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ENERGY CONTINUATION OF AN ENERGY-INDEPENDENT
- PION-NUCLEON PHASE-SHIFT ANALYSIS FROM 385

’ *
TO 1700 MeV/c

R. D. Field, Jr.
Lawrencé Radiation Laboratory

University of California
Berkeley, California 94720

February 10, 1971

ABSTRACT
Starting from én'energy—indepéndent phase-shift
analysis carried out'at 26 momenta betweén 385 and

1700 MeV/&; we attempt to' find the proper energy

- continuation through these momenta. We compare

sevéral path-finding schemes which are designed to
take into consideration both. the continuity and the

smoothness of the partial-wave amplitudes as viewed

_on an Argand diagram. While differing in detail, the

various methods yield essentiaily the same results for

the important partial waves. :These.reSults agree in

'general with-pathsvfound'byvother'méthods, but contain

some evidencé for additional resonances between 1500

and 1700‘MeV;
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I.. INTRODUCTION
Inva tyﬁical energygindependeht phase—éhift anaiysis there
exist maﬂy possible sélutions at a given energy;  The hope'ié that
the tiemendoué’ambiguities ﬁhich reéult whéq eachveﬁergy is considered
séparateiy will be reduqed or removed by imposing certain theoretical
aésumptions_dn“the behaﬁior of each‘partial-wave.amplitude as a |
fﬁhction of énergy;v We aééume that each partial-wave amplitude'is.
continubus and maintains a certain amount'of "smqothness" when plotted
on an Argand diagram. We investigate éeveral critefia fbr confiﬁuity,
and iﬁ addition impose certain déﬁands for smoothness. We hope‘that
e theseiadded theoretical assﬁmptions will be enough to enable us to
-select oﬁe solution at each energy which will'make up>the‘proper edergy-
contihued path. This work is a continuation of earlier work on pion-
nucleén scattering carried out at Berkeley.l
| In Section II we discﬁss'briefly the methods used in obtaining
the energy-independent phase~shift solutions.. In Section IITI we
examine various methods for selecting an enefgy continuation and
compare these pathé with the‘éne found by Lovélaée2 using a more
icémplicaﬁed method in‘which continuity is aﬁplied throuéh_partial—wave

dispersion relations.
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IT. -fION-ﬂﬁCLEON PHASE-SHIFT ANALYSIS

 "Anﬁenergyfindépéndéﬁt'phasé—shift aﬁai&sis of pion-nucleon
scattering was carfiéd out'at'Beikéiéy severai yeafs aéo.l Solutions
wéré found at éomé'26vmbmenta from piab = 385 tol pléb = 1700 MeV/é.
v For>completeness we_éhall briefly mention the:method used to obtain
fﬁé solutioﬁé; |

At'éach.of_tﬁé,26 momenfa initial guésses for fhe pérameters

.nI o ahd' 8 j  are made. Tﬁenib&jusg of_a'ngiabléemetric |
minimizatioﬂ scheme called ORPHEUS these pérémeters are varied in an
attempt,to get'a good fit to the data by‘minimizing 12. The data
include the: n+,ﬁ_ >ahd charge-exéhange aiffefential'cross sections as
well as thév.n+ vénd T polérizationsl.'Thé‘parameters 1 and B
are related to the'transitiohumatfix in,the_usﬁal'way:

T

= I Y - 11/e1
IEREST I InI,J,E ) 1721

i ®
exp(zl 'I,J',E

where "I  is the isospin, j tﬂévfotal anguiaf momentﬁm; and  £ the
' orbitél angular homéntum. The anélySiStincludés waves through G waves
(¢ =>h):and_inVOlves.both I= 1/2 and I =3/2. |

: ‘The initial guesses for the 7n's and d's are obtained by
one of three methods. One consists of starting with a rather coarse
survey conduétedrwith a ravine-following miniﬁization method using
starting points chosen randomly in the general vicinitj of the solutions
published by other groups, aﬁd then to use the minima found here as
initial_guesses in ORPHEUS. A second method used to obtain initial

guesses is to use the first method to obtain solutions at momenta
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k -l orh kn;l and then to use these as 1n1t1a1 guesses at momenta
kn This method is partlcularly useful when one is trylng to continue
to k B a path that stops at k ‘ The thlrd method consists of
v simply u81ng solutlons obtalned by other groups as startlng points.

At each momenta solutlons with 1ntolerab1e XE are removed.
In the eaflier work done at Berkeleyl-solutions that were approximately
equal were also edited out. In thisbwork, however, we have included
all solutions that are not exactly equal. In Table.I ﬁe list at each S
mohentuﬁ the'degrees-of_freedom (number of data peints), the best x2,
"the worst x2,.and the number of solutions remaihingvafter.editing.
Webfeel it is important when‘carryihg'out energy-continuation procedures
_to have menyeeolutions et“eech'ehergy. We must require, however, that
the x2 of‘each solution remain feasonably good. The x2 value alone
is not a #ery good way of deciding which-solution at each energy is f
the right one.v'For example, an energy continuation made up of the .
best x2 at each energy'hds very discontinuous and rough behavior and
hence is uhsatisfactory, 'On'hhe oﬁher hand, a method that imposes
smoothnessvwhile ignoriné;vxz’ may give a poor fit to the data. Tae
best methodeis'one that keeps only‘reasonable_ xz, but has enoﬁgh
solutione_atveaeh energy to allow theismoqthing prbgram freedom to

find alsmoothvand continuous path. .
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III. ENERGY CONTINUATION

The'problém‘is'to define avprdcedure,by which a computer can

pick out one solution at each energy in such a way that the_reéultant"

path ‘is both continuous and smooth when viewed on an Argand diagram.

‘We attempt to find a proper energy continuation through the 26 momenta

listed in Table T, using a criterion of continuity based on a method

of "minimel path." We define a "distance" D; for the path i as
v : Tmax o . _
pSum E 3 .Z o . L :
‘Di' = ' _'d(E:Jalxk:l))' ‘ : (1)
L ; £,3,1 = k= min o ' _ » .

where a'path consists of one solution at each momentum -k; and where

E. is the orbital angulér momentum, J the fotal'angular momentum;'and

I the isospin. We investigate various choices for the function
a(£,j,I,k,i), the simplest being just the geometric:distance between

two‘points on the Argahd diagram,
45(£,3,1,k,1) - = . |2(£,3,T,k,1) - 2(£,3,L,%-1,1)[ , - (2)

where T 'is the apprcpriate'partial—Wavé amplitude (see‘Fig.'l). The

proper énergy-cOntinued path is assumed to be that path .imin for
which the "distance” D is minimum. Another definition of "distance"

we shall investigate is

"kmax : N : o . v
- 2 : .
Dfuc = E (} .dg(ﬂ,J,I,k,iD . (3)
’ k=k . ﬁ \ .
min )

»d,I
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Ih this‘definitionzof'distancevwe are -considering the 2, Jj, and .I

variablesAas making up a many-dimensional Euclidian space, whereas

Dium'_is-Just the sum over £, j, and I of each path ‘length
k
“max
d(ﬂ,j,I;k,i),
E=Rin I

which'is the lgngth Qf a pdﬁh viewed on an Argand diagram forva'given
E,-j, and i.v : | | . |

| The problem with using Just the geometric distance [Eq. (2)]
for d - is that although it does incbrporéfe the idea of continuity
(i;e., the solution does not change much when the energy is changed
slightly), it does not produce'baths that are smooth. Indeed, the
computer would select path i,2z3,hb over path l;é,B,ha in Fig. 2.

To corréct this we define

d(ﬁ:j)l:kyi) = [l/(a + cos Q)J do(ﬂ,j,I,k,i),
‘where @ is the angle between the vectors
A = T(8,3,I,k-1,i) - T(4,§,I,k-2,i)

and

E = E(ﬁ,i,lyk,i) - E(ﬁ,j,lgk-l,i)Q

and where d,(#,3,I,k,i) is defined in Eq. (2) (see Fig. 3). For
fixed dg the parameter a determines the ratio of the distance d
in the forward direction- © = O to the distance in the backward

direction © = 180°. This ratio is (a'- 1)/(a + l); For example -
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if a = ;.5 fér fixed dO the distancé-vd in the backward directioﬁ
is fite times that in the forward direction. - Figure 4 shows a.line of
constant d(z;j,l,k,i)‘ for - a = 1.5;_'We do not waﬁt to bias too much
in the forﬁard direction, for this would tend to wash out resonance
loopé. However, by suitably chodéing the value of :a' we can be

assured the computer will select the path 1,2,3,La 'as the "shortest"

in Fig} 2. We found the best value of »ab to be - a = 1.5,

We also try weighting the function d(4,j,I,k,i) with a factor:

_(j + 1/2), however, this tends to force the computer to work hafd at
smoothing the high partiél waves at the expensé éf the smoothness of
the low partialvwaves. .

In Figures 5-17 we compare the resultant minimﬁm paths found
byAthe‘foiiowing methods : | | o |

Path A--We exhibit CERN experimental‘solution found by Lovelace;2

sum

Path B--We use D and A(£,3,1,k,1) = 4 (£,3,1,k,1);

Path C--We use D°°C and ‘d(s,3,I,k,i) = dd(e,j;x,k,i);
sum

Path D--We use D and

a(e,3,I,k,i) =_[1/(1.5 + cos ©)] do(z,j,l,k,i); -
Path E--We use D°°C and
/ d(£,3,I,k,1) = [1/(1.5 + cos 0)] 4,(2,3,I,k,1);
Path F--We use ‘DEuc and ’
| a(2,3,1,k,1) = [1/(1.5 + cos 8)] 4,(2,3,1,k,1) and veight
with a factor (J + 1/2). ‘
We compare ouf five paths (B,C,D,E,F) with path A, which is‘the

path found by Lovelace using a sophisticated smoothing technique.2

P
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We_have'not_bothered to show the G57,‘G§9, Fl7; Gl7, and G19 waves,
.since they afe.not interesting at these energies. In Table II we list
_the total 'xg's for each of our five paths? where the totél ﬁumber of

degrees of freedom is 2069. -To get the total Xg for a path we add

the 'xz;s  for each solution‘along the pétﬁ. ‘We see that the two
methods D\ and E, which use the‘smOOtﬁing fﬁnction,vgive better total

Xg. In addition baths D and E are indeed smoother than paths B
and C, as can Ee séen’by'compéiing Fig.'Sé Qitﬁ Fig; 5E; 6f Fig. 7B
with Fig. 7D.

In general our paths, although not as—smooth,.ggree with
Lovelace's path. Thére are, however, several differences between
Lovelaéefs path and our pathé that are worth noting. Firstly, we are
better able to exhibit the complicated structure of the S11 wave>
(Fig. 12). Secondly, we are unable to produce the éame structure
Loveiace has for the Pl1. For reasons not understood all our paths
have P11 waves that are very messy above piaﬁ = 7O7IMéV/c (Fig.'lj).
Finally,_there appéérs tb be additiéqal iesonance-like struéture in

the following waves:

Partial wave '~ Mass regioﬁ j Figure
P31 © 1570-1680 Mev 6D
D35  1570-1680 MeV 9F
pis  1470-1680 Mev.  1LD.

Whether this behavior actually corresponds to resonances or is just
caused by inadequacies of our method is a question requiring 'further

study. As mentioned earlier, the methods we use require as many
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solufions with reasonable x2 at each energy as édn‘be found. -Hence, .
thé nexf step‘in improving our-results would bé to search for mofe 
‘solutions at each gnergy. Perhéps two Br three timés as'many éolﬁtions
~ can be'found.- It remainsvté be seen if the fesonance-like structure
in the above.partial waves wiil then persist.

If is'reassﬁring that a-methbd based on very simple ideas of
continuity and smoothness-éah seleét an energy;contihﬁed‘paﬁh that is

o reaébnably well behaved.
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Table I. Number of fits at each momenta.
(tev/c) g?”?iis . o?eiiiiioa Best x° - Worst X
585 1 - .
o7 3". 100 1i7.ﬁ ' -
490 3 90 86.0 - -
532 27 67 71.6 97.0
61k 30 60 6h.5 972
658 33 65 9 9.6
6715 37 7 68.5 153.9
707 56 71 65.0 126.5
7é6 L8 55 53.8 92.8 -
745 57 98 3.4 11k.5
e 30 57 7h .4 99.2
826 L3 | 9é 68.7 148.5
875 L1 1 86.5 119.9
899 72 106 - 88.7 117.7
925 60 - | 4 L6.6 112.9
975 | 80 5k | 48.9 71.1
| 1000 75 ‘»’71 R 46.8 119.5.
31@30 73 54 | b1.1 | 110.8
ioBo a7 86 52.9 78.9
o1 56 7 47.8 188.8"
1180 53 100 75.8 158.8
60 - 99 N 73.6 '178.2

1280

Table T continued next page
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Worst x
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Cee.t 7000 60 o ms 9.6

j 79. 31 :
8.3

196 5
,'179.0

SR

1179.6
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List of total X° for our five paths, where the total

o number-of_data points is 2069.

. Path Toté.l‘.x2
E 393
C 3 ok
D 2355
E ‘:' . 2315

F 2Ll
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Fig. 3.
Fig. .h;
' Fig; 5.
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- FIGURE CAPTIONS.

Argand diagram illustrating the function d,(£,3,I,k,i),

?which ié Just the geometric disfance between the two points

k and k-l.

Argand diagram

éngle © used
‘d(zyjbl:k;i)

‘Shows a line

Argand

illustrating two.possible paths.

,Argand diagram illustrating thé vectors é and B and the

in defining the function

[1/(1.5 + cos 6)] dy. -

of constant d(Z,j,I;k,i), where

/0.s + cgs-e)]'do and |B| =”do;

of the S31 pdrtial_waﬁe.

. . Argand
. Argénd
Argaﬁd
» Argandv

Argand

Argand
Argand
Afgand
Argand

Argand

'Argand

Argand

diagram
diééram
diag;;m
diagr&m
diagram
diégram

diagram

diagram

diagram
diagram
diag}am
diagram

diagram

of the
of the
of the
of the
of fhe
of the
of the
of thé
of the
of
of

of

the
the

the

P}l'paftial wave.

P33

D33
D35
F35
F37
s11
P11
P1%

D13

-D15

F15

partiﬁl
partial
partial
partial

partial

partial

§artiai
paftial
partial
partial

partial

‘wave.

wave.
wave.
wave. .
wave.
wa ve.
wave.
wave.
wave.
wévé{

wave.
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LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
. States Atomic Energy Commission, nor any of their employees, nor
. any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.
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