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Phonon-Assisted Ballistic Current from First-Principles Calculations

Zhenbang Dai ,1,† Aaron M. Schankler ,1,† Lingyuan Gao ,1 Liang Z. Tan ,2 and Andrew M. Rappe 1,*

1Department of Chemistry, University of Pennsylvania, Philadelphia, Pennsylvania 19104–6323, USA
2Molecular Foundry, Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA

The bulk photovoltaic effect (BPVE) refers to current generation due to illumination by light in a 
homogeneous bulk material lacking inversion symmetry. In addition to the intensively studied shift current, 
the ballistic current, which originates from asymmetric carrier generation due to scattering processes, also 
constitutes an important contribution to the overall kinetic model of the BPVE. In this Letter, we use a 
perturbative approach to derive a formula for the ballistic current resulting from the intrinsic electron-
phonon scattering in a form amenable to first-principles calculation. We then implement the theory and 
calculate the ballistic current of the prototypical BPVE material BaTiO3 using quantum-mechanical density 
functional theory. The magnitude of the ballistic current is comparable to that of the shift current, and the 
total spectrum (shift plus ballistic) agrees well with the experimentally measured photocurrents. 
Furthermore, we show that the ballistic current is sensitive to structural change, which could benefit 
future photovoltaic materials design.

The bulk photovoltaic effect (BPVE) is the phenomenon
of photocurrent generation in a homogeneous material that
lacks inversion symmetry [1,2]. Compared to traditional
photovoltaic devices with a p-n junction to separate
electron-hole pairs, where the power conversion efficiency
cannot go beyond the Shockley-Queisser limit [3], the
BPVE can generate large short-circuit photocurrent and
above-band gap photovoltage, thus potentially surpassing
the efficiency limit of conventional solar cells [4,5].
Shift current, which is a purely quantummechanical effect,

is considered to be one of the dominant mechanisms of the
BPVE. The shift current results from the coherent evolution
of a quantum wave packet; a net current is generated by a
real-space shift of excited electrons under illumination. The
shift current has been extensively studied analytically and is
also readily obtained from first-principles calculations based
on electronic structure [6–10]. This enables ab initio study of
the shift current response of a wide variety of materials,
including those in Refs. [11–14]. Though no overarching
design rules have been established, previous studies have
established links between shift current response and wave
function delocalization and polarization [4,15–17]. Although
the shift current mechanism is a major component of the
BPVE, our recent first-principles study shows that it cannot
fully account for the experimental photocurrent spectrum of
BaTiO3 [18]. Indeed, unlike shift current which is a purely
excitation theory, kinetic processes including the relaxation
and recombination of photoexcited carriers are often not
taken into account. Therefore, other mechanisms related with
kinetic processes must also be studied for a full under-
standing of the BPVE.
Ballistic current, which is a current based on carrier

transport, results from asymmetric occupation of carriers

at momentum k and −k [19], and it is viewed as a dominant
mechanism for the BPVE [20–23]. In the absence of
inversion symmetry, the occupation is determined by differ-
ent asymmetric scattering processes, including scattering
from defects, electron-hole interactions, and the electron-
phonon interactions [19,21,24,25], whereas for magnetic
systems which break time-reversal symmetry, the asymmetric
momentum distribution can still exist without these scattering
mechanisms [1,21,26]. We will focus on materials with time-
reversal symmetry. Among these asymmetric scattering
processes, electron-phonon scattering is an intrinsic mecha-
nism present regardless of the quality of the material, and it
will be strongly influenced by temperature. As revealed in
Ref. [27], both ballistic current and shift current are signifi-
cant mechanisms for BPVE in Bi12GeO20. Although there
are several previous studies calculating ballistic current, they
are based on few-band models, and approximations are
usually made assuming that only certain regions of the
Brillouin zone contribute [21–24]. Therefore, to establish the
importance of ballistic current for real materials, it is
imperative to have a study based on the full electronic
structure and phonon dispersion.
In this Letter, we perform a first-principles study of the

ballistic current due to electron-phonon scattering (referred
to here simply as the ballistic current). To the best of our
knowledge, no such calculation has yet been reported.
Following previous work [19,24], we take the electron-
phonon coupling as the source of scattering and derive the
asymmetric carrier generation rate using a Kubo formula.
With the developed ab initio Frölich electron-phonon
interaction, the carrier generation rate can be calculated
in an ab initio way. With the rate and band velocities,
current can be calculated according to the Boltzmann
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transport equation. We compare our results with theoreti-
cally calculated shift current and also with the experimen-
tally measured photocurrent of BaTiO3 [18,28]. We also
explore the ballistic current in different crystal structures of
this material, and we find that the magnitude of ballistic
current can vary significantly.
Based on the Boltzmann transport equation, the phonon-

assisted ballistic current can be expressed as

jαβ;γðωÞ ¼ 2eτ0
X
cvk

Γαβ;asym
cv;k ðωÞ½ve;γck − ve;γvk�; ð1Þ

where Γαβ;asym
cv;k ðωÞ ¼ 1

2
½Γαβ

cv;kðωÞ − Γαβ
cv;−kðωÞ� is the asym-

metric carrier generation rate for an electron-hole pair ðc; vÞ
at k, e is the electron charge, τ0 is the momentum relaxation
time, and veck (vevk) is the electron (hole) velocity obtained
from band derivatives. The leading factor of 2 is for spin
degeneracy. The central quantity that needs to be evaluated
is the asymmetric carrier generation rate, and it is
derived below.
Adopting the velocity gauge E ¼ −ð∂A=∂tÞ and taking

the electron-photon interaction as Ĥe−photon ¼ ðe=mÞP̂ · Â,
from linear response theory [29,30], the average power
delivered by monochromatic light of frequency ω to the
system during one period of oscillation is

W ¼ −2ωIm½χαβðωÞ�
�

e
mω

�
2

EαðωÞEβðωÞ; ð2Þ

where χαβðωÞ is the rank-two response function in the
presence of E field with Greek letters denoting its compo-
nents, e andm are the electron charge and mass, and EαðωÞ
is the amplitude of the electric field, whose frequency
dependence will be taken implicitly hereafter. Considering
that each photon absorbed will be converted to an electron
and hole, [25], the overall carrier generation rate ΓαβðωÞ
can then be written as

ΓαβðωÞ ¼ W
ℏω

¼ −
2

ℏ
Im½χαβðωÞ�

�
e
mω

�
2

EαEβ: ð3Þ

According to the Kubo formula, the response function is
related to the retarded momentum-momentum correlation
function

χαβðωÞ ¼ 1

ℏ
CR
P̂αP̂†βðωÞ

¼ −
i
ℏ

Z þ∞

−∞
dte−iωtΘðtÞh½P̂αðtÞ; P̂†βð0Þ�i: ð4Þ

Here, the brackets h·i indicate an equilibrium average with
respect to the total Hamiltonian that includes any extra
interaction Ĥ0, which in our case is the electron-phonon
interaction, and the momentum operators are in the
Heisenberg picture. To evaluate χαβðωÞ, we first calculate

the imaginary-time (Matsubara) correlation function in its
second quantization form with Bloch states as the basis:

χαβT ðiωnÞ ¼ −
1

ℏ

X
kk0cc0vv0

hvkjP̂αjckihc0k0jP̂βjv0k0i

×
Z

ℏ=kBT

0

dτeiωnτhT̂τĉ
†
vkðτÞĉckðτÞĉ†c0k0 ð0Þĉv0k0 ð0Þi; ð5Þ

where cðc0Þ and vðv0Þ are band indices for conduction and
valence bands, respectively, k;k0 are crystal momenta, and
1=kBT reflects the influence of temperature [31]. The
retarded and Matsubara correlation functions can be related
through analytical continuation: χαβðωÞ ¼ χαβT ðiωn →
ωþ i0þÞ, where 0þ is a infinitesimal positive number.
In Eq. (5), two conditions hold: first, due to Pauli exclusion,
transitions are only allowed from occupied valence bands
to unoccupied conduction bands; also the population of
electrons in a semiconductor is not significantly influenced
by temperature. Second, because of the negligible momen-
tum carried by photons, only vertical transitions are
allowed. From Eq. (5), it can be seen that the carrier
generation rate ΓαβðωÞ can be decomposed into compo-
nents from various k points and electron-hole pairs:
ΓαβðωÞ ¼ P

cvk Γ
αβ
cv;kðωÞ, and we only consider the asym-

metric scatterings Γαβ
cv;kðωÞ ≠ Γαβ

cv;−kðωÞ as the contribution
to net current. Without any other interaction, Eq. (5)
corresponds to Fermi’s golden rule, and this is a symmetric
excitation which does not generate any current.
Therefore, we calculate the carrier generation rate in the

presence of electron-phonon coupling, which will impose
the influence of temperature. By introducing the Frölich
e-ph Hamiltonian as [29,31,32]

Ĥ0
e−phonon ¼

X
μnn0

X
kk0

gnn
0

μkk0 ĉ†n0k0 ĉnkΦ̂
μ
k−k0 ; ð6Þ

where Φ̂μ
q ¼ âμq þ âμ†−q is the phonon field operator, âμqðâμ†q Þ

are the phonon annihilation(creation) operators, and gnn
0

μkk0 is
the electron-phonon coupling matrix, we perform a pertur-
bative expansion using a Feynman diagrammatic approach.
The lowest-order nonzero contribution is second order,
illustrated as three different diagrams in Fig. 1. As shown
in the Supplemental Material [33], the processes of Fig. 1(b)

FIG. 1. Three different Feynman diagrams for the second-order
expansion of the momentum-momentum correlation function
with the electron-phonon coupling as the perturbation. Only
diagram (a) will contribute to asymmetric scattering.



and 1(c) are symmetric scattering, and only Fig. 1(a) contri-
butes to asymmetric scattering. By applying Feynman rules
on Fig. 1(a) and performing analytical continuation, we can
find the second-order correction to the carrier generation rate
ΔΓαβ

cv;kðωÞ. Finally, we use relations that are satisfied for
materials with time-reversal symmetry

hv;−kjP̂αjc;−ki ¼ −hv;kjP̂αjc;ki�
gnn

0
μ−k−k0 ¼ ðgnn0μkk0 Þ� ð7Þ

to write the asymmetric carrier generation rate:

Γαβ;asym
cv;k ðωÞ ¼ 1

2
ðΔΓαβ

cv;kðωÞ − ΔΓαβ
cv;−kðωÞÞ

¼ 2

ℏ

�
πe
mω

�
2

EαEβ

X
c0v0k0μ

Im½hvkjP̂αjckihc0k0jP̂βjv0k0igcc0μkk0gv
0v

μk0k�

×

�
ðNq þ 1Þ

�
δðEck − Evk − ℏωÞδðEc0k0 − Ev0k0 − ℏωÞ

�
P

1

Ec0k0 − Eck þ ℏωq
þ P

1

Evk − Ev0k0 þ ℏωq

�

þ δðEck − Evk − ℏωÞP 1

Ec0k0 − Ev0k0 − ℏω
ðδðEc0k0 − Eck þ ℏωqÞ þ δðEvk − Ev0k0 þ ℏωqÞÞ

þ P
1

Eck − Evk − ℏω
δðEc0k0 − Ev0k0 − ℏωÞðδðEck − Ec0k0 þ ℏωqÞ þ δðEv0k0 − Evk þ ℏωqÞÞ

�

þ Nq½ωq ⇔ −ωq�
�
; ð8Þ

where q ¼ k − k0 is the phonon momentum, Nq is the
phonon population, and ½ωq ⇔ −ωq� denotes the term in
brackets in Eq. (8) with instances of ωq negated, ωq being
the phonon dispersion. The delta functions in Eq. (8) reflect
the selection rule for optical transitions, and the electron-
phonon coupling matrices together with principal parts
modulate the transition rate. The initial asymmetric
carrier distribution quickly thermalizes, so the carriers
contribute to the current only for times on the order
of the momentum relaxation time of the carriers, which
is usually on the femtosecond timescale [25,27]. We
approximate τ0 to be 2 fs in this work, which is justified
by an estimation from first-principles calculations (see
Supplemental Material) [26,33,34]. Together, Eqs. (1)
and (8) provide a method to compute the ballistic current
density from quantities that are readily available from first-
principles calculations.
We perform density functional theory (DFT) and

density functional perturbation theory (DFPT) calcula-
tions using the QUANTUM ESPRESSO package [38,39].
Generalized gradient approximation exchange correla-
tion functional and norm-conserving pseudopotentials
produced by the OPIUM package are used [40–42]. The
convergence threshold for self-consistent calculations
was 10−8 Ry=cell, and for DFPT calculations it was
10−16 Ry=cell. Velocity and electron-phonon coupling
matrices are calculated by Wannier interpolation using
the EPW package [43,44]. All quantities are sampled on
an 8 × 8 × 8 unshifted Monkhorst-Pack grid [45], and
the principal part integration is dealt with using a

generalized Newton-Cotes method (see Supplemental
Material) [33,35].
BaTiO3, as a prototypical ferroelectric and bulk photo-

voltaic material, is an ideal candidate for benchmarking the
ballistic current; the BPVE current spectrum has been
measured for BaTiO3 [28], and the shift current has also
been predicted by first-principles calculations [7]. We use
the experimental lattice parameters of tetragonal BaTiO3

with Ti-displacement along (001) to represent the spatially
averaged structure, and the atomic positions are relaxed
before the phonon calculations. The temperature of pho-
nons is chosen to be the room temperature. The theoretical
ballistic current is shown in Fig. 2(a). We find that the
ballistic current has a more jagged response profile, which
is indicated by Ref. [20] as a signature of the ballistic
current. For the range of light frequencies considered, the
largest calculated response occurs at 2.1–2.5 eV above the
band gap, similar to the shift current [Fig. 2(c)]. Even
though the line shape of the ballistic current is more
complicated, we note that the onset frequency of σzzZ is
larger than that of σxxZ for both ballistic and shift current. In
addition, the amplitudes of the ballistic and shift current are
similar in magnitude, and thus we find that both shift
current and ballistic current will contribute significantly to
the experimentally measured current.
To compare with experiment, we calculate the real

photocurrent based on the Glass coefficient [18,46], by
further computing the absorption coefficient with
quasiparticle corrections. As pointed out by our pre-
vious work [18], the quasiparticle correction will



significantly influence the absorption profile, but it will
mainly blueshift the response tensor within the fre-
quency range of interest. We apply the same technique
by calculating the absorption coefficient using quasi-
particle energies with exciton correction while calculat-
ing the current response tensor at the GGA level
followed by a rigid shift to account for the under-
estimation of the band gap (2.1 eV at DFT-GGA level to
3.78 eVat quasiparticle level [18].) In this way, accuracy
is improved while the computational cost is kept low. In
addition, we consider the experimental errors for sample
dimensions and light intensities as reported in
Refs. [7,28,36]. In Fig. 3 the xxZ ballistic current
partially fills the gap between the shift current and
the experimental spectra, whereas for the zzZ compo-
nent whose shift current has already aligned well with
the experiments, the ballistic current barely influence
the theoretical BPVE spectrum. This confirms that the
ballistic current from the electron-phonon scattering can

contribute significantly to the BPVE. However, we want
to point out that in order to get a full understanding of
the ballistic current and the BPVE, other scattering
mechanisms such as defect scattering and electron-hole
Coulomb scattering should also be taken into account.
As revealed by previous study, the shift current response

can be strongly enhanced by modest changes to crystal
structure or composition [47,48]. Here, we extend this idea

FIG. 2. First-principles results for BaTiO3. (a) The ballistic
current for the room-temperature tetragonal phase. (b) The
ballistic current for the rhombohedral structure. (c) The shift
current for the room-temperature tetragonal phase (reproduced
from Ref. [7]). The insets of (a) and (b) show the structures of
BaTiO3 for each phase. It can be seen that the ballistic current and
the shift current are of similar magnitude, and that structural
change in BaTiO3 can dramatically change the ballistic current
response.

FIG. 3. Comparison between the theoretical and experimental
results for tetragonal BaTiO3 [18,28]. (a) The comparison
between the experimental BPVE and the theoretical shift
current (SC, reproduced from [18] with GWþ exciton correc-
tion). (b) The comparison between the experimental BPVE and
the theoretical shift current plus ballistic current (SCþ BC).
The solid lines are computed by assuming 0.5 mW=cm2 light
intensity and 0.15 cm sample width. The shaded areas account
for the range of experimental parameters in Refs. [28,36] that
gives the boundary of the response. For the xxZ component,
the ballistic current partially fills the gap between the shift
current and experimental spectra. For the zzZ component, the
shift current alone agrees fairly closely with experiment, and
the ballistic current barely influences the theoretical line
shape.



and explore the relation between the ballistic current and
structure. We find that certain structures can greatly
enhance the current response. To illustrate this point, we
lift all constraints of BaTiO3 and perform a full structural
relaxation, so that the ground-state rhombohedral structure
is obtained. In order to investigate the effect of crystal
structure only, we then calculate its ballistic current by
keeping the relaxation time and temperature unchanged,
and the corresponding ballistic current photovoltaic tensor
is shown in Fig. 2(b). Its line shape is dramatically different
from that of the tetragonal phase [Fig. 2(a)], and the overall
magnitude is much larger. Through a visual inspection of
the two structures [the insets of Figs. 2(a) and 2(b)], we find
a larger off-center displacement along the (111) direction in
the rhombohedral structure and a smaller distortion along
the (100) direction in the tetragonal phase. This could
indicate a relation between the magnitudes of the current
response and the structure distortion. Specifically, it could
be that a larger extent of symmetry breaking will enhance
the asymmetry of the momentum distribution, and the off-
center displacement suggests that different parts of the
Brillouin zone will not contribute to the ballistic current
uniformly. A more quantitative investigation into the
relationship between structure and the ballistic current will
be the topic of our future study. For practical applications,
however, this contrast between the ballistic current
responses of rhombohedral and tetragonal BaTiO3 is very
illuminating since it shows that a large part of the solar
spectrum can be harvested by engineering the distortion via
doping or external strain.
In conclusion, based on the Kubo formula, we derived

an expression for the phonon-assisted ballistic current,
and we implement it in a first-principles calculation.
Taking BaTiO3 as an example we demonstrated via
first-principles calculations that the electron-phonon cou-
pling is an important mechanism of the ballistic current
and can contribute significantly to the BPVE. We showed
that, similar to the shift current, the ballistic current is
also very sensitive to crystal structures; this reflects a
promising possibility of material engineering to further
harvest BPVE.
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