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DEFINABLE REGULARITY LEMMAS FOR NIP
HYPERGRAPHS

ARTEM CHERNIKOV AND SERGEI STARCHENKO

ABSTRACT. We present a systematic study of the regularity phenomena for
NIP hypergraphs and connections to the theory of (locally) generically stable
measures, providing a model-theoretic hypergraph version of the results from
[21]. Besides, we revise the two extremal cases of regularity for stable and
distal hypergraphs, improving and generalizing the results from [6] and [23].
Finally, we consider a related question of the existence of large (approximately)
homogeneous definable subsets of NIP hypergraphs and provide some positive
results and counterexamples.

1. INTRODUCTION

Szemerédi’s regularity lemma is a fundamental result in (hyper-)graph combina-
torics with numerous applications in extremal combinatorics, number theory and
computer science (see [19] for a survey). We recall it in a simplest form. By a graph
G = (V,E) we mean a set G with a symmetric subset E C V2. For A, B CV we
denote by E(A, B) the set of edges beween A and B, i.e. E(A,B) =E N (AxB).

Fact 1.1 (Szemerédi regularity lemma). Let G = (V, E) be a finite graph and e > 0.
There is a partition V = V4 U --- U Vi into disjoint sets for some M < M(e),
where the constant M (g) depends on ¢ only, real numbers d;5,1,7 € [M], and an
exceptional set of pairs 3 C [M]x[M] such that

> Villvil <elv?
(1,7)€X

and for each (i,j) € [M]x[M]\ X we have
[1E(A, B)| = 6i;| Al|B[ | < e[Vil|V;]
forall ACV;, BCYVj.

The bounds on the size of such a partition, however, are known to be extremely
bad: Gowers had demonstrated that M (e) grows as an exponential tower of height
polynomial in (1) (see e.g. [20]).

Several recent results demonstrate that better bounds and stronger regularity can
be obtained for certain restricted families of hypergraphs. For example, in [9, 10]
it is shown that when the edge relation is semialgebraic, of bounded description
complexity, then the size of the partition can be bounded by a polynomial in terms
of %, all good pairs are actually homogeneous, and the sets in the partition can be
chosen to be semialgebraic, of bounded complexity. Similar polynomial bounds were
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obtained by Tao [39] for algebraic hypergraphs of bounded description complexity in
large finite fields and by Lovész, Szegedy [21] for graphs of bounded VC-dimension.

These results can be naturally viewed as results about hypergraphs with the edge
relation definable, in the sense of first-order logic, in certain tame structures, and
the restrictions on the complexity of the edge relation in all of the results above
are surprisingly well aligned with generalized stability and classification in model
theory. For example, as demonstrated in [6], the results in [9, 10] can be general-
ized to graphs definable in arbitrary distal structures (see Section 4.2), and that
moreover this strong form of regularity characterizes distality. Here “semialgebraic
graphs” corresponds to the special case of “graphs definable in the field of reals”,
but the result also applies to graphs definable in the p-adics, for example. Similarly,
the result in [39] can be viewed as a result about graphs definable in pseudofinite
fields, and admits a natural model theoretic proof and generalizations [12, 14, 28].
Another very important example is given by the regularity lemma for stable graphs
[23] (model-theoretic stability is the notion of tameness at the core of Shelah’s clas-
sification [32], see Section 4.1). Similarly, the results in [21] can be interpreted as
results about graphs definable in NIP structures (see below).

Another point of view on the hypergraph regularity phenomenon is through the
prism of probability theory. Namely, the existence of a regular partition can be
viewed as a finitary version of the existence of the conditional expectation. There
are several proofs of the hypergraph regularity lemma in the literature making this
precise by reducing working with a family of finite graphs to working with some kind
of an analytic “limit object” equipped with a probability measure (see [8,20, 38].

Similarly, regularity for restricted families of graphs can be viewed as the study
of (finitely additive) probability measures on certain restricted families of Boolean
algebras. Such measures in the model-theoretic setting of Boolean algebras of
definable sets were introduced by Keisler [17], and recently the study of Keisler
measures has attracted a lot of attention, especially the study of generically stable
measures in NIP structures [15,16,37]. The class of NIP structures was introduced
by Shelah in his work on the classification program [32]. It contains all stable and
o-minimal structures, along with other important algebraic examples, and we refer
to [1,35] for an introduction to the area (see also Section 3.3 for the definition
and some examples). The study of Keisler measures in NIP structures can be
viewed as a model theoretic counterpart of the Vapnik-Chervonenkis theory [41],
and generically stable measure are those Keisler measures that satisfy a form of the
VC-theorem for all uniformly definable families (see Section 3.3).

The connection between the study of generically stable measures in model theory
and regularity lemmas for definable hypergraphs was pointed out in the distal case
in [6], and the aim of this article is to systematically develop these connections for
the general (local) NIP setting.

In Section 2 we give a decomposition result for products of finitely additive proba-
bility measures that are well-approximated by counting measures (which we call fap
measures, see Section 2.4), with and without the assumption of finite VC-dimension.
Namely, assume we are given some sets V7, ...,V equipped with Boolean algebras
Bi,..., B of subsets and measures pi,...,ur on them. Let R C Vi x ... x Vj
be an edge relation such that all of its fibers are measurable. It then follows from
the fap assumption that there is a Boolean algebra B of subsets of V; x ... x V}
extending the product Boolean algebra B; ® ... ® By and such that R € B, and
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such that B can be equipped with a natural product measure u satisfying a Fubini
condition (Section 2.4). Moreover, relatively to u, the set R can be approximated
by a union of boxes (i.e. sets of the form A; x...x Ay with A; € B;) up measure ¢,
and in the finite VC-dimension case the number of boxes needed is polynomial in
% (Theorem 2.18). On the one hand, this can be viewed as a version of the results
for graphons from [21] in a setting better suited for the model-theoretic applica-
tions, and generalized to hypergraphs. On the other hand, this result can also be
viewed as developing elements of the local theory of generically stable measures,
and refining some of the results in [16] for such measures. In our setting, instead
of working with Borel measures on the space of types, we use the theory of inte-
gration for finitely additive measures (sometimes called the theory of charges [5]),
which we believe provides a more streamlined account, and we give some details for
the sake of exposition. Note that we are only assuming bounded VC-dimension on
R-definable sets, and our definition of a fap measure is weaker than the definition
of fim measures in [16] (see Remark 3.7), so we have to redefine the product of fap
measures.

In Section 3 we apply these results to obtain a definable regularity lemma for
hypergraphs of bounded VC-dimension, in particular for hypergraphs definable in
an NIP structure, uniformly over all generically stable measures. In Section 4 we
discuss regularity in two extreme opposite special cases of the NIP hypergraphs.
Namely, we revise and improve the aforementioned stable [23,24] and distal [0]
regularity lemmas in our setting. The (global) model-theoretic implications of these
results can be summarized as follows.

Theorem 1.2. (1) (Corollary 3.8) Let M be an NIP structure. For every defin-
able relation E (z1,...,xy) there is some ¢ = c¢(E) such that: for any e > 0

and any generically stable Keisler measures p; on Ml there are partitions
Mwl = Ujcx 4ij and a set £ C {1, .. ., K}" such that:

(a) K < (1)".

(b) u (U(il,...,in)ez Ajg, X ..o % An,z'n) <1l—¢, where p =1 ... Q Uy,

(c) for all (i1,...,i,) ¢ ¥ and definable Ay C Ayy,..., A, C A, either
dg (A},...,Al) <eordg(A},...,A]) >1—¢, where dg (A},...,A]) =
,U.(EQA,IX...XA,IR)

n(Apx...xAL)

(d) each A; ; is defined by an instance of an E-formula depending only on E
and €.

(2) (Corollary 4.13) Assume in addition that M is stable. Then:

(a) we can take the p;’s to be arbitrary Keisler measures (i.e., no need to
assume generic stability),

(b) we may assume that > = 0, i.e. all tuples in the partition are e-reqular.

(3) (Theorem 4.15) Assume in addition that M is distal. Then we have instead:

(a) for all (i1,...,in) & 5, either (A1, X ... X Api )NE =0 or Ay X... X
An,in g E7

(b) if the relation E is defined by an instance of a formula 0, then we can take
each A; ; to be defined by an instance of a formula ¥; (x;, z;) which only
depends on 6 (and not on €).

denotes the edge density.

Finally, in Section 5 , we consider a related question of the existence of large
(approximately) homogeneous definable subsets of definable NIP hypergraphs (i.e.,
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the measure theoretic versions of the results of Erdds, Hajnal and Rodl, see e.g.
[11]). As a corollary of the regularity lemma, we show that for every d and o, e > 0
there is some § = §(d, ,e) > 0 such that the following holds. Let a hypergraph
RCV; x...x Vg of VC-dimension at most d be given, and let p; be measures on
V; which are all fap on R. Assume that the density of R on V; x ... XV (relatively
to the product measure) is at least «. Then it is possible to find R-definable sets
A; C V; such that p;(A;) > § and such that the density of R on Ay X ... X A is
at least 1 — & (Theorem 5.1). The situation is quite different in the non-partitioned
case. Namely, when V =V, = ... =V, u = pu1 = ... = ur and R is a symmetric
relation, we would like to find a definable subset A of V' of positive measure, such
that the density of R on A is e-close to 0 or 1 (the result above applied to this
situation would typically produce disjoint sets Aq, ..., Ax). A classical theorem of
Rodl (see Fact 5.4) implies that this is indeed possible for pseudofinite counting
measures, with all internal sets added to the language. We provide an example
of a definable graph in the p-adics which does not admit uniformly definable sets
of positive measure with this property, relatively to the additive Haar measure
(Section 5.2.1) (hence demonstrating that an analogue of R6dl’s theorem doesn’t
hold for fap measures in general).

2. DECOMPOSING PRODUCT MEASURES

In this section, we present some general results on decomposing products of
finitely additive probability measures that can be locally approximated by frequency
measures.

2.1. Notation. We will use the following notation:

e For k € N we will denote by [k] the set {1,...,k}.

e For an integer k and I C [k] we will denote by I¢ the complement I¢ = [k] \ I.
For i € [k] instead of {i}° we write i°.

e For sets Vi,..., Vi and I C [k] we denote by V; the product Vi = [[,; Vi.

o Let RC Vix---xV; and I C [k]. Viewing R as a subset of V;xVje, for b € Vie
we denote by Ry the fiber

Ry ={a€V;: (a,b) € R}.

Definition 2.1. Let V3,..., V) be sets, R C Vix---xV; and I C [k]. We say
that a subset X C V7 is R-definable over a set D C Vie if it is a finite Boolean
combination of sets of the form R, with b € D, and say that X is R-definable if it
is R-definable over Vie.

Definition 2.2. Let Vi,..., Vi be sets and A C Vi x --- xVj.
For aset R C Vi x --- xVj we say that A is Rg-definable if A can be written as a
finite union of sets of the form X; x - - - x X, such that each X; C V; is R-definable.
In addition for a tuple D= (D1, ...,Dy) with D; C Vie we say that A is Rg-
definable over D if every X; above is R-definable over D;. For such a tuple D we
use notation || D|| = max{|D;|: i € [k]}.

We recall the notion of VC-dimension (see e.g. [25, Chapter 10]). Let V be
a set, finite or infinite, and let F be a family of subsets of V. Given A C V,
we say that it is shattered by F if for every A’ C A there is some S € F such
that ANS = A’. The VC-dimension of F, that we will denote by VC(F), is the
smallest integer d such that no subset of V' of size d 4+ 1 is shattered by F. For a
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set BCV,let FNB ={ANB:Ac F}. The shatter function of F is defined as
7r(n) =max {|FNB|: BCV,|B| =n}.

Fact 2.3 (Sauer-Shelah lemma). If VC(F) < d then for n > d we have mx (n) <
Yiza (7) = O (n%).
Definition 2.4. For sets Vi,...,V; and a set R C Vi X --- XV, we say that R has

VC-dimension at most d if for every I C [k] the family {R,: a € Vic} is a family
with VC-dimension at most d.

The next fact follows from the Sauer-Shelah Lemma.

Fact 2.5. For every d € N there is a constant Cq such that for any relation R C
V x W of VC-dimension at most d and any finite D C V', the number of subsets of
W that are R-definable over D is at most Cyq|D|.

2.2. Basics on Boolean algebras and measures. Recall that for aset V', a field
on V is a Boolean algebra of subsets of V.

For sets V1, ..., V} and fields B; on V;, i € [k], as usual, we denote by B1® - - - @B},
the field on Vi x - - - XV} generated by the sets X1 x -+ x X with X; € B;. It is not
hard to see that every set in B1®---®Bj is a disjoint union of sets of the form
Xyx - x Xy with X; € By, Given I = {i1,...,in} C [k], we let By := ®,; Bi =
Bi, ®...08;,.

2.2.1. Finitely additive probability measures.

Definition 2.6. Let V be a set and B be a field on V. In this paper, a measure
on B is a finitely additive probability measure on B, i.e. a function pu: B — R such
that p(0) = 0, u(V) =1 and u(AUB) = pu(A) + u(B) — u(AN B) for all A, B € B.

Let Vi,..., Vi be sets and B; be fields on V;, i € [k]. Assume we have a measure
w; on B; for each ¢ € [k]. Tt is not hard to see that there is a unique measure p on
Bi1® - @By with p(A1x - xAg) = Hle wi(A;) for all A; € By, i € [k]. We will
denote this measure p by p1 X - -+ X .

2.2.2. Integration with respect to finitely additive measures. We will need some basic
facts about integration relatively to finitely additive measures (and refer to [5] for
a detailed account).

As usual for a set V and a subset X C V we will denote by 1x the indicator
function of X on V.

We fix a set V' and a field B on V.

We say that a function f: V — R is B-simple if there are X;,..., X, € B and
..., € R with f = Z?:l ril1x,. Obviously the set of all B-simple functions
forms an R-algebra.

For a measure p on B and a B-simple function f =3 | r;1x, we define

/ fdu= Zri,u(Xi).
v i=1

It is easy to see that the above integral does not depend on a representation of f
as a simple function. If a subset A C V is in B then we also define

= = (A i)
/Afdu /VlAfdu > rip(An X;)

=1
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Remark 2.7. Clearly for A € B we have u(A) = [, 14 dp.

We say that a function f: V — R is B-integrable, or just integrable, if it is in
the closure of the set of B-simple functions with respect to the L,-norm, i.e. for
all € > 0 there is a B-simple function g with |f(z) — g(z)| < € for all € V. The
following claim is obvious.

Claim 2.8. A function f: V — R is B-integrable if and only if for any e > 0 there
are Y1,...,Y, € B covering V such that for any i € [n] and any ¢, € Y; we have

[f(e) = f(d)] <e.

If f is B-integrable and p is a measure on B then the integral of f with respect

to u is defined as
| fan=tim [ g
V n—oo V

where (g, )nen is a sequence of B-simple functions convergent to f. It is easy to see
that this integral does not depend on the choice of a convergent sequence. Also for
a B-integrable function f and a set A € B we define

/Afdu:/VIAfdu-

2.3. On e-nets. Let V be a set, B a field on V and p a measure on B. Let F be a
family of subsets of V' with 7 C B. As usual, for ¢ > 0 we say that a subset T'C V'
is an e-net for F if for every F € F we have u(F) > e = FNT # 0.
The following is a well-known consequence of the classical VC-theorem (see |
| and also [21]).

Fact 2.9. Let V be a set, B a field on V and p a measure on B with a finite
support (i.e. there exists a finite set A € B with u(A) =1). If F C B is a VC-
family with VC-dimension at most d then for any € > 0 it admits an e-net T with
IT| < 8dllogl.

)

2.4. Fap measures and their products. Let V,W be sets with fields By, By
on them. Let F be a family of subsets of V in By .

Definition 2.10. Let x4 be a measure on By. We say that p is fap (“finitely
approximated”) on F if for every € > 0 there are pi,...,p, € V (possibly with
repetitions) with

|w(F) — Av(p1,...,pn; F)| < € for every F € F,

where Av(py,....pn; F) = 2|{i € [n]: p; € F}|. We say that p1,...,p, is an

e-approzimation of p on F. !
Definition 2.11. Let R C V x W be such that R, € By for allbe W. Let u be a
measure on By. We say that p is fap on R if it is fap on F,, for all m € N, where
Fm is the family of all subsets of V' given by the Boolean combinations of at most
m sets of the form Ry, b € W.

Remark 2.12. (1) In particular, if 1 is fap on R, then it is fap on the family R =
{RbARb/ . b, b e W}

(2) Note that u being fap on R? does not imply that p is fap on Ry = {R, : b €
W}. For example, V = R, let By be the field generated by all intervals in V|
and let Ry be the family of all intervals unbounded from above. Let p be the
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0 — 1 measure on By such that the measure of a set is 1 if and only if it is
unbounded from above. Then all sets in R® have measure 0, so we can take
the empty set as an e-approximation for p on R?, for any ¢ > 0. But there
are no finite e-approximations for p on R, for any € < 1, as any finite set can
be avoided by some unbounded interval of measure 1.

Similarly, if R is the family of all intervals bounded from above, then p is
trivially fap on R. However, it is not fap on the family of all complements of
the sets in R.

See Example 3.11 for more examples of fap measures.

For any set A € By, consider the function hp 4 : W — R given by hgr a(b) =
w(Ry N A).

Claim 2.13. Assume that pi is fap on R (or just on R®) and that R, € By for
all a € V. Then for any set A € By, the function hgr a is By -integrable.

Proof. Let € > 0. By assumption we can choose p1,...,p, € V such that
|M(RbARb/) — AV(pl, ce ey Py RbARb/)| <é€

for every b’ € W.

For I C [n] let Cf C W be theset C; = {be W:p;, € Ry & i € I} € Bwy.
Clearly the sets Cr,I C [n], cover W and for every I C [n] and b,b’ € C; we have
w(RyARy) < e. Hence, for any b,b’ € C; we have

|hRyA(b) — hRyA(b/” < ,LL(A N (RbARb/)) < ;L(RbARb/) < €.
By Claim 2.8 the function hg 4 is By -integrable. [l

Let now V, W, Z be sets and R C V xW xZ. Assume that Ry = {Rc) : (b, ¢) €
W x Z} C By and Rw = {R(a,) : (a,c) € V x Z} C Bw. Let u be a measure
on By which is fap on R CV x (W x Z), and v a measure on By . Note that by
assumption and Claim 2.13, if F is an arbitrary R-definable subset of V' x W and
A € By, then the function hg 4 is By-integrable. And hg, 4(b) = fA 15(x,b)dp.
Hence the double integral

wE(A,B):/B (/A 1E(:c,y)du) dv.

is well defined for any A € By, B € Byy.
Let now By xw be the field on V' x W generated by By ® By and {R. : c € Z},
in particular it contains all R-definable sets. Then we have the following.

Proposition 2.14. (1) There is a unique measure w on By xw whose restriction
to By®@Bw is pxv and such that w(E N (A x B)) = wg(4, B) for every R-
definable E CV x W, A € By, B € By. We denote this measure by uxuv.

(2) If in addition v is fap on R, then uxv is also fap on R and uxv(E) = vxu(E)
for all R-definable sets.

Proof. (1) It is easy to see that every set Y in Byxw is a finite disjoint union
of sets of the form F; N (4; x B;) where E; is an atom of the Boolean algebra
of all R-definable subsets of V- x W and A; € By, B; € By. We define w(Y) =
> wg, (4;, B;). Tt is easy to check that w is well-defined (for all A’ € By, B’ € By
and R-definable E' CV x W, if (Ax B)NE = (A’ x B')N E’, then wg(A, B) =
wg(A’, B")) and is a finitely additive probability measure on By s satisfying the
requirements. Uniqueness is straightforward from the definition of w.
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(2) It is enough to show that p X v is fap on any R-definable relation £ C
(V x W) x Z. Fix an arbitrary ¢ > 0. Let us take p1,...p, € V such that
w(Epe) = Av(p1,...,0n; Ep.) for all (b,c) € W x Z, and q1,...,¢n € W such
that v (Eq.c) = Av(q1, ..., Gm, Eq,c) for all (a,¢) € V x Z.

We claim that the set {(p;,q;) : 1 <i<n,1<j<m} gives a 2e-approximation
for u x v(E,), for any ¢ € Z. Namely, using linearity of integration, we have

pxv(Be) = /W (/V 15, (an)du> D
/W (% Zj; 1p,. (m)) dv = % :1 </W Lo () du) _

1 Zn: (/W 1Epi’c(w)du> ~F %Zj: %zm:lEp () | =

n -
=1 =1 j=1

- L Z 1g. (pirq5)

nm . )
1<i<n,1<j<m

so uxv(E.)~* Av({(pi,qj): 1 <i<n,1<j<m};E.).
The fact that pxv(E.) = vxu(E,) follows as, by the above, for any € > 0 we
have

1 m
— ) 1g,.(q) duzs/ (/ lEC(v,w)dV) dp =
/V m; o v \Uw

VK 12 (EC) ’
hence uxv(E,) ~* vxu(E,) for arbitrary e > 0. O
It is not hard to see that a product of fap measures satisfies a weak Fubini’s
property.
Lemma 2.15. Let V,W be sets, u a measure on By which is fap on R, v a measure
on By . Fore >0 if uy(Ra,) < e for alla € W then (pyxvw)(R) < e.

We extend products of fap measures to an arbitrary number of sets.

Definition 2.16. Let Vi,...,V; be sets, R C V; x ... x V; and assume that for
each ¢ € [k] we have a field B; on V; and a measure u; on B; which is fap on R
(viewed as a binary relation on V; X Vjc). Then, by induction on k, we define a
measure i1 X -+ X = (U1 X -+ Xpg—1)Xpp on By, X ... X By,.
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2.5. Approximations by rectangular sets.

Proposition 2.17. Let V,W, R C V xW be sets, i a measure on V which is fap on
R. Then for any € > 0 there are R-definable subsets X1,...X,, C W partitioning
W such that for every i € [m| and any a,a’ € X; we have py (Ry,AR.) < €.

In addition, if the family R = {R,: a € W} has VC-dimension at most d then
we can choose D C V' of size at most 320d(%)2 such that every X, is R-definable
over D.

Proof. Let R® = {R,AR, : a,a’ € W}. Since p is fap on R, there are py,...p, € V
with [(F) — Av(p1,...,pn; F)| < ¢ for any F € RA.

For each IN[n]let X; ={a € W:p, € R, & i € I}. It is easy to see that the
sets X7, I C [n] partition W, every X; is R-definable and for every I C [n] and
a,a’ € X1 we have u(R,AR)) < €.

Assume in addition that R is a VC-family with VC-dimension at most d. As
above we choose py,...p, € V with

[W(F) = Av(p1,....pn; F)| < /2
for any F' € RA.

Let w be a measure on By given by w(X) = Av(p1,...,pn; X). Since R has VC
dimension at most d, the family R® had dimension at most 10d (see [21, Lemma
4.5]), and by Fact 2.9 we can choose £/2-net D for R* and w with |D| < 80d2 log 2.
Clearly

80d2 log 2 < 80d(2)” = 320d(1)2.

For each IND let X; ={a € W: R,ND = I}. It is easy to see that the sets
X;,I C D, partition W and every X; is R-definable over D. Let I C D and a,a’ €
X;. Then R, N D = Ry N D, hence w(R,ARy ) <e/2, and py (R,ARy) <e. O

Theorem 2.18. Let Vi,... Vi and R C Vix --- xVy be sets, and 1, ..., ur mea-
sures on Vi, ..., Vi, respectively, which are all fap on R. Then for every e > 0 there
is an Rg-definable A C Vi x - XV, with

(u1x -+ Xuk)(RAA) < e.
In addition, if R has VC-dimension at most d (see Definition 2.4) then we can

choose A to be Rg-definable over some D with | D|| < Ck,d(%)%k_l)d, where Cy q
is a constant that depends on k and d only.

Proof. We proceed by induction on k.

The case k = 2. Let V1,V5 and R C V3 xV5 be given. Using proposition 2.17 we
can find R-definable sets X7, ... X, partitioning V5 such that for every ¢ € [m] and
any a,a’ € X; we have 1 (R,ARy) < €.

For each i € [m] we pick a; € X; and let A = {J;¢(,) Ra, x X;. Obviously A is
Rg-definable. It is not hard to see that for every a € W we have p1(R,AA,) < €,
hence, by Lemma 2.15, (1 Xv2)(RAA) < e.

Assume in addition that R has VC-dimension at most d. Then by Proposition
2.17, we can assume that for some Dy C V; with |Dy| < 320d(%)2 every X; is
R-definable over Dy. Let Dy = {a1,...,an,}, and D = (D1, D3). Obviously A is
Rg-definable over D. By Fact 2.5, m < Cy4|Ds|%, hence |D;| < Cq(320d)(L)%.
And we can take Cy 4 = Cy(320d)%.

Inductive step £+ 1. Let Vi,..., Vi1 and R C Vi x -+ - xVi41 be given.
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Viewing Vi X - XVii1 as Vi X Vit and using the case of K = 2 we obtain R-
definable X7, ... X,, partitioning Vi1 and points a; € X;, i € [m], such that for
the set A" = ;[ Rai ¥ Xi we have (u1x -+ xpp1) (RAA') <e/2.

For each i € [m] let R® = R,,. It is an R-definable subset of Vix ---xVj.
It is easy to see that each R’ has VC-dimension at most d. Applying induction
hypothesis to each R* we obtain Ré@—deﬁnable sets A; C Vix---xV, such that
(1 - xpg ) (RTAA;) < /2. Let A = Uiefm) 4i x Xi. It is an Rg-definable set
and using Lemma 2.15, it is not hard to see that (u1x -+« Xury1)(A'AA) < /2,
hence (p1X -+ Xpup41)(RAA) < e, as required.

Assume in addition that R has VC-dimension at most d. As in the case k = 2
we can assume that every X; is R-definable over Dy C Vi,...,V} with [Dypiq] <
320d(2)? and also assume that

d
m < Cal Dy | < Ca[3204(2)°] = Ca(1280a)7 (1)

Applying induction hypotheses we can assume that each A; above is R%-definable
over D' = (Dj,... D}) with || D'|| < Cy a(2)2*=14, where D} C [T,cpuq 53 Vi

For each i € [m] and j € [k] let D} = {(c,a:): ¢ € D}}, Dj = U,¢(n) Dj, and
D= (Dy,...,Dps1). )

It is not hard to see that A above is R-definable over D and

)Q(k—l)d < Cd(1280d)d(%)2d22(k71)d(l

2(k—1)d
2) =

ID]| < mCr.a(2

= CkJrl,d(%)de

3. DEFINABLE REGULARITY LEMMA FOR HYPERGRAPHS OF BOUNDED VC
DIMENSION

In this section we apply the product measure decomposition results from Section
2 to regularity of definable hypergraphs. Our goal is to prove a stronger version of
Fact 1.1 for hypergraphs of bounded VC-dimension.

3.1. Regularity Lemmas for Hypergraphs. A k-hypergraph G = (V4,...,Vi; E)
consists of sets Vi,...,V, and a subset £ C Vi x---xV,. We don’t assume that
the sets V;,i € [k] are pairwise distinct.

A k-uniform hypergraph G = (V; E) is a set V with a subset £ C V*. Of course
every k-uniform hypergraph G = (V;E) can be also viewed as a k-hypergraph
(V,...,V;E) that we will denote by G.

For a k-hypergraph G = (Vi,...,Vi; E) and Ay C Vq,..., A C Vi we will
denote by E(A1,..., Ay) the set E(Aq,...,Ax) = ENA;x - XA

Let G = (V1,...,Vi; E) be a k-hypergraph. By a rectangular partition of G we
mean a k-tuple P = (Py,...,Ps) where cach P; is a finite partition of V;. For
a rectangular partition P = (Py,...,Px) we define |P|| = max{|Pi|: i € [k]},
and for a set X C Vix---xV, we write X € Pif X = Xix -+ x X} for some
X; € Pi,i € [k]. We will also write ¥ NP to indicate that ¥ consists of subsets
X CVix - xV; with X € P.
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For a set A C Vi x---xV; and a rectangular partition P = (P1,...,Pr) we say
that A is compatible with P if for any X € P either X C Aor XNA= (0, in other
words A is a finite union of sets X € P.

A k-hypergraph G = (V4,...,Vi; E) has  VC-dimension at most d if E has
VC-dimension at most d in the sense of Definition 2.4. A k-uniform hypergraph
G = (V;E) has VC-dimension at most d if the corresponding k-hypergraph G is
NIP with VC-dimension at most d.

Let Vi,...,Vy and E C Vix---xV} be sets, and let BB; be a field on V;, i =
1,...,k. We will consider the k-hypergraph G = (V4,...,Vi; E), and let P =
(P1,...,Pr) be a rectangular partition of G. We say that P is definable if each P;
consists of sets in B;. We say that P is E-definable if each P; consists of E-definable
sets. For a tuple D = (D1, ..., Dy) as in Definition 2.2 we say that P is E-definable
over D if for each i € [k] every X € P; is E-definable over E.

Definition 3.1. Let V4,..., Vi and E C Vi X --- xVj be given, and let pq, ..., ug
be measures on Vi,...,V; which are fap on E. Let p = py X - - - X .

Given € > 0, we say that a definable rectangular partition P of Vix -« xVj is
e-reqular with 0-1-densities if there is ¥ C P such that

>uX) <e,

Xex
and for every Xy x -+ x X}, € ’ﬁ\E either

w(Yix oo xYy) = w(E(Y1,...,Y2)) <ep(Xy x...x Xg)
forall sets Y; € B;,i=1,...,k;
or
wEX, .., Y)) <ep(Xi x ... x Xy)

for all sets Y; € B;,i=1,...,k.

The next proposition demonstrates how existence of an approximation by rect-
angular sets for the product measure can be used to obtain a regular partition.

Proposition 3.2. Let Vi,..., Vi and E C Vix --- xVj be given, and let pq, ..., g
be measures on Vi,..., Vi which are all fap on E. Let = pu1X - -+ X .

Let P be a definable rectangular partition of Vix - - xVy. If there is A C
Vix - - xVg, an Eg-definable set compatible with P with wW(AAE) < €2, then P
is e-reqular with 0-1-densities.

Proof. Let
Y ={X e P: u(X N(AAE)) > eu(X)}.
Since u(AAE) < €2 and p is finitely additive we obtain that

> owx)<e

Xes
Let X = X 1x---xX}j € 73\2 We have
w(X N(AAE)) < ep(X).
Since A is compatible with P either X C A or X N A = (.
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Assume first X C A. Let Y; C X; be from B;,i = 1,...,k, and let Y =
Y1 X -+ xYg. Since Y C X, by monotonicity of p we have

u(Y N (AAE)) < ep(X).

AsY C A wehave Y N (AAE) =Y \ E(Y1,...,Y)). Since E(Y1,...,Y;) CY we
also have

p(Y\NEY1, ... Ye)) = p(Y) — p(E(Yr, ..., Ye)),
hence
w(Yix oo xYy) — p(E(Y1, ..., Yy)) <eu(Xix - xXg).
If X N A = () similar arguments show that
WEY, ..., Y)) <ep(Xi,..., Xk).
foral V; C X; from B;,i =1,...,k. O

Combining this observation with the results of Section 2, we obtain a regularity
lemma for NIP hypergraphs.

Theorem 3.3. Let Vi,..., Vi and E C Vi x -+ XV be given, and let py, ..., ui be
measures on Vi,..., Vi which are all fap on E. Let p = piX - X .
For any € > 0 there is an E-definable e-regular partition P with 0-1-densities.
In addition, if E is NIP with VC dimension at most d we can choose P with
= 2(k—1)d?
1Pl < CalCra)(2)*

- , where Cq and Cy 4 are constants from Fact 2.5 and
Theorem 2.18.

Proof. Using Theorem 2.18 there is Eg-definable A with u(AAE) < 2. Say A =
Ujeim] A{ X - ><Ai where each Ag C V; is E-definable.

For each I € [k] let P; be the set of all atoms in the Boolean algebra generated
by Al,..., A™. Obviously each P; consists of E-definable sets partitioning V;, and
A is compatible with P = (Py,...,Pr). By Proposition 3.2 P is e-regular with
0-1-densities.

Assume in addition that E is NIP with VC-dimension at most d. Then using
Theorem 2.18 we can assume that A is Eg-definable over D = (D1, ..., Dy) with
|D;| < C’kyd(%)z(kfl)d for i € [k]. For each i € [k] let P; be the set of all atoms
in the Boolean algebra generated by E-definable over D; subsets of V;. Obviously
each P; consists of E-definable subsets partitioning V; and A is compatible with

—

P = (P1,...,Px). Also, by Fact 2.5,

_ d 1\ 2
[Pil < Cal Dl < Ca(Cra(2)" ™) = CalCra)? ()4

’ e
O
Remark 3.4. In the case when M is finite the above theorem without the NIP part

is trivial, since we can take P; to be the set of all atoms in the Boolean algebra of
all E-definable subsets of V;.

We also have an analogous theorem for k-uniform hypergraphs. We state it only
in the NIP case.

Theorem 3.5. Let Vi,..., Vi and E C Vi x -+ XV be given, and let py, ..., pu be
measures on Vi,..., Vi which are all fap on E. Let p = piX - X .
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For any € > 0 there is an E-definable partition P of V' such that P = (P,...,P)
is an e-reqular partition of the k-hypergraph (V,...,V; E) with 0-1-densities, and

P < CalkCra)?(2)* 0T

Proof. Using Theorem 2.18 there is A C V* which is Eg-definable over some D=
(D1, ...,Dy), and such that u(AAFE) < €% and each D; is a subset of V*~! with
|D;| < Ck7d(%)2(k_1)d. Let D = Uie[k] D;. We take P to be the set of all atoms in
the Boolean algebra of all E-definable over D subsets of V. By Fact 2.5,

_ d Vg2
[PI < CalDI* < Ca(kCra(2)" ") = CalkCra)? (2)"*7V"

Now we give some examples where Theorems 3.3 and 3.5 apply.

3.2. The finite case. Let G = (V4,...,Vi; E) be a finite k-hypergraph. For each
1 € [k] let u; be the counting measure on V;, i.e. p;(X) = % and p be the counting
measure on Vi X - -+ xVj. Then all u; and p are fap measures with g = 1 X - -+ X .
Hence all the results of the previous section can be applied to finite k-hypergraphs

with respect to counting measures.

Corollary 3.6. Let G = (V; E) be a k-uniform hypergraph. Assume E has VC-

dimension at most d, as a relation on V.
There is a partition V. = ViU --- UVyy for some M < Cd(ck,d)d(%

numbers &z € {0,1} for i € [M)*, and an exceptional set ¥ C [M]* such that

S Vil Vi < eVIF
(il,...,ik,)eZ

)Q(kfl)dz

J

and for each i = (iy,...,i) € [M]* \ © we have
[E(AL - Ap)| = G A - - [AR] [ < el Vig |-+ Vi |
forall Ay CV; ... A C V.

3.3. Hypergraphs definable in NIP structures. Now we discuss the model
theoretic setting, which is the main motivating example for this article. For a
detailed account of this setting, we refer to the introduction in [6] and to [37].

Let M be a first-order structure. Recall that a Keisler measure on M™ is a
finitely additive probability measure on the Boolean algebra of all definable subsets
of M™. Given a formula ¢(x) with parameters from M and a Keisler measure p on
M® we will write p(é(z)) to denote p(d(M*1)). Let us fix a definable relation
E(x1,...,xp), let V; = Ml and let B; be the Boolean algebra of all definable
subsets of M®il. Let p; be a Keisler measure on M %l equivalently a measure on
B;.

Recall that a structure M is an NIP structure if for every formula ¢(z,y) the
family of all ¢-definable sets Fy = {¢(M,a) : a € M/} has finite VC-dimension.
In particular, if M is NIP, then any definable relation E(z1,...,z;) C MI*l x
... x Ml has finite VC dimension (in the sense of Definition 2.4). Recall that, in
an NIP structure M, a Keisler measure p on M!*| is generically stable if it is fap
on all definable relations ¢(x,y) € M*l x MY in particular on E.
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Remark 3.7. There are several equivalent characterizations of generically stable
measures in NIP structures. Our definition of fap only requires the ezistence of an
g-approximation for every . A stronger notion of a fim measure is given in [10]
requiring that in fact for every e, there is sufficiently large n such that almost all
n-tuples (in the sense of the product measure u(")) give an e-approximation. While
fap is equivalent to fim under the NIP assumption (by the results in [16]), it is not
so clear if the equivalence holds in general.

Now, the semidirect product g = piX --- Xpuy corresponds to the non-forking
product p1 ® ... ® pi. Hence Theorem 3.3 translates into the following.

Corollary 3.8. Let M be NIP. For every definable relation E (x1,...,x,) there is

some ¢ = ¢ (E) such that: for any e > 0 and any generically stable Keisler measures

wi on M=l there are partitions M1%il = Uj<x Aij and a set 3 C {1,..., K}" such

that:

(1) K <(2)".

(2) u(U(“ VVVVV es A X ><An,in> <l—c, where p=p1 ®...Q® [in,

(3) for all (21,...,zn) ¢ ¥ and all definable A} C Ay4y,..., AL, C Ay, , either
dg (AY,...,A) < e ordg(A},...,A) > 1 —¢, where dg (A},...,A)) =

% denotes the edge density.
(4) each A, ; is defined by an instance of an E-formula depending only on E and
E.

Theorem 3.3 is more general however as both NIP and fap are only assumed
locally for R, and can be applied outside of the context of NIP structures.

Ezxample 3.9. Let M be a pseudo-finite field, viewed as a structure in the ring lan-
guage (e.g. an ultraproduct of finite fields modulo some non-principal ultrafilter).
Then the ultralimit of the counting measures gives a measure on the definable sets
in M. This measure is fap on all quantifier-free definable relations (by Lemma
4.3, as it is well-known that all quantifier-free formulas in M are stable), but not
fap for general definable relations (e.g. because the random graph is definable).
Still, Theorem 3.3 can be applied to any quantifier-free definable relation in this
situation.

We list some specific structures and Keisler measures for which Corollary 3.8
applies to all definable relations (again, see introduction in [6] for more details).

Ezxample 3.10. Examples of NIP structures:

(1) Abelian groups and modules (see e.g. [10]),

(2) (C,+,x,0,1) (see e.g. [10]),

(3) leferentlally closed fields (see e.g. [40]),

(4) free groups (in the pure group language (-,7*,0), see [31]),

(5) Planar graphs (in the language with a single binary relation corresponding to
the edges, see [29]).

(6) (Weakly) o-minimal structures, e.g. M = (R, +, X, e”) (see [0]).

(7) Presburger arithmetic, i.e. the ordered group of integers (see [6]).

(8) p-minimal structures with Skolem functions. E.g. (Qp,+, x) for each prime p
is distal (see [0]).

(9) The (valued differential) field of transseries ([2,4]).
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(10) Algebraically closed valued fields (see e.g. [35])

Ezample 3.11. Examples of generically stable Keisler measures (see e.g. the intro-

duction in [6]):

(1) Any Keisler measure concentrated on a finite set (as it is clearly fap).

(2) Let A, be the Lebesgue measure on the unite cube [0,1]™ in R™. Let M be
an o-minimal structure expanding the field of real numbers. If X C R™ is
definable in M, then, by o-minimal cell decomposition, X N[0, 1] is Lebesgue
measurable, hence \,, induces a Keisler measure on M".

(3) Similarly to (2), for every prime p a (normalized) Haar measure on a compact
ball in Q, induces a smooth Keisler measure on Qp.

4. STABLE AND DISTAL CASES

Next we consider two extreme opposite special cases of NIP hypergraphs: stable
and distal ones. Stable theories are at the cornerstone of Shelah’s classification

theory [32], and we refer to e.g. [27,40] for a general exposition of stability. Ex-
amples (1) — (5) in Example 3.10 are stable. Distal theories were introduced more
recently in [34] aiming to capture “purely unstable” structures in NIP theories.

Examples (6) — (9) in Example 3.10 are distal. Example (10) gives a combination
of these two cases: it has a stable part (the algebraically closed residue field) and
distal part (the value group), and the theory developed in [13] demonstrates that
the whole structure can be analyzed in terms of these two parts. There are certain
generalizations of this decomposition principle for arbitrary NIP theories [33, 36].

4.1. Stable case. Regularity lemma for stable graphs was proved in [23] for count-
ing measures. Later, [24] provides a proof for general measures. However, the proof
in [241] does not give any bounds on the size of the partition. In this section we
combine these two approaches and prove a regularity lemma for stable hypergraphs
relatively to arbitrary measures, bounding the size of the partition by a polynomial
in L.

\aNe work in the same setting as in Section 2. Let the sets Vi,..., Vi and R C
Vi...x ...Vi be given, let B; be a field on V;, and let u; be a measure on B;.

Assume moreover that for every i € [k], Ry € B; for all b € Vie.

Definition 4.1. (1) A binary relation R(z,y) C V x W is d-stable if there is no
tree of parameters (b, : n € 2<¢) in W such that for any n € 2% there is some
a, € V such that a, € Ry, <= v —~ 1 dn (where < is the tree order).

(2) A relation R C V; x...x Vj is d-stable if for every I C [k] the family R viewed
as a binary relation on Vi x Vre is d-stable.

(3) A relation R is stable if it is d-stable for some d.

Remark 4.2. Alternatively, stability of a relation can be defined in terms of the so
called order property. Namely, R C V x W has the d-order property if there are
some elements a; in V and b; in W, i=1,...,d, such that a; € Ry, <= i < j for
all 1 <4,5 <d. It is a standard fact in basic stability theory that R is stable (in
the sense of Definition 4.1) if and only if it does not have the d-order property for
some d.

Lemma 4.3. Let R be a stable relation. Then any measure u; on B; is fap on R.
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Proof. Let E be an arbitrary R-definable relation.

Claim 1. For any € > 0 there is some m = m(e, F) and some 0-1 measures
81,-..,0m on B; (possibly with repetitions) such that p;(R.) ~° - > iy 05(Re) for
all ¢ € Vje.

Proof. As R is stable, it follows that E has finite VC-dimension. Then the claim
follows from the VC-theorem applied on the compact space of 0-1 measures on B;.
See [15, Lemma 4.8] for the details.

Claim 2. Every 0 — 1 measure § on B; is fap on F.

Proof. This is a straightforward consequence of the explicit form of the defin-
ability of types in local stability. See e.g. the proof of [27, Lemma 2.2]: identifying
our measure ¢ restricted to E with a complete E-type, an e-approximation of 6 on
E is given by the c1, ..., ¢y, constructed in that proof, for any m large enough so
that % <.

Now, let € > 0 be arbitrary, and let d1, ..., d,, be as given by Claim 1. By Claim
2, let A; be a multiset in V; giving an e-approximation for §;. It is straightforward
to verify that A = U;nzl A; is a 2e-approximation for p;. O

In view of this lemma, for I = {iy,...,i,} C [k] we have a semi-direct product
measure py = fbi; X -+ - Xy on By = By, X ... x B, (see Definition 2.16) which is
fap on R (Proposition 2.14).

Definition 4.4. A set A € By is e-good if for any b € Ve, either uj(AN Ry) <
epr(A) or ur(ANRy) > (1 —¢e)ur(A4).

Remark 4.5. Notice that if a set is e-good then it has measure greater than 0.

Lemma 4.6. Assume that pje is fap on R. For any e > 0, consider the set
A={aeV;:pr(R,) < e}

Then there is an R-definable set A’ O A such that pure(R,) < 2¢ for alla € A’.

Proof. Let by,...,b, € Ve be such that pre(R,) =3 Av(by,...,by; R,) for all

a€Vy. Let 7 ={JC[n]: lnil < 3¢}, and let A’ = User (ﬂjeJij). It is easy

to check that A’ satisfies the requirements. O

Lemma 4.7. Fiz some I C [k] and some J C [k]\ I. Let B € By be an e-good
set, and let A € Br and ¢ € Viy\(rug) be arbitrary, such that both A and B are of
positive measure. Then (by Definition 4.4) A is a disjoint union of the sets

A%,c = {(L €A /J'J(Ra,c N B) < EMJ(B)}
and
AL, ={a €A juy(Rae N B) > (1 - )us(B)}.
Assume that € < %. Then AOB,c7AlB,c € B;.
Proof. Indeed, let p; be the restriction of uy to A and let p} be the restriction
of ur to B. As R is stable, by Lemma 4.3 both u}, i} are fap on R. Hence, by
Lemma 4.6 applied to pif, 7. we can find some R-definable Aj 2 A% ., A7 D Ap,

such that pf.(Ra.c) < 2¢ for all a € Aj and pfc(Rq,c) > (1 —2¢) for all a € A, As
e < 1, it follows that in fact A% , = Ay N A, Ap = Aj N A. O

4
In particular, it makes sense to speak of the yj-measure of A% ., Ap .
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Definition 4.8. Let 0 < & < 1 be arbitrary, and let I C [k]. We say that a set
A € By is e-excellent if it is e-good and for every J C [k] \ I, every e-good B € B
and every ¢ € Vi (1ua), either ur(A% ) < epr(A) or pr(Ap ) < epr(A) (in the
notation from Lemma 4.7).

The following lemma is a generalization of [23, Claim 5.4], with an additional
observation that the proof can be performed “definably”.

Lemma 4.9. Let R C Vi x ... x Vi be d-stable and let 0 < ¢ < 2% be arbitrary.
Assume that A € By, and pn,(A) > 0. Then there is an e-excellent R-definable set
A’ € B, with pn(A’) > e, (A).

Proof. We will need the following claim.

Claim. Assume that 0 < e < % and A € B, is not e-excellent. Then there are
disjoint A%, A* C A with A; € B, and pu(A;) > eu(A) for i € {0,1}, and such that
for any finite S° C A%, S* C A! with S| 4 |S'| < L there is some ¢ € Vye such
that a € R, for all a € S' and a ¢ R, for all a € S°.

Proof. If A is not e-good, there is some ¢ € V,,e such that p,(ANR.) > e, (A4)
and g, (AN (Re)€) > epn(A). We let AL = AN R, and A° = AN (R,)°.

If A is e-good, as it is not e-excellent, there are some J C [k] \ {n}, some
set B € B; which is e-good, and some ¢’ € Vjy\(nuy such that A is a disjoint
union of the sets A° := A% ,, A" := A}, (in the notation from Lemma 4.7) and
pn(AY) > epn(A) for both t € {0,1}. Now given S° S' as in the claim, we have
pr(BNRyr) < epy(B) foralla € S° and py (BN (Ry,e)¢) < epy(B) for all a € S*.
Let

B'=Bn(|J R U | (Rae)).

be SO best

As SO+ (St < L, it follows that ps(B') < Leps(B) < ps(B). In particular there
is some b’ € B\ B’, and taking ¢ =V’ —~ ¢ satisfies the claim.

Assume now that the conclusion of the lemma fails. By induction we choose
sets (4, : n € 259) in B,, such that Ay = A and given n € 2<¢, we take A, o =
(A4,))°% Ay ~1 := (A;)! as given by the claim applied to A,. For every n € 2¢, pick
some a, € A, (possible as u,(4,) > elu,(A) > 0). For every v € 2<% there
is some ¢, € Vpe such that a, € R, if and only if v —~ 1 < 5 — which gives
contradiction to the d-stability of R. Namely we can take ¢ given by the claim for
S0 ={a,:ne2 v ~0<n}and S' = {a, : n € 24,y ~ 1 < 5} (note that
159 + || < 27 < L by assumption). O

Lemma 4.10. Let RC V; x ... X Vi be d-stable, and let 0 < ¢ < 2% be arbitrary.
For any n € [k], there is a partition of V,, into e-excellent sets from By, and the
size of the partition can be bounded by a polynomial of degree d+ 1 in %

Proof. Repeatedly applying Lemma 4.9, we let A1 be an S-excellent subset

of By, == Vy, '\ (Ulgigm A;) with pn(Amgr) > (%)dﬂn(Bm)' Then pin(Bpt1) <
fin(Bm) — (%)dﬂn(Bm) <(1- (%)d)ﬂn(Bm)a hence piy,(By) < (1 (%)d)m_l for all
£\d
m. Thus pin(Bm) < 5pn(Ar) after m = % steps. Letting A} = A; U By,
2
it is easy to check that A) is an e-excellent set, and Af, A, ..., Ay, is a partition

of V,.
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Finally, for the size of the partition we have an estimate

__(d+1)log2 1, ¢ 1
"= gl - 08 2 = T -y )

for some constant ¢ € N depending just on d. And as —In(1 —z) > z for all , this

gives
o d 1 1\ 4+
m§c(—) In (—) < (—)
2 € €

for some ¢ = (d) € N.
O

Finally we can use the partition in Lemma 4.10 to obtain a regular partition for
RCVix- xVg.

Lemma 4.11. If A C V, is e-excellent and B C Vin—1] is €-good then BxA is
2e-good.

Proof. Let ¢ € Ve be arbitrary. As B is e-good and A is e-excellent, by Definition
4.8 we have A = Ay (U AL . and either yu, (A% ) < epn(A) or pn(Ap ) < pin(A).
Assume we are in the first case. Then, using the definition of ji(,,) and Lemma 2.15,
we have

(B x A)NRe) = /A (1n—1)(Rae N B)) dpy >

/ (/J’[nfl] (Ra,c N B)) dﬂn > / (1 - E)M[nfl] (B)dﬂn >
A}B,c A}B,c

(1 = &) (A1) (B) > (1 = 2¢) ) (A x B).
Similarly, in the second case we obtain that up,((B x A)NR.) < 2epup)(Ax B). O

Theorem 4.12. Let R C Vi X... X Vi be d-stable, and let 0 < € < 2% be arbitrary.
Then there is an R-definable e-reqular partition P of Vi x...x Vi with 0-1-densities
(see Definition 3.1) without any bad k-tuples in the partition (i.e. ¥ = () and such
that the size of the partition ||73|| is bounded by a polynomial of degree d + 1 in %

Proof. For each n < k, let P, be a partition of V,, into 2,fﬁ—excellent sets as
given by Lemma 4.10, and let P := {X; x ... x X}, : X,, € P,}. We claim that
P, is e-regular with ¥ = (. Indeed, let X = X; x ... x X} € P be arbitrary,
and let Y = Y7 x ... x Y}, where Y,, C X,,,Y,, € B,, are arbitrary. Let X' :=
X1 X ... xXp_1,Y :=Y; x...xY;_1. Applying Lemma 4.11 k times, the set X’
is 5-good, and X, is §-excellent. Then, by Definition 4.8, X} is a disjoint union of
the sets (Xi)%/, (Xk)% € By and pu (X)) < Spr(Xy) for one of t € {0,1}. Let
VY= (Xp)% NY, and V)! := (Xj)%, NYy. We have

g (RNY) = / tg—1)(Re N Y")dpy(c).
Yk

As Y} is a disjoint union of Y2, V;! and p(Y)!) < Sur(Xy) for some t € {0,1}, we
have

g (BNY) — / prr—1)(Re N Y")dpy(c)| <
Yy

g
5/%(Xk)/i[k71] (Y1 x...Y, 1) <

for some ¢ € {0,1}.

/L[k](Xl X ... X X;g)

DN ™



DEFINABLE REGULARITY LEMMAS FOR NIP HYPERGRAPHS 19

Assume that ¢ = 0. Then for all ¢ € Y} we have p,_1)(Re N X') < §ppp—17(X7).
Hence
5 5
/Y0 w1 (Re VY )dpre(e) < p(Yi) g -1 (X') < 5o (X <o x Xi),

k
and so k] (RNY) < EM K] (X).
If t = 1, applying the same argument to R we obtain p (R NY) < eupy (X)),
hence | (R NY) = pupp (V)] < epugpy (X). 0
Similarly to Corollary 3.8, Theorem 4.12 gives the following in the definable case.
Recall that a structure M is stable if every relation definable in it is stable.

Corollary 4.13. Let M be a stable structure. For every definable E (x1,...,xy,)

there is some ¢ = ¢(E) such that: for any € > 0 and any Keisler measures p; on

M=l there are partitions M!*il = A; ; satisfying

(1) K < (2)".

(2) for all (i1,...,in) € {1,...,K}" and definable A} C Ay,,..., A, C Ani,
either dg (A}, ..., A)) <ec ordg(A},...,A])>1—¢.

(8) Each A; ; is defined by an instance of an E-formula depending only on E and
67

where dg (A}, ..., Al) =

j<K

u(ENA;x...xAl)

M(A’lx...xA/n) and =1 @ ... Q ln,.

4.2. Distal case. The class of distal theories is defined and studied in [34], with the
aim to isolate the class of purely unstable NIP theories (as opposed to the class of
stable theories, see also [35]). For completeness of the exposition, we recall the distal
regularity lemma established in [6], pointing out a stronger form of definability for
the regular partition than the one stated there. First we recall the definition of
distality (and refer to the introduction in [6] for more details).

Definition 4.14. [6] An NIP structure M is distal if and only if for every de-
finable family {¢ (z,0):be M d} of subsets of M!*! there is a definable family
{¢(z,¢) : c € M} such that for every a € M and every finite set B C M?

there is some ¢ € B* such that a € v (z,¢) and for every a’ € ¥ (x,c) we have
a € ¢(x,b) < acd(xb), forall be B.

Theorem 4.15. Let M be distal. For every definable E (x1, .. .,x,), defined by an
instance of some formula 6(x1,...,xy,; z), there is some ¢ = ¢ (0) such that: for any

e > 0 and any generically stable Keisler measures pu; on M1%il there are partitions

Mzl = Ujcx Aij and a set ¥ C {1, .. K} such that

(1) K < (1)".

(2) u (U(il,...,in)ez Ar, X ..o X% An,in) <e, where g =1 ® ... Q .

(8) for all (i1,...,in) & 3, either (A1 X ... x Api ) NVE =0 or A1 X ... X
Ani, CE.

(4) Each A; ; is defined by an instance of a formula v; (z;, z;) which only depends
on 6 (and not on €!).

Proof. This is proved in [6, Section 5.2], except for the fact that in (4) the formulas
¥; (z;, z;) can be chosen independently of ¢ — and we explain how to modify the
proof there to obtain it. Namely, the proof of [6, Proposition 5.3] shows that,
under the assumptions of the lemma, for each ¢ = 1,...,n we can find a finite set
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of formulas A; and a constant ¢ € N depending only on 6 (in view of [6, Corollary
4.6]), a finite set of parameters Ay depending on 6 and ¢ with |An| < (%)C, and
partitions P; = {A;; : j < K} of M#il satisfying the conclusion of the lemma,
except for the bold font part, such that each A; ; is A;-definable over Ay.

Let Q; be a partition of Ml into the sets of realizations of complete A;-
types over Ay. By distality of M, let Al be a finite set of formulas such that
for every ¢ € A, it contains a formula ¢ as in Definition 4.14. Let t;(z;, ;) be a
conjunction of all formulas in A}. Then for every a € M|®:| there is a single instance
¥;(x;, e) such that its parameters e are all from Ay and such that ¢;(x;, €) isolates
the complete A;-type of a over Ay. Using this, we can choose a partition Q) of
M1#il which refines Q; (and so also refines P;) and such that every set in Q) is
defined by an instance of ¢;(x;, z;) over Ay. Then the size of Q) is bounded by

|[An |17l < (%)c where ¢/ = c|z;| only depends on 6. Hence Q},i =1,...,n give the

desired partition. (Il

5. DEFINABLE VARIANTS OF THE ERDOS-HAJNAL AND RODL THEOREMS

bR ENAY

In this section, we are concerned with the question of finding a “large” “ap-
proximately homogeneous” definable subset of a definable hypergraph. “Large”
here refers to positive measure, relatively to a fap measure, and “approximately
homogeneous” means that the edge density on the set is close to 0 or 1 (see below
for precise definitions). We consider two very different situations — (k-partite)
k-hypergraphs and k-uniform hypergraphs (in the sense of Section 3.1).

5.1. Partitioned hypergraphs. First we consider the “partite” situation. We
are working in the same setting as in Section 3.1.

Theorem 5.1. Let E C V; x ... x V} be a k-hypergraph of VC-dimension at most
d. Then for every a,e > 0 there is some § = §(d, «,€) > 0 such that the following
holds.

Let B; be a field on V;, and let p; be a measure on B; which is fap on E, for
i=1,...,k. Let p = py1X - - - X .. Assume that u(E) > . Then there are some E-
definable sets A; C V; such that u(A;) > 0 foralli=1,...,k and dg(A,..., Ax) >
1—e.

As usual, dg(A1,...,A) = % denotes the E-density.

Proof. This follows from the regularity lemma for NIP hypergraphs (Theorem 3.3).

Let ¢ = % > 0. Applying Theorem 3.3 with respect to &', we get that
there are some constants cj,cy depending just on E and FE-definable partitions

______ nAij for each i = 1,... k with n < ¢1(£)® such that if ¥ C [n]* is
the set of all bad k-tuples then we have }- ;. ospa(Arg) ..o pe(Ary) <€
Here a k-tuple of sets (A4 j,,..., Ak, ,) is bad if it is not good, at it is good if for
any A} ;0 C A, with p;(A] ;) > €'pi(Aiy,) for i = 1,... k, we have that either
de(A} .. Ay y) <€ ordp(Ay ..., AL, ) >1—¢"

Let § := ?(_‘E/)TQ > 0, it only depends on a, e, E. To prove the theorem, it is

enough to find a good k-tuple (A j,,..., Ak j,) such that p;(A; ;) > 6 for i =
1,...,k and dg(A1,,,..., Ak j.) > € (as then necessarily dg(A41,,..., Ak j.) >
1—-¢ >1-¢).
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Assume that this fails. Then we have:
pwE)Y= > pEN (A, x..ox Agg,)) <

Z M(Al,jl X ... X Ak,jk)+

(J15--Jk)EX

Z /L(Al,jl X ... X Akyjk)é‘q—

(F15e-dk) €51 (A1) X X Ay 5, ) >0

0d (At Ak ) <
(F15 00k ) €2, 1(Ax g X X Ag 5, ) <0
1
e+ +nks <2 + 501(—I)kc2,
€
which by the choice of § is at most 3¢’. But this contradicts the assumption that
w(E) > a> 4.
O

Remark 5.2. In the special case when p is an ultraproduct of counting measures
concentrated on finite sets, this gives a density version of the well-known lemma of
Erdds and Hajnal, see e.g. [11, Lemma 2.1]

In particular, the result holds when F is a definable relation in an NIP structure
(see Section 3.3), giving uniform definability of the sets A; in terms of E, o, €.

In the case when E is definable in a distal structure we have the following
strengthening proved in [6, Corollary 4.6].

Fact 5.3. Let M be a distal structure and 6(zx1, ..., zk,y) a formula. Given a > 0
there is 6 > 0 such that: for any relation E(x1,...,x) defined by an instance
of @ and any generically stable measures p; on Ml if u(R) > a (where p =
w1 ® ... QR uk), then there are definable sets A; C M=l with wi(4;) > 0 for all
1=1,...,k and Hle A; € R. Moreover, each A; is can be defined by an instance
of a formula v;(z;, z;) that depends only on 6 and «.

5.2. Non-partitioned case. In the non-partite case, however, it is much harder to

find a large homogeneous subset (i.e. a clique or an anti-clique), as it is well-known

in combinatorics, and we give some examples in the definable setting illustrating it.
The following is a classical result of Rodl.

Fact 5.4. ([30], see also [11, Theorem 1.1]) For each e € (0, %) and finite graph H
there is some 6 = §(H,e) > 0 such that every H-free graph on m vertices contains
an induced subgraph on at least dn vertices with edge density either at most € or at
least 1 — €.

We consider a generalization of this property to fap measures.

Definition 5.5. Let M be a structure and let 9t be a class of Keisler measures.

Let € be a collection of definable (symmetric) (hyper-)graphs in (some powers of)

M.

(1) We will say that & satisfies the Rédl property with respect to 91 if for every
E C (M™)* in € and every € > 0 there is some 6 > 0 such that for every p € 90,
a Keisler measure on M™ which is fap on F, there is some definable A C M™
such that p(A) > ¢ and the p(®)-density of E on A is either < € or > 1 —&.
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(2) If in addition such an A can be defined by an instance of some formula that
depends only on F, and not on ¢, then we say that £ satisfies the uniform Rodl
property with respect to 9.

(3) We will say that & satisfies the strong Rédl property with respect to 91 if in
(1) we can find a definable F-homogeneous subset of positive p-measure.

Fact 5.4 implies that if £ is a family of pseudofinite hypergraphs of bounded
VC-dimension, then it satisfies the Rodl property with respect to the class M of
pseudofinite counting measures, in the language of set theory. We give some ex-
amples showing that there is little hope in generalizing this to arbitrary generically
stable measures.

Ezxample 5.6. The strong Rodl property does not hold for graphs definable in the
field of reals, with respect to the Lebesgue measure. To see this, consider the
relation E C R? x R? defined by (a,b)E(a’t)) <= |a—ad'| < |b—1V|, and let u
be the generically stable measure on R? given by restricting the Lebesgue measure
on [0, 1]? to the definable sets. We claim that there is no definable E-homogeneous
subset of R? of positive measure. Indeed, any such set A C [0,1]? would have to
contain an F-homogeneous square, and it is easy to see that this is impossible by
the definition of E (one can check, however, that the uniform Rodl property is
satisfied as for any € > 0 we can choose a sufficiently thin vertical stripe of positive
measure such that the E-density on it is e-close to 1).

It may be tempting to use the NIP regularity lemma as in the partitioned case
(Theorem 5.1) to establish the Rodl property (applying it for a symmetric relation
RCVixVawithV =V, = Vo, u = 1 = p2). However, it doesn’t work. The
reason is that, given an e-regular partition Ay, ..., A, of V, it is perfectly possible
that all of the pairs on the diagonal (4;, 4;),1 < i < n are bad simultaneously.
Namely, if ¥ is the collection of all bad pairs, we have that 3 ; - s n(Ai)u(A4;) <e.
On the other hand, if let’s say (A; : 1 < 4 < n) is an equipartition, we have
Sicicn H(A))? < ndy < L which can be smaller than & when n is sufficiently
large. In fact, this observation suggests an idea of a counter-example to the uniform
Rodl property, which we present in the next subsection.

5.2.1. A counterexample to the uniform Rddl property. We are working in the field
of 2-adics g, in the Macintyre language. Let p be the Haar measure on Qg
normalized on the compact ball Z, (restricted to definable sets). Then Qs is a
distal structure, and p is generically stable measure (w.g. see the introduction in
[6]). We think of elements in Q as branches of a binary tree and define E C M?
by saying that F(x,y) holds if and only if v(z —y) is odd (i.e. if the branches x and
y split at an odd level). This is a symmetric relation definable in the Macintyre’s
language. We estimate the p(?)-density of E on certain definable sets.

Lemma 5.7. Assume that A is a ball, then the density dg(A) is either & or 2
(depending on the radius of the ball).
Proof. We have dg(A) = % and p®@(ENA?) = [, (B, N A)dp.

We think of the elements of Q2 as infinite binary sequences, and let’s say A =
{0 ~ 7 :7 € 2%} for some 79 € 2<¥. For each n € w, consider the partition
A= eon Ao, where A, = {190 ~0 ~7:7 €2¥}.

In the following calculations, “on step n” we only look at the edges that go
between different parts in the partition {A, : o € 27}.
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By the definition of E (and since for o € 2", u(A,) = zpu(A)), the p®-
measure of E-edges on A added on each step n such that |79| 4+ n is even, is at least
=271 20 (S p(A))? = sk p(A)2.

On the other hand, the number of edges omitted on each step n such that |7o|+n
is odd, is at least s, :=2""1- 2 (55 u(A))? = 5= pu(A4)%

Thus we have the following estimates.

(1) If |10] is odd, then

> o Sdp(Ap(A)? < p(A)? = (> sa).

n>1 odd n>1 even
We have:
1 ) ) 1
Z Tn = Z Q_n”(A) = n(4) Z o2m+1
n>1 odd n>1 odd m>0
11 12 2
— (A)2 L 2 _ 2
MAP 3 g = AP T g = g

= WAPCY g = 1) = (=7 ~ DA = a4

m>0

(2) If |10 is even, then

S e < dp(Au(A)? < p(A? — (Y sa),

n>1 even n>1 odd

and a similar computation shows that dp(A) = 3.
O

Lemma 5.8. Fiz a formula ¢(z,y). Then there is some v € (0,1) such that:
for any parameter b, if p(¢(x,b)) > 0, then ¢(x,b) contains some ball B with

w(B) > yu(é(z,b)).

Proof. If p(¢(x,b)) > 0, then ¢(z,b) has to be infinite. As demonstrated in the
original paper of Macintyre [22, Theorem 2], every infinite definable subset of M
in the p-adics has non-empty interior. In particular it must contain some open ball
of positive Haar measure.

However, to prove the claim we need a slightly more careful analysis. We recall
a couple of facts about the p-adic cell decomposition (see e.g. [3, Section 7]). Let
o(z,y) be fixed. Then there is some N € N, definable functions f;, g; and elements
Ai € M for i < N such that for every b € M,, the set ¢(M,b) is a union of at most
N cells of the form

Ui(b) = {z € M :v(fi(b)) < v(z — ci(b)) < v(g:(b)) A Pr, (Xi(x — (D))}
Besides, we have the following fact.

Fact 5.9. (see e.g. [3, Lemma 7.4]) Suppose n > 1, and let x,y,a € K be such that
vy —x) > 2v(n)+v(y —a). Then z —a and y — a are in the same coset of P,.
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Assume now that p(é(x,b)) = § > 0. As u concentrates on the valuation ring
V', we have p(p(M,b) NV) > § > 0. Then there is at least one cell U(b) C ¢(M,b)
with p(U(b)) > .

We claim that there is some element a € U(b) with v(a — ¢(b)) < v(f(b)) + n
First, as I' = Z, there must be some 8 € I" such that v(f(b)) < 8 < v(f(b)) +n
and v( ) + 8 = na for some a € I'. Let e € M be arbitrary with v(e) = o, and let

a= Tn + ¢(b). Then:

(1) A(a—c¢(b)) = e™ (in particular P, (A(a — ¢(b))) holds),

(2) v(a—c(b)) = v(%) =v(e") —v(A) = nv(e) —v(A\) = na —v(A) = 6.

Now either 8 < v(g(b)), in which case a € U(b), or 8 > v(g(b)), in which case any
element in U(b) satisfies the claim.

Now we consider the ball B = Bx,,(a) for m = 2v(n) +v(f (b)) + n. We claim
that B C U(b). Indeed, for any x € B we have v(a — x) > 2v(n) + v(a — ¢(b)),
hence by Fact 5.9, z — ¢(b) and a — ¢(b) are in the same coset of P, and of course
v(z —c(n)) =v(a—c(n)), so x € U(D).

Finally, we have u(B) > WM(BZU(j'(b))(C(b))) and, as U(b) C B>y () (c(b)),
(U (0)) < w(Bsu(f(ny) (c(b))). Hence

P(B) 2 S n(UD) 2 (e 3 #(6OLD))

Note that the coefficient only depends of ¢(z,y), and not on the choice of the

parameter b.
O

We show that the uniform Rodl property fails for E. Assume towards contra-
diction that we can find some ¢(x,y) such that for every € > 0 there is some
set A C M definable by an instance of ¢(z,y) and satisfying pu(A) > 0 and
dg(A) € [0,e) U (1 —¢,1]. Let’s say dp(4) > 1 —¢ (if dg(4) < e, we work
with the complement of E instead). Let v > 0 be as given by Lemma 5.8 for
o(z,y), and let’s take ¢ << 7.

Now A contains some ball B with p(B) = du(A) for some 0 < v < § < 1, and
we estimate the number of edges on A using Lemma 5.7.

1 (BN A2) = i@ (E N B?) + u®(E N (A\ BY) +2u?) (E(A\ B, B)) <

gu(B)z +p(A\ B)? + 2u(A\ B)u(B) =

SPU(AY + (1= 67 u(A) +2(1 — 0)0p(A)? =

(%52 +1—204 6% 425 — 26%)u(A)? =

1

(1 - (A < (1= 37)u(A)

But as we have assumed ¢ << v € (0, 1), this contradicts the assumption that
dg (A) >1—c¢.
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5.2.2. Uniform Rodl property fails for semialgebraic hypergraphs. It is well-known
that Fact 5.4 fails for hypergraphs (see the example at the very end of [30]). We
observe that the uniform R&dl property fails already in the case of 3-hypergraphs
in the semialgebraic setting.

For this, let E(x1,22,73) C R3 be the relation given by (z1 < x5 < 23) A (71 +
x3 — 2x2 > 0), it is definable in the field of reals (it is considered in [7, Section
3.1]). We claim that it doesn’t satisfy the uniform Rodl property relatively to the
class of measures concentrated on finite sets. If we assume that it holds, then by
o-minimality for every & > 0 there is some d > 0 such that for any finite set A C R
there is some interval B C R such that for C = AN B we have dg(C) > 1—¢ or
dg(C) < e. We observe that in fact the E-density tends to be 1. Let arbitrary

e < % and § > 0 be fixed. Let us take A = {1,2,3,...,N} for some N € N

large enough (such that 6N is also large), and let C C A,C = {p1,...,pn} be an
arbitrary interval of integers in A, p1 < ... < pp, |C] > dN.

Assume that E(p;,pj,pr) doesn’t hold for some p1 < ¢ < j < k < p,. Let us
define ¢; := pp, — pn—i+1 +p1. Then we have p1 < ¢; < qj < qx < pp, and g;, g;, @k
are all in C' since C' is an interval. Moreover it’s easy to see that E(g;, ¢;, ¢x) holds.
This establishes a bijection between edges and non-edges in C, showing that the
density on C is arbitrary close to 1/2 for N large enough.
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