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ABSTRACT OF THE DISSERTATION

Classification of Static and Driven Topological insulators

by

Xu Liu
Doctor of Philosophy in Physics

University of California, Los Angeles, 2020
Professor Rahul Roy, Chair

This dissertation focus on the classification of topological matters in static and periodically

driven systems.

First, we build a complete topological classification of local unitary operators in free
fermionic systems. This result can be encoded in a periodic table with a period of eight,
similar to the periodic table of topological insulators. In our classification, we define two local
unitaries in a certain symmetry class to be topologically equivalent if they can be connected
via finite time evolutions (locally generated unitaries) without breaking the symmetries of the
symmetry class while maintaining locality. In this way, the classification we derive will allow
us to distinguish locally generated unitaries from those that cannot be locally generated.
Besides, we also how to find possible generating Hamiltonians for locally generated unitaries.

These results can be used to study the edge behaviors of Floquet systems.

Second, we propose bulk invariants and edge invariants that are locally computable
and improve existing topological invariants by being applicable to systems with disorder.
Afterward, we set up a rigorous connection between bulk and edge invariants for Floquet

systems belonging to Class AIIIl and class AII of the Altland-Zirnbauer symmetry classification.

Last, after treating a static system as a Floquet system generated by a constant Hamiltonian,
we employ the tools we developed in Floquet systems to classify the edge behaviors in static

systems.
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CHAPTER 1

introduction

1.1 Floquet Topological phases

1.1.1 Periodically Driven Systems

A general time-periodic Hamiltonian satisfying H(t + 1)) = H(t) generates the unitary

time-evolution operator
t
Ut) = Texp [—@' / H(t/)dt’], (1.1)
0

where 7T indicates time ordering (and we have set i = 1). In a time-independent system, we
usually study the eigenstates of a static Hamiltonian in order to obtain information about the
underlying topology. In a driven system, however, we are instead interested in the spectrum
of the Floquet operator U(T'), the evolution operator after one complete period of driving. If
the drive is topologically nontrivial, then this spectrum (in an open system) should exhibit
protected boundary modes. These protected edge modes are driven-system analogues of the

edge modes that arise (for example) in the quantum Hall effect or topological insulators.

Using an analogue of Bloch’s theorem, the action of U(T) may be written in terms of

time-periodic eigenstates |¢,(t)) as

U(T) |6n(0)) = 7" |6(0)) (1.2)

where the quantities ¢, are known as quasienergies and are defined modulo 27/7. In many
cases we can define an effective Floquet Hamiltonian Hp, which is related to the full-period

time-evolution operator through
U(T) = exp(—iHFpT). (1.3)

1



In order for Hp to be well-defined, U(7") must be gapped at some quasienergy €, so that a
branch can be chosen when taking the logarithm. In addition, the branch cut must respect
the underlying symmetries of the system. For topological phases, this feature generally
restricts the utility of the Floquet Hamiltonian to closed systems, since open systems may

have protected edge modes that lie in or across the quasienergy gap.

In Ref. [I] it was argued that the topology of a general periodic drive can have both
dynamical and static components, and that these two components may be isolated from each
other by a homotopic deformation of the unitary. We briefly review this construction for the
specific case of a Floquet system which is gapped at quasienergy € = m/T and which has
chiral symmetry, as will be assumed throughout this paper. A discussion of the more general

construction may be found in Ref. [I].

With these assumptions in mind, we consider a closed-system unitary evolution whose end
point is of the form U(T') = exp(—iHpT), where Hp is a static and local Hamiltonian and
where the branch cut in defining the Hamiltonian is at ¢ = 7 /7. Then, we continuously deform
the unitary evolution into a composition of a unitary loop L and a constant Hamiltonian
evolution C', which is an evolution with the static Hamiltonian Hr. The dynamical component
of the evolution is characterised by the loop L, a unitary evolution which (for a closed system)
starts and ends at the identity,

Uuo)=u(T)=1 (1.4)

In this way, the deformed evolution (L followed by C') is a homotopic deformation of the

original evolution.

Overall, the bulk properties of an evolution can be described by studying the components
L and C' independently. The loop part of the evolution may be classified by a topological
integer ny, while the constant part of the evolution may be classified by a set of integers nc,,

each associated with the ith gap in the constant Hamiltonian Hp [1].

The decomposition introduced above may be extended to an open system by removing
terms from the generating Hamiltonian at each point in time that connect sites across a

boundary cut. At the end of the evolution, these cuts may lead to nontrivial (protected) edge



modes in the gaps in the quasienergy spectrum. Since the deformation is homotopic, any edge
modes in the deformed evolution will be topologically equivalent to the edge modes in the
original evolution. There is a one-to-one correspondence between the number of edge modes
in each quasienergy gap (labelled n;) and the integers characterising the bulk evolution, given

by

Ny = ng (1.5)

n; = nCi + nr,

where addition is taken modulo two if necessary [I]. We note that since we have assumed the
presence of chiral symmetry, only the gaps at ¢ = 0 and € = 7/7T are physically meaningful,
and the spectrum must be symmetric about these points [I]. In particular, the index n,
counts the number of edge modes at € = /T, which are inherently dynamical in nature and
arise only if the loop component of the evolution is nontrivial. The remaining edge modes at
e = 0 (if present) are similar to edge modes that arise in static Hamiltonians (although they

may be affected by the loop component of the evolution).

A classification of evolutions by constant Hamiltonians is equivalent to the classification
of static topological insulators and superconductors, and is well understood in the literature
[2H4]. Since we are interested in Floquet topological phases, we will instead focus on inherently
dynamical evolutions, described by unitary loops, and the associated dynamical edge modes at
e = 7/T (hereafter we set T'= 1 for simplicity). For this refason, we will assume throughout
this paper that there is a bulk quasienergy gap at ¢ = m, in which edge modes may appear
in the open system. In the translationally invariant case, loop evolutions corresponding to
all symmetry classes and dimensions were classified in Ref. [1]. In the present work, we will

study a certain class of loop evolutions which do not have translational symmetry.

1.1.2 An example: The RLBL model

In this section we illustrate the basic ideas in Floquet systems by introducing through the

exactly solvable RLBL model [5].



Consider a tight-binding model on a bipartite square lattice with two orbitals at each unit

cell, denoted by A and B. The evolution is generated by the time-dependent Hamiltonian

H(t)=) (CL,A CLB) H(k,1)

k Ck,B

where CL (a/p) Creates a particle with crystal momentum k completely on sublattice (A/B)
and c (4/p) is the correponding annihilation operator. The time-dependent momentum-space
Hamiltonian is given by

Oz + 10y

Y h.c.) (1.6)

4
Hk,t) =3 Ju(t) (exp (iby - k)
n=1
where J,,(t) controls hopping from each B orbital to its neighboring A orbital. It is chosen
such that a particle hops to its neighboring site with probability one during each step n,

1oif T <y <o
Jn<t): 2 2 :

0 otherwise
and the real-space vectors b, are given by b; = (1,0), by = (0,1), b3 = (—1,0), and
b, = (0,—1) [5].

Our driving cycle consists of four steps, as depicted in Figure [1.1, with the pairing
depending on b,,. During each step n, a state which is completely localized at a particular
A/ B sublattice will move to its neighboring B/A sublattice. We can write down the unitary
evolution operator during each complete step n,

Un = Z CI—&-bn,ACr,B + CI,BCr—',-bn,A'
The motion of particles initialized on a single site in the bulk of the system is visualized in
Figure We can see that particles in the bulk move in closed trajectories, returning to its
initial position after a complete driving cycle. Starting from A sublattice, a particle follows a
counter-clockwise trajectory encircling one plaquette, as depicted in Figure [I.1] Similarly,
a particle initially localized at a B sublattice in the bulk completes a counter-clockwise

trajectory encircling one plaquette.
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Figure 1.1: (a)The driving protocol of the four-step RLBL model described in section [1.1.2]
Here the A and B sublattices are represented by open and filled circles separately. The
Hamiltonian is piecewise constant, and there are four steps in total. During each step, a
hopping strength of J = 1 is applied along the highlighted bond, and particles can hop to
their neighboring sites with probability 1. (b)A depiction of the movements of states initially
localized at single sublattices in an open system. Over a complete cycle, states localized in
the bulk return precisely to their original position. Along the upper boundary, states initially
localized at a A orbital are translated to the left by two sites (green arrow). While along the
lower edge, states initially localized at a B orbital shift two sites to the right(red arrow). In
this way, there are nontrivial edge modes propagating along the boundary. (Figure adapted

from Reference [6] with permission from Annual Reviews of Condensed Matter Physics.)



Therefore, the unitary evolution at the end of a complete cycle in the bulk U(7") = I. This
can be verified by multiplying four step unitaries together, i.e. UyUsUyU; = 1. In particular,
this drive is a unitary loop that starts and ends at the identity. As a result the Floquet
Hamiltonian Hp, defined in Equation , is identically zero in the bulk. The Chern number
associated with its bands is obviously zero. Despite this fact, this system exhibits nontrivial

anomalous boundary behavior.

After opening the boundary, we remove terms involving sites beyond the boundary in the
real-space representation of the Hamiltonian. When doing this, we need to determine the
geometry of the boundary at the beginning. In this example, we consider a strip geometry
by applying periodic boundary conditions along one dimension of the underlying lattice
(y-direction) and open boundary conditions in the other dimension (z-direction). Then we
analyze the effect of the boundary by studying the motion of states initially localized near
the boundary, which may differ from those in the bulk. The movement of states along the

boundary is depicted in Figure [1.1]

Consider how a state initially localized at an A sublattice moves along the upper boundary.
During the first step, U; is unmodified since it involves no hopping terms cross the boundary.
As shown in Figure[I.T], under the action of Uy, such a state will be pushed to the B sublattice
to its left. However, during the second step, U, drives the states localized in the B sublattice
up, which is allowed in bulk and blocked on the boundary. In this step, this state will stay
stationary as U, acts as the identity operator. In the third step, Us drives this state to its
neighboring A sublattice. Finally, in the last step, Uy is blocked again and acts as the Identity
matrix. After a complete cycle, by adding all four steps, we can see that U(T") works like a
left-moving translation operator on the upper boundary for states initially localized at the A

sublattice, transferring them to another A orbital.

1.1.3 Topological invariants

In the last section, we saw how nontrivial edge modes could appear even if the time-evolution

operator is the identity matrix in bulk. As depicted in Figure [1.2] these edge modes wind



N

I Quasi-Energy
[wn]

il
o

Ky T/a

Figure 1.2: The spectrum of the Floquet operator U(T") for the RLBL model in an open
system, as defined in Section[[.1.2] In our case, we already assume the lattice spacing a to be
1 and set the period T to be 2m. And we use the floquet operator to represent the evolution
operator evaluated throughout the entire driving period. In the bulk, the Floquet operator
acts as the identity matrix at both sublattice A and B, thus creates doubly degenerate flat
band at quasi-energy zero(blue lines). On the upper/lower boundaries, the Floquet operator
acts as a left-moving/right-moving translation operator at sublattice A/B. Therefore two
edge modes appear in the spectrum(red/green lines). (Figure adapted from Reference [6]

with permission from Annual Reviews of Condensed Matter Physics.)



around the quasienergy Brillouin zone and thus is robust against small perturbations. In this
way, topologically protected edge modes can be hosted even if the effective Hamiltonian is

completely trivial (identically zero Hp = 0 in the RLBL model).

The effective Hamiltonian fails to capture the topology of this system due to the loss
of the information about the micromotion in the effective Hamiltonian. This micromotion,
determined by the evolution unitary U(t), records the endpoint of an evolution and how the
evolution is completed during each driving period. For example, in the RLBL model, if we
reverse the steps(4 — 3 — 2 — 1), we will get an evolution with an opposite circulation
direction. This circulation direction determines the propagation direction of the edge states
and thus is of crucial importance. However, this chirality information is missing in the
effective Hamiltonian since the effective Hamiltonian is zero for both the original and the
reversed ones. Therefore, to capture the full topology of a Floquet system, we need to find

topological invariants associated with the evolution unitary U (t).

The RLBL model presented in Section is a unitary loop, satisfying the loop condition
Equation (1.4). As a result, the bulk time-evolution operator U(t,k,,k,), is a periodic
function of not only k, and k, but also t. Thus U defines a map from Sy x 51 x S = U(N)

and such a map can be classified by ‘winding number’,
1 _ _ _
W] = @/dt dk, dk, x TH{ULQUIU0,U, U0y, U]} (1.7)

For a general unitary evolution, we can decompose it into a unitary loop L and a constant
Hamiltonian evolution C', as noted in Section [L.1.1} Then we can use this ‘winding number’
to classify the unitary loop, the dynamical part. Besides giving this bulk invariant, Rudner et
al. show that the number of chiral edge modes neqse Which propagate across the quasi-energy
spectrum at any boundary is equal to W[U][5]. In this way, a rigorous proof of bulk-edge

correspondence in 2D Floquet systems is formulated. Later, Graf et al. extend the discussions

to disordered systems in Reference [7].



1.1.4 Periodic table for Floquet topological insulators

The RLBL model described in Section is an example of a Floquet Topological Insulator.
These modes cannot be created or removed from the system through any locally generated
perturbation confined to the edge of the system. Since the generating Hamiltonian in this
example does not require any additional symmetry requirements(other than translation
symmetry in space and time), this system belongs to class A of the Altland-Zirnbauer class.
In static systems, Hamiltonians in this symmetry class are fully classified with the Chern
number of the filled bands. As shown in Eq. , in the Floquet systems, however, we need

additional topological invariants like the winding number to detect the topology fully.

The difference between Floquet systems and static systems pushes us to find a new
classification and new topological invariants for Floquet systems. To catalog these new
topological phases, we can extend the well-known ‘periodic table’ of topological insulators

and superconductors to periodically driven systems.

Before going into details of the periodic table for Floquet topological insulators, we need
to introduce symmetry classes of the AZ classification scheme. These classes are characterized
by combinations of time-reversal T, particle-hole (charge conjugation) C, and chiral symmetry
S. To understand the meaning of these symmetry classes, let’s see how these symmetry
operators act on the band Hamiltonians and the time evolution operators with translation

invariance.
In systems with particle-hole symmetry (PHS),
CH(k,t)C™' = —H(-k,t), (1.8)

CUk,t)C'  =U(-k,t). (1.9)
Similarly, in systems with time-reversal symmetry (TRS),

THk, )T ' = H(-k,T—1t), (1.10)

TUK T = U(-kT—-t)U'(-k,T), (1.11)
With the presence of both PHS and TRS, chiral symmetry appear as an additional unitary
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symmetry. It can also exist solely without the companion of PHS and TRS. This is how it

acts on Hamitonians and

SH(k,t)S™ = —H(k,T—t), (1.12)

SUKk, )8t = U(k,T-t)U'(k,T), (1.13)

We can extend these symmetry constraints to real-space unitary operators,

.
[S—
IS

—_
—_
(S

THOT ™ = H(T -1),
)

e e T T
—_
—_

—_—  —  ~— ~— =

TUHT ' = UT-t)U(T), 1.17
SH(t)S™ = —H(T -1), 1.18
SUHS™ = U(T -t)U(T), 1.19

The presence or absence of these symmetries, and whether the antiunitary symmetry
operators © and P square to +1, define the 10 AZ symmetry classes. In Reference [I], Roy
and Harper build a periodic table for Floquet topological insulators from the ten Altland-
Zirnbauer symmetry classes across all dimensions using the K-theory method. This periodic
table, as shown in Table [I.1] incorporates all previous studies of Floquet topological phases
and can also be used to discover new phases. However, it only indicates what Abelian group
a topological invariant in a specific symmetry class belongs to. The mathematical formulas
to calculate these topological invariants are still missing. So in this thesis, we will show how

to calculate topological invariants in some symmetry classes.

1.1.5 Effective edge unitary

As shown in Section [I.1.2] in an open system, the unitary evolution will differ from that of
the closed system at the edge, giving rise to an effective edge unitary. In this section, we will

give a rigorous definition of effective edge unitary.
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AZClass | 7T C S| d=0 1 2 3 4 5 6 7
A 0 0 0| ZxZ 0 ZXZ 0 ZXZ 0 ZXZ 0
AIIT 0o 0 1 0 Z X Z 0 Z X Z 0 Z X7 0 Z X Z
Al + 0 0 Z X7 0 0 0 Z X7 0 Zo X Lo Zo X Zsa
BDI + 4+ 1| ZaxZx ZXZ 0 0 0 ZXZ 0 Za X Zo
D 0 4+ 0| Za2xZo ZoxZs ZXZL 0 0 0 ZXZ 0
DIII - + 1 0 Lo XZo ZoxZs ZXZL 0 0 0 ZXZ
All - 0 0| ZxZ 0 ZoXZo ZoxZo ZXZ 0 0 0
CII - — 1 0 Y 0 Zo X Lo 7o X ZLa Y 0 0
C 0 — 0 0 0 ZXZ 0 ZoXZao ZoXxZo ZXZ 0
CI + - 1 0 0 0 ZXZ 0 Zo xXZLag ZoXxZas ZXZL

Table 1.1: The periodic table for Floquet topological insulators by symmetry class and
spatial dimension d in Reference [I]. Each entry is equal to one of the Abelian groups
{0,Z X7, Zs X Zs}. 1f a specific symmetry class in a dimension hosts no nontrivial topological
phases, then the corresponding entry is zero. For entry that is not zero, it’s composed by two
identical factors. The first one represents the classification result of the static component

and the second one represents the classification result of the dynamical component.

Assume an open system is inside a large region D in our lattice. Then the Hamiltonian

and evolution operator in this open system is defined as:
T
Uo(T) =T exp (—@/ dt Ho(t)> ; H,(t) = PpH.(t)Pp. (1.20)
0

This is because we truncated the whole system to region D after opening the boundary,
changing from the Hamiltonian in the close system H.(¢) to the Hamiltonian in the open

system H,(t).

For a unitary loop, the evolution operator generated by H.(t) over a complete driving
cycle U.(T) is precisely the identity matrix. After opening the boundary, nontrivial edge
modes may arise from such unitary evolutions. These modes are just eigenstates of U,(T).
In the bulk, U,(T) is the same as U.(T) since the truncation operation we do in Eq.
is a local operation and can only affect the boundary of the region D. Therefore, U,(T) is

nontrivial only along the edge. In this way, we call U,(T) the effective edge unitary.
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Generally, a unitary evolution can be decomposed into a unitary loop and a constant-
Hamiltonian evolution generated by the effective Hamiltonian Hpr. As a result, the unitary
can be written as a product of two factors, where the first factor is due to this unitary loop,

and the second factor is corresponding to constant Hamiltonian evolution. That is,
Uo(T) = Ueppe™ i

where the effective unitary U,y derives from the loop component of the evolution. Therefore
it’s nontrivial only along the edge given the same reason as before. We call U,ys the effective

edge unitary.

Since U,y represents the edge behavior of a Floquet system, we will study it in details in

the following chapters.

1.2 Outline of this thesis

In this thesis, we mainly focus on the classification of Floquet systems. In chapter 2] we
build a complete topological classification of local unitary operators in free fermionic systems.
Effective edge unitary operators, which belongs to local unitary operators, are fully understood
in this way. And in the following chapters, we use the topological invariants of effective edge

unitary operators as edge invariants.

Besides, we show that a locally generated unitary is topological trivial as it can be
contacted to the identity matrix smoothly. Then in chapter |3| we use the decoupling theory

to show how to find the possible generating Hamiltonians for locally generated unitaries.

For the next three chapters [[][6] we develop methods to classify bulk unitary evolutions
and use the machines introduced in chapter [2| to diagnose topology associated with edge

unitaries. Afterwards, we set up a rigorous connection between bulk and edge properties.

In the last chapter [7], after treating a static system as a Floquet system with a constant
Hamiltonian, we employ the tools we developed in Floquet systems to classify the edge

behaviors in static cases.

12



CHAPTER 2

Classification of Local Unitary Operators

2.1 Motivations

Periodic driving serves as a powerful tool to realize nontrivial topological phases of matter
which does not exist in its corresponding static counterpart. In particular, driven systems
of free fermions have been found to form dynamical analogues of TIs known as Floquet
topological insulators (FTIs)[1 [5, 6, 8-20]. Several of these phases have now been realized
experimentally inside different systems like ultracold matter and acoustic systems[21, 22],
photonic and acoustic systems [23H25]. In these systems, topologically protected edge states
can appear at the boundary after one complete unitary evolution. Such modes are robust
against a wide range of perturbations; thus, they play critical roles in the fascinating quantized

responses exhibited by materials in experiments.

To better understand the topology associated with each edge mode, we study effective
edge unitary operators that govern the edge behavior. These operators are defined as the
difference between unitary evolutions in open systems and the corresponding closed systems
at the edge[I8], 26, 27]. Such edge unitaries are described by unitaries that can keep locality.
Namely, unitaries that map local operators to nearby local operators[28-30]. These unitaries
are called local unitary operators, the focus of this chapter. They can be expressed in a matrix
product way in interacting systems, at least for one-dimensional systems[28], 29]. While in
non-interacting systems, they are represented by quasidiagonal matrices with sufficiently
rapidly decaying off-diagonal elements[31]. In this chapter, we will focus on local unitary

operators constrained to non-interacting systems.

In recent years, the classification of local unitary operators has attracted a lot of interest.
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Most work has been done in the context of quantum walks, which are discrete-time analogs
"hopping" on a lattice[30]. The classification of one-dimensional quantum walks with and
without symmetries has been well studied[32-35], and formulas for calculating the topological
invariants in one-dimensional systems are provided. A well-known example is the flow index of
a one-dimensional system proposed by Kitaev[3I], measuring net charge pumping from left to
right in one direction. This index is physically motivated, locally computable, and robust to
local perturbations. One application of this flow index is to classify co-propagating chiral edge
modes generated by shift operators that are supported on the boundary of two-dimensional
Floquet systems. In this chapter, we extend the notion of flow index to higher dimensions by
classifying local unitary matrices without any symmetries. Furthermore, we build a complete
classification of local unitary operators from the ten Altland-Zirnbauer symmetry classes

across all dimensions.

Our classification of local unitary operators can shed light on the study of the bulk-edge
correspondence between bulk unitary evolutions and their protected edge states, an important
property of Floquet topological insulators. To set up a rigorous connection between bulk
and edge properties, we need to develop methods to classify bulk unitary evolutions and
edge unitaries separately. The topological classification of bulk unitary evolutions in Floquet
systems with different symmetries have been intensively studied[1l [7, 29 36-40], both in
the translation-invariant systems and disordered systems. These papers focus on the entire
driving process. Thus, the calculated topological invariants depend on the full-time evolution
throughout the driving cycle rather than just a unitary at a specific time point in general.
Unlike these studies, our method is applicable to edge unitaries, providing an alternative
way to look at Floquet systems. In this chapter, we classify driven systems in terms of
their corresponding Floquet operators, i.e., their unitary evolution operators, after one
complete drive. We demonstrate that nontrivial edge modes can only occur on the boundary
if the corresponding edge unitary, the Floquet operator constrained to the edge, belong
to a nontrivial topological class. While traditional classification and topological invariants

characterize the topological features of the bulk, our method captures the properties of edge
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behaviors. Combining these two results, we can derive explicit bulk-boundary correspondences

for a wide class of Floquet systems.

In this chapter, we encode the topological classification of local unitary operators into a
"periodic table". The periodic table was first used to summarize a complete classification of
all topological insulators and superconductors, which is obtained by using the idea of random
matrix theory or K-theoretical approach[2, 41]. For Floquet systems, a generalized periodic
table of quantum dynamics related to the full-time evolution has already been produced[I].
We, however, produce a new periodic table which characterizes the topological properties of
local unitary operators. Like the other two periodic tables, this table provides a connection
between the Bott periodicity in K-theory and the topological phases of non-interacting local
unitary operators. In addition, it indicates topological invariants for local unitary operators
in each dimension and each symmetry class of the Altland-Zirnbauer symmetry. Therefore,
we can discover new topological phases that have not been discussed before from this periodic

table.

In this work, we present a complete topological classification of local unitary operators in
free fermionic systems. We are applying a similar method to that for Floquet Topological
insulators given in Refs. [42]. While this assumes translational invariance, our approach
applies to disordered systems with more rigorous proof provided. In addition, we define
equivalence classes of pairs of unitaries and use the classification result to determine whether a
unitary can be generated by a sequence of local Hamiltonians. Although topological invariants
associated with all local unitary operators are only given in some symmetry classes, we can
obtain the missing parts quickly with the topological invariants of Hamiltonians discovered
in literature[3], 43}, [44]. Since quantum walks can be realized in periodically driven systems,

our work is also applicable to quantum walks.

The rest of the chapter is organized as follows. We begin, in section 2.2] by giving a
definition of local unitary operators. Besides, we demonstrate that a local unitary operator is
not necessarily the finite-time evolution operator of a local Hamiltonian. In section [2.3] we

reviewed the previous studies of the flow index and extended it to higher dimensions. Then in
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Sec. [2.4] we propose a definition of homotopy equivalence classes in all AZ symmetry classes.
In Sec. and after building a one to one correspondence between Hermitian operators
and unitary operators, we obtain a topological classification of local unitary operators with
and without chiral symmetry separately. Then we give some examples of nontrivial unitary
operators in section and show how to diagnose their topology via mapping to Hermitian
operators. Finally, we summarize our results and discuss future directions motivated by work

done in this chapter in Sec. VI.

2.2 preliminary discussion

In this work, we are interested in obtaining a topological classification of local unitary
operators, which are usually represented by local unitary matrices. Such operators arise
naturally in systems where a quantum (Hermitian) Hamiltonian evolves in time and describes
unitary operations in more general contexts, such as in quantum walks. In this section, we
introduce the definitions and preliminary ideas that will underpin the arguments given in the

rest of the chapter.

We begin by defining a unitary operator U as one which satisfies the usual definition
U'v=0U" = 1, (2.1)

where 1 indicates the Hermitian conjugate and I is the identity operator. For concreteness,
we will assume that the unitary operator has matrix elements Ujj, where j and £ label unit
cells in some (formally infinite) real-space lattice. For example, the element U, may give the
propagation amplitude for a fermion to travel from the site with position ry to the site with
position r; under the action of U. In this chapter, the unitary operators we consider will
be independent of time. To connect our discussion to time evolution operators (which often
arise in quantum systems), we can interpret our results as the instantaneous time-evolution

operator at some specified time t..

We define a local unitary operator to be a unitary operator whose matrix elements decay
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exponentially (or faster) in this space. Explicitly, we require that
Ul < Celi=H/e (2.2)

for some positive constants C' and ¢ and for large enough |7 — k|, where |j — k| is shorthand
for the distance between the unit cells labelled j and k. In this way, £ is (a bound on) the
localization length of the unitary operator. Note that we have suppressed any additional

labels such as orbital or spin in the expressions above.

For later use, we also define Hermitian operators (e.g. Hamiltonians) as operators which
satisfy H' = H, and local Hermitian operators as Hermitian operators whose real-space
matrix elements decay as in Eq. . We define a gapped Hermitian operator as one whose
eigenvalue spectrum has a finite gap around zero. Explicitly, if {F;} are the (necessarily real)

eigenvalues of a Hermitian operator H, then H is gapped if and only if
|Ei| > E. (2.3)

for some positive F,, for all indices . We define a flattened Hermitian operator as one whose

eigenvalues satisfy
E; € {-1,+1} (2.4)

for all indices 7. In particular, we note that this is true if and only if H? = I. Flattened
Hermitian operators are useful in the context of classifying Hamiltonians, as any local
Hamiltonian can be brought into a flattened form without breaking the locality [44, [45]

(albeit at the expense of introducing longer-ranged hopping terms).

The classification we will ultimately derive will describe unitaries that are local but which
are not necessarily locally generated. For our purposes, we define a locally generated unitary

operator as one which may be written as a finite-time evolution with a local Hamiltonian [27]
T
U = Texp [—i / Hloc(t)dt] , (2.5)
0

where H,.(t) is a time dependent local Hermitian operator (or ‘Hamiltonian’) as defined

above. Indeed, a consequence of Eq. is that a locally generated unitary operator may be
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continuously connected to the identity operator through a local evolution. Importantly, we
require a locally generated unitary to satisfy Eq. in the thermodynamic limit. Specially,
if we apply symmetry constraints to H,.(t), we say that the unitary operator is locally

generated in the same symmetry classes. These will be discussed in details in section Sec.

The locally generated unitary evolution introduced here is closely related to finite time
evolution which can be simulated by finite depth quantum circuits in the quantum information
context. In some chapters, they call a given time evolution local implementable if can be
achieved by a sequence of block unitaries, i.e., quantum gates. Because of their equivalence,
we use locally generated unitary evolution to represent both finite depth quantum circuits

and local implementable unitary.

2.3 Flow of quantum systems

2.3.1 Nontrivial flow in one dimension

In this section, we will review one interesting property of unitary matrices, known as ‘flow’
introduced by Kitaev [3I]. This index measures a charge pumping from the left side of a

system to the right side of a system passing through a ‘cross section’.

For a noninteracting unitary matrix U = (Uj;), where j and k label sites on a one-
dimensional lattice and the matrix elements Uj;, represents the hopping of a particle from site
k to j. An intuitive notion of ‘current’ from position k to position j induced by the unitary

operator may then be defined as
fie = |Usl* = [Uis|* (2.6)

Then the total current through a cross-section (at position x) can be written as the summation

of this site-to-site current:

FU)=> > fin (2.7)

Jj>xo k<xo

The flow index of a unitary matrix can also be rewritten in terms of two projectors Pg for

the half axis x > xy and P, for the other half axis x < x.
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F(U) = Te(U PRUPL, — U'PLUPg)
= Tr(UTPRU — Pp) (2.8)

= Tr(U'[Pg, U)).

This invariant is locally computable for local unitary matrices, even for those acting on
systems with infinite size. In other words, this invariant can be obtained on an interval with
a large enough size close to the cross-section and remain the same for any interval we may

select.

To illustrate how nonzero "flow" can emerge, we give two simple examples, including one
trivial unitary and one nontrivial unitary. First, we study the case of the identity operator,
U =1. It is clear that the flow of this operator will be zero, since each projector commutes
with U in Eq. and the overlap between two orthogonal projections is zero, namely,
P;Pr = 0. Next, we consider the 1d translation ¢ operator which moves particle one site

right.

by =1i+1), (2.9)

Since { is strictly zero for |i — j| > 1, the only sites that can be effective in calculation when

applying Eq (4.4) are two neighboring sites splitting by a cross section, labelled by -1 and 0.

FU) = Tr[(#0)(0]|-1)(~1]) = (i [-1)(~1|7|0)(0])]

= 1. (2.10)

In this chapter, we aim to extend the notion of this flow index to higher-dimensional
systems and search for locally computable invariants. By establishing a connection between
local unitary operators and Hermitian operators, we obtain the higher-dimensional index for

local unitary operators.

19



2.3.2 Equivalence Classes of Unitary Operators

Before moving on to generalize the flow index to dimensions greater than one, we first define
equivalence classes of local unitary operators that are related to each other through a notion

of homotopy.

Two local unitary operators U, and U; (possibly with symmetries) are in the same

equivalence class (Uy &~ U;) if there is a homotopy
U(s) = Va(s)UpV3s(s) (2.11)

where two unitary transformation operators

Vigsls) = Texp|~i [ Huyalo)dg]. (212)

are locally generated unitary operators such that U(0) = Uy and U(1) = Uj, and where
U(s) remains in the appropriate symmetry class throughout the homotopy. Note that this
condition is different from the homotopy condition for Hermitian operators given in Eq. :
in the current case, the transformed operator U(s) must remain unitary throughout the
transformation, but not necessarily Hermitian, and so the two transformation unitaries V()
and Vj(s) may differ. From our definition, if U(s) is locally generated, then U(s) is homotopic

equivalent to the Identity matrix and vice versa.

There are some different definitions of equivalence relations in previous studies. We will
prove that these definitions are equivalent to our definition. In one statement, U; and U,
belong to the same equivalence class, if there is a sequence of unitaries Uy, Us,...,U, smoothly
connecting U; and U,. For any two consecutive unitaries, U; and U;;; act in the same
way in a large enough area after the choice of a suitable isomorphism[30]. In other words,
the difference between two unitaries U; and U;;; represented as (i) = U, -THUi is equal to
(almost) the identity at a large area. Because 7(i) is bounded in a finite region, v(7) can be
generated by a local Hamiltonian, which can be the logarithm of (7). Therefore, U; and U,

can be connected via a locally generated unitary. Besides this "share the patch" definition,
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another more homotopic definition says that U; and U, are homotopic equivalent if two
unitary operators can be continuously deformed into each other[46]. Since small physical
deformations can be viewed as a dressing of the original operator by a locally generated

unitary, this one also matches our definition.

In order to compare unitaries with different numbers of bands, we consider stable homotopy
here (i.e. the addition of arbitrary numbers of trivial bands). We define U; ~ Uy if and only

if there exist two trivial unitaries, UY, and U}, , such that
U U, ~Uy& U (2.13)

where @ is the direct sum and we need to add n; and ne number of bands to two unitaries
separately. The two trivial unitaries are in the same symmetry class in order to follow the

homotopy equivalence.

To illustrate these ideas, we now give a simple example of some local unitary operators
that belong to different equivalence classes in one dimension. We first consider the operator

U, which is block diagonal, consisting of repeating blocks of the Pauli operator o, i.e.

01
Ur = P : (2.14)
b 10

In a physical system, this could be interpreted as a single-particle fermionic operator which
enacts hoppings between neighbouring sites, as illustrated in Fig. It is clearly a local
operator, since Uj; is strictly zero for |i — j| > 1. It is also locally generated, as it may be

written as the exponential of a local (block diagonal) Hamiltonian, through

Ur = exp [—z’@]{(b)], (2.15)

where

Ha(b) = (2.16)

and with H(b);; again strictly zero for |i — j| > 1. The unitary U4 belongs to the same

universality class as the identity operator I, as shown by the homotopy Uy = e *#4T x L.

21



An example of a unitary operator belonging to a different universality class is the

translation operator Ug, as defined in Eq. (2.9)), which has matrix elements
[UB]ij = 5i,j+1- (217)

In matrix form, it consists of ones on the first upper diagonal and in the lower left-hand
corner (assuming periodic boundary conditions). In a physical system, this can be interpreted
as a single-particle fermionic operator, which enacts a hopping to the right for each lattice

site, as illustrated in Fig. 2.1}

V5 Y = Y . N =N
Uj " o—0—0—0—0—0—0—0—

TR AL AL AL AL AL A A
Up —0—0—0—0—0—0—0—

Figure 2.1: Illustration of the actions of example unitary operators U4 and Up defined
in Egs. and . Uy is local and locally generated, and may be interpreted as
particle hops between neighbouring sites. Up is local but not locally generated, and may be
interpreted as particle translation in one direction. U4 and Ug belong to different equivalence

classes.

Up is again a local operator, as [Ug];; is strictly zero for |i — j| > 1. However, it is
not locally generated, as may be verified naively by taking the matrix logarithm of Ug and
studying its matrix elements as a function of system size. More fundamentally, this property

stems from the fact that chiral translation is anomalous on a 1D lattice [27, 27, [31].

Since Up is not locally generated, it can’t become the multiplication of U4 and other
locally generated unitaries, and so U4 and Ug belong to different universality classes. In
this simple 1D case, unitary operators can be assigned to different universality classes based
on their winding number or unitary flow given in Eq. , which gives an integer-valued

invariant in each case.

Before moving on, we note that this definition of equivalence will lead to a different

classification from that which arises in the study of Floquet systems (such as Refs. [I]). In
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previous studies of time-dependent systems, topological classifications are usually concerned
with the presence of protected edge modes in gaps in the quasienergy spectrum. However,
since these unitary operators are obtained by evolving with a local Hamiltonian, they are
trivial according to our definition. Instead, the homotopic classification we study in this
chapter will lead to unitary operators that are nonlocal and gapless. In this way, the nontrivial

unitaries we discuss may only arise at the boundary of a time-evolved physical system.

2.3.3 Mapping from Unitary Operators to Flattened Hermitian Operators

In this section, we show how unitary operators may be mapped uniquely onto local Hermitian
operators with chiral symmetry. To do this, we use a mapping introduced in the context of

Floquet topological phases in Ref. [1], defining the Hermitian operator

0 U
Hy = . (2.18)

Ut o
It is clear from Eq. (2.18)) that Hy has twice as many degrees of freedom as the original
operator U. We can interpret this doubling as effectively adding a sublattice or orbital degree

of freedom on each site, which we label A and B. In this way, the two nonzero blocks of Hy;

on the antidiagonal connect A sites with B sites.

With this interpretation, Hy; is a local operator, inheriting its locality from the underlying
unitary operator U. Specifically, since the matrix elements U;; satisfy the locality condition

in Eq. , so do the matrix elements [Hy/] where we have included the sublattice indices

ai,By?
a, B € {A, B}. We also see that H} = I, and so Hy is a flattened Hermitian operator as
discussed in Sec. [2.3.1l In addition, from its 2 x 2 block form, it must have equal numbers of

+1 eigenvalues (see Appendix [2.C)).

This mapping automatically introduces a new unitary chiral (or sublattice) symmetry,

which we define as

S = : (2.19)



(i.e. proportional to o, in the new basis) where € {1,4} and will be determined later. This

operator squares to (S')* = I and has the action

S'Hy (8) ' = L —Hy, (2.20)
-Ut 0

and so agrees with the definition of chiral symmetry in Eq. . Indeed, a flattened
Hermitian operator with unitary symmetry S’ must take the form of Hy given in Eq. .
In section. [2.5] we will show that this mapping is one-to-one; namely, the mapping from
Hermitian operators to local unitary operators is also unique. Besides, we show that the
homotopic equivalence between two Hermitian operators Hy implies a homotopic equivalence
between the corresponding two unitary operators U, and vice versa. In other words, if

two Hamiltonians are topologically equivalent, then we can find V, or Vg which smoothly

connects the corresponding two unitary operators due to the definition of equivalence classes

of unitaries given in Eq. (2.11)).

2.3.4 Flow index in higher dimensional systems

Now we can apply the correspondence between flattened Hamiltonians and unitary operators
to find the flow indices for unitary operators in higher-dimensional systems. Let us consider a
local unitary U acting on an infinite d-dimensional lattice (where d = 2n+ 1 is odd). We then
start by mapping a local unitary operator without any symmetries and a Hermitian operator
with chiral symmetry. According to what we have analyzed, we can construct a flattened
Hamiltonian with chiral symmetry shown in Eq. . Then the topological invariant of

this Hamiltonian which is also the flow index of this unitary can be written as

i) = ()" 3 (2.21)

2n+ 1)1 <
(1" T (UT[P, UUT [P, U] - U [P, U] )
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where o is a permutation given by

1,2,..,2n
o (2.22)

01,09, ...,092n
with the signature (—1)7. Similar to one dimension, we define right half axis projectors acting
on all d directions,

lr,a) ifr;>a

Pylr,a) = , (2.23)

0 if < a;
This flow index reduces to the same formula as Eq.(4.4]) when setting n = 0. While this index
is associated with unitary matrices of odd dimensional systems, the unitary operators of even

dimensional systems can also be classified by a lower dimensional index(e.g. v*[U] for two

dimensional systems, see Appendix [2.B]).

Especially, if U possesses a translational symmetry, these real-space invariants which

reduces to winding numbers defined by [47], can be written as

) n!

yHU] = (—1)"(5)”“(2”77;”! > (=17 (2.24)

[ ((UTagl U)(UT0,,U) - - (UTa@HlU)) (2.25)

Our results agree with the topological invariants associated with homotopy groups m4[U(m)]

because U defines a map from d-dimensional torus to m x m unitary matrices, U(m)[§].

This invariant has some fundamental properties. First, it is a conserved quantity, in the
sense that it is independent of the choice of a, the location of the reference point. Second,
it is locally computable since it can be (almost) determined by the truncation of unitary
matrices inside a finite interval. Third, the flow index of a local unitary is zero if and only
if it is locally generated. Last, this unitary index is addictive under both composition and
product of the unitaries:

V[Ul ) UQ] = V[Ul] + I/[UQ]

I/[UlUQ] == I/[Ul] + I/[UQ]
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The first two properties directly stem from the results of Hamiltonian with chiral symmetry[4].
The proof for the last two rules will be presented in the Appendix. Here we will give an
example to illustrate this property. Since £2 moves a particle two sites right, we expect the
flow index of #2 to be 2. In addition, ¢ @ f moves two states across the cut, and thus we can
expect the flow index of 2 to be 2. This flow index, sharing the same properties with the

current measure, could be used to gauge a flow transporting a conserved quantity.

2.3.5 Three Dimensional Quantum Flow

We now introduce a model [48] which can generate nontrivial Hamiltonians from where we

can construct nontrivial unitary.

0 0 —igo +q3  q1 — Q2
- 0 0 +1 —iqy —
H(k) = | I (2.26)
190 +3q3 q1+1G2 0 0
g1 — 192 g0 — q3 0 0

Where gy = h + cosk, + cosk, + cosk,, ¢ = tsink,, ¢ = sink,, g3 = sin k., with h,t being
control parameters. This Hamiltonian is strictly local, with nonzero hopping only existing
between nearest neighboring sites. Then we can flatten the bands of this Hamiltonian by

introducing the Q matrix,
(2.27)

where the absolute energy spectrum of H(k) is E(k) = [t?(sin k,)?+sin? k, +sin? k. + (cos k, +
cos ky, + cosk, + h)2]%. Then the off-diagonal part of the flattened Hamiltonian can become

an unitary

1 —iqo + —1
U - o Td43 41— 142 ' (2.28)

E(k) ¢+ —igo — g3
After plugging into Eq. (2.24]) and let n=1, the quantity v[U] can be simplified as
1
VU] = [ dhadidi. T <UT8% Uvta,, .Ut U])
T
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which could be calculated analytically for this model. The topological index could take values

0,£1,+2 given different values of parameters h and ¢, calculated by [48],
—2sign(t) |h| <1

v[U] = { sign(t) 1<|h|<3- (2.29)

0 |h| >3

This shows how nontrivial flow could be generated in three dimensional systems. While the
first order flow index describes the net pumping of charges in one direction, what is being
transported described by this three dimensional index is not clear yet and will be interesting

subjects for future work.

2.4 Classification of Unitary Operators with Symmetries

In this section, we generalize our method in the above discussion and build a complete
classification of unitary operators with symmetries in all dimensions. We are applying a
similar method to that for Floquet Topological insulators given in Refs. [I],[42]. These papers
are mainly focused on translational invariant systems, while our method applies to disordered
systems with more rigorous proof is provided. We will first discuss the equivalence classes of
Hermitian operators and unitary operators separately, and then obtain a one-to-one mapping

between them.

2.4.1 Symmetry Operators and Symmetry Classes for Hermitian Operators

The well-known periodic table of topological insulators and superconductors [2] is a classification
of gapped free-fermion Hamiltonians, arranged according to spatial dimension and symmetry
class. The symmetry classes included in the table label the presence or absence of three
physically relevant symmetries: time-reversal symmetry (7), particle-hole conjugation
symmetry (C), and chiral (or sublattice) symmetry (S). The first two of these symmetries

are antiunitary (i.e., proportional to the complex conjugation operator), and if present, act
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on a real-space Hamiltonian according to

THT ' = H (2.30)

CHC' = —-H. (2.31)

Chiral symmetry is a unitary symmetry which is present automatically if both time-reversal
and particle-hole symmetries are present, but may also be present independently. This has

the action
SHS™' = —H. (2.32)

The value of S? can be varied arbitrarily by adding a complex phase to the operator, but
the antiunitary symmetries 7 and C may only square to either +I or —I. The presence or
absence of each symmetry, along with the sign of its square, yields the ten Altland-Zirnbauer
(AZ) symmetry classes [49]. We note that unitary commuting symmetries are ignored in this
classification, as if present, they simply allow the Hamiltonian to be block diagonalised. For
completeness, we also give the action of the symmetry operators on the momentum-space

(Bloch) Hamiltonian, which may be used when the system has translational symmetry:

THX)T ' = H(-k) (2.33)
CHXk)C! = —H(-k) (2.34)
SHk)S™ = —H(k). (2.35)

Since the value of 8? can be varied, it is often chosen to satisfy S? = 1. However, in some
symmetry classes, this can cause S to anticommute (rather than commute) with the other

symmetries present. To see this, we observe that if S = CT, then
S*=CTCT. (2.36)

For this to be consistent, the three symmetry operators would need to anticommute if
T? = —C%. To simplify the calculations, in this chapter, we use the convention that all

symmetry operators commute if present, so that S? takes the value +1 or —1 as required by
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adding a phase factor n to the definition of the chiral symmetry operator S = nC7. We can
set n =1 when 72 = C? and n = i when 72 = —C? in order to make all symmetry operators

commute.

2.4.2 Equivalence Classes of Hermitian Operators

Within each symmetry class, two gapped, flattened Hamiltonians are topologically equivalent
if one can be continuously deformed into the other without closing the spectral gap, without
breaking any protected symmetries, and possibly allowing the addition of an arbitrary number
of trivial bands (through ‘stable homotopy’). To simplify the discussion, we ignore the latter
condition in this text and assume that all Hamiltonians have the same number of bands with
an equal number of +1 eigenvalues, but the arguments can be extended straightforwardly
to the more general case. Overall, this defines a set of equivalence classes for Hermitian

operators belonging to each symmetry class.
In general, we can write the topological equivalence between two flattened Hamiltonians
Hy and H; as the homotopy [50]

H(s) = V(s)HyV(s)T, (2.37)

where V(s) is a locally generated unitary operator

Vis) = Texp|~i [ f(g)dg|, (2.38)

0
with H(0) = Hy and H(1) = H;. If this relationship does not hold, then H, cannot be
continuously transformed into H; without becoming nonlocal, which takes it outside the space
of gapped, flattened Hamiltonians. Note that the exact form of ]—79 is given in Ref. [50} 5],
and the detailed discussion will be given in Appendix In general, the Hamiltonians H(g)

that generated the unitary transformation V' (s) is different from the path H(s) that smoothly
connects Hy and Hy. [50]

For two gapped Hamiltonians that are not flattened, we say that these two Hamiltonians

H, and H, are topologically equivalent if and only if there exists a continuous path H(s),
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with s € [0, 1], which connects H; and Hs smoothly without ever closing the energy gap and

with some symmetries preserved. Then we can define a chain of flattened Hamiltonians
H'(s) = 1-2P(s) (2.39)

where the spectral projector P(s) specifies a subspace of the total Hilbert space spanned by
the occupied Bloch wave functions of H(s). Here H'(s) will absolutely follows our topological

equivalence definition given in Eq. (2.37)).

In addition to satisfying these equations, the transformed Hamiltonian must also preserve
any symmetries required by the AZ symmetry class throughout the transformation, which
places restrictions on the form of the unitary operator V(s). Recalling Eqs. , we
find that each symmetry operator (if present) must commute with V' (s) (see Appendix

for a deviation),

TV()T ' = V(s) (2.40)
CV(s)C' = V(s) (2.41)
SV(s)S™' = V(s). (2.42)

The question of how many such equivalence classes exist in a given AZ symmetry class
can be posed in the language of Clifford algebras, and answered using methods from K-theory
[2,52]. The result is that in a given symmetry class in a specified number of spatial dimensions,
equivalence classes are in one-to-one correspondence with elements from one of the Abelian
groups Z, Zy or 0. The appropriate element can be found by calculating (or measuring) a
suitable topological invariant. For example, class A in two dimensions is classified by the
group of integers Z, which indicates that different topological phases can be labelled by
different integers. These correspond to the quantized Hall conductance in (integer) quantum
Hall or Chern insulator phases. In Table we give the definitions of the AZ symmetry
classes and reproduce the full periodic table of topological insulators and superconductors for

reference.

We note that the derivation of Table 2.1 using K-theory formally requires the underlying

system to have translational symmetry, so that the periodicity of the Brillouin zone may be
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used. However, the entries in the classification (which describe strong topological phases) hold
even when this symmetry is broken (e.g., by disorder). A rough argument for why this is the
case is that topological phases are labeled by discrete invariants that cannot vary continuously
and are protected by a bulk energy gap. Adding weak disorder to a translationally symmetric
system acts as a small perturbation, which cannot change the value of this invariant unless it
is strong enough to close the energy gap. The classification therefore naturally extends to
systems with weak (symmetry-respecting) disorder. However, even with a strong disorder,
topological phases can survive the closure of a spectral gap provided there remains a mobility
gap [44]. In these situations, real-space expressions for topological invariants may be used to

diagnose the topology of a phase [44].

2.4.3 Symmetry Operators and Symmetry Classes for Unitary Operators

Equations (2.30), (2.31) and (2.32]) give the actions of the three relevant symmetries on a

Hamiltonian. To obtain the action of the symmetries on a unitary operator, we recall that
we can obtain a unitary operator by taking the (imaginary) exponential of a Hermitian one.

Acting on such an exponential, we find

Te HHT-1 = ot (2.43)
Ce et = e (2.44)
Se g™t = ¢t (2.45)

We therefore define the action of the three symmetries on a unitary operator (if present) to

be
TUT ! = U (2.46)
cuct = U (2.47)
SUS™t = U (2.48)
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AZClass|7T C S|{d=0 1 2 3 4 5 6 7
A 0 0 0| Z 0 Z2 0 Z 0 Z 0
ATl 0 0 1 0 Z 0 Z 0 Z Z
Al + 0 0] Z 0 0 0 Z 0 Zy Zy
BDI + + 1| Zy, Z 0 0 0 Z 0 Z
D 0O + 0| Zo Zy Z O 0 0 Z 0
DIII - + 1 0 Zy Zo Z 0 0 0 Z
All 0 0| Z 0 Zy Zo Z 0 0 O
CII - — 1 0 Z 0 Zy Zo Z 0 O
C 0 — 0 0 0 Z 0 Zy Zy Z 0
CI + — 1 0 0 0 Z 0 Zy Zo Z

Table 2.1: Periodic table of topological insulators and superconductors [2]. The leftmost
column gives the letter label for each AZ symmetry class. The next three columns indicate
the presence / absence of time-reversal symmetry (7°), particle-hole symmetry (C) and chiral
symmetry (S) for each symmetry class, along with whether they square to +I or —I. The
rightmost eight columns indicate the topological classification for each symmetry class in
dimension d. Note that the classification depends only on d mod 8 (d mod 2 for classes A

and AIII) due to Bott periodicity [2]. See main text for details.
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If there is translational symmetry, then these relations can be written in terms of the Bloch

unitary U(k) as

TUK)T ' = U'(-k) (2.49)
CUKk)IC™ = U(-k) (2.50)
SUK)S™' = U'(k), (2.51)

based on Egs. . With these symmetry definitions, we can assign unitary operators
to the same ten AZ symmetry classes as static Hamiltonians. As discussed in Sec. [2.4.1] we
will continue to use the assumption that all symmetry operators commute if they are present
(so that 82 = 41 as required). Our result also works for periodic driven systems, where we

study unitary at the end of one complete cycle
T
U(T) = Texp [—i / H(t’)dt’] , (2.52)
0

generated by a time-periodic Hamiltonian satisfying H(t) = H(t + T') [1].

2.4.4 Equivalence Classes of Unitary Operators

Our aim is to classify local unitary operators belong-ing to one of the AZ symmetry classes for
any number of spatial dimensions d. First we generalize the definition of unitary equivalence

in Sec. to unitary operators with symmetries.

The discussion of unitary operators in Sec. still applies here with some constraints
on the locally generated unitary operators V,,(s) and Vj(s). Importantly, these two operators
will generally be related to one another through the actions of the symmetry operators. If the

system has time-reversal symmetry, then the requirement of Eq. (2.46|) imposes the condition
TVL(s)T ' = Va(s)t, (2.53)
while the presence of chiral symmetry [Eq. (2.48])] imposes the similar condition

SV (s)S™H = Vj(s)'. (2.54)



If there is particle-hole symmetry, then the requirement of Eq. (2.47)) instead imposes

commutativity through
CVays(s)Ch = Vis(s). (2.55)

Now with these constraints, if U(s) is locally generated in some symmetry classes, then

U(s) is homotopic equivalent to the Identity matrix and vice versa.

2.5 Classification of Unitary Operators without Chiral Symmetry

With these definitions, we now begin a formal topological classification of local unitary
operators. Our approach will be to obtain a one-to-one mapping between local unitary
operators and local Hermitian operators, at which point the machinery used to classify static
Hamiltonians can be employed. In order to do this, we split the AZ symmetry classes into
those for which chiral symmetry is absent (classes A, Al, D, All, and C) and those for which
it is present (classes AIIl, BDI, DIII, CII, and CI), and begin by studying the first set.

2.5.1 Mapping from Unitary Operators to Flattened Hermitian Operators

We will use the same mapping discussed in Section [2.3.3] We know that the mapping process
can automatically generate a new chiral symmetry. In addition to this new chiral symmetry,
the operator Hy may also inherit symmetries from the original unitary U. If the original
unitary operator had time-reversal symmetry as defined in Eq. , then we can define a

modified time-reversal symmetry operator 7’ through

0 7T
T = _— (2.56)
This acts on Hy according to
_ 0 TUIT!
T'Hy (T) ' = o o = Hy, (2.57)

34



with (77)? taking the sign 72. In this way, 77 has the same action as 7 in Eq. (2.30)), and so

Hy; inherits time-reversal symmetry from the underlying unitary operator. The commutator

between &" and T is

.
ST = mey| L (258)
T 0

and so we should set n = ¢ for the operators to commute (following our assumption that all

symmetry operators should commute discussed in Sec. [2.4.1]).

However, if Hy has both time-reversal symmetry and chiral symmetry, then it also has a

particle-hole symmetry defined through
¢ = S8T. (2.59)

It may be verified that this has required action of a particle-hole symmetry as defined in

Eq. (2.47),
C'Hy (C'Y ' =8'T'Hy (T") ' (8") ™ = —Hy, (2.60)
and further, that C’ commutes with both S’ and 7”. It follows that
€)Y =8'T'ST =n* (T = - (T, (2.61)

and so (C')* has the opposite sign to (77)>. [At this point, we note that different definitions
of the symmetry operators are possible, but that the final results end up being unchanged].

Overall, the AZ symmetry class of Hy is different to that of the original unitary operator U,
as detailed below in Eq. (2.68)).

On the other hand, the original unitary operator may have particle-hole symmetry as
defined in Eq. (2.47)). If this is the case, then we define the modified particle-hole symmetry

operator C’ through

c = : (2.62)
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which acts on Hy according to

, 0o -cuc
C'HyC = — _H, (2.63)
—Ccuict 0
and squares to give (C')? = C? ® I, where I is an identity matrix of size 2. In this way, C’

has the same action as C in Eq. (2.31)), and Hy inherits particle-hole symmetry from the

underlying unitary operator. This time, the commutator between S" and C’ is

C 0
[8/70/] = (77_77*) ) (264)
0 C

and so in this case we should set n = 1 for the operators to commute.

As before, the presence of two symmetries implies the presence of the third, and so we

can define a time-reversal symmetry operator 7' through

T = §C. (2.65)
This again has the required action
T'Hy (T) ™ =8CHy (€)™ (8" = +Hy, (2.66)
and squares to
(T')? =8¢C'S8C =n*(C) =+(C), (2.67)

which is the same as the original particle-hole symmetry operator.

In all cases, the mapping from U to Hy introduces an additional chiral symmetry while
preserving any existing symmetries. If there was an existing symmetry, then this mapping
also introduces a third symmetry as the product of the other two as summarised in Table. 2.2]

Overall, the mapping shifts the AZ symmetry class according to

A— AIll Al — CI D — BDI
AIl - DIII C— CIlI, (2.68)
which is equivalent to cyclically moving one row upwards in Table (considering the complex

and real classes independently). Note that this is a mapping from the symmetry class of the

original unitary operator U to the symmetry class of the resulting Hermitian operator Hy.
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2.5.2 Mapping from Flattened Hermitian Operators to Unitary Operators

In the previous subsection, we demonstrated that a local unitary U from symmetry classes A,
Al, D, AII, and C may be mapped uniquely onto a local flattened Hermitian operator from
classes AIIL, BDI, DIII, CII, and CI through Eq. . We now show that the mapping is
one-to-one, by demonstrating the inverse mapping from local flattened Hermitian operators

to local unitary operators.

It may be verified that a flattened Hermitian operator with chiral symmetry S’ defined
through Eq. necessarily takes the form of Eq. . If the chiral symmetry operator
is not of this form, then a rotation can always be performed to bring it into this basis. We
will assume that the phase factor 7 = 1 in the definition of S’ for Hermitian operators in class
AIII, BDI, CII, and that n = i for Hermitian operators in classes CI and DIII, consistent

with the previous discussion.

For class AlII, the inverse mapping is now complete: a flattened Hermitian operator Hy,
with chiral symmetry uniquely defines a local unitary operator U through its off-diagonal
blocks. Since there are no other constraints on U, the unitary belongs to class A. For the
other symmetry classes, however, we must verify that the actions of the other symmetry

operators on Hy map consistently onto symmetry actions on U.

We first consider classes BDI and CII, for which n = 1. Since we have assumed (without
loss of generality) that all symmetry operators commute, the time reversal symmetry operator
T’ must be block diagonal, in order to commute with S’ = o, [we are labelling our symmetry
operators with primes so that notation is consistent with the previous section|. By performing
a second basis transformation within each sublattice (which is therefore consistent with
chiral symmetry), we can bring the operator 7’ into a canonical form in which each block is

identical. We write this as

Cc 0
T = , (2.69)
0 C

where C is some antiunitary operator that we have labelled C in anticipation of its action of
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U. Indeed, the action of 7' on Hy leads to the condition

0 cuct 0 U

= . (2.70)
cuict o Ut o

By equating the blocks of the matrix equation, this demonstrates that U must possess
particle-hole symmetry as in Eq. (2.47), with C* @ I, = (77)%.

With our basis choice, the particle-hole symmetry operator for Hy then takes the form

. C 0
C = , (2.71)
0 —C
which reproduces the same condition on U as above. In this way, a local flattened Hamiltonian

in class BDI or CII is mapped uniquely (modulo basis changes) onto a local unitary operator

in class D or C, respectively.

For classes CI and DIII, on the other hand, we take 7 = ¢ in the definition of §’. In these
cases, the time reversal symmetry operator 7' only commutes 8’ = io, if its diagonal blocks
are zero. By performing another basis rotation, we can again make these blocks identical so

that

0T
T = , (2.72)
T 0

where we have again written the nonzero blocks as 7 in anticipation of their action on U.

Specifically, the requirement of time-reversal symmetry for H; now leads to

0o  TUITH 0 U
= , (2.73)
TUT ! 0 U o
which, after comparing with Eq. (2.46), demonstrates that U must possess time reversal
symmetry under T, with 72 = (77)°.
Finally, Hy must also possess particle-hole symmetry C' = 8”77, which in our basis takes

the form

0o T
W . (2.74)

-7 0
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The action of C' on Hy reproduces the same symmetry action on U as before, and so
Hy; is mapped onto a unitary U that only exhibits time-reversal symmetry. In this way,
local, flattened Hermitian operators from classes CI and DIII are mapped onto local unitary
operators from classes Al and All, respectively. This completes the demonstration of the
one-to-one correspondence between local unitary operators without chiral symmetry and

local, flattened Hermitian operators with chiral symmetry.

2.5.3 Topological Classification of Local Unitary Operators

We showed previously that there is a one-to-one mapping between a local unitary U and a
Hermitian operator Hy, which is a gapped, flattened ‘Hamiltonian’ belonging to one of five
AZ symmetry classes. Hy is therefore classified according to the periodic table of topological
insulators (Table [2.1]), which we will now show permits an equivalent topological classification
of the underlying unitary operator U. Specifically, we will demonstrate that homotopic
equivalence between two Hermitian operators Hy implies a homotopic equivalence between

the corresponding unitary operators U, and vice versa.

As discussed in Sec. 2.4.2] two gapped, flattened Hamiltonians belong to the same
symmetry class if one can be continuously transformed into the other without closing the gap
and without breaking any protecting symmetries. We represented this transformation as the
homotopy given in Eq. . In our case, the relevant Hermitian operators are of the form

of Hy, and the homotopy relation should connect two such operators Hy, and Hy, through
Hy(s) = V(s)Hy,V(s)', (2.75)

with HU<O) = HUO and HU(l) = HU1-

In the present symmetry classes, Hyr has sublattice symmetry 8" and possibly an additional
pair of symmetries {77,C’}, which should be preserved throughout the homotopy. To ensure
that {S’, H(s)} = 0 for any value of s, we require that [S’, V(s)] = 0, shown in Eq. ({2.40)).
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U Hy
AZ Class Hy Symmetry Operators T C' 8§ | AZ Class
A UaUt S =o. 0 0 1| AIII
AIlT SU None 0 0 O A
AT Ubut | T =To,, C'=—iTo,, S'=io. | + — 1 CI
BDI SU T =C + 0 0 Al
D UaUt T'=¢C, C'=Co., S' =0, + 4+ 1| BDI
DIII 1SU ¢ =cC 0 + 0 D
AIT uvout |\ T =To,, C'=—iTo,, S'=io.| — + 1| DIII
CII SU T =¢C — 0 0 All
C UgUt T =C, C"=Co,, =0, - =1 CIlI
CI iSU C'=cC 0 — 0 C

Table 2.2: Summary of the mapping between a local unitary operator U and a local, flattened

Hermitian operator Hy for each symmetry class. We use the shorthand UDUT to represent

the doubled Hermitian operator obtained from U and UT through Eq. (2.18)). For these cases,

the Pauli operators o; are expressed in the chiral basis of Hyy. See main text for details.
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From the expression for &’ in Eq. (2.19)), it follows that V'(s) must be of the form

V(is) = Vaals) 0 : (2.76)
0 VBB(S)

where Va4(s) and Vpp(s) only connect sites within the specified sublattice. This decomposition

means that the homotopy relation for Hy can be written in terms of its constituent blocks,

U(s) = Vaa(s)UgVig(s) (2.77)

Us)t = Vag(s)UiVIL(s), (2.78)

(where the two relations are equivalent under Hermitian conjugation). Relabelling Va4 — V,
and Vg — Vg , we see that this homotopy relation between Uy and U; is exactly the same as

that used in the definition of equivalence classes of unitaries in Sec. [2.3.2]

If the pair of symmetries {77,C’} are also present in Hy;, then these must also commute

with V(s) throughout the homotopy. For the case where the operators are defined as in

Egs. (2.69) and ([2.71]), this leads to the conditions

TVaa(s)T ' = Vgg(s) (2.79)
TVBB<S)T71 == VAA<8). (280)

On the other hand, when the operators are defined as in Egs. (2.72)) and (2.74)), the unitary

operator must satisfy

CVAA(S)C_l = VAA(S) (2.81)

CVBB<S)671 = VBB(S). (282)

We note that both of these sets of conditions involve just the original symmetry operator
(either T or C), even though the Hermitian operator Hy has additional symmetries. With the
relabelling V44 — V,, and Vg — VﬁT , we see that these equations give the usual symmetry

requirements used in the homotopic equivalence of unitary operators discussed in Sec. [2.4.4]

In this way, a topological classification of local unitary operators from these symmetry

classes directly follows from the topological classification of Hermitian operators Hy from
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the appropriate modified symmetry classes. Conversely, a topological classification of local
unitary operators U implies a corresponding classification of Hermitian operators of the
form Hy in a modified symmetry class, which may be verified by following the steps in the
transformation above in reverse. We can therefore fill in half of the elements of Table

the periodic table for local unitary operators.

2.6 Unitary Operators with Chiral Symmetry

We now turn to those AZ symmetry classes which do possess chiral symmetry, namely classes
ATII, BDI, DIII, CII, and CI. Our approach will again be to form a one-to-one mapping
between local unitary operators from one of these classes and Hermitian operators from a

modified symmetry class, and thereby obtain a topological classification.

2.6.1 Mapping from Unitary Operators to Flattened Hermitian Operators

We begin by obtaining another mapping from local unitary operators to local Hermitian
operators. As there is already a chiral symmetry present, we cannot augment the symmetry
class with chiral symmetry using the doubling trick from Sec. 2.5] Instead, we will make use

of the existing chiral symmetry operator, which we assume is written in the canonical form

I 0
S =17 . (2.83)

0 —I
If this is not already the case, then a local basis transformation can be performed to bring
the chiral symmetry operator into this canonical form. We take the phase factor n to be 1 or
1, depending on the symmetry class: since we assume all symmetry operators commute, the
value of §? = T2C? depends on the values of 72 and C? (if present). For classes AIII, BDI,
and CII, we take n = 1 so that S? = 1, while for classes DIII and CI, we take 7 = i so that

8% = —1, consistent in both cases with the value of T2C2.

For the first case, with S? = +1, we define a Hermitian operator through
Hy = S8U, (2.84)

42



which is clearly local if the underling unitary operator U is also local. It may be verified that
this operator is Hermitian by noting that S~! = § = ST and recalling that SU = U'S from
Eq. (2.48). We also see that Hy is a flattened operator, through

H} =SUSU =U'U =1. (2.85)

More specifically, Hy has an equal number of eigenstates with energies +1 and —1, stemming
from the chiral symmetry of the underlying unitary (see Appendix for a constructive proof
of this). In this way, Hy has a well-defined gap, which can be associated with a topological

invariant. However, Hy itself no longer has chiral symmetry, since in general

SHyS ' =US =SU' = UHyU" # +Hy. (2.86)

If the original unitary had time-reversal or particle-hole symmetry, then these are also

modified under this mapping to Hy. We find that

THyT ' =STUT '=SU" = UHyU' # +Hy
CH,C'=8cuCct=5SU = Hy. (2.87)

In this way, any prior time-reversal symmetry does not carry through to Hy, while any
prior particle-hole symmetry now acts as a time-reversal symmetry, C — T, according to
Eq. (2.30). The value of (T")? for the new time-reversal symmetry operator is equal to the
value of C? of the original particle-hole symmetry operator. Overall, this maps the symmetry
class of the original local unitary U onto a symmetry class for the Hermitian operator Hy

according to
AIlIT — A BDI — Al CII — Al (2.88)

This is again equivalent to cyclically moving one row upwards in Table (considering the

complex and real classes independently).

We now turn to the case where S? = —1, and define a local, flattened Hermitian operator

through
Hy = 4SU. (2.89)

43



Hermiticity follows this time by noting that S™! = ST = —S, and again using the relation
SU = U'TS. Flatness follows by observing that

HE = -SUSU = +SUS™'U =U'U =1. (2.90)
Recalling that the symmetry operators 7 and C are antiunitary, their action on Hy becomes

THyT ' =—iSTUT ' = —iSU" = —UHyU' # +Hy
CHyC ' =—iSCUC™' = —iSU = —Hy. (2.91)

In this way, we see that the time-reversal symmetry again disappears, but the particle-hole
symmetry is retained (and squares to the same value as before). This maps the symmetry
class of the original local unitary U onto a symmetry class for the Hermitian operator Hy

according to
DIIT — D CI — C, (2.92)

which is again equivalent to cyclically moving one row upwards in the periodic table
(Table . The transformation between U and Hy and associated new symmetry operators

are summarised in Table 2.2

2.6.2 Mapping from Flattened Hermitian Operators to Unitary Operators

In the previous subsection, we showed that a local unitary U from symmetry classes AIII,
BDI, DIII, CII, or CI can be mapped uniquely onto a local flattened Hermitian operator
from classes A, Al, D, AIl, or C (respectively) through Egs. or . The resulting
operators Hy have an equal number of +1 eigenstates (see Appendix . As before, in
order to demonstrate that this mapping is one-to-one, we now show that the inverse mapping

from Hy to U is also unique (up to choices of basis).

For this direction, we start with a local Hermitian operator Hy which is flattened (so
that HZ = 1), which possibly has a single time-reversal or particle-hole symmetry (77 or C’),

and which has an equal number of +1 eigenvalues. Note that for symmetry classes without
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particle-hole symmetry, Hermitian operators are not required to have this last eigenvalue
property. However, operators which do have this property exhaust all topological classes, and
so our restriction to this case does not change the resulting classification. More generally,
Hamiltonians with different numbers of positive and negative eigenvalues can be related to

the balanced case through the notion of stable homotopy.

Our approach will be to multiply Hy with a unitary operator which essentially undoes
the original mapping and introduces an (artificial) ‘sublattice’ degree of freedom. For class
A, we simply multiply with a chiral symmetry operator S = o, which is consistent with
Eq. . In general, there are many different basis choices for this o,: since we ultimately
require S to behave as a symmetry operator, we will demand that o, is strictly local and acts
in a translationally invariant manner across the system. For example, we could alternately
label unit cells in a 1D lattice as A and B, and choose o, to act in this basis. Whichever

basis choice is used for §, we then define the operator
U = SHy, (2.93)

which is unitary (but generally no longer Hermitian) since S~ = 8T = S. The operator U

defined in this way has chiral symmetry, since
SUS™' = HyS = UT. (2.94)

We have therefore mapped a Hermitian operator in class A onto a unitary operator from

class AIII, which is unique given a particular choice of ‘sublattice’ defining the operator o..

For the other symmetry classes, we perform a similar mapping, but where the form of S
must now be consistent with the existing symmetries. Classes Al and AII already have a
time-reversal symmetry operator 7', which (by assumption) must commute with the new
operator S that we introduce. This can be achieved by again artificially doubling the unit cell
size, so that S = 0, ® I in some basis, and 7' — I ® 7. In these expressions, the left-hand
operator in the product acts in ‘sublattice’-space, and the right-hand operator acts in the
time-reversal space. For example, 7’ might act on opposite spin species, while o, acts on

pairs of neighbouring lattice sites, each of which supports both types of spin.
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With this choice, we again define a unitary operator through U = SHy;. This time, the
unitary operator has chiral symmetry and also a particle-hole symmetry inherited through

the original time-reversal symmetry 7' of Hy. Specifically, we define C =1® T so that
CUC™  =T'SHy (T') ' =SHy =U. (2.95)

As usual, the presence of two symmetries implies the presence of the third, and so the local
unitary operator U also has a time-reversal symmetry symmetry 7 = SC. This squares to
the same value as the original time-reversal symmetry, (T’)Q, and so Hermitian operators
from classes Al and AII are mapped uniquely (up to a local basis choice) onto local unitary

operators from classes BDI and CII, respectively.

For classes D and C|, the original Hermitian operator Hy has an existing particle-hole
symmetry C’'. In these cases, we choose S = io, ® I, again chosen to be strictly local and
such that S commutes with C’. Note that in this case, a local basis rotation may need to be
performed on C’ to achieve commutativity with S (owing to the antiunitary property S and

the factor of i in §). An example of such a rotation is given in Sec.

With these definitions, we then use the mapping

U = —iSHy, (2.96)
to define a local operator U. This is unitary (since ST = —8) and has chiral symmetry
through

SUS™!' = —iS?HyS" = iHy ST = UT. (2.97)

This time, U inherits a particle-hole symmetry from the underlying particle-hole symmetry

of Hy. Writing C = C’, we see that

CUC™' =iSC'Hy (€)' = —iSHy = U, (2.98)

with C? = (' )2. As before, the combination of chiral symmetry and particle-hole symmetry

leads to a time-reversal symmetry through 7" = SC, which squares to 72 = — (C’ )2. In this
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way, flattened Hermitian operators from classes D and C are mapped uniquely (up to a local
basis choice) onto local unitary operators from classes DIII and CI, respectively. Overall,
these mappings between symmetry classes are equivalent to moving downwards by one row in
the periodic table. This completes the demonstration of one-to-one correspondence between
local unitary operators and local, flattened Hermitian operators (with equal numbers of

positive and negative eigenvalues).

2.6.3 Topological Classification of Local Unitary Operators

Finally, as in Sec. 2.5 we now study the homotopic properties of Hy and use these to obtain

a topological classification of the underlying unitary operator U.

We first recall that two Hermitian operators Hy, and Hy, are topologically equivalent if

they satisfy the homotopy relation
HU(S) = V<5)HU0V(S)T7 (299>

with Hy(0) = Hy, and Hy(1) = Hy,. This can be rewritten as a homotopy relation for the

underlying unitary U through the replacement Hy = (i)SU, which gives
Hy(s) = Vji(s) [(1)SUo] Va(s)
= (1)S[Val(s)UgV3s(s)] (2.100)
= (0)SU(s),
where we have relabelled V(s) — Vg (s) and defined
Va(s) = SV](s)S' (2.101)
so that the notation is consistent with Sec. 2.3.2] Explicitly, the homotopy relation for U can
be extracted from Eq. (2.100) as
U(s) = Va(s)UpV3a(s), (2.102)

with U(0) = Uy and U(a) = U;. In this way, a homotopic deformation of Hy is equivalent
to a homotopic deformation of the underlying U. The inverse relation also holds, as can be

shown reversing the procedure above and using the fact that Uy possesses chiral symmetry.
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All that remains is for us to check that the action of the symmetry operators is consistent.
The operator Hy may have time-reversal symmetry or particle-hole symmetry (but not both).
These are required to commute with the transformation unitary V(s) (see Sec. [2.4.2)), which
in turn means that they must commute with V3(s) and V,(s). This is consistent with a
particle-hole symmetry for the underlying unitary U (and can also be shown in reverse).
On the other hand, the underlying unitary will have sublattice symmetry and time-reversal
symmetry too. The sublattice symmetry ensures that the homotopy for U(s) is equivalent
to the homotopy for Hy(s), while the time-reversal symmetry does not impose any new

constraints on V(s).

In this way, a topological classification of local unitary operators implies and is implied by
a topological classification of the corresponding Hermitian operators, where the AZ symmetry
classes are mapped onto each other following the discussion above. We can therefore fill in

the remaining entries in Table the periodic table for local unitary operators.

2.7 Examples of Nontrivial Local Unitary Operators

In the previous sections, we obtained a topological classification of local unitary operators
based on the topological classification of Hermitian operators from a modified symmetry class.
We now give some examples of nontrivial unitary operators, and show how the mapping to

Hermitian operators allows their topology to be diagnosed.

2.7.1 One Dimension
2.7.1.1 Unitary Operators without Sublattice Symmetry

We first consider local unitary operators in one dimension (which may be interpreted as
quantum walks). In Sec. [2.3.2] we discussed a pair of local unitary operators without
symmetry (and so belonging to class A), and noted that they belong to different equivalence

classes. To connect these to the classification above, we now rewrite these unitary operators
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AZ Class | T C d=0 1 2 3 4 5 6 7
A 0 0 0 Zz 0 7Z 0 Z 0 Z
AIII 0 0 Z 0 Z 0 Z Z 0
Al + 0 0 0 0 Z 0 Zy Zo Z
BDI + + V/ 0 0 0 Z 0 Zy Z
D 0 + Zy Z 0 0 0 Z 0 Z
DIII - + Zy Lo Z 0O 0 0 Z O
All 0 0 Zy Zo Z 0 0 0 Z
CII - - Z 0 Zy Zy Z 0 0 O
C 0 0 Z 0 Zy Zo Z 0 O
CI + - 0 0 Z 0 Zy Zoy Z 0

Table 2.3: Periodic table for local unitary operators. The leftmost four columns define the AZ
symmetry classes as described in the main text and in Table[2.1] The rightmost eight columns
indicate the topological classification for local unitary operators from each symmetry class

in dimension d. Note that this table is a permutation of the periodic table for topological

Hamiltonians. See main text for details.
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in momentum space as

0 1

vk = (2.103)
10

UM k) = €*. (2.104)

We recall that UIE‘A) enacts a hop between two sites within each unit cell, while U éA) performs
a chiral translation to a neighbouring unit cell in a single direction, with a lattice spacing
we take equal to 1 (see Fig. . While we have implicitly assumed translational symmetry
by writing these operators in terms of k, this is just to simplify the notation: the discussion

which follows extends straightforwardly to the disordered case by working in real space.

As motivated in Sec. these unitary operators can be mapped onto Hermitian operators

in class AIII through Eq. (2.18)), yielding

00 01
0010
Hyon(k) = (2.105)
4 01 00
1000
0 eik
H, (k) = (2.106)
Ug e—ik: 0

Physically, the mapping to Hermitian operators may be interpreted as adding a sublattice
degree of freedom to the system, where H (s then performs intracell hops, while Hj )
A B

performs hopping in opposite directions for each sublattice (see Fig. .

By calculating the Class AIII topological invariant for these Hamiltonians [53], it may be
verified that the first is trivial, while the second is topological with an invariant of 1, and so the
topology of each local unitary operator is preserved in the mapping to Hamiltonians. Indeed,
the invariant for these Hamiltonians is simply the winding number of the off-diagonal block—
equivalent to the winding number for a 1D local unitary operator discussed in Ref. [30] B1].
The mapping between unitary and Hermitian operators proceeds in a similar manner for
more complicated cases in these symmetry classes, and the mapping between topological

invariants remains the same.
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A similar picture also holds for 1D local unitary operators belonging to the nontrivial
classes A, D and C, all of which can be mapped onto Hermitian operators with chiral symmetry
and a winding number invariant. In class AlIl, a local unitary is mapped onto a Hermitian
operator from class DIII, which also has chiral symmetry. The corresponding Z, topological
invariant in this case (for both unitaries and Hermitian operators) may loosely be thought of
as the winding number taken modulo 2. More formally, a constrained version of the Fu-Kane

invariant may be used instead [54].

Vo S - N - N

Uy
HUA KN
ey A S 4 vy Ny
TA AL AL AL A AL A A I
@00 —0—0—0— 00— B
Hy

B )

o e e e e o o o [
R e S S S S e b

Figure 2.2: Ilustration of the actions of the Hermitian operators Hy, and Hy, defined in

Egs. (2.105)) and (2.106)). In contrast to the underlying unitary operators (see Fig. 2.1] these

Hermitian operators have twice the degrees of freedom. As discussed in the main text, Hy,

and Hy, belong to different equivalence classes.

2.7.1.2 Unitary Operators in Class DIII

The one remaining nontrivial case in 1D corresponds to unitary operators in class DIII, which
are mapped onto Hermitian operators in Class D. Topological Hamiltonians in class D are
exemplified by the well-known p-wave superconducting chain [55]: we will take this as our
starting point and work backwards to obtain a nontrivial local unitary operator belonging to

class DIII.
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The Hamiltonian for the p-wave superconductor may be written [55]

A

1
fic = —n3[dhe; — ]
J
1 t i
D) Z {tcjcjﬂ + Ae'Peiei + H-C-} ; (2.107)
J

where 1 is the chemical potential, ¢ is the hopping parameter, and Ae’ is the superconducting
pairing strength. We will take the two easily solvable (and flattened) points of this model as
examples of trivial and topological flattened Hamiltonians from class D. In BAG form and in

momentum space, these fixed points have the Hamiltonians

HP (k) = (2.108)
0 —1

k) = :((2 ismjg , (2.109)

which it may be verified square to the identity matrix, and satisfy particle-hole symmetry
with C = 0,K. [These fixed point Hamiltonians also have additional symmetries, but this
does not affect the arguments that follow]. It may be verified (e.g. by transforming to
the Majorana fermion basis and calculating the Pfaffian [55]) that these Hamiltonians have

invariants 0 and 1, respectively.

To construct distinct local unitary operators from these Hamiltonians, we can perform the
(inverse) mapping described in Sec. 2.6} we should introduce a sublattice degree of freedom
and then define U = —iSH, where § = i0, ® [ is a chiral symmetry operaotr that acts in the
new sublattice basis. We introduce the artificial sublattice degree of freedom by labelling unit
cells alternately as sublattice A and B. In this step, we coarse grain the system by enlarging

the unit cell by a factor 2. Then the new coarse grained Hamiltonian after regrouping cells
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can be rewritten as

. 1
_ f i
He = —p) |CaCia+CipCip— }
F

2
1 i f
J
1 i
92 Z {Ae ?(¢jaCip + €pCic1,a) + H.C‘} ; (2.111)
J
In momentum space, this leads to the Hamiltonians
1 0 0 0
- 0 -1 0 O
H(k) = (2.112)
0 0 1 0
0 0 0 -1
0 0 l+e ™ —14e*
- 1 0 0 1 etk ] _ ik
AP (k) = = | | : (2.113)
21 14er 1-et 0 0
—1+e* —1-€* 0 0

T
which now act on the operators ( Can chk CBE cgfk ) .

The detailed calculations are shown in appendix [2.E| Both Hamiltonians continue to
square to the identity, and satisfy particle-hole symmetry as in Eq. (2.34)) with the symmetry

operator now given by C =1 ® oK.

While we could work with these Hamiltonians directly, we will instead perform a basis
rotation so that the chiral symmetry operator takes the canonical form & = io, ® I
and commutes with the existing particle-hole symmetry. Specifically, we will rotate the

Hamiltonians with the unitary operator

0O ¢ 1 0
yoo L 0ot , (2.114)

V2| 0 —i 1 0

— 0 01



through H — VHV'. The particle-hole symmetry operator then becomes C = o, ® 0,K,
which commutes with a chiral symmetry operator defined through & = io, ® I. Finally,
after performing this rotation, we calculate the corresponding unitary operators through

U = —iSH to find

0 01 O
0 00 -1
Ui (k) = (2.115)
-1 0 0 O
0 1.0 O
and a nontrivial unitary
sin(k) i+icos(k) —i+icos(k) sin(k)
11 —i—1cos(k —sin(k —sin(k 1 —1cos(k
UtDoéll(k:):* ( ) ( ) ( ) ( ) ‘ (2116)
) icos(k) sin(k) sin(k) i+ icos(k)
—sin(k)  i—icos(k) —i—icos(k) —sin(k)

It may be verified that these are unitary operators with particle-hole symmetry (C =
0, ® 0,K), chiral symmetry (S = io, ® [), and time-reversal symmetry (7 = —o, ® 0,K),
belonging to class DIII of the periodic table, although the rotation obscures its interpretation

in terms of simple fermion operators. The nontrivial topology of UtDoél I'is evident from the

DIIT
Utm'v

spectra of the two operators: while the spectrum of (k) is gapped, the eigenvalues of

Ut (k) wrap around the unit circle as a function of momentum, as shown in Fig. [2.3]

We now introduce another way to construct local unitary operators by directly turning
the internal degree of freedom of Hamiltonian into sublattice degree of freedom. In this
example, there is a nature degree of freedom generated by BdG forms. Therefore, we can
define chiral symmetry operator as S = to,. Then these two Hamiltonians can be mapped to

two unitaries:

UPILI (k) = (2.117)

riv2
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Figure 2.3: Spectrum of the unitaries (a)U2H!(k), (b)Ut%H(k’), (c)UPHI(k) and (d)UBﬁI(k:)

TV
given in the main text. The plots show the complex phase of the eigenvalues € as a function

of momentum k.

and

VDI () — —cos(k) isin(k) (2.118)
' isin(k) —cos(k)

It’s obvious that UPII(k) is trivial since it’s an identity matrix. In addition, we can deduce

the nontrivial topology of UD!J! from the nontrivial winding of the eigenspectrum of U/

op2
as shown in Fig.3.

This mapping to unitary operators provides an alternative method for diagnosing the

topology of a gapped Hamiltonian.
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2.7.2 Two Dimensions
2.7.2.1 Unitary Operators in Class AIII

We now study a two-dimensional example, again using the inverse mapping from topological
Hamiltonians to nontrivial unitary operators. To obtain a nontrivial unitary in class AIII,
we start from a nontrivial Hermitian operator from class A, which we take to be the simple

flattened Chern insulator model

Ao L A + cos(k;) + cos(ky) sin(k,) — isin(k,) 7 9119
(®) | E(k)] sin(k,) + i sin(ky) —A — cos(k,) — cos(k,) ( |

with

E(k) = /(A +cos(k,) + cos(ky))® + (sin(k,) + sin(k,))%. (2.120)

In real space, this Hamiltonian satisfies the definition of locality given in Sec. but
the hoppings will formally extend to infinity (with an exponentially decaying amplitude) to
ensure perfectly flat bands. As shown in Ref [56], when —2 < A < 0, the Chern number
of the model equals —1 and while 0 < A < 2, the Chern number is equal to 1. For other
values of A, this model turns out to be trivial. Since this model describes a particle with
two internal states hopping on a lattice, we can relabel these two states as states acting on
sublattice A and sublattice B separately. Then chiral symmetry operator equals o, in the

original basis. Then this Hamiltonian can be mapped to a unitary with an expression

A + cos(k,) + cos(k,)  sin(k,) — isin(k,)
UNR) = —- Y Y , 2.121
" BRI sin(k;) — isin(k,) A+ cos(k,) + cos(ky) ( )

The numerical computation of the quasienergy spectrum of Unitary U4(k) reveals the
appearance of Dirac cones (that is, of isolated points on the Brillouin zone where the gap

closes with linear dispersion) at the surface of the system. This is illustrated in Fig. .
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Figure 2.4: Three-dimensional view of the Dirac cone in gap 7 of the quasienergy spectrum
of UA(k) when A = 1. The dispersion is clearly linear in the neighborhood of the Dirac cone

(located approximately at k, = 7 and k, = ).

2.8 Conclusion

In this work, we introduce a method to classify local unitaries. By mapping local unitary
operators to Hermitian operators, we can obtain a topological classification based on the
topological classification of Hermitian operators. For unitary operators without chiral
symmetry, we apply the so-called ‘doubling trick” by adding a sublattice or orbital degree
of freedom on each site. On the other hand, for unitary operators with chiral symmetry,
we make use of the existing chiral symmetry operator, which connects unitary operators
and Hermitian operators. In general, a pair of Hermitian operators and unitary operators
fall within different symmetry classes, and these mapping between symmetry classes are
equivalent to moving downwards by one row in the periodic table. After showing the existence
of one to one correspondence mapping between Hermitian operators and unitary operators,
we also demonstrate that homotopic equivalence between two Hermitian operators implies
a homotopic equivalence between the corresponding unitary operators. In the process, we
discovered a number of new topological phases. It would be interesting to see if these can be

realized in experimental settings.

To calculate topological invariants for models, we can combine our results with formulas
for the topological invariants in static systems. By mapping a local unitary operator to a
Hermitian operator, we can use the topological invariant of the Hermitian operator as the

topological invariant of the unitary operator.
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Our work raises many interesting problems. First, as claimed before in this chapter, our
work classifies all edge unitaries in Floquet systems. Then a rigorous connection between
bulk and edge properties can be explored in the future. Second, this chapter only gives a
complete classification of noninteracting local unitaries with different symmetries. It would
be interesting to study whether this classification can be extended to interacting Floquet
phases. Progress in this direction has already been made for one-dimensional local unitaries
via index theory and the matrix product unitary approach, which was first discussed in
quantum cellular automata and then was used to classify interacting Floquet phases. However,
the classification of quantum cellular automata and interacting Floquet phases in higher

dimensions are not complete and remains an exciting avenue for future research.

o8



APPENDIX

2.A Deviations of flow index

In this section, we derive the flow index of local unitary matrices given in Eq. (2.21]) and

then prove some of the claims on the properties of the flow index v*"*1[U].

As what’s shown in Ref.[44], the topological invariant of a flattened Hamitonian with a

format of Eq. (2.18) can be written as

Ind[Hy] = m;(—nff (2.122)

TrSHy[P?', P_][P7?, P_] .- [P7+ P_]

where we define the projector onto the lower bands as P_. Since Hy; is a flattened Hamiltonian,

satisfying Hy = 1 — 2P_ | we can substitute P_ as a function of Hy in the above function:

Ind[Hy] = (—1)"“%*52(—1)0 (2.123)

TI'SHU[P;H, HUHP;Q, HU] R [Pan+1, HU]

After inserting Eq. (2.18]) and simplifying this expression, the multiplication of all operators

inside the trace becomes a block diagonal matrix and the trace of this block diagonal matrix

becomes
T [URg, UN(PR, U] - [Py, U]
— T [UiER, UPE, U [P, U]
Then we utilize the identity [P7', UT] = —UT[PJ', U]UT and rewrite the above subtraction

of trace of two matrices as
2% (=1)" T (U [P, UUN P, U) - - UF [Pg U]

Finally, by inserting it back into Eq. (2.122]), we obtain the topological invariant of Hy in

terms of its off-diagonal block U, which could be used as the flow index of U, showing in Eq.
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@-21)

()"

Wdlfy] = 5= S (=1)° (2.124)

Tr (UM, OIS, U] - - U [Py U]

We can know that the flow index can only take integer values directly from the properties of

the topological invariants of Hermitian operators.
In the rest of this section we provide a deviation of some properties of the flow index.

First, similar to one-dimensional cases, this invariant is local computable because of the
local computability of the topological invariants given in Eq. (2.122))[44]. We will explain this
idea by providing the intuition rather than giving a rigorous mathematical proof. For every
direction i, the matrix elements of UT[P!, U] = UTP.U - P! = UTPiU(1-P))-U'(1-P)UP;
will decay exponentially with i-direction distance between the sites involved and the cut a.
Then the multiplication of UT[P}, U] for all i is bounded by a rapidly decaying function of
the distance from the cut a. In other words, most contributions to the calculation of the flow

index come from the regions close to the cross section.

Second, we need to prove that the flow index is zero if and only if a unitary operator
is locally generated. If a unitary operator U is local generated by a sequence of local

Hamiltonians Hj,.(t) (0 <t < T), then we can define V,(s) as
Va(s) = U(s) = Texp [—i / ’ Hloc(t)dt} (2.125)
and Vj3(s) as Identity matrix I. So the homotopy relation between U and I
U(s) = Vo (s)IVs(s) (2.126)

is the same as that used in the definition of equivalence classes of unitaries in Sec. [2.3.2]
Therefore the topological invariant of U is the same as the one for I which is zero. Two
unitaries share the same flow index if and only if they are topologically equivalent, inheriting
this property from their parenting Hamiltonians. Then if the flow index of a unitary U is

zero, this unitary is topologically equivalent to I, namely,
U(s) = Vo (s)IVs(s) (2.127)
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Therefore U is locally generated. Last, this unitary index is addictive under composition and
product. It’s addictive because of the following property of the trace: Tr{U; & Us} = Tr(U;) +
Tr(Us). A rigorous mathematical proof of why it’s addictive under matrix multiplication
is given in Section [5.A.1] Here we use the same method in [30]. First, for a stacked
chain, it’s clear that v[U @ V] = v[U] + v[V]. Then we can construct a special unitary
(Uel)S, (Ia V)S, acting on two chains where S, denote the unitary which acts as the
swap of these two chains on the right side 79,11 > a9,+1 and leaves the left side 79,11 < 2,41
unchanged. Then this constructed unitary works like U @& V' on the right subspaces and
UV @1 on the left spaces. Because this invariant is both local computable and independent

of positions, v[UV]| =v[U & V] =v[U] + v[V].

2.B Weak topological invariants of unitary operators

In the main context, we only consider strong topological invariants of Hamiltonian and thus
only obtain strong topological invariants of unitary operators. In this appendix, we discuss

how to extend the notion of weak topological invariants to unitary operators.

Motivated by the studies done in disordered static systems [57], we directly apply the
corresponding formulas for strong invariants in lower dimensions to classify higher dimensional
systems with the absence of strong invariants. We will demonstrate this idea by giving an

example in a two-dimensional system.

While no strong topological invariants exist for Hamiltonians in two-dimensional class
ATII systems, strong one-dimensional topological invariants can be used as weak indices to
classify two-dimensional systems. As a result, we apply the flow index in Eq. to classify
our systems. We use the same method to define weak indices as Ref. [57]. We consider
the two-dimensional systems as a stack of one-dimensional systems. To calculate the 1D
index in the z-direction, we treat the full system as a one-dimensional system infinite in

the z-direction and with width NN, in the y-direction. Finally, we could get a well defined
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topological invariant if it has converged as N, — oo, namely,

1
VU] = lim —Te(U'[PE, UIPN,) (2.128)

Ny—00 y

where R]Xgm is used to truncate the original unitary of the full system to a strip which has

N, layers in y- direction labeled from —N, /2 to N,/2 — 1. In addition, a similar topological

invariant can be defined in y- direction,

v, [U] = lim iTr(UT[PIg,U]PNw ) (2.129)

N, =300 ; trunc

where Pt];(?;nc projects onto a vertical strip including N, layers in z- direction labeled from
—N,/2 to N, /2 —1. Finally, these two invariants can be massaged into one vector n,x +n,y,

which can be used to classify this two dimensional system.

In a translation invariant system, consider a two-dimensional U(k,, k,) that now is a
Laurent polynomial of e?*= and e¢*v[30]. Therefore, det U is also a polynomial function of

inzkstinyky Then we calculate topological invariants in two

es and e+ namely, detU = e
directions separately, getting n, and n,. From our discussion of real-space formula, n,x +n,y
can be called the index, independent of basis vectors x and y. As a simple example, we
take the unitary operator to be e**=  which is simply stacks of one-dimensional shift operator

in z- direction. For this operator, the index vector is x since the winding number is 1 in

z-direction and 0 in y-direction.

2.C Eigenstate Properties of Flattened Operators

In this appendix we prove that the flattened Hermitian operators Hy; defined in the main text
have equal numbers of positive and negative eigenvalues. They therefore have a well-defined
energy gap and fit into the usual topological classification. For completeness, we also note
that in certain symmetry classes, Hermitian operators may have different numbers of positive
and negative eigenvalues. While these cannot be obtained through the mappings from unitary
operators used in the main text, this does not affect our conclusions, as cases with equal

eigenvalues exhaust all topological classes. The one-to-one mappings we describe are in this
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way between local unitary operators, and local flattened Hermitian operators with equal

numbers of positive and negative eigenvalues.

We first consider the symmetry classes discussed in Sec. where Hy is defined through
the doubling trick,

0 U
Hy = . (2.130)
Ut o

In these cases, we can expand the underlying unitary operator in its eigenstate basis as
U = > e |v)(vg]. (2.131)
J

By taking the Hermitian conjugate of this equation, it follows that if |v;) is an eigenstate

of U with eigenvalue €%, then it is also an eigenstate of UT with eigenvalue e~ . We can

therefore construct pairs of states

1 1
V2 ety

which are eigenstates of Hy with eigenvalue +1. In this way, each eigenstate of the original

E) = [o7) (2.132)

unitary operator U generates a pair of eigenstates for Hy with eigenvalues £1.

On the other hand, the symmetry classes discussed in Sec. possessed chiral symmetry,
and generated Hermitian operators through Hy = nSU (where n € {1,i} depending on the
specific symmetry class). In these cases, the symmetry relation SUS™! = U means that we
can expand U in terms of its eigenstates through

U = > |e vl +e |o;)(u] |, (2.133)

J
where pairs of eigenstates are related to each other through S |v;) = n* |v;) (and where the
factor of * is necessary to ensure that S takes the correct value). Note that we are assuming
that the system is closed here, as topological eigenstates at a boundary can be mapped onto

themselves under the action of S [37].

With this setup, we can write the Hamiltonian as

H=nSU = Y |e%[o;){v;] + e [v;) (5] |. (2.134)
j
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Then, similar to before, we can construct pairs of states

ju) = \}ﬁl\vﬂ +e” W], (2.135)

which are eigenstates of Hy with eigenvalues +1. In this way, each eigenstate of the original

unitary operator U again generates a pair of eigenstates for Hy with eigenvalues £1.

2.D Local unitary transformation

In section [2.4.2, we define the equivalence relation between two gapped quantum systems.
Two Hamiltonians are in the same phase if we can find a local unitary transformation that
connects their corresponding flattened Hamiltonians. Now we present a method to calculate

this local unitary transformation.

This local unitary transformation defined in Eq. (2.12) is generated by H(s), s € [0,1]
with an expression given in Ref. [51]. For two topologically equivalent quantum systems with
Hamiltonians Hy and Hy, there exists a continuous path s — H(s) that smoothly connects

these two Hamiltonians. Then we can define H(s) as
A(s) =i / AL (£)e TN (9, H (5))e— T o)1 (2.136)

if the gap of Hamiltonian H(s) is larger than some finite value A for all s.

Here, F'(t) is a function with the following properties. First, the fourier transformation
of F(t), F(w) obeys, F(w) = —Lif jw| > A. Second, F(t) is antisymmetric, namely,
F(t) = —F(—t).

The above expression involves a construction of F'(t) and an integral over t. To simplify
the above expression, we derive H (s) from a different perspective. First we can define a

flattened Hamiltonian
H'(s) = 1- 2P,(s), (2.137)

where the spectral projector Py(s) = >, |U*(s)) (U*(s)| specifies a subspace of the total
Hilbert space spanned by the occupied Bloch wave functions of H(s).
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Following from Eq. (2.37)), after taking derivative over s, we find how H'(s) changes with s

) ifia(s), 1'(s) (2139)
We notice that
/). 22 o)
- 2H’(3)8%§8)H’(3) - 28%,8(8) (2.139)

because we are considering flattened Hamiltonian H'(s) which satisfies H'(s)? = 1. To
simplify above equation, we take derivative of the identity H’(s)> = I and another equation

can be derived,

OH'(s) N O0H'(s)
0s 0s

H'(s) H'(s) =0 (2.140)

We can rewrite Eq. (2.139) by plugging Eq. (2.140)),

,, . OH'(s) OH'(s)
(7). =, o

| H'(s)] = —4 (2.141)

Therefore, we can choose

OH'(s)
0s

Fis) = = [H'(5),

] (2.142)

which satisfies our requirements Eq. to be the local unitary transfomation generating
Hamiltonians. Because H'(s) is local and continuous, H(s) is also local. In general, we can
also add arbitary terms to H(s) which commutes with H'(s) or P,(s) in order to satisfy
Eq. . Namely, a more general form of H (g9) can be written as

(s = — (s, 2T

+ P,(s)Hi(s)P,(s) + P.(s)Ha(s)Pe.(s) (2.143)

where P,(s) is the projector in the ground states and P.(s) is the projector in the excited
states. P,(s)Hi(s)P,(s) and P.(s)Haz(s)P.(s) are two Hamiltonians which acts on occupied

states and empty states separately.
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Next, we want to show that these two techniques agree with each other. We can
start from the first expression of H (s) which is given in Eq. and expand it by
P.(s). Then H(g) is decomposed into four parts,
s)H(s)P.(s) and P.(s)H(s)(s). To proceed further, we

inserting two identities I = Py(s

) +
Py(s)H (5) Py(3),Pe(s)H (5) Py (5), Py

express the spectral projector Py(s) in terms of ground states Py(s) = Y, [W(s)) (¥'(s)]
{

and similarly, P.(s) = |7 (s)) (U7 (s)|.Then the second term can be rewritten as

]Ge
P.H(s)P,

SO (W ()| Hs) ¥ () [97(5)) (W(s) (2.144)

j€e i€g

After plugging the expression of H(s) in Eq.(2.136), the coefficient can be simplified using

the property of function F'(t),

<\I/J(s)‘ H(s) ‘\I/’(s)>
= i (Wi(s) / dEF (Deapli(B; — E)N0.H(s) |Wi(s))

= iF(E; — E) (W(s)| 0.H(s) |¥(s))
= i (W(s)| 0, |W(s)) (2.145)
where F(Ej —E)=- Ei 7 according to the assumption on the gap in the spectrum. The

last equality in the above equation holds because
B (16]a W) = (w0

= (Wi(s)
+ B (Wi(s)

O:(H(s) [W'(s)))

0,H(s) [W'(s))

0. | (s)) (2.146)

Substituting (2.145) into (2.144) we have P.(s)H(s)P,(s) = iP.(s)0sP,(s) and similarly
P

g

the desired form ([2.143)),

(s)H(s)P.(s) = iP,(5)0sP.(s). After adding four parts together, we can massage H (s) into

H(s) = iP.(s)0sPy(s) +iP(s)0sPe(s)
+ P,H(s)P, + P.H(s)P. (2.147)
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Where the addition of the first two terms become —%[H'(s), afgs(s)] if we apply two identities
I= P,(s)+ P.(s) and (2.137)). Therefore, these two techniques agree with each other.

The second question in this section we want to solve is how symmetry operators act on
these transformation generating Hamiltonians and their corresponding generated unitaries.
In general, these Hamiltonians don’t follow any symmetries because the freedom to add
arbitary local Hamiltonians that commutes with P,(s). However, if we have a special choice
of H(s) given in (2.142), then symmetry operators can apply constraints on H(s). Recalling
Egs. , we show how symmetry operators (if present) act on these Hamiltonians,

TH(s)T ' = —H(s) (2.148)
CH(s)C™' = —H(s) (2.149)
SH(s)S™' = H(s). (2.150)

Consequently, we can write down the action of the three symmetries (if present) on the

transformation unitary operators generated by H(s) given in (2.142)

TV()TH = V(s) (2.151)
CV(s)C™' = V(s) (2.152)
SV(s)S™t = V(s). (2.153)

Overall, we provide two techniques to construct local unitary transformation and prove
that they agree with each other. Then we show how symmetry operators act on these locally

generated unitaries under a particular choice of generating Hamiltonians.

2.E Generating nontrivial unitaries from Hamiltonians

In section we discuss how to map from Hamiltonians without chiral symmetry to unitary
operators with chiral symmetry. However, the local Hilbert spaces of these unitaries may

have different dimensions with the ones of Hamiltonians. In this appendix, we only consider
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when unitaries have larger internal degrees of freedom, and the opposite situation can be
dealt with a similar method. To match the internal degrees of freedom, we can reorganize
the cell structure by either adding trivial systems or regrouping several neighboring cells to

get a new single cell with a higher internal degree of freedom.

The first method, adding trivial systems, works because the topological properties of
Hamiltonians will stay the same after the addition of arbitrary numbers of trivial bands
under the definition of stable homotopy. In that case, although a Hamiltonian H; can not be
transformed into a unitary with chiral symmetry U, it might be possible that there are trivial
walks Hs so that Hy & Hy can be mapped to U. For example, We can define a nontrivial
flattened Hamiltonian H,4 acting on sublattice A and a trivial flattened Hamiltonian Hp
acting on sublattice B. Then the chiral symmetry operator can be defined as I & —1I which

can map a nontrivial Hamiltonian H4 & Hp to a nontrivial unitary U = H4 & —Hp.

Since the spatial degrees of freedom and the internal degrees of freedom are interchangeable
in general, we can also regroup some finite collection of the cells to increase the size of the
local Hilbert space. If we include two neighboring cells into one new unit cell, we can
change the periodicity from 1 to 2 and double the dimension of the local Hilbert space.
Clearly, this does not affect the topological properties of the original Hamiltonians. The main
difference between new Hamiltonians and original Hamiltonians is due to different definitions
of translation vectors. In section [2.7], we use this method to generate one-dimensional unitary
Operators in Class DIII from Hermitian operators in Class D. Let us explain how to do the

regrouping operations in this example.

In this example, we study translation-invariant systems and want to express Hamiltonians
in the momentum space. Then the matrix element connecting two positions of a Hamiltonian

is only dependent on distances between two positions. Explicitly, we can assume
f(F) = (F+ 2| H |Z) (2.154)

where 7 and T 4 7" are two points on the lattice, and H is the Hamiltonian that we want to

transform. If there is an internal degree of freedom, f(7) can become a matrix. After doing a

68



fourier transformation, we can express the Hamiltonian in the momentum space as

HE) = e () (2.155)

—

T

For one dimensional system, we label even sites as sublattice A and odd sites as sublattice
B. Then the transformation has similar form as in Ref. [32]. First, the regrouped Hamiltonian

f» in the position space can be written as

n=| BT (2.156)
f@r+1)  f(2r)

and after doing fourier transformation

ko (H(S 0 k
1,0 = by [T ik (2.157)
2 k 2
1
where the unitary matrix M (k) meets M = % Then we obtain the expressions
otk _p—ik

of the topological Hamiltonian after regrouping Eq. (2.113) given H (k) satisfying Eq. (2.109))

For two dimensional systems with square lattice, similarly, we label unit cells alternately.

[

This time new translation vectors become e}, = 2¢,, €,

e, + ¢, if original lattice can be

constructed by two translation vectors e, and e,. Then regrouping Hamiltonian becomes

HQ2r+y,y) HQRr+y—1y)
fr(z,y) = (2.158)
H2z+y+1,y) H(2z +vy,y)

and the regrouping Hamiltonian in momentum space becomes

H, (k) (2.159)
H ki? ky o % x
ol [ M%)
H + 70y — & +7)
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CHAPTER 3

Constructing locally generated unitaries

In last chapter, we provide a method which can detect whether a local unitary is locally

generated. In this chapter, we want to show how to construct such locally generated unitaries.

To do this, we first apply the one-dimensional decoupling method introduced in Reference [30,

46]. Then we explain it in a new perspective and generalize this theory to higher dimensions.

3.1 One-dimensional decoupling theory

In the one-dimensional decoupling theory given in Reference [46], we construct V', which
decouples the left and right side of a system. Therefore, V' can transform this unitary U to a

new unitary Uy, @ Ug,
VU =Up ®Ug (3.1)

In other words, the decoupling condition can be expressed as [P,, VU] = 0 where P, is a
half-space projection operator. In one-dimensional system, P, act on sites on the right of the
cross-section a. If we label the one-step translation of the projector P, as Q = UP,UT, the

decoupling condition can also be written as
VQ, =P,V (3.2)

V should be a function of P, and @),. Before giving the detailed construction, we introduce

the following subspaces
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Hio = {0 € H|Qup =0, P =0}
Ho = {9 €H|Qup =0, Fup = ¢}

and the complement of Hig @ Ho; is represented as H | .

With these notations, the steps to construct V is given as follows. First we study the
operator X =1— P, — Q, + 2P,Q,. This operator meets the decoupling condition above
but is not unitary. Therefore we need to modify the X operator to make it unitary. We
separate Hilbert space into two parts, the null space of X which coincides with Hio @ Ho1
and the complement of the null space which equals H . On the subspace H,, X is not zero,
and all its eigenvalues can be normalized. After normalizing all its nonzero eigenvalues, X is

transformed to be a canonical decoupling operator V,,, which can be written as
Vean = (XTX)712X (3.3)

On the subspace Hig @ Ho1, however, the normalization approach doesn’t work. This

time, we define a swap unitary Vy; which swaps Hig and Hpy, i.e.,

‘/E)l,HlO = HOla %1H01 = HlO (34>

This is required by the decoupling condition. Finally we find a proper decoulping unitary
U by adding V.., and V{; together

V= ‘/com S¥ %1 (35)

For strictly localized systems, when away from the cut, P, = (), = 1 on the far right and
P, = @, = 0 on the far left. Therefore X = T far from the cut. As the function of X, the
decoupling unitary V' is also equal to identity away from the cut. For exponentially decaying
unitaries, V' — I is also exponentially decaying when away from the cut. For these unitaries
almost confined to a finite-size region, we can always find a Hermitian operator H which are

bounded to the same region such that ¢! = V.
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If there are symmetric constraints on U given in Eq.(2.48]), VU should also be in the same
symmetric class. If there is particle-hole symmetry, then the requirement of Eq. (2.47)) means

V' commutes with the symmetry operator C,
cve?t = V. (3.6)

If the system has time-reversal symmetry, then the requirement of Eq. (2.46)) imposes the

condition
TVT' =V, (3.7)

with the modified symmetric operator 7 = U7T. While the presence of chiral symmetry
[Eq. (2.48)] imposes the similar condition

SVSt =V, (3.8)

with the modified symmetric operator S = US.

While V,,,, always meets all these communication relations, we need to add these additional
constraints for V4. We are not going to give details about how to add constraints here and

suggest the reader refer Reference [46] for details.

3.2 One dimensional locally generated unitaries

After briefly reviewing the decoupling theory, we now show how to construct locally generated
unitaries in this section. We cut the systems at locations with equal distance x = 0, +a, +2a, - - - .
At every cut ma, we can find a unitary V,, using the decoupling theory above. Let H,,
denote the Hermitian operator decaying exponentially away from the cut m, such that
V,, = efim  After multiplying by the product of these unitaries, [, e/'=U will be fully
decoupled, becoming 3, U,, where U,, only act on sites between the cut na and (n+ 1)a for
each n. Since each unitary U, is acting on a finite region [na, (n + 1)a], we can always find

a Hermitian operator H,, acting on the same subspaces such that eifln — U,i The whole
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process can be written as

Nmazx - Mmazx )
II ¢ JI ¢™v=I (3.9)
N=Nmin M=Mmin

Accordingly, the generating process for a local unitary U is

Mmin . Nmin -
U= [ e™ [ e (3.10)
mMm=mMmazx N=Nmaxzx

Let’s give an example here. Consider a translation-invariant system with two internal

degrees of freedom for each site. We show how to generate the following unitary
U(k) = A (3.11)

We first do an inverse Fourier transformation of this unitary U(k) to get a real space
unitary operator U. As shown below, it’s an addition of a left-moving translation operator

and a right-moving translation operator on two separate sublattices in real space.
U= |m+1,-1) (m,—1] + |m,1) (m + 1,1 (3.12)

where the first index denotes the position of sites and the second index represents internal

degrees of freedom.

Next, we choose x = 0 as a decoupling position, then the half-space projector becomes
P, = Py = Y,,>0|m) (m|. Another projection will be the unitary transformation of F,

Qo = UP,U'. The two subspaces labelled by the eigenvalues of @, and P, are

Hio = {Cl—l,lHCEC}
Hor = {ClO,—l>|CEC}

where c is the coefficient of a state, taking arbitrary complex number. V5, swap two Hilbert

spaces Hyp and Hp;. This operator is of course not uniquely defined, we choose it to be

Vor = i|0,—1)(=1,1|+14|-1,1) (0, —1| (3.13)
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Next, we calculate the decoupling operator X,

X = 1-P—URU'+2P,URU" (3.14)

= S m,=1) (m,—1]+ Y |m,1) (m,1]

m##0 m#—1
Therefore on the complement of the null space Hig & Ho1, X acts as the Identity matrix
and thus is already a unitary. After applying the normalization process in Eq. (3.3)),

‘/can =X (315)

Finally, we find the unitary that can decouple the left side and right side of the cut z =0
by adding V., and V{y,

m#0 m#£—1

which can be generated by Hy = [0, —1) (=1,1| + |1, 1) (0, —1|, satisfying V; = e*fo. This
unitary is strictly local, with nonzero hopping only existing between nearest neighboring

sites.

According to translation invariance, we can get decoupling unitaries V,, at every cut x = n,

Vv, = Z |m, —1) (m, —1] + Z |m, 1) (m, 1| +i|n,—1) (n —1,1| +i|n — 1,1) (n, —1|

m#n m#n—1
governed by a Hamiltonian H,, = F(|n,—1)(n —1,1| + |n —1,1)(n, —1|). Since each
Hamiltonian H, are bounded to the subspaces expanded by |n, —1) and |n — 1, 1), different
H, and H,  act on separate subspaces and don’t intertwine with each other. As a result, we

can do the decoupling at each cut simultaneously with a decoupling unitary,
V=]IV. (3.17)
generated by a Hamiltonian

H = Y H, (3.18)
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We can do a Fourier transformation of H to express it back in the momentum space,

H(k) =~ 0 e (3.19)
2 e—zk 0 ‘
After applying V (k) = ¢"*) to decouple the original unitary (3.11]), we get
01
W(k)=V(k)U(k) = —i (3.20)
10

Since W (k) is fully decoupled, W (k) can be generated by a constant Hamiltonian W (k) =
') To recover H'(k), we need to take a log of W (k),

, (01
7R ==z| (3.21)

Finally, we show that U(k) can be generated by a two-step evolutions,
Uk) = Vi)W (k) = e B (k) (3.22)

where H (k) and H'(k) are given in Eq. (3.19) and (3.21)) separately.

3.3 Higher dimensional decoupling theory

In this section, we will have a different viewpoint of the decoupling theory and generalize it
to higher dimensional systems. As shown in Chapter [2] there is a one-to-one correspondence
between a local unitary operator and a local gapped Hermitian operator. Hence we can

decouple a unitary by decoupling a Hermitian operator.

3.3.1 Decoupling flattened Hermitian operators

To decouple a flattened Hermitian operator in d dimension, we need to find a d — 1 dimensional

local unitary Vg, such that,

VyHV), = H=Hp & H,. (3.23)
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Since this is a unitary transformation, H is also a flattened Hermitian operator. An intuitive

way to do this is to have a truncation of these Hamiltonians through
Hipune = PeHy P+ (1 — PL)Hy(1 — PY) (3.24)

where we cut the whole system through a cross-section located at a along the direction i and
the definition of P! is given in Equation (2.23). Then Hy.yn. is clearly decoupled, with no

nonzero hoppings between left and right side of the cut. Clearly,

0 PUP! + (1 - PHU(1 — PY)
Hywpe = . . (3.25)
PIUTP: + (1 — PHU(1 — PY) 0
Then we need to flatten this Hamiltonian as required by Eq. (3.23)). If Himune is gapped
then we can flatten Hy.p. directly. If Hyune is gapless, then we need to transform Hy, e
into a gapped Hamiltonian. From the last chapter, we know that if a unitary can be locally
generated, then its corresponding Hamiltonian should be topological trivial. By adding

symmetry-preserving local perturbations on the edge created by the cut, we can lift the gap.

This step can be done numerically. Finally, we get a gapped Hamiltonian

Hgap = Htrunc + Hperturbation (326)

Then we flatten this Hamiltonian by introducing a matrix
Hyqe =1—2Pp (3.27)

where Pp projectors to the lower bands of Hy,,. Finally, we get the decoupled Hamiltonian

H = Hflat-

3.3.2 Unitary operators without chiral symmetry

For a unitary operator U without chiral symmetry, it can be mapped to a Hermitian operator

with chiral symmetry via

0 U
Hy = . (3.28)
Ut o
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Then the decoupling condition in Eq. (3.23]) can also be written as

0 VU
Vi Hy Vi = = Hp® H,, (3.29)
utvt o

where we define a decoupling unitary for Hy through

(v oo
V= (3.30)
0 I

Hence, Hy, = Hr + Hy, given in Equation (3.27)) also follows the same chiral symmetry as
Hy;, taking the form of

0o w
Hr+ H = Hpar = (3.31)
Wt 0

After comparing this equation with Eq. (3.29)), we find the decoupling unitary V', satisfying

VvV =wu! (3.32)

3.3.3 Unitary operators with chiral symmetry

We define a Hermitian operator through Equation (2.84]) and (2.89)),
Hy = nSU (3.33)

when 82 = 1, n = 1 and when S? = —1, n = i. Similarly, the decoupled Hamiltonian
Hy=H flat given in Eq. (3.27)) can be written in a similar form,

Hy, = 18U (3.34)
Therefore, the decoupled unitary U can be written as

U = n’SHy (3.35)

= (P’ SHyUNU (3.36)

Then we can define a local unitary V = n*SHyU' that meets the decoupling condition given
in Eq. (3.1).
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CHAPTER 4

Chiral flow in one-dimensional floquet topological

insulator

Portions of this chapter are adapted from the publication:

Reiss, D., Harper, F., and Roy, R. Chiral Flow in One-dimensional Floquet Topological
Insulators. Physical Review B 98, 165116 (2018).

4.1 Preliminary Discussion

4.1.1 The Flow of a Unitary Matrix

In our study of dynamical phases, we will make use of a property of unitary matrices known
as ‘flow’, introduced by Kitaev in Ref. [31]. This property may be defined for any unitary

operator, although we will later apply it to the special case of unitary loop evolutions.

To define this quantity, we consider a noninteracting unitary matrix U = (Ujj), where j
and k can be interpreted as labelling sites on a (formally infinite) one-dimensional lattice.

Explicitly, the matrix elements Uj;, determine a unitary operator through the definition
U = > Ujkc}ck, (4.1)
jk

where c} (¢;) creates (annihilates) a single boson or fermion on site j. An intuitive notion of

‘current’ from position k to position 7 induced by the unitary operator may then be defined
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as
Fie = Unl* = Uy, (4.2)

which is the difference in hopping probabilities between the two sites. In analogy with electric
current, the one-dimensional flow of a unitary matrix is the total current through a cross

section [31], which may be written explicitly (for a cross section at coordinate xg) as

FU)= > > fir (4.3)

j2xo k<wzo
This is shown schematically in Fig. [4.1]
. o
: i 5
L | Uy i

: /—E\ :

—o ; - — > I
. 1 .

' Uk | ; ;

Figure 4.1: The flow of a unitary matrix. Vertical dashed green line indicates the coordinate
of the cross section z(, defining regions L and R. Red points indicate 1D lattice sites, while
black arrows represent the current between sites j and k across the cut. The flow is defined
by summing over all particle currents that cross the cut, as in Eq. . If the unitary is
strictly local, only sites within a distance ¢ of the cut will contribute to the flow, delimited
by grey dotted lines.(Figure adapted from Reference [37] with permission from the American

Physical Society.)

Following Ref. [31], we now introduce a projector Pg for the half axis z > xy and a
projector Py, for the other half axis x < z¢, so that P, =1 — Pg. In terms of these projectors,

the flow of a unitary matrix may equivalently be rewritten as
F(U) = Tr(U'PRUP, — U'PLU PR)
= Tr(UTPRU — Pg) (4.4)

= Tr(U'[Pg, U)).
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It may be verified that these expressions reduce to Eq. (4.3]). Importantly, in these expressions
we cannot use the cyclic property of the trace Tr(AB) = Tr(BA), since this holds only if one

of the matrices has a finite number of nonzero elements [31].

In a physical system, the underlying Hamiltonian must satisfy certain locality constraints,
which in turn places constraints on the form of the time-evolution operator. We can use these
properties to our advantage when calculating the flow of a unitary operator that corresponds
to time evolution. The usual definition of a local operator is one whose matrix elements
decay exponentially (or faster) with the distance between the sites involved (see, for example,
Ref. [7]). To simplify our discussion in the main text, however, we will assume that the
time-evolution operator is strictly local, i.e. that Uj, = 0 for |j — k| > ¢ beyond some
localisation length ¢ (where j and k label unit cell positions). In Appendix we extend

our arguments to the more general definition of locality.

Under this assumption of strict locality, it is clear that only the regions close to the
cross section will contribute to the calculation of flow in Eq. . Setting the cross section
coordinate to be zy = 0, we can therefore restrict our projectors to the relevant interval
[—¢,¢]. Specifically, we define the projector Pf for the region [—¢,0) and the projector P
for the region [0,¢) and substitute P, — Pf and Pr — Pf in Eq. (£.4). It is clear that the

result will not be affected by this truncation, and we arrive at the expression
F(U) = Te(U'PRUP; — UTPLUPY,). (4.5)

With this truncation, we have an expression for F'(U) that can now be applied to finite

systems.

To develop some intuition for this index, we now consider two simple examples. First, we
take the unitary operator to be the identity, U = I. It is clear that the flow will be zero in
this case, since each projector commutes with U in Eq. and we can apply the result
PfPE = 0. This is reflective of the fact that that unitary operator I does not involve any

particle current between the two sides of the cut.

As a second example we consider the unitary U = ¢, where £ is the shift operator having
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action
ti) =17+1), (4.6)

with |7) a state localised on site = j. For this operator the localisation length is ¢ = 1.

Writing Pf = |—1)(—1| and P5 = |0){(0|, we see that
L R

FU) = Te[(i|0)(01F]-1)(~1]) - (& [~1)(~1] £]0}0])]
= 1. (4.7)

This quantifies the non-zero current of particles across the cut effected by the operator .

The flow of a unitary operator, using any of the definitions above, is quantized to take
integer values [31]. It is therefore robust to any continuous change of the system, and can be
used for the purposes of topological classification. When U possesses translational symmetry,
it was shown by Kitaev [31] that Pg in Eq. may be replaced with the position operator
X so that

FU) = (U'[X,U]), (4.8)
where ‘tr’ now indicates the trace per unit cell. We can then use the Fourier transform

q) =Y U (4.9)

to rewrite the flow as the integral

/ dg Tr [ TC;U] , (4.10)

where ‘Tr’ is once again the usual matrix trace [31]. In this way, we see that for translationally
invariant systems, the flow is equal to the familiar momentum-space winding number w[U]

that captures the topology of the mapping from the space S! to the space of unitary matrices.

In this paper, we aim to find and classify time-evolution operators with nontrivial unitary
flow. However, many of the systems we might hope would host such phases can be shown to
have a trivial flow index. In particular, a 1D unitary generated by a local 1D Hamiltonian

can be shown to always have zero flow index [30]. In addition, for a unitary operator with a
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finite number of nonzero elements, we can use the cyclic property of the trace to show that
Eq. (4.4) vanishes.

One way to achieve a nonzero flow is to consider higher-dimensional systems, where, for
example, robust chiral edge modes may exist at the boundary of a 2D periodic drive [5]. In
this work, we will instead consider inherently 1D systems with a protected chiral symmetry,

which leads to a definition of ‘chiral flow’.

4.2 Driven Systems with Chiral Symmetry

4.2.1 Chiral Symmetry

In this section, we will study topological drives with chiral symmetry, corresponding to
Class AIII of the AZ classification scheme [I], 49, [58]. We will introduce a notion of chiral
flow that can be used to characterise such systems and describe a nontrivial model drive that
may be used to generate phases with different chiral flow indices. We begin by recalling that

a system has chiral symmetry if its (time-dependent) Hamiltonian satisfies the relation
CH(t)C™' = —H(—t) (4.11)

for some chiral symmetry operator C, which is a unitary operator satisfying C? =1 [I]. The

eigenvalues of such an operator are +1, and so we can write it in diagonal form as
I 0
Cc = =C,—-C_, (4.12)
0 —I
where C'y. are projectors onto the +1 eigenspace. In this basis, the instantaneous Hamiltonian

is off-diagonal. It follows from Eq. (4.11)) that chiral symmetry acts on the unitary time-

evolution operator as
cut)C™t = U(T -t UN(T), (4.13)

where we have used the fact that the Hamiltonian is periodic in time with period 7" [I]. At

the end of one cycle, the time-evolution operator satisfies
cumct = U'(T). (4.14)
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4.2.2 A Model Drive with Chiral Symmetry

We now build a model drive with chiral symmetry that has nontrivial flow properties.
Inspired by the static Su-Schrieffer-Heeger (SSH) model [59], we take a 1D bipartite chain of
N unit cells, with sublattices labelled ‘A’ and ‘B’. For a closed chain, we define the SSH-like
Hamiltonian
N
Hgsy = le|mB mA|+Hc] (4.15)
m=1

+—wilnHﬂNAHmﬂ+Hﬁ

m=1
where |m, ) denotes a state of the chain where the particle is on sublattice a in unit cell m.
The parameter v controls the hopping of particles between sublattice A and B within the
same cell, while the parameter w controls the hopping between unit cells. In this static case,
the Hamiltonian is trivial (topological) when |v| > |w| (Jw| > |v|) [59]. It may be verified

that this Hamiltonian satisfies the chiral symmetry constraint
CHSSHCHI = _HSSH7

where C' is defined in the canonical way through C' =[], 77, and where 77 is a Pauli z-matrix

acting in the sublattice space on site j.

For our model drive, we take a piecewise constant Hamiltonian of the form

Hy  0<t<iT
Hy T<t<j3T
H(t) = : (4.16)
Hy iT<t<?3T
Hy 3T <t<T,

where
o X
H = T > (Jm, B) (m, A| + h.c.) (4.17)
m=1
o N=1
Hy, = 7 (lm+ 1, A) (m, B| + h.c.)
m=1



are of the form in Eq. (£15)[] The hopping terms of the drive are indicated in Fig. [4.2{a).

In each of the four steps of the drive, a particle moves with probability one between
neighboring sites, following the trajectory shown in Fig. [£.2b). After a complete cycle, each
particle in the closed system returns to its initial position, so that U(7T") = I and the unitary
is a loop. After cutting the chain open, however, some terms from the Hamiltonian are
removed, and one particle on each edge no longer moves during the second and third steps.
At the end of the evolution, these particles have instead gained a phase of 7w, and will show

up in the quasienergy spectrum as protected edge modes at € = 7.

e o—o e—o e—o [

(a)
e ~—e +—o oo H
1 2
(b) &% & AN° .
4 3

Figure 4.2: Schematic picture of the model drive given in Egs. and . (a) Driving
protocol. The phase with Floquet edge states is obtained by driving with a trivial Hamiltonian
H; and a nontrivial Hamiltonian H, in turn. Black (gray) points are sites on sublattice
A (B). For each Hamiltonian, hopping occurs between sites indicated by red lines. Gray
background indicates unit cells. (b) Drive action. Particles in the bulk move in closed
trajectories indicated by the blue arrows, while particles on the boundary follow the green
arrows and gain a phase of 7.(Figure adapted from Reference [37] with permission from the

American Physical Society.

4.2.3 Winding Number Invariant

We now obtain a classification of this model drive which may be extended to more general
systems with chiral symmetry. We first observe that at ¢ = 7'/2 in the model drive, particles

that started on an A site have moved to another A site (unless they are near the boundary)

!The relative minus sign is added for convenience so that hopping phases gained during steps one and two
cancel out in the bulk.
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and similarly, particles that started on sublattice B have moved to another B site. More
specifically, particles appear to ‘flow’ within each sublattice, and the action of the half-period
evolution U(7'/2) resembles a combination of shift operators # @ ¢, introduced in Eq. (&.6).

This is shown schematically in Fig. |4.3(a).

This sublattice decoupling is a general feature of Floquet drives with chiral symmetry at

the half-period point. We can see this by substituting ¢ = 7'/2 into Eq. (4.13]) to find
Ut (T/2)Cu(T/2)Cc™t = U(T). (4.18)

If the drive is a loop, then
CU(T/2)C™ ' =U(T/2), (4.19)

which means that U(7/2) commutes with the chirality operator and hence is block-diagonal

in the chiral basis,

U, 0
U (T/2) = N (4.20)

For the model drive, we see that U, = and U_ = #I.
Now, we know that any translationally symmetric (closed-system) unitary in 1D has a

winding number as given in Eq. (4.10). Applying this formula to the block-diagonal unitary
U(T/2), we find

wlU(T/2)] = wUi]+w[U-] =0, (4.21)

which must vanish because the evolution is one-dimensional: Specifically, the winding number
is a homotopy invariant and U(t) is smooth, and so w[U(t)] must be independent of time
[14]. Then, since w[U(0)] = w[l] = 0 at the beginning of the evolution, it follows that
w[U(T/2)] = 0 too.

However, we observed for the model drive in Sec. a ‘chiral low” within each sublattice
for which w # 0, and so in general w[U,] and w[U_] might not be zero individually. We

identify the quantity w([U,] as the topological invariant v[U] for a chiral Floquet system,
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which may be written in full as

WUl = = / dktr[ )8kU+(k)] (4.22)
— Z;T/:rdkmrlcU1(/<;,T/2)akU(k,T/2)].

In the second line we have inserted the chiral symmetry operator and used the fact that
w|U,;] = —w[U_]. For the model drive above, it may be verified that v[U] = 1. Other integer
values of v[U] can be obtained by running this model drive in sequence (being sure to preserve

chiral symmetry), or by running the model drive in reverse.

Since the winding number is quantised to take integer values, it is robust to local
perturbations and is a well-defined topological index for chiral symmetric Floquet systems
with translational invariance. The topological invariant for 1D Floquet systems in class AIII

has previously been expressed in this form in Ref. [14].

@ \/\/\/\ A

a ~2 \/\/\/\
YR Y YA

(b) YNNG N

Figure 4.3: Schematic picture of the chiral flow for the model drive introduced in Sec.
(a) The chiral flow in the closed system generated by U(T'/2). Black (grey) circles indicate
sublattice A (B). Blue (red) lines show the motion of particles on sublattice A (B) after a
half period. (b) The chiral flow in the corresponding open system after a half period. Note
that on each edge, particles are forced to hop between sublattices (green arrows).(Figure

adapted from Reference [37] with permission from the American Physical Society.

4.2.4 Chiral Flow Invariant

The winding number above functions as a topological invariant for Floquet systems with

both chiral symmetry and translational invariance. We now seek to construct a real-space
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topological invariant that continues to hold even in disordered systems, using the connection

between flow and winding number discussed in Sec. [£.1.1]

From Eq. (4.10]), we see that the winding number w(U, ) is related to the flow of the

unitary U,, which acts only on the positive chirality eigenspace. We can therefore use
Egs. (4.4) and (4.5) to replace w[U,] with F[U,], so that
V[U] = TI‘(UJ:lpRU+PL) - Tl"(U;lpLU+PR)
= Tr(U;'PRULP) — Te(US' PLU, Pp). (4.23)
This describes the flow from the left side of a cut to the right, using the definitions of
projectors introduced in Sec. f.1.1] In the second line, we have again assumed that the
unitary operator is strictly local, so that the truncation to a region of width 2¢ around the

cut has no effect on the calculation of v[U]. In Appendix [4.A] we consider the more general

case where U is only exponentially localised.

As in the translationally invariant case, the total flow of the unitary must be zero and so

FlU;] = —F[U-]. We can therefore write the real-space invariant more symmetrically as
U] = < |Tr(CUT'PRUPL) — Tr (CU PLUPy) ]

v (cU='[Pg,U]) ] (4.24)

N = N = DN =

Tr (CUT'PRUPY) — Tr (CU™' PLUPy) ]
where we have used the shorthand U = U(7'/2).

These (equivalent) expressions for v[U] define what we refer to as chiral flow, a bulk
topological invariant that quantifies the particle low on a single sublattice at the midpoint of
a Floquet evolution belonging to class AIIL. For the model drive introduced in Sec. [£.2.2] this
flow is evident from the form of the unitary operator at ¢ = 7'/2, but v[U] may be calculated
for any evolution in the symmetry class. In particular, the real-space expression for the chiral

flow is applicable to unitary evolutions with disorder.

Before concluding this section, we note that there is another way of interpreting the chiral

flow in this model drive. In Ref. [5], the authors construct a 2D Floquet loop drive belonging
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to class A (which has no protecting symmetries). Under the action of their drive, a particle in
the bulk will follow a closed path around a square plaquette, returning to its initial position.
However, a particle at the boundary will be unable to complete a closed path, and will instead

propagate along the edge, as shown in Fig.

At t =T/2, our 1D class AIIl model drive exhibits bulk chiral flow that looks very similar
to the edge behaviour (at ¢t = T') of the 2D class A model of Ref. [5]. In fact, our class AIII
model can be interpreted as an open-system class A drive collapsed down to a single layer.
In this interpretation, the edge modes of the model of Ref. [5] undergo chiral flow at the

boundary.

Figure 4.4: Action of the 2D class A drive introduced in Ref. [5]. During each step, particles
hop between sites on a bipartite lattice following the paths indicated by red and blue arrows.
Sublattices are indicated by gray and black points, while gray shaded regions indicate unit
cells. After a complete cycle, a particle in the bulk returns to its initial position, while a
particle at the edge is translated by one unit cell. The 1D class AIIl model we introduce in
Sec. can be obtained by collapsing this 2D model onto a single chain. (Figure adapted

from Reference [37] with permission from the American Physical Society.
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4.3 Dynamical Edge Modes with Chiral Symmetry

4.3.1 Protected Dynamical Edge Modes in the Model Drive

In the previous section, we introduced chiral flow as a robust topological quantity that
describes the bulk properties of a Floquet evolution in class AIIl halfway through the driving
cycle. However, topological phases also exhibit robust edge behaviour that is closely related
to the physics in the bulk, a feature known as bulk-boundary correspondence. In this section,
we study the form of the dynamical edge modes present at the end of a topological drive in
class AIII, and introduce an invariant that may be used to count them. This will be used in

Sec. [£.4) when we derive an explicit bulk-edge correspondence.

In general, protected edge states arise at interfaces between topological phases where
bulk topological numbers change. In this paper, we will mostly consider edge modes at the
boundary of an open system, which may be viewed as an interface with the (topologically
trivial) vacuum. As motivated in Sec. , inherently dynamical edge modes are associated

with bulk unitary loops, and occur at quasienergy € = .

As an example, we first revisit the model drive introduced in Sec. [£.2.2] We recall that

halfway through the drive, the time-evolution operator takes the block-diagonal form

A~

t 0
Ue(T/2) = E
0 {f
where # (') is the unit translation operator to the right (left), and each translation operator
acts within a single sublattice. We have added the subscript ¢ to emphasise that the unitary

operator here is for the closed system. In this way, the unitary U.(7/2) generates a chiral

flow with index v[U] = 1, shown schematically in Fig. [4.3]

In order to find the number and form of the edge modes of the model, we must evolve

with the drive in an open system until ¢ = 7. Using Eqs. (4.15)) and (4.16)), we find

U,T) = —|1,B)(1,B|—|N,A)(N,A| (4.25)

+ > |m, A) (m, Al + > |m, B) (m, BJ,
m=1 m

=2
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where the subscript o indicates this is the evolution for the open system (i.e. with terms in

the generating Hamitonian which connect sites across the boundary omitted). Then, writing

Us(T) = > e |¢n)(¢nl, (4.26)

we see that there is a single edge mode at € = 7 on each boundary. Focussing on the
right-hand edge at x = N, we find that there is one edge mode with wavefunction |V, A),
and that the total number of m modes is n, = 1. In general, we write the net number of 7

edge modes at a single boundary as

A
Ng = nNg -

(4.27)

which is the number of edge modes on sublattice A minus the number of edge modes on
sublattice B. This definition is justified in that a pair of degenerate states at the same edge
on different sublattices can be gapped out by a chiral-symmetric Hamiltonian acting only at

the edge, as proved below in Sec. [4.3.2]

For our model drive, it follows that at the right edge nff = 1, while at the left edge
nr = —1. In this way, at least for the model drive, we see that the number of edge modes is

equal to the change in the bulk chiral flow invariant across the interface,
ny =nt—nbf = Av. (4.28)

We will show below that this bulk-edge correspondence holds in general.

4.3.2 Edge Invariants

We now extend this discussion of edge modes to more general drives with chiral symmetry.
First, we note from Eq. (4.14]) that the quasienergy spectrum of a chiral-symmetric Floquet
operator U(T') is symmetric about € = 0 and € = w. Specifically, if |¢,) is an eigenstate of

U(T) with quasienergy €, (mod 27), then using Eq. (4.14)) we can write
U(T)C|¢n) = CUNT) |6n) = 7" C |¢n) , (4.29)

which shows that C'|¢,) is also an eigenstate of U(T') with quasienergy —e¢, (mod 27). In

this way, eigenstates at ¢ = 0 and € = 7 are special, in that the chiral symmetry operator
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maps them onto states with the same quasienergy. These spectral properties are illustrated

in Fig. [4.5
N
0

Figure 4.5: Schematic quasienergy spectrum for a Floquet operator U(7T") with chiral symmetry.
Since quasienergies are defined modulo 27, the spectrum may be visualised on the unit circle.
The chiral symmetry operator C' maps states with quasienergy e onto states with quasienergy
—e (green band and blue points). In this way, the spectrum is symmetric about € = 0
and ¢ = 7. States at these special values map onto states with the same quasienergy
under the action of C'; and possibly map onto themselves (red points).(Figure adapted from

Reference [37] with permission from the American Physical Society.

For the open-system Floquet operator U,(T") of the model drive given in Eq. (4.25)), we
see that each edge state has support on a single sublattice, and is mapped onto itself under
the action of C'. In fact, eigenstates at ¢ = 7 can always be chosen to have support on a

single sublattice, as we now show. First, we write the projector onto sublattice A/B as

I+C
Pyp = —5 (4.30)

which follows from Eq. (4.12)). Then, given an eigenstate

Uo(T)|p) = —1¢), (4.31)

we see that

vanyale) = v 25 o

_ ; [U,(T) + CUN(T)] 16)
— _Pulh), (4.32)
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where we have made use of Eq. (4.14)). In this way, P4 |¢) is either an eigenstate of U,(T") at
e = m or |¢) is annihilated by P4. In either case, we can split the state |¢) into components
P4 |¢) and Pg|¢), each of which has support on a single sublattice or vanishes. A state with

support on a single sublattice is mapped onto itself by the action of C.

Now, a dynamical topological phase is indicated by the presence of protected edge modes
at € = . In order to be protected, it should not be possible to gap out the edge modes with
a local, symmetry-respecting evolution acting only in the edge region. We now demonstrate
that for edge modes to be protected, they must all have support on the same sublattice.
Specifically, we will show that a pair of edge modes (at the same edge) with support on

different sublattices may be gapped out, providing justification for the edge-mode counting
defined in Eq. (4.27)).

We assume we have two eigenstates |¢4) and |¢pg) at quasienergy e = m, with support
on sublattice A and B, respectively. While the states do not need to have support on the
same sites, they should each be localised to the same boundary. We then consider the local,

chiral-symmetric Hamiltonian

H' = |¢a)(ds] + |o5)(al, (4.33)
which generates the evolution,

- cos(t —usin(t
e Mt = () Q : (4.34)
—isin(t)  cos(t)
where we have used the basis {|¢4),|¢p)}. To form a chiral-symmetric unitary evolution,

we prepend and append this new evolution to the original unitary U,(7T"). Considering the

action of this new evolution on the edge-state subspace, we find

ey gt g - ey
e itH UO(T)Q itH = e itH e itH

_ —cos(2t) isin(2t) | (4.35)
isin(2t) — cos(2t)
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This new unitary evolution has quasienergies ¢ = 7 4+ 2¢, and so even for an infinitesimal
perturbation, the edge states are mixed and gap out. In this way, a pair of edge modes at
e = 7 on different sublattices can be gapped out by a local, symmetric perturbation, and are
not protected. The number of protected edge modes at a given edge is the difference between

the number of edge modes on sublattice A and the number of edge modes on sublattice B, as
defined in Eq. (4.27)).

With these definitions, we can now obtain a general expression for the number of protected
edge modes present at the boundary of an arbitrary chiral drive. An open-system drive
(derived from a unitary loop evolution) will have a thermodynamically large number of
eigenstates at € = 0 corresponding to states in the bulk, and a smaller number of states with
€ # 0 near each boundary. The number of edge modes is the net number of eigenstates on a

single sublattice at quasienergy ¢ = 7w on a single boundary.

We project to just the right-hand boundary with the real-space projector Pg, where the
boundary region need not be exact but should include all states on the right-hand edge with
e # 0. We also define a projector P, onto the space of states with quasienergy € = 7 (we give
an explicit expression for this operator below). In terms of these projectors, the number of

protected dynamical edge modes at the right-hand edge is given by
nf = pftA _pfB — Ty [Py P, Pg] — Tr [Pg Py, Pg]. (4.36)

Recalling that the chiral symmetry operator takes the form C' = P4 — Pp, this expression

can be rewritten as

s

nR[U] = Tr [CP, Py = —;Tr (€ (U(T) —T) Pal, (4.37)

where in the final equality we have replaced P, = —31 [U,(T') — I] under the trace.

This replacement can be justified as follows, by expanding U,(7') in its basis of eigenstates,

Uo(T) = Ze_ign |¢n><¢n| (4'38)

First, subtracting the identity removes all states with € = 0 from the expansion of U,(T),

meaning that these states do not contribute to the trace. The states with ¢ = 7w, however,
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have a coefficient of —1 in the expansion of U,(T'), and so end up with a coefficient of —2
after subtracting the identity. States at e = 7 will therefore each contribute —2 to the trace
(if they are not annihilated by Pg or C'). Finally, if there are any states with € # 0 and
€ # m, they must occur as chiral pairs with quasienergy 4+¢. However, the chiral symmetry
operator C' acts as o, on these eigenvectors (mapping each state onto its chiral partner), and

is therefore traceless in this subspace.

Overall, the only subspace that contributes to the trace of C(U,(T) — I)Pg is the =
eigenspace of the right-hand edge, and we divide by —2 to calculate the number of states in
this subspace. As long as the chosen region R is larger than the localisation length of any
edge modes, the trace will be integer valued. It follows that Eq. is a robust topological
edge invariant which may be used to calculate the number of protected edge modes at the

right-hand edge of any chiral-symmetric Floquet operator U,(T).

4.4 Bulk-Edge Correspondence

4.4.1 Bulk-Edge Correspondence at half period

In this section, we will prove that the bulk chiral flow invariant of a chiral unitary loop drive
(v[U]) is equal to the number of protected edge modes at the right-hand edge at the end of
the evolution (nf). Our argument has two parts: first, we will show that a nonzero chiral
flow in the bulk at ¢ = T'/2 leads to chiral-symmetry-breaking flow at the boundary, also
at t = T'/2. Then, we will show that this symmetry-breaking boundary flow at ¢t = T'/2 is

responsible for nontrivial edge modes at the end of the cycle.

As in the previous section, it will be useful to distinguish between the closed-system
evolution and the open-system evolution, which we write as U.(t) and U,(t), respectively.
These two evolutions are identical apart from in a finite (Lieb-Robinson bounded) region
near the edges. In particular, since we are considering unitary loop evolutions, U.(T) = 1

everywhere, while U,(T") is the identity away from the boundary regions.

We identify the three relevant spatial regions (left edge, middle, and right edge) as L, M
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and R, respectively, as shown in Fig. [4.6] The bulk region M should be defined far enough
away from the edges (i.e. larger than the Lieb-Robinson length away) that U.(t) and U,(t)

act identically within this region. For concreteness, a chain of length N can be split into the

regions
L: r < N/3
M: N/3<x<2N/3 (4.39)
R: x> 2N/3,

rounding the fractions if necessary.

We recall that halfway through a chiral-symmetric drive, the unitary operator U.(T'/2)
takes a block diagonal form (see Eq. ), indicating that the two sublattices become
decoupled. This motivated the notion of chiral flow, which we defined in Eq. . In the
open system, however, U,(7/2) will not in general take this block-diagonal form. Instead,
at the edges of the system there may be coupling between the two sublattices, as we found
for the model drive and as illustrated schematically in Fig. [£.6| However, within the bulk
region M, both closed- and open-system drives are identical. In this way, we can calculate

the chiral flow invariant v[U] in the bulk even for the open system.

We now use the properties of chiral flow to relate the bulk behaviour to the boundary
behaviour of the open system at ¢t = 7'/2. As noted in Sec. chiral flow builds on the
notion of unitary flow from Ref. [31], and inherits many of its properties. Importantly, the
unitary flow invariant is independent of location, and may be calculated across any imaginary
cut in the 1D system. In turn, this implies that unitary flow is constant and conserved

throughout the system.

In the bulk at ¢t = T'/2, chiral flow is similarly constant and conserved. However, at the
edge region R, unitary flow corresponding to one sublattice flows from region M to region
R, while flow corresponding to the other sublattice flows from R to L. Since unitary flow is
conserved, there must be flow between sublattices at some point within the edge region. This
is the coupling between sublattices that is shown schematically in Fig. We show below
that this inter-sublattice flow at the edges is exactly equal to the chiral flow in the bulk.
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Figure 4.6: Action of the general chiral unitaries U.(T/2) and U,(T/2) within the left
edge (L), middle (M) and right edge (R) regions of a 1D chain. Sublattices are shown as
black and gray points. (a) The unitary action of the closed system U.(7'/2) acts on each
sublattice independently. (b) In the open system, the unitary U,(7"/2) acts on each sublattice
independently in the bulk but couples the two sublattices in the edge regions. (Figure adapted

from Reference [37] with permission from the American Physical Society.

We write the open-system half-period unitary U,(7'/2) using the shorthand U and consider

the trivial trace
0 = Tr|[U'Pral — Ppal, (4.40)

where Pp 4 = PrPy is a projector onto sublattice A in region R. This trace vanishes because,
for an open system, we can use the cyclic property of the trace to bring U next to U~! and
replace UU ! = I. Defining the complementary projector PR7 4 =1 — Pp 4, we can rewrite

the above trace as
0 = Tr|U ' PralUPpa—U"PralUPra. (4.41)
The complementary projector can be expanded as a sum over all other sublattices and regions,
Pra = Ppa+Prp+ Pyt Pus+ Prp. (4.42)

However, assuming the unitary has some finite strict localisation length, there can be no
overlap between U~ PrU and P;, and so we can ignore Py, in the complementary projector.

In addition, in the bulk the unitary preserves chiral symmetry, and so U~'Pg 4U can have
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overlap with Py 4 but not with Py, 5. Expanding the remaining projectors, we find

0 = Tr|[U ' PralUPya—U"PyaUPpa

+Tr [U™' PpaUPr s — U™ PppUPr 4| (4.43)

n[U] — w|U],

where we have defined 1,,[U] as the first/second traces in the equation above. Referring
back to Sec. 4.2.4] we identify v;[U] as the chiral flow invariant v[U], measured across the
boundary between regions M and R. Explicitly, we use the relation P4 = (I + C')/2 and the

fact that C' commutes with the bulk unitary to rewrite the first trace as
mlU] = Tr|[U™' PpPaUPy Py — U~ Py PaUPrPs|
= ;Tr (I+C) U PRUPy — (14 C) U~ Py U Ppg|
- ;Tr [CUT PrU Py — CU™' Py UPg), (4.44)
which recovers v[U] from Eq. ([1.24). Note that the terms involving I in the expression above

do not contribute because they describe a (non-chiral) unitary flow, which must vanish in a

1D Floquet system.

We now identify the second trace v»[U], equal to v1[U], as an edge invariant which captures

the flow between sublattices within the region R,

VhelU] = Tr [U™' PrsUPpa — U™ PpaUPrp| . (4.45)
This can be written equivalently as

VlelU] = Tr [U™' PgUPAPR — U™ PAUPs Pr| (4.46)

where we have dropped two projectors onto R, which are unnecessary because any flow into

region M must conserve sublattice. We can define a similar edge invariant at the left edge,

[U].

VR

which is equal in magnitude but opposite in direction to v,

Since 11[U] and v,[U] are equal, we see that the bulk chiral flow invariant (Eq. (4.24) is
equal to the half-period edge invariant (Eq. (4.46)), i.e. that

v[U(T/2)] = v[Us(T/2)] = Veige[Uo(T/2)]. (4.47)
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This is the first step in our derivation of bulk-edge correspondence.

4.4.2 Bulk-Edge Correspondence after a complete cycle

To complete the derivation, we now show that the half-period edge invariant is equal to the

number of protected edge modes present at the right-hand edge at the end of the evolution,

R

n.t.

R
Dédge

To do this, we rewrite our expression for [U] in terms of C' by substituting Eq. (4.30))
into Eq. (4.46)). Writing out U = U,(7'/2) in full, this gives

VB U] = ;[Tr (CPa] = Tx [U;(T/2)CUL(T/2) Pr) |. (4.48)

However, Eq. (4.18)) gives a relation between a generic half-period unitary and the corresponding

full-period unitary, which we can use to rewrite the expression above as

edge

vE U] = ;[Tr[CPR]—Tr U, 1<T)CPR]]
- _;Tr [C(U;H(T) =) Py, (4.49)

where in the second line we have used that C' commutes with Pg and grouped together the
expressions under the trace. Finally, we identify the expression above as nf from Eq. (4.37),

noting that either U,(T') or U, *(T) may be used to count edge modes at ¢ = 7.

Overall, we have shown that chiral flow in the bulk at ¢ = T'/2 leads to chiral symmetry-
breaking flow at the boundary, which in turn generates edge modes at ¢ = 7 at the end of the

evolution. This bulk-boundary correspondence is summarised by the three equal invariants

V[Ue/o(T/2)] = Vege[Uo(T/2)] = 0 [Us(T)]. (4.50)

4.5 Conclusion

In this work, we have introduced chiral flow (Eq. (4.24)) as a physically motivated, locally
computable bulk invariant, which describes the topological properties of unitary evolutions

with chiral symmetry. While the invariant itself is defined only for unitary loop evolutions,
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we argued in Sec. and in Appendix that any chiral evolution (with a gap at e = 7)
is related to a characteristic unitary loop. In this way, chiral flow provides a topological
characterisation of any (gapped and non-interacting) driven system belonging to class AIII.
This invariant is an improvement on previous invariants, discussed in Sec. [5.3] in that it
applies to systems with disorder and is locally computable. In addition, it has the intuitive
physical interpretation of describing the unitary flow [31] on each sublattice at the half-period

point.

We went on to derive an explicit bulk-boundary correspondence which relates the chiral
flow to the number of protected dynamical edge modes present at the end of the evolution.
To do this, we first introduced an edge invariant (Eq. (£.46)) which quantifies the chiral-
symmetry-breaking flow that arises at a boundary at the midpoint of the evolution. This
was found to be exactly equal to the chiral flow invariant in the bulk. It is interesting to
note that the behaviour of a chiral drive at ¢t = T'/2 offers much more information about its

topological properties than its behaviour at ¢t = T.

Finally, we equated this half-period edge invariant to the full-period edge invariant
(Eq. ), which directly counts the number of protected edge modes at € = 7 at the end
of the evolution. In this way, our work provides the first explicit bulk-edge correspondence
for one-dimensional Floquet systems with chiral symmetry. In passing, we note that the
full-period edge invariant we introduced may be used to count the number of modes at e = 7

in general, and is applicable beyond unitary loop evolutions.

Our work raises a number of interesting open questions. First, Floquet system in class AIII
have been shown to host nontrivial topological phases in all odd (spatial) dimensions, but
have thus far only been studied in cases with translational symmetry or in one dimension.
In future work, we will extend the notion of chiral flow, and the associated bulk-boundary
correspondence, to the higher dimensional case. In the process, we hope to provide insight
into the boundary behaviour of Floquet topological phases in even dimensions. Our work also
extends Kitaev’s notion of unitary flow [31] to systems with chiral symmetry. It would be

interesting to study whether this quantity can be similarly extended to the other symmetry
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classes in the 10-fold way. Finally, an information-theoretic extension of the notion of flow
was applied to many-body unitary evolutions in Ref. [30], in the context of quantum cellular
automata. The resulting topological invariant underpins the classification of interacting
Floquet topological phases in two and three dimensions introduced in Refs. [26] 27, 60]. An
extension of this many-body invariant to systems with chiral symmetry, and indeed in other

symmetry classes and dimensions, remains an interesting avenue for future research.
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APPENDIX

4.A Extension to Exponentially Decaying Unitaries

In the main text, the unitary operators we considered were assumed to be strictly local with
some localization length ¢, i.e., we assumed that Uj, = 0 for |j — k| > ¢ (where j and k label
unit cell positions). In this appendix, we extend our results to the more general definition of
locality in which matrix element magnitudes decay exponentially with distance. Specifically,

we will assume that for large enough [j — k|, the unitary operator satisfies
U] < Ce =RV (4.51)

for some positive constant C' and localization length ¢. If we evolve a local Hamiltonian in

time, the unitary time-evolution operator will generically take this form [7].

o sss e e e e se.,

.
e

T
To—a To+a

ol N

Figure 4.7: Calculation of the chiral flow invariant for a local unitary satisfying Eq. .
(a) We split the region near a cut at x = x, into left (L) and right (R) pieces. (b) Matrix
elements which connect sites across the cut are bounded by an exponentially decaying envelope
function. By truncating projectors to sites within a distance a from the cut, we neglect
contributions which are of size O(e=%*). By taking a much larger than ¢ these errors can be

made exponentially small.
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4.A.1 Bulk Invariants

We now study how this looser definition of locality affects the definition and calculation
of invariants introduced in the main text. We recall that the bulk chiral flow invariant

(Eq. (4.24))) may be written for a formally infinite system as
1 -1 -1
VU] = 5 |Tr (CUT'PRUP,) = Tr (CUT' PLUPR) |, (4.52)

where U = U(T/2) and Pp, and Pg are projectors onto the semi-infinite regions = < xy and
x > xg, respectively. For the infinite system, this equation continues to give a well-defined
quantised chiral flow index, even for exponentially localised unitaries satisfying Eq.
[31]. For practical purposes, however, infinite system sizes cannot be achieved, and we must
necessarily consider a finite system with projectors truncated to a finite region around the

cut at xp.

In the main text, the unitary operators we considered were strictly local, and we could
truncate to the region [zq — ¢, o + ¢| without changing the value of v[U]. In addition, v[U]
could be calculated using either the closed-system unitary U.(T'/2) or the open-system unitary
U,(T'/2), since these had identical action within the truncated region (as long as the edges
were far enough away from x). In the current case, the open and closed system unitaries will
have actions which differ at x(, even if only by an exponentially small amount. In addition,
truncation to a region around a cut at zo will introduce other (exponentially small) errors,
and so too will having a finite system size. All of these sources of error will need to be taken

into account and quantified.

First, we consider a closed system with N sites in total (which we write as ¢[N]) and
attempt to calculate the bulk invariant using a truncation to the region [xg — a, zo + a|, with

a<N/ 2E| Explicitly, we set zo = 0 and define

Veny.alU] = ; [Tr (cu=tpPaupp) — Tr (CU'PRUPY) 1 , (4.53)

2For a finite system, we require a < N/2 so that only the flow across the cut is measured, and not
contributions which pass around the ‘back’ of the system.
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where Pj projects onto the range [—a, 0), P# projects onto the range [0, a), and U is shorthand

for the closed-system unitary U.n(7'/2). It is clear that

lim lim yn U] = v[U], (4.54)

a—00 N—o00
as this recovers Eq. (4.52)) which gives the exact, quantised invariant.

For large but finite values of @ and N, this expression will neglect contributions from the
unitary operator with magnitudes less than or equal to O(e~%*) and O(e=/(29)  respectively.
Since a < N/2, the errors due to finite system size will be smaller than those due to truncation,
and so we can safely ignore them. The total error in the calculated value of v n)q[U] is

bounded by the sum of all neglected terms, and so overall we expect
venolU] = v[U]+0 (e’“/g) . (4.55)

In this way, by taking the truncation length a > ¢ (and increasing the system size
correspondingly), it is possible to calculate the chiral flow invariant to arbitrary accuracy.

This idea is shown schematically in Fig. [4.7]

We now consider a finite open system o[N], which has N sites labelled from —N/2 to
N/2 —1. We again try to calculate the bulk invariant using a truncation to the region [—a, al,
and this time define

Vony.alU] = ; [Tr (cu=tpaupp) — Tr (CU' PRUPR) ] : (4.56)

where definitions are as before except U is now shorthand for the open-system unitary
Uony(T'/2). As for the closed system, we can take the limit N — oo followed by the limit

a — oo to find

lim lim v,n.[U] = v[U], (4.57)

a—00 N—00

which again recovers Eq. (4.52)) (since boundary conditions are negligible in the infinite system
limit). At finite system sizes, there are errors due to the truncation and errors due the finite

size. The scaling follows as before, and we find
Vonl,alU] = v[U]+ 0O (e_a/e) . (4.58)
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In this way, although calculations of the chiral flow invariant in the closed system and in the
open system may be different, both values tend towards the same quantised value in the limit
of infinite system size and infinite truncation region. At finite sizes the calculated values
differ from the true value by errors of size O(e~%*), and correspondingly may differ from

each other by a similar amount.

4.A.2 Edge Invariants

We now consider the effects of the new definition of locality on the edge invariants defined in
the main text. To aid the discussion, we formally consider a semi-infinite system extending

from negative infinity to x = a, as shown in Figure. . Recalling Eq. (4.46)), we write the

edge invariant for the semi-infinite system as

BeallU] = Tr U PsUPs P — U~ PAUP P . (4.59)

yedge,a

where U = U,(T'/2) is the open-system unitary and P is a projector onto the right-hand
edge region of the system, the interval [0, a]. For a strictly local unitary (as considered in
the main text), the expression above gives an exact, quantised value, as long as a > ¢. For
exponentially decaying unitary operators satisfying Eq. , however, the definition of R
amounts to a truncation. In this case, the ‘edge region’ should formally include exponentially
small contributions (set by the length scale ¢) even on sites outside of the range [0, a]. The
truncation in Eq. neglects these contributions of size O(e~%*), leading to a total error
(bounded by a sum of these pieces), which is also of size O(e~%*). In the thermodynamic

limit we take a — oo and find

lim [vf,..[0]] = vE.[U] (4.60)

aoo L edge.a edge
We will verify that this is indeed the true, quantised edge invariant below.

We first use a similar method as in the main text to show that the bulk and edge invariants

are equal in the thermodynamic limit. Starting from the trivial trace
0 = Tr|U'PEAU—Pfal, (4.61)
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Figure 4.8: Semi-infinite system used in the construction of truncated edge invariants. (a)
Boxed region indicates the region where Pf is nonzero, extending from z = 0 to z = a. To
reduce truncation errors, this should be much larger than the Lieb-Robinson length of the
unitary ¢. (b) Edge modes decay exponentially away from z = 0. Truncating to the boxed

region means contributions of size O(e~%*) are neglected.

we insert the complementary projector Pia=Prp+ PLa+ PLp, where P, projects onto
the region x < 0, and find
0 = Tr|[U'Ph,UPE,— P aPga

= U - VB, U], (4.62)

a edge,a

where

VetgealU] = Tr [U_l (PE,B + PL,B) UPg A
~U'Pp U (P + Pr)] (4.63)
recovers Eq. (4.59) and
RU) = Tr U PR ,UPL s — U™ PLaUPy | (4.64)

is equivalent to Eq. (#.53)) up to corrections of size O(e=%*) (due to the fact that the system

is now semi-infinite). In this way, in the thermodynamic limit we find

lim [vf,..[0]] = lim [28[U]] = v[U], (4.65)

1%
aoo L edge,a a—oco L @
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which recovers the quantised bulk invariant. In this way, we have defined truncated edge
and bulk invariants at ¢ = T'/2 which are equal to each other and to their values in the
thermodynamic limit up to exponentially small corrections. By taking the truncation region
a > {, the corrections can be made exponentially small. This is illustrated schematically in

Fig. 4.8

Finally, we define the invariant which counts the number of edge modes at ¢t = T in a
similar way to Eq. (4.37)). In the semi-infinite system, however, there is only one edge, and

we can formally define the exact (quantised) number of edge modes as

n2U) = —;Tr [C (U,(T) -T)], (4.66)

where U,(T') is obtained by removing terms from the generating Hamiltonian that connect
sites across the boundary at = a. In contrast to Eq. , there is no projector Pg, which
previously served to remove any contributions from the left edge. This expression formally
gives the exact number of edge modes, even for exponentially decaying unitaries satisfying

Eq. ([@.51).

For any finite system, however, we must introduce a truncation, and so we define

nf [U] = —;Tr [C(U,(T) —1) Pg], (4.67)

Ta

where Pj again projects onto the region between x = 0 and x = a. This expression differs
from the exact value by an error with size O(e~%*), as it neglects the exponential tails of
the edge modes that permeate beyond x = 0. However, these corrections are again of size

O(e~*), and can be made arbitrarily small by taking a much larger than ¢. In this way,

lim [nf,[U]] = nf[U]. (4.68)

a—oo L T

As in the main text, we can use Eq. (4.18)) to show that expressions for nf,[U] and vf,, ,[U]
are equivalent. This argument is very similar to that given in Sec. [£.4.2] and so we do not

reproduce it here.

Overall, we find that bulk and edge invariants can be defined even for unitary operators

satisfying the looser definition of locality given in Eq. [4.51] While these invariants take
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quantised values only in the limit of infinite system size, any realistic measurement necessarily
requires truncation, which will introduce exponentially small corrections. However, by taking
the truncation region to be much larger than the Lieb-Robinson length of the unitary operator,

these errors can be made arbitrarily small.

4.B Obtaining a Unitary Loop from a General Unitary Evolution

In the main text, we mostly worked with unitary loop evolutions, which satisfy U.(T") = 1.
Most unitary evolutions, however, will not satisfy this property. In these cases, as motivated
in Sec. .1, we may construct a unitary loop from the evolution which captures its inherently

dynamical component. In this appendix, we outline this construction in more detail.

We consider an arbitrary closed-system evolution with chiral symmetry which, at ¢t =7 =1,
has a gap in the quasienergy spectrum at ¢ = 7. [In order for there to be protected dynamical
edge modes, we require a gap at € = 7 in the closed system, and so we only consider this

case here]. We can then define a Floquet Hamiltonian corresponding to this gap as

Hp = —log, UT). (4.69)

where log_ is the complex logarithm defined as
log, (e) = i1 (4.70)
for
—m <Y <. (4.71)
Explicitly, if we express the full unitary evolution U.(T) in its eigenbasis,
Ue(T) = 3.2 1%;)(¥1 (4.72)
j
then the Floquet Hamiltonian may be written
Hp = ;’;mgw () [2,)(T,]. (4.73)
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As shown in Ref. [7], a Floquet Hamiltonian defined in this way is local (in that the magnitudes
of its matrix elements decay exponentially with distance). In addition, since the underlying

evolution is chiral symmetric, the Floquet Hamiltonian satisfies

CHpC™' = —Hp. (4.74)

We can deform the full unitary evolution U.(t) into a unitary loop followed by an

evolution with Hp. First, we define a (chiral-symmetric) unitary loop through the generating

Hamiltonian
—2Hp 0<t<<T
Hy(t) = § 2H@2(t-1T) 1r<t<3T | (4.75)
—2Hp ST <t<T,

where H(t) is the original generating Hamiltonian for U.(t). It may be verified that the

evolution
Vi) = Texp {—i /OtHL(t’)dt’} (4.76)

satisfies V,(T') = L. To recover U.(T'), we can evolve with H for time 7'/2 before and after

the evolution with Hy(¢) and note that
e’“LIFT/QVC(T)e’iHFT/2 = HrT = U (T). (4.77)

This complete evolution has chiral symmetry and is homotopically connected to the original
evolution U, () [I]. Dynamical edge modes can only arise during the evolution with Hy (t),
as it is only in this part of the evolution that the gap at e = 7 can close. In this way, the
dynamical properties of U,(t) are equivalent to the dynamical properties of the loop evolution
Ve(t).

The loop evolution V,(t) can be used directly in the calculation of the bulk chiral flow
invariant in Eq. . For the edge invariants, we require the corresponding open system
evolution, V,(t). This can be obtained by truncating the loop generating Hamiltonian H (t)
in Eq. by removing terms which connect sites across the boundary. Evolution with
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this open-system Hamiltonian then yields V,(¢). This can be used in the calculation of the

half-period edge invariant in Eq. (4.46|) and in the calculation of the number of edge modes
at t =T in Eq. (4.37).

109



CHAPTER 5

Bulk edge correspondence in high dimensional class

AIIl

5.1 A three-dimensional Model Drive with Chiral Symmetry

We now build a model drive with chiral symmetry. Inspired by the three dimensional

tight-binding model for chiral topological insulators[61], we take a 3D bipartite chain of

N, x N, x N, unit cells, with spin 1/2 on a crystal with two sublattices(or orbitals) labelled

‘A’ and ‘B’. For our model drive, we take a piecewise constant Hamiltonian of the form

H,
Hy
Hy

H,

(5.1)

where H; is a swap operator only including the hopping of particles between sublattice A

and B within the same cell

o =H OO O
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(5.2)

= o o O
[a]
=




0 0 —igo+q3 q1— iq2
2w 1 0 0 +1 —iqy —
Ha(ks, ky) = oem 1 g1 T 1492 do — G3 (5.3)
T B(k) 190 +q3 q1+1iG2 0 0
q1— 192 190 — q3 0 0

in basis (A 1,A |,B 1,B |) and where ¢

g2 = sink,, g3 = sink, with h,t being control parameters.

h + cosk, + cosk, + cosk,, ¢ = tsink,,

This model, similar to the one-dimensional model we discussed in last section, can generate

Dirac cones on the edge by tuning the parameters h and t. At half-period, this evolution

operator becomes,

—igo+q3 q1— 12 0 0
T 1 +1 —iqy — 0 0
Uka, by o) = i q1 T G2 4o — g3 (5.4)
2 E(k) 0 0 i +q3 q1+igo
0 0 q1— 192 10 — q3

where each block can generate the three dimensional quantum flow as defined in Section [2.3.5]

In the following sections, we will study the connection between this flow and the edge behavior.

5.2 Edge invariants

We use U,(t) and U,(t) to distinguish between the closed-system evolution and the open-
system evolution respectively. These two evolutions are identical apart from in a finite
(Lieb-Robinson bounded) region near the edges. In particular, since we are considering
unitary loop evolutions, U.(T") = I everywhere, while U,(T) is the identity away from the

boundary regions.

To describe the edge behavior, we only need to consider the boundary of the open system,
which could be a 2n dimensional surface of a 2n + 1 cubic(or other shape) with a thickness

at least larger than double the Lieb-Robinson length.

We identify the two relevant spatial regions (edge and center) as E, M, respectively.
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The bulk region M should be defined far enough away from the edges (i.e. larger than the
Lieb-Robinson length away) that U.(t) and U,(t) act identically within this region. In general,

this system can be split into the regions

E: Ir| > R
M Irl <R

(5.5)

Then M is a 2n+1 dimensional ball. we now introduce a projector Pg acting on the edge.

Then the edge unitary can be the truncation of the unitary U,(T):

Up(T) = PeUs(T) Py (5.6)

To simplify our discussion, we consider a semi-infinity open-system extending from
Zont1 = 0 to positive infinity. Then there is only one edge located at zs,,1 = 0. We can

directly use U,(T) as edge unitary.

To classify an edge unitary, we can map this unitary to a flattened Hamiltonian without

the chiral symmetry through Chapter
Hy = SU,(T) (5.7)

and then use the classification of Hy (in 2n-dimensional Class A)[4]

vy — 27" (5.8)

!
n!

(_1)sign(0) Tr (PF [pécn)? PF} [pé@% pF} [PESUQn)’ PFD

where o is a permutation given by

1,2,....2n
o = (5.9)

01,09, ...,092p

with the parity sign(c). We define Pr as the projector onto the lower bands, satisfying

Pr = % In addition, we define right half axis projectors acting on all d directions,

, ’I‘, Oé) if T Z a;
Pllr,a) = , (5.10)

0 ifTi<CLZ'
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After plugging Eq. (5.7)) and Pr = 1’2HU, we can rewrite the edge invariant as the function

of the edge unitary
()"
vp =~ Zo (5.11)

(= 1)) Te(1 — SUL(T)) | P, SU(T)| | P72, SU(T)] - - - [ P, SUL(T))|

This can be further simplified as as

2(:31); ZJ: (5.12)

(= 1)) T SU(T) [ PL), SUL(T)| [P, SUL(T)| - -+ [PL*), SU(T)]

Vg =

This invariant is independent of the reference point a because the topological invariants of

Hy doesn’t depend on the choice of a.

5.3 Bulk invariants

Same as one-dimensional system, the classification of a higher-dimensional system with chiral
symmetry is determined by the unitary evolution at half period U.(%). Every U.(%) is
block-diagonal in the chiral basis as shown in Eq. , we can associate each block unitary
with a flow index which is given in Eq. . The flow index for the block unitary on
sublattice A is
(mi)"
(2n + 1)1 %
(=1 T (UL [P, UL UL [P, U] - UL [P0, U] )

l/2n+1[U ] _

(5.13)

Where P’V and ¢ are defined in last section. Substituting U, as P,U.(T/2) P4, we can

therefore write down the real space invariant as

i) = " ) (5.14)

2n+ 1) %
(_l)sign(a) Tr <PAUT [ngm)v U]UT[Pém), U] . UT [PéO’Qn+1)’ U])

where we have used the shorthand U = U,(T/2). This real-space expression for the flow is

applicable to unitary evolutions with disorder. As we proved in Chapter [2] the flow index
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associated with a locally generated unitary U is zero. In addition, U.(T/2) is locally generated

which can be written as a finite-time evolution with a local Hamiltonian

U(T/2) = Texp [—z / " Hc(t)dt] (5.15)

Thus the total low which can be written as v*" U, ]+ 1?1 [U_] in the 2n+1 dimensional
system is zero. This can also be understood in this way: The winding number is a homotopy
invariant and U (t) is smooth, and so w[U(t)] must be independent of time [14]. Then, since
w[U(0)] = w[l] = 0 at the beginning of the evolution, it follows that w[U(T/2)] = 0 too.

Therefore, there are opposite flow on sublattice A and B. That’s why we call it ‘chiral flow’.

5.4 Bulk-Edge Correspondence

In this section, we will prove the bulk edge correspondence similar as what we did in one-
dimensional system. We will prove that the bulk chiral flow invariant of a chiral unitary loop

drive (v*"*1U]) is equal to the number of protected edge modes denoted by vg.

5.4.1 truncated edge invariants

In order to connect the bulk and edge, we introduce a truncated edge invariant. We take a
cut-off in direction x9,+1 by using Qo,, a projector onto the interval [0, r] at the left-hand

edge region of the system. Then we can express the truncated edge invariant as,

G

VE = Qurip > (5.16)

[

(_1)sign(o) Tr [SUO(T) [Pzgal)7 SUO(T):| [PEEUQ)a SUO(T>:| e [Pega%)a 8U0<T)} QO,’I‘:|

Note that Qq, = Pg"*' — PZ*! where the definition of these two projectors Pg"*' and

P2 are given in Eq. (5.10)). For a strictly local unitary, the expression above equals vz,

T€2n+1

taking a quantized value, as long as r is larger than the localized length [. For exponentially
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decaying operators, this truncated edge invariant differ from vg by exponentially small
contributions(with a size O(e~"/")) from regions outside the interval [0, 7]. Therefore, in the
thermodynamic limit, by taking a limit,
vp = lim vp (5.17)
To connect the edge invariants at the end of a complete cycle(t = T') with the half-period
bulk invariants, we rewrite our expression for v}, by substituting Eq. (4.18]) into Eq. (5.16]),
()"

VE = Surig 2o (5.18)

g

(—1) @ Tr [UtSU [P, UTSU [P, UNSU | -+ [P, UTSU| Qo

using the shorthand U to represent U,(7'/2).

5.4.2 Bulk-Edge Correspondence

As what we discussed in Sec[5.2] the difference between two unitary operators U, (t) and U,(t)

is bounded near the edge. We define the difference as
D(t) = U,(t) — Py U(t) Py (5.19)

where we use P2"™ to confine Uy(t) to the semi-infinity system. This operator D(t) is

exponentially decaying in direction 2n + 1. Namely,

n+1|

|D(t)r1,r2| < 06_)\|r2_r1‘67)\|r§ (5.20)

with a decaying length 1/A. Then we can use the localization properties of D(t) to connect
the bulk invariant and edge behavior at half-period. Similar as the bulk invariant for U.(t) in

the closed system, we can also define a ‘bulk invariant’ for U,(t) in the open system,
, ()"

(—1)en@) Ty (PAUT[P(“) votpe o) Ut e oot peey U])

Té2n41" réan+1’ ré2n+1" Té2n41 ?
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using the shorthand U to represent U,(7'/2). Since the difference between open system and
local system mainly exists on the boundary as indicated in Eq. (5.19)), this invariant should
agree with the bulk invariant of U.(t) as we increase r and move projectors away from the

edge. In the appendix, we will show that
v, =vp (5.22)

when away from the edge. After taking limit (r — oo) for both sides, we prove the bulk-edge

correspondence.
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APPENDIX

5.A Projector Calculus

In this section, we introduce Projector Calculus method to study the properties of bulk and

edge invariants.

Consider a general p-form

A = a_;da" A Ada (5.23)

= ardz’.

where the operator a; = a;,., is skew symmetric in 4; ...4,. We define operators P; which

act on such a form through conjugation as

A

PA = [Pj,a;]da? Ada’
= dad A [P, A]

where the wedge product acts from the left and we define the commutator [P}, A] := [P}, ar] dz’.

On a 0-form, we define the action of P to be

A

PiA = dal [Py, A].
The summation of ]% over all directions become
P - h
J
where we consider a n-dimensional system. This operator works like exterior differentiation
but uses commutator instead of differentiation operator. While the differentiation form is

used to encode the topology of Floquet systems in momentum space [I4], we can apply this

‘commutator form’ to real-space unitary evolutions.

Lemma 5.A.1 The operator P takes an p-form to an (p + 1)-form, satisfying
(i)P is additive, namely, P(A+ B) = PA+ PB
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(ii))P2A = 0 for any p-form A

(iii)P (AB) = {]5(14)} B+ (—-1)"A {p(B)} , where A is a na form and we use the shorthand
AB to represent the wedge product between A and B, i.e., AN B.

(iv)P (A1) = —AYP(A)A™ if A is a O-form

Proof: (i) can be proved directly from the definition of the operator P.

A

Pi(A+B) = da/ A[P,A+ B]

— PA+PB
(77) We note that
PPA = Y P, (Z EA)
i j
- yh (zdxﬂ' A [pj,A])
i j

(]
Terms with ¢ = j vanish because dz’ A dz* = 0, while for terms with i # j we find
dz' Ada? A [Py, [P, Al
— do' Ada? A[PPA— PAP, — P,AP, + AP,P)
= —da/ Ada' AN[P,P;A— P,AP; — P;AP, + AP, P},

where in the final line, we have used the antisymmetric property of the wedge product.

However, we can relabel ¢ <+ j in the summation to write

dz' A da? A [P, [Py, Al
= —da/ Ada' A[P,P;A — P,AP; — P;AP, + AP, P}

= —da' Ada? [PjP,A — P;AP, — B;AP; + AP,P}].

Then, since P; and P; commute, this term is equal to its negative, and so must vanish.
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(iii) We consider how 15]- acts on a product of forms, writing
P;(AB) = da’ A [P, AB]
= da’! A[P;AB — ABPj]
= da’! AN[P;AB — AP;B + AP;B — ABP}]
= da/ A [[Pj,A]B] + da? A [A[Pj,B]]
= ldxi A [Pj,A]] AB+ (=1)"AA [dxj A [Pj,B]]
= [P B+ (-1 A[B(B)].
where the possible relative negative sign is important. In addition, since P is a sum over Pi,

we find
P(AB) = [P(A)| B+ (-1)"A[P(B)],
(iv) If A is a O-form
P(AY) = da' [PAT - AP
= da' [ — ATY (PA - AP) All
= —A'P(A)A7L
By doing a summation over all directions,

P(A1) = —AT'P(A)A™!

We now introduce the trace operator as
Tr(A) = Tr(as(l))
if A is a p-form defined in ([5.23]). We use the symbol s(/) to represent a sorting of the indices
in I, organizing them in increasing order,

s(in,iny .o yip) = (i) < ... <)) (5.24)

For instance, s(3,1,2) = (1,2,3). Here are two important properties of the trace operator:

119



Lemma 5.A.2 (i) The trace of any commutator form is always zero. In other words,
Tr(ﬁ(A)) = 0 holds for any p-form A.

(ii) The cyclic property of the trace operator acting on the exterior forms: Tr(BA) =
(—=1)™a"s Tr(AB).

Proof: Then
Te(P(A)) = Tr([Pyaup]) =0

using the cyclic property of the trace operator. This property is very useful especially when

we need to construct zero-trace operators.

(vi) Consider two exterior forms A and B:
= ailmindxil A ... Adgina
bjl,.,jndle A...ANdz'ms
Then the wedge product between them:

AB = AAB
= Qi inbji.jn (dxi1 Ao A dmi”A) A (dle AN dxj"B)
BA = BAA
= bj a0, (dl‘jl Ao A dxj"B) A (dacil Ao A dxi"A)
= (=1)""bj, i i, (dl‘il Ao A dxi"A) A (dxj1 Ao A da:j"B)
After taking trace of AB and BA, we get
Tr(BA) = (—1)"4"2 Tr(AB)
where we also use the cyclic property Tr(b;, j, @i 4,) = Tr(a; i, bj. i)

When ny 4+ np is odd, ngnp is always even. The following equality always holds:

Tr(BA) = Tr(AB)
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5.A.1 Winding number

The winding number given in (2.21)) can be expressed in the commutator form
()"

Wall] = (2n + 1)

T (U7 PU)Y (5.25)

where the power involves taking the wedge product between brackets. We can show that this

invariant is additive.

For the one-dimensional case, we can calculate the winding number of a product easily

using the methods above, finding
muv] = Te[(VIUTPUY))]
= T |[V'UTH (PO + (~1)"UP(V))]
= TV (U PW)) V] + ()T (VT PW))]
However, U is a 0-form, and so there is no overall negative sign, and we can also use the

cyclic property of the trace to find
WAUV] = Te (U P(U))] + Tx [(VLP(V))| = WU+ W[V,
Before we generalize this property to arbitrary odd dimensions, we first prove the following
property:

Lemma 5.A.3 The winding number is addictive, namely, W,[UV] = W,[U]| + W,[V].

Proof: We first write down W,,[VU],
()"

WalVU] (2n+ 1)l

T (VU Py))'],
If we split this term,
VUTP(UV) =V U PU)V + VTPV
Defining @ = V1PV, b= VflUflp(UV), we want to prove
Tr [b"] = Tr[a"] + Tr [(b — a)"] (5.26)
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First we construct "total commutator" term by studying the action of P on all possible
(n — 1)-forms of a and b. These (n — 1)-forms should be the multiplication of a and b. We

use binomial representation to represent the multiplication of a and b,
B4 — (aqlbl_‘“)(aqzbl_”) o (afh‘bl_‘h) o (anlbl_Qd)

q1,492;---44d

Where ¢; = 0 or 1. Each block a%b'~4% can become either a or b given the value of ¢;.
Let’s first study how P act on each block a?b'~4,

If g =0,

Ifg=1,
p(albo) = —a?
In conclusion,
ﬁ(aqbl_q) = —aib' a1

Then we act P on this (n-1)-form operator:

ﬁ)(B;l;qlzquil) — p(ath pl=aga2pl—az  an—1 bl_anl)
-1
— nz:(_l)i*lafh blﬂhatpblﬂm o p(aqz'blft]i) N .aqn—lblfqnq
i=1

n—1
- _ Z(_l)iflaqlblfrnaqzblfqz L qliplTaigeipl=a  gan-1pl=dn—1
i=1

n—1

- _1\i—1pn

- Z( 1) Bq1,Q2,---ququqz‘+1---qn—1
=1
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We can also expand the result in the basis of By 4., the above equation becomes

n—1 1 1 1
i—1 n
- Z(_l) Z Z S Z Bq’l,qg...qgéqi,m‘sqé,@ s 5q§7qi5q§+1,q¢5q§+27qi+1 s 5q4qu_1
n—1
- _ Z(_l)z—l
=1

Oy

42,92 * *

BTL /6/

9 ¢, dh--q, %1 @ . 5q§,qz-5q§+2,qz~+1 SR 5%,(1"4

1 1 1 . n—1 . 1+ (_1)qg+q;+1
= s Bq{,qg...qg Z(_l) 6!13,111 5‘157(12 s 6q§,qz'5q;+27qz'+1 .- '5%,%—1 9

q’lz() qé:O q,,=0 =1

We define a filtering function H(z) to only include x satisfying = # 0 in the calculation.
In the following calculation, we use H(n — 1 — ¥/27(—1)4 %+ — (—1)7+an-1) to filter out

(¢1, G2 - gn—1) which satisfies n — 1 — S0=F(—1)% 0 — (—1)n+an—1 = (),
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Then taking a sum over all possible (n-1)-form operators,
1 1 n—1

S Y (B g (R (-

—2
n—1-— ;L:f( 1)qj+qg'+1 _ (_1)Q1+qn 1
n—2
H(n—1- Z( 1)q]+q7+1 —( 1)q1+qn 1)
j=1
11 1 . _9
= - - (=1)&s= P (=1)" = 0
‘Hz:o qu:O QTLXI:O n — 1 — j:12(_1)qj+q]+l — (_1)q1+q”—1
n—2
H(n—1- Z( 1)q]+qg+1 — (=1 1+4n 1)
j=1
1 1 1 n—1 " g
n 1+ (_1)% Gt
Z Z e Z qu,qé...q; Z( ) 5q/17q1(5q/2,q2 e 5q§,q¢6q§+2,qi+1 e 5‘1417(111—1 2
q1=0¢,=0 q5,=0 i=1
1 1 1 ,
- e Z Bg}l,qé...q%(_l)ql
¢1=0g3=0 ¢, =0
n-l —1)%ta , no
(_1)i1 + ( 1) +1 (_1)_qi+1+zj:1qj
=1 2
i—1 . n—1 L
H(n = 1= S (-1 %0 = 3 (<15 — (-1 - (-1yio)
j=1 j=i+2
—2
m =1 = S () - S (<) — (c1) e — (1)
1 1 1 n—1
= DD > By g (CDTH[n = Y (—1)5 e — (—1)n )
q1=0¢5=0 ¢,=0 j=1
-1 4 !
n . —]_ q7,+1 _1 ql n / _2
Z(_l)z( ) 2+ ( ) (_1) j=1 4q; 1 d+q g
i=1 n— J:1( 1)% 7%+ — (—1)0+4n
1 1 ,
- Z Z Z Bq17q2 q,, >q1
q;=0¢4,=0 q,,=0
(-1 D 2
2 n— ;"0:11( )%+ G+ — (—1)n+an
n—1
H(n— 3 (~1) 0 — (—1iteh)
j=1
1 1 1
- Z Z e Z Bgiv‘é“'q;z
=0¢5=0  ¢;=0
n / 1-— (—].)q/l—‘rq;l n-l Iy
_1 j=1 q]’ - . - _ 1 q]'+qj'+1 1 q1+qn
(=1) n — ;L;f(—l)qfrqjﬂ —(=1)ntnm ( ;( ) (=1) )
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After taking trace of both sides, we get
1 1

1
SN X T By g9t dhe ) =0

!

q’l =0 qé 0 (705 =0

where

9(q1, a5, -, q,)

_ (_1> ;L 19 1-— <_1)‘1§+q§1 H(n _ nz_:l(_l)q;-i-q;H . (_1)q3+q7’1)'
n— ?;f(_l)q9+q;+l — (~1)ntn j=1

Then we apply the cyclic properties of Tr [B ) /],

1:QQ“' n

1 1 1
1 1 1
- Z Z Z to 2_: Tr |:B:12+1,qg+2...q;,q3,qé...q;:|g((ﬁa QQ7 s 7%,1)

~
Il
—
=)
R
o
Q
G
o
Q
S8
o

1 1
- Z TI' |:B;Ll,q2 qn:|g(q;Li+17Q7/1i+27"'7q;17q/17QQ7"'7q1/1i)

n

1 1 1
= Z Z ZT [Bgqu qn]Zg(qg—i-laqz/‘—f—%""Q;zaq/hqga---aqg)

q1=0¢4=0 q},=0 i=1
Where
Zg(qurla q£+27 e 7Q;17 qa7 QQ7 e 7q'2)
i=1
n no ()%t n-l ’o Iy
= Y(-pEn (- Y (-1t — (—1yi)
i=1 n— (=) — (1)t j=1
n / n-l ! ! /
= (D)= H(n = Y (1) (1))
j=1
Therefore,
11 1 s n—1 , o
Z Z Z [ ;‘1% qn]( 1)&i= 1ng Z q TG (—=1)0t?) =0 (5.27)
q;=0¢5=0 n=0 J=1
The screening function H(n — ?;11(—1)‘13 +ie1 — (—1)%+0) only selects the combination

of (¢4, 4, - .., q),) which makes n — ?;11(—1)‘4*‘19“ — (=1)0+% £ 0. The equal sign holds
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only when ¢} = ¢, = ... = ¢},- Therefore

n—1

H(n — Z(_l)qﬁq;“ - (_1)q/1+q;l) = 1= 0g.040q}.05 - - - g/, _,.41,04!,.0] (5.28)

o 742593 *
Jj=1

Combining with Eq. (5.27)), we can simplify the summation below
11 1 s g
DD IS DA (C IR
4n=0
1 s g
- X T By | (C)E
q,,=0
[5%»%%@; OOy H (= 3 (=) e — (—1)1 )

11 1 S g
_ n . 195
= Z Z Z Tr[ q;,q;...q;l( )&= 70005 0d3. - + 0,1, Ot

Finally, we can confirm the equality given in Eq. (5.26))

Tr[a"] + Tr [(b — a)"]

11 1 0

= Tl Y S T (B (DT

q1=0g5=0 q,=0
= Tr[bv"]

On the other hands,

Tr((b—a)"]
= T (Vv UTPU)WV)

= T [V (U POV
After applying the cyclic properties of the trace operator,

Tr[(b—a)"]
= Tr[(UTPU)"]
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Thus,

W.[VU] = %Tr[(V‘lU‘IP(UV))n]
-
B Mﬁ (b= arT+ (2727?1)!! [@”]
%Tr [(U=PU)"] + (szfz)”T (V1P|
= WalU] + W,[V]
We finish proving the addictive properties of this winding number. 0

5.B Bulk edge correspondence

In this appendix, we want to prove the bulk-edge correspondence given in Eq. (5.22)).

5.B.1 Two differential forms

In this section, we introduce two differential forms that assemble the bulk invariants.

First we define a 1-form O = UTPU and a 0-form PY = UTP,U where P, is a projector

acting on the sublattice A. We are considering 2n-dimensional system now, so P= 2]2.” ]%

A set of d-form which are the multiplication of O and PY{ takes this general expression

d S s
Z gy gger = O"PLOPPY . O PLO™! (5.20)
where Y5t ¢; = d and s is just the number of the projector PY{ inside Z;llm _____ gor1- FOT

instance, le,o =O0PY{ = UtPUUTPAU.

To proceed the proof, we first show two equalities:

Lemma 5.B.1 Here are two equalities:
OB _1—(=1)¢

(i) P(O?) = ——5-20"" forq>1

(ii)P(P{) = —OPY + P{O
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Proof: (i) We use recursion method to prove this formula. When ¢ = 1,

meets P(07) = —1=C 001 Tf for -1,
PO = —
Then we can prove for q,
P(O%) = P(07'0)

= POT™)0 + (-1)7 0P

— _ﬂoqﬂ — (=1 tort!
2

_ 1D en

— 5 19,

as expected.
(i)
P(FY) = P[U7 Pyl
— p (U*l) PAU+UT'PLP(U)
= —U'P(U)U PyU + U™ PAUTU P(U)

= —OP] + PJO.

We can construct ‘total commutator’ from this 2n — 1 form

» 2n—1
P(ZQ17Q2~--qs+1)
= POuP{O=PY .. 0% P{O%+)
s+l i— ~
= S (—nZiwon Py P(O%).. PYO%
=1
+ S (=) Xk monPY 0% p(PY)0u . PYO%H

=1
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After plugging in the two equalities in Lemma [5.B.1] we get

Sf —1_(2%(—1)224 won py . outl | pYos)
=1
+—i@mié%mmgumwﬂo—mgmwujﬂmw
=1
N E_F(Q_in(_1)22_11qkzgﬁqm---,%-l-lp--qsﬂ
+ 1'2821(_1)2;1 qk(Z;n,%,'~-,qz'+1+17mq5+1 - Zq21n,qg,...,qi+1,...qs+1)

Adding all these terms together,

r+1
D 2n—1 o 2n
P(qummqsﬂ) - Zl Ci(q)ZQ1,q2,4-~,Qi+1,~--qs+1
where
1+(-1)n -
E— 1=1
al@) = § (—)Xiaw(lCDt) 9 <<y, (5.30)
14 (—1)%s+1 .
- 5 1 =S5+ 1,
If we define Tr (Zqufq%._leQo,r) as $3zq2”_qs+l, we get the first equation by taking trace of
above equation
s+1
2n
'231 Ci(q)xlh,Q2,~~~qi+1,~~qs+1 =0 (5'31)

because ‘total commutator’ terms will vanish under the action of the trace according to

Lemma 5.A.2

Another set of d-forms takes this format:

ve QU PAQ® Py, ..., Q% PyQ%¥

q1,92,---,9s+1 =

where the 1-form Q = UPUT.
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Similar as how we deal with Z, we construct ‘total commutator’ form from Y,

P (antp : qs+1 QOW)

= P(QUPAQ%Py...Q" P4Q% Qo)
s+1

= 3 (- DT #QI Py P(QY)... PaQ" Qo

i=1

which can be simplified as

PO G0 = SV Qo
where
i) = —— T (5.32)
After taking trace of both sides, we get,
s+1
> e Tr (Y ger, i @or ) =0 (53

=1

5.B.2 Bulk invariants

Since the edge lies at Pfg;ﬂ ,» we separate the direction o; = 2n + 1 from others,
UL = zn + 1 o T ;MZMl( 1)en) (5.34)
T (VLR UJULIPSS UL VLR, U] UL R, U4))
Applying the cyclic properties of the trace operator,
1/2"+1[U+] 2n + ” Z Z (_1)sign(a) (5.35)

i o,0;,=2n+1

Tr (UT[P o) L. Ut P e g ot Py oL Ul Peey o, ut Pt U+]>

réan41’ Té2n+1 ré2n+41’ ré2n+41’ ré2n+1’
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Relabelling the indices for o,

(2n+1) (2n+ 1! = =
(_1)51gn(02n71+2,... hno2n+1,07,..., Gén7i+1)

Tr (UT (PCY r Ut p,).. utp U+])

Té2n +1’ ré2n +1’ T€2n+1"

()"
T @n-1l < Z

(—1)%) Ty <U+ P UL Ul P

T€2n+1" r62n+1 )

U ULPEA, U

ré2n+41’

5.B.3 Expression bulk invariants in two differential forms

In this section, we express the truncated bulk invariant given in Eq. (5.21]) using the above

two differential forms.

Subsequently, we substitute P21 ag p2ntl _ Qo and note that [Pg”“, U } since Pt

TE2n +1

acts like the identity matrix on the open system, the truncated bulk invariant can be rewritten

as
p_ o (m)"
Y= i & (537
(~ 1 Ty (PAUT [P VWIS U DR, U0 Qo U))
To represent this invariant in differential forms, we may use this simple rule:
S pT) ] = P
Thus,
o (7-”)77» i 2nrrt
l/b = —m TI' <PA(U PU) U [QO,T‘a U])

To simplify our discussions below, we ignore the coefficient now and focus on the operator
calculations. We use v, to denote everything except the coefficient,

B (Qn—l)!lyr
e T (5.38)

= —Tr (PA(UTpU)QnUT[QO:“ U]>
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We can move P, everywhere as P4 commutes with U in the bulk, for example,
)= —Tr (UTPAJSU(UU%*)?”UT Qo U])

Next we split UT[Q., U] into two parts UT[Qo,, U] = U'Qo,U — Qo and apply the

cyclicity of trace,
n = Tt (UTPAU(UTPU)%QO,T) Ty (PA(UﬁUT)%QW)
Which can be represented as the function of Z-form and Y-form,
mo= T(225,Qur) — Tr(Yi%,Q0.) (5.39)

Since P4 commutes with U and P35 = P4, we can insert P4 anywhere in Eq. (5.39). In

this way, we generalize the above identity,

o= TI<Z§1RQQ ----- %HQOW) Tr(Yt121nq2 ----- qs+1Q077") (5.40)

Multiply both sides by 5 e;(q),

s+1 s+1

;ei(q)vl = ; ( )TT(Z(?flqz,...qm Gs+1 Qoﬂ") Tr(yq%nqmmqﬂrl qs+1Q07T>
Applying Eq. ,
s+1 s+1
(Y eam ==Y el@) Tr( 22 ptqes Qo) (5.41)
i=1 i=1

And the summation on the left side of above equation:
s+1 s+1

> = 2—71)%(—1)223% (5.42)

s+1 Z;:lqk_ -1 S e O
_ Z_( 1) 2( )

i=1
EYERE) Dy
- 2
| — (—1)2!
-
= -1
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Therefore

s+1
2
—hn= Z el(q) Tr(qurtqz,-..qi+l7...qs+1QO,T’) (543)
i=1
To simplify discussions, we use xgiq%_”’qsﬂ to denote Tr(ngquP_"quQo,r). Then the above
equation can be rewritten as
s+1
2
- = Zei(q)xqﬁQZ7-“Qi+17“-qs+1 (5-44)
i=1

5.B.4 Two cyclic properties

If we add two equations in Eq. (5.31)) and (5.44]) together,

2n z2n (5.45)

n= mq1+17q27-~¢h7~-~q$+1 + q1,425-+-Qise--qs+1+1

This equation shows after moving a 1-form O from the left end to the right end or from the
right end to the left end, the summation of the old trace and new trace is just one. This is a

special law of ‘cyclic property’. After utilizing this equation ¢; times,

- (- Lt (-1
2 om 2
ij}ZQv--lliw-(Ierl‘i‘m = 9 (1 — xq17‘12r~~%7~~~q$+1) + 9 xqﬁqz,...qi,mqsﬂ
-t .
= 9 v+ (_1)q1x(2117QQ:--~CIi7--~QS+1 (5'46>

Next, we notice another ‘cyclic property’,

x2n = Tr

0,92,---qiy---Gs+1

Pl{o®PY...0"PY O%HQO,T]
= Tr [OQQPX ...0%P{O%+ pY Qo,r]

z2n (5.47)

q25---Qis---qs+1,0

where we make use of the cyclic property of the trace operator and Qg , commutes with PY

as r — 00.
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5.B.5 Edge invariant

We will show how the truncated edge invariant give in Eq. (5.16|) agrees with the truncated
bulk invariant. First, we express the edge invariant in the differential form,

(2m)™ 1
nl 22n+1

@2m)r 1

T on) 92n+1

Vg =

Tr{UTSU(P(UTSU))Q”QO,T} .
5.48

Tr {UTSU(P(UTSU))Q”QO,T}
Next, we notice that
To|[(PUTSU)" Qo | =0
This is because
Pl(UTSU)P(UTSU))> " Qo] = PUTSU)(P(UTSU))* ' Qo

where the trace of the left side is zero and the trace of the right side is Tr {(p(U TSU))* Qo |-

As a result,
, (2mi)" 1 . .
Vi = o g | UTSU(P(UTSU))? Qo,r] (5.49)
(2mi)™

= Tr
n!

U PAU(P(UT PAU) Qo

where we also substitute S = 2P, — 1.
Now we expand P(UTPAU),
pUutPU) = PlO-0PY
= P{oP§ — PJOPY
where we use Py to denote UTPgU and apply the identity Pz + P4 = I. Using this equation,
we can simplify UTP,U(P(UTPLU))?",
UtPUPUTPU))™ = PY(P{OPY — PJOPY)™
= (P{OP;OP{)"
= (PpoRjoy
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where we also use P{ P§ = 0.

Hence, Eq.(5.49) can be rewrittened as,
(2mi)™
n!
(2mi)™
n!

‘s
VE —

Te|(PYOPY 0)7‘01{2@04 (5.50)

Te|(PYOPY 0)”@0,7"]

where we use [Qq ., P{] = 0.

5.B.6 Express edge invariants in differential forms

In this section, we want to calculate v}, in Eq. (5.51]). To do this, we need to rewrite it in

terms of qu orgirngers - We first expand this equation,

A —
vp = Tr

(PUO? — PUOPY O)nQo,r] (5.51)
1 1 1
SEDID IS S CIvp L

q1=0 g2=0 qn=0

r|(PYO*)1 (P{OPYO)Y 1 .. (P{O*)™(P{OP{O)~"Q,,

Only a specific collection of z2" where ¢ = 0, ¢ = q3 = ... = @531 = 1 or 2

q1,92;---,9s+1

contributes to above equation. To represent this subset of 2 we can define another

Q1 q2,---,qs+1’

set of variables,

r [(PYO)O(PYO)P2O(P{OY: ... (P{OY*O(P{OY*+ Q.|  (5.52)

yp17p27"‘7ps+l =

where s denotes the total number of O between two P{YO. Since the operator inside

the trace is a d-form, Y5 p; + s = d. when s = 0, the only possible configuration is

v = Tr | (POP"Qy, .

Then the we can express Eq. (| in terms of yp1 popert?
r _ n 2n n S
Vg = )" Yan + Z Z Z Z Z y211+1 205+1,...,2l5+1 2zg+1529+1(21 +1),2n+1—s
11=0102=0 ls=01s41=0

is applied to make sure Y%_;(2[; + 1) + 2/, + s = 2n

The constraint 6Zs+1(21 1) 2n+1—s

because we only consider 2n-form.
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5.B.7 Calculate edge invariants

In this part, we will show how v}, can be written as a function of 1.

By restricting ¢; = 0, ¢; = 1 or 2 for i > 2, we can rewrite Eq. (5.44)) as

2n—s+1 Z
— qk .20
= Z ( ) k=1 xOQm -qi+1,...q2n— s+16q1’1
=2
To simplify the following discussions, we can define another set of variables, zzdl i
. . . o . 2 d . d . .
where i1, iy, ..., 75 represents the position of O°. zf ; . = xG,, . .. where g, =2 for

1 <1< kandgq =1 for others. In this new representation, we only record the position of O2.

For example, 2§, = Tr | P{OP{O*P{O*P{O|. Then the above equation can be expressed as
a function of z if {i1, s, ...,1,_1} denotes the the position of O% in q = (0, ¢2,q3, - - -, G2n_s11),
i1—1 io—1 2n—s+1
2 1,2 i+s—1_2
Z <_1)]Zj,?1,i2,...,i + Z + 117,1] igyeia_g T Z (=1)7* Zif,lig,...,is,l,j = v{5.53)
J=2 Jj=i1+1 J=ts—1

If we label 7o = 1 and i; = 2n — s 4+ 2, we can simplify the above equation as

s—1 tg+1—1

Z Z J+k 1217?22,~~-ik,j,ik+17--~,i571 =" (5'54>

k=0 j=1+1

Applying the cyclic properties given in Eq. (5.45) and (5.45)),

2 2

’i:ig,...,is xOZvaQd—s-kl
|- (~1)12 -
L e

) 0,qiy5---Qs+1+41,02,5--,qiqg —1

Since we have moved ¢; — 2 number of O from the left to the right. After representing

2n :
0,qiq - Qs+11+41,92;--,9i1 —1 in terms of z, we get
1— (=1
2n _ 1)1 .21
Ritin,sis 9 vi +(=1) 29 ig—i1+2,i5—i1+2,... 05 —i1+2 (5.55)

In addition, if we continue moving i, — i; + 1 number of O from the left to the right,

2n
29 o —i1 42,55 —11 42, i —ts_14+2 (5.56)

_1)2—u1
o 1 + ( 1) Uy — ( 1)12 i1 ,2n
- 92 1 Z9 Jiz—i2+2,i4—ia+2,...,is—ia+2,(d—s)+ (i1 —iz2)+2
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To better describe this cyclic behavior, we now define a new function:

fd(dl, dg, ceey ds) = Zd

11=2,02,...,1s

where we use d; to represent the distance between two neighboring indices of z{! i st
Specifically, d; = iy —i1,dy = i3 —1is,...,ds = 2n—s— (is—41). Then d; counts the number of

the projectors PY between two consecutive O? and s means the number of O?. For example,

f9(1,3) = yg,g =Tr | P{O?*PYO*P{OPYO].
In this way, we can rewrite Eq. (5.55)) as
o 1—(=1)n e . S S
2iienis = gV + (=) f T (ig — iy, 03 — d9y. ..y ls — i 1,20 — S — (1s — 1)) (5.57)

and Eq. (5.50) as

fzn(ig — il,ig — ig, Ce ,is — is,1,2n — S — (23 — 21))
14 (—1)i2-i

- —5 - (—1)27f20 (g — iy, .. i —Gg_1,2n — 8 — (ig — 1), %9 — i1)

If we let dl:ig—il,d2:i3—’i2,...,d$:(271—8)—(7:5—’i1),

f2n(d17d27"'7d8) (558)
1+ (-1

fry #Vl - (_1>d1f2n(d2’d3,,ds,d1>

with 37, d; = 2n — s. After repeating this equation £k times, we get,

f2n(d17d27"’7ds) (559)
1 — (—1)FrEid

— 5 v (1) P g,y da, - dy)

Plugging Eq. (5.57) into Eq. (5.54)),

-l 11— (=1)
vV = Z(—l)J |:(2)V1

=2

+ (=17 f2"(iy — Jyig — iy yis —ds 9,20 — 8 — (is_1 — i1))
s—1 tg+1—1 ' 1—(—1)"

LS ey,
k=1 j=ix+1 2

+ (=) (i — iy — G2y e J =y Gkt — Jy ey lsm1 — G52, 20— 8 — (i5_1 — i1))
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Then applying Eq. (5.58),

Jj=2

+ (Z1)7 iy — Jriz — iy ise1 — gm0, 20 — 8 — (51 — i1))

s—1 tg+1—1 ) 1 — (_1)j+k
+ >3 (=1 F |
=1 j—ipt1 2
(V)T Gy — g ey — 0,20 — 5 — (Gg_y —11),09 — i1, .., ] — ik)

After simplifying this equation,

s—1 tptr1—1

SN (kg1 — Jo et —ds—2,2n — 8 — (g1 — 1), 42 — d1, ..., ] — ig)

k=0 j=ip+1
s—1 tp1—1 1 — (_1)j+k

-y s =

k:Oj:z'k-H
= (n—s+ 1)y

Let dl = iQ - il, dg = ’ig - il, . ,ds_g = is—l - i5—2> ds—l =2n—s— (is—l - il), then we
can rewrite the above equation as

s—1dg—1

(n— S+1 Z Z f2n dk — d dk+1 ds_g,ds_l,dl,. .. ,dk_l,d/)

k=1d'=1

We now can prove the following equalities for ypl et

Lemma 5.B.2 (i) y3" = 311
(ii) When s > 1,

n n n
DI SID S’ S 120105 a1y 1) 2041

11=012=0 ls=0154+1=0
n n!

Proof: (i)

r (PXO)%LQO,T]

2n
an -
= Zo,1,1,1,1,...,1
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Applying the first cyclic property given in Eq. (5.45)), we have,
T11,1,1,..,1,0 T To1,1,1,1,...,1 = V1

where we let ¢; = ¢s21 =0 and go = g3 = ... = ¢s = 1 in Eq. (5.45)). Subsequently, we utilize
the second cyclic property given in Eq. (5.47)),

Z1,1,1,1,...,1,0 = To,1,1,1,1,...,1
where we let ¢o = g3 = ... = qs41 = 1. Therefore,

1%
2n _ 1
Yo = 20,1,1,1,1,...,1 = 9

(ii) Consider y , . = = xgquqs,m’qdisﬂ where ¢; = 2 for j = 1+ % pi(1 < k < 5)
and ¢; = 1 for other indices. Therefore, g;;‘fw%_.’pyrl =20 ., i where i =1+ S op(1 <

k <s)(1 <k <s). In other words,

d _ . d
Rityinyeis — Pir—1io—i1,.. is—is_1,2n—s+1—is

Substitute all y by z in the following summation,

?JQf 1 ! l gt
2l14+1,212+1,...,2ls+1,2ls 11 Z L(21+1),2n4+1-s

s+1

1+Z (21+1) 1+Z (L1, 1y (2L+1) Z T (2L+1) 2n+1—s

SR+ 1,203+ 1, .2+ 1,2n— s — > (20 + 1)05e41 a1, 1) 21
=2

n n n 2[’ 1
Yo RE L2+ 1,20+ 1, 20+ 1) +

=01=0 /=0

52 1 (2lj+1),2n—s
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By relabelling indices, the lhs. becomes

- ° 21! + 1
SN R+ L2041, 20 4+ 1) O (aty+1)2n-s
1h=014=0  1,=0
& i 200 +1
= >N Y At + 20+ 1, 20 + 1,20 + 1) (52221(2%“%%_8
11=014=0  1,=0
n n n 21/7 + 1
= > > > Rl + 1,20+ 1,20+ 1)L525_ (20;41),2ns
1=01,=0  14,=0 2 =t

s

Summarizing all equations and applying the cyclic properties in Equation (5.58)), we have,

n n n 21/ 1
SN R+ 20+ 1,20+ 1, 20+ 1) = +

=01y=0  1{=0

52 L(2L+1),2n— §5 60)

%Z Do PR A L2 A L2+ 2 O e (5:61)
1=01,=0  l,=0

Expand
s—1dp—1
(n—5+1 ZZ Zon dll,dé,,d;)z Z 5d/1,dk—d’5d’2,dk+1-~§dg,d'
4, d k=1 d'=1
Then summerizing over all dy,ds, ..., ds 1,

2n—s 2n—s 2n—s

SN Y (n—s—i—l)ézj Ly sV

di1=1do=1 ds—1=1

ZZ Zon dl17d/277d;)(8 - 1>5Zj:1d;.,2n75

After applying the cyclic properties in Equation. ([5.58]), we cancelled all terms with even
distances (3i, d; is even) on the right-hand side,

Z Z Zf2n<2lll+172l/2+172l1/7)+17 2l/ +1)5Z (2lj41),2n—s

=014=0 /=0
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Combined with ({5.61]), we have

n n n 200+ 1
YD) DD DL I I R s

1=01,=0  I,=0

52 L (21+1),2n—s

n n!

= )

2n — s

s!(n—s)!yl

where the left hand side is equal to

n n n n
DD IRED D D 5o '
201 +1,2l2+1,...,2Ls+1,2l541 Z L (2L41),2n+1—5

11=015=0  1,=01l5+1=0
O
5.B.8 Connection between edge invariants and bulk invariants
Combining the two equations given in Lemma [5.B.2]
T {(PA2 — PAPA)"Pyy.y
" n n!
= —1)®
§2n—s( ) sl(n —s)!
I G VAL
~ en_nn2e”
Finally, we prove the bulk edge correspondence
2mi)"
o= ”f) Tr|(PA? — PAPA)" Py
n!
= y(—1)" (5.62)
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CHAPTER 6

Classification of class AII

In this chapter, we characterize the topological properties of two dimensional periodic driven
systems with time reversal symmetry. In addition, we obtain the bulk edge correspondence
inside this system which is known as Class AII of the Altland-Zirnbauer symmetry classification
1], 49].

The rest of the chapter is organized as follows. We begin, in Sec. II, by giving some
background on time-dependent systems and the concepts we will use in obtaining the bulk-
boundary correspondence. In Sec. III we define a new edge invariant which is physically
motivated, locally computable, and applicable to systems both with and without disorder,
and give an example how to apply it in a model drive. We study the properties of the edge
index in Sec. IV. Finally, we propose a bulk invariant which can be applied in the disordered

systems and derive the bulk-edge correspondence in Sec. V.

6.1 Driven Systems with time reversal Symmetry

6.1.1 Time reversal symmetry

In this section, we will study topological drives with time-reversal symmetry, corresponding to
Class AII of the AZ classification scheme. For time-reversal symmetry(TRS), the symmetry
operator takes the form of 7 = KT where K is still the complex conjugation and 7 is unitary.

Here are the constraints the operator applies to the system [I], 49]:
THHOT ' = H(T -1t (6.1)
TUHT ' = UT-t)UNT) (6.2)
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where we have used the fact that the Hamiltonian is periodic in time with period. At the

end of one cycle, the time-evolution operator satisfies

TUT)T = UYT), (6.3)

6.1.2 Examples

— — — 3
— e a—
—_ e —
— —
— — —

& —e —a
— —
o —a —a
6 —e —u
— —s
& —e —u

6 —f —f  — [ ® ® o
—_— —e —a ] o o
¢ — —s —a [ = % &
—_— —e —a ° [ o
e —e —¢ —e ¢ % & o

® ®

Figure 6.1: The action of the 2D class All drive introduced in Ref. [5]. (a)Driving protocol.
The only nonvanishing hopping amplitudes between sites are represented for each time step.
Spin up states moves according to the sequence 1 — 2 — 3 — 4 while spin-down states
follows the opposite sequence 4 — 3 — 2 — 1. (b)During each step, particles hop between
sites on a bipartite lattice, following the paths indicated by red and blue arrows. This is done
for spin-up (solid lines) and spin-down (dashed lines). Sublattices are indicated by gray and
black points. After a complete cycle, a particle in bulk returns to its initial position, while a

particle at the edge is translated by one unit cell.

To better understand the time-reversal symmetric system, we construct a model drive

in this symmetry class with nontrivial topological properties. A simple way to do this is to
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define a nontrivial evolution for spin-up states and then deduce an evolution for spin-down
states according to the time-reversal symmetry. [12] In this way, we consider a two-layer
Rudner model with a piece-wise Hamiltonian. [5] During each step of the evolution, the

Hamiltonian takes the diagonal form of

HIT 0
H,=|" (6.4)
0 HY

where HIT(H}) controls the motion of spin up(down) states.
4
HT=3"3" Ju(t)(cppj ¢+ hac.) (6.5)
recAn=1

where ¢ is the fermionic annihilation operator on the lattice site with coordinate 7, and the
first sum runs over sites 7 on sublattice A. The vectors b, are given by by = —bs = (a,0) and
by = —by = (0,a), where a is the lattice constant. There are four steps in total and for nth
step, J,(t) = J where all other hopping amplitudes are zero and J % = 5. Then the evolution

operator U(t) is block diagonal in the spin basis and thus can be written as:

Ut) 0
0 Uyt)

U(t) =

Put our diagonal Hamiltonian into Eq. (6.1), we find that H*(t) = (H'(T' —t))*. Thus
the spin down states is a time-reversed copy of the spin up states. After a full period, each
particle away from the edge returns to its initial position and thus the full evolution unitary
is identity. On the edge, however, spin up T moves by one unit cell to the right along the

upper edge while spin down | moves in the opposite direction.

In this example, the z-component of spin is conserved. Therefore we can classify the whole

system by calculating the winding number of each block unitary. According to reference [5],

W] = —— / dtdk,dk, (6.6)

872

<Tr(UtoU (U0, U, Uy, UY)
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We can see that Wy = W[U;] is one. Namely, the net flow for the spin-up states is 1.
Then the Z, index for our time-reversal symmetric system is W[U;] mod 2 which is like a
"'spin winding number." However, this simple formula only works when spin-up states are
decoupled from the spin-down states. If there are couplings between the spin up and spin
down states, classification becomes much more complicated, and we need to derive a new set

of topological invariants for these systems.

6.1.3 Zero Kitaev flow

In this paper, we mainly study unitary loops, satisfying U(0) = U(T") = in a close system
where T is the period of this evolution. In an open system, a unitary of this form may
generate nontrivial chiral edge modes along the boundary. Thus the evolution unitary at the

end of a complete cycle in an open system can be decomposed as:

Uo(T) = Uy(T) & UL(T) = I & U,(T) (6.7)

where the bulk and edge degrees of freedom are explicitly decoupled. Despite the apparently
trivial bulk Floquet operator, the dynamics of the system may be nontrivial at the edge.
Then U.(T) is the unitary which describes the behavior on the edge. Since our system is two
dimensional, the edge operator is an one dimensional operator. The first idea to classify the
system is to use the quantized Kitaev flow index.[31] We have a discussion of this flow index
in [A1T.T]

It’s found that the kitaev flow index can be used to classify the edge behavior of two-
dimensional Floquet systems. [62] The behavior related to a nontrivial index can be understood
as a nonadiabatic quantized charge pumping. In other words, this index counts the net
number of particles(states) that move to the right side of a cut from the left side after a
complete cycle. The idea of a topological pump was first proposed by Thouless[63] and was
always studied with a slow driving frequency where we can use the adiabatic theorem. But

now, in Floquet systems, we can have considered systems with high frequencies, and we don’t
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need to assume that the Hamiltonian should be gapped all the time.

To better understand the edge behavior of systems with time reversal symmetry, first we
notice that the kitaev flows for these systems are always zero. Th flow of a unitary matrix

maybe written as
v[U.] = Tx(U!PU, - P) (6.8)

where the projector P acts on the left side of a cut.

Next, we apply the time reversal operator,

v[U)] = Te(TUIPUT'—TPT) (6.9)
= Tr(U.PU! — P)

After doing a unitary transformation,

vlU,] = —Tr(U(UIPU, — P)U!) (6.10)

= —~Tr(UIPU, - P)

Combined with , it’s clear that

Tr(UIPU, — P) =0 (6.11)

Therefore, the net flow of the whole system is always zero. We need to find a new way to

construct topological invariants for systems with time-reversal symmetry.

6.1.4 Construction of edge invariant

In one dimension, a nontrivial unitary can always transport some states from the left side of

a cut to the right side.

To describe this transport behavior, we study this ‘flow’ operator of a a one dimensional

locality-preserving unitary operator Y [33],

A=Q-P=Y'PY - P (6.12)
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Figure 6.2: The flow of a time-reversal symmetric unitary matrix. Vertical dashed green line
locates at the cross-section xg, separating the regions L and R. Red points indicate 1D lattice
sites host Hilbert space of even dimensions which includes states(|¢)) and their time-reversed
partners(7 |¢)). The solid black arrow represents the hoppings between states on sites j
and k across the cut, while the dashed arrow denotes the movement of the corresponding
time-reversed partners. For example, in the preceding section, the solid arrow corresponds to
spin up states while the dashed arrow is associated with the spin-down states. Since a state
moves in the opposite direction compared to its time-reversed partner, their total contribution

to the Kitaev flow, associated with the charge pumping from region L to region R, is zero.

where P is a projector acting on the right side of a cut. Clearly, this operator A is the
difference between two projectors Q and P. Since Y is a locality preserving unitary, Y+ PY

is different from P only inside a small range. Thus A is a finite size matrix.

To have a better understanding of the information contained in operator A, we first study

the eigenspaces of A.[33]

Hiy = {¢eM|Pp=Qdb= ¢} (6.13)
Hy = {¢€H|[Po=Qob=0}

Hiy = {6 € H|Qp =0, Pp=0}

Hy = {¢€H|Qp=0,Pp=0¢}

Because the two projectors P and () can only have eigenvalues zero and one, the eigenvalues

of A are between —1 and +1. The +1 eigenvalue of A is reached only when there exists a
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state that is both the 41 eigenvector of Q and the zero eigenvector of P. Since
—1 < (| (YTPY = P)[¢) <1, (6.14)
one obtains that
(YIPY — P)[¢) = |0) (6.15)

if and only if P |¢) = 0 and YTPY |¢) = |¢). Therefore the +1 eigenspace of A is just Hi,.

Now, let’s explain the physical meaning of these different eigenspaces. A state inside the
Hilbert space Hpy is the eigenvector of P with eigenvalue 0 and the eigenvector of Q = YTPY
with eigenvalue 0. That is, a state starting from the left side of a cut stays at the left side of
the cut after a unitary evolution Y. Therefore Hyy includes the states ‘far left from the cut’
Similarly, H, are related to the regions ‘far-right from the cut’ To the opposite, Hig and
Hop match the regions ‘close to the cut’. Inside the Hilbert space Hig, a state |¢) is not the
eigenvector of P, which means that |¢) is related to the left side of the cut which is covered

by 1 — P. At the same time, |¢) is the eigenvector of Q:

YTPY |¢) = |¢) (6.16)
which can be rewritten as

PY |¢) =Y |¢) (6.17)

Physically, the unitary Y pumps the state |¢) from the left side to the right side of the cut.

To construct the topological index of a time-reversal system, we seek a way to measure
the continuous flow from the left to the right (the full shift of a particle from the left side to
the right side). From the above analysis, a natural candidate is the dimension of H;y which

calculates the number of states which move from the left side to the right side across the cut.
n[Y] = dim(H,) = dim(ker(4 — 1)) mod 2 (6.18)

where dim ker O stands for the dimension of the kernel of an operator O, i.e. the nullspace

of O. This is because H1o denotes the +1 eigenspace of A.
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Similarly, the flow from the right side to the left side can be written as
Y] = dim(H¢1) = dim(ker(A + 1)) mod 2 (6.19)

And the relationship between the Kitaev flow index and our two new flow indexes v4[Y]

and 1,[Y] is [64]

v[Y] = dim(ker(A — 1)) — dim(ker(A + 1)) = T'r(A)

Combining with the fact that the Kitaev flow is zero for any systems with time-reversal

symmetries, we reach the equivalence
1%} [Y] = U9 [Y] (620)

Hence, we can use any one of them to be the Z; index of the time-reversal symmetry

system.

In a physical system, the Hamiltonian always satisfies a particular locality constraint,
making the generated unitary quasi-diagonal. In other words, the matrix elements of the
unitary decay exponentially (or faster) with the distance between the sites involved. In the
following discussion, to simplify the proof, we consider the unitary, which is strictly local,
i.e., U;k vanishes if the distance between two positions j and k is larger than the localization
length [. Under the assumption of locality, it’s clear that only the regions close to our cutting

x = zo will contribute to the calculation of the Z; index.

After considering two contiguous intervals of sites L' and R! which are at the left and
right side of the cut respectively, we can then define two projectors Pt and P which are
hosted by Region L and R correspondingly. The size of the region L' and R' are both [. If
we set the coordinate of the cut to be zo = 0, then L* and R' are [—1,0) and [0, ] separately.

Then we notice that the matrix
A=Y'PY - P=Y'PY(1-P)-Y'(1-P)YP (6.21)
can be simplified as
A=Y'P,YyP. —YTPlYPL (6.22)
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To develop some intuitive understanding of the index, we now consider two simple
examples. If Y is the identity operator I, then the only eigenvalue of A is zero. Clearly
dim(ker(A — 1)) = 0. This is reflective of the fact that the unitary operator I does not create

any particle current between the two sides of the cut.

As a second example, we consider the unitary Y = fST @S | where t is the unit right
translation operator and £(f) act at the spin-up (spin-down) subspace. The Lieb-Robinson
length of Y is 1 and thus the truncation length of L and R can be chosen to be 1 separately.
If we cut between site x and site z + 1, then P} = P, and Pk = P, ;.

A = P:E ® 8+ - Pm+1 ® S_ (623)
= |z N -lz+ 1,1 @+ 11

Thus the dimension of the +1 eigenspace of A is 1 and the dimension of the -1 eigenspace

of A is also 1. The index v = 1.

6.2 The Edge index

6.2.1 Properties of the operator A

The preceding section has shown that the eigenspectrum of A can offer us an opportunity to
understand better the transport behavior of a one dimensional unitary Y. In this section, we
are going to study the properties of operator A in detail. Our derivation is inspired by an

analogous derivation in Ref. [65].

First, we introduce a second operator|[64]
B=1-P-Q=1-Y"PY -P
Then as in [64],the following relation holds:

AB+BA = 0 (6.24)
A2+ B2 = 1
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Consider an eigenvector of the operator A |¢) with an eigenvalue A which satisfies

0 < A < 1. Then, the anticommutation relation of (6.24]) yields
AB|¢) = —BA[¢) = —AB|9)

There is a one-to-one correspondence between the states |¢) and B|¢), and their eigenvalues

come in pairs £\, provided 0 < |A\| < 1.
since the unitary operator Y follows time-reversal symmetry (6.3)):

TYT =Yt (6.25)

Now we can build a relation between A and the time-reversal symmetric operator 7. After

doing some algebraic calculations:

TA = T(Y'PY — P)
= (YPY'-P)T
= Y(P-YIPY)YIT

= —YAYTT
We find out an anticommutation relation
YITA=-AYTT (6.26)
Similarly, we can prove the commutation relation as follows,

YiTB = BY'T (6.27)

Now let’s see how the time-reversal transformation plays a similar role as the operator B.

Let |¢) be an eigenvector of A with a strictly positive eigenvalue, i.e., A|¢p) = A|¢p). Then

according to Eq. (6.20)

AYTT |¢) = YT A|p) (6.28)
Therefore,

AYTT |¢) = =AYTT |¢) (6.29)
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This implies that Y17 |¢) is an eigenvector of A with eigenvalue —\. Now both B and
YT define a map from the eigenspace A to —\. It’s obvious that BY T |¢) and YT B |¢)
are both the eigenvectors of A with eigenvalue A. As a result of (6.27)), these two vectors are

actually the same,
BY'T |¢) = YIT B |¢) (6.30)

Due to the anticommutation relation given in Eq. (6.24) and Eq. (6.26)),
AYITB|p) = -\YTTB|¢) (6.31)

two vectors |¢) and YT B |¢) are eigenvectors of the operators A with the same eigenvalue ).
The dimension of the A eigenspace will be even if these two vectors are linearly independent
of each other. Now we show that if ¢ is an eigenvector of A with eigenvalue A which meets

the constraint 0 < |A| < 1, then

(| YITB|¢) =0 (6.32)
First, following from the properties of an antiunitary,

(ToIT) = (ol¥)" = (¥]e) (6.33)
We substitute |¢)) as YT B |¢) then the left side of the above equation becomes
(To|TY'TBo) = (Te|[YT?Bg)

= —(T¢[YBg)

= —(BY'T¢|o)

= ~{V'TBdl¢)
And the right side becomes

(Wlo) = (Y'ToB|o)
Thus, we arrive at our desired result, two vectors are linearly independent,
(YIBTo|¢) =0
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Overall, the eigenspectrum of a transport operator A is symmetric about the eigenvalue
A = 0. In addition, the multiplicity of the eigenvalue A of the operator A must be even when

A satisfies 0 < [\ < 1.

Energy

Figure 6.3: An illustration of the Eigenvalue spectrum of operator A. Red dots indicate
different eigenvalues, while the dashed lines represent the eigenvectors. The green Arrow
symbolizes the action of the mapping B, and the yellow arrows denote the mapping YT,
between two eigenvectors with opposite eigenvalues. After these two mappings, a state is
mapped to another state with the same eigenvalue. Therefore each energy level between —1

and +1 is double degenerate.

6.2.2 Robustness of the index

Now it’s natural to ask whether this index is invariant under smooth physical transformations.

If it’s not, then this index can not be treated as the edge invariant.

First, We can study this question from the properties of operator A. As shown in the
last section, the multiplicity of the eigenvalue A of the operator A must be even when
0 < |A] < 1. Thus, when the eigenvalues of A changes continuously under a continuous
deformation of the unitary Y, the parity of the multiplicity of the +1 must be invariant
under a smooth transformation of the unitary. There will be two possibilities: a) An even

number of eigenvectors of A are lifted from the sector spanned by the eigenvectors of A
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with the eigenvalue A = 1; (b) an even number of eigenvectors of A with eigenvalue A = 1
become degenerate with the eigenvectors of A with the eigenvalue A = 1. In both cases, it is
enough to prove the continuity of the eigenvalues of the operator A under deformation of the

Hamiltonian. The logic for the eigenvalue —1 is the same.

Consider two locality-preserving unitaries which satisfies (6.3)), U(0) and U(1), together
with a smooth interpolation U(s) respecting ([6.3) between them, parametrized by s € [0, 1].

Define the difference between two unitaries:
v(s) = U(s)UT(0). (6.34)
For small s, we expand the gamma operator as:
v(s+ds) = vy(s)(1 —idsh(s) + ...) (6.35)
where h(s) is a Hermitian operator because 7(s) is also a locality preserving unitary.

A(s) = U'(s)PU(s) — P (6.36)

A(s +6s) = U'(s +0s)PU(s + ds) — P (6.37)
Consider the difference between A(s + ds) and A(s)

A(s 4 ds) — A(s) (6.38)
= (1+i6sh(s))U'(s)PU(s)(1 — idsh(s)) — P
— (U'(s)PU(s) — P)
= ids|h(s), U'(s)PU(s)]

because h(s) is a local operator, thus [h(s), UT(S)PU(S)} is finite. Therefore, A(s) changes
continuously as the parameter s changes. Together with above analysis, we know that the

index of A(s) is robust.
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6.2.3 Properties of the index

Here we provide an explicit derivation of some of the claims on the properties of the chiral

unitary index.

(a) Parallel chains.
1/1[U1 D Ug} == V[Ul] + [UQ] (639)

Because for a unitary taking the block diagonal form, the dimension of its +1 eigenspace

should be the addition of the dimension of 41 eigenspace for each block unitary.
(b)
U] = U] (6.40)
P — UPU' is a unitary transformation of UTPU — P,
P—-UPU'=U(U'PU — P)U'

Thus the dimension of +1 eigenspace of P — UPUT should be equal to the dimension of +1
eigenspace of UTPU — P.

dim ker[(P — UPU') 4+ 1]| mod 2 = dim ker[(UTPU — P) —1]| mod 2  (6.41)
That is,
U = 1 [U] (6.42)

according to the definition of two flow indexes. Due to the equivalence between two indexes

1 [Y] and 15]Y] given in Eq. (6.20)),
n[U" = 1 [U] (6.43)
This equality meets our physical intuition. As our flow index only relates to the amplitude

of a flow and ignore the direction information, two flows with the same amplitudes and

opposite directions should share the same index.
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6.3 Bulk-edge correspondence

6.3.1 Bulk invariant

Carpentier introduced a bulk invariant that can be used to classify the translation-invariant
system. They build a new unitary evolution only containing the information during the first
half-period in the original unitary evolution. We denote the new evolution unitary operator

as V/(t) while our original unitary evolution operator is U(t).

This new evolution unitary operator is generated by the following Hamiltonian,

i H(t) 0<t<j
H(t) = (6.44)
H'(t) T<t<T

For the first half period, the Hamiltonian in the new evolution is the same as the original one.
And for the second half period, the new Hamiltonian H'(t) follows particle hole symmetry

which can connect V(L) with identity.

Then the new constructed evolution operator satisfies:

V=0  (0<t<y) (6.45)
and
TVIOT = V(1) (Z <t<T) (6.46)

with V(T') = L. In this way, we construct a two-dimensional unitary loop in class A. Then we
can use the bulk invariant for class A to classify this new unitary evolution V(). [12] 66]

It will be useful to distinguish between the closed-system evolution and the open-system
evolution, which we write as U.(t), V.(t) and U,(t), V,(t) respectively. In the closed system,

the bulk invariant can be expressed as [7]
WV = 5 [ (Vo [V [ Vo) Vo B, VOl]) (647)
The Z>-valued index K is defined by the relation
K[U.] = W[V, mod 2 (6.48)
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Because V (t) is defined from U(T'), V() contains all the information inside U (t).

However, Carpentier only proved that this method worked for translation invariant systems.
In order to generalize this method to disordered systems, we need to first prove the existence

of the construction and then prove the independence of the choice of V (¢).

First, to prove the construction of a new unitary V'(¢) exist, we only need to show V(%)
can be smoothly connected to Identity in any systems. Explicitly, from Equation (6.44) and
V(T) =1, we have

V(g) = T exp [@ /; H’(t’)dt’]

and the corresponding hamiltonian H (') follows particle hole symmetry and belongs to class
C,
THl<t/)7~—1 — —H/(t/)

In other words, V(%) can be local generated by two dimensional particle hole symmetric
Hamiltonians. According to the classification of local unitaries given in Chapter [2] we need to
show that all two dimensional class C unitary V(%) are topologically trivial to be smoothly
connected to identity through class C hamiltonians. To do this, let’s have a one to one
correspondence from the unitary V(%) and a local hermitian operator which is in Class CII,

Hy = 0 VR , (6.49)

v o
and the second dimensional topological index for Hy is always trivial[4]. Therefore, all V(%)
is topologically trivial and thus can be locally generated by class C Hamiltonians H'(t).
Next, let’s address the question whether the Zs-valued quantity K[U] is independent of the
choice of the contraction. If there are two distinct ways to do the contraction, we can prove
that the final Z,- valued index will be the same for two methods. The difference between

two winding numbers W[V}] for the first contraction and W[V5] for the second contraction is:
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W] - WVa] = ; / dtdk,dk, (6.50)

XT(VEOVie|Vie( ) [Pr, Vie(0)], Vie() [Py, Vie(D)]]
~ (V304 Vae [Vae () [P, Vao(t)], Vae () [Py, Vae(1)]]

1 e e~ .
= 3 / dtTe (V10 VI[P, V), V[P, V]))
where we define a unitary loop as

Vie(T —t) 0<t<

!

V()=

Vae(t) 3 <t

IN

T

Since Vi.(t) and Va.(t) both follow particle-hole symmetry given in Eq. ([1.8)), V(t) is also

a class unitary and the winding number of it should always be even. Therefore

WIVi] mod 2 =W][V,] mod 2

In summary, we can generalize the method developed by Carpentier to disordered systems.

6.3.2 Bulk-edge correspondence

In this section, we will prove that the bulk invariant equals our Z, edge index at the end of
the evolution. We first show that the edge index in the newly built Class A system is equal
to the bulk invariant, i.e., the bulk edge correspondence in class A. Then, we associate this

edge index to our Z; edge index.

We partition the lattice into three spatial regions: L which is the part 0 < x < L, /3, M
which is 0 <z < 2L, /3 and R which is 2L, /3 < 2 < L,.The bulk part M should be far away
from the edges (larger than the Lieb-Robinson length) where is not affected by the cutting
operation thus U.(t) = U,(t) which is just Identity in this area. Then the unitary V,(T") takes

the block diagonal form

Vo(T) = I (6.51)
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According to [7], we can count the number of edge modes by using the edge invariants,
Vedge[Va] = Tr[V] PV, — P] (6.52)

Then due to the one to one correspondence between the well-defined bulk invariant and the

edge index as shown in [7],
WiV = Vedge[vo] (6.53)

Similarly, the unitary U,(T") takes the block diagonal form

Ur(T)
Uo(T) = I (6.54)
Ur(T)
Substituting ¢ = 7'/2 into Eq. (6.1)), we find
TUs(5 )T* Us(5 )UT( ) (6.55)

and according to the construction formula Eq. (6.45])

Vi(5.0) = Ul5,0)

For the second half period (follows the particle-hole symmetry)

5

T 1

where we use V(T %) to denote the unitary evolution for the second half period, i.e.,
Vo(T, 3) = V(T)VI(3).

Following these equations, we can find the relation between the new constructed unitary

and our original unitary at the end of the cycle:

TV(D)T™H = TV(T g)T‘lTV( 07" (6.56)
= VT, Vel OUL(T)
= VT)UN(T)



Then after decomposing V.(T') and U.(T) into three blocks:
UNT) = Vi(T)'TVL(T)T (6.57)

Now, we want to prove the bulk edge correspondence in this class AIl system which can be

written as

K[Uc] = v[UL] (6.58)
we just need to prove that
Vedge[Vo] mod 2 = v[Up] (6.59)
which can be written as
Tr(V/ PV, — P) mod 2 (6.60)

— dim(ker(U} PU, — P — 1)) mod 2

because these two equalities (6.52)) and (6.53)).

To proceed further, define the transport operator A based on the one dimensional edge

unitary Up:

A=UlPU, - P (6.61)

Eq. (6.57)) gives a relation between the original full-period unitary U(7T) and the new

constructed full-period unitary V' (7T'), which we can use to rewrite the expression above as
A=V (T)'TVL(T)PVL(T)'T 'V (T) — P (6.62)

We introduce the operator

B=V/PV,—P (6.63)

After doing a unitary transformation, we can get a new operator

C=-V,PVi+P=P—-Q=V,BV, (6.64)
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where Q) arising from the unitary evolution V}, is defined as VLBVLT.

Thus
Tr(C)=Tr(B) (6.65)

since a unitary transformation will not change the trace of a matrix. Similarly, let’s do a

transformation of the operator A

D = T 'V,AV[T (6.66)
= VPV — T 'V, PV/T (6.67)
= Q-T7'QT (6.68)

Thus the dimension of the +1 eigenspace of A equals the dimension of the +1 eigenspace

of D.

dim(ker(A — 1)) = dim(ker(D — 1)) (6.69)

Let’s study the eigenspace of operator D:

Hy = {l¢) e HIQ|4) =0,QT |¢) = 0} (6.70)
"y = {l¢) e HIQ|o) = |9),QT |¢) = 0}
Hiy = {lo) € H|Q[o) = |¢), QT [6) = 0}
Hy = {lo) e HIQIo) = 10),QT o) =T |9)}
) )

HY = {l¢) e HID#) = Alg).0 < Al < 1}

Where H$) indicates the +1 eigenspace of D and H/; is the —1 eigenspace of D. Each
vector in HY is an eigenvector for D with absolute value larger than zero and less than one.
In the same time, we define projectors Py, P11, Pig, Po1 and P, correlated to the Hilbert

space HE), HE, HE, HE and HP individually.

Now we want to prove that the zero eigenspace is just the combination of HE and HJ).

It’s easy to verify that D? commutes with Q, namely,
[DQ,Q] =0. (6.71)
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Hence, we can diagonalized D? and Q simultaneously. If D |¢) = 0, then D?|¢) = 0.
Therefore there are two sectors in the zero-eigenspace of D which corresponds to Q = 1 and

0 separately. The first sector is the same as HI} and the second sector is identical to HE,).

From the above analysis, we see that the eigenspace of D is fully constructed by the
combination of HL, and HY} which is the same as the zero eigenspace, H1) which denotes the
+1 eigenspace , HE which is related to the -1 eigenvalue and HY satisfying that the absolute

values of eigenvalues are between 0 and 1.

According to the theory of pairs of projectors, we can create another operator £ =

1—-Q —T7'QT. Then the following two relations hold:
ED + DE =0 (6.72)
and
E*+D*=1 (6.73)

The second relation means that inside the D? = 1 subspace, £? = 0. This shows that the
zero eigenspace of F is identical to the 1 eigenspace of D. And similarly, the £1 eigenspace
of E is the same as the zero eigenspace of D. To summarize, the eigenspace of F is made
up of the combination of H) and HE) which contain the zero eigenstate of E, HE which
indicatess the +1 eigenspace of E, HE which is associated the -1 eigenvalue of E and H?

includes eigenstates with the eigenvalues not 0 or 41.

In addition, from Eq. we find that 7 anticommutes with the operator D:
TD+DT =0 (6.74)
Similarly, it’s clear that F commutes with the time reversal symmetric operator 7T
TET '=E (6.75)

This relation yields that F is time reversal symmetric which means that every energy

level of E is at least doubly degenerate due to the Kramers theorem. From ([6.72]) we can
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define an invertible map D that maps an eigenvector with eigenvalue A € (0, 1) to that with
—A. Thus, there is a one-to-one correspondence between the states |¢) and E |¢), and their
eigenvalues come in pairs +\, provided that 0 < |A\| < 1. Combined with the fact that every
eigenvalue of E is double degenerate, we know that the eigenspace H3 that is associated to

each eigenvalue A which satisfies 0 < |A| < 1 is four-fold, to be specific,

Tr(P.)/2 mod 2 (6.76)
= dim(Hp)/2 mod 2

= 0 mod?2

Since D anticommutes with the time reversal symmetric operator 7 (6.74]), we can prove
that the eigenstates |¢) and T |¢) comes in pairs with opposite eigenvalues. Upon the fact
that the operator D is antisymmetric about the eigenvalue 0, the trace of D is zero on the

Hilbert space H?, in other words,
Tr(DP,) = Tr(QPy) — Te(TQT 'PL) =0 (6.77)

where P, is the projector to the Hilbert space H.

Due to the existence of the mapping D, we know that the eigenvalues of E on the Hilbert

space HY come in + pairs, the trace of E on this Hilbert space is zero.

Tr(EP) = Tr(1-Q—TQT HPy) (6.78)
= TI'(PJ_) — TI'(QPJ_) — TI'(TQT71PJ_>
= 0

Therefore,

TT’(PJ_) = 2T1"(QPJ_)

Since Tr(P,) is just the dimension of H% which is a multiple of four(6.76)), Tr(QP,) is

an even number, that is to say,
Tr(QP.) mod2=0 (6.79)
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For every state |¢) belongs to HY, then

Qlo) = o) (6.80)
QTl¢) = Tlo)

Then 7 |¢) also belongs to HY because it meets the same requirement. Since T |¢)
and |@) are linearly dependent with each other, the dimension of HP, is even. After some

straightforward algebraic calculation, we arrive at this equality,

dim(HD) = Tr(Py) = Tr(QPr) (6.81)
Consequently,
Tr(QP;) mod2=0 mod 2 (6.82)

Now we can decompose the matrix () into five parts according to different Hilbert space,

Tr(Q) = Tr((Pu+ Poo+ P+ Poi+ PL)Q) (6.83)
= Tr((Pn+ Po+ PL)Q)

= Tr(PuQ)+ Tr(PywQ) + Tr(PLQ)

owing to the fact that @ equals 0 on the Hilbertspace HJ) and HE. Because both Tr(P;;Q)
and Tr(P, Q) are even, the parity of Tr(Q) is the same as that of Tr(P;oQ).

Tr(Q) mod?2=Tr(QPy) mod?2 (6.84)

The final step is to massage the expression ((6.84]) into the desired form . Because
the projector P which acts on the right side of the cut is time reversal symmetric, it’s +1

eigenvalue is double degenerate, to be specific,

Tr(P) mod2=0 mod 2 (6.85)

Combined with the definition of the matrix C (6.64]) and the equality(6.65)), the left side

164



of Eq. (6.84]) becomes

(6.86)

Because the operator Q is identity on the Hilbert space HE), QP is just Py and then
the right side of Eq. (6.84) can be rewritten as

TI'(QPH))

following from Eq. .

Tr(Pyo)
dim(ker(D — 1))

dim(ker(A — 1))

Substituting the expression ((6.86)) and (|6.87]) into (6.84)),

dim(ker(A — 1))

mod 2 = Tr(B)

mod 2

just as expected. The left side of the above expression is the Z, index of our time reversal

symmetric evolution unitary and the right side indicates the parity of the edge invariant of

the newly constructed unitary. Then combined with the bulk edge correspondence in class A,

we can set up a one to one correspondence between the number of edge modes and the bulk

invariant.

165



APPENDIX

6.A Edge invariants deviation

As we discussed in Chapter [2] there is another method to derive edge invariants. In this
section, we will show how to use this method to get edge invariants. First, we map the edge

unitary in class All to a flattened Hamiltonian in class DIII through

0 U
Hy = . (6.87)
Ut o

Then we get the topological invariant of Hy; from [44] which is

1
Indg(HU) = idlm ker[S(PR — HUPRHU) — 1] mod 2 (688)

After plugging Eq.(6.87)) into the above equation, we can rewrite the topological invariant

as the function of U,

Indy(Hy) = ; dim ker[(Pr — UPRU") — 1] + dim ker[(Pgr — U'PrU) +1]| mod 2.(6.89)

As we know, Pr — UPRUT is a unitary transformation of UTPRU — Py,
Pr — UPRU' = U(UTPRU — Pr)U" (6.90)

Thus the dimension of 41 eigenspace of Pr — UPrU" should be equal to the dimension of
+1 eigenspace of UTPRU — Pg. In addition, because Pr — UTPrU = —(UTPRU — Pg), the
dimension of —1 eigenspace of Pr — U PrU should be equal to the dimension of +1 eigenspace

of UTPRU — Pg. Therefore, we can simplify Eq. (6.89) as

Indy(Hy) = dim ker[(UTPRU — Pg) — 1]} mod 2 (6.91)

This agrees with what we show in Eq. (6.18)).

166



CHAPTER 7

classification of the edge states in static Hamiltonians

7.1 Motivations

In the last sections, we have talked about the classification of Floquet systems. In this section,
we will discuss the classification of static Hamiltonians following the connection between
Floquet systems and static Hamiltonians. Previous studies of static Hamiltonians mainly
focus on the classification of bulk Hamiltonians. There is limited research on the studies
of edge modes besides counting the number of edge modes from eigenspectrum. A rigorous
mathematical studies of edge modes in [45], however, only gives edge invariants for so-called
complex classes of topological insulators, which don’t include time-reversal or particle-hole
symmetries. Our method fills this gap and can be used in any symmetry classes. In this way,
our work forms a vital milestone in the study and characterization of Topological insulator

phases.

7.2 Constructing unitary loops from a static Hamiltonian

As we discussed before, we define a unitary loop to be a unitary evolution that satisfies
U(0) = U(T) = 1 where T is the period of this evolution. This unitary loop captures all the
dynamic features of an unitary evolution. That’s the difference between Floquet systems and
static systems. A unitary of this form can be seen to act trivially on a closed system but may
generate nontrivial edge modes in a system with a boundary. In chapter [2, we classifies all
edge unitaries which control edge behaviors in Floquet systems. As long as we can associate

a static Hamiltonian to a unitary loop, we can build a connection between the edge modes of
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the static Hamiltonian and the edge unitary of the corresponding unitary loop. In this way,
we can directly apply the classification of edge unitaries to classify the edge modes of static

Hamiltonians. To simplify the discussion, we first discuss flattened Hamiltonians.

Consider a flatten Hamiltonian Hy with a projector Pr where Pr projects onto the lower

band, then we can define a unitary evolution which is governed by Pr with a period 2,
U(t) = e'rr (7.1)
After expanding this time evolution operator using the identity P2 = Pr, we have
Ut)= (" —1)Prp+1 (7.2)

Hence this is a unitary loop which meets U(27) = U(0) = [. We can also adjust this loop

to be an evolution directly evolved by H;. By substituting Pr = % and t' =t/2, we get

another expression of this evolution,
Ut') = e ' Hr=Y (7.3)

with a period 7. The part e’ just gives a phase shift and the topology is encoded in Hy.

In a close system, we can see from Eq.(7.2)) that U(¢) takes a block diagonal form, acting
as the Identity matrix on the subspaces projected by 1 — Pr and eI matrix on the subspaces

%27

projected by Pp. e evolves from e to e as time goes. That is, the quasienergy of the
+1 eigenspace of the flattened Hamiltonian is fixed at 0 while the quasienergy of the —1
eigenspace evolve from 0 to 27. After opening the boundary, the edge states at the gap 0 of
this flattened Hamiltonian will thus be pushed to the gap .

Assume the number of edge modes for this flattened Hamiltonian is n/f;,.. In the evolution

H _ U g
edge = T Since we only extend or compress the

process, we keep the edge modes structure n
energy bands. After a complete cycle, we get an effective edge unitary U,qqge for this unitary
loop. The topological invariants for this edge unitary is v[U,qge] which counts the the number
of edge modes v[Ueqge] = nY. Therefore, nllj, = nY. Then we use the classification of the

edge unitary(emerge after opening the boundary for the unitary loop) to classify the edge

modes for the Hamiltonian.
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7.3 An example: class A Hamiltonian in two dimensions

In this section, we show how our logic works by testing it in two dimensional systems without
any symmetries. Reference [5] gives a similar discussion but only in translation-invariant
system and we are going to discuss in a more general context, including disordered system.

First, we note that the time evolution operator U = e?™*F satisfies the identities
U = (627rit - 1)PF +1
Ul = (e - 1)Pp+1, (7.4)
Expanding U'[P,, U] in terms of P,

U'P,, U] = (e —1)(e*™ — 1) Pp[P;, P

+ (™ —1)[P,, Pr]

a (21t) - Pe|P,, Pr] + b (27t) [Py, Pyl (7.5)

where P, is a projector acting on the right-half plane with > 0. Here,

a(f) =2 —2cos(f) , b(0) =e? — 1. (7.6)
Similarly, we have
U '[P,,Pr] = a(2nt)- Pp[P,, Pr] +b(27t) - [P,, Pr]
U 'oU = 2miPr. (7.7)

Combining these results, we find
T (UlatPF> UT[P,. UIUT(E,, U]) (7.8)
— T (27riPF(a (2nt) - Py[Py, Pe] + b (2t) [P, Pr])

(a (2nt) PeP,, Pe] + b (271) [P, PF]))

By making use of the identity
P[P,, P|P = [P,, P’|P — [P,, P]P* =0
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Similarly,

P[P, P|P =0

Y
We can simplify Eq. (7.9),

T <U‘1atPFUT 2, UIUTP,, U])

— 2ni[2cos(2nt) — 2] Tr <PF[P$, P[P, PF]>
We can now compute the winding number corresponding to U given in Reference. [7]:
1 g1
W)= [t (U‘latPFUT[Px, vUie,, U]> (o)
0
= i / dt[2 cos(2mt) — 2] Tr (PF [P, P[P, PF]) (7.9)
— 2 Tr (PF[PI, PH[P,, PF]) (7.10)

The latter expression is the Chern number of a real-space Hamiltonian[31]. In this way, we
showed how a static Hamiltonian can be mapped to a special unitary loop. In addition,

the topological invariant of such unitary loop is equal to the topological invariant used in

classifying a bulk Hamiltonian.
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