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ABSTRACT

The equation of radiative transfer for a Rayleigh scattering atmosphere including polarization is reduced
to an azimuth-independent form. The integro-differential equations are then solved by approximating the
integrals as sums and the differentials as finite differences. The resultant set of equations is then solved by the
Feautrier technique. This method can solve inhomogeneous atmospheres by allowing for arbitrary variations
with depth of the single scattering albedo and the source term. As an example, zero-phase geometric albedos
and center-to-limb intensities are calculated for a planetary disk with a semi-infinite pressure-induced absorbing

atmosphere.

Subject headings: atmospheres, planetary — polarization — radiative transfer

I. INTRODUCTION

Interest in calculating Rayleigh scattering atmos-
pheres has recently been revived with the interpretation
of limb darkening and the near-infrared spectrum of
Uranus in terms of a deep molecular atmosphere
(Belton and Spinrad 1973; Danielson and Wannier
1973; Belton, McEIroy, and Price 1971). The
strength of H, quadrupole lines implies as much as
1450 km-amagat of H, in the line of sight, and the
limb darkening observed by Stratoscope 2 has recently
been interpreted in terms of a dense NH; cloud over-
lain with 500 km-amagat of H, (Danielson, Tomasko,
and Savage 1972). In such an atmosphere, Rayleigh
scattering would be an important—if not the dominant
—source of albedo. A comparison of the near-infrared
spectra of Neptune and Uranus suggests that Neptune
has an atmosphere similar to that of Uranus (Wam-
steker 1973). Observations of the degree of polarization
at the poles of Jupiter (Gehrels, Herman, and Owen
1969) and photography of the polar regions of Saturn
through methane-band filters (Owen 1969) again seem
to indicate the presence of a deep molecular atmosphere
with little scattering by aerosols. Belton and Price
(1973) examined the geometric albedos and the ex-
pected limb darkening of the Uranian atmosphere on
the assumption that it is semi-infinite. They were un-
able to compute the atmospheres directly, but were
forced to rescale an inhomogeneous isotropic atmos-
phere in order to approximate the inhomogeneous
Rayleigh atmosphere.

This paper presents a straightforward method for
the calculation of a plane-parallel Rayleigh scattering
atmosphere of any depth which is arbitrarily inhomo-
geneous. A cloud layer simulated by a Lambert surface
may be inserted at any finite depth. The method yields
the source function interior to the atmosphere and the
emergent intensities at the quadrature points in
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taking full account of polarization and inhomogeneity.
The technique employed is a modified version of the
Feautrier (1964) method which is used extensively in
stellar atmosphere calculations but which has not been
applied before to the planetary problem.

II. THE HOMOGENEOUS RAYLEIGH
SCATTERING ATMOSPHERE

The equation of transfer for a Rayleigh scattering
atmosphere including polarization has been formulated
and is described in depth by Chandrasekhar (1950).
Chandrasekhar’s (1950) original solution is for the
conservative, homogeneous atmosphere. More recent
authors (Abhyankar and Fymat 1971) have tabulated
the H-functions and related functions for varous non-
conservative, homogeneous, semi-infinite atmospheres.
All of these solutions have been restricted thus far to
the homogeneous case. Another approach to the
solution of the equation of transfer is through matrix
operator theory (Plass, Kattawar, and Catchings
1973; Kattawar, Plass, and Catchings 1973) and its
subsets such as the doubling technique (Hansen 1971).
Plass et al. (1973) give an excellent review and descrip-
tion of this method. Matrix operator theory is able to
deal with very complex scattering functions and is
efficient in solving homogeneous atmospheres, but
it is unable to construct smoothly inhomogeneous
atmospheres.

The proposed procedure for the solution of in-
homogeneous Rayleigh scattering atmospheres is the
reduction of the equation of transfer to a second-order
differential equation in

Jjmw) = (7, +p) + I(, —p)],

where 0 < pu < 1. The differential equation is ex-
pressed as a difference equation over a suitable r-grid,
and the integrals are replaced by quadrature sums. The
resulting equations form a block tridiagonal system
which is then backsolved to give j at each grid point
and at each quadrature point. The single scattering
albedo may be arbitrarily inhomogeneous but must
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be defined at every grid point. A full description of the
application of the standard Feautrier method (Auer
1971) to the specialized problem of Rayleigh scattering
with polarization is given in the Appendix.

As an illustrative example, a set of zero-phase
geometric albedos for a spherical planet with an
inhomogeneous semi-infinite atmosphere is calculated.
The choice of inhomogeneity in this case is dictated by
the known presence of pressure-induced absorption
processes and is chosen to match that of Belton and
Price (1973). The form of the monochromatic single
scattering albedo in an isothermal atmosphere with
both linear and pressure-induced absorption processes
can be expressed simply as w(7) = wo(l + Kr)~ /2
(Goldstein 1962; Belton and Price 1973). The value of
K is determined by all the opacity sources, and w, is
the single scattering albedo in the linear limit (v — 0).
Since the atmosphere is semi-infinite, the 7-pressure or
7-mass relationship is unnecessary and the surface
properties of the atmosphere are described fully by
the two parameters w, and K. The Rayleigh-scattered
zero-phase geometric albedos are listed in table 1 as a
function of w, and K, and the interpolated albedo
contours in the (w,, K)-plane are shown in figure 1. A
comparison of table 1 for w, = 1.0 with table 2 from
Belton and Price (1973) shows that their albedos are
consistently too high. The zero-phase backscattered
intensities from center to limb are plotted in figure 2
for w, = 1.0 and for selected values of K. The inten-
sities in the region of the turnover from limb darkening
to limb brightening are not monotonic, as is shown
by Belton and Price (1973, fig. 1). Hence, the transition
from limb darkening to limb brightening cannot be
precisely defined except to say that the transition
occurs as the geometric albedo drops from 0.3 to
0.15.
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F1G. 1.—Zero-phase geometric albedo contours in the
[log (1 — w@,), log K]-plane. The curves are labeled with the
planetary albedo for a Rayleigh scattering atmosphere with
single scattering albedo w(7) = wo(1 + K7)~*'2, The upper-
left cor)ner corresponds to a conservative atmosphere (wo = 1,
K = 0).

Vol. 192

FiG. 2.—Center-to-limb intensities predicted for a planet
at zero phase with a Rayleigh scattering atmosphere. The
atmosphere is inhomogeneous with a single scattering albedo
w(7) = (1 + K- 7)~2, The curves are labeled with their respec-
tive K values. The cosine angle of the emergent intensity is p
where p = 0 corresponds to the limb of the planet. The inten-
sity I is in units of = incident flux.

III. NUMERICAL ASPECTS

The calculation time on a CDC 6400 computer for
an atmosphere of N depth points and M quadrature
points is approximately 0.0026NM? seconds for the
small values of M used in the calculation. If only mean
intensities are desired, the computation time is reduced
by 25 percent. It was found that increasing M from 4
to 5 gave no significant improvement in the value of
the geometric albedo to four figures, and thus a 4-point
Gaussian quadrature over the region [0, 1] was
adopted. In this example the atmospheres are intended
to be semi-infinite, and the placement of the lower
boundary—which must be set at some finite depth—
is highly critical. The calculated albedos were found
to be insensitive to the lower boundary as long as it
was set at a depth of = = 10® or deeper with a fully
reflective surface (A, = 1). This holds true for a wide
variety of albedos including the conservative case
(@ = 1).

The largest identifiable source of error in the
resultant intensities and thus in the geometric albedo
comes from n, the number of grid points per decade
of 7. The error in the representation of the second
derivative by finite differences is proportional to
(A7)?%, where A7 oc 1/n is the grid spacing. This error
propagates linearly through the solution of the differ-
ence equations and results in an error in the intensities
which is proportional to 1/n%. For a given atmosphere
calculated with two different »’s, an estimate of the
true intensities can be made by I,y = (1 + ¢)I; — cl;,
where ¢ = (ny2/n,2 — 1)~1. This correction procedure
is very stable and, for test runs of several different n,
predicts the same “true” geometric albedo within
0.02 percent for any combination of n, and n,;, whereas
the original albedos differed by more than 1 percent.
Thus it takes 28 seconds to calculate a geometric
albedo by computing four atmospheres each of N = 70
and N = 100 with M = 4. Such a corrected albedo is
accurate to better than 0.1 percent.
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TABLE 1
ZERO-PHASE GEOMETRIC ALBEDOS

log K
i:)o -00 -4.0 -3.0 -2.0 -1.4 -1.0 -0.4 0.0 +0.6 +1.0  +1.6 +2.0 +2.6 +3.0

-

.0000 27975 .7585 .7162 .6350 .5597 .4981 .3904 .3147 .2076 .1492 0848 .0565 .0297 .0191
.9999 L7798 .7556 .7150 .6345 5594 4979 - .3903 .3147 .2075 .1492 .0847 .0565 .0297 .0191
.9990 L7432 .7346 .7043 .6300 .5569 .4962 .3894 .3141 .2073 .1490 .0847 .0564 .0296 .0191
.9950 .6821 .6801 .6664 ,6113 .5460 .4889 .3855 .3115 .2060 .1482 .0843 .0562 .0295 .0190
.9900 .6402  .6392 .6315 .5904 .5332 .4800 .3807 .3084 .2044 .1471 .0838 .0559 .0293 .0189
.9750 L5649 5646 .5616 .5395 .4987 4552 .3667 .2992 .1996 .lu4l .0823 .0549 .0289 .0186
.9500 L4906  .4904  .u4B91 .4777 .4515 .4190 .3450 .2844 1919 .1392 .0798 .0534 0281 .0181
.9000 .3998 .3997 .3992 .3941 .3803 .3602 .3063 .2572 .1770 .1296 .0749 .0503 .0265 .0171
.8500 .3391 .3390 .3387 .3358 .3271 .313% .2728 .2326 .1630 .1203 .0701 .0472 .0250 .0161
.8000 .2927 .2927 .2925 .2906 .2846 .2748 .2433 .2101 .1496 .1113 .0653 .0uu4l .0234 .0152
.7500 .2551  .2551 .2550 .2535 .2u493 .2419 .2171 .1895 .1370 .1026 .0607 .0411 .0219 .0142
.7000 .2233  .2233 2232 .2222 .2190 .2133 .1935 .1704 .1249 .0942 .0562 .0382 .0204 .0132
.6000 L1716 .1716  .1715 .1709 .1690 .1655 .1526 .1364 .1024 .0783 .0473 .0323 .0174 .0113
.5000 .1304  .1304 .1303 .1300 .1288 .1266 .1180 .1068 .0818 .0633 .0387 .0266 .0l4u4 .0094
.4000 .0963 .0963 .0962 .0960 .0952 .0939 .0883 .0806 .0628 .0N491 .0305 .0211  .0114 .0075
.3000 .0672 .0672 .0672 .0671 .0666 .0657 .0622 .0573 .0u54 .0358 .0225 .0156 .008S .0056
.2000 .0420 .0420 .0420 .0419 .0417 .0412 .0392 .0363 .0292 .0232 .0l147 .0103 .0057 .0037

.1000 .0198 .0198 .0198 .0198 .0197 .0195 .0186 .0173 .0141 .0113 .0073 .0051 .0028 .0018

After the calculations were completed, Auer (private
communication) pointed out that the system of linear
equations defined by the difference equations can be

These parameters (w,, K) in turn determine the flux
deposition and hence the heating rate. The program is
restricted to plane-parallel atmospheres and is at

readily resolved for a different (uo, F,) and lower
boundary condition without resolving the entire atmos-
phere. Application of this method would reduce the
calculation time for geometric albedos.

IV. CONCLUSIONS

The modified Feautrier technique allows for a fast,
simple solution of an inhomogeneous Rayleigh scatter-
ing atmosphere which yields the surface intensities and
the run of mean intensity throughout the atmosphere.
The results of this program can be applied, for example,
to narrow-band zero-phase geometric-albedo observa-
tions. These albedos can be matched with those calcu-
lated in order to estimate the atmospheric parameters.

present limited to Rayleigh scattering but can be
adapted to other scattering matrices or functions that
are even functions of the cosine angle.

This paper is based upon work which was completed
while the author was a Summer Research Assistant at
Kitt Peak National Observatory. The author is in-
debted to the staff and the generous computing facilities
of Kitt Peak National Observatory. I would like
personally to thank Dr. Lloyd V. Wallace, whose
kindly skepticism brought about the completion of this
work, and also Drs. Lawrence H. Auer and Michael
J. S. Belton for their aid and encouragement.

APPENDIX

SOLUTION OF THE EQUATION OF RADIATIVE TRANSFER

For a semi-infinite plane-parallel atmosphere with a flux =F, (normal to itself) incident on the atmosphere in

the direction (— pu,, $o), the equation of transfer becomes

WG o) = 1o d) =52 [ [ PG 8-,

— Jw() - P(p, ¢5 — o, $o) Fo €Xp (— /o) ,

where
I= (Il’ IT’ U’ V)’

and w=(7) is the single scattering albedo.

FO = (FO,I’ FO,rs Fo,u; Fo,u) 3
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The equation of transfer for Rayleigh scattering has been derived by Chandrasekhar (1950, pp. 35, ff.), and we
shall use his notation with only minor changes. While all four Stokes parameters are needed to describe the

radiation field, the Rayleigh phase matrix is immediately reducible with respect to V. The reduced phase matrix
is then given by

P(p, 51, ) = POu; 1) + PP, 65 ', ¢) + PP, ¢ 1/, ¢)

21 = pAA — ) + p?p® p® 0

- % w2 1 0
0 0 0
4pp’ cos (' — ¢) 0 2psin(¢’ — ¢)
+ 31— R - A 0 0 0
—4u'sin(¢’ —¢) 0 2cos(d — ¢)
pu?cos2(¢’ — ¢)  —pPcos2(¢ — @) wu'sin2(d’ — ¢)
+ % —WPcos2¢ — ) cos2(é — ) —w'sin2(¢' — ) |

—2up?sin2(¢’ — ¢) 2psin2($’ —¢)  2up’cos 24’ — %)

where the P™ are periodic in n(¢’ — ¢).

The intensity I can be expanded [ = I© + IV + I® 4 ... such that each I™(r, y, ¢) is periodic in n-¢. Since
the phase matrix only couples terms of like periodicity in 0-¢, 1-¢, and 2-¢, the equation of transfer separates
into three equations,

ar —_Jgm _ = f i M), T ALy’ YO —in _ .
P L _Jo PO IO d — T PO Fye o, n=0,1,2;

and the higher-order terms become trivial (/™ = 0 for » > 3). The azimuth-independent phase matrix P is
reducible with respect to U, and the transfer equation for I = (19, I,©°) becomes

dI(O) 1 r ’ ’
b ) = 19, ) = D [ PO )0, s’ — T PO; )y exp (~ i)
-1
where
21 — w21 — w'?) + p2u’? u?
PO ”,)=%[( pH1 = w3 + i #]
e 1
and

Fo = (Fo,;, Fo,y) -
The azimuth dependence of IV and I® can be derived explicitly by substituting into the equation of transfer:
I™(7, p, §) = P (u, 5 —pho, do)-Fo-x™(r,p), n=1,2.

The equation for the scalar functions x™(r, u) reduces to

(n) +1
© ﬂ(_ (7, ) = (7, p) — (1) j x™(r, g™ (u)dy' — @ (7) e~lko n=1,2,
dr 2 -1 4

where
gUE) = 30 = WO+ 2T, g¥() = §(1 + R

The problem has now been reduced to solving three transfer equations which are independent of azimuth.
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These equations can be readily solved via the Feautrier method as given by Auer (1971) by defining
J(rp) = IO, +p) + 197, —w)], O0=<p<1,

and expressing the equation of transfer as a second-order differential equation with a first-order equation for use
at the boundaries:

= i) = T2 [ PO e W = T PO =) Fuexp (=)

dj , .
pgt = I, +) = j(r, +8) = j(r, +1) = 190z, —p).
We treat the x™ functions similarly:

JOr ) = 3 +p) + X0 -] n=1,2;  0<p<1;

2 ddzi;") — (n)(T ) _ (T) ( )

f FP(r, 1) g™ ) — T exp (= o) ;

d (n) .
pgm () = X®(r, +p) — jP(r, 1)

= Jj®(r, w) — X7, —p) .
Since the incident flux is included in the source term, the upper boundary condition becomes
I(r=0, —p,$)=0

T
Farl, =joO, n),

d] (n)
K dr

=j"0,p), O=<psl.

=0

The lower boundary was chosen to be a Lambert surface of reflectivity A, at depth 7, which reflects a fraction (A,)
of the flux incident upon it uniformly in all directions. Hence the reflected intensity I * is independent of u and ¢:

I = 5 oo exp (=l + 4 [ iow )+ om0l
and the reflected light is natural:
IOy, +1) = Ly, +p) = y*,
IV(ry, +p,4) = I®(1y, +p, ) = 0.

The first-order lower boundary conditions become

di
ud_i =Lt =i, where Iyt = (Iy", Iy*)
T=TN
and
dj(n) )
= — , f =1,2.
Hodr ey (rope) - forn

The equations are solved for j, j, and j® by the standard Feautrier method described by Auer (1971) with
second-order boundary conditions (Auer 1967). The integrals over u are approximated by a sum over M quadrature
points p, with weights a,. The j(r) are treated as 2M-length vectors,

](T) = [jl(77 I"'l)sjl(T’ /"'2) 3. -’j’(T’f“M)sjr(T’ f“l) LI ’jr(T’ au'M)] s

and the j™(7), as M-length vectors. The value of p, and the run of = with = are specified. It is assumed in the
calculation that F, = (3, 4, 0, 0) which corresponds to natural light of unit astrophysical flux.
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The program solves for all the j-values; thus, both the mean intensity at each grid point throughout the

atmosphere,

J(r)|Fy = Z Li(ris i) + Jimis pid]- @

and the 180° backscattered intensities

Ligo(po)[Fo = I(m = 0, po, o + m)[F,

= 2-[jl0, uo) + j(0, Mo)] + %[4#02(1 - #02) J (0, po) + a- ."'02)2 J (2)(0’ ko)l,

can be easily evaluated. These latter intensities correspond to the observed zero-phase intensities and may be used
to calculate a zero-phase geometric albedo, p, by computing the atmosphere for u, = p(k = 1, M):

2 1
p=}7f I0, p = pos ¢ = ¢o + mudp
0Jo

2 M
=F Z Ligo(pi = po)pric* . -
Or=1

The amount of flux deposited in the atmosphere as a function of optical depth can be computed at every grid

point from

dF

7 = [l = =(M]-[4-J(7) + Fo exp (—/po)] -
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