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ABSTRACT: Using magneto-infrared spectroscopy, we have explored the
charge dynamics of (Bi,Sb)2Te3 thin films on InP substrates. From the
magneto-transmission data we extracted three distinct cyclotron resonance
(CR) energies that are all apparent in the broad band Faraday rotation
(FR) spectra. This comprehensive FR-CR data set has allowed us to
isolate the response of the bulk states from the intrinsic surface states
associated with both the top and bottom surfaces of the film. The FR data
uncovered that electron- and hole-type Dirac Fermions reside on opposite
surfaces of our films, which paves the way for observing many exotic
quantum phenomena in topological insulators.

KEYWORDS: Bismuth antimony telluride, topological insulators, cyclotron resonance, Faraday rotation, topological surface states

Three-dimensional (3D) topological insulators (TIs) are
insulating in the bulk but host gapless, topologically

protected surface states (TSSs).1,2 The Dirac-like TSSs are
robust against disorder, as they are protected by topological
properties of the bulk electronic wave functions.3 The linear
band dispersion of TSSs4−6 has been identified by angle
resolved photoemission spectroscopy (ARPES), whereas
scanning tunneling spectroscopy (STS)7,8 has verified the
distinctive√B dispersing Landau levels (LLs) of the TSS. With
the advent of the new generation of thin films of 3D-TIs, it
became possible to minimize bulk conduction, yielding an
electrodynamic response that is dominated by the TSS.9−11

However, when surface sensitive probes (ARPES, STS) are
applied to these new TI films, they are only able to characterize
the top, vacuum-facing surface of the sample. While transport
measurements probe all conducting channels in TI thin films,
the decomposition of the response to each individual TSS/bulk
layer is not trivial.
Here we report on Faraday rotation (FR) and cyclotron

resonances (CR) magneto-transmission spectroscopy of
(Bi1−xSbx)2Te3 (BST) thin films. The combination of these
techniques yields a comprehensive characterization of the TSS
dynamics both at the top and bottom surfaces, complementary

to transport and ARPES data.5,6,12−14 We stress that FR, the
rotation of light polarization after passing through a medium in
magnetic field, is particularly informative in distinguishing
multiple conductive channels in complex materials.15,16 Where-
as both CR and FR experiments are sensitive to transitions
between the LLs, only the FR allows one to unambiguously
discriminate the response of electrons and holes via the sign of
the Faraday angle θF.

17,18 Additional insights come from the
magnetic field dependence of the LL transitions energy (ΔEn),
satisfying the dipole selection rule:19,20 Δ|n| = ±1. For instance,
in a system with parabolic bands, including bulk bands in TIs,
LL transitions scale linearly with magnetic field as eB/m, where
m is the band mass (classical CR). Drastically different LL
energies are anticipated and observed for Dirac Fermions in
TSSs:19−21
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where EDP is the Dirac Point energy, n is the LL index, vF is the
Fermi velocity, and B is the magnetic field. Therefore, TSS/
bulk carriers can be further distinguished by their dispersion of
LL transition energies with magnetic field (√B/linear in B).
Recently, we used terahertz/far-infrared transmission spec-

troscopy to study the dynamic response of BST thin films
grown on InP (111)A substrates (see Supporting Information
Sec. I for more details). We found an exceptionally small Drude
weight that lies within the upper limit imposed by the
conductivity sum rule for TSS.9 Although the sum rule criterion
is instructive, this analysis does not allow one to discriminate
between the contributions due to the surface and the bulk. In
this work, we disentangle these contributions based on their
unique, dynamic responses in a magnetic field. The broadband
FR-CR measurements enable a multicomponent analysis of the
data and uncover marked distinctions between top and bottom
TSSs in our films. The two surfaces have different Fermi
energies and host Dirac Fermions of opposite sign, which is
required for an observation of a number of exotic effects,
including topological exciton condensation in TIs.6,22

Generally, multiple types of carriers (electrons/holes in TSS/
bulk bands) can coexist in TIs and all contribute to the
magneto-optical (MO) response. According to the Drude−
Lorentz (DL) model, the total conductivity is the sum of
oscillators:
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The first term in eqs 2 and 3 stands for the Drude response
of free carriers in magnetic field. Each oscillator is characterized
by its own Drude weight (Dj = πne2/m), cyclotron frequency
ωc,j = qB/m, and scattering rate γj. The second term in eq 2
represents Lorentzian oscillators centered at ωo,j, with plasma
frequency ωp,j and scattering rate Γj. The Lorentzian terms
describe the contributions of phonons and are absent in the

Hall conductivity σxy. The high frequency dielectric constant ε∞
accounts for absorptions above the measured frequency range
and is associated with interband transitions. In eq 2, each of the
Drude oscillators can describe a CR/LL transition in the
classical/quantum regime. The model implies that the Drude
absorption peak is shifted from zero frequency at B = 0 to finite
cyclotron frequency ωc in the presence of an external magnetic
field. Similar multicomponent models have been used to
successfully decode the complex MO spectrum for multilayer
graphene17 and Bi2Se3 thin films.10

In the far-infrared region under the thin-film approximation,
the measured broadband CR and FR spectra are directly related
to real part of σxx(ω, B) and σxy(ω, B), respectively. For
simplicity, σxx and σxy will be assumed to be the real part of the
corresponding complex functions in the rest of this Letter.
Magneto-transmission spectra normalized by the spectrum at

zero field T(ω, B)/T(ω, 0) are shown in Figure 1a. The most
prominent field-induced features can be identified in the
spectrum obtained at B = 8 T: a marked increase (∼10%,
labeled as A) in the transmission is observed at low frequency,
followed by a dip (B) and a weak downturn (C) at higher
frequencies. The gross features of the experimental data are
accounted for within the Drude model of the cyclotron
resonance (eq 2). Both A and B features can be identified in the
data at smaller fields. As the magnetic field increases (from 2 to
8 T), the positions of these features increase: an observation
consistent with the multicomponent CR interpretation of the
observed features. The black arrows in Figure 1 indicate the
position of two phonon modes (∼6 and 8 meV) in BST.9 The
phonon frequencies do not exhibit frequency shifts with
magnetic field.
Faraday rotation spectra, shown in Figure 1b, offer

complementary insights into the magneto-optical response. In
addition to the low-frequency phonons (arrows), one can
readily observe three inflection points (a, b, and c) below 30
meV. Each inflection point corresponds to a peak in σxx
associated with an underlying CR/LL transition.10,17 All three
inflection points harden with increasing magnetic field.
The highest measured FR angle in the low-frequency limit of

our data (∼15 mrad) is an order of magnitude smaller
compared to previous work on Bi2Se3.

10 We remark that the
quantized FR is expected to occur in multiples of α ≈ 7 mrad

Figure 1. (a) Magneto-transmission data normalized by the spectrum at zero field of the BST thin film. (b) Faraday rotation (FR) data. Data at
different fields are offset by (a) 0.02 and (b) 4 mrad for clarity. Opaque regions due to InP absorption are greyed-out. Black dotted lines are Drude−
Lorentz model fits for 8 T data and black arrows indicate the positions of infrared active phonons (∼6 and 8 meV). (c) Schematic showing the FR
definition and measurement setup.

Nano Letters Letter

DOI: 10.1021/acs.nanolett.6b04313
Nano Lett. 2017, 17, 980−984

981

http://pubs.acs.org/doi/suppl/10.1021/acs.nanolett.6b04313/suppl_file/nl6b04313_si_001.pdf
http://dx.doi.org/10.1021/acs.nanolett.6b04313
http://pubs.acs.org/action/showImage?doi=10.1021/acs.nanolett.6b04313&iName=master.img-001.jpg&w=375&h=162


both in graphene and TIs in the limit of ω ≪ ωc, Eg,
23,24 where

Eg is the energy gap associated with the bulk response. The
experimental observation of quantized FR has been reported
recently in different TI systems at THz frequencies.25−27 In this
work, the condition ω ≪ ωc is not strictly fulfilled since the
lowest experimental frequency (∼3 meV) is still very close to
ωc (∼8 meV) at 8 T due to the broadness of the resonance.
Therefore, the observed small rotation is unlikely to be related
to quantized FR. Below we will demonstrate that the small
rotation is the result of an interplay of multiple transitions,
clearly resolved in our broadband spectra, yielding both
negative and positive FRs.
We used the DL model (eqs 2 and 3) to fit the CR and FR

spectra at each measured magnetic field. The minimum model
required to fit both data sets contains three different Drude
oscillators. A plausible interpretation of these three oscillators is
in terms of three conduction channels associated with the bulk,
top, and bottom surfaces of our films. In Figure 2a,b we plot
each of these three contributions along with the experimental
data at 8 T (red solid line).

The coexistence of three mobile carriers in BST is
particularly evident from the decomposition of the fit for θF
(Figure 2b). The gross features of the spectra are well described
by the multicomponent FR response.17 Specifically, the two
features with negative slopes (a and c) attest to two distinct p-
type carriers with different Drude weight and scattering rate.
We depict these contributions with the solid and dashed gray
lines, respectively. The hump feature with positive slope (b)
originates from n-type carriers and is indicated with the gray

dash-dotted line. In the limit of small Faraday rotation (θF ≪ 1
rad),28 the total rotation angle equals the sum of rotations due
to the three terms a, b, and c. This net rotation (black dotted
line) reproduced all features of our data (red line). The very
same parameter set also captures the behavior of magneto-
transmission spectra in Figure 2a. All fitting parameters for
different magnetic fields are summarized in Figure 3 (see fits for

all magnetic fields in Supporting Information Figure S1). We
stress that the same model describes the entire data of CR and
FR spectra at all different fields. This consistent description of
the entire data set attests to the validity of the multicomponent
analysis.
The extracted diagonal conductivity σxx at B = 0 and 8 T is

plotted in the inset of Figure 2c. As mentioned before, two
phonons dominate the low energy conductivity and do not
change with the magnetic field. Their frequencies (ωo),
oscillator strengths (ωp

2), and widths (Γ) are therefore kept
constant at their zero field values (listed in Table S1 in
Supporting Information) during the fitting at all magnetic
fields. The electronic background is modified by the field.
Specifically, the spectral weight (SW), defined as SW = ∫ 0

Ωc

σxxdω (Ωc: cutoff frequency), shifts from low energy (∼3 meV)
to higher energy (∼15 meV) in the B = 8 T spectrum. This SW
shift is more evident in the field-induced changes of σxx (Figure
2c). According to the f-sum rule,29 the total SW should be

Figure 2. Experimental and modeling results for (a) transmission and
(b) FR spectra at 8 T using multicomponent Drude−Lorentz model.
In each panel, the red solid line is the data and black dotted line is the
fit. Dashed gray lines represent contributions from the bulk. Solid and
dash-dotted gray lines represent contributions from the two surfaces
states. In panel (c) we plot the difference between the diagonal
conductivity (σxx) spectra obtained at 8 T and at 0 T. The inset
displays σxx at 8 and 0 T, which are dominated by phonons (6 and 8
meV) of BST. In panel (d) the Hall conductivity (σxy) is plotted. In
(b) and (d) the signal from SS 2 (n-type) is opposite in sign compared
to SS 1 and bulk (p-type).

Figure 3. Parameters obtained from the Drude−Lorentz fit of
magneto-transmission and Faraday rotation spectra (Figure 1). (a)
Transition energies of the CR-like peak for bulk carriers; dashed line is
a linear fit to the data. (b) Intraband LL transition energies for SS 1
(red circle) and SS 2 (blue diamond). Solid lines are model curves (eq
1) of LL1→2 and LL−1→0 with vF = 2.49 × 105 and 0.9 × 105 m/s,
respectively. Drude weight of the bulk and TSS carriers are displayed
in (c) and (d), respectively. The decreasing Drude weight of the bulk
CR is unexpected for typical CR transitions. The sum of all three
Drude weights is also displayed in (c) as gray triangles. (e,f) Scattering
rates for bulk and TSS carriers.
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conserved and independent of magnetic field, given an
appropriate Ωc. Indeed, from Figure 2c we find that the
magnetic field induced accumulation of SW around ℏωc is
qualitatively compensated by loss of SW at low energies.
Phonon absorptions also affect the shape of FR spectra at low

frequencies, shown in Figure 2b. However, according to eq 3,
the Hall conductivity (σxy) is expected to only contain
electronic contributions. Indeed, the σxy spectra (red line in
Figure 2d) extracted via thin-film approximation are free of
phonon structures. The extracted total σxy spectra show an
excellent agreement with the three-layer DL model calculation
(black dotted line), justifying the use of thin-film approx-
imations (see Supporting Information Sec. I). We now turn to
the analysis of the fitting parameters extracted from the three-
layer DL description of magneto-optics data. Each layer is
parametrized by its own cyclotron frequency (ℏωc), Drude
weight (D), and scattering rate (γ). All these contributions are
additive in the MO response in the thin-film limit.10,28

In Figure 3 we plot the field dependence of ℏωc, D, and γ
extracted from simultaneous fitting of the CR and FR spectra at
different magnetic fields. This analysis reveals the √B-
dependence of the transition energy for the two lower energy
transitions, shown in Figure 3b. The √B law is the hallmark of
LL spacings for massless Dirac fermions, and therefore, we
assign these two terms to the response of the TSSs in our films.
Notably, this behavior can only be observed provided the Fermi
energy is close to the Dirac point when only the lowest few LLs
are occupied.18,30 We thus conclude that the Fermi energies
associated with two surfaces in BST are very close to the Dirac
point, and we will report estimates of EF below. In contrast, the
broader CR-like transition (Figure 3a) shows conventional
linear field dependence. We attribute this latter mode to bulk p-
type carriers, as pictured in the inset of Figure 3a. The
cyclotron mass extracted from the slope is 0.055 me, which is
smaller than the effective mass of 0.08 me deduced from
quantum oscillations for a p-type BST sample.31 The
discrepancy could be due to difference in Fermi energy (BST
valence band are nonparabolic31) and/or stain in our thin films.
Note that there is a peak structure in γ (Figure 3e) around 4 T,
where the corresponding ℏωc ≈ 8 meV coincides with one of
the phonons of BST. It is possible that the peak arises from the
scattering between bulk CR and phonon modes, as suggested in
a recent terahertz MO study on Bi2Se3.

10

It is worth emphasizing that the transition energies of the
two SS transitions (a and b) are fairly close to each other,
especially at low fields. We can nevertheless differentiate these
two contributions because of the hump structure in the FR
spectra, which is characteristic of the two opposite polarization
rotations nearly canceling each other. Thus, the FR spectra
allow us to unambiguously differentiate and assign these two
responses to two different surfaces.
The evolution of Drude weight and scattering rate of the two

SS transitions with field are intriguing as well (Figures 3d,f).
Both Drude weights increase with increasing magnetic field, in
accord with the theoretical prediction for Dirac fermions.21 In
contrast, the Drude weight for semiclasical CR is usually field-
independent and equals the zero-field Drude weight.30 The
scattering rates of the two SS transitions decrease with B field
and show an overall 1/B dependence, which is indicative of
charged impurity scattering.32,33 The scattering rates of the TSS
carriers are also much smaller than their bulk counterpart,
indicating much higher mobility associated with the surface
states.

The requirement of EF lying very close to the Dirac point
(√B dispersion) constrains the assignment of the observed SS
Landau level transitions to two possibilities: LL0→1 and LL1→2
or alternatively LL−1→0 and LL−2→−1 for hole-like transitions.
Higher intraband LL transitions (|n| ⩾ 2) are excluded for two
reasons: (i) At |n| ≈ 2, these transitions are expected to produce
discontinuous jumps in transition energy that are not observed
in our data; (ii) At |n| ≫ 2, corresponding to high Fermi
energy, the evolution of the transition energy with the B field
resembles the linear scaling (quasi-classical CR),34 whereas our
data show the √B behavior, requiring low Fermi energy.
Fitting the two SS transitions with linear dependence will result
in finite intercept in energy, contrary to the semiclassical CR
picture. However, fits with √B dependence show excellent
agreement with experimental transitions energies (Figure 3b).
Since the n-type SS transition also has higher Drude weight
than the p-type SS, we attribute the former to LL1→2 and the
latter to LL−1→0, with EF ≈ 25 and −6 meV away from the
Dirac point, respectively (see Supporting Information Figures
S3 and S4).
The √B fitting in Figure 3b assumes a Fermi velocity of 2.49

× 105 m/s (0.9 × 105 m/s) for the n-type (p-type) TSS. The vF
of our n-type TSS is very close to the ARPES value of 2.2 × 105

m/s on an n-type Sb2Te3/Bi2Te3 bilayer film with similar EF
(∼30 meV).35 Due to the electron−hole asymmetry, vF is
expected to be smaller on the hole side of the Dirac cone,
consistent with our smaller estimated vF for the p-type TSS.
Finally, we wish to remark on possible relevance of our

findings to the hypothesis of chiral magnetic effect.36,37 It was
conjectured that TSSs separating bulk from vacuum become
oppositely charged in applied magnetic field, qualitatively
consistent with our data. The carrier density on the two
surfaces was predicted to scale linearly with the magnetic field,
also in approximate agreement with our data (Figure 3d) at B <
5 T. The induced densities flatten off at B > 5 T, likely due to
the screening of finite bulk charge carriers. This hypothesis has
implications for the finite frequency response of a TI: a
resonance mode can be anticipated in infrared frequencies,
offering yet another opportunity to investigate the condensed
matter manifestations of phenomena discussed in high energy
physics. The search for such resonances remains a challenge for
future theoretical and experimental studies of 3D-TIs as well as
Dirac/Weyl semimetals38,39 in magnetic field.
In conclusion, we optically distinguished coexisting TSSs and

bulk carriers in BST from their different LL transition dynamics
in magnetic field. Our results also show that the Fermi levels for
the TSSs are remarkably low, allowing for the observation of
√B behavior characteristic of intraband LL transition.
Importantly, the top and bottom TSS host carriers of opposite
type, separated by the bulk. Such separated n- and p-type Dirac
fermions pave the way for the observation of exotic quantum
phenomena in TI, such as topological magneto-electric effect40

and topological exciton condensation.22
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Figure S1: Modeled (short dashed line) magneto-transmission (a) and Faraday rotation (b)
curves overlaid on raw data (solid line) for all measured magnetic fields (1 - 8 T).

I. Experimental details and Thin-film approximation

The (Bi1−xSbx)2Te3 (BST, x=0.54) films (58 nm) are grown on InP (111)A substrates. A

∼10 nm amorphous Se capping layer was deposited on top of the BST film to protect it

from exposure to atmosphere.1,2 The capping layer is not removed to keep the film in its

pristine form for all magneto-optical measurements. Far-infrared transmission spectra of

large area (∼4 mm2) BST samples were measured in zero and finite magnetic fields (0 T to

8 T) using a Fourier transform spectrometer coupled to an 8 T split-coil superconducting

magnet. Transmitted radiation was detected by a He-cooled bolometer maintained at 1.6 K

and 4.2 K for THz and far-IR frequencies, respectively. Faraday geometry (light propagating

along c axis and B//c axis) was used for all the transmission measurements. The sample

and substrate temperature were maintained at T = 15K using a Helium flow cryostat.

Faraday rotation spectra were measured in the same frequency range and temperature

as the transmission spectra using a crossed polarizer technique3 where a polarizer is placed

both before and after the sample. These polarizers could be rotated to measure the angu-
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Figure S2: Solid magenta lines in all panels are experimental data: (top panels) zero-field
normalized transmission T(B)/T(0) (CR) at 6T; (bottom panels) Faraday rotation (FR)
at 6T. The two oscillator model can only reproduce some features in CR and FR spectra;
therefore fits in panels (a) and (b) are optimized for CR spectra, while fits in panels (c) and
(d) are optimized for FR spectra. Black arrows in (b) and (d) indicate the hump feature in
FR that is not reproduced by two oscillator models. Panels (e) and (f) are fits with three
oscillator model, showing excellent agreement between model and data.

lar dependence of the transmitted radiation. Both polarities of the magnet were used to

eliminate spurious rotation signal arising from the optical elements.

The real parts of the diagonal (Hall conductivity) can be directly extracted from experi-

mentally measured substrate-normalized transmission (Faraday rotation) spectra, using the

thin-film approximation:4–6

T (ω,B) ≈
[
1 +

2

1 + ns

1 + t4r3

1− t4r4
Re(Z0Gxx)

]−1
(1)
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Figure S3: Calculated Landau-level fan diagram (a) from a pure Dirac band with vF=2.49×
105 m/s. Black dashed lines in (a) are line cuts at different Fermi energy, around each Fermi
energy the intraband LL transition allowed by selection rule are plotted in panel (b)-(d)
and panel (e)-(g) as black solid lines. In low Fermi energy region (b)-(d), the intraband LL
transition energy follow

√
B relation with magnetic field, with jumps when Fermi energy

crosses a LL. In high Fermi energy region (e)-(g) the transition energy scales linearly with
magnetic field and enters the quasi-classical region. Red line in (e)-(g) are linear fit using
ωc = eB/m∗. In panel (d) the experimental data for the n-type intraband LL transition was
overlaid on top of the model.

Table S1: BST phonon parameters extracted from zero field transmission spectra

Phonon energy ωo (meV) Oscillator strength ω2
p (105 cm−2) width Γ (meV)

1 5.90 5.129 0.94
2 7.66 1.624 1.22

θF (ω,B) ≈ Re(Z0Gxy)

1 + ns + Re(Z0Gxx)
(2)

where t(ω)=exp(−ωksds/c), r(ω) = (ns−1)/(ns +1), Gxx/xy = σxx/xy ·d is the diagonal/Hall

conductance, Z0 is the impedance of vacuum and d is the thickness of the film. In Eq. (4),

ns(ω), ks(ω) and ds are the refractive index, extinction coefficient, and thickness of the sub-

strate. Note that unlike graphene, phonons dominate the low energy diagonal conductivity

in BST, so that Gxx cannot be ignored in the expression of θF . The wavelength of far-IR

light (∼10−500 µm) is much larger than the sample thickness (∼1 nm/58 nm for SS/bulk),
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Figure S4: Calculated Landau-level fan diagram (a) from a pure Dirac band with vF=0.9×105

m/s. Black dashed lines in (a) are line cuts at different Fermi energy, around each Fermi
energy the intraband LL transition allowed by selection rule are plotted in panels (b)-(d)
and panels (e)-(g) as black solid lines. In low Fermi energy region (b)-(d), the intraband
LL transition energy follow

√
B relation with magnetic field, with jumps when Fermi energy

crosses an LL. In high Fermi energy region (e)-(g) the transition energy scales linearly with
magnetic field and enters the quasi-classical region. Red line in (e)-(g) are linear fit using
ωc = eB/m∗. In panel (c) the experimental data for the p-type intraband LL transition was
overlaid on top of the model.

so responses from different layers effectively add up in the MO response.

II. Comparison of two oscillator and three oscillator

model

The fitted CR and FR spectra (dashed lines) are overlaid on top of raw spectra (solid lines)

for all measured magnetic fields, as shown in Figure S1. The phonon parameters (listed

in Table S1) are deduced from zero-field transmission measurements, in agreement with

previous values.1,7 Phonon parameters are fixed to be zero-field values for fitting CR and

FR spectra.

To further illustrate the necessity of three oscillators to fit both CR and FR spectra, we

compare the fitting results of two and three oscillator model with experimental spectra. In
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Figure S2, the solid magenta lines in all panels are CR (top panels) and FR (bottom panels)

spectra at B = 6 T.

Panels (a) - (d) show two oscillator model fits with different fitting parameters. Since

the two oscillator model can only capture some features in CR and FR spectra, the fits are

optimized for either T(B)/T(0) or FR, shown in panels (a), (b) and (c), (d), respectively.

For example, in panel (a) where the CR spectrum is well reproduced by the two oscillator

model, the corresponding FR model (black dotted line in (b)) is in stark contrast with

experiment. The modeled low frequency FR is about three times the experimental value

and the hump feature in FR data (black arrow in (b)) is not reproduced. One can reduce

the spectra weight of both oscillators to match the FR data in amplitude, as illustrated

by the black dotted line in (d). However, the hump feature is still not reflected in the

model. Moreover, this artificially reduced spectral weights also lead to significantly reduced

absorption (enhanced transmission) compared to zero field transmission, as reflected in panel

(c).

The rightmost column depicts the fitting result with three oscillator model for B=6T,

showing excellent agreement between model and both CR (e) and FR (f) spectra. As men-

tioned in the main text, the hump feature constitutes direct evidence of a third electron-like

carrier channel, which has FR angle opposite to hole-like carriers.

III. Additive Faraday rotation under the limit θF � 1

radian

In this section we present a simple derivation of the additive nature of small Faraday rotation

angle assumed in the main text. Let the incoming light be polarized in x direction, within
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the Jones matrix formalism, the light after two rotation can be expressed as:

Ex

Ey

 =

t2x −t2y
t2y t2x


t1x −t1y
t1y t1x


E0

0

 =

E0(t1xt2x − t1yt2y)

E0(t1xt2y + t1yt2x)


where tx and ty are the transmission coefficient of x- and y-polarized component. As-

suming θF � 1 rad, we have tyx � txx and θF = arctan(tyx/txx) ≈ tyx/txx. Therefore the

total rotation θF,total:

arctan(
t1xt2y + t1yt2x
t1xt2x − t1yt2y

) ≈ arctan(
t2y
t2x

+
t1y
t1x

) =
t2y
t2x

+
t1y
t1x

= θF1 + θF2

IV. Zeeman effect and electron-hole asymmetry

In general, the ideal Dirac LL spectrum (main text Eq. (1)) can be modified by considering

Zeeman effect and electron-hole asymmetry bands. The Hamiltonian for this non-ideal Dirac

fermion can be written as:8

Ĥ =
Π2

2m∗
+ vF (σxΠy − σyΠx) +

1

2
gsµBBσz (3)

The corresponding LL spectrum is then expressed as:

E±n6=0 = n~ωc ±
√

2e~v2F |n|B + (
1

2
~ωc −

1

2
gsµBB)2

En=0 =
1

2
~ωc −

1

2
gsµBB

(4)

where the cyclotron frequency ωc = eB/m∗ comes from the parabolic term in Ĥ and

∆ = gsµBB/2 is the Zeeman energy for surface g-factor gs. Note that unlike graphene and

conventional two-dimensional electron gas, the LLs of TSS are spin-polarized and therefore

will shift instead of split when Zeeman effect is included.9,10

When finite curvature is considered, depending on the relative value of gs and quadratic
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effective mass m∗, the LLs can be moved up, down, or even unchanged compared to the

ideal case E±n = ±
√

2e~v2F |n|B. However, the experimental value of gs for TSS has been

controversial and inconsistent, ranging from 2 to 76 for the same materials.8,11 Using gs = 11

for Sb2Te3
9 and assuming the electron-hole asymmetry is negligible, the 0th LL will shift

downward ∆ = gsµBB/2 ∼2.5 meV at 8 T. Such shift would result in slightly larger vF

in order to match the same transition energy. For the p-type LL−1→0 transition, the fitted

Fermi velocity is increased to vF = 1.1 × 105 m/s when considering the Zeeman effect.

Similar shift is drastically decreased for higher LLs, since δE±n ≈ ±∆2/2
√

2e~v2F |n|B for

∆ <
√

2e~v2F |n|B.10
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