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ABSTRACT OF THE DISSERTATION

Global Weyl Modules and Maximal Parabolics of Twisted Affine Lie Algebras
by
Matthew Ford Lee

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, September 2018
Professor Vyjayanthi Chari, Chairperson

In this paper I will first discuss the structure of non-standard maximal parabolics of
twisted affine Lie algebras. Then I will define global Weyl modules in this setting and
discuss the associated commutative associative algebra, A ). These modules are an analog
of Verma modules in the affine setting and were defined in 2001 by Chari and Pressley.
Global Weyl modules have been studied in other settings such as twisted affine Lie algebras,

[3, B, [10] and non-standard maximal parabolics of untwisted affine Lie algebras, [4].
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Introduction

Integrable representations of affine Lie algebras, g have been an important family of
modules for years. Global Weyl modules, W (), were introduced in [7] and these modules
played a role, for integrable modules, that Verma modules played for modules of simple
Lie algebras, g. By this we mean any highest weight cyclic integrable module for g is
the quotient of a corresponding global Weyl module. We can find a natural commutative
algebra, Ay, which acts on W(\) and turns W () into a (g, A))-bimodule. These modules
were shown to have a bimodule structure, with the natural left module structure and a right
module structure given by the action of a natural commutative algebra, A ). An additional
result in [7] demonstrated that for g, A is isomorphic to a polynomial algebra in finitely
many variables.

After their introduction these modules, and their finite dimensional analogue the local
Weyl modules, have been further studied in other settings. [2] and [10] addressed the local
and global Weyl modules for twisted loop algebras. [8] and [3] studied local Weyl modules
for twisted current algebras, with the latter handling the Agi) case. These last two papers

extended the results for the full affine Lie algebra, twisted and untwisted, to the standard

maximal parabolic subalgebras. Chari, Kus, and O’Dell in [4] then extended this approach



by studying local and global Weyl modules for non-standard maximal parabolic subalgebras
of untwisted affine Lie algebras.

This dissertation will address global Weyl modules for non-standard maximal parabolics
of twisted affine Lie algebras. We will investigate how the structure of global Weyl modules

differs from the structure it has in other settings.



Chapter 1

Background

1.1 Background

1.1.1 Notation

We denote by C,Z,Z,, and N the complex numbers, integers, non—negative integers,
and positive integers, respectively. Unless stated otherwise, all vectors spaces are C-vectors
spaces and ® stands for ®c. Given any Lie algebra a we denote by U(a) the universal
enveloping algebra of a. We also fix an indeterminate, t, and denote by C[t] and C[t, ™ !]

the corresponding polynomial ring and Laurent polynomial ring with complex coefficients.

1.1.2 Lie algebra Notation

Let g be a complex simple finite—dimensional Lie algebra of rank n with fixed Cartan
subalgebra h. Let I = {1,...,n} and fix a set of simple roots {«; : i € I'} of g with respect
to h. Let R, R™ be the corresponding set of roots, positive roots, respectively. For i € I,

let a; denote the labels of the Dynkin diagram of g: equivalently the highest root of RT is



0 = zn:aiozi. Fix a Chevalley basis {z},h; : « € R,i € I} of g and set 27" = 2% . Let
=1
(,) ble the non—degenerate bilinear form on h* with (6,0) = 2 induced by restricting the
Killing form of g to b.
Let @ be the root lattice with basis «;, ¢ € I. Define a; : Q — Z, i € I by requiring

n n 2 n
n= ;ai(n)ai, and set ht(n) = ;ai(n). Fora € Rsetd, = o.a) and h, = ;di(a)hi.

Let W be the Weyl group of g and fix a set of simple reflections s;, ¢ € I.

1.1.3 Diagram Automorphism

For a simply-laced Lie algebra g we let o denote a diagram automorphism of g of order

k. For a fixed primitive k™ root of unity, &, g decomposes, as a vector space,

where
g; ={recg:o(x) =&}

For any subalgebra a of g that is preserved by o, set a,, = g, Na. It is known that gg
is a simple Lie algebra, h§ = gg N b is a Cartan subalgebra and that gy, is an irreducible
representation of gg for all 0 <m < k — 1. Moreover,
nF gl =ng = @ (80)+a-
aeR;g
The following table [2] describes the various possibilities for g, g and the structures of g7,

as a gg-module. Here ¢ is the highest short root of gg.



m g g0 Im

21 Awm | Ba | Ve 200)
2 | Agp1, n>2| Gy | Vg (65)
2 Dn+1, n>3 Bn ‘/90 (98)
2 Eg Fy | Vo (05)
3 Dy Gz | Vgo(65)

From now on we will denote by g? the eigenspace decomposition of g with respect to the
diagram automorphism o. Tt is noted in [Helgason] that g7 is generated by {zi : i €
I(gd),} U {x;%} where the latter set is the highest, and lowest weight vectors of gf. This
{x;t} notation will be used for the rest of the paper and will refer to the simple roots of g°.

1.1.4 Scaling Automorphism

Set I(j) = I\{j} and let 1 be a primitive a;(65) - k- root of unity, where k is the order

of . The following holds by direct computation of the defining relations.

Proposition 1.1.1. The assignment
XF = X5, iel(G)u{o}, X -nt'X5,

defines an automorphism T : g% — g% of order a;j. Moreover, the set of fixed points (g§)” is

a semismple subalgebra with Cartan subalgebra h™° and
Ry={a € R:aj(a) € {0,£a;}},

is the set of roots of the pair ((g§)7,h77). The set {ca; : 1 € I(j)} U{—0(} is a simple system

for Ry.
Proof. The key observation is that 7o : g — g is an automorphism given by

+ +
X, — Xg(i

o ie 1), X7 utX,



where {XZjE .1 € Iy} represents the set of simple generators of g. A simple checking of the

defining relations verifies that 7 is an automorphism, g7 — g°. O

Remark: Since o : g — g is defined by O'(Xl-:t) = Xf(i) for simple generators X; € g and

T :g — g is defined by

+ e . .
L |xXE o)
T(X;) =
X ifi=j,0())
the two automorphisms commute.
We now set some notation that we will be using for the rest of the dissertation when it
is not explicitly stated or ambiguous. Any symbol, such as A, I, g, etc, with a superscript o

refers to the corresponding structure in g?. Similarly for a superscript 7o. No superscript

refers to the corresponding structure in g.

1.1.5 New Simple System

Lemma 1.1.1. Let w{? be the longest element of the subgroup of W (g{?), the Weyl group,

generated by {s; : 1 € I(j)}. The set
Ao = {a; i€ 17(j)} U {(w;”) 7105}

is a set of simple roots for (g77,H3%) and the corresponding set (RJ7)" of positive roots is

contained in (R7)*.
Proof. Since wy is the longest element of the Weyl group generated by {s; : i € I(j)}, for
ieI%(y):

wy () € {—a; 1€ I7(4)}.



Thus,

Ao = —(wd”) " ({au =i € I7(j)} U {=65)).

Since w(? is an element of the Weyl group for g7, it follows that Aj? is a simple system for
g7?. Moreover, since a;(05) = a;(wj?65) we have 65 € (R7)*. Thus, Ag C (R°)* and the

lemma is proved. O

The (wg")*lﬁg are listed below separated based on the choice of j, when it matters.

For Ag)

no1 we get o = a1+ 2(a; + ...+ an1) + an.

For D,(f) we get o) =a; +...+ay,

For Df’) we get of? = a1 + o for j =1

For Eéz) we get ) = a1 + 202 + 203 + a4 when j = 2

For EéQ) we get ap? = aq + 202 + 33 + 204 when j = 3

For EéQ) we get ) = ay + 202 + 3ag + 204 when j =4

For Aéi), we get o) = 25 + ... + 20,

Remark: We can now note some immediate consequences of using the following
notation for the rest of the paper, ol = (w§?)~1(65)7, 277 = xiga, a; = aj(og?) and
ho = haqy,

(i) af? is a short root
(i) (g7, 077) <0ifi€ I(j) and (7, a]?) >0

(iii) a;(af?) = a;, and

(iv) ht a™ > ht o for all ™ € R{ with a;(a™) = az’



For 1 <m < ka; we set
(Ry)"" ={a € R° :aj(a) € {m, —a; + m}},

oy = P 92

OéERm

Equivalently
g ={z €9’ :7o(zx) = n"z}.

Setting (R77)" = R7? N (R?)", we observe that

[y, B1=0, 1<m< ka;. (1.1)

1.1.6 Explicit Description of g™

Using the previous sections we now give an explicit description of (g,,)”” when a;(65) #
1. In each table below the g,, = {z € g7 : To(x) = "} where 7 is a kaj-primitive root of

unity. Each row in the table corresponds to gf, g7, and g respectively.

(2)
A2n71
90
:I:al,...,aj_l,aj+1,...,an yoees QGp1 o, O, 1 F Qg
oo =toj1+2(a;+ ...+ an_1) + an, 6
g1
Ozj,...Oq—l-...—l-Oéj—|—2<()¢j+1—|—...—|—an_1>—I—Oén
(14 ...+ + 20+ o) Fan), ., — (o), (o 4+ o)
92
—2a5+ ...+ 20p-1+ay),...,—0,20; + ...+ 201 + ap),...,0
hl,...,hj_l,hj+1,...,hn_1,a1+...+aj_1,04j+1+...—|—an




g3

—Oq—l—...—l—ozj,..

S0, (o4 o),

Ajy ... O
1—|—...—|—04j+204j+1+204n71+04
n

g3 ctd.

—(a1+...+q;
i+ 20+ 1) Fan)

D

g0
h17 Zl:Oél, hQ

—a1 — 209
a1 + 20

g1

Qg, Q1 + Qg

—Qp — G2, —QQ

g2

o1 + 200
ha
—Q1 — 20(2

g3

—a1 — 3ag, — — 2 2 2
, —2a1 — 3ae, 201 + 3ae, a1 + 3o
9

Qg, 01 + Qg

—Q2, —Q1 — (2

g4

—Q1 — 2&2

o1 + 2an
ho

g5

—Q] — (9

9, 0] + Q9
A(2)
2n

go




o 1<i#j<n} {hi:1<i<n}, {or+...+a;-1}
165, ... £ (205 + ...+ 2a)

go ctd.

H{ojp1 + 20540 + ..+ 20}

(151
aj,...,al—i—...—l—aj—|—2O¢j+1—i—2an

—Oéj—z()[j+1—...—20én,...
g1 ctd.
—Q — . = =201 — o = 20, e, O — = Qe — QG
92

9,...,Oéj_1+2(()éj—|—...—|-04n), —(9,...,—Oéj_1—2(0@4—...—5—20@)
hj,al,...,aj_l,...,al—|—aj_1,a1—|—...—i—aj_1,04j+1+2(aj+1+...+an)
93

—ap — ..., —2(0 L+ ay),

aj +2(ajp1+ .ot an), .o+ a2+ o)

g3 ctd.

—ozj,l—ozj—2(aj+1—|—...+an),...—aj—...—ozn

B with j =2

g0

tai, a3, 04,03 + ay
+tap = (a1 + 202 + 203 + ay), ..., a1 + 209 + 203 + ay

g1

Qo,...,01 +ag + 2a3 + 204, —0, —a1 — 3ag — dag — 20

—(ag +ag),...,—a1 —ay — 2a3 — 20y

10



g2

(6% + 2(12 + 2&3 (0% PECICY ,Oé 2@‘2 4@3 2@1
3 9 9 9 b b b b
(6% (67 (13 — (4 h/3 hz 063 (0% a3 + [0
4

ggctd.
—Oé1—2052—2
ag,...,—a1 — 200 — 4dag — 2«
4
g3
«
1+ 3as + 4as + 209, 0, —a9 «
: S, — Qo — 20i3 —
2,...,01 +as + 2a3 + ay e

EY with j =3
, g = aq + 2a9 + 3as + 204

9o

+aq,a
o 1,02, 04, Q1 + Q2
1+ 200 + 3as + 2ay4, a1 + 20 + 3
Qs + ay

g1
(6
_a2_2a33:.6;,a1+a2+043+a4
4,...,—&1—2042—20[3—04
4
g2
a2+ 2a3,...,«
,o1 + 2a9 + 2a3 + 204, —0, ..., —a1 — 2
ag,...,—al—ag—agj—ai a2_4a3_2a4
93
a1 + 209 + 3¢
3+Oé4,98,—051—20¢2—30&3—0&
4, —Q1 —
h3’a4 1 2042—3053—2064
94
a1 + 209 + 4o
3+ 2ay4,...,0,—as —2a3,...,—a1 — 2
ag,...,01 + a9 + a3+ 0y R
g5

11



—Qg,. .., —Q] — Qg — Q3 — Q4
as + 20— 3+ ay,...,a1 + 200 + 203 + oy

Eé2) with j =4, a9 = a1 + 2a9 + 3a3 + 2a4

go

oy, a0, as,...,01 + ag + 2a3
+og = a1 + 29 + 3az + 20

g1
ag, ..., + 200 + 3as + ay
—044,...,—041—2012—3013—044
g2
ao + 2a3 + 20y, ...,0, —as — 2a3 — 204, ..., —0
hy, a3
93
—054,...,—041—2042—3043—044
ag,...,01 + 200 + 3as + ay

Proposition 1.1.2. Using the tables above we can observe that

(1) 80° = 817 0%, 1]

(it) For all 1 <'m < kaj the subspace g7 is an irreducible gj”-module
(iii) For all 0 < m < { < kaj, we have g3 = [g;7,., 057

Proof. Since g(° is a semisimple, write it as the direct sum of ideals, each of which has

a simple root, o], such that af?(h;) # 0. Since h] = [(a:}’)ﬂ(x?)‘] € [g{”,gzgj_l],
(977, gggj_l] intersects every simple ideal of gj?. Since we wrote gj? as a direct sum of

ideals, this means there is only one ideal in the sum. Part(ii) is proven by a case by case

12



analysis. Part (iii) is also proved by inspection and the observation [g;?, , ;7] is a non-zero

gy -module. ]
Remark: Part (i7) of the proposition implies 36,, € (R77)" such that
(;%,0,) >0 and [(mf")+,:ﬂ0+m] =0, i€l(j)U{0}. (1.2)
Since either 6, # 67 or 0,, # 0, we can observe that
[z}, (a77) "1 #0

We can also observe that z, € gq;—m and that it is a lowest weight with respect to
gy and

a;(0y) > 0foriel,1 <m < ka;. (1.3)

To see this note that the set {i € I : a;(6,) = 0} is contained in I(j). Suppose
Ji e {i € I7 : a;(p,) = 0}. Since R7 is irreducible there must exist p € I with a,(6,,) > 0
and (o, ap) < 0. It follows that (0, ;) < 0 which contradicts As a consequence of [L.3]
we get

(0,0m) >0, 1<m<kaj, andhencef—0, c R;ajfm. (1.4)

Finally, we note that since (6,, + aj, ag) = (0k, ) + (o, ag) > 0 we now have

O + aj — oo € R, m# kaj —1, Oaj—l +a; —ap € (Rg)Jr U {0} (1.5)

13



Chapter 2

go/t]" and Maximal parabolics

2.1 g¢[t]"” and Maximal Parabolics

2.1.1 gl

For a semisimple Lie algebra, g, let g[t] = g ® C[t] be the Lie algebra with Lie bracket
given by extending scalars. We can extend the diagram automorphism o to the current

algebra, g[t] := g ® C[t] in the following manner:
olz@t")=o(z)®t", x€g, r€ly,

where ¢ is a primitive k*-root of unity. The set of fixed points of ¢ is denoted by g[t]° and
is called the twisted current algebra. We can then extend the automorphism 7 from g to

g[t]? is a similar manner:
Tzt =71(x)@n"t", (z®t) € g[t]®

where 7 is an k:azh root of unity.

14



We will let g[t]”® denote the subalgebra of fixed points of 7o and carry the notation from
the previous section when referring to eigenspaces with respect to o, 7o. It is immediately
clear that

ajk—1

ol = P s 0 17Clth].
r=0

Further if we regard g[t|"” as a Z-graded Lie algebra, by requiring the grade of x ® t*

to be s, then g[t]™ is also a Z—graded Lie algebra, i.e.,

SEZy

A graded representation of g[t|™ is a Z, —graded vector space V' which admits a compatible

Lie algebra action of g[t]"?, i.e.,

V=@ Visl, elll™gVIs|CVig+s], g5 € Z.

El<y/m
2.1.2 Evaluation modules and ideals of g[t|™”
Given z € C, let ev, : g[t]"” — g be defined by ev,(x ® t") = z"v. It is easy to see

that evg(g[t]™?) is a semi-simple Lie algebra associated to dropping node j in the Dynkin

diagram for the Twisted Affine Lie algebra, and

evo(glt]™”) = 907, ev:(g[t]") =g, z#0. (2.1)

The kernels of these evaluation maps are ideals of finite codimension and one can construct
ideals of finite codimension in g[t]” in a more general fashion as follows. Let f € C[tk%]
and 0 < m < kaj. The ideal (g ® t™ fC[t])"" of g[t]”” is of finite codimension since there

are finitely many vectors with grade less than deg(t™f). Let I, s = (g ® t™ fC[t%])7?, and

15



observe that
kerevo Ng[t]™ =111, kerev,Nglt]"” =1

(O,tkaj _Zkaj)

g

We can use {I, ; : m € Zy, f € C[t]} to show that any non-zero ideal of g[t]™ is of finite

codimension.

Proposition 2.1.1. Let v be a non—zero ideal in g[t]"™". Then there exists 0 < m < ka;
and f € C[th%] such that I, ; C t. In particular, any non—zero ideal in g[t|™ is of finite

codimension.

Proof. We start by observing that it suffices to prove g, ® t"g C ¢ for some g € C[t*%/] and
r > 0. Since ¢ is non-zero and is preserved under the adjoint action of h? and one of the
following holds: (i) there is a non-zero element h € ¢ N (h ® C[t*%]) or, (ii) ¢ contains an
element of the form (zf ® ¢° )7 for some f € C[tF%], 0 < s < kaj, and « € (R)T. If the
first case holds we write

0Ah= Y hi®ficn(heClt),

i€I(j)u{0}
and we then have
hoagl=xy @ D ap(hi)fi€r, pel(f)uio}
iel(5)u{0}
Since the Cartan matrix of gg is invertible it follows that Z ap(hs) fi is non-zero

1eI(j)u{0}
for some p € I(j) U {0} and hence we see that ¢ contains an element of the form x} ® t°¢g

for some g € C[t*%], zf ®t* € g[t]", and a € (R7){. Let a be the simple summand of
907 containing x}. Taking repeated commutators with Z h; @ t°% and elements of a

iel(j)u{0}
we see that a ® gC[tF%] C 1. Moreover recalling that a;(h? M a) # 0 we choose h € h Na

16



with o;(h) # 0 and hence
Ozj(h)*l[ac;L @t,h @ gC[th4]] = 37;“ @ tgC[th] € «.

Since gy is an irreducible go-module it follows that g1 ®tgC[t*%] C ¢ and the claim is proved
in the first case. The preceding argument also proves the claim in case (i¢) if s = 0 and if
s > 0, the irreducibility of gs as a go-modules establishes the claim.

As a consequence of the claim, we see that if we set
Sm={g€Ctr]: x@tmgciforallz € gy}, 0<m<kaj—1,
then S, # 0 for some m > 0. We now prove that S, is an ideal in C[t*%/] and also that
%% Sta,—1 € So € S1 C +++ C Shay—1- (2.2)

In particular this shows that Sj, is non-zero for all 0 < m < ka; — 1. Using we

.

write an element x € gs as a sum x = Z[zp,yp] with 2, € go and y, € gs for 1 < p < q.
p=1

This means that,

z@t"fg= [ @ fy@t"g], fg€C[

If g € Sy, then y, ® t"g € ¢ by definition of S,, and so the right hand side of the
preceeding equation is an element of ¢. Hence x ® t™ fg € ¢« for all f € C[t*%] and g € S,
proving that Sy is an ideal for all 0 < m < kaj—1. A similar argument using [g¢, §m—r¢] = gm
proves the inclusions in (3.2).

For 0 < m < ka; — 1 let f,, € C[tf%] be a non-zero generator for the ideal S,,. By

(2.1.2) there exists go, - - -, gka;—1 € CJ[t*%] such that

fr= grfr-i—lo <r< kaj — 2, tkajfkaj*1 = gkai*lfo'
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This implies
Gka;—1f0 = 90 ** Gka;—19kay—1 = 1" fra,—1.
Hence there exists a unique ¢ € {0, ...,ka; — 1} such that g, = ke and gp=1ifp#L.

Taking f = fe41, where we understand fgq; = fo, we see that

Iy Cvym =L+ 1~ kajdppa;—1

2.1.3 Equivariant Map Algebras

We now show that g[t]” is never a current algebra or more generally an equivariant
map algebra with free action. For this we recall from [I4] the definition of an equivariant
map algebra. Let a be any complex Lie algebra and A a finitely generated commutative
associative algebra. Assume also that I' is a finite abelian group acting on a by Lie algebra
automorphisms and on A by algebra automorphisms. Then we have an induced action on
the Lie algebra (a ® A) such that y(z ® f) = vy ® vf, where v € I. An equivariant map

algebra is defined to be the fixed point subalgebra:
(a® A" = {z € (a® A)y(z) = 2V € T}.

The finite-dimensional irreducible representations of such algebras(and hence for (g[t]™?)
were given in [14] and generalized earlier work on affine Lie algebras. An independent proof
can be found in [CKO] when I' acts freely on maxSpec A. In the case when I' acts without
fixed points on A, many aspects of the representation theory of the equivariant map algebra
are the same as the representation theory of a ® A ([9]). The importance of the following

proposition is now clear.
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Proposition 2.1.2. The Lie algebra g[t]”® is not isomorphic to an equivariant map algebra

(a® A with a semisimple and I acting without fized points on A.

Proof. Recall our assumption that a; > 1 and assume for a contradiction that
olt]” = (a® A)"

where a is semi—simple. Write a = a1 & - - - P a,, where each a; is a direct sum of copies of
a simple Lie algebra g, and gs 2 g, if » # s. Clearly I' preserves a for all 1 < s < m and

hence

m

o[t = (a @ A)" = Pa, @ A)".
s=1

Since g[t]™ is infinite—dimensional at least one of the summands (a;®A)" is infinite—dimensional,
say s = 1 without loss of generality. But this means én}(as ® A)' is an ideal which is not of

=2
finite codimension which contradicts the previous perosition. Hence we must have m = 1.
It was proven in [14, Proposition 5.2] that if I" acts freely on A then any finite—dimensional
simple quotient of (a® A)! is a quotient of a; in particular in our situation it follows that all
finite—dimensional simple quotients of (a ® A)!" are isomorphic. On the other hand Equa-

tion 1.1.1 shows that g[t]”® has both gj” and g” as quotients. Since gi“ is not isomorphic

to g we have the desired contradiction. O

2.1.4 Twisted affine Lie algebras

The twisted affine Lie Algebra g(c) is defined as follows: the vector space structure is
given by

§(0) = (g0 C[t,t71])7 & Ced Cd

with commutator defined so ¢ is central and
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[dyz® fl=2@t(0f/0t) [z® f,y®g]=[z,y] ® fg+ Res(0f/0tg)r(x,y)c.

In this definition x is the Killing form and Res : C[t,t~!] — C pulls the coefficient of
t~1. The Cartan subalgebra is

h=haCeaCd,

where ¢ € 6;* is defined so 6(d) = 1 and §(h? & Cc) = 0. We extend o € h* to an element
of 6;* by defining a(c) = a(d) = 0. The set of roots, respectively simple roots, associated

to E* is given by
RO={a+rS:ac€RyrcZ}U{ss:sc€Z,s#0}, A={a:icllu{s—0}.
The Borel subalgebra defined by A is
b= ((h®n") @ C[t])” & (n~ @ tC[t])” & Cec e Cd.

Similar to simple finite dimensional Lie algebras, we define a parabolic subalgebra of g
as a subalgebra that contains b. The biggest difference is we lose the property that any
two Borel subalgebras are conjugate. The Borel subalgebra that we defined is called the
the standard Borel subalgebra and this is a natural restriction. For o € R let o be the
corresponding root space and given A’ C A we define ﬁ(A’ ) C R to be the subset consisting

of the Z-span of A’.

Lemma 2.1.1. Suppose that p is a proper parabolic subalgebra of § and assume that b £p.

Then there exists a proper subset A’ of A such that

Moreover p is mazimal iff |A'| = |I|.
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Proof. Tt is a simple observation that g is generated by band h@t! for any h € h and
s € Zy. Since p is a proper sublagebra, h®@t 5~ ¢ p for any h € hy and s € Z,. This also
means z,, @t ", zf @t"""1 ¢ p, since otherwise [z} @t x; @t = [z @t 2, @t"] =

ho @ t~1 € p. Now set

R {a; 1i€I,z; €p}, ifm%@t*1¢ﬁ

{6 —65,i,:i€1,z; €p} ifx%@t_l €p

then A’ # (). Clearly

P26+ D Ga
aEE(A’)

By using the commutator with acf ®1 we can see that if 27 ®t~! € p, then x; ot !l ep.
Similarly if z; ® 1 € p, then z; ®1e€ p for i € I such that o; < . For the reverse inclusion
it suffices to show that 7 ®t~! € p (resp. ;, ® 1 € p) only if —a+J € A'(a € A').

We prove the former by downward induction on ht a. Induction starts since if a = 6
then § — 6 € A’ by construction. Let a; € Ag and o + oy € wt(g7) for k& # 0. Since
$;r+a¢ = [z} @ 1,2} @ t7!] € p, by the inductive hypothesis —(a + ;) + 6 € Z4yA'. By
assumption of the inductive step x, ®t € p. Thus, v, @1 =[T44,, Ot vt ®@t] € p. This
means —a; € A’ and —a +§ € Z,A’. The last step, , ® 1 € p then —a € Z,A’, is the
same as in [4].

To prove the result when z, ® 1 € p we proceed by induction on ht a. If a € A then
by definition a@ € A’ and so induction begins. For the inductive step, choose o; € A such

that 8 = a—a; € R™. Since x5 ®1 is a non-zero scalar multiple of [z, 2,] ® 1 we see that

x5 ® 1 € p. By the inductive hypothesis we have § is in the Z-span of A”. On the other
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hand [.TUE ® 1,2, ® 1] is a non-zero scalar multiple of z; ® 1 and hence a; € A’ and the
inductive step is proved. The second statement of the lemma is now obvious. ]
2.1.5 Maximal Parabolic subalgebras and g[t|™

We can now make the connection between maximal parabolic subalgebras of g and g[t]™.
We set

A" ={a; i € I(j)}U {0 — 05},
and denote the corresponding maximal parabolic by p. It is easily shown that
Z.ANNR= {§—a:a€e R aja)=a;}U{a € R :aj(a)=0}.
This means p is spanned by b and
{zgt @t :ae R aj(a)=a;}U{z, ®1:a € R" aj(a)=0}.

Let p be the quotient of the derived subalgebra of p by the subspace Ce. It is clear that
p is isomorphic to subalgebra of g[t,t~!]°. We define a new grading on g[t,t~!]° given by
grizE @t") =ra; +aj(a),a € RY,r € Z.

(e

We can observe p is a graded subalgebra of g[t,t~1]° under this new grading. The

following is now easily checked.

Proposition 2.1.3. The map ¢ : (g ® C[t,t71])° — (g ® C[t,t1])? of Lie algebras given

on graded elements by ¢p(x @ t7) = x @ t9" =) is o graded isomorphism p = g[t]”
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Chapter 3
Category Z

3.1 Motivation

In this section we develop the representation theory of g[t]”. Following [Il [3], we define
the notion of global Weyl modules, the associated commutative algebra, A, and the local
Weyl modules associated to maximal ideals in this algebra. In the case of g[t] it was shown
in 7] that the commutative algebra associated with a global Weyl module is a polynomial
ring in finitely many variables. This is no longer true for g[t]””; however we shall see that
modulo the Jaobson radical, Ay is a quotient of a finitely generated polynomial ring by a
squarefree monomial ideal. As a consequence we see that under suitable conditions a global
Weyl module can be finite-dimensional and irreducible. More precise statements can be

found in Section 5.
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3.1.1 Fundamental Weights

Fix a set of fundamental weights {\; : ¢ € I(j) U {0}} for gi° with respect to AJ?
and denote by (P)™, (PJ?)" the set of integral, dominant integral weights. Note that the

subset
(P7)T ={Xe (FJ7)" : A(hy) € Z+}

is precisely the set of dominant integral weights for g with respect to A. Also note that
(P°)* is properly contained in (PJ?)". For example, in the Agi)fl case \,—1 € (PJ?)" and
An—1(hy) = —1. It is the existence of these types of weights that causes the representation
theory of g[t]™ to be different from that of g[t]°.

For A € P, we denote by Vgro (M) the finite dimensional representation of gg” with
highest weight A\. We will denote by vy the highest weight vector, and similarly define

Vgo (A) for X € (P7)™.

3.1.2 The category 7

Let I be the category whose objects are g[t]”?-modules that are g{?-integrable with the
morphisms being g[t]”"-module maps. Since g7 is a semisimple Lie algebra, if V' is an
object in Iit decomposes into a direct sum of finite-dimensional gj-modules. This means
V' admits a weight space decomposition:

V=@ Vi, Vu={veV:hv=upuhwheh},
HEPT®
and we set wt V' = {p € Pj? : V, # 0}. Since the weights of finite-dimensional gj?-modules

are closed under the action of the Weyl group of g7, W{j?, we see that
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w(wt V) C wt V, we Wj°.

For A € POJr we denote by I the full subcategory of I whose objects have the property
that wtV' C A — (Q%)™; note this is a weaker condition than requiring the set of weights be

contained in A — (Q77)*"

Lemma 3.1.1. Suppose that V is an object of I* and p € wtV and o € R*. Then p—sa €

wt V' for only finitely many s € Z.

Proof. Since pn € w V we can write A — p = Z sia; for some s; € Zy,i € I. If s <0 and
e

p € I is such that a,(«) > 0 then —sa, (o) —Zesp < 0 or equivalently —s, < sa,(a) < 0 for

only finitely many values of s. If u—sa € wt V then A— (u—sa) € (Q™)T and p—sa < .

It follows that the set of negative integers such that u — s € wt V' is finite.

Suppose that s > 0. Since v € FPJ™ we can choose w € Wj? such that wa is in the
antidominant chamber for the action of Wj? on h?. This implies that wa = —roog —
Z r;a; where the r; are non-negative rational numbers. Since Wi is a subgroup of W°
i€l(j)
it follows that —wa € (R%)". Since wu = —(—s)(—wa) = wu — swa € wt V, it follows by
applying the argument in the case s < 0 to the elements wy € wt V and —wa € (R%)"

that —s is bounded below and hence s is bounded above. This completes the proof of the

lemma. O
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3.1.3 Triangular Decomposition

Let
()t @b’ @ (n7)” = g%, where n* = P o
a€RY

Since 7 preserves (n?)* and h, we have
n+ [t]TO‘ an h[t]TU en [t]ro — g[t]TU.

Additionally, b[t]™” is a commutative subalgebra of g[t]””. For A\ € (PJ?)" the global
Weyl module W () is the cyclic g[t]”?-module generated by w) such that for h € h7 and

i e I(j) U {0}):

0t wy =0,  hiwy = Mh)wy, (z;7 @ DD 40y = 0. (3.1)

We can easily observe that W(\) € 7 since xzi ® 1 acts nilpotently by definition. Further if

we declare the grade of wy to be zero W (\) inherits a Z.-grading from g[t]™.

3.14 A,

Similar to [I], W(A) has a right action of h[t]™” that is compatible the the left module

structure in the following way
(uwy)h = uhwy for u € g[t]™, h € bh[t]™°.

Further, if we define

Annb[t]m (wy) ={h@t" €h[t]"? :h@t".wy=0} A)= U(f)[t]”)/Annh[t]w (wy)
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we can see that Anngjy-o(wy) is an ideal of U(h[t]™) and W (A) is a (g[t]™, A)-bimodule.
Since A is a graded ideal of U(h[t]"), A, is a graded algebra with a unique graded
maximal ideal Iy. Since A /Iy = C we can note that Iy = m+ (Ay)1 + (Ay)2+ -, where
(Ay), is the 7" graded component of Ay and m is a maximal ideal of (A)o. We observe

that since A € P, we have no choice for m. It is then easy to check that
W(A)x = Ay (32)

as right A y-modules.

3.1.5 Another description of A,

Before we study the structure of W()\) as an A -module we need to know more about
the structure of A,. Following [2] and [4], for a« € (R?)™, if v is a short root of g{7, and
r € Zy we define P, , € U(h[t]"?) recursively by

1< _
Pa,O = 17 Pa,r = _; Z:l(ha ® t%p)Pa,r—pa r Z 1
p:

where h, € g7. If 5 is a long root of gj? we define for r € Z,, P3, € {Uh[t]"?} recursively

by
1 T
Pao=1, Pgr=—1 Zl(ha Q1) Py, T 21
p:

where hg is the coroot in g[t]™.

We note that since « is a short root there is 2 € g§ and 2% € g9, for 0 < m < ka;. The
grade, exponent of ¢, allows one to know whether h, € gg or hy € g, for some value of m.
The same holds for x-. This removes the ambiguity and will be used heavily in Section 6.

Equivalently P, , is the coefficient of " in
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Writing h, = Z a;(a)h;, we see that
i=1
Pa(u) = [[ P (w)™®@, - ace (r7)*

=1

We set P,,, = P;, for i € I U{0}. The following is now clear from the Poincare-Birkhoff-

Witt Theorem and the recursive definition of P; ,
Lemma 3.1.2. The algebra U(h[t]™7) is the polynomial algebra in the variables
{P;,:ieI(j)u{0},r e N}

and the variables

{P,,:iel,reN}
The comultiplication satisfies
A(Py(u)) = Po(u) ® Py(u), «a€ (R7)T. (3.3)

For = € g[t]™,r € Z we also set (") = —

3.1.6 Useful Lemma
The following can be found in [7, Lemma 1.3] and is a reformulation of [11, Lemma 7.1].

Lemma 3.1.3. Let 2%, h be the standard basis for sly and V be a representation of the Lie
subalgebra generated by (T ®1) and (z~ ®t). Assume 0 # v € V is such that (xT @t )v =0

forr € Z,. Then for allr € Z, we have

ro)@ 9ot Mv= (e t) (@ 1)y = (=1)"P, (3.4)
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where P, is defined similarly to P;,. Furthermore,

(" 01z @)y = (=)™ (27 @ ) P_,w. (3.5)

3.1.7 Some structure of W (\)

Proposition 3.1.1. For all A € (P}%)" the algebra A is finitely generated and W () is a

finitely generated A -module.

Proof. The proof of the proposition is very similar to the one given in [I, Theorem 2] but
we sketch the proof below for the reader’s convenience and also to set up some further
necessary notation. Given a € (R77){, it is easily that the element (z} ®¢°) and (2, ®t%')
generate a subalgebra of g[t]”” which is isomorphic to the subalgebra of sly[t] generated by
(zt ®1) and (= ®t). It should be noted that the value of s,s” determines whether o €

wtg§ or g7, for some m # 0. Using the defining relations of W (A) and we get that
Poywy=0, 7>Xho)+1, ac (R (3.6)

It also follows from that p;,wy = 0 for all » >> 0. Using we see that A is

finitely generated by the images of the elements
{Pir i€ I(j) U{0}, r < A(ha)}

Fix an enumeration S, ...,y of (R%)*. Using the PBW theorem it is clear that W(\)
is spanned by elements of the form X;X5--- Xp/U(h[t]"?)wy where each X, is either a
constant or a monomial in the elements {xzj; @ ¢°} C g[t]"”. The length of each X, is
bounded by and equation proves that for any v € (R°)" and r € Z, the element

(x5, @t )U(H[t]™)wy is in the span of elements {(x;@tsmﬁsw)U(f)[t]”)u& :0< s < N}for
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some N sufficiently large. An obvious induction on the length of the product of monomials

shows that the values of s are bounded for each § and the proof is complete. O

Remark: Notice that the preceding arguments proves that the set wt W (A) is finite.

This is not obvious since wt W () is not a subset of A — Qg .

3.1.8 Local Weyl modules
For \ € POJr and I, a maximal ideal of A, we define
W()\,[)\) = W(/\) ®A/\ A)\/I,\.

By since W(\, 1)) is a quotient of W (), W (A, I,) is finite dimensional. Using the
standard arguments W (A, I)\) contains a unique irreducible quotient V (A, I)). In particular,

W (A, Iy) is a Z-graded g[t]”-module and

VO To) 2 €0 Ve (V) (3.7)
where evoVy, () is the representation of g[t|”” obtained by pulling back the irreducible
representation V() of go.
3.1.9 Evaluation Modules

We now explicitly construct a family of modules for g[t]”® which will be critical in

the study of A). For 0 # 2q,...,2, € C such that zfaj + zfaj V1 <r#s<mwe
m

have a surjective Lie algebra homomorphism euvg @evzsz g[t]™ — go @ (g7)®™ For a g°-
s=1

representation, V', and z # 0 we denote by eviV the pullback representation. It is quickly
verifiable from the recursive definition of P, , that for eviVy (A\), A € P, and ev§Vy, (1),

+.
we Py
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nt[]™ vy =0 P ,u\= ()‘(:”))(—1)7"2“3‘7"1),\ icl,reN

n ], =0, Pflv,=0 iel,reN.

By the comultiplication of P, , and the discussion of the action of F, , the next propo-

sition follows from [14, Proposition 4.9]

Proposition 3.1.2. Suppose that \1,..., Ay, € P and u € P0+. Let z1, ..., zm be non-zero

complex numbers such that z,’ # 25’ for all1 <r # s <m. Then
evy Voo (1) ® ey Vg(A1) ® - @ evl Vy(Am)
is an irreducible g[t]”-module. Moreover,

n+[t]70(vu Uy Q@ v)\m) =0,

(Piy — i) (v, Q@uy, ®...Q0y,)=0, i€l, reZ,

where

m

Z Tigpu" = H(l —ZPu) ) iel

sy s=1

Remark The module we constructed in the Proposition is of the form V(A,I) where

IT=p+M+... 4 A
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Chapter 4

4.1 A, as a Stanley-Reisner ring

For this section we denote by Jac(A,) the Jacobson radical of A,. Since A) is a
commutative algebra we will utilize the fact that Jac(A)) coincides with the nilradical of

A,.

4.1.1 Structure of A,/Jac(A))

The main result of this section is:

Theorem 4.1.1. The algebra Ay/Jac(A)) is isomrophic to the algebra A, which is the

quotient of U(h[t]™) by the ideal generated by the elements
P 1€I(j), s>Ahi)+1, (4.1)

and

n

Pl,n o Pn,rn, Z az-(ao)ri > )\(ho) (4.2)
=1

Moreover, Jac(ay) is generated by [4.2]
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4.1.2 Properties of A,/Jac(A,)

In this section we note some more interesting consequences that reveal more information

about how the structure of A is tied to the structure of W (\).

Proposition 4.1.1. A,/Jac(A)) is either infinite dimensional or isomorphic to C. Mo-

reover the latter is true iff the following two conditions hold:
(i) for i€ I(j), we have A(h;) > 0 only if a;(ag) > 0,

(ii) A(ho) < a;j(a) ifi=j orifiec I(j) and A(h;) > 0.

Proof. Suppose that X satisfies the conditions in (7) and (i). To prove that dim Ay /Jac(A )
1 it suffices to prove that the elements P; s € Jac(A)) for all ¢ € I and s > 1. Assume first
that ¢« # j. If A(h;) = 0 then equation gives P; swy for all s > 1. If A(h;) > O then the
conditions imply that A(hg) < a(ap), by condition (ii), and hence equation shows that
P, s € Jac(A,) for all s > 1. If i = j then again the result follows from equation and
condition (ii).

We now prove the converse direction. Suppose that (i) does not hold. Then, there exists
i # j with ba;(ap) = 0 and A(h;) > 0. Equation implies that the preimage of Jac(A))
is contained in the ideal of U(h[t]”?) generated by the elements {P; s : i € I,a;(ag) > 0}.
Hence, using we see that the image of the elements {P]; : r € N} in A)/Jac(A,)
must remain linearly independent showing that the algebra is infinite-dimensional.

Suppose that (i) does not hold. Then either A(hg) > a;(ag) for some i € I(j) with

A(hi) > 0. In either case and show that the image of the set {F/, : r € N}
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in Ay)/Jac(A)) must remain linearly independent showing that the algebra is infinite-

dimensional.

Corollary 4.1.1. The following are equivalent:
(i) Ay is finite dimensional

(ii) W(A) is finite dimensional

(i1i) Ay is a local ring

Proof. If A, is finite-dimensional then so is A/Jac(Ay) and the corollary is immediate
from the proposition. Conversely suppose that A is a local ring. By the proposition and

equation we have
f)i,Sw)\ =0, if ai(ao) =0, seN.

If a;(ap) # 0 we still have from that P, swy = 0 if s is sufficiently large. Otherwise

Equation [4.2] shows that there exists N € Z, such that
PNwy =0, foralliel,seN.

This proves that A is generated by finitely many nilpotent elements and since it is a
commutative algebra it is finite-dimensional. The second statement of the corollary is now

immediate from B.1.11
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4.1.3 Generators of Jac(A))

We now return to the proof of Theorem 1. It is clear that terms in [4.1) map to zero. So
it suffices to show that generates Jac(A)).

Let a and S be roots such that o + 3 is also a root. Define ¢(¢, «, 5) € C* by

ady, (z5) = (£, o, B)Ztats
Lemma 4.1.1. Let 5 be a root in g]°. There exists v € AL such that (5,7v) < 0.Then
(@fy @)t (@) @ t™) ) (ay, @)kt
= Alwy_,, © )Pty @ ), @ O mod Ulgl]™) UM (™),
where
A =C(1,y,—B)re(1,8 —~,-B)°

Proof. First induct on s, and then on k.

We first show
(z5_,0® ) (2, @ t")F) = (1, 8 -y, =) (a5, @ t") P (2], @ £
mod U(g[t]T”)U(n+[t]TU) (4.3)

For the s = 1 case, we have

(@h_ o @t (g, @ t")FFD

= (w5, @)D (@h_ @) + o1, B — 7, —B) (w5, © M E (@7, @) (4.4)

since any term with weight 5 — 2v is of the form xg_z,y, and 2v is not a root. For the

inductive step, let s > 1 and consider
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m - n 1 m — - n -
(5 0®1™) D (a5, @M ) = ~(af_ y@r™) (wh_, 0 @1™) D g @), (45)

By inductive hypothesis, we have

0176_77_5 1 m - n — m+n\(s— TO TO
( , ) (@ o®t™) (2 @t F D (2 @™t 57D mod U(glt) ™) U™ 1))+
(4.6)
Finally since 8 — 2 is not a weight in g; we have
e(1,8 7, -B) (a5, ® "B (s, ™ mod Ugl]™)UM[™)y,  (47)

proving the induction on s.

The proof of the lemma now follows from the equality

(ad @) (@5, @ M) E) (a7 @ ) ) =
C(l, ~, _B)k(l‘/;_%l ® tn—l—p)(k)(aj’?o ® tP)(S) (1:;71 ® tm—‘rn)(S) mod U(g[t]TU)U(n+[t]TU)+

(4.8)

which we prove by induction on k. For the case k = 1 consider
(et @ ") (g @ 1) (2, @ ™)) (4.9)

Recall that for any two elements X,Y € g[t]”” and ¢ € N we have the following identity in

U(glt]™):
L

Vix)=>" (é) add-(X)Y*4. (4.10)

q=1

Applying the above equation to the equation above it gives

G +1)!(s+1)c(1xy, —B)(x5_ Ot (ah (@) (1@t mod U(g[t]™) U []77)

(4.11)
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which equals

e(Ly = B) (e _p, @) (2l @ ") (@ @ ™)) mod Ut )Un*[t]7)4,

proving the base case. For the inductive step, let £ > 1 and consider
(‘FL‘;F,O ® tp)(s+k+1)(l'/g71 ® tn)(k—‘rl)(l‘;l ® tm—l—n)(s)

equals

1
(s+k+ DIk + 1)

(x";o ® tp)(s+k+1)(x,§71 ® tn)(x/g,l ® tn)k(l',;’l ® tm—l—n)(S).
By the adjoint equation, the above equation equals

6(17 s _B)
(s+k+DIk+1)

(s k4 D(zg_,, @) (@l @) (e, @ t")"

(23, @ ™)) mod U(g[f]™) UM [1]™)+

which equals

C(l7 s _B)

LD (@ © ) ety @ ) (@ @ )P a0 )

mod U(g[t]™")U(n " [t]").

Applying the induction hypothesis to the equation above yields

C(]-v 7, _B)k—i_l

k41 (965—%1 X tnw)(w[}_%l & tn+p)(k) (»T;r,o ® tp)(s) (“T;,l & tm+n)(s)

mod U(glt]*)U(n™[t]")+,

and we have finished the proof of the lemma.
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It is immediate from that under they hypothesis of the lemma we have for all P €

U(b[t]™) that

(x’t ® tp)(s—i-dyq) (-T—gi_,7 ® tm)(s) (x[; ® tn)(q-i—s)Pw)\

= C(zy, (5 @ ") D(ad @ ) (27 @ ™) & Pwy  (4.18)

Sy

4.1.4 Setup Lemma

Recall that given any root 8 € (RJ)* we can choose a € A with (3, «) > 0. This means
B+ a ¢ Rf. Setting vy, Bo = ap, we set 81 = s;,f0 and note that 3; € Ry. If 51 ¢ A°
then we choose «a;; € A with (8, a4,) > 0 and set 82 = s, 51. Repeating this if necessary

we reach a stage when k£ > 1 and 35, € A?. In this case we set o;, = 3;,. We claim that
H0<r<k:i.=i}|=a;(ap), 1<i<n. (4.19)

This equation follows from understanding how ¢ induces a map ¥ : A — A“.

4.1.5 Setup Fact
We retain the notation from the previous section. We now prove that
P, s - Pigsowx =0, if (so+---+sk) > A(ho) + 1. (4.20)
We begin with the equality
w = (vg @ 1)t "+ =0, (sg4 -+ s5) > A(ho) + 1,
which is a defining relation for W (\). Recalling that j = ip and setting

X, = (:L,j— ® t)So-i-daj (51+“'+5k)(x+ ® tkajfl)(so)

Qp—Qy
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we get by applying
0= Xlw = (.Tgl & tdaj)(Sl+..'+sk)Pio,80w)\-
More generally, if we set

X?“+1 = ($+ ® t(sir,j)sT+dair (ST—"_J’_Tk)( + ® tmr)(SR)’

Qg xﬁr — Q.

where m, = a; — d;, ; — do,;|{0 < g < r|ig = j}| we find after repeatedly applying [4.18| that

0= (xg:k ® t(sik’j)(sk)Xk o Xiw = Py g Pig sy

This proves the assertion.

4.1.6 Proof of generators of Jac(A))

We can now prove that

Py - Pyy, € Jac(A)y) if Zai(QO)Ti > A(ho)
=1

By selecting s, = ry, whenever 4, = m in equation (4.16, will change when I go to finish

the formatting) and using equation we see that

paileo) . pan(eo)y, — 0if N a(ag)r > A(ho). 4.21
1 n,rn

;71
=1

Multiplying by the appropriate Pz-’ﬂ for 1 <1i < n we find that for some s > 0 we have

n
Pls,n s P’s,rnw/\ =0if Zai(ao)ri > )\(ho)

i=1
Hence Py, --- Py, =0in A proving that Py, -+ Py, € Jac(A,). This argument proves

that there exists a well-defined morphism of algebras

(pZA)\ —»A)\/Jac(A)\). (422)
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Lemma 4.1.2. Ifaj(ag) = 1 then ¢ factors through A; i.e.the following diagram commu-

tes.

Proof. From it suffices to show that if a;(cg) = 1 then a;(ag) = 1 for all i € I. However

this is obvious from the table in O

4.1.7 Proof of Theorem 4.1.1

We can now see that is complete if we show that ¢ : Ay — Ay/Jac(A)) is
injective. Since Ay is the quotient of U(h[t]™) by a square free ideal, Jac(Ay) = 0. This
means V0 # f € A there is a maximal ideal I such that f ¢ I;, Jac(A,) = ﬂ I.

IeMaxSpec(Ay)
Following Section 4.9 we will construct an evaluation representation that is a quotient of
W () such that the action of f on the quotient is non-zero. By there is a choice
of tuple (m;,),i € I,r € N satisfying the defining relations of A, such that under the

evaluation fo P;, to m;,, f is mapped to a non-zero scalar. Now we can choose z1, ...,z

and \i,..., )\, € P* such that

m

mi(u) =14 mu" =[]0 - 2))(h), i€l

reN s=1

and set g = A — (Ag + -+ + A;) € Pp. Since the (m;,) satisfy the first defining relation
of Ay, we have u(h;) € P;. We can see that u(hg) € Z, by utilizing the fact that (;,)

satisfy the second defining relation of Ay. We start by noting that the coefficient of u” in
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Hﬂ' a(@0) ig given by

iel
a(ap)
ST I 7. (4.23)
(ri),) i€l s=1
a(ao)
where the sum runs over all tuples (r;,) such that Z Z ri, = r. Setting r; = max{r;,, 1 <
el s=1

s < a(ap)},i € I and observing that if r > A(hg) then

Za(ao)m > 1 > A ho)
i€l
and hence the previous equation vanishes. It is immediate from observation that

w(ho) = A(ho) — <H7r a(%)) €Z,.

el

By Proposition 4.9 we have constructed the desired quotient of W (\) such that f acts
by a non-zero scalar on the highest weight vector. Hence, fV ¢ Anngpyro (wy) for N > 1.

This proves ¢ : Ay — A, /Jac(A)) is injective and completes the proof of
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Chapter 5

Structure of global Weyl modules

5.1 Irreducible global Weyl modules

In this section we give necessary and sufficient conditions for a global Weyl module to
be irreducible.
5.1.1 Irreducibility conditions

Recall from [3.7] that ev§Vg,(A) = V (A, Ip) is a quotient of W () for all A € (P§7)".

Proposition 5.1.1. Let A € (Pj?)" and ¢ : Vizo(X) — W(X) be the inclusion of g7 -

modules with 1(vy) = wy. Define ® : (g77) @ Vgzo (A) — W(A) by
Pz@v)=(r@t)(v), z€g]", ve Vg (\).
The following are equivalent.
(a) The module W () is irreducible.

(b) The canonical map of g[t]™ -modules W (X) — V (A, Ip) — 0 is an isomorphism.
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(¢) (877 @ hwy =0
(d) & =0.

(¢) For all p e (P§7)" with A — p € QF we have Homgro (977 ® Vizo (A), Vgre (1)) = 0

Proof. 1t is clear that (a) = (b) and since V(A lp) = evgVyzo(N), (b) = (c) is also clear.
To show (c) = (a) we utilize the fact that g7% ® t™ = [g]° ®t,¢77 ; ® ™| and apply
induction on m to see that (g],f ® t™)wy = 0 for 1 < m < kaj. Again since gy ® thai =
077 ®t, g, @t* ], we have g§” ®¢"%wy = 0. It then follows that g7y @t C[t**]wy = 0.
By an immediate application of the PBW theorem W(\) = U(gj?)w,, is an irreducible
go-module and hence an irreducible g[t]"?. (d) = (c¢) is immediate from construction.
It is easily verifiable that ® is a g{?-module homomorphism and since g7’ = [g]%, 93]
by the PBW Theorem, (d) = (c). We now show that (e) is equivalent to (a). Suppose
W () is reducible. By the equivalence of (a) and (d), ® # 0. Since h? N g7 = {0}, Im
® NW(A)x = {0}. Hence, Iu € Py" with A — € QT\{0} such that Vyre () is a quotient
of Im®. For the converse, assume that ¥ : g @ Vgro(A) — Vgro(p) is a non-zero map of

go-modules. Set V' = Vizo (A) © Vyzo (11). We extend the go structure to a g[t]™ structure by

(z @ 1)(v1,v2) = (zv1,202)
(y @ t)(v1,v2) = (0,¥(y ®v1))

ot]™[s](v1,v2) =0, s>2,

for z € g]%,y € g7%, and (v1,v2) € V. Since A — pu € (Q7)7 is is easy to see that V is a

quotient of W (A). O
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Lemma 5.1.1. Suppose that X € (PJ?)" is such that W(\) is reducible. Then W(\ + v)

is reducible for all v € (PJ7)"

Proof. A simple checking of defining relations shows that we have a map of g[t]”?-modules
W(A+v) — W(A) ® W(v) which sends wx4, — wy ® w,. If W(X+ v) is irreducible then

by part (¢) of we would have
(z; @t)(wary) =0, a€RT.

Since this implies that (z, ® t)(w) ® w,) = 0 we would get (g1 ® t)(wy ® w,) = 0. Then
implies that W () is irreducible which is a contradiction.

O]

Proposition 5.1.2. The global Weyl module is infinite dimensional if and only if dim Ay =

oo and in this case W () is reducible

Proof. By and [4.2 we know that dim W (A) = oo if and only if dim Ay = co. By

A, is not a local ring. Thus, there is a second maximal ideal I; # Iy and W (A) has two non-
isomorphic quotients, V' (A, Ip) and V (A, I1). This means there are two submodules, one of
which is non-zero and proper, corresponding the kernel of each projection map completing

the proof. 0

Corollary 5.1.1. Suppose that A(h;) > 0 for some i € I(j). Then W(\) is a reducible

g[t]"7-module if AN(ho) > a;(ayp).

Proof. By it suffices to prove that A,/Jac(Ay,) is infinite dimensional. If a;(ap) =

0 then condition (i) of is not satisfied so A)/Jac(A)) is infinite dimensional. If
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a;(ap) > 0 then condition (ii) is violated and we again see that A,/Jac(Ay) is infinite

dimensional. ]

5.1.2 Useful Remark

The following remarks will be useful in what follows. Suppose that 5 € Ry is such that
a;(8) = a;. If B # ap then a;(8) > 0 for some i € I(j). Recall the elements 077 € (R[7)"
defined in Section 2.5. These can be characterized as follows: if « € R} and a # 0;7 then
there exists i € I(j) such that a;(07) > a;(«). Further the elements —077 € Ryq,—pm and if
@ € Ryq;—m With a # —0y, then there exists i € I(j) with a;(a) > a;(—0;7). In particular

—Oggj _m is the lowest weight of g]7 regarded as a gj?-module.
5.1.3 Further reducibility conditions for W(\;)
Lemma 5.1.2. Leti € I(j) U{0}. Then W(\;) is reducible if
(i) i € I(j) and a;(ag) =0,
(ii) i =0

Proof. Part (i) is immediate from Recall the element w, defined in Section 2.4. To

prove that W (\g) is reducible, it suffices from to show that
wob € (RIU)JF, o = Ao — woby € P0+, Homgga (971—0 & ngm' ()\0), %60 (MO)) #0.

The first assertion is clear since woa; € (RO)*. If i € I(j) then —w;la; € (R%)T and
hence —w; 1 (h;) is in the Z -span of h;,i € I(j). It also implies that ag + wo6; ¢ R° and

0 < woby(ho) < 1. Tt follows that
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pro(hi) = —wob (ki) = 01(—wg " (ki) > 0,7 € I(5).

It follows again that ug(ho) > 0 and the second assertion is proved. The last assertion

follows from the PRV Theorem [13, Theorem 2.10].

5.1.4 irreducibility condition

Theorem 5.1.1. Let A € Py". Then W()) is an irreducible g[t]™ -module iff the following

holds:

{i S I(]) U {0} : )\(hl) > 0} C {’L S I(]) : ai(ao) = ai(Hkaj_l)} (51)

Proof. Suppose that \ satisfies the conditions in the above equation. By it suffices to

prove that (g1 ® t)wy = 0. Using the irreducibility of g; it suffices to prove that
(mg_kaj_l ® t)wy = 0. (5.2)
By [L.5] we can write
Oka-1 — 0+ = Y pic, pi €Ly, i€I(j)
i€1(j)
Since A(hg) = 0 and A(h;) = 0 for all ¢ € I(j) with p; > 0 we have the defining relations
(g @ Dwy =0, (x; ®)wy=0, i€l(j), p;i>0.

Hence

(@] @) (x5 © Dwn = Az, _o, ® Hwy =0,
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for some 0 # A € C. Equation follows by noting that there exists 0 # B € C such
that g, 1 = B[:Ui_l,---[:L‘i_s_l,[xi_s,x;(),aj]],'--] where i1,...,is are elements of the set
{ie1(j) : pi > 0}

For the converse suppose that A(hg) # 0 and let g = A — Ag. Since W () is reducible

by we can use to conclude that W () is reducible. The proof if A(h;) > 0 for

some i € I(j) with a;(0ka,—1) # ai(ap) is identical. O
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Chapter 6

Local Weyl Modules

6.1 Consolidation of facts

Recall from Section 3 that the equivariant map algebra g[¢t]°” is not isomorphic to an
equivariant map algebra where the group I' acts freely on the set of maximal ideals of A.
When T' acts freely, the finite dimensional representation theory of the equivariant map
algebra is closely related to that of the map algebra g ® A. We have already seen a major
difference between the finite dimensional representation theory of g[t]°” and that of g[t]?.
Specifically we showed the global Weyl module for g[t]°” can be finite-dimensional and
irreducible for nontrivial dominant integral weights. In this section we discuss the structure

(2)

of local Weyl modules for the base case of (A5, _;, D;,) where A is a fundamental weight, in

which case A is a polynomial algebra.
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6.1.1 Local Weyl modules definition

Remark: We note that since we are looking at Agi)_l with 7 = n we have ag = ap—1+

This means z,, ® t with a,(«) = 0 means z, € (g%);. If z; ® t with a,(a) = 1 means
zq € (97)o

Recall that we have a well established theory of local Weyl modules for the current
algebra g[t]7. Wise(\;) is the g[t]”-module generated by an element w),, which we will

denote by w;, and defining relations
n*[t]‘”wl =0 (h & tmk+r)w1 = 57,70)\(}7,)201 =0 (.CC: ® 1)2101 = 0. (61)

We remind the reader that {w; : 1 < ¢ < n} is a set of fundamental weights for g§ with
respect to Ag.

We can clearly regard W/ (w;) as a graded g[t]”"-module by restriction, however it is
not the case that this restriction gives a local Weyl module for g[t]””. The relationship

oT

between local Weyl modules for g[t]°” and the restriction of local Weyl modules for g[¢]”

is more complicated as we now explain.

6.1.2 Associated Graded Space

Given z € C* we have an isomorphism of Lie algebras n, : g[t|]” — g[t]” given by
(x@t™ME) — (2@ (t+ 2)""F) and let n:V be the pull-back through this homomorphism
of a representation V' of g[t]”. Suppose that V is such that there exists N € Z, with
(gt™)?V =0 for all m > N. Then (g® (t — 2)™)?ntV = 0 for all m > N. In particular we
can regard the module 7}V as a module for the finite-dimensional Lie algebra (g ® CJt]/(t —

2)N)?. Following [9, Proposition 2.2], since z € C* we have
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alt]”/(g @ (t — 2)N)7C[t] = g[t]/(g ® (¢t — 2)VC[t]) = g[t]" /(g ® (t — 2)VC[t)"7,

so if V' is a cyclic module for g[t]” then 1V is a cyclic module for g[t]?”.
We now need a general construction. Given any finite-dimensional cyclic g[t]”"-module

V' with cyclic vector v define an increasing filtration of g§”-modules
T
0=V =U(g[t])[0jv C---CV,=> U(g[t])[slvC--- C V.
s=0
The associated graded space gr V' is naturally a graded module for g[t]” via the action
(@t )w=(z&t")w, weV,/Vi1.
Suppose that v satisfies the relations
v =0, (h®tt%")w=d.(h)v, d.(h)eC, reZ., hech.

Then since dim V' < oo it follows that dy(h) € Z; in particular there exists A € Py such that
do(h) = A(h) and a simple checking shows that gr V' is a quotient of Wj,.(A) := W (A, Ip).

The following is now immediate.

Lemma 6.1.1. Let A € P and z € C*. The g[t]”"-module gr(niW}2 (X)) is a quotient of

Wiee(A) and hence

dim Wipe(A) > dim W2 _(X).

6.1.3 Fundamental Local Weyl Modules

For the rest of this section we consider the case of Aéi)_l, and study local Weyl modules

corresponding to weights r\; € Py, where r € Z,, and 0 < i < n — 2 (the i = n—1
case is discussed in Section 6, where these local Weyl modules are shown to be finite-

dimensional and irreducible). We remind the reader that \g = wp, \j = wi, 1 < i < n—2

50



and A\p,_1 = wp—1 — wy. We will now further investigate the dimension of these local Weyl

modules

6.1.4 Setup Propositions

The next proposition summarizes some results on local Weyl modules which are needed
for our study. Part (i) was proved in [7, Lemma 6.4, Proposition 6.1]. Parts (ii), (iii) can
be found in [5, Theorem 1], where we remind the reader that the fundamental Kirillov—
Reshitikin modules are the same as the local Weyl modules associated to a fundamental

weight.

Proposition 6.1.1. (i) Let x,y, h be the standard basis for sls and set y @ t" = y,.. For

A € Pt the local Weyl module I/Vfolg()\) has basis
{wxn, Yry -+ Yrpwr, 0 <y <ovv < < A(B) — K}

Moreover, yswy = 0 for all s > A(h).

(i) Assume that g is of type Dy, and assume that i #n (resp. i #n —1,n). Then

WQ

loc

(wi) =g Vg(wi) © Vg(wi-2) & -+ - @ Vg(wi),
where
Vo(wi) = Vg(w1),i odd, Vy(w;) = C, even.
(i1i) Assume that g is of type Dy, and let it =n (resp. i € {n —1,n}). Then

Wie(wi) =g Vg(wi).
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O

We remind the reader of the following elementary facts on the dimension of the spin

representations for D,

dim Vg(w;) = (*"), i#n—1,n.

)

Moreover, if i € {n — 1,n}, then

dim Vg (w;) = 2771,

6.1.5 Spanning Sets

Our goal is to provide an upper bound on dim Wj,.(A;). The proof needs several additi-
onal results, and we consider the cases 2 <7 < n — 2 and i = 0 separately.
Recall that go[t?] C g[t]°", and so W,e(\;) can be regarded as a go[t?]-module by pulling

back along the inclusion map go[t?] < g[t]°”. For ease of notation we denote the element
Wi by Wiy 5= To 4yt 90p 4 4200 1 tan A Tp 1= Tog 4 o0y,
Lemma 6.1.2. (i) For2<i<n—2, Wy(\;) can be regarded as a go[t?]-module by w;

and Yw; where Y is a monomial in the elements

(x ;®t*H), p<is<l1

(ii) Wioe(Xo) is generated as a go[t?]-module by wo and Ywg where Y is a monomial in

the elements

(T, ®t¥H), 1< p<n—1, 0<s<1

Proof. First, for 2 <i < n — 2 the defining relation x; w, = 0 implies that
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(g @ t*)w; = (z,_; @t*™Hw; =0, s>0

Since (z, ® L)w; = 0 for p # i,
(7, ® t2 ), = (Tpp1® t2 ™ wy, =0, s>0,p>i. (6.2)

Since we also have
(z; ®1)?w; =0= (z; @ w; =0 s>1,

it follows that

0= (z;, @t)(2;,_; @t)*uw

= (xz_n ® t2)(x;n_1 ® t)wy

= (30,4 120, 1+an & t3)w
and

(J:z.__l,g ® t3)wy = 0.

From this we can conclude that (z,  -® 251wy = 0 for s > 1, and (i) is clear with the

additional use of the PBW Theorem.

For the case ¢ = 0, we have
(:c,;p®t25)w1 =0, 1<k<p<n-—1,s>0.
Just like the previous case we have (z; ® 1)%w; = 0,s > 2 implies that
(zg @ t*)w1 =0, s> 1.
Following the same approach as case (i) we find that

(2, 45 @t>*w; =0, 2<p<n,s>1
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Before proceeding with the structure of Wj,.(w1) we make a key observation:

Lemma 6.1.3. For2<:<n-—2,

_®@t)2w; =0

(wz’—l,z’

Proof. From the previous lemma we have (z; n-1® t)2w; = 0. Now we start by noting that
0= (z} ®t)(z;, ® 1)%w
= [(xQOc,-‘r A20n—1+tan ®t) + 2( zn ® 1)( zn 1 ®t)}

This means

-® t)wl ( 7;__1 ® 1)(x2_ai+...+204n_1+06n ® t)wl

= =2(z;_ ® 1)(z;,, ® 1)(;,_1 ® Hwy

and

(93;17;‘875)2“)1 =4(z; @ 1)(z;,, @ 1) (2,1 @) (2, ® )(z;, ®1)(2;,,_1 @ t)un
:4( Li— 1®1)( z,n®1)[( i— 1®1)( zn 1®t)+( zfl,n71®1)]( ®1)( 1n 1®t)
=4z, @ 1)(z;,, @) (21 1 ®)(2;, @ 1)(@;,,_1 © )wr

=4(z;_, ® 1)(xi7n ® 1)(%—13 ® t)(z:m_1 ® t)wy
= _8(1'1‘_71 ® 1)(x;n ® 1)( Ti—1 ® 1)( zn ® 1)(33;”71 ® t)2w1

=0
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6.1.6 Reduction of spanning set

Lemma 6.1.4. (i) For 1 <i < n — 2, suppose that Y = (x_l -®t)--- (a:_ki ® t) where

p1 < --- < pp <i. Then Yw; is in the go[t?]-module generated by elements Zw; where

Z is a monomial in the elements {(xz__lg ®1t)}.

(ii) Fori =0, suppose that Y = (z | @t*1Th) ... (x> @ t?*+F1) where py < --- <

xplv Pm;

Pm <n—1. Then Ywq is in the gg[tz]—module generated by elements Zwgy where Z is

a monomial in the elements (z,_; ® t**T1) with s € Z.

Proof. This follows immediately from [6.1.2] and the fact that
(z ;@) (z_,;® t)fw; = (2, 5 ® Dz, ;@ )+ ;.
The case ¢ = 0 is identical. O

6.1.7 Inequality about dimensionality

We now provide an upper bound for the dimension of fundamental local Weyl modules,

first for 2 < i < n — 2. From [6.1.3| and [6.1.4] it is straightforward to see that we have an

increasing filtration of go[t*]-modules:
0=UyCcU = U(go[tQ])(l'i__”@t)wi C Uy = Wie(Ai).

Moreover Uy /U; (resp. Uy /Up) is a quotient of the local Weyl module for go[t?] with highest

weight w; (w;—1). Using Proposition 7.4(ii) we get

‘o1
dimUQ/Ulgz:(nS )

s=0

and
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o
dimUl/UUSZ( s )

s=0

Summing we get

G Wi ) < <2nl— 1> oy ((2:_—11> bt <2n1— 1))
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