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CLASSIFYING ABELIAN GROUPS THROUGH ACYCLIC
MATCHINGS

MOHSEN ALIABADI! AND PETER TAYLOR?2

ABSTRACT. The inquiry into identifying sets of monomials that can be
eliminated from a generic homogeneous polynomial via a linear change of
coordinates was initiated by E. K. Wakeford. This linear algebra problem
prompted C. K. Fan and J. Losonczy to introduce the notion of acyclic
matchings in the additive group Z", subsequently extended to abelian
groups by the latter author. Alon, Fan, Kleitman, and Losonczy estab-
lished the acyclic matching property for Z™. This note aims to classify
all abelian groups with respect to the acyclic matching property.

1. INTRODUCTION

Let (G, +) be an abelian group. Consider nonempty finite subsets A, B C G.
A matching from A to B is a bijection f : A — B satisfying the condition
a+ f(a) ¢ Afor all a € A. If there exists a matching from A to B, we say A
is matched to B. Obvious necessary conditions for the existence of a matching
from A to B are |A| = |B| and 0 ¢ B. An abelian group G is said to possess
the matching property if these conditions on A and B are sufficient to ensure
the existence of a matching from A to B. The question arises: which groups
have the matching property? This question was addressed by Losonczy in [11]:

Theorem 1.1. Let G be an abelian group. Then, G possesses the matching
property if and only if G is torsion-free or cyclic of prime order.

For any matching f : A — B, the associated multiplicity function my : G —
Z>g is defined via the rule:

ms(x) =[{a € A:a+ fa) =z},

for all x € G.

A matching f : A — B is called acyclic if for any matching g : A — B,
my = mgy implies f = g. If there exists an acyclic matching from A to B, we say
Ais acyclically matched to B. A group G has the acyclic matching property if for
any pair of subsets A and B in G with |A| = |B| and 0 ¢ B, there is at least one
acyclic matching from A to B. Alon et al. proved in [5] that the additive group
Z" possesses the acyclic matching property. Losonczy extended this result to
all abelian torsion-free groups by leveraging a total ordering compatible with
the structure of abelian torsion-free groups, as established by Levi [10].
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Theorem 1.2. Let G be an abelian torsion-free group. Then G possesses the
acyclic matching property.

The concept of matching was introduced by Fan and Losonczy in [7] as a
tool to investigate Wakeford’s classical problem regarding canonical forms for
symmetric tensors [12]. In particular, let V be a g-dimensional complex vector
space, SP(V') be the symmetric tensor of degree p and A be a fixed set con-
sisting of ¢(¢ — 1) monomials in SP(V'), where iy, > 0 for all k. It is proved
in [7] that the generic element of SP(V) can be conjugated, via an appropriate
linear transformation, to an element whose support lies outside of A. The main
tool to prove this is by establishing the existence of an acyclic matching in a
specific weighted bipartite graph. A linear analogue of matchings in vector sub-
spaces over field extensions was introduced in [6]. The matroidal counterpart
of matchings was explored in [4].

In this paper, our objective is to establish a necessary and sufficient condition
for an abelian group to possess the acyclic matching property. In view of
Theorems[[.Tland[[.2] it naturally prompts an inquiry into the acyclic matching
property in Z/pZ. This problem was initially explored in [2], where it was
proved that infinitely many primes p exist for which Z/pZ lacks the acyclic
matching property. Particularly, it was shown that for the following two families
of primes, Z/pZ does not exhibit the acyclic matching property:

e p=—1 (mod 8)

e The multiplicative order of 2 modulo p is an odd number.
Considering the latter condition along with a result from [8] concerning the
parity of the multiplicative order of 2 modulo p, it is observed that primes
p where Z/pZ lacks the acyclic matching property have a density of at least
2—74. Additionally, employing a rectification principle [9], which posits that a
suitably small subset of Z/pZ can be embedded in integers while preserving
certain additive properties, it is proved in [I] that for A, B C Z/pZ, A is
acyclically matched to B provided that 0 ¢ B and |A| = |B| < y/log,p — 1.

2. MAIN RESULTS

In this section, we present our main results concerning the classification of
all abelian groups with respect to the acyclic matching property. In particular,
as outlined in Theorem 2.8 and Theorem [Z.10] we establish initially that for
p > b5, Z/pZ lacks the acyclic matching property. Furthermore, we determine
a necessary and sufficient condition for an abelian group to possess the acyclic
matching property. We initiate our investigation by counting the matchings
with the same multiplicity functions in Z/nZ.

Lemma 2.1. Let m and n be two integers with m > 1 and n > m + 4. Let
A=17Z/nZ\{0,1,3} and B =7Z/nZ\ {0,1,m}. Given a matching f: A — B,
we encode the multiplicity function my as c¢;°citcy® where the exponent of
¢k counts values a € A for which a + f(a) = k. Then the coefficients of the

generating function

0 ¢ ON"™"/1 0 0\ /o 0 e\ /1
(0%03 cocg clcg) ci 0 «c3 0 1 0 cg 0 O 0
co 0 0 0 0 O 0 ¢ O 0
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count the matchings from A to B with the corresponding multiplicity functionﬂ

Proof. We match the elements of B in ascending order. Each b € B can be
matched with {—b,1 —b,3 — b} \ {0,1,3}. It is impossible that —b has been
matched with any & < b, so the state we need to track when we reach b is
which of {1—1b,2—b,3 — b} are unmatched. For b < m, exactly one of them is
in A and unmatched, so we have three possible states s where we have not yet
matched k—b. We begin the matching at b = 2 in state s; because 2—b = 0 and
3 —b=1 are not in A. For elements {2,...,m — 1} C B we apply transitions
S1 g S1, S1 g S2, 82 g 83, S3 g S1.

Then we do not match m, so we have a change in states to always have two
of {1 —b,2—5b,3— b} unmatched; s; LN S12, S2 N s13. Note that there is no
transition from s3 because if 3 — m is unmatched at this point it can never be
matched.

Continuing for b = m+1 to b = n—4 inclusive we have transitions s =« So3,
S12 % 513, S13 3 512, 523 = 513

Finally we match {n —3,n —2,n — 1}. From state s12 we have to match as
f(4)=n-3, f(5) =n—2, f(2) =n — 1 with weight c?c3. From state s;3 we
have to match f(6) =n —3, f(4) =n—1, f(2) = n — 2 with weight coc3. And
from state sa3 we have to match f(6) =n—3, f(5) =n—2, f(2) =n—1 with

weight c1c3. (]
0 C3 0

Remark 2.2. Notice that the characteristic polynomial of | c¢; 0 «¢3| is
Co 0 0

.Ig — C1C3T — Cocg.

The following lemma will be employed to prove explicit expressions for spe-
cific m by induction.

Lemma 2.3. Ford,e € Z and m € N,

wo +wy —d
F, = E cp 0yt ey?
w1, — e

wo+wi+wz=n—3
2wo+wi +1=w3z+m

satisfies a linear recurrence with characteristic polynomial x3 — c1c3x — coc3.

Proof. Using square brackets enclosing a monomial (e.g. [¢; ¢} ¢5?]) to denote
the coefficient extraction operator and square brackets enclosing a boolean
expression (e.g. [wp + w1 + ws = n — 3]) to denote the Iverson bracket which

n fact this holds for n > max(m, 3). Nevertheless, we refrain from addressing the additional
cases to maintain simplicity in the proof.
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evaluates to 1 when the expression is true and 0 otherwise, we have

ug+ur —d

wo W1 W3 uo Lu1 U3

[ ci ey ]eres E Co €1 C3 ( wi — e +
uo+ur+uz=n—> L
2uo+ui+l=uz+m

wo Wi W3 2 vo U1 U3

[ er’ e5°]cocy E Co €17 C3 <
vo+v1+vz=n—6
2vo+vi+1l=v3+m

’Uo+1)1—d)

v — €

+w —d—1
= [wo+w1+w3—n—3][2wo+w1+1_w3+m]<w0 w >

wp —e—1
—d—-1
[wo+w1+w3—n—3][2wo+w1+1_w3+m]<w0+51 . >
L —
—d
= [w0+w1—|—w3:n—3][2w0+w1—|—1=w3—|—m]<w0;—wle )
|-

O

Lemma 2.4. If we take m = 2 in the construction of Lemma [21] then for
integer n > 6 the generating function for the number of matchings in Z/nZ is

wo + w1 wo w1 ws
co eyt ey?.
w1
wo+wi+wz=n—3
2wo+wi+1=w3+2
Proof. The initial terms c3cs for n = 6, 2coc1c for n = 7, and c¢§c3 + cic for
n = 8 can be manually verified; and then Lemma 2.3 completes a proof by
induction. ]

Lemma 2.5. If we take m = 6 in the construction of Lemma [21] then for
integer n > 10 the generating function for the number of matchings in Z/nZ is

1U0+'LU1—2 U}O+U}1—3 w0+w1_3 wo Wi W3
Z << w1 >+< wp — 1 )+< wp — 3 ‘1t

wo+w1+wz=n—3
2wo+w1 +1=w3+6

Proof. Again, the initial terms can be manually verified and Lemma 2.3] com-
pletes a proof by induction. (I

Lemma 2.6. Ifn > 5 is coprime to 6, then Z/nZ does not possess the acyclic
matching property.

Proof. We assume that A and B are as in Lemma[ZIl We prove that A cannot
be acyclically matched to B. We split into two cases:

Case 1. If n = 6k + 1 then we take m = 2 in the construction of Lemma
21 By Lemma 24 we have generating function:

wo + wy wo w1 ws
Ch C C .
0 *1 =3
wy
wo+wi +ws=6k—2
2wo+wi=w3z+1

For an acyclic matching to occur, we require a binomial coefficient which is
equal to 1, so either wy = 0 or w; = 0. But the linear relationships wy + wy +

w3 = 6k — 2 and 2wy + w1 = ws + 1 combine to yield 3wy + 2w; = 6k — 1, so
modular considerations rule out both possibilities.
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Case 2. If n = 6k + 5 we proceed similarly with m = 6 and Lemma [2.5]
This time the coefficients are the sum of three binomial coefficients. However,
none of those binomial coefficients can be 1 for integer exponents wq, w1, w3
which satisfy the constraints of the sum, and since they are non-negative their
sum can likewise never be 1. (I

Remark 2.7. In Lemma we come up with two sets A and B of size n — 3
that are not acyclically matched. However, Example 2.2 in [I] demonstrates
that in an abelian group G if |A| = |B| = |G| —1or |A| = |B| = |G| -2, A must
be acyclically matched with B. Therefore, A and B in Lemma represent
the largest possible sets that fail to exhibit acyclic matchings.

In the following theorem, we classify all cyclic groups of prime order with
respect to the acyclic matching property. This lemma gives a negative answer to
Question 2.4 in [2], and serves as the “finite cyclic group” analogue of Theorem
1 in [5] and Theorem 4.1 in [11].

Theorem 2.8. If p > 5 is prime, then Z/pZ does not possess the acyclic
matching property.

Proof. The proof is immediate from Lemma 2.6
O

Remark 2.9. Tt is worth mentioning that Lemma and Theorem 2.8 are
applicable in a more general setting. In essence, we can assert that for n > 5,
Z/nZ lacks the acyclic matching property. The case where n is prime follows
directly from Theorem 2.8 For non-prime n, choose a such that ged(a,n) # 1.
Choose « € Z/nZ \ (a) and set A := (a) and B := ((a) U {z}) \ {0}. Then
A is not matched to B, let alone acyclically matched. Therefore, Z/nZ does
not possess the acyclic matching property. With all this, we are primarily
interested in the scenario where n is prime, in view of Theorem [I.1]

We are now ready to provide a necessary and sufficient condition for abelian
groups to possess the acyclic matching property. This theorem serves as the
“acyclic matching property’ analogue of Theorem [[.1l

Theorem 2.10. An abelian group G possesses the acyclic matching property
if and only if either G is torsion-free or G = Z/pZ, where p € {2,3,5}.

Proof. Suppose G possesses the acyclic matching property. Then it also sat-
isfies the matching property. From Theorem [[I] it follows that G is either
torsion-free or cyclic of prime order. However, according to Lemma 2.8 if G is
cyclic of prime order with acyclic matching property, then p < 5, as claimed.

Conversely, it follows from Theorem that torsion-free groups possess the
acyclic matching property. Also, the simulation results in [3, page 153, Algo-
rithm 3] demonstrate that Z/pZ for p = 2,3,5 exhibits the acyclic matching
property, thereby completing the proof. ([l
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