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: T.F. Hoang
1749 Oxford Street, Berke]ey, CA 94709

and
Bruce Cork and H.J. Crawford

Lawrence Berkeley Laboratory
University of California, Berkeley, CA 94720

Results of calculation of the fireball radius as measured by means of.
the Hanbury-Bfown and Twiss (HBT) effect are 1ntérpreted in the context of
Landau's hydrodynamical model. A method based on a simple geometric
picture of fireball fofmation is used to deducé the pion radius. From
available data of various pp annihilations and:ﬁip, K+p, pp collisions,
it is found r_ = 0.76 + 0.20 fm.

A defivation is given on the decoherence faétér of the Kopylov
formqlay: A discussion is presented on other app]icafions of the HBT

effect to particle physics.

*This work was supported in part by the Director, Office of Energy
Research, Division of Nuclear Physics Qf the Office of High Energy and
Nuclear Physics of the U.S. Department of Energy under Contract
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1; Introduction

One of the fundamental problems concerning Landau's hydrodynamical
model of meson production [1] is the space-time structure of the fireball.
That this property can actually be investigated by means of the Hanbury-
Brown and Twiss (HBT) effect [2] has been suggesféd by several authors:
Shufyak [3], Kopylov and Podgretskii [4], and Cocconii [5]. We recall that,
as pointed out by Purcell {6], the HBT effect is essentially a quantum
phenomenon dealing with interference of two partially incoherent waves from
the saiie source.  Its application was first made to investfgafé the
diameter of ér?adiostar and now s used to study the”ﬁiﬁ'céf;e1ation¥5f .
mu]tipaﬁtic]é;broduction\1h high energy physicé.v This is Fe&ékkabie in
view df'a'treﬁéndous difféfehéé‘in mégnitudeé as fegards the chéracteriétic
dimerisions of these two phenomeﬁa, astronomic 6n:thé'one hand and
subnuclear on the other. | J

There exists a wealth of data'dh the méasurehehfsvof the'fireba1lva
dimensions for a variety of reactions covering é”wide'raﬁgé'Bf‘energiés;Jﬂ
measuréments made on the basis of the HBT effect [7]. In this baper;:wé:iae
interpret these measurements in terms of Landau's model and describe a
method to estimate the pion radius from the fireball radius.

Our idea, non nova sed nove, is based on the assumption that the
fireballs (albeit prematter) produced in, say, high energy collisions,
undergo a stage of expansion and then break up and that this last étage
takes place when the volume of a fireball becomes equal to that constituted
by the megons it emits. According to this view, the radius R of a.firebél1

is related to the pion radius re by a simple geometrical relation, namely

h . 1/3
R=n"r_ . (1)
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n being the number of the emitted mesons, charged as well as neutral.
Experimenta]]y; R is estimated by means of the following correlation
function for -1ike-pions, due to Kopylov [4a]
. L,
a1+ Jl(qu) (2
, Re 7| | )
where J] is the Bessel function of the first kind and‘q_L denotes the

component of the relative momenta 1 and ?2 of the two pions in the

~ =3

1 + fé. Note that R thus estimated

may be either parallel or perpendicular to the collision axes, according to

direction normal to the resultant = ?

the convention that|cos ec is either less or greater than 1/2, ec

m.

being the angle of the pions in the center-of-mass system. However, in our
analysis, unless otherwise.stated (Sec. 5 and 6) we shall deal only with R
normal to the colliding directiqn, which is free from the Lorentz contrac-
tion. We shall discuss this point in Sec. 2 and the energy dependence of
R in Sec. 7. ” | | |

| It should be mentioned fhat the Kopylov formu1a‘assumes 1ncohérence
of interference to give rise to the HBT effect. Its modification to
include the decoherence factor will be discussed in Sec. 9.

~ The results df our estimation of the pion radius using various
reactions will be discussed in Sec. 3 through 6. A comparison of the
values of g thus obtained with those derivea by other methods based on the
pion form factor for photo- or electro-production will be given in Sec. 8.

Although few data are now available regarding the space-time structure

of the,fireba11 using nuclear targets, it is interesting to compare these
to the fireball radius obtained from simple hadron—hadron collisions. We

devote Sec. 10 to this subject.
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A discussion of the results of the present work will be given in Sec.
11, together with other applications, e.g. to estimate tne radii of ¢ and
w mesons and to investigate e+e— annihilations into hadrons.

2. Some Properties of the Fireball

Qur interpretation of the fireball radius as measured by means of the
HBT effect is based on the kinematical properties of the fireball under
consideration. For this purposeé let ‘us consider the general -case of
asymmetric fireballs from the fdi]owdnd reaction:

| .a+ p‘—>‘Tr.-+7r+ | | o | (3)
where p denotes the proton target and a stands for an 1nc1dent part1c]e,
V. g T or K. -

In the center;ofAmass system, befoke coi]isibn; hoth pattic]es”move
with the same'momentum-’gl and in the oppdstte dikeetions as shown |
sehematically in Fig. ]—(I). As their velocities are d1fferent because
their masses m and“mp are different, so also are the correspond1ng
Lorentz contraction factors. |

During the col11s1on, parts of the c.m. ava11ab]e energy are converted
into hadronic matter around the co111d1ng part1c1es As a consequence,
they behave like two firebal]s'with masses Ma >m and M;> mp.

After collision, the two ftreba]]s fly away with velocities such that
B;y; < P/ma and B;y; < P/mp as shoanin Fig. 1 (IIl). Consequently,
the Lorentz contraction factors for the fireba]ls'(yz and Y;) are less
than those for the initial state. this is at variance with what is often
found in the 11terature.

* . : '
As regards the velocity B of the fireball (the subscript specifying

the fireball is understood, for brevity), we recall that it is related to

~
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the parameter A which has been introduced to modify the Bose-Einstein
distribution in ordef tb account for Feynman-Yang scaling [ 8], namely

g =1 - . (4)
We refer to Apbendix for the derivation 6f this relation and the following
property required by the scaling, namely

A= O o . : (5)
C being a constant, characteristic of the fireball. From previous inves-
tigations of meson production by pp, n+p and K+p reactions (cf. Appendix)
we find

C,=2.0 and C_=C, =4/3 (6)

p K
for the proton and w/K fireball, respectively.

As an illustration, we plot in Fig. 2 the Lorentz factors for the w
and p fireballs of np'reaétions vs. the lab momentum of the incident pion,
together with the Lorentz factor Yc.m. for comparison.

Note the slow rise of the Lorentz factors of -the fireballs in contrast
wifh'the increase of the Lorentz factor Yc;m. of the center-of-mass system

with P This behavior agrees with what has been observed with the

Lab®
experimental reéu]ts of the fireball radii measured by means of the HBT
effect (see, v.g., the compiled data of Fig. 7 of [7a]). We shall return

to this point in Sec. 7.

3. pp Annihilation ét Rest
We now proceed to eétimate the pion radius g using the currently

available data on the fireball radius R measured by mm correlations of like
and unlike charges for various reactions. We begin with pp annihilation at

rest, ‘which is the simplest case for our investigation, as we are dealing

with a single and stationary fireball.
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We use the data of an experiment by Aachen-Berlin-Bonn-CERN-Cracow-
London-Vienna-Warsaw Collaboration [9]. They studied the mm correlation
using 4-prong events frem pp annihilation at rest:
p+p-~ ont 4 on 4 an-'.
where x = 0, 1 or 2. We have reproduced in Fig. 3 their result of the

ratio N“/ ¥ of numbers of pion pairs of ]ike and unlike charges vs. qi
[for definition, see (2) in Sec. 1] for |E' - E| < 0.05 GeV, E = (k2 + n?)1/2
being the total energy of a. pion under consideration.

The solid curve in Fig. 3 is their fit to Kopylov's formula, modified
by introducing a decoherence factor in front of the square of the bracket
in (2). They treated this factor as a free parameter in order to overcome
the difficult problem of the_background; namely, according to Kopylov's
formula, we must have.Niﬁ_L/NJ_“~—r = 1,. whereas there are data.points-lying
below 1 for qf > 0.15 (GeV/c)Z. They found fer the decoherence factor
1.22 + 0.08 exceeding unity, which is‘unacceptab1e [see~(20) in Sec. 9].

Therefore we have tried 1nstead another fit to Kopy]ov s original
formula, Eq. (2), using a 11m1ted range qf <0.13 (GeV/c) in order to
satisfy the condition N”“/N“ =1, We find

R =1.49 £ 0.15 fm. »
Our fit ie shown by the dashed curve, with X2/p01nt = 12.5/15.

A comparison of our refit with the data pointsvindicates that our
curve fits better the part of the data near the origin, which, as is well
known, is more important than the background at large qi as far as the
HBT effect is concerned.

Next, we have to determine the average number of pions involved in

the 4-prong events of pp annihilation at rest. For this purpose we make

£

il
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use of the data of an experiment by College de Frahce and CERN_[]O] and
find | o |

n =543 + 0.18.

With this 1nformatioh, we are able to esfimate the pion radius

according to (1). We thus obtain‘ o
r. = 0.85* 0.09 fm.
Our results together with the characteristiés of their experiment aké
listed in Table I. |
4. pp and pn Annihilations in F]ight

As for annihilations in flight, we first consider three caées df:1ow
energy, with PLab:< 1.6 GeV/c, from experiments by Pisééparis Collabora-
tion [11], BombayQCERN-Co]1ege de France-Madrid Collaboration [12], and
Torino-Torino Collaboration [13]. The characteristics of these experihenfs
are summarized in Table I. Note that these experiments deal Wwith exclusive
reactioné, so that the number of mesons involved in the fireball is known |

exactly. As the values of Yo differ 1ittle from unity (see Table I)'

.m.
we may neglect the fireball motion and treat these three cases as annihi-
lations at rest. The results for g are Tisted in Table I.

Note that one of these experimehts investigates correlation of like
kaon pairs, K;K;, rather than ﬂiﬂ% as in the other two cases. As the kaon
radius is known to be approximately the same és the pijon radius, within
experimental errors [14], no attempt is made to separate the kaons from the
pions; namely, we tentatively éssume n =4, as listed in Table I. It is
interesting to note that r. thus computed is consistent with other values
involving only pions. This Jjustifies our ASsumption ro = rK; As the

kaons under consideration are neutrals, this further indicates that the

Coulomb effect is probably negligible in the case of e correlation from

PP annihilation.
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Consider next the data pf op annihilation at.5.7 GeV/c from an.
experiment by CERN-Prague Collaboration [15]. They investigated the mm
correlation using 4-prong events:

p+p +v2’lT+ 21 + %0
where x° denotes missing neutrals. Their measurement of the fireball
radius in the longitudinal direction is listed in Table I.
| For this case, Yo, = 1.88, which is significantly different from -
1; we therefore have to know the motion of the fireball or, what amounts
to the same, the sca]ing_parameter_x corresponding to the above inclusive
reaction. In this regard we note that contrary to the p-p case, the
scaling behavibr, see (5), does not hold for pp annihilations as haé been: -
observed in a previous study [16]. We therefore have to détermine X
directly for the above reaction with other,avaiiable information.

For this purpose, we have at our disposal the angular distribution
fok ﬂ; of the above annihilation observed in the c.m.s. system by the -
authors of the same experiment [[17]. From their result, reproduced in
Fig. 4, we find

.. <p> = 0.700 £ 0.028

where u = cos ec 5] being the meson emission angle in the c.m.

.m.> “c.m.
system. Using the re1atiop between A and <u> (see Appendix) we find '
A= 1/<u>-1=20.43 £ 0.06

The curve in Fig. 4 represents the angular distribution:

[a8

o A
= 7
Von-a-énfe 7

[

1
%ot

expected from the modified Bose-Einstein distribution for A = 0.43. We
refer to Appendix for the derivation of this distribution and other

related expressions used to estimate A.
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KnoWing A, We compute the Lorentz factor of the fireball using
formulae (4) and (5) in Sec. 2. 1Its value is listed in Table I. Tt is
now possible to estimate the order of magnitude of the fireball motion
under investigation. Assuming a decay time T = 10'24 sec, cﬁaracteristic'
of strong interaction [18], we find a disp1acement experienced by the
firebaT] in the direction bf the incident 5.7 GeV/c antiproton to be
about B*tc = 0.17 fm, amounting to “1/10 of the measured fireball radius
(R = 1.7 fm, see Table i). Thus, here again we shall assume one stationary
fireball as in the case of annihilation at rest. |

There remains to estimate the average number of pions, chargéd and'.
neutrals, for 4-prbng évents uséd in the experiment by CERN-Praguevéo11a-
boration. In this regard, we use the results of a syétematic study‘of
particle production from pp annihilation at 5.7 GeV/c by Bonn-Hamburg-Mf]an
Col]aborafion [19]. According'to their invesfigation, the aVerage number
of neutra] pions in the 4-prohg events is 13.3. W1th this‘informatién, we
obtain the'pion radius as listed in Table I.

Referriﬁg to Table I, we are now in a posit%on to compare the values
of_rTr estimated from varidus annihilation processes covering an energy
rénge from PLab =0 to 5.7 GeV/c. We notice that within experimental
errors, they are consistent with each other, the average being

ro=0.81 £0.14 fm
in accord‘with the well-known value from the pion form factor (cf. infra).

It is worth noting that the values of R determined from annihilation
are.actua11y larger than those from hadron-hadron collisions [20]. (See
Table II.) This’difference is obvious from the point of view of fireball
formation as mentioned in Sec. 1. It is because the meson multiplicity

from pp annihilgtion is actually higher than that of, say, pp collision at
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the same energy [21]; nonetheless, this difference does not appear 1f,we
compare the values of g We shall return to this point in Sec. 8. .

5. m'p and K'p Collisions

Turning to the meson production by hadron co]]isions,rwe,begih with
ﬂ+p reactions at PLab = 5, 8, 16 and 23 GeV/c from a comprehensive
work by Aachen-Ber1lin-Bonn-CERN-Cracow-Heidelberg-Warsaw (ABBCCHW) Colla-
boration [22]._ They studied the wm correlations using events'with 5 7s in
the final states for a]].four energies, as well.as 7 -ms for two reactions
at 16 and 23 GeV/c. As we are dealing with exclusive reactions with only
charged mesons Nys involving nb neutral ones Ny = 0, it is a-.simple
matter to determine the actual number of mesons of the reactions under
investigation. The characteristics of these reactions and the.values of R
of their measurements are summarized in Table II.

As regards the fireball structure for ﬂ+p collisions, we note that
here we are dealing with two asymmetric fireballs, one moving in the
forward and the other in the backward direction of the c.m.s., and that
the numbers of mesons.emitted by the two.fireballs-are different, as has
been investigated previdus]y [23]. The ratios F/B of forward and backward.
mesons produced by n*p collisions have been estimated as in [23] and the
results are summarized in Table II; the errors 6% are omitted for
simplicity.

Note that in the measurement parallel to the collision axis, we need
to consider only one fireball, which is facing thé observer, whereas the
one behind is in the shadow. As F/B > 1 (see Table II) and as we are
looking for pion pairs of like charge, we tentatively assume the numbgr of

pions, n in Eq. (1), to be that of the forward m fireball, namely

- _ F
n = (nt + no) FrE - (8)
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The values of n thus computed and those of g are listed in Table II.

For ™ p cd]lisions, let us consider first the cases of exclusive
reacfions which can be analyzed in the same way as for the ﬂ+p collisions
discussed above. We have data at Piab =4, 11, 16 and 25 GeV/c from the
same group of ABBCCHW Collaboration [22], cf. supra, and PLab = 11.2 GéV/c |
by Pavia-Bologna-Firenze-Geneva-Milano-0Oxford Collaboration [24]. The
results are summarized in Table II.

In addition to these cases, we make use of two‘jnélusive reactions at
higher energies:

T +p>T AT+ L.,
one at 40 GeV/c by the JINR group [25] and another at 200 GeV/é by Notre
Dame-Duké-Toronto-Quebec (NDDTQ) Collaboration [26]. We have refitted the
corké1ation'data of these two experiments with Kopylov's formula, see"(2)..
The vaiues of R thus obtained are given in Table II.

As in the cases of exclusive reactions, here again, we have to
consider only the forward fireball for the estimation of the average humber
" of pions. We have used available information from other experiments at 40
and 200 GeV/c, namely [27,28]. We estimated the chérged multiplicity for :
the proton fireball using the empirical formula (A-11)>1n Appendix with
ap = 0.26, then deduced the forward multiplicity from the observed value
of Nep”s account being taken of the charge of the target proton. The
results together with the estimates of the pion radius are sdmmarized in
Table II.

Finally, we consider two exclusive K+p reactions, one at 8.25’GeV/c
by Mons-Brusse]—CERN Co]]éboration [29] and another at 16 GeV/c by Brussel-
Mons-Birmingham-CERN Collaboration [30]. Note that, as far asvour pﬁrpose

. - - N .
is concerned, these two cases are similar to the exclusive 7 p reactions
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discussed at the beginning of this section, except that here we have to
exclude the incident K+ meson which is the leading pértic]e, since we
are dealing with m-m torre]ations. With this remark, we proceed to
calculate n and r. according to (8) and {1). The values thus obtained
together with the other quantities specific to the experiments are
summarized in Table II.

In this section, we have estimated the~ya1ues ofvrTT from ﬂ+p’,ﬂ-p -
and K+p reactions. If we take the averages éeparately, we. find res
0.65 + 0.09, 0.72 + 0.14, and 0.70 * 0.07 fm, respectively. We notice
that there is consistency among these averages, as well as with that of
annihilation from the prévious section. -

| 6. p-p Collision

There remains the case of p-p c011isjon. We have at our disposal the

data of an inclusive reaction: |
ptp->mt+tmnt+ ...

of a higher statistics counter experiment at PLab = 28.5 GeV/c by

Purdue—Tufts-Strasbourg-FNAL Col1abofation [31]. They have measured the

fjreba11 radius in both direction%, parallel and perpendfcu1ar to the

collision axis, and found

3.56

0.99 fm

R

1

" 0.10 o
- 0.73 + 0.1] and R, = 1.65 +

respectively. It is interesting to note that Rl =~ 2R as_expected since

I
Ye 1.15.

Indeed, according to our model, what is observed for Rl is from either
the foward or the backward fireball, or both, instead of one single fire-
ball as in the case of measdrement in the perpendicular direction, i.e.

along the collision axis; then only the front fireball contributes, whereas
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the back one is in shadow. In this regard, we recall that the Lorentz
contraction factor is nbt that of Ye.m. which is equal to 3.92 in the
present case, bﬁt rather that of the fireball which is equal to 1.15
according to the recipe described in Sec. 2. This explains Rl = ZRH;
otherwise, it would be erz 2x(R"/3.92), namely 1/2 R”. ‘This‘is ruled out
by their data. |

Therefore, for this experiment, we may take for the fireball radius
the averagevof'these two measurements, account being taken of the Lorentz

contraction factor Yg * 1.15; namely,

1

R = > (R” + YFR /2) = 0.84 fm.

To estimate the average number of mesons in each fireball, n, we find
from available data [32] <n,> = 2.54 + 0.06 for charged pions and <Nny> =
1.75 + 0.10 for neutral ones. Thus

n = (<ni> + <no>)/2 = 2.15 + 0.06.

On the other hand, c]eér]y F/B = 1 as required by the symmetry of the pp
system.

‘Knowing R and n and excluding tﬁe leading proton from the fireball
under consideration, we obtain for the pion radius

re s 0.65 + 0.09 fm,

which is jn good agreement with previous estimates from different reactions.

Finally, it should be mentioned that there exists another counter
experiment investigating ww correlations from inclusive pp reaction at ISR
by CERN-Co]]ege de France-Heidelberg-Karlsruhe Collaboration [33]. This

experiment is particularly interesting, because of its energy, vs = 52.5

correéponding to a Lorentz contraction factor for the fireba]]‘yF = 2.67;

Py
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its effect could be detected. However, we are unable to include their
result in tﬁe ana]ysis'of our present work, as we have tried in vain to .
refit the data using Kopylov's formula, see (2), with the decoherence
factor eqUa] to unity instead of being a free parameter as has been’ used
in their paper. we.sha]1 diécuss this point in Sec@;9.;"

.7; Energy Dependence |

We have presented in the preceéding sections resu1t5;of anﬁ}ysis of
the fireball radiuS:R measured byvmeQns of the HBT effect for various
reactions and at different energies. According .to our model; the fireball
radius R depends on the number of‘mesons n involved in the fireball undér
investigation, Eq. (1). CénSéduentTy, if measurements are made with fixed
n along the colliding direction, we: expect to find“the‘same radius R
regard]gss of the reaction and - the: incident energy. Indeed, an‘insbeétibn
of the data in Table II indicates thatthe values of R from”exé1US;;é

‘ﬂ+p, m p and K+p reactions-are.actually'consistent with A1 fm within
experimental errors.

As for'the incTUSive:reacfibns, we havé fo fake fdr the numbér of-
“mesons n the average multiplicity of mesons emitted by the fireball, wﬁich
increases with energy.' Therefore Qe egpect R tb fncrease with energy,. as

has been found with m p at 40 and éoo ééV/c (see Table Ii).
We now proceed to 1hVestigate fhisbbghavior of R as a function of

P for inclusive mp reactions. We assume the pions emitted by the

Lab
n-fireball and estimate the average multiplicity according to our fireball
model [16,21]. "Referring to Appendix for the recipe of our model, we write
. . , 1 . |
n = 3uW(Mﬂ - mp)/mp * ]' . _ (9)

. _ o :
where m_, mp and Mn are the masses of pion, proton and m-fireball,

respectively, whereas 3aﬂ = 3 x 0.36 is a constant (cf. [16]), account

."l'”".. ol

pat N s
- N .
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being taken of the charge symmetrty for charged and neutral pions, as well
as the incident pion, i.e. second term of the right-hand side of (9). The
fireball mass M;’has been computed using the following formulae: (6) and
(A-3), (A-9) and (A-10) in Appendix.

Khowing n and assuming r. = 0.76 fm, as discussed in the next section,
we deduce R using (1) and find the behavior of R shown by the curve in
Fig. 5, which agrees well with the experimental data at 40 and 200 GeV/c
shown by the full circles. For comparison, we have also plotted the data
from exclusive ™ p reactions in open circles.

. ) *
Finally, we note that in the high energy limit, we expect M ~

1/2
c.m.

increase with energy. Furthermore, at a given energy, we expect the fire-

[21]; therefore, R ~ y]/s or P]/12, indicating a very slow

Y c.m. Lab

ball radii from inclusive mp and Kp to be the same, in view of o = Oys

the similarity property of meson production by hadron-hadron collisions,

“as discussed in [21].

8. The Pion Radius
We have estimated the pion radius using available data on the fireball
radius, summarized in Tables I and II. We nqw'compare our results with
those obtained by other methods.
We recall that the conventional method consists of determining the
pion electromagnetic form factor FTT as a function of q2, the invariant
momentum transfer squared. As a direct measurement, one may use the

pion-electron scattering

T te >T +e

2

and investigate F._ in the space-like region of q© >0. An alternative

. . . . + - . . .
‘method is to use its inverse reaction, namely e e annihilation into

2T via one-photon exchange



and to measure FTT in the time-1like region, i.e. q2 < 0. In passing, we

recall that the electromagnetic form factor for 1 .is zero because of. the
CPT invariance. But this does not imb]y its radius to be zero as assumed
in the present work (see Sec. 11). ‘

As for the indirect measurement of Fﬂ, one may use the e]ectro¢
productfon,of pion, v.g.,

e+p> e+ 1t +n
or

e+ n> e+ T+ p.
However, in this case, the determination of FTT is less straightforward
because of the nuclear effects of the proton and neutron. -

Many efforts have been made to estiméte the pion radius using‘thé;‘;
conventional methods. The latest results compiled by the Harvard;gornell
group [34] are shown in Fig, 6. Theiayerage of these measurements
yield[ 35]

rp = 0.70 = 0.06 fm.
- Another method based on.the-Chou-Yang‘mode1 [36] of hadron-hadron

collisions is due to Chou [14] using high energy mp and Kp elastic

scattering. His analysis gives for the m and K.radius

n

r 0.61

i

A4

0.03 fm
0.54

I+

r 0.14 fm,

K
somewhat smaller than the result from the. conventional methods.

As our method of estimating ro is different, it is. interesting to
compare those measurements with odr results. For this purpose, we have
plotted in Fig. 7 our values of g The overall. average

r = 0.76 + 0.20 fm

is consistent with previous results, within large statistical errors of

our estimates.
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In this regard, it should be mentioned that all the data used in fhe
present analysis, except the case of pp at 28.5 GeV/c (cf'supra), came from
bubble chamber experiments. It would be interesting to have in the future
high statistics data so that more accurate estimates of r. can be attempted
td compare with values determined by other methods and to investigate if
there is actually ahy disparity of results from different methods as -
pointed out by Chou [147. |

| ~ 9. The Decoherence Factor

As mentioned earlier, Sec. 1, the Hanbury-Brown and Twiss effect is .
based on the well-known property of cross-correlation between two partié]]y
incoherent radio waves. In this regard, it should be mentioned that the
situation of partial incoherence as required by the HBT effect is entirely
different fdr meson emission by the fireball we are concerned with. In

particular, we note that the momenta k of the mesons under investigation

~are rather distributed over a wide range and that their intensity depends

on k. Clearly, this diffefénce from a radiostar has to be taken into
accouht for an accurate parametrization of the fireball radius R for
various experiments that we have used in the present work.

For this purpose, we derive in this section an approximate formula on
more general grounds than were used in the literature to obtain Kopylov's
formula (2). We then discuss the use of the decoherence facfor as a free
parameter. | |

Consider two mesons of momenta k and k' # k-emitted from two points S
and S' of a fireball and two detectors D] and D2 at a distance D from
SS' as shown in Fig. 8. We propose to investigate the HBT effect under the
general condition that the intensities of the two sources S and S' are not

equal.
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For simplicity, we shall assume plane waves. associated with the two
mesons under consideration and use the optical analogy as in [5]. Now, the

interference observed by D, is given by the following amplitude (we set

1
h=c¢c=1)
ika, ik'a, - R
A] = oe "+ Re . (10)
A . ' 2 2

The meaning of the symbols is self-explanatory: |a| and|B|° are
intensities of the two sources S and S!', respectively; whereas a and
22
rate observed by D] is

are distances from D] to the sources S and S' (see Fig. 8). The

i(k'ay=kay)

" . *
I, = 1% = el + [8]% + Rea” Be
Likewise, the rate observed by D, is obtained from the above
expressions by interchanging

a; ¢ by, @, e by )

namely
i(kb,-k'b,)
- 2 _ 2 a2 * 2 " 71
12 = |A2| = |a|” +7[B]" + 2Rea Be A
Assuming random phase between the two sources of emission, namely
incoherent superposition of two interfering waves in (11), as required by

the HBT effect, we have to average I] and 12 over the relative phase

of a and B. This Tleads to

>= Jal? + 18] . - (14)

<1,> = <I

1 2

Consider next the coincidence between the two detectors D] and 02.
Here again, for simp]icity,bwe assume the mesons to be emitted

simultaneously. The rate of coincidence 1is then
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—
]

12 |A1A2|2
2)|?

i(ka,+k'b,) i(kby+k'a
: +e ‘ ‘ . (15)

4 4 2,12
o]+ 18]+ |af"[8]|e

Once more we have to average thié expression over the random phase between
o and B as before, except that here account is to be taken of the indis-
tinguishability of the two mesons. This amounts to exchanging k ¢ k' in
(15); in.other words, we have to add a comp1ex conjugate term. Thus the
third term in (15) actually yfe]ds |

P2 i[k(al'bz)‘k'(az‘b1)3 ¥ c.c. (16)

=2+ 2Re e

Consequently, assuming that |a[2 #=|B|2, we find the general

expression for the coincidence rate, i.e. the cross correlation as follows:

<I]2> = <I1><12>[] + a(k,k')Re e1w] (17)
where
v = k(a; - by) - k'(a, - by) - (18)
is the phase and
v 2,12 '
atikt) = —lglIef (19
(la|™+1817)

is, by definition, the decoherence factor which has the following

properties:
a(k,k') <71, whatever k and k'

1, if k-k' >0 (20)

0, if k-k' » w.
Note that the coherence condition requires a(k,k}) = 1, and that a(k,k')
depends only on the ratio, say, z = |a[2/[3|2. A plot of a(z) vs. z is

shown in Fig. 9.
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There remains the 1ntegratdon of the above ekpression (17) over the
surface of the fireball, which is rather fntricéte because of the decoher-
ence factor. However, for practical purposes, we may assume a(k,k') to be
.constant and follow Kopylov and Podgretsk11 [4], to approx1mate the rat1o '

. of two part1c1e correlation including the decay time T as fo]]ows

++ o [2J‘(Rq )/Rq ],
S =1+ alk,k') é > = (21)
o T+17q,
where
q =q-n(@n), g = [E-E] - (22)

with g = k - K" and n= (K + K')/|K + K|, where E = (k2 + mz)]/2

J] is the:Bessel function of. the first kind.
Note that in case |k - k'[<<k or k', o] = |B]; then a(k,k') = 1.
This leads to.the we]]eknown Kopylov formula, Eq. (2) for Tq, << 1,‘1:e.
|E - E'] small. o
Consider now the decoherence factor a1[37j; whdch has often been
treated as a free parameter (see, v.g., [7,40,41]. Thejvalue“of the
radius R thus estimated turns out to be 1arger than without it, i.e.
assuming a = 1, as has been noted in ‘the case of pp annihilation at rest
discussed 1in Sec. 3 (].89 + 0.06 to compare wlth 1.49 + 0.15 fm, see r9l).
If we take a =0.4 as mentiodedl(see; vfé},‘Ef])}we find it £6 cqtrespdnd
to a ratio z = |oc|2/|8|2 about 1/7. This implies rather a large.
difference between the mementa k and k' of the two mesons under investiga-
tion; thus q is large, indicating thaf'we are rather far away from the
correlation peak which occurs near q; = 0 (see F1g 3). we therefore

be11eve that by treat1ng the decoherence factor as a free parameter
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one has emphésized the distribution due to background [38], but this
procedure compromises the information in the peak near the origin.

10. Fireballs from Nuclear Reactions

Finally, we note that at presént only few data are avai]ab}; on the
fireball radius measured with nuclear targets. In Spite of scaréity, it
is not without interest to aha]yze the results in the same way as has been
done with hadron-hadron collisions and to compare.with what is expected
from the fireball model.

We find two propane bubble chamber experiments with m C at JINR, one
at»5 GeV/c by Bairamov, etra1.'[39]; and another at 40 GeV/c by Angelov,
et al. [40]. To estimate the fireball radius from the HBT ‘effect, both
groups have used the decoherence factor as a free parameter énd apprOxi—.
mated the Bessel function by a series éxpansion.‘ They arrive at the

following expression:

I+

N

where we have used R' to denote the radius thus estimated, whereas R is

. kept_for the value obtained using (2), i.e. the decoherence factor set to

unity.__

We haVe to convertbtheir values‘R' in order to compare with results
we have thained_in Sec. 5 for m p at the same ehergy. In this regard,
we note that if we maké the same approximation with (2) assuming an

adjustable background, we then obtain a radius R related to R' by

R= RU[A/2(A + A]E (24)

We shall use these refitted values R (see Table III) in our distussidn.
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We note that R increases from Pl = 5 to 40 GeV/c as in the an{ .
case shown in Fig. 5. A comparison with this figure indicates that these
values for ﬁ'C are significantly larger than those fqr T p at the same
energy. We have to interpret this difference.
As for meson multiplicities for theée T C reactions, we use the ‘
informatibn from other_experimenfs by other JINR_groups [42]. Using their

data on average charged multiplicity <n_ > we deduce the average number of

mesons emitted by m C collision assuming charge symmetry, i.e.;<n+0>
3 <n >/2. The results thushobtafned are .listed in Table III.

No information is available on the properties of firebal]s from.

w-nuc]gus reactions. Nonetheless, it seems§rea§onab]e td assume F/B 1,
i.e. n =:<n¢O>/2 in view of the fac?{that at_a given PLab’ pions from
T C reactiohs are more isotropic thqn_thoée of,w'p collisions (cf;:[41b]).
The values of r_ thus obtained are listed in Table ITI. . |

We note that in spite of-large errors, the}values of g here found are
significantly larger than,tﬁe avefage’0.72 i.0.14 fm from m p collisions
(cf. Sec. 5). This indicates that the fireba]]s.formed in m C collisions
appears more diffused than those from ﬂ'b‘co1li§ions. This‘isiprobab1y"
due to such effects as'ndtléér.scattefing,’Sééondary production, Coulomb
interaction, etc. As is usually the case, the structure of the fireball
from nuclear reactions is undoubtedly more complicated and more complex
{42]; no attempt will be made to apply further our simple model to these
nuclear reactions. |

| 11.- Conclusion
We have analyzed the currently available data on the fireball radius

measured by means of the Hanbury-Brown and Twiss effect for various reac-

tions in terms of the fireball model formulated by Landau. We have used a

s
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simple geometric picture to estimate the pion radius, sée (1), and found
Py = 0.76  0.20 fm in accord with the values determined by direct
measurements, Sec. 8. | |

Bearing in mind that we havé applied the method in its simplest form,
we mention further refinements to be made, for instance, by takihg properly
into account the decoherence factor as discussed in Sec. 9. Furthermore,
if events from different channels are used for measuring R, accoUnt should
be taken of appropriate weights of these channels in order'to estimate the
correct number of s involved in the fireball.

As for other applications of the method, we mention first the radius
of 1°. Since its electromagnetic form factor is identically zero (cf.
Sec. 8), the conventional method is no more applicable to this_case [43].
Yet we may estimate its value using the method described in this paper.
Consider for instance the folowing two Pn annihilations at rest into five
pions, namely |

p+tn-> Tr_+'rr-+"rr++1ro+1ro
> 'n-+ﬂ-+1r-+1r++'n+

It is possible to estimate the.'nO radius by comparing the fireball radii
of these two exclusive reactions by means of the HBT effect, the second
reaction used merely for compérison. Note that for the first reaction we
have to know only the numher of mesohs; whereas the fireball radius can be
estimated with negative pions so that the measurements of m° momenta are
not indispensable for this purpose.'

Next, we mention that the method can also be applied to estimate the
radius of a resonance such as p‘or w, which is rather difficJ]t to measure

by the conventional method. Yet the knowledge of the p radius is
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interesting as far as its nature of elementary particle is concerned.,,The
question arises: What is it like in comparison with the pion radius?  In
this regard, it should be mentioned that the nuclear mean free path of o
is found to be the same as that of m from photo-production experiments by
the groups of DESY-MIT [44], Cornell [45], and $LAC [46]. It is another
challenge to detefmine the p radihs.

One may use the pm correlation measured by means of the HBT effect.
Indeed, this seems feasible in principle, as the lifetime of p deduced from
its decay width is 4 x 1Of24 sec., which is much longer than the decay

.time of a fireball (see, v.g., [31]). It is therefore possible fb observe
the p particle before its decay into two pions, provided that the fireball
radius is not too large.

As an illustration, we may consider, v.g., the 5b,annihi1ation at
rest, which, as is well known, has a copious p[production. We know that
the 57 final state amounts to 18.7 * 0.9%, from the Yale experiment [47],
that the fireball radius in this case is ~1.5 fm (see Table I) and that
the rates for

— + -
pp—>1TO+Tr + T +Tr0

L
are 7.3 + 1.7 and 6.4 + 1.8%, respectively. An éccurate estimate of the
fireball radius of these exclusive reactions might shed 1light on the o
radius.
From the general point of view, needless to say that the ' ;

Hanbury-Brown and Twiss effect, which is a well-founded quantum mechanical

phenomenon, provides a unique tool to investigate the mm correlation which
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has attracted great interest since its first observation by Goldhaber, et
al. [48]. A wealth of data on the subject has already been accumulated,
and e+e- annihilation measurements are still needed. Of particular
interest -is this unique feature thaf there is no volume defined in the
initial st;te due. to the fact that the electron and the positron are
struchre]ess, a situation quite different from that of pp annihilation.
It is particularly inferesting to know what:fhe space structure looks 1like
for meson fireballs produced by either the quark or the gluon fragmentation
as described by the QCO. 1In this regard, an investigation at the T(9.5)
production and its vicinity will be very interesting; since T decay gives
rise to three gluon jets; whereas off the T(9.5) resgnance, e+e' > qq ~
hadrons leads to two jets in opposite directions, as the gluon
bremstrahlung is negligible ét this energy. |

Finally, it Should be mentioned that clearly fhe HBT effect may also
be used to investigate the correlation of fermions such as u's observed in
high energy hadron collisions. The correlation function in this case is
similar to that for bosons, except the sign and an extra factor 1/2; this
amounts to replacing the decoherence factor a of (21) by -1/2 to account
for the Fermi-Dirac instead of the Bose-Einstein statistics. This case
has special interest, part]y_because there is no problem caused by the
resonance background as in mw correlation and partly because of lepton
number conser?ation; the u+u- pair is produced at the same point. The
fireball fhus explored js expected té be a point source, because the muons
are structureless [49]. Thus the information on the fireball radius

measured by means of the HBT effect using u+u' pairs may provide a method

 to test this fundamental law of the conservation of the muon number.
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Appendix _
Here we explain some basic formulae used in the”anaiysis presented in
this paper. To describe the sihg]e particle distribution, we have used

the Bose-Einstein distribution modified for the Feynhén-Yang Scaling:

do 1 ..
n ‘ . , (A-1)
dP%dPL ST ¢ ‘ |

where P. and P are the transverse and the longitudinal momentum of a

meson of mass m, in the c.m. syétem and
e(n) = (P2 + %2 + )12 s (A-2)
The two parameters are the temperature T and the scaling parameter A; the
Bo]tihannétdnstantiénd the velocity of light are set to unity |
Note that <PT> depends - on]y onT, whereas <PL> N 1/A a property
used for the scaiing, according to which <PL> N E ; therefore
| .Xﬂ= C/Yc.m, <1 . - | o (A-3)
The constant C has been determined experimentaiiy from pp, n+p, K+p,
u+p;'ep, yp, and vp reactions (cf. [8(b),16,21]).
In the case of scaling, the PL distribution can be approximated

with an exponential law, see [8(a)] and may be written as follows:

do /oo (A-4)

where x = ZPL/EC ﬁ' is the Feynman variable.
According to (A-1), the averages of Py and P are related by
(see [8(a)]):




-28-
which may be used to estimate A. Anofher method is to use the angular _
distribution of mesons in the c.m. system.(cf. [8(e)]). From the modified
Bose-Einstein distribution, 1t'1s found | | |

W05 N

where u = cos 6*, 0* being the c.m. angle of'the_meson. The first and the
third moments in the interval u = 0 to 1 are as follows

<u> = L and <p>3 = ]—2_ I (A-7)

1T+ A (1+ 1)

so that <u>2 = <u3> may be dsed as a Validity test for (A-1). Note
that for A = 1, i.e. isotropic aistribution, do/dy = const. as is well
known fof black bbdy rédiation, and that 1h‘genera1 A < 1. v
From A we may deduce the velocity B* of the ffreba]] with'kespect to
the c.m. system (see [8(d)]). AIndeed, the introduction of A in kA-])
amounts to chahging the frame of referénce, characferized by B*.‘ The
general expressjon for the Bose-Einstein diétribution, i.e. in its
covariaﬁ%‘fdrm, is as fo]]dwﬁ: : | ﬂ | |

go n ! | | ~ (A-8)

dPTdP  (E-Bx-P)/T _ |

L
where (E,B) fs the 4-momentum vector of the meson. 'As tHe trans?erse
motion of the fireball is in general _.negligible, é*-3 é~B*PL and in the
relativistic apprbximation, we find by comparing the exponentials in (A¥1)
and (A-8) -
A Bx = 1 - X . v - (A-9) .
Note that A <1 by definition and that, at a given energy, B* is not the

same for the inclusive and the exclusive reactions.
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Knowing B* we deduce the Lorentz factor of the fireball Ye

= 1/(1 6*2)]/2 with respect to the c.m.s. and its mass M; by energy
conservation: |

e B (8-10)
£ being the c.m. energy of the colliding particlesunder consideration

c.m. ,
(see [8(c)]).

Finally, we mention that the average multiplicity of pions produced
by the collision a + p > 7 + ... is found to be proportional to the

fireball mass (cf. [8(c)]). For instance, we may write for mesons from

the proton fireball

*m)/m - (A-11)

' mp be1ng the proton mass and ap a coefficient, characteristic of the

meson product1on, and a similar express1on for the other f1reba11
Experimentally, it has been found that only three coefficients are needed
to describe meson product1on by var1ous high energy co111s1ons, related to
the proton, the meson and the 1epton f1reba11s We refer to [21] for a

detailed discussion on this remarkable property of,s1m11ar1ty.

7N
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Table I - Estimates of the pion radius from NN annihilations

Reaction PLab(GeV/c) yc.m. E | .n R(fﬁ) . rﬂ(fm)b Ref.
pp-2n 2nTxn® 0 1 B 5.43 0.18 1.49:0.15 0.85+0.09 19,10
ortorn®  0-0.76 1-1.07 1 5 1.8 0.1 1.05:0.06 11
K% 076 1.07 1 4 0.940.2 0.57:0.13 12
pr>3nTart 0.1-1.6 115 1 5 1.23:0.09 0.72+0.05 13
Bp+2n+2n'xn°‘ 5.7  1.88 1.22 7;3, 1.7 10.3" 0.88+0.16 15,17,19

Yc.h. and YF are Lorentz factors of the c.m.s. and the fireball.

Underlined value of R is a refit with decoherence factor set to 1, see text in
Sec. 3. - o
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Table IT - Estimates of the pion radius

+
from 7 p, K*p and pp reactions

Reaction P _ (GeV/c)Yean. P F/8B 0 R(fm) r (fm)  Ref.
mp > p5T . 5 1.86 1.05 2.13 3.40 1.13#0.23  0.75%0.16 22
! pSw' 8 2.24 1.09 1.54 3.03 2.03£0.50  1.40%0.71 22
p5m :
- 16 3.06 1.23 1.50 3.50 0.87%0.28 . 0.57+0.18 22
p7m '
p5T . ‘ _
23 3.50 1.30 1.48.3.52 0.87+0.18 . 0.57%0.12 22
p7m
T p > p5T 4 1.70 1.03 4.30 4.06 0.86%0.14 0.54+0.09 22
p5T 1 2.58 1.17 1.71 3.14 - 0.90#0.30 0.610.20 22
p5T : .
’ n. 2.60 1.17 1.71 3.53 1.04:0.28 0.68%0.19 24
ném
bSTr
16 3.06 1.27 1.50 3.53 1.07#0.78 0.71+0.19 22
p7m ‘
p5T 25 3.76  1.31 1.40 2.92 1.4120.39 0.98:0.27 22
mp > mnteee 40 4,70 1.44 1,21 4.02 1.20%0.11 0.75%0.14 25,27
200 10.32 2.04 1.11 5.84 1.48#0.11 0.82:0.14 26,28
K'p » k'pant2nT8.25 2.27 1.12 1.25 2.20 0.80:0.08 0.62:0.06 29
16 3.01 1.2} 1.21 2.20 1.0040.09 0.77#0.06 30
pp ~ mm e 28.5 3.95 1.15 1.0 2.15 0.84x0.10 0.65+0.09 31,32
Y¢ refers to Lorentz factor for the forward fireball.
s Underlined R values are refits with decoherence factor equal to 1 (see text in

Sec. 5).
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Table III1 - Estimates of the pion radius from w=C. reactions

Ref.

Reaction PLab(GeV/c) o R(fm) . rﬂ(fm)
mC > ... 5 4.5 £.0.1 1.09 £ 0.03 0.83 +0.19 40,42
41,42

40 9.6 0.1  1.70 £ 0.05 - 1.00 & 0.11

Values of R are reduced for decoherence factor = 1 with Eq. (24).

n = <n,>/2 assuming F/B = 1 (see text in Sec; 10).

L]
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Figure Captions -
‘Schemas of firebal]_formation resulting from.collision between two
particles a and p. (I)vThe two particles approach each other in
c.m.s. with momentum.P.. (IT) During collision, parts.of their
‘kinetic energies are converted intovpnehatter_to form fireballs
surrodnd{ng the colliding partic]es;l (I1I) After collision, the two
excited particles go away with momentum P' < P.
Plots of Lofentz factors for mp collisions as a function of PLab‘
The Loréniz factors for the m and p fireballs are calculated with
Egqs. (4)-(6) (see also Appendix).
mm correlation observed with 4-prong events from pp annihilation at
rest. Data from [9]. The solid curve is the original fit by the
authors of the.experiment, assuming the decoherence factor a as a
free parameter. The dashed curve is a refit with a = 1 (see text in
Sec. 3).
Angular distribution of forward m's in c.m.s. from pp annihilation at
5.7 GeV/c. Data from [17]. The curve is a one-parameter fit with
the modified Bose-Einstein distribution, Eq. {7), to estimate the
sca]ihg parameter A = 1/<uy> -1. See Appendix.
Energy dependence of the fireball radius from the inclusive r p reac-
tions. The curve is the prediction by the fireball model and experi-
mental points are shown by full circles. For comparison, data from
exclusive reactions are shown by open circ]es; See text in Sec. 7.
Values of the pion radius measured by the conventional methods based
on the electromagnetic fofm factors. The average is rTT = 0.70 + 0.06 fm,
Values of the pion radius estimated from the fireball radius, using

Eq. {(1). The average is ro = 0.76 + 0.20 fm.
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Geometrical rays of two T's issued from sources S and S$'. D and D'
are two detectors for observing the Hahbury-Browh and Twiss effect. .
Plot of the decoherence factor-a as a function of'z, the ratio of the
intensities of the two 7's under considefatidn for the Hanbufy-Brown

and Twiss effect. Coherence requires a = 1.
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