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Semi-infinite-geometry boundary problem for light
migration in highly scattering media:

a frequency-domain study in the diffusion approximation

Sergio Fantini,* Maria Angela Franceschini,* and Enrico Gratton

Laboratory for Fluorescence Dynamics, Department of Physics,
University of Illinois at Urbana-Champaign, 1110 West Green Street, Urbana, Illinois 61801-3080

Received December 13, 1993; revised manuscript received May 5, 1994

We have studied light migration in highly scattering media theoretically and experimentally, using the
diffusion approximation in a semi-infinite-geometry boundary condition. Both the light source and the
detector were located on the surface of a semi-infinite medium. Working with frequency-domain spectroscopy,
we approached the problem in three areas: (1) we derived theoretical expressions for the measured quantities
in frequency-domain spectroscopy by applying appropriate boundary conditions to the diffusion equation; (2)
we experimentally verified the theoretical expressions by performing measurements on a macroscopically
homogeneous medium in quasi-semi-infinite-geometry conditions; (3) we applied Monte Carlo methods to
simulate the semi-infinite-geometry boundary problem. The experimental results and the confirming Monte
Carlo simulation show that the diffusion approximation, under the appropriate boundary conditions, accurately
estimates the optical parameters of the medium.

1. INTRODUCTION

Light propagation in turbid media is described by trans-
port theory, also called the theory of radiative transfer.",2

The Boltzmann transport equation, which is a balance
relationship, treats light propagation as the transport of
photons through a medium containing particles. In most
practical cases the equation of transfer cannot be solved
exactly. Often it is necessary to consider an approximate
approach. One of these simplified approaches is the dif-
fusion approximation,3 5 which is valid in the strongly
scattering regime.6 The observed optical properties of
most biological tissues7 are typified by a scattering co-
efficient that far exceeds the absorption coefficient. A
number of studies employed the diffusion theory to in-
vestigate the optical properties of tissues. These stud-
ies used steady-state spectroscopyI' 0 and time-resolved
spectroscopy" in both the time domain12 '14 and the fre-
quency domain.1 5

We present a frequency-domain study of the applicabil-
ity of the diffusion approximation to the case of a semi-
infinite geometry. Both the light source and the detector
are placed at the interface between air and a strongly scat-
tering medium; the interface extends indefinitely. The
proper solution of this boundary problem has important
practical implications because it represents a reasonable
model for in vivo, noninvasive applications of light spec-
troscopy in medicine. When the light source and the
detector are placed on a surface separating two media
with different optical properties, the diffusion approxi-
mation is not rigorously applicable.16 Nevertheless, the
diffusion approximation has been applied to predict the
time-domain and steady-state response in the reflectance
geometry from quasi-semi-infinite tissues.10"12 We derive
the expression for the frequency-domain photon fluence
rate and verify its equivalence with the corresponding ex-

pression derived in the time domain.1 2 Experimentally,
we test the expression's level of accuracy by performing a
systematic study on a macroscopically homogeneous tis-
suelike phantom. Since the diffusion theory is highly ac-
curate in predicting the results of experiments performed
in an infinite geometry,17 '19 we compare our results ob-
tained in the semi-infinite geometry (i.e., at the surface
of the medium) with the results of the measurements
conducted deep inside the bulk medium (i.e., in the infi-
nite geometry). The comparison of experimental results
is carried out for a wide range of values of /ua and ,-l.

A Monte Carlo simulation of the boundary problem has
been performed.

2. THEORY

The distribution of photons in random media is described
by the angular photon density u(r, Qk, t), which is de-
fined so that u(r, f, t)d3 rdfl is the expected number of
photons in d3r around r moving in direction fl in solid
angle dil at time t. The temporal evolution of the an-
gular photon density in a medium where the processes of
absorption and elastic scattering take place is given by
the Boltzmann transport equation4 :

u_ v - Vu - v(/La + a,8)u + j dQ 'v/8p,(Q' fl)at J~l

X U(r, 1I', t) + q(r, Q, t), (1)

where v is the speed of photons in the medium (and v
its modulus), v/a and vlu are the rates of absorption
and scattering, respectively, p,(fl I - LI) is the normalized
probability for scattering events that carry photons from
I' into l, and q is the photon source term. The Boltz-

mann transport equation is an integrodifferential equa-
tion containing both time and spatial derivatives, and
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its solution requires initial and boundary conditions for
u(r, L, t).

In the multiply scattering regime the usual simplifi-
cation is the diffusion approximation. The approxima-
tion assumes that the angular photon flux, defined as
,t(r, LI, t) vu(r, l, t), is quasi-isotropic3 5 :

0~(r, Q. 1 t) =3T +-J Q.4
7T 47i | 3J >>1,-(2)

where T (r, t) f4 dLQ (r, L, t) is the total photon flux
and J(r, t) a f 4,. dLjvu(r, LI, t)is the total photon cur-
rent density. This assumption translates the transport
equation [Eq. (1)] in a closed set of two equations for the
total photon density U(r, t)=_ f4 dlu(r, LI, t) and the
total current density J(r, t) (Ref. 4):

au + V J + vAU = q0, (3)
at

v dt + VU + ( + As')J = q (4)
v at 3

where A,' [defined as (1 - g)ut with g the average co-
sine of the scattering angle] is the transport scattering
coefficient and q0 and q, are defined by introduction of
the following expansion of the angular dependence of the
source:

q(r, Q., t) = qo(r, t) + 3 ql(r, t) Q. (5)

If we assume that the photon source is isotropic (q, = 0)
and neglect the time derivative of J, which is equivalent to
saying that the variations of J occur on a time scale much
larger than the time between photon collisions with the
scattering particles of the medium, Eq. (4) yields

J = -vDVU, (6)

where D = 1(3Aa + 3't) is the diffusion constant. Fi-
nally, by using expression (6) for J, we can rewrite Eq. (3)
in the form of the photon-diffusion equation:

au -vDVU + vLuU = q0. (7)

It is important to be clear about the limitations of the dif-
fusion equation. As is discussed, its derivation requires
the following approximations:

(a) Quasi-isotropic angular photon flux [Eq. (2)];
(b) Isotropic photon source [q, = 0 in Eqs. (4) and (5)];
(c) Time variations of J that are slow with respect to the
photon mean collision time [aJ/at neglected in Eq. (4)].

It has been shown that the photon-flux quasi-isotropy
condition is well satisfied6 16

(al) In strongly scattering media (a << L)
(a2) Far from boundaries,
(a3) Far from sources,

where "far" in conditions (a2) and (a3) refers to distances
much greater than the photon mean free path.

In frequency-domain spectroscopy the intensity of the

light source is modulated at a frequency (/21r) typically
of tens to hundreds of megahertz, so the photon density
is written as

U = Ud. + Uac exp[-i(wt -

where Ude, Uac, and (0 - cot) are the dc component,
the amplitude of the ac component, and the phase, re-
spectively. When we consider a homogeneous infinite
medium and assume a source term in the form of qo =
S5(r)[1 + A exp(-icot)], where 6(r) is the Dirac function,
S is the source strength in photons per second, and A
is the modulation of the source, the following results for
the frequency domain quantities are derived from Eq. (7)
(Ref. 20):

Udc 4-vD

exp - r A 

r

expf-r(2j )[(1 + x2)"12 + l]V2Uac = SA x1 -r (9
U=SA \_ 

ac 47rvD r

0 = r( )"2 [(1 + x2)"12 - 1]1/2,

(8)

(9)

(10)

where is the phase lag between the source (lo-
cated at r = 0) and the detector (located at a dis-
tance r >> 1/ug' from the source) and x is defined
as c/vLa, with v the speed of light in the medium
(given by c/n, with n being the index of refraction of
the medium). Equations (8)-(10) have been experimen-
tally verified"19-21 and provide a good description of the
homogeneous infinite medium problem in the multiply
scattering regime.

In most medical applications the method for noninva-
sive, in vivo spectroscopy measurements is to place both
the light source and the detector upon the surface to be
examined. It is evident that the infinite-medium scheme
is not appropriate for such a geometry. A better ap-
proach is to consider a uniform semi-infinite medium and
to solve the diffusion equation [Eq. (7)] with the appro-
priate boundary conditions. Before proceeding, we note
that the problem itself is beyond the limits of the diffu-
sion approximation: both source and detector are placed
on the boundary, where, as discussed, the diffusion equa-
tion does not approximate the transport equation as well
as it does deep in the medium. However, it is still a
reasonable starting point to treat the problem,12 even if
the final results must be critically analyzed to verify the
extent of acceptability. The validity of the diffusion ap-
proximation can be quantified by evaluation of the ra-
tio between the isotropic and the directional photon flux.
This ratio should be much greater than 1, as is required by
relation (2). In the homogeneous infinite medium, where
the diffusion approximation yields accurate results, for
typical values of the physical parameters of tissue in the
near infrared (a = 0.05 cm-', /utL = 15 cm-', r = 3 cm,
v = 2.26 X 1010 cm/s, corresponding to an index of refrac-
tion of n = 1.33, and cs = 2ir X 120 MHz) such a ratio is

| _ l l vU __>_U_ 8. (11)
3J 3vDVU - I 3DIVUI

i
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The physical boundary condition required at a vacuum
interface is that there be no incoming photons at the
boundary.4 Apparently at the vacuum boundary the dif-
fusion approximation breaks down. The photon flux is
nonzero only on half of the range of the solid angle,
and the quasi-isotropy condition is not satisfied. On the
other hand, a mismatch of the index of refraction at
the interface of the strongly scattering medium and the
outside nonscattering medium accounts for an inwardly
directed component of the photon flux at the bound-
ary. The boundary condition for the mismatch semi-
infinite medium can be satisfied when the density of
photons U is equal to 0 on an extrapolated boundary
at a distance Zb = 2aD, where a is a constant that is
related to the relative index of refraction (nrel) of the two
media.22 '23 The distance Zb for nrel = 1.33 (or nrel = 1.4,
which is a typical value for a tissue-air interface in the
red-near-infrared spectral region2 4 ) and for typical val-
ues of D in tissues is -0.15 cm. Furthermore, it has
been shown that a light beam incident upon the sur-
face can be well represented by a single scatter source
at a depth zo equal to one effective photon mean free
path 0" 2 [i.e., Zo = 1/( /La + ui4)]. This parameter zo has
a value of -0.1 cm in tissues. We observe that this fea-
ture accounts for an effective isotropic photon source even
if the photons are actually injected in a single direc-
tion. Finally, the boundary problem of setting U = 0 on
the extrapolated boundary can be treated by introduction
of a negative image source of photons above the plane,
one that is symmetric with respect to the actual photon
source.2 5 This approach enables one to take advantage
of the solution that is valid for the infinite medium. In
the semi-infinite-medium model, which is pictorially rep-
resented in Fig. 1, the diffusion equation [Eq. (7)] is used
with qo = qa - q (where a stands for the actual source
and i stands for the image) to yield the solution obey-
ing the required boundary conditions in the space z 2 Zb.

The solution, by application of the superposition principle,
can immediately be written from expressions (8)-(10):

where, with the notation introduced in Fig. 1,

ra = p[1 + (Zb + Zo Z 2

ri= p[1 + (Zb ZO ) +

The new coordinate p is the projection of the source-
detector distance ra on the interface plane = Zb. The
detector coordinate z is at Zb Z Zb + ZO. Assuming
that 1 >> (Zb + Zo ± z) 2 /p 2 , in Eq. (12) we carry over
expansions to the second order in (Zb + zo ± z)/p. After
the necessary calculations, using Eqs. (12), (2), and (6),
we find that the dc and ac photon flux along -z (in Fig. 1
the detector fiber receives photons in an inward direction
-z) and the phase lag 0s between source and detector are
given by the following relationships:

exp

,l'dc = 2S(47-)2D

X (z+1

X 3+

3D 1

2 ]

p z3
1V2

(Zb + Zo)
2 + 3Z2

2p2

J

(13)

FexpF-raA) ]

47rvDL ra riI

expL-ra( )2 {[(1 + X2)"2 + 1]112 - i[(1 + X2)"2
- 1]12}

4vD L ra

exp ( ria {[(1 + X2)"2 + 1]1/2 - i[(l + X2)v2 - 1]V2}j

_ ----- exp(- ie t)) (12)

Fantini et al.
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where

V+ = [(1 + x2) + l]1 2 ,

-(Zb+Zo)

V- = [(1 + x 2) - l]112,

and, as previously defined,

x=V/
V/-a

0 The superscript s stands for surface measurement. The
specific conditions imposed to yield Eqs. (13)-(15) are

Zb
z

Zb+Zo
1 2 ta (Zb + Z + Z<

8 D p /-<<1
/ ~~~4

!2(V+)2 Aa Zb + ZO ) << ,
8 2D p J «1

1 2(ALa)V/ (Zb + z0)2 + 3z'
- P -V_ <«1.

(16)

(17)

(18)
z

Fig. 1. Semi-infinite-geometry model: Zb is the distance be-
tween the extrapolated boundary and the surface of the medium
and zo is the depth of the effective single scatter source inside the
scattering medium. The strongly scattering medium extends in
the space > Zb. The detector optical fiber, which is parallel
to the z axis, is immersed in the scattering medium at a depth z
ranging from Zb to Zb + zo. The distance between the effective
(image) photon source and the tip of the optical fiber is ra (ri).
The projection of the source-detector distance onto the plane
z = is p.

exp - p A a 3 +

p 3

Xfi1 + P2 Da) V+ p2 D (1 + x2)1/2J

X (Zb + ZO)z + 3D b + zo)2 + 3Z2zo)(z + 3D11-2

In tissues, conditions (16) and (17) are better satisfied
than condition (18). For the previously mentioned tis-
sue's optical properties in the near-infrared, the quanti-
ties on the left-hand sides of inequalities (16) and (17) are
-0.001, and that on the left-hand side of inequality (18)
is 0.01.

We have compared our result for the frequency-domain
quantities with the expression for the time-domain re-
flectance in the half-space geometry obtained by Patter-
son et al.12 Since the same boundary conditions have
been applied, the two solutions should be related by a
Fourier transform with respect to time. We have verified
the correspondence of the two results in the limiting case
(zb/p) = (Z0 /p) = (Z/p) = 0. We denote the time-domain
and the frequency-domain photon current densities by
J(p, t) and J(p, w), respectively; the expressions derived
by Patterson et al. for J( p, t) and the one derived in this
paper for J(p, a)) {given by Jac(p, wo)exp[icF(p, w)]} obey
the following relationship:

j IJ(p, t)Jexp(iwjt)dt = IJ(p, )l. (19)

1+ ( 2D 1)

1+ ( 2a) V+ + p2 a (1 + x2)1"2

(14)

X (15)
1/2

(Ds = Aa V- - aretan

This relationship, showing a Fourier correlation, states
the equivalence of the solutions derived in the time and
the frequency domains.

To verify experimentally the solutions found for the
semi-infinite geometry and to use the measurement
protocol described in a previous paper, 9 we rewrite
Eqs. (13)-(15) to obtain quantities that show a linear
dependence on p:

( Pta 1Fd(, /La, D, Zb, ZO, Z)I

=-P ( D)a + Gdc(D, S, Zb, ZO), (20)

s 2SA
(4V-)2 D

Xr2+

+

Fantini et al.
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P 3 rdcs
In _P( J~a ) V+ + Gac(D, s A, Zb, Zo) 

+ P( D-) V+ + p2 D (1 + x2) ] Fac(p, /a, D, C, V, Zb, ZO, Z)

q)S + arctan[Fo(p, /a, D, w, v)]-p(= - V-, (22)
\2D/

where the p-dependent functions FdC, Fac, and F 0 and
the p-independent functions Gdc and Gac are defined by
Eqs. (13)-(15). The determination of the slopes of the
straight lines allows one to recover the values of /La and
A/ ofthe medium. That the arguments ofthe logarithms
are not dimensionless does not present a problem as far
as the slopes of the straight lines are concerned. In fact
the particular choice of the units introduces a constant,
which does not effect the slopes. We also observe that the
particular values of the parameters of the model (namely,
Zb, zo, and z) have no influence on the slopes of the lines
(z has no effect on their intercept either). This property
is important, because the parameters Zb and zo depend on
the optical properties of the medium, namely, on /L,' and
n, and the positioning of the tip of the detector optical
fiber (which is related to the parameter z) is in practice
not exactly reproducible.

We conclude this theoretical section by observing that
the isotropy factor defined by Eq. (11), for the same
values of the parameters considered in Eq. (11), has a
minimum value of -2, which is marginally acceptable
compared with the value of 8 in the infinite geometry.
This result indicates that the isotropic term is larger than
the directional flux but is not much larger as required by
the diffusion approximation. We evaluate the level of
accuracy of the semi-infinite-medium expression (13) by
performing a series of measurements in a macroscopi-
cally homogeneous, strongly scattering medium and by a
Monte Carlo simulation.

3. EXPERIMENTAL METHODS

The experimental arrangement, shown in Fig. 2, is typi-
cal for frequency-domain spectroscopy. The light source,
a diode laser (Sony SLD104AU) emitting at a wavelength
of 780 nm, is intensity modulated at a frequency of
120 MHz by being supplied with the sine-wave output
of a frequency synthesizer (Marconi 2022A) by means
of an rf amplifier (ENI Model 403 LA). The average
emitted light power is -3 mW. In our measurements
the laser diode is directly immersed in the medium,
and the detected light is collected by a bundle of optical
fibers (overall diameter 3 mm) and delivered to a photo-
multiplier tube (PMT) (Hamamatsu R928). The gain
function of the PMT is modulated at a frequency of
120.00008 MHz, which is slightly different from the
modulation frequency of the light source. The small
frequency difference, which is selectable, produces beat-
ing between the detected signal and the gain function
of the PMT, giving rise to a signal at the difference

frequency (80 Hz in our case), which is sent to a com-
puter card. A digital acquisition technique2 6 and a fast-
Fourier-transform algorithm provide the phase shift rel-
ative to a reference signal (), the average intensity (dc),
and the amplitude of the intensity oscillations (ac) of the
detected light. The signal used as a reference for the
phase measurement is a synchronous (with the frequency
synthesizer) clock generated by the computer.

The multiply scattering medium used in our measure-
ment is an aqueous solution of Liposyn III 10% [Abbott
Laboratories (IL)]. It is an intravenous fat emulsion that
was previously used as tissuelike phantom in both steady-
state10 and time-resolved spectroscopy.27 We studied
four different Liposyn concentrations to test the theoreti-
cally derived results in a range of values for A,'. The
concentrations employed are 4.5%, 9.0%, 13.5%, and 18%
by volume, which correspond to a solids content of 0.45%,
0.90%, 1.35%, and 1.80%, respectively. Consequently
the transport scattering coefficient L,' should range from
-4 to 16 cm'1, as we verified with measurements in the
infinite medium before performing the surface experi-
ment. The aqueous Liposyn solution acts as the host
medium, diluting the absorbing substance. For such a
substance we chose black India ink, which is soluble in
water. We measured its absorption spectrum in a non-
scattering regime at the wavelength of the diode laser
(780 nm) with a standard spectrophotometer (Perkin-
Elmer Lambda 5). The result, relative to a dilution of
0.2 mL of a prediluted India-ink solution in 1 L of water,
is cl = (0.0143 ± 0.0005) cm'l. On the basis of this re-

Liposyn/ink
solution

(a)

Fig. 2. Experimental arrangement showing the two
source-detector configurations used in (a) the semi-infinite
geometry and (b) the infinite geometry. In (a) the source and
the detector are at the surface, and in (b) they are immersed
in the medium. Diode laser DL is modulated by synthesizer
Synth.1 (frequency f = 120 MHz) through rf amplifier Al. The
detector light is collected by a bundle of optical fibers coupled
to a PMT, whose gain function is modulated at frequency
f + Af = 120 MHz + 80 Hz by synthesizer synth.2 via amplifier
A2. The output signal of the PMT (frequency Af = 80 Hz)
is sent to a computer card for processing. Synth.1, synth.2,
and the computer card are all synchronized. Sync.'s, reference
signals (synchronous clock).

(21)

Fantini et al.
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sult we decided to increase the concentration of absorber
at steps of 0.2 mL/L to increase /La by 0.014 cm'1 per
step. After the first 10 steps we increased the amount of
absorber added between successive measurements. We
performed 24 measurements in 24 different conditions of
scatterer and absorber contents. First we increased the
transport scattering coefficient (measurements 1-4, ,s'
ranging from -4 to 16 cm'l); then we increased the ab-
sorption coefficient without changing the scatterer solids
content (measurements 5-24, /La ranging from -0.026
to 0.4 cm-'). The solution was held in a cylindrical con-
tainer (22 cm in diameter by 13 cm in height).

Our measurement protocol consists of two series of
measurements for each Liposyn-black-India-ink solution.
The first series is conducted in the quasi-infinite geometry
(shortened to infinite geometry in what follows), in which
both the light source and the detector optical fiber are
deeply immersed into the medium (at a depth of -5 cm).
The second series is performed in the quasi-semi-infinite
geometry (shortened to semi-infinite geometry), in which
both the light source and the detector optical fiber are
positioned on the surface of the medium. In each one
of the two series of measurements we collect data at
5-8 different source-detector separations, ranging from
a minimum of 1.6 cm to a maximum of 5.4 cm. The dif-
ferent source-detector separations are accomplished by
means of a raster scanning device (Techno XYZ position-
ing table), which moves the light source with respect to
the fixed-detector optical fiber. The uncertainty in the
variations of r (or p) is -10 ,um. The experimental con-
figurations in the infinite and semi-infinite geometries are
sketched in Fig. 2. We observe that the source-detector
separations are measured from the emitting point of the
laser diode to the center of the detector fiber bundle. The
effect of the finite size of the detector fiber (3 mm in diam-
eter) on the measured values of /La and /t' is negligible
when multiple source-detector distances are employed in
the data analysis. We have experimentally verified that
fibers with different diameters give the same values of /La
and /Ls'

The measurement of dc, ac, and phase at several
source-detector distances enables us to determine the
slopes of the straight lines associated with dc (Sdc) ac
(Sac), and phase (So). These straight lines are given
by ln(rUdc), ln(rUac), and <) in the infinite geometry2 0

and by Eqs. (20)-(22) in the semi-infinite geometry. In
the infinite geometry the way to recover /Qa and A,' has
been described in detail.'9 In the semi-infinite geome-
try we treat the problem of recovering La and ,u&, from
Eqs. (20)-(22) iteratively: First we neglect the terms
containing /ta and /Ls' on the left-hand side of the equa-
tions and obtain the slopes S() S), and S(0) from which
we determine L(°) and LI(). Then we use these values
to obtain SM SM, and S(1) and hence AL) and 41), and
we continue applying this procedure recursively until /LCi)
and /uL14) reproduce themselves within a given uncertainty
of 0.1%. The convergence is reached after few iterations.

4. EXPERIMENTAL RESULTS

On the basis of the discussion conducted in an earlier
paper' 9 we have recovered /La and /ju' from the data pairs
of dc and phase and ac and phase. In what follows we

present only the results obtained from dc and phase data,
but we note that similar results are obtained from ac and
phase data.

Infinite Geometry
The values of Ls' and /La measured in the infinite geome-
try are plotted in Fig. 3 as a function of Liposyn and black-
ink concentrations. In Fig. 3(al), j' shows a linear
dependence on the scatterer-solids content, in agree-
ment with linear transport theory.3 By contrast, L is
essentially insensitive to the increase in the black-ink con-
centration [Fig. 3(a2)]. In the absence of black ink, the
measured value of /La for diluted Liposyn (0.026 
0.001 cm-') is essentially due to water. In fact, the
reported value2 8 of ua for water at 780 nm, which is
0.023 cm-', is in good agreement with our measurement.
The linear dependence of /La on black-ink concentration
[Fig. 3(b2)] is also in agreement both with the theory
(/a = e[c], where e is the extinction coefficient and
[c] is the chromophore concentration) and with other

(a 1)

16

712

8

4

0

(a2)

16

12 T

U
8 _

4

0
0 .9 1.8 1 2 3 4 5 6

% Lip.
(Ink content=Omlh)

(b 1)

0.4

, 0.3

0.2

0.1

0.0

Black Ink conc. (ml/l)
(Liposyn solids content= 1.8%)

(b2)

0.4

0.3 2
E

0.2

0.1

0.0.9. 6. . . . . .
. 1.8 1 2 3 4 5 6

% Lip. Black Ink conc. (ml/I)
(Ink content=Oml/) (Liposyn solids content= 1.8/6)

Fig. 3 Results of the infinite-geometry measurements relative
to the various concentrations of Liposyn and black India ink.
In (al) and (bl) the x axis indicates the Liposyn solids content
(%) at constant black-India-ink concentration (0 mL/L), and in
(a2) and (b2) the x axis shows black-India-ink concentrations
(mL/L) at constant Liposyn solids content (1.8%). In all the
panels the error bars are of the order of the symbol dimensions
or smaller. (al), (a2) /Ls', the straight line through the points
relative to different Liposyn solids content is obtained by a linear
least-squares fit. (bi), (b2) JLa, the straight line, obtained by a
linear least-squares fit, has been calculated with the points rela-
tive to ink concentrations smaller than 2 mL/L (see Section 6).
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experiments.' 7 "19 The slope of the straight line cal-
culated with the points relative to ink concentrations
smaller than 2 mL/L [(64.5 ± 0.4) X 10-3 cm'1 mL' L],
for which the diffusion theory provides an excellent ap-
proximation to the transport theory, is very close to the
slope obtained spectrophotometrically in a nonscattering
regime [(66.1 ± 0.3) X 10-3 cmnl mL'1 L]. The measured
values of u,, relative to ink concentrations greater
than 2 mL/L deviate from the values measured on the
spectrophotometer by less than 6%. On the basis of
these observations we assume that the infinite-geometry
measurements provide accurate results for the optical pa-
rameters of the medium. We therefore use these results
as reference values for the semi-infinite-geometry
measurements

Semi-infinite Geometry
We have analyzed the surface data in two ways: (i)
considering Eqs. (20)-(22), thereby taking into account
the appropriate boundary conditions, and (ii) using the
infinite-geometry equations (8)-(10). In these ways we
quantify the corrections yielded by the application of the
proper boundary conditions with respect to the infinite-
geometry results. The results for I-tu' and j.t in the 24
media variations examined are shown in Fig. 4, where
they may be compared with the results of the infinite-
geometry measurements. We have also compared the
values of the slopes related to dc (Sde), ac (Sac), and phase
(S<) in the three cases considered (referred to as the in-
finite geometry, the semi-infinite geometry with bound-
ary conditions, and the semi-infinite geometry without
boundary conditions). This comparison, plotted in Fig. 5,
provides information on the behavior of the frequency-
domain parameters, namely, on their deviation from the
accurate infinite-model predictions.

The sensitivity of the semi-infinite-geometry results to
the positioning of the source and the detector relative to
the surface plane can be evaluated by comparison of the
data presented in Table 1. We measured the values of /j,
and Au' for slightly different positions of the laser diode
and the tip of the detector optical fiber. That is, assign-
ing to the medium surface a coordinate = 0, we have
examined two positions relative to the boundary plane,
i.e., a surface position (- 0) and 1 mm into the medium
( = 1). We then obtained four possible configurations
for the source-detector system, that is, (0, 0), (1, 0), (0, 1),
and (1, 1), where the first coordinate is relative to the
source and the second is relative to the detector. Table 1
shows the results obtained for alla and juL' in the solu-
tion with 1.8% of Liposyn and 0.4 mL/L of ink in the
four configurations described by analysis of the data with
Eqs. (20)-(22), i.e., taking into account for proper bound-
ary conditions.

physical events on the basis of probability distributions
related to the values of the optical parameters in the
medium. A fast Fourier transform of the time dis-
tribution of photons at each lattice site provides the
frequency-domain equivalent of an intensity-modulated
point source at multiple frequencies. The semi-infinite-
geometry boundary conditions are applied in the following
way: when a photon reaches a coordinate ; < 0, where
; = 0 is the interface plane on which the source and
detector are placed, it is absorbed. In this way we simu-
late the loss of photons through the air-liquid interface.
We have run this frequency-domain Monte Carlo simu-
lation for source-detector separations ranging from 3 to
10 cm and used the following values of the optical param-
eters of the medium: IAa = 0.059 cm'l, /t' = 3.2 cm'l,
and n = 1.33. For these values of the parameters the
size of the Monte Carlo lattice is large enough to pre-
vent photon escape. The number of photon histories
traced is 2 108. The simulation ran on a 486-66 MHz
IBM-compatible PC in -10 h. The number of detected
photons is large enough to provide good statistics. In
the infinite (semi-infinite) geometry we detected approxi-
mately 9 x 106 (5 x 106) and 13 X 103 (2.4 X 103) for
source-detector separations of 3 and 10 cm, respectively.
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5. MONTE CARLO SIMULATION

To obtain a result free of possible experimental arti-
facts, we have implemented a Monte Carlo simulation
program. A point source of photons is simulated, and
the trajectory history of each photon is traced through
a homogeneous cubic lattice in which each cell is associ-
ated with the same probability of absorption and scatter-
ing. A random-number generator samples the possible
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(Liposyn solids content= 1.8%)

Fig. 4. Comparison of the values of (al), (a2) Au' and (bl),
(b2) I.La measured in the three cases considered: circles, infi-
nite geometry; squares, semi-infinite geometry with boundary
conditions; triangles, semi-infinite geometry without boundary
conditions. The conditions for the x axis are described in the
caption of Fig. 3. The error bars are of the order of the symbol
dimensions or smaller.
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Fig. 5. Comparison of the slopes associated with (al), (a2) dc
intensity; (bl), (b2) ac intensity; and (cl), (c2) phase, measured
for different Liposyn and ink concentrations in the three cases
considered: circles, infinite geometry; squares, semi-infinite ge-
ometry with boundary conditions; triangles, semi-infinite geom-
etry without boundary conditions. The conditions for the x axis
are described in the caption of Fig. 3.

The results of the Monte Carlo simulation for a modu-
lation frequency of 120 MHz (to match the experimental
modulation-frequency condition) are shown in Fig. 6 and
Table 2. In Fig. 6 we show a comparison of the straight
lines associated with dc, ac, and phase in the case of the
infinite geometry, the semi-infinite geometry with bound-
ary conditions, and the semi-infinite geometry without

boundary conditions. In Table 2 we list the values ob-
tained for Iua and A,' in the three cases.

6. DISCUSSION

Infinite-Geometry Results
The infinite-geometry results shown in Fig. 3 have been
used as a framework to provide the correct values of the
optical parameters in the multiply scattering medium.
Several arguments have been presented above justify this
designation:

(i) The linear dependence of ,ut' on Lyposyn solids content;
(ii) The independence of p.L,' from black-India-ink concen-
tration;
(iii) The independence of Qia from Liposyn solids content;
(iv) The linear dependence, quantitatively similar to the
one obtained spectrophotometrically, of ILua on black-India-
ink concentration.

Whereas conditions (i) and (iii) are certainly well satisfied,
conditions (ii) and (iv) hold rigorously only for black-India-
ink concentrations smaller than -3 mL/L. However, the
deviations of the measured values of /ice' and /l-a at the
maximum ink concentration examined (6.1 mL/L) from
the values that would satisfy conditions (ii) and (iv) are
small (-6%). We neglected these deviations in compar-
ing the semi-infinite-geometry results. From a general
standpoint these deviations are a sign of the shortcom-
ings of the diffusion approximation for higher absorption
coefficients. As discussed in Section 2, the diffusion ap-
proximation requires tLs'/Itta to be much greater than 1.
The results of our measurements permit us to quantify
this requirement: the values of the optical parameters
of our medium are consistent with Mie theory and with
spectrophotometric measurements when /i-ta > 80, and
they deviate by -6% for Us'/Ma 40.

Semi-infinite-Geometry Results
The method used to recover the values of Ada and '
from the measured data is based on the determination
of the slopes of the straight lines associated with dc, ac,
and phase. In the semi-infinite geometry this method
presents the advantage of being insensitive to the val-
ues of the distance parameters of the model, Zb, Zo, and
z. This topic was discussed in Section 2 on the basis of
the derived expressions for the dc, the ac, and the phase
slopes. The results presented in Table 1 experimentally
confirm the theoretical predictions relative to the param-
eter z. Therefore the combined theoretical and experi-
mental results show that the relative index of refraction
(influencing Zb) the value of the photon mean free path
in the multiply scattering medium (related to z), and

Table 1. Sensitivity to Source-Detector
Positioning on the Surface

Depth of Immersion (mm)

Source Detector fla (cm-) pus, (cm-')

0 0 0.053 ± 0.001 14.5 ± 0.4
1 0 0.052 ± 0.001 14.9 ± 0.4
0 1 0.053 ± 0.001 14.7 ± 0.4
1 1 0.051 ± 0.001 14.8 ± 0.4
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(a 1)

line parameters considered in this paper are obtained
by least-squares fits. In all cases considered the lin-
ear fits are very good; the correlation coefficients typi-
cally exceed 0.999.

The comparison of the measured values of Mua and
Ms' in the three cases considered (infinite geometry,
semi-infinite geometry with boundary conditions, and
semi-infinite geometry without boundary conditions) is
presented in Fig. 4. A more quantitative comparison is
made by analysis of the deviations of the semi-infinite ge-
ometry results from the infinite-geometry results. These
deviations are shown in Fig. 7. With proper boundary
conditions the semi-infinite measurements yield values
of Ma that differ by less than 4% from the values de-
termined with the infinite geometry. The deviations
relative to A' are larger, ranging from -5% to 15%, but

Table 2. Monte Carlo Simulation Results

Geometry 1a (cm'1) ,A" (cm-)

Infinite 0.0586 ± 0.0004 3.22 ± 0.03
Semi-infinite with

boundary conditions 0.0580 ± 0.0007 2.95 ± 0.06
Semi-infinite without

boundary conditions 0.077 ± 0.001 3.6 ± 0.1
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Fig. 6. Straight lines associated with (a) dc, (b) ac, and
(c) phase as a function of r (infinite geometry) or p
(semi-infinite geometry), obtained from the Monte Carlo
simulation. The different symbols refer to the three conditions
examined (dc* and ac* refer to values relative to the maxi-
mum source-detector distance and V)* refers to a value
relative to the minimum source-detector distance). Circles,
infinite-medium simulation, infinite-geometry equations: dc* =
ln(rUdc), ac* = ln(rUac), D* = . Squares, semi-infinite-
medium simulation, semi-infinite-geometry equations: dc*,
ac*, and * given by the left-hand sides of Eqs. (20)-(22).
Triangles, semi-infinite-medium simulation, infinite-geometry
equations: dc* = ln(pq('dc8), ac* = ln(pqlac8), (* = .-
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the position of the fiber relative to the boundary surface
(given by z) are not critical parameters. Their values
can change without substantially affecting the results of a
measurement. However, it should be stressed that this
statement is true only within the model constraints, i.e.,
when the conditions Zb < Z < Zb + zo and 1 >> (Zb +
ZO ± Z) 2 /p 2 are satisfied. The experimental straight-
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Fig. 7. Differences between the values of (al), (a2) ibt' and
(bl), (b2) ua measured in the semi-infinite geometry an; those
obtained in the infinite geometry: squares, with boundary con-
ditions; triangles, without boundary conditions. The conditions
for the x axis are described in the caption of Fig. 3. /
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the required independence of Mus' from absorber concen-
tration is retained. On the other hand, the analysis of
the semi-infinite-measurement data with the infinite-
geometry equations yields poor results for both Ma and
As'. Ma typically deviates by 15% from the accurate val-
ues, whereas Mas' shows a dependence on the absorber con-
centration. Obviously the use of the infinite-geometry
model for analyzing the semi-infinite-geometry data is
not expected to yield good results. Nevertheless the
comparison presented in Figs. 4 and 5 allows us quanti-
tatively to evaluate the correction that is due to the semi-
infinite geometry model. From Fig. 5 one can see that
for absorber concentrations smaller than 3 mL/L, which
correspond to MA'/Ma > 80, the use of the semi-infinite-
geometry boundary conditions gives rise to corrections in
the right direction: the dc, the ac, and the phase slopes
are systematically closer to the correct value. For ink
concentrations higher than 3 mL/L (A'/Ma < 80) the cor-
rections are less precise, especially in the case of the ac
slopes.

The Monte Carlo simulation provides an independent
test of the semi-infinite-geometry boundary problem.
The results presented in Fig. 6 and Table 2 are simi-
lar to the ones obtained experimentally. Use of the
semi-infinite-geometry boundary conditions yields better
accuracy for Ma than for Ms'. The corrections provided by
the boundary conditions are particularly evident and ef-
fective in the evaluation of Ma. The slopes of the straight
lines associated with dc, ac, and phase are closer to the
accurate ones when the boundary conditions are applied.

7. CONCLUSIONS

In this paper a systematic study of the applicability of
the diffusion approximation to the semi-infinite-geometry
boundary problem has been presented. The principal re-
sult is that in a macroscopically homogeneous, multiply
scattering medium reasonably good estimates of the op-
tical parameters are obtained from the diffusion theory,
provided that the appropriate boundary conditions are ap-
plied. The fact, also shown in this paper, that the mea-
surements are quite insensitive to the precise geometrical
configuration at the surface, namely, the positions of the
source and the detector relative to the surface plane of
the medium, suggests that slightly different boundary ge-
ometries could be equally well represented.
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