
hand . 

Althoug h th e Su m strateg y i s taugh t  i n school ,  th e 
Mi N strateg y appear s t o b e invente d b y th e childre n 
themselves .  Th e bes t  evidenc e fo r  thi s come s fro m 
a longitudina l  stud y b y Siegle r  an d Jenkin s (1989) . 
They interviewe d 8  childre n weekl y fo r  1 1 weeks ,  eac h 
tim e aiskin g the m t o solv e abou t  1 5 orall y presente d 
additio n problems .  Afte r  eac h problem ,  th e chil d wa s 
aske d ho w the y go t  thei r  answer .  Th e chil d wa s als o 
tol d whethe r  thei r  answe r  wa s correct ,  an d wa s give n 
a gol d sta r  i f  i t  was .  Videotape s wer e analyze d an d 
th e child' s behavio r  o n eac h proble m wa s classifie d ac -

Thi s researc h benefite d fro m discussion s wit h Jef f 
Schlimme r  an d Bo b Siegler .  I t  wa s supporte d i n par t 
by contrac t  N00014-88-K-008 0 fro m th e Offic e o f  Nava l 
Research ,  Cognitiv e Science s Division ,  an d a  postdoc -
tora l  trainin g gran t  fro m th e Departmen t  o f  Healt h 
and H u m a n Services . 

cordin g t o th e strateg y used .  A s fa r  a s Siegle r  an d 
Jenkin s coul d determine ,  th e onl y instructio n tha t  th e 
subject s receive d durin g thi s perio d wa s thei r  school' s 
norma l  instructio n o n th e Su m strategy .  Nonetheless , 
7 o f  th e 8  childre n bega n t o us e th e Mi N strategy . 
Moreover ,  the y appea r  t o hav e discovere d i t  durin g 
th e video-tape d sessions .  Th e tape s mak e i t  clea r  tha t 
the y receive d n o hel p fro m th e experimenter ,  s o th e 
Ml N strategie s appea r  t o hav e bee n invente d b y th e 
subject s themselves . 

The issu e addresse d b y thi s pape r  i s explainin g ho w 
childre n discove r  th e Mi N strategy .  Thi s particula r 
discover y present s a  challeng e fo r  curren t  theorie s o f 
learning .  Althoug h a  variet y o f  learnin g method s hav e 
been proposed ,  man y o f  the m ar e triggere d whe n th e 
proble m solve r  reache s a n impasse ,  an d ye t  Siegle r  an d 
Jenkin s foun d n o sign s o f  impasse s durin g th e dis -
cover y o f  th e Mi N strategy .  Th e exac t  definitio n o f 
"impasse "  depend s o n th e problem-solvin g architec -
ture ,  bu t  roughl y speaking ,  a n impass e occur s when -
ever  th e solve r  ha s a  goa l  tha t  canno t  b e achieve d b y 
any operato r  tha t  i s  believe d t o b e relevan t  t o th e 
tas k a t  hand .  Th e essentia l  ide a o f  impasse-drive n 
learnin g i s t o resolv e th e impass e somehow ,  the n stor e 
th e resultin g experienc e i n suc h a  wa y tha t  futur e im -
passe s wil l  b e avoide d o r  a t  leas t  handle d mor e ef -
ficiently.  Man y system s us e impasse-drive n learning , 
includin g Swal e (Schank ,  1986) ,  O c c a m (Pazzani , 
Dyer  k  Flowers ,  1986) ,  Lparsifa l  (Berwick ,  1985) , 
Soar  (Newell ,  1990) ,  Sierr a (VanLehn ,  1990) ,  an d 
Cascad e (VanLeh n k  Jones ,  i n press) . 

Siegle r  an d Jenkin s looke d specificall y fo r  sign s o f 
impasse s an d foun d none .  I n particular ,  the y designe d 
some o f  th e problem s t o caus e impasse s b y makin g on e 
of  th e addend s ver y larg e (e.g. ,  2 3 -| -  1) .  The y foun d 
tha t  "Th e specifi c  problem s o n whic h th e childre n first 
used th e Mi N strateg y wer e 2-|-5 ,  4-|-1 ,  3-1-1 ,  1-|-24 , 
5-1-2 ,  an d 4- f  3 .  Thes e problem s di d no t  deviat e fro m 
th e characteristic s o f  th e overal l  se t  i n an y notabl e 
way."(p .  67 )  I n fact ,  som e o f  th e childre n ha d ear -
lie r  successfull y solve d exactl y th e sam e proble m tha t 
the y wer e workin g o n whe n the y discovere d th e Mi N 
strategy .  Althoug h th e impass e problem s di d caus e 
subject s wh o ha d alread y invente d th e Mi N strateg y 
t o star t  usin g i t  mor e frequently ,  th e problem s di d no t 
caus e thos e wh o ha d no t  invente d th e strateg y t o d o 
so. 

Siegle r  an d Jenkin s sough t  sign s o f  impasse s b y ex -
aminin g solutio n time s an d error s i n th e vicinit y  o f  th e 
discover y events .  Solutio n time s wer e longe r  tha n nor -
mal  fo r  th e problem s wher e th e discover y occurre d an d 
fo r  th e problem s immediatel y precedin g th e discover y 
trial .  Thi s migh t  sugges t  som e kin d o f  impasse ,  bu t  er -
ro r  rate s indicate d tha t  th e problem s themselve s wer e 
not  particularl y difficult .  Siegle r  an d Jenkin s sugges t 
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a reconciliatio n betwee n thei r  findings  an d impasse -
drive n learnin g theories : 

T wo type s o f  strateg y change s ca n b e distinguished : 
change s i n whic h th e mai n differenc e betwee n th e 
strategie s i s i n th e answer s themselves ,  an d change s 
i n whic h th e mai n difference s ar e no t  i n th e answer s 
tha t  ar e generate d bu t  rathe r  i n th e efficienc y wit h 
whic h answer s ar e generate d and/o r  th e aestheti c 
appea l  o f  th e procedures .  Th e first  typ e o f  strateg y 
chang e m a y occu r  primaril y a s a  resul t  o f  encoun -
terin g impasses ,  bu t  th e secon d m a y typicall y occu r 
fo r  othe r  reasons ,  (p .  104 ) 

One mode l  i n th e literatur e effect s a  strateg y chang e 
wheneve r  i t  detect s a n opportunit y fo r  improvin g th e 
efficienc y o f  a  procedure .  H P M (Neches ,  1987 )  keep s 
a complet e trac e o f  it s  processing ,  whic h i s constantl y 
monitore d b y heuristic s suc h as :  "I f  a  subprocedur e 
produce s a n output ,  bu t  n o othe r  subprocedur e re -
ceive s tha t  resul t  b y th e tim e th e overal l  procedur e 
finishes,  the n modif y th e overal l  procedur e t o eliminat e 
th e superfluou s computation. "  Neche s demonstrate d 
tha t  thi s heuristi c an d tw o other s suffice d fo r  changin g 
th e S u m strateg y int o th e M i N strategy . 

Enroute ,  tw o transitiona l  strategie s ar e necessaril y 
produce d b y H P M .  Siegle r  an d Jenkin s sough t  evi -
denc e fo r  thes e transitiona l  strategie s i n thei r  data . 
One o f  th e strategie s occurre d 6  times ,  al l  i n th e proto -
col  o f  th e sam e subject .  Moreover ,  al l  thes e instance s 
occurre d afte r  th e M i N strateg y wa s invented .  Th e 
secon d transitiona l  strateg y predicte d b y Neche s di d 
not  appea r  a t  all .  Thes e unfulfille d prediction s cas t 
doub t  o n th e H P M model .  Th e mode l  itself ,  a s Neche s 
noted ,  "assume s th e relativ e accessibilit y  o f  extremel y 
detaile d informatio n abou t  bot h on-goin g proces s an d 
relate d pas t  experiences .  H o w ca n thi s b e reconcile d 
wit h know n limitation s o n th e abilit y  t o repor t  thi s in -
formation? "  (p .  213 )  Althoug h H P M i s computation -
all y sufficien t  t o produc e th e SuM-to-Mi N transition , 
i t  make s dubiou s empirica l  an d mneumoni c assump -
tions . 

Th e objectiv e o f  thi s researc h ha s bee n t o gener -
at e a  computationall y sufficien t  accoun t  o f  th e SUM-
to-Ml N transitio n tha t  produce s onl y observe d tran -
sitiona l  strategie s an d make s plausibl e demand s o n 
memory.  T h e resul t  i s  a  proble m solve r  calle d GiP S 
(Genera l  Inductiv e Proble m Solver) .  Thi s pape r  de -
scribe s GiP S an d it s accoun t  o f  th e strateg y shift s ob -
serve d b y Siegle r  an d Jenkin s (1989) . 

GiP S i s a  generalize d means-end s analysi s ( M E A ) 
proble m solve r  (Jones ,  1989 )  whos e primar y learnin g 
mechanis m i s base d o n Schlimmer' s (1987 ;  Schlimme r 
& Granger ,  1986a ,  1986b )  S t a g g e r  system ,  whic h 
uses a  probabilisti c  inductio n techniqu e t o lear n con -
cep t  description s fro m examples .  Othe r  system s hav e 
combine d inductiv e concep t  learner s wit h proble m solv -
er s (e.g. ,  Langley ,  1985 ;  Mitchell ,  Utgof f  k  Banerji , 
1983) ,  bu t  the y acquir e onl y search-contro l  knowledge : 
concept s tha t  indicat e whic h operato r  t o selec t  whe n 
severa l  operator s matc h th e curren t  goal .  GiP S modi -
fies  th e description s o f  th e operator s themselve s a s wel l 
as th e heuristic s fo r  selectin g operators .  Bot h type s o f 
learnin g pla y crucia l  role s i n makin g th e SuM-to-Mi N 
transition . 

Followin g a  brie f  descriptio n o f  GiP S (se e Jone s & 
VanLehn ,  1991 ,  fo r  a  complet e description )  i s th e mai n 
sectio n o f  thi s paper ,  whic h present s th e GiP S accoun t 
of  th e SuM-to-Mi N transition . 

T h e Genera l  Inductiv e P r o b l e m Solve r 

GiPS'  basi c problem-solvin g algorith m i s a  general -
ize d versio n o f  M E A borrowe d fro m th e Eurek a sys -
te m (Jones ,  1989) .  I t  i s  baise d o n tryin g t o achiev e a 
stat e change .  Th e desire d chang e i s  represente d b y a 
T r a n s f o r m ,  whic h i s simpl y a  pai r  consistin g o f  th e 
curren t  stat e an d som e goa l  conditions .  I n orde r  t o 
achiev e thi s transformation ,  GiP S select s a n operato r 
and attempt s t o appl y it .  I f  th e operator' s precon -
dition s ar e met ,  i t  i s  execute d an d th e curren t  stat e 
changes .  I f  som e o f  th e precondition s ar e no t  met ,  a 
ne w T r a n s f o r m i s  create d wit h the m a s th e goals . 
W h en thi s transformatio n i s  achieved ,  GiP S return s 
t o th e ol d T r a n s f o r m an d attempt s agai n t o appl y 
th e operator .  S o far ,  thi s i s jus t  th e standar d M E A 
algorithm ,  bu t  GiP S add s tw o importan t  differences . 

I n standar d M E A ,  operator s ar e selecte d i f  the y 
reduc e th e differenc e betwee n th e curren t  an d goa l 
states .  I n GrPS ,  selectio n i s  determine d b y selectio n 
concepts .  Eac h operato r  ha s a  concep t  tha t  indicate s 
when i t  shoul d b e selected .  I f  th e concep t  depend s 
mostl y o n th e curren t  stat e o f  th e T r a n s f o r m ,  the n 
th e operato r  wil l  ac t  lik e a  forward-chainin g inferenc e 
rul e an d fire  wheneve r  th e stat e i s appropriate ,  regard -
les s o f  th e curren t  goals .  I f  th e concep t  depend s mostl y 
on th e goal s o f  th e T R A N S F O R M,  the n i t  wil l  ac t  lik e a 
backward-chainin g inferenc e rule .  Typically ,  forwar d 
and backwar d operator s intermingl e durin g proble m 
solving ,  yieldin g a  psychologicall y plausibl e blen d o f 
goal-directe d an d opportunisti c behavior . 

Each operato r  ha s a  selectio n concept .  T h e concep t 
i s represente d a s se t  o f  literal s (predicate s tha t  m a y o r 
m ay no t  b e negated) ,  an d eac h litera l  ha s tw o value s 
associate d wit h it :  it s  sufficienc y an d it s necessity .  I n 
orde r  t o evaluat e th e wort h o f  selectin g a n operator , 
GiP S matche s th e literal s agains t  th e curren t  T r a n s -
form .  I t  determine s th e subse t  o f  literal s tha t  matc h 
( M )  an d fai l  t o matc h {F) ,  the n calculate s 

Odds{C) TT sufficiency{L) TT necessity(L), 

where Odds(C) is the prior probability that the con-
cep t  i s wort h selecting .  Thi s i s th e sam e formul a use d 
by Stagger ,  Schlimmer' s (1987 )  propositiona l  con -
cep t  formatio n system ,  t o estimat e th e probabilit y  tha t 
a give n objec t  i s  a n instanc e o f  a  particula r  concept . 
W h en al l  th e operator s hav e bee n matche d an d thei r 
wort h ha s bee n calculated ,  GiP S choose s th e on e wit h 
th e highes t  rating . 

GiP S adjust s it s selectio n concept s o n th e basi s o f  it s 
successe s an d failure s whil e solvin g problems .  W h e n 
a proble m i s finally  solved ,  fo r  eac h operato r  alon g 
th e solutio n path ,  GiP S adjust s th e sufficienc y an d ne -
cessit y value s s o tha t  th e operato r  wil l  b e rate d eve n 
highe r  th e nex t  tim e a  simila r  T R A N S F O RM occurs . 
For  eac h operato r  tha t  initiate d a  failur e path ,  GiP S 
adjust s th e value s i n it s  selectio n concep t  s o tha t  i t 
wil l  receiv e a  lowe r  valu e nex t  time .  I n orde r  t o learn , 
GiP S mus t  stor e th e solutio n pat h an d ever y opera -
to r  tha t  le d of f  it .  However ,  a s soo n a s th e proble m 
i s finished  an d th e updatin g i s  completed ,  thi s infor -
matio n ca n b e forgotten .  H P M (Neches ,  1987 )  mus t 
stor e th e whol e searc h tree ,  no t  jus t  th e solutio n path , 
fo r  a n indefinit e period .  Holland ,  Holyoak ,  Nisbett , 
and Thagar d (1986 )  describ e a  technique ,  calle d th e 
bucke t  brigad e algorithm ,  tha t  achieve s th e sam e kin d 
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of  updat e a s GiP S withou t  storin g an y o f  th e solutio n 
path . 

The mechanis m describe d s o fa r  ca n lear n search -
contro l  knowledge ,  a s d o man y othe r  machin e learnin g 
systems .  I n orde r  t o mak e th e SuM-to-Mi N transition , 
th e syste m mus t  modif y th e precondition s o f  operator s 
as well .  I n standar d M E A ,  afte r  a n operato r  ha s bee n 
selected ,  it s precondition s ar e matche d t o th e curren t 
state .  I f  al l  o f  the m match ,  th e operato r  i s executed .  I f 
some d o no t  match ,  the y becom e subgoals .  Thus ,  pre -
condition s determin e th e goa l  structur e o f  th e proble m 
solving .  GiP S take s a n indirec t  approac h t o adjustin g 
preconditions .  I n additio n t o th e selectio n concept , 
GiP S provide s a  secon d concept ,  calle d th e executio n 
concept ,  whic h serve s a s a  repositor y fo r  it s  experienc e 
i n attemptin g t o execut e th e operator .  Whe n value s 
i n th e executio n concep t  cros s a  threshold ,  appropri -
at e modification s ar e mad e t o th e preconditions .  Thus , 
GiP S onl y modifie s precondition s whe n warrante d b y 
a grea t  dea l  o f  experience .  Th e nex t  tw o paragraph s 
describ e exactl y ho w executio n concept s ar e used . 

W h en a n operato r  i s selected ,  th e syste m matche s 
th e executio n concep t  t o th e curren t  TRANSFORM i n 
th e sam e wa y tha t  selectio n concept s ar e matched .  I f 
th e calculatio n return s a  valu e greate r  tha n 1 ,  GiP S 
attempt s t o execut e th e operator .  I f  th e valu e i s les s 
tha n 1 ,  GiP S follow s th e standar d M E A practic e o f 
matchin g th e precondition s o f  th e operato r  t o th e cur -
ren t  stat e an d settin g u p subgoal s fo r  th e unmatche d 
ones . 

W h en GiP S attempt s t o execut e a n operator ,  i t  ha s 
no arm s an d eye s s o i t  canno t  tel l  i f  it s  attemp t  suc -
ceeds ,  thu s i t  ask s th e user .  I f  a n operato r  succeeds , 
th e value s i n th e executio n concep t  ar e update d ap -
propriatel y an d th e ne w stat e become s current .  I f  a n 
operato r  fails ,  th e value s ar e update d an d th e syste m 
follow s th e standar d M E A routin e o f  matchin g precon -
dition s an d settin g u p subgoals . 

W h en th e sufficienc y valu e fo r  a  litera l  i n th e execu -
tio n concep t  crosse s a  threshold ,  tha t  litera l  i s  adde d 
t o th e operator' s preconditions .  Thus ,  GiP S onl y add s 
a litera l  whe n tha t  litera l  ha s bee n foun d tim e an d 
tim e agai n t o b e presen t  whe n th e operato r  executes . 
However ,  GiP S i s quic k t o remov e a  litera l  fro m th e 
precondition s i f  i t  eve r  finds  tha t  th e litera l  i s  no t  ac -
tuall y necessar y fo r  th e executio n o f  th e operator .  I f 
th e syste m successfull y execute s a n operato r  an d no t 
al l  o f  th e precondition s ar e satisfied ,  i t  remove s th e 
unmatche d literals .  Ther e i s n o sens e continuin g t o 
subgoa l  fo r  a n unmatche d litera l  i f  tha t  litera l  i s  no t 
i n fac t  necessar y fo r  executin g th e operator . 

Representation of the Addition Domain 

GiP S describe s th e worl d a s a  se t  o f  relation s betwee n 
objects .  I n th e additio n domain ,  thes e object s an d re -
lation s includ e th e number s tha t  ar e par t  o f  th e prob -
lem ,  th e stat e o f  th e proble m solver' s "hands "  whil e i t 
i s  adding ,  an d th e valu e o f  a  counte r  tha t  th e proble m 
solve r  keep s "i n it s head. " 

GiP S require s 1 6 operator s t o represen t  th e additio n 
domain .  Ther e ar e tw o particula r  operators ,  whic h w e 
refe r  t o a s th e End-Coun t  operators ,  tha t  ar e in -
volve d i n mos t  o f  th e strateg y shifts .  Fo r  futur e refer -
ence ,  th e serie s o f  precondition s tha t  th e Left-End -
C o U NT operato r  acquire s appear s i n Tabl e 1 .  Th e 1 6 
operators '  selectio n concept s wer e initialize d s o tha t 
th e syste m generate s th e Su m strategy .  Th e literal s 
of  eac h operator' s selectio n concep t  wer e th e precon -

dition s an d th e goal s tha t  th e operato r  coul d satisfy . 
The necessit y an d sufficienc y o f  thes e literal s wer e se t 
so tha t  the y woul d b e retrieve d i n eithe r  a  backward -
chainin g o r  forward-chainin g fashion ,  dependin g o n th e 
rol e o f  th e operato r  i n th e domain . 

Table 1. A series of preconditions for Left-End-
COUNT. 

S UM strateg y (a) : 
Raising(Lefthand ) 
Counting(Lefthand ) 
Assigned(Lefthand,=Value ) 
Counter-value(=Value ) 

SUM strategy (b): 
Raising(Lefthand ) 
Counting(Lefthand ) 
Assigned(Lefthand,=Value ) 
Counter-value(=Value ) 
Raised-fingers(Lefthand,=Value ) 

SHORTCUT SUM strategy (c): 
Raising(Lelth3uid ) 
Counting(Lefthand ) 
Assigned(Lelthand,=Value ) 
Raised-fingers(Lefthand,=Value ) 

FIRST strategy (d): 
Raising(LeftheLnd ) 
Counting(Lelthand ) 
AssignedCLefthand,=Value ) 

Strategy Acquisition in the Addition 

D o m a i n 
Thi s sectio n present s GiPS '  behavio r  throug h a  serie s 
of  differen t  strategie s fo r  addin g numbers .  Thes e strat -
egy shift s aris e fro m th e learnin g algorith m incorpo -
rate d int o th e system ,  an d the y correspon d wel l  wit h 
th e shift s observe d b y Siegle r  an d Jenkins .  Siegle r  an d 
Jenkin s classifie d thei r  subjects '  behavio r  int o 8  strate -
gies ,  o f  whic h 4  wer e base d o n countin g (th e other s in -
volve d variou s kind s o f  recognitio n an d guessing) .  I n 
thi s section ,  w e describ e eac h o f  th e 4  countin g strate -
gie s i n th e orde r  i n whic h the y generall y appear .  How -
ever ,  i t  i s  importan t  t o not e tha t  childre n alway s in -
termingl e thei r  strategies ,  sometime s eve n o n a  tria l 
by tria l  basis .  W e wil l  discus s th e issu e o f  strateg y 
variabilit y  i n th e nex t  section . 

The Sum Strategy 

GiPs '  initia l  strateg y fo r  additio n i s th e Su m strategy . 
The first  thin g th e syste m doe s i s assig n a n adden d t o 
eac h hand .  Fo r  example ,  whe n addin g 2  an d 3 ,  th e sys -
te m ma y assig n th e numbe r  2  t o th e lef t  han d an d th e 
number  3  t o th e righ t  hand .  However ,  i n thi s strateg y 
th e orde r  o f  th e addend s doe s no t  mak e a  difference , 
so i t  coul d jus t  a s easil y hav e switche d them . 

Next ,  th e syste m begin s it s procedur e o f  countin g 
out  a  se t  o f  fingers  o n eac h hand .  T o accomplis h thi s 
tas k th e End-Coun t  operator s initiall y  us e a  counte r 
t o determin e whe n a  han d i s finished  bein g counte d 
out .  Fo r  example ,  th e precondition s o f  Left-End -
C o u NT deman d tha t  th e syste m b e raisin g fingers  o n 
th e lef t  hand ,  an d tha t  th e valu e o f  th e counte r  b e 
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equal  t o th e valu e o f  th e left-han d addend .  Thes e pre -
condition s ar e se t  u p a s subgoals ,  causin g th e selec -
tio n o f  th e Start-Rais e an d Start-Coun t  opera -
tors ,  whic h initializ e th e forward-chainin g procedur e 
of  raisin g an d countin g finger s on e a t  a  time .  Tlios e 
operator s execut e alternatel y unti l  Left-End-Coun t 
can execute ,  whe n th e correc t  numbe r  o f  finger s hav e 
been counte d o n th e lef t  hand . 

Afte r  th e lef t  han d ha s bee n counted ,  th e Clobber -
COUNTER operato r  immediatel y executes .  Thi s oper -
ato r  execute s whe n al l  th e finger s o f  a  han d hav e bee n 
raise d alon g wit h a  runnin g count .  It s effect s ar e t o 
zer o th e valu e o f  th e counte r  t o prepar e i t  fo r  th e nex t 
hand ,  an d t o mar k th e curren t  han d ei s uncounted ,  be -
caus e th e counter' s valu e hai s bee n changed .  Thi s en -
tir e procedur e the n repeat s wit h th e righ t  hand . 

Afte r  bot h hand s hav e bee n counted ,  Determine -
Answer  check s whethe r  i t  ca n execute .  I t  ca n onl y 
execut e i f  bot h hand s ar e marke d a s counted ,  bu t  ex -
ecutio n o f  Clobber-Counte r  ha s cause d thi s t o b e 
false .  Therefore ,  th e syste m agai n attempt s t o coun t 
up finger s o n eac h hand ,  thi s tim e markin g fingers  tha t 
ar e alread y raised .  Fo r  thi s procedur e n o Clobber -
Counte r  i s necessary ,  becaus e th e numbe r  o f  raise d 
fingers  (rathe r  tha n th e valu e o f  th e counter )  i s  use d 
t o termmat e th e coun t  fo r  eac h hand .  Finally ,  afte r 
each han d ha s bee n counte d fo r  th e secon d time ,  GiP S 
announce s th e answer . 

As th e syste m repeatedl y solve s additio n problems , 
i t  continuousl y update s th e executio n concept s fo r  th e 
End-Coun t  operators .  Afte r  a  while ,  th e concep t  en -
code s severa l  regularitie s tha t  ar e alway s tru e whe n 
thes e operator s execute .  Fo r  example ,  ther e ar e al -
ways tw o addend s i n th e proble m description ,  an d th e 
number  o f  "marked "  fingers  i s alway s zero .  Mos t  im -
portantly ,  however ,  th e concep t  encode s th e numbe r 
of  raise d fingers  i s alway s equa l  t o th e counte r  valu e 
(whic h i n tur n i s equa l  t o th e goa l  valu e fo r  countin g 
an addend) .  Thus ,  thes e literal s eventuall y ge t  adde d 
int o th e precondition s fo r  th e End-Coun t  operator s 
(se e Tabl e 1(b)) .  Thi s actio n alon e doe s no t  chang e 
th e system' s outwar d behavior ,  bu t  i t  prove s impor -
tan t  fo r  late r  strategies . 

The Shortcut Sum Strategy 
Afte r  ne w precondition s hav e bee n adde d an d a  num -
ber  o f  additio n problem s hav e bee n solved ,  th e ne w 
literal s i n th e system' s executio n concept s fo r  Left -
End-Coun t  an d Right-End-Coun t  becom e stron g 
enoug h tha t  GiP S attempt s t o execut e th e operator s 
earlie r  tha n usual .  A t  som e point ,  i t  think s tha t  th e 
operator s shoul d execut e whe n th e numbe r  o f  fingers 
raise d o n a  han d i s equa l  t o th e goa l  valu e eve n thoug h 
th e syste m ha s no t  ye t  incremente d it s coun t  fo r  th e 
las t  finger.  I t  turn s ou t  tha t  th e syste m ca n success -
full y s o v e th e additio n proble m eve n i f  i t  execute s thi s 
operato r  prematurely ,  s o i t  delete s th e conditio n tha t 
th e curren t  counte r  valu e mus t  b e equa l  t o th e goa l 
valu e i n th e precondition s o f  th e End-Coun t  opera -
tor s (se e Tabl e 1(c)) . 

Thi s chang e ha s a  direc t  effec t  o n GiPS '  behavior . 
When attemptin g t o appl y Left-End-Count ,  th e 
valu e o f  th e counte r  n o longe r  appear s i n th e precon -
ditions ,  s o i t  i s  no t  poste d a s a  subgoal .  Thi s mean s 
tha t  th e Start-Coun t  operato r  i s n o longe r  selected . 
Thus ,  a  runnin g coun t  i s stil l  kep t  whil e raisin g fingers, 
but  th e counte r  i s no t  marke d fo r  us e a s th e termina -
tio n criterion .  Thi s mean s tha t  Clobber-Counte r 

wil l  no t  fire,  an d tha t  lead s t o tw o change s i n strategy . 
First ,  th e counte r  i s no t  rese t  t o zer o afte r  countin g tn e 
lef t  hand ,  an d countin g continue s fro m th e lef t  hand' s 
final  value .  Second ,  th e hand s ar e no t  marke d a s un -
counted ,  s o ther e i s n o nee d t o coun t  u p th e raise d 
fingers  agai n afte r  th e tw o hand s hav e initiall y  bee n 
counted .  Thi s behavio r  correspond s t o th e SHORTCUT 
Sum strategy ,  whic h wa s invente d b y al l  8  o f  Siegle r 
and Jenkins '  subjects . 

The Shortcut Min Strategy 
The nex t  shif t  lead s t o a n intermediat e strateg y be -
twee n Shortcu t  Su m an d M m,  whic h w e cal l  Short -
cu t  Min .  Althoug h Siegle r  an d Jenkin s d o no t  clatssif y 
Shortcu t  Mi n a s a  distinc t  strateg y fro m Shortcu t 
Sum,  the y d o not e (p .  119 )  tha t  som e o f  thei r  subject s 
begi n t o switc h addend s durin g Shortcu t  Su m s o 
tha t  the y star t  countin g wit h th e large r  adden d o n th e 
lef t  hand ,  rathe r  tha n jus t  pickin g whicheve r  adden d 
appear s first  i n th e problem .  GiP S ca n als o accoun t 
fo r  thi s behavior . 

An importan t  featur e o f  th e Shortcu t  Su m strat -
egy i s tha t  th e proble m solver' s counte r  valu e i s no t 
equal  t o th e numbe r  o f  fingers  bein g raise d o n th e righ t 
hand (i.e. ,  th e secon d hand) .  W e hypothesiz e tha t  thi s 
cause s interferenc e an d subsequen t  failure .  Suc h inter -
ferenc e woul d no t  occu r  wit h th e lef t  hand ,  becaus e th e 
number  o f  raise d fingers  i n th e SHORTCUT Su m strat -
egy i s alway s equa l  t o th e valu e o f  th e counte r  fo r  tha t 
hand .  W e simulate d interferenc e betwee n th e valu e o f 
th e counte r  an d th e numbe r  o f  fingers  raise d o n th e 
righ t  han d b y causin g GiP S t o fai l  sometime s durin g 
th e Shortcu t  Su m strateg y whe n i t  decide d t o coun t 
th e large r  adden d o n it s righ t  hand .  Thi s cause d th e 
syste m t o updat e th e selectio n concep t  fo r  th e opera -
to r  tha t  initiall y  assign s a n adden d t o eac h hand ,  s o 
tha t  i t  woul d prefe r  t o coun t  th e smalle r  adden d o n 
th e righ t  hand . 

The Min Strategy 

The final  strateg y shif t  occur s i n a  simila r  manne r  t o 
th e shif t  fro m Su m t o Shortcu t  Sum.  A t  thi s point , 
GiP S ha s attempte d t o execut e th e End-Coun t  op -
erator s a t  variou s time s an d ha s bee n give n feedbac k 
each tim e a s t o whethe r  i t  woul d b e abl e t o solv e th e 
curren t  proble m i f  i t  execute d th e operato r  a t  tha t 
time .  Thus ,  i t  i s slowl y learnin g a  "good "  concep t  fo r 
when th e End-Coun t  operator s ar e executable .  On e 
of  th e thing s tha t  prove s t o b e tru e ever y tim e thes e 
operator s ar e execute d i s tha t  th e goa l  valu e fo r  count -
in g ou t  a  han d i s equa l  t o th e adden d assigne d t o tha t 
hand . 

Eventually ,  th e syste m attempt s t o fire  th e Left -
End-Coun t  operato r  withou t  havin g raise d an y fin-
ger s a t  all .  Whe n i t  succeed s b y doin g this ,  i t  delete s 
th e preconditio n tha t  th e numbe r  o f  fingers  raise d o n 
th e han d b e equa l  t o th e goa l  valu e (se e Tabl e 1(d)) . 
The syste m ha s learne d tha t  i t  ca n simpl y star t  count -
in g fro m th e goa l  valu e fo r  th e lef t  han d rathe r  tha n 
startin g fro m zero .  GiP S als o attempt s t o execut e th e 
Right-End-Coun t  operato r  early ,  bu t  thi s lead s t o 
failure .  Thus ,  th e syste m begin s t o exhibi t  th e Mi N 
strategy ,  i n whic h th e larges t  numbe r  (th e left-han d 
number )  i s simpl y announce d an d use d t o continu e 
countin g th e smalle r  numbe r  a s i n th e Shortcu t  Mi n 
strategy . 
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T h e Firs t  Strateg y 

The onl y othe r  countin g strateg y foun d b y Siegle r  an d 
Jenkin s i s th e FiRS T strategy .  I t  wa s use d o n onl y 
6 trials ,  al l  b y th e sam e subject .  Firs t  i s  simila r 
t o th e Mi N strategy ,  excep t  tha t  i t  doe s no t  assig n 
th e large r  adden d t o th e lef t  hand .  Rather ,  i t  start s 
wit h whicheve r  adden d i s presente d first,  an d contin -
ues countin g wit h th e second .  I n GiPS ,  thi s strateg y 
follow s fro m th e SHORTCUT Su M strateg y whe n th e 
syste m doe s no t  lear n abou t  orderin g th e addends . 
Whil e usin g th e Firs t  strategy ,  th e syste m ca n stil l 
eventuall y generat e th e Mi N strateg y throug h th e sam e 
typ e o f  failure-drive n learnin g tha t  lead s fro m SHORT-
CUT Su m t o Shortcu t  Min . 

Summary and Discussion 

Bot h th e Su m strateg y an d th e Mi N strateg y hav e 
thre e mai n subgoals :  t o represen t  on e addend ,  t o rep -
resen t  th e th e othe r  addend ,  an d t o coun t  th e unio n 
of  th e representations .  Th e SUM-to-Mi N transitio n 
involve s thre e independen t  modification s t o th e Su M 
strategy :  (1 )  Th e subgoa l  o f  representin g on e adden d 
change s fro m explicitl y  constructin g a  se t  o f  object s t o 
simpl y sayin g th e addend .  (2 )  Th e orde r  o f  addend s 
i s mad e conditiona l  o n thei r  siz e s o tha t  th e large r 
adden d i s represente d b y th e easie r  process .  (3 )  Th e 
proces s o f  representin g th e othe r  adden d i s ru n i n par -
alle l  wit h countin g u p th e union .  I n th e Su m strategy , 
representin g th e othe r  adden d i s finished  befor e count -
in g u p th e unio n begins . 

The GiP S accoun t  fo r  eac h o f  thes e transition s i s a s 
follows .  Th e first  transitio n i s cause d b y correlationa l 
learnin g o f  preconditions .  GiP S keep s trac k o f  whic h 
literal s i n th e situatio n ar e correlate d wit h th e final 
achievemen t  o f  th e goa l  o f  representin g th e firs t  ad -
dend .  Eventually ,  i t  consider s thes e correlate d literal s 
t o b e jus t  a s essentia l  a s th e originall y specifie d pre -
conditions .  I t  eventuall y discover s tha t  th e originall y 
specifie d precondition s ca n b e ignore d a s lon g a s th e 
correlate d literal s ar e achieved . 

The secon d transitio n i s cause d b y norma l  failure -
drive n learning .  Th e syste m use s tw o apparentl y equiv -
alen t  methods ,  bu t  persisten t  error s i n on e o f  the m 
cause s th e othe r  on e t o eventuall y dominate . 

The thir d transitio n agai n involve s a  correlationa l 
typ e o f  learning .  Th e C o u n t  operato r  i s responsibl e 
fo r  incrementin g th e ora l  counter .  Initially ,  i t  i s  se -
lecte d onl y whe n th e subgoa l  o f  counting-u p a n adden d 
i s present .  Eventually ,  correlate d relation s tha t  ar e 
presen t  i n th e curren t  stat e (i.e. ,  tha t  a  finger  ha s jus t 
>een raised )  com e t o dominat e th e selectio n concept , 

and th e operato r  become s a  forward-chainin g opera -
tor .  Basically ,  th e perso n ha s develope d th e habi t  o f 
countin g wheneve r  the y rais e a  finger  eve n i f  tha t  coun t 
doesn' t  serv e an y direc t  purpose .  Althoug h GiP S coul d 
lear n thi s habit ,  w e actuall y gav e C o U N T a  forward -
chainin g selectio n concep t  i n ou r  experiment s i n or -
der  t o sav e time .  Give n thi s habit ,  i t  serendipitousl y 
achieve s th e goa l  o f  countin g th e unio n eve n whe n th e 
counte r  i s n o longe r  use d t o represen t  th e secon d ad -
dend . 

Althoug h thi s summar y leave s ou t  som e crucia l  de -
tails ,  i t  make s i t  clea r  tha t  correlationa l  learnin g i s cru -
cia l  t o th e GiP S accoun t  fo r  th e first  an d thir d transi -
tions .  Ordinar y failur e drive n learnin g ca n handl e th e 
second . 

Our  analysi s wit h GiP S help s clarif y severa l  impor -

tant ,  genera l  issue s abou t  strateg y change .  Siegle r  an d 
Jenkin s observ e that ,  "No t  on e chil d adopte d a  strat -
egy tha t  coul d b e classifie d a s indicatin g a  lac k o f  un -
derstandin g o f  th e goal s o f  addition. "  (p .  107 )  I n thi s 
respect ,  th e subject s ar e simila r  t o thos e o f  Gelma n 
and Galliste l  (1978 )  wh o foun d tha t  ver y youn g chil -
dre n woul d inven t  correc t  strategie s fo r  countin g a  se t 
of  object s eve n whe n unusua l  constraint s wer e place d 
on the m t o thwar t  thei r  norma l  strategy . 

The initia l  knowledg e give n t o GiP S doe s no t  includ e 
any explici t  principle s o f  additio n o r  counting .  A s fa r 
as i t  i s  concerned ,  th e Su m strateg y i s jus t  a  son g tha t 
has t o b e sun g th e righ t  way .  Ho w the n doe s i t  avoi d 
developin g ba d strategies ? I n th e Siegle r  an d Jenkin s 
study ,  student s wer e tol d afte r  eac h tria l  whethe r  the y 
got  th e proble m right .  Thi s kin d o f  feedbac k i s crucia l 
t o GiPS '  learning .  GiP S occasionall y attempt s t o ex -
ecut e a n operato r  i n situation s tha t  woul d produc e a 
wron g answer .  I f  i t  wer e no t  tol d tha t  th e executio n 
was wrong ,  i t  woul d develo p wron g strategies .  Thi s 
demonstrate s tha t  a n innat e understandin g o f  addi -
tio n i s no t  necessar y fo r  a  computationall y sufficien t 
accoun t  o f  th e observe d competence . 

A commo n misconceptio n abou t  discover y i s tha t  a 
newl y discovere d strateg y o r  concep t  instantl y an d to -
tall y supplant s it s predecessor .  I n al l  protocol-base d 
studie s o f  discover y (e.g. ,  Kuhn ,  Amsel ,  &  O'Laughlin , 
1988 ;  Siegle r  k  Jenkins ,  1989 ;  VanLehn ,  i n press) ,  th e 
transitio n betwee n th e ol d strateg y an d th e ne w on e 
i s gradual .  W e hav e no t  trie d t o mode l  th e gradua l 
transitio n t o th e us e o f  th e Mi N strateg y wit h GiP S 
becaus e doin g i t  righ t  woul d requir e implementin g sev -
era l  memory-base d strategies .  However ,  i t  i s  clea r  tha t 
th e probabilisti c  natur e o f  GiPS '  selectio n an d execu -
tio n concept s woul d ten d t o predic t  a  gradua l  transi -
tion . 

Startin g i n th e eight h wee k o f  th e study ,  Siegle r  an d 
Jenkin s bega n includin g "impass e problems, "  suc h a s 
2-1-23 .  The y ha d hope d tha t  thes e woul d encourag e 
discover y o f  th e Mi N strategy ,  bu t  the y di d not ,  fo r  n o 
chil d first  use d th e Mi N strateg y o n a n impass e prob -
lem .  However ,  childre n wh o ha d alread y discovere d 
th e Mi N strateg y bega n t o us e i t  muc h mor e frequentl y 
on th e impass e problem s an d eve n o n th e non-impass e 
problem s tha t  followe d th e eight h week .  GiP S woul d 
ten d t o d o th e sam e thin g i f  i t  wer e give n impass e 
problems .  Th e large r  adden d woul d invit e error s dur -
in g th e Shortcu t  Su m an d Firs t  strategies ,  whic h 
woul d lowe r  th e value s o f  thei r  selectio n concepts .  Th e 
inclusio n o f  impass e problem s woul d no t  effec t  th e er -
ro r  rat e o f  th e Mi N strategy ,  s o i t  woul d graduall y 
become th e preferre d strateg y fo r  al l  countin g trials . 

Siegle r  an d Jenkin s notice d tha t  som e childre n wer e 
consciousl y awar e tha t  the y ha d invente d a  ne w strat -
egy i n tha t  the y coul d explai n i t  o n th e first  tria l  wher e 
the y use d it ,  an d som e eve n recognize d tha t  i t  wa s a 
"smar t  answer, "  i n th e word s o f  on e child .  Othe r  chil -
dre n denie d usin g th e Mi N strateg y eve n whe n th e 
videotap e showe d tha t  the y ha d use d it .  Siegle r  an d 
Jenkin s divide d childre n int o thos e wh o seeme d con -
sciou s o f  th e strateg y an d thos e wh o di d not ,  an d mea -
sure d th e frequenc y o f  thei r  subsequen t  usag e o f  th e 
Mi N strategy .  Th e hig h awarenes s grou p use d th e Mi N 
strateg y o n abou t  6 0 % o f  th e trial s wher e the y use d 
any countin g strategy .  Th e lo w awarenes s grou p use d 
th e Mi N strateg y o n les s tha n 1 0 % o f  th e trials .  Thi s 
suggest s tha t  bein g awar e o f  a  newl y discovere d strat -
egy facilitate s subsequen t  usag e o f  it . 

362 



Thi s finding  canno t  b e modele d b y GiP S becaus e 
GiPS ha s n o wa y t o distinguis h a  strateg y tha t  ca n b e 
explaine d fro m on e tha t  i s inaccessibl e t o conscious -
ness .  However ,  th e finding  coul d probabl y b e modele d 
by combinin g GiP S wit h a  symboli c example-learnin g 
syste m suc h ai s Cascad e (VanLeh n k ,  Jones ,  i n press ; 
VanLehn ,  Jones ,  &  Chi ,  1991) .  I n th e ne w system , 
GiPS woul d discove r  a  strateg y an d stor e a  trac e o f 
th e strategy' s action s i n memory .  Thi s trac e woul d 
be use d a s a n exampl e t o b e explaine d b y th e sec -
ond system .  I f  enoug h o f  th e trac e ca n b e recalle d fo r 
th e explanatio n t o succeed ,  i t  annotate s th e step s i n 
th e trac e an d perhap s th e operator s whos e execution s 
produce d th e steps .  Thes e elaboration s woul d mak e i t 
easie r  t o retriev e th e modifie d operator s fro m memory , 
and perhap s hel p i n assignin g credi t  an d blame ,  thu s 
speedin g th e adjustmen t  o f  th e preconditions ,  selec -
tion ,  an d executio n concepts .  Thes e influence s woul d 
increas e th e usag e o f  th e ne w strateg y o n subsequen t 
problems . 

To summarize ,  GiP S achieve s it s mai n researc h ob -
jective ,  providin g a  computationa l  accoun t  o f  th e sev -
era l  strateg y shift s observe d durin g th e SuM-to-Mi N 
transition .  I t  use s plausibl e loca l  processes ,  rathe r 
tha n globa l  optimizatio n technique s a s require d b y th e 
H PM system .  I n addition ,  GiP S use s modes t  amount s 
of  storage ,  i n contras t  t o H P M,  whic h store s com -
plet e solutio n trace s fo r  indefinit e periods .  Mos t  im -
portantly ,  GiP S produce s al l  an d onl y th e transitiona l 
strategie s observe d i n th e Siegle r  an d Jenkin s study . 
The GiP S analysi s solve s a  numbe r  o f  puzzle s raise d b y 
th e Siegle r  an d Jenkin s study .  Thes e includ e th e abil -
it y  t o mak e significan t  strateg y shift s withou t  impasse -
drive n learning ,  an d t o avoi d inventin g ba d strategie s 
withou t  assumin g innat e knowledg e o f  th e principle s o f 
addition .  Thus ,  GiP S provide s a  plausible ,  computa -
tionall y sufficien t  accoun t  o f  th e discover y o f  th e Mi N 
strategy .  However ,  Siegle r  an d Jenkin s produce d a  sec -
ond se t  o f  findings  o n th e gradua l  increas e i n usag e o f 
th e newl y discovere d strategy .  W e hav e no t  ye t  trie d 
t o mode l  thes e findings,  bu t  GiP S seem s t o provid e a n 
appropriat e framewor k fo r  doin g so . 
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